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Foreword

From a materials science point of view, composite materials of glass and carbon fibers
have a specific potential and already some practical importance in several applications
under high dynamic loads. Comparing the fibers, glass fibers are the better material for
spring applications because their lower modulus of elasticity compared to carbon fibers.
This is favorable in terms of high strokes and deformation requirements. Due to their
high specific strength and the stiffness of composite materials, it is in principle possi-
ble to achieve weight savings of 30 — 70% of the weight of a steel spring depending on
application. In addition to reduce the unsprung masses for suspension, it is also possible
to improve driving dynamics as well as noise, vibration and hardness behavior (NVH),
since the material properties are better in some significant areas. Furthermore, due to
the high corrosion resistance and resistance against other environmental influences, sur-
face protection is not necessary in most of the applications.

However, the usage of composite materials for springs have not reached high quan-
tities due to some limitations. Load transmission requires special designs. Consider-
ing suspension coil springs, high loads transverse to the main load direction occur.
Therefore, the load transmission does not follow ideally to the fiber direction and only
medium loads can act on the matrix. In addition, in the case of large-scale production
and the available manufacturing processes, value adjustments must be made in com-
parison with units made of steel. These are currently the focus of research and develop-
ment efforts throughout the world. Endless, unidirectional fiber materials, such as those
used for structural elements in automotive engineering, exhibit strong anisotropic, i.e.
direction-dependent, properties. The fibers used are oriented with respect to the loads
that occur. Therefore, the leaf spring, where loading results almost in tension stresses
of the fibers is the perfect match with composite materials. Huge weight reduction up
to 75% is possible to achieve by using the material properties and the design flexibil-
ity of glass fiber reinforced composite in the best way. A single composite tension leaf
spring can substitute a steel multi-leaf spring with a progressive spring load characteris-
tic. The special design leads to a very homogenous, progressive spring characteristic and
therefore, a better driving performance. Furthermore, we know already some designs for
suspension steel coil springs substitution such as one-by-one substitution by compos-
ite coil spring and a meander spring design. In both case these springs do need special
tools for the design and did not reach the market breakthrough due to huge different
load-rate requirements within the platforms.

There are some processes existing for the production of glass fiber composite springs.
Nevertheless, the prepreg process (pre-impregnated fibers) has proven itself as the best

xiii
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Foreword

due to the realizable good properties under dynamic loads. Prepreg processes result in
an optimal adhesive strength due to low porosity and allows flexibility in design, such as
geometry, width and height of the spring. It is also possible to produce the elements of
chassis in general and suspension particular using the resin injection process. For this
resin injection process, a fiber structure is first produced from the dry reinforcement
fibers, which follows the desired component geometry. If required, structural cohesion
can be achieved using textile methods, such as sewing or bonding, which bond the fibers
together. Such fiber structures are called preforms. The injection of the resin influences
the orientation of the fibers and therefore, those springs do not reach the performance
of prepreg composites due to potential ondulation.

Automotive manufacturers’ requirements for carbon dioxide reduction, lower vehicle
weight, the reduction of unsprung masses and the robustness of the springs, especially in
the event of corrosion, will further increase in the future. The optimal application of the
materials used plays a decisive role, supported by material properties, best technology
and processes as well as an efficient design. Therefore, alternative materials, such as com-
posites, may become higher importance for dynamic loaded suspension applications.

Prof. Dr. Vladimir Kobelev was born in Rostow-na Donu, Russian Federation. He stud-
ied Physical Engineering at the Moscow Institute of Physics and Technology. After his
PhD at the Department of Aerophysics and Space Research (FAKI), he habilitated at the
University of Siegen, Scientific-Technical Faculty. Today, Prof. Kobelev is lecturer and
APL professor at the University of Siegen in the subject area of Mechanical Engineering.

In his industrial career, Prof. Kobelev is an employee at Mubea, a successful
automotive supplier located near Cologne/Germany. In the Corporate Engineering
Department, Prof. Kobelev is responsible for the development of calculation methods
and physical modeling of Mubea components.

Joerg Neubrand
CTO, Managing Director and
Member of the Executice Board of the Mubea Group



Series Preface

Fuel efficiency continues to “drive” significant research and development in the
automotive sector. In many instances, this is propelled by regulations that target
reduced emissions as well as reduced fuel consumption. Even with more efficient vehi-
cles and electric hybrid or purely electric driven systems, the need for reduced energy
consumption is demanded by the market. This is due to the fact that the customer
base is demanding increased efficiency as this brings better performance, lower costs
and extended range of the vehicle. One clear means by which fuel efficiency can be
enhanced is by reducing the weight of the vehicle. Lightweighting can be accomplished
by a number of means, one of which is lighter weight material substitution. That is to
say, one may substitute a lighter material for a heavier one on a vehicle component.
Composites have been used to replace metal components in efforts to lightweight
aircraft for decades. More recently, advances in materials, manufacture, and design
have made composites cost effective and viable in the automotive sector. Two major
stumbling blocks that have hindered composite use in the automotive sector are the
cost of the composite components, and the ability to rapidly and economically produce
such components in quantities that are needed by the automotive sector. Recently, these
stumbling blocks have been overcome. However, for most commercial automotive
applications, composites remain relegated to less critical elements of the vehicle system
such as body panels. The use of composite for more critical vehicle applications such as
suspension and drive train elements have been left to extremely demanding automotive
scenarios such as Formula One. However, this scenario is about to change.

Design and Analysis of Composite Structures for Automotive Applications, provides an
in-depth technical analysis of critical suspension and drive train elements with a focus
on composite materials. This includes basic principles for the design and optimization of
critical vehicle elements using composite materials, as well as classical concepts related
to mass reduction in automotive systems. The author, Professor Kobelev, skillfully
integrates concepts related to vehicle parameters such as stiffness into overall vehicle
dynamics using closed form solutions that are described in exquisite detail. The discus-
sions focus on key elements of the vehicle including suspension and powertrain. These
discussions are both comprehensive as well as the first of their kind in a text book, mak-
ing this text an important reference for any automotive engineer on the leading edge.

Design and Analysis of Composite Structures for Automotive Applications is part of
the Automotive Series that addresses new and emerging technologies in automotive
engineering, supporting the development of next generation vehicles using next gener-
ation technologies, as well as new design and manufacturing methodologies. The series
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provides technical insight into a wide range of topics that is of interest and benefit
to people working in the advanced automotive engineering sector. Design and Analy-
sis of Composite Structures for Automotive Applications is a welcome addition to the
Automotive Series as it primary objective is to supply pragmatic and thematic reference
and educational materials for researchers and practitioners in industry, and postgrad-
uate/advanced undergraduates in automotive engineering. The text is a state-of-the art
book written by a leading world expert in composites and its application to suspensions
and is a welcome addition to the Automotive Series.

Thomas Kurfess
March 2019
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Composites in Automotive Chassis and Drivetrain

In times of climate change and rising emissions in the environment, lightweight con-
struction has found its way into almost all industries. The authorities, particularly in
the automotive industry, formulate endlessly decreasing targets in emission reduction.
Because increasingly stringent emissions can be minimized through weight reduction,
an optimal structural design made with lightweight materials is one of the principal ten-
dencies in contemporary development of passenger cars. Some of the most attractive
improvements have been seen in the use of composites to replace parts and compo-
nents traditionally manufactured from steel (Miravete 1996; Tucker and Lindsey 2002).
In particular, carbon-fiber-reinforced plastics and glass reinforced plastics have great
potential to reduce the weight of passenger cars. Cost of a product remains a key issue.
As with any lightweight material, all further expenses, which are incurred in addition to
the cost of the base material, must be accounted for. The major task to make the prod-
uct attractive to customers and the market is to reduce lightweight construction and
production costs as much as possible along with significant weight reduction and other
extra benefits. Despite manufacturing processes being continuously improved, there is
still substantial progress to be made for cost-effective mass production. Safety is another
dominant criterion for passenger cars. Hence, new designs must be structurally robust
enough to adhere to current and future crash safety targets.

Over recent years, car body and drivetrain have come under deep examination in
the attempt to reduce mass of structure and a range of innovative concepts have been
developed (Kedward 2000; Brooks 2000; O’'Rourke 2000). Lightweight construction
has become an optimization goal that is valid for several components of automobiles
(Lu and Pilla 20144, 2014b, 2014c; Elmarakbi and Azoti 2015; Njuguna 2016; Ishikawa
et al. 2018; Hayashi 2000; Nomura 2000).

Weight reduction of the chassis has gained in importance as well. The chassis has a
substantial potential of weight reduction (Neubrand 2014). Among other lightweight
materials for chassis design, glass-fiber-reinforced plastic provides a good alternative to
steel. Moreover, the unsprung mass can be lessened. This factor brings distinct advan-
tages for the driving dynamics and comfort.

As previously mentioned, reducing weight of vehicles is an indispensable requirement
in the automotive manufacturing sector. There are several “material factors” that are
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used for characterization of weight reduction (Ashby 2010). Apparently, the material
density is the most trivial material factor in determining the best suited material for a
certain application. The density determines the relative weights of structures, but pro-
vides no information about their strength and flexibility. Another, also simple factor is
the material price of the mass unit. The specific price factor determines the material that
is best suited for a price-critical application. The price factor, as a sum of raw material
price and manufacturing expenses, is commercially important in material evaluation.

Another factor is the specific strength, or the strength-to-weight ratio of the material.
The specific strength of an isotropic material is obviously given by the tensile or yield
strength divided by the density of the material. A material with a high specific strength
will be suitable for load-carrying elements. There are several secondary criteria of this
kind, which depend upon the art of dominant load: uniaxial stress or bending stress.
The specific strength factors distinguish whether axial stress or stress due to bending
dominates. In the first case, stress is constant over the cross-section of the part. Specific
strength is equal to tension load divided by the cross-sectional area and density of the
material. In the second case, stress is a linear function of the thickness coordinate. The
specific strength is equal to the bending moment is divided by the resistance moment
and density of the material. For the fixed weight of material, the thickness of the material
with a lower density is greater. The resistance moment for the material with the lower
density is greater as well. Accordingly, the material with lower density possesses higher
specific strength for bending even for the equal ultimate strength of both materials.
This remark makes the application of lighter materials attractive for bending-dominated
applications. Similar speculations are applicable for a shaft loaded by the given torque.
In this load case, the shear stress depends linearly on the radius, and a material with
lower density leads to lower stress on the surface if the torque and mass of the shaft are
prescribed.

The specific stiffness is basically the elastic module-to-density ratio of the material
(Ashby 2010). The specific strength of an isotropic material is given either by the Young’s
modulus divided by the density of the material for the elements predominantly in a uni-
axial tension or compression state or by the shear modulus divided by the density of
the material for the elements mainly in a state of shear. A material with a high specific
stiffness will be suitable for elements that guarantee maximal stiffness. For example, the
specific stiffness characterizes the performance of materials for structural elements that
are responsible for buckling performance, dynamic and static stiffness, and for aeroe-
lastic critical applications. Analogous to the specific strength, the specific stiffness dis-
tinguishes whether the uniaxial stress or stress due to bending dominates. For example,
compare two materials in a state of bending or torsion with equal elasticity modules, but
different densities. If we assume that both elements have equal mass, the specific stiff-
ness of the lighter material is higher than the stiffness of heavier material. This occurs
because the plate thickness or shaft diameter made of a material with the lower density
is higher. Accordingly, the corresponding bending or torsional stiffness will be higher.
These conjectures make the application of composites preferable for structural elements
in bending or torsion stress states.

The elements that provide energy storage must be characterized by specific energy
density. The ratio of specific energy density to mass density of a material characterizes
the material for energy harvesters, different springs and flexible structural elements of
an automotive chassis. These conjectures about the preferably light material in the states
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of torsion or bending are generally not valid for specific energy density. The argument
is as follows. Consider, for example, two shafts (torsion springs) with the equal mass,
equal shear modulus, equal applied torque, but two different densities. The shaft made
of the lighter material possesses the higher diameter and also has the greater torsion
stiffness. The twist for the given torque will be lower. Consequently, the stored energy of
the lighter shaft is lower if the torque is given. But simultaneously the maximal stress will
be lower, because the resistance moment of the shaft with the higher diameter is higher.
The specific energy density in the case of torsion is roughly the ratio of the squared
ultimate stress in the material divided by the density and elasticity modulus. The most
favorable application of one or other material also depends on the load character. If the
material is anisotropic, the formulas for calculation of specific factors will be somewhat
complicated. These thoughts will be explained in detail later in the book.

There are other specific material parameters in the automotive praxis. Among others,
the specific plastic energy release rate. This material parameter is applied for car body
design. Specific plastic energy release rate indicates the suitability of the material for
applications in the zones of energy adsorption. The materials with the higher specific
plastic energy release rate behave preferably in the event of an accident.

Therefore, the advanced specific “performance-to-density” ratios are essential for
comparison of engineering materials in engineering design. These factors include
Young’s modulus to density, Young’s modulus to specific price, strength to density,
strength to toughness, strength to elongation, strength to cost, strength to maximal
service temperature, specific stiffness to specific strength, electrical resistivity to cost,
recycle fraction to cost and energy content to cost (Ashby 2010). The specific factors
deal commonly with the uniaxial tensile load and therefore are scalars. If the stresses
are multi-axial and alternating, the scalar performance-to-density factors provide only
rough estimations of design efficiency.

Moreover, the majority of “material factors” was developed for isotropic materials and
takes no notice of the anisotropy of composite materials. Anisotropy is characterized by
the fact that there is a shear-stretch coupling. This means that a normal stress in the
longitudinal direction additionally causes a displacement. Similarly, a shear stress addi-
tionally causes an elongation. In other words, the fiber-reinforced composite materials
have habitually different stiffnesses in diverse load directions. The use of scalar factors
for materials with strong anisotropy and variable stress fields delivers, as a rule, an unre-
liable estimation of design features. The reliable optimal design of a composite material
must be based on a deep structural analysis and comprehensive exertion of the specific
advantages of composite materials.

Physical Properties of Composite Materials

A material is referred to as a composite if at least two diverse components are combined
on the microscopic level to a new concrete mixture. The separate substances, based on
their various properties, accomplish different tasks. By their nature, dissimilar materi-
als are also frequently joined so the combination gains remarkable properties that both
components cannot achieve separately. Comprehensive surveys of the physical proper-
ties and manufacturing of composites have been given (Peters 1998; Kelly and Zweben
2000; Kleinholz et al. 2010; Neitzel et al. 2014; ECSS-E-HB-32-20 2011).
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Figure 1 Types of composite material: (a) reinforcement by short fibers or whiskers; (b) unidirectional
composite, reinforced by continuous fibers and (c) multilayered, laminated composite made of
multiple layers.

Specifically, “composite” generally refers to solid combinations of high-strength, but
brittle reinforcement fibers embedded in a weak, but ductile matrix (Figure 1). The syn-
ergy effect is that the properly synthesized composite inherits the high stiffness and load
capacity from fibers and high ductility from the matrix.

Chemical industry produces artificial fibers, for example, carbon, glass or aramid
fibers. These fibers possess outstanding mechanical and chemical properties. Matrix
materials are being steadily developed as well. The raw materials for fibers are usually
very brittle and possess only a restricted strength. However, as the fiber diameter
decreases, the strength increases tremendously. The explanation of the increase
in strength is comprehended in the size effect. The size effect unfolds within the
remarkable features. On the one hand, the size of the flaw is limited in a thin fiber. The
flaw must be many times smaller to generate an endless fiber. According to statistical
considerations, the length of a flawless fiber section continues to grow for thin fibers.
In other words, the thinner the fiber, the longer the flawless area (Argon 1974).

Consider a large, bulk body; for example, a glass pane. The number and size of individ-
ual defects increase with the size of the component. There are numerous dilute defects
in the large volumes of the homogenous material. These initially existing defects make
the homogenous material brittle. The material fails to arrest the small initial cracks. The
crack grows unrestricted through the volume and finally provokes instant fracture. For
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the destruction of a bulk homogenous part, the principle of the weakest link is appli-
cable. Namely, the principle of the weakest link is based on the size effect. The weakest
link principle declares that a chain is only as strong as its weakest link. This means that
if a part contains a defect it breaks. In application to fibers of composite materials, if a
fiber contains a defect it breaks.

The picture of fracture of a heterogeneous composite material is different. Several
hundred thousand fibers are present in parallel in one bundle and if one fiber breaks,
the other remains intact and continues to carry the full load. Thus, the load from the
failed fiber redistributes to the many fibers without failure of the bundle. The stiffness
of material alters with size as well. Accordingly, a material in fiber form has significantly
higher rigidity and strength than a raw material. The smaller the fiber cross-section, the
higher its strength.

In fiber-reinforced plastics, the mechanical properties, such as stiffness and strength,
are determined primarily by reinforcement fibers. The fibers are made of a variety of
materials, and processed to form diverse semi-finished products.

For the production of fiber-reinforced plastics, mostly inorganic fibers, such as glass
fibers as well as carbon fibers or aramid fibers, are used. The carbon-fiber-reinforced
polymer is an evolving construction material that exhibits exceptional mechanical prop-
erties, such as strength and rigidity, with light material density at the same time. The
commercial production of carbon fibers started in the 1970s. Application was primar-
ily in the aviation and aerospace industry. The carbon fibers invaded motorsport at the
beginning of the 1980s (O’Rourke 2000). Nowadays, carbon fibers are gaining in signif-
icance again due to the trend for lightweight construction and are coming increasingly
into focus in the automotive industry. Prominent automobile manufacturers are already
using carbon fibers with success for visible auxiliary elements and currently researching
their application in principal structures.

With fiber composite materials, at least one type of fiber is “bonded” with a basic
material, called a matrix, or resin. In addition to the fiber type, the matrix system plays
a significant role in determination of the material properties. The new development
and spreading of the composite material in modern industry is closely linked to the
improvement of plastics, especially the synthetic matrix. Synthetic resins are the perfect
adhesive for fiber constructions, are light, adhere to several types of fibers, are corrosion
resistant and assure the flawless impregnation of the fibers. Thermosetting plastic and
thermoplastic plastics are used as matrix (or resin) materials, each of which has different
advantages and disadvantages when viewed individually. For moderately loaded struc-
tural and safety applications of composite components, a thermosetting plastic must
be applied, as this will possess a higher resistance than thermoplastics. However, the
positive features of thermoplastics are their simpler manufacturing and reusability. As
already mentioned, the combination of high-strength glass fibers with a corresponding
thermoset plastic matrix enables synergy effects to be optimally exploited.

Material behavior depends not only on the type of fiber and volumetric fiber content.
Because fibers can chiefly support tensile loads in the longitudinal direction, material
behavior depends on the arrangement of fibers within a matrix. Consequently, the com-
posite material requires the precise alignment of reinforcing fibers. In addition, the
alignment of the fibers is responsible for the anisotropic properties of a composite mate-
rial. Because the composite material is created during the manufacturing process, the
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production method and the component geometry have a considerable influence on the
resulting properties of the composite material.

The basic element of every component made of composite material is the unidirec-
tional layer. The laminate is the assembly of several differently oriented individual lay-
ers. The properties of laminates are mostly directional and strongly dependent on the
sequence of the individual plies. The composite materials are commonly built from sev-
eral single layers, even though the fiber directions in all single layers can coincide. The
strength and stiffness of a component can be determined by the number of layers, the
fiber volume fraction, the fiber direction and the thickness of a single layer as well as the
layer order.

In addition to standard strength values, such as tensile strength and yield strength,
other parameters, such as interlaminar strength value and glass transition temperature,
serve as characteristic values for laminated composites. As the name describes, inter-
laminar shear strength limits the strength of the fiber-matrix separation surface. Shear
stresses occur on the fiber-matrix separation surface already at tensile/compressive
loading, since the fibers and the matrix each have a different modulus of elasticity,
which results in different strains and stresses in the two materials. The standardized
short bending test requires relatively small test specimens (ECSS-E-HB-32-20 2011).
This test permits the evaluation of interlaminar strength and is well-matched for quality
control of material components.

Since the strength values are determined, a simple comparison with other material
classes can be made. Despite the already mentioned high-strength of original single
fibers, the yield stress of composites is consistently lower compared to steel. Due to
the low density of the composite material, however, the specific material properties
of composites are higher that of steel. Accordingly, glass-fiber-reinforced plastic
has a higher lightweight construction potential compared to steel. Furthermore,
glass-fiber-reinforced plastic has the advantage that no corrosion can occur as the
material is non-conductive and chemically resistant to the environment media.

The lightweight potential dramatically increases if the structure is dominantly in the
state of bending. The bending stress resistance is the third power and the flexure resis-
tance is the second power of laminate thickness. Accordingly, the stiftness and strength
of plates, and especially of sandwich structures made of composites, potentiates with
their thickness without violation of the weight.

However, there are also some shortcomings of composites. These can be easily com-
pared on the basis of the construction. For example, in comparison to helical springs
made of steel, a glass-fiber-reinforced plastic meander spring requires a larger installa-
tion space. On the other hand, the volume of stressed material of fiberglass is higher as
the absolute strength per unit of volume is lower in comparison to a high-grade steel
alloy. Another drawback of the composite is the remaining deficiency of knowledge in
some applications. It is not yet adequately known, for example, how a material behaves
under a rapid load. This aspect is important for crash design of passenger cars. Finally,
the quality of manufacturing turns out to be the key issue, especially for multilayered
laminates and sandwich composite structures.

For the production of chassis and drivetrain components, there are different possibil-
ities that are strongly dependent on the used resin system or whole material compound.
The complex geometries of the structural elements are produced by the draping pro-
cess. A flat semi-finished product, the “prepreg,” is “stacked” in layers so that a blank of
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the finished product is formed at the end. Prepreg is a semi-finished product made of
pre-impregnated continuous fibers embedded in an unhardened thermosetting plastic.
For better handling, storage, transport and protection of the prepreg both surfaces are
covered with foil. The production of prepregs is also very complex. In this process, the
fibers are impregnated directly with the resin to simplify further processing. The fiber
manufacturer bundles the individual glass fibers or glass filaments to form a strand with
several thousand filaments. This strand is called “roving.” In the first stage of prepreg
production, the rovings are “threaded” into the plant. This is done manually by eyelets
and a shearing comb, which guarantees the orientation of the roving. The roving bun-
dle is then pressed onto the carrier film coated with a defined quantity of resin. After
the roving bundle has been placed in the matrix, a short heat treatment takes place that
initiates the curing reaction of the resin. A further film is then applied to protect the
prepreg and the prepreg is cooled and wound.

When the prepreg is processed, the temperature and humidity are precisely controlled
to ensure that the resin reaches a viscous state for better handling during the drape
process. This ensures that the prepreg layers can also be draped manually and glued
sufficiently for the time being. The curing process is accelerated thermally at elevated
temperatures. This fact is reused during the final pressing process. The blank is heated
to just under 125 °C, so that the thermoset matrix achieves a low viscosity. At the same
time, the curing reaction begins. The pressing process is therefore a very important
part of the glass-fiber-reinforced plastic component manufacturing process, as the final
properties of the material and the component are achieved in this process, without
which no firm bond between the individual prepreg layers can be achieved. In addi-
tion to the high temperature, the applied press pressure and the pressing time or curing
time are also important. At the same time, the final fiber volume share of the structural
element is adjusted during pressing, as a small part of the matrix is pressed out. If possi-
ble, when the viscous resin escapes, consideration must be given to achieving a uniform
resin flow over the entire component. Depending on the geometry of the structural ele-
ments, the press stroke is defined by the thickness or width. With the “resin transfer
molding” process, this can be achieved directly via the exact amount of resin supplied
as soon as the mold is closed. The tempering process begins after the hardened struc-
tural element has been removed from the press. The structural elements are tempered
in the oven at approximately 120 °C for 180 minutes. After being removed from the
furnace, post-processing can be carried out. The edges must be machined in order to
remove the resin.

Resin transfer molding is a frequently used process. The rovings consist of parallel dry
filaments. The dry glass roving first generates a preform in the tool. The mold is then
partially closed. The liquid heated plastic, in combination with a corresponding hard-
ener, is injected into the mold. The resin spreads under pressure consistently throughout
the mold. The orientation of the fibers remains unaffected. After polymerization of the
matrix, the part can be removed from the mold. The advantage of this process is that
the curing and pressing time is reduced by up to 50% compared to the pressing process
after a draping of a similar component.

The manufacturing process is a major cost factor in the development of a series
process. The cycle time of a single structural element is actually high. Manual draping
requires hours, conditional on the number of layers and the size of the part. To
minimize cycle times, manufacturing robotics must be developed. The robots can
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place the cut prepreg layers and compress them to one assembly. Robots can also
perform edge processing. The hardening time of high-strength composite elements
with contemporary matrix materials must be considerably reduced.

The most remarkable feature of composites is that the material and structural ele-
ments are created simultaneously and in one solitary process. Only deep understanding
of this act will pave the way to creation of lightweight composite structures with their
extraordinary properties in future.

Structure of the Book

The book presents the concepts of high-strength elastic elements of automotive chassis
and drivetrain made of composite materials from the point of classical mechanics. The
book studies the principal ideas, which are necessary for understanding of analysis and
optimization of composite elements. What all considered problems have in common
is that they are solved in closed form without application of finite elements or other
numerical methods. All equations and formulas are derived from the primarily declared
hypotheses. The building blocks of the physical background for the book are anisotropic
elasticity on structural and micromechanical levels, anisotropic creep and elements of
fracture mechanics.

In the book, the design principles for optimal material anisotropy of structural ele-
ments are studied from the viewpoint of stiffness, loading capacity and energy storage.
For this purpose, we first evaluate the specific stiffness, strength and stored energy of
elastic materials with orientation-depending mechanical properties. The basics of the
anisotropic material and the fiber composite are given in Chapter 1, as they are needed in
the context of this work. Based on the fiber composites and the characteristic properties
of the fibers and matrix, the special features of the mechanical properties of a unidirec-
tional single layer are described. The common calculation equations for determining
the engineering constants are briefly displayed. The deformation behavior of laminates
is explained. The transformation laws, based on tensor and vector notations of Voigt
and Kelvin, are presented. The Kelvin form of vector notation leads to a tensor-invariant
representation and, consequently, is favorable for use in the optimization problems.

Evaluation of strength for the unidirectional material as well as of the layered
composite can be carried out with two main approaches: phenomenological and
micromechanical. Chapter 2 exploits the traditional phenomenological approach for
evaluation of strength. The traditional phenomenological approach uses local stress
or average stress failure criteria. This approach is based on definite approximations of
the experimental strength data. The phenomenological approach, however, requires a
large amount of empirical data to perform a reliable forecast for specific materials and
laminates. Chapter 2 summarizes the basic information about failure criteria. The com-
mon phenomenological approaches are presented in matrix forms, which are suited for
later use in optimization problems. The main focus is fixed on the tensor-polynomial
criteria because these criteria allow tensor-invariant transformations of fracture for-
mulas between different coordinate systems. From the viewpoint of optimization, the
tensor-invariant transformations are highly beneficial. The anisotropic failure criteria
are presented with the traditional Voigt’'s notation and Kelvin’s tensor notations.
Further, the tensor rotation of the quadratic tensor-polynomial criteria is explained.
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An alternative approach describes the failure of the composite material from the
micromechanical perspective. The strength characteristics of a composite are explained
in Chapter 3 as the fracture phenomena for fibers and matrix. For application of
this method, the micromechanical models of relevant materials are developed. Using
these models, the damage of the composite is modeled and qualitatively compared to
the experiment. This micromechanical approach provides qualitative understanding
of the mechanism of fracture and proposes the methods for optimization and for
proper material selection. Two main effects are displayed: crack bridging cross to fiber
direction and debonding of fibers in their direction. These two damage mechanisms
are frequent for unidirectional fiber bundles. The parametric dependences of crack
toughness are derived in closed form.

Chapter 4 presents the common principles for the optimal design of structures, which
are based on optimization of the anisotropic properties of materials. Problems of max-
imizing the ultimate rupture load, total stiffness and stored energy capacity are for-
mulated. The optimal orientation of the anisotropy axes in the structure elements is
discussed. The method of study of this problem is based on tensor notation in space and
vector and tensor notations in the six-dimensional stress space. Optimality conditions
are derived using different notations of failure criteria. Special cases of the torsion and
bending of shafts are considered. Bilateral achievable estimations are obtained. The con-
ditions for achieving the upper and lower bounds agree with the necessary optimality
conditions. Three main problems of the optimization for anisotropic materials are inves-
tigated in Chapter 4. The first problem studies the optimal placement of the anisotropy
axes, which maximize or minimize the elastic energy for given external loads. The max-
imization of an elastic energy for the given loads leads to the most resilient design of the
structural element, which allows for maximal flexibility. The minimization of an elastic
energy for the given loads leads to the stiffest design of the structural element, with the
lowest flexibility. The second problem searches the orientation of anisotropic properties
to minimize the solely failure number of the structural member disrespectable to the
stiffness. This optimization aim is interesting for load bearing structural elements. The
third problem examines the orientation of anisotropic properties to maximize stored
elastic energy in an element but limiting the failure number of the structural member.
This optimization aim is interesting for the energy harvesters or spring elements.

Chapter 5 surveys the torsion and bending of moment-carrying elements of the vehi-
cle powertrain. The solid and thin-walled beams of closed section are studied. This
chapter exposes the model of the thin-walled anisotropic driveshaft with a closed pro-
file of a general cross-sectional form. The model is based on the adoption of kinematic
hypotheses and thin anisotropic shell equations. The kinematic hypotheses describe the
strain state of the cross-section of the shaft. It is assumed that the profile of the nor-
mal cross-section of the thin-walled driveshaft is not distorted but is only rotated and
displaced in space as a solid body. Using the accepted kinematic hypotheses, we calcu-
late the strains and curvatures of the middle surface of the rod. The strain equations
are obtained by varying the potential energy functional of the semi-momentless theory
of anisotropic shells. As an example, we solve the problem of determining the critical
load for a thin-walled rod in axial compression. The proposed model can be used in the
design of driveshafts made of composite materials. The twist and flexure of the members
are investigated for different orientation of anisotropy axes with respect to the driveshaft
axis and for different forms of cross-section. The torsional stability is studied using the
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Greenbhill method. The results are applicable to the components of the powertrain and
other composite driveshafts of ground vehicles.

Chapter 6 reviews the principal types of wheel suspensions of the vehicles. The struc-
tural elements of wheel suspensions, except of spring elements, remain in this context
solid. The elementary introduction of vehicle dynamics provides the basis for subse-
quent accounting of flexible structural elements of wheel suspensions and study of the
coupling effects. Models of dynamics for the vehicles with the solid, stiff elements of
suspensions are presented in Chapter 6. Parameters are usually assumed to be known
or can be estimated. The aim of modeling is to obtain a mathematical-analytical descrip-
tion of the dynamic behavior of a vehicle with coupling between its principal degrees of
freedom, but neglecting elasticity of axle components.

Chapter 7 explains the dynamics of a vehicle, accounting for the elasticity of structural
components. An important example of the highly flexural and resilient wheel suspen-
sion delivers the twist-beam axle. This type of suspension is widespread among front
wheel drive cars, almost all compact and subcompact models. At the beginning, the
basic designs of cars with twist-beam axles are labeled, the differentiations from other
wheel suspensions are identified and the advantages and disadvantages of this type of
suspension are pinpointed. The influences of the flexible axle on driving dynamics are
figured. As an example, the coupling effect during cornering is given. The suspension
elements made of composite materials possess some distinctive mechanical features,
which impact the driving dynamics of a vehicle. First, the anisotropy provides an
additional coupling between the degrees of freedom and supplementary interaction
between the wheels and body. Second, the lower modulus of elasticity of material rela-
tive to its strength leads to an excessive elastic response of suspension elements. Third,
the ratios of flexibilities in different directions have an effect on the steering behavior of
a vehicle. The models accounting for these properties of composite materials on lateral
dynamics are developed. The unidirectional layers are used for the laminate structure of
the cross beam. The cross-section for the cross beam of the countersteering twist-beam
axle is calculated.

Chapter 8 explains the optimal design of anisotropic helical and conical springs for
automotive applications. Helical composite springs possess the form of spiral of a uni-
form cross-section. A distance between the successive coils of a spring is maintained so
that the axis of the wire forms a helix. The design formulas for anisotropic helical springs
are developed and the optimization problems are studied in closed form. In Chapter 8,
it is proved that the optimal wire shape, determined from the certain equal stress con-
dition, guarantees the lowest possible mass of spring. This mass depends only on the
ultimate allowable stress for the spring material, the load at full stroke and the spring
stiffness. This is an important milestone for comparison of different spring designs and
spring materials.

Conical springs (also known as Belleville washers) are shallow conical rings that are
subjected to axial loads. Normally, the ring thickness is constant and the applied load
is evenly distributed over the upper inside edge and lower outside edge. The structural
models for the anisotropic conical springs are developed and formulas for deformation
of the anisotropic conical springs presented. Based on the analytical formulas, the opti-
mization of the conical springs made of composite materials is performed.

Analysis of space-curved beams and, particularly, the helical spring is grounded on
Kirchhoft’s equations. In Chapter 9, the helical composite spring is substituted with a
conceivable flexible beam, which coincides with the axis of the helix. The “equivalent
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beam” equations are significantly easier to handle than Kirchhoff’s. This imaginable
equivalent beam possesses identical mechanical features to the helical spring itself. Its
bending, torsion and compression stiffness are equal to the corresponding stiffness of a
helical spring made of anisotropic material. This beam is known also as an “equivalent
column.”

Chapter 10 examines the design and simulation of leaf springs that primarily with-
stand bending. A leaf composite spring assembly for a wheel suspension of a motor
vehicle comprises a leaf spring of fiber-reinforced plastics for resiliently supporting a
wheel carrier of the motor vehicle. Common types of leaf springs are studied and the
optimization principles are demonstrated.

Chapter 11 overviews the corrugated or meander springs. A meander-shaped spring
is the folded form of the classical elongated leaf springs. The meander spring possesses
a shorter dimension in the length direction and allows for assembly in the independent
type of passenger car suspensions. The meander spring is thought to be the replacement
for helical springs, because the box dimensions of both spring types are comparable.
On the other hand, the manufacturing of a meander spring of composite material is
unpretentious in comparison to the awkward fabrication of the helical spring.

In Chapter 12, the time-dependent performance of spring elements made of compos-
ite materials, which are exposed to steady heavy loads, is studied. Common anisotropic
creep laws are implemented for composite materials. For basic spring elements, the
anisotropic Norton—Bailey constitutive models with anisotropic creep functions are
studied. The anisotropy of the material is accounted for by the Altenbach approach,
which applies the quadratic creep potential in a similar way to the common Mises—Hill
plastic criterion. Analytical models are developed for the relaxation of stresses and creep
under constant load. Closed-form solutions of the analytical models of creep and relax-
ation of composite shafts and springs in twist and bending states are presented.

Target Audience of the Book

This book was written as an accompanying script for the courses “Applied Mechanics
of the Automobile,” “Automotive Engineering, Chassis, II, III,” “Structural Optimiza-
tion in Automotive Engineering” and “Powertrain Modeling and Optimization,” which
have been delivered by the author at the University of Siegen, North-Rhine-Westphalia,
Germany, since 2001.

This book is recommended for engineers dealing with design and development of
chassis and drivetrains, graduating from automotive or mechanical engineering courses
in technical high school, or in other higher engineering schools. Researchers working
on elastic elements and energy harvesting equipment will also find a general review for
technology and simulation of composite structural elements.

The content of this book is logically related to the work Durability of Springs by
the same author and could be seen as a substantial extension in the direction of
composite materials. That book (Kobelev 2018) exhibits the mechanics of the elastic
elements made of steel alloys with a focus on metal springs for the automotive industry.
Contrarily, this book investigates the distinguishing features of composites, such their
anisotropy, inhomogeneity, load direction dependence, stress-coupling and stacking
capabilities; all together, outstanding design possibilities on one hand, and in-born
deficiencies on the other.
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Elastic Anisotropic Behavior of Composite Materials

1.1 Anisotropic Elasticity of Composite Materials

1.1.1 Fourth Rank Tensor Notation of Hooke’s Law

Fiber composites consist of fibers with very high stiffness and strength that are
embedded in a matrix of plastic. Fibers alone can absorb high tensile forces but cannot
withstand bending or compression loads. In order to achieve a desired spectrum of
properties that could not be achieved individually by each component, several material
components are combined in a suitable form and spatial distribution. When plastics
are combined with reinforcing materials, the aim is to achieve lightweight construction
of highly stressed structural parts by increasing stiffness, hardness and strength. The
main problem of material optimization lies in the inadequate or missing dependencies
of such parameters as loading limit, fracture toughness and critical stress intensity
factor from design variables (such as fiber diameter, fiber elasticity modulus and matrix
and distance between fibers). The basic task is to obtain these dependencies in an
analytical form.

The components of plastics can be relatively brittle (thermosetting reaction resins) or
rather flexible (thermoplastics). Only through the combination of fibers and plastics and
the firm connection of the plastic matrix to the fibers can high-strength components,
such as aircraft and vehicle parts, be produced. For material laws of fiber-reinforced
composites, the literature provides a broad knowledge base (e.g. Moser 1992; Chou
1990; Nettles 1994; Gibson 2016). In this chapter, the necessary information for model-
ing and optimization of structural components in the automotive powertrain and sus-
pension will be provided.

The most general anisotropic form of linearly elastic constitutive relations is given by
the generalized Hooke’s law:

£l‘]’ = Sijklakl’e = S -0, (1'1)

0 = Cje, 6 = C - & (1.2)

The tensor S =[S, ] is the compliance tensor of rank four, i, j,.. = 1,.., 3. The summa-
tion convention is applied such that the repeated indices are implicitly summed over. The
elasticity tensor of rank four is C=[C,,,]. The relationship between the two tensors is:

C“leklpq = 1 I = (5

i iipq’ “ijpq

ijpq

+6.6.)/2,C--S=1L (1.3)
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In (1.3), I=][I iing) 18 the fourth rank identity tensor and 6, is the Kronecker symbol.
The number of independent coefficients in the elasticity tensor varies depending on the
grade of a material’s symmetry. In general, it describes a tensor of rank four, which
contains 81 different material specific elastic coefficients. The requirement that stress
components occurring in the material are symmetric reduces the number of indepen-
dent coeflicients from a total of 81 to 36 due to the following correlation:

Ciju = Cyue = Cjikl = Cig- (1.4)

g y J

1.1.2 Voigt’s Matrix Notation of Hooke’s Law

The generalized Hookes’ law in Voigt’s notation is a matrix equation in which the stiff-
ness of the material is represented in the matrix with six rows and columns, and the
stresses and strains in the column vectors with six components. According to Eq. (1.2),
the generalized Hooke’s law in Voigt’s notation looks as follows:

6 =C-goro;, = Cye, (1.5)
e=S-6,0rg; = Sl.jaj, (1.6)

withi,j=1,., 6 and

_ _ _ _ _ _ _ T
6=[0); =0,05 =0, 033 =03, 013 =0, 03, =05, 0y = 0¢]

Voigt’s stress vector,

_ _ _ _ _ _ T
e=[e); =€y, €y =€y, £33 =3, 2613 =€, 265, = €5, 269 = &¢]

Voigt’s strain vector,

C Voigt’s elasticity matrix (6 X 6).

The elasticity matrix, which establishes the linear relationship between the stresses
and distortions under a uniaxial load or stress, consists of 36 coefficients, 21 of which
are independent of each other due to symmetry to the main diagonal. The structures of
the elasticity and compliance matrices are:

Cll C12 C13 Cl4 ClS C16 Cllll C1122 C1133 C1123 C1113 C1112
C22 C23 C24 C25 C26 C2222 C2233 C2223 C2213 C’2212

C33 C34 CSS C36 C3333 C2223 C3313 C3312

¢ Cu Cis Cy| Cozs Coziz Cosia |
sym. Css Csg symi. Cisiz Cisin
Ces Ciarz
(1.7)
St Sz Siz S Si5 Sie St S22 Suss 281123 281113 28112
Sy Saz Sau Sas Sae Sx220 Sa233 285003 285013 28315
S = S35 Saa S35 S36 = Ssa33 285003 283313 253310 (1.8)
Sua Sas Sae 4S)303 452313 45312
sym. Ss5 Sse sym. 451315 451312
Ses 451517

There are different forms of direction-dependence or anisotropy of reinforced fiber
composites.
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In the most general case of elastic symmetry, there is one plane of symmetry. In this
case, there are 13 elastic coefficients of each of the matrices (1.7) and (1.8). There is one
additional relation between these coefficients, so 12 coefficients are independent. For
example, if the symmetry plane is the plane 1-2, then the certain coefficients in both
matrices (1.7) disappear:

Cll CIZ C13 0 0 C716 Cllll C1122 C1133 0 0 C1112

Cpn G 0 Gy Cy Comn Coazs 0 Gz Gy
C-= Cs 0 0 Cy = Cizss O U
Cu Gy 0 Cos Coziz 0 [
sym. Cs O sym. Ciz3 O
Cos Char
(1.9)
S S Si3 00 Sy St Stz Suss 0 0 281
Sy Sy 0 Sy Sy Soon Saazz 0 28513 255,
S = S35 0 0 Sy = Ssaz3 O 0 285, )
Sua Su5 0 48y33 45313 0
sym. S 0 sym. 48,55 O
Se6 451515
(1.10)

Due to the prevailing symmetries, however, the dominating case is the orthotropy.
Here, there are three orthogonal planes of symmetry. If the intersection lines of the
underlying symmetry planes are used as a coordinate system, the shear stresses and
strains are completely decoupled in this case. If the material contains symmetries, the
number of independent constants is abridged. Depending on the position and number of
symmetry planes, different anisotropy cases are distinguished. For orthotropy only nine
independent constants are required. For example, if the distances between fibers in uni-
directional composite are distinct in two directions, the material will be orthotropic
(Figure 1.1). The elasticity matrix in this case is as follows (Egs. (2.107)—(2.108) and
Vannucci 2018):

Sll SIZ Sl3 0
512 522 SZ3 0
Si3 Sas S35 0
Su

sym Ses

S = =C, (1.11)

(=N ool
(=N eNeNe Nl

Ch Gy Gy 00
Chp Gy Cy3 00
Ci3 C3 G 00

0

o O ©O o O

sym Cys
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S 5 5 0O 0 O
511533_3%3 $21813=5551
S 5 0O 0 O
Suszz_sfz
C= -5 0 0 0]
Sa 0 0
sym. S 0
See
S =51182S3 — 511553 - 5225%3 - 533‘5%2 + 2513523531 (1.12)
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Figure 1.1 Coordinate system and elastic symmetry.
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The special case of orthotropy is the tetragonal elastic syngony with six elastic
constants:

S S S350 0 0 Ch, CyCs 0 0 O

Spp S Si3 00 0 Cp C; C3 0 0 0

_|S3 813 83 0 0 0 _ 1 »_|Ci3 Ci3 G5 O 0 0
S= S, 0 0| cC',C= Cu 0 0 (1.13)

sym S O sym Cy O

See Ces

Such symmetry appears in composites if the fibers arranged in a preferable orthogonal
mosaic pattern with the equal distances between fibers in both directions (Figure 1.1).

The specific case of orthotropy is the transversal isotropy. Transversal isotropy
presents when an infinite number of symmetries exist perpendicular to an isotropic
plane. In the unidirectional material, the isotropic plane is normal to fiber direction.
For example, the pattern of fibers allows threefold rotational symmetry. Each fiber after
a rotation of 120° comes into the place of another fiber. Otherwise, if the fibers are
chaotically arranged in the isotropic plane, directional dependence disappears as well.
In these cases, the number of elastic constants reduces to five, because the additional
constraint appears due to symmetry along axis 3:

Ces = Ci1 — Gy

To complete the information given here, we will briefly discuss the elasticity tensor C
for isotropic materials with no directional dependence. The isotropic material requires
only the modulus of elasticity E and the contraction number v:

S, =1/E,S;, = —v/E,S,, = 1/G = 2(1 + v)/E.

1.1.3 Kelvin's Matrix Notation of Hooke’s Law

Kelvin’s notation was proposed by Kelvin (1856, 1878). The components of fourth rank
elasticity tensors in three dimensions can be arranged into a matrix of six dimensions:

6=C-8or5, =Cg, (1.14)
£=S.5, or/e\] = gl.j’o'\l,L,/ =1,..,6, (1.15)

with

6 = [0y = 6,. 05y = 0y, 033 = 65, V20,3 = 6,. /264, = 65, V/20,, = 6,]7 Kelvin’s stress
vector,

=gy, =&, 699 = £y €03 = £3, V2615 = £,, V264, = €5, V265, = 517 Kelvin’s strain
vector,

C Kelvin’s elasticity tensor (6 X 6):

A A A A A A
Ciu G C3 Cy G5 Cog
A A A A A
Cp Gy Gy Cys Cog
A A A A
o 33 Caa G5 G
C - A A~ A ’
u Cis Cug
A A
sym. Css Css
A

D
N
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o
I

Cl 111 Cl 122 CllSB \/ECI 123 \/ECI 113 \/ECI 112
C2222 C2233 \/ECZZZB \/§C2213 \/§C2212

C3333 \/ECZZZS \/ECSSB \/§C3312

2 C2323

sym.

S Kelvin’s compliance tensor (6 X 6):

)
Il

11 §12 513 §14 §15 fle
Sxn 523 §24 ;5\25 §26
Ss3 §34 §35 §36

Su §45 546

sym. Sss §56
Se6

(1.16)
2C2313 2C2312
2C1313 2Cv1312

2C1212

Sllll 51122 81133 \/551123 \/551113 \/551112
52222 52233 \/552223 \/552213 \/552212

83333 \/552223 \/553313 \/553312

285,35 283313 28510

symi. 2851313 25131
281512

(1.17)

The components of Kelvin’s matrices of the elasticity and compliance will change
under a change of coordinate system following the tensor transformation rule. The
components of Kelvin’s matrices change as the components of the second-rank tensor
change and this notable feature is significant for optimization methods, as recognized
in Mehrabadi and Cowin (1990).

The symmetry of Kelvin’s matrices for orthotropic, tetragonal syngony and transversal
isotropy is analogous to those of Voigt’s matrices (Table 1.1).

Table 1.1 Coefficients of Voigt's and Kelvin's matrices for orthotropic

materials.
Kelvin's notation Voigt’s notation
=~
1
S =5 =21
i ii Ex,
i=1,2,3 01 =01 =0y L3P il £1s
O =0, =0y &n=6=4&,
O33 =03 =03, £33 = &3 =¢&3,
o . ~ \/l/.
i,j=1,2,3, S/i=5;~=—g’
i#j
ij=123 S =~ Sy =~
,J=1,4,9, ki _ZGU Kk G‘/r
i#J, PN PN _ _
\/5513 = 0'4,\/5513 =&y 01y = 04.2613 = &4,
k=4,5,6

\/5632 = 6'\5’\/5532 = 3‘5,
\/5621 = 6-\6’\/5621 =&
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1.2 Unidirectional Fiber Bundle

1.2.1 Components of a Unidirectional Fiber Bundle

The anisotropy of a composite material can be defined as the difference in physical
properties, such as the modulus and Poisson’s ratio, when the material is loaded in dif-
ferent directions. The modern and comprehensive discussion of this topic is given by
Vannucci (2018).

The properties of the composite material are particularly dependent on the proportion
of fiber and matrix material in the end product. The fiber volume content V, describes
the ratio of the volume fraction of the fiber material to the total volume of the composite.
The achievable fiber volume ratio and the fiber orientation are strongly dependent on
the manufacturing process used.

The radius of the fibers r; and the radius r,, of the surrounding cylinders made of
matrix, or resin, material. The imaginary radius r,, is determined from the volume pro-
portions of the fibers, such that the volume content of fiber and matrix materials to be
preserved. Explicitly, the volume fractions of fibers V, and matrix V,, must be directly
proportional to the cross-sectional areas of fibers and matrix, respectively:

$¢/Sm = ViV Viy =1 =V}, (1.18)
Sf =7 }"},

There is the following relation between the radii of the fibers r, and the radii of the
matrix cylinders r,,:

=1/ (1.20)

For the unidirectional layer, some assumptions for idealization are made that are
required for the calculation of the mechanical properties. It is assumed that the fibers
are ideally straight and parallel in one direction without interruption. Furthermore, the
fibers are evenly distributed over the cross-section and adhere ideally to the matrix;
that is, no shifts at the fiber-matrix interface occur during loading.

s, = n(rk — rfz). (1.19)

1.2.2 Elastic Properties of a Unidirectional Fiber Bundle

With knowledge of the special properties of fiber and matrix material and the struc-
ture of the unidirectional layer, it is easy to imagine that the unidirectional layer has
anisotropic, that is, direction-dependent, mechanical properties. The stiffness of the
unidirectional layer in the longitudinal direction of the fibers under tensile load is natu-
rally many times higher than in the transverse direction. In the longitudinal direction of
the fibers, the mechanical properties also depend on the direction of loading; that is, the
strength properties are not as good under compressive loading as under tensile loading.

A unidirectional reinforced material with macroscopically homogeneous modules of
elasticity is transversal isotropic. If such a fiber composite material also has an even dis-
tribution of reinforcing fibers, this results in a direction-independent modulus of elastic-
ity normal to the fiber direction. For the transverse isotropy, five material constants are
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sufficient to characterize the stiffness behavior of the composite. With a unidirectional
layer, the isotropic plane is normal to the longitudinal direction of the fiber; that is, all
sections normal to the isotropic plane have the same properties. The fiber composite
material is modeled from a series of elastic round cylinders of unlimited length, which
are located in a cylindrical, tubular, elastic matrix (Figure 1.1).

For a complete description of the linear elasticity law for the unidirectional layer in
space, only five independent constants are necessary. The engineering constants are
(Figure 1.1):

E, longitudinal modulus of elasticity in the “1” direction,

E, transverse modulus of elasticity in the “2” and “3” directions,
Gy shear modulus in (“1-2”) and (“1-3”) planes,

Grr shear modulus in the (“2—3”) plane,

Vi Poisson’s ratio in (“1-2”) and (“1-3”) planes,

Vor Poisson’s ratio in the (“2-3”) plane.

The engineering constants are also known as basic elasticity values. The different
experimental methods are available for determining the basic elasticity values. For our
purposes, as well as for the introductory design of components, estimation of basic
elasticity values could be done by means of analytical formulas as follows.

For a spatial unidirectional layer with known engineering constants, the law of elas-
ticity is formulated with engineering constants; that is, the modulus of elasticity, shear
modulus and transverse contraction numbers provide the compliance matrix in Voigt’s
notation:

1/E,  —vp/EL —vi/EL
-vi/EL 1/Er —vrr/Ep
— E, —vr/E 1/E
SO — vr/EL —vrr/Er T _ 121
1/Gry (121
1/Gyy,

1/Gyy,

The compliance matrix in Kelvin’s notation reads:

1/E,  —vp/EL —vi/EL
—vi/EL 1/Er  —vpr/Ep
co _|-vi/EL —vrr/Er  1/Eg
S® = 1/2G,s . (1.22)
1/2GTL
1/2Gq

1.2.3 Effective Elastic Constants of Unidirectional Composites

There are several approximate relationships between the modules of fibers and matrix
and the homogenized, effective modules of elasticity of the composite material (Hill
1963; ECSS-E-HB-32-20 2011, Schiirmann 2007; Younes et al. 2012). The formulas
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Table 1.2 Effective modules of unidirectional composite material
(Schirmann 2007).

Effective modules of a unidirectional composite material

Modulus of elasticity ~ E, =E,V,+E,V,,

F E, 1+0.85- sz
T 2
1-v, Vm1.25+E_m Vf
EﬁT 1-v,

Shear modulus Gy =
Vm1.45 + ‘/me/GfTL
£y
GTT =
242V,
Poisson coefficient v, =V v +V,, v,

1+v, —vyE,/E

B sz + VmVTLEm/EL

Vo = VJTTVf +v,,V, I

Table 1.3 Input values for calculation of effective modules.

VirL Transverse, longitudinal, transverse Poisson’ ratio of fibers
Vi Poisson’ ratio of matrix (resin)

Verr Transverse Poisson’ ratio of fibers

Vi, off Effective matrix cross Poisson’ ratio

Vir Poisson’s ratio

G, Shear modulus of the matrix (resin)

Grp Transverse longitudinal shear modulus of the fiber
E r Transverse modulus of elasticity of the fiber

E, Longitudinal modulus of elasticity of the fiber

E, Modulus of elasticity of the matrix (resin)

v, Fiber volume content

V,=1-V, Matrix volume content

(Schiirmann 2007) provide estimations of effective elastic constants, especially for a
high volume concentration of fibers. These expressions are given in Tables 1.2 and 1.3.

For the fiber volume content of V; =0.6, the effective technical constants of the uni-
directional layer:

E, = 45680MPa, E; = 13698MPa, Gy = 5101MPa,

Gy = 5384MPa, vyy = 0.272, vyp = 0.3427.
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Table 1.4 Elastic constants and densities of matrix and fibers of UD

fiberglass.
E, 3200 Ef 74000 MPa
G, 1185 Gf 30327 MPA
Vo 0.35 vy 0.22
. 1800 P 2000 kgm™3

For this example (Table 1.4), the elasticity and compliance matrices from Egs. (1.10)
and (1.12) of the unidirectional layer in Voigt’s notation read:

21.89 =595 -5.95
=595 73.0 -25.02
—5.95 -25.02 73.0

SO — 196.04 [1072Pa!] (1.23)
185.7
185.7

48987 6079 6079

6079 16276 6074

6079 6074 16276
cO — 5100 [MPa]. (1.24)

5384
5384

1.3 Rotational Transformations of Material Laws, Stress
and Strain

The layered view and the directional dependency of the mechanical properties of lam-
inates means that when designing composite material components at least two coor-
dinate systems must be distinguished; the component coordinate system xyz and the
fiber coordinate system x;y,z, (Figure 1.2). The direction of a fiber coordinate system
coincides with fiber direction, and the z- and Zs-axes are normal to the layer direction.

The direction in the longitudinal direction of a fiber of a unidirectional layer is marked
with “x;.” The direction is transverse to the longitudinal direction of the fiber and the

Figure 1.2 Coordinate system associated
with fiber direction and rotated
coordinate system of the structural
component.
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layer plane is described using the symbol “y,.” The third spatial direction, z, which is
also transverse to the fiber direction but also perpendicular to the layer plane, has to
be considered and is called the normal plane. The thickness direction of the laminate is
the z-coordinate of the component coordinate system. The fiber angle ® is defined as
the mathematically positive angle between the x-axis and x;-axes. The rotation of the
component coordinate system around the z-axis is described by the rotation angle ®.
For further details, see Vannucci (2018).

1.3.1 Rotation of Fourth Rank Elasticity Tensors

The elasticity and compliance properties for a general anisotropic material are usu-
ally expressed in an arbitrarily chosen coordinate system. To exclude the orientational
arbitrariness of a coordinate system, a special coordinate system based on a material’s
intrinsic orientation is needed. For example, the intrinsic coordinate system is associ-
ated with the direction of fibers of a unidirectional composite (layer coordinate system).
The elasticity and compliance tensor in the layer (intrinsic) coordinate system possess
the components:

CO=C@=0)=] ,SO =8 @ =0)=]| (1.25)

Cpqns] Spans |-

The rotation coordinate system of an anisotropic material modifies the components
of elasticity and compliance tensors. The tensors of the fourth rank S(®) and C(®) in
the rotated coordinate system possess the components:

Sixt = Sy (®), Cyag = Cyg(®), i, k.l = 1,2,3. (1.26)

The components depend on the orientation of the principal axes of anisotropy, associ-
ated with the intrinsic layer coordinate system, relative to the axes of rotated coordinate
system. The relations between the tensors in the intrinsic (1.25) and rotated coordinate
system (1.26) are:

S=t-t-SO.tT - tI,.C=t-t-CO. ¢t .7,
Sijkl = Spqnstiptthkntls’ Cijkl = pqnstiptthkntls' (127)

The rotation matrix t= [t ] is orthogonal:

t-t' =Lt,t, =35, (1.28)

For the rotation along the z-axis with the angle ®:

c s0
tp)=[tl=|-scO ,with ¢ = cos @, s = sin ®@.
001

The angle ® can differ from point to point of the structural element. The general rota-
tions in space could be studied using the established methods (Altmann 1986).

1.3.2 Rotation of Elasticity Matrices in Voigt’s Notation

It is not possible to perform the rotation of the elasticity matrices with one orthogo-
nal rotation matrix, as required by the tensor transformation law. Two transformation
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matrices T, T, are required for the rotation of the elasticity matrices in Voigt’s notation.
These matrices are used also for rotation of stress and strain vectors:
C=T,-CO.Tf, s=T1,.89.17, (1.29)

In the Eq. (1.29) the following values are used:

T, o-transformation matrix,

c=T_ - ¢© stress vector in a rotated coordinate system,

¢ stress vector in an intrinsic coordinate system,

T, e-transformation matrix,

e=T, - e© strain vector in a rotated coordinate system,

e© strain vector in an intrinsic coordinate system,
C=I[C,] elasticity matrix in a rotated coordinate system,
CcO= lc;] elasticity matrix in an intrinsic coordinate system,
S=[S,] compliance matrix in a rotated coordinate system,
SO = [s;] compliance matrix in an intrinsic coordinate system.

The matrices T, T, in Eq. (1.29) obey the rules:
T, =T T,"' =1,
Their components read:

2 2000 2
2 200 0 —2cs

0 0100 0

T, = , (1.30)
0 00c-s O
0 00s ¢ 0

—scsc00 0 2—3s2
2 s 000 cs
2000 —cs
0 0100 0
T, = . (1.31)

0 0 O0c-s O
0 0 O0s ¢ 0

—25¢2sc 00 0 ¢2—¢°

We substitute of the relations
¢/ =6¢"". T, =6"". T, 6=T, 69=(T,")" 6.

and (1.29) into the expression for elastic energy density 2W_ =67 - S - 6. The substitu-
tion assures that the elastic energy density remains invariant during rotation:

2W, =67 -S-6=0607 .50 .60,

2W, =€l -C-e=¢e97.CO .0, (1.32)
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The formulas for the components of compliance matrix S in rotated coordinate sys-
tem in terms of the components of compliance matrices in intrinsic coordinate system
S© are:

S, = 51104 +2(sy, + 366)c252 + 52234,

Sy = s2204 +2(sp, + S66)6232 + 31134

S, = su(c4 +sH+ (S17 + 8y — 4s66)02s2,

Ses = 866(C% — 5% + (51, + S99 — 28,,)C%s%,

S16 = —CS(899C* — 51,8 — (8% — €*)(S15 + 2544))s

Spg = —C8(81,6* — 538> + (8> = €*)(815 + 2845))- (1.33)

1.3.3 Rotation of Elasticity Matrices in Kelvin’s Notation

The rotation of the elasticity and compliance matrices in the Kelvin’s notation uses the

tensor transformation rule with the rotation matrix T(®) (Mehrabadi and Cowin 1990):
C=T.-CO.T18=T.50.7", (1.34)

The six-dimensional orthogonal rotation matrix rotates the components of the strain
and stress vectors in Kelvin’s notation as well:

c? £ 000 +/2sc |
s? 2 00 0 —/2sc
T(®) = 0 0 100 0 T-1(®) = TI(®) (1.35)
1 0 0 0c-s o0 | - ’ '
0 0 0s ¢ 0
| —V/2sc V/25c 00 0 2 -]
6=T 60 stress vector in a rotated coordinate system,
¢© stress vector in an intrinsic coordinate system,
e=T. .80 strain vector in a rotated coordinate system,
g0 strain vector in an intrinsic coordinate system,
C= [All] elasticity matrix in a rotated coordinate system,
CO = [c;] elasticity matrix in an intrinsic coordinate system,
S= [Alj] compliance matrix in a rotated coordinate system,
S0 = (551 compliance matrix in an intrinsic coordinate system.

The elastic energy density (1.32) remains invariant during rotation:

.6 =60T.80 .50,

A~ (1.36)
=0T . CO .30,
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1.4 Elasticity Matrices for Laminated Plates

1.4.1 Voigt’s Matrix Notation for Anisotropic Plates

Lightweight structures are typically thin-walled and flat and must transmit forces and
torques from different directions. The fibers are therefore arranged according to load
in order to make use of the advantages of the composite material. This is only possi-
ble by stacking different layers, which results in the so-called laminate or multi-layer
composite. However, it is possible not only to stack unidirectional layers, but also to use
individual layers whose fibers are at an angle of 0° or 90° to each other and are therefore
referred to as cross-laminated layers.

With the information about the laminate structure, that is, layer thickness and layer
sequence as well as the orientation of the layers, the constitutive law for laminates reads
Vannucci (2018) and Toorani and Lakis (2000):

=[5 ol 1] a

The elasticity matrix in Voigt’s notation of a dimension of 6 X 6 determines the
in-plane deformation and bending of the laminated plate. Its minors A,B,D of the third

rank are:
A= /_’;//22 Q(2)dz in-plane quadrant, square 3 X 3 matrix,
B= /fh//zz Q(2)zdz coupling quadrant, square 3 X 3 matrix,
D= /_hh//zz Q(2)Z%dz bending quadrant, square 3 X 3 matrix,
el =[e,,, €5 26,] strain vector in Voigt’s notation,
kT = [K115 Kops 2K, ] curvature vector in Voigt’s notation,
NT =[N 110 Noos N | in-plane force vector in Voigt’s notation,
MT =M 110 My, M1 bending moment vector in Voigt’s notation.

This form of vector representation is common in engineering, although it requires
different transformation matrices for all relevant elastic quantities, such as stress and
strain vector and elasticity matrices.

For derivation, the stiffness relations for each singular layer are:

o011 €11 Qi Qiz Q6
0y | = Qf €2 [, Q) = Q1 Qp Q|- (1.38)
D) 2¢eq, Qi Qs Qg6

The coefficients of the stiffness matrix (1.38) read:
sz = Qij(z) = Cij = C3C;3/Cs3,1,j = 1,2,6.

For a unidirectional layer, the reduced stiffness matrix is:

E, vir - Ep 0
1—vp-vir 1=y -y
Q = VLT * EL ET 0

L=V v 1—vp - vp
0 0 GrL
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The reactions and moments in Voigt’s notation are expressed through the in-plane
stress in singular layers:

h/2
N’ = [N}, Ny, Ny = / (611> Gy 0151z, (1.39)
—h/2
h/2
M” = [M,,,M,,,M,,] = / Z2[6,,, 0y, 615 ]dz. (1.40)
—h/2

The stiffness evaluation and rotation of anisotropy orientation are also appropriate to
thin shell models.

1.4.2 Rotation of Matrices in Voigt's Notation

For the rotation of each minor in Voigt’s matrix notation, two rotation matrices 'f‘a and

~

T, are used:

=T, - {AQ1 BO-1 DO-1} . T (1.41)

T‘g o-transformation matrix for plates (3 X 3),

i e-Transformation matrix for plates (3 X 3),

{A, B, D} minors of elasticity matrix in a rotated coordinate system,
{A©, BO DO} minors of elasticity matrix in an intrinsic coordinate system,
{A~1, B}, D71} minors of compliance matrix in a rotated coordinate system,

{A@ BO™ DO yminors of compliance matrix in an intrinsic coordinate system.

The rotation matrices obey the rules T-1 = T, T-! = T! and read:

_ 2 2 2cs

T, =|s* s> —2cs |, (1.42)
—sc sc ¢* —§?

_ & cs

T,=| s s -cs |. (1.43)

—2s¢ 2s¢ ¢® —s?

1.4.3 Kelvin's Matrix Notation for Anisotropic Plates

The constitutive law for laminates in Kelvin’s notation reads (Vannucci 2018):

[13] - [5 ’:3] [E] . (1.44)
M| |B D] [k

The elasticity matrix in Kelvin’s notation of the second rank determines the in-plane
deformation and bending. Its minors A, B, D of the third rank are:
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A= _};//22 Q2)dz in-plane quadrant, square 3 X 3 matrix,
B= /_hh/ /22 Q2)zdz coupling quadrant, square 3 X 3 matrix,
D= /71;//22 Q2)2%dz bending quadrant, square 3 X 3 matrix,
&7 =[e,,, €, \/5512] strain vector,

KT = [k, Ky, \/5;(12] curvature vector,

NT = [N}, Ny, \/ENQ] in-plane force vector,

M7 = [M,,, M,,, \/EMH] bending moment vector.

Kelvin’s notation was derived earlier (Kelvin 1856) than Voigt’s (Voigt 1910); it uses
the solitary orthogonal transformation matrix and obeys the tensor transformation law,
but Kelvin’s notation is not used habitually in engineering.

For derivation, the stiffness laws for singular layers are:

o1 & Qu Qp Qlé/\/5

A~

on |=Q| & [.Q@=| Q, Q» Q/V2| (1.45)
\/5612 \/5612 (216/\/E Q26/\/§ Qe6/2

The reactions and moments in Kelvin’s notation are expressed through in-plane stress
in singular layers:

R /2

NT = [Ny Ny, V2N, ] = / (611, Gps V20, 1dz, (1.46)
—h/2

R h/2

M7 = [M,,, My, V2M,,] = / 22[64,. 00 V20, 1dz. (1.47)
—h/2

1.4.4 Rotation of Matrices in Kelvin’s Notation

The rotation of the elasticity and compliance minors in Kelvin’s notation (Vannucci
2018) is performed with the orthogonal transformation matrix T:

{A,B,D} =T {A©,B®, DO} . T,
(AL B D) =T (RO, BO-1 HO-1) . T1, (1.48)

T transformation matrix for plates tensor (3 X 3),

{K, ﬁ, ]3} minors of elasticity matrix in a rotated coordinate system,
{K(O), BO, ]3(0)} minors of elasticity matrix in an intrinsic coordinate system,
{K‘l, B1, ]3‘1} minors of compliance matrix in a rotated coordinate system,

{AO™  BO™ DO Yminors of compliance matrix in an intrinsic coordinate system.

The three-dimensional orthogonal transformation matrix is used for rotation:
c 2 1/2sc
TO)=] s 2 —\/2sc|. T' =T (1.49)

—/2s¢c V/2s¢ ¢ —§?

2
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1.5 Coupling Effects of Anisotropic Laminates

1.5.1 Orthotropic Laminate Without Coupling

For common structural components, the usual aim is to eliminate coupling between the
in-plane quadrant A and the bending quadrant D. Depending on how the quadrants are
occupied, different coupling properties of the laminate can take place. If all components
of matrix Q(z) are symmetric, Q(z) = Q(—z), the coupling quadrant B disappears and
they assume the diagonal form:

A, A, O 000 D, D;, 0
A=|A, A, 0 |.B=|000|,D=|D, D, 0 |. (1.50)
0 0 Ag 000 0 0 Dy

Moreover, the plate behaves as an orthotropic material; that is, the shear stress in the
principal coordinates does not affect the directional stresses. Analogously, pure warping
leads to no bending of a plate in principal coordinates. For example, this laminate struc-
ture occurs if the laminate type is [0°/90°/90°,0"] or [0°/ +45 /../ £ 45", 0']. This stacking
leads to a fully symmetric structure with decoupling between in-plane deformations and
bending.

1.5.2 Anisotropic Laminate Without Coupling

The coupling between bending and in-plane deformation also disappears if the matrices
assume the form:

All A12 A16 000 Dll D12 D16
A=|A, Ay Ay |.B=]|000|,D=|D,, Dy, Dy|. (1.51)
A16 A26 A66 000 D16 D26 D66

However, the plate behaves as an anisotropic material; that is, the shear stress in the
principal coordinates has an effect on the directional stresses. Analogously, pure warp-
ing causes bending of a plate in principal coordinates.

1.5.3 Anisotropic Laminate With Coupling

For some structural applications coupling is desired because this provides an additional
grade of control. The smart adjustment of the additional control grade allows elimi-
nation of some undesired properties of a structure that can present in an uncoupled
structure (Reddy and Miravete 1995).

The coupling between bending and in-plane deformation presents as (if the matrices
are in the fully populated form):

Ay Ay Agg By, By, By Dy, Dy, Dy
A=A, Ay Ay |,B =By, By By |- D =Dy, Dy Dy |- (1.52)
A Ay Ass Bis Bys Bgs Dig Dy Dgg

The plate behaves as an anisotropic material; that is, the shear stress in the principal
coordinates has an effect on the directional stresses. Pure warping causes bending of a
plate in principal coordinates. Additionally, the bending and in-plane deformations are
also coupled.
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Figure 1.3 (a) Circumferentially asymmetric stiffness configuration (CAS), (b) circumferentially uniform
stiffness configuration (CUS) (Librescu and Song 2006, Figure. 13.1.1) The local coordinate system xyz
is associated with the twist-beam z-axis. Source: University of Siegen.

1.5.4 Coupling Effects in Laminated Thin-Walled Sections

The theory of an elastic coupling of the composite thin-walled beams with open
cross-sections was developed by Chandra et al. (1990). This theory is based on the
model by Vlasov and Gjelsvik, and includes the effects of transverse-shear defor-
mation and coupling between laminate reactions and moments. Figure 1.3 shows
the laminate structure for a flexure-torsion and tensile-torsion coupling for a fiber
composite component with a rectangular cross-section. The beams that possess the
circumferentially asymmetric stiffness (CAS) configuration (see Librescu and Song
2006; Rehfield and Atilgan 1989 and Vo and Lee 2008) are shown in Figure 1.3. This
structural configuration is attainable when the ply-angle distributions are equal in the
top and bottom walls as well as the lateral walls. The equations that describe coupling
between bending and torsion are derived in Section 4.4.4 (Librescu and Song 2006).
The circumferentially uniform stiffness (CUS) and CAS configurations are known as
antisymmetric and symmetric configurations, respectively (Smith and Chopra 1991).

1.6 Conclusions

This chapter compiles the equations of the anisotropic elastic behavior of fiber com-
posites. The common tensor and Voigt’s vector notations are used for the derivation of
elasticity equations of an anisotropic medium. Besides these, Kelvin’s notations are also
presented because this form of vector notation leads to a tensor-invariant representation
and, consequently, is favorable for use in optimization problems.

For further reading, the following reference works about anisotropic elasticity and
composite materials are recommended: Halpin (1992), Tsai (1968), Hill (1950), Barbero
(1999), Hull and Clyne (1996), Altenbach et al. (2004), Tin (1996), Gay et al. (2013),
Peters (1998), Kollar and Springer (2003), Tschoegl et al. (2002), Lakes and Wineman
(2006), Hertz et al. (1981), Abramovich and Livshitz (1994), Kaiser (1999), Kaiser and
Francescatti (1996), Kroker (2013), Dugas (2002), Kindervater (2008), Santiuste et al.
(2008) and Foye (1972).



Elastic Anisotropic Behavior of Composite Materials | 19
References

Abramovich, H. and Livshitz, A. (1994). Free vibrations free vibrations of non-symmetric
cross-ply laminated composite beams. J. Sound Vib. 176 (5): 597-612.

Altenbach, H., Altenbach, J., and Kissing, W. (2004). Mechanics of Composite Struktural
Elements. Springer-Verlag Berlin Heidelberg.

Altmann, S.L. (1986). Rotations, Quaternions, and Double Groups. Oxford: Oxford
University Press.

Barbero, E. (1999). Introduction to Composite Materials Design. New York: Taylor and
Francis.

Chandra, R., Stemple, A.D., and Chopra, I. (1990). Thin-walled composite beams under
bending, torsional, and extensional loads. J. Aircraft 27 (7): 619-626.

Chou, T.-W. (1992). Microstructural Design of Fiber Composites. Cambridge: Cambridge
University Press.

Dugas M. (2002) Ein Beitrag zur Auslegung von Faserverbundtragfliigeln im Vorentwurf,
Institut fiir Flugzeugbau der Universitdt Stuttgart.

ECSS-E-HB-32-20 Part 2A (2011). Space engineering, structural materials handbook. In:
Part 2: Design Calculation Methods and General Design Aspects. ESA-ESTEC,
Requirements & Standards Division, 434. Noordwijk, The Netherlands.

Foye, R.L. (1972). The transverse poisson’s ratio of composites. J. Compos. Mater. 6:
293-295.

Gay, D., Hoa, S.V,, and Tsai, S.W. (2013). Composite Materials, Design and Applications.
Boca Raton, FL: CRC Press LLC.

Gibson, R.F. (2016). Principles of Composite Material Mechanics. Boca Raton: CRC Press.

Halpin, J.C. (1992). Primer on Composite Materials Analysis. Taylor & Francis Group, LLC.

Hill, R. (1950). The Mathematical Theory of Plasticity. London: Oxford University Press.

Hill, R. (1963). Elastic properties of reinforced solids: some theoretical principles. J. Mech.
Phys. Solids 11: 357-372.

Hull, D. and Clyne, T.W. (1996). An Introduction to Composite Materials, 2e. Cambridge:
Cambridge University Press.

Kaiser, C. (1999) Elastische Kopplungen in aktiven und passiven Laminaten sowie
diinnwandigen Faserverbundbalken, Dissertation, TUM, Miinchen.

Kaiser C., Francescatti D. (1996) Theoretical and experimental analysis of composite beams
with elastic couplings, ICAS-96-5.4.4, ICAS Congress, 1996, Italy, Sorrento.

Kelvin, W.T. (1856). Elements of a mathematical theory of elasticity. Philos. Trans. R. Soc.
146: 481-498.

Kelvin, W.T. (1878). Mathematical theory of elasticity. Encycl. Br. 7: 819-825.

Kindervater Ch. (2008) Technologie — und Dimensionierungsgrundlagen fiir Bauteile aus
Faserkunststoffverbund (FKV). Vorlesungsmanuskript, DLR, Institut fir
Bauweisen — und Konstruktionsforschung, Stuttgart.

Kollér, L.P. and Springer, G.S. (2003). Mechanics of Composite Structures. Cambridge
University Press.

Kroker A.M. (2013) Strukturmechanische Modellierung und Analyse des Tragverhaltens von
diinnwandigen hochbelasteten Composite-Biege-und Querkrafttrégern, Darmstadt 2013.

Lakes, R. and Wineman, A. (2006). On poisson’s ratio in linearly viscoelastic solids. /. Elast.
85 (1): 45-63.



20

Design and Analysis of Composite Structures for Automotive Applications

Librescu, L. and Song, O. (2006). Thin-Walled Composite Beams, Theory and Application,
Solid Mechanics and its Applications, vol. 131. Dordrecht, The Netherlands: Springer.

Mehrabadi, M.M. and Cowin, S.C. (1990). Eigentensors of linear anisotropic elastic
materials. Q. J. Mech. Appl. Math. 43: 15-41.

Moser, K. (1992). Faser-Kunststoff-Verbund: Entwurfs- und Berechnungsgrundlagen.
Springer-Verlag, Berlin/Heidelberg.

Nettles A.T. (1994) Basic Mechanics of Laminated Composite Plates, NASA Reference
Publication 135, Marshall Space Flight Center.

Peters, S.T. (ed.) (1998). Handbook of Composites, 2e. London: Chapman and Hall.

Hertz, T.]J., Shirk, M.H., Ricketts, R.H., and Weisshaar, T.A. (1981). Aeroelastic Tailoring
with Composites Applied to Forward Swept Wings. Air Force Wright Aeronautical
Laboratories, NASA Langley Research Center, and Purdue University.

Reddy, J.N. and Miravete, A. (1995). Practical Analysis of Composite Laminates. Boca
Raton: CRC Press.

Rehfield, L.W. and Atilgan, A.R. (1989). Toward understanding the tailoring mechanisms
for thin-walled composite tubular beams. In: Proceedings of the First USSR-ULS.
Symposium on Mechanics of Composite Materials, 23—26 May, Riga, Latvia SSR (ed. S.W.
Tsai, ].M. Whitney, T.W. Chou and R.M. Jones), 187-196. ASME Publ. House.

Santiuste, C., Sdnchez-Séez, S., and Barbero, E. (2008). Dynamic analysis of
bending—torsion coupled composite beams using the flexibility influence function
method. Int. J. Mech. Sci. 50 (12): 1611-1618.

Schiirmann, H. (2007). Konstruieren mit Faser-Kunststoff-Verbunden. Berlin Heidelberg:
Springer-Verlag.

Smith, E.C. and Chopra, I. (1991). Formulation and evaluation of an analytical model for
composite box-beams. . Am. Helicopter Soc. 36 (3): 23-35.

Tin, T.C.T.G. (1996). Anisotropic Elasticity, Theory and Applications. Oxford and New York:
Oxford University Press.

Toorani, M.H. and Lakis, A.A. (2000). General equations of anisotropic plates and shells
including transverse shear deformations, rotary inertia and initial curvature effects. J.
Sound Vib. 237 (4): 561-615. https://doi.org/10.1006/jsvi.2000.3073.

Tsai, S.W. (1968). Fundamental Aspects of Fiber Reinforced Plastic Composites. New York:
Wiley.

Tschoegl, N.W., Knauss, W.G., and Emri, I. (2002). Poisson’s ratio in linear
viscoelasticity — a critical review. Mech. Time-Depend. Mater. 6 (1): 3-51.

Vannucci, P. (2018). Anisotropic Elasticity. Springer Nature, Singapore Pte Ltd.

