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Virginia Polytechnic Institute and State University



http://taylorandfrancis.com


Contents

Preface xv

List of Symbols xxv

List of Examples xxxiii

Acknowledgment xxxv

1 Introduction 1
1.1 Basic Concepts . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Design Process . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.3 Composites Design Methods . . . . . . . . . . . . . . . . . . . . . . . 8
1.4 Fracture Mechanics . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
1.5 Design for Reliability . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

1.5.1 Stochastic Representation . . . . . . . . . . . . . . . . . . . . 13
1.5.2 Reliability-Based Design . . . . . . . . . . . . . . . . . . . . . 16
1.5.3 Load and Resistance Factor Design . . . . . . . . . . . . . . . 18
1.5.4 Determination of Resistance Factors . . . . . . . . . . . . . . 20
1.5.5 Determination of Load Factors . . . . . . . . . . . . . . . . . 21
1.5.6 Basis Values . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
1.5.7 Limit States Design . . . . . . . . . . . . . . . . . . . . . . . 27

Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

2 Materials 37
2.1 Fiber Reinforcements . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
2.2 Fiber Types . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

2.2.1 Glass Fibers . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
2.2.2 Silica and Quartz Fibers . . . . . . . . . . . . . . . . . . . . . 40
2.2.3 Carbon Fibers . . . . . . . . . . . . . . . . . . . . . . . . . . 41
2.2.4 Carbon Nanotubes . . . . . . . . . . . . . . . . . . . . . . . . 43
2.2.5 Organic Fibers . . . . . . . . . . . . . . . . . . . . . . . . . . 45
2.2.6 Boron Fibers . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
2.2.7 Ceramic Fibers . . . . . . . . . . . . . . . . . . . . . . . . . . 46
2.2.8 Basalt Fibers . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
2.2.9 Metallic Fibers . . . . . . . . . . . . . . . . . . . . . . . . . . 47

vii



viii Introduction to Composite Materials Design

2.2.10 Natural Fibers . . . . . . . . . . . . . . . . . . . . . . . . . . 47
2.3 Fiber-Matrix Compatibility . . . . . . . . . . . . . . . . . . . . . . . 48
2.4 Fiber Forms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

2.4.1 Continuous and Discontinuous Fibers . . . . . . . . . . . . . 49
2.4.2 1D Textiles: Strand, Tow, End, Yarn, and Roving . . . . . . 51
2.4.3 2D Textiles: Fabrics . . . . . . . . . . . . . . . . . . . . . . . 53

2.5 Matrix Materials . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56
2.6 Thermoset Matrices . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

2.6.1 Polyester Resins . . . . . . . . . . . . . . . . . . . . . . . . . 60
2.6.2 Vinyl Ester Resins . . . . . . . . . . . . . . . . . . . . . . . . 62
2.6.3 Epoxy Resins . . . . . . . . . . . . . . . . . . . . . . . . . . . 62
2.6.4 Phenolic Resins . . . . . . . . . . . . . . . . . . . . . . . . . . 63

2.7 Thermoplastic Matrices . . . . . . . . . . . . . . . . . . . . . . . . . 64
2.8 Biodegradable Matrices . . . . . . . . . . . . . . . . . . . . . . . . . 64
2.9 Creep, Temperature, and Moisture . . . . . . . . . . . . . . . . . . . 65
2.10 Corrosion Resistance . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
2.11 Flammability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

3 Manufacturing Processes 85
3.1 Hand Layup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
3.2 Prepreg Layup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88
3.3 Bag Molding . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89
3.4 Autoclave Processing . . . . . . . . . . . . . . . . . . . . . . . . . . . 90
3.5 Compression Molding . . . . . . . . . . . . . . . . . . . . . . . . . . 92
3.6 Resin Transfer Molding . . . . . . . . . . . . . . . . . . . . . . . . . 93
3.7 Vacuum-Assisted Resin Transfer Molding . . . . . . . . . . . . . . . 95
3.8 Pultrusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97
3.9 Filament Winding . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99
3.10 Textile Manufacturing . . . . . . . . . . . . . . . . . . . . . . . . . . 102

3.10.1 Woven Fabrics . . . . . . . . . . . . . . . . . . . . . . . . . . 102
3.10.2 Knitted Fabrics . . . . . . . . . . . . . . . . . . . . . . . . . . 103
3.10.3 Braid Fabrics . . . . . . . . . . . . . . . . . . . . . . . . . . . 104
3.10.4 Stitched Fabrics . . . . . . . . . . . . . . . . . . . . . . . . . 104

Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

4 Micromechanics 107
4.1 Basic Concepts . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

4.1.1 Volume and Mass Fractions . . . . . . . . . . . . . . . . . . . 108
4.1.2 Representative Volume Element . . . . . . . . . . . . . . . . . 110
4.1.3 Heterogeneous Material . . . . . . . . . . . . . . . . . . . . . 112
4.1.4 Anisotropic Material . . . . . . . . . . . . . . . . . . . . . . . 112
4.1.5 Orthotropic Material . . . . . . . . . . . . . . . . . . . . . . . 113
4.1.6 Transversely Isotropic Material . . . . . . . . . . . . . . . . . 113
4.1.7 Isotropic Material . . . . . . . . . . . . . . . . . . . . . . . . 113



Table of Contents ix

4.2 Stiffness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113
4.2.1 Longitudinal Modulus . . . . . . . . . . . . . . . . . . . . . . 114
4.2.2 Transverse Modulus . . . . . . . . . . . . . . . . . . . . . . . 116
4.2.3 In-Plane Poisson’s Ratio . . . . . . . . . . . . . . . . . . . . . 117
4.2.4 In-Plane Shear Modulus . . . . . . . . . . . . . . . . . . . . . 118
4.2.5 Intralaminar Shear Modulus . . . . . . . . . . . . . . . . . . . 121
4.2.6 Restrictions on the Elastic Constants . . . . . . . . . . . . . . 122

4.3 Moisture and Thermal Expansion . . . . . . . . . . . . . . . . . . . . 123
4.3.1 Thermal Expansion . . . . . . . . . . . . . . . . . . . . . . . 123
4.3.2 Moisture Expansion . . . . . . . . . . . . . . . . . . . . . . . 125
4.3.3 Transport Properties . . . . . . . . . . . . . . . . . . . . . . . 126

4.4 Temperature-Dependent Properties . . . . . . . . . . . . . . . . . . . 127
4.4.1 Micromechanics of CTE . . . . . . . . . . . . . . . . . . . . . 127
4.4.2 Temperature Dependence . . . . . . . . . . . . . . . . . . . . 128