Vo, T.P. and Lee, J. (2008). Flexural-torsional behavior of thin-walled composite box beams
using shear-deformable beam theory. Eng. Struct. 30 (7): 1958—1968.

Voigt W. (1910) Lehrbuch der Kristallphysik: mit AusschiufS d. Kristalloptik. Teubner,
Leipzig u. a.

Younes, R., Hallal, A., Fardoun, F.,, and Chehade, F.H. (2012). Comparative review study on
elastic properties modeling for unidirectional composite materials. In: Composites and
Their Properties (ed. N. Hu). London: IntechOpen.



2

Phenomenological Failure Criteria of Composites

2.1 Phenomenological Failure Criteria

2.1.1 Criteria for Static Failure Behavior

In fiber-reinforced composites, both the failure behavior, which is either ductile or brit-
tle, as well as the type of failure (fiber or matrix fracture), are strongly dependent on
the components of the applied stress, type and compositions of components, the fiber
arrangement and manufacturing procedures. For design purposes, most attention is
paid to the geometric details of an internal structure composite. The other composition
and manufacturing factors must be fixed.

Among others, the highest loading capacity for a uniaxial stress state provides
unidirectional fiber-reinforced composites (Sun 2000). Unidirectional fiber-reinforced
materials are best suited to chassis and drivetrain applications because the stresses
in such systems can be extraordinarily high. Some failure modes of a unidirectional
single layer with extensive photographs of crack surfaces in experiments are exposed in
Agarwal et al. (2006). The majority of problems studied in this book focus on this type
of composite.

2.1.2 Stress Failure Criteria for Isotropic Homogenous Materials

In the case of metallic materials, static strength verification is often based on the ratio of
a comparative stress (e.g. von Mises stress) to a strength value obtained from a uniaxial
tensile test.

The main normal stress hypothesis has established itself in the evaluation of brittle
materials under tensile loading. It is assumed that the fracture of the component occurs
in the plane in which the greatest normal stress prevails. The ultimate value of first prin-
cipal stress can be used as the failure criterion. The Tresca shear stress hypothesis is used
for a predominant compressive load.

The plastic flow through shear stresses causes the failure of ductile materials. The
elastic energy, associated with changes in shape or distortion, predicts a failure of the
structure in this case. According to the von Mises criterion, an isotropic material yields
if the distortion energy per unit volume in that material reaches or exceeds a certain
critical value.

Design and Analysis of Composite Structures for Automotive Applications:
Chassis and Drivetrain, First Edition. Vladimir Kobelev.
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2.1.3 Phenomenological Failure Criteria for Composites

Failure criteria for fiber-plastic composites serve to differentiate whether an external
load in a fiber-plastic composite component (see also laminate) leads to failure or not.
The term “failure criterion” is more common for composites. The “breakage criterion”
for the fiber, the matrix, the fiber-matrix interface and the delamination of single layers
is included in this generic term. Due to the structural anisotropy of fiber-plastic com-
posites, a distinction is made between different types of failure. There are a number of
criteria whose applications depend on the problem to be calculated (Hart-Smith 2000;
Agarwal et al. 2006; Talreja and Varna 2016). Accordingly, the results of the application
of different criteria regularly fluctuate considerably. To avoid this uncertainty, the VDI
guideline 2014 (VDI 2006) introduces a uniform calculation method for fiber-reinforced
composites.

The evaluation of the critical deformation of a material is based on the comparison of
the scalar function of the invariants of a stress tensor with a reference stress. This deter-
mination is only possible if the material can be characterized by means of a solitary
strength parameter. The distinction between tensile and compressive stresses must be
included in the strength parameter for fiber-reinforced materials because the fracture
mechanism of these materials is sensitive to the sign of directional stress. The strengths
of fiber-reinforced materials vary in spatial directions (anisotropy) and have also to be
included in the strength parameter. Due to more complex failure behavior, it is not
yet possible to calculate the ultimate fracture stress with the same accuracy as metallic
materials. Moreover, the ultimate strengths in fiber-reinforced composites respond very
sensitively to production quality. Environmental parameters, such as fiber volume, tem-
perature, humidity and so on, also play an important role. In a fiber-reinforced material,
micromechanical residual stresses mostly affect the cyclic failure resistance.

The criteria for fiber-plastic composites are subdivided according to the type of failure.
The failure criteria refer to the beginning (first ply failure), degradation (gradual fail-
ure) or the (catastrophic total) failure. The overview of strength criteria for fiber-plastic
composites is provided in Table 2.1. The failure criteria are grouped into three principal
classes: phenomenological criteria without stress coupling; equivalent stress and tensor

Table 2.1 Overview of strength criteria for fiber-plastic composites.

Different classes of failure criteria

Class of failure Phenomenological Equivalent stress and  Differentiating
criteria criteria without tensor polynomials for criteria and physically
stress coupling stress coupling criteria based criteria
Examples for the =~ Maximum stresses, Mises—Hill, Hashin  Puck,
criteria Maximum strain ~ Goldenblat—Kopnov Cuntze
Tsai-Wu,
Character ~ Stress interactions no yes yes yes
fegtures of prediction of the yes no yes yes
failure type of failure
criteria
Physically founded no no no yes
Micro-mechanic  no no no yes

modeling
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polynomials for stress coupling and differentiating criteria and physically based criteria.
These three classes of failure criteria describe the character of stress interactions in a dif-
ferent way; otherwise they predict the type of failure, are more or less physically founded
and some of them are capable of modeling the micro-mechanics of a fracture.

2.1.4 Phenomenological Criteria Without Stress Coupling

2.1.4.1 Criterion of Maximum Averaged Stresses
With this criterion, the acting averaged stresses in an entire laminate are simply com-
pared with the strength values of the material:

0,/X, <1, 0,/]Y, <1  for o,>0,0,>0
lo /X, <1, lo,|/Y. <1 for o,<0,0,<0 (2.1)
-1<7/T, L1

Here

X,, X,. are tensile or compressive strengths in the fiber direction,
Y,, Y. are tensile or compressive strengths in the transverse direction,
T,.is the shear strength.

Failure occurs if one of the five inequalities (2.1) is violated. The prediction accuracy
under multi-axial loading can be investigated with uniaxial loading tests on unidirec-
tional reinforced specimens whose fiber direction deviates from the loading direction.
In case of the uniaxial load, only the stress component aﬁ) = o,, is present in the global
coordinates. The deviation angle between loading direction and fiber direction is ®. The

stresses along of the local material coordinates follow from the transformation:
c=t'-6©-t (2.2)
If the Eq. (2.2) is resolved, the range for allowable stresses is:
-X, < 0),c08’® < X,,
X, < 0,,8in*® < X,
-T, <oy cos®Psin® < T,. (2.3)

At an angle of about 25° under tensile load, this criterion (2.3) delivers strength pre-
dictions that are too optimistic.

Under compressive stress along the fiber, the failure behavior depends strongly on
fiber volume content (ratio of fiber volume to total volume) and matrix properties.
With a small fiber volume content, a so-called “out-of-phase” microscopic instability
(microburst) can be detected in the fibers. With a high fiber volume content, which
is more common in practice, an “in-phase” microburst usually occurs. Both types of
failure assume that the tensile strength of the matrix material is sufficiently high and
therefore no matrix failure has occurred yet. Another type of failure due to buckling of
fibers appears under the action of longitudinal compressive stress.

Boundary layer failure between fiber and matrix and matrix fracture under shear ten-
sile load are the most common types of failure. A tensile failure of fibers in their trans-
verse direction only occurs with very precisely aligned fibers and very low transverse
tensile fiber strengths. Transverse compressive stress often causes a shear failure of the
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matrix material, which is caused by fiber fractures and boundary layer failure. These
failure processes reflect the possible intra-laminar failure of a unidirectional reinforced
single layer.

2.1.4.2 Criterion of Maximum Averaged Strains

The criterion of the maximum averaged strains formulates analogously. For tensile load-
ing in the fiber direction, the ratio of fiber elongation at break (¢;) to matrix elongation
at break (g,,) is a decisive factor. For a case where elongation at the break of the fiber is
greater than the matrix elongation at break (e, > ¢,,), it is possible that a matrix breach is
expected. On the other hand, with g <€, 2 fiber break occurs. These conditions could
be written in the form of Eq. (2.1) after the replacement of stresses to the corresponding
strains.

2.1.5 Phenomenological Criteria with Stress Coupling

Tensor and polynomial failure criteria can predict failure and non-failure. They make no
statement about the type of fracture that occurs (fracture mode). The common criteria
of this type are:

e Mises—Hill criterion (von Mises 1928; Hill 1950)
e Tsai—Wu Criterion (Tsai 1968; Tsai and Wu 1971)
o Goldenblat—Kopnov criterion (Goldenblat and Kopnov 1965)

The principal advantage of the tensor and polynomial criteria is their suitability for
optimization purposes due to their tensor form.

2.1.5.1 Mises-Hill Anisotropic Failure Criterion

von Mises proposed initially a flow criterion (1928) to evaluate the stress of a plastic
material with orthotropic elongation. The flow criterion is based on the von Mises equiv-
alent stress of isotropic medium. This theory was adopted by Hill and is broadly used to
define the breakdown response of anisotropic, originally metallic, materials (Hill 1950).
In Voigt’s notation, it reads in the intrinsic axes as:

ceF¥es <1, FO=([f] (2.4)
G+H -H -G 0 0 O o o,
-H F+H -F 0 0 O 0y o,
FO _ -G -F F+G 0 0 O o=|%s|=|0
0 0 0 2L 0 0 O3 7,
0 0 0 02M O 03 s
0 0 0 0 0 2N 01y g

The Mises—Hill criterion in the intrinsic axes is the function of stress:
ceF?eg= F(o, — 0'3)2 + G(o5 — 6,)* + H(o, — 0,)*+
2Lty + 2M7} + 2N < 1.
Intrinsic axes of the unidirectional fiber-reinforced material are shown on Figure 1.1

(Chapter 1). The characteristic values F, G, H, L, M, N in (2.4) are those that character-
ize the anisotropy and are positive dimensionless constants that have to be determined
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Table 2.2 Coefficients of the matrix and tensor Mises—Hill criterion.

le Sun G+H:Ef2

1:22 S H+F:E;2

fé3 S 333 F+G=75}"

f:12 S 2F =52 +577 -5
f:13 Sz 26 =75;"+07" - 5;”
f:23 Sozze 2H =57% +56,% - 5;°
1:44 Sazss 2L =72

J235 Sz 2M=?5_2

Jes Sia12 2N=?6_2

Table 2.3 Eigenvalues of the matrix and tensor Mises—Hill criterion.

A, 0
Ay, A, F+G+H+\E(F—G)+G(G—H)+HH —F)
Ay Ay, Ag 2L, 2M, 2N

experimentally. The coefficients of the matrix and tensor in the intrinsic axes are shown
in Tables 2.2 and 2.3.

The coefficients depend on the ultimate normal stresses &,,6,,6; and the failure
stresses and on the ultimate shear stresses 7,, 75, 7. The ultimate normal stresses and
ultimate shear stresses in the Mises—Hill criterion are independent of stress sign. This
assumption is normally applied for metallic materials; however, it is inappropriate for
most fiber composites.

If, for example:

G, >06,>03>0,thenF>G>H>0.

The quadratic form of the Mises—Hill criterion (2.4) must be positive definite. The
condition of positive definiteness of the quadratic form is the possessiveness of all its
eigenvalues. Except for the third eigenvalue, all others are obviously positive definite.
The confirmation of the possessiveness of a third eigenvalue A, is proved based on the
inequality:

(F+G+H)*=FF-G)+G(G—-H)+H(H - F)+
3FG+3GH +3HF > F(F-G)+ G(G—H)+ H(H - F).

For a transversally isotropic unidirectional composite with the fibers in the “1” direc-

tion, the ultimate stresses are equal to:
6y =0,,0y) =03 = 07,7, = Tr7,T5 = T = Iy

Consequently, the coefficients (2.4) for the transversally isotropic unidirectional com-
posite reduce to:

2F =26,> - 5,7, 2G=2H =5;7,

—_ =2 — — =2
2L =72, 2M =2N =72,
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As certain components of stress vanish (65 =0, 7, =0, 75 =0), the Hill yield criterion
reads:
Fo,> + Go,”> + H(o, — 0,)* + 2NT62 <1

Using Kelvin’s tensor notation (Kelvin 1856, 1878; Mehrabadi and Cowin 1990),
Eq. (2.4) transforms to:

6eF%e5 <1, (2.5)
[G+H -H -G 00 0] o1 5, |
-H F+H -F 00 0 022 G,
N -G —-F F+G0O0 0] ~ O33 c
©) — — _ 193
FP=1 0 0 0 Lo ol |Vaoy|T|5
0 0 0 0MO Voo, | |%
B 0 0 00 N| \/5012_ 7

The Mises—Hill criterion is the tensor invariant function of stress:
6eT" 06 =F(5, -5, + G0, — 6, + H®E, — 6,)*+
LT, + M7} + N7, < 1.
The greatest advantage of the tensor notation (2.5) is its tensor invariance. The
Mises—Hill criterion permits the application of tensor rules for coordinate transfor-

mations. This makes the Mises—Hill criterion in Kelvin’s tensor notation applicable for
optimization purposes.

2.1.5.2 Pressure-Sensitive Mises-Hill Anisotropic Failure Criterion

The Mises—Hill criterion also allows for taking the pressure sensitivity of the material
into account. In Voigt’s notation, the pressure-sensitive Mises—Hill criterion in the prin-
cipal axes reads:

6o F? 06+ PTr’(c) =0 fp o6 <1, Tr(6) =0, + 0, + 03, (2.6)

(G+H+P -H+P -G+P 0 0 0

~H+P F+H+P —F+P 0 0 0
i _| -G+P -F+P F+G+P 0 0 0
P= 0 0 0 2L 0 0

0 0 0 02M 0

0 0 0 0 0 2N

The constant Pin (2.6) characterizes the pressure sensitivity. This value is a dimension-
less constant that has to be determined experimentally. The eigenvalues of the matrix
l~3P are listed in Table 2.4. The eigenvalues are all positive if the coupling constant P is
positive. In this case, the surface in six-dimensional space that represents the failure
criterion is convex. Namely, the convexity of the failure surface in the six-dimensional
stress space is indispensable for the physical sense of any failure criterion.

Using Kelvin’s tensor notation, the pressure-sensitive Mises—Hill criterion becomes:

60?(0)08+PTr2(6) EG.?POG <1 (2.7)
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Table 2.4 Eigenvalues of the matrix FP for the pressure-sensitive
Mises-Hill criterion.

A, 3P
Ay Ay F+G+H+\/F(F-G)+G(G—H)+HH —F)
Ay Ny Ag 2L, 2M, 2N
G+H+P -H+P -G+P 00 0
-H+P F+H+P —-F+P 00 0
P -G+P -F+P F+G+PO0OO0 O
P 0 0 0 LO0O
0 0 0 oM O
0 0 0 00N

The pressure-sensitive Mises—Hill criterion is the tensor invariant function of stress.

2.1.5.3 Tensor-Polynomial Failure Criterion

Criteria with a larger number of parameters offer the possibility of a valid formula-
tion, regardless of the sign of acting stresses. The best known is the Goldenblat—Kopnov
tensor-polynomial fracture criterion in tensor notation (Goldenblat and Kopnov 1965):

(F o) + (Fyoyo0)” + (Fip),,03000m) < 1. (2.8)

klmn
The scalar quantities a, b, ¢ are the shape factors. The tensors are the strength tensors
of the second, fourth and sixth ranks, respectively:

2 — | @ @ _ [FD1 F© — [F©
o= [Fij ] ET=1F l]k] F¥ =[F, klmn]

Since the stress tensor is symmetric o, = the components of the tensors are sym-

i }l’
metric:
2) _ o2 0@ (4) (4) (4)
Fij - P]l ’Fz]kl Fz]lk F/tkl Fkh/

Because of the tensor representation, the criterion (2.8) is valid for all coordinate sys-
tems. The fracture criterion accounts for the dependence of the shear strength on the
directions of applied shear stresses as well the difference between tensile and compres-
sive strengths.

Goldenblat and Kopnov examined in detail the first case where the shape factors are
a=1,b=1/2,c= — oo:

=2 —(4) ~ ~
Fj 0;+\|Fy0,04 <1or\/ceF®ec+ FPec < 1. (2.9)

Consequently, there are 15 unknown values in the criterion (2.8): six components

of the symmetric tensor F;Z) and nine components of the symmetric tensor FZ;:,. Both
vector Voigt’s and Kelvin’s notations for stress components could be used for the
Goldenblat—Kopnov tensor fracture criterion.
In another important case of the shape factorsa=1,b=1, c= — o0, the tensor failure
criterion of the second rank reads:
=2 =4
F; 05+ Fy050y <1,0r ce FPec+F?ec <1. (2.10)
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We use the symbols F and F to differentiate between the components of the tensors
in both frequent cases.

Consider a material with three orthogonal planes of symmetry. The planes of symme-
try of the material are referred to as P;, P,, P;. An important example for such material
delivers the unidirectional composite. The normal to one plane in unidirectional com-
posites is in the fiber direction (1) and the two other directions (2 and 3) are orthogo-
nal to the fiber axis. Assume that the directions of principal stresses are orthogonal to
planes P, P,, P;. For an orthotropic material, where the tensor-polynomial criterion in
the coordinate system Oxy,z,, which is associated with planes of symmetry, the shear
stresses vanish (Figure 1.2, Chapter 1). In the coordinate system Ox;y,z, the criterion
with two positive constants a, b reads:

2 2 2
f(61,05,05) = (FVo) + F)o, + F)o3) "+

(FD 1012 + Fyy)y 057 + Fiy)y 032 + 2F\ ) 0,0, + 2Fy,)

(4)
1111 2222 2222 1122 20330203 + 2F.

b
33119301) < 1.

(2.11)

There are nine coefficients in (2.11), which must be determined from at least
nine experiments. In particular, if the shape factors are a=1, b=1/2, c= — or
a=1, b=1, c= — o, the domain (2.11) in three-dimensional space (o, 05, 03) is a
triaxle ellipsoid. Its position in space is determined by three coordinates of the centrum.
Additionally, three Euler angles determine the orientation and the three axes’ length its
shape. Similarly, in two-dimensional space, the tensor-polynomial criterion defines an
ellipse. Its position determines two coordinates of centrum, two axes and one angle;
so, in sum, five constants. Thus, exactly five experimental points are required for the
determination of tensor coefficients in a two-dimensional case.

Notably, the tensor-polynomial criterion in both “dialects” by Goldenblat—Kopnov
and Tsai—Wu leads to the same ellipsoid in a three-dimensional stress space (¢;, 65,
05). To show this, the term with the square root in the Goldenblat—Kopnov criterion
(2.9) should be isolated and then both sides squared. Then compare the squared
Goldenblat—Kopnov criterion (2.9) with the Tsai—Wu criterion (2.10):

—) -@ =) =2
Fiy0,01 < (1 = F; 0)” and Fyy0,0 <1—-F; oy (2.12)

Collect the same powers of stress components in both inequalities (2.12). The desired
relations between the coefficients of both “dialects” of the unique tensor-polynomial
criterion of the second order are the following:

-

@ =@, =
Fiyy— (Fy )" =Fyys
- == =@
g — i g T i

-2
—2 =
2F, =F, . (2.13)

Both forms transform to each other after recalculation of their coefficients. However,
the criterion pronounces much higher safety factors in the safe region. For compari-
son of both these failure criteria, consider an example. The three-dimensional graphs in
Figures 2.1 and 2.2 of both criteria have been calculated using the values from Table 2.5.
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Carbon

4000

Figure 2.1 The surface of the safety factors for the Tsai-Wu criterion (e =1, =1, y = — ), material
properties from Table 2.5.

Aramid
ubD

0.8 1

Carbon
0.6

0.4

0.2

Figure 2.2 The surface of the safety factors for the Goldenblat-Kopnov criterion (=1, f=1/2,
y = — o0), material properties from Table 2.5.
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Table 2.5 Material parameters for failure criteria (Vasilev et al. 1990).

Carbon UD Glass UD Aramid UD
o!, MPa 2100 1600 2200
oy, MPa 660 1108 310
6] =01, MPa 210 350 280
65 =05, MPa 170 89 112
th =75, MPa 35 35 30
th =], MPa 191 310 200
5, =75, MPa 228 935 414
E;, MPa 70000 142000 95000
E;, MPa 4500 9130 5500
Vir 0.02 0.023 0.021
G,7» MPa 2100 5490 2100
p, kgm™ 2200 1550 1380

2.1.5.4 Tsai-Wu Criterion

The flow criterion developed by Mises and Hill was independently introduced by Tsai for
orthotropic laminates and is commonly used for fracture evaluation. In particular, Tsai
(1968) substituted the strengths of fiber-reinforced composites for the anisotropic flow
limits of the Mises—Hill criterion. A similar criterion was referred to as the Zacharov
criterion (Zacharov 1961) in the book by Goldenblat and Kopnov (1968, Egs [57, 58]
pp- 66—67). The Tsai—Wu criterion (Tsai and Wu 1971) could be considered to be a spe-
cial case of the Goldenblat—Kopnov criterion for the following choice of the exponents:
a=1,b=1, c= — co. The Tsai—Wu criterion provides much better predictions for uni-
directional specimens with fiber directions deviating from the direction of loading in
comparison to the criteria for maximum stresses, maximum strains or Mises—Hill. The
Tsai—Wu criterion is also faultlessly suited to optimization purposes.

2.1.5.5 Assessment of Coefficients in Tensor-Polynomial Criteria

For experimental evaluation of the coefficients of tensor-polynomial criteria, a series of
the experiments must be performed. For the assessment of the unknown coefficients,
the experimentally acquired failure stresses are commonly evaluated:

a) three ultimate uniaxial tension vectors in the directions normal to planes
P,i=1,2,3:

{612"7 050}5 {0’ 627‘?0}’ {07 O’ USTV};

b) three ultimate uniaxial compression vectors in the directions normal to planes
P,i=1,2,3:

{_O-IC’ O’ 0}’ {05 _62C9 0}’ {07 07 _O-??}’
¢) three ultimate shear stress vectors:

{_Tng, 7'-11;’0}’ {0’ _727;,727;}’ {7'-311’ O’ _Tng}a
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d) three ultimate shear stress vectors:
{Tlgs _TI%’ 0}9 {09 TZC;;’ _Tzc:;}9 {_Tgcl3 03 Tgcl }'

The stresses Ti]T cause the tension |TUT| in fibers and equal valued compression —|TL.IT |
in the normal to fiber directions. Correspondingly, the stresses rl,]c, i # j cause the com-
pression —|rl,]¢| in fibers and equal valued tension |z{| in the normal to fiber directions.

After the substitution of the stresses (a) and (b) in the function (2.11), the six equations

appear:

f(alT’ 0,0) = (FS)O_IT)a + (F(4) o T2)b =1,

111171
a 2
£0,6,7,0) = (FP0,1) + (Fip,0,7 ) = 1,
a 2
£0,0,057) = (F o3 T)" + (Fipa057 )0 = 1, (2.14)
a 2
f(=6,5,0,0) = (=F@6,°)" + (F\}, 6, =1,
a 2
£(0,-06,°,0) = (=F)5,%)" + (F3),0,° )" = 1,
a 2
£(0,0,-0,%) = (=F6,5)" + (Fim,05 ) = 1. (2.15)

The solution of simultaneous algebraic Egs. (2.14) and (2.15) gives the expressions for
the diagonal coefficients:

FO_ (o-iT)Zb _ (o-ic)ﬂ’
i (GiT)Zb(_O-iC)a _ (GiC)Zb(UiT)“ K

—0.C)a — TYya
r® =</ (zo7) = (oy7) i=1,23 (2.16)

iiii (O.iT)zb(_GiC)a _ (O'iC)Zb(UiT)“ s

Substitution of stresses (c) into (2.11) leads to:

f(_leTlezT’ 0) — (_Fﬁ) +F;2))Q(T12T)ﬂ + (TIZT)Zb(F(4) + F(4) _ 2FS)22)17 — 1’

2 1111 2222
SO o3 75") = (=B + F) (") + (025 By + Figy = 2 i) = 1.
S0, =750 ") = (=Fgg + B (000" + (o) Y By + Py — 2F)" = 1.
(2.17)

From the Eq. (2.17), follow the expressions of the off-diagonal coefficients Fﬁ)zz’
F;‘;;B and Féi)n in terms of ultimate shear stresses and the already defined diagonal

coefficients (2.16):

F(4) + F(4) \h/l _ (leT)a(Fi(?) _ F};Z))a

(4) _ i Jiij

ij 2 2(z..T)2 AF]. (2.18)
ij
Substitution of stresses (d) into (2.11) leads to three more conditions:
@€ =1125.0) = (B = B ()" + @ (Fiyy + iy = 2Fi)” = 1,
F0, 135, =155 ) = (B = B )"0 ) o (250 (B + Figyy = 2Fp)" = 1,
f(=73,,0,75,) = (Fy) = F)) (2, + (25, ) (Fagyy + Fi), — 2F3)" = 1.

(2.19)
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From Eq. (2.19) follow different expressions of the off-diagonal coefficients FY

11222
Fg)gg, th in terms of ultimate shear stresses and the already defined diagonal

coefficients (2.14):

@, @ 21 _(—r CY(FD _ F@\a
%= B + By \/1 G E—E D | # (2.20)
ijj 2 2(_Tijc)2 s LF . .

The explanation is as follows. As mentioned before, the position and form of a triax-
ial ellipsoid in space is determined by exactly nine stresses (a), (b) and (c). The same is
valid for a generalized ellipsoid with the shape factors a, b. Three parameters define the
center of the ellipsoid, three its orientation in space and three the axes. The system of
stresses (d), however, delivers three additional conditions. Generally speaking, for arbi-
trary values of stresses ‘L'ijc the conditions (2.19) are superfluous and cannot be satisfied.
The superfluous conditions could be identically fulfilled using so called “compatibility
conditions for stresses” (Goldenblat and Kopnov 1965). The solutions (2.18) and (2.20)
must provide the identical solution for all off-diagonal coefficients Fl.(;.) . Equating (2.18)

and (2.20), the compatibility conditions for stresses 7;” and 7, appear as:
—(£.TYVa(FP _ F@ya T\ 2
1= (g7 - B ([ .
) o= =\ ¢ )+ £J. (2.21)
- (Y - F2y  \ %

The ellipsoid, which represents the tensor-polynomial criterion in a three-dimensional
principal stress space (¢, 65, 63), requires nine values for explicit positioning. If there
are more than nine stress states acquired experimentally, the position of the ellipsoid
must be determined using data fitting. For example, the mean square distance from
the ellipsoid to the experimentally acquired points could be minimized. However, the
resulting expressions are too bulky for the closed form analysis and numerical data
processing is required.

Two usual settings for shape factors,a=1,b=1/2and a=1, b=1 correspond to the
Goldenblat—Kopnov and Tsai—Wu criteria. For the tensor-polynomial criterion in form
by Goldenblat—Kopnov with a =1, b=1/2, the coefficients (2.16) reduce to:

(2.22)

FOdd 1 1 =@de [ 1 1 \?
|77 2O'iT 2Gic’ 77/ .

i T
20,7 20¢
Witha =1, b=1, the solution (2.16) gives the expressions for the diagonal coefficients
the tensor-polynomial criterion in the form by Tsai—Wu:
@, -,
el L F e 1 (2.23)

The compatibility conditions (2.21) for stresses for both forms of the tensor-
polynomial criterion are identical:

1 1 1 1 1 1 ..
_T__c__T+_C=_C_ﬁ’forHé]' (2.24)

u u 7 7 g ]
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2.2 Differentiating Criteria

2.2.1 Fiber and Intermediate Break Criteria

Differentiating criteria apply only to a certain type of failure. A prediction of different
failure forms (failure modes) is possible.

The differentiating criteria are closely linked to the so-called classical laminate the-
ory, since global loads must first be converted in their effect on the individual layer of a
laminate. The criteria are then related to the local stress state in the individual layer.

Compared to the general failure criteria mentioned before, it should be noted that
the calculation effort for several criteria, possibly in several iterations, is significantly
higher. The further parameters, the so-called curve parameters, which are not based on
classical material properties, must be determined.

The breakage of fibers leads to immediate failure of an overall composite material. The
fiber break criteria are:

Simple fiber break criterion

Fiber break criterion according to Puck
ultimate fiber strain criterion

ultimate fiber stress criterion

An intermediate break is a break or crack in the matrix (cohesive failure) or the inter-
face between fiber and matrix (adhesive failure). For this type of failure, there are the
following criteria:

Inter-fiber breakage criterion according to Puck (1996)
Inter-fiber break criterion (Hashin 1980)

Inter-fiber break criterion (Cuntze 2006)

Inter-fiber break criterion (Ladevéze and LeDantec 1992).

2.2.2 Hashin Strength Criterion

The strength criterion (Hashin 1980) characterizes the convex volume (failure body)
in six-dimensional space of stress components. Each face of the failure body is valid
for a specific failure mode. Due to the transverse isotropy of the composite materials,
inter-fiber breakage can in the most general case only be a function of stress variations
with respect to rotation around the fiber direction. For characterization of failure of a
unidirectional lamina, Hashin applies the stress invariants. In particular, the stress o,
is invariant in the fiber direction “1.” The criterion is invariant with respect to rotation
along the fiber direction axis “1.”
The most general quadratic function of components of the stress tensor:

— — — 2 _ 2, 2
I, =01, =0,+03,1; =1, —0,03,1, = 7, + 7,
reads:

S 5L 1, 1) =
A, + B2 + AL, + B,I,” + Cp, L1, + Ayl + A . (2.25)
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The scalar values I,, I,, I, I, are invariant with respect to rotation along the fiber
direction axis “1.” That is, the inequality can be used as the failure criterion for trans-
versely isotropic lamina:

Sy L, 15, 1,) < 1.

The coefficients A,, B;, A,, B,, C;,, A, A, are to be determined experimentally. For
the determination of the unknown coefficients, the following rules apply (Table 2.6). The
stress o, causes fiber failure. Thus, the fiber failure is affected only by the invariant I;.
The matrix failure could be affected by the transverse stresses ¢,, 05, 75 only. Therefore,
the matrix failure is affected only by the invariants I,, /5. The shear stress 75 and 7, influ-
ence both the fiber and the matrix failure modes; the corresponding shear intensity is

I,=1"= Tg + 762. (2.26)

Each face of the failure body could be represented separately.
From this general quadratic form, the expressions for failure criterion for the special

cases result.
In the case of a single layer in-plane stress state (Table 2.7):

I,=0,1,=0,1,=0,1, = 7> (2.27)

Table 2.6 Coefficients of quadratic form of the Hashin strength criterion in a general stress state.

2
. . . 11 11 14
6,>0,1,>0 Fiber tensile failure — =lor| — | +— =1
X X Xy
. . I
0,<0,1,<0 Fiber compressive —< = 1
failure X
. 1, I 1,
6,+0;>0,1,>0 Inter-fiber (matrix) =) +t5+t5 =1
tensile failure X5 X7 X4
0,1,<0 Inter-fiber (matrix) b : 1 >\ b iy
0,+0,<0,1,< nter-fiber (matrix =< =) -l )ttt =
compressive failure X5 2X 2Xr Xr X

Table 2.7 Coefficients of quadratic form of the Hashin strength criterion in a plane stress state.

2
. . . 1 o, T 2
6,>0,1,>0 Fiber tensile failure — =lor| — )| +[ =) =1
X7 xr X,
. . 01
0,<0,1,<0 Fiber compressive — =1
. XC
failure 1
2 2
. o, T4
6,+0,>0,1,>0 Inter-fiber (matrix) <—T> + (X_> =1
tensile failure X5 A
c\? 2 2
+ 0,1,<0 Inter-fiber (matrix) %2 X e (22) (L 1
0,+03<0,1,< nter-fiber (matrix - = | - — ) =
compressive failure X3 2X 2Xp Xy
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Table 2.8 Coefficients of quadratic form of the Hashin strength
criterion in case of pure shear.

T,
1,=0, Transverse matrix —32 =1lor iz =1
1,#0. failure T X7

I. =0, I .2+ 1.2

8 Axial shear matrix —42 =1lor = 5 8 =1
I, #0. failure 9 X4

In the case of pure shear loading, the only components of stress are 7,, 75, 74
(Table 2.8).

2.2.3 Delamination Criteria

Delamination is the separation of two layers in a layered fiber-plastic composite (Srid-
haran 2008; Turon et al. 2006; Jun et al. 2014, 2015; Pascoe et al. 2013). Delamination can
be regarded as a special case of intermediate fiber breakage. The classification is strongly
oriented toward fracture mechanics and accordingly divides the loads leading to failure
into three categories:

o Normal load on layer level (Mode I)
o Shear load in the layer plane, parallel to the fiber orientation (Mode II)
e Shear load in the layer plane, perpendicular to the fiber orientation (Mode III)

The loads naturally do not occur in their pure form in the real component. Accord-
ingly, the experimental technique for characterizing delamination behavior is oriented
not only to the pure loads but also to the combinations:

o Mode I tested by DCB (double cantilever beam)
e Mode II tested by ENF (end notch fixture)
e Mode I + II tested by MMFR (mixed mode fixed ratio)

2.3 Physically Based Failure Criteria

2.3.1 Puck Criterion

Since the composite elements of automotive suspensions have different, physically
decoupled failure modes, the approach of considering fiber composites with the help
of physically justified failure criteria has been developed. The break criterion with a
serious physical background was developed by Puck (1996) and Puck and Schiirmann
(1998). The Puck criterion looks at the fiber breakage and intermediate fiber breakage
of a laminate layer separately. While a simple brittle failure criterion based on the
uniaxial loading of the fibers is used for the direction of the fibers, a theory based on
the failure resistance of the active planes has been developed for the intermediate fiber
failure. In the general three-dimensional case, the failure planes must be determined
iteratively, which is disadvantageous for an application, especially when calculating
a large number of values. In a single layer of a laminate, however, the evaluation of
the flat stress state is usually possible without an iterative process. The disadvantage
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of the increased effort involved in determining the effort using a physically justified
criterion is only problematic when used in manual calculation. In practice, stress
calculation and further evaluation are usually computer-aided. With regard to the
inexpensive computing power available, a more complex determination of the effort is
only disadvantageous in the context of a computationally intensive optimization.

The interaction of different stress components in this criterion is combined with a
material stress. This criterion predicts whether fiber or matrix failure will occur first.
The criterion of maximum stress predicts the type of failure without taking stress inter-
actions into account.

The basis of Puck’s failure criterion is that it is not the UD layer stresses that are consid-
ered, but the stresses in a possible plane of fracture, the so-called plane of action, which
are evaluated. The failure criterion is based on the three basic hypotheses of Mohr and
Hashin for a brittle fracture:

o the failure limit of a material is determined by the stresses in the fracture plane;
e an intermediate fiber break always occurs in a fiber-parallel cutting plane;
o for an intermediate fiber breakage, only the normal and shear stresses are decisive.

Puck uses a seven-parameter model to calculate the angle-dependent “effective stress.”
If the stress is greater than an ultimate value, the fiber composite under consideration
theoretically fails. Puck distinguishes two states of stress:

e Cuse of tension load. In the case of tension occurs the intermediate fiber break that
supported by the normal stress and the delamination as the result of shear stress in
matrix;

o Case of compression load. In this state the possible failure impaired by normal stress.

2.3.2 Cuntze Criterion

Based on Puck’s approach, Cuntze developed an invariant approach. The principle of
strictly assigning a failure criterion to each failure mode, which is based on an asso-
ciated strength, was pursued (Cuntze 2006). The possible failure modes include fiber
breakage and intermediate fiber breakage. The advantage here is that this criterion can
be calculated without iterations.

The Cuntze (Cuntze and Freund 2004; Cuntze 2006) failure criterion is based on the
so-called failure mode concept. The stresses are described by invariants with the aim of
achieving a coordinate system that is as generally valid as possible and independent of
failure criterion for material behavior.

The failure mode concept offers several advantages:

e Each failure condition theoretically represents an independent failure mechanism and
forms part of the complete failure surface of the failure body.

e Each failure mechanism is determined by strength.

e Each invariant term represents a physical mechanism in case of failure: a volume
change, a change of shape or the internal friction of the affected material element.

The five failure modes occur both in the two-dimensional and in the three-dimensional
stress case. Adaptation of the failure curve to test data is only permitted in areas where
are defined by a unique failure mode. In the interaction area between adjacent failure
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modes, the adaptation of the Failure area possible due to a simple, Weibull-based row
formation. The use of invariants enables a scalar formulation that automatically takes
the material symmetries into account. The invariants are formed from homogeneous
stress terms with the lowest possible degree. The equations allow fast calculation, which
has proven to be numerically very robust. From the results the failure modes with the
lowest or highest reserve factor or numerically more advantageous by its inverse, the
effort can be determined. This identifies the critical areas for structural optimization of
a composite component under consideration. If necessary, the design of the component
can then be adapted in such a way that it is neither undersized nor oversized.

With this failure criterion it is possible to account for non-linear material curves based
on the real stress—strain curve. However, there are still too few test data available to
make a statement on the quality of process in the non-linear material range. The material
behavior “hardening” and “softening” can be recorded. The support effect by embedding
fiber composite layers in a fiber composite could be estimated. The possible changes in
transverse contraction coefficients with different load states can be also implemented.

The concept has the significant advantage that the occurrence of failure in an entire
UD layer is expressed by only one equation. A case distinction with regard to tensile and
compressive stresses, fiber breakage and intermediate fiber breakage is not necessary.

2.4 Rotational Transformation of Anisotropic Failure Criteria

All criteria mentioned previously are formulated in the intrinsic or local coordinate sys-
tem, which is associated with a preferred direction. For example, the formulas of Hashin
criterion are valid if the preferred direction  is the fiber direction “1.” If the fiber direc-
tion “1” and preferred x direction are inclined to each other and the axis z coincides with
the axis “3,” then the stresses are to be recalculated.

Consider the rotational transformation of the Mises—Hill anisotropic failure criterion.
After substitution of the corresponding expressions for stresses, the criteria depend on
the inclination angle ®. We use the following formulas:

A ~

6=T 62,69=T".6=T" 6.

With the substitution into (2.5) we get the Mises—Hill anisotropic failure criterion in
the rotated axes:

607 ¢ F0 6 =67 e ToeF¥ e T 06 =067 o ﬁ((l)) e <1, (2.28)

where in the last term the rotation of the stiffness tensor lAf(tb) in the Kelvin’s notation
(Kelvin 1856, 1878) around the fiber angle @ is used:

F(@) =TeF? e T”. (2.29)

Correspondingly, the matrix for the pressure-sensitive Mises—Hill anisotropic failure
criterion reads in a rotated coordinate system:

F@o) =T -F,- T T'=T1".
Thus, in Voigt’s notation, the criterion is given by Eq. (2.4):

6l =0T . TgT — 60T . Tg_l,

_ © _ (1 Ty-1 . a©
6=T,.-6"=(T,” )" -06".
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In Voigt’s notation, the criterion reads:
6" e F(@®) e6=06"7 T, ¢ F®) o (T,”)" 6" =
6@7 . FO .60 <1, (2.30)

Thus, the matrix for the Mises—Hill anisotropic failure criterion in a rotated coordi-
nate system reads as:

FO=T, e F(®) o (T,”)!, or E®) =T, e F¥ e T,”. (2.31)
The same transformation laws are valid for the pressure-sensitive criterion:
Fy(@) =T,eF T, (2.32)

The coefficients of both the ordinary and pressure-sensitive Mises—Hill anisotropic
failure criterion in Voigt’s notation rotate similarly to the components of a compliance
matrix (Eq. 1.29 in Chapter 1).

The non-zero components of the matrix (2.25) of the Mises—Hill criterion in the
inclined coordinate system are presented in Table 2.9.

Because of the tensor invariance in the notation (Mehrabadi and Cowin 1990), the
eigenvalues of the matrix ||F(®)|| do not depend on the inclination angle. For the
pressure-independent Mises—Hill criterion, the coefficient P in the Table 2.9 should be
set to zero.

The rotational transformation of the components for tensor-polynomial criteria
(Goldenblat—Kopnov, Tsai—Wu) could be obtained analogously:

(4) — (4) (2) — 2
Fljkl(q)) - tiptiqtkntlsquns’ sz (@) = Liptigfpy - (2.33)

The effect of in-plane rotation is demonstrated Figures 2.3-2.5.

Table 2.9 Coefficients of the pressure-sensitive Mises—Hill criterion in the inclined
coordinate system ¢ = cos @, s=sin ®.
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Figure 2.3 Transformation of tensor-polynomial failure criteria for a unidirectional fiberglass
composite due to rotation of the fiber axis (Carbon UD, Table 2.5).
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Figure 2.4 Transformation of tensor-polynomial failure criteria for a unidirectional fiberglass
composite due to rotation of the fiber axis (Glass UD, Table 2.5).
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Figure 2.5 Transformation of tensor-polynomial failure criteria for a unidirectional fiberglass
composite due to rotation of the fiber axis (Aramid UD, Table 2.5).

2.5 Conclusions

Chapter 2 summarizes the information about the failure criteria required for optimiza-
tion purposes. The phenomenological approaches are presented in the matrix notation,
which are suited for optimization problems. The main focus is on tensor-polynomial
criteria because these allow invariant coordinate transformations, including rotation of
coordinate systems. From the viewpoint of optimization, the invariant properties are
advantageous. The traditional Voigt’s notation and tensor Kelvin’s notations are dis-
cussed. The rotation matrices for the quadratic tensor-polynomial criteria are derived.
Several aspects of anisotropy and strength of composite materials have been inten-
sively studied in the following references: Elanchezhian et al. (2014), Daniel (2014),
Daniel et al. (2011), Sevenois and Van (2015), Kaminski et al. (2015), Chou (1992), Tim-
oshenko (1948), Goldenblat et al. (1977), Narayanaswami and Adelmann (1977), Reifs-
nider and Masters (1987), Knops (2008), Kuksenko and Tamuzs (1981), Hull and Clyne
(1996), Altenbach et al. (2004), Gay et al. (2013), Handbook of Composites (1998), Kol-
lar and Springer (2003), Liu and Nairn (1990), Robinson et al. (2012), Bitterli (1987) and
Vassilopoulos and Keller (2011). These studies are recommended for further reading.
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3.1 Pullout of Fibers from the Elastic-Plastic Matrix

3.1.1 Axial Tension of Fiber and Matrix

This chapter deals with composite materials in which straight fibers are located as con-
tinuous fibers in a plastic embedding resin (matrix). The basic element of a fiber com-
posite laminate, a so-called fiber multilayer composite, is the unidirectional single layer
(monolaminate, monolayer). The component is given a mechanical anisotropy by a pre-
determined orientation of the fibers. This allows the strength to be specifically adapted
to the stresses being applied, prevents crack propagation and significantly reduces brit-
tleness.

The models of fracture mechanics of fiber composite materials were introduced in
earlier work (Chamis 1969; Chamis et al. 1971; Dow and Rosen 1965). In the fracture
mechanics of fiber-reinforced composites, a distinction is made between violent frac-
ture, fatigue fracture and hot fracture (Figure 3.1). The most frequent fracture forms for
a fiber composite material are shown in simplified form in Figure 3.2.

Usually, the mechanical properties of fiber composites are investigated by con-
sidering them as an effective homogeneous medium. If, however, the values of the
stresses applied are comparable to the yield strength, the material can no longer be
considered homogeneous. As long as the stresses are lower than the breaking stress,
the deformation is almost uniform. As the stresses increase, the stress concentration
in the fracture zones increases. The resulting non-linear deformation is concentrated
in the areas of crack tips, local imperfections, fiber breaks and other material defects.
It is therefore impossible to consider the material as effectively homogeneous. Thus,
an investigation of micromechanical behavior is necessary. Microanalysis proves to
be efficient when considering the strength, brittleness, crack propagation and fracture
toughness of fiber composites. In addition, only microanalysis can provide information
on the dependence of fracture properties on parameters, which is of great importance
for strength optimization.

The basic mechanisms of the various types of failure of fiber composite materials (fiber
breakage, matrix failure, delamination etc.) have not yet been precisely clarified in some
cases and in several cases have only been described qualitatively. Nevertheless, there are
a number of failure criteria that, within certain limits, make it possible to estimate the
load-bearing capacity of the materials (Sun 2000; Hart-Smith 2000).

Design and Analysis of Composite Structures for Automotive Applications:
Chassis and Drivetrain, First Edition. Vladimir Kobelev.
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Types of failure of fiber-reinforced composite materials
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Fracture of the non-woven fiber composite material, . .
) . . . composite, polylaminate, or
fiber Fiber composite laminate or h
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composite material fiber bundle
|
[ I ]
Damage accumulation, Violent fracture of the fiber Thermal fracture, creep and
fatigue strength and composite material and viscoplastic deformation and
cyclic fracture crack propagation fracture due to creep
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Compressive load parallel to Tensile stress parallel to Tensile stress transverse
the fiber direction: fiber direction:Fiber to the fiber direction:
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Figure 3.1 Types of failure for fiber-reinforced composite materials.
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Figure 3.2 Common types of fracture mechanism of fiber-reinforced composite materials under
tension load.
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Violent fractures are caused by mechanical overload under moderately rapid to abrupt
loading (Tsai et al. 1966; Argon 2000).

The characteristic feature of a fatigue fracture is that it does not occur as a result of a
single extreme stress like a violent fracture, but rather in the course of time under the
operating stress acting in an oscillating manner. Fatigue is thus caused by mechanical
alternating stresses. The formation of a cyclic fracture surface indicates three phases.
The phase of an initially submicroscopic and then microscopic crack formation (fiber
fracture and matrix fracture) passes into the phase of macroscopic crack propagation.
After damage accumulation for the formation of cracks, the cyclic crack grows gradually
until the remaining material cross-section fails due to the constantly increasing stress
caused by violent fracture. The detailed analysis of the violent fracture in FVWS can be
found in studies by Argon (2000), Hancock (1970), Owen and Bishop (1974), Owen and
Morris (1971), Kuksenko and Tamuzs (1981), Barbero (1999) and Hull and Clyne (1996).

Thermal fracture is caused by combined mechanical and thermal stress. Increased
temperature and simultaneously acting mechanical stresses lead to changes in mate-
rial properties, creep deformation and formation of pores and microcracks. Halpin and
Meinecke (1969), Schapery (1972) and Sims (1972) investigate these events.

Violent fractures occurring during tensile loading of unidirectional fiber composites
are investigated in this chapter. The material is subjected to tensile stress parallel to the
fiber direction. The essential microscopic features and phenomenology of similar fail-
ures are described by Fichter (1969), Lifshitz and Rotem (1970) and Lockett (1970).

The other frequent fracture phenomena in composites are known, such as fiber cur-
vature due to compressive stress parallel to fiber direction (Foye 1966; Greszczuk 1972,
1973) and crack propagation transverse to the fiber direction (Beaumont 1974; Koene-
man 1969; Wu and Reuter 1965).

The present work deals with the fracture problem and failure criteria for fiber com-
posites with ductile long fibers. The fibers are embedded in a brittle or ductile matrix
material. Only single-fiber layers or fiber bundles are considered.

The fracture models of fiber-reinforced composites are usually based on exact solu-
tions to idealized problems that can be illustrated by various aspects of the fracture
process. The most important terms and modern models of fracture in fiber composite
materials have been developed by Herrmann and Ferber (1995), Jones (1975), Kelly and
Zweben (2000), Piggott (1980) and Sih (1991).

One of the first studies on micromechanical modeling of the crack in a fiber com-
posite material can be found at (Hedgepeth and Van Dyke 1967), in which the equilib-
rium of a layer continuum with regularly changing elastic planes of two types is exam-
ined. Hedgepeth and Van Dyke investigated local defects and analytical calculation of
stress distributions in plane fiber composites using the shear-lag method. This method
requires that the fiber resists elongation and the matrix resists shear forces. The uni-
directional single layer extends along the layer plane and contains a discontinuity. It
considers displacements and shear stresses in the matrix and normal stresses in fibers
and calculates stresses in the fibers adjacent to torn fibers. The stress concentration
depends on one or more damaged layers in a plane fiber composite. It was found that
elongation in the vicinity of a broken fiber exceeds infinite elongation by one-third and
the so-called stress factor is equal to one-third. The original method was extended to
describe the non-planar fiber arrangement and the plastic flow of the matrix.
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Within this model, Dharani et al. (1983) and Goree and Gross (1979) solved the prob-
lems of fiber breakage and matrix decomposition. In addition, the stresses of the sur-
rounding discontinuity were calculated.

Mikhailov (1973) used the Hedgepeth—Van Dyke shear model to treat the fracture of
the fiber-reinforced plastic with parallel fiber orientation. The equations of equilibrium
of the monolayer are solved under the following boundary conditions: the displacements
of the undamaged fibers on the crack surface are zero; the stresses of the torn fibers on
the crack surface are equal to zero.

The interaction of a fiber with the matrix was the subject of studies for failure assess-
ment of fiber-reinforced composites (Aveston et al. 1971; Zhou et al. 1992; Meda and
Steif. 1994; Xia et al. 1994).

In the work by Korczynskij et al. (1981) the conditions of crack propagation in a brittle,
fiber-reinforced matrix were investigated, applying the energy hypothesis by Griffiths
(1920). In the relaxation zone around the crack, the connection between the fibers and
the matrix is broken. At the separation surface, constant shear stresses act between the
matrix and the fibers; in the relaxation zone, the strain energy release rate is calculated.
As a result, the strength of the composite material is a function of the fiber concentra-
tion. In the work by Hannant et al. (1983) it was assumed that fibers influence the size
of the relaxation zone, in contrast to Korczynskij et al. (1981).

Selvadurai (1983) considered a problem of disk cracking in an infinite, fiber-reinforced,
single-force loaded matrix. The presence of fibers bridging the crack means that there
are certain normal stresses on the crack surface. In the crack environment, the fibers
detach from the matrix (debonding). The stresses on the crack surface and the crack
opening depend on the elongation of the detached fibers. The problem is summarized
by a second kind of Fredholm integral equation and the dependence of the stress
intensity factor on the elastic constants of the matrix and the fibers is calculated.

Budianski et al. (1986) studied an infinitely long crack in a fiber-reinforced matrix
under the effect of homogeneous elongation in the fiber direction. The model accounted
for the elastic contacts between fibers and matrix. The possibility of separation of fiber
and matrix was also considered. Based on the hypothesis of the shape change energy,
a comparison of the tensile strength of different fiber composites in undamaged fibers
was carried out.

Stang (1987) developed a double inclusion model for a flat round crack. The crack
in the matrix was modeled as an elliptical inclusion with zero stiffness in an unlim-
ited tensile loaded matrix. The fibers bridging the crack were replaced by a fictitious,
homogeneous, elliptical body. The separation of the fibers from the matrix was consid-
ered, resulting in a stress-free plane. Based on the strain energy hypothesis, the tensile
strength of the fiber composite was calculated.

Tirosh (1973) described a model of a crack that propagated in the matrix parallel to
the fiber layers. The fiber composite material was stretched in the fiber direction. Based
on experimental data, the plastic zone in the crack tip area was simulated as a thin strip
perpendicular to the discontinuity. The size of the plastic zone and the stresses at the
boundaries were obtained by calculating the J-integral around the crack tip.

Interface debonding and frictional sliding associated with the fiber pullout process
have been regarded as two significant mechanisms to increase the toughness of unidi-
rectional fiber-reinforced composites (Liu et al. 1994; Zhang et al. 1999).
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Hutchinson and Jensen (1990) studied the debonding and pullout after the fiber breaks
that were complemented by frictional sliding. The fiber-matrix interaction was modeled
by a cylindrical cell with two sets of boundary conditions. One condition modeled an
isolated fiber-matrix unit and the other a matrix containing an array of unidirectional
fibers in an infinite elastic cylindrical matrix.

Slaughter and Sanders (1991) investigated load-diffusion from axially loaded fibers
embedded in elastic matrices. For the solution, fundamental elastostatic solutions were
used for a point force and a point dilatation in either a fully or semi-infinite space.
Tangential tractions across the fiber-matrix interface were modeled based on these solu-
tions. The solutions of axial-symmetric elasticity problems are the three-dimensional
analogs of Melan’s first problem and Reissner’s problem.

Meng and Wang (2015) studied the failure mechanism of interfacial debonding in
fiber-reinforced composites. The stress and displacement fields of fiber and matrix were
derived. The relation between the pullout length and debonding length of fiber was
obtained. An energy release rate criterion for interfacial debonding was given. Param-
eter studies of the theoretical model were carried out for a glass fiber-reinforced epoxy
composite.

In the publication by Newaz and Yung (1988), this model was used to study the behav-
ior of a crack between layers under multiple loading of the pattern. In the work by Hollen
et al. (1969) some models were provided to describe mechanical behavior and strength
of fiber composites.

Specific failure modes of composites are debonding and delamination. The causes
for the occurrence of delamination are manifold. In addition to poor production of the
laminate, stresses (mainly in the thickness direction) at the free edges are of great impor-
tance. This was determined and investigated very early by Pipes and Pagano (1970),
Pagano (1978) and Wang and Choi (1982). The “Free-Edge-Effect” (Achenbach 1975)
causes delamination of layered plates starting directly from the edge.

The dynamic stress on the laminate due to impact is another cause of delamination
because high transverse shear and normal stresses can occur (Blackman and Williams
1999).

The fiber-matrix separation or matrix cracks, which appear during the fabrication of
a material, are also able to cause delamination. It is therefore often difficult to clearly
identify the origin of failure (Corigliano 2007). The possible interactions of the individ-
ual failure types at the fiber-matrix level, the single layer level and the laminate level
were reviewed by Ochoa and Reddy (1992) and Yin (1998) gives a clear summary of the
delamination process in layered laminates and a detailed list of.

The linear-elastic solution for the crack tip fields in a general orthotropic medium has
been solved by Sih et al. (1965). Knowledge of the stress and displacement fields then
leads to the energy release rate.

An attempt to link the energy release rate to micromechanical characteristics of a
component is demonstrated in the paper by Liu and Nairn (1990), which describes using
the new energy release rate analysis for a fracture mechanics-based interpretation of
microcrack formation during fatigue loading.

The terms “base laminate” and “sub-laminate” are habitually used in the context
of delamination. The “base laminate” is the cross-sectional part that has the larger
dimension in the thickness direction at the delamination point. The “sub-laminate”
designates the remaining thinner cross-sectional part. Both “base laminate” and
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“sub-laminate” can consist of several individual layers. In particular, delamination is of
great importance with regard to a possible stability failure due to buckling of the “base
laminate” or “sub-laminate.” An additional problem is that the local delamination is
invisible from the outside and is difficult to detect. The numerous publications on the
metrological recording of delamination clearly prove this (Davies et al. 1998). When
composites are processed into multidirectional laminates, many different damage
events will usually occur (Robinson et al. 2012; Schiirmann, 2007). Some of this damage
may initially appear uncritical but can impair future fatigue strength. Although damage
and local failure are caused by processes in microscopic dimensions, we will take a
simplified look at the macroscopic damage forms of fiber breakage and intermediate
fiber breakage. Although the complete failure of multidirectional laminates under a
quasi-static load is usually caused by fiber breakage, until this load-bearing capacity
limit is reached after a large number of previous damage events, especially in the
form of a matrix, there are breaks between the fibers. These inter-fiber breaks can
already occur at loads far below the actual failure load in the presence of residual
temperature or moisture stresses but have little effect on the quasi-static load-bearing
capacity. Their prediction therefore requires a simulation of damage development
under increasing mechanical load, whereby the effect of any damage occurring on
the redistribution of stresses in the laminate must be modeled. Inter-fiber breaks
produce stress concentrations at the boundary layers of the adjacent layers with local
interlaminar stresses, which provoke delamination under fatigue load and separation
of the layers from each other. From a certain size, the delamination can reduce the
stability of the laminate to such an extent that instability failure with subsequent
material failure occurs under pressure loads. The formation and spread of delamination
under fatigue load are not completely understood as very complex processes. The
simulation of already known mechanisms is also the subject of research rather than
a means of practical interpretation. That is why you stay on the safe side when you
measure a component you are looking at against the occurrence of the first layer. The
calculation methods presented in the following are based on the plane stress state, as it
can be calculated using multilayer theory. The formation and spread of delamination
are caused by interlaminar stresses that are not covered by multilayer theory.

In this section, the approach of an infinite elastic cylindrical single-fiber debonding
from elastic-plastic matrix material under the tension load along its axis is applied (Cox
and Marshall 1994).

Due to the shear stresses at the separation surface, the fibers and matrix extend in
the direction of the fiber axis, uf(z), u,,(z). On the cylindrical interface surface between
the fibers and the matrix, the shear stresses transmit the axial load between both com-
ponents. The axial tensile stresses present in the fiber and the matrix. On the other
hand, the shear stresses dominate in the matrix such that the shear stresses could be
neglected in the thin fibers. Roving is a bundle, strand or multifilament yarn of parallel
filaments (continuous filaments). After final polymerization of the matrix, the roving
forms the continuous mechanical reinforcement. The reinforcement possesses much
higher stiffness and strength than the surrounding matrix. There is a clear visible sepa-
ration surface between the reinforcement and the matrix. The roving-reinforcements
could be also modeled as a homogeneous single-fiber with the appropriate effective
mechanical properties.
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Consider a single-fiber surrounded by an elastic matrix. Both matrix and fibers are
assumed to be isotopic with elasticity modules E,, and E;, correspondingly. The fiber
is an infinite solid cylinder with the radius r,. The matrix is assumed to be an infinite
hollow cylinder with the inner radius r, and outer radius r,.. The volume concentration
of fibers V/:

T, = rf/\/vf. (3.1)

The cross-section areas of hollow matrix and solid fiber, correspondingly, are:
s, = n(r’ — rj%), sp = 7rrf2. (3.2)

The axial tensile stresses in the cylindrical fibers and in the hollow matrix cylinders
read:

o, =E,du,/dz, o =Edu;/dz. (3.3)
with these expressions, the axial forces in fibers and in matrix correspondingly turn into:
Fm =8,0, Ff=Sf Gf (3.4‘)

The axial forces in matrix and fibers are in static equilibrium. The derivatives of the
axial forces in the cylinders of matrix F,, and fibers F; are equal to the shear forces f; at
the fiber surface:

dF,jdz=f,  dF;/dz=—f. (3.5)

The shear force f at the interface surface of matrix and fibers per length unit is a
product of the shear stress at the fiber surface z(z) and the circumference of the fiber
cylinders 2 7 ry:

fi=2=m T (3.6)
The substitution of the shear force (3.6) in the equilibrium equation (3.5) leads to:

dFm/dZIZITVfT, de/dz: —27rrf T, (3.7)

$udo,,/dz =2xreT,  sidos/dz=-2mr,T. (3.8)

The axial extension of fibers and matrix remain linear-elastic until breakage. Conse-
quently, the substitution of (3.3) into (3.8) leads to the equations (see Figure 3.3):

E,s,d’u,/dZ" = 2xret,  Epsid’ug/dZ’ = 27 rpt. (3.9)

3.1.2 Shear Stresses in Matrix Cylinders

We consider cross-breakage, which splits either resin or fiber cylinders or both com-
ponents into two parts. The upper broken part is in the upper half space z> 0 and the
lower is in the lower half space z < 0. The plane crack also divides the components of the
composite material along the rupture plane z=0. The lower part is shown in Figure 3.4.

The axial displacement in the cross-section of fibers does not depend upon radius and
is equal across the fiber cross-section. Thus, the shear in fibers disappears.
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Figure 3.3 Pullout of fibers and rupture surfaces of fibers and matrix on the plane z=0.
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Figure 3.4 Zones along the pullout fibers. (a) Pulling the fibers from the elastic-plastic matrix. (b)
Shear stresses at the fiber-matrix interface.

Otherwise, there is the shear stress 7,,(r, z) in matrix (resin). The shear stress in matrix
far from breakage z >/, is elastic. The shear stress increases in the vicinity of the sepa-
ration surface in matrix 2 r ;. If the shear stress at the interface exceeds the yield point
of the matrix 7, in the vicinity of breakage 0 <z </, the shear deformation will be plas-
tic. In the plastic area, the fiber glides on the matrix. The shear stress on the separation

surface is:

7, (rp,2) = 1(2) for r=ry. (3.10)
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Notably, the plastic sliding occurs only on the interface surface between fibers and
matrix, because the shear stress in the outer zone of matrix r > r, gradually reduces as
the inverse of radius, ~1/r. Therefore, the shear stress is insufficient to cause the plastic
flow in the resin material far from the separation surface.

The axial displacement of the matrix u,(r, z) can be obtained by solving the boundary-
value problem (Kobelev 2001):

—Gau" aT’Z+T’Z—0 f <r< (3.11)
T, = "or or P orry <r<r,, .

The solutions of Eq. (3.11) for shear stress 7,,(r, z) and axial displacement #,(r, z) are:
1,.(r.2) = C,(2)/r (3.12)
and
u,(r,z) = E'l(z) In r+ 6'2(z). (3.13)
The boundary condition on the interface surface r=r is:
u,(ry,2) = up(2). (3.14)

The boundary condition on the outer surface of the matrix r =r,, is equal to the mean
axial displacement of matrix material:

u,(r,,,2) = u,,(2). (3.15)

The shear stress at the interface 7(z) depends upon the character of matrix deforma-
tion. The matrix deforms plastically in the region 0 <z </, near the rupture plane z=0.
Far from the separation surface z >/, the matrix deforms elastically. On the separation
surface, the shear stress in the matrix material is the following function of the distance
along the fiber axis:

T, for0<z< lp,
=1 G,(u, —uy) ; (3.16)
_ > .
reIn(r, /1rs) Jor z>1,

3.1.3 Coupled Elongation of Fibers and Matrix

The axial displacements of the fibers and the matrix are coupled together. We introduce
two new auxiliary functions p(z), q(z). The auxiliary functions in terms of mean axial
displacements of matrix and fiber cylinders are:

pP=u,—t, q=u,+u, (3.17)

Accordingly, the mean axial displacements of matrix and fiber cylinders depend on
the auxiliary functions p(z), q(2):

11 11
= sily w=-1pilg 3.18
Uy = 5P+ 5% U =—3P+ 4 (3.18)

After the substitution of the shear stress on the interface surface z(z) (3.16) into
Eq. (3.9), the equations appear for the axial displacements of the fibers and the matrix
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in the elastic region in terms of auxiliary functions:
Pd’p/dz* = p,
Pz =P st (3.19)
w*d*q/dz" = p,
In Eq. (3.19) we use the following parameters for length:

2E
A= o (D), (3.20)
2G Iy

-1 o
,,:\/< 1___1 > di; 1n<r—’”>. (3.21)
E.V, EV;) 26, "\7

Correspondingly, in the plastic region, the equations of the axial displacements of the
fibers and the matrix could be expressed with two new constants K, K:

d*u,,/dz" =K,
/A=K 0 <<l (3.22)
d uf/dz =-K,,

m

The parameters in (3.22) possess the dimension of inverse length:
~ T,r ~ T,r
K, = gp—fz’ ) = p'f _
VoE ol ViEsT,

(3.23)

3.1.4 Failures in Matrix and Fibers

3.1.4.1 Equations for Mean Axial Displacements of Fibers and Matrix
Now we study the three cases of failures of matrix and of fibers, as mentioned before. If
both fibers and matrix are completely broken over the rupture surface z=0, the crack
in the composite material appears. Axial stresses in both components of the material
vanish on the rupture surface:
du,,
=0, E, e
This case was studied in detail by Sih and Chen (1981).
Otherwise, if only matrix separation at the rupture surface occurs, the fiber remains
intact (Hutchinson and Jensen 1990). Accordingly, the boundary conditions for z=0
express the absence of the fiber displacement and of axial stress in matrix:

=0.
z=0

E—L
1 dz

z=0

url,,=0, E —Z| =0. (3.24)
'f lz=0 m s 0
Far from the breakage surface, the strains in fibers and matrix match:
— = - And plz—wo =0.
adz |,oe dz o

Correspondingly, the average stress in the composite material tends to a given con-
stant o. The boundary conditions as z — oo are:

=o. (3.25)

Z—00

L. =0 y g Gy p 4
Pl =Y, m=m g, ffdz
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The second condition (3.25) expresses the average axial stress in composite material
in terms of the axial stress in matrix and fiber multiplied by their corresponding
cross-sections:

V0, + Viop) oo = 0. (3.26)

In the elastic range, the stresses in fibers and matrix decline exponentially fast toward
the corresponding mean values:

E du,
" dz

du
z—>00° Ef_f
dz

=o0,| = 0lmcor (3.27)

Z—00

Z— 00
The solution to the boundary-value problem (3.19), (3.25) in the elastic region far from
breakage is:

p= ale_f + Ezef,
~ o~ 2 e . o~ . for z>1, (3.28)
q=C3+C42+)"—2 [Cle_E+C2e§], Y
U

In the region of the vicinity of breakage, the resin flows plastically along the surface of
fibers. In the region of plastic flow of matrix, the solution of (3.22) reads:

{p =D, + D,z + (K, + K,)z*/2,

- - Jor 0<z<l, (3.29)
q=D;+Dyz+ (K, — 1(2)22/2,

The quantities E'[,T)i,i = 1.4 are integration constants. The integration constants are
determined by inserting the relationships (3.28) and (3.29) in (3.24) and (3.25).

To fulfill the boundary condition: p|,_, , =0 , we set 62 =0.

The axial displacements in fibers and matrix p(2), q(2), 4;(2), u,,(z) must be continuous
and smooth functions:

. . . dp . dp

81_1)%1r p(, +¢&) = Elirg}r p(, —¢€), Elirgl+ E(lp +e)= E1_1)%1r E(lp — &), (3.30)
. . . dq . dq

51—1}& q(, +¢e) = Ellrglr q(l, —e), Ellrglr d_z(lp +ée)= Ellrg}r d_z(l” —£). (3.31)

The general solution of the ordinary differential equations (3.28) and (3.29) contains
arbitrary integration constants C s l~)i, i = 1.4and a parameter /,,, which characterizes the
length of the plastic zone on the inner surface of matrix cylinder. In the point z=1/, the
shear stress on the inner surface is equal to the plastic stress of matrix material 7,

G, (u,, —us)
i - z, (3.32)
reIn(r,, /ry) -
The resolution of the Eq. (3.32) over the difference of the axial displacements leads to:
U, — Uy = 1?3 Jor z=1, (3.33)
The parameter in the Eq. (3.33) is the parameter of the length dimension:
-~ T
=2l <r—m> . (3.34)
G, ry
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3.1.4.2 Solutions of Equations for Mean Axial Displacements of Fibers and Matrix

The expressions (3.28) and (3.29) must be used in the boundary conditions (3.24), (3.25),
(3.30), (3.31) and (3.33). After substitution, eight variables must satisfy the following
eight equations:

D,+D,=0, Dy;—D,=0,
(ViuEw + ViE)C, = 26 =0,

O U 1,
Dy + Dyl + (K + Kyl - Crexp (=7 ) =0,

Dyl + (K, + Kl + = c1 exp

»Iw:“‘
N———
o

52+E41p+i2clexp< ): +D,l, + (1< - K)L?,
U

~ 2 ~

[ ~ ~ o~
C,— 5Cexp <—ﬁ> =D, + (K, -K)L,
U A
~ ~ 1 ~ ~ ~
Dy + Dyl + 5Ky + K)l,? =K. (3.35)
The first three equations (3.35) follow from conditions (3.24) and (3.25), the last four

equations satisfy (3.31) and (3.33). The solution of the linear simultaneous equations
(3.35) delivers the integration constants C;, D;, i = 1.4

(e =LK ,
C1—2exp ﬂ Wﬂ ),,

~ ~ — 2 ~
C,=K,L2+ 2T’;2(1p + DK L, - o),

C,=2e=2E, o,

2 2 2

e R e ~ 2ep

D2 = —D4 = mlp1<1 - lp1<2 - _AZ + 29

~ o~ u’e 1~<1 2 Lo 202
D, =D ——l 1<2+2 (l + )— pEp" [214 /11,,‘*‘5(3# —/1)11,].

(3.36)

Finally, the length of the plastic zone results in:

1 c 1 7,
[ ==r’E, (———ln—m>. (3.37)
P rt,E Ve AG, 1y

with the formulas (3.35), the displacement of the matrix at the breakage surface is:

PO +qO) _ A+l 7,1l

= =0)= = 2 +24 3.38
U,o = U,,(z=0) 5 LV, B €, )- (3.38)
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3.1.5 Rupture of Matrix and Pullout of Fibers from Crack Edges in a Matrix

First, consider the case of the matrix breakage on the surface z=0 (Figure 3.5a). The
fibers remain intact and connect both crack edges. There are three possible regions of
fiber pullout depending on the applied stress in the material. This model of the fiber com-
posite material is particularly suitable for a material with a brittle matrix. The strength
of the matrix for such materials is exhausted earlier than the strength of the fibers. The
crack propagation in the matrix dominates the failure of the entire material.

3.1.5.1 Elastic Elongation (Case I)

The average stress in unidirectional material ¢ is considerably lower than o ,:
ret,EV,
frf T
——In—. 3.39
1 (3.39)

oc<o,=
p
m rf

In this case, the stress in the matrix does not exceed the value 7, and the matrix
deforms elastically. Therefore, the plastic zone disappears: [, =0.

From (3.9) and (3.49) the elastic displacement in the moment of breakage is the fol-
lowing:

up(o) = Uy o= —o0. (3.40)
E, ' E V, E

Matrix Fibers

(a) Pull-out of fibers. (b) Pull-out of matrix.
Fibers intact and Matrix undamaged and
join crack edges. connects crack edges.
Matrix is ruptured Fibers are ruptured

Figure 3.5 Bridging of crack surfaces by fibers (a) and by matrix (b).
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The magnitude of elastic displacement in this case is directly proportional to average
stress in a unidirectional material o:

EVy E
EV, A

o(ug) = kyug, withk, = (3.41)
3.1.5.2 Plastic Sliding on the Fiber Surface (Case Il)

If the shear stress in the matrix exceeds the plastic limit 7, the plastic flow on the separa-
tion surface between matrix and fiber occurs. The fiber slides over the surface of matrix
in the vicinity of breakage. The plastic displacement uy(c) on the breakage surface of
fiber is the quadratic function of the average stress in the unidirectional material o:

2+ k
Up(o) = =2 (3.42)
ky
. aryT,E; V? E, _2Vim B,
oy = ——2L L ky=—2EL"L InZ (3.43)
vV, E, r:, Er E.G,r,>? 1y

Correspondingly, the stress on fibers is the square root of the axial displacement on
the breakage:

o(ug) = \Vk up — k. (3.44)

The plastic flow on the interface surface occurs if the displacement on the breakage
surface exceeds the ultimate value:

T EnCuly 7
Uy >u, = ——In-2. (3.45)
R="r E G, s

If the displacement on breakage is low, u < u,, pure elastic pullout of fibers happens.

3.1.5.3 Fiber Breakage (Case Ill)

If the average stress continues to increase, the condition is reached when the tensile
strength of the fibers o4, will be exhausted. At the moment when the tensile stress
achieves its ultimate value o = 6, the displacement at the fracture surface is equal to:

(ELUfb/Ef)Z + k2
ky '

For the simulation, the averaged stress ¢ in the unidirectional material will be con-
sidered as an independent variable. The application of simulation methods requires the
dependence of crack opening on the average stress. The opening of the partial crack is
equal to the jump of the averaged displacements u, on the crack surface. The direct and

inverse functions that describe the fiber bridging effect on the partial crack surface are
correspondingly denoted as follows:

Up =f(o'), o :f_l(uk)-
The relationship of the averaged stress in the composite material ¢ and the jump of
the displacement u; in all three regions, until to the total break of fibers occurs, reads
(Figure 3.6):

(3.46)

Up = Uy =

olky, for o<o,

»
o2 +k,

up =f(o) =

for 0, <0 <o, (3.47)
1

© for o>o0,
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(e}
Region quadratic pull out Fiber break
Sp E—
Plastic flow limit of
matrix
Op Elastic-
plastic work

Linear pull out of fibers
from matrix

Elastic work

Up Up Ur
Figure 3.6 Dependence of the average stress upon the displacement of the matrix.

with

o, the ultimate fracture stress of fibers, u, =f(c,)
o, the proportionality limit of matrix flow in the case of ruptured matrix cylinders,

u,=f(c,).

3.1.6 Rupture of Fibers, Matrix Joints and Crack Edges

However, if the matrix shows a tough behavior during fracture, the fracture phe-
nomenon changes completely. In this case, the fibers break practically independently of
each other first. The fibers are ruptured over the surface, z= 0, but the matrix still joins
both flaw edges. This rare case occurs when the matrix is extensible and ductile and the
fibers are weak and brittle. The direct and inverse functions that describe the matrix
bridging effect on the partial crack surface are correspondingly denoted as follows:

up=f(), o :f_l(uR)-
The relationship of the average stress ¢ and the jump of the displacement on the crack
surface u, until final disruption of matrix happens, reads:

a/zo for ¢<s,

= o> +k - -
up =f(o) = —2 for 6, <0 <35, (3.48)
1
© for ©>0,

The constants in the Eq. (3.48) are:

&, ultimate fracture stress of matrix, %, = £(5,),
Ep proportionality limit for matrix flow (fibers detached), Zip =f (Ep).
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Table 3.1 Coefficients of Egs. (3.47) and (3.48).

Fibers intact, matrix
detached, Eq. (3.47)

Matrix intact, fibers
ruptured, Eq. (3.48)

EV. E ~ EV E
Elastic constant ky = e i 0= —— L
EV, 6 A EV, 4
2 12 2 172
) B 4rf‘rpEf V} E, ~ 4rf‘rpEf Vf E,
Plastic constants k= ———-— ===
VmEmrm ET VmEmrm ET
WRES o 2VgEnP o,
ky = ———1In— Y= 5 In—
E.G, Iy E.G,r, Iy
) o 3 T, EVe 3 [ A
plastic flow limit stress , = ———In— G, = 2
AG,, 1y AG,, Iy
tE V r r Tt E, V. r r
Displacement to plastic flow u, = L ) gy ﬁp S e B N
E G, Iy E G, re
(Eyop/E,) +k E,0,,/E, ) +k
Displacement to break u, = LA 2 g = (Lmb/ﬁ.#

u
ky b k

Final fiber rupture Final matrix rupture

In Eq. (3.47) the elastic constant of the matrix must be replaced by that of the fiber
and vice versa. The coefficients of Eq. (3.47) and (3.48) are shown in the Table 3.1. Here
0, i8 the tensile strength of the matrix.

3.2 Crack Bridging in Elastic-Plastic Unidirectional
Composites

3.2.1 Crack Bridging in Unidirectional Fiber-Reinforced Composites

In order to extend the crack in a plate of unit thickness under the effect of transverse
tensile stress, a crack length increase must occur at its tips (see Figure 3.7). A portion
of the elastic energy of the body is released and converted on one hand into work U,
to overcome resistance where the body opposes the crack extension, and on the other
hand into kinetic energy U, of the moving body parts. If the elastic energy in the cracked
body before the crack extension U, and the energy released during the crack extension
is U, valid for the total energy of the system U/, at any moment:

u, =u,- U,

e

(3.49)

All energy values are taken as a unit of thickness of the material. The crack becomes
unstable and spreads in the material if I/, becomes positive. This is equivalent to the
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Fiber rupture L1111l
+H Pull out of
/ fibers

:: ] s
Matrix TN 0 A r
rupture 171

—-| Fibers

Figure 3.7 Crack in the unidirectional material.

condition:
du,/da > dL[f/da. (3.50)

Inthe Eq. (3.50), dU,/da is the energy release rate per thickness unit. The value dU,/da
in (3.50) is the energy necessary to the crack extension per thickness unit or, equivalently,
the crack extension resistance R. This energy is required in the formation of new sur-
faces and the pullout of fibers (or matrix) from new surfaces. The condition (3.50) states
that unstable crack extension is always possible if more released elastic energy is avail-
able than energy consumed for crack propagation. The relation between crack extension
resistance R and fracture toughness K was given by Sih and Liebowitz (1968) and Poe
(1984).

The crack extension resistance of both components embedded in the composite mate-
rial is given in terms of the fracture toughness:

R, =K?’/E. R, =K,*/E. (3.51)
where (Sih and Liebowitz 1968):
— 2E, E
E= > LT . (3.52)
(Er/ED*+E /(2Gp) — vir

3.2.2 Matrix Crack Growth

If matrix rupture happens (Figure 3.5a), the specific crack extension resistance is the
resistance force for the matrix:

R,=2y,V,. (3.53)
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For the average stress in material o, the energy release rate:

du, ’
P :[) oduy =

s o<o
2ky’ b
63 +3kyo — 0,2 — 3k, 0,2
14 27p 14
4 3% 2—](0, 6, <0 <o, (3.54)
0,’ +3ky0, —6,> = 3k0, 0,
+—, o> Gb.
L 3k, 2k,

Unstable crack prolongation therefore begins when the energy release rate is greater
than the crack extension resistance. If the energy release rate (3.54) for any averaged
stress in the composite material ¢ will be equal to the crack extension resistance in
matrix (3.53), the matrix crack will spread without restraint. In a pure elastic region,
the stress that provokes the unabridged matrix crack growth is equal to:

OME = \/4k0ym =K, 2/(0/E. (3.55)

3.2.3 Fiber Crack Growth

If the fiber rupture happens (Figure 3.5b), the specific crack extension resistance is the
resistance force for the fibers:

Ry =2y Vy. (3.56)

Similarly, for the average stress in material o, the energy release rate in case of only
fiber separation reads:

du, ’
r =/0 oduy =

-

2

< 6 <0,
2%, Y
o3+ 3%20' - ap?’ - 3%2617 O'p2 _ -
= + —=, o <o <0y, (3.57)
3k 2k,

6,2 + 3k,0, — O'p3 — 3/(20'p N 0'1,2 -

3k, 2k,

The crack, which only disrupts fibers, grows if the energy release rate (3.56) for a stress
o matches the crack extension resistance in the fibers (3.53). In the pure elastic region,
the stress, which leads to the unrestricted fiber crack growth, is equal to:

Opp = \/ akoy, V, = 1(1,\/ 2k, /E. (3.58)

with (3.54)—(3.57) the dependence of the stress that leads to both forms of damage in
material is determined as the function of fiber volume fraction. We estimate the stress
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Table 3.2 Properties of fiber and matrix for calculations.

Matrix EP E, =42GPa,  Om =100MPa .\ 3
v =035 7, = 72MPa "
=0
- -3/
Fiber Carbon E,=275GPa 0, =3.5GPa Ky =40MNm -
rp= 0.1mm v = 0.2
6.0x10" N
\
55x10'"° / A
” Elastic-plastic estimation /
5.0x10 of stress required to 7
unlimited propagation /"
45x10"° +— of fiber mode of 3
fracture, Eq. (3.57) J /
4.0%10'"° +
/
35x10'° - ;
J
r".’,
s 3.0x10™°
2
10 | 3
25x10 4 : ——
Pure elastic estimation
2.0x10" of stress required to
j unlimited propagation
1.56x10" / of fiber mode of fracture,
Eq. (3.58)
1.0x10" : yd 1 _d
|
0.5x10° b
0 01 02 03 04 05 06 07 08 09 1

vf

Figure 3.8 Dependence of the stress to unlimited break in fibers as function of fiber volume fraction.

that leads to both forms of damage in a material for a composite with the polymeric
matrix. For calculation, the values from the Table 3.2 are assigned.

Figure 3.8 displays the curves of critical stress that provokes the emergence of a crack
that destroys the fibers without violating the matrix. This mode is shown in Figure 3.5b.
The pure elastic estimation diverges too far from the elastic-plastic calculation and can-
not counted, as the values are obviously too low. The elastic-plastic solution presents
values that are approximately equal to the critical stress of fiber alone.

Figure 3.9 shows the curves of critical stress that lead to the appearance of a flaw that
destroys the matrix without damage in the fibers, the mode pictured in Figure 3.5a. The
pure elastic estimation almost delivers the values of the elastic-plastic calculation.

Figure 3.10 presents the comparison of elastic-plastic stress solutions for flaws that
lead to destruction of the matrix without damage to the fibers (Figure 3.5a, light gray
curve) and damages the fibers without damage to the matrix (Figure 3.5a, dark gray
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1.6x10"

Pure elastic estimation
of stress required to
unlimited propagation of
matrix mode of fracture,

1.2x10" Eq (3.55) { o <

1.4x10"
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c 0.8x10°
0.6x10° . . R
Elastic-plastic estimation
of stress required to
. || unlimited propagation
0.4x10 of matrix mode of
\fracture, Eq (3.54)
0.2x10°
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Figure 3.9 Dependence of the stress to unlimited break in matrix as function of fiber volume fraction.
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© Elastic-plastic estimation) |
5.0x10™ 1 of stress required to P
unlimited propagation | /
of fiber mode of /(
fracture, Eq. (3.57)
4.0%x10"
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[ of stress required to
4/ unlimited propagation
£1 of matrix mode of
2010 Z | fracture, Eq (3.54)
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IJI
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0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
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Figure 3.10 Dependence of the stress to unlimited break in fibers and matrix as function of fiber
volume fraction for pure elastic pullout.
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1.6x10"
Pure elastic estimation
1.4x10'" of stress required to
unlimited propagation of
matrix mode of fracture,
1.2x10™ - Eq (3.55) - e
1.0x10"0 4 ! = 1 i = A
0.8x10° : |

ﬁre elastic estimation

0.6x10° | of stress required to il
1 unlimited propagation of

fiber mode of fracture,

Eq. (3.58)

0.4x10° - : S
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Figure 3.11 Dependence of the stress to unlimited break in fibers and matrix as function of fiber
volume fraction for elastic-plastic pullout.

curve). The fiber damage stresses are much higher than the stresses that destroy the
matrix.

Figure 3.11 displays the comparison of pure elastic stress solutions for flaws that lead
to destruction of the matrix without damage to the fibers (Figure 3.5a, light gray curve)
and damage the fibers without damage to the matrix (Figure 3.5a, dark gray curve). These
curves do not provide a realistic estimation of critical stresses.

3.2.4 Penny-Shaped Crack

3.2.4.1 Crackin a Transversal-Isotropic Medium

Let’s consider the problem of a plane microscopically small crack in the fiber composite
with parallel fiber orientation whose surface should be perpendicular to the fibers. The
diameter of the crack is larger than the mean distance between the fibers. The homoge-
neous tensile stresses act in the infinite direction of the fibers.

We want to replace the fiber composite material that has parallel fiber alignment
around the crack with an effective, transversal-isotropic medium. In rotationally sym-
metric deformation, its elastic properties are characterized by five constants C,;, Cs,,
Cyy Cy35 Cqy, which are determined by the following effective elastic properties of the
components of the material (Lekhnitskii 1981; Vannucci 2018):

1 Vir 1 Vrr 1
S = —’S =——’S = —7S =——’S = —, 3.59
nogTs E "G E BT E, (3:59)
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and
Cll = —5,31533 —_ 51323 12 = _512533 A 8132, 13 — —%, (360)
m(Sy; = S1a) m(Sy; = S1) m
S1+S, -
Cu= i’ Cy = #,m = (S11 +S12)833 — 25132-

544

We now introduce a cylindrical coordinate system (7, 6, z) into a transversal-isotropic
medium in such a way that the center of the disk crack lies in the surface z=0 at the
origin of the coordinate system. The radius of the crack is r,. The crack then occupies a
flat surface with polar coordinates r <r,, z=0.

For solution, dimensionless cylindrical coordinates are used:

p=rlr., n=z/r. (3.61)
The penny-shaped crack occupies the flat disk cavity in dimensionless coordinates:
p<1, n=0. (3.62)

We label the components of the tensor of the effective stresses with ¢,, 7, and the
components of the vector of effective displacements in the direction # with u,. Cor-
respondingly, the values of the averaged displacement u and the average stress ¢ in
material at z=0 are:

u,(p,0) = u, c,(p,0) = 0. (3.63)

3.2.4.2 Mechanisms of the Fracture Process
Fiber bridging plays a considerable role in fatigue delamination growth in composite
materials. Fiber bridging decreases crack growth rate significantly with an increase of
delamination length (Yao et al. 2016; Xu et al. 1998; Landis et al. 2000).

Crack propagation in a fiber composite material takes place through matrix and fiber
breakage. We consider two mechanisms of the fracture process:

o the decomposition of the matrix (with debonding or decohesion at the fiber-matrix
interface) when the stress intensity coefficient exceeds the critical value, and
o fiber breakage when the tension in the fibers reaches its tensile strength.

The greatest elongation is absorbed by the fibers in the central area of the crack. There-
fore, it is assumed (and this is confirmed by numerical modeling) that, in the general
case, the disk crack in fiber composites is divided into three annular zones (Figure 3.12):

o in the outer zone (p, < p < 1) the fibers and the matrix deform elastically;

e in the middle zone (p, < p < p,) the matrix becomes plastic along the Fa-ser matrix
interface, and the fibers detach themselves from the matrix. Here, plastic sliding and
debonding (decohesion) take place at the fiber-matrix boundary;

o in the central zone (p, > p) the fibers are ruptured.

3.2.4.3 Crack Bridging in an Orthotropic Body With Disk Crack

In this section, the boundary-value problem for the disk crack is formulated. Due to
the symmetry in relation to the plane # =0, the problem can be considered in terms of
the load on the half space # > 0. The boundary conditions are set at the boundary of the
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Middle zone Central zone

Outer zone

Figure 3.12 Crack section and zone structure.

half space. To solve the problem, we use the super-position principle, which only applies
to constant stresses along the barrel direction.

The material is stretched in infinite distance from the crack along the fastening direc-
tion (axis #) by a homogeneous stress field: 6, =P .

On the crack surface (1 =0, p <1) the shear stress is zero 7, (p, 0)=0. In the middle
and outer zone (n =0, p; < p < 1) the unbroken fibers connect both fissures. The normal
stress ¢, (n=0) = o at the crack banks is a known function of the opening of the crack:
o=f ‘l(u”) with the inverse function, see Eq. (3.47).

According to (3.37) the normal stress in the outer zone is linear and in the middle zone
non-linearly dependent on the opening.

In the central zone p, > p, there is no connection between the crack surfaces and the

normal stress at the crack edges vanishes:
c,(n=0)=0. (3.64)

To transform the boundary conditions in the middle and outer zone (n =0, p; <p<1),
a homogeneous stress field overloads the initial stress field:

o, =—P. (3.65)

n

The new boundary-value problem provides the conditions for normal stresses:

(3.66)

c,(n — 00) =0 in infinity, n — o
c,n=0)=0—-P on the crack edges

In the plane # =0, p > 1, the half spaces are coupled to each other. The boundary con-
dition in the plane # =0 means that the displacements on the extension of the crack
surface (p > 1) are equal to zero:

u,(p,0)=0, forp>1. (3.67)
Summarizing these conditions, the mixed boundary values appear as:

7,,(p,0) = 0. forp>0. (3.68)
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o,(p.n=0)=f"[u,(p,0)] -P for p<1, (3.69)

u,(p,0) =0. for p>1. (3.70)

In (3.69), ¢ =f_1(14,1(/), 0)) is the inverse function, see Eq. (3.47). The normal and shear
stresses are fading away as p? + n*> — co:

7, = 0, o, = 0. (3.71)
3.2.4.4 Solution to an Axially Symmetric Crack Problem

To solve the axisymmetric equilibrium problem (Figure 3.13) for a transversal-isotropic
medium, we introduce the potential functions ¢, (p, 1), @,(p, ) according to Sneddon
and Lowengrub (1969). The stresses and displacements identically satisfy the equilib-
rium conditions and can be expressed by potential functions:

1 aZ(Pl az(ﬂz
6’1 = a2 (al anz +(.¥2 anz ’ (3.72)
1 az(ﬁ 62(02
- — —_—+f,—=), 3.73
Tﬂ'l 22 <ﬂ1 dpdn ﬂz apai’] ( )
1( 0J¢ 99,
—— Ly 2. 3.74
u, p (71 on 19 on ( )

To convert the problem (3.68)—(3.74) into an integral equation, we represent the
potential functions as Hankel transformations of auxiliary functions:

@} (&) = Hyf{ L*[@,(p.0)], p — &} = / @:(p, 0)plo(Ep)dp, (3.75)
0

@(p.n) = / @i O]y p)exp(=En/w)ds, q,=1/w,. (3.76)
0
Condition (3.68) returns the relationship between the functions ¢}(§) and ¢;(&):
@, B, 97(8) + B, 05(8) = 0. (3.77)

Fibers| Crack surface|

Outer zone |

Widle zone |

Figure 3.13 Zones at penny-shaped crack.
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This condition is used to eliminate the function ¢;(&):

a a,p o .
o,(p,n =0) = <a2;% - ﬂ%;wlz ﬁ2> I & @@)No(& p)de -
u,(po1 = 0) = <ay—a§1 - af)lﬂ /132> i 8 @i @€ p)de

with the formula:

fp(§)=é‘2aﬁ ! ( a5 )ﬂ(@) (3.79)

2w, \ po, - )P,
we get the expressions for the crack opening and pullout stress on the crack surface:
{unm n=0)=Q J;” ¢&J(& p)de.
o,(psn=0)= [[7 & @(&) Jo(& p)de.

In the first expression the constant reads:

ap  ap >_1

(3.80)

@, ()

Qp = a(y,p, - 72ﬁ1)<

From Egs. (3.49), (3.69) and (3.70), an integral equation pair with respect to an
unknown function ¢(&) appears:

/ EQ®)]o(Ep)dE+f7 <QR/ P(&)]o& p) df) =P forp<l, (3.81)
0 0

/ P& p)dé=0 forp>1. (3.82)
0

Equation (3.82) is fulfilled identically by substitution:

1
p&) = / g(®)sin(§ p)dt, g(0) = 0. (3.83)
0

where g =g(£), 0 <t <1 — is the new potential function. The formula (3.83) follows from
the relation:

oo 1 )
/ P(©)]o(& p)dé = / g(@®)dt / sin(¢ )]y (& p)dé =
0 0 0

t)dt
/pl& for 0<p<1
= 2 —p? . (3.84)

0 for p>1
with

oo H _
/ sin(¢ 0))y(& pde = L) (3.85)

0 \/t2 — p2
The function H(x) in (3.85) is the Heaviside function:

Hx)=0 forx<0 (3.86)
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and
Hx)=1 forx> 0. (3.87)

By substitution of ¢(&) in (3.49), Eq. (3.71) can be given as a non-linear integral-
differential equation:

" dg(t)  dt . Ygwde \ _
/0 Tﬂ +f <QR i ﬂ—_,ﬂ) =P withg(0) = 0. (3.88)

For the derivation of Eq. (3.88), we perform the stepwise evaluation of the integral:

00 00 1
/ E(E)]o (€ p)de = / Eo(E p) [—%g(l)cos(cmé / g’(t)eos(z:odt] dé =
0 0 0

1 1 oo
=—g) / cos(§)]o(€ p)ds + / g'(tdt / cos(¢ 1)]o(& p)dé =
0 0 0

P g(bdt
e ' gt

+ for

The stresses in the crack surface # =0 are equal:

for 0<p<1,

(3.89)
p> 1.

Pog'(®)dt
0 A /p2 _ t2
g ' gyt
- = for
\/ﬁ 0 m
The stress behavior at the crack tip is considered decisive for crack propagation. The

stresses are reduced to zero at a large distance from the crack tip. At the crack tip, all
stress components show the same 1/ \/; — singularity:

for 0<p<1,

c,(p,0) = (3.90)

p>1.

p—>1+e, r=p—-1>0.
The level of the stress components is determined by the variable:

K; = Augy/r,. (3.91)

The quantity K is the “stress intensity factor.” The stress intensity factor depends on
the external stress, the crack geometry and beyond that on the material structure.
The crack opening is:

b g(tydt
A2 —p?
At a given tension, the crack edges open parabolically along the radius of the crack

p (p<<1). The maximum value of the crack opening depends linearly on the “stress
intensity factor” K.

u,(p,0) = Qp for 0<p<1. (3.92)
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With the application of the operator:

tFE)éd
HF@).& - 1] = 2 Fe)ds (3.93)
0

the non-linear integral equation for the function g(¢) follows from (3.88):

1
g+ = / ft g0t fdé 2 pt with g(0)=0. (3.94)
\/tz —& \/tz —& T

According to (3.49), in the case of the elastic withdrawal of the fibers from the matrix
the surface stress linearly depends on the crack opening:

f@o=
~ EV,
where k, = — %,
E,(1-Vp) 2

In this case the non-linear integral equation (3.94) is transformed into a second Fred-
holm linear integral equation:
2k, t ~
gt + —0/ g In Lgdé = 2Pt, with g(0) = 0, k, = kyQp. (3.95)
/4
The Eq. (3.95) could be solved using the numerical method. The solution is searched
in the form of power series:

gy =) Cr. (3.96)
n=1
For the solution, the following identity is used:
def [t t+
ROk / &'in 2 (397)
o n+1
In(t)zm n‘P(E)+2yn—n‘P< )+2nln2+2n‘l’(n)+4]

In Eq. (3.97) are:

Y(n) =dInT'(x)/dx the digamma function,
y the Euler constant.

The values of the function y,(¢) are shown in Table 3.3. Substitution of the power
series (3.96) into Eq. (3.95) and combination of equal powers of ¢ leads to the recur-
rent linear algebraic equations with respect to C,. The solution of the recurrent linear
algebraic equations for coefficients (3.97) is:

k k+1
2(—k,)" ! nl:ll k‘P(g) +2yk—k‘P( )+2kln2+2k'P(k)+4

n k=1 1+ bk

The first six coefficients are shown in Table 3.3. _
With (3.98) the stress intensity factor is the function of the factor x, = k,Q; only and
reads:

C, = (3.98)

K, = Cug()\/r, = Cyyy/r. D C,. (3.99)
n=1
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Table 3.3 Expressions for integral y,,(t) and solutions for coefficients C,,.

n Xn(0) C,
1 t2 2z
2 £3(14+21In2)/3 —4icy/
3 2t%/3 8K02(1+21n 2)/3x3
4 £(3+41n2)/10 —32k3(1+21n2)/97*
5 23t%/45 32k,*(1+2In2)(3+4In 2)/457°
6 t(11+121n2)/42 —1472x05(1+21n 2)(3 +41n 2)/20257°
06 N Figure 3.14 Stress intensity factor K| as the
TN function of k,Q,.
0.5 1
0.4 1 &
=) g
X T
2 0.3 1 "‘-&hx
0.2 T
0.1 1
0

0.5 1 15 2 25 3

Ko = EOQR

The graph of the function K;(x;) = K| I(ZOQ z) was calculated with 20 terms in the sum
and is plotted in Figure 3.14.

3.2.5 Plane Crack Problem

3.2.5.1 Equations of the Plane Crack Problem

The stresses and displacements fulfill the equilibria of the plane crack problem
(Figure 3.12) and can be expressed by means of potential functions (Eq. C.25,
Appendix C):

0? 0?
ek (A0, 10 o0
a*> \ p; on 25 on
0? 0?
gy =t (2L, 2V ) (3.101)
2 \onoc T onoc
1 oy, oy,
==|6—+6,— ). 3.102
n a < L on Z on ( )

To express the boundary-value problem (3.68)—(3.70) in the form of an integral
equation, the potential functions y,({, #) expressed as Fourier transformations of
auxiliary functions y;"(§)are:

wi(&.n) = Sclw, (©e i & - () = \/g / W, (E)e i cos($E)dE. (3.103)
0
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There are the relationships between the stresses and displacements and the auxiliary
functions v (§):

0,&,n=0)= —%\/g/ [PIwy (&) + paws; (§)IE” cos(CE)dE, (3.104)
0
T (En=0) = —6%\/%/0 [P1w1(©) + Py, (§)] sin(EE)dE, (3.105)
u,(§,n=0)= i\/g/ (61217 (&) + 6,029, (§)]E cos(EE)dE. (3.106)
0

Condition (3.68) returns the relationship between the functions y,"(€), w, (&):

P11 (&) + pow; (§) = 0. (3.107)

This relationship allows us to eliminate v, (£), the function from (3.104) to (3.106):

w(&) = %\/%@1 _Pz)Plll/ik(f)f, (3.108)
- r  a’y(é)
E) =4 =————, 3.109
Vi) 2&(p, — Py ( )
: 7@y
E)=—q [ = ————. 3.110
v2(0) 2 ¢(py — p)p2 ( )

From the Egs. (3.108)—(3.110) follow the representations of normal stress and dis-
placement in terms of the sole function y(&):

o0 6, — o
u,(Cn=0)=Q; / w(&) cos(E O)dE, Qp =a——2, (3.111)
0 P1— P
0, (5. n=0)= / Ew (&) cos(& )dE = d% / w(&)sin(€ O)de. (3.112)
0 0

In turn, the Eq. (3.82) is identically fulfilled by the substitution:

1
()= / 2] (td)dt.
0

The function y(¢) could be replaced by the other potential function g(z). The simplifi-
cation of expressions for the stresses and displacements is carried out with the integral
formulas:

4 1
] _ g()dt B
/0 W(&) cos(CE)dE = /{ S resi<t (3.113)
gt
/OC ——— for {<1,
¢ 2 _ 42
/ w(&)sin(CE)dE = ”it) ! . (3.114)
0 /01 A for £ >1
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With (3.114), the stresses in the crack surface # =0 are expressed as

¢
;; g(t)dt for ¢ <1,
0,(¢,0) = ' (3.115)
/ g(t)dt for £>1
T or {>1.
The Eq. (3.113) leads to the formula for crack opening:
U g(tydt
u,(£,0) = Q; _swdt ¢<1. (3.116)
¢ =g

3.2.5.2 Solution to the Plane Crack Problem
The substitution for y(&) allows Eq. (3.81) to be expressed as a non-linear integral-
differential equation:

g(t)dt Yogwdr \ B

The Eq. (3.117) could be solved numerically (Kobelev 2001). In the central zone, the
broken tips of the fibers remain above the matrix surface, detached from the matrix (see
Figure 3.15): It can be seen that the length of the detached part of the fibers does not

Central Zone

Figure 3.15 Plane crack problem.
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Broken off, pulled
out fiber end

Tensile stresses
in fiber

Rupture surface
of fiber

Matrix drawn

Crack surface
in matrix

Figure 3.16 Elastic-plastic pullout of the fiber from the matrix (a) and the spring-back of the fiber after
the fiber rupture (b).

depend on the applied load, but exclusively on the elastic properties of the components
of the fiber composite material. The maximum size of the plastic draw-off of the fiber
up to the break results in (Figure 3.16a):
L = E u,
b Em cm .

After rupture, an elastic relief takes place and the fiber pulls itself into the matrix
(Figure 3.16b). When the load is relieved, the fiber sinks into the matrix by the size of:

E, u,

Above the surface, the peeling tips of the torn fibers are removed from the remaining
length:

I =1,~1,

The appearance of the microcrack predicted by the model corresponds to the experi-
mental data (Hannant et al. 1983). A figure in Hannant et al. (1983) shows a micrograph
of the crack in the fiber composite consisting of a tungsten fiber-reinforced copper
matrix; the zones of the crack in the matrix and the fiber break with partially released
fibers can be seen (see Figure 3.16).

3.3 Debonding of Fibers in Unidirectional Composites

3.3.1 Axial Deformation of Unidirectional Fiber Composites

In this section, we consider the problem of delamination, or debonding, of a matrix on
the boundary of fibers. Debonding occurs when an adhesive breaks off adhering to a sub-
strate material. Debonding happens if the forces that hold the bond together are broken,
perhaps by an external load or environmental interference. Delamination is failure in a
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laminated material, in our case a composite, which leads to separation of the layers of
reinforcement or plies. Delamination failure can be one of quite a few types. Delami-
nation fracture occurs within the adhesive or matrix, fracture within the reinforcement
or debonding of the resin matrix from the reinforcement fiber. In this final case, it is
the debonding that leads to delamination. There is a faint distinction between debond-
ing and delamination; namely, debonding — when two materials lose adhesion to each
other and delamination — when a laminated material becomes definitely separated, per-
haps induced by poor processing during production, impact in service or environmental
influence.

One of the most frequent occurrences of fracture of unidirectional composites is the
debonding of a unidirectional composite under the action of tensional force parallel to
the fiber direction. If the tensile stress is not high enough to provoke fiber breakage, the
fiber remains intact but the debonding between fibers and matrix along the fiber-matrix
boundary occurs. The debonding arises in a form of a cylindrical crack twinned around
the fiber. The prominent debonding occurs during the cyclic load. If an initial cylindrical
crack appears, its size increases with the number of cycles. If the concentration of the
debonding defects is substantial, the extent of the cylindrical crack influences the aver-
age material properties. With the elongation of the loosened contact region, the average
material stiffness declines. This effect is known as the stiffness degradation of the com-
posite material. The debonding model that makes an exact estimation of the process
parameters and cyclic extension of the twinned cylindrical crack on the boundary is
introduced in this section.

The typical picture of fatigue failure of a unidirectional fiberglass-epoxy composite is
shown in Figure 3.17. The meander spring was exposed to 5000 full stroke cycles. The
debonding of fibers is clearly visible, but no significant force reduction is measurable.
Similar results are reported by Schiirmann (2015).

The method is based on the model of a cylindrical fiber partially embedded in an infi-
nite elastic matrix. Both matrix and fiber are assumed to be isotropic for briefness, but
the transversal isotropy of both materials could be accounted for without alternation of
the mathematical method.

An infinite cylindrical fiber is embedded in matrix such that its axis coincides with the
direction of the z-axis of a cylindrical coordinate system {r, z}. In the stress-free state,
the shear modulus and Poisson coefficient of the fiber are, correspondingly, Gf, Hy and
its diameter is 2r;. In the dimensionless cylindrical coordinates

p= r/rf, n= Z/l”f,

ln-munpnm||inm|mln|n|||||n||mrlmlu

Figure 3.17 Fatigue failure of unidirectional fiberglass-epoxy composite. Visible debonding of fibers.
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the infinite cylinder, occupied by the fiber material, is:
p<1l —o0<n<o0;

the infinite volume with a cylindrical cavity filled by the matrix volume is:
p=>1, —oo<n<oo.

The matrix is modeled as a body of the outer diameter 2r,, with the cylindrical cav-
ity. The cavity possesses an infinite extension in the direction of fiber. The outer radius
of the matrix is

T =17/ Vs

This choice satisfies the equation for volume content of fibers. The cavity is held in
reserve for the fiber. The shear modulus and Poisson coefficient of the matrix are, cor-
respondingly, G,,, #,, and the diameter of the cylindrical cavity in matrix is also 2r,.
There is a perfect adhesion on the fiber-matrix boundary in the stress-free state . The
stress-free state (A) is depicted in Figure 3.18. In this state, the perfect adhesion and ideal

Figure 3.18 Fiber-matrix debonding
model. (a) Undeformed stress state,
perfect adhesion. (b) Deformed stress
state, total debonding along the full
length.

(@) (b) ﬁ
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v
<« 2 —>
2ry,
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elastic contact along the full contact boundary are assumed. The fiber fills the cavity in
the matrix and entirely fits in it in an undeformed state.

Second, consider the homogenous elastic elongation of the compound body along
the fiber axis. The stress state (B) is depicted in Figure 3.18. There is no contact on
the fiber-matrix boundary in the state of the homogenous elastic elongation. In this
state, the matrix and fiber deform independently. The axial elongation of the compound
medium is accompanied by the radial deformation of fiber and matrix. If the Poisson
coefficients of fiber and matrix match, the only stress arising due to the homogenous
elastic elongation stress component is stress in the fiber direction. In this case, the radial
deformation of fiber and matrix is homogeneous and the same in both materials. How-
ever, the Poisson coefficients of fiber and matrix are usually different (see, for example,
Appendix A). In this case the homogenous elastic elongation of the compound body
along the fiber axis is accompanied by the different radial deformation in fiber and
matrix. The gap on the contact boundary of fiber and matrix occurs. If the Poisson coef-
ficient of the fiber is higher than the Poisson coefficient of matrix, the positive gap on the
contact boundary of fiber and matrix occurs. If the Poisson coefficient of fiber is lower
than the Poisson coefficient of matrix, the negative gap (overlapping) on the contact
boundary of fiber and matrix takes place.

Third, consider the homogenous elastic elongation of a compound body along the fiber
axis. The stress state (C) is depicted in Figure 3.19. There is a perfect adhesion on the
fiber-matrix boundary in the state of homogenous elastic elongation. In this state, ideal
adhesion and faultless elastic contact along the full contact boundary are assumed. The
fiber fills the cavity in the matrix and flawlessly fits in it in a state of homogenous elastic
elongation. The axial elongation of the compound medium is accompanied by the radial
deformation of fiber and matrix. If the Poisson coefficients of fiber and matrix match, the
only phenomenon arising due to the homogenous elastic elongation stress component
is stress in the fiber direction. In this case, the radial deformation of fiber and matrix is
homogeneous and the same in both materials. In a general case, the homogenous elastic
elongation of a compound body along the fiber axis is accompanied by different radial
deformation in fiber and matrix. The radial displacements of fiber and matrix exactly
match on the boundary due to ideal adhesion. The homogeneous axial deformation is
accompanied by the appearance of a radially inhomogeneous stress field in matrix and
fiber. If the Poisson coefficient of the fiber is higher than the Poisson coefficient of the
matrix, the positive radial stress in fiber and matrix occurs. If the Poisson coefficient of
a fiber is lower than the Poisson coefficient of the matrix, the compression of fiber and
matrix results.

Fourth, consider the homogenous elastic elongation of the compound body along
the fiber axis. The stress state (D) with the separation in the periphery is depicted in
Figure 3.19. There is a perfect adhesion on the fiber-matrix boundary in the state of
the homogenous elastic elongation along a part of the boundary and the abandonment
of contact (debonding) along a limited cylindrical region of contact surface. The total
length of the contact adhesive region is 2ar,. The dimensionless variable a characterizes
the length of the adhesive region divided by the diameter of fiber 2r;, a=1/2r,.

The homogeneous axial deformation is accompanied by the appearance of axially and
radially inhomogeneous stress field in matrix and fiber. If the Poisson coefficient of a
fiber is higher than the Poisson coefficient of matrix, positive radial stress in fiber and
matrix along the contact region occurs. Along the debonding zone, a gap arises. This case
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Figure 3.19 Fiber-matrix debonding
model. (C) Deformed stress state,
perfect adhesion along the full
length. (D) Deformed stress state,
partial debonding.

is interesting for investigation. Stress concentration on the tips of cylindrical flaw occurs
if Poisson coefficient of a fiber is higher than the Poisson coefficient of the matrix. Other-
wise, if the Poisson coefficient of fiber is lower than the Poisson coefficient of matrix, the
homogeneous compression of fiber and matrix along the total, infinite contact surface
takes place (like in case C).

Analogously, the breakage with separation in the central region (E) could be consid-
ered (Figure 3.20). The total length of the debonding region in this case is 2ar;, where a
is the dimensionless ratio of the length of the debonding region to the diameter of the
fiber.

3.3.2 Stresses in Unidirectional Composite in Cases of Ideal Debonding or
Adhesion

3.3.2.1 Equations of an Axially Loaded Unidirectional Compound Medium (A)
To start, we evaluate the stress-deformation states in the cases (B) and (C). The math-
ematical derivation is performed in the dimensioned cylindrical coordinates {r, z}. The
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Figure 3.20 Fiber-matrix debonding
model. (A) Undeformed stress state,
perfect adhesion. (E) Deformed stress
state, partial debonding.

() l
A |Z

\ﬁi /r_
e 2ars

consideration is performed in the cylindrical coordinate system associated with the
direction of the fiber axis. The shear stresses and strains vanish because of cylindri-
cal symmetry. The diagonal components of strain in fibers (f) and matrix () in vector
notation are:

_ [duy g I
0T Ta T % B T T T |
Similarly, the diagonal components of stress in fibers (f) and matrix (m) in vector
notation are:

(3.118)

S = [0 00> Ozl Simy = [F0mys Oy Tmyz]- (3.119)

The compliance matrices for fiber and matrix correspondingly read:
S¢y=|—v/Es 1/E; —v/E|, (3.120)
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1/Em _Vm/Em _Vm/Em
Somy =|=Vm/Ew 1/Ew —Vu/En| (3.121)
_Vm/Em _Vm/Em l/Em

€1 = S0 Eum = SimCom: (3.122)
The tangential strains in fiber and matrix from (3.122) follow as:
u v %
) f 1 'r
L= Ls, +=04y— —0 (3.123)
r o Nz
Uim) v 1 Vin
- T E_m Omyr T %m0 ~ F_ Cmz: (3.124)
m m m

The equations (3.123) and (3.124) express the radial components of the displacements
in fiber and matrix. The radial strains in fiber and matrix follow from (3.122) as:

du v v
) 1 f S
—— = =0, — =0y — —0 (3.125)
r (e Hz>
dr E} Ef Ef
du, 1 Vin v

m
— O,

dr = E—G(m)r - E—O'(m)e - E (m)z* (3126)

The axial strains in fiber and matrix are the given constants. From (3.122), these con-
stants reduce to:

v v
! f 1

£Z = —_O-(f)r - _O-(f)g + _U(}()Z, (3.127)
v

£, =——"0, Oy T =0, (3.128)

z Em myr — E

m

E (m)z*
m
Our aim is to eliminate the variables

Uiy Uimy> 0110 Cmo» O(f)z O (mz

from the equations (3.123)—(3.128) and obtain the equilibrium equations in terms of
unknown functions o, and 6 ,,,, and the given constant £,. From Egs. (3.123)—(3.128)
the variables are expressed in terms of unknown functions o, and o, as:

1
O = _Z(Effz + Vi = O(p)>

1
Oimyg = __(Emgz + VinO (myr — a(m)z)’
Vin
d(v.o..)
_ Aoy,
G(f)z = T + 2Vf0(f)r + EfEZ’
adWv,,00mr)
(m)r
Ome =~ T 2V,,0 4y + E 6
Y% ~ O T VT
Up = — E >
f
_ VinOmyr — O(m)o + VinO(m)z

m
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Equilibrium equations in the fiber and matrix material are:

d(ro,,,.) d(ro,, )
(r (m)r
T - 6([)9 =0V, T - O-(m)(i =0. (3129)
The equilibrium equations in terms of functions o, and o, reduce to:
d(o(p),)
Vfr » + 2Vf6(f)r + Efgl = O, (3.130)
d(o(m)r)
V" +2v,,60, + E,€, = 0. (3.131)
dr

From the solution of Egs. (3.130) and (3.131), we get the expressions for stresses and
radial displacements in fiber and matrix with four integration constants c;;, ¢;5, €5, €5t

Co1 Cy

U(f)f = Cll + r_2’ O-(m)r = 612 + r_23 (3.132)
‘u Ca
Orp = €11 — 2 Omp = C12 — 2 (3.133)
Oz = vacll +Ef5z’ Omy; = 2v,,c, +E €, (3.134)
1-—v, —2v2 1+v
_ f f f €21
Ug) = —VeE, T + E, cy it — E, o (3.135)
1-v, —2v 2 14V, ¢y
Uy = —V,u€, 7 + mEm N E = — (3.136)

3.3.2.2 Total Debonding (B)

Now consider two special cases that were briefly discussed before. First, study case B,
namely the deformed stress state with total debonding along the full length. In this case,
the following conditions are valid:

U(f)r'r:r/ = O’ U(f)rlr—>0 = 0’
=0, Giylry, =0, (3.137)

U(m)r | r=ry

Ug) = —ViET, Uy = —V,,E 1. (3.138)
with the trivial solution for integration constants:
€1 = €1y =€y = Cpp =0,
The gap between the surfaces of fiber and matrix is
8y = (v — Ve, T

Thus, if Ve =V, > 0 for positive deformation ¢, (tension of the media), the reduction
of the cross-section of fibers is greater than the matrix and a gap occurs. Contrarily,
if v, —v,, <0 for positive tensile deformation ¢, the reduction of the cross-section of
a matrix is greater than the fiber and an overlap with, consequently, pressure on the
boundary takes place.
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3.3.2.3 Ideal Adhesion (C)
Second, revise case C, namely deformed stress state with perfect adhesion along the full
length. In this case, the following conditions are valid:

O-(f)rlr:rf = O-(m)rlr:rj’ u(f)lr:rj = u(m)lr:rf’
6(f)r|r—>0 = O’ O-(m)r|r:r0 =0. (3.139)

The solution for the integration constants in this case reads as:

Cypy = EfEm(vm — vf)rmzrfstA;,

¢y =0,

Cy = EfEm(vm — vf)(rm2 — rfz)ezA;I,

¢ = EE, (v, — vf)rf2ezA;1,

A, = rfz[Ef(vm —1+2V%) - E,(v—1+ 2vf)]+

7 [=E; (v, + D +E, (v — 1+ 2v;)]. (3.140)

The stresses on the interface boundary fiber to matrix result in:

mplr=r, = ~EEy(Vy, = vo(r,® +1)e A

O'(f),|r:rf = O'(m)r|r=,/ = O'(f)glr:rf =E/L,, (v, — vf)(rm2 - rfz)sZA;1 (3.141)

O'(f)zlr:r/ = erEf[Ef(vm -1+ 2\/3”) +E,(-v,+1- ZVJ?)](SZA;1
+ 71, Ef[=E;(v,,, + D + E,(vy = 1+ 2v,,v))]e, A" (3.142)

G(m)z|r=rf = rszm[Ef(vm —1+2vv,)+E, (-v+1- ZV;)]EZA;I
+7,’E,[-E(v,, + D +E, (v, -1+ 2v})]szA;1. (3.143)

with the equations (3.141), the radial, circumferential and axial stresses on the interface
are determined:

if the Poisson coefficients of matrix and fiber are equal, v,, = v/, the radial and cir-
cumferential stresses vanish;

if v, > v, the radial stresses on the interface boundary are positive. The circumferen-
tial stress in fiber is equal to the radial stress and is also positive. The circumferential
stress in matrix is negative;

if v,, <v, the radial stresses on the interface boundary are negative and no separa-
tion occurs even if adhesion fails. The circumferential stress in fiber is equal to the
radial stress and is also negative. The circumferential stress in matrix is positive. This
could provoke the radial breakage of matrix, giving rise to star-formed radial cracks
surrounding the fiber.

In this section, the ideal debonding and the ideal adhesive contact problems were

solved for a uniformly tensioned unidirectional composite. The solution is simplified
by the cylindrical symmetry of the problem, resulting in an easy to solve problem with
only one radial independent variable.
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3.3.3 Stresses in a Unidirectional Composite in a Case of Partial Debonding

The partial debonding problem incorporates the wide class of contact problems of elas-
ticity theory. The description of a partial debonding of a cylindrical fiber in a cylindrical
cavity in an elastic matrix transforms to an axial-symmetric contact problem. The prin-
cipal equations of the contact problem are based on the solution of the axisymmetric
boundary-value problem of the theory of elasticity for a finite circular cylinder with an
arbitrary loaded curved surface (Filon 1901, 1902). The classical Filon problem concerns
the uniformly distributed tangential load applied along two rings at the curved surface.
The equilibrium of an infinite circular cylinder under the action of normal loads has
been considered in detail, for example, in Lur’e (1964) and Meleshko (2003).

The static axisymmetric contact problems of an infinite linear-elastic, isotropic and
homogeneous cylinder and the static axisymmetric problem of a space with an infi-
nite cylindrical cavity were considered by Alexandrov and Pozharskii (2001). We apply
their method for solution of contact problems to the contact problem of debonding of
a matrix from a fiber in a composite material.

Two auxiliary boundary problems are to be examined for the solution of the debond-
ing problem. The mathematical derivation is performed in the dimensionless cylindrical
coordinates

{P=’"/’"f7’7=z/’"f}-

3.3.3.1 Partial Radial Load on the Fiber Surface

The first auxiliary boundary problem is the deformation of an elastic fiber that is pressed
over a finite region at its outer surface. For this purpose, the fiber is represented as infi-
nite cylinder radius r;. The length of the cylindrical crack, which warps over the fiber is
/.. The fiber material occupies the space {p <1, — 00 <# < oo}, with the variable 5 along
the axis of cylinder and p in the radial direction. The dimensionless length of the crack
isa=1/2r;.

The boundary conditions on the outer surface of cylinder p =1 read:

U(f)y(’?)lp=1 = —q(n), Trz('l)|p=1 =0,

~ . _ Jatm, Inl<a,
qn) = { 0. nl > a. (3.144)

The variable g represents the pressure on the outer surface. The shear stress 7,, on the
surface is absent. The solution of (3.144) is given by Alexandrov and Pozharskii (2001,
Eq. (3.16)—(3.18)):

1 a
= DK (t — n)dt,
Lzl THs /a qOK(t — 1)

Kt = / e cos(E)L,(£)dE. (3.145)
0

The coefficients of the integral equation (3.145) are shown in Table 3.4.

3.3.3.2 Partial Radial Load on the Matrix Cavity Surface
The second auxiliary boundary problem is the static problem for a matrix material
in an infinite space, which contains an infinite cylindrical cavity of radius 7. In the
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Table 3.4 Kernel of the integral equation for elastic cylinder, Eq. (3.145).

u
uz((og(u) —1)—2+2y

Kernel of integral Li(u) =

Coefficient of kernel o (u) =1y (u) /1, (u),

I, ()1 () Bessel functions

Gy

l—vf

Elastic constant Hy

Ly () Aqu+ o(w), 0
Asymptotic of kernel ’ ={ ko). u =

Hy Bf+0(1/u), U —

l—vf

Asymptotic coefficient u — 0 Ap = m
v
i

1-v
. . S f
Coefficient of limit value u — oo By =y =

s

dimensionless cylindrical coordinates, the elastic matrix medium occupies the space
{p>1,— o <n<oo}. The boundary conditions on the surface p =1 of an infinite cavity
are:

O'(m)r(n)|,,=1 = _5(77)’ Trz("l)',,:1 = O’
~ «_ Jam, Inl<a,
qn) = { 0 nl > a. (3.146)

The condition of boundedness of the stresses as p — co must be satisfied as well. The
pressure g(17) expands the cavity in the matrix, at p =a. Once again, the shear stress on
the outer surface of matrix cylinder vanishes, at p=1.

The solution of (3.146) reads (Alexandrov and Pozharskii 2001, Eq. (3.22)—(3.24)):

1 a
Uiy (M p=1 = —/ 4K, (t —n)dt,
n-lum —a

K, ) = / £ cos(ED)L, (€)dE. (3.147)
0
Table 3.5 exhibits the coefficients of the integral equation (3.147).

3.3.3.3 Partial Debonding With Central Adhesion Region (D)

The boundary conditions of the cylindrical interface surface for contact problem
with the given contact gap 6,(z). The conditions on the contact cylindrical surface p=1
are the following:

(o)1) = Uy (D] poy = =), 1] < a,
O-(m)r(”)lp=1 = 0? 0'(/)r('7)|p=1 = 0’ |7]| Z (l,
7, (1) =y = 0. (3.148)

The sense of the boundary conditions (3.148) is as follows. Consider, for example, the
case of tension of the unidirectional composite material in the direction of fibers. The
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Table 3.5 Kernel of the integral equation for elastic cavity, Eq. (3.147).

Kernel of integral L= u
—uz(Qg(u) -1N+2-2v,
Coefficient of kernel Q (1) = K, (u) /K, (),
K, (u),K, (1) Bessel functions
Gm
Elastic constant U, =
1-v

L (u A u+ R 0
Asymptotic of kernel nl )={ it 000). 1=

Hyy B, +o0(1/u), u— oo
Asymptotic coefficient 4 — 0 A = %
m
. o 1-v,
Coefficient of limit value # — oo B,=u}!= c

separation of the surfaces of the fiber and matrix takes place if the increase of the diam-
eter of cavity in matrix is greater than the increase of the fiber. In this case, the Poisson
coefficient of the matrix is greater than the Poisson coefficient of the fiber. If the gap is
positive and on the part of the boundary |#| < g, the separation is prevented by the adhe-
sion of both materials, tension (formally a negative pressure) p(#) arises in the adhesion
zone. The other part of boundary remains free and the distance between the surfaces
of fiber and matrix gradually increases from end points, |n| > a. The gap asymptotically
reaches the limit value. This limit value of gap far from the adhesion region corresponds
to the gap in the case of perfect separation. This was calculated in the previous section.
The solution of (3.148) transforms to the solution of an integral equation:

5on) = —= / dOK.(t — ndt,
TimJ_,

K.(t) = / ) £ cos(é DL (E)dE. (3.149)
0

with respect to the unknown contact pressure p(#) on the surface p =1 (Alexandrov and
Pozharskii 2001, Eq. (3.22)—(3.24)):

Sy ,=1 = =), (), (M =y =), 0| < a. (3.150)

The coefficients of the integral equation (3.149) are displayed in Table 3.6.

For the subsequent study of the integral equation, the study of the asymptotic behavior
of the kernel is indispensable. The kernel of the integral equation (3.149) possesses the
asymptotic behavior as listed in Table 3.4. Unfortunately, no closed form solution of the
integral equation with the original kernel L () was discovered. Opportunely, a powerful
method was discovered by Alexandrov and Pozharskii (2001). The referenced method
employs the suitable approximation for the kernel of the integral equation, which leads
to a closed form solution. This closed form solution permits the comprehensive study of
parameters and asymptotic behavior of the solution. Following the referenced method,
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Table 3.6 Kernel of the integral equation for contact problem of elastic cylinder and
cavity, Eq. (3.149).

. Lf(u) L, (u)
Kernel of integral Lw=—-—+
ny 2u,,
. . ~ He Gf 1-v,
Ratio of the elastic constants m=-L=_2__m
U, G, 1- vy
Au+ R 0
Asymptotic of kernel L= u+o(w), u-
B+o(1/u), u—>

_ (-G, +(1-v,)G

Asymptotic coefficient # — 0
41+v))G,,G,

e A -G, + (1= v,)G;
2G,,G,

Coefficient of limit value u — co

we replace the exact kernel L, () with an auxiliary kernel that behaves congruently at
the points # — 0 and # — oo, as the original kernel:

I(u) = Btanh (

,ﬂ) _ {Au +o(u), u-—0, (3.151)

B B+o(1/u), u— oco.

The original formulation of method assumed that the materials of fiber and matrix
were equal (Alexandrov and Pozharskii 2001, Eq. (3.143)). This hypothesis is a strong
limitation for the actual problem. For our purposes, it is principally significant that the
elastic constants of the fiber and matrix substantially differ. Consequently, the assump-
tion of equality of elastic constants should be dropped.

The integrals for the exact and approximated kernels are shown here:

K.(m) = / cos(E ML (&) —,
0 ¢
3] d B
k.(n) = / cos(E MLEE = _BIn <tanh <ﬂ>> : (3.152)
0 ¢ 44
Ka(n), ko) Kernels (exact-approx)
2.56-10 R e
2e-10 e~
1.5e-10 // Glass/Epoxy, approximate
1e-10 / Graphite/Epoxy, exact
Se-11 __-f Graphite/Epoxy, approximate
0 2 4 6 8 10
n =2zl

Figure 3.21 Exact and approximated kernels K_(1), k(1) of the integral equation of the contact
problem.
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Table 3.7 Material data for debonding problem (Barbero 1999).

Glass Carbon T300
Ejﬁ - 73 230
Vf - 0.2
= 3.12 3.12
| : 0.38
Ko(n)
120(]1) ) Re' ation of kernels (exact/approx) Glass/Epoxy
1.15 .j/ . / Graphite/Epoxy
11 e N
1.05 -
1
0 2 4 6 | |

n=2zlr
Figure 3.22 Relation of exact to the approximate kernel K (n)/k_().

The first integral contains the Bessel functions. Exact and approximated kernels K (#),
k.(n) of the integral equation of the contact problem are plotted in Figure 3.21. Exact
and approximated kernels of the first integral equation for the contact problem could
only be evaluated numerically, but the second can be taken in closed form. The mate-
rial data of fiberglass and carbon composites with epoxy resin used for calculations are
listed in Table 3.7. The shaded lines depict the exact and approximated kernels for glass
fibers in an epoxy matrix, respectively. The lines show the exact and approximated ker-
nels for graphite fibers in an epoxy matrix. The relations of exact to approximate kernel
K (n)/k () are shown for these materials in Figure 3.22. The maximal difference for
kernels is about 20%.

3.3.3.4 Partial Debonding With Central Debonding Region (E)
The boundary conditions of the cylindrical interface surface for a contact problem with
the given contact gap 6,(n) on the surface p = lare the following:

(e () = Uy (D] oy = =60(n),  |n| = a;

G(m)r("l)|p:1 =0, U(f)r(”l)|p:1 =0, Inl<a;
Trz(n)|p=1 =0.
The sense of the boundary conditions is as follows. The separation of the surfaces of
the fiber and matrix takes place if the increase of the diameter of cavity in matrix is
greater than the increase of the fiber. If the gap is positive, and on the periphery part

of the boundary || > a separation is prevented by the adhesion of both materials, the
tension (formally a negative pressure) p(n) arises in the adhesion zone. The central part
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of the interface border || < a remains free and the distance between the surfaces of fiber
and matrix gradually increases from the end points.

3.3.3.5 Semi-Infinite Debonding With Central Debonding Region (F)
The boundary conditions of the cylindrical interface surface for a contact problem with
the given contact gap 6,(y7) on the surface p =1 are the following:

[u(f)(r/) - u(m)(n)]p:1 =—06,(m), n=0,
O'(W,)r(rl)l,pl =0, O'(f)r(’?)|p:1 =0, n<0,

7., =0. (3.153)

The boundary condition (3.153) expresses the following. If the gap is positive, for
the positive values of the axial coordinate # > a separation is prevented by the adhe-
sion of both materials, tension (formally a negative pressure) p(r) arises in the adhesion
zone. For the positive values of §,, the axial coordinates on the interface border n <a
remain free.

3.3.4 Contact Problem for a Finite Adhesion Region

The solution of the problem for partial debonding with central adhesion region (D) is
given in closed form. The contact problem (D) reduces to the singular integral equation
with the kernel (3.152):

/ gk (n —thdt =f(n), for —a<n<a, (3.154)

/ ’ gi®)In

The solution of the integral equation (3.155) was given by Gohberg and Krein (1967)
and reads according to Polyanin and Manzhirov (2008):

or

coth ﬂT—t dt=f(n) for —a<n<a. (3.155)

gm) = g1(m) + & (1) + g5(n),

wn,a) [d [°
M @) P /_af(t)w(t, a)dt] ,

-1
=1 /| ) g [M,@ e / Fome, :)dt] de,

1d [“wnd
2dn )y M@

&=

&) =— [ / flOw, f)dt] dé. (3.156)
=3

The functions in the Eq. (3.156) are following:
P_, »(cosh&)
Q_;/5(cosh &) '

1

w(n, &) = , (3.158)
7Q_yy(cosh &) \/2 cosh& — 2 coshyp

M(S) = (3.157)
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where:

P_,,(cosh¢) is the Legendre function of the first kind;
Q_,5(cosh¢) is the Legendre function of the second kind.

For a constant right side in the interval —a <# < g, the right side reads:

f,n) —n<aanda<n.
The solution (3.156) for the function f (1) = 1 in —a <5 < a compresses to:

c (@)
&= for —a<n<a. (3.159)
\/2cosha — 2 coshy

The normalized solution (3.159) is given by the equation:

&) V2cosha
£10) \/2cosha—2coshn.

This formula for the dimensionless lengths of contact region of 2 =1, 2 and 4 is shown
in Figure 3.23.
The solution (3.159) identically satisfies the integral equation:

/ g 1n

It is worth mentioning that the method of solution of the singular integral equation
(Gohberg and Krein 1967) satisfies only the right side inside the interval —a <s <a.

-t
coth nT dt=1 for —a<n<a. (3.160)

91(n) J2 cosh a Figure 3.23 Normalized solution
0 — g,(n)/g,(0) (3.159) for the dimensionless
94(0) “/2 cosha -2 COS:;” length of contact regiona=1, 2, 4.
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Outside this interval the right side f(#) is not defined and no equation for it must be
fulfilled. In other words, the function f () is arbitrary on —y <a and a <#. This func-
tion could be calculated with the obtained exact solution g, (£). We show that this func-
tion exponentially fades with the distance from endpoints of the interval. Strictly speak-
ing, this means that the nullifying of the normal stresses (3.148) outside the adhesion
interval —n < a and a <7 is not identically fulfilled with the closed form solution (3.158)
or (3.159). The acquired formulas are acceptable for the practical evaluation of debond-
ing effects and parameter study. Right sides of the equation f () for different dimension-
less length of contact region are shown on the Figure 3.24.

The dimensionless constant in Eq. (3.159) depends on the dimensionless length of the
contact zone and is represented as:

1+ expla) a exp(a) — 1
o= L) o () (00 1)

1 Ql/Z(COSh a) a exp(a) — 1
a (1 + exp(a))n? <1 + Q_1/2(cosh a)> P (5) K <exp(a) + 1) '

(3.161)

In the formula (3.161) the following special functions are presented:

K(x) is the complete elliptic integral of the first kind,
E(x) is the complete elliptic integral of the second kind.

Once again, the dimensionless variable a characterizes the length of the adhesive
region divided by the diameter of fiber 2r;.
For large values of the dimensionless length 4, the asymptotic behavior of the formula
(3.161) is as follows:
co(a) o 2—71t2 exp(a/2). (3.162)
Thatis, for sufficiently large values of the dimensionless length 4, the following approx-
imate formula could be used:

1 exp(a/2) 1
am ~ — Jor—a<n<a, g0 ~ —. (3.163)
@>>1 27 \/2cosha — 2 cosh a>>1 271

fn)
]

0.8

0.2 1 a=3

-4 -2 0 2 4

Figure 3.24 Right side of the equation f(5) for different dimensionless length of contact regiona=1;
2;3.
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Figure 3.25 The coefficient ¢ (a)/ exp(a/2) as a function of debonding length a.

The behavior of the function cg(a) for large values of a are illustrated in Figure 3.25.
The asymptotic behavior for 4 — 0 of the solution near the crack tip n=a —7n’ is the
following:

_des gi(a—n)
ST

_ |expl@) -1 exp(2a) +1x*\ 1 .
- \/exp(aT <1 * exp(2a) — 1 4 ) T +o(y/1). (3.164)

The value 7 is the dimensionless distance to the tip of debonding. The dimensioned
distance to the tip is rs. The formula (3.164) demonstrates that the function g, (n*)
follows the inverse-square root law #" near the tip of debonding:

exp(a) =1 y2cosha  Y(a)
exp(a) + 1 \/F \/F’

(3.165)

exp(a)—1 1
exp(a) + 1 \/ﬁ ’

51(’7*) ~ g1('7*) ~

where is the dimensionless factor that accounts for the geometry of the crack:

_ /exp(a) -1
Y(ﬂ) = W V 2 cosha.

The coefficient in (3.165) appears in the stress intensity factor for an finite debonding
region as Y the geometrical factor: K = Y(a)Ac, \/ﬁ The graphs of the exact expression
for g,(n) and asymptotical expression (3.163) of the solution near the tip of debonding
are shown for a =2 on Figure 3.26.

The solution of the problem for partial debonding with peripheral adhesion region (E)
could be found in closed form as well.

With the equations (3.159)—(3.163), the solution of the integral equation for the partial
contact region is complete.
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Figure 3.26 Graphs of the exact and

10 ¢
asymptotical expressions of the solution —
near the tip of debonding. |

|

|

| exp(a)-1 1
I exp(a)+1./n
|

|

0.2 0.4 0.6 0.8 1

3.3.5 Debonding of a Semi-Infinite Adhesion Region

For the semi-infinite debonding region — oo <7 <0, the integral equation of contact
problem (F) reads

/ 2@ 1In
0

For the typical debonding problem case, the gap is constant. Namely, in this case, the
right side of the integral equation (3.166) will be also constant. For a constant right side
f(n) =1, the solution (3.159) reduces in the case of a semi-infinite contact region (F) to:

&) = L - L (3.167)

2724/1 —exp(—n) "7 272

In other words, the solution (3.167) identically satisfies the integral equation:

/ 2@ 1In
0

The solution (3.167) is plotted in Figure 3.27.
The asymptotical behavior for # — 0 of the solution near the crack tip is the following:

coth % dt = fy(n) for 0 <5 < co. (3.166)

-t
coth nT dt=1 for 0<n< . (3.168)

&,(m) (3.169)

= - = _ — + —_—
lim g, () l—exp(—n) m %
The value 7 is the dimensionless distance to the tip of debonding. The formula (3.169)
shows that the function g, (1) follows — similar to the function g, (1) — the inverse-square
root law 1/ \/ﬁ near the tip of debonding:

dr &) 1 1 \/ﬁ+o(\/ﬁ).

» L= =—, Y@ -, Yo = (3.170)

gz(”l) ~ 2ﬂ2\/ﬁ ’1 a—oo o0 27[2

S /-
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Figure 3.27 Solution g,(t) (3.167) for a semi-infinite contact region a = co.
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Figure 3.28 Solutions for a finite (D, shaded lines) and semi-infinite contact regions (F, dashed line).

The solution of the integral equation (3.166) beyond the semi-infinite region 0 <# < oo
is shown in Figure 3.27. Once again, the normal stress exponentially vanishes for the
negative values of distance to the crack tip but is not identically zero. The coefficient
K =1/2x? in (3.170) is the stress intensity factor for an infinite debonding region.

Both solutions, the first for a finite contact region (D) and the second for a
semi-infinite contact region (F), are demonstrated in Figure 3.28. The coefficient of
singularity near the tip is equal for both. For calculations, the values 2 =3/4, 3/2 and 3
were used. The difference between the semi-infinite solution and the finite-length
solution is practically negligible if the contact length exceeds several fiber diameters.

Summarizing the results of the previous sections, it is now possible to present the
solutions of the partially debonding problems.
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The Eq. (3.141) expresses the stresses on the interface between matrix and fiber in the
case of ideal contact:

€,EE, ) )
G(f)rlr:rf = O'(m)rlr.:rf = A—(Vm - Vf)(rm - rf ). (3.171)
d

Obviously, stresses (3.171) do not depend on the coordinate z.
If the contact is lost on the part of boundary, the stress on the interface of the partial
contact reads:
2n’e,EE
_ _ fom _ 2_ .2 z
i, = Pl = =30 =407 =1 (2). 172)

For the case of a central contact zone, Eq. (3.159) must be assigned, and for a
semi-infinite region, Eq. (3.167).

The provided closed form solution is used later for the study of the semi-infinite con-
tact problem.

3.3.6 Debonding of Fibers from a Matrix Under Cyclic Deformation

An overview of the development of methods for the prediction of fatigue driven
delamination growth was given in Pascoe et al. (2013). Four categories of methods
were demonstrated: stress/strain-based models, fracture mechanics-based models,
cohesive-zone models and models using the numerical methods based on extended
finite elements. Delamination resistance records from diverse carbon-fiber reinforced
polymer-matrix composites were compared in Stelzer et al. (2014) for different loading
modes. The delamination resistance of composites with implications for composite
structural design and testing include, for example, the determination of threshold values
in cyclic fatigue, the question of conservative mode, approaches for data analysis and
possible analogies in short crack cyclic fatigue between fracture behavior of structural
metal alloys and composites were analyzed. The cited paper demonstrates the disper-
sion of curves in Paris-type law data analysis of cyclic fatigue tests and the resulting
apparent threshold behavior that has implications for composite structural design.

Testing data of carbon-fiber-reinforced epoxy laminates were analyzed later in
Brunner et al. (2016) with different approaches that reduce scatter and to identify
parameters for composite structural design. Selected test data comparing load and
displacement control for the cyclic fatigue tests were also demonstrated. The threshold
values from Paris-law data fitting were compared with values from fitting with a
modified Hartman—-Schijve approach (Hartman and Schijve 1970).

The comprehensive review of the principal studies on stress ratio effect in delami-
nation growth was given by Khan et al. (2015). The effects of stress ratio effect that
investigate the delamination from a mechanistic of physical science perspective were
discussed.

The initial flaws around the fibers over the separation surface persist in different con-
centrations in each fabricated composite material. Harris (1977, 2003) has confirmed
that the damage in glass/epoxy composites is accompanied by firer/resin debonding and
the composite will often fail by splitting parallel to the fibers.
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Horst and Spoormaker (1996) observed that the cyclic axial deformation of a fiber
with cylindrical flaws leads to progressive debonding of fibers from matrix, such that
the debonding crack extends just outside over the separation surface between matrix
and fibers. For some material with poor strength, the debonding crack spreads directly
over the separation surface. Horst et al. (1998) demonstrated that a radial tensile stress
in short glass fiber composites is generated at the interface as a result of fatigue loading.

In this section, from the viewpoint of the above developed static debonding theory,
the spreading of crack over to separation surface between the fiber and matrix will be
evaluated for cyclic loading.

The physical application of the elaborated solution is as follows. Fatigue failure occurs
when a material is subjected to repetitive loading and unloading cycles. The level of
stresses present to cause fatigue failure is usually below values considered as safe for a
single static load application. The critical fatigue initiation is usually at a position lim-
ited to a small area. There are three stages of fatigue fracture commonly distinguished:
initiation, propagation and final rupture (Totten and Tarpani 2008; Fleck et al. 1994).
On a microscopic scale, failure occurs along slip planes in the crystalline structure of
the materials. Most metals with a body centered cubic crystal structure have a charac-
teristic response to cyclic stresses. These materials have a threshold stress limit below
which fatigue cracks will not initiate. This threshold stress value is often referred to as the
endurance limit. In steels, the life associated with this behavior is usually accepted to be
two million cycles.

The first stage (stage I) of fatigue is referred to as initiation. Initiation is probably the
most complex stage of fatigue fracture. The most significant factor about the initiation
stage of fatigue fracture is that the irreversible alterations in the metal are caused by
cyclic shear stresses. The accumulation of microscopic faults over a large number of load
applications leads to cumulative damage. At the location of a severe stress concentration,
the number depends on the geometry of the part as well as on environmental, stress,
metallurgical and strength conditions, as will become apparent. During the stage I, the
spread of fatigue crack per unit cycle decelerates smoothly with number of cycles and
the process approaches its second stage.

The second stage of fatigue is known as crack propagation (stage II). The propagation
stage of fatigue causes the microscopic crack to change direction and grow perpendic-
ular to the tensile stress. The second or propagation stage of fatigue is typically the
most readily recognizable area of a fatigue fracture. The Paris law describes the stage
II propagation law (Paris and Erdogan 1963). The traditional form of Paris law pro-
nounces the spread of fatigue crack per unit cycle as a power function of the range of
stress intensity factor. Toward the end of the stage II, the spread of fatigue crack per unit
cycle begins to accelerate smoothly with number of cycles and the process turns to the
third stage.

The final, third stage of fatigue is the final rupture (stage III). As the propagation of
the fatigue crack endures, progressively sinking the cross-sectional area of the test spec-
imen, it eventually deteriorates the part so significantly that final, broad fracture occurs
with a couple of load cycles. The fracture mode may be either ductile (with a dimpled
fracture surface) or brittle (with a cleavage, or intergranular, fracture surface). The com-
binations of these modes occasionally occur, depending upon the metal concerned, the
stress level and the environment. In the course of the stage III, the spread of fatigue crack
per unit cycle progressively accelerates with each cycle.
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The debonding crack propagation over the separation surface is quantified as a func-
tion of the range of the stress intensity factor:
K=K, ., — K. (3.173)
The factors in this equation are:

K ... the maximum stress intensity factor;
K, the minimum stress intensity factor per cycle.

The common form of Paris’ law quantifies the fatigue life of a specimen for a given
particular debonding crack size a. The range of stress intensity factor reads:

K = Y(a) \/r;Ac,. (3.174)

The range of stress intensity factor depends on the following factors:
Y(a) is the dimensionless parameter that reflects the geometry (3.165);

AC, = 0,max — Ormin (3.175)
is the radial stress range (3.171);
€2 = (Eoman + Exmin)/ 2+ (€4 gy = € i) COS OL/2. (3.176)
cyclic axial strain;
the maximum radial stress per cycle:
€.maxErEm 9 9
O max = A—d(vm = V)1, — 1) (3.177)
and the minimum radial stress per cycle:
Gy min = %(W — v, = ). (3.178)
For a considerably long debonding length (3.167):
Y(a) — L AG’\/? (3.179)

ERAV” 2 272
Equation (3.181) demonstrates the remarkable feature. Namely, the stress concentra-
tion factor K, does not depend on the length of deboning region, but on the diameter
of the fiber if the debonding region is longer than several fiber diameters.
The common form for propagation law is used:

CfZ'_Z =p.(K) or cfZ—Z = p.(o\/ 7a). (3.180)

The value ¢,/p (K) determines the expansion of the fatigue crack per load cycle. The
coefficients in Eq. (3.2) are:

¢; = ¢(R,;) the material constant of matrix or resin for a given stress ratio R ;

K.
R, = —== < 1 the stress ratio of cyclic load;
K, +K. 1+R K

K, = —ox__minh —. the mean value of stress intensity factor.
2 1-R, 2
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The propagation function p (K) describes the infinitesimal crack length growths per
increasing number of load cycles 1, supposing that the load ratio R, remains constant
over the load history. Thus, the range K and the mean value K, of stress intensity factor
remain constant. The variations of range K and the mean value K, of stress intensity
factor over the load history could be accounted by applications of damage accumulation
theories. The crack growth rate function due to Paris—Erdogan is:

p(K)=K" . (3.181)

It is assumed that the cracks with the initial length 6 exist in the resin material in
the vicinity of the matrix-fiber separation surface. The cycle count starts with the
beginning of crack propagation from its initial length. If the initial length 6 is small,
the stress intensity factor is proportional to the square root of the crack length and
is, consequently, low. Thus, the crack spreads slowly at the beginning of cycle history.
However, with progressive crack elongation the stress intensity factor initially raises
continuously proportional to the square root of the reached crack length. With further
elongation, the stress intensity factor increases more and more slowly than the square
root of the reached crack length. Thus, the increase of the stress intensity factor
gradually decelerates with the elongation of crack. For long cracks, the stress intensity
factor reaches its asymptotical limit

K, = Ao, \/r—f/27r2. (3.182)

The stress intensity factor stabilizes below the limit (3.182). As a result, for sufficient
long debonding cracks the range of stress intensity factor does not depend on the
length of debonding region. Accordingly, the elongation per cycle for the sufficiently
long cracks, of several fiber diameters, remains constant. Under cycle loading, the
debonding region grows with constant elongation rate (Figure 3.17). The stress intensity
range depends linearly on the strain amplitude (3.177) and (3.178) and crack growth
rate follows the certain crack propagation law, for example, the Paris Law (3.179).

As a consequence, the elongation of the debonding crack per the load cycle remains
constant. The debonding length is directly proportional to the cycle count. This effect
leads to the steady degradation of the material over the cycle number. For example, the
longitudinal module reduces roughly proportionally to the duration of cyclic load.

3.4 Conclusions

The mechanisms of damage of fiber-reinforced composites on the micromechanical
level were discussed. Two main effects were displayed: crack bridging across fiber direc-
tion and the debonding of fibers in their direction. These two mechanisms of fracture are
frequent for unidirectional fiber bundles. The parametric dependences of crack tough-
ness were derived in closed form. These formulas are necessary for optimization tasks.
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4

Optimization Principles for Structural Elements Made of
Composites

4.1 Stiffness Optimization of Anisotropic Structural Elements

4.1.1 Optimization Problem

The estimation of specific anisotropic stiffness is based on the following technique. The
density of the elastic energy of an anisotropic material depends on the orientation of
material and the appropriate stress 6:

W, (@) =6"- §(®) 6/2= ;S (@)og /2. (4.1)
The elastic energy pro mass unit (specific elastic energy) reads:
W, (®) = W,(®)/p =67 - S(®) - 6/2p. (4.2)

The angle ® designates the rotation angle in the xy plane and is the angle between axis
“1” of material-fixed and the x-axis of element-fixed coordinate systems.

For the optimization, the relations between the components of the tensor S(®) = [S z’jkl]
in element-fixed coordinate system and tensor S, = [s;;] in the material-fixed coordi-
nate system with the components s;;; = S;;,(® = 0), are required.

At first, the rotation is performed in tensor notation of the fourth order. The tensor of
the fourth rank S(®) coordinate system possesses the components:

Sl]kl(Q) = tiptthkntlsquns’ i,j, k, l = 1, 2, S, (4:.3)
where
c s 0
tlp) =[f]=[-s c O]. (4.4)
001

is the orthogonal rotation matrix. In this chapter, the abbreviations are used: ¢ = cos @,
s =sin ®. R

Similarly, the tensor of the second rank in Kelvin’s notation S(®) depends on the incli-
nation angle @ as follows:

S(@) = T(®) - SO - TT(®), (4.5)
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The first optimization problem consists of a search of the orientation of the angle ®
that provides the minimum or maximum of the elastic energy, assuming the stress 6 is
given:

W,(®) > min (4.8)
or

W, (D) - max. (4.9)

The minimum of the elastic energy (4.8) is attained for the stiffest structures, if the
slightest distortion of the structure is questioned. The maximum of the elastic energy
(4.9) leads to the structure that stores the highest amount of the elastic energy under the
action of the given stresses.

The optimization problem (4.8) has been the subject of several studies in the context of
orthotropic solids. In Seregin and Troitskii (1981) the coaxiality condition was stated in
the cited work. According to the coaxiality condition, a minimum or maximum of strain
energy is attained, if the stress and strain tensors share common principal axes. Rovati
and Taliercio (2005) stated the coaxiality condition three-dimensional elastic materials
with orthotropic and cubic symmetries. The coaxiality condition was also considered by
Cowin (1994), using method of Kelvin’s notation.

4.1.2 Optimality Conditions

One way to derive the optimality conditions uses the variations of tensor components of
the fourth rank in three-dimensional space (Banichuk and Kobelev 1987). At each point
of the body let the direction of the anisotropy axes be given by the unit vectors jy, j,, js.
The unit vectors that define the directions of a global Cartesian coordinate system are
i, iy, is.
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Orientation of the anisotropy axes relative to the axes of the global coordinate system
is given by the magnitudes of the cosines of the angles between the directions j;, and i,
by the quantities ¢ = (j;, i;). The rotation transformation matrix #; is orthogonal:

Lty = Oy

where §,, is the Kronecker delta. Since the orientation varies from point to point, the
magnitudes of the direction cosines are functions of the coordinates. The optimization
problem consists of seeking the orientation of the anisotropy axes, that is, the functions
ty (%1, %y, x5) from the condition for the maximum or minimum of the elastic energy.
The expressions for the variations 65, due to the variation 6 of the cosines ¢, read:

81 = AS sty 51 (4.10)

ijks
The variation of the orthogonal rotation matrix ¢ is:
s =0
@) = [6t;]=—]c s 0]5D. (4.11)
000

Adding six conditions (4.11) with six Lagrange multipliers 7, to Egs. (4.8) or (4.9), we
get the augmented elastic energy:

Wo(®@) = 6,801/ 2 + Ny (Ept, — Og). (4.12)
Using the relations (4.10), the variation of (4.12) reads:
W, (@) = 405,01ty tpl/2 + 2nt,,6t,
= 2[0S0 + Ny lt,0t,. (4.13)
Consequently, the variation 6 W(®) disappears, if the following condition is satisfied:
04SijksCrt = —Ny- (4.14)

The augmented elastic energy (4.12) behaves as a scalar for an arbitrary rotation trans-
formation. Consequently, the Lagrange multipliers form symmetric tensor n =n7, or,
in component notation, n, = #,,.. From this condition and (4.14) follows the important
identity:

o; S,}ksak, =0 S,}klaks, 6--S-6=06-S--0. (4.15)

The one and two dots between the symbols denote the simple and double products.
Because S - - ¢ = ¢, the identity (4.15) yields to the commutation relation:

€-6=0"E¢. (4.16)

Two symmetric second-rank tensors are said to be coaxial if their principal axes
coincide. Two symmetric, second-rank tensors are coaxial if and only they commute
(Ogden 1997, problem 1.3.8 in chapter 1). The tensors 6, € commute and, consequently,
are coaxial.

Another elegant way to derive the coaxiality conditions in 6 X 6 tensor notation was
proposed by Norris (2005). According to (Norris 2005, Eq. 31), the variation of the elastic
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energy (4.1) reads:

SW,(@®) = ?GT [Bm) - Q. @) - 8° - Q7 (n, D)+
Qn, @) -SO7 . Q7 (n,®) - P'(n)] - 6. (4.17)

By virtue of commutation of the tensors ﬁ(n), (A)(n, @), the expression (4.17) reduces
to

SW, (@) =67 - P(m)- Qn, @) -5 - Q"(n, )5,
5® =67 -P(n)-S-650. (4.18)

In the stationary case, the first variation vanishes: § W(®) = 0. If the stress tensor is
aligned with the fixed axis, the first two terms condense to the vector:

&7 . P(m) = [0, 0,0, V20, — o)y, V2(0; — 605, V20 — a,)ns] . (419)
Consequently,
SW, (@) =67 - P(n) - S(®) - 660 =
T
(o — o1y Sia S Sau || o1
=2 (o;—oyny | |S15 Sas Sss || 0w |- (4.20)
(o —op)n Si6 S26 Ss6 || om

The variation (4.20) must disappear for all directions of the rotation axis n. Accord-
ingly, the condition of the stationarity of the elastic energy W, (¢) reads:

O — Oy 0 0 Sia S Sau| o1 0
0 o,—oy O Si5 Sas Sas || o [=10]- (4.21)
0 0 611 =01 || S16 Sa6 S36 || Om 0

If all principal stresses are different, the matrix on the left side is diagonal with
non-zero eigenvalues and (4.21) brings us a simpler form:

Sia Soa S || o1 0
Si5 Sos Sss || oy | =101 (4.22)
Si6 Sa6 Ss6 || om 0

The identity (4.22) results, and the oftf-diagonal components of the strain tensor in
stationary case disappear: €,; = €5, = £;, = 0. In other words, the strain tensor and
stress tensor contain only the diagonal components in the selected coordinate system:

E=1le,, €&, £, 0, 0, 07,8 = [0, 0y, 03, 0, 0, 0] (4.23)

The stress and strain tensors have also proved to be coaxial for the stationary case
of elastic energy. Both presented variational methods can be applied for the following
optimization problems.
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4.1.3 Optimal Solutions in Anti-Plane Elasticity

The simplest solution of the optimization problem delivers the anti-plane stress state.
In this state, all components of the stress tensor except ¢,5 and o,; vanish. The density
of the elastic energy reads:

c? s2\ 0% 1 1 c2 2\ o1
W) =—+-") 2 +sc|=—-=— =+ ) 2
@) < Gy Gy3/) 2 Gy Gy3 723913 G Gy /) 2

(4.24)
The exact bounds for the density of the elastic energy are:
62, +o? o2, + o2
2 maj:[ng,l 3(;13] WP <3 mnzf[GB,lz;B] ' (425)
These bounds correspond to the inclination angles
® = +arctan(o5/0,3)- (4.26)

4.1.4 Optimal Solutions in Plane Elasticity

The case of plane elastic problem could be also investigated in closed form. For the uni-
axial tension stress the stress vector reads: G(T) = [0,0,0,0,0,0]. The vector of principal
stress is directed parallel to the x-axis. The magnitude of the principal stress is: . The
plot of the elastic energy density W ,(®) as the function of angle ® is shown in Figure 4.1.
The materials with higher values of elastic energy density for a given stress accumulate
more energy in the volume unit in comparison to the materials with lower values the
elastic energy. The plot of the specific elastic energy W, (®)/p as the function of angle ®
is shown in Figure 4.2. For calculation the stress magnitude is set to ¢ = 1MPa.

TENSION ener . . .
o Fiber direction

0.0001
Glass @
uD
56=05
Principal stress
U T, | Carbon
—0.0001 —5e-05 o 5e-05 0.0001 ubD
—5e-05
-0.0001

Figure 4.1 Elastic energy for uniaxial tension as a function of angle ®.
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Figure 4.2 Specific elastic energy for uniaxial tension as a function of angle ®.

If the shear stress in the xy plane is the sole stress in material, the stress vector reads:
6(5) =0]0,0,0,0,0,1]. The plot of the elastic energy W,(®) as the function of angle ®
is shown in Figure 4.3. The plot of the specific elastic energy W,(®)/p as the function of
angle @ is shown in Figure 4.4.

Note that the situation is similar if the strain is given instead of the predefined stress.
The materials with the higher values of the elastic energy density for a given strain accu-
mulate more energy in comparison to the materials with the lower values of the elastic
energy density.

4.2 Optimization of Strength and Loading Capacity
of Anisotropic Elements

42,1 Optimization Problem

We consider a structural element made of composite material that occupies the region Q
with the boundary I'. For evaluation of failure of the structural element the phenomeno-
logical criterion is applied. For definiteness, we use the tensor-polynomial of the second
order in Tsai—Wu form. The failure takes place at a certain point, if the stress exceeds
the failure criterion:

206)=6" o FY (@) 06+ F?(®) 05 <1, (4.27)

4 2
g(o-ij) = o-sz'l'(jk)l((p)o-kl + Fz(] )O-ij S L (4'28)
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The components of tensors F* and F® depend on the orientation ® of the anisotropy

in each point of the structural element:

(4)
Fijkl -

_r® (2) _ @
Fi/kl((b)’F;j _Fij (@)
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The derivation of the optimality conditions is based on the relations between the
components of the tensors F¥, F? and their components in the material-fixed axes
4 4 2 2 . . .
fz/(kl) = Fi(jk)l(q) =0), fl]( ) = Fi(/ (@ = 0). The Equation (2.33) in Chapter 2 provides the
transformation laws:

(4) _ (4) (2) _ (2)
Fio(®@) = byt titifyms  Fy(©) = 6,07 (4.29)

Similarly, the pressure-dependent Mises—Hill strength criterion reduces to:
g@)=6"eE(@) o6 <1, gloy) =0,Fu0,<1. (4.30)
The second rank tensor depends on the inclination angle ®:
@) =T@®)-E, T'(®). (4.31)

The second optimization problem consists of a search for the orientation of the angle
® that provides the minimum of strength criterion, presuming the given stress 6:

2(®) - min. (4.32)

The optimization problem (4.32) has been intensively studied for load-bearing com-
posite structures. The review is given in the book by Vasiliev and Gurdal (1999). The
fulfillment of the extremum in (4.32) assures the maximal load capacity of the structure.
The principal applications of the optimization problem (4.32) are, for example, the pres-
sure vessels made of wounded composite fibers or layers. The deformation and stiffness
in these applications are insignificant and not accounted for in the optimization prob-
lem (4.32). The optimization problem (4.32) leads similarly to the stiffness-optimization
problems considered in the previous section, in particular to the co-axiality condition.
Equations (4.27) and (4.28) in the six-dimensional stress space yield a family of convex
surfaces enclosing the origin. To estimate the carrying capacity, the theorem of ultimate
equilibrium is used, according to which the body sustains applied loads if a safe statically
possible field of stresses exists, that is, a stress distribution satisfying the equilibrium
equations and boundary conditions:

0 +q;=0, oyl =T, (4.33)

Here 11; are components of the unit external normal vector to the body surfaceI',. The
I', is the part of the body surface on which the loads T, are given, I’/ UT", =T..