4.5 Strength . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131
4.5.1 Longitudinal Tensile Strength . . . . . . . . . . . . . . . . . . 132
4.5.2 Longitudinal Compressive Strength . . . . . . . . . . . . . . . 135
4.5.3 Transverse Tensile Strength . . . . . . . . . . . . . . . . . . . 136
4.5.4 Mode I Fracture Toughness . . . . . . . . . . . . . . . . . . . 137
4.5.5 In-Plane Shear Strength . . . . . . . . . . . . . . . . . . . . . 139
4.5.6 Mode II Fracture Toughness . . . . . . . . . . . . . . . . . . . 141
4.5.7 Transverse Compressive Strength . . . . . . . . . . . . . . . . 142
4.5.8 Mohr–Coulomb Failure . . . . . . . . . . . . . . . . . . . . . 142
4.5.9 Intralaminar Shear Strength . . . . . . . . . . . . . . . . . . . 146

Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147

5 Ply Mechanics 151
5.1 Coordinate Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . 151
5.2 Stress and Strain . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151

5.2.1 Stress . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152
5.2.2 Strain . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155

5.3 Stress–Strain Equations . . . . . . . . . . . . . . . . . . . . . . . . . 156
5.4 Off-Axis Stiffness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161

5.4.1 Coordinate Transformations . . . . . . . . . . . . . . . . . . . 161
5.4.2 Stress and Strain Transformations . . . . . . . . . . . . . . . 162
5.4.3 Stiffness and Compliance Transformations . . . . . . . . . . . 166
5.4.4 Specially Orthotropic Lamina . . . . . . . . . . . . . . . . . . 169

Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 170

6 Macromechanics 173
6.1 Plate Stiffness and Compliance . . . . . . . . . . . . . . . . . . . . . 174

6.1.1 Assumptions . . . . . . . . . . . . . . . . . . . . . . . . . . . 174
6.1.2 Strains . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 176
6.1.3 Stress Resultants . . . . . . . . . . . . . . . . . . . . . . . . . 179
6.1.4 Plate Stiffness and Compliance . . . . . . . . . . . . . . . . . 180



x Introduction to Composite Materials Design

6.2 Computation of Stresses . . . . . . . . . . . . . . . . . . . . . . . . . 185
6.3 Common Laminate Types . . . . . . . . . . . . . . . . . . . . . . . . 187

6.3.1 Laminate Description . . . . . . . . . . . . . . . . . . . . . . 187
6.3.2 Symmetric Laminates . . . . . . . . . . . . . . . . . . . . . . 188
6.3.3 Antisymmetric Laminate . . . . . . . . . . . . . . . . . . . . 189
6.3.4 Balanced Laminate . . . . . . . . . . . . . . . . . . . . . . . . 189
6.3.5 Quasi-isotropic Laminates . . . . . . . . . . . . . . . . . . . 190
6.3.6 Cross-Ply Laminate . . . . . . . . . . . . . . . . . . . . . . . 193
6.3.7 Angle-Ply Laminate . . . . . . . . . . . . . . . . . . . . . . . 194
6.3.8 Specially Orthotropic Laminate . . . . . . . . . . . . . . . . 194

6.4 Laminate Moduli . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 196
6.4.1 Trace-Normalized Moduli . . . . . . . . . . . . . . . . . . . . 197

6.5 Universal Carpet Plots . . . . . . . . . . . . . . . . . . . . . . . . . . 199
6.5.1 Homogenization . . . . . . . . . . . . . . . . . . . . . . . . . 204
6.5.2 Membrane-Controlled design . . . . . . . . . . . . . . . . . . 205
6.5.3 Bending-Controlled design . . . . . . . . . . . . . . . . . . . . 210

6.6 Hygrothermal Stress . . . . . . . . . . . . . . . . . . . . . . . . . . . 213
Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 221

7 Strength 227
7.1 Lamina Failure Criteria . . . . . . . . . . . . . . . . . . . . . . . . . 230

7.1.1 Strength Ratio . . . . . . . . . . . . . . . . . . . . . . . . . . 230
7.1.2 Maximum Stress Criterion . . . . . . . . . . . . . . . . . . . . 231
7.1.3 Maximum Strain Criterion . . . . . . . . . . . . . . . . . . . 233
7.1.4 Interacting Failure Criterion . . . . . . . . . . . . . . . . . . . 236
7.1.5 Hygrothermal Failure . . . . . . . . . . . . . . . . . . . . . . 242

7.2 First Ply Failure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 243
7.2.1 In Situ Strength . . . . . . . . . . . . . . . . . . . . . . . . . 246

7.3 Last Ply Failure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 252
7.3.1 Ply Discount . . . . . . . . . . . . . . . . . . . . . . . . . . . 252
7.3.2 Truncated-Maximum-Strain Criterion . . . . . . . . . . . . . 255

7.4 Laminate Strength . . . . . . . . . . . . . . . . . . . . . . . . . . . . 261
7.4.1 Universal Carpet Plots: In-Plane Strength . . . . . . . . . . . 262

7.5 Stress Concentrations . . . . . . . . . . . . . . . . . . . . . . . . . . 271
7.5.1 Notched Plate under In-Plane Load . . . . . . . . . . . . . . 273

Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 278

8 Damage 283
8.1 Continuum Damage Mechanics . . . . . . . . . . . . . . . . . . . . . 283
8.2 Longitudinal Tensile Damage . . . . . . . . . . . . . . . . . . . . . . 285
8.3 Longitudinal Compressive Damage . . . . . . . . . . . . . . . . . . . 288
8.4 Transverse Tension and In-Plane Shear . . . . . . . . . . . . . . . . . 292

8.4.1 Limitations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 295
8.4.2 Approximations . . . . . . . . . . . . . . . . . . . . . . . . . . 295
8.4.3 Displacement Field . . . . . . . . . . . . . . . . . . . . . . . . 296



Table of Contents xi

8.4.4 Strain Field . . . . . . . . . . . . . . . . . . . . . . . . . . . . 297
8.4.5 Laminate Reduced Stiffness . . . . . . . . . . . . . . . . . . . 297
8.4.6 Lamina Reduced Stiffness . . . . . . . . . . . . . . . . . . . . 297
8.4.7 Fracture Energy . . . . . . . . . . . . . . . . . . . . . . . . . 298
8.4.8 Solution Algorithm . . . . . . . . . . . . . . . . . . . . . . . . 299
8.4.9 Lamina Iterations . . . . . . . . . . . . . . . . . . . . . . . . 300
8.4.10 Laminate Iterations . . . . . . . . . . . . . . . . . . . . . . . 300

Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 301

9 Fabric-reinforced Composites 303
9.1 Weave Pattern Description . . . . . . . . . . . . . . . . . . . . . . . 303
9.2 Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 307
9.3 Tow Properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 310
9.4 Element Stiffness and Constitutive Relationship . . . . . . . . . . . . 315

9.4.1 Bending-Restrained Model . . . . . . . . . . . . . . . . . . . 315
9.4.2 Bending-Allowed Model . . . . . . . . . . . . . . . . . . . . . 317

9.5 Laminate Properties . . . . . . . . . . . . . . . . . . . . . . . . . . . 318
9.5.1 Elastic Constants . . . . . . . . . . . . . . . . . . . . . . . . . 318
9.5.2 Thermal and Moisture Expansion Coefficients . . . . . . . . . 319

9.6 Failure Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 321
9.6.1 Stress Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . 321
9.6.2 Damage Initiation, Evolution, and Fracture . . . . . . . . . . 323
9.6.3 Cross-Ply Approximation . . . . . . . . . . . . . . . . . . . . 327

9.7 Woven Fabrics with Gap . . . . . . . . . . . . . . . . . . . . . . . . . 331
9.8 Twill and Satin . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 333

9.8.1 Twill Weave with ng > 2, ns = 1, ni = 1 . . . . . . . . . . . . 334
9.8.2 Twill Weave with ns = 1 . . . . . . . . . . . . . . . . . . . . . 337
9.8.3 Satin Weave with ni = 1 . . . . . . . . . . . . . . . . . . . . . 338
9.8.4 Twill and Satin Thermo-Elastic Properties . . . . . . . . . . 340

9.9 Randomly Oriented Reinforcement . . . . . . . . . . . . . . . . . . . 341
9.9.1 Elastic Moduli . . . . . . . . . . . . . . . . . . . . . . . . . . 342
9.9.2 Strength . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 343

Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 344

10 Beams 351
10.1 Preliminary Design . . . . . . . . . . . . . . . . . . . . . . . . . . . . 353

10.1.1 Design for Deflections . . . . . . . . . . . . . . . . . . . . . . 356
10.1.2 Design for Strength . . . . . . . . . . . . . . . . . . . . . . . 357
10.1.3 Design for Buckling . . . . . . . . . . . . . . . . . . . . . . . 359
10.1.4 Column Behavior . . . . . . . . . . . . . . . . . . . . . . . . . 360

10.2 Thin-Walled Beams . . . . . . . . . . . . . . . . . . . . . . . . . . . 362
10.2.1 Wall Constitutive Equations . . . . . . . . . . . . . . . . . . . 366
10.2.2 Neutral Axis of Bending and Torsion . . . . . . . . . . . . . . 368
10.2.3 Axial Stiffness . . . . . . . . . . . . . . . . . . . . . . . . . . 370
10.2.4 Mechanical Center of Gravity . . . . . . . . . . . . . . . . . . 371



xii Introduction to Composite Materials Design

10.2.5 Bending Stiffness . . . . . . . . . . . . . . . . . . . . . . . . . 372
10.2.6 Torsional Stiffness . . . . . . . . . . . . . . . . . . . . . . . . 378
10.2.7 Shear of Open Sections . . . . . . . . . . . . . . . . . . . . . 380
10.2.8 Shear of Single-Cell Closed Section . . . . . . . . . . . . . . . 389
10.2.9 Beam Deformations . . . . . . . . . . . . . . . . . . . . . . . 391
10.2.10 Segment Deformations and Stresses . . . . . . . . . . . . . . 392
10.2.11 Restrained Warping of Open Sections . . . . . . . . . . . . . 395

Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 396

11 Plates and Stiffened Panels 399
11.1 Plate Bending . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 400

11.1.1 Universal Carpet Plots: Flexural Strength . . . . . . . . . . . 400
11.2 Plate Buckling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 403

11.2.1 All Edges Simply Supported . . . . . . . . . . . . . . . . . . . 404
11.2.2 All Sides Clamped . . . . . . . . . . . . . . . . . . . . . . . . 406
11.2.3 One Free Edge . . . . . . . . . . . . . . . . . . . . . . . . . . 406
11.2.4 Biaxial Loading . . . . . . . . . . . . . . . . . . . . . . . . . . 407
11.2.5 Fixed Unloaded Edges . . . . . . . . . . . . . . . . . . . . . . 407

11.3 Stiffened Panels . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 408
11.3.1 Stiffened Panels under Bending Loads . . . . . . . . . . . . . 409
11.3.2 Stiffened Panel under In-Plane Loads . . . . . . . . . . . . . 414

Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 420

12 Shells 423
12.1 Shells of Revolution . . . . . . . . . . . . . . . . . . . . . . . . . . . 425

12.1.1 Symmetric Loading . . . . . . . . . . . . . . . . . . . . . . . . 426
12.2 Cylindrical Shells with General Loading . . . . . . . . . . . . . . . . 434
Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 440

13 Strengthening of Reinforced Concrete 443
13.1 Strengthening Design . . . . . . . . . . . . . . . . . . . . . . . . . . . 445
13.2 Materials . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 447

13.2.1 Concrete . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 448
13.2.2 Steel Reinforcement . . . . . . . . . . . . . . . . . . . . . . . 449
13.2.3 FRP . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 449

13.3 Flexural Strengthening of RC Beams . . . . . . . . . . . . . . . . . . 449
13.3.1 Unstrengthened Behavior . . . . . . . . . . . . . . . . . . . . 450
13.3.2 Strengthened Behavior . . . . . . . . . . . . . . . . . . . . . . 450
13.3.3 Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 451
13.3.4 Strong Strengthening Configuration (SSC) . . . . . . . . . . . 453
13.3.5 Weak Strengthening Configuration (WSC) . . . . . . . . . . . 455
13.3.6 Balanced Strengthening Configuration (BSC) . . . . . . . . . 457
13.3.7 Serviceability Limit States . . . . . . . . . . . . . . . . . . . 458
13.3.8 Summary Design Procedure: Bending . . . . . . . . . . . . . 464

13.4 Shear Strengthening . . . . . . . . . . . . . . . . . . . . . . . . . . . 469



Table of Contents xiii

13.4.1 Summary Design Procedure: Shear . . . . . . . . . . . . . . . 473
13.5 Beam-Column . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 476

13.5.1 Column: Pure Axial Compression . . . . . . . . . . . . . . . 477
13.5.2 Summary Design Procedure: Column . . . . . . . . . . . . . 480
13.5.3 Beam-Column: Combined Axial Compression and Bending . 483
13.5.4 Summary Verification Procedure: Beam-Column . . . . . . . 489

Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 498

Appendix A 501
A.1 SCILAB Code for Classical Lamination Theory . . . . . . . . . . . . 501
A.2 Periodic Microstructure Micromechanics . . . . . . . . . . . . . . . . 501
A.3 Longitudinal Compressive Strength . . . . . . . . . . . . . . . . . . . 504

Bibliography 511

Index 525



http://taylorandfrancis.com


Preface to the Third Edition

Design with composite materials is conducted in a two-step process: preliminary de-
sign and detailed analysis. In large aerospace companies, once preliminary design is
done, the project is handed over to the detailed analysis team, but in most other in-
dustries the whole process is done by the same person or the same team. Preliminary
design is covered by this textbook. The online software cadec-online.com is help-
ful for that as well. Detailed analysis is covered by companion textbooks: Finite
Element Analysis of Composites Materials Using Abaqus [1] and Finite Element
Analysis of Composites Materials Using ANSYS [2]. Together, these textbooks
cover all mechanics aspects of the design including deformation and strength. Other
topics that might be relevant depending on the application are covered in Multifunc-
tional Composites [3].