On the rest of the surface, the body is considered clamped; that is, it is considered
that the displacements are zero. The Roman subscripts in this section take the values 1,
2, 3 or the values 1 and 2 in plane problems. Summation is over repeated subscripts and
the subscript after the comma denotes differentiation with respect to the corresponding

coordinate.
If the external loads on the structural element increase proportionally to a load mul-
tiplier p:
4, =pq°. T; = pT? (4.34)

the loading capacity is exhausted; if at any point the failure criterion attains its ultimate
admissible value.
The vectors T, g are prescribed.
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Accordingly, the problem of maximization of loading capacity is dual to the prob-
lem (4.32). The dual optimization problem searches the appropriate orientation of the
anisotropy axes at each point of the body that maximizes the admissible load multiplier.

The optimization problem consists of seeking the orientation of the anisotropy axes,
that is, the functions ¢, (x;, x,, ;) from the condition for the maximum of the admissible
load multiplier:

b= mgxp(tlk), (4.35)

upon compliance with the condition (4.27) or (4.30). The failure conditions (4.27) or
(4.30) in form of inequalities are equivalent for an arbitrary real value y to the condition
in the equality form:

g—1+u*=0. (4.36)

4.2.2 Optimality Conditions

The expressions for the variations SF; @5 6F ) , due to the variation 6my, of the cosines m;

read:
(4) _ (4) (2) _ (2)
5F = 4t,,6t, Fuks 5F = 2t,,6t,F.". (4.37)

For application of the variation method, the functional being optimized must be rep-
resented in the form of a spatial integral:

-1
p= </ dQ) /p(xl,xz,xs)dQ, p(x,, %5, %5) = const. (4.38)
Q Q

The augmented Lagrange functional accounts for Eqgs. (4.33), (4.36) and (4.38):

-1
J= (/ dQ) /p(xl,xz,xg)d§2+/wi(aw + g,)dQ+
Q Q Q
/ Mg—1+p*)dQ+ / ny(taty — 6,)dQ. (4.39)
Q Q

We define the conjugate variables y, functions satisfying the following differential
equations

1 08 _ ., . @ )
E(Wi’j + l[/“) = /107._11 = 2/161’;" 6 = Fz}klo-kl + EFU, , (440)

and the boundary condition
¥ilr, = 0.
The Lagrange multipliers A and y are subject to additional conditions:
=0 in Q. (4.41)

Using (4.40) and (4.41), we obtain the variation of the augmented Lagrange functional
in the form:

5] = /(O-IGEZ‘ + nkS)tSpétpde' (4‘.4’2)
Q
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On one hand, the tensor #,, is symmetric: 7, = 1. On the other hand, the variation
6t is arbitrary. The requirement 6/ = 0 and the arbitrariness of ¢, brings us to the
necessary optimality condition:

* __ * * ok
OEs, = Oy€y,0r G-& =¢" 6. (4.43)

The necessary optimality condition manifests the commutation of the tensors ¢ and
€ . The tensors ¢ and € possess the same eigenvectors. Thus, the commutation relation
corresponds to the necessary optimality condition:

(6 N O 1/21:(2)) .6=¢- ((; CE® 4 1/213(2)) ) (4.44)

From the commutation (4.43) and (4.44) follows, that the tensors ¢ and e* = ¢ - -F® +
1,F® must be coaxial in case of the optimal orientation of anisotropy axes.

4.2.3 Optimal Solutions in Anti-Plane Elasticity

In the anti-plane stress state, all components of the stress tensor except for o5 and o,
vanish. The strength criterion reads:

g(®) = 2L(0y3¢ + 0135)* + 2M(0 3¢ — 0y35)* (4.45)
The constants in Eq. (4.45) according to Table 2.2 in Chapter 2 are:
2L =7,%2M = T.°.

The exact bounds for the density of the elastic energy are:

o tol _g®)  oyutoy (4.46)
max[7,,7;] © 2 ~ min[7,, 7] )
These bounds correspond to the inclination angles:
@ = +arctan(o5/0,3). (4.47)

4.2.4 Optimal Solutions in Plane Elasticity

For the uniaxial tension stress, the stress vector reads: G(T) =[0,0,0,0,0,0]. The plot
of the strength criterion g(®) for tension stress as the function of angle ® is shown in
Figure 4.5. The value of the strength criterion is reciprocal to the ultimate directional
stress. Accordingly, the materials with higher strength criterion values are weaker than
those with the lower values. In other words, a higher value of the strength criterion
for a given stress means the material is weaker. The plot of the specific strength crite-
rion g(®)/p as the function of angle ® is shown in Figure 4.6. For calculation the stress
magnitude is set to 0 = 1MPa.

For the pure shear load in the xy plane, the stress vector is: 8(5) =10,0,0,0,0,1]. The
plot of the ultimate criterion g(®) for shear stress as the function of angle @ is shown in
Figure 4.7. The plot of the specific ultimate criterion g(®)/p as the function of angle ®
is shown in Figure 4.8.
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Figure 4.5 Direction-dependent strength criterion g(®) for a uniaxial load.
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Figure 4.6 Specific, direction-dependent strength criterion g(®) for a uniaxial load.
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Figure 4.7 Direction-dependent strength criterion g(®) for a pure shear load.
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Figure 4.8 Specific, direction-dependent strength g(®)/p for a pure shear load.

4.3 Optimization of Accumulated Elastic Energy in Flexible
Anisotropic Elements

4.3.1 Optimization Problem

The third optimization problem studies the orientation of the angle ® that provides the
maximum of the stored elastic energy, presuming the given stress & fulfills the quadratic
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strength criterion:
W,(®) =06 -S(®)-6/2 > max, (4.48)

g @) =567 - FY®) -6+ F2(®) -6 < 1. (4.49)

In terms of the components of the fourth rank tensors, the optimization problem
reads:

W,(®) = 0,8,(®)oy/2 — max, (4.50)
g(®) = crl-jF;i)lak, + O';jF,'(jZ) <L (4.51)

The sense of the optimization problem is the following. The mass of the structure is not
affected by the orientation angle and considered as a constant during the optimization.
The elastic element of structure of a given mass that stores the maximal elastic energy
for a given applied load is pursued. The stored energy is limited by ultimate stresses that
follow from the failure criterion. The applications of the optimization problem are the
springs and energy harvesters.

The equivalent formulation of the optimization problem regards specific elastic
energy:

— s7.5.6
W (@)=L 0 50 ~ max, (4.52)
267 . F® .6 +F® .6 @
~ 1 65810k
W, (®) = iﬁ —~ max. (4.53)
oy, jkiOk T GijFij

Due to anisotropy of the composite material, the specific stored elastic energy depends
on the relations between the stress components. The value of the stored elastic energy
for a unidirectional load therefore differs from the value in a multi-axial stress state. This
circumstance makes the comparison of stored elastic energy to some extent indirect. For
comparison of different materials, the stress state must be fixed. Later, we mainly study
two principal stress states, namely unidirectional load and pure shear stress, which are
typical for common spring elements.

4.3.2 Optimality Conditions

The derivation of the optimality conditions is similar to those of the previously consid-
ered optimization problems. The variation of the ultimate elastic energy reads:

=~ 1 O-ijaSijlekl

oW,=-—————
3 @ @
o5 Ou + o4k
1 UijSijkl ki (4) (2)
5( o+ o FOy (o-l'iéFijklo-kl + O'ij5Fl,}, )=
Ot ijuCki T Oyt

W (4) w sF®
1 Ci0SiCr — 2Weaij5Fijklakl - 2W25Fi], Oy

, (4.54)

) @) )
Gi/Fz‘;'klo-kl + ai]-Fij
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Using (4.10) and (4.28), we transform the variation (4.54) to the form:

A LA (4.55)
e ) @) <7 pk )
05F a0 + o5E;
o _ @, 10\
€5 = 0,8, — 2 («;U,Fijks + SF ) W, (4.56)

e =e—2(c-FY + 1LE?) W.

The requirement of vanishing of variation (4.55) and the arbitrariness of Ot delivers
the necessary optimality condition:

OEln =0y, ,0r G " =" 0. (4.57)

ik

The variation 6 W, vanishes, if the tensors ¢ and £ commute. From the commutation
condition (4.57) follows, that the tensors ¢ and €~ possess identical eigenvectors and
therefore must be coaxial for the optimal orientation of anisotropy axes.

For technical applications and weight evaluation of different materials, the specific
ultimate elastic energy is useful:

—_— ¢l .S.6
W= L8 56 , max, (4.58)
2p6T-F-6 ©®
~ 6S kO
* = ZL% — max. (4.59)
P UifFijklO-kl + O-l'jFij

The expressions (4.58) and (4.59) indicate the ultimate stored elastic energy related to
density of the material. The necessary optimality conditions do not alter and are valid
also for the expressions (4.58) and (4.59).

4.3.3 Optimal Solutions in Anti-Plane Elasticity

In the anti-plane stress state, all components of the stress tensor except for 0,5 and 0,5
vanish. The ultimate elastic energy reads:

c? 2\ o) 1 1 c? s2\ o

—+—)ﬁ+sc<———>aa +<—+—>ﬁ

< GZS G13 2 GZS Gli 23713 G13 G23 2
2L(0y5¢ + 0135)? + 2M(06,5¢ — 0,35)?

With Table 2.2 in Chapter 2, the values are: 2L = 7,2, 2M = 7 2

For the given 0,3, 0,5, the exact bounds of the density of the elastic energy are:

W,(®) = (4.60)

~ =
. ~ — o~ T, T,
min w< W,(®) <maxw, w=|W,0),W, (=), , , (4.61)
i=1,.4 i=1,..4 2/ 4Gy 4Gy

) 2 2
7,7, G305 + Gyz07,

~ 2 | = 2
4G23~G21~3,2 T 0y, -;— 7,05, ,
— <£> 0T G,305; + G307,
e - ~ 2 22

2 4GGy3 7,05, + T 07,

W,(0) =

The bounds (4.61) correspond to the inclination angles:

® = [0, 7/2,arctan(o,5/0,3), — arctan(o;3/oy3)].
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Figure 4.9 Specific direction-dependent ultimate stored energy for uniaxial tension.

4.3.4 Optimal Solutions in Plane Elasticity

The plot of the specific ultimate elastic energy We*(d)) for tension stress as a function
of angle @ is shown in Figure 4.9. The materials with higher values of specific ultimate
elastic energy accumulate more elastic energy before breakage than materials with lower
values of specific ultimate elastic energy. In other words, the higher the value of specific
ultimate elastic energy, the more able the material is to store more elastic energy per
mass unit than the lower value of specific ultimate elastic energy. Materials with higher
values of specific ultimate elastic energy are preferable for energy storage applications,
like springs and energy harvesters.

For the pure shear load in the xy plane, the stress vector reads: G(S) =1[0,0,0,0,0,1].

The plot of the specific ultimate elastic energy We*(db) for shear stress as a function of
angle @ is shown in Figure 4.10.

4.4 Optimal Anisotropy in a Twisted Rod

In the first example of the application of optimization principles examined previously,
the simple problem of optimal arrangement of anisotropy in a cross-section of a straight
rod in torsion is examined. Let us consider the torsion of a cylindrical rod subjected to
moments applied to its ends. We assume that the transverse section of the rod is a sim-
ply connected domain Q. The Ox; axis of the Ox,x,x; orthogonal coordinate system
is oriented in the direction of the cylinder generator, while the Ox,, Ox, axes are ori-
ented in the plane of the transverse section. The lateral sides of the rod are load-free.
It is also assumed that the material is continuously inhomogeneous and has a plane
of elastic symmetry normal to the generator (the Ox, axis) at each point. The mate-
rial is orthotropic at each point where the two orthotropy axes are in the plane of the
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Figure 4.10 Specific direction-dependent ultimate stored energy for a pure shear load.

transverse section and their orientation is independent of the coordinate x;. Under tor-
sion there are only two stress tensor components: 7,5,7,;. The torque is expressed in
terms of the stress tensor components as follows:

M= / (Ty3%, — T13%,)dQ. (4.62)
Q
The equilibrium equation and boundary conditions are the following:
0T13/0%) + 07y /0%, =0  on  Q, (4.63)
Tighy + T3y =0 on T (4.64)

Since only two stress tensor components are not zero, criterion (2.4) in Chapter 2 is
rewritten in the abbreviated form:

8(T13,Tp3) = 4421:231,,35?;?3(@)1,3 <1 (4.65)
ij=1,2,

The anisotropy parameters are calculated in the global coordinate system Ox,x,x,
with directions i, i,, i;. These anisotropy parameters are functions of the coordinates x;,
%, and depend on the orientation of the anisotropy axes in the plane of the section. In
addition to the Ox;x,x; coordinate system, we introduce an intrinsic coordinate sys-
tem o0y,y,y; whose directions j;, j,, j; correspond at each point o with the direction
of the anisotropy axes of the material. The Ox, axis is parallel to the oy, axis and the
angle between the oy, and Ox, axes is ®(x;, x,). The fracture condition in the intrinsic
coordinate system 0y, y,Yy is also a quadratic form of the shear stresses. The parameters
f12=f 1323 f 20 =f 2303, characterizing the anisotropy in the intrinsic coordinate system
0y,Y,y; are independent of the point coordinates and are constants of material. These
quantities are expressed in terms of the shear stress limits with respect to the principal
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anisotropy axes:

2 2
T T

<~—“‘) + (ﬁ) <1, (4.66)
T13 Ta3
(4) — 4 _ (4) — @ _

F1313(0) =J1313 — 1/?%3’ F2323(0) =J2323 — 1/?33- (4.67)

The coefficients f1,,f, and F,;, F,,, F,, are components of symmetric positive-definite
matrices:
(4) (4) (4)
= l 1313 0 ] F= lFms(cD) F1323(q))]

(4) (4) (4)
0 f2323 F1323(q)) F2323(q))

(4.68)

The relation between the coefficients F;; and f; can be represented in the form:
Fy = tytyfy. (4.69)
The non-vanishing components stress tensor read in terms of the stress function ¥(x;,
xy):
7, =0¥/ox,, 1,=-0¥/ox; om Q. (4.70)

The equilibrium equations are satisfied identically with (4.70). The boundary condi-
tion reduces to the function ¥(x,, x,) = 0 being zero on the boundary I".
The condition (4.66) is rewritten in the form:

Q¥ ¥,=V¥.-Q V¥ <1,
Q=|FF'=|fjtt-f-t))", ¢t-t'=E (4.71)

The ultimate torque equals the extremal value of the functional:
M= que,lx / W(x,,x,)dQ, (4.72)
Q

among all continuously differentiable functions ¥ that satisfy:

V¥-Q-V¥ <1 on Q,
¥Y=0 on T. (4.73)
For the functions ¥, the equilibrium and conditions for ultimate stresses are identi-
cally satisfied.
The optimization problem formulated in Section 4.1 for the three-dimensional prob-
lem becomes the following for a specific case of the state of stress: determine the optimal

orientation of the anisotropy axis from the condition for the maximum of the ultimate
torque (4.30):

M* = max M. (4.74)
D(xy.x,)

According to Eq. (4.43), the necessary optimality conditions are:
(Fi17y + Fia1))7y = (Fia1y + Fyy 7)1 (4.75)
The necessary optimality conditions (4.75) are satisfied identically if:

Fyy 7, + Fioty = A1y, Fioty + Fyyty = A1, (4.76)
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Relying on relationships (4.76), Eq. (4.73) reduces to the form:
u-Q-u

Q - V¥=.V¥Y, A=|F|1=[f|]2=max — (4.77)
u u-u

The maximum M’ of the integral (4.72) for the torque M is achieved when a regime
corresponding to a large eigenvalue Q is realized in the whole domain Q:

Q- V¥=4_VY, A, =max(fe. f@ (4.78)

m 1313°/23237°

The minimum M of torque M (4.72) is achieved when a regime of lower eigenvalue
Q everywhere in Q:

Q V¥ =4, VY, A, =minfs,,fo (4.79)

mi 1313°/23237°

It therefore follows that the ultimate moment reaches a maximum when the directions
with the highest yield at each point agree with the direction of action of the maximum
tangential stress:

M™ <M < M*. (4.80)

4.5 Optimal Anisotropy of Bending Console

In the second example of the application of optimization principles, the problem of opti-
mal arrangement of anisotropy in a cross-section of a straight rod in a state of bending
is studied. The state of stress is examined in a prismatic cantilever rod loaded by surface
forces distributed over its unclamped end face. We superpose the origin on the stiffly
framed left end face of the rod. Let the side surface of the rod be force-free and P the
principal vector of the surface forces on the right end x; = / directed along the x; axis.
The surface loads on the end face produce a moment M, relative to the center of inertia
whose vector is directed along x,. The stress tensor components 7,5, 7,5 and o5, differ
from zero at each section of the rod. The normal stress o, is represented by the formula:

My +P(l—x
a3 = —#xl. (4.81)
Therefore, a transverse force:
P= / 7,3dQ. (4.82)
Q
and a bending moment:
Mg = —/633x1dQ (4.83)
Q

act on the cantilever. The statics equations in the volume and on the surface are written
in the form:

0T)3/0%; + 07,3 /0%, = —I"'Px; 07)3/0x3 =0, 07y3/0x;3 = 0,731, + Tp311, = 0.
(4.84)

In Eq. (4.81) I is the moment of inertia of a section relative to the x, axis. It is assumed
that the transverse section has an axis of symmetry that agrees with the force line of
action.
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The shear stresses are expressed in terms of the stress function ¥(x,, x,):
T3=Y,— %1—1le2 +W(x,), 75 = ' PY . (4.85)

The auxiliary function ‘Y’(xz) will be defined later from the boundary condition in
(4.92). The boundary condition (4.92) is rewritten with the introduced stress function
as:

O /as = %I‘Ilez - l?(xz)] dy/ s, (4.86)

the derivative with respect to the contour is d/9s. If the function lf’(xz) is selected in such
a way that the condition:

1
2
is satisfied on the contour, then the boundary condition takes the form ¥(I') = 0.

We will consider the plane of the cantilever transverse section to be the plane of sym-
metry. Under this assumption, the criterion (2.4) in Chapter 2 is written in the form:

' Px,> = P(x,) (4.87)

(4) (4)
8(T13: 723, 033) = TpFy(P)7 + Fagpg0” < 1. (4.88)

We assume that the bending moment M and the transverse force P vary over load
history proportionally to a single parameter x, such that the ratio M;/P = k remains
constant. The parameter x depends only on the location x; of the section on the rod
axis. With some stress function ¥(x,, x,), the stresses satisfy inequality (4.88) at each
point.

The optimization problem consists of seeking a distribution of the orientation of the
anisotropy axes such that the limit load reaches the maximum value.

The optimal orientation of the anisotropy axes is such that the direction of the shear
stress vector {75, 7,3} acting in the plane of the rod transverse section will agree with
the direction of the eigenvector of the matrix B corresponding to its smallest eigenvalue.
Such an orientation corresponds to the minimum value of the quadratic form on the
left-hand side of (4.88).

4.6 Optimization of Plates in Bending

The estimation of specific anisotropic stiffness of plates in a state of pure bending is
based on a similar technique. The density of the elastic energy of an anisotropic material
depends on the orientation of material and the given moment vector:

W, (@) = M7 - D1(@) - M/2, M7 = [M,,, M,,, V2M,,]. (4.89)
The specific elastic energy reads:

W,*(@) = MT - D™(@) - M/2p. (4.90)
The tensor of the second rank ]3‘1(613) depends on the inclination angle ®:

Dl(®@) = T(®) - DO'(@) - T1(®), (4.91)
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c? 2 \/2sc

T(q)): s2 2 —1/2scl. (492)

—/2s¢c V/2s¢ ¢ —§?

The first optimization problem consists of a search for the orientation of angle ® that
provides the minimum or maximum elastic energy, assuming the stress @ is given:

Wp(®) — min (4.93)
or

Wi(®) - max . (4.94)

The minimum of the elastic energy (4.94) is attained for the stiffest structures if the
smallest distortional amount of the structure is questioned. This is similar for strength
optimization.

In second and fourth rank tensor notations, the Mises—Hill strength criterion (2.4) in
Chapter 2 in terms of bending moments reduces to:

gM)=M" e F(®) e M <1, (4.95)

G+H -H 0
FO=| -H F+H 0
0 0 2N

The second rank tensor depends on the inclination angle ®:
F(®) = T(®) - FO . TT(®). (4.96)

The second optimization problem for the pure bending of plates consists of a search
for the orientation of angle @ that provides the minimum of the strength criterion (4.95),
presuming the given stress 6:

g(®) — min.
(4

The third optimization problem for the pure bending of plates studies the orientation
of angle @ that provides the maximum of the stored elastic energy (4.94), presuming the
given stress 6 fulfills the quadratic strength criterion (4.95):

W, (@) =M’ - D' (®) - M/2 — max, (4.97)

g@®) =M"-F@®)-M<1. (4.98)

The logic of the optimization problem is the following. The mass of the structure is not
affected by the orientation angle and considered to be a constant during optimization.
The elastic element of structure of a given mass that stores the maximal elastic energy
for a given applied bending moment is examined. The stored energy is limited by ulti-
mate stresses that follow from the failure criterion. The applications of the optimization
problem are the springs and energy harvesters.
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The equivalent formulation of the optimization problem regards the specific elastic
energy:
—_ M7 .-DYp) - M
Wp(®) = 1% — max. (4.99)
2 MT.-F-M ®
The optimization conditions in this section lead to requirements analogous to those
in Sections 4.1, 4.2 and 4.3 of this chapter.

4,7 Conclusions

Three main problems of the optimization for anisotropic materials were investigated.
The loads on the structural element were considered to be known and not alter dur-
ing the deformation of the structural member. The first problem studied the optimal
placement of the anisotropy axes, which maximizes or minimizes the elastic energy. The
maximization of an elastic energy for the given loads leads to the most resilient design of
the structural element, which allows maximal flexibility. The minimization of an elastic
energy for the given loads leads to the stiffest design of the structural element, with the
lowest flexibility.

The second problem searched for the orientation of anisotropic properties to mini-
mize solely the failure number of the structural member adversely affecting stiffness.
This optimization aim is interesting for load bearing structural elements.

The third problem examined the orientation of anisotropic properties to maximize
the stored elastic energy in an element but limited the failure number of the structural
member. This optimization aim is interesting for energy harvesters or spring elements.

Ashby (2010) overviews a material selection method that is based on the dimension-
less material selection numbers. This method allows comparison of different materials
for a given application. The method does not account for the anisotropy of the elastic
and strength characteristics of the considered materials. Accordingly, the method
is suited to principal material selection. The book by Miravete (1996) oversees the
application of composite materials in automotive applications, primarily low-stressed
structural elements. The studies by Banichuk (1996), Mehrabadi and Cowin (1990),
Cowin (1997), Pedersen (1989), Pedersen (1990), Rovati and Taliercio (2005), Sgarra
and Vianello (1997a,b), Vianello (1996a,b), Koiter (1960), Chen and Wei (2005), Lipton
and Chen (2004), Chen and Lipton (2007), Lipton (1998), Blasques et al. (2011), Sonmez
(2017), Ganguli (2013), Qiao et al. (1998) and Del Piero (1979) explore the various
aspects of the optimization of accumulated elastic for anisotropic elastic bodies. The
closed form solutions are derived for some elements of bodies with basic geometry.

References

Ashby, M.F. (2010). Materials Selection in Mechanical Design, 4e. Burlington: Elsevier.

Banichuk, N.V. (1996). Optimization of anisotropic properties for continuum bodies and
structural elements using spectral methods of tensor analysis. Mech. Struct. Mach. 24:
71-87.

125



126

Design and Analysis of Composite Structures for Automotive Applications

Banichuk, N.V. and Kobelev, V.V. (1987). On optimal plastic anisotropy. J. Appl. Math.
Mech. 51 (3): 381-385.

Blasques J.P.A.A., Stolpe M., Berggreen C., Branner K. (2011) Optimal Design of Laminated
Composite Beams. Kgs. Lyngby, Denmark: Technical University of Denmark (DTU),
DCAMM Special Report, No. S134.

Chen, T. and Lipton, R. (2007). Bounds for the torsional rigidity of shafts with arbitrary
cross-sections containing cylindrically orthotropic fibres or coated fibres. Proc. R. Soc. A
463: 3291-3309.

Chen, T. and Wei, C.-J. (2005). Saint-Venant torsion of anisotropic shafts: theoretical
frameworks, extremal bounds and affine transformations. Q. J. Mech. Appl. Math. 58 (2):
269-287.

Cowin, S.C. (1994). Optimization of the strain energy density in linear anisotropic
elasticity. J. Elast. 34: 45—68.

Cowin, S.C. (1997). Remarks on coaxiality of strain and stress in anisotropic elasticity.

J. Elast. 47: 83—84.

Del Piero, G. (1979). Some properties of the set of fourth-order tensors, with application to
elasticity. J. Elast. 9: 245-261.

Ganguli, R. (2013). Optimal design of composite structures: a historical review. J. Indian
Inst. Sci. 93: 557-570.

Koiter, W.T. (1960). General theorems for elastic-plastic solids. In: Progress in Solid
Mechanics, vol. 1 (ed. N. Sneddon and R. Hill), 167-221. Amsterdam: North-Holland.

Lipton, R. (1998). Optimal fiber configurations for maximum torsional rigidity. Arch.
Ration. Mech. Anal. 144: 79-106.

Lipton, R. and Chen, T. (2004). Bounds and extremal configurations for the torsional
rigidity of coated fiber reinforced shafts. SIAM J. Appl. Math., 65 (1): 299—-315.

Mehrabadi, M.M. and Cowin, S.C. (1990). Eigentensors of linear anisotropic elastic
materials. Q. J. Mech. Appl. Math. 43: 15-41.

Miravete, A. (1996). Optimisation of Design of Composite Structures. UK: Woodhead
Publishing Limited, Cambridge.

Norris, A.N. (2005). Optimal orientation of anisotropic solids. Q. J. Mech. Appl. Math. 59
(1): 29-53.

Ogden, R.W. (1997). Non-linear Elastic Deformations. Mineola: Dover Publications Inc.

Pedersen, P. (1989). On optimal orientation of orthotropic materials. Struct. Optim. 1:
101-106.

Pedersen, P. (1990). Bounds on elastic energy in solids of orthotropic materials. Struct.
Optim. 2: 55-62.

Qiao, P, Davalos, J.F,, and Barbero, E.J. (1998). Design optimization of fiber reinforced
plastic composite shapes. J. Compos. Mater. 32 (2): 177-196.

Rovati, M. and Taliercio, A. (2005). On stationarity of strain energy density for some classes
of anisotropic solids. Int. J. Solids Struct. 40: 6043—6075.

Seregin, G.A. and Troitskii, V.A. (1981). On the best position of elastic symmetry planes in
an orthotropic body. . Appl. Math. Mech. 45: 139—-142.

Sgarra, C. and Vianello, M. (1997a). Directions of coaxiality between pure strain and stress
in linear elasticity. J. Elast. 46: 263—265.

Sgarra, C. and Vianello, M. (1997b). Rotations which make strain and stress coaxial. J. Elast.
47:217-224.



Optimization Principles for Structural Elements Made of Composites | 127

Sonmez, F.O. (2017). Optimum design of composite structures: a literature survey
(1969-2009). J. Reinf. Plast. Compos. 36 (1): 3—39.

Vasiliev, V.V. and Gurdal, Z. (1999). Optimal Design: Theory and Applications to Materials
and Structures, 1le. CRC Press.

Vianello, M. (1996a). Coaxiality of strain and stress in anisotropic linear elasticity. /. Elast.
42: 283-289.

Vianello, M. (1996b). Optimization of the stored energy and coaxiality of strain and stress
in finite elasticity. J. Elast. 44: 193-202.



5

Optimization of Composite Driveshaft

5.1 Torsion of Anisotropic Shafts With Solid Cross-Sections

The function and design of the common driveshafts made of steel are presented in
Chapter 6.7 of Stone and Ball (2004). The composite drive shaft has advantages of
substantial weight reduction, the dynamic balance of increasing operating speed (Badie
et al. 2006, 2011). The material is electrically nonconductive and the proper design
allows adapting the end fitting. The advantages of the composite design assure perfect
performance from the viewpoint of vibrations and harshness, long fatigue life and
reduction in bearing wear. The materials usually have a lower modulus of elasticity,
meaning that when torque peaks occur, the drive shaft may work as a shock absorber.
A drive shaft commonly operates through constantly changing angles between the
transmission and rare axle driveshafts (Figure 5.1).

Composite drive shafts are widely used in automotive and aeronautical applications
due to their weight advantage combined with exceptional strength and stiffness
(Beardmore and Johnson 1986; Kaviprakash et al. 2014; Cherniaev and Komarov 2015).
One of the first composite applications was the driveshaft (propshaft) in the Renault
Espace Quadra built in 1988 (Pollard 1989) (Figure 5.2).

The hybrid driveshafts made of composite materials such as E-Glass, carbon fibers
and hybrid composite layers of E-Glass, carbon and S-Glass with different fiber orienta-
tions were investigated in Sivakandhan and Prabhu (2014). Strength of hybrid composite
driveshafts was studied by conducting tensile, bending and torsion tests in the cited
paper.

An interesting and well-documented study of the design and production of a com-
posite driveshaft for a historical vehicle was performed by students at the Texas A&M
University in Kingsville (Figure 5.3) (Keys et al. 2018).

Consider torsion of a shaft with a solid circular cross-section. One end of the shaft is
fixed. The other end acts as the definite traction load. The traction load results in a pure
torque over the end surface (Figure 5.4). Referring to cylindrical coordinates (7, 6, z),

Design and Analysis of Composite Structures for Automotive Applications:
Chassis and Drivetrain, First Edition. Vladimir Kobelev.

© 2019 John Wiley & Sons Ltd. Published 2019 by John Wiley & Sons Ltd.
Companion website: www.wiley.com/go/kobelev/automotive_suspensions
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Steering column

Driveshaft

Half axle

Half axle

Figure 5.3 Composite driveshaft (Keys et al., 2018).
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Figure 5.4 Torsion of a composite
driveshaft by the terminal torque M.

the medium is cylindrically orthotropic and homogeneous. The constitutive equations
of the material are (Lekhnitskii 1981):

[6.=0] [C, C, Cs 0 0 0]fe

o6,=0| [Ch Cp Cy 0 0 0f|e

0,=0|_|Cs Cy Cy 0 0 0fle | 5.0)
Ty, 0 0 0 Cu Cui 0 |2y,

7,=0 0 0 0 Cui Cy 0|2,

[7,=0] [0 0 0 0 0 Cgll2]

where ¢,,... and o,,... are the strain and stress components, C;;,... and S;,,... are the
independent elastic and compliance constants of the cylindrically orthotropic material.
The non-vanishing strain—displacement relations for twist deformations are:

dug  ow _  Ouy U _s
90 oz oo gy e
low Ou aw
=30 a—; = SaaTor 5 = SasTor 4, = 0. (5:2)
The solution of Eq. (5.2) is:
Ty, = Or/Sy, (5.3)
" Sse
uy=0r|(z+ —dr | + wsr, (5.4)
r; S44
_ " Sys
w=0 —dr + w,. (5.5)
S 0
T, 44

The values w; and w, characterize the shift and elongation of the driveshaft.

The displacements on the fixed end vanish. For Saint-Venant’s torsion of circular bars,
the traction components over the cinematically unconstrained end sections perform a
pure torque. The statically equivalent end conditions are:

27 r,
/ / [o,rsin b, o,rcos b, 7y, rlrdrdd = [0,0, M],
0 7

27 r,
/ [z,, cos O — 1,,sin 0, 7,,8in 0 + 7,5, cos O, ,]rdrdé = (0,0, 0]. (5.6)
0
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The solution, which is independent of the axial coordinate, with statically equivalent
end conditions reads as (Lekhnitskii 1981):

MT MT
Uy = C—TVZ, To, = C44C—Tr. (57)
The torsional rigidity of radially inhomogeneous bars is:
2z [, g 3
Cr= ) Tl dr = 21 Cu(rrdr. (5.8)

Ti i

The torsional rigidity in of homogeneous bars is:

Cr = nCy(rs —rH/2. (5.9)
The elastic energy of the driveshaft is equal to

U, = M3./2C;. (5.10)

5.2 Thin-Walled Anisotropic Driveshaft with Closed Profile

5.2.1 Geometry of Cross-Section

We will examine a thin-walled driveshaft as a cylindrical anisotropic shell. The middle
surface of the shell is the cylindrical surface formed by motion of a straight line. This
straight line moves in the same direction and intersects with the given curve. This curve
is called a directrix. Straight lines, corresponding to different positions of the straight
line at its motion, are called generatrices of a cylindrical surface. Consequently, the mid-
dle surface of the shell is part, generally speaking, of the surface of a noncircular cylinder
formed by the motion of a closed plane curve (the generatrix, which is assumed to be
smooth) along a rectilinear directrix (Figure 5.5).

The form of the shell is such that its length along the axis L (i.e. the length of the gener-
atrix) is much greater than the arc length of the directrix. Hence, the shell is highly elon-
gated in one direction and can be examined as a thin-walled driveshaft. By thin-walled,
we mean that the thickness of the walls, /4, is considerably less than the length of the arc,
while the rate of change in thickness over the arc is very small (dh/ds << 1, where s is a

X3 Figure 5.5 Geometry of the
cross-section of the rod.

directrix
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parameter of the arc length of directrix, 0 < s < /). Thus, the main assumptions regarding
the character of the geometry of the thin-walled driveshaft-shell can be expressed in the
form of the inequalities:

h<<Il<<lL.

These inequalities will subsequently allow us to change over from the two-dimensional
equations of shell theory to the one-dimensional theory of anisotropic driveshafts.
The inequalities just given are needed for proper use of the shell theory equations.
The requirement of smoothness of the profile of the contour is also important; if the
profile contains points of discontinuity, additional studies will be necessary.

The position of a point on the middle surface of the rod and in space will be determined
by assigning its position in one of two coordinate systems. The first system Ox;x,x;
(henceforth referred to as the global system) is Cartesian and rectangular. The direction
of the Ox, axis of this system coincides with the orientation of the generatrix of the rod,
while the directrix of the cylindrical surface lies in the plane Ox,x;.

The second coordinate system 5515253 (henceforth referred to as the local system) is
curvilinear and orthonormal. The axis 551 of this system is parallel to the axis Ox, of the
global system (x; = &;), while the cylindrical surface corresponds to the equation &; = 0.
The coordinate &, locally directed tangential to directrix. The angle between the axes &,
and x; is:

0 = 6(s) = 0(5y).

The transformation matrix from the coordinate system 551 &,&; to the system Ox;x,x4
is t. The components #; of the transformation matrix t are:

tlj = axl/aéa l?] =1,2,3.
On the surface £; = 0 the components of the matrix are:

1 0 0
t=|0 cosf sinf
0 —sinf cosf

5.2.2 Main Kinematic Hypothesis

The main kinematic hypothesis assumes that the profile of the rod in each normal
section with the plane x, = 0is not distorted, but only rotated and displaced in 3D space.
Consider the membrane bounded by the directrix that is stretched over the hollow
cross-section of the shaft. The kinematic hypothesis postulates that this membrane is
not deformed but only displaces as a rigid body.

The point P of intersection of the membrane with the axis x; has the coordinates:
x = x(lo), x5 =0, x;3 = 0. The components of the displacement at the point P are equal to
U,, U,, U,. The components of the vector of the infinitesimal rotation at the point P are
equal to Q;, Q,, Q,. All quantities are small enough so that the equations of the linear
theory of elasticity are valid. The quantities U, U,, U5 and ,, Q,, Q. are functions of
the coordinate x; only.
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The kinematic hypothesis determines the components of the displacement and
rotation vectors of all points on the driveshaft profile lying in the normal section
X = x(lo). In the global system the displacements are equal to:

Uy (Xq, %9, %3) = U () + 2,825(0;) — %30, (%),
Uy (Xy, %5, 23) = Uy (%)) + 23, (%),
Us(Ky, %o, %5) = Us () — 2,02, (21). (5.11)

To determine the deformation of the thin shell, the components of deformation should
be transformed to the local coordinates. The displacement vector in the local coordinate
system reads Ul = t - u with the transformation matrix t. Its components are:

U1 (&), &, &) = Uy (%)) 4+ %,Q5(x)) — %32, (%)),
222(51, &y, &5) = Uy (x1) cos 8 — Us(xp) sin 6 + w(&,)€2, (x,),
33(51, &y, &) = Uy (%) sin @ + Us(x,) cos 0 + y(&,)€;(x,), (5.12)

where:
w(&,) = x5c080 +x,8in0,  y(&) = —x,cos +xysin 6.

The quantities x, and x, in the Eq. (5.12) are coordinates of the middle surface of
the cross-section &; = 0. These coordinates expressed through coordinate of a point
on the cross-section line &,, because the profile shape is given: x, = x,(&,), %, = x,(&,),
%3 = x3(&).

Hypotheses (5.11) and (5.12) describe the kinematics of deformation of the closed
thin-walled rod. Hypotheses of the type in (5.11) were used in Salim and Davalos
(2005a,b) and Harursampath et al. (2017a,b) to construct a beam model with allowance
for rotation and displacements of the sections. The main difference here is that the
proposed model presumes the wall of the rod-shell is thin enough to satisfy the
Kirchhoff-Love hypotheses of a straight normal for deformation of the rod. In a
thin-walled rod with a closed profile, shear stresses prevent the off-plane distortion
(warping) of the cross-section.

On the contrary, in a rod with an open profile the section undergoes off-plane
displacement. Conditions with an absence of shear stresses on the contour of open
thin-walled beams is used to derive the law of sectoral areas: see Vlasov (1947) and
Librescu and Song (2006). The Vlasov hypotheses were used in Bauld et al. (1984) to
study a model of an open thin-walled rod made of anisotropic materials.

Once the kinematic of the deformation is defined, the governing equations of the
rod can then be obtained by using the theory of thin shells. For open thin-walled
rods, the common method for deriving the governing equations was proposed in
Vlasov (1947). The method uses the semi-momentless theory of elastic shells. The
semi-momentless theory of thin anisotropic shells is slightly different from the common
theory of anisotropic thin shells (Mikeladze 1966). The basis of this theory is a set of
simplifying assumptions of a static nature. Namely, the twisting moments as well as
the longitudinal bending moment and the corresponding transverse shearing force are
neglected (Axelrad 1987). Elastic thin shell theories, such as semimoment-less, Donnell
shallow shell (Donnell 1977), Sanders theory (Sanders 1959) and Koiter theory (Koiter
1960) are based on the following assumptions; that is, Love’s “first approximation”:



Optimization of Composite Driveshaft

1) The thickness of the shell is small compared with the radius and the shell is
sufficiently thin.

2) The strains and the displacements are sufficiently small enough that the quantities of
the second and higher order magnitude in the strain—displacement relations may be
neglected in comparison with the first order terms.

3) The transverse normal stress is small compared with the other normal stress com-
ponents and may be neglected.

4) The normal to the undeformed middle surface remains straight and normal to the
deformed middle surface, and it suffers no extension.

5) The rotary inertia and transverse shear deformation effects may be neglected.

5.3 Deformation of a Composite Thin-Walled Rod

5.3.1 Equations of Deformation of a Anisotropic Thin-Walled Rod

The equations of deformation for a thin-walled rod are obtained by variation methods.

The variation method is based on substitution of the expressions for displacements
(5.12) into the potential energy functions of an anisotropic thin-walled shell (Ventsel and
Krauthammer 2001). The potential energy is expressed in terms of the displacements of
points of the shell surface in the local coordinate system. The potential energy functional
is expressed through the functions U,, U,, U; and Q,, Q,, Q. The Eulerian equations
of the potential energy functional provide the equilibrium equations. The components
of the strains €, €,, y and curvatures x,, x,, v of the middle surface of the shell read
(Ventsel and Krauthammer 2001):

ou ou
£ = 0—511 = 2 Lo, = Ul(x) + 2,0 (x)) — 2,0 (x,), (5.13)
i=1 l
3
0142 2
£, = a =0,
2 052 Z‘ ox,
o au Y ()u
Y= —+ = Z < “a iy 2“:‘1)
052 051 =1 i
= (U + Q) cos 0 + (—U; + Q,)sin 6 + (%) + Q w(0),
0%y _ >\ 01, ,
K== 9&,? Z M3 9¢; l 5_9%“1‘1 = —U, sin 0 — U cos 0 — Q x(6),

0’U, U > d > o1l U
3 3 3 3

K, = — ——_——Ea,— E—ai - —= =0,
2 6522 Rz j 2 afj |J'=1 av)Ci 2] RZ

o - o
r=-2 ”3_l<ﬂ_ ) Zaﬂ le ”3__<”1_£>
05,08, R\ 0& 0& 0 & ox 08,  0&,

= —(Ujcos O — U, sin 6 + Q w(0) + Qz sinf + Q5 cos ) /R + 2Q].

A prime denotes a derivative with respect to the coordinate f = df/dx, = 9f/d¢,. In
all equations the coordinates along the axis of the rod coincide: x; = &;.
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The rule of summation over repeating indices in the range of 1-3 is used. In deriving
Eq. (5.13), the following expressions are valid:

dsin0/dx, = cos’0/R, 0dcos@/dx, = —sinf cosO/R.

Here, R is the radius of curvature of the rod profile, R™! = 00/9¢,.

The equilibrium equations follow on from the principle of the minimum of potential
energy. The potential strain energy in the theory of thin anisotropic shells is given by
Ventsel and Krauthammer (2001):

u,=u,+Up,

L !
1
UA — 5/ / WAd§1d§2’ WA = A11512 +A66y2 + 2A1661ys
0 0

L )
U, = % / / W, dé,dé,, W, = Dy, x> + Deg > + 2Dygk, 7. (5.14)
0 0

The components of stiffness matrices of the shell in a plane stress state and, corre-
spondingly, in bending are Aij, Dij’ i,j=1 or 6, see Chapter 1 Eq. (1.37). The coupling
quadrant is assumed to be absent. In (5.14), it was considered that, in accordance with
(5.13), £, = 0, k, = 0 and the corresponding terms were omitted. The total potential
energy of the rod is equal to:

L 3
H=ue—uf,uf=/0 lZpiUi+miQi

i=1

de,.

The distributed forces and moments p;, m;, i = 1, 2, 3 are known functions of the
coordinate &, and are constant in the course of deformation. Calculating the variation
of total potential

811 = 8U, - 5Uj,
and equating it to zero, we obtain
1 [t l L3
oU, = - / / (6W,, + 6Wp)dé dE,, sU, = / Y piol;+msQ,| dé,,
o Jo 0 |i=1

oW, =2A,,€,066, + 2A4,70y + 2A5(€,67 + yd€),
oWy = 2D, k,0Kk, + 2Dget67 + 2D (K67 + TOK,).

Replacing de,, dy, 07, 0k, with their expressions (5.13) and transforming one series
by parts, we obtain the equations of equilibrium:

!
_/ 0,dé, = py.
0
!
- / (61, cos 0 + X sin 0)dé, = p,,
0
!
/ (01, 8in 0 — XY cos 0)dE, = p,,
0

!
- / (0,0 + Xy + 23, Y)dé, = my,
0
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!
/ (07%5 + 01, sin 0)dé, = m,,
0

!
—/ (67%, — 015 COS 0)dE, = m. (5.15)
0

Here are:

o, = A€, + Ay, membrane tensile stress in the axis direction;

019 = A6 +Agey — (Digk1 + Dgg7)/R, membrane shear stress;

X, =D,k + D4, tensile stress due to bending in the axis direction;
2,y = Dk + Dy, shear stress due to torsion.

Substitution of (5.13) into (5.15) delivers the equilibrium equations in terms of dis-
placements. In matrix form, the governing system of equations is written as follows:

d* d? d? d
M]— +[R]— + [N]— +[Q]=—— +[L V]=1[P]. 5.16
{[ ]dx‘f []a’xf [ ]dx% [Q]a,x1 []}[] [P] (5.16)

Here, [M], [N], [L] are symmetric matrices; [R], [Q] are skew-symmetric matrices
of the dimensions 6 X 6. The six-dimensional vector of generalized displacements
reads:

[V]= [u19u27 UB’QI’QZ,QB]T_ (5.17)
The six-dimensional vector of external loads is:
[P] = [Pl,Pg,Pg,Wlp mzsmg]T- (518)

The non-vanishing components of the matrices [M], [N], [L], [R], [Q] are:

(M] = / [m]dS,, (5.19)
[N] = / Dy, [n]dé,, (5.20)
(L] =/D11[l]d€2, (5.21)
[Ql= / Dy, lqldé,, (5.22)
[R] = / D, g[r1dé,. (5.23)

The matrices of the dimensions 6 X 6 in (5.19) and (5.23) are:

—Ay A Aggs —A0 Ajy%3 —Ay%,
—AgC®  Agls  —Aggcw  Ajcxy —Ajcxy
] = —AgS®  Aggsw  —Asxg  AjeSxy
—Ag?  Ajgox; —Ajwx,
—Apxs® Apxax,

2
symm =A%, ]
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O 0 O 0 0 o0 0O 0 0 0 O 0
0 s2 sc yc 0 O 0000 O O
0 sc ¢ ys 0 0 000 0 O 0
[n] = 5 , = )
0 yc 45 72 0 0 0000 0 O
0 O 0 0 0 O 0 00 0 —2 cs
0 0 0 0 0 o0 0 0 0 0 s -5
[0 00 0 0 0] [0 o0 0o 0 0 0]
00 0 0 sc s 0 0 —R' —-25 00
(4] = 00 0 0 —c —sc (] = 0 R! 0 -2 0 0
T=100 0 0 —ys ge|" " Tlo 25 22 0 0 0
0-scc® ys 0 O 0 0 0 0 00
0—-s>sc—yc 0 O 0 0 0 0 00

Integration is performed over the arc of the profile of the cross-section of a thin-walled
beam. To abbreviate the notation, we employ the symbols: ¢ = cos 6, s = sin 6.

5.3.2 Boundary Conditions

The boundary conditions on free and fastened ends can be obtained as natural and prin-
cipal boundary conditions of the functional of total potential energy (5.14). We will
examine the following main types of fastening.

5.3.2.1 Ideal Fixing

In this case, the rod end (x; = 0) cannot rotate or undergo plane displacement or shifting,
since it is welded as a whole to a rigid base (Figure 5.6a). Here, the nine conditions of
the main type of variational problem for functional (5.14) reduce to the equalities

U =U,=U =0, (5.24)
Q=0,=0,=00Q,=Q, =0, =0. (5.25)

5.3.2.2 Ideally Free End

In the case of an ideally free end (Figure 5.6b), all the variable functions U, Q,, i = 1,
2, 3 and the first derivatives U, U}, Q] are assumed to be independent variables. The
corresponding natural boundary conditions of the variational problem will be the nine
equations written here in matrix form

¢ d3 s d2 5 d 5 ¢
M*]— + [R']— + [N"]5— +[Q"] p [V]=[P"], (5.26)
dx3 dx? dx,
where [M'], [R'], [N'], [Q"] are matrices containing six rows and nine columns; [P'] is a
five-dimensional vector, all the components of which are equal to zero on the unloaded
end. The non-vanishing components of the matrices [M'], [N'] are:

M;:M

jp 256 jSHN; =N, 1<i,j<6; (5.27)

g

N, = -Nj, = / DigcsR™'dE,, N3, = / D,c*R71dE,, (5.28)
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- - Uy=U,=Uz=0,
Q;=Q,=0,=0,

Q,=Q,=Q,=0.
X;=0

(a) Fixed end
x;=0

My =My=Mg=0,
P,=P,=P,=0.

(c) Free end with flange constraint

Figure 5.6 Types of fastening of the ends of the rod.
N3, = —/DmszR_lde,N;‘g = /DlchR_ldfz’

N3y = —/Dms;(R‘ldé‘Z,N:g = _S/Dleld‘fz’
NZ7 = R24’N:8 =Ry,
The components of the matrix [R’] follow from the rules:
Rl’.;zRij for 2<i,j<3,
Ry = Nyo, Ry = Ry, Ry, = My, Ryg = Ry; = My,
R§9 = RZ7 = M24’R§8 = Mss’R§9 = RZS = M34,R29 =My,

The components of the matrix [Q’] are:

QTZ = —Np3, QTB =Ny, sz = —Ny3, ng =N, ng = —Nj;3,

st = N, QZz = —Nj,, QZ?, = Ny, QZz = —Nj,
Q53 = Nag, Qg = —N35, Qg = Nos, Q75 = Ny, Q73 = N,

* L ATH £ ATH £ __ AT * AT
Q82 - N38’ Q83 - N28’ Q92 - N39’ Q93 - N29'

(5.29)

(5.30)

(5.31)

(5.32)
(5.33)

(5.34)

(5.35)
(5.36)
(5.37)

(5.38)
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5.3.2.3 Boundary Conditions of the Intermediate Type

Boundary conditions of the intermediate type are also possible. For example, if plane
displacement of the free end of the rod is constrained by a blank flange (Figure 5.6¢)
that prevents mutual displacement of the surfaces of the shell, then the quantities /), U}
will no longer be independent variables of the functional. Thus, the seventh and eighth
equations of (5.26) are replaced by the following conditions on the end x, = 0:

U = Q,, U} = —Q,. (5.39)

If forces P,, P,, P, and moments M,, M,, M, act on the end x; = 0, then the compo-
nents of the five-dimensional load vector [P*] from (5.26) are calculated in accordance
with the rule

[P*] = [P17P29P39M1aM2’M33 O’ 0’ O]T (5.4:0)

5.3.3 Governing Equations in Special Cases of Symmetry

Governing Eq. (5.26) and boundary conditions are written in the general case. In the gen-
eral case, the orientation of the principal symmetry axis of the material does not coincide
with the generatrix, the contour of the rod (directrix) is arbitrary and the position of the
coordinate system Ow,x,x, in the cross-section is also chosen freely. Generally speak-
ing, the origin of Ox,x,x, differs from the center of inertia of the cross-section. Equation
(5.16) and the corresponding boundary conditions are simplified considerably in the
special cases of symmetry of elastic properties and geometry of a cross-section.

5.3.3.1 Orthotropic Material

The first substantial simplification is achieved for an orthotropic material. The
orthotropy axes of material correspond to the directions of the axes 5515253 at each
point of the shell surface. In this case the tension-shear coupling coefficients vanish:

A,s =D, =0.

Consequently, the coefficients:
Nip, Nizs Nigs Noss Nog, Nis, Nig, Ny, Nyg,
QIS’ QlG’ Q56’ R23’ R24’ R34

also disappear.

5.3.3.2 Constant Elastic Properties Along the Arc of a Cross-Section

The simplifications occur if the thickness and elastic constants remain constant along
the arc of the directrix. Then all quantities A;, A4, Agg» D115 D1 Deg lso remain con-
stant along the arc &,. The constant factors within an integrand that contain these quan-
tities can be separated from the integrand.

5.3.4 Symmetry of Section

By choosing the coordinate origin to be at the center of inertia of the cross-section, we
can make the coefficients Nj;, N4, N equal to zero.
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First, if the cross-section is symmetric relative to the axis Ox,, the functions sin6, y, x,
are the odd functions of the angle 8 = 6(s) = 6(&,). Similarly, the functions cos#f, R, x5, @
are the even functions of the angle. In this case, all the coefficients containing integrals
of the odd functions of the angle 0 vanish. Also, the coefficients that contain products
of the even functions with the odd functions of the angle € vanish.

The following coefficients disappear:

N16N13’ NZB’ N26’ N34’ N35’ N46’ N56’ M23’ M34’
L56,Q15’ QZS’ Q36’ Q45’ R21'

Second, if the cross-section is symmetric relative to the axis Ox,, then cosf, y, x
are even functions of the angle 6; sinf, w, x, are the odd functions of the angle. The
coeflicients, which contain cos6, y, x; and the products of these functions with sinf, o,
X,, turn all to zero:

N15N12’ NZS’ N24’ I\IZ67 N35’ N45’ N56’ MZB’ M24’
L56,Q16’ Q25’ Q36’ Q46’ R34'

Finally, if the cross-section has two symmetry axes, then the system acquires a partic-
ularly simple form.

The model proposed for thin-walled closed rods can be used to calculate the stiffness,
strength and stability of different driveshafts made of composite materials.

5.4 Buckling of Composite Driveshafts Under a Twist
Moment

5.4.1 Greenhill’s Buckling of Driveshafts

The minor counterpart for the celebrated Euler buckling problem is the Greenhill
problem, which studies the forming of a loop in an elastic bar under torsion (Greenhill
1883). This problem was studied for several conditions on the ends of the driveshaft
by Ziegler (1977) and Godoy (1999). The simplest form of supports is studied here,
namely the periodic supports for an infinite shaft. The other boundary conditions lead
to different values of critical moment and the corresponding solutions are observed
in Ziegler (1977). Our purpose is to examine the cross-sectional properties for the
maximal stability of the driveshaft for the applied torque.

We revise the buckling of the straight composite member made of anisotropic mate-
rial, twisted by couples M, applied at its ends alone (Greenhill’s problem for twisted
composite driveshaft or spring) (Ziegler 1977). The z-axis of the driveshaft is also the
orthotropy axis of the material. No bending or extension accompanies the torsion of
the driveshaft. Consider a straight composite driveshaft of an infinite length, twisted
by couples applied at its ends alone (Greenhill’s problem for an equivalent column). The
driveshaft is holding on the periodically spaced supports. The distance between the sup-
portsis A,. The ends of the driveshaft are assumed to be attached to the supports by ideal
spherical hinges and are free to rotate in any direction.

The twisting couple M retains its initial direction during buckling. First, consider
a driveshaft with constant bending stiffness along the length of the spring (Figures 5.7
and 5.8).
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Q,=M, @L)

Oz: M},/(O)

L | b ittty SRR e >l Mt

A, —>
< & -Q, =M, @3L)

Figure 5.7 Driveshaft on the periodically spaced momentless supports.

M,©)  -M, (L) My@L) M, (@3L)

Figure 5.8 Driveshaft on the periodically spaced rotation-free supports.

To begin, we consider all possible convex, simply connected shapes of the cross-
section. Let I,;; and I,, denote the moments of inertia of Q about the principal axes of
inertia through the center of gravity. The bending moments in terms of curvatures of
the driveshaft are

M, = Cyglppu” M, = Cysl,yv". (5.41)

The equations for an infinite periodic uniform beam resting on an arbitrary number
of simple supports in terms of lateral displacements u(z), v(z) read

M =-NV", M;’ =Au". (5.42)
Assume the initial conditions for k = 0:
M,0)=a, M,0)= b. (5.43)

The solution of the Egs. (5.41) and (5.42) with the initial conditions (5.43) with arbi-
trary constants a, b.Is:

M,(z) = asinG(z) + b\/1,,, /1, cos G(2),

M, (2) = —ar/1, /1, cos G(x) + bsin G(z), (5.44)
where:
G(z) = Lz (5.45)

En/Iplp .



Optimization of Composite Driveshaft

The periodicity conditions for the functions (5.44) require that:
M;(0) = =M (A,) < —b = —asin G(A,) + bcos G(A,),
ML0)=-ML(A,) < a=-bsinG(A,)) —acosG(A),). (5.46)

The corresponding periodicity conditions (5.46) for the functions (5.44) are satisfied
for arbitrary constants a, b, only if:

24 2cos G(A,) =0. (5.47)
This equation delivers the stability equation with the first positive solution:
G(A) == (5.48)
The critical eigenvalue of the driveshaft of the distance between supports A, is:

_ Ca3m /111y

A

z

(5.49)

5.4.2 Optimal Shape of the Solid Cross-Section for Driveshaft

The next step is to determine the optimal solid, convex shape of the cross-section. The
solution grounds on the isoperimetric equation (Ting 1963). Namely, of all the convex
domains the equilateral triangle yields the maximum of I,;, I,,,, such that

V3 .,
Vil < 1545 (5.50)

Thus, the driveshaft with the cross-section in the form of an equilateral triangle
delivers the maximum-for-critical eigenvalue for all convex domains of the same cross-
sectional area A, (Figure 5.9).

The isoperimetric inequality is stated:

7Ca34/ b11b2 \/_A2
A “mA

The driveshaft with a solid circular cross-section correspondingly delivers the
minimum-for-critical eigenvalue.

A*[A] < =A™ (5.51)

z

N

Figure 5.9 Solid triangular and circular cross-sections of the driveshaft of the same cross-sectional
area.
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Table 5.1 Areas and area moments for solid triangular and circular
cross-sections.

Solid equilateral Solid circular
triangle cross-section
V3L R
Moments of inertia I, = ==
A7 96 @7 4
, /312
Cross-sectional area Ay=—— Ag = R?
4
. . 44, A,
Size for given L=,— R=+1/=2
cross-sectional area A \/5 4
V34, A,
Moments of inertia for given I, = Iy =—
18 4

cross-sectional area A

Table 5.1 compares both cross-sections.

First, the geometrical moments of inertia of the cross-sections determined for both
cross-sections are listed for the solid equilateral triangle 7, and for the solid circular
cross-section Ig. The side length of the equilateral triangle is L and the radius of the
circle is R. Then the cross-sectional areas of both figures are given: A, and Ag, corre-
spondingly. We assume that the area of cross-sections of both driveshafts is the same,
A,. From this condition, the side length of the equilateral triangle and radius of the circle
are determined. We substitute the determined sizes in the expression for the moments
of inertia for a given cross-sectional area A,. The relation of both moments of inertia of
the solid cross-sections guarantees that the cross-section in the form of a solid equilat-
eral triangle is nearly 21% stiffer to bending in comparison to circular solid cross-section
of the same area of cross-section:

Iy _ <\/§A° /<ﬂ> - 27V/3 ~ 1.2091. (5.52)

Iy 18 4n 9

5.4.3 Hollow Circular and Triangular Cross-Sections

The next step is to compare the cross-sections in the form of a hollow equilateral triangle
and hollow circle (Figure 5.10). The document (SWIX Triac 2018) contained some facts
about their recently designed ski poles SWIX Triac, which in contrast to conventional
(round) ski poles have a triangular cross-section. The following quote comes from the
document (SWIX Triac 2018):

A triangle encircled by a circle has a smaller circumference than the circle. By
using a triangle geometry less material is needed and weight is saved. The distance
from the center of the shaft, to the outer edge of the shaft is the dimension that
gives a pole shaft its stiffness. A triangle has the same distance from the center
to a corner as the circle has although only in three directions. By orienting the
corners in optimum directions, we can achieve the same geometry stiftness (if not
increase) with a reduced amount of material and thus decreased overall weight of
the shaft.
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Figure 5.10 Hollow triangular and circular cross-sections of the driveshaft.

The only remark is the following. It is not necessary to orient the corners of the
equilateral triangle in any direction, because the bending stiffness of the beam with
equilateral triangle cross-section is direction independent (Ting 1963). Exactly this
symmetry is critically important for the stability of rotating driveshafts because
otherwise the driveshaft will buckle in the direction of the lower stiffness.

We approve the statements in the previous quote. These statements are also immedi-
ately applicable for the design of the automotive driveshaft that is subjected to torque
instability. For confirmation, we compare the hollow cross-sections with similar outer
and inner profiles. The linear sizes of inner profiles are factor k, smaller than the sizes
of outer profiles: [ = kL, r = k R (Figure 5.9). The factor &, is referred to as the similarity
factor.

A demonstration of the statement is given in Table 5.2.

Now we use the determined sizes in the expression for the moments of inertia
for a given cross-sectional area, A,. The relation of both moments of inertia of the
hollow cross-sections guarantees that the cross-section in the form of a hollow

Table 5.2 Areas and area moments for hollow triangular and circular cross-sections.

Hollow equilateral Hollow circular

triangle cross-section

~ 3L -1t ~ 4
Moments of inertia I, = L 1, = R -r)

96 @ 4

~ 32— P ~
Cross-sectional area A, = % Ag =nR* -1
Similarity factor I=kL r=kQR

4A A

Size for a given [=—1 | R= L [T
cross-sectional area A, 1-— /(82 \/5 A/1- ksz 4

~ VBA 14K ~ Ay 14k
Moments of inertia for a N Ig=—

18 1-k2 4r 1 —k?

given cross-sectional area A,
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equilateral triangle is once again 21% stiffer to bend in comparison to a circular hollow
cross-section of the same area of material:

L V34, 14k / Ag1+k7 _22V3 _ Ly ~ 1.2091. (5.53)

Iy 18 1— kSZ 41 — kSZ 9 Iy
The estimation of twist buckling effects is necessary for design evaluation of the
driveshafts and axles. The strength of the composite driveshafts is limited by the shear
strength of the material and the preferable orientation of fibers is 45° to the axis of
the driveshaft. However, the preferable orientation of fibers for the maximal buckling

moment is parallel to the axis of the shaft. Consequently, both criteria lead to different
desirable orientations of principal anisotropy axes.

5.5 Patents for Composite Driveshafts

This section displays the assortment of the related patents and patent applications for
the composite driveshafts in the automotive powertrains.
US3651661 (A) 1972-03-28, https://www.uspto.gov/,

Composite shaft with integral end flange: A composite shaft with an integral end
flange fabricated of a plurality of layers of high modulus fibers of selected fiber
orientation positioned between and bonded to protective outer and inner layers
as required and to one another such that each layer extends the full length of the
shaft and the flange. The shaft layers may be of sandwich construction and may
be asymmetric and the flange periphery may include doubles of bearing material
(Figure 5.11).

US4171626 (A) 1978-03-27, https://www.uspto.gov/,

Carbon fiber-reinforced composite drive shaft: A carbon fiber-reinforced com-
posite tubular drive shaft is provided wherein the fibrous reinforcement is
positioned in a structural configuration capable of yielding improved service
characteristics. The wall of the drive shaft comprises at least four bonded cir-
cumferentially disposed layers composed of appropriate fibrous reinforcement
situated within a resin matrix (as described). The carbon fibers are disposed
generally longitudinally in a layer at an intermediate position within the tube
wall and are capable of efficiently increasing the stiffness of the shaft. The overall
requirement for the carbon fiber component of the fibrous reinforcement is
minimized. Glass fibers likewise are disposed generally longitudinally in a layer
at an intermediate position within the tube wall and are capable of economically
contributing resistance to torsion buckling to the overall drive shaft without
deleteriously influencing the critical speed of the drive shaft. The drive shafts
of the present invention, accordingly, are light weight and surprisingly capable
of yielding reliable service in the absence of harmful secondary powertrain
resonance and the concomitant noise associated therewith (Figure 5.12).
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38

Figure 5.11 US3651661(A), 1972: “Composite shaft with integral end flange.”

Figure 5.12 US4171626(A): “Carbon fiber-reinforced composite drive shaft.”
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US4173128 (A), 1979-11-06, https://www.uspto.gov

Composite drive shaft: A laminated drive shaft having integral universal provi-
sions adjacent ends attached to driving and driven members joined by the shaft
to transmit torque there between while permitting angular misalignment and
displacement of these members (Figure 5.13).

US4551116 (A) (1983-06-09) https://www.uspto.gov

Drive shaft assembly: A drive shaft assembly which consists essentially of two
shaft parts both made of fiber-reinforced plastic material at least one having a cir-
cumferential radially outwardly extending fold formation provided for enabling
articulation of the shaft assembly with an intermediate support bearing being
located between the two shaft parts, the support bearing having an inner race
positioned by steps at the region of connection between the two shaft parts in
such a way that the intermediate bearing forms an integral part of the shaft and
is assembled so as to form a permanent connection (Figure 5.14).

US5725434 (A) — 1998-03-10, https://www.uspto.gov,

Shalft of fiber reinforced material: A shaft with integrated angle compensating ele-
ments of fiber-reinforced material includes an elastically-deformable coupling

Figure 5.13 US4173128(A): Composite drive shaft.
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Figure 5.14 US4551116(A): Drive shaft assembly.
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Figure 5.15 US5725434(A): Shaft of fiber-reinforced material.

flange that is curved backward to form an annular portion which connects the
flange to the inner wall of a surrounding disk-shaped connection element. The
shaft comprises fibers cross-wound at an angle to the axis of the shaft which
extend up to the free edge of the flange (Figure 5.15).

US2017082149 (A1) 2017-03-23, https://www.uspto.gov,

Composite driveshaft for a rotary system: A composite driveshaft includes a body
having a first end, a second end, and an intermediate portion defining a driveshaft
axis (DSA). The first end defines a first coupling region and the second end defines
a second coupling region. At least one of the first and second coupling regions
defines a virtual hinge configured to accommodate both bending moments and
axial changes of the body (Figure 5.16).
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Figure 5.16 US2017082149(A1): Composite driveshaft for a rotary system.

5.6 Conclusions

In this chapter, the deformation of the straight members of closed solid and closed
tubular cross-sections was studied. The twist and flexure of the members were
investigated for different orientation of anisotropy axes with respect to the DSA.
Torsional stability was studied using the Greenhill method. The results were shown
to be applicable to the components of the powertrain, as for driveshafts of ground
vehicles.

There are important works that study problems similar to those considered in this
chapter. Without discussing the methods and results of these studies in detail, we
recommend them for further reading: Tarn (2002), Bert and Francis (1974), Libai
and Simmonds (1988), Vinson (1993), Whitney and Pagano (1970), Washizu (1982),
Timoshenko (1945), Barbero et al. (1993), Rios (2009), Borri et al. (1992), Kroker (2013),
Shadmebhri et al. (2011), Ahmad and Hoa (2016), Erbasua et al. (2017), Maceri and Vairo
(2009), Berdichevsky et al. (1992), Kosmatka (1992), Whitney and Halphin (1968), Pai
(2011), Hodges and Peters (2001), Yu et al. (2005), Kollar and Pluzsik (2012), Klinkel
and Govindjee (2003), Tarn and Chang (2008), Budan and Manjunatha (2010), Chiu
et al. (2007), Hendry and Pobert (1986), Grigor'ev et al. (2012), Katsikadelis and Tsiatas
(2016), Gubran (2005), Lee et al. (2004), Rastogi (2004), Viroliya and Viroliya (2018),
Rangaswamy and Vijayarangan (2005), Dharmadhikari et al. (2014), Gibson (2016),
Whitney (1968) and Halpin (1992).
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Dynamics of a Vehicle with Rigid Structural Elements of Chassis

6.1 Classification of Wheel Suspensions

6.1.1 Common Designs of Suspensions

A chassis consists of several systems that perform different tasks in the entire chas-
sis design (Pauwelussen 2015; Reimpell et al. 2001; Reimpell and Betzler 1986; Leiter
et al. 2008). The structure of a chassis and thus the selection of individual systems are
strongly dependent on the vehicle class in which the chassis is to be used and the drive
concept of the motor vehicle used. The requirements placed on a chassis are always very
similar; only the weighting of the criteria differs depending on the vehicle class under
consideration. The most important requirements for a chassis can be summarized in
the upper grips, driving dynamics, safety and comfort and are to be fulfilled considering
the boundary conditions of low weight and low cost. For common axles there are three
different suspension concepts, which can be seen in Figure 6.1.

Independent wheel suspensions represent a technically complex and expensive con-
cept of a wheel suspension and are therefore mainly used in vehicles of the middle
and upper class or in sports cars. Semi-rigid axle suspensions are designed to be less
complex, consist of fewer components and are therefore less expensive to manufacture
and install than independent wheel suspensions. Semi-rigid axle suspensions are usu-
ally used in mini, small and compact cars. Commercial vehicles are subject to different
requirements than vehicles of the upper and middle class, which mean that in this vehi-
cle class the use of a rigid axle is in most cases satisfactory. To withstand the centrifugal
forces and correct the lateral guide of the solid axles, the Watt linkage or Panhard rod
are used.

Besides several characteristics of the wheel position, still to be presented, the coupling
of the two wheels is characteristic of the properties of the three concepts of wheel sus-
pension. The coupling of the wheels increases from independent suspensions to solid
axles. Namely, independent wheel suspensions (C) allow the left and right wheel to
move independently; that is, there is no coupling between the two wheels. This is not the
case with the rigid axle (A), where there is a direct coupling between the left and right
wheels, which results in a change in the position and angle of one wheel being forced
on the other. The semi-rigid axle (B) suspension should be seen as an intermediate type
between the independent wheel suspension and rigid axle suspension. The coupling of
the two wheels here depends on the position of the cross beam, which also leads to a
division of the semi-rigid axles into different groups.

Design and Analysis of Composite Structures for Automotive Applications:
Chassis and Drivetrain, First Edition. Vladimir Kobelev.

© 2019 John Wiley & Sons Ltd. Published 2019 by John Wiley & Sons Ltd.
Companion website: www.wiley.com/go/kobelev/automotive_suspensions
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(a) Solid suspension

(b) Semi-independent rear suspension

(c) Independent suspension (Double wishbone)
L |

Figure 6.1 Basic types of suspension.

6.1.2 Types of Twist-Beam Axles

The twist-beam axle is a very economical suspension for non-driven rear axles. In addi-
tion to its good kinematic properties, the twist-beam axle is characterized by a small
space requirement, which permits a favorable partitioning of space in the rear of the
vehicle (Figure 6.2).
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Figure 6.2 Semi-independent axles with Watt linkage wheel guide correction.

The twist-beam axle offers the following kinematic advantages

e Insignificant variation of toe-in and track gauge during equal-sided and reciprocal
vertical movement of wheels;

e Low camber change;

e Minor brake pitch.

On the other hand, there is a strong tendency toward oversteer lateral forces,
which cannot be remedied by track-correcting rubber bearings either. In addition, the
twist-beam axle is not particularly well suited for use with driven rear axles and could
only be used for this purpose with complex design changes to the cross beam. To bear
up the centrifugal forces and to improve the lateral guide of the twist-beam axles, the
Watt linkage could be used.

The main structural components of a twist-beam axle, or generally the semi-rigid axle,
are the two trailing arms that are firmly connected to each other by the cross-member
(twist-beam). As for the spring damper concept for twist-beam axles, spatially separated
monotube dampers and coil springs are usually used.

Systems that characterize the entire chassis structure include, for example, the spring
and damping concept, the steering concept and the concept of a brake system. The front
and rear axle concept, that is, the actual wheel suspension, is also part of the chassis
systems. The required driving characteristics of the vehicle can be achieved through
optimal coordination of the concepts.

6.1.3 Kinematics of Wheel Suspensions

The stiffness and compliance of the trailing arms and wishbones, also known as
elasto-kinematics, are of decisive importance for the handling of semi-rigid axles in
this suspension concept. The trailing arms are rigid in terms of bending and torsion
and have the task of absorbing the longitudinal forces. However, lateral forces and
camber moments must be absorbed by the cross-member, which must be rigid for this
reason, but also torsional soft to allow the rear wheels to compress independently. At
the same time, the cross beam serves as a stabilizer. For cross beams, mainly semi-open
C- or V-shaped cross-sections are used, which are produced by a forming process
and must be designed in such a way that they meet the requirements. The stiffness of
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Torsion-beam axle

Cross-beam axle

Twist-beam axle

Figure 6.3 Semi-independent axles.

the individual structural components leads to the three characteristic stiffnesses of a
semi-rigid axle; the roll, lateral and camber stiffness. The influence of these stiffnesses
on the vehicle’s driving dynamics is presented later on. The rubber mounting of the
semi-rigid axles has an inclination that attempts to correct the overdrive tendency.

The semi-rigid axles are usually divided into different groups (Figure 6.3). The tran-
sition of the three groups depends on the position of the twist-beam. The “twist-beam
axle” is when the cross beam is close to the rubber bearing and thus has similar proper-
ties to a trailing arm axle. The “cross beam axle” of a coupling arm axle is located in the
middle of the trailing arms. In contrast to the cross beam axle, the connecting member
of the “torsion beam axle” is very close to the wheel center. The torsion beam axle has
similar properties to the rigid axle. The Panhard rods are frequently used for the correc-
tion of the lateral guide of the torsion beam axle, similar to the solid axles. Watt links
are also occasionally used for the same purpose.
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6.2 Fundamental Models in Vehicle Dynamics

6.2.1 Basic Variables of Vehicle Dynamics

The standard ISO 8855:2013 “Road vehicles — Vehicle dynamics and road-holding abil-
ity” defines coordinate systems and variables relevant to driving dynamics (Mitschke
and Wallentowitz 2014). These are briefly introduced next and are also used in the
other chapters. Since vehicle models are usually multi-mass models, each mass must
be assigned its own coordinate system.

The kinematics of the wheel suspension is largely responsible for the requirements
placed on a chassis, as it determines the position of the wheel in relation to the road
surface. The points listed on the subject of kinematics of the wheel suspension are also
summarized under the generic term wheel position parameters and are clearly defined in
ISO 8855. The requirements placed on the wheel suspensions can be seen in Figure 6.4.

The definition of the wheelbase of a motor vehicle can be described as the distance
between the wheel contact points of the front and rear wheels in the longitudinal trans-
verse plane of the vehicle. A long wheelbase increases driving safety, while a short wheel-
base improves the handiness of the vehicle. The distance of the wheel contact points of
an axis in the projection of the longitudinal-vertical plane is called track width B. A wide
track width ensures better handling and less rolling. The semi-rigid axles are character-
ized by a small change in track width.

The chamber angle between the wheel center plane and a plane perpendicular to the
road (which runs parallel to the intersection line of the wheel center plane with the road
surface plane) influences, for example, the lateral dynamics, steering return and chas-
sis tuning. The size of the camber change of a semi-rigid axle is also small and strongly

Kinematics of axle:
Chamber angle
Chamber angle change

Stiffness of axle:
Chamber stiffness due to roll

moment Roll center
Side stiffness due to lateral Toe angle
force Toe angle change

Elastically induced steering

Vehicle handling: Driving safety:
Self-steering properties Controllability

Steering sensitivity Predictability
Braking performance

Riding comfort:

Roll behavior
Squat-and brake pitch

Figure 6.4 Vehicle dynamics effects.
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dependent on the position of the cross beam and is the smallest for torsion crank axles,
since it is purely due to elasticity. During jounce and rebound, the camber angle changes
the sensitivity of the camber angle influencing position of the wheel on the ground and
consequently the driving performance. From this viewpoint it is desirable to minimize
or at least control the variation of the chamber angle. When driving along a straight
line, a slightly positive camber angle suppresses wheel wobble, however, a slightly neg-
ative camber angle increases the car’s ability to cope with lateral forces present during
cornering.

If the distance between the rim horns in front of the wheel center is smaller than the
distance between the rim horns behind the wheel center, we speak of toe-in. The total
toe-in angle results from the toe-in angle on both wheels. A small toe angle is used
to control handling, because toe angle effects straight line driving stability, cornering
behavior and suspension tuning. Sometimes, the toe angle is used to compensate for
elastic deformation caused by longitudinal driving forces.

The roll center is the current pivot point of the vehicle body in an axle plane around
which the vehicle body tilts laterally during rolling movements (Figure 6.5). A high roll
center, Wp, causes low rolling movements of the vehicle body, because the lever arm roll
center W, to the center of gravity of the vehicle is small. A deep roll center W, ensures
low track gauge and camber changes. To determine the roll center, Wy, of a twist-beam

’///9//////////(//////////G Fd

Ra

Figure 6.5 Roll center of semi-independent axles.
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axle, the shear center Sy; of the cross beam must be known. First, the intersection S,
of the wheel center with the imaginary line between the bearing point P, and the shear
center S,, or the bearing point Q, and the shear center S,, is determined. The inter-
section S, is then projected into the rear view and the roll center W, results as the
intersection of the straight lines running through the intersection S, and the wheel con-
tact point R,. The shear center S,, of the cross-member therefore directly influences
the driving behavior of the vehicle. The roll axis of the motor vehicle is obtained by
connecting the roll centers of the front and rear axle by a straight line.

6.2.2 Coordinate Systems of Vehicle and Local Coordinate Systems

The coordinate systems used are described next. Figure 6.6 shows the four coordinate
systems, the angular position of the systems to each other is visible. The earth-fixed and
vehicle-fixed coordinate system as well as a wheel coordinate system on a vehicle are
shown.

Besides the mentioned coordinate systems of the whole vehicle, other local coordinate
systems use location. These local systems are linked to a structural element of the chassis
or powertrain. Usually, the axis z is oriented along the axis of an elongated structural
element, and two other axes x, y are in the cross-section of the element. The axes of the
local coordinate systems are marked with lowercase letters. The only exception is the
local coordinate system of the wheel.

6.2.2.1 Earth-Fixed Coordinate System
The earth-fixed coordinate system is a coordinate system bound to a location. The move-
ment of the vehicle in space can be described relative to it. The X and Y axes of this

Xe

Figure 6.6 Coordinate systems of vehicle (DIN ISO 8855).
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right system lie in the road surface plane, the Z, axis points upward from the road sur-
face. This coordinate system shows the movement of a vehicle from the point of view of
a non-moving observer. It receives the index “E.”

6.2.2.2 Vehicle-Fixed Coordinate System

The origin of the vehicle-fixed coordinate system is (usually) in the center of gravity
of the vehicle. Its X, axis is horizontal and forward-facing and is located on the
median longitudinal plane of the vehicle. The Y, axis is perpendicular to the vehicle
longitudinal median plane and points to the left, the Z, axis points upward. The
vehicle-fixed coordinate system is also called the superstructure coordinate system. It
is assigned the index “V.”

6.2.2.3 Horizontal Coordinate System

The horizontal coordinate system is also a right-angled coordinate system whose XY
plane lies in the XY plane of the fixed coordinate system (and thus in the roadway
plane). The X axis is the projection of the X, axis onto the X Y plane, the z-axis points
upward. The horizontal coordinate system moves with the vehicle; its origin is usually
below the vehicle’s center of gravity. The SAE vehicle axis system uses the z-axis down-
wards (Gillespie 1992, ch. 1).

Rotational motions around these three axes are referred to as roll, pitch and yaw. Rota-
tions around the x-axis are referred to as roll; rotations around the y-axis as pitch and
rotations around z as yaw. Pitching is commonly divided into dive, squat and lift. They
occur during breaking or acceleration. Dive ensues when the nose of the car dips during
breaking. Simultaneously, at the back of the car lift occurs. Squat happens during accel-
eration when the back of the car moves toward the earth and the front of the car lifts up
at the same time.

Roll takes place mainly during cornering but is present in all situations where a side
load or torque along the drive axis is applied. Roll happens around the roll axis of the
car. The roll axis is an imaginary line between the roll centers of the front and rear sus-
pension.

6.2.2.4 Wheel Coordinate System

Each wheel has its own coordinate system. The origin of a fixed wheel coordinate system
lies in the wheel contact point, the X, Y, plane lies in the XY plane. The X, axis is
the intersection line of the wheel plane with the XY plane and points forward, the Z,
axis points upward. The wheel coordinate system receives the index “W.”

6.2.3 Angle Definitions

The angular position of the vehicle-fixed coordinate system relative to the fixed coordi-
nate system results from the sequence of rotations around the three coordinate axes. The
angles are expressed in radians throughout the book. If the value in degrees is required,
take the value in radians and multiply it by factor of 180°/z = 57.3". The angle between Y
and Y, axis is called the roll angle ¢, the angle between X and X, axis the pitch angle 0
and the angle between X and X axis is called the yaw angle y (Tables 6.1 and 6.2).

Different views of the geometry of the wheel suspension are shown in Figures 6.7-6.10.
The angles, which are necessary for evaluation of the lateral dynamic of the vehicle, are
shown in Figure 6.11.
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Table 6.1 Angle definitions in vehicle dynamics.

Earth fixed coordinate system Right-angled coordinate system linked to the place.
X and Y axes lie in a horizontal plane.
Z axis is directed upward.

Vehicle fixed coordinate system Rectangular right system with any coordinate origin in the
vehicle such that:
X, axis is always horizontal and directed forward and is
located in the vehicle longitudinal center plane;
Y, axis is perpendicular to the vehicle’s median longitudinal
plane and points to the left;

Z,, axis points upward.

Vehicle velocity v Vector quantity describing the speed of the origin of the
vehicle fixed coordinate system in the fixed coordinate
system.

Longitudinal speed v, Component of the vehicle speed in the direction of the
X axis.

Transversal speed v, Component of the vehicle speed in the direction of the
Y axis.

Yaw angle y Angle resulting from a rotation around the Z axis.

Pitch angle 0 Angle resulting from rotation about the Y axis.

Roll angle ¢ Angle resulting from rotation about the X, axis.

Sideslip angle p of vehicle Angle between X axis and the direction of the horizontal

speed resulting from rotation about the Z axis.

Trajectory, path Course of the origin of the vehicle fixed coordinate system
projected onto the XY plane.

Course angle¢ = w—f Angle between X axis and horizontal speed resulting from
rotation about the Z axis.

Path radius Distance between a point on the trajectory (path curve) and
the corresponding instantaneous center.

Table 6.2 Angle definitions in geometry of chassis.

Static toe angle The angle bet the longitudinal axis of the vehicle and the line
of intersection of the wheel plane and the road surface

Camber angle The inclination of the wheel plane to the vertical Z,, axis

Caster angle The angle in side elevation between the steering axis and the

vertical Z,, axis

6.2.4 Components of Force and Moments in Car Dynamics
6.2.5 Degrees of Freedom of a Vehicle

Depending on the level of detail, a different number of degrees of freedom is necessary
for a vehicle modeling (Table 6.3).
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Wheel plane Lever arm deflection

yz-Plane
xz-Plane

?—‘ Steering axis —

Direction of
horizontal velocity, v

xy-Plane

Figure 6.7 Suspension geometry.

Camber

King pin inclination

yz-Plane

King pin offset

Steering axis

Figure 6.8 Suspension geometry, projection on the yz-plane.

A rigid vehicle has a total of six degrees of freedom, which can be divided into three
translational and three rotational degrees of freedom. The translational degrees of free-
dom include the movements of the vehicle in the direction of the three main axes of the
fixed coordinate system of the vehicle; the rotatory comprise the rotations of the vehicle
about the longitudinal, transverse and vertical axis.

For dependence of required model accuracy and the effects in question, the degrees
of freedom necessary must be decided on. For example, it may be sufficient to model
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Caster angle

Steering axis i

Caster trail

xz-plane

Figure 6.9 Suspension geometry, projection on the xz-plane.

Static toe angle

xy-Plane
Steering axis

Figure 6.10 Suspension geometry, projection on the xy-plane.

only the degree of freedom of longitudinal movement of the vehicle. For a transverse
dynamic model, on the other hand, at least two degrees of freedom must be modeled,
namely the side slip motion and yawing movement of the vehicle.

There are different models that are based on the degrees of freedom of the model to
be designed. Model types are mutually exclusive due to the choice of degrees of freedom
acquaintances. Model types are the single and two-track models as well as multi-body
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d steer angle

p sideslip angle ¢ course angle

Figure 6.11 Bicycle model of the vehicle in an earth-fixed coordinate system.

Table 6.3 Components of forces and moments.

Components of force

Longitudinal force F Component of force in the direction of theX axis
Lateral force F, Component of force in the direction of the Y axis
Vertical force F, Component of force in the direction of the Z axis

Components of the moment

yawing moment M, Component of moment in the direction of the Z axis
pitching moment M, Component of moment in the direction of the Y axis
rolling moment M, Component of moment in the direction of the X axis

models. Hybrid models are also possible in which, for example, a two-track model can
be coupled with a multi-body model for one chassis.

Furthermore, for the vehicle components to be modeled, such as the powertrain, brake
system or steering, models can be developed. Therefore, assistance systems, such as the
ABS anti-lock braking system, can be integrated into a vehicle model. The last step is the
selection of a tire model. Depending on the area of application, decide on which model to
use. The different tire models will be discussed later. Generally speaking, hybrid models
are those in which an attempt is made to compensate for the disadvantages of individual
models by combining several sub-models from different types of modeling.

The term “complete vehicle model” refers to a model that contains the components
vehicle dynamics, chassis, powertrain, brake and steering. Input variables are the brake
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pedal position specified by the driver, the accelerator pedal position, the steering wheel
angle and the position of the automatic transmission selector lever as well as ambient
conditions such as side and headwind, adhesion coefficient and road unevenness.

Longitudinal, transverse and vertical dynamics are directly coupled. Modern vehicle
dynamics control systems and driver assistance systems intervene in vehicle dynamics
via various actuators, such as brakes, powertrain, steering, active stabilizers or active
chassis. Apart from wind and air forces, forces between vehicle and environment can
only be transmitted via the tires.

In addition, the use of composite materials requires dedicated models of car dynamics
that describe some distinct effects. On one hand, the composite materials possess lower
elastic moduli and a comparative strength to the common steel alloys that are tradition-
ally used in automotive suspensions. On the other hand, the anisotropy of composite
materials allows for correction of vehicle dynamics. The implementation of composite
materials requires detailed study of the effects of elastic deformation in suspensions.

The entire handling behavior of a car is characterized using several maneuvers that
try to evaluate the handling characteristics of the vehicle, see chapter 6 of Heifling and
Ersoy (2013). These maneuvers are generally included in the most common Interna-
tional Standards (ISO). The common tests to characterize the handling performance of
a vehicle are:

Braking in turn (ISO 7975:2006),

Transient response test with one period of sinusoidal input (ISO/TR 8725),
Straight-ahead braking (ISO 14512:1999)

Steady-state circular driving behavior (ISO 4138:2012).

Steering parameters of passenger vehicles depict the cornering controllability,
straight-ahead controllability and first impression behavior. The acquisition of these
parameters encompasses low to high lateral acceleration maneuvers as random input
(ISO 7401:2011) or continuous sinusoidal input (ISO 7401:2011).

In order to model the definite effects of dynamics of passenger cars, specific vehicle
dynamics models are developed. Theoretical modeling summarizes the basic equations
and includes significant elements that lead to ordinary and/or partial differential
equations for the vehicle. If the equations cannot be solved explicitly, further simplify-
ing assumptions are made. Simplification can be achieved by linearization, reduction
of the model order or approximation.

6.3 Forces Between Tires and Road

6.3.1 Tire Slip

Forces between the tires and the road are transmitted via the so-called tire slipper. The
force that can be transmitted by each tire depends on the tire slip. The circumferential
slip is defined according to DIN ISO 8855:

Sx.y =wfwy—1. (6.1)

Here, w is the rotational speed of the wheel, ,, is the rotational speed of a straight and
freely rolling wheel. The slip is normalized to values between 0 and 1. The slip angle «
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of the wheel is a measure for the lateral slip of the tire and is defined according to DIN
ISO 8855:
tana = Vy y /Vy - (6.2)
Coefficients of circumferential and lateral force are defined according to DIN ISO 8855
as follows:
Hxw = Fxw/Fzw: by w = Fyw/Fzw- (6.3)
To calculate the rotational speed of a wheel @, the moment balance must be formed.
The balanced equation is as follows:
Jr> = My — Mg — Mp = 14, Fx v (6.4)
where are:

M, the driving torque,

M the braking torque,

M the torque caused by rolling friction and
Fy y the wheel circumferential force.

The constants / and r,,, are the moment of inertia and the dynamic radius of the
wheel. The torque M results from the rolling friction force.

Since tire forces on the rolling wheel can only be transmitted if slip occurs, the follow-
ing equations give the slip definition. In the case of braked wheels, the following applies
for longitudinal and transverse slip, respectively:

— —1 _ -1 .

Sxw=1—-vry,wcosa, Syy =V r,,o sina. (6.5)
These formulas in the case of driven wheels transform to:

Sx.w = cosa — vrdyn_lw_l, Sy w =sina. (6.6)

The term r,,, @ corresponds to the wheel circumference speed, v is the speed at which
the wheel contact point moves. It must be calculated from the translational and rota-
tional speeds of the vehicle for each wheel contact point. The resulting total slip can be
specified as a geometric sum of longitudinal and transverse slip:

Sw = \/Sxw’ + Sy w’ (6.7)

6.3.2 Side Slip Curve and Lateral Force Properties

Determining the transmission of force between the tire and the road is one of the most
important challenges, because the determination of wheel forces depends largely on
the statistically distributed condition of the road surface. The coefficient of adhesion y
between road and tire tread is anisotropic. The common tire models use the slip, the
slip angle and the camber at the wheel as input variables in order to then determine tire
forces. With the help of the u-slip curve the resulting slip can be transformed into the
resulting tire force. Figure 6.12 displays a qualitative example of a side slip curve. The
lateral force dependence on slip angle changes depending on speed, wheel load and char-
acter of contact surface between the tire and the road. For example, if all other factors
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Figure 6.12 Side slip curve and lateral force properties.

are the fixed, the resulting adhesion coefficient 4, can thus be determined as a function
of the resulting slip on the wheel Sy, , and py, = py, (Sy ).

An appropriate tire model is applied for the numerical evaluation of the lateral and
longitudinal reaction forces and moments of the tire. The frequently used model is the
approach (Pacejka and Bakker 1992), which is based on the combination of trigonomet-
ric functions. In this model, the reaction forces or moments on the tire arising from the
tire—road interaction are presented by the “magic formula.” This formula is an empiri-
cal equation based on four fitting coefficients, which allows the qualitatively good fitting
of tire reaction curves. Tire properties such as compliance and inertia are customarily
ignored. For the simple case of pure side or pure longitudinal slip the magic formula can
be employed (Pacejka 2012). The formula expresses the sideforce, aligning torque and
longitudinal force as a function of the slip angle and the longitudinal slip, respectively.
By selecting an input value s and specifying a form factor, it can be determined whether
lateral force Fy, ,, longitudinal force Fy y, or restoring torque M, are to be calculated.
The function has the following form (magic formula) (Pacejka and Bakker 1992; Clover
and Bernard 1998)

f= D sin(a . arctan(}A?x —Le (Ex — arctan(ﬁx)))). (6.8)
Here, the following apply:

E factor for stiffness;

C form factor for selecting the force or torque to be calculated;
@ maximum value of the curve;

E bending factor.

The role the input parameter plays is in the resulting slip on the wheel S, or the slip
angle a. Needless to say, the coefficients differ depending upon the actual input parame-
ter and output value. The Taylor series of this general expression over the definite input
variable reads:

f =DCBx—DCB*2 + 2E + C*)a* /6 + O(x°). (6.9)
A linear model is commonly used to calculate the lateral tire force for small slip

angles a. The model is based on the assumption that the lateral force Fy ,, in the linear
range of the lateral force slip angle a can be calculated using the linear relationship
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between these values. In the linear model, the lateral force F, y, is the first term of the
Taylor series:

Fyw =c,a, (6.10)

where ¢, = DCB is the skew stiffness of tire and a the slip angle on the wheel. It is the
simplest relationship between slip angle of wheel and lateral wheel force. The linear rela-
tionship, provided by the first term of the magic formula, is sufficient for the rough
estimations of the linear single-track model. The application possibilities of this model
are certainly limited to small slip angles.

Influencing factors are mainly the condition of the ground and the properties and
condition of the tire (air pressure, ambient temperature, tire compound, wheel load and
rotation speed). With the help of the resulting adhesion coefficient y, and the wheel
upright force F y,, the resulting tire force can be determined:

Fy =ty Fy o Fyy = \/Fxw” + Ey .y’ (6.11)

The force Fy, can be divided into wheel circumferential F ,, and wheel lateral force
Fy e

Fyw = SX,W:“WFZ,W/SW’FY,W = SY,W”WFZ,W/SW' (6.12)

6.4 Dynamic Equations of a Single-Track Model

6.4.1 Hypotheses of a Single-Track Model

A stiff body of a vehicle is described in its environment by six degrees of freedom in
space; three translatory and three rotational degrees of freedom of movement. In the
linear single-track (or bicycle) models, the vehicle is traced back to a flat problem, that
is, two degrees of translational freedom and one degree of rotational freedom are con-
sidered. The vehicle model has only one lane, that is, only one front and rear tire. Both
translational movements in the roadway plane are controlled by the dynamic equations
of forces for the corresponding coordinate directions.

Evaluation of lateral dynamic vehicle behavior is performed using simplified models.
Using a linearized model based on the hypotheses of Riekert and Schunck, the eval-
uation of modest lateral accelerations is done. This model is based on the following
hypotheses:

Constant wheel loads, no lifting and pitching motion,
Small movements,

Linear tire forces,

Lots of wheels,

Constant travel speed, no longitudinal acceleration,
Vanishing vehicle width, no rolling movement.

This simple vehicle model presented is suitable for explaining the basic steering char-
acteristics of a two-axle vehicle. The center of gravity of the model lies on the road
surface, so that acceleration forces in the longitudinal and transverse direction have no
lever arm relative to the road surface. Therefore, in the bicycle model the longitudinal
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Figure 6.13 Wheel slip angles in a single-track model.

acceleration does not lead to pitching and lateral acceleration does not lead to rolling
(rotations around the transverse or vertical axis).

In the linear single-track model, the wheels of an axis are formally aligned and can be
combined into one wheel element each. This procedure halves the number of unknown
tire forces. The sum of the tire forces is centered in the vehicle’s longitudinal axis. The
tire overtravel at the front or the rear is neglected in this model for the time being. The
tire overrun takes into account the effect that the wheel forces are not exactly centered
in the contact points of the tires.

Figure 6.13 shows the single-track model with kinematic relationships and depen-
dencies between the various variables. The movement of a vehicle during cornering is
characterized such that the longitudinal axis of the vehicle is twisted by a certain angle
with respect to the speed vector of the center of gravity or the tangent of the path curve.

6.4.2 Moments and Forces in a Single-Track Model

In Figures 6.13-6.15, L, is the horizontal distance from the front axle to the center of
mass, L, is the horizontal distance from the rear axle to center of mass. The movement
of a vehicle on a circular movement can be described by a rotation around the instan-
taneous center O (Figures 6.14 and 6.15). The current pole O represents the coordinate
origin for the fixed coordinate system. The distance between the instantaneous pole and
the center of gravity S is called the swivel radius. The speed of the vehicle v is a product
of the angular speed of the vehicle around the current center of rotation of the vehicle
¢ with the current swivel radius r:

v=¢_r. (6.13)
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Figure 6.14 Slip angle and lateral force on the front wheel.
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Figure 6.15 Slip angle and lateral force on the rear wheel.
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We assume that the speed remains constant while driving. On the contrary, the angu-
lar speed ¢ and radius r change during cornering. The angular speed of the vehicle
around the current center of rotation of the vehicle ¢, is the difference between the yaw

speed ¢ and the speed of the change in the sideslip angle of vehicle, :
¢=w—p. (6.14)

The swivel radius r and the yaw angle speed ¢ are used to indicate the velocity of
center of gravity speed of the vehicle. Inserting the angular velocity over yaw velocity
and floating angle velocity results in:

v=0y—pr. (6.15)
The lateral acceleration (centrifugal acceleration) of a vehicle as a function of speed
and turning radius is

a,=vV[r=¢r=vg.

Using the expression (6.13) for angular velocity and (6.15), lateral acceleration results
in:

a,=v @ —p). (6.16)

In stable driving situations, the sideslip angle of a vehicle is small. Therefore, lineariza-
tion of the tangent function is also possible here without significant loss of accuracy.

6.4.3 Balance of Forces and Moments in a Single-Track Model

The rotational freedom is orthogonal to the road surface and describes the yaw of the
vehicle around the vertical axis. The equation of motion is represented by the balance
of moments around the center of gravity. The calculations start with the balance of
moments around the vertical axis. For small steer angles:

Ly = FyL, — Fg,L (6.17)

Srr

I, is the mass moment of inertia of the vehicle around the vertical axis.
The Newton theorem describes the lateral movements of the body. The second start
equation is the equilibrium of forces at the center of gravity:

ma, = Fg + Fg,. (6.18)

The side forces on the front and rear wheels depend on the corresponding slip angles.
The slip angles a, and a,are determined by geometric relationships on the front wheel or
at the rear wheel of the linear single-track model (Figures 6.14 and 6.15). The front and
rear side forces are sums of the side forces acting on both wheels of each corresponding
axis. The vector of local velocity on the wheel is inclined to the wheel plane. As already
mentioned, the slip angle of wheel is defined by the vehicle fixed speed variables in the
direction of the wheel plane and normal to the wheel plane a. Centripetal acceleration
results in a certain relationship between float angle, yaw rate, lateral acceleration and
velocity. Similarly, dynamic wheel load shifts (changes in wheel contact force due to
longitudinal or lateral acceleration) do not occur.

Two component equations in the x- and y-directions can be used and the speed of
the front or rear wheel must be specified. By eliminating the wheel speeds, the required
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relationships are for the slip angles on the wheels. As an example, using this procedure
on the rear wheel with the aid of Figures 6.14 and 6.15, two speed balance equations are
obtained.

The equation for the rear slip angle follows directly by quotient formation and, analo-
gously for the front axle, taking into account the front wheel steer angle. Linearization
of the slip angles is justified if the slip angle is <5°. From the free body image in the tire
plane, simple relationships for calculating the tire forces can be determined if the coeffi-
cient of cohesion y, defined as the ratio of the normal force to the horizontal resistance
force, is taken into account.

A starting point for further considerations concerns the differential equations of the
linear single-track model. The linear tire model is used in these equations. The lateral
tire forces (wheel guiding forces) are assumed to be proportional to the slip angle, the
proportionality factor is the slip stiffness. The approximation for the slip angles is valid
for small steer angles and small yaw speeds:

FSf =Cafaf =Caf(5+ﬂ—l//Lf/V),
FSr = Co % = Cy r(ﬁ+er/V)'

The side force on steering axis (6.19) additionally contains the influence of the steer
angle. The values ¢, ¢, , are the skew stiffnesses for the front and rear axis, correspond-
ingly. If there are additional effects of vehicle roll, bending and elasticity of the axle,
induced steering of the wheel has to be added to the ideal steer angle:

Fy=cy(6+6,+f—wL,/V)., & =06(Fy0,M,..),
Fy = c(Bg+ B+ W L,/v),  6,=6(F0,M,,...).

(6.19)

(6.20)
The additional effects in the dynamical equations are considered in detail in Chapter 7.

6.4.4 Steady Cornering

6.4.4.1 Necessary Steer Angle for Steady Cornering
For a stationary round trip, that is, in the event that

y=0andf=0 (6.21)
the moment force vanishes and the forces on the front and rear axes are in balance:

v

Denoting the wheel base as L,, = L, + Ly, the resolution of these equations according
to wheel guiding forces during stationary circular travel provides:

LV
st = ma,
1 I (6.23)
s
Fg, = ~ma,

Use the lateral forces in Eq. (6.23):

i (6.24)
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From Eq. (6.24) we obtain the relation for sideslip angle of a vehicle and its yaw
velocity:

L L
iy L = =
o+p -y ” C“fmeay,
. L. Lf
== a,.
B+ Y = omay

Subtraction of the second equation from the first results in the following for the
required steer angle on front wheels:
ll/Lf WLV_[Lr Lf]l’l’l

¥ Za (6.25)
v v

y
Cof  Carl L

In the steady rotational trip of the vehicle, its velocity reads:
v =yr. (6.26)
Substitution of (6.26) for (6.25) leads to the required steer angle, 6, as:
L L L L L
§=r4 |20 T m =5, + ey, (6.27)
r Cof  Carl Ly’ Co  Carl Ly

This is the required steer angle. The angle in (6.27) differs from the steer angle accord-
ing to Ackermann:

w

5, =2 (6.28)

The higher the lateral acceleration of the vehicle a,, the greater the difference between
the required steer angle (6.27) and the Ackermann steer angle (6.28).

6.4.4.2 Yaw Gain Factor and Steer Angle Gradient
Now, let’s set the expressions for lateral acceleration a, and the velocity of the vehicle:

wL, 1L Ll v wL, 1L L]
= +— | -LlmLl= +— L -—=|mywv.
\% L r Y L

w

1)

Caf Car w Caf Car

The ratio of yaw rate to steering wheel angle is called the yaw gain factor:

Y 1 1
¥ _ = , (6.29)
6 Ly ym([L _L Loy 22
v + L, [c”f cm:| v v v da,
whereby
066 _[L. L] m
g = [— bl (6.30)
ay Caf Car w

is the steer angle gradient. This factor pronounces how fast the vehicle rotates around
the vertical axis at a certain steer angle.

The steer angle gradient indicates whether the vehicle is under-, over- or neutral steer-
ing. Along with the steer angle gradient, is the required steer angle:

5—ﬁ+ﬁ.a—6 +ﬁ.a
r da,’ 7 Oda,

A steer angle gradient of zero means that the yaw gain increases exactly linearly with
the speed (vehicle “neutrally controlling”). Such a vehicle would behave when stationary
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as if it were “on rails,” that is, no self-steering effect would be noticeable regardless of
the speed in addition to the steer angle specified by the driver.

6.4.4.3 Classification of Self-Steering Behavior

If the lateral acceleration of the vehicle is insignificant, pure geometrical steering take
place. This steering is referred to as Ackermann steering (Figure 6.15). The radius of
turn in this case will be referred to as the “Ackermann path radius.” The Ackermann
path radius depends only on the wheelbase and steer angle, see Eq. (6.28). However,
if the vehicle velocity is high and the radius of turn is low, the lateral acceleration
cannot be neglected any more. In this case, the actual radius of turn will differ from the
Ackermann path radius.

Classically, the driving dynamics of motor vehicles are considered separately accord-
ing to the three different degrees of translational freedom of movement of the vehicle
body. The term longitudinal dynamics is used when movements in the longitudinal
direction of the vehicle, that is, starting and braking processes, are investigated.

Motion processes transverse to the longitudinal axis of the vehicle are summarized
under the term transverse ceramic. Here the driving stability, cornering behavior and
lane and course posture are considered. The vibration behavior of the body in the
direction of the vertical axis of a vehicle is called vertical dynamics. The focus here is
on tuning suspension and damping behavior; for example, to increase driving comfort
for the occupants.

For the actual contest, only the lateral dynamics of the vehicle is of interest and is now
considered in more detail for this reason. The change in course of a motor vehicle with-
out the intervention of the driver is referred to as self-steering behavior. For cornering,
self-steering behavior is divided into three areas; over- and understeering and neutral
behavior, which are shown in Figures 6.16—6.18.

The term “self-steering” refers to a change in the course of a vehicle without a
steering command from the driver. In this context, the terms understeering, neutral
and over-controlling driving behavior are often used. In the real vehicle, four identical
tires are usually used so that the lateral stiffness of the front and rear tires is equal.
However, the wheels can change their track (i.e. the steering lock angle) under lateral
force. This is achieved through the targeted use of elasticities in the steering and axles
as well as through the geometry of the wheel suspensions, which can lead to track
changes when the vehicle tilts sideways. These two effects are called elastokinematics
and kinematics (Figure 6.19).

There are various criteria according to which one can classify the self-steering behav-
ior. If the radius of turn is smaller than the Ackermann path radius, we speak of oversteer;
that is, the rear of the vehicle breaks or “steps” out.

If the two radii are equally large, one speaks of a neutral self-steering behavior. Under-
steer occurs when the dynamic radius of turn becomes larger than the Ackermann path
radius and the vehicle thereby pushes over the front wheels to the outer edge of the
curve.

From the mathematical viewpoint, the track changes can be included in the skew stiff-
ness according to their effect. The so-called effective skew stiffness must then be used
in the equations. If the following condition is satisfied:

L L
9 _ | _Im (6.31)
0ay L

ch Csr w
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Figure 6.16 Neutral steer in the bicycle model.

wheel

Steer angle &

Steer angle &

Velocity vector on fron
wheel

Velocity vector on rear

Op Ackermann turn
center

Figure 6.17 Steer angle for low speed turning. “Ackermann” cornering in the bicycle model.
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Figure 6.18 Explanation of the understeer effect from the viewpoint of the bicycle model.
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Figure 6.19 Explanation of the oversteer effect from the viewpoint of the bicycle model.

a transverse force at the front leads to a greater angle of skew than at the rear; that is,
the vehicle is understeered.

The opposite effect is also present. The response to steering commands increases and
the vehicle overdrives. This effect is self-reinforcing and increases disproportionately
with increasing driving speed: lateral forces reduce the radius of curvature and thus
increase themselves. In general, the steering elasticity of the front axle leads to a yield-
ing of the steering impact under lateral force so that the effective lateral running stiffness
is lower than the lateral running stiffness of the tire. Conversely, most rear axles have
(elasto-)kinematics that additionally tilts the wheel under lateral force and raises the
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Table 6.4 Under-, over- or neutral-driving vehicle.

Oversteer Neutral Understeer
L L L L L L
L 7 A
caf 95 Car Caf 95 Car Caf 95 Car
= a— <0 = a— =0 = a— >0
ay ay ay
6<6, 6=0, 6>6,

effective skew stiffness above the skew stiffness of the tire. This guarantees the under-
steering design of vehicles common today (Table 6.4).

6.4.5 Non-Steady Cornering

6.4.5.1 Equations of Non-Stationary Cornering

In the non-stationary circular movement, the insertion of the wheel guiding forces
into the principle of angular momentum and Newton’s equation leads to the following
equations of motion:

. . Ly L .
Rty (“”‘7‘”)”‘" (’”7‘”)’
§ L L
Ly = cyly <5 +h- 7w> + oL, </3 + 71//) : (6.32)

The first equation of motion (6.32) is the linear equation with respect to yaw velocity.
The resulting expression for yaw velocity is the linear function of the steer angle and the
sideslip angle.

The derivation of yaw velocity by time provides the yaw acceleration:

mvﬁ"+caf(5 + B +c,, B

My —c, VL, +cyv 1L,

W=

Yaw angular acceleration y and velocity yr is then used in the second equation of
motion (6.32). After substitution, derivatives of sideslip angle from the second equation
of motion could be grouped in the form:

f+Af+BE=A,,
Cof

Ay, =ps— —36,
mv

2
w

Ao Cof T Car  Cop +Cqp

mv Lv
Carly = CofLy  Copc

a ar 2

2w
I, Imv

B=

_ cafo ~ CafCar

I, I,mv?

(L,L;+L>. (6.33)
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The Eq. (6.33) is an inhomogeneous linear ordinary second order differential equation.
The similar equation describes the linear oscillator. Forced oscillations are performed
by an oscillator that is stimulated to oscillate by time-varying external excitation A, ().
In (6.33) external excitation depends on time-dependent steering angle of wheel § and
its first time derivative 6. Of practical importance are, above all, impulse and stepwise
excitation functions. Besides them, the periodic excitations are important for analysis.
Among them, the harmonic, sinusoidal excitation is of interest for stability investigation
of lateral vehicle dynamics. In the case of the periodic excitation A, its frequency is
called the excitation frequency.

First, we investigate the already considered stationary case of the circular route. From
the equations

Bf = pé. (6.34)
Here p/B is magnification factor for the sideslip angle of vehicle:
p
=<5,
P B
p Colymv* —cpc,, (L L+ L7

= > (6.35)
B (cy, L, — cyeLpymv? + cypc,, L

ar—w

6.4.5.2 Oscillatory Behavior of Vehicle During Non-Steady Cornering
In the general, non-stationary case we get the representation of the equations of motion
in the form of a linear oscillator:

f+Af+Bp=A,,

A =2D,w,,
B= co%/ (6.36)

With corresponding natural frequency and damping factor:
Wy = \/E, D, = i
2v/B

Inserting the formulas (6.33) for A and B returns:

(6.37)

Cy + Cy Cy + Cy
D, = L | T T T e 2|,
2w, mv Iv
CarLr - C(fof Cafcar 2
Wy = + zLW s
I, I mv

wyp =1/1-D, w,. (6.38)

An oscillatory stability of motion is assured if natural frequency of the vibrations,
which are excited by a disturbing force, is a positive real value:

C L, — cafo CofC

ar 2

2 W
I, I mv

> 0. (6.39)

2 _
Wy~ =

The occurring vibration amplitudes should be as small as possible and should subside
after the excitation is finished. A non-stationary driving maneuver is therefore stable



Dynamics of a Vehicle with Rigid Structural Elements of Chassis

if a stable stationary motion is established after the excitation has disappeared. If the
inequality (6.39) is violated, an oscillatory instability of motion occurs.

6.4.6 Anti-Roll Bars Made of Composite Materials

A stabilizer pushes down at the outer side and weights the outer wheel more, thus reliev-
ing the spring of that wheel. At the same time, it relieves the wheel inside the curve and
loads its spring. Therefore, the stiffer stabilizer increases the wheel load difference on the
axle. The lateral forces of the tires degressively increase above the wheel load. If a higher
lateral force with a higher wheel load is to be produced on the outer tire, a larger slip
angle is required. Consequently, a stronger suspension (and a stronger stabilizer) on the
front axle increases the inclination to understeer. On the contrary, a stronger suspension
(and a stronger stabilizer) on the rear axle increases the tendency to oversteer.

With the same weight distribution between the front and rear axle and the same tires,
the axle with the (stronger) stabilizer thus reaches the limit of the transferable lateral
guiding force more quickly.

The anti-roll bar made of composite material was patented (US2002000703 2002,
https://www.uspto.gov). The composite beam (Figure 6.20, Pos. 16) is composed of a
fiber-reinforced thermoset or thermoplastic polymer laminate material. Preferably, the
polymer used in the composite laminate layers is an epoxy resin.

The patent (EP2423012 2012, https://www.epo.org) reveals a stabilizer bar that con-
sists of a tubular rear part and two bending legs. The legs are made of a fiber composite
material or a metallic material. The stabilizer rear part made of a metal material is wound
around by the composite material. Coupling points are form-fit of force-locking cou-
pled between the stabilizer rear part and legs. The legs in the coupling point are in part
enfolded with the fiber composite material. Reinforcement fibers could be selected from
glass fibers, carbon fibers or basalt fibers (Figure 6.21).

Figure 6.20 US2002000703 (A1) Wheel suspension system with an integrated link, spring and anti-roll
bar, https://www.uspto.gov.
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Figure 6.21 EP2423012 (A2) Fiber composite anti-roll bar, https://www.epo.org.
6.5 Conclusions

The models of dynamics for vehicles with solid, stiff elements of suspensions were pre-
sented. Parameters were usually assumed to be known or could be estimated. The aim
of modeling is to obtain a mathematical-analytical description of the dynamic behavior
of a vehicle with coupling between its principal degrees of freedom, but neglecting the
elasticity of axle components.
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Dynamics of a Vehicle With Flexible, Anisotropic Structural
Elements of Chassis

7.1 Effects of Body and Chassis Elasticity on Vehicle
Dynamics

7.1.1 Influence of Body Stiffness on Vehicle Dynamics

The influence of elasticity on the dynamic of vehicles is explained in detail in Section 32.8
of Mitschke and Wallentowitz (2014). The twist stiffness of the car body is a significant
parameter of the vehicle design. It expresses resistance to torque that a body has when
an axial twist moment is applied, see Chapter 6 in Heifling et al. (2011). This value is
estimated for typical passenger car bodies between 15 and 40 kNm/°.

Bending stiffness refers to a difference in pitch angle between front and rear part of the
body. A vehicle body bends when it is accelerated and load transfer occurs. This situation
appears during accelerations and decelerations of the car. These effects are the so-called
dive and squat behavior. The recovering of the pitch angle after striking a speed bump is
another situation in which bending stiffness plays a role. While designing vehicle bodies
it is believed that a high value of twist stiffness will also yield to an adequate bending
stiffness value of the body.

Local stiffness refers to the stiffness of the suspension attachment points on the body.
For evaluation of local stiffness values and its influence on car dynamics, the follow-
ing full-car tests are applied: camber and toe, kinematics and compliance. A force or a
torque is applied to the center of the wheel; accordingly, the resulting displacements and
rotations at the wheel center must be acquired. An estimation of local stiffness of the car
body is 0.2° per kN.

Lateral stiffness denotes the load case if a force is applied in the lateral direction at the
front and rear axle. Centrifugal forces acting through the wheels affect cornering. The
lateral stiffness distribution between front and rear axle affects the yaw performance
of the car. Consequently, yaw behavior of the vehicle is possibly influenced. The typical
lateral stiffness is about 1 kN mm™.

These mechanisms represent the effect of body stiffness on vehicle dynamics. Another
frequently significant effect on the vehicle dynamics results from the stiffness of the sus-
pensions. Two common types of suspensions repeatedly possess an insufficient lateral
and longitudinal stiffness.

The first is the Hotchkiss rear suspension with leaf springs. If the lateral bending stift-
ness of the leaf springs is not high enough, the side deflection of the axis influences the

Design and Analysis of Composite Structures for Automotive Applications:
Chassis and Drivetrain, First Edition. Vladimir Kobelev.

© 2019 John Wiley & Sons Ltd. Published 2019 by John Wiley & Sons Ltd.
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steering behavior of the vehicle. Additionally, if the longitudinal bending stiffness of the
leaf spring is low, drift of the axis in the driving direction occurs during braking. The
brake drift of the axis in the driving direction due to brake forces also affects cornering
behavior. These cornering errors could be significant for small and mid-size commercial
motor and utility vehicles.

The second is the twist-beam axle, which frequently possesses minor lateral and cham-
ber stiffness. The cornering errors due to flexibility of twist-beam axles are frequent
because the twist-beam axis is the prevalent suspension in light passenger cars. The
use of composite material could additionally provoke cornering errors because the per-
spective twist-beam axles made of composite materials will possess low values of cham-
ber, toy and roll stiffness. These stiftness values differ from the known values for typi-
cal, steel-made twist-beam axles. The explanation of these effects for composite-made
twist-beam axles is given in the next sections.

7.1.2 Lateral Dynamics of Vehicles With Stiff Rear Axles

Twist-beam axles for motor vehicles are made in various forms. Its sheet steel
twist-beams, for example, are state of the art in shell construction. In addition, the prac-
tice has assembled cross beams from tubular profiles with various cross-sections and
trailing arms to form twist-beam axles. When designing such a composite suspension,
a general distinction is made between “torsion crank axle” and “twist-beam axle.”

The control arms of the torsion crank axle are firmly connected to the axle bridge, a
U-profile open at the bottom or in the rear direction. The axle bridge is referred to as
twist-beam or cross-member. Occasionally, Watt linkage is added to withstand the cen-
trifugal forces and correct the lateral guide. The Panhard rod leads to an asymmetry of
the wheel guide and is not suited for passenger vehicles. With parallel spring movement,
the axle swivels around the connecting line of the control arm bearings on the vehicle
and, with rolling suspension, the open profile twists in the first approximation around
the neutral torsion axis specified by its shear center.

When cornering at higher speeds, the wheels have a sideslip angle , which results in
the lateral tire forces required to support centrifugal forces. The overdriving self-steering
behavior of motor vehicles with twist-beam axles is due to the flexibility of the trailing
arms and the transverse beam. Figure 7.1 shows the relationship between the compli-
ance of trailing arm and wishbone, the lateral forces of the tires and the overriding
self-steering behavior.

For the beginning the slip motion of the vehicle due to later acceleration is neglected.
In this case, the motor vehicle with an absolutely stiff, rigid rear axle drives through
the curve without self-steering of the rear wheels and the track radius r, (Ackermann
radius) can be calculated by neglecting the sideslip angle as follows:

LW
r,= g,LW =Li+1L,. (7.1)
The values Ly, L, are the distances in longitudinal direction from the mass center to the
front and rear wheelbases. The angle 6, is the front wheel steer angle, which is arbitrary
and adjustable by the car driver.
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Figure 7.1 Cornering of a car with stiff and with flexible rear axles.

In the case of absolutely stift axles and the absence of sideslip of the wheels, the front
wheel steer angle is referred to as the Ackermann angle: 6, = 5}4‘

7.1.3 Induced Effects on Wheel Orientation and Positioning of Vehicles
with Flexible Rear Axle

The absolutely rigid twist-beam axle demonstrates neutral self-steering behavior for low
vehicle velocity. With a flexible twist-beam axle, the lateral forces acting on the rear
wheels deform the twist-beam axle in such a way that the trailing arms bend toward the
momentary turning point, resulting in compliance steering of the rear and front wheels.
In this section, we describe only the compliance steer of the rear axis. The compliance
steer of the front axis is usually less significant and could be studied in the same way.

With a flexible twist-beam axle, the path radius r,, of the vehicle with a flexible rear
axis is expressed as:

L
= (7.2)
3 +6,

Te

The compliance steer angle at the rear axle in (7.2) is §,. This angle depends upon
the external lateral forces on the vehicle (Figure 7.1). Particularly, for a twist-beam axle,
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the lateral centrifugal forces cause bending of the axle and shift the car body outside
from the turning point. Simultaneously, the centrifugal force moves the wheels, respec-
tively, from car body toward the cornering center. This side wheel movement induces
the compliance steer angle. The compliance steer angle is equal to the side movement
of the rear wheel with respect to the car body divided by the length of trail arm of the
rear axle. This calculation gives the compliance steer angle in radians, for the value in
degrees this angle must be multiplied by 180/x. The bending moment in the twist beam
is equal to the length of the trail arm multiplied by the lateral force on the wheel. With
bending stiffness of the twist beam, the compliance steer angle can be easily calculated,
as shown later in this chapter. The maximal bending stiffness delivers cross-section
in form of the double-T profile. Remarkably, the twist stiffness of this open profile is
not too high, so the reasonable roll spring rate could be realized. The calculations are
discussed next.

The compliance steer angle must be accounted for if the lateral forces on the rear axle
cause significant lateral elastic deformation of links of the rear suspension. A compari-
son of Egs. (7.1) and (7.2) shows that the radius r, is smaller than the radius r,, resulting
in the known oversteering behavior of vehicles with a flexible twist-beam axle. Figure 7.1
demonstrates the oversteering behavior of a car with a flexible rear axle.

Another effect is camber alternation due to the side forces on the wheels. The lateral
forces lead to the reduction of camber angle on the curve outer wheel and to increase of
camber angle on the curve inner wheel. The outer wheel is overloaded due to centrifu-
gal forces. The reduction of camber angle on the outer wheel increases the overdriving
effect as well. If the wheel angle at the rear wheel due to elastic deformation is negligible,
6, =0, track radius is approximately equal to the Ackermann radius r,.

The principle of optimal adjustment of a twist beam could be summarized as:

the motor vehicle swings around the roll axis when cornering due to centrifugal force,

the centrifugal force generates a lateral force at the wheel,

the lateral force on the wheel causes a bending moment on the trailing arm,

bending of the trailing arm leads to compliance steer of rear wheels and causes over-

steering,

o the rolling of the motor vehicle affects the drill of the cross-member that connects
the right and left trailing arms,

o the coupling between twisting and bending of the torsion profile around the z-axis
results in the coupling bending moment around the upwardly directed z-axis,

o the coupling bending moment compensates for the bending moment due to centrifu-
gal force and increase understeer,

o the coupling between twisting and bending of the torsion profile about the x-axis

reduces the variation of the camber angle.

The common vehicle model is based on the simplified single-track (bicycle) model
from Riekert and Schunck (1940). This model is based on the following assumptions:
Small steering and sideslip angles; aerodynamic forces are not considered; longitudinal
forces are not considered and the relation between cornering stiffness and tire corner-
ing force is considered to be linear. The simplified single-track model is, however, not
suitable for analyzing the coupling of bending and torsion of the rear axle, as the vehicle
width disappears and no rolling movements are therefore possible.
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However, when the axle deforms, the wheel forces and angles are altered leading to
a changed vehicle behavior dependent on axle stiffness values. To get a fundamental
understanding of the relative influence from these global stiffness values on vehicle char-
acteristics, the understeer gradient for varying axle stiffness values during steady state
cornering is studied, based on the dedicated bicycle model of the vehicle. The model
accounts for the influence of body stiffness on roll steer, the effect from varying lateral
load transfer from varying torsion stiffness on axle cornering stiffness and the influence
from lateral compliance on front and rear wheel angles.

The dedicated bicycle vehicle model is based on the following assumptions,

no lifting and pitching movements,

small movements and linear tire forces,

massless wheels,

constant travel speed and no longitudinal acceleration,

roll angle is a linear function of the roll torque,

vertical forces on the right and left wheel are linear functions of the rolling moment,

rolling moment is linearly dependent on lateral acceleration,

elastic wheel lock on the front wheel is a linear function of the lateral force on the

front wheel,

e elastic wheel lock at the rear wheel is a linear function of the lateral force at the rear
wheel,

e compliance steer angle of rear wheels depends linearly on the angle of torsion of the

cross-member.

The twist-beam axles are frequently characterized by undesired self-steering behavior
that tends to oversteer. A simple explanation of this behavior is the following. In order
to drive through a certain curve, lateral forces on wheels are necessary to withstand
the mass force of the vehicle (centrifugal force). With an absolutely rigid suspension
(Figure 7.2a), the rear wheels are not self-steering. Neglecting the sideslip angle, the
path radius (half diameter of curvature) is given by Eq. (7.1). In this case, the wheel steer
angle &, is identical to the Ackermann angle, whose tangent is the wheelbase L, +L,
through the path radius of the rear axle center.

The lateral forces F, at the rear wheels (Figure 7.2b) deform the wheel suspension in
such a way that the longitudinally oriented links of the axle bend toward the momentary
turning point. The reaction forces cause the suspension to bend, so that with a flexi-
ble suspension the rear wheels are self-steering. Neglecting the sideslip angle, the path
radius (half diameter of curvature) is given by Eq. (7.2). The angle 6, <0 is the induced
wheel steer angle at the rear axis. Since the track radius on self-steering rear wheels r,
is smaller than the track radius r, on rigid rear wheels:

> 7, (7.3)

In this case, the undesired oversteer occurs.

The influence of laterally directed centrifugal forces on the camber angle could be
studied analogously (Figure 7.3). For visibility, the roll motion of the vehicle is not dis-
played. The change of camber angle leads to the variation of the skew compliance of the
tire, and consequently varies the side slip force of the tire. This effect could be accounted
for with a proper tire model.
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Left trail arm _ mv2/r
Centrifugal force
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on rear trail
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Right wheel Steering front wheels

Flexible twist-beam

mv@ir

Self-steering rear wheels due
to bending of twist-beam

Figure 7.2 Steering of vehicle with (a) absolutely rigid axle and (b) induced steer angle of vehicle with
flexible rear axle.

7.2 Self-Steering Behavior of a Vehicle With Coupling
of Bending and Torsion

7.2.1 Countersteering for Vehicles with Twist-Beam Axles

7.2.1.1 Countersteering Mechanisms

The lateral stiffness of the twist-beam axle is occasionally low and causes oversteering
of the vehicle. The solutions to this problem known from the state of the art are usually
based on the modification of the handlebar geometry by generating a steering axle on the
rear wheel or by using an open U-profile or V-profile with an offset torsion axle. There
are a number of patents and patent applications that correct the steering behavior of
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Figure 7.3 Induced camber angle for a flexible rear axle (roll motion is not displayed).

a vehicle with twist-beam axles. The inventions exploit the effect that is referred to as
“countersteering.”

The patent US8220810B2 (2008) introduces a countersteering vehicle rear axle that
induces a rotational motion of a wheel carrier about a virtual spread axis in the toe-in
direction under the influence of a lateral force on the outside cornering wheel mounted
on the wheel carrier.

The invention (DE10321877 2004) relates to a single-wheel suspension of an inclined,
longitudinal or composite strut variety comprising a wheel-guiding inclined, longitudi-
nal or composite strut consisting of a wheel carrier mounted in several elastic pivoting
bearings. The elastic pivoting bearings at least partially consist of two concentric rings
or a ring and a bolt between which an elastomer body is non-detachably integrated in
an at least partial manner. The wheel carrier is supported by means of an oscillating
plate both in front of the axis of rotation of the wheel and to the rear of the said axis of
rotation. Four elastic pivoting bearings are integrated into the oscillating plate. Half of
the fixing elements thereof are secured to the strut and the other half are secured to the
wheel carrier. According to the invention, a single-wheel suspension with a separately
elastically mounted wheel carrier is developed. This wheel carrier enables a high amount
of driving comfort in the presence of lateral, longitudinal and vertical forces.

The patent (EP1159147 2001) reveals a composite pivot pin for a motor vehicle, com-
prising two longitudinal side members, extending in a substantially longitudinal direc-
tion of said vehicle and a torsional cross-member that is joined to each longitudinal side
member.

The invention (EP2019023 2009) describes the steering rear axle for automobile, com-
prising a deformable wheel pivot. The system has a steering actuator for controlling
steering of rear wheels and fixed to a frame of a motor vehicle. The steering control
causes distortion of a wheel pivot, which drives rotation of the steering axles following
a vertical axis for steering of the rear wheels.
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The patent (FR2860751 2005) proposes the steering axle, comprising two longitudinal
arms, connected by a cross-member, each arm having a front end connected to the
body by a hinge means adapted to deform elastically, to introduce a displacement of the
wheel relative to the vehicle body during longitudinal impacts on the wheel. The upper
hinge means being able to deform elastically according to a substantially longitudinal
direction.

The invention (US6173977 2001) relates to a motor vehicle comprising steerable front
wheels supporting the vehicle and rear wheels supporting the vehicle, at least one rear
wheel of which is coupled by means of an at least substantially horizontal axle journal
extending transversely to the longitudinal direction of the vehicle, to a wheel suspension
arm extending at least substantially in the longitudinal direction of the vehicle.

The invention (W02009124658 2009) improves a countersteering automotive rear
axle that affects, under the impact of a lateral force onto the wheel on the outside of
the bend, which wheel is fastened to a wheel carrier, a rotational movement of wheel
carrier by a virtual axis of spread toward positive toe. Two supporting elements are pro-
vided above and below the wheel center, being flexible to torsion but resistant to bending
and are tilted with respect to the vertical direction to the same extent as the virtual axis
of spread when seen in a lateral projection.

The patent (W02010000363 2010) introduces a countersteering automotive rear axle.
The axis induces a rotational motion of a wheel carrier about a virtual axis of spread in
the direction of positive toe-in under the effect of a side force on the wheel on the out-
side of a curve and mounted on wheel carrier, wherein the support comprises a segment
substantially parallel to the plane of the wheel carrier and a segment extending substan-
tially in the transverse vehicle direction and abutting said segment behind the wheel
center point in the direction of travel.

7.2.1.2 Countersteering by Anisotropic Coupling of Bending and Torsion

The anisotropic elastic behavior of fiber composite materials can be used to couple bend-
ing and torsion deformation of the elastic connection profile. This principle is known
as “anisotropic tailoring.” This has been known in aviation for a while, but is still not
widely used. The idea to influence the deformation behavior of airfoils with the help of
fiber composites dates back to 1980. At this time, the articles by Krone (1975), Weisshaar
(1980) and Piening (1984) appeared. These works dealt with the problem of divergence of
forward arrowed wings. The torsion of the elastic axis by laminate rotation was regarded
as one way of avoiding divergence. By pivoting the laminates in the top layers (upper and
lower shell) of the wing box, the bending and torsion deformations are coupled. This
type of tailoring is referred to as Circumferentially Asymmetric Stiffness (CAS) Config-
uration (Librescu and Song 2006). There is another Circumferentially Uniform Stiffness
(CUS) Configuration, which leads to extension-torsion coupling of the box.

In addition to the use in airfoils, a number of theories have also been developed that
aim at the use of coupled cross-sections (tension-torsion coupling) in helicopter rotor
blades. For this purpose, analytical methods are also shown that are opposite for demon-
strating the deformation behavior of coupled cross-sections (primarily using box girders
as an example).

Orthotropic laminate families and classic (symmetric) anisotropic laminates are par-
ticularly appropriate for use in load-bearing structures. In principle, efforts are being
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made to keep the coupling between disk and plate quadrants as small as possible in
order to minimize additional stresses. The anisotropic laminates offer the possibility to
directly influence deformation behavior. In the case of classically anisotropic laminates,
the coupling between tensile and shear deformation is decisive. When anisotropic lam-
inates are used in the upper and lower surfaces of the box structure (symmetric twisting
of the laminates), this coupling effect leads to a torsion bending coupling of the defor-
mations (Kobelev, 2018).

Applying the principle of the CAS configuration to the automotive discipline, it
states that, for an appropriate tuning, profile torsion in the transverse direction of
the vehicle coupled to the bending of twist beam reduces the oversteering of the
vehicle. The proposed countersteering design of the twist-beam axle advances dynamic
driving characteristics and improves comfort properties. The central point here is
the following. The coupling of bending and torsion in the cross-beam counteracts
oversteer. The bending-torsion coupling can be achieved by anisotropy of the material
of the cross-beam and distinctive orientation of the fiber composite.

On the other hand, the CUS configuration leads to extension-torsion coupling.
The extension of torsion profile changes the angle between the trailing arms of the
twist-beam axle. Consequently, the angles between the wheel planes, that is, the toe
angle, change. This effect influences as well the cornering characteristics of the vehicle.

The qualitative statements about the dynamic of vehicles can usually be obtained with
the greatly simplified “bicycle model” (Riekert and Schunck 1940). This model is based
on the following statements:

Constant wheel loads, no lifting and pitching motion

Small movements, linear tire forces

Wheels’ planes normal to ground plane (lot position of wheels)
Constant travel speed, no longitudinal acceleration

Vanishing vehicle width, no rolling movement.

The aforementioned bicycle model is not suitable for analysis of countersteering with
the coupling of bending and torsion of the rear axle. For optimum tuning of a twist-beam
axle, the dedicated bicycle vehicle model is used. The dedicated model is based on the
following hypotheses:

No lifting and pitching motion.

Small movements, linear tire forces.

Constant travel speed, no longitudinal acceleration.

The roll angle is a linear function of the rolling moment.

The vertical forces on the right and left wheel are linear functions of the rolling

moment.

The rolling moment depends linearly on lateral acceleration.

e Elastic wheel inclination (camber angle change) on the front wheel is a linear function
of the lateral force on the front wheel.

o Elastic wheel inclination (camber angle change) at the rear wheel is a linear function
of the lateral force at the rear wheel.

e Compliance steer angle of the rear axle depends linearly on the torsion angle of the

twist-beam (due to coupling of bending and torsion of the twist-beam axle).
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7.2.2 Bending-Twist Coupling of a Countersteering Twist-Beam Axle

During cornering, vertical forces act on the wheels:

Z,, on the left rear wheel,
Z, on the right rear wheel,
Zj on the left front wheel,
Zy, on the right front wheel.

The sum of all vertical forces corresponds to the weight of the vehicle

The moments of the vertical forces around the front axle and the rear axle are com-
pensated for by the moment of the vehicle weight

{(Z,R +ZL, =mgl,

(7.5)
Zp+2Zy)L, =mgL,.

The rolling moment around the longitudinal axis of the vehicle M, is the product of
the lateral force due to centripetal acceleration of the vehicle F, and £ is the vertical
distance between the center of mass of the vehicle and its roll axis is:

M, =h F, (7.6)
where:

e a, the centrifugal (lateral) acceleration of the vehicle;

o /1 the distance between the center of mass of the vehicle and its roll axis. For rough
estimations, this value is approximately equal to the height of the mass center point
of the vehicle with respect to the road surface.

The inertia force acting on the center of gravity of the vehicle F, =m a, is the product
of vehicle mass and centrifugal acceleration resulting from the momentary curvature of

the path:

_V _ (v _db
a, = o= < 7 dt)v' (7.7)

Here:

v travel speed;

r actual path radius (cornering radius);
dv/dt path angular speed;

dyldt yaw angular speed;

dpldt slip angular speed.

The rolling moment is balanced with the moment of the vertical forces:
(~Zp—Zp+Zy +Z,)B/2 = M,. (7.8)

Here, B is the rear track width (thread).
From Egs. (7.4), (7.5), (7.6) and (7.8) the vertical forces result in:

Lr mg ma}’h Lr mg Wl(lyh
Lo =—| = — ,Z = — | — , 7.9
R Lw< 2 B T, \ 2 B 79)

L /m ma,h L /m mah
er=L_f<_g_ » ),z,L=L_f<Tg+ = > (7.10)

w



Dynamics of a Vehicle With Flexible, Anisotropic Structural Elements of Chassis

If the lateral acceleration disappears (a, = 0), the vertical forces are:

L.mg
© _ 0 _ Zr
Zp =2y = R (7.11)
L
© _ 0 _ fmg
zZ9 =29 = R (7.12)

7.2.3 Roll Angle of Vehicle

7.2.3.1 Relationship Between Roll Angle and Centrifugal Force
There is a linear relationship between the roll angle ¢ and rolling moment of the vehicle
My = F, h due to the centrifugal force F, = ma,;

M, mayh
"R R

r r

@ (7.13)

The roll spring rate of the vehicle is R,.

For simplicity, we consider only one elastic axle per vehicle, such that the rolling
moment of the vehicle is identically equal to the roll moment of an elastic axle.
Evidently, for calculation, all axles of the vehicle must be accounted for so that the roll
spring rate of the vehicle is the sum of the roll spring rates per axle.

7.2.3.2 Lateral Reaction Forces on Wheels

The elastic wheel is the most important element for keeping vehicles on course. The
cause of the side forces is the sideslip angle and the transverse or lateral slip connected
to it. For small sideslip angles and a constant vertical force, the lateral force at the wheel
depends on the sideslip angle of the corresponding wheel ag, a,z, ag, @,;. The lateral
forces on the wheels are the linear functions of vertical forces and sideslip angles of
the wheels:

ZrL aﬂ« ZVR afR

FfL == %E,Fﬂ? == Z(O) E, (714')
rL ~af R af
ZrL (73 _ ZrR AR

(7.15)

rL — NPT rR T o
0) ~() 0) ~(0)
ZrL Cﬂ’" ZrR CO”’

The coefficients in Egs. (7.14) and (7.15) are:

cY = L C:f) = ¢;! the skew compliance of the rear and front tires,
€ Cr lateral skew tire stiffness of the rear and front wheels, respectively.

The slip angles of the wheels are the angles between the wheel circumference direction
and speed vector in the wheel position points. Considering geometric dependencies, the
slip angles read:

Lid Lid

r ay r dy

—5 e A _Ta 7.16

G =0+ P v dt R it v dt (7.16)
L, dy L,

arL_érL+ﬁ+VE’arR_5rR+ﬁ+VE‘ (717)
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In Egs. (7.16) and (7.17), yaw angle is y, sideslip angle is § and 65, 65z, 61, 651
are the total steer angles on wheels. These angles are the sums of controllable and
compliance-dependent steer angles.

7.2.3.3 Steer Angles on Front Wheels

The steer angles on the front wheels account for the elasticity of the steering and wheel
guides due to vehicle reactions. If the rigidity of wheel guidance and steering is infinitely
high, the steer angle at the front wheel corresponds to the ideal or controllable steer
angle 5;) = 5/(1?.

For simplification, we consider large steering radii so that ideal steer angles on the left
and right wheels are equal 6 = 6 = §\”, so that the difference of geometric steer angle
between both wheels needs not to be accounted for.

However, there is the difference between the ideal steer angle at the front wheel §” and
the total steer angle at the left 6, and right front wheel 6. This difference is caused by

the elastic flexibility of the wheel suspension. Namely, the difference 5, — 6}” between

the ideal steer angle at the front wheel 53) and the actual turning angle at the left wheel
84 is a linear function of the lateral force at the left wheel Fj;:

8y — )

LTy
f

Here, Sf is the side compliance of the front wheel guidance (Sf = sf‘l, where Sr side

stiffness constant of the front wheel guidance).
Similarly, for the right front wheel, the following applies:
S0 — 5(0
% = Fp. (7.19)
s
7.2.3.4 Steer Angles on Rear Wheels
The steer angles of rear wheels are affected by the elasticity of the axles in the case of
centripetal forces on the one hand, and the coupling between roll angle ¢ and the cor-
responding additional steer angle on the rear wheel on the other.
If the rigidity of the wheel suspension and steering is infinitely high and the coupling
vanishes, the steer angles of the rear axle disappear:

@ _ s _
50 =5 = 0. (7.20)

Otherwise, the torsion of the twist-beam could lead to the inclination of the wheel
plane relative to the midplane of the vehicle. In this case, the steer angle at the rear
wheel 6! will be:

89 = kyd. (7.21)

We make no difference between the steer angles of both wheels of the rear axle: 552 =

532 = 6. In (7.21), k, is the constant of the coupling between the torsion angle 9 of the
twist-beam axis and the steer angle.
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Figure 7.4 Relationship between the rolling motion of the vehicle and twisting of the cross-member.

In turn, the torsion angle d depends on the roll angle ¢:
@B
= ox
Here, [ is the length of the trailing arm (Figure 7.4). This relationship provides the
dependence of the coupling steer angle at the rear wheel 62) on the roll angle ¢:

9 (7.22)

52) = k0. (7.23)
With (7.18) and (7.19), the following relation results:
B
k, = —k,. 7.24
oL (7.24)

The difference between the ideal turning angle at the rear wheel 5 and the actual
turning angle at the left §,;, and right rear wheel 6, is caused by the elastic flexibility of
the wheel suspension. ,

The difference 6,; — 65‘2 between the ideal turning angle at the rear wheel 55’2 and the
actual turning angle at the left wheel §,, is a linear function of the lateral force at the left
wheel F,;:

8, — 5
% =F,. (7.25)

Here, S, is the side flexibility of the rear axle (S, = 5.1, s, stiffness constant of the rear
wheel guidance).

For the right front wheel, the following applies accordingly:

6}’1? - 59

r
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7.3 Steady Cornering of a Flexible Vehicle

7.3.1 Stationary Cornering of a Car With a Flexible Chassis

For stationary circular motion of a vehicle, the travel speed, yaw speed and floating angle
are all constant (Mitschke and Wallentowitz 2014). The condition for equilibrium of
moments around the center of the front axle is

(Fp+Fg)L,=ma,L,. (7.27)
The condition for equilibrium of moments around the center of the rear axle is
(Fr+F L, =ma,L;. (7.28)
For the stationary round trip, the following applies
dy/dt=v/r (7.29)
for yaw rate and
dp/dt=0 (7.30)

for sideslip angle rate.

Equations (7.27)—(7.30) provide the linear system of equations for the unknown steer
angles at the front wheel 53) and for the sideslip angle p. The speed of the vehicle v and
the cornering radius r are kept constant.

The equations are simplified for a small lateral acceleration a,.. The Taylor series of the
equations according to a,, leads to the following equations:

ma,L(Sp—Co) Ly
2L o

w

ma,L:(S,—C,)
Lty = o)

5}” +0+ 0, (7.31)

LV .
of o, + - = 0, with 6, = k. (7.32)

w

The solution of the Eq. (7.32) with (7.13) provides the formula for the sideslip angle:

mal.(S,—C,) mah L
- nyLf - Ry k,— L. (7.33)
r

w r

The substitution of (7.33) into (7.31) provides finally the steer angle to the cornering
on the curve with the given radius r:

ma,l,S,—-C,) mal/ (S —C,) mah L
”2L - 2Lf Lk (7.34)

P
w w Rr r

@& _
5f =

7.3.2 Necessary Steer Angles for Coupling and Flexibility of Chassis

7.3.2.1 Limit Case: Lateral Acceleration Vanishes
The lateral acceleration a, in this case (A) disappears, a, = 0. Equations (7.26) and (7.27)
are reduced to:
. L
§?+ﬁ—-1=o, (7.35)
r

LV
pr==0 (7.36)
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The solution (7.28) provides:

L
p=—--=", (7.37)
r

) L L
60 = —p+ L =22 (7.38)
f r r

The steer angle required to drive on a curve corresponds to the angle that depends
solely on the geometric data (Ackermann angle):
L

%:%. (7.39)

7.3.2.2 Absolutely Rigid Front and Rear Wheel Suspensions
In this case, the front and rear wheel suspensions are absolutely rigid:

Sf - Cllf = 0, SV - Car = 0. (7.4‘0)
Equations (7.26) and (7.27) reduce to

) L
s04p- L -, (7.41)
f r
m ayh L,
b+ k,+—=0. (7.42)
f r
The solution (3.2) provides
L m ayhk 3
T , 7.4
p=-T ke (7.43)
. L L mah
60 =—pr L= g 7.44
g =—bt - =—+—7k (7.44)

r
The steer angle required to drive on a curve 5 is the sum of the Ackermann angle 5;‘
and the steer angle A, that characterizes the coupling between bending and torsion:

57 = &7 + Ay, (7.45)
Ay =mayhk,/R,. (7.46)
The steer angle required to drive on a curve 6j§ can be larger or smaller, such as the

Ackermann angle 5}“. If the angle is A; > 0 the understeering behavior of the vehicle is
increased.

7.3.2.3 Bending and Torsion of a Twist Member Completely Decoupled
The steer angle required to drive on the curve 6 is the sum of the Ackermann angle 5fA

and the angle A, which characterizes the flexibility of the wheel suspension:

¥=¥+A, (7.47)

A=A +A, (7.48)
L

A, = Z(Sf - Cy)may,, (7.49)
Lr

A= —2LW (S —Cy)ma,,. (7.50)
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Ay

ma, /4 ma, /4

Figure 7.5 Lateral shift of the wheel and additional steer angle due to centrifugal force.

Theangle A, characterizes the flexibility of the rear suspension (Figure 7.5). A negative
sign of A, describes the fact that the elastic rear axle requires lower steer angles com-
pared to the Ackermann angle and vehicle overdriven. The angle A, represents the influ-
ence of the elasticity of the front suspension. A positive sign of A, describes the fact that
the elastic steering requires larger steer angles compared to the Ackermann angle, that
is, the vehicle is understeered. Both angles depend on the elasticity of the axles and for
calculations are assumed to be prescribed by suspension design.

7.3.2.4 General Case of Coupling Between Bending and Torsion of a Twist Member

The steer angle required to drive on the curve 6 is composed of the Ackermann angle
and the “angle” A, which characterizes the flexibility of the wheel guides and the “angle”
A, which characterizes the coupling between bending and torsion:

5 =6 + A+ A (7.51)

7.3.2.5 Neutral Steering Caused by Coupling Between Bending and Torsion of a Twist
Member
The full compensation is achieved, if the condition satisfies:

Aj+ A =0,0rAr+ A, + A, =0. (7.52)

As the angles A, A, are given and cannot be changed, the only constant to fit the
suspension stiffness is the coupling constant A, from (7.46). Substitution of (7.46), (7.49)
and (7.50) into (7.52) gives:

L, mayhkq,
(Sr - Cm)may - m(sf - Caf)mﬂy + R— =0. (753)

r

L

2L,

The factor ma, shortens in Eq. (7.53). The resolution of Eq. (7.53) with respect to

coupling constant k, expresses the coupling constant, which leads to neutral steering
behavior of vehicle:

' R L.(S—Cyp)—Li(S, - Cp,)

@.neutral = 2% I (754)

w
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The proper coupling between bending and torsion of twist member leads to a full
compensation of oversteer. In this case of full compensation, neutral steering is caused
by coupling between bending and torsion of twist member. For full compensation, the
coupling coefficient k, between steer angle and roll angle is to be equal to k,, ,,,;sra-

If the condition (7.52) will be satisfied, the vehicle always steers neutrally for all
speeds and lateral accelerations. The cornering character of such a vehicle corresponds
to Ackermann cornering. The steer angle on the wheel is equal to the Ackermann steer
angle 5}4. For slightly different coupling constant a small desirable understeer could be
achieved.

7.4 Estimation of Coupling Constant for a Twist Member

7.4.1 Coupling Between Vehicle Roll Angle and Twist of Cross-Member

The following calculation models for the individual stiffnesses of the twist-beam
axle are based on assumptions for simplifying the mechanical replacement model of
the twist-beam axle. The width of the cross-beam corresponds to the width of the
twist-beam axle, the center line of the cross-beam cross-section runs through the
connecting line of the rubber bearing and the cross-section is constant over the entire
width. The elastic properties of the rubber mounting are neglected and the trailing
arms are assumed to be rigid. Figure 7.6 displays the effect of the rolling motion of the
vehicle on the twisting of the cross-beam. Namely, the rolling motion of the vehicle
during cornering causes the outer wheel of the curve to spring in and the inner wheel of
the curve to come out. The flexural trailing arms of the twist-beam axle thus generate
twisting in the cross-beam. The roll movement is described by the roll angle of the
vehicle ¢ and the twisting by the torsion angle . The proportional relationship between

Y

)

Figure 7.6 Relation between the torque My in the twist-beam and the roll moment M, of the axle.
B = rear track width = thread (is approximately the twist-beam length) /; = trailing arm length.
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the steer angle 6, of the rear wheels and the torsion angle of the cross-member J is:
6, =k, 9, (7.55)

where k,, is coupling constant between twist angle of cross-member and the rear wheel
steer angle axis and 9 is the twist angle of the cross-member.

Furthermore, there is a linear relationship between the torsion angle 9 and the roll
angle of the vehicle ¢:

9 = Bofy, . (7.56)

The coupling constant &, links the steer angle at the rear wheel 5 to the roll angle of
the vehicle. In its turn, this constant depends upon the coupling constant between twist
angle of cross-member and the induced rear wheel steer angle:

o, = k(ﬂ - @, kq] = k83/¢ = Bks/yr. (7.57)

7.4.2 Stiffness Parameters of a Twist-Beam Axle

7.4.2.1 Roll Spring Rate

The overall flexibility of the twist-beam axle is made up of the roll, side and camber
stiffness. The roll stiffness of the twist-beam axle allows the rear wheels to deflect in the
opposite direction when cornering.

L ma,h

7= L_f <m7g - Ty> =79 _F, (7.58)
L /m ma,h

L= L_f <—2g + —By ) =79 +F, (7.59)

From (7.59), the dynamical vertical forces on both wheels are:
ma,hL;

= 7.60
.= (7.60)

The roll moment of the vehicle is the sum of the partial roll moments of all axles of a
vehicle. To calculate the roll moment of the twist-beam axle, the change of wheel vertical
force F, is considered (Figure 7.6). The two forces (7.60) on both wheels contribute to the
roll moment of the axis M, = F,B on one side, and cause the torque in the twist-beam
Mg = F,(l; —r,) on the other side. From these relations, the roll moment of the axis
expresses over the torque in twist-beam: My, = M zB/(l; —r,). For most cases, the
value of r, could be neglected (Figure 7.7).

With (7.58)—(7.60), the rolling moment of the axis M, is calculated by the equation:

Mg, =F,-B. (7.61)

The opposite vertical forces F, are caused by the rolling motion of the vehicle during
cornering and cause the cross-member to twist (Figure 7.6). The moment due to vertical
forces (7.61) winds round the twist-beam axle during cornering. The roll angle ¢ can be
calculated for moderate roll according to equation:

¢ =2u,/B. (7.62)
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Figure 7.7 Suspension roll stiffness of a twist-beam axle.

In (7.62) u, is the wheel stroke (Figure 7.6). The roll spring rate R, of the twist-beam
axle is consequently:

M F,-B?
R =—_RA_"z 7

. 7.63
r ) 2-u, ( )

The roll spring rate R, of the twist-beam axle is linearly dependent on the torsion stift-
ness Cy,1, of the cross-beam. The value C,, is the shear modulus in the local coordinate
system xyz, which is associated with the axis z of the twist beam. The torsion moment
in the cross-member can be determined as:

M,=F,-l,. (7.64)

The torsion angle 9, which describes the twisting of the cross-beam due to the intro-
duced torsion moment M,, can be determined with Eq. (7.5) or equation:

S=u,/l;. (7.65)
The torsion stiffness C,,/, of the twist-beam is:

M

Cul, = . 7.66
wli= (7.66)
The roll spring rate R, is a function of the torsion stiftness C,,I, of the cross-beam R, :
l 2
T
‘Rr = C44[t . ﬁ (767)

The torsion stiftness C,,/, composed of the moment of inertia /, and the correspond-
ing elasticity constant.

7.4.2.2 Lateral Stiffness

When cornering, the trailing arms are loaded by a bending moment M; due to the lateral
or lateral force F, -. The deformation of the twist-beam axle is determined by the lateral
rigidity. The lateral forces F; -, acting on the twist-beam axle in this case, can be seen in
Figure 7.8.



202 | Design and Analysis of Composite Structures for Automotive Applications

FL Zy

Figure 7.8 Lateral rigidity of a twist-beam axle.

The bending moment is determined with the equation:

M, =F, -l (7.68)
The lateral displacement of the trailing arm reads (®; is the bending angle):

u, =@, - ;. (7.69)
The lateral spring rate of the twist-beam axle is:

R, =F,/u,. (7.70)
The bending moment can also be expressed as:

M, =Cyl, - D, (7.71)

with C,;1, as the bending stiffness (in the component coordinate system). The value
C,; is the longitudinal elasticity modulus in the local coordinate system xyz, which is
associated with the z-axis of the twist beam.

The lateral spring rate of the twist-beam axle reads (Figure 7.8):

R, = Csslz/sz' (7.72)

Equation (7.72) demonstrates that the lateral stiffness of the semi-trail axis is directly
dependent on the corresponding bending stiffness of the cross-beam.

Mc

Figure 7.9 Camboer stiffness of a twist-beam axle.
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7.4.2.3 Camber Stiffness
The camber stiffness R is equal to the bending stiffness EI, of the cross-beam and is
calculated by the equation (Figure 7.9):

Re = M/e,. (7.73)

In Eq. (7.73) M is the overturning moment and &, camber angle.

7.5 Design of the Countersteering Twist-Beam Axle

7.5.1 Requirements for a Countersteering Twist-Beam Axle

This section describes how the cross-beam of the countersteering twist-beam axle
is designed so that it reduces the tendency to oversteer according to the principle of
optimal adjustment of a twist-beam axle. The requirements for the countersteering
twist-beam axle are formulated in a specification sheet. Then the cross-beam profile
is selected and calculated and a prototype of the twist-beam axle is constructed.
Particular attention is paid to the connection between the two trailing arms and the
cross-member; that is, the application of force into the cross-member.

The structure, which is mirror-symmetric to the symmetry plane of the vehicle, leads
to the desired tension-torsion coupling. The mirror-symmetric coating is produced
by an oblique wrapping of the structure box (Figure 7.10). The cross-beam is to be
preferably considered in the local coordinate system of the structural component.
The z-axis is directed along the length axis of the twist-beam and x- and y-axes are
in the cross-section plane of the beam. This choice of the local coordinate system is
conforming to the alignment of the coordinate axes from Chapter 4.

Flexure-torsion coupling: Tension-torsion coupling:
Circumferentially asymmetric Circumferentially uniform
stiffness configuration stiffness configuration
(CAS) (CUs)
/ Il / I
% z /
ZR
| |
A X A

MH[I I 'V'L IL’MT*{I:thT

Figure 7.10 Bending-torsion and tensile-torsion coupling for a composite fiber component for
components with a rectangular cross-section.
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The connection in the two mutually oriented symmetric laminates generates the
bending moments in the z-axis on the handlebars and compensates for the overdrive
of the vehicle. For the optimal dynamical cornering of the vehicle, the bending-torsion
coupling provides the necessary compensation of side forces. The compensation leads
to the neutral self-steering behavior, improving driving dynamics. The principle of
optimal suspension tuning can be illustrated as follows:

o the vehicle swings around the roll axis when cornering due to centrifugal force;

o the centrifugal force generates a lateral force at the wheel;

o the lateral force causes a bending moment on the handlebars that bends the handle-
bars and can lead to oversteer;

o the rolling of the vehicle causes the torsion profile to twist between the left and right
handlebars;

o the coupling between twisting and bending of the torsion profile leads to the coupling
bending moment around the upwardly directed z-axis;

o the coupling bending moment compensates for the bending moment due to centrifu-
gal force and compensates for the negative tendency to oversteer.

The axis corresponding to the invention is clearly defined by a coupling parameter.
The coupling parameter is the ratio of the steer angle on the wheel carrier to the rota-
tion angle of the twist-beam axis. If the coupling parameter is positive, the head bending
moment compensates for the bending moment due to centrifugal force and compen-
sates for the negative tendency to oversteer. If the coupling parameter is positive, the
coupling bending moment increases the bending moment due to centrifugal force and
increases the undesirable tendency to oversteer.

The use of coupled laminates opens up new possibilities to influence the deformation
and self-steering behavior of the wheel suspension. In principle, bending and torsion
in an open profile are coupled solely by the geometric conditions. This effect can be
further influenced by the bending-torsion coupling of the anisotropic structure. The
material coupling stiffness is the additional parameter to control the elastic-kinematics
depending on the load.

The system equations for the modified vehicle model lead to one formula, with which
one can determine the steer angle necessary to drive on a curve.

LS, —Cp) L(S—=Cy) L,
- + —ky| + —. (7.74)
2L, 2L, R, r

The first term of Eq. (7.3) results in the angle, which characterizes the flexibility of the
wheel suspension and the coupling between bending and torsion. The Ackermann angle
is described by the last term in Eq. (7.74). If the first term vanishes, the neutral steering
of the vehicle will be achieved.

The specification formulates the requirements for the countersteering twist-beam
axle, which must be accounted for in the design so that the functional model reduces the
tendency to overdriving self-steering behavior according to the principle of optimum
adjustment of a twist-beam axle.

With the derived equations, it is possible to determine the cross-section of the
cross-member with given material properties via the coupling coefficient in such a way
that a neutral self-steering behavior is achieved. The countersteering twist-beam axle
should have the identical roll spring rate R, as the reference axle. Furthermore, the new

6f = ma,
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twist-beam must have at least equal or higher lateral stiffness R, and camber stiftness
R as the reference axis.