The second edition of this textbook has been on the market for seven years. In
that time, it has being broadly adopted for both self-study and teaching in senior
undergraduate and master programs worldwide. This third edition has been updated
to incorporate the latest state-of-the-art analysis techniques for the preliminary
design of composite structures, including universal carpet plots, reliability, basis
values, temperature dependent properties, and many others.

Furthermore, revisions have been highly focused on making the textbook easier
to use. The content has been streamlined for teaching, with updates, substitutions,
and reorganizations aimed at making the content more practical and pertinent to
industry needs. All examples have been revised and new examples have been added,
including cylindrical and spherical pressure vessels, domes, flywheels, notched plates
with stress concentration and notch sensitivity, pipes, shafts, stiffened panels, and
tanks. Material property tables have been revised and expanded, both in depth and
breadth of content. Scilab source code for most examples is now available on the
companion Website [4], and the online software cadec-online.com has been updated
to reflect the changes and enhancements of this third edition.

Like previous editions, this one remains a textbook for senior-level undergraduate
students and practicing engineers. Therefore, the discussion is based on math and
mechanics of materials background that is common by the senior year, avoiding
tensor analysis and other mathematical constructs typical of graduate school. With
the same aim, the sign convention for bending moment and transverse shear has
been changed to make it compatible with classical mechanics of materials textbooks
that are used in undergraduate courses, thus eliminating a source of confusion.

xv
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As in previous editions, the textbook contains much more content than what
can be taught in one semester. Therefore, some sections are marked with (*) to
indicate that they can be omitted during a first reading, but are recommended for
further study and reference.

The textbook now contains 88 fully developed examples (13% increase over the
second edition), 204 end-of-chapter problems (22% increase), 49 completely revised
and augmented tables including material properties and other practical information
(36% increase), 177 figures, and 300 bibliographic citations. The solution’s manual
(available to instructors) has been completely revamped with detailed solutions and
explanations. Since the solution’s manual is not available for self-study, a supple-
mentary workbook with a different set of fully solved problems is available for the
second edition [5] and will be soon available for the third edition [6]. The solutions
in both workbooks make reference to the respective editions of this textbook.

I trust that many students, practicing engineers, and instructors will find this
edition to be even more useful than the previous one.

Ever J. Barbero, 2017



Preface to the Second Edition

It has been over ten years since the first edition appeared. In the meantime, uti-
lization of composites has increased in almost every market. Boeing’s 787 main
technological advance is based on widespread incorporation of composites, account-
ing for about 50% of the aircraft. Its use allows the plane to be lighter and conse-
quently more fuel efficient. It also allows higher moisture content in the cabin, thus
increasing passenger comfort. Cost and production time still hamper utilization of
composites in the automotive sector, but as in all other industries, there is a re-
lentless transformation from using conventional to composite materials in more and
more applications.

Increased utilization of composites requires that more and more engineers be able
to design and fabricate composite structures. As a result, practicing engineers and
students are equally interested in acquiring the necessary knowledge. This second
edition incorporates the advances in knowledge and design methods that have taken
place over the last ten years, yet it maintains the distinguishing features of the first
edition. Like the first edition, it remains a textbook for senior-level undergraduate
students in the engineering disciplines and for self-studying, practicing engineers.
Therefore, the discussion is based on math and mechanics of materials background
that is common by the senior year, avoiding tensor analysis and other mathematical
constructs typical of graduate school.

Seventy-eight fully developed examples are distributed throughout the textbook
to illustrate the application of the analysis techniques and design methodology pre-
sented, making this textbook ideally suited for self-study. All examples use material
property data and information available in thirty-five tables included in the text-
book. One hundred and sixty-eight illustrations, including twelve carpet plots, aid
in the explanation of concepts and methodologies. Additional information is pro-
vided in the Website [4]. Finally, one hundred and sixty-seven exercises at the end
of chapters will challenge the reader and provide opportunity for testing the level of
proficiency achieved while studying.

The experiences of instructors from all over the world have confirmed that Chap-
ters 1 to 7 can be taught in a one-semester undergraduate course, assigning Chapters
2 and 3 for independent reading. Those seven chapters remain in the same order
in this second edition. Since they have been expanded to accommodate new infor-
mation, a number of sections have been marked with an (*) to indicate topics that
could be skipped on an introductory course, at the instructor’s discretion.

Experience from self-taught practitioners all over the world demanded to main-
tain the ten chapters from the first edition, including composite beams, plates, and
shells, as well as to add new topics such as fabric-reinforced composites and exter-
nal strengthening of concrete. Therefore, all ten chapters from the first edition have
been revised, updated, and expanded. Three additional chapters have been added,
expanding significantly the coverage of analysis and design of practical composite
applications. From the material in Chapters 8 to 13, an instructor/reader can pick
topics for special projects or tailor a follow-up graduate course. One such course,
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structural composites design, is now taught at several universities in the United
States as an advanced-undergraduate/introductory-graduate course.

Two new topics, design for reliability and fracture mechanics, are now introduced
in Chapter 1 and applied throughout the book. The composite property tables in
Chapter 1 have been expanded in order to support an expanded set of examples
throughout the book.

Chapter 2 is thoroughly revised and updated, including new information on
modern fibers, carbon nanotubes, and fiber forms such as textiles. A new section
on fabric-reinforcement serves as introduction for the new Chapter 9 on Fabric-
Reinforced Composites. More material properties for fibers and matrices are given
in the tables at the end of Chapter 2, to support the revised and expanded set of
examples throughout the book.

Chapters 3, 5, and 6 sustained the least changes. Chapter 3 was revised and
updated with a new section on Vacuum Assisted Resin Transfer Molding (VARTM).