In the local coordinates of the twist-beam, the prescribed components of stiffness for
the twist-beam axle with bending-twist coupling must be achieved:

o the torsional stiffness C ./, must be equal to the obligatory torsional stiffness of the
reference axis in order to guarantee the roll stiffness of the vehicle;

e the bending stiffness C;;/, must be greater than the bending stiffness of the reference
axis in order to guarantee the camber stiffness of the axis;

o the bending stiffness C;;1, must also be greater than the bending stiffness of the ref-
erence axis in order to guarantee the lateral stiffness of the axis.

For the optimal adjustment of a twist-beam axle, a bending-torsion coupling in the
cross-beam is also necessary. This coupling constant is proportional to C,,I,. The left
and right parts of the beam must possess the CAS Configuration (Librescu and Song
2006; Rehfield and Atilgan 1989) (Figure 7.10).

The structure of the laminate is described as symmetric for the bending-torsion cou-
pling and mirror-symmetric for the tensile-torsion coupling. If the component is loaded
with a positive torsion moment M, with symmetric laminate for the bending-torsion
coupling, it bends around the positive z-axis. A load with a negative torsion moment
M, leads to a bending around the negative z-axis. A fiber composite component with
mirror-symmetric laminate construction is extended by the load with a positive torsion
moment M, and shortens under a load with a negative torsion moment M,.

Figure 7.11 shows the laminate structure for creating a bending-torsion coupling in
a component made of fiber-reinforced material, applied to the principle of optimum
adjustment of a composite beam axle. Figure 7.11 demonstrates that the cross-beam
(A) consists of two CAS laminates interconnected in the middle of the vehicle. Both
CAS laminates are mirror-symmetric with respect to the lateral plane of the vehicle.
The structure of two in the midplane of the vehicle interconnected symmetric laminates
assures the spatial S-shaped deformation of the cross-beam. The fiber angle a should in
the range a = 10-20° to the x-axis to achieve optimum stiffness.

Another alternative design (B) of the cross-beam could also improve the camber angle.
The cross-beam (A) again consists of two CAS laminates interconnected in the middle
plane of the vehicle. To improve the camber angle, the twist-beam is mounted inclined to
the YZ plane of the vehicle. If the inclination angle vanishes, €,, = 0, the design (B) turns
into the design (A), which corrects only the compliance steer angle. If the inclination
plane will be parallel to XY plane and inclination angle is £, = 90°, the design (B) only
corrects the camber change. For the intermediate inclination angles 0° < £y, < 90°, the
design (B) corrects both the compliance steer angle and the compliance camber angle.

The optimal setting could be determined in the full-scale vehicle test. For a possible
installation of the countersteering twist-beam axle in a test vehicle, the outer dimensions
of the cross-member should fit into the installation space for the cross-member of the
reference axle as far as possible.

7.5.2 Selection and Calculation of the Cross-Section for the Cross-Member

The following figures show a possible constructive design of the axis according to the
revealed principle (Kéther 2011). The torsion profile is made of at least two curved,
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CAS (left)

CAS (right)

CAS (left)

CAS (right)

(b)

Figure 7.11 Laminate structure in the cross-beam for the countersteering composite link axle. Local
coordinate system xyz is associated with the twist-beam axis z.

interconnected shells. The lower (or, as shown in the picture, middle) shell is arched
underneath. When the carrier is rotated about its axis, both wheel carriers move in
the same direction and coupled to the rotation. According to the invention, this shift
compensates for undesired self-steering behavior. The coupling parameter describes
the ratio of the steer angle on the wheel carrier to the angle of rotation of the axis.
Reversing the curvature of the elastic shell upwards leads to the negative coupling
parameter and increases the undesirable tendency to oversteer due to the self-steering
behavior.

The coupling parameter is influenced by increasing the curvature and by the number
of layers. At the same time, the bending stiffness and torsional stiffness of the axle are
adapted. The torsional stiffness of the axle directly defines the total roll spring rate of
the vehicle.
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The basic structure of the cross-member by means of a symmetric laminate, as shown
in Figure 7.10, determines the basic shape for the cross-section of the cross-member.
This means that the cross-section of the cross-beam consists of two flanges that must
be connected to each other by one or more webs. If the requirements for the basic
properties of a cross-beam are justified, that is, it must be rigid and torsional soft, only
open cross-sections could fit for the cross-beam. The use of the hollow, rectangular or
round cross-sections is problematic. This problem occurs if the bending stiffness in both
bending directions is endorsed to a high value, whereas the resulting torsional stiffness
estimates are too high for the prescribed low roll stiffness of the axle. In this case, the use
of the open cross-sections is justified. The open cross-sections possess far lower torsion
stiffness compared with bending stiffness. Open cross-sections consisting of two vertical
flanks and a web are either H-shaped or I1-shaped. The final calculation of the dimen-
sions of the cross-section for the cross-beam must be performed using an optimization
algorithm for a prescribed cross-sectional form and dimensions. When selecting the
cross-section, the axial moments of inertia in both bending directions and the moment
of inertia are determined and compared for both cross-sections. Furthermore, the warp
resistance for the H- and Il-cross-section is to be determined, as warp torsion occurs
with open cross-sections. This is an advantage for the countersteering twist-beam axle,
because the fiber composite material not only provides a coupling bending moment due
to its anisotropic material properties, which reduces the tendency of oversteer but allows
the strong connection to the trailing arm.

Figure 7.12 shows the H-shaped and I1-shaped cross-sections. Figure 7.11 demon-
strates that if the dimensions of both cross-sections are selected identically, the same
surface area results for both cross-sections. Thus, one can directly evaluate which
cross-section is stiffer to bend or softer to torsion. The warp deformation of the cross
beams due to torsion favors bending-torsion coupling in the cross-beam. A higher
warp resistance together with the higher modulus of elasticity C;; leads to a higher
warp torsional stiffness. Hence, a further criterion in the selection of the cross-section
should be the warp resistance.
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Figure 7.12 H-shaped and I1-shaped cross-sections.
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7.5.3 Elements of a Countersteering Twist-Beam Axle

The so-called bucket design has established itself as the introduction of force for the
functional model (Kother 2011). The design principle of the bucket construction can
be seen schematically in Figure 7.13 in a sectional view through the XZ plane of the
cross-member.

With this design principle, the trailing arms are enclosed by the cross-member and the
so-called buckets and glued together. Due to the slants at the ends of the cross-section,
the cross-member has the shape of a bathtub. The bevel in combination with the buckets
ensures an even stiffness transition from the wishbone to the trailing arms. The disad-
vantage is the small adhesive surface between the wishbone, bucket and trailing arm,
which limits the maximum forces and torques that can be transmitted.

Figure 7.14 shows the cross-beam designed with the help of the 3D CAD software
in two views. View 1 in Figure 7.13 shows the cross-member in a position similar to
the position it is installed in the vehicle. The slants at the end of the cross-section are
clearly visible and the semicircles to accommodate the trailing arms. View 2 shows the

N

Cross-member,
twist-beam

Trailing

Figure 7.13 Bucket design.

View 1

Figure 7.14 Representation of the cross-beam in two views.
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View 1 View 2

Figure 7.15 Display of the bucket design in two views.

cross-member in a rotated position so that you can look into it “from below,” a radius
must be applied to the edge where the flanges and the web meet so that the mold can
be milled.

The buckets must now be designed in such a way that they fit both on the wish-
bone and on the trailing arms. Figure 7.15 shows the bucket in two views. The bucket
can be seen in view 1 in Figure 7.15 in the position in the vehicle and in view 2 in a
rotated view “from below.” The dimensions on the inside of the bucket are chosen so
that they fit exactly on the cross-member. In addition, the radius must be smaller than
that on the cross-member and the bucket must also have demolding. The buckets are
mirror-images, that is, they can connect the wishbone to the right trailing arm and the
wishbone to the left trailing arm.

To check whether the designed components will fit together, they are collected in an
assembly file in the 3D CAD software. Figure 7.16 displays the step-by-step assembly

Step 1 ™ Step 2
Trailing arm Trailing arm Cross-member,
right left twist-beam
|
v
Step 3 L Step 4

Bucket right Bucket left

Figure 7.16 Step-by-step assembly of the countersteering twist-beam axle.
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Figure 7.17 Finite-element model of the countersteering twist-beam axle.

Twist beam rear suspension

Reinforcement plate:
steel

Properties:

Package, weight 28 kg

camber stiffness; comfort of impact bars;
winding when braking; optimization for
load cases

Axle pin mounting:
aluminum

Spring attachment:
aluminum

Cross profile:
fiberglass composite

Double spring:
OptimizatiOn E-fiberglass UD Prepreg

)

Brake cover
plate: steel

Spring mountings:
aluminum

Quelle: Volkswagen, Brounschweig

Seite 14 @

Figure 7.18 All-synthetic plastic concepts: twist-beam rear suspension, Volkswagen (Kersten 2018).
Source: Courtesy of Dr. Thomas Kersten/Volkswagen.
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of the countersteering twist-beam axle with the trailing arms of the reference axle and
the designed components made of fiber composite material. First, the wishbone is posi-
tioned between the trailing arms. Then the right and left buckets are aligned so that
they fit onto the wishbone and the respective trailing arm. The designed cross-beam
and bucket made of fiber composite material is the basis for determining the mass of
the respective component.

The finite-element model of the countersteering twist-beam axle is shown on
Figure 7.17. The modeling was performed to check the analytical formulas for spatial
spring constants on one side, and to evaluate and optimize the local stress distributions
on the other. Finite-element models could be transformed to the multibody-system
simulation codes and used for numerical modeling of elastic vehicle dynamics.

A modern design of the all-synthetic plastic concept for the rear suspension was pre-
sented by Kersten (2018). Figure 7.18 displays this concept design of the twist-beam axle
for the rear suspension.

7.6 Patents on Twist-Beam Axles

This section exhibits several interesting patents and patent applications for the compos-
ite twist-beam axles.

EP3174744B1 (2014, https://www.epo.org) Motor vehicle suspension with glued com-
posite torsion bar:

The invention relates more particularly to a motor vehicle suspension, in particu-
lar a rear axle, of the type comprising an axially oriented torsion bar constituting
the cross-member transversely oriented with respect to the general longitudinal
orientation of the vehicle, design generally tubular and at least each of the two
axial end portions is tubular in shape. This torsion bar forming a cross is associ-
ated, at each of its two axial ends to a hanger which is associated a complementary
longitudinal arm each of which supports a rear wheel, left and right, respectively,
of the vehicle (Figure 7.19).

DE202013004035U1 (2013, https://www.epo.org): Assembly for a vehicle:

Assembly (100) for a vehicle, with two longitudinal members (1, 2) and an
interposed transverse support (3) extending approximately transversely to
the longitudinal supports (1, 2); wherein said cross-member (3) is an elasti-
cally twistable torsion beam, and the cross-member (3) mainly made of fiber
composite material and the longitudinal beams (1, 2) are mainly made of a
metallic material, and the cross-member (3) with the longitudinal beams (1,
2) is connected, wherein is the transverse support (3) at its junction (6) to the
longitudinal supports (1, 2) having its respective ends (7) on one of the two
longitudinal members (1, 2) is clamped or mounted, and at this joint (6), torsional
forces are introduced into the transverse support (3), characterized, in that the
connection point (6) between the transverse support (3) and the longitudinal
beams (1, 2) comprises an overlapping portion (B) in which a connecting portion
(8) of predominantly metal material longitudinal member having (1, 2) with a
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Figure 7.19 EP3174744B1, Motor vehicle suspension with glued composite torsion bar.

portion of predominantly fiber composite material having cross-member (3) at
least partially overlaps (Figure 7.20).

US6382649B1 (1999-07-16, https://www.uspto.gov): Wheel suspension in a motor
vehicle:

A suspension for a wheel in a motor vehicle, such as a passenger car, having a
link which is made of fiber composite and is mounted at one end, by means of a
mounting, on a chassis of the vehicle and at the other end holds the wheel, and
having spring means which are made of fiber composite and support the link on
the chassis in a resilient manner. In order to obtain a particularly compact con-
struction for the wheel suspension, the mounting has a bearing in which a bearing
part, which is fastened to the chassis, is mounted such that it can be adjusted rela-
tive to a bearing part, which is fastened to the link, by pivoting about a pivot axis,
and the spring means having a torsion-bar suspension which extends coaxially to
the pivot axis and is fastened at one end to the chassis or to the bearing part fixed
to the chassis, and is fastened at the other end to the link or to the bearing part
fixed to the link (Figure 7.21).
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Figure 7.21 US6382649B1 (1999-07-16): Wheel suspension in a motor vehicle.

DE202016105937U1 (2016-10-21, https://www.epo.org) Chassis axle and vehicle:

Chassis axle (100) for a motor vehicle (102), comprising: two link elements (104)
for pivotal connection of wheels (116) of the motor vehicle (102) to a support-
ing structure of the motor vehicle (102); a connecting member (112), by means
of which the link elements (104) are connected to each other to transmit force,
wherein the connecting member (112) is at least partially formed from a plastic
material (Figure 7.22).
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116

116

Figure 7.22 DE202016105937U1, “Chassis axle and vehicle.”

7.7 Conclusions

Unidirectional layers were used for the laminate structure of the cross-beam. The
cross-section for the cross-beam of the countersteering twist-beam axle was selected
and calculated later. The first functional pattern of the countersteering twist-beam axle
had to use the trailing arms of the reference axle to ensure comparability during testing
when measurements are made on the reference axle and the functional pattern. The
aim is also to reduce the mass of the countersteering twist-beam axle in order to save
fuel and improve the vehicle’s driving dynamics by reducing unsprung mass.

It should be pointed out that the countersteering twist-beam axle is made of fiber
composite material primarily not in order to achieve a reduction in mass, but rather to
improve self-steering behavior with a flexure-torsion coupling in the cross-beam.

The following articles are intended for further reading: Bampton and Craig (1968);
Milliken and Milliken (1995); Sampo (2011); Sampo et al. (2010); Helsen et al. (2010);
Andrew et al. (2000); Bhaskar et al. (2010); Hari Krishnan et al. (2011); Coox et al. (2012)
and Cocana (2015).
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Design and Optimization of Composite Springs

8.1 Design and Optimization of Anisotropic Helical Springs

8.1.1 Forces and Moments in Helical Composite Springs

For conservation of natural resource and economy of energy, automobile manufacturers
in recent years have intensively reduced the mass of cars. The potential weight savings,
the possibility of reducing noise, vibrations and ride harshness due to their high damping
factors, the absence of corrosion problems and lower tooling costs are the declared aims
for development of structural elements made of fiber-reinforced polymers. These aims
are the focus of actual development of helical composite springs.

Wong et al. (2004) investigated the feasibility of utilizing the nickel-titanium alloy
wires in altering the spring rates of a composite circular spring. The study by Kumb-
har et al. (2016) presents experimental and computational analysis of a helical spring
for automotive applications. The manufacturing of a helical spring made of composite
material is explained.

The rectangular wire helical spring (Kotaro et al. 2001) is contrived, which joins the
first coil part and the second coil part with a twisting part. If the spring is used for sus-
pension of rally cars, good control stability can be maintained while absorbing impact
from the load.

Chiu et al. (2007) studied four different types of helical composite springs. The springs
were made of structures including unidirectional laminates, rubber core unidirectional
laminates, unidirectional laminates with a braided outer layer and rubber core unidirec-
tional laminates with a braided outer layer. The effects of rubber core and braided outer
layer on the mechanical properties were experimentally evaluated. The helical compos-
ite spring with a rubber core improved the compression load to failure by about 12%.
The braided outer layer increases the compression load to failure by about 18%. It was
shown that the uppermost mechanical properties possess a helical spring with a braided
outer layer structure.

The methods for evaluation of the optimal ply angles and wire diameters of carbon
fiber-epoxy composite coil springs were developed in Choi and Choi (2015). The opti-
mization aim was settled to achieve a prescribed spring rate.

The review of the development and analysis of a helical spring with combination of
conventional and composite materials was presented in Jadhav and Gawande (2015). The

Design and Analysis of Composite Structures for Automotive Applications:
Chassis and Drivetrain, First Edition. Vladimir Kobelev.

© 2019 John Wiley & Sons Ltd. Published 2019 by John Wiley & Sons Ltd.
Companion website: www.wiley.com/go/kobelev/automotive_suspensions
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main objective of the study was evaluation of the multi-material design, which combines
composite materials and metal alloys.

In an effort to reduce weight, fiberglass suspension springs were presented in Ehrich
(2015). The lightweight springs constructed from a glass-fiber reinforced polymer
composite enabled a weight saving of 2.5kg per spring and a 40% reduction related
with steel springs. The springs were made of long glass fibers twisted together and
impregnated with epoxy resin. This structure was then wrapped with more glass fibers
at counter-poised 45° angles. As well as providing similar strength to steel springs,
fiberglass springs resist corrosion or chemicals and use less energy in manufacture.
In the development process of the GRP coil spring, the requirement was to develop a
clone spring of the steel spring, which can be installed in the vehicle without further
adaptation. The corresponding manufacturing method of the spring is shown in Sardou
and Djomseu (2000). It consists of a glass-fiber strand impregnated with epoxy resin,
which consists of a core made of twisted glass fibers around which the load-bearing
layers are wound in layer angles of +45°. The springs are shaped by winding them onto
a metal core on which the material is cured under heat.

Ekanthappa et al. (2016) fabricated the helical composite spring with the rectangular
cross-section by means of coiling the composite over the mandrel, which has the desired
shape of spring profile. The mandrel is made of steel alloy and is fixed on a lathe. A sil-
icone gel covers the surface of mold, forming a releasing agent. The fibers pass through
the bath, which contains fluid epoxy resin and are wound on the mandrel. After wind-
ing of the necessary length of the spring, the mandrel is covered by a rubber tape. The
final stage is the polymerization of the spring and releasing of the spring from the man-
drel. After the manufacturing process, the mechanical characteristics of the composite
springs are acquired.

Petrich et al. (2017b) formalized the material selection procedure for composite
springs. Starting from the given row of materials for matrix and fiber, the probable com-
binations of the components were evaluated. For each one of the possible combinations
the mechanical properties were evaluated.

Petrich et al. (2017c) presented the composite volute spring with rectangular
cross-section (Figure 8.1a). The manufacturing process consists of preparation of
a winding core and carrier film, pre-cutting of fibers or textiles. The next step is
lamination. In this step the fibers are layered and the matrix impregnates the fibers.
The winding and curing in the core steps follow. Finally, the spring is released from the
core and the covered carrier film is removed.

An actual review of the design and analysis methods and fabrication of fiber-reinforces
composite helical springs is given by Kara (2017). The resin-transfer molding process is
explained in detail in Figure 8.1b.

Helical composite springs, studied in this chapter, are formed by wrapping compos-
ite wire of uniform cross-section around a cylinder. We take as a reference frame the
cylindrical polar coordinate system (r, 8, z). The axis z of the cylindrical polar coordi-
nate system is aligned with the axis of the cylinder. The analysis of a cylindrical helical
composite spring with a circular wire is based on the following formulas. The design
variables defining a specific design of a spring are: d, D, u, L, where n is a number of
active coils, d is the diameter of wire, D is the mean coil diameter and L, is a free spring
length.
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Figure 8.1 Glass fiber reinforced plastic (GFRP) springs: (a) fiberglass volute spring (Petrich et al.
2017¢); (b) resin transfer molding (RTM) manufacturing of a coil (Kara 2017) and (c) circular and ring
springs.

The outer and inner diameters are, correspondingly:
De =D+d’Dl =D-—d.

Ignoring at first other certain complexities of spring technology, we can write simpli-
fied basic relations for an analysis of the anisotropic compression spring. This simplified
analysis considers spring ends as “plain,” so that only active coils are considered. The
force acts ideally along the z-axis of the cylindrical coordinate system.

The helical composite springs also store elastic energy by means of bending a wire. A
torsion spring is a helical composite spring that works by torsion or twisting. The twist
of helically coiled wire occurs about the axis of the coil by sideways forces or terminal
moments applied to the ends of springs. The terminal moments twist the coil tighter or
looser.

Consider a cylindrical helical composite spring with the mean diameter D. A coil
spring can be wound in either a left-hand or right-hand direction. The lower spring end
is assumed to be fixed. For now, right-hand helical springs are considered.
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Let the angle a be the angle of inclination of the helix with any plane perpendicular to
the axis of the coil (pitch angle, lead angle). We take as a reference frame the cylindrical
polar coordinate system (r, 6, z). The z-axis of the cylindrical polar coordinate system
is aligned with the axis of the cylinder. A fixed distance between the successive coils
of a spring is maintained so that the axis of the wire forms a helix. When the distance
between coils is small, the spring is called a closed-coiled spring and in the considera-
tion of stress in the wire torsion theory may be applied. Consider a close-coiled helical
composite spring, which is subjected to axial loading by the axial force F and total axial
torque M,. The torque on the upper spring acts clockwise, if we look on the spring from
above M, = F, R. The circumferential force F, pushes toward the wire, applying pressure
on the wire cross-section (Figure 8.1a). The line of force coincides with the symmetry
axis of the spring and, consequently, the z-axis of the cylindrical coordinate system.

Consider the middle region of the spring where the transition effects due to the end
bars disappear and can be neglected. Due to the symmetry of the spring, all sections
of the spring are deformed identically. In Figure 8.1b a portion of the spring has been
isolated. In the absence of total axial torque, the cut section must have acting upon it a
resultant force equal to F, and a couple, M = FD/2, for the free body is in equilibrium.
The force and couple must lie in the same vertical plane. A view of the spring wire at
the cut section has been taken from the right and is shown in Figure 8.3. The couple
M, acting in the vertical plane, has been shown as a vector and is resolved into two
components, M sin « and M cos a, which lie in planes that are tangential and normal to
the helix, respectively. The couple M sin « tends to cause bending of the isolated portion
of the spring wire, and M cos a acts so as to cause twisting. The bending and twisting
couples are equal, respectively, to:

My =M sina — Mycosa,M; =M cosa + M,sina. (8.1)

The similar resolution of force F into components, F,, and Fg, causes normal and
shearing components of stress, respectively:

Fy =F sina,Fg=F cosa. (8.2)

For an extreme closed-coiled spring, when the angle « is very small, the couple M} is
insignificant and M is roughly equal to M. Correspondingly, the force F), is negligible
so that F is approximately equal to F. Any segment of the coil is therefore in equilibrium
under two opposite axial forces F with the same magnitude. Non-zero components of
the shear stress in cylindrical coordinates are 7,,, 7,, (Figure 8.2).

On the other hand, the material of the circular springs or ring-shaped springs
(Figures 8.1c and 8.11) is stressed by bending moments. Such springs were analyzed by
Reid et al. (2002), Wong et al. (2004) and Reid et al. (2004). The springs, displayed in
Figures 8.11-8.15 are also loaded by the flexure moments so that the dominant stress
state is bending of the thin-walled shells. The design principles of the corresponding
structural elements are analyzed in Chapters 10 and 11 in detail.

8.1.2 Symmetrically Designed Solid Bar With Circular Cross-Section

The mechanical properties of multilayered composites are calculated based on the fiber
and matrix properties, and the fiber architectures result from the geometric model. The
multilayered composite is usually manufactured as a crimp yarn with the symmetric
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Figure 8.2 Helical composite spring, subjected to axial load and axial torque.

respective to the axis of the rod structure. Since the principal material direction of single
layers does not coincide with the principle directions of the cylindrical coordinate sys-
tem, transformation of the stress—strain relations from the local coordinate system [C],,
associated with fiber direction, to cylindrical coordinate system [C], reads (Chapter 1,
Eq. (3.5)):

[Cl¢ = [TIICIIT]", [S]c = [TISI[T,]". (83)

The local axis 3 coincides with the direction of fibers, so that for the components of
compliance matrix [S]; of the unidirectional material we have:

e N -1 . _ -1
Sy3 = E; .8y = E77, 853 = —VipE] 80, = G (8.4)

Consider a multilayered material with a symmetric structure with respect to direction
“3” of the global coordinate system. The effective elasticity matrix in global coordinates
can be obtained by averaging the transformed local compliance matrix of the infinites-
imal yarn segment through the crimp angle. For the first direction of roving, the crimp
or roving angle is equal to ®:

(8.5)

St = 4(s33 + Syy — 2853 — 84)5IN*PCOS?D + 54,
Sty = 533¢08* D + (25,5 + 54,)sin’@cos’D + s,,sin*@.

For the second direction of roving, the crimp or roving angle is equal to —® we get
the same values:

{53‘3 = 55508 D + (25,3 + 55,)sin*Dcos’D + s,,sin* @,

- .2 ) (8.6)
Spq = (833 + Sop — 2853 — 544)8IN"DCos“ D + 5.

For unidirectional layers the material properties are locally orthotropic in the local
coordinate system and, therefore, c,; = 0. With the symmetric structure there are equal
number of layers with roving angles of ® and —®.
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After the averaging the relevant components of the effective compliance matrices of
multilayered material in the cylindrical coordinate system are:

Su = 3(Sh+Sp) =
AE; + E' + 2v0E;t — G)sin’@eos?® + G, 87)
Sz = %(5;3 +833) = .
E;'cos*® + (—2v - E;' + G))sin’@cos?® + E;'sin®.
The following question concerns the ultimate stresses of both layers. Consider the
local coordinate system, which is associated with the direction of fiber states. The

tensor-polynomial criterion of the second rank (Chapter 2) in this coordinate system
reads:

6 e F¥ 0 6 = Fo,,> + Goy,> + H(oyy — 0,,)° + 2Noy,> < 1, (8.8)

1 ~—_ 1_ 1 ~ ~—
H=G= EO-LZ’F = 6T2 - §5L2’N = §TLT2,F+ G+4H = 0'T2 +20'L2.
In case of pure shear, 7,,, the local stresses in the laminate coordinate system are:

0,1 = 27,5, cos Dsin @,
6y = —27,, cos Dsin ®, (8.9)

1y = Ty, (COS*® — sin’®).

The substitution of (8.9) into (8.8) leads to the following form of tensor-polynomial
criterion of the second rank failure criteria for each family of fibers in the case of pure
shear or torsion:

A(F + G + 4H — 2N)cos*®sin’® + 2N < 72, (8.10)
4 <% + N% - %) cos’®sin’® + NQL < iz
6r O0p g T 7o

In the case of bending, there is the only component of stress o in the coordinate
system, which is associated with the axis of the beam. The transformation to the local
stresses in the laminate:

0, = 05C08°D, 6,, = 0,sin’D, 6,, = —c sin D cos D. (8.11)

The substitution of (8.11) into (8.8) leads to the following form of the Tsai—Hill fracture
criteria for each of the families of fibers:

(F + H)sin*® + 2(N — H)sin’®cos’® + (G + H)cos*® < 6,72 (8.12)
or
. 4 4
S‘E;D + ﬁl - }2 cos?®sin® + $ < iz (8.13)
Or it 91 o7 Op

The developed formulas are appropriate for the design and analysis of torque-stressed
springs, like solid twist bars, exposed in Figures 7.19-7.22 in Chapter 7, as well for a
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cross-bar with a solid circular cross-section (Figure 8.10). The twist momentum causes
the dominant stresses in these elements.

8.1.3 Stiffness and Stored Energy of Helical Composite Springs

Let the stroke of a helical composite spring in the absence of axial torque M, be the

spring travel from released length ,,, to compressed length L,,,,,:

s=1L L

rel — “comp*

Consider for definiteness a compression spring with a free length L. Solid length L,
is the length at which the coils of the compressed spring close up. For the compression
spring, the following is valid (Figures 8.3 and 8.4):

Ly > Liyy > Ly, > L, > 0.

F, .o Foin and F, are the spring loads at lengths L L, and L :

min comp?

Fmin =c (LO - Lrel)’ F )ch =c (LO - Lc)

m;

ax=¢(Lo—L

comp

The value ¢ denotes the axial compression spring rate, or spring constant. The exten-
sion spring is handled in the same way. The stored elastic energy of the linear spring
could be expressed either in terms of spring travel or spring force:

c 1
ue = E [(Lcomp - LO)2 - (Lrel - L0)2] = Z_C(Fmax2 - Fminz)' (814)

Figure 8.3 Helical spring loaded by torque and
axial force.
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Figure 8.4 Helical spring with variable
wire diameter and non-cylindrical form.

R(9) = D(6)/2

The stored elastic energy is equal to the work of applied forces on the total spring
travel:

1
I'[f = E(Fmax + Fmin)s'

The energy capacity of the linear spring loaded from its free state with the axial force
F and the axial torque M, reads:

F> FM, M,?
= —+—+ —.
2c ¢y 2¢,

The volume and the mass of the spring material of a cylindrical spring with a constant,
round cross-section is given by:

V= inzdan, m=pV. (8.15)

where p is the density of the spring material.

The spring stiffness or spring rate is the force required to produce a unit deflection.
For close-coiled helical composite springs the force-deflection characteristic is approx-
imately linear and can be calculated from the geometry and effective shear modulus S,
of the spring material:

44
©8S,Dn’

One must differentiate the basic and corrected shear stress in the spring with an axial
load F. The formula for basic stress 7, or uncorrected stress, is obtained by dividing the

c (8.16)
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torsion moment acting on the wire:

My = %FD (8.17)
by the section modulus in torsion (Tables 8.3 and 8.4) giving:
M 8DF
= = ) 8.18
wr wd? (8.18)

8.1.4 Spring Rates of Helical Composite Springs

The study of the optimization problem requires some generalization of common design
formulas that account for the variation in the mean diameter of the spring body as well
the wire diameter along its length.

The formulas for stiffness and spring rate for a general non-cylindrical helical com-
posite spring with an arbitrary variable cross-section are derived next following Cas-
tigliano’s method (Teodorescu 2013). The elastic energy stored in the spring:

2
2L, = / [A*Mgz + 2B MM, 2 + C*M2(3> ] dl, (8.19)
) D D
with the following notations for the stiffness of the anisotropic wire:
2 2
. sin‘a cos’a
A = S44I_T + 53379
« . Sua  Su\D
B* =cosasina | — — = | —,
I, 1, )2
cos’a sin*a\ (D>
cr=(8,5% g, 002 (—)
< “ »L )

The relevant components of the effective elasticity and compliance matrices of a mul-
tilayered material in the cylindrical coordinate system are:

Sus = 4(833 + Spp — 2853 — $4,)8IN*Pcos’D + 5,

Ss3 = 53308 D + (25,5 + 5,,)5in* Pcos’D + 5,,5in* D,
or, equivalently,

Sw = ME;' + E;' 4+ 2vpEXt — G )sin*@cos’®@ + G,

S33 = E;'cos*® + (—2v;-EL! + G )sin*®cos’® + E'sin®.

The angle «a is inclination of the helix with any plane perpendicular to the axis of the
coil, the pitch angle. For the element of length, the following expression is valid:

dl= 2

= do.
2cosa

The total length and the mass of the spring wire, correspondingly, are:

27n 27n
l=/ D go.m= p/ Da_ . (8.20)
o 2cosa 0o 2cosa
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With the substitution for the moment M(0) = FD(0)/2 the formula for the stored
energy reduces to:

2U, = M,* [ A*dl +2FM, / *dl + F* / c*dl (8.21)
i I I

The expression for elastic energy delivers the compression spring rate ¢, the
compression-twist springs rate ¢, and the twist springs rate ¢, of an arbitrary non-
cylindrical helical composite spring:

1 0%U, ]
- = = /C*dl,
1

c oF?
2U
12 / Bdl,
cr  OFOM, J;
PU
1_2% _ /A*dl. (8.22)
Cy aMgz l

Assuming for small pitch (cosa = 1, sina = 0) we get the following representation for
compression (or extension) spring rate:

ZﬂnS 3
1 =/ i‘*(l—)) do . (8.23)
c 0 I \2

Similarly, the compression-twist springs rate ¢, describes the moment M,, which
causes the axial travel of the spring in the absence of the axial force. This value is equal
to the force F, which causes the axial travel of the spring in the absence of the axial twist
moment. For small pitch compression-twist springs rate ¢, disappears.

Finally, the twist spring rate ¢, describes the moment M, which causes the twist angle
of spring of one radiant in the absence of the axial force. The formula for the twist spring
rate under the assumption of small pitch reads:

l _ /27771&26{9
Cy o I, 2

The volume of wire with variable cross-section is given by the integral of the
cross-sectional area a(0) over the wire length, so that the mass of the spring is:

1 27n
m=—p / aDdé.
2 Jo

For the springs with a circular cross-section with diameter d expressions for spring

rates:
27n S D3 -1 2w n S..D -1
c=nx (4/ 424 de) ,Cp =n<32/ ;34 d@) ) (8.24)
0 0

and for the spring mass:

1 27n

m==gp / d*Dde. (8.25)
8 0

For the springs with elliptic and rectangular cross-section shapes, the geometric

characteristics depend upon the orientation of axes B, T'. The height of the cross-section

is measured in the direction of the axis. The equations for spring rates and masses of
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Table 8.1 Spring rates and masses of the linear springs with a non-circular wire

cross-section.

Spring rate Mass
al,

a = konst =—c— m=nnapD
D = konst 71 SyD

8 1 27n
a = konst =— m= Ea p D(p)de
D # konst I SuD¥ (@)de 0

2zn
a # konst = m = % PD/ a(p)de
D = konst D3 [ S, I (@)de 0
8 1 2zn

a # konst = 2 m=p / a() D(p)dg
D # konst /o SuDX (@) @)de 2" Jo

Table 8.2 Spring rates and masses of the linear springs with a circular wire

cross-section.

Spring rate Mass
4
a = konst c=d— m=lﬂ2nd2pD
D = konst 81 DSy, 4
4 2zn
a = konst c= WL m= lﬂ' d*p D(p)de
D # konst 4 [ S, D} @)de 8 0
2zn
a # konst c= o z m= 1 T pD/ d*(p)de
D = konst 4D3 [ Sud " @)de 8 0
2zn
a # konst c= o T m= 1 p / d*(@) D(@)dep
D # konst 4/, 8, DX (@)d-*(@)de 8 Jo

Table 8.3 Stiffness of wires with different cross-sections of wire.

Area and moments

Type of wire of inertia Torsion constant
Cross-section a, I, I, I,
2 4
Circular, = ﬂ, %
diameter d rd*
I =1 =—
64 T3
Elliptic, =ZpT _EbL
ptic 4=7 16(B* + T?)
T-height _ zBT?
B-width b7 64
I = BT
T 64 T
Rectangular, a = BT, ifT>B:¢& (E) TB®
3
T-height _ BT
eig TR ifT<B:§1(§)BT3
B-width BT T
=21
" 12

1 192 w 1 knx 1 0.63..  0.052..
él(x)z g(l—Tx 2 —tanhT> ~ g (1—T+_)

x5
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the springs with circular and non-circular cross-sections of wire are given in
Tables 8.1-8.3.

8.1.5 Helical Composite Springs of Minimal Mass

8.1.5.1 Optimization Problem

The designer of the springs deals with the problems that require minimum weight or
volume of the spring material because of space limitations or material cost limitations.
Formulas are established that express minimum volume and weight in terms of the given
requirements. The designer obtains the boundaries for weight and volume and what
parameters must be changed for further weight reduction. The mean diameter of the
spring and the wire diameter are the functions of the polar angle along the spring wire
(Figure 8.3), so that:

D=D@), d=d©@), 6=0.2zn
The following optimization problem is investigated: minimize the mass of the spring:

m — ming, 4,
assuming the spring rate is equal to a given positive constant ¢’

c(D,d) = c*, (8.26)
the forces at installed height F, and full stroke F, are prescribed, and the ideal stresses
at full stroke are limited by the value 7,

T= & <z,

T

Another practically important optimization aim for the non-cylindrical springs with
variable circular cross-section is as follows (Table 8.4). The ideal stress at solid height
must be less than a given constant 7, to protect the spring from inadvertent damage.
This restriction, applied on the basic shear stress at solid height, is:

8F,D 1
T = 3 < Ty = >
nd VA(F + G + 4H — 2N)cos?®sin’® + 2N
F =c(L, - Ly). (8.27)

8.1.5.2 Optimal Composite Spring for the Anisotropic Mises—Hill Strength Criterion

Both optimization problems — full stroke and solid height — are solved analogously. For
definiteness consider the stress restriction solid height (8.27). The inequality (8.27) could
be resolved for wire diameter:

d(9) > d,,(6).

In this inequality, the optimal diameter of wire is the solution of the algebraic equation
T = 7, with respect to d(6):

[8E.D
d,p(0) = 8;—1(9). (8.28)
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Table 8.4 Section modules of wires with different cross-section.

Bending section Twist section
Type of wire modulus modulus
Cross-section Wy, W, w,
. xd? wd®
Circular, W, =w, = — re
L D) 16
diameter d
2
Elliptic w, = ’”;T %min(B2 T, BT?)
T-height BT
B-width Yo = T3
2
Rectangular, W, = % ifT>B:¢ (%) B
T-height 2
€8 w = 1B 1fT<B:.§2(§)BT2
B-width br 6 T
8 - 1 1442
=1-— ~
&) 2 Tz~ 035421

k=1,35.. k2 cosh —=
2

Rewrite the formula for spring rate (8.25), considering that for all possible
cross-sections the stress conditions require d(6) > d, (0):

27n S DB -1 27n S D3 -1
oD,d) == 4/ =—do) >n 4/ (L
0 dat 0 dgpt

If the fiber angle is constant over the cross-section of the spring, the compliance S,
does not change over the length. Substitution of the expression (8.28) for the optimal
diameter of wire into the last expression reduces the stiffness requirement (8.22) to the
following inequality:

-1

. F 4/3 27n
¢ =cD,d) > — ( < ) < / D3 d9> ) (8.29)
Sy \ 77, 0

Otherwise, the expression (8.26) for the mass of spring after the substitution (8.28)
results in the second inequality:

1 F 2/3 2zn
m> =7xp < < > (/ D3 d9> ) (8.30)
2 nT, 0

It is well known that the inequalities of the same sign can be multiplied. The multipli-
cation of the inequalities (8.29) and (8.30) results in a final lower boundary for spring
mass:

2 p F?
m2 m, = 2—6*’
T SpaC
A(Sqs + Soy — 2893 — S414)COS2DsIN>D + 5
2 5,,(®) = ($33 + ) 23 = Saa) 14 (8.31)

4(F + F + 4H — 2N)cos?®sin’® + 2N

The mass of the spring is minimal if the angle ¢ delivers the maximum value for the
function 72 S,,(®). The derivative of the function 72 S,,(®) vanishes in three stationary
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points:
®, =0, @,=r/4 &,=r1/2. (8.32)
The corresponding values of the function 72 S,,(®) in three stationary points are:
T S
7, 5(0) = 7, Syy (5) = o (8.33)
2 S (E) _ Sua (8534 850 = 2855 — 544). (8.34)
4 2N + (F + G+ 4H — 2N)
If the following inequality fulfills:
S33F 852 = 2853 Say (8.35)

F+G+4H 2N’

the mass of the spring attains its minimum if the fiber angle is equal to z/4. Otherwise,
both angles 0, z/2 lead to a lower mass of the spring. The sense of this result is the
following. If this inequality is fulfilled, the elastic energy, stored in stronger but stiffer
fibers, is higher than the elastic energy stored in the pure matrix. Otherwise, the less stiff
matrix stores more energy than fibers and the use of the pure matrix is more effective
than the storage of elastic energy in fibers.

This important inequality establishes the exact lower boundary for the mass of a spring
of arbitrary variable shape and variable circular cross-sections, designed to fulfill the
stress condition at solid length:

2p F?
m> P Cmin<£\[’F+G—+4H>. (8.36)
c* Sgs S33+ Sy — 2893
Substituting the values of the shear compliance
Su = UE;" + E;' + 2vppELt — G )sin®@cos’® + G, (8.37)

and Mises—Hill constants

H=G= %O‘L_Z,F =0, — %O‘L_Z,ZN =12, F+G+4H =06;7> + 20,72
into the inequality for the mass, we finally get:

202 (G 2 4 25,2
m> p*cmin<%7 S _1>. (8.38)
c 2, E; 4 Eg' 4 2vpEx

Consequently, if

G o7 2+ 20,72
Tt (8.39)
o, E +E. +2vppED
then the weight optimal spring must be manufactured from a pure resin:
2pF2 G
my L2 (8.40)
¢ T
Otherwise, the fibrous material leads to an advantageous design:
2pF>  o6;2+420,72
m> =P T L (8.41)

¢ E;'+E;N 4 2vpERY



Design and Optimization of Composite Springs

8.1.6 Axial and Twist Vibrations of Helical Springs

In this section, the axial and twist vibration of the helical anisotropic spring are studied.
As we can see, if the pitch angle of the wire is substantial, the both vibrations are cou-
pled together. For the small pitch angle the equation turn to be independent, 0. The
equations in terms of shear and axial deformations lead to a coupled system consisting
of second-order partial differential equations with variable coefficients. The differen-
tial equations make use of the warping deformation of a beam’s cross-section made of
anisotropic material, the curvatures of the rod axis, the initial twist of the cross-section
and rotary inertia as the input quantities. The equilibrium equation of the element of
the wire reads:

aMT_ m(D

= = == 8.42
0z L\2) o2 oz L ot? (8.42)

The equations of axial vibrations of springs follow from the expression for elastic
energy of a helical anisotropic spring (8.19):

op 0s
—— =A*M,+B'F,—— =B*M, + C*F 8.43
92 T+ 5% T (8.43)

The substitution of Eq. (8.42) into (8.43) leads to the dynamical equations of the helical
anisotropic spring:

)202(1) oF m 0%s

’9 _A*M< )26(p g%
2

+ 2
az2 L or? L ot?
0s? .m (D\?0%*p m 0%s
_=B*_(_) 99 8.44
072 L\2/ o L 0t2 ( )

Equations (8.44) are solved by separation of variables. The functions ¢(z, £), s(z, t) are
the products of the functions of the spatial coordinate and time:

@(z,t) = P(z) exp(iot),  s(z,t) =3(z) exp(iowt). (8.45)

After the substitution (8.45), the amplitudes of vibrations @(z),5(z) follow the
equations:

27> 2
_19%9 =A*ﬂ(l_)> B*ﬂsz
@? 072 L\2
1 ds? m (DN~ L m~

The solution of the linear differential equations (8.46) with integration constants C,,
D, i=1, ., 4 expresses as:

4
§= ) Ciexp(—idz), 3 = ) D, exp(—iz). (8.47)

i=1 i=1

In Eq. (8.47) 4 is the root of the quadric equation:
4 2
(2)'=(2)rrao
w w

“geB)e] w3y
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The solution of Eq. (8.48) reads:

A pxVp—4q
(— ) =t (8.49)
®/1234 \/E

For example, if the rotation and side movements of both ends of the spring are fixed:
P(z=0)=p(z=L)=0,
S(z=0)=5(z=L)=0. (8.50)
For the boundary conditions (8.50), the resonance equations are the following:
sin4,L =0, sini,L =0. (8.51)
The roots of the resonance equations (8.51) are:
A =mk /L, k =0,1,2..,
Ay =mky /L, k, =0,1,2... (8.52)

The roots (8.52) must be different, such that the integers are also different: k; # k.
Finally, the fundamental frequencies of helical anisotropic spring for the boundary con-
ditions (8.50) read:

k) V2 ] 7k, @
2 ; 12 =

L Q
pEVP —4q 1’2

Equation (8.53) takes into consideration the coupling of the axial and rotational vibra-

Q1,2 =

(8.53)

tions.
For a small pitch (cosa 2 1, sina 2 0), the following representations of the parameters
are valid:
A*:&, B*zo’ C*=%<2)2’
I, I \2
po (224 n (2)22 q:Eﬁ(’E)L}(ﬂ)Z, (8.54)
I, I 2/ L I, Ip \2 L

The fundamental frequencies of the closed-coiled anisotropic spring follow from
(8.53) after the substitution (8.54):

Q _ 477/(1,2 \/E _ 4'”/(1,2 \/Ih/SBB’(T)v 8 55
125 = T.75,. (4) (8.55)
) leoy) L
1, I ) 7\ I, I

The axial (A) and twist (T') vibrations modes of the closed-coiled anisotropic helical
springs are completely decoupled.

The differential equations of motion for naturally curved and twisted elastic space
beams made of anisotropic materials with non-circular cross-sections were studied in
Hao et al. (2018). The equations enrich previous work on the same subject.
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8.2 Conical Springs Made of Composite Material

8.2.1 Geometry of an Anisotropic Conical Spring in an Undeformed State

Conical springs are generally manufactured from spring steel and can be subjected to
static loads, rarely alternating loads and dynamic loads. Conical springs can satisfy the
most severe fatigue life and set loss requirements. The overwhelming majority of coni-
cal springs are made of isotropic material, steel or bronze alloys. The common theories
about conical springs exclusively consider isotropic linear elastic materials.

The conical spring is well known for its configuration to nonlinearly withstand a
large force with minimum deflection while storing a large amount of energy in relation
to the occupied space. The load-displacement formula for an isotropic conical disk
spring or a non-slotted disk spring was first developed in the articles by Timoshenko
and Woinowsky-Krieger (1957) and Almen and Laszlo (1936). The cited theory is
based on experimental observations according to which the cross-section of the
spring merely rotates about a center point (assumed to be on the middle line of the
cross-section) without undergoing an appreciable deflection. The results by Almen
and Laszlo agreed with Timoshenko in regarding the radial stresses as negligible and
succeeded in calculating tangential stresses and displacements of a conical spring.
According to these equations, the deformation behavior of the conical spring is treated
as a one-dimensional inversion of a circular ring of rectangular cross-section about an
inversion center point. The resulting inverted stress condition is overlaid by a bending
stress condition caused by the change in the cone angle resulting from the deflection.
The cross-section of the conical spring remains rectangular so that force is always
applied at the edges I and III. The cited theories consider the spring to be an elastically
deformable isotropic solid disk.

Using the thin-walled shell theory, the static response of isotropic conical springs was
obtained (Hiibner 1982, 1984). Axisymmetric conical shells made of isotropic material
under axial forces were investigated by means of calculation technique (Hiibner and
Emmerling 1982).

With the emergence of new construction materials (carbon fiber-reinforced plastics,
boron-fiber-reinforced plastics, glass-reinforced plastics etc.) that can be regarded as
anisotropic, an approximate analytical solution of the large deflection axisymmetric
response of polar orthotropic thin-walled truncated conical and spherical shallow caps
was presented in the paper by Dumir (1986). Donnell type equations were employed.
The deflection was approximated by a one-term mode shape satisfying the boundary
conditions. Galerkin’s method was used to get the governing equation for the deflection
at the hole.

An analytical model for representing composite wave springs is proposed in
Erfanian-Naziftoosi et al. (2016). The deformation mode of the wave spring is primarily
bending. The composite wave springs possess nonlinear properties under quasi-static
loading. The models of the orthotropic carbon-epoxy wave springs with arbitrary
geometric parameters were developed. The fatigue tests were conducted up to 5 million
cycles.
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directrix

Figure 8.5 Middle surface w of a free spring.

The start point of the analysis is the description of the middle surface of a conical
spring (Figure 8.5). Consider a truncated conical shell made of anisotropic material.
The directrix is a circle perpendicular to the line connecting its center to the apex, the
motion is rotation around the fixed z-axis (Struik 1950; Pottmann and Wallner 2001).
The conical frustum w is generated by moving the generatrix fixed at the future apex of
the cone along the directrix. The thickness ¢, of the shell is assumed to be constant. The
frustum w serves as its middle surface in the undeformed state.

The inner radius of middle surface of free spring is ,, the outer radius is r,. The ratio
of outer radius to inner radius reads

A=r,/r, (8.56)

The slope angle a of the undeformed conical shell is constant. The position of the
middle surface of the shell relates to a neutral plane C. In cylindrical coordinates (r, 6, z),
the middle surface of a free conical shell is described, respectively, by the parametric
equations

r=c—x cosa,z=—x sina. (8.57)

The distance from the point with coordinates (x, 6, y) to the axis of the undeformed
cone is

F=r+ysina=c—xcosa+ysina, (8.58)

where y is the normal distance from the point to the middle surface of the shell:
—t,/2<y<t,/2.
The arc length x;, < x < x, serves as a coordinate on the meridian. The arc length is
measured from a certain point ¢, where
X, =05 0x,=""t <o, (8.59)
cosa cosa
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such that
r,=c —x,cos(a),r, = — x, cos(a). (8.60)

The point ¢ defines the parallel plane C of conical surface w. The heights of the inner
and outer edges of the conical surface w are measured from the parallel plane C. The
heights of the inner and outer edges are, correspondingly,

z, =x,sina > 0,z, = x,sina < 0. (8.61)
The total height of the middle surface of the unloaded conical spring is
h,=z,—z,=(A-1)r, tana.

Correspondingly, the principal radii of curvature r; and r, for the unloaded conical
surface w are

rt=rtsin a,r,” = 0. (8.62)
The width of the middle surface w in its free state is

h,=r,—r,=(A-1Dr,. (8.63)

8.2.2 Curvature and Strain Deviations

The main hypothesis of the model is that the slope angle y of deformed conical shells
changes, but also remains constant over the meridian (Figure 8.6). Namely, point ¢ is the
inversion center point for the cross-section of the conical shell. The generatrix rotate
about the point ¢, but remain straight and their lengths do not alter. The points of the
middle surface, located on the neutral plane C, do not displace. The middle surface of
the shell in the deformed state is again a frustum, Q.

In cylindrical coordinates (r, 6, z), the middle surface Q is given by the parametric
equations

R=c—xcosy,Z=—x siny. (8.64)

Figure 8.6 Middle surface Q of a deformed spring.
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The distance from the point of the thick-walled cone with coordinates (x, 6, y) to the
axis of the deformed cone is:

R=R+ysiny =c —xcosy + ysiny. (8.65)
The principal radii of curvature R, and R, for middle surface Q are
R =rtsiny, R, =0. (8.66)
The inner and outer radii of Q are equal to
R,=¢ —x,cosy,R,=c —x,cosy. (8.67)
The distances from the plane C to the inner and outer edges of surface Q read
Z,=x,siny,Z, = x,siny. (8.68)
The height and width of middle surface in the deformed state Q are, correspondingly,
Ho=2,-7, =3 _1, (8.69)
cosa
H =R,—R,=r,—~Yn-1. (8.70)
cosa

The conical surface elongates during the deformation in the circumferential direc-
tion. The strain displacement relations in cylindrical coordinates (Marsden and Hughes
1994) are applied to the case of a conical shell. The following is the expression for the
circumferential mid-surface strain:
R—r cosa-— COSlﬂx

(8.71)

& = =
r C —XCosa

Furthermore, the conical surface bends in the circumferential direction over the
course of deformation. The circumferential curvature change is equal to the difference
of curvatures in the initial and deformed states (Ventsel and Krauthammer 2001)

k=R, —r, ' = (sin y —sin a) - 7L, (8.72)

8.2.3 Thin-Walled Conical Shells Made of Anisotropic Materials

Under general orthotropic conditions, the thin-walled shell has different membrane
(extensional) and bending (curvature) stiffnesses in the orthogonal directions (Vinson
1993, eq. 14.63). The integrated stress—strain and moment curvature equations for the
shell are also referred to as the constitutive relations. To prevent warping of the cone, the
coupling between moments and membrane forces should be eliminated. In the middle
surface of the cone, the membrane forces Ny, N,, N;, depend on the meridional strain
€,, circumferential strain €, and shear strain y; see Chapter 1, and Egs. (4.1) and (5.2):

Ny =Ap 6, + A, + A7,

Ny = Apey + Apg) + Ayt

Ny =Ayee, + Ajge; +Agy- (8.73)

The moments M;, M,, M,, depend on curvature changes of the middle surface and the

twist of a differential element of the middle surface due to shell bending; see Chapter 1,
and Egs. (4.1) and (5.2):

M, = D,,x; + Dy,x, + Dy,

M, = Dy, + Dyyk; + Dy,

M, = Dygky + Dk + Dggw. (8.74)
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The constants A; are the membrane stiffness coefficients and D, are the flexural
stiffness coefficients of the shell.

In the general case of coupling, the known formulas could be applied (Vinson 1993,
Egs. (14.51)—(14.54)).

When the membrane stiffness coefficients A;; and A,, are both non-zero, the
stretching-shearing coupling occurs. Bending-twisting coupling comes from non-zero
values of the terms of flexural stiffness coefficients D, and D,.

The hypotheses of the absence of meridional and twisting moments

M, =0, M,, =0, (8.75)

delivers the expressions for curvature change in radial direction x, and twist w in terms
of circumferential curvature change «; only:
D13Dg6 — DasDi _ DypDig = DysDiy
K, 0= ——————————k]. (8.76)
DyyDgs — Do DyyDes — Do

Ky, =

The hypotheses of the absence of meridional and twisting membrane forces
N, =0, N, =0 (8.77)
results in the expressions for meridional strain €, and shear strain y solitary in terms of
circumferential strain &,:
ApAgs — AxAis _Apdis — AxAp
=gy =————— "¢, (8.78)
ApAgs — Az ApAgs — Asg

The substitution of the expressions (8.76) and (8.78) in formulas of (8.73) and (8.74)
delivers the circumferential force and moment, respectively, as

&) =

N, = Ay AgyAes — A22A162 — Aqu()2 _ A66A122 + 2A26A16A12€
AgeAyy — A262

M, = D1 DyyDgs — D22D162 — D11D262 — ?66D122 +2DyD\¢D)y
DgsDyy = Do

y (8.79)

K, (8.80)

8.2.4 \Variation Principle
The total potential energy is:
n=U,+U. (8.81)

Potential energy II is the sum of the elastic strain energy, U, stored in the deformed
body and the potential energy U of the applied forces:

v
U = / Mdy, M =F,H, — FH,. (8.82)

The shell is stressed by the forces in the direction of the rotation axis of the shell or
by the forces in the radial direction. The total axial force acting on the edge of the upper
middle surface is F, and the total radial force is Fj.

The elastic strain energy

U, = U, + U,, (8.83)
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is the sum of extensional energy U , and flexural energy U, (Vinson 1993, eq. 22.11):

u, =2 / rWodx, Up=2x / rWpdx. (8.84)

The functions in Eq. (8.84) are the extensional and flexural energy densities, respec-
tively (Vinson 1993, eq. 14.34):

2W, = A€l + 24,8 8, + Ayl + Ager” + 2414617 + 2455657, (8.85)

2W,, = Dy,k2 + 2D,k Ky + Doy k2 + Dgg0? + 2D, gk + 2Dy k0. (8.86)

For multiple layers, classical plate lamination theory leads to a set of averaged mod-
ules. For briefness, the homogeneous layer structure is assumed. In this case, the mem-
brane stiffness coefficients A, are the linear functions of shell thickness:

Alj = Qijtc' (887)

Here Q are “reduced stiffness coefficients,” see Chapter 1, Eq. (1.38). The flexural
stiffness coefficients Dj; are the cubic functions of the shell thickness:

_ 3

Dy = Q;t.*/12. (8.88)

The important constant E will be referred to as the effective circumferential elastic
modulus:

F= Q11 Q2 Q5 = Q0 Q16" = QuQ” — QesQux” + 2Q26Q16Q12. (8.89)

Qo Qa2 — Q6”
With Eq. (8.89) from (8.79) and (8.80) the expressions follow:
N, = Et,e,,M, = Et >k, /12. (8.90)
The substitution of (8.71), (8.72), (8.76) and (8.78) into the expressions (8.85) and (8.86)

results in the formulas for extensional and flexural elastic energy densities:

2W _ A11A22A66 - A22A162 B A11A262 B A66A122 + 2142614161412 2 _ Evt 2
A — A A —A 2 El - Cgl’
664122 26

(8.91)

2W — D11D22D66 - D221)162 - 1)1113262 - 1)66D122 + 2D26D16D12 K2 _ Etg”(lz
D= L= .
D66D22 - 1)262 12
(8.92)

According to the principle of virtual work, external virtual work is equal to internal
virtual work when equilibrated forces and stresses undergo unrelated but consistent dis-
placements and strains (Reddy 1976). The necessary stationarity condition with respect
to y delivers the circumferential moment:

—cosa)siny

M, = Z—*rj;ﬁ(cos"’ AL —1)— %(AZ 1)

cos3a
~ 2 (siny —sina) cosy
+Erip® In A,
alt 12cos3a

(8.93)
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with
u=t,r, (8.94)

The spring is loaded by the systems of forces, which consists of two axial forces F, and
—F, with equal magnitudes and in opposite directions. The load on the upper edge of
the spring is F, and the load on the lower edge of the spring is —F ,. The pair of forces
F, and —F, with the arm H, exerts the torque in the circumferential direction (8.93).
The axial force on the shell is:

Ml
Fy0)= (8.95)

The moment arm H, is the width of middle surface in the deformed state Q.
The substitution of (8.93) into (8.95) delivers the central formula for the axial force of
the anisotropic elastic conical spring:

~ 2(F3ﬁ+Ffﬁ3)

F, = xEr, (8.96)
cos y
F = 20-A)+ (1 +A)nA ' (cosy — cosa) siny, (8.97)
InA cos2a
__Ina | (sina — siny) cos (8.98)
TN y)cosy. '

8.2.5 Structural Optimization of a Conical Spring Due to Ply Orientation

Now consider structural optimization of a conical spring made of laminated composites
due to ply orientation as a design variable (Adali 1981; Banichuk 1993, 1996; Catapano
et al. 2015). An extensive review of the literature can be found in the paper by Rovati
and Taliercio (2003).

The objective function is strain energy. The effective circumferential elastic modu-
lus depends upon the angle @ between the meridian and the principal material axis
(Figure 8.7). For the single lamina, the so-called transformed reduced stiffness matrix
is used. The reduced stiffness coefficients g, in local material system of the solid are
prescribed (Vinson 1993, eq. 14.35)

E, E, Va1 E4

q11 = m"bz =1_ VigVl »q1a = 1= vivy 46 = G1» (8.99)
E,, E, are the Young’s moduli in two principal directions,
V19, Vo are the corresponding Poisson’s ratios.
For any combination of fibers and matrix, the relation
Via/Ey = vy [Ey (8.100)

is valid. The reduced stiffness coefficients g; in the local material system do alter in
course of optimization.

The state of strain at each point of the solid is characterized by the given values of the
three principal stresses; note that two of the stresses vanish and the remaining principal
stress is the circumferential stress. The relationship between the Cartesian components
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Az Figure 8.7 Orientation of reinforcement
fibers in the anisotropic conical spring.

v

il

ra [} \rb

of the elasticity tensor Q;; in the global frame, and those in the local material system g,
is given by the transformation law constants (Vinson 1993, Eq. (14.37)):

Q= %104 +2(q, + q66)c2s2 + Q2254, (8.101a)
Quy = @oa€* + 21y + ee)C’s” + q15, (8.101b)
Q= ‘112(04 +shH+ (911 + 922 — 4%6)0252’ (8.101c)
Qo6 = de6(€® = °) + (@11 + Gy — 241,)C°S7, (8.101d)
Qe = =¢S5 - (g — q118° — (8" — )1y + 296))s (8.101e)
Qup = =5+ (@11€° = 45" + (5 = )(q1 + 2q6)- (8.101f)

Here, @ is the angle between the meridian and the principal material axis, ¢ = cos @,
s = sin®. The angle @ is the design variable. The effective circumferential elastic

modulus
E = E(®) (8.102)

is given by the expressions (8.89) and (8.101a—f). The following inequality could be
proved

(8.103)

d»911 — q%z 922911 — q%z }

E < max{
911 q2
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8.2.6 Conical Spring Made of Orthotropic Material

In this section, the variational method is applied to shells made of special orthotropic
laminates without stretching-shearing coupling:

Ay =0,Ay =0,D,, = 0,Dy, = 0. (8.104)

This kind of anisotropy demonstrates symmetric assembled laminates with equal
numbers of layers of meridian angles ® and —®. The geometry of the spring is depicted
in Figure 8.8. Consequently, the stretching-shearing coupling in the orthotropic
material disappears.

With (8.73) and (8.74), the integrated stress—strain and moment curvature relations
for the shell reduce to:

M, =D, x; +Dyyk,, (8.105)
M, = Dy, + Dyyky, (8.106)
M, =0. (8.107)
N, =A, 6, + A8, (8.108)
N, = Apey +Apey, (8.109)
N, = 0. (8.110)
Figure 8.8 Orientation of two families of Az

reinforcement fibers in the orthotropic
conical spring.
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The hypothesis of the absence of meridional forces N, = 0 and moments M, = 0 is
supposed. This hypothesis immediately leads to the expressions for meridional curva-
ture change «, and twist w, respectively:

Ky = _(Dlz/Dzz)KlsCU =0. (8.111)
The hypothesis delivers the meridional deformation €, and shear y, respectively, as:
€y = —(Ap/Ay)e, Yy =0. (8.112)

The substitution of the expressions (8.112) into (8.108) delivers the circumferential
force N, as a function of circumferential strain €, only:

N, = (A, Ay — AD)E  [Ay. (8.113)

The substitution of the expressions (8.111) in (8.105) delivers the circumferential
moment M, as a function of solely circumferential curvature change «:

M, = (Dy,Dy, — D;,*)k, /Dyy. (8.114)
The elastic strain energy is the sum of extensional part I/, and flexural part L_[f:
u,=U, + U, (8.115)

For the extensional part and flexural part, the following expressions are valid in the
case of an orthotropic material:

T, o

u, = 275/ rW,dx, Uy = 27r/ rWpdx. (8.116)

The extensional energy density and flexural energy density in (8.116) for an
orthotropic material are, respectively:

2W, = Aj€] + 24066, + A, (8.117)

2W ), = Dy k2 + 2D,k Ky + Dyykc2. (8.118)

The stretching-shearing coupling orthotropic material disappears due to Eq. (8.104)
and Q¢ =0, Q,c = 0. Accordingly, from (8.89) follows the quotient:

2
Q22Q11 — X2
Qll

The constant E serves as the effective circumferential elastic modulus for an
orthotropic material. With Eq. (8.119) the formulas for the extensional energy density

follow: 5
ZWA — A22A11 _AIZ

E= (8.119)

2 — Ty 2
€2 = Et €2, (8.120)
A22 1 1

and flexural energy density:

—  D,D.—-D.,? Et3k?
oW, = 2L 12 2o L (8.121)
D,, 12
Comparison of (8.89) and (8.119), (8.91) and (8.92) with (8.120) and (8.121) leads to
the following relation:

U/ =E/E. (8.122)




Design and Optimization of Composite Springs

Therefore, the axial force of spring made of orthotropic material relates to reaction
force of spring made of isotropic material with elasticity modulus E as:
— L ER+ER)
Fz.orth = ”Eraz cos y : (8123)

8.2.7 Bounds for Stiffness of a Spring Made of Orthotropic Material

The numerator of (8.89) reads:
1
QpQy - Q}, = 5(‘1115122 + 24612 + decdn1 + decd22 — 912

1
- 5(_‘1115122 + 2q66412 + desdr1 + deean + d1y) COSAD.  (8.124)

If g,,<q,,, then the exact inequality holds:

Emin < E < Emax’ (8125)
where the maximal and minimal values of effective circumferential elastic modulus are:

_ 9nqn — i

®, =0:E, = (8.126)
q11
2
®,=7x/2: E, = 2" % (8.127)
92

It follows from (3.69) that the maximum of the effective circumferential elastic mod-
ulus is attained if the upmost stiffness matches the circumferential direction.

Equation (8.127) expresses the fact that minimal stiffness of the effective circumfer-
ential elastic modulus is achieved if the direction of upmost modulus of the orthotropic
lamina coincides with the meridional direction.
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Figure 8.9 Dependence effective circumferential modules E,E upon meridian angle @ for different
ratios q,,/q,;.
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The graph of functions T?(CD), 1_3((12') as the function of the angle ® between the meridian
and the principal material axis is shown in Figure 8.9.

8.3 Alternative Concepts for Chassis Springs Made
of Composites

US20040256829A1 (2003-06-20, https://www.uspto.gov) Suspension system having a
composite beam:

A suspension system having a composite beam. In a described embodiment, a
suspension system for a vehicle having a frame is provided. The suspension sys-
tem includes an axle and a beam interconnected between the vehicle frame and
the axle. The beam has opposite ends, an elongated body extending between the
opposite ends, and a metal end connection at one of the opposite ends. The body
is made of a composite material (Figure 8.10).

EP 0459220 B1 (1993, https://www.epo.org) Ring-shaped spring made out of fiber
composites:

In the case of a ring-shaped spring made out of fiber composites for vibration
insulation of machines and installations, having at least two concentric wound
bodies of fibers impregnated with synthetic resin, as well as slip sheets wound in
between the wound bodies, to achieve characteristic values with long-term stabil-
ity for the dynamic rigidity and damping of such a spring the invention provides

Figure 8.10 US20040256829A1 (2003) “Suspension system having a composite beam.”
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Figure 8.11 EP0459220B1 (1993):
“Ring-shaped spring made out of fiber
composites.”

that two slip sheets (4, 5) are in each case wound in between two wound bodies
(2, 3) in such a way that they respectively adhere to the laminate on the wound
body side, but are designed to slip freely on the sheet sides lying against each other
(Figure 8.11).

US4801019 (1989, https://www.uspto.gov) Shock Absorbing Unit Assisted by Fiber-
glass Reinforced Spring:

A shock absorbing spring device (A,C) is illustrated which includes a plurality
of elongated, slender spring elements (B). The device may also include a cen-
tral shock absorbing unit (10). Spring elements (B) comprise fiber reinforcing
strands (32) embedded in the matrix material (31). Spring elements (B) have a
contoured profile which includes a thickened medial bend (38) and a reverse
bend (44) formed at ends (34, 36). In this manner, spring elements (B) deflect
outwardly from their longitudinal axis in a reliable manner when ends (34) and
(36) are loaded with compression. In one embodiment of the device (A) spring
elements (B) are arranged to deflect radially with respect to longitudinal axis (37)
of the device. In another embodiment (C) medial portion (38) of spring elements
(B) deflect circumferentially in a row about longitudinal axis (43) of the device.
Preferably, the cross-section of spring elements (B) varies from a maximum thick-
ness at medial portion (38) to a minimum thickness at ends (34, 36) defining
cantilevered arms (344, 36a) which deflect in as medial portion (38) deflects out-
wardly. A second row (50) of spring elements (B’) may be included for overload
capacity (Figure 8.12).

DE 102009029300A1 (2009, https://www.epo.org):

‘Plastic spring for a motor vehicle undercarriage: The spring (1) has a corrugated
tubular body (3) comprising two longitudinal ends, where a connection surface
(5) is arranged at one of the longitudinal ends of the corrugated tubular body pro-
vided as a tubular body to engage in a cup element of one of supporting structural



246

Design and Analysis of Composite Structures for Automotive Applications

Figure 8.12 US4801019 (1989): “Shock
Absorbing Unit.”

component parts (9, 11). Another connection surface is arranged at the other lon-
gitudinal end of the corrugated tubular body. A displacement mass is filled in the
cup element, where the tubular body is provided for displacing movement within
the cup element to axially adjust preloading of a plastic spring (Figure 8.13).

DE 102012202625A1 (2013, https://www.epo.org) Plastic composite spring for vehicle
suspension and apparatus and method for manufacturing the same:

Disclosed is a corrugated plastic composite spring for a vehicle suspension and
an apparatus and method for manufacturing the same. The apparatus includes
a corrugated extrusion part, a braiding part, and a pultrusion part. The corru-
gated extrusion part forms a preform having a hollow corrugated structure. The
braiding part weaves a three-dimensional woven fabric on the preform. The pul-
trusion part impregnates the three-dimensional woven fabric with thermosetting
resin (Figure 8.14).

US20030222385 (2003) Composite wave ring spring:

A compression spring comprising a plurality of composite wave rings stacked and
attached to one another in crest to crest configuration. Each of the wave rings has
a plurality of alternating peaks and troughs wherein one peak and one adjacent
trough define a wave having a wave height measured axially from the peak to the
trough and the wave heights vary such that the compression spring provides a
varying spring rate as the compression spring is compressed (Figure 8.15).
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Figure 8.13 DE102009029300A1 (2009): “Plastic spring for a
motor vehicle undercarriage.”
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Figure 8.14 DE102012202625A1 (2013): “Plastic composite spring.”




248

Design and Analysis of Composite Structures for Automotive Applications

Figure 8.15 US20030222385 (2003)
“Composite wave ring spring.”

8.4 Conclusions

This chapter showed that the optimal wire shape, determined from the certain equal
stress condition, guarantees the lowest possible mass of the spring. This mass depends
only on the ultimate allowable stress for the spring material, the load at full stroke and
the spring stiffness. This is an important milestone for comparison of different spring
designs and spring materials. As the density and shear module are almost the same for
all spring steels, the spring quality parameter can serve as the benchmarking property
for spring design.

The minimal mass of the springs in parallel or in series assemblies has a single spring
with the highest specific elastic energy density of material.

Further, the conical spring was investigated using variation methods. For derivation
of the static response of the conical spring the equations of thin-walled and moderately
thick-walled isotropic and anisotropic shells were applied. The developed equations
were based on common assumptions of the theory of conical springs. The main assump-
tion was the rigidity of the cross-section of the truncated conical shell. In the actual
study, the nonlinearities due to large displacements were accounted for without the
usual simplifications. The closed form solutions for spring forces and stresses in springs
of rectangular cross-section with moderate slope were delivered.

Finally, some innovative solutions for the automotive spring components and recent
patent applications are exposed.

The following studies are indispensable for the understanding of elastic energy-
harvesting elements and are recommended for further reading and detailed reference:
Ashby (2010); Norris (2005); Cowin (1994, 1997); Pedersen (1989, 1990); Rovati and Tal-
iercio (2003); Seregin and Troitskii (1981); Sgarra and Vianello (1997a, 1997b); Vianello
(1996a); Vianello (1996b); Koiter (1960); Chen and Wei (2005); Vasiliev and Gurdal
(1999); EN 13906-1:2013-11 (2013); EN 13906-2:2013-09 (2013); EN 13906-3:2014-06
(2014); SAE International (1996); Meissner et al. (2015); Kruzelecki (1990); Ashby
and Bréchet (2003); Lipton and Chen (2004); Chen and Lipton (2007); Lipton (1998);
Blasques et al. (2011); Sonmez (2017); Ganguli (2013); Qiao et al. (1998); Del Piero
(1979); Ogden (1997); Yu and Hao (2013a); Yu and Hao (2013b); Yu and Hao (2011); Xu
et al. (2010); Hao and Guan (2016); Sapountzakis and Mokos (2006); Yildirim (1999);
ANSYS (2015); Atluri and Pian (1972); Blom et al. (2009); Catapano et al. (2014); Lellep
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and Polikarpus (2014); Libai and Simmonds (1988); Meissner and Schorcht (2013);
Pedersen and Pedersen (2011); Saini et al. (2007); SAE (1996); Shen and Fang (2007);
Sofiyev (2003); Sofiyev and Kuruoglu (2013); Schremmer (1973); Tavares (1996); Ekelow
(2014); Schiirmann (2015); Scharr (2015); Kobelev et al. (2015); Miiller (2015); Miiller
et al. (2013); Manjunatha and Abdul Budan (2012); Petrich et al. (2017); Neubrand
(2014); David (2015); Hofmeister (2016); Schiirmann (2016) and Petrich et al. (2017a).
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9

Equivalent Beams of Helical Anisotropic Springs

9.1 Helical Compression Springs Made of Composite
Materials

9.1.1 Statics of the Equivalent Beam for an Anisotropic Spring

For the substitution of helical compression springs, a filamentary-wounded composite
helical compression spring was primarily developed. With a circular cross-section, a
weight reduction of around 50% compared to a steel compression is realistic. The fibers
are wound over a thin fiber core in a +45° and —45° arrangement until the finished
cross-section is produced. The cross-section is then wrapped around the negative
mold. The blanks must harden in the autoclave under high pressure and temperature.
The finished spring can simply be removed from the negative mold. Frequently, the
so-called “lost form” principle is used, whereby the negative form is no longer used
after one occasion. An advantage of the winding process is the hardening of the springs
in the autoclave, which allows a large number of springs to harden in parallel.

On the actual compression spring (helical or meander-shaped) and the hypothetical
beam, the equal force and moment act. Under these conditions, the axial s and lateral
sq displacement of a spring element (coil or meander) correspond to the displacements
of the hypothetical beam. Therefore, the hypothetical beam is also referred to as the
equivalent beam. An equivalent beam deforms exactly like a compression spring under
the same load (Figure 9.1). Analysis of space-curved beams and, particularly, a heli-
cal spring is based on Kirchhoff’s equations (Kirchhoff 1859; Reissner 1981; Yildrim
2016). As shown in Kruzelecki and Zyczkowski (1990), Skoczen and Skrzypek (1992)
and Chassie et al. (1997), equivalent beam equations are considerably easier to handle
than Kirchhoff’s equations.

In this chapter, we apply the Timoshenko-type equivalent beam equations for the
helical composite spring. The motivation for the Timoshenko-type equivalent beam
is the following. The common Bernoulli’s hypothesis for equivalent beams (Grammel
1924) or (Dick 1942) leads to significantly higher flexural stiffness of a spring. There
is the Timoshenko-type model that provides realistic evaluation of side stiffness. The
Timoshenko-type model, in comparison to the Bernoulli-type, describes two effects:
shearing force effect and rotary motion effect.

The centerline of the equivalent to the helical composite spring beam is of variable
length L and coincides with the axis of the free spring. In a static case, the equivalent
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Chassis and Drivetrain, First Edition. Vladimir Kobelev.
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Side deflection of points
on lateral surface:

So=Sp+Ss

Midline of helical spring
(equivalent beam)

Figure 9.1 Lateral surface and equivalent beam of the composite spring.

beam is exposed to an axial load F. Consider an element of the spring that is loaded with
the lateral force f ; and the bending moment #1;. The lateral force and bending moment
cause flexure of the initially straight axis of the equivalent beam. The inclination angle
of the curved axis in the linear approximation reads:

®g = S’Q. () =0d/0z.
The transversal displacement is the sum of two partial displacements (Figure 9.2):

SQ =8, t+5, (9.1)
The partial displacements are:

s, displacement due to the shear force,
s, displacement due to bending moment.

For anisotropic helical springs, the equivalent shear, bending and axial compression
rigidities of the equivalent beam are listed in Table 9.1. We use brackets for rigidities of
the equivalent beam. The formulas represent the averaged stiffness of the hypothetical
equivalent beam. In Table 9.1, mass per unit length () is a mass related to the unit
length of the axis of the spring. The stiffness of spring wire in the case of bending in
the normal direction C,;/, is assumed to be different from the stiffness of wire C;,1, by
bending in the direction of binormal. A is the area of the wire cross-section, C,,/ is the
twist stiffness of wire with respect to its axis, d is the diameter of round wire, D is the
mean diameter of coil, # is the number of active coils and p is the density of the material.
For the circular wire of diameter d:

I =2I, =2I, = nd"/32.
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Figure 9.2 Composite spring (right) and its equivalent beam (left).

Table 9.1 Effective stiffnesses for shear, bending and compression and mass per unit length of a

composite helical spring.

Shear stiffness Bending stiffness

Axial stiffness

Mass per unit length

(GA) (El,) (EAy=c,L (m)
8 Gy, 2Cy, 1 4C,I ranD
Arbitrary wire 33 [’3 L _ “m8'm 44 T3 P »
zn,D ﬂnaD<l+%> xn,D L
@' C Cyd* d*c, 72d*n D
Round wire —D333 33 L gs L [ i a
8n, 327[}’1(1D<1+%) 8n,

The static deformation of an equivalent beam with the equivalent bending stiffness
(EI,) and shear stiffness (GA) under the action of the torque m and external force f ,

is described by the Timoshenko-type equations:
My = (EIL)(sq — )" + F - 50,

Q=(GA)s; = F(sq —s,)',
Q+ My = my,

Q =fQ'

(9.2)
9.3)
(9.4)

(9.5)
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where:

Q is the shear force

M, is the bending moment

my the external torque per unit length (in the y-direction)

f o the external load in the transverse direction per unit length (in the x-direction)

9.1.2 Dynamics of an Equivalent Beam for an Anisotropic Spring

The vibrations of helical composite springs were studied in Yildrim (2001) and Calim
(2009). The free vibration (Yildrim 2016) problem of helical springs is modeled theo-
retically as continuous systems considering rotary inertia, shear and axial deformation
effects. The equivalent beam model for the helical springs, made of isotropic materials,
was rigorously studied in Michalczyk (2015, 2017). In these articles, different boundary
conditions were investigated. The presented results (Michalczyk 2015, 2017) are also
applicable for composite springs.

The Timoshenko-type equations of an equivalent beam in the dynamic case follow
from the static equation with appropriate replacements for moment and lateral force.
In addition to its lateral motion, the coils of the spring rotate slightly over the horizontal
y-axis. The bending moment 1y, is the product of static moment (#)D?/8 and the angu-
lar acceleration ¥/ = 63SQ /0z 0t2. The dynamical bending moment and the shear force,

Q
correspondingly, are:
my = (m)D*s, /8, (9.6)
Jo = (m)3,. (9.7)

Neglecting damping of the material, dynamical equations follow after the substitution
of (9.6) and (9.7) into Egs. (9.2)—(9.5):

My = (EI)(sq—s,) +F - sq, (9.8)
Q =(GA)s; — F(sq —s,), (9.9)
Q+ My = (m)D%,/8, (9.10)
Q = (m)s,. (9.11)

The unknowns of four partial differential Egs. (9.8)—(9.11) are the functions My, Q, s,
s;- In terms of s, s; these equations reduce to partial differential equations

(GA)s, = F(sq = s,)' + [(EL,)(sq = 8)" + F - 50" = (m)D%,,/8,

[(GA)s; — F(sq —5,)']" = (m)3,,.

These equations reduce to one differential equation for the total lateral deforma-
tion s4(z, t) of a pre-stressed compression spring:

(EIg){GA) ,,, (EI,) D%\ , ) o
(GA)+F o T {m) <m + ?) st (m)3q + Fs, = 0. (9.12)

Equation (9.12) is a linear partial differential equation of fourth order in coordinates
and second order in time.
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For the following, we need the expressions for bending moment and shear force as
functions of total lateral deformation s:
/
g Q+ FSQ
S (GAY+ F’
_ (Elb)(GA>S,, B (Efb>(M)§
BT (GAY+F 2 (GA)+F?
D? <E1b><m> / <E1b><GA> "
— z o _ F Y .
Q=g =~ Gy F| e Gy rre %
The clamping conditions are determined by static conditions on the spring ends. Two
boundary conditions must be satisfied at each end (Table 9.3). The clamping (boundary)
conditions relate to the actual, compressed length of the spring L, which shortens under
the action of force F.

For example, the calculations for moment-free, hinged ends are explained in Table 9.3
(case 5):

Solazo =0, (9.13)
'(Elb><GA>S,, 3 <Elb><m>§

| (GA)+F 2 (GAY+F™?
Soley =0, (9.15)

[ (E1,)(GA) ,  (EI,){m)

s’ — So+F-s =0. (9.16)
| (GAY+F 2 (GA)+F © ..

The initial values for displacement and velocity are assumed:

+F-sQ,

+F . SQ = O’ (9.14)

sq(z, t = 0) =5,(2), (9.17)
Sz, t=0)=v,(2)for0 <z <L, (9.18)
Solz=0 = Solo=p = 0. (9.19)
Volz=o = Volozp = 0. (9.20)

Here s.,(z) is the initial transverse deflection and v, (z) the initial transverse velocity in
the time ¢ = 0. The zero boundary conditions for the displacement and for moment at
each end section are to be satisfied:

Sl = Sl = 0,800 = $Gl.; = 0. (9.21)
The other common types of the boundary conditions are shown in Table 9.2.

Table 9.2 Conditions at the ends of the spring in terms of shear force, moment and total transversal
displacement.

Type of clamping Condition 1 Condition 2

1. Fixed Clamped end deflection Zero deflection  s,=0  Zero slope S’Q =0
2. Free Free end shear force Zero force Q=0 sg’ =0 Zero moment M, =0 sg =0
3.Hinged Moment-free end (ball joint) ~ Zero deflection 5q=0 Zero moment M, =0 sg =
4.Sliding  Lateral force-free, slidingend ~ Zero slope ss =0 Zeroforce Q=0 =0
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9.2 Transverse Vibrations of a Composite Spring

9.2.1 Separation of Variables

By separation of variables, the function s,(z, £) is presented as a product of the function
Z(z) of the spatial coordinate and the function T'(¢) of time:

sq(z, t) = Z(2)T(@). (9.22)

The substitution of (9.22) in Eq. (9.12) and after separation of variables, the following
condition is established:
(ELLXGA) 1y 1" .
1 ene Q@ g ? (9.23)
(m) < (EL,) + [ﬁ) Z"(2) — Z(z2) ()

(GA+F ' 8

This condition can be satisfied only for a constant w?. Equation (9.23) is separated into
two ordinary differential equations:

(a) The eigenvalue problem:

—gf: >< f’? Z"(2) + F 2" (2) = w*(m) [<—< Gf;”i =+ %) 7"(z) - Z(z)] :
(9.24)
(b) The evolution equation:
T+ @*T = 0. (9.25)
For solution of the eigenvalue problem (a) the representation is used:
Z(z) = Cexp(Az). (9.26)
With this substitution (9.26), the Eq. (9.24) leads to an algebraic equation for A:
A4%+A2F:a)2(m) [(%H%Z) Az—l]. (9.27)
The quartic Eq. (9.27) has four solutions:
A =i A=—if, A =ify,, A=—if, (9.28)

The solution to the problem (a) is the linear combination of the partial solutions:
Z(z) = C; sin(f,z) + C, cos(f,z) + C5 sin(f,z) + C, cos(f,z), (9.29)

C,,i=1, ., 4 are the integration constants.

On both sides the conditions of momentless hinged ends are used (Table 9.3, case 5).
Displacement, caused by the lateral force, is supposedly omitted at the spring ends. The
conditions for bending moment at the hinged ends are:

Mgl = 0,Mg|,-, = 0.
These conditions for bending moment in terms of functions Z(z), T'(¢) read:

(EI,){GA) (EI,){GA)

Gay 7 F L2 0 = 07

T()Z"|,, =0O.
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Table 9.3 Conditions at the ends of the spring for different loading.

End conditions and characteristic equation

Euler column Helical spring

s, =sin(p,L), s, = sin(p,L), ¢, = cos(p,L), ¢, = cos(f,L)

1: One end is fixed, the other slides without rotation:
SQ(O) = O,S’Q(O) =0,
" — / —
54 L)=0, SQ(L) =0.
Characteristic equation:

Slsz(ﬂ;} + ﬂ;) = (1 - Clcz)ﬂlﬁz(ﬁlz + ﬂ22)

2: Both ends are clamped:
50(0) = 0,522(0) =0,

so) = O,SQ(L) =0.
Characteristic equation:
5152(ﬂ12 + ﬂ;) =2(1-c,c,)B, b,

3: One end is clamped, the deflection and rotation of
other is free, load direction is fixed:

50(0) =0, s’Q(O) =0,

" — /" —
s4 (L) =0,s5(L) = 0.
Characteristic equation:

BiBy(BY + B3) = 5,8,87 B3 (B + B3) + 2¢,¢, B B3

4: One end is clamped, the other rotates free and side
deflection is fixed:
50(0) = 0,5,(0) = 0,
/" —_ / p—
sQ(L) = O,SQ(L) =0.
Characteristic equation:

25,5,0283 = (1 = ¢,¢,)B, B, (B? + D).

o’

(continued)
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Table 9.3 (Continued)

End conditions and characteristic equation Euler column Helical spring

1FV

5: Both ends rotate free and side deflection is restricted:
50(0) =0, sg(O) =0,
sol) =0, sg(L) =0.

Characteristic equation:
518,(fF — B3)* = 0.

The boundary conditions for the hinged end read in this case:
Z(0)=2"(0)=z(IL)=Z"(L) =0. (9.30)

This simplification is corrected in the final paragraph.
The use of (9.29) into (9.30) gives the following system of homogeneous equations:

0 1 0 1 o 0
0 -p; 0 -p; C 0

) h . A 2l=["]. (9.31)
sin ;L cos ;L sin f,L cos f,L G 0

—pZsinpL —p?cos ;L —pZsinp,L —pZcosp,L||C, 0

The homogeneous system of Eq. (9.31) only leads to non-trivial solutions if its deter-
minant is zero:

(B? — 3)* sin(B,L) sin(B,L) = 0. (9.32)
The condition (9.32) is satisfied if:

B,(K) = By(k) = n% with k=1,2,3 ... 9.33)

Other practically interesting cases are summarized in Table 9.3. In this table, the
boundary conditions on both ends and the corresponding characteristic equations are
presented.

9.2.2 Fundamental Frequencies of Transversal Vibrations

For clamping conditions, the characteristic equations from Table 9.3 should be solved
for f, , by means of numerical methods. Substitution of the roots f, , of the charac-
teristic equations into (9.27), and then A =i, , into (9.28) leads to the circular natural
frequency:
2 2 (EL,)(GA)
B[kl
W = D N ,withk=1,2,3...
om | (s + %) ot +1]
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In the case of moment-free support (9.30), f, , are resolved explicitly and the natural
frequencies are:

<zr_k>2 (n_k)2<51h><GA> _F
L L (GAY+F
o’ = - withk=1,2,3... (9.34)
(EI,) D2 k
) [(W +E) (%) + 1]
Effective constants and mass of the cylindrical helical spring made of anisotropic
material for shear, bending and compression are displayed in the Table 9.1. The results

will now be presented in terms of two dimensionless parameters. The first parameter is
the slenderness ratio of the free spring:

&=1Ly/D.
The second parameter is the dimensionless length:
u=LJL,.

The product of dimensionless length and slenderness ratio does not depend upon the
stroke of the spring:

Eu=1L/D.

The dimensionless deflection u characterizes the degree of compression of the spring.
For a spring that is free of load: 4 = 1. The completely squeezed to the ideal plane form
of spring corresponds to u = 0.

The axial spring force is a function of the actual spring length L. The axial spring force
can be also expressed as the function of dimensionless deflection:

F=cy(Ly—L)= (EA)(u™" - 1). (9.35)

For the springs with circular cross-section the fundamental frequency of an order
k=1,2,. reads:

22K + 16E212)Cy, + (22K + 4nk2p + 8E21%)Cqy
(9.36)

dk 2Cu (= 1D4E2C + 282 - 1) + 7[/(2)C33
wk(ﬂ) =

Remarkably, the fundamental frequency of the linear spring is not constant, but
depends on dimensionless length deflection y. The free spring in its initial length has
the frequency w,° = w,(u = 1). After the substitution y = 1, the fundamental frequency
for the same spring in its undeformed length is:

0 _ dk 2C44 7k*Cy, ) (9.37)
n, D? 2n2k? 4+ 16£2)Cyy + (n2k? + 47k? + 8E2)Cyy ’

The formulas (9.36) and (9.37) account for slenderness ratio £ as a parameter. After
inserting the related rigidities in (9.34), the natural frequency w, could be obtained as a
function of the dimensionless length u and slenderness ratio .

The dimensionless fundamental frequency of transverse oscillations of the order & is:

Q(p) = wk/co2 = wy(p) /o (u = 1). (9.38)
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9.2.3 Transverse Vibrations of a Symmetrically Stacked Helical Spring

The simplest estimation could be performed for a spring, which is fabricated by sym-
metric stacking [+ @] to the wire axis of the spring. The fiber contents of the first and
second family of fibers are, correspondingly, V,; and V,. The total fiber content is
V;=Vj + Vj,. Inthis case, the modulus of the matrix is much lower than the modulus
of fibers. In the local coordinates of the spring wire, the elastic constants are:

Cs3 = Ef[V},c08 (D) + Vipsin(@)], Cyy = Ex(Vj; + Vip)sin®(@)cos™(@).  (9.39)
If the spiral angles are equal to [+ 45°], the elastic constants will be:
Cy3 = Cy = EV; /4. (9.40)

Accordingly, for the symmetric fabricated spring the fundamental frequency of the
order k reads:

o) = 4K EViu 62— +7k> (©0.41)
k n,D?\ 2p \ 4xk2u + 372k2 + 24&2 42 ’

The dimensionless fundamental frequency of the order for a symmetric fabricated
spring [+ 45°] is equal to:

Q) = 6E2(u— 1)+ wk?  Ark? + 372k? + 242
= A wk? 4Ark?p + 3m2k? + 24E2 u?

(9.42)

The contour plot of a dimensionless fundamental frequency is demonstrated in
Figure 9.3. There are two regions on the contour plot. The first region is bounded from

| Compression
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| N
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] Q=0,
0.5 - H (K)
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1 st
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-1+ T T T T .
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Figure 9.3 Contour plot of first fundamental frequency and critical loads as function of degree of
slenderness & during compression y7 (1) of helical composite spring and its lengthening ;(2) from
the flattened state.
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above by the line ¢ = 1. The fundamental frequency of the spring is given along the
line 4 = 1 by the expression (9.37) for springs free of load. If the spring is shorter,
that is, u <1, the frequency reduces. For relatively “thick” springs with a low value of
slenderness, the springs are stable until the flat state y = 0. For modest slenderness,
the spring will be unstable. The higher the slenderness is, the higher the reduction in
frequency and also the more readily buckling happens.

9.3 Side Buckling of a Helical Composite Spring

9.3.1 Buckling Under Axial Force

The simplest way to demonstrate the essence of the dynamic stability method consists
of its application to the traditional concept of the equivalent beam. The annulling of the
fundamental frequency of transversal vibrations indicates a divergence-type instability
of the corresponding vibration mode.

If the dimensionless fundamental frequency €, (u) vanishes, lateral buckling of the
spring happens. The fundamental frequency fades, if:

€ (u) =0. (9.43)

Equation (9.43) could be resolved for the critical spring compression p'(k). At that
moment, the degeneration of the transversal vibration mode to buckling mode occurs.
The matching mode shape with k = 1 corresponds to the buckling of the spring with
moment-free, simply supported, hinged ends. The mode k = 2 matches approximately
to the buckling of the spring with clamped ends.

Substitution of the expression for frequency (9.36) into the condition (9.43) leads to
the following quadratic equation for critical dimensionless deflection y as a function of
slenderness ratio of the spring &:

W +pu+q=0,
_1-2 _ wk* - 4802 - 28k _ Cy
P31 1T ek -1 TGy
For each mode shape the quadratic equation (9.44) has two roots 7 (k), u*(k). If
the spring is compressed from its free length y = 1, buckling occurs when y reaching
the critical deflection y7 (k) from free length. If the spring is unloaded from its flat state
u =0, buckling occurs at the moment of critical deflection u* (k) from the flattened state.

There is the unstable region between these two critical states:

ui(k) < p < py(k), (9.45)

(9.44)

2w —1  V2mk2(k — 1)+ E2(2Kk + 1)

+
2k = 1) 22k + 1(k — 1)&

These two critical states exist only if the expression under square root is positive. This
happens as long as the following condition is satisfied:

. 27(1 — k)
E>¢ (k)_kV—ZK+1 .

Otherwise, the spring is always stable over the compression range, if:

wn 27(1 — k)
§ <&k =ky/ el (9.46)

ui(k) =
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In this case, no buckling of the spring occurs and the spring remains straight over
the full compression range 0 < y < 1. With the successive compression of spring, the
dimensionless natural frequency gradually reduces. The shorter the spring, the lower
the fundamental frequency. In this region, the force action line of the spring drifts from
the center line of the spring. On the left region of the plot & < £ (1) the dimensionless
natural frequency gradually reduces until the spring flattens. On the right-hand region
of the plot & > £'(1) the frequency sharply reduces to zero and the spring buckles when
its critical length is achieved y = u}(1). To put it briefly, the spring loses its stability
and transversal buckling of spring happens. The spring behaves similarly when being
unloaded from its flattened shape. Consider the spring in its flattened state. The spring is
not stable in this position for all values of the slenderness ratio. When expanding from
its flattened position, the frequency of spring drops rapidly and the spring buckles when
u = pu*(1). This situation has minor importance for practical applications.

The angle between the direction of fiber and the normal of the wire cross-section is ®.
This angle is assumed to be constant along the wire length, as shown on the Figures 8.2
and 8.3 in Chapter 8. The elastic modulus depends on the angle ®:

Ca3 = €;,C08*® + 2(c;y + €45)COS*DSIN*D + C,,5in D,
Cyy = (¢1; + Cpp — 2€,5)c08*Dsin* D + ¢y (O’ D — sin’ D). (9.47)

The frequency is calculated using the values in Table 1.4, Chapter 1 and Egs. (2.6) and
(2.7) in Chapter 2. Figure 9.3 demonstrates the first fundamental frequency and critical
compression for a symmetric fabricated spring with two families of fibers with an angle
to the axis of the wire of [+ 45].

9.3.2 Simplified Formulas for Buckling of a Symmetrically Stacked Helical
Spring

For simplification, both elastic constants are assumed to be approximately equal:
Cas = ¢;,€08*® + cypsin*®, C,, = (¢, + ¢yy)cos*Dsin’ . (9.48)

For the symmetric fabricated spring with two families of fibers with an angle to the
axis of the wire of [+ 45|, Eq. (9.43) reduces to a linear algebraic equation:

6E2 4 — mk? — 6E% = 0. (9.49)

From Eq. (9.49) it follows that the spring is longer than the critical compression
length:

6£2°
and possesses the positive natural frequency. The frequency reduces gradually with the
compression of the spring from y =1 to y = p,,;,. Thus, above the critical curve y > u,,,;,
the spring is stable. When the spring is compressed and the dimensionless deflection
reaches the value y,,,;,, the frequency vanishes and the side bucking occurs following
the mode in the order of k. In the general case, there is a tiny region that describes the
steady lengthening of the spring from the flat state. This stable region disappears for a
symmetric stacked spring. Figure 9.4 demonstrates the single critical compression that
corresponds to the first fundamental form.

U> Py =1 (9.50)
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Figure 9.4 Critical loads as function of the degree of slenderness & during compression of
symmetrical fabricated helical composite springs.

9.4 Conclusions

267

The bending, torsion and compression properties of a helical spring with an anisotropic
wire were investigated in this chapter. The three-dimensional helical form of the spring
was replaced by an imitation in the form of an imaginal, one-dimensional elastic rod.
Mechanical properties of the original helical spring and its imaginal substitution were
shown to be identical. Therefore, the imaginal replacement was referred to as an equiv-
alent beam. Because of the simplicity of the geometric form and governing equations of
the equivalent beam, the mathematical examination of the equivalent beam was shown
to be unpretentious compared to study of the three-dimensional spatial curved beam.
The exact solution of static and dynamic problems together with transition to buckling

and snap-in due to axial load were presented.
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Composite Leaf Springs

10.1 Longitudinally Mounted Leaf Springs for Solid Axles

10.1.1 Predominantly Bending-Loaded Leaf Springs

The leaf type of spring is currently the most widely developed concept of the compos-
ite springs. This type of spring has been used for a long time, but industrial application
started a decade ago. Leaf springs made of steel with a wheel-guiding function have
long been used extensively for the transportation of vehicles. Analogously, leaf springs,
made of glass fiber-reinforced plastic, are thin strips that exert a spring force when bent.
There are several types of leaf spring with different mechanical properties and suspen-
sion functions. A brief comparison of different concepts for leaf springs is presented in
Table 10.1 (Kobelev et al. 2015). At a low density of 1.9 g cm™3, excellent fatigue resis-
tance and low longitudinal modulus of elasticity of 40 GPa, the fiberglass permits high
elastic strain and low spring rate that improves vehicle comfort (Kelly and Zweben 2000,
Vol. 2, Polymer Matrix Composites).

Fiber failure during fatigue is commonly not critical. Distinct fiber breaks are stopped
again and again by the ductile matrix. The destruction of fibers remains localized
and cannot grow abruptly through the body of the spring. In the case of bending
springs, failure progress is limited to the boundary layers of springs and can easily
be visually detected. Both components of the composite — the glass fibers and epoxy
resin matrix — are principally corrosion-resistant. Contact with automotive-specific
substances such as petrol, brake fluid, neutral cleaner and distilled water provoke no
significant corrosion of the critical structural components.

Temperatures in the range of —40—100 °C are tolerable without difficulty. Both during
test drives on sheets and on the water, and in field trials over a longer period of time, it
has been shown that fiberglass impact from stones is tolerated. Protective measures such
as pressing on of plastic coverings or coatings with a high-toughness rubber compound
are superfluous in the majority of cases.

Because fiberglass leaf springs are usually manufactured using precisely shaped steel
tools, the dispersion of the mechanical parameters of composite springs can be kept low.
By replacing the steel material with fiberglass, a weight reduction in the region of 60%
can be achieved.

Compared to other suspension devices, however, leaf springs, which can be pro-
duced very cost-effectively, have a low level of suspension comfort and only a limited

Design and Analysis of Composite Structures for Automotive Applications:
Chassis and Drivetrain, First Edition. Vladimir Kobelev.

© 2019 John Wiley & Sons Ltd. Published 2019 by John Wiley & Sons Ltd.
Companion website: www.wiley.com/go/kobelev/automotive_suspensions
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Table 10.1 Comparison of different concepts for leaf springs (Kobelev et al. 2015).

Leaf spring  Single layer Multileaf O-elliptical
with constant elliptic leaf elliptical leaf Leaf-tension
cross-section spring spring spring springs
Spring rate Constant Linear- Bilinear Linear-quadratic
continuous or progressive progressive
multilinear
progressive
Non-linear spring - By changing the cross-sections  Adjustable by
rate adjustment geometry
variation
Material ~50% ~100% ~60%
utilization
Reaction forces in - Depend on
direction of travel spring travel,
and reaction progressive
moments
Spring shape Flat Predominantly flat Spatial
. Variable cross-section for optimum utilization of
Cross-section Constant

the material

improvement in driving safety, so they are currently usually only used in commercial
vehicles. Leaf springs for motor vehicles are usually provided in a curved shape and are
often designed in such a way that the unloaded leaf spring in a curved state is bent by a
given load into a substantially flat or flat shape.

A single leaf with variable thickness and width for a constant cross-sectional area of
unidirectional fiberglass was designed, fabricated and tested in the study by Al-Qureshi
(2001). Shiva Shankar and Vijayarangan (2006) composed a “low cost mono composite
leaf spring” with bonded end joints. Goudah et al. (2006) manufactured elliptical springs
using woven roving composites and investigated controlling their failure by using their
strength in the principal direction instead of shear.

The paper by Qian et al. (2017) suggested the fatigue law interpretation of a parabolic
composite leaf spring. The proposed fatigue law was confirmed by fatigue test. The
experimental evaluation of the proposed ply scheme design method demonstrated the
improvement in fatigue life of composite leaf springs. A report about the introduction
of the new leaf springs by automotive manufacturers was presented by Pawsey (2015).

10.1.2 Moments and Forces of Leaf Springs in a Pure Bending State

The bending-dominated anisotropic spring in automotive suspensions is the leaf spring.
This type of spring locates, for example, the solid drive axle in the Hotchkiss drive (Gille-
spie 1992. The leaf composite spring is a simply supported beam type used in light tracks.
The eyes are provided for attaching the spring to the car body (Figure 10.1b). The spring
is fixed to the wheel axle by means of a central clamp. The chamber is the amount of
bend that is given to the spring from the central line, passing through the eyes. The
wheel exercises the force F on the spring, and support reactions at the two eyes of the
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Figure 10.1 Leaf-tension composite spring (a, ¢) and conventional leaf spring (b). Source:
(@) WO2015011181A1 (2015); (b and c) Stimpfl (2016).

spring come from the carriage. The free length of the horizontal leaf spring is L. In this
section the elongation of the leaf spring is neglected and all equations relate to the free
length of the spring. The force Fy leads to the bending moment in the cross-section of
the spring:

My = My(x). (10.1)

The bending moment (10.1) depends on the position x along the axis of the spring.
For example, the bending moment in the cross-section of the simply supported spring
with the force F in its middle section reads:

Ly/2+x, —-Ly/2<x<0,

(10.2)
Ly/2—x, 0<x<Ly/2.

Mg(x) = Fp {
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The stored elastic energy is given by:

S3sMp Eg?
u=1 / 2P =L (10.3)

2 /.1, 2
This expression delivers the general expression for spring rate of a leaf composite

spring:
SasM?
1_L / SsMy (10.4)
¢ Fg* i, I,

The volume of material with a variable cross-section is given by the integral of the
cross-sectional area a = a(x) over the spring length, so that the mass of the spring is:

m=p / adx. (10.5)
L

0

10.1.3 Optimization of Leaf Springs for an Anisotropic Mises-Hill Criterion

The Mises—Hill criterion for a uniaxial stress-state (see Eq. (2.4) of Chapter 2) reads:

(4 4
sin © + <l - i> cos2® sin’P + <2 i <oy

~ = = ~
Or Tir 1 oy

To protect the spring from inadvertent damage, the stress at solid height must be less
than the critical stress:

.4 4
o, =1/ SIEZCD + (% - %) cos2® sin’® + C"fzq’. (10.6)
Or it 9L or
The restriction (10.6), applied on the bending stress:
Mp
o= — <o0,(D). (10.7)
Wg

The axes of the rectangular cross-section are:
b, =by(x), t,=t(x).
The geometric characteristics of the cross-section are the following:

t’b bt}
Wb=%’ Ib= 125 ,ﬂ=bsts.
It is possible to minimize the mass of the spring (10.5) assuming the spring rate ¢ = ¢’
and the force Fj; are prescribed and the stress restriction (10.7) is fulfilled.

The following estimation for the height of the cross-section follows from (10.7):

6M(x)
bo,

sTw

L(x) > £, (%), £ (%) = (10.8)

The lowest mass possesses a uniform stress beam, which is known as a parabolic
spring. For the given moment distribution, the profile height of the uniform stress beam
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is ¢,,(x). The substitution of the height from (10.8) into Eq. (10.5) leads to the inequality
for spring rate:

1_ 1 S33Mp” 1 /
<= dx = S35V bMpgdx. (10.9)
c* FBZ L, ﬂ(ﬁMB >3/2 F_}32<£>3/2 L, 33 B
12 \ bo, 12 \ o,

Similarly, the substitution (10.8) into expression (10.6) for the spring mass delivers:

6BMB ~
dx <p e, bdx = (10.10)

The multlphcatlon of mequahtles (10.9) and (10.10) leads to an inequality:

FRYPRE /L Sy3\/b Myd. (10.11)
Ee

The integrals of the positive function /b, M are there on both sides of the inequal-
ity (10.11) and could be shortened in the case of a constant compliance S;; along the
axis of the spring. From the inequality (10.11) the exact lower mass of the spring with a
rectangular cross-section reads:

3p F?
> C—*S—‘ZZ (10.12)
33%w

For springs with a circular cross-section of the diameter d = d(x), the geometric char-
acteristics of the cross-section are the following:
rd? rd* d?

Wb=3_2 a =

P T e T T
From (10.7) the estimation of the diameter of the cross-section follows as:

,[32M,

o

d>

(10.13)

w

The substitution of the wire diameter from (10.13) into Eq. (10.5) leads to the inequal-
ity for the spring rate:

64x'/3c A3 Fy?
2/3
B / SyMp*dx > — (10.14)

The substitution (10.13) into the expression (10.6) for the spring mass reads:

32M,\ /?
mz”—”/<—3> dx. (10.15)
4 Ji, \ 7o,

The multiplication of inequalities (10.9) and (10.10) leads to an inequality for the
spring mass with a circular cross-section:

4p F32
c* S350,°

(10.16)
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The lowest mass of the circular wire is one-third greater than the lowest mass of the
rectangular wire. This relation is valid for all fully stress-designed springs for an arbitrary
moment M, along the spring axes if the restrictions for allowable stress and bending
stiffness are satisfied.

The stacking design of spring consists of two families of unidirectional layers, sym-
metric arranged in angles ® and —® such that the material is transversally orthotropic
respective to the axis of the spring. The compliance module in the Eq. (10.16) depends
on the orientation angle of fibers to the axis of the spring:

S35 = E;'sin*® + (—2v,,E;' + G} )sin*®@cos®® + E;' cos*®. (10.17)

According to the Mises—Hill criterion, Eq. (2.4) in Chapter 2, the ultimate axial stress
is the function of the orientation angles:

.4 4
o, =1/ 5132‘1’ + % - }2 cos2Dsin’® + @. (10.18)
Or it 01 or

With these two functions, the factor in the denominator of Eqgs. (10.12) and (10.16) is
a function of the orientation angle ®:

E7lsin®® + (—=2v,,E! + G71)sin?®cos?® + E;lcos*d
S350, (@) = — Zrn d . (1019
\/Si;@ + (é - &%) cos2®sin’® + C(’;@

T Tir L

The mass of the spring is minimal if the angle ® delivers the maximum value for the
function 62 S;;(®).
The derivative of the function 62 S;,(®) vanishes in three stationary points:

®, =0, D, = /2,

2E,02 — Epo? + \/(EL(;T — E;0,)? + E,Eot

3ELO'% - ET(262 + a%)

@, = arccos (10.20)

Correspondingly, the function 62 S,,(®) assumes the following values in the station-
ary points:

62 . 0_2
62 S33(0) = -, 62 S, (5) ==, (10.21)
L T
2 2 2 4 6
of 24y — gt =€ E o
02 Sus(D,) & = . === (10.22)
E, 4y E, oL

To explain the obtained results, compare the masses of the spring for three suspicious
stationary points. If the following inequality

62 62

L T
L, %t 10.23
EE ( )

is satisfied, the mass of the spring attains its minimum if the fiber angle is equal to ®, =0
and the fibers are optimally oriented along the axis of the spring.

Otherwise, the angle @, = 7/2 leads to a lower mass of spring. The sense of this result
is the following. If this inequality is fulfilled, the elastic energy, stored in stronger but
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stiffer fibers, is higher than the elastic energy stored in pure matrix. Otherwise, the less
stiff matrix stores more energy as fibers and the use of pure matrix is more effective than
the storage of elastic energy in fibers. Consequently, the mass-optimal spring must be
manufactured from a pure resin.

The intermediate case of an inclined orientation @, of the fibers to the axis of the
spring, always leads to the minimum of the function 62 S;;,(®,) and consequently to the
highest mass of the spring. This case is ineffective from a technological viewpoint.

This important inequality establishes the exact lower boundary for the mass of a spring
of arbitrary variable shape and variable circular cross-sections, designed to fulfill the
stress condition at full load:

2p F? E, E
mz — 2 min <_§’ —§> . (10.24)
(4 UL GT
Consequently, if
E E
=>_ (10.25)
6, Or

then the mass of the optimal spring is:

2p F2E
m> P 5T (10.26)
c* 6%

If the inequality (10.25) is violated, the fibrous material leads to an optimal design with
the mass:

2p F;

C*

E,
m> = (10.27)
oy

10.2 Leaf-Tension Springs

10.2.1 Combined Bending and Tension of a Spring

The development of a glass fiber-reinforced plastic leaf spring resulted in the leaf-
tension spring (W02011110611A3 2011, WO2015011181A1, 2015). The leaf-tension
leaf spring comprises a first end portion (5), a spring portion (8), a bendable portion
(10) and a second end portion (6) (Figure 10.1). This figure displays the leaf-tension
spring (a) and (c) and the corresponding conventional leaf spring (b).

The leaf-tension spring provides an efficient solution to the task of producing a leaf
spring with the appropriate suspension properties for motor vehicles. In addition to
the pure suspension of the vehicle, the leaf-tension spring also performs wheel-guiding
tasks. In addition to a standard leaf spring, the leaf-tension spring has a simple,
torque-resistant connection at both ends.

At the same time, the leaf-tension spring takes over another feeding point, which saves
a fastening component as the spring does not require a revolving bearing in some cases.
Additionally, the spring force response curve can be continuously adjusted by the suit-
able variations of the curvature and thickness of the spring body.

A leaf-tension spring is a meander-shaped leaf spring made of a fiber-reinforced plas-
tic material that can absorb any lateral guiding forces and transfer them to a leaf spring
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Bending leaf: predominant flexure

Combination leaf: flexure and tension

f = compressive force

Fg

f = tensile force

Bending leaf: (2):

0,125 375

Figure 10.2 Leaf-tension composite spring.

receiving device (Figure 10.2). The longitudinal force due to braking stretches the front
half part of the combination leaf (1). A leaf-tension spring has a bending joint section (2),
which can compensate for a change in length of a spring section of the leaf spring when
the spring section is deformed due to a load. In an unloaded state, the bending joint
section and the leaf spring are arranged to be approximately flat and at an angle relative
to each other. The bending joint section is shorter than the leaf spring and approximately
vertically aligned.

The torque-resistant and displacement-resistant fixing of the two ends of the leaf
spring, for example on a motor vehicle, not only generates a bending load transversely
to the longitudinal direction of the leaf spring in the event of load-related deformation
of the leaf spring, but also causes a tensile load in the longitudinal direction of the leaf
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spring. This tensile load is caused by a change in length of the spring section deformed
transversely to the longitudinal direction and can be compensated for by an adapted
deformation of the bending joint section.

In the transition section connecting the two spring legs, the leaf spring shows a curved
course according to this. Due to the alignment of the two spring legs at an angle to
each other, lengthening of one spring leg can be compensated for by bending the other

spring leg.

10.2.2 Forces and Rates of Leaf-Tension Springs

A simple model is used for dimensioning the leaf-tension spring. A vertical, straight
bending joint section can be easily formed on the horizontal, also straight leaf spring by
the fact that both springs are arranged perpendicular to each other (Kobelev et al. 2015).
The cross-sections of both legs are constant. The free length of the horizontal leaf spring
is L,. To simplify matters, it is assumed that the leaf spring bends in the middle. After
the vertical deformation u, both halves of the leaf spring are no longer horizontal, but
slightly inclined with the inclination angle:

a = +arctan(2u/L).

As a result, the length of the spring after deformation is slightly shorter than the free
length:

L=2\/(L,/2) — u>. (10.28)

Shortening the horizontal leaf spring causes the vertical section of the bending joint
to bend in the horizontal direction:

V=1L,—Ln~2u’/L2 (10.29)

The horizontal bending force in the bending joint section generates a compressive
force. The force in the leaf spring is:

f =3E1,v/P. (10.30)

The compressive force f in the two halves of the leaf spring is slightly inclined to the
horizontal with the corresponding inclination angles @. The spring force supporting the
vehicle in the vertical direction Fj is the sum of two components F,, F,. The first com-
ponent F, is the vertical projection of the sum of both compressive forces. The second
component F,, results from the bending of the leaf spring:

Fy=F, +F_,F, =2fsina,F, = 48E,I, u/L>. (10.31)
The first component F has a cubic dependence on u:
48 288 24 s
Fp~ —Elu+|—7I,+—==1, |E.v. 10.32
B B 125} < 5 b1 2P b2> L ( )

The second component F, depends in the first approximation linearly on the vertical
deformation u.

The force-displacement characteristic of such a leaf spring can therefore ini-
tially exhibit a flat curve under low load and predominant bending load, which
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results in a comfortably soft suspension. Subsequently, under higher loads, a
disproportionately increasing proportion can be caused by the compressive load so
that the force-displacement characteristic rises increasingly steeply and a progressive
characteristic curve is present.

Thanks to the vertical displacement of the pivot points of the wishbone and the
blades, the different displacement of the pivot points in the direction of travel, and thus
initially a displacement of the camber in relation to the deflection, is achieved with
correspondingly differently selected path curves of the pivot points. However, this also
achieves a displacement of the wheel carrier in the direction of travel, which causes the
desired change in the toe-in due to the articulated connection of the trailing arm with
the vehicle.

The model (Kobelev et al. 2015) also allows one to evaluate the stresses that occur over
the course of deformation. Stresses on the lower and upper sides of the bending joint
section are, correspondingly:

FL F E]l I 1
o, = 42 +—sgi% LPLy, 4 ¢%£+%ﬁ E i, (10.33)
2wy, a Ly Wy Lywy LB ay
y] E]
o= xllny 0 Bli (10.34)
Wha Lol> wy,

In Egs. (10.33) and (10.34), the moments and cross-sectional areas:
I, = bltf/12, Wiy = blt%/6,a1 =bt,
I, = b2t3/12, Wpy = b2t§/6’ a, = byt,,

the parameters b; and ¢, are the corresponding widths and thicknesses of both elastic
energy-harvesting components of the spring.

10.3 Transversally Mounted Leaf Springs

10.3.1 Axle Concepts of Transverse Leaf Springs

The transversal leaf spring can be integrated into today’s designs for driving comfort as
well as for driving dynamics of important independent wheel suspensions as an alter-
native to axle springs on the front and rear axle. The composite material is appropriate
for manufacturing this type of leaf spring, since the load of these springs is bending.

As the name already indicates, a transversal leaf spring is integrated into the wheel sus-
pension transverse to the direction of travel of the car. A positive aspect of the transversal
leaf spring is the high level of functional integration. It can be used for stabilizing stiff-
ness and for a vertical stiffness of the axis. This means that axle components, such as
handlebars or stabilizers, are no longer required. The transversal leaf spring can also
improve the elastic-kinematics of the axis, providing additional lateral stiffness. The
transversely positioned leaf spring is not harmful from the crash safety viewpoint due
to lack of penetration into the passenger compartment.

On the other hand, vehicles with transverse springs have some disadvantages. The
installation space of the spring the spring lies transversely in the center of the axle in
the direction of travel, colliding with the powertrain components. Rubber mountings
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can also transmit moments and local forces on the vehicle frame and cause overload of
structural components of the car body.

The transversal leaf spring is mainly combined with a four-point bearing. This type
of packaging provides some advantages for driving dynamics. The spring can undertake
wheel guiding and stabilizing tasks. As a result of this functional integration, the other
components that perform these tasks can be entirely eliminated or their mass or volume
can be squeezed.

There are two different mounting types of hanging for the transversal spring. The
first, now outdated configuration is the three-point bearing, with a middle bearing and
two outer attachment points attached to the wheel carrier or handlebars. The second
configuration with four bearing points is the typical application. The four-point bear-
ing has two inner and two outer connection points. The position of the inner bearing
is located on the axle beam, in rare cases also on the body or frame of the vehicle.
The outer bearings are positioned at a direct distance from the wheel on the wheel
carrier or wishbone. In this design, the transversal leaf spring does not influence the
suspension kinematics and can be wheel-guided or non-wheel-guided. In particular, a
wheel-guiding transversal leaf spring made of glass fiber-reinforced plastic presents a
great design challenge, especially due to the high transverse forces. The actual examples
of the transverse mounted composite leaf springs are displayed in Figures 10.3 and 10.4.

The spring performs two tasks with the four-point bearing. It undertakes the vertical
load on the axis on one hand, and roll compensation on the other.

When both wheels move symmetrically in the same direction, the spring forms
a C-shape and opposes the vertical force that resists the vehicle weight on the axis
(Figure 10.5a). The bending moment in the middle area between two inner bushings of
the spring is constant. Thus, it makes sense to keep the cross-section in the middle area
constant.

In the other case, the movement of both wheels of an axis is opposite, for example,
when swaying while cornering (Figure 10.5b). Cornering is accompanied by rolling of
the vehicle. The spring bends to an S-shape. In this case, one wheel of the axle rebounds

e

Figure 10.3 ZF lightweight axle CLA. Source: Courtesy of ZF Friedrichshafen AG.
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Figure 10.4 ZF CLA system (ZF Friedrichshafen AG, Press Information 2015). Source: Courtesy of ZF
Friedrichshafen AG.

and the other one jounces. Usually, the rolling of a vehicle should be kept as low as
possible to enable comfortable driving behavior. The dynamic loads on both ends of the
spring are also exactly opposite, thereby achieving the moment along the longitudinal
axis of the vehicle, x;. The moment reduces the roll movement of the vehicle and has
a stabilizing effect. The torsion bar can thus be made lighter or even in some cases be
completely avoided.

Ideally, both load cases should be combined and an optimized design developed so
that the desired stroke and roll spring rate is achieved. For this purpose, simple analysis
formulas are displayed in the next section.

10.3.2 Analysis of a Transverse Leaf Spring

The wheel-guided transverse leaf spring axle possesses a slightly different moment dis-
tribution over the spring length (W02008125076A1 2007). In this design, the distance
between the force appliance points is L, = k Ly, 0 <k <1 (Figure 10.5). For briefness,
assume that the spring-to-wheel ratio is equal to one that is the spring transmits both
end forces immediately to both wheels on the axle.

First, consider the symmetric loading of the transversely mounted leaf spring
(Figure 10.5a). Both end loads in the vertical direction are equal to F,. The bending
moment along the spring length is mirror symmetric M, (y) = M,(—y) with respect to
the middle plane of the vehicle y = 0:

Ly—L)/2. 0<y<L,/2
M) =, Lo~ L/2 0 <y <La/2. (10.35)
Lo/2 -y, L,/2<y<Ly/2.

The stored elastic energy in half of the spring is given by:

1 SyM,? F? u,F,
u,== 2V gy = L= Y (10.36)
2 Jup 2c, 2
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Figure 10.5 Ratio of roll spring rate to vertical spring rate.

The value u, is the vertical stroke of the ends of spring. This expression delivers the
general expression for spring rate of the leaf composite spring for one wheel:
1 1 SyM,”

¢ sz Ly/2 Ih
With the formulas (10.35) and (10.36), the vertical rate of the spring ¢, = F,/u, [N/m]
and the vertical rate of the axis R, = 2(L,/B)*F,/u, [N/m] are, correspondingly:

1 241, L\’
c, = R, =2( =) ¢, (10.38)
3 — 6K + 6K2 — 2K3 533Lo3

dy. (10.37)
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B = rear track width = thread (is approximately the twist-beam length)

Second, consider the asymmetric loading of the transversely mounted leaf spring
(Figure 10.5b). Both end loads are equal in magnitude F,, but oppositely directed. Both
forces induce the roll moment in the driving direction of the vehicle: M., = F,L,,,
similar to Eq. (7.61) in Chapter 7. The bending moment in the spring along its length
is the point symmetric function M, (y) = — M, (—y) with respect to the middle plane of
the vehicle y = 0:

Ly—L)yy/L,, 0<y<L,/2,
Mr()’) — Fr ( 0 a)y/ a y a/ (1039)
Ly/2 -y, L,/2<y<L/2.
The stored elastic energy in half of the spring is given by:
S3M,* F*> F
u = 1 / B dy=L = il (10.40)
2 Jup 4, 2, 2

This expression delivers the general expression for asymmetric spring rate of leaf com-
posite spring per wheel:

1_1 [ SuM?

¢ F*Jup I

r

dy. (10.41)

With the formulas (10.39) and (10.41), the asymmetric spring rate per wheel delivers:
K2 241,

= . 10.42
" -2k + k2423 —k*S,,L° ( )

C

The ratio of the asymmetric spring rate to the vertical spring rate is solely the function
of the factor k = L/L;:
¢ 3 — 6K + 6K2 — 2K3

r 2
— = . 10.43
c K1—2K‘+K2+2K‘3—K4’ ( )

14

The graph of ratio of roll spring rate to vertical spring rate (10.43) is shown in
Figure 10.5c. If the distance between the inner bushings nullifies, the roll spring rate
vanishes. In the other case, if the inner bushings locate near the outer bushings, both
the roll and vertical spring rates increase, becoming nearly equal to each other.

According to (10.40), the relative stroke of the both ends of the spring is equal to
u, =F,/c,. For the small stroke the roll angle results in ¢ = u,/(L,/2). Thus, F, =c,L,@/2.

The roll moment My, (Nm) and the roll spring rate R, (Nm rad™!) of the axle, corre-
spondingly, are:

Mpy=F,Ly=c,L;p/2,R, = Mp, /o = c,L}/2. (10.44)

The ratio of the roll spring rate to the vertical spring rate of the axis is:

(10.45)

T

B

R, <2)2&_ 2 3—6Kk+ 6K — 23 (2)2
z)

= =K
) c, 1 -2k 4«24 2k3 — x*
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10.3.3 Examples and Patents for Transversely Mounted Leaf Springs

The idea of a transverse leaf spring made of steel and, in particular, of fiberglass is not
new. Patent applications for the transversely mounted composite leaf spring have been
around since 1993.

(EP0660005A 1, 1993-12-24, https://www.epo.org): Composite material leaf spring for
motor vehicle suspension:

Suspension leaf spring (1) made of composite material transversely connecting
two wheels of one and the same motor vehicle axle, which leaf spring has at
least one external reinforcement (6) based on unidirectional fibers (7) distributed
between a central zone (2) and two end zones (3, 4) that are inclined toward that
central zone (2), characterized in that fibers (7) of the reinforcement are mutually
parallel and follow the shape of the leaf spring so that the lines tangential to the
fibers (7) at the various points thereof form an angle of between 0° and 60° with
the axis of the axle (9) of the vehicle (Figure 10.6).

The identified patents could be divided into several categories:

e Cross leaf springs from fiberglass
o Cross leaf spring bearings
o Axle concepts with transverse leaf spring

The patent (DE102015108484A1 2015) was applied for a cross leaf spring made of
fiberglass. The invention concerns a transverse leaf spring and an axle arrangement for
a motor vehicle. Due to its shape, the transverse leaf spring represents an optimum of
possible spring rate and installation space. In the end areas, the spring is curved around
the longitudinal direction of the vehicle and in the middle area it is curved around the
vertical direction of the vehicle. Above all, the curvature in the middle area of the trans-
verse leaf spring is a novelty, since the spring usually has a straight beam.

In the “Axle concepts with transverse leaf spring” category, three similar patents were
applied for: (DE102014215871A1 2014, https://www.epo.org), (DE102013218055A1
2013, https://www.epo.org), (DE102013213674A1 2013, https://www.epo.org). All
three represent different types of connections of the middle bearings to the vehicle
axle beam. The patent (DE102014215871A1 2014, https://www.epo.org) concerns a
wheel suspension for motor vehicles and focuses in particular on a driven axle. The
characteristic feature of this concept is a transverse leaf spring bent forward in the

Figure 10.6 EP0660005A1 (1993)
“Composite material leaf spring for motor
vehicle suspension” (www.epo.org).
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vertical direction of the vehicle. The patent (DE102011083248A1 2011) differs from the
other bearing connections with regard to the functional integration of the transverse
leaf spring. This invention also contains the outer and inner bearing connections, which
are designed for a wheel-guiding cross leaf spring. The patent (DE102013218055A1
2013) includes a swiveling middle bearing connection. This measure places only a
minor load on the rubber bearing due to the fact that the bearings are hardly twisted
any more.

The category “Axle concepts with transverse leaf spring” represents transverse leaf
springs. The patent (DE102013210338A1 2013) uses different types of multi-link
suspension in its designs. A special feature is the patent (DE102010056388A1 2010).
With this axle concept, the spring rate and the standing height of the axle can be
adjusted via the middle bearings, which are adjustable in the transverse direction
of the vehicle. This design thus offers a high degree of variability, compared to the
previously discussed patent (DE102015108484A1 2015). Another invention with the
patent number DE102014215871A1 (2014) contains an axle with the wheel-guiding
transverse leaf spring.

DE102013003958A1 (2013, www.epo.org) Storage arrangement of a transverse leaf
spring to a structure of a vehicle as well as vehicle with such a bearing assembly:

The invention relates to a bearing assembly (10) at least one transverse leaf spring
(16) to a structure (14) of a vehicle, wherein the at least one extending in the
vehicle transverse direction transverse leaf spring (16) to the structure (14) on
at least one storage racks (21) via a bearing means is mounted (22), comprising
at least one adjusting element (34) by means of which a extending in the vehicle
vertical direction distance (a) between the at least one bearing point (21) and the

Figure 10.7 DE102013003958A1 (2013) Storage arrangement of a transverse leaf spring to a structure
of a vehicle as well as vehicle with such a bearing assembly (www.epo.org).
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Figure 10.8 DE102014215871 (2014) Vehicle axle with an axis extending in the in-stalled position in
the vehicle transverse direction and wheel-guiding transverse leaf spring (www.epo.org).

assembly (14) is adjustable, wherein the bearing means (22) at least one the adjust-
ment member (34) in the circumferential direction comprises at least partially
surrounding the rubber element (30), via which the transverse leaf spring (16) is
mounted on the structure (14), and a vehicle having such a bearing assembly (10)
(Figure 10.7).

DE102014215871 (2014, www.epo.org) Vehicle axle with an axis extending in the
installed position in the vehicle transverse direction and wheel-guiding transverse leaf

spring:

It is a vehicle axle (1) extending with an in the installed position in the vehi-
cle transverse direction (y) and wheel-guiding transverse leaf spring (2) above,
which control arm (3, 4) having wheel carriers (5, 6) and on the transverse link
(3, 4), engageable with a vehicle body in operative connection. According to the
invention, the transverse leaf spring (2) is in the vehicle transverse direction (y)
each between the connecting portions between the suspension arms (3, 4) and
the wheel carriers (5, 6) and the operative connections between the cross arms
(3, 4) and the vehicle body (with the transverse links 3, 4) (Figure 10.8).

US2016/0347139A1 (2016, https://www.uspto.gov) Transverse leaf spring for a motor
vehicle as well as axle assembly with a transverse leaf spring:

In a transverse leaf spring 2 and an axle assembly 1 for a motor vehicle, transverse
leaf spring 2 is curved about the longitudinal direction X of the motor vehicle
in the end regions 11 and is curved about the vertical direction Z of the motor
vehicle in a central region 10. As a result, optimum potential spring rates and the
associated installation space requirement is achieved (Figure 10.9).
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Figure 10.9 US2016/0347139A1 (2016) Transverse leaf spring for a motor vehicle as well as axle
assembly with a transverse leaf spring (https://www.uspto.gov).

10.4 Conclusions

Composite leaf springs of different types were reviewed in Chapter 10. The dominant
stress in all types of leaf spring is stress due to bending moments.

The first type of leaf spring discussed was the longitudinally mounted leaf spring. This
spring carries the weight of the vehicle and withstands the oscillating vertical load and
severe moments during breaking. The leaf spring is responsible for the cornering behav-
ior of the vehicle because the vertical loads deform the spring and push the solid axis
of the vehicle along the longitudinal axis. If the length travel of the solid axis differs on
the right and left wheel, the compliance steer of the dead axis occurs. This steer can
cause the oversteering of the vehicle and needs to be profoundly controlled. The side
forces affect the lateral shift of the axis, which is highly undesirable. The side shift must
be eliminated, regularly with the additional links (Watt or four-link arrangement), or
sliding tube or splined half shafts.

The second type of leaf spring discussed was the so-called leaf-tension spring, which
exploits the longitudinal forces in the spring. The longitudinal forces arise in the spring
in course of bending with fixed endpoints. The length of spring is fixed, and the vertical
flexural deflection provokes reaction forces in the length direction. Because these reac-
tion forces depend nearly quadratically upon vertical travel, the vertical spring force is
progressive so that the spring rate increases with vertical travel. This feature is favor-
able for the vertical dynamics of the vehicle, because it allows nearly constant vertical
frequency of the axis over the load range of the vehicle.

The third type of leaf spring discussed was the transversally mounted leaf members.
These springs are traditionally mounted on four hinge points. Depending on the
position of the hinge points, the ratio of lateral-symmetric to mirror-symmetric spring
rates differs. The lateral-symmetric spring rate affects the vertical wheel forces and
consequently determines the vertical spring rate of the vehicle. The mirror-symmetric
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spring rate affects the difference between vertical wheel forces on the left and right
wheel and consequently changes the roll spring rate of the vehicle.

For further reading, the following studies on other concepts of leaf springs made
of composite materials are recommended: Gotte (1989), Vijayarangan and Rajendran
(2001), Neubrand (2014), Mallick (1988), Sancakkar and Gratton (1997), Morris (1986),
Shokrieh and Rezaei (2003), Dai and Chang (2004), Fruhmann et al. (2010), Hurter
et al. (2014), Simmonds (2018), Abu Talib et al. (2010) and Petrich et al. (2017). The
cited works also explain the details of manufacturing and specific calculation methods
for the mentioned composite springs.
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Meander-Shaped Springs

11.1 Meander-Shaped Compression Springs for Automotive
Suspensions

11.1.1 Bending Stress State of Corrugated Springs

The meander compression spring — meander spring or corrugated spring — is a
promising design variant for the compression axle springs made of composite material
(EP2082903B1 2009) (Figures 11.1 and 11.2). Several known patented variants of mean-
der springs are displayed in Section 11.6. The meander spring exhibits a design that is
more suitable for composite materials than the helical spring. The torsional stresses
in meander springs are negligible and bending stresses dominate, which can be better
compensated for by the reinforcement fibers. However, this geometry also has some
natural disadvantages. For example, there are two bending directions and a relatively
high block length of meander spring. In contrast to the meander spring, the composite
helical spring has a lower block length, because the coils dive into each other. Thus, for
isotropic materials such as steel, the design of the helical spring is more appropriate.
Similar to leaf springs, the meander spring is manufactured with unidirectional prepreg
and this is another reason why it is pertinent for composite materials. The main stress
on the meander spring occurs in the direction of tension of the fibers. Fiber composite
components are very strongly anisotropic, that is, direction-dependent structures. This
ensures the best utilization of fiber properties, since the highest modulus of elasticity
is in the tensile direction of the fibers. Further advantages of meander spring are the
theoretical lightweight construction potential with nearly 50% weight saving compared
to a steel helical spring and suitability for various axle concepts.

The invention (EP2082903B1 2009) relates to a flat spring made of unidirectional
fiber-reinforced material. A spring band is a single wave of reversal regions and
intermediate portions around a longitudinal axis of the meander. The longitudinal axis
corresponds to the direction of the force. The thickness of the material in the reversal
regions increases in comparison to the thickness of the connecting intermediate
regions. Accordingly, in the reversal regions of the meander, the resistance moment
of the spring band increases. As a result, the stresses in all cross-sections remain in
essence equal along the meander. In other words, the design of the meander spring is
fully stressed, so that the uniform stress dominates in the optimally designed spring and
the best possible utilization of the material is assured. Accordingly, the lowest possible

Design and Analysis of Composite Structures for Automotive Applications:
Chassis and Drivetrain, First Edition. Vladimir Kobelev.

© 2019 John Wiley & Sons Ltd. Published 2019 by John Wiley & Sons Ltd.
Companion website: www.wiley.com/go/kobelev/automotive_suspensions
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Figure 11.1 Elements of a meander spring.

weight for the fixed maximal force and required spring rate will be attained. One design
variant assumes a constant width over the length of the band. The area of cross-section
varies over the meander. This design is preferable from the viewpoint of packaging and
production aspects.

Another variant of the design supposes the effective cross-sectional area of the spring
band to be constant over the length of meander surface. At the same time, the thick-
ness of the band might be variable. Thus, the width varies along the length of the spring
band, but their product remains constant. With this design, the resistance moment is
customized to the bending moment in each section of the band. Consequently, the fully
stressed design will be achieved even for a constant area of the cross-section of the
spring. With this design option, the mass of material will be minimal.

The middle surface of the meander springs is the so-named “ruled surface.” A surface
is referred to as ruled (or a scroll surface) if through every point of the surface there is
a straight line that lies on it (Pottmann and Wallner 2001). A ruled surface is a curved
surface that can be generated by the continuous motion of a straight line in space along
a space curve called a directrix. This straight line is called a generatrix, or ruling, of
the surface. The meander-shaped neutral line (directrix) of the spring is in the xy plane
(Figure 11.1). The direction of the generatrix is parallel to the z-axis.

Specifically, the middle surface of the meander spring is the developable surface
(Struik 1950). A developable surface is a surface that can be, at least locally, unrolled
onto a flat plane without stretching or tearing it. If a developable surface lies in
three-dimensional Euclidean space and is complete, then it is necessarily ruled. This
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Figure 11.2 Different concepts of meander springs and a helical spring.

property is of primary importance for the manufacturability of the spatial layered
composite elements and, particularly, the spring elements.

The meander spring, made of an orthotropic material, is modeled for mechanical
analysis as a thin shell. The midpoints of the neutral surface of the thin shell form the
directrix of the ruled surface. The shell with periodically variable thickness replaces the
solid elastic spring body and simplifies its mechanical analysis. The force and moment
resultants (also called membrane forces, shear forces and bending moment) determine
the stress state in each cross-section of the spring. The resultant forces and resultant
moments vary from point to point of the band, and the maximal bending moment is
attained on the turning points of meander on the utmost distance from the axis of
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force. In the other width direction of the shell, the stress is nearly constant. Further
simplification is achieved if the meander spring is represented by the curved beam with
the varying cross-section. The cross-section of the beam varies along the directrix.

Stress resultants are defined as integrals of stress over the thickness of a structural
element. The integrals are weighted by integer powers of the thickness coordinate. Stress
resultants are so defined to represent the effect of stress as a membrane force, a bending
moment on a meander beam. The dominated stress state of the shell is caused by bending
moments. The bending moment in the spring cause normal stresses in the curved band.

The elliptic springs behave similarly to the meander springs with one meander ele-
ment. The analysis and simulation of the elliptic springs was performed in Mahdi et al.
(2006).

Another design, similar to the mechanical viewpoint of meander springs, shows a
flexure-stressed spring, the so-called “circular spring” (Figures 8.1 and 8.11). The meth-
ods of analysis of circular springs were developed by Reid et al. (2002), Wong et al. (2004)
and Reid et al. (2004).

In the same way, the springs, exposed in the cited patents (Figures 8.12-8.15), are all
dominantly flexure-loaded. Thus, from mechanical viewpoint these elements are anal-
ogous to the meander spring.

11.1.2 “Equivalent Beam"” of a Meander Spring

For simplified analysis, the thin-shell model of the meander spring is replaced by an
equivalent beam. The equivalent beam corresponds to the hypothetical center line of the
spring, which is attributed with longitudinal and bending features (Figure 11.1). Instead
of describing the displacement of the points on the meander-shaped thin-shell, the dis-
placement of the point of the equivalent beam at the same y-position is used. The axial
stiffness and transverse stiffness of the spring and the corresponding axial stiffness and
transverse stiffness of the equivalent beam are equal. The forces and moments acting
on the spring and on the equivalent beam are equal as well. Under these conditions the
axial and lateral displacements in longitudinal and transverse direction of the spring and
corresponding displacements of the equivalent beam are all the same. Consequently,
the equivalent beam deforms exactly like the spring under the same load. The solutions
for the equivalent beam are easier to determine analytically than the solutions for the
dimensional thin-shell models of the corrugated spring. For validity of the results, the
numerous stiffness constants of the equivalent beam must be correctly evaluated.

11.1.3 Axial and Lateral Stiffness of Corrugated Springs

The free length of the meander-shaped compression spring is L. The compressed length
of the spring is L. The axial stiffness of the equivalent beam is:

(ES)=cL. (11.1)

The axial spring rate of the spring is ¢ . The equivalent beam possesses different bend-
ing stiffness in two orthogonal planes (EI,), i = 1, 2. Two equations

M, = (EL)d’s;/dy*,and i=1,2 (11.2)
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Bending in x-
direction s1

Figure 11.3 Anisotropic behavior of a meander compression spring: different stiffness in longitudinal
and transverse directions.

Single meander

Wy W ae—Myx % WMX
My
Zs
A fxs
Single meander MY m7 Moy

Figure 11.4 Representation of the continuous meander spring and its replacement models
(rectangular and triangular spring).

describe the bending of the equivalent beam under the effect of the moments M, in
transverse and longitudinal directions, respectively. The lateral displacements of the
axes of the equivalent beam in corresponding longitudinal and transverse directions
are s; (Figures 11.3 and 11.4).

11.1.4 Effective Spring Constants of Meander and Coil Springs for Bending
and Compression

For evaluation of the elastic behavior for a meander spring, the stiffness coefficients
of the equivalent beam are required. The models (triangular and rectangular spring,
Figures 11.5 and 11.6) provide the effective constants of rectangular meander springs.
The rough estimations for the coefficients of bending and axial compression are summa-
rized in Table 11.1. The corresponding coefficients are also given for a helical spring with
circular anisotropic wire. For simplification, the thickness of the material ¢, is taken to be
constant. The detailed derivations of the coefficients for bending and axial compression
are performed in the following section.
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By/ 2

Figure 11.5 Directrix of a quarter of the neutral surface of a multiarc-profiled meander spring.

F Figure 11.6 Moments and forces in the
meander.

One meander

y Y
2

The influences of the fiber orientation angle on the stiffness and strength of the mean-
der springs and the leaf springs (Chapter 10) are identical, because both spring types are
pure bending members R. Accordingly, the estimations for the stored elastic energy and
strength of the leaf springs from Section 10.1.2 are applicable for the meander springs
without modifications.

11.2 Multiarc-Profiled Spring Under Axial Compressive Load

11.2.1 Multiarc Meander Spring With Constant Cross-Section

One of the common designs of the meander spring is the so-called multiarc design.
Consider a quarter of the spring of height /. The total free length of the spring with #,, full
meanders is equal to L, = 2#,,/. In the following consideration, linear elastic deformation
is assumed. The shortening of the spring is neglected, such that L, = L.

The directrix of neutral surface of each meander is composed of one straight segment
and one circular arc of the radius R. The straight segment is referred to as (I) and the
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Table 11.1 Effective spring constants of meander and coil springs for bending and axial compression.

Spring type Transversal bending Axial compression
Meander spri (EL) BifF L B, t’E,
eander sprin N R ——
* spring V% 8, (L + By) 2(B,/2)n,(31 + By)
B.t3G, L
<E12> — cc TL
2n,,(I+By)
Helical anisotropic spri (EL) Ed'L G d"
elical anisotropic spring p) = ———————— c=————
with diameter d of wire 322+wvn, D, 8n,D,,

circular arc segment as (II). The width of the meander spring in the y-direction B, is
constant. In other words, the length of the ruler or generator is B,.

For a multiarc-profiled spring, the appropriate parameterization for the directrix
of the neutral surface uses x as an independent variable. The inclination angle of the
straight segment to the y-axis of the spring is y,. The total width of the neutral surface
in the x-direction is a given constant B. With these parameters, the x-coordinates of
the key point of the arc x; and of the tangent point of the arc and straight x, segment
are R:

X = lB0 —-R, x, = lB0 — R+ Rcosy,,k = (11.3)

<L
2 2 0 Va2

The height of quarter of the meander is

ER

[ =Rsiny, + [,/ tany,.

The along the y-axis the vertical force F acts. The bending moment along the neutral
surface of the meander is:

{F.GBO_x), regionl : 0 <x < x,,

My = , 1
F-R-(1—=cosg), regionll : x, <x< EBO‘

(11.4)
The number of meanders is an integer and is specified: #,,. Under the action of external
loads, the length of the spring changes to L = 2n,/.
For the beginning, both the thickness ¢, and the width B, of the cross-section are
considered to be constant. With this assumption the area of a cross-section, its section
modulus and its area moment of inertia are, correspondingly:

a= BthcR’ Wy = BCR tcR2/6’ Ib = BCR tcRB/lz'

The mass of the quarter of one meander for a spring with a constant profile shape is:
m 2 B.pt, Yo
—R =) / —RZR Ix + Rp / Bl 20 (11.5)
4n,, o siny, 0

where material density is p. The spring consists of a total of n, meanders, or, corre-
spondingly, of entirely of 4n,, quarters. Accordingly, the complete mass of the spring is
M p.

For simplicity, the Euler—Bernoulli theory of slender beams, in which major assump-
tion is that “plane sections remain plane,” is applied. In other words, any deformation
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due to shear across the section is not accounted for (no shear deformation). With the
Euler—Bernoulli theory the elastic energy due to bending of one-quarter of the spring
reads:

Ugp 1 [ MWD R /% M)
0

2 E I, siny, 2 EL]b

= do. 11.6
an, 2)y El,sing, 2 ? (11.6)

The modulus of elasticity in the direction of the fibers is E;. The maximal applied
axial load of the spring is set to F, . The thickness of the material ¢,, must be deter-
mined from the stress requirement. Namely, the stress due to bending under the action
ofthe moment F,, B,/2 in the outmost cross-section fibers does not exceed the ultimate
value o

FmaxBO
tp=q] —20 (11.7)
00Bcr

Substitution of the expressions for the bending moment (11.4) and the area moment
of inertia into Eq. (11.6) leads to the expression for the stored elastic energy in the spring.

For brevity, the special case y, = #/2 will be explained in detail. The total elastic energy
reads:

max

1,,/Br { Byoy 3/2 F?
U,= . . (11.8)
EL 3Fmax gcR(K)
The auxiliary function on the right side of Eq. (11.8) is:
1

=1—56k°+ 18x° x.

gcR(K)
The mass of the spring follows with (11.7) from Eq. (11.5)

m 3F_ .. B.zBy’
Per _ P[22 max PerPo (1 - 22 + K27). (11.9)
dn, 2 o

From Eq. (11.8) the expression for the spring rate (spring constant) follows:
dzucR - EL gcR(K) SFmax 302 <EA>cR
“\TF) T i \Beoy) I

2n,,4/B 0%0

In Eq. (11.10) (EA),, is the effective axial stiffness of the multiarc spring with the
constant thickness of the layer. For design characterization, the spring rate is set:

_ (11.10)

X
Cr=2¢C,

where ¢ is a given spring constant of the dimension [N/m].
From the requirement of the prescribed spring rate c., = ¢, it is possible to determine
the so-far undefined width of the spring. The width of the spring is the following:

2 3
B.p = <gCR(K)EL> <3F“‘“) : (11.11)

*
2c*n,, 0,B,

Substitution of the expression for the width (11.11) into Eq. (11.9) delivers the formula
for the mass of a meander spring. The mass of the spring reads in terms of the predefined
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geometrical parameters, the spring rate and allowable ultimate stress in the material:

_9F2.PEL 1-2k+ KPn

2

. 11.12
A 56k° + 18k°r ( )

m.g

The total stored elastic energy of the spring with the spring constant ¢ appears:

FZ
T2

U, (11.13)

The effective axial stiffness of the equivalent beam is equal to (EA),.

In a multiarc design with a constant thickness of material, the stresses in the out-
most fibers vary from point to point. The stresses attain their maximum in the distant
cross-sections x = B/2. On the axis of the spring x = 0 the bending moments vanish and
the bending stresses disappear. Thus, as considered in this section, the multiarc design
with a constant material thickness leads to a variable stress field and correspondingly
heavy spring. Mass reduction is achieved with the full stress design as considered in the
following section.

11.2.2 Multiarc Meander Spring With Optimal Cross-Section

A fully stressed state is reached when the material over the whole surface of the spring
is utilized to its full-strength capacity. This design in engineering is considered a design
optimum. This section examines optimality of the fully stressed design of a multiarc
meander spring.

The width of the fully stressed spring B is assumed again to be constant. The height
of the cross-section £,;(x), or the thickness of the material is found from the condition
of constancy of the stresses over the outer surfaces of the meander. With this assump-
tion, the area of a cross-section, its section modulus and its area moment of inertia,
correspondingly, are:

a(x) = B pt, (%), wy(x) = BoRtfR(x)2/6, I, = BoRtSR(x)/lz

The optimal height of the cross-section along the directrix is:

6F +/iB, —x, jonl :  0<x<x,,
to(x) = ﬂ{ 5Do =% region x < X, (11.14)

0oBor | \/R-(1—cosq), regionll : x,<x< éBo.

The mass of the quarter of one meander for a spring with optimal thickness is:

m 2 B pt,r(* Vo
—R =) / Borbor™) ;. 4 r, / B, itor(@)dp. (11.15)
4n,, 0 siny, 0

Substitution of the expressions for the bending moment (11.4) and the area moment

of inertia into Eq. (11.6) leads to the expression for stored elastic energy in the spring.
The total deformation energy of the fully stressed spring reads:

U, 1 [ M>*ID) R [ M,*(I)
T 1 M) g  RTYZ,,
dn, 2 Jo E l(x)siny, 2 Jo Ed(@)

w

(11.16)
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For the special case y, = /2 the total deformation energy and the mass of the spring,
correspondingly, are:

_ m VB < 5yBy )3/ PP (11.17)
oR — : 5 .
EL 3P‘max gDR(K)
F_ B .B}>
Tor _ poyfrmeioko 1 (11.18)
4nw 30-O goR(K)

The auxiliary function on the right side of the Eq. (11.18) is:
1
8or(K)
From the expression (11.17), the spring constant of the optimal spring results:
_ U,y - _ Egr(x) [3F 302 _ (EA)
w=(7F) i) -
In Eq. (11.19) (EA), is the effective axial stiffness of the multiarc spring with optimal

thickness of the layer. The spring rate is equal to the identical constant: ¢, = ¢". The
width of the spring that assures the desired spring rate ¢, reads:

2 3
B, = <g0R(K)EL> <3F'"a*> . (11.20)

*
2c*n,, 0,B,

=2(1 — 8V2k3 + 12¢3).

(11.19)

Accordingly, the substitution of the width of the spring (11.20) into (11.17) delivers
the value of stored elastic energy under the load F:

FZ
ur,= . 11.21
oR 20+ ( )
The optimal mass of the spring after the substitution (11.20) into (11.18):
3F2_ _pE 1—8x3y/2+ 12k3
o = —mePL £ (11.22)
oyc*

\/ 1 — 16K34/2 — 192k64/2 + 24x3 + 272k6

11.2.3 Comparison of Masses for Fixed Spring Rate and Stress

The stored elastic energies of the fully stressed spring and of the spring with a constant
cross-section are equal. The ratio of mass of optimal spring to the mass of the spring
with the constant cross-section is (Figure 11.7):

un 1 1—56K%+18k°x
= 4f,, =L 11.23
oy - Ve i) = T e T, (11.23)
The ratio of masses is limited:
m —
L oM 3728 ¢ 0<n<1/V2 (11.24)
37 my, 2n



Meander-Shaped Springs

2
Kk Mor _ 11-56x8 + 18kSx
0.32 - Mop ~ 3 1- 22+ K2z
0.3 1
0.28 4
0.26 -
0.24 - . ™ E

0 01 02 03 04 05 06 07
x =/ R/B,.

Figure 11.7 Mass ratio of an optimal spring to the mass of a spring with a constant cross-section, see
Eq. (11.23).

11.3 Sinusoidal Spring Under Compressive Axial Load

11.3.1 Sinusoidal Meander Spring With Constant Cross-Section

Another important design of meander spring is referred to as a “sinusoidal spring.” Its
neutral surface is also a developable surface. Consider a quarter of a spring of the height
[. The total length of the free spring with n,, single meanders is equal to L, = 2n,/. The
equation for the directrix of the neutral surface of the spring reads:
B, ~ I ~
x:—cos(—)-rc:—,0<1<<oo. (11.25)
2 l B,
For the sinusoidal spring, the appropriate parameterization of the neutral surface uses
y as an independent variable.

FB
MZ=TOCOSY, Y=7r—ly.

To begin, both the thickness £, and the width B ¢ of the cross-section of the sinusoidal
spring are taken to be constant. With this guess, the area of a cross-section, its section
modulus and its area moment of inertia, correspondingly, are:

(11.26)

a= BCS tcS’ Wy = BCS tc82/6’ Ib = BCS tcSS/lz‘
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The constant thickness £, of the material determines from the condition that the stress
due to bending under the action of the moment F,, B,/2 in the outmost points does not
exceed an ultimate value o,,. The mass of a quarter of the sinusoidal meander is:

12 [ 2
Mg dx
= B <t 1+ =) dy=
4nw p/o cS“cS <dy> y

3FnacBesBy” VAR 472 z (11.27)
o 2w \Vimis)

where E is the Legendre’s complete elliptic integral of the second kind (NIST 2010,
section 19-1-1).

Accordingly, the calculation of the stored elastic energy in a quarter of the sinusoidal
spring leads to the expression:

U 1/2 2
= =1/ 12 ey f1e (B ay=
dn, 2 Jo EBgtg dy

2 36,B, \ */?
F < 0 °> VB VAR? + 2 - w(R). (11.28)

= 3629, \ F,._

The dimensionless function w(x) = w(//B,) reads:

w(®) = (7 — 4%2) - E (L> +4-K <L) .
VAx? + 2 VAR? + 72
where K is the Legendre’s complete elliptic integral of the first kind (NIST 2010, section
19-1-1).
From Eq. (11.28) the spring rate (spring constant) is evaluated as follows:

< dZ ucS > - ELch(/K\') < 3Fmax >3/2 <EA>CS
s = = = .

= (11.29)
d’F 21,1/Bg \ Booo L

The dimensionless auxiliary function in Eq. (11.29) reads:

1 w(®)V4AR? + n2
ch(?) = .
In Eq. (11.29), (EA) ¢ is the effective axial stiffness of a sinusoidal spring with a con-

stant layer thickness. Solving the equation ¢ g = ¢” with respect to the yet unknown width
of the spring, one gets the formula for this value:

~ 2 3
B = <g65(’()EL> (?’Fma*> . (11.30)

-
2c¢*n,, 0,B,

The substitution of (11.30) into (11.27) delivers the final expression for the mass of a
sinusoidal meander spring:

_3F2 Ep 1

max

o2cr  Af(K)

@) (11.31)

fs(®) =

mg

122E (—>
V4aK? + 72
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The substitution of (11.30) into (11.28) once again gives the apparent expression for
the stored energy of a sinusoidal meander spring:
F2

u.= .
ST e

(11.32)

11.3.2 Sinusoidal Meander Spring With Optimal Cross-Section

The full stress design of the sinusoidal meander spring provides the minimal achievable
mass for springs with a variable cross-section height. This section examines optimality
of the fully stressed design of the sinusoidal meander spring. For a constant width of
cross-section B g, the optimal height of the cross-section is:

3FmaxB zy
tos()/) = m Ccos T (1133)

With Eq. (11.33) the mass of the spring is:

1/2 / F B osBy”
—p Byst,s() 1+ d’“ p max o0 . lA ) (11.34)
4 30, 2,5(%)

The dimensionless aux1hary function in Eq (11.29) is defined as follows:

= 2 a((2) 3] [ wo-n).

The higher transcendental function G(&; [[a;], [a,]]; [[b;, b,], [b5]]) is the Meijer
G-function (NIST 2010, section 16.17). The evaluation of the integral (11.34) is based
on the formula by Gradshteyn and Ryzhik (2014, eq. 3.671):

/2
/ sin®@cos’0V1 — k2sin?0do =
0

lpfatl p+1 pletl 1 a+pf+2
2 272 2 72 2
In this expression, two transcendental functions are used: F is the hypergeometric func-
tion and B is the beta-function (NIST 2010).

The stored elastic energy is equal to:

k2> a>-1,>-1,|lk| <1.

u 1/2
e 17" i (£,
dn, 2 Jo  EB,st,s*(®) dy

After the substitution of (11.33) into this expression and evaluation of the integral, the
stored energy of the optimal sinusoidal spring reads:

n,\/B,gF> < 0B, >3/2
® Egs®)
For the spring rate, the following expression comes:

o= d2L105 - _ Engs(k\) 3FmaX 32 — <EA>OS (11 36)
s =\ "ZF 2, /By \ %0Bo L '

(11.35)

301



302

Design and Analysis of Composite Structures for Automotive Applications

In Eq. (11.29) (EA)q is the effective axial stiffness of the sinusoidal spring with an
optimal layer thickness. After the equating the spring rate (11.36) and the prescribed
spring constant ¢, the solution for the width of the spring is:

~ 2 3
B, = <g05(K)EL> (?’Fma*> . (11.37)

*
2c¢*n,, 0,B,

Using the expression (11.37) in the formulas (11.34) and (11.35), the final statements
for the mass and stored elastic energy of the optimal sinusoidal meander spring are,
correspondingly:

3F2, pE
mos=%i” (11.38)
O'OC
FZ
Ug=—. 11.39
oS 2c* ( )

11.3.3 Comparison of Masses for Fixed Spring Rate and Stress

The compassion of the stored energies of the optimal and constant thickness springs
demonstrates the equality (Figure 11.8):
uaS

=1 . 11.40
U (11.40)

The masses of the optimal (11.40) and constant thickness springs (11.31) relate to each
other as follows:
Mg

= 4f(R). (11.41)
cS
The mass ratio of optimal to the constant thickness sinusoidal meander springs is lim-
ited by the values:
1 Mg 1 Mg 1 Mg

- < < — = =

os 1 Tos 1 (11.42)
3 m_g 2 m,g k=0 3 Mg K—o0 2

Mys

= 4fg(k i
Mes s®) Mos

0.46 ’ Mes 1?:00

0.48 1

N =

0.44 1
0.42 1
0.4
0.38 1 __
03] / Lo
0341/
o 05 1 15 =2 25 3
kappa~

1
By

Figure 11.8 Mass ratio of constant to optimal sinusoidal meander springs, see Eq. (11.39).
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11.4 Bending Stiffness of Meander Spring With a Constant
Cross-Section

11.4.1 Bending Stiffness of a Multiarc Meander Spring With a Constant
Cross-Section

The evaluation of bending stiffness of the meander spring is necessary for calculation of
lateral stability and buckling loads of the spring. For evaluation of bending stiffness, the
meander spring is considered to be in a state of pure bending. The bending moment is
constant over the directrix of the middle surface:

M, = M, = const. (11.43)
The stored elastic energy for the pure bending for the multiarc spring with a constant
thickness of material equals:
U B 12M,° Yo M,?
Upe _ 1/ _12M dx+§/ 22 o, (11.440)
4n 2 Jo E,siny, 2 Jo
gl M - ekx M
PR B 2t 1—56K6 + 18kSm — Bycr 2f(k)’
The spring rate for pure bending possesses the dimension [Nm rad~!] and is expressed
in the course of the formula:
U\ _ (EL)x
= = . 11.45
o < d>M, ) L (11.45)
The effective bending stiffness of the multiarc with constant layer thickness is (E1,),
in Eq. (11.45).
With the expression (11.29) for the axial spring rate, the spring rate for pure bending
is:

w

(11.44b)

Cor = fr(K)c*BE. (11.46)
From (11.46) the effective bending constant results:
(EL) = cppL = fr(k)c*BiL. (11.47)

Notably, the ratio of bending stiffness to axial stiffness relates to the ratio of optimal
mass to the mass of the multiarc spring with a constant material thickness as:

Chr MR
= = fo(x). 11.48
CcRBg 4'chR fIR( ) ( )

11.4.2 Bending Stiffness of a Sinusoidal Meander Spring with a Constant
Cross-Section

The same method is appropriate for evaluation of the pure bending stiffness of a sinu-
soidal meander spring with constant material thickness. The stored elastic energy for
pure bending is:

u /2 2
Zes 1 / 12 14 (%) (11.492)
dn, 2 J, E;Bt’ dy
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6]\/1(%71'2 P _ M(z) 1
Uy = ————-E =0 (11.49b)
B, c*w(K) VAR + 712 By'c*  2f5(x)

The bending spring rate follows from (11.49a,11.49b) as:
U\~ (El)g
Cps = <d2MO> =— (11.50)
In Eq. (11.50), the value (EI,) is the effective bending stiffness of the sinusoidal with

a constant layer thickness. The integration (11.49a,11.49b) leads to the expression of
bending stiffness in terms of the axial stiffness of the spring

cps =f5(&) - ¢*By. (11.51)

The ratio of bending stiffness to axial stiffness relates to the ratio of optimal mass to
the mass of a sinusoidal spring with a constant material thickness:

Cps  _ Mos _ oo~
Bl dmyg = fs(®). (11.52)
Remarkably, both formulas (11.48) and (11.52) express the identity of the ratios of
masses and ratios of bending stiffness for multiarc and sinusoidal meander springs.
Summarizing these results, the effective axial and bending stiffness of an effective rod
with a total length L = 2n,,/ could be represented as follows for the multiarc meander
spring and for sinusoidal meander spring, correspondingly:

EA EI

CCR = M = c*,ch = M = C*fRBOZ. (1153)
L L
EA EI

€, = % =" e = <L_b>5 = ¢*fsB,”. (11.54)

The design formulas for the multiarc and sinusoidal springs with constant material
thickness are recapitulated in Table 11.2. The expressions for effective axial stiffness
and spring rates of multiarc and sinusoidal meander spring with constant and optimal
material thickness are listed in Table 11.3. The dimensionless functions for multiarc and
sinusoidal meander spring with constant and optimal material thickness are summa-
rized in Table 11.4.