Major advances in prediction of unidirectional-lamina properties were incorpo-
rated in Chapter 4, which, as a result, is heavily updated and expanded. For exam-
ple, prediction of fracture toughness in modes I and II of the unidirectional lamina
are now included, and they serve as background for the discussion about insitu
strength values in Chapter 7. The more complex sections have been rewritten in an
attempt to help the student and the instructor make faster progress through com-
plex material. In each section, a short summary describes the main concepts and
introduces practical formulas for design. This is followed by (*)-labeled sections for
further reading, provided the time allows for it. The sections on prediction of lon-
gitudinal compressive strength, transverse tensile strength, transverse compressive
strength, and in-plane shear strength have been re-written in this way. This layout
allows for in-depth coverage that can be assigned for independent study or be left
for later study. In this way, new topics are added, such as Mohr–Coulomb theory,
as well as mode I and mode II fracture toughness of composites.

Over the last ten years, the most advances have occurred on the understanding of
material failure. Consequently, Chapter 7 has been thoroughly revised to include the
most advanced prediction and design methodologies. As in the first edition, Chapter
7 remains focused on design and can be the ending chapter for an undergraduate
course, perhaps followed by a capstone design project. However, it now transitions
smoothly into Chapter 8, thus providing the transition point to a graduate course
on structural composites design.

Chapters 8 to 13 cover applied composites design topics without resorting to
finite element analysis, which is left for other textbooks used for more advanced
graduate courses [1, 2]. Chapters 8 to 13 are designed for a new course aimed si-
multaneously at the advanced-undergraduate and introductory-graduate levels, but
selected topics can be used to tailor the introductory course for particular audiences,
such as civil engineering, materials engineering, and so on.

Chapter 8 includes the methodology used to perform damage mechanics anal-
ysis of laminated composites accounting for the main damage modes: longitudinal
tension, longitudinal compression, transverse tension, in-plane shear, and transverse
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compression. The methodology allows for the prediction of damage initiation, evolu-
tion, stiffness reduction, stress redistribution among laminae, and ultimate laminate
failure.

Chapter 9 includes an in-depth description of fabric-reinforced composites, in-
cluding textile and nontextile composites. The methodology for analysis of textile-
reinforced composites includes the prediction of damage initiation, evolution, stiff-
ness reduction, and laminate failure.

Chapters 10, 11, and 12 are revised versions of similarly titled chapters in the
first edition. The chapters have been revised to include design for reliability and to
correct a few typos in the first edition.

Finally, Chapter 13 is a new chapter dealing with external strengthening of
reinforced-concrete beams, columns, and structural members subjected to both axial
and bending loads. External strengthening has emerged as the most promising and
popular application of composite materials (called FRP) in the civil engineering
sector. Therefore, this chapter offers an opportunity to tailor a course on composites
for civil engineering students or to inform students from other disciplines about this
new market.

In preparing this second edition, all examples have been revised. The number of
examples has grown from 50 in the first edition to 78 in this one. Also, the exercises
at the end of chapters have been revised. The number of exercises has grown from
115 in the first edition to 167 in this one. I trust that many students, practicing
engineers, and instructors will find this edition to be even more useful than the first
one.

Ever J. Barbero, 2010



Preface to the First Edition

This book deals with the design of structures made of composite materials, also
called composites. With composites, the material and the structure are designed
concurrently. That is, the designer can vary structural parameters, such as geome-
try, and at the same time vary the material properties by changing the fiber orienta-
tion, fiber content, etc. To take advantage of the design flexibility composites offer,
it is necessary to understand material selection, fabrication, material behavior, and
structural analysis. This book provides the main tools used for the preliminary de-
sign of composites. It covers all design aspects, including fiber and matrix selection,
fabrication processes, prediction of material properties, and structural analysis of
beams, plates, shells, and other structures. The subject is presented in a concise
form so that most of the material can be covered in a one-semester undergraduate
course.

This book is intended for senior-level engineering students, and no prior know-
ledge of composites is required. Most textbooks on composites are designed for
graduate courses; they concentrate on materials behavior, leaving structural analysis
and design to be covered by other, unspecified, graduate courses. In this book,
structural analysis and design concepts from earlier courses, such as mechanics of
materials, are used to illustrate the design of composite beams, plates, and shells.

Modern analysis and design methodology have been incorporated throughout
the book, rather than adding a myriad of research-oriented material at the end of
the book. The objective was to update the material that is actually taught in a
typical senior technical-elective course rather than adding reference material that
is seldom taught. In addition, design content is included explicitly to provide the
reader with practical design knowledge, thus better preparing the student for the
workplace. Among the improvements, it is worth mentioning the following: A chap-
ter on materials and a chapter on processing, which emphasize the advantages and
disadvantages of various materials and processes, while explaining materials science
and process-engineering topics with structural-engineering terminology. In Chapter
4, proven micromechanical formulas are given for all the properties required in the
design, as well as reference to the American Society of Testing Materials (ASTM)
standards used for testing. In Chapter 6, shear-deformable lamination theory is
presented in lieu of the obsolete classical lamination theory. In Chapter 7, the
truncated-maximum-strain criterion, widely accepted in the aerospace industry, is
explained in detail. Chapters 10, 11, and 12 present simple, yet powerful methods
for the preliminary design of composite beams, plates, stiffened panels, and shells.
The material in these later chapters does not require, for the most part, any back-
ground beyond that provided by the typical engineering curricula in aerospace, civil,
or mechanical engineering.

Design content is distributed throughout the book in the form of special design-
oriented sections and examples. The presentation emphasizes concepts rather than
mathematical derivations. The objective is to motivate students who are interested
in designing useful products with composites rather than performing research. Every
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final equation in every section is useful in the design process. Most of the equations
needed for design are programmed into the accompanying software to eliminate
the need for tedious computations on part of the students. The software, enti-
tled Computer Aided Design Environment for Composites (CADEC), is a windows
application with an intuitive, web-browser-like graphical user interface, including
a help system fully cross-referenced to the book. Examples are used to illustrate
aspects of the design process. Suggested exercises at the end of each chapter are
designed to test the understanding of the material presented.

Composites design involves synthesis of information about materials, manufac-
turing processes, and stress-analysis to create a useful product. An overview of
the design process as well as composites terminology are introduced in Chapter 1,
followed by a description of materials and manufacturing processes in Chapters 2
and 3. Composites design also involves stress- and deformation-analysis to predict
how the proposed structure/material combination will behave under load. Since a
one-semester course could be spent on analysis alone, an effort has been made in
this book to simplify the presentation of analysis methods, leaving time for design
topics.