11.5 Stability of Corrugated Springs

11.5.1 Euler’s Buckling of an Axially Compressed Rod

Buckling refers to the loss of stability up to the sudden and violent failure of straight
beams or beams under the effect of compression forces whose line of action lies in the
beam axis. The loss of stability, according to Euler, manifests itself in rapidly increas-
ing deformations of the bar or beam from a certain load (buckling load), namely with a
lateral deviation of the rod or beam axis. When calculating the buckling load of a mem-
ber according to Euler, the reduction of the member caused by the load may always be
neglected:

2

kclﬂ'-

F.., =151b< - ) (11.55)
0
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Table 11.2 Design formulas for axial and bending stiffness of multiarc and sinusoidal meander spring
with constant material thickness.

Multiarc meander spring

Sinusoidal meander spring

Effective compression
stiffness

Effective bending stiffness

Width of the cross-section

Parameters

(EA) =

E,l 32
¢E<%%)g*

1
1—56K°+18k° 1
(Ely)g =tz <EA>CRB§

—56K° + 18k°n
o) = 12 1-2x2+K2x

gcR(K) =

B, = gLZR(K) EL2 ( 3Fmax >3
= .
¢ 4 ?n,2\ 6,B,

k=R L
B, \/5
@®R) = (z° — 48?) - E z

(EA) s =

E l 3/2
vg(%%> s
3

7
w(K)V4AK? + n2

(El,)s =5~ <EA>L‘SB(2)

w(K)

gcs(;(\) =

fs(®) =

>+4-1<<—” )
V4K2 + 72

Table 11.3 Effective axial stiffness and spring rates of multiarc and sinusoidal
meander spring with constant and optimal material thickness.

CCS = I<CgCS(K) = —<EIZ>CS
s

€5 = 1<Cg"5('() - <E’2>05
VBs

gcR(K) (EA)r

CCR - <c B L

cR

goR(K ) <EA>0R

oR = \/— L

kg (o)

BcS = Bgczs(;(\)

B, = I(Bgfs(?)

BcR = BgCZR(K)

B, = I(ngR(K)

Ky =

EL2 ( 3Fmax >
4c?n,? \ o,B,

Here are:

buckling axis,

EI, the bending stiffness of the rod,
I, the moment of inertia of the cross-section of the straight bar around the beige or

L, the initial or free length of the undeformed rod,
k, the coefficient dependent on clamping conditions.

Slender compression springs also tend to buckling. The buckling resistance of a spring
depends on the ratio of length to diameter, the specific load and the type of bearing.
When applying Euler’s methods to a meander spring, two special features should be
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Table 11.4 Dimensionless functions for multiarc and sinusoidal
meander spring with constant and optimal material thickness.

1 w(K)V4K2 + n2
3

ch(;(\)

1 3I'(3/4) ., 22\ 1111 131 e
s es( ()3 Ellwe-no
1 1—-56K°+18x%x
gcR(K)

1 —- 3 3
® 2(1 — 8/2k3 + 12x3)

considered. First, the axial stiffness of the springs is much lower than the axial stiffness
of the rods. For calculation according to Euler, it is assumed that the rod is shortened
only negligibly under the effect of the compressive force. A similar method was applied
to the study of buckling of helical springs in Chapter 9.

11.5.2 Side Buckling of Meander Springs

The springs are considerably softer in comparison to straight rods and shorten sig-
nificantly under compressive force. On the other hand, the Euler equation uses two
equivalent bending stiffnesses of the spring for longitudinal (E,/,) and for transverse
directions (E,I,) instead of one bending stiffness of the rod EI,. The bending stiffness
of the springs EI, depends on the current, shortened length of the spring and is unequal
in the longitudinal and transverse directions. If we use the correct stiffness and length
of the spring in the Euler formula, we obtain an expression of the critical buckling force
of a spring in its compressed state:

Fiy = min [(E, L), (E,L)] (kyx /L)*. (11.56)

In the formula (11.56) we use the free length L, on one hand, and the actual com-
pressed length of the spring L depending on the buckling force F,,,, on the other. To
calculate the buckling force of the spring, the length shortened under the effect of the
force should be used in (11.56) instead of the original length. The shortened length of
the spring depends of force with the spring rate ¢":

L=1L,-F,,/c. (11.57)

Taking this dependence into account in Eq. (11.57) leads to the main equation for cal-
culating the critical buckling force F,,,. The buckling behavior of a meander spring in
the transverse direction depends on the material used or the ratio between elastic mod-
ulus E; and shear modulus G; . The buckling in the longitudinal direction, however, as
well as axial deflection behavior, depends only on geometrical pare meters. The mean-
der spring exhibits an unfavorable stability behavior in relation to the helical spring.
The storage of the meander spring plays a decisive role. This influences the storage coef-
ficient, which significantly changes the buckling behavior. A meander spring clamped
on both sides in a wide range of freedom of geometric design gilts is kink-resistant.
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Figure 11.9 WO1994018019A1 (1993-02-15) Suspension for the wheel of a vehicle.

11.6 Patents for Chassis Springs Made of Composites
in Meandering Form

This section displays the short compilation of the relevant patents and patent applica-
tions for meander-shaped springs in an automotive chassis.

WO1994018019A1 (1993-02-15, https://www.epo.org) Suspension for the wheel of a
vehicle such as a trailer and set of such suspensions:

Suspension of the type in which a resilient device opposes the reaction forces
applied to the wheel where it contacts the ground. The device (6) consists of a
resilient U-shaped leaf made of a composite material containing fibers which are
continuous from one end of the blade to the other and are embedded in a binder,
the two so shaped arms (6, 6') of the leaf being mechanically coupled to the vehi-
cle chassis and the wheel’s suspension arm (4), respectively (Figure 11.9).

W085/00207A1 (1985, https://www.epo.org) Springs for high specific energy storage:

A spring element (12) comprises a strip of fiber-reinforced plastics material
formed as a zig-zag consisting of a plurality of limbs lying in substantially the
same plane and joined at their ends by reflex portions (14). The strip includes at
least a proportion of fibers aligned in its generally longitudinal sense, sufficient
to spread stress concentrations away from the reflex portions, in use. The
ratio of the limb length to the radius of the reflex portions is desirably in the
range 0.2 to 200, preferably 0.5 to 30, and this leads to an extremely compact
spring. Several elements (12) can be assembled together, possibly in different
planes (e.g. Fig. 6) to produce a spring assembly whose spring rates in different
modes of deflection are easily controlled. The spring elements (12) may include
elastomer either as blocks (17) in the reflex portions (14) or as layers interleaved
with fiber-reinforced plastic layers (e.g. Fig. 7). The elastomer and plastics
materials can be cured in mutual contact, to provide cross-linking between them
(Figure 11.10).
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Figure 11.10 WO8500207(A1) Springs for high specific
energy storage.

WO8700252A1 (1985, https://www.epo.org) spring assemblies:

This invention relates to springs each comprising a strip of fiber-reinforced plas-
tics material in the form of a zig-zag, having a plurality of limbs connected by
reflex portions, the longitudinal center line of the strip lying substantially in a
single plane. Such springs, which will hereafter be referred to as springs of the
kind specified, are disclosed in International — Patent Application Publication
No. 085/00207. More particularly, the invention relates to assemblies wherein
such springs can be mounted for use in, for example, vehicle suspensions.
Experience with springs made of composite, fiber-reinforced plastics, material
has shown that one of the most difficult aspects of design associated with such
springs is in respect of the means by which the springs are connected to the
apparatus or equipment where they are to be used. This is the case whatever the
configuration of the springs, including springs of the kind specified. It is the broad
object of the present invention to provide assemblies wherein such connection of
springs of the kind specified is effectively made. It is an object of a further aspect
of the invention to provide an assembly of springs of the kind specified which is
advantageous for use in vehicle suspensions.

According to the invention, we provide an assembly comprising a spring of the
kind specified and a mounting at an end thereof comprising means affording
a socket in which a limb portion of the spring is held. The limb which is held
in the socket may comprise one of said zig-zag limbs of the spring, extending
generally transversely of the spring considered as a whole, or may be a limb
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Figure 11.11 WO08700252: Spring assemblies.

portion extending generally longitudinally of the spring considered as a whole
(Figure 11.11).

DE3641108 C2 (1988, https://www.epo.org) Spring element:

The invention relates to a spring element which is apposite for receiving linear
forces on pressure or train. For this purpose, cylindrical coil springs made of
spring steel wire with different wire thickness and pitch are commonly used.

In these known cylindrical coil springs, it is a disadvantage that to achieve a cer-
tain spring force or a certain spring travel relatively much space is needed because
the cylinder interior consists of mostly unused cavity...

Itis an object of the invention to provide a spring element which has small dimen-
sions with a comparatively high travel and high spring force and for the spring
connection given by the spring wire restrictions are not given.

To solve this problem, the spring element consists of a plurality of consecutively
formed from flat material, contiguous, angular, or U-shaped edgings whose open-
ings point in opposite directions (Figure 11.12).

US4927124A (1990, https://www.uspto.gov) Spring Assemblies:

This invention relates to springs comprising a strip of fiber-reinforced plastics
material of zig-zag configuration, having a plurality of limbs connected by reflex
portions and the longitudinal center line of the strip lying substantially in a
single plane. Such springs, which will hereafter be referred to as springs of the
kind specified, are disclosed in International Patent Application Publication No.
W085/00207. More particularly, the invention relates to arrangements by which
such springs can be mounted for use.

Springs of the kind specified have been proposed for use in motor vehicle sus-
pension systems, where the properties of such springs can be advantageous. As
compared with steel coil springs, currently widely used in vehicle suspensions,
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Figure 11.12 DE3641108C2: Spring element.

springs of the kind specified can lead to a reduction in weight and certain instal-
lation advantages resulting from the reduced space occupied by the springs. A
spring of the kind specified is used as a compression spring, loaded between
mounting components secured to opposite end limbs of the spring. When the
spring is loaded, the limbs thereof are moved closer together (Figure 11.13).

DE19962026A1 (2001, https://www.epo.org) Spring/suspension device for motor vehi-
cles has corrugated spring element to accommodate bending loads:

The spring/suspension device incorporates a corrugated spring element (3),
which when fitted extends mainly parallel to the longitudinal vehicle direction,
and accommodates bending loads. The spring element is held secured against
buckling on upper and lower connection ends of a damper element (2). The
spring element consists of metallic and/or fiber-reinforced or non-reinforced
plastic (Figure 11.14).

DE102012111252A1 (2012, https://www.epo.org) Spring of suspension for vehicle:

A spring member of a suspension for a vehicle may include a spring provided to
be supported between a lower seat disposed in the suspension and a car body to
provide an elastic force, wherein an inner part of the spring is formed in a shape of
a hollow corrugated tube (rotationally symmetric meander spring) (Figure 11.15).
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Figure 11.13 US4927124 Spring assemblies.

Figure 11.14 DE19962026A1 (2001):
Spring/suspension device.
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US2007267792A1 (2007, https://www.uspto.gov) Sigma-Springs for Suspension

Systems:

Sigma-spring can be used as a passive vehicle suspension system of built-in damp-
ing, a passive vehicle suspension system with hydraulic damper, a semi-active
vehicle suspension system of two opposite Sigma-springs of built-in damping,
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Figure 11.15 DE102012111252A1 (2012) Spring of suspension for a vehicle.

or a semi-active vehicle suspension system of two opposite Sigma-springs
(10, 11) penetrated at line of external loading by hydraulic damper (12). The
Sigma-spring is a spring of a special Sigma-shape above which mass can be
suspended vertically while under static or dynamic loading conditions. The outer
two arms of the Sigma-shape of the spring are inclined such that to be horizontal
while fully loaded ensuring safe compression pattern. The Sigma-shape has
two opposite sets of turns of different sizes one of small radius of curvature
at the side of line of the applied external load and the opposite one has large
radius of curvature in order to maximize spring vertical deflection capability.
Thickness throughout the Sigma-spring developed length is graduated in order
to minimize induced stresses, weight, and cost. Stiffness of the Sigma-spring
can be nonlinear in order to provide improved vibration isolation and can be
adjusted for same compact space allowance through increasing or decreasing its
number of turns. The Sigma-spring can be made of Polymeric Matrix Composite
of resin strengthened at nano-scale by nanometer-sized powder E-glass fibers.
Moreover, the Sigma-spring can be made of Metallic Matrix Composite or of
whole metallic monolithic material (Figure 11.16).
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Figure 11.17 DE102008006411 (2009) Vehicle spring made from composite material.

DE102008006411 (2009, https://www.epo.org) Vehicle spring made from composite
material:

Band spring 11, 21, 31 made of fiber composite material having an undulating
course, wherein a spring band as a single wave of reversal regions 12, 13 and
intermediate portions 14, 15 meanders about a longitudinal center line L, which
substantially corresponds to the direction of introduction of force K, wherein in
each case an increased resistance moment of the spring band is provided in the
reversal regions 12, 13 of the wave train (Figure 11.17).

DE102008057463 (2008, https://www.epo.org): Spring, particularly drawing and
pressure spring, is made from fiber-reinforced material and has two end sections, where
twisting sections are arranged between end sections:

Spring (1) consists of a fiber composite material, the two end portions (2, 6) and
arranged in between the turn portions (4, 5), wherein the end portions (2, 6) and
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Figure 11.18 DE102008057463 (2008) Spring, particularly drawing and pressure spring.

the turn portions (4, 5) via deflection sections (3) integral with each other are
connected, and in which all the sections (2, 3, 4, 5, 6) consist of a meander-shaped
folded web (8) of a fiber composite material, characterized in that the fiber volume
fraction of the turn (3) is smaller than the fiber volume fraction of the respective
adjacent sections (2, 4, 5, 6) (Figure 11.18).

11.7 Conclusions

Compared to conventional cold-formed metal springs, springs made of composite mate-
rials have disadvantages due to low cycle rates due to slow manufacturing processes. In
addition, each spring requires a special press mold. This reduces design variability. As a
result, it is difficult to fine-tune wheel suspensions for optimum chassis tuning. On the
other hand, the substitution of leaf springs by composite springs allows a great weight
saving. Another advantage of the composite spring is that the installation space changes
only slightly compared to conventional springs, since both have the same shape in prin-
ciple. Therefore, a good and fast substitution of steel springs is possible. Furthermore,
the unsprung masses of a vehicle are reduced, which causes a reduced vibration exci-
tation of the body to the same extent. The reduced vibration amplitudes subsequently
lead to lower loads, which can reduce the weight on the body itself as the stresses occur-
ring are lower. The percentage weight saving of the springs is estimated to be between
40 and 70%, depending on the design. The negative effects of the unsprung mass on the
wheel on fast-running vehicles are noticeably reduced. However, since helical springs
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are much smaller components, the absolute weight bonus is lower compared to steel
springs. Furthermore, customers’ installation space restrictions place high demands on
the design and stability of the composite meander spring, as this is a rectangular spring
base. Despite these difficulties, weight reduction is imaginable due to the high material
utilization of the geometry.
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Hereditary Mechanics of Composite Springs and Driveshafts

12.1 Elements of Hereditary Mechanics of Composite
Materials

12.1.1 Mechanisms of Time-Dependent Deformation of Composites

The stiffness and strength of a composite material forms the basis of the mechanical
properties of a laminate. In general anisotropy and spatial stress states, the generalized
Hooke’s law is used to establish the relationship between stress and strain. However,
the material law of linear elasticity law describes the dependence between the stress
and strain of a material only at considerably low temperatures. With increasing
temperatures, pure elastic, time-independent deformation is complemented by dif-
ferent hereditary effects, such as viscoelasticity (Kerner 1956). Different deformation
processes (e.g. quasi-static loading, short-term and long-term creep, stress relaxation
and cyclic loading) can be described by equations with a definite set of parameters
(Rabotnov 1980). This approach is known as hereditary mechanics.!

Composite materials with polymer matrix demonstrate pronounced time-dependent
behavior. Therefore, to make a prediction of long-term performance of structural
members, hereditary effects must be accounted for. Principally, there are two distinct
physical mechanisms of hereditary behavior of composite materials. First, there is the
“true creep” in the matrix material, because the matrix exhibits distinct viscoelastic
behavior, typical for polymer materials (Tschoegl 1990). For temperatures closer to
the glass transition temperature, deformation of polymers is accompanied by homo-
geneous viscous creep, with strain rate proportional to the applied stress. Second,
there is “micro-fracture-induced” creep due to dilute volume local breakage of fibers
and matrix. The damage depends on loading history and accumulates over time.
Dilute damage reduces the mean stiffness of the composite material and finally leads
to time-dependent elongation of the material in the direction of load application
(Herakovich and Hyer 1986; Gao 1994).

1 Hereditary mechanics: “The field of mechanics involving boundary conditions extending over continuous
intervals of space and time and demanding integrals for their representation. For example, in the application
of stress to a deformable elastic medium, the final strain at any instant depends not only on the stress at that
instant but on the whole previous stress to which the medium has been exposed.” (Van Nostrand’s Scientific
Encyclopedia 2005).

Design and Analysis of Composite Structures for Automotive Applications:
Chassis and Drivetrain, First Edition. Vladimir Kobelev.

© 2019 John Wiley & Sons Ltd. Published 2019 by John Wiley & Sons Ltd.
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Generally speaking, both mechanisms overlap and the total creep in the composite
material is caused by both effects. In composite materials, which are reinforced with
continuous brittle fibers, fiber breakage due to axial tension sporadically occurs. The
axial stress in broken fibers changes from zero on a ruptured cross-section to an average
stress of intact fibers. The increase of axial stress happens along the scale of the plastic
zone length /,, as shown in Chapter 3, Eq. (3.37). In the vicinity of fiber rupture, the
shear stress in the matrix transfers the axial stress in a fiber to the neighboring intact
fibers. In this region, strong creep accompanies the pure elastic shear deformation in
the polymer matrix. The fibers slide along their interface surfaces and matrix-induced
creep occurs. The creep deformation of cylindrical cell containing a broken fiber by
assuming the perfect bonding at fiber-matrix separation surface was studied by Lif-
shitz and Rotem (1970). The cited article found the linear viscoelastic solution that
describes this mechanism by means of a time-dependent integral transform. The power
law creep of matrix equations were established by Mason et al. (1992). The mecha-
nisms of matrix-induced creep were intensively studied using analytical and experi-
mental methods (Du and McMeeking 1995; Miyake et al. 1998; Ohno et al. 2001). The
investigation of a composite under creep loads applied in the transverse direction was
performed by Kruch et al. (2001). The model was based on a micromechanical approach
performed on a hexagonal unit cell representative of the internal microstructure.

This chapter investigates the hereditary effects in a phenomenological way. Namely,
the time-dependent deformation law of the material and its coefficients will be pre-
sumed, for example, acquired from the experiments. The phenomenological, anisotropic
hereditary laws will be used for the analysis of some types of composite springs and
torque-loaded shafts.

12.1.2 Linear Viscoelasticity of Composites

In the simplest linear formulation, the equations of the Hooke’s law can be converted to
the viscoelastic formulations in order to characterize the composite, since the proper-
ties of the material are frequency-dependent (Gibson 2016). The independent constants
in the elastic formulations are no longer constants in viscoelastic formulations. Instead,
they are frequency-dependent variables that depend upon the load frequency w. If a pre-
scribed strain € is applied to a linearly viscoelastic material, the stress-strain relationship
can be derived as (Findley et al. 1989):

t
o(t) = / E(t — 9e()dd, (12.1)
0

where o (t) is time-dependent stress; E(t) is relaxation modulus; £(9) is prescribed strain
rate; and 9 < ¢ is a dummy variable.
The Laplace transform of the function £ (¢) is:

FO) =L{f()} = / exp(—9t)f (£)dt. (12.2)
0
Applying the Laplace transform to equations of Hooke’s law yields:
G(9) = 9C(9) - £(9). (12.3)

According to the correspondence principle, elastic solutions can be converted into
viscoelastic solutions by taking the Laplace transform of the time-dependent stress (or
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force) and strain (or displacement) and taking the Carson transform and Poisson’s ratio
(Graham 1968; Park and Schapery 1997; Lakes and Wineman 2006).

12.1.3 Nonlinear Creep Mechanics of Anisotropic Materials

However, it is well known that realistic models of hereditary mechanics of composites
require nonlinear formulations. The strain rate depends on creep time on one hand,
and on applied stress in the material on the other. Moreover, the parameters of non-
linear creep laws highly depend on temperature (McKeen 2009). A summary of creep
laws for isotropic and anisotropic engineering materials is provided in Naumenko and
Altenbach (2007). The constitutive models and solution methods for creep problems are
discussed in Kassner (2008). The monograph by Guedes (2011) discourses the funda-
mental concepts of viscoelastic behavior of polymers and polymeric composites as well
as respective modeling for both linear and nonlinear behavior. The nonlinear viscoelas-
tic behavior of polymers and polymeric composites and different predicting models and
methods along with specific applications are presented.

When a composite is subjected to a destructive compressive load, it experiences a
sequence of three deformation stages: primary, secondary and tertiary stages. Most of
the research in the literature has focused on plastic deformation in the primary and sec-
ondary stages, or the prediction of the flow number, which is the initiation of the tertiary
stage. Common material models adequately describe the primary and secondary creep
stage from constant stress uniaxial tests. These phenomenological models represent an
attempt to approximate experimentally acquired data in the simplest formula. From
the mechanical viewpoint, the phenomenological models must characterize stress, time
and temperature dependences. Among others, the most widespread creep constitutive
model is the Norton—Bailey law. This law provides a power law relationship between
creep rate and stress.

The main objectives of this paragraph are to provide a mechanistic characterization
method for damage modeling of a composite in the primary stage and to provide a
method to determine anisotropic damage densities used in effective stress during non-
linear anisotropic viscous-plastic modeling.

The creep component of strain rate is defined by a material specific creep law. The
models are based on the time- and strain-hardening constitutive equations for stress
that depend on time, £.2 For the spring element, a typical temperature is assumed to
be prescribed. Therefore, the parameters of the material law correspond to a certain
temperature. In this chapter, we adopt, following the common procedure (Hillier 1973;
Betten 2008; Altenbach 2003), the general expression creep rates of an anisotropic mate-
rial:

&, = z@, A>0. (12.4)
oy

An anisotropic creep function f (o)) is a homogeneous function of stress that satisfies
the conditions:

Za

1<i,j<3

0f(al])

—f(a,,) (12.5)

2 For material thickness the symbol £, is used. The symbol ¢ is reserved for the time variable.
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€05 = M >0. (12.6)
The “over-dot” denotes the time derivative:
e; =de;/dt, e; = dey/dk. (12.7)

Hereafter, the incompressible creep behavior of a material (¢;, = 0) is presumed.
In Eq. (12.7), the following notations are used:

) .1,
ei]» = £ij - gEkk&‘j (12‘8)
is the deviatoric component of creep strain rate;
1
55 =0 — gdkkaij (12.9)

is the deviatoric component of stress. The Mises—Hill creep potential in an isotropic case
is the scalar function of the second invariant of a stress tensor. The second invariant of
the stress tensor is identically equal to the second invariant of the deviator of a stress
tensor. Accordingly, the creep potential is the function of the second invariant of the
deviator of a stress tensor:

S =1(s;8;:/2). (12.10)
In the anisotropic case, the creep potential is the scalar function of the positive-definite
quadratic form of components of a stress tensor (Tsvelodub 1991; Banshchikova et al.
2016):
S =fKii0504/2) Kiyy = Ky = Kyjye = Ky (12.11)
From the conditions of creep incompressibility, the equations follow:
2K 1515 = Kippy + Kogpy = Ky,
—2Ky33 = Ky + Kyzzz = Ky
—2K531; = Ki335 + K111 — Kygoo- (12.12)

If the material possesses creep orthotropic in a certain coordinate system, the number
of non-vanishing coefficients is reduced. In a coordinate system, which is associated with
the direction of fibers of a uniaxial fiber-reinforced material, the non-zero coefficients
are:

K,y =G +H, Kyyyy =H +F, Kyyss =F +G,
Ky = -H, Kz = —F, Kys1y = -G,
Ko —N K33 —L Kj131 =M. (12.13)

The expression (12.11) for the anisotropic creep potential transforms to a quadratic
form that looks similar to the expression of the Mises—Hill failure criterion:

S =f(opy),
o =ﬁ(‘722 —033)" + 6(533 - o)

+ H(oy, — 63)* + 2L, + 2Mo2, + 2N6?2,. (12.14)
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The value o, will be used as the equivalent anisotropic creep stress. In an isotropic

case, this value reduces to o7, = s;5;,/2. The coefficients of the Mises—Hill quadratic form

must be evaluated in uniaxial experiments for creep.

The advantage of this form of the anisotropic creep potential is the following. If the
coordinate system varies, the coefficients for anisotropic creep potential in the altered
coordinate system transform as the components of the fourth rank tensor K. The trans-
formation law of tensor K is identical to the transformation law for the coefficients of
the compatibility tensor S and of the Mises—Hill failure criterion. These transformation
laws were reported in Chapters 1 and 2.

We derive the expressions for strain rate for uniaxial and shear stress states for the
certain representations of the stress function.

12.1.4 Anisotropic Norton-Bailey Law

Consider the anisotropic Norton—Bailey law (Robinson et al. 2003a,b). The stress func-
tion of the anisotropic creep potential in this case reads:

floy,t) =€ - (o/0)*, (12.15)

where g, 6 and £ are the experimental constants.
Consider two cases of the stress state. First, for the uniaxial stress state there is only
non-vanishing component of stress tensor

6, =0,0,=\G+H 0. (12.16)

Correspondingly, the non-vanishing components of strain rate are
E=éy =2y = —2é,, (12.17)

where

e=¢-(0,/0)0 " =2-(\/G+H o /5)*". (12.18)
For brevity of equations, we introduce the material constant

¢, =0 'G+H) T E (12.19)
With this constant, the dependence of uniaxial strain rate upon stress reads

£ =c ot (12.20)

Second, for the pure shear stress state
Oy =0y =T,0y = \/Ea (12.21)
the non-vanishing components of deformation rate are
Ep=Ey=7/2=7" (m /7)1 /2, (12.22)

where 7 = V/3 and 7 = 5/1/3.
The anisotropic creep constant for shear strain reads:

c. =75 70N) T (12.23)

T
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The anisotropic Norton—Bailey creep law for pure shear deformation reduces to
v =c 75 (12.24)
There is a simple relation between the constants in Egs. (12.19) and (12.23):

c, =3¢ (12.25)

o*

12.2 Creep and Relaxation of Twisted Composite Shafts

12.2.1 Constitutive Equations for Relaxation in Torsion of Anisotropic Shafts

The deformation of a body during relaxation does not alter, but the stress gradually
reduces. Consider the relaxation problem for a driveshaft with circular cross-section
under the constant twist. Let 7(r, £) be the shear stress in the cross-section of shaft. The
total shear strain in any instant of the time is y (7, ), the sum of the elastic and the creep
components of shear strain:

Y=Yt 7. (1226)

The creep component of shear strain is y (7, £). The elastic component of shear strain
is

v, =7/Ch. (12.27)

First, in this chapter, we investigate the creep for the total deformation that remains
constant in time. Thus, we consider the total strain y(r) as function of radius only. How-
ever, the elastic and the creep components of strain are the functions as well of radius
and of time, such that:

y(rt) =y, (r, )+ y.(r,t) =y, (7). (12.28)

The time differentiation of (12.26) leads to the differential equation for elastic and
creep strain rates:

y(r. ) =7, (r.t) + 7.(r,t) = 0, (12.29)

where the dot denotes the time derivative.
The differentiation of the Eq. (12.27) over time delivers the elastic component of strain
rate

Ve =7/C- (12.30)

12.2.2 Torque Relaxation for an Anisotropic Norton-Bailey Law
First, we assume the Norton—Bailey law for the state of shear stress:
v(r t) = ¢,z (12.31)

The substitution of material law (12.31) into Eq. (12.29) results in the ordinary non-
linear differential equation of the first order for total shear stress z(r, £):

t/Chy + ¢, = 0. (12.32)
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The initial condition for the Eq. (12.32) presumes the pure elastic shear stress in the
initial moment ¢ = 0:

7(p,t = 0) = 7y(p). (12.33)

The shear stresses in the moment t = 0 for the driveshaft with circular cross-section
of the diameter d = 2r are

To(p) = Cybp,0 < p <r,
where 0 is the twist angle per unit of length. The torque at the moment ¢t =0 is
MY, = Cylyf.

The solution of the ordinary differential Eq. (12.32) with initial condition (12.33) deliv-
ers the shear stress over the cross-section of the twisted shaft as the function of time and
radius:

w(p,t) = [1,°(p) + ¢, Cyy ELT7VE. (12.34)
The couple as the function of time is
M (t) =2r /’ r*z(p, )dp. (12.35)
0
With the expression for total shear stress (12.35), we can calculate the couple
My (t) = 2nCy 0 / ' P2Lp~¢ +c, CL 0 Ee1™ V¥ dp. (12.36)
0
The integral could be expressed in terms of hypergeometric function (Kobelev 2014):
MA}(;) = ®.(t) = ,F, <§ é; %; —c, 0°C,, M 5r5t> (12.37)

12.3 Creep and Relaxation of Composite Helical Coiled
Springs

12.3.1 Compression and Tension Composite Springs

Helical springs are made up of a wire coiled in the form of a helix and are primarily
intended for compressive or tensile loads. The cross-section of the wire from which the
spring is made may be circular, square or rectangular. Compression and tension springs
are made of an anisotropic elastic wire. Consequently, one essential task of creep analysis
is the derivation of the exact closed-form expressions for torsion and bending creep for
anisotropic materials. The major stresses produced in conical and volute springs are also
shear stresses due to twisting. The stress in the circular wire varies from zero on the axis
of the wire to its maximum value on the surface.

Consider a helical composite spring with mean helix diameter D, wire diameter 4 and
active coils number n. The force F,(£) applied to a spring that causes a deflection s is

F,(t) = 2M(t)/D. (12.38)
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The relaxation of helical composite springs occurs when the compressed length of the
spring remains constant. The spring force F,(¢) reduces over time. During the relaxation
the twist angle per unit length remains constant:

6 = 2s - (znD*)™". (12.39)
The spring force at initial moment ¢ = 0 due to pure elastic deformation is:
F) =2M)/D = Cyd*s/8nD? Cyy, = Gyy. (12.40)

Alternatively, the creep of helical composite springs occurs when the spring force
remains constant. In this situation, the compressed length continuously reduces over
time and the deflection increases.

12.3.2 Relaxation of Helical Composite Springs

For the solution of the relaxation problem, we apply the results of the relaxation problem
for a twisted driveshaft with the circular cross-section for helical composite springs. If
the material of the helical composite spring obeys the Norton—Bailey law, the spring
load as a function of time is (Kobelev 2014):

3 41 4+& ¢ dOCy T e
F(t) =,F, <E’E’ i > P, (12.41)
With the constant value for 6, the expression (12.41) yields
4 1 4+ —
F,(t) =,F, <E’ E; Tg; —c, C44§Tt> F. (12.42)

The further simplification expressions for spring load as the function of time is
achieved for certain exponents in the Norton—Bailey law:

41 +c¢,Cut*thH3 -1

F(t) == FOfor& =4, (12.43)
: 3 ¢, Cut't :
and
o 14 (c,Cyt?T° = 9)\/1+2¢,Cpy?7 .
E(t)== — Foforg =2. (12.44)
3 CTZCMZL“‘T

The relaxation of spring load over time demonstrates the dimensionless relaxation
function:

E(t
;(0) =(I)H(t)EZP1<

z

4 1 4+ _
5 E; Té; —c, C44§rt> . (12.45)

12.3.3 Creep of Helical Composite Compression Springs

During the creep deformation of anisotropic springs, the spring force remains constant
over time. Correspondingly, the spring length reduces with time. The length decrease
rate over time is $. The shear strain rate varies with time:

7(t,p) = 0p = 25p/anD*for 0 < p < d/2. (12.46)
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According to the anisotropic Norton—Bailey law, the shear stress due to creep is:

() - () s

Performing the integration over the area of the wire, we get the moment due to creep:

(12.48)

xE+1 <2d4+3fs>¢¢

r
M2 =2 2¢(p, t)dr =
r 7[/0 pe(p.t) 4 4+ 3¢\ #D%nc,

Solution of this equation delivers the spring length reduction rate for constant spring
force F? as the function of time:

&+l £
D2 4MO 4 4+ 3 D? 4DF? 4 4 3
7 ncT( 4+ 3¢ i ncT< L4+ g) ' (12.49)

T oawE\ Tz E+1 T a3\ 2r e+1

12.4 Creep and Relaxation of Composite Springs in a State
of Pure Bending

12.4.1 Constitutive Equations for Bending Relaxation

In this section, we study the relaxation in the state of pure bending of a leaf or mean-
der spring of rectangular cross-section (b, X t,). In the applied Euler—Bernoulli theory
of slender beams subjected to a bending moment M, a major assumption is that the
plane cross-sections remain plane during the relaxation process. The deformations due
to shear across the section are not accounted for. During the relaxation, the curvature of
the neutral axis of spring k remains constant over time, such that the bending moment
M continuously decreases. This case describes the relaxation of bending stress, assum-
ing that the flexure deformation of leaf spring does not alter in time.

Let o(z, t) is normal stress in the beam in the direction of the beam axis. The total strain
in any instant of the time is £(z, t); the sum of the elastic and the creep components of
the strain is:

e=¢,+¢,. (12.50)

The elastic component of strain is
e, =0/Cs, (12.51)
where €, (z, ) is the creep partial strain. Consider creep as a constant in time total strain:
e(z,t) = g,(z,t) + €,(2, 1) = gy(2). (12.52)

The normal strain €,(z) = £(z, t = 0) is the function of normal coordinate, but remains
constant over time. The time differentiation of (12.52) leads to

E=¢é,+¢,=0. (12.53)
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12.4.2 Relaxation of the Bending Moment for the Anisotropic
Norton-Bailey Law
The anisotropic Norton—Bailey law for a uniaxial state of stress reads
£,(z,t) = c,0°", (12.54)

The substitution of material laws results in the ordinary differential equation for uni-
axial stress

6/Cyy +c,05™ = 0. (12.55)

The initial condition for Eq. (12.55) delivers the pure elastic shear stress in the initial
moment

o(z.t = 0) = 0,(2). (12.56)

For pure elastic bending, the following initial distribution of stresses over the
cross-section of a leaf spring is valid:

00(2) = Cy3xz,Cy3 = E; .

where « is the bending curvature, which is presumed to be constant over time and z is
the perpendicular distance to the neutral axis. The solution of the ordinary differential
Eq. (12.55) with initial condition (12.56) is

o(z,t) = [0,°(2) + ¢, Ca3 & £] /5. (12.57)
The bending moment for the rectangular cross-section of width b, and height ¢, is a

function of time.

t,/2
My(t) = bc/ zo(z, t)dz. (12.58)

t,/2
With the expression (12.57) we can calculate from (12.58):
1

L/2 1 -1/¢
M(t) = 2Cy3b, K / z- [—5 +c, KSCy §t] dz. (12.59)
0 zZ

The integral in (12.59) could be expressed in terms of hypergeometric function
(Kobelev 2014):

Mp(2) 31 3+ . t\*
j\flg = ®p(0) =5 <E’E;T§;_CG K4 Cy 1§t<§> > (12.60)

where M, = Cy3Izx = k Cy3b,t,2 /12 is the elastic bending moment at the time ¢ = 0.

12.4.3 Creep in a State of Bending

On the contrary, during the bending creep deformation the moment M} remains con-
stant over time. The curvature x = x(¢) also continually increases. The elongation rate
of the strip, which is located on the perpendicular distance z to the neutral axis, is:

E(t,z)=kzfor—t /2 <z <t,/2. (12.61)
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According to Norton—Bailey law the shear stress due to creep is:

o, = (i> = <¥> . (12.62)
CO' CO'

Performing the integration (12.62) over the area of the wire, we get the bending
moment due to creep (Kobelev 2014):

t/2 bt? e+1 [ti\m
M =b, / zo,(z, t)dz = Zebs 1 (LK ) (12.63)
i) 2 3+2&\ 2

The bending moment Mg remains constant over time. From Eq. (12.63) the curvature
time rate resolves as

£+1
2 2M°
k= C"< 33+25> . (12.64)

1\ b2 E+1

The rate of flexure k remains constant such that the bending radius linearly increases
over time.

The results of this section are applicable for anisotropic springs that are overwhelm-
ingly stressed by bending loads, like leaf springs and helical springs, when loaded by the
axial twist moment. The formulas of this section could be instantly applied to estimate
the effects of creep and relaxation of such springs.

12.5 Conclusions

The structures examined comprised a beam in bending, a driveshaft in torsion and heli-
cal composite springs. The closed-form solutions demonstrated the basic characteristics
of nonlinear creep in anisotropic material. Bending and torsion dominate most spring
elements and driveshafts. Following the procedure, we established closed-form solu-
tions for creep and relaxation in twisted driveshafts, helical and leaf springs made of
composite materials.

For further reading, the reader is directed to Movahedi-Rad et al. (2016), Monfared
et al. (2012), Carmai and Dunne (2001), Kawai (2001), Abdolavahid et al. (2016),
Vinogradov and Schumacher (2001), Elanchezhian et al. (2014), Daniel (2014), Daniel
et al. (2011), Sevenois and Van Paepegem (2015), Kaminski et al. (2015), Brinson
and Gates (1994), Naumenko (2006), Chou (1992), Mises (1928), Hill (1950) and
Timoshenko (1948).
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Appendix A

Mechanical Properties of Composites

A.1 Fibers

A.1.1 Glass Fibers

Glass fiber was the first kind of fiber that was widely used as a reinforcement fiber. The
so-called E-glass, with over 90% of all glass fibers used for reinforced plastics has the
greatest share. Glass fiber has an isotropic behavior. The modulus of elasticity is approxi-
mately 70 GPa, as large as that of aluminum and about a third of the modulus of elasticity
for steel. The tensile strength is nearly 2.4 GPa and clearly below that of carbon fibers.
This value is definitely higher than the strengths of aluminum and most steel alloys. The
density of glass fibers is roughly 2600 kg m~3.

A.1.2 Carbon Fibers

Carbon fibers are currently the most widely spread reinforcement fibers for high quality
parts. The density of carbon fibers is a relatively low 1600-2000 kg m~3. Carbon fibers
are highly anisotropic, like aramid fibers. The thermal expansion coefficient is also neg-
ative as it is for aramid fibers. The carbon fibers possess a high fatigue endurance limit.
The dynamic characteristics of laminates based on carbon fibers for reinforcement dom-
inate the dynamic characteristics of such materials as steel or aluminum. These fibers
possess exceptional chemical and thermal properties and good resistance to corrosion.
Strength, stiffness and thermal conductivity substantially differ depending on the type
of fiber.

A.1.3 Aramid Fibers

Aramid fibers are characterized by the high-strength, low density, high impact and
fatigue strength, good heat resistance and dimensional stability, good vibration damp-
ing and high-energy absorption capacity. The density of the aramid fibers, derived
from aromatic polyamide, is lower (1450kg m=3) than the density of carbon fibers.
The tensile strength is approximately 2700 MPa. Consequently, the aramid fibers
possess remarkably high specific, density-related, strength. The application scope is
chiefly ballistic and industrial protective devices. Aramid fiber plastic composites are

Design and Analysis of Composite Structures for Automotive Applications:
Chassis and Drivetrain, First Edition. Vladimir Kobelev.

© 2019 John Wiley & Sons Ltd. Published 2019 by John Wiley & Sons Ltd.
Companion website: www.wiley.com/go/kobelev/automotive_suspensions
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Table A.1 Mechanical properties of fibers.

Mechanical properties of fibers

Carbon Aramid

E-Glass HT HM Basalt
Density (kg m~3) 2600 1780 1450 2750
Tensile strength (MPa) 3400 3400 2800 4840
Modulus of elasticity, along the 73 235 100 89
fibers (GPa)
Modulus of elasticity, transverse to 73 15 5.4
the fibers (GPa)
Elongation at break (%) 3.5-4 1.4-1.5 2.8 3.15
Poisson ratio 0.18
Coefficient of thermal expansion, 5 -0.1 -3.5
along the fibers (107 K1)
Coefficient of thermal expansion, 5 10 17
transverse to the fibers (1076 K1)
Thermal conductivity (W m™! K) 1 17 0.04
Resistivity (Q m) 1013 107°-107° 1013
Dielectric constant (10° Hz) 5.6-6.7
Degradation temperature (°C) >400 550 1450
Moisture absorption, at 20 °C/65% 0.1 0.1 3.5
relative air humidity (%)
Ultimate axial stress ;;, (GPa) 2.55-2.9 3.3-3.5 2.8 2.52

exceptionally suited for tensile-stressed lightweight components. However, the fibers
are highly anisotropic and pressure sensitive in the direction of the fibers. This feature
poses a problem for the design of components made of aramid reinforced plastic,
which are predominantly subject to bending or compressive stresses. Aramid fibers
feature an outstanding chemical resistance and low thermal conductivity. Starting at
a temperature of approximately 400 °C, while the fibers do not melt they do begin
to carbonize. Similar to carbon fibers, they also have a negative thermal expansion
coeflicient. Their environmental field of application is limited because the aramid fibers
absorb moisture. Aramid fibers react to high-energy radiation with a clear reduction in
strength, but this feature is gratefully irrelevant to automotive applications.

A.2 Physical Properties of Resin
The task of the resin (or matrix) is to fix the fibers in place and to protect them from

environmental effects, such as chemicals or moisture. Regarding the mechanical prop-
erties of the fiber-reinforced plastic, the purpose of the matrix is to transfer the forces
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to the fibers or between the fibers and to bear them with respect to compressive stress.
The widespread matrix materials are:

e Thermosetting plastics: epoxy resin (EP), polyurethane resin (PU), unsaturated
polyester (UP), vinyl ester resin (VE), cyanate ester resin (CE) and phenolic resin
(PF) (Kelly and Zweben 2000, Vol. 2), polymer matrix composites.

e Thermoplastics: polymethyl-methylacrylate (PMMA), polyamide (PA), polyethere-
therketone (PEEK), polyphenyl sulfide (PPS), (Kelly and Zweben 2000, Vol. 2),
polymer matrix composites.

e Metals: Aluminum alloys, sometimes magnesium or copper alloys (Kelly and Zweben
2000, Volume 3), metal matrix composites (Lenke et al. 2001).

e Ceramics (Kelly and Zweben 2000, Vol. 4), carbon/carbon, cement and ceramic
matrix composites.

Table A.2 Mechanical properties of the non-reinforced matrix resins.?)

Mechanical properties of the non-reinforced matrix resins

Polyester Epoxy Vinyl ester

Density (kgm™3) 1120-1250 1100-1250 1070
Fracture elongation® (%) <3 6-8 3.5-7
Processing temperature® (°C) 20-180 20-230 20-175
Operating temperature (°C) 50-160 45-230 100-150
Tensile strength (MPa) 50-70 70-90 75-85
E-modulus (GPa) 3.5-4.7 2.8-3.6 34-3.5
Flexural strength (MPa) 60-120 140-160 125-135
Coeflicient of thermal expansion (°pK) 60-70
Heat conductivity ("KW m™!) 0.52
Surface resistance () 1013
Specific volume resistance (Q, m) 1013
Viscosity? (mPas) 400 (HT2)

700 (L, L285)

900 (L20)
Fracture toughness K (MNm~2) 5 4

a) Faserverbund-Werkstoffdaten, suter-kunststoffe AG, info@swiss-composite.ch e
www.swiss-composite.ch.

b) The elongation at break of laminating resins must preferably be equal to or greater than the elongation
at break of the reinforcing fibers, so that in the event of a load no component failure occurs due to
fractures and cracks in the resin.

c) The highest value describes the maximum temperature required during hot hardening. This heat curing
is only necessary for some tempering resins with a correspondingly high temperature resistance. The
cold-curing resins, most of which are available, achieve almost their full strength at room temperature.

d) www.chemie.fu-berlin.de/fb/fachdid/kunststoffe/glas.htm; www.kunstharzputze.de/abc/kap3/g04.htm.
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A.3 Laminates

A.3.1 Unidirectional Fiber-Reinforced Composite Material

Unidirectional plies are pertinent for high-grade fiber composite components, which
require high-strength and also high-stiffness components. The unidirectional layers
have a very low thread waviness, which has an advantageous effect on the strength and
stiffness. The drawback of unidirectional laminas is the reduced cohesion between the
individual layers, which can result in delamination and separation of laminates.

A.3.2 Fabric

There are several types of bonds with different technical properties. The frequently used
types are the plain weave and twill weave. A plain weave primarily has points of inter-
section per square unit, which give it the known stability of shape. Because of the high
shape retention, the drapability of this fabric on physical contours is limited; therefore,
they do not slip and are firm. The twill weave has a better drapability, and is therefore
easier to insert in sharply curved areas.

A.3.3 Non-Woven Fabric

Non-woven fabrics consist of two to four unidirectional plies of varied fiber orienta-
tion that are placed on top of each other. The fibers of the individual plies are secured
by knitting threads or bonding adhesives. Field of application, advantages and disad-
vantages of non-woven fabrics are identical to those of unidirectional laminates. The
advantage over unidirectional laminas is that with one non-woven ply there is an equal
coverage to multiple fiber directions

Table A.3 Mechanical properties of fabric laminate.

Mechanical properties of fabric laminates

Glass Carbon Aramid
Fiber volume fraction (%) 43 50 50
Tensile strength, Bidirectional fabrics® (DIN EN 61) (MPa) 330-400 560-650 460-540
Tensile strength, Unidirectional fabrics® (DIN EN 61) (MPa) 590-680 950-1100 790-900
Tensile modulus, bidirectional fabrics (DIN EN 61) (GPa) 19-21 52-58 22-27
Tensile modulus, unidirectional fabrics (DIN EN 61) (GPa) 24-35 90-100 44-47

Compressive strength, bidirectional fabrics (DIN 534554) (MPa)  310-440 450-520 130-165
Compressive strength, unidirectional fabrics (DIN 534554) (MPa) 480-600 600-800 180-190
Heat conductivity (°K' W m™1) 1 17 0.04-0.05

a) Bidirectional fabric (warp and weft are equal). The higher values are obtained with twill and sateen at
the optimal laminate quality.
b) Unidirectional fabric. Values depend on proportion of warp to weft thread.
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Appendix B

Anisotropic Elasticity

B.1 Elastic Orthotropic Body

In linear elasticity theory, only small changes in shape are considered, and a
macroscopic-

homogeneous, linear-elastic material is also assumed. Elastic deformations disap-
pear completely after release. For orthotropic bodies the generalized Hooke’s law
applies with nine effective elasticity constants:

e =Lty b w1 Vo - Un
xx xx yy zz° vy vy xx zz°
El E2 E3 E2 El E3
£, = 1 o, — 8 e Y, =Y, = L T, = L T
zz = T Pz xx T yy? yz — lzy — yz = zy
E3 El EZ G23 G32
1 1 1 1

yzx = yxz = G31 sz = le3 sz’ ny = y}’x = G12 Txy = G21 T;Vx‘

E,, E,, E; modules of elasticity,
Gy; = Gy, Gi3 = G5, Gy, = G,; shear modules,

Vip Vap» Vass Vap, Vi3, Vg Poisson numbers.
There is a relationship:
E\vy) = Eyvyy, Eyvzy = E3vyy,  Ezvy3 = Ejvy. (B.2)

The linear-elastic material behavior with respect to the associated material system
can be characterized by nine elasticity constants C;;, or the equivalent by nine stiffness
constants S

Exx = Sllo-xx + Sl2ayy + Sl3gzz’ gyy = SZlo-xx + 5226yy + SZBUZZ

€ = SSlo-xx + SBZny + SSSGZZ’ yyz = yzy = 44Tyz = 04Ty,

Vox = Vaz = SSSsz = 555sz’ yxy = yyx = 566Txy = S66Tyx‘ (Bs)
The inverse of (B.3) is:

Oyx = Cll'gxx + C12£yy + Cl?)gzz’ ny = CZIExx + CZZ'Syy + C23£zz

O = C316xx + C32‘€yy + C338zz’ Tyz = sz = 44yyz = C44yzy’

Tox = Taz = C55yzx = CSSyxz’ Ty = Tyx = C66yxy = C66yyx' (B4')

zx xy
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The relations between the elasticities C;; and stiffnesses §;; read:

Su= El_lvszz = 52_1»533 = 53_1»512 =38y = _1’21152_1 = -0k

Sy =85 = _1)32153_1 = —023152_1,531 =S8 = _’)13151_1 = _031E3_1’

Su= st_l = G32_1»S55 = Gea_1 = G13_1’S66 = Glz_l = G21_1, (B.5)
and

C = El(v%,:32 - 1)’ c, = 1:"2(1)13231 - 1)’ C, = 53(012:21 - 1)’

Ciy = Gy = —E,(0y;+093031) = —E, (01, 40,303),

Cs1 = Ci3 = —E5(0)3401503) = —E; (03 +035057),
Cu =Gy =Gy, Coy =Gy =Gy3, G =G =Gy, (B.6)

A = 035093 + 013031 F V1y0y; + V1y303; + 013030y — 1.
The generalized Navier equations result from the equilibrium conditions (for
X=Y=2Z=0):
0u

0*u
C446 o) +C66 dyz 55522

9 ow|
t o _(Cu C44) + (Cpp + C66) Z 4 (Cpy + Css)d_z_ =0,
% o*v %y
Ces Ey) + Cys > )
9 ov ow|
+ - ay | (C12 + C66) + (Cyp — Css)a/ +(Cyy + C%)a—z_ =0,

o*w o*w 0*w
C55 Ox2 C44 ayz C66§

2 €t S+ (Cut G + (G C) 22| =0 (B.7)
Transformation formulas for stresses in course of rotation ¢ with respect to the
z-axis are:
6y, = 0,,08°® + 0, sin’® + 27, cos P sin D,
Oy = 6,,5in°D + nyCOSZQ) - 27,, cos P sin d,
71, = (6, — 0,,) sin® cos D + Txy(COSZq) — sin’®),
Ti3 = T, COSP + 7, sin D, 755 = =7, sin D + 7, cos D. (B.8)

In Eq. (B.8) the components of stresses in the global coordinate system, which is asso-
ciated with the geometry of the structural element, are o, ..., 7,, and @ is the ply angle
or fiber inclination angle.

B.2 Distortion Energy and Supplementary Energy

The forces that deform a solid body do the work as the points of force application dis-
place. According to the first law of thermodynamics, this work of “external forces” is
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connected with an increase in “internal” energy. The internal energy is called distortion
energy or elastic energy.
The elastic energy density is

1
We(o,€) = i(oxxem 0,y + 06, + Tyl + Tl + Ty Vay)- (B.9)
The energy density of linear-elastic materials reads:
1
W, () = E(CHEMZ +2C16 .6, +2C 36,6, + ... + Cee?y, ), (B.10)
1
W, (o) = E(SH%2 +28150,,0,, + 2830,,0,, + ... + SesTy, ). (B.11)

The potential energy (or total potential) for a body with volume V is
u, = /[WE(E) —fu—=fy—fwldV - / [Fu+Fyv+ Fw]dl. (B.12)
v r,

The supplementary energy (or total supplementary potential) for a body of
volume V is:

L[6=/W/6(6) dV—/[txU+tyV+tzW] ar. (B.13)
v r,

B.3 Plane Elasticity Problems

B.3.1 Plane Strain State

The relations between stresses and strains distinguish two special cases, the plane strain
state and the plane stress state. In the plane strain case:

€2 =Vu=7.=0, 0, #0.

The stress—strain relations in the plane strain case are:

Exx = 4110 + q126y ’ gyy = 210 + q226yy (B14)

yxy = yyx = q667xy = q66Tyx’
where

Si3Sj3

qijz l]_ SSS . (B.15)

The plane strain state can be realized in a long cylinder of constant cross section with
fixed ends under a constant line load along the lateral surface.

B.3.2 Plane Stress State

In the plane stress state, we have:

02 = Taz = Ty = 0, €2 #0.
From (B.8) it follows that:
Oxx = Qllgxx + Q12£yy O-yy = QZlgxx + Q22£yy’ (B16)

Txy = Tyx = Q66yxy = Q66yyx’
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where
Ci3Cs
Csy

Q;=C;— (B.17)

B.4 Generalized Airy Stress Function

B.4.1 Plane Stress State

The equilibrium conditions (B.20) for the plane stress state are identically fulfilled by the
scalar function F(x, y) (the Airy stress function):
L_FE L _PE o
W gy2” Y ox2” Y oxdy’
From the two-dimensional compatibility condition follows the equation for the Airy
stress function F(x, y) for the plane stress state:
0*F 0*F
0x20y? | 2o

s, 2L ay4 F s, +50-25 =0. (B.18)

B.4.2 Plane Strain State

The generalized Airy equation for plane strain state is:

0'F 0'F 0'F

91357 P + (241, +q66)a 2957 +q226_x4 =0. (B.19)

B.4.3 Rotationally Symmetric Elasticity Problems

For another important class of rotationally symmetric spatial elasticity problems, the
displacements and stresses depend only on two cylindrical coordinates (r, z). The basic
equations for this result from the general relationships for the three-dimensional con-
tinuum.

For this purpose, set:

u, =ur,z), uy,=0, w=wrz) (B.20)
Between the distortion components

g =%, ¥, _Ow _ou oW _0
r ar’ % r’ z ()z’ Vrz 0z ar’yzﬁ Yor
there are two compatibility conditions:
d%e, N Pe,  Pr. _
0z  or! odroz

0
£, — a(r £9) =0, (B.21)
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The equilibrium conditions are

Jdo Jdrt o, — 0
r + rz + r 0 =0, (B.22)
or 0z r
aaz aT"Z TVZ
n + 20 (B.23)

dz or r
For transversal-isotropic homogeneous bodies, the generalized Hooke’s law applies:

€, = 5110, + 81509 + $130,, €9 = 5310, + 51105 + 5130,
£, = SBI(O-r + 0-9) + 5330'2, Vie = Vor =0Tz =OuTyrp

Yoo =Yor=SuTr0=SuTor Vro="VYo,=2(S11 —S12)7 - (B.24)
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Integral Transforms in Elasticity

C.1 One-Dimensional Integral Transform
A general integral transform of the function @(x) is defined by:

b
J{ow),x = &} = " (¢) = / PR)K (&, x)dx,

where K (&, x) is the transformation kernel.
Complex Fourier transform:

S{p@),x > &} = @*(&) = P(x)e* dx.

=l

Fourier-SINUS- and Fourier-COSINUS transforms:

S (o).x > £) = (&) = \/g / (%) sin(E )dx,

" 2 (%
Sclo@),x = &} = "6 = \/; / @(x) cos(¢ x)dx.
The inversion of Fourier transforms:

, 1
SHe" (), - x} = p(x) = —
\V2r

S H@ (©),¢ = x) = p(x) = \/i / @* (&) sin(é x) dé,

/ @ (&) Mde,

S HP (), € = x) = p(x) = \/i / @" () cos(é x) dé.

The transform of the derivative reads

8{ 4 )% — :} = (@) = (—i&)' 9" ().

dx"
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C.2 Two-Dimensional Fourier Transform

Two-dimensional Fourier transform of the function ¢(x, y):

S{px,y),x — &} = *(&,y) = @(x, y)edx, (C9)

v

S{e@x, ).y > n} = *(x,n) = @(x, y)e”"dy, (C.10)

=1
1
=

The corresponding retransformation formulas are:

S{ox.y),x - Ey—n)=¢*En) = / / @(x, )" dx dy. (C.11)

S{p*(&.9).& = x} = px,y) = @ (&, y)e S rdE, (C.12)

=1

S{e . n).n =y} = x,y) = @ (x,me" "Vdn, (C.13)

1 /°°
V2r J-o
1 e[ .
S{(p*(f, m,E—x,n— y} = (p(x,y) = _/ / (P*(é‘, n)e—t(yrﬁxlf)dn df
\V2r J-00 J -

(C.14)

C.3 Potential Functions for Plane Elasticity Problems

For plane elasticity problems of an orthotropic medium, the displacements, distortions
and stresses depend only on two coordinates in the plane. These equations can be rep-
resented as follows:

LE[F] =0, (C.15)
where a generalized biharmonic operator for plane stress state reads:

0*F 0'F 0'F
EfE] =
For a plane strain state, the coefficients should be recalculated according to formulas
from Appendix B.
The strains after the substitution read:
ou _ . 0°F O°F
P 116—3}2 + 1255
dv . 0°F 9°F
oy~ Mo tlnss
ou | v 0%F
—+—=—-C,(,——. C.16
dy Ox % 9x dy ( )
The polynomial LA[u] = C;, u* + (2C,, + Cye) u? + ¢y, Is the characteristic polynomial
to (C.15), and the corresponding equation is:

LA[u] = 0. (C.17)

=0
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The roots of (C.17) py,45,45 and u, are imaginary:
Hy=—H3 =ipy,  Hy=—Hy =ip,, (C.18)

2C), + Cge + /(2C; + Cg)2 — 4C, Cyy oo
2C,;
From the positivity of L[] for real argument, the condition follows:
(2Cy; + Cge)* — 4C,Cy, > 0
The substitution:
M=Tapt M-St
leads to factorization of the differential Eq. (C.17):

2 _
b1 =

LE[F] = APAfF = 0. (C.19)
The characteristic polynomial of the factorized differential Eq. (C.19) is:

LAul = Cpy(p = ip)(p + ip)(p = ipy)(u + ipy) = 0. (C.20)
By comparing (C.17) with (C.20) it can be concluded that:

Piry = Cp/Ch, Pi+p;=2C, +Ce)/Cpy (C21)

For the isotropic body p; =p, =1and py = pi3 =i, pty = py = —i.
The general representation of a real solution (C.19) using two complex analytical func-
tions U, (z;) and U,(z,) the complex variables z; = x+ p,y, z, = x + p,y is:

E(x,y) = 2Re[U(z)) + Uy(2y)]. (C.22)

The plane problem of the elasticity theory of the orthotropic body is thus attributed
to the determination of both analytical functions U, (z,) and U,(z,).

The relationship between the stress and displacement components and the complex
stress functions applies:

= 2Re [4{®'(z) + u3¥'(z,)], 0, = 2Re [®'(z)) + V' (2,)]

7, = —2Re [, @' (z)) + 11, ¥'(2,)],

u=2Re [P,®(z)) + P,¥(z,)], v=2Re[Q,d(z;)+ Q¥(z,)]
In these equations
P;=Cyp}+Cpy = Coghtiy Q= Cropt? = Cog + Cop/ s
dU(Zl) dU(zz)
, Y(z)= .
dz, @) dz,

The boundary condition plays an important role in determining the two stress U, (z;),
U,(z,) functions. In a complex representation for the first boundary value problem, this
reads as follows:

A =p)P(z;) + (1 — py)¥(z,)+
(1 +p)®E) + 1 +p)¥E,) = £, + ify

O(z)) =
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where

1
D +if() = i/ (F, + iF,) ds.
I

0

It is useful to represent the function F(x, y) as the sum of two functions:

F(x,y) = y1(%,9) + vy (%, ). (C.23)
The functions v, (, ¥), v, («, y) are the solutions of the following equations:
0%y 0%y 0%y 0%y
E, _ 1 20Y1 E, _ 1 20Y1
Aty = 0y2 P ox2 0, V1 = 6)/2_ b o 0 (C.24)
Inserting (B.27) in (B.22) and (C.16) returns:
s oo 1P 10w
» P% ayz P% 0)12 i
azll’l azlllz
oy = " 0xdy  0xdy’ (C.25)
d d
y=6 L 45,22
ox ay

with
6, =Cy + C22p1_2’ 0, =Cy + szpf.

C.4 Rotationally Symmetric, Spatial Elasticity Problems

For another important class of rotationally symmetric, spatial elasticity problem, the
displacements and stresses depend only on two cylindrical coordinates (r, z). The basic
equations for this result from the general relationships for the three-dimensional con-
tinuum. The equilibrium conditions (B.22—B.23) and the compatibility conditions (B.21)
are determined by the following approach:
"0z \o2 ror " oz2)’
0 (,0°)F 10F 0%F
op=—"|b—+-—"—+a— |,
or2 rar 07>
] < 0°F  cOdF 02F>
— 4+ = +d=— ),

%= 9\ T 7 or 07>
0 (0*F  10F 0F
=—|—=+-—+a— C.26
= or <6r2 ror “azz) (C.26)
The equilibrium equations are satisfied by of the scalar stress function F(r, z). The
coefficients read:
4= $13(511 = S12) b= $13(S13 +S44) = S15533
D ’ D
c= S13(S11 = S19) + 511544 d= 5112 — 5122
D ’ D
D =5,,5; — S5 (C.27)

s

s
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From the second equilibrium condition (B.21) follows the basic equation of the rota-
tionally symmetric, spatial elasticity problem:

2 2 2
LR[F] = (0 +li> <£+l£+d£>

or:  ror or2  ror 022
0? 0*F cdF 0*F
— | c— +d— ) =0. C.28
07> <C o ror 07> > ( )
The substitution
0? 10 d
AR = — 2__<_>, 2
L 922 4 ror rar (€.29)
0? 10 d
2 922 qzrar rar ( )
with
2dg>=a+c+\(a+c)?—4d
! (C.31)
2dgs=a+c—\/(a+c)P—4d
Leads to the following representation of (C.28):
LR[F]=d ARARF = 0. (C.32)

It is useful to represent the stress function F(r, z) as an indefinite integral of the sum
of two functions ¢, (r, z) @,(r, 2):

F(r,z) = / [, 2) + @, (r,2)] dZ. (C.33)
0

The functions fulfill the equations
ARp, =0, Afp,=0. (C.34)
Substitution of (C.33) into (C.26) provides:
@, ’p,
O =5 + iy

_ (Pl ()(,02
ﬂlaraz ﬁzara

oz T

with

(C.35)

S13(1 = 2aq} + b) + Sy3(aq’ — )
w;=q;,, V= 2 .
q;
This transformation is similar to the transformation (C.25) used in the plane elasticity
problem.
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C.5 Application of the Fourier Transformation to Plane
Elasticity Problems

The application of the Fourier transformation with respect to one of the variables allows
the partial differential slip for the Airy stress function to be reduced to a common dif-
ferential equation. With the Fourier transform

G(&,y) = S{ LF[F(xn],x = &£} (C.36)
follows the equation:
/ LE[F(x, y)]e*dx =
a 2 4 ® iEx
Ch 1957 +2C,+ C66)§ 5+ Cd F(x,y)e*~*dx.
Thus, from the partial dlfferentlal Eq. (C.19) follows the ordinary differential equation
for G(¢, y):

d4

Cy a6, Cyp, + c%)egzd G
"yt

+ Cp&'G (C.37)

The solution of (C.37) reads:

G(&,y) = A(E)e™¥ + B(&)e ¥
+ C(&)e!¥ 4+ D(E)e¥ C38)

The integration constants A(¢), B(£), C(€) and D(€) are determined from the boundary
conditions of the problem. In the case of a semi-infinite medium in which all stresses
and displacements decay for y — oo, the integration constants C(£) and D(¢) disappear.

With the retransformation of (C.36) we finally get an integral representation for the
Airy stress function:

F(x,y) = L G(&, y)e " dx. (C.39)
V2r
The stress and displacement components can also be expressed by the function

G(¢&, y) and its derivatives. It follows:

0. (%)) = G(&, y)e " dx,

\/ﬂ/wy

0,,(%.y) = —— / EG(&, y)e " dx,
¥ \/ﬂ -

1 ®.d ;
ww = —= [ e et (C.40)
\V2r J - dy
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and
1 © d? —iex
u(x,y)=\/? B Cud—yzG(f,y)—CufG (&.y)| e dx,
7w J -0
Y, y) = L/m 1 [C 2L Gy - €+ Coeta (& y)] e dx
RGeS R e gy T '

(C.41)

C.6 Application of the Hankel Transformation to Spatial,
Rotation-Symmetric Elasticity Problems

The application of the Hankel transformation with respect to one of the variables allows
the partial differential equation for the stress function F(r, z) to be reduced to an ordi-
nary differential equation. This partial differential equation is obtained by introducing
the Hankel transformation of zero order with respect to the coordinate r to a com-
mon differential equation in z, in which the role of the coordinate r is represented by
a parameter &:

G(&,2) = Ho{ LE[ [F(r,2)], r—> &} = /OOF(r, 2)r] (Er)dr
0

The procedure shows parallels to the plane problem when the Fourier transformations
used there are replaced by the Hankel transformation.
For the function F(r, z), 0 < r < o the formula is valid:

/ LR[E(r, 2)r]y(Erdr =

0
[dd—4 —(a+ c)ézd—2 + 54] / F (r,2)r]o(&r)dr. (C.42)
dz* dz’ 0

From the partial differential Eq. (C.28) for F(r, z) follows the ordinary differential
equation for G(¢, z):

[dd—4 —(a+ c)éZd + 54] G(&,z) = (C.43)
dz

The integration of (C.43) provides:
G(£,2) = A(©)e™ = + B)e ™7 + C(ehe* + D()et . (C44)
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Index

a
absolute lowest mass
stress at solid length 230
angle
definitions 162
chamber 160
toe-in 160
anisotropic creep constant
shear strain 321
uniaxial strain 321

b

bending optimization 121

C
camber change
due to flexibility of rear axis
187
car body
bending stiffness 183
dive 183
lateral stiffness 183
local stiffness 183
squat behavior 183
twist stiffness 183
Castigliano’s method 225
compliance steer angle 185
composite material
effective modules 8
engineering constants 8
non-woven fabric 334
unidirectional 334
volume fractions 7

composite twisted driveshaft

Greenhill’s problem 141
torsional buckling 141

conical composite spring 236

anisotropic shell equations 236

axial force 239

circumferential elastic modulus 238

circumferential moment 238

deformed state 235

effective circumferential elastic modulus,
orthotropic 242

extesional and flexural energies 238

free state 232

optimization of stored energy 239

optimizazion of orthotropic spring 241

optimization, orthotropic 243

spring force, orthotropic 243

variational principle 237

constitutive law for laminates

anisotropic laminate with coupling 17

anisotropic laminate without coupling
17

Kelvin’s notation 15

orthotropic laminate without coupling
17

Voigt’s notation 14

coordinate system

earth fixed 161
horizontal 162
local 161
vehicle 161
vehicle fixed 162
wheel 162
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Index

cornering, rollover and suspension
isolation 167
coupling constant
roll angle to steer angle 195
torsion angle to steer angle 194
twist angle to steer angle 200
crack
bridging 60
energy release rate 61
extension resistance 61
fibers rupture 62
fracture toughness 61
matrix rupture 61
creep 319
anisotropic creep function 319
equivalent anisotropic creep stress
321
Norton—-Bailey, anisotropic 321
phenomenological hereditary laws
318
plastic potential, Mises—Hill 320
strain, deviatoric component 320
stress, deviatoric component 320
cross-section
bending moment 219
circular 226,273
elliptic 226
rectangular 226
cyclic load
stress ratio 97

d
debonding
ideal adhesion, free state A 77
ideal contact, stressed state C 78
length of the cylindrical crack in
matrix 78, 84
matrix and fibers 75
partial debonding, stressed state E 79
partial debonding, stressed state D
78
stress intensity factor 92
total debonding, stressed state B 78
degrees of freedom of vehicle 163
directrix 132, 232, 290
drapability 334
dynamic stability method 265

e

energy release rate
fibers rupture 62
matrix rupture 62

equivalent beam 255
bending moment 258
Bernoully-type model 255
centerline 255
deflection, dimensionless 263
degree of compression 263
displacement

due to bending moment 256
due to shear force 256

dynamic equations 258
external force 258
length, dimensionless 263
meander spring 292
shear force 258
slenderness ratio 263
static equations 257

stiffness
bending 257
shear 257

Timoshenko-type model 255
torque 258

f

Failure criterion

compatibility conditions 32

composites 22

Cuntze 36

delamination criterion 35

differentiating criterion 33

fiber break 33

Goldenblat—Kopnov 27

Hashin 33

intermediate fiber break criterion 33

isotropic homogenous materials 21

maximum averaged stresses 23

Mises—Hill, Kelvin’s notation 26

Mises—Hill, pressure sensitive, Kelvin’s
notation 26

Mises—Hill, pressure sensitive, Voigt’s
notation 26

Mises—Hill, Voigt’s notation 24

Puck 35

tensor and polynomial 24



tensor-polynomial 27

Tsai-Wu 30
Zacharov 30
fatigue

crack propagation 96
initiation 96
Paris—Erdogan law 96, 98
stages of fracture 96
fibers
aramid 331
axial forces 50
axial stresses 50
carbon 331
cross-section 50
glass 331
pull-out 50
elastic region 54
plastic region 54
rupture 59
shear stress on interface 51
volume concentration 50
Filon problem
contact fiber to matrix 85
infinite cylinder, fiber material 84
infinite cylindrical cavity in matrix
85
flexibility constant
front axle 194
rear axle 195
forces and moments, on vehicle 169
front wheel steer 166
Ackermann angle 185

g
generatrix 132, 232, 290

geometry parameter 97

h

helical composite spring
buckling 265
closed-coiled 220
compressed length 223
creep 324

critical compression 265

design value for spring constant 228

dimensionless length 263
dynamical equations 231

effective constants 256, 263

elastic energy 225

energy capacity 223

fundamental frequencies, axial/twist
vibrations, coupled 232

fundamental frequencies, axial/twist
vibrations, decoupled 232

fundamental frequencies, transverce
263

ideal stress at full stroke 228

ideal stress at solid height 228

mass 224

non-cylindrical 225

mass 226

spring rate 226

optimization problem 228

rate 224

relaxation 324

released length 223

slenderness ratio 263, 265

solid length 223

spring rate

axial 226

twist 226

stiffness 224

symmetric stacking 264
buckling 266

frequency 264

torsion 219

travel 224

work of applied forces 223

helical composite spring wire

length 225
mass 225
optimal diameter 228

hereditary mechanics 317
Hooke’s law

isotropic materials 5

Kelvin’s notation 5

tensor notation 1

tetragonal elastic syngony 5

transversal isotropic materials 341

unidirectional composite material,
Kelvin’s notation 8

unidirectional composite material,
Voigt’s notation 8

Voigt’s notation 2

Index
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Index

i
initial length of crack 98

/

layered anisotropic plate
anisotropic laminate
with coupling 17
without coupling 17
orthotropic laminate 17
layered anisotropic thin-walled beam
closed cross-section 132
open cross-section 18
leaf composite spring 269, 297
absolute lowest mass 275
circular cross-section 273
rectangular cross-section 273
creep 326
cross-section, rectangular 272
elastic energy stored 272
mass 272
relaxation 325
simply supported 271
spring rate 272
ultimate bending stress 272
wheel-guided transverse 280
leaf-tension composite spring 275
force 277
stress 278
length of plastic zone 55

m

material density 224

matrix
termoplastics 333
termosetting plastics 333

maximization of loading capacity

113

meander spring
bending stiffness 303
buckling stability 305
directrix 294
effective constants 293
equivalent beam 292
fiber orientation 293
multiarc design 294
multiarc parameter 295
sinusoidal design 299

sinusoidal parameter 299
spring rate, compression 292
modulus, shear 224

n
natural frequency 263

(o]
optimization
elastic energy density 110
specific 110
elastic energy
maximum 106
minimum 106
plate pure bending 124
specific ultimate 118,119
strength, maximum 112
strength, maximum, plate pure
bending 124
ultimate elastic energy 117
plate pure bending 125
ultimate stored energy 116
plate pure bending 124
ultimate strength 114
specific 114
oversteer
due to flexibility of rear axis 187

p

Pacejka magic formula 169
path radius
Ackermann radius 184
flexible rear axis 185
rigid rear axis 184
plastic potential
Mises—Hill, anisotropic 320
propagation function
unified 98
propagation law
common form 97
Paris—-Erdogan 98

r

rear thread 192,202, 282

rear track width 192, 202, 282

rear wheel steering induced angle
due to side forces 187



relaxation function
bending 326
helical spring 324
twist, circular shaft 323

roll
angle 162,193
center 160

spring rate 193, 201, 201, 282
rolling moment 192, 193
rotary motion effect 255
rotationally symmetric crack 65
rupture plane 51

S
section modulus

torsion 225
separation surface 52
sideslip angle

coupling 196

of vehicle 173
skew

compliance of tire 193

stiffness of tire 170, 193
slip 167
angle of wheel 167,170, 173,
193

circumferential 167
longitudinal 168
u-slip curve 168
total 168
transverse 168
spring rate, axle
lateral 202
roll 201, 282
vertical 281
steer compliance 185
steer angle
Ackermann 197
coupling 196
and flexible stiffness 197
flexible side stiffness of axles 197
full compensation 199
Stiffness configuration
Circumferentially Asymmetric (CAS)
18, 190, 205
Circumferentially Uniform (CUS)
18, 190, 205

Index

stiffness constant
front axle 194
rear axle 195

stress
basic 224
uncorrected 224

stress intensity factor
debonding 94
maximum 97
mean value 97
minimum 97
range 97

stress per cycle
maximum 97
minimum 97

range 97
surface
developable 290
ruled 290
scroll 290
suspension

independent axle 155
kinematics 159
semi-independent axle 155
solid axle 155

t
textiles 334
thin-walled beam with closed cross-section
boundary conditions 138
ideal fixing 138
ideally freeend 138
intermediate type 140
cases of symmetry 140
directrix 132
elastic energy 136
equations of deformation 135
equations of equilibrium 136
generatrix 132
governing equations 137
kinematic hypothesis 133
torque, optimization 121
track radius
absolutely rigid suspension 187
flexible rear axle 187
trailing arm length 202
transformation of Hooke’s law
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Index

transformation of Hooke’s law (contd.)

27 rank matrix notation 12
27 rank tensor notation 13
4 rank tensor notation 11
Kelvin’s notation 13
Voigt’s notation 12
transformation of Mises—Hill criterion
Kelvin’s notation 37
Voigt’s notation 38
transformation of plate stiffness
27 rank matrix notation 15
2" rank tensor notation 16
Kelvin’s notation 16
Voigt’s notation 15
transverse leaf composite spring
elastic energy stored, roll 282
elastic energy, symmetric 280
roll spring rate 282
vertical spring rate 281
transverse vibrations, 258
twist angle of cross-member 200
twist-beam axle
camber stiffness 202
countersteering, anisotropic 191
countersteering, mechanical 189
lateral stiffness 202
twisted shaft, relaxation 322

"4
vehicle dynamics
bicycle model
linear 174
classification of self-steering behavior
176
dedicated bicycle model 187,191
dedicated single-track model 187,
191
oscillatory instability 181
oscillatory stability 180
required steer angle 175
single-track model 170, 186
linear 174
steer angle gradient 175
viscoelasticity 318

170, 186

w

wheel base 174

wire cross-section

area 256

circular 256

mass per unit length 256
stiffness bending
in binormal direction 256
in normal direction 256
twist 256