Composites design can be accomplished following one of various methodologies
outlined in Chapter 1 and developed throughout Chapters 4 to 7. The instructor
can choose from the various design options described in Section 1.2 to strike a
balance between simplicity and generality. Self-study readers are encouraged to
read through Chapters 4 to 7, with the exception of those sections marked with a
star (*), which can be studied afterward. The book is thoroughly cross-referenced
to allow the reader to consult related material as needed. Since the constituent
materials (fiber and matrix) as well as the manufacturing process influence the
design of a composite structure, the designer should understand the characteristics
and limitations of various materials as well as manufacturing processes used in the
fabrication of composites, which are described in Chapters 2 and 3.

Prediction of composite properties from fiber and matrix data is presented in
Chapter 4. Although composite properties could be obtained experimentally, the
material in Chapter 4 is still recommended as the basis for understanding how
fiber-reinforced materials work. Only those formulas useful in design are presented,
avoiding lengthy derivations or complex analytical techniques of limited practical
use. Some of the more complex formulas are presented without derivations. Deriva-
tions are included only to enhance the conceptual understanding of the behavior of
composites.

Unlike traditional materials, such as aluminum, composite properties vary with
the orientation, having higher stiffness and strength along the fiber direction. There-
fore, the transformations required to analyze composite structures along arbitrary
directions not coinciding with the fiber direction are presented in Chapter 5. Fur-
thermore, composites are seldom used with all the fibers oriented in only one di-
rection. Instead, laminates are created by stacking laminae with fibers in various
orientations to efficiently carry the loads. The analysis of such laminates is presented
in Chapter 6, with numerous design examples.
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While stress-analysis and deformation-controlled design is covered in Chapter
6, failure prediction is presented in Chapter 7. Chapter 7 includes modern mate-
rial, such as the truncated-maximum-strain criterion, which is widely used in the
aerospace industry. Also, a powerful preliminary-design tool, called carpet plots, is
presented in Chapters 6 and 7 and used in examples throughout the book.

The instructor or reader can choose material from Chapters 10 to 12 to tailor
the course to his/her specific preferences. Chapter 10 includes a simple preliminary-
design procedure (Section 10.1) that summarizes and complements the beam-design
examples presented throughout Chapters 4 to 7. In Section 10.2, a novel meth-
odology for the analysis of thin-walled composite sections is presented, which can
be used as part of an advanced course or to tailor the course for aerospace or civil
engineering students. All of the thin-walled beam equations are programmed into
CADEC to eliminate the need for tedious computations or programming by the
students.

Chapter 11 is intended to provide reference material for the preliminary design
of plates and stiffened panels. Rigorous analysis of plate problems has not been in-
cluded because it requires the solution of boundary value problems stated in terms
of partial differential equations, which cannot be tackled with the customary back-
ground of undergraduate students. Similarly, Chapter 12 can be used to tailor a
course for those interested in the particular aspects of composite shells. Again,
complex analytical or numerical procedures have not been included in favor of a
simple, yet powerful membrane-analysis that does not require advanced analytical
or computational skills.

Introduction to Composite Materials Design contains more topics than can be
taught in one semester, but instructors can tailor the course to various audiences.
Flexibility is built primarily into Chapters 2, 3, 10, 11, and 12. Chapters 2 and 3
can be covered in depth or just assigned for reading, depending on the emphasis
given in a particular curriculum. Chapters 10, 11, and 12 begin with simple approx-
imate methods that can be taught quickly, and they evolve into more sophisticated
methods of analysis that can be taught selectively depending on the audience or
be left for future reading. Video references given in Chapter 1 provide an efficient
introduction to the course when hands-on experience with composite manufacturing
is not feasible.

An effort has been made to integrate the material in this book into the under-
graduate curriculum of aerospace, civil, and mechanical engineering students. This
has been done by presenting stress-analysis and structural-design in a similar fash-
ion as covered in traditional, mandatory courses, such as mechanics of materials,
mechanical design, etc. Integration into the existing curriculum allows the students
to assimilate the course content efficiently because they are able to relate it to their
previously acquired knowledge. Furthermore, design content is provided by spe-
cial design-oriented sections of the textbook, as well as by design examples. Both
integration in the curriculum and design content are strongly recommended by en-
gineering educators worldwide, as documented in engineering accreditation criteria,
such as those of Accreditation Board of Engineering Technology (ABET).
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The market for composites is growing steadily, including commodity type appli-
cations in the automotive, civil infrastructure, and other emerging markets. Because
of the growing use of composites in such varied industries, many practicing engineers
feel the need to design with these new materials. This book attempts to reach both
the senior-level engineering student as well as the practicing engineer who has no
prior training in composites. Practicality and design are emphasized in the book,
not only in the numerous examples but also in the material’s explanation. Struc-
tural design is explained using elementary concepts of mechanics of materials, with
examples (beams, pressure vessels, etc.) that resemble those studied in introductory
courses. I expect that many students, practicing engineers, and instructors will find
this to be a useful text on composites.

Ever J. Barbero, 1998
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[β] Bending-extension compliance of a laminate
[δ] Bending compliance of a laminate
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β1, β2 Longitudinal and transverse coefficient of moisture expansion
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ε2t Ultimate transverse tensile strain (strain-to-failure)
ε1c Ultimate longitudinal compressive strain (strain-to-failure)
ε2c Ultimate transverse compressive strain (strain-to-failure)
εfu Ultimate fiber tensile strain (strain-to-failure)
εmu Ultimate matrix tensile strain (strain-to-failure)
ε Strain tensor
εij Strain components in tensor notation
εα Strain components in contracted notation
εeα Elastic strain
εpα Plastic strain
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µ, υ Population mean and variance
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η2, η4, η6 Stress partitioning parameters
ηi = Ei/E Modular ratio in the transformed section method
φ Resistance factor. Also, angle of internal friction
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νxy Laminate Poisson ratio x-y
νA Axial Poisson’s ratio of fibers
νT Transverse Poisson’s ratio of fibers
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√
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F4 Intralaminar shear strength
Fft Apparent fiber tensile strength
Fmt Apparent matrix tensile strength
Fmc Apparent matrix compressive strength
Fms Apparent matrix shear strength
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G Shear modulus of isotropic material
G12 In-plane shear modulus
G23 Transverse shear modulus
GA, GT Axial and transverse shear modulus of fibers
GIc, GIIc Fracture toughness mode I and II
G′ Slope of the universal shear modulus
[H] Transverse shear stiffness of a laminate Hij ; i, j = 4...5
HDT Heat distortion temperature
I Second moment of area
IF Failure Index
M Bending moment applied to a beam
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MT
x ,M

T
y ,M

T
xy Thermal moments per unit length

Nx, Ny, Nxy Membrane forces per unit length at the midsurface of a shell
NT , εT Membrane thermal force and strain caused by thermal expansion
NT
x , N

T
y , N

T
xy Thermal forces per unit length

P Cumulative distribution function (CDF)
Q = 1− P Coverage or reliability, depending on context
[Q] Reduced stiffness matrix in lamina coordinates x1, x2, x3

Q∗ Intralaminar reduced stiffness matrix

Q Reduced stiffness matrix in laminate coordinates X,Y, Z

Q Undamaged reduced stiffness matrix in lamina coordinates

Q̃ Undamaged reduced stiffness matrix in laminate coordinates
QCSM Reduced stiffness of a random-reinforced lamina
R Strength ratio, safety factor
[R] Reuter matrix
Sij 3D compliance matrix
S∗ Intralaminar components of the compliance matrix S
SFT Stress-free temperature [◦C]
Tg Glass transition temperature
T = T (θ) Stress transformation matrix from laminate to lamina coordinates
T−1 = T (−θ) Stress transformation matrix from lamina to laminate coordinates
Vx, Vy Transverse shear forces per unit length at the midsurface of a shell
Vf , Vm Fiber and matrix volume fraction
Vv Void content (volume fraction)
VQC Basis value coefficient with coverage Q and confidence C
Wf ,Wm Fiber and matrix weight fraction

Symbols Related to Fabric-reinforced Composites

θf , θw Undulation angle of the fill and gap tows, respectively
Θf ,Θw Coordinate transformation matrix for fill and gap
af , aw Width of the fill and gap tows, respectively
gf , gw Width of the gap along the fill and gap directions, respectively
hf , hw, hm Thickness of the fill and gap tows, and matrix region, respectively
ng Harness
ns Number of subcells between consecutive interlacings
ni Number of subcells in the interlacing region
zf (x), zw(y) Undulation of the fill and gap tows, respectively
Afill, Awarp Cross-section area of fill and warp tows
Ffa Apparent tensile strength of the fiber
Fmta, Fmsa Apparent tensile and shear strength of the matrix
Lfill, Lwarp Developed length of fill and warp tows
Tf , Tw Stress transformation matrix for fill and gap
V o
f Overall fiber volume fraction in a fabric-reinforced composite

Vmeso Volume fraction of composite tow in a fabric-reinforced composite



List of Symbols xxix

V f
f , V

w
f Volume fraction of fiber in the fill and warp tows

w Weight per unit area of fabric

Symbols Related to Beams

β Rate of twist
φ Angle of twist
λ2 Dimensionless buckling load
ωs Sectorial area
ω Principal sectorial area
ηc, ζc Mechanical shear center
Γs′′ Area enclosed by the contour
eb, eq Position of the neutral surface of bending and torsion
q Shear flow
s, r Coordinates along the contour and normal to it
yc, zc Mechanical shear center
zG, zρ, zM Geometric, mass, and mechanical center of gravity
(EA) Axial stiffness
(EIyG), (EIzG) Mechanical moment of area
(EIyGzG) Mechanical product of area
(EIη), (EIζ) Bending stiffness with respect to principal axis of bending
(Eω) Mechanical sectorial static moment
(EIω) Mechanical sectorial moment of area
(GA) Shear stiffness
(GJR) Torsional stiffness
(EQωζ) Mechanical sectorial linear moment
(EQζ(s)) Mechanical static moment
K Coefficient of restraint
N i
xs Shear flow in segment i

Le Effective length of a column
T Torque
Z = I/c Section modulus

Symbols Related to Strengthening of Reinforced Concrete

α, αi Load factor, partial load factors
αc, βc Stress-block parameters for confined section
β1 Stress-block parameter for unconfined section
εbi Initial strain at the soffit
εc Strain level in the concrete
εcu Ultimate axial strain of unconfined concrete (strain-to-failure)
εccu Ultimate axial compressive strain of confined concrete

(strain-to-failure)
εf Strain level in FRP



xxx Introduction to Composite Materials Design

εfd FRP debonding strain
εfu, εfe FRP allowable and effective tensile strain
ε∗fu FRP strain-to-failure

εs Strain level in the steel reinforcement
εy Steel yield strain
κa FRP efficiency factor in determination of f ′cc
κb FRP efficiency factor in determination of εccu
κv Bond reduction factor
κε FRP efficiency factor
φF Factored capacity
φ Strength reduction factor (resistance factor)
φ(Pn,Mn) Factored (load, moment) capacity
φecc Eccentricity factor
ρf FRP reinforcement ratio
ρg Longitudinal steel reinforcement ratio
ψ Load combination factor
ψf FRP strength reduction factor
c Position of the neutral axis
cb Position of the neutral axis, BSC
bf Width of FRP laminae
b, h Width and height of the beam
d Depth of tensile steel
dfv Depth of FRP shear strengthening
fc,s Compressive stress in concrete at service condition
f ′c Concrete compressive strength, unconfined
f ′cc Concrete compressive strength, confined
ff,s Stress in the FRP at service condition
fl Confining pressure
f∗fu FRP tensile strength

ffu, ffe FRP allowable and effective tensile strength
fs,s Stress in the steel reinforcement at service condition
fy Steel yield strength
h, b Height and width of the cross section
n Number of plies of FRP
nf , ns Number of FRP strips and steel bars in shear
rc Radius of edges of a prismatic cross section confined with FRP
sf , ss FRP and steel spacing in shear
tf Ply thickness of FRP
wf Width of discontinuous shear FRP
Ac Area of concrete in compression
Ae Area of effectively confined concrete
Af Area of FRP
Ag Gross area of the concrete section
Afb Area of FRP, BSC



List of Symbols xxxi

Asi Area of i -th rebar
As(A

′
s) Tensile (compressive) steel reinforcement area

Ast Sum of compressive and tensile steel reinforcement areas
Asv FRP and steel shear area
C Axial compressive force in the concrete
CE Environmental exposure coefficient
D Column diameter
Ec Modulus of concrete
Ef Modulus of FRP
Es Modulus of steel
(EI)cr Bending stiffness of the cracked section
F Nominal capacity (strength)
L Load (applied load, moment, or stress)
Le Active bond length of FRP
Mn Nominal moment capacity
Mu Required moment capacity
Pn Nominal axial compressive capacity (strength)
Pu Required axial strength
SDL Stress resultant of the dead load
SLL Stress resultant of the live load
Ts, Tf Tensile force in steel and FRP
U Required capacity
Vn Nominal shear capacity
Vu Required shear capacity
Vc Nominal shear strength of concrete (C)
Vf Nominal shear strength of FRP (F)
Vs Nominal shear strength of steel stirrups (S)



http://taylorandfrancis.com


List of Examples

Example 1.1, 6
Example 1.2, 8
Example 1.3, 11
Example 1.4, 15
Example 1.5, 18
Example 1.6, 18
Example 1.7, 20
Example 1.8, 21
Example 1.9, 24
Example 1.10, 25
Example 1.11, 26
Example 4.1, 109
Example 4.2, 110
Example 4.3, 110
Example 4.4, 122
Example 4.5, 124
Example 4.6, 135
Example 4.7, 135
Example 4.8, 138
Example 4.9, 142
Example 4.10, 145
Example 5.1, 159
Example 5.2, 160
Example 5.3, 164
Example 5.4, 165
Example 5.5, 165
Example 5.6, 168
Example 5.7, 169
Example 5.8, 169
Example 6.1, 183

Example 6.2, 186
Example 6.3, 191
Example 6.4, 192
Example 6.5, 195
Example 6.6, 203
Example 6.7, 206
Example 6.8, 209
Example 6.9, 217
Example 6.10, 218
Example 7.1, 233
Example 7.2, 239
Example 7.3, 240
Example 7.4, 241
Example 7.5, 245
Example 7.6, 250
Example 7.7, 251
Example 7.8, 253
Example 7.9, 254
Example 7.10, 260
Example 7.11, 266
Example 7.12, 267
Example 7.13, 269
Example 7.14, 270
Example 7.15, 277
Example 8.1, 301
Example 9.1, 327
Example 9.2, 329
Example 9.3, 329
Example 10.1, 355
Example 10.2, 358

Example 10.3, 366

Example 10.4, 373

Example 10.5, 374

Example 10.6, 376

Example 10.7, 379

Example 10.8, 381

Example 10.9, 383

Example 10.10, 388

Example 10.11, 393

Example 10.12, 393

Example 10.13, 394

Example 11.1, 411

Example 12.1, 424

Example 12.2, 427

Example 12.3, 428

Example 12.4, 430

Example 12.5, 431

Example 12.6, 433

Example 12.7, 433

Example 12.8, 436

Example 12.9, 438

Example 12.10, 438

Example 12.11, 439

Example 13.1, 462

Example 13.2, 465

Example 13.3, 473

Example 13.4, 481

Example 13.5, 489

xxxiii



http://taylorandfrancis.com


Acknowledgment

I thank my colleagues and students for their valuable suggestions and contributions
to this textbook. Thanks to Adi Adumitroaie, Julio C. Massa, Fabrizio Greco, and
Paolo Lonetti for their participation in the development of Chapters 9, 10, and 13.
Thanks to Javier Cabrera, David Dittenber, Jim Gauchel, Daneesh McIntosh, and
Alicia Porras for their contributions to sections on fiber and matrix materials; to
Daniel Cortes, Carlos Dávila, Pere Maimi, Sergio Oller, and Girolamo Sgambit-
terra for providing insightful suggestions for sections on damage and failure; and
to Joaquin Gutierrez for his contributions to sections on reliability. Thanks to
the manuscript reviewers: Matt Fox, Jim Harris, Kevin Kelly, Pizhong Qiao, Hani
Salim, Marco Savoia, Malek Turk, Youqi Wang, Ed Wen, Fritz Campo, An Chen,
Joaquin Gutierrez, Xavier Martinez, Pizhong Qiao, Sandro Rivas, and Eduardo
Sosa. Furthermore, thanks to the many teachers and students around the world
that have taught and studied from the previous editions and have pointed out sec-
tions who needed rewriting. My gratitude to my wife, Ana Maria, who typed the
entire manuscript for the first edition, and to my children, Margaret and Daniel,
who maintain that these are not really new editions but rather entirely new books,
or so it seems to them in proportion to the time I have spent on them.

xxxv



http://taylorandfrancis.com


Chapter 1

Introduction

Materials have such an influence on our lives that the historical periods of hu-
mankind have been dominated, and named, after materials. Over the last fifty
years, composite materials, plastics, and ceramics have been the dominant emerg-
ing materials. The volume and number of applications of composite materials have
grown steadily, penetrating and conquering new markets relentlessly. Most of us are
all familiar with fiberglass boats and graphite sporting goods; possible applications
of composite materials are limited only by the imagination of the individual. The
main objective of this book is to help the reader develop the skills required to use
composites for a given application, to select the best material, and to design the
part. A brief description of composites is presented in Section 1.1 and thoroughly
developed in the rest of this book.

There is no better way to gain an initial feeling for composite materials than
actually observing a composite part being fabricated. Laboratory experience or a
video about composite fabrication is most advantageous at this stage. Materials and
supplies to set up for simple composites fabrication as well as videos that teach how
to do it are available from various vendors [7]. Alternatively, a visit to a fabrication
facility will provide the most enlightening initial experience. After that, the serious
work of designing a part and understanding why and how it performs can be done
with the aid of the methods and examples presented in this book, complemented
with further reading and experience. There are several ways to tackle the problems
of analysis and design of composites. These are briefly introduced in Section 1.2
and thoroughly developed in the rest of this book.

1.1 Basic Concepts

A composite material is formed by the combination of two or more distinct ma-
terials to form a new material with enhanced properties. For example, rocks are
combined with cement to make concrete, which is as strong as the rocks it contains
but can be shaped more easily than carving rock. While the enhanced proper-
ties of concrete are strength and ease of fabrication, most physical, chemical, and
processing-related properties can be enhanced by a suitable combination of materi-

1
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als. The most common composites are those made with strong fibers held together
in a binder. Particles or flakes are also used as reinforcements but they are not as
effective as fibers.

The oldest composites are natural. Wood consists of cellulose fibers in a lignin
matrix. Human bone consists of fiber-like osteons embedded in an interstitial bone
matrix. While man-made composites date back to the use of straw-reinforced clay
for bricks and pottery, modern composites use metal, ceramic, or polymer binders
reinforced with a variety of fibers and particles. For example, fiberglass boats are
made of polyester resin reinforced with glass fibers. Sometimes, composites use
more than one type of reinforcement material, in which case they are called hybrids.
For example consider reinforced concrete, a particle-reinforced composite (concrete)
that is further fiber-reinforced with steel rods. Sometimes, different materials are
layered to form an enhanced product, as in the case of sandwich construction where
a light core material is sandwiched between two faces of stiff and strong materials.

Composite materials can be classified in various ways, the main factors being
the following:

• Reinforcement

– Continuous long fibers

∗ Unidirectional fiber orientation

∗ Bidirectional fiber orientation (woven, stitched mat, etc.)

∗ Random orientation (continuous strand mat)

– Discontinuous fibers

∗ Random orientation (e.g., chopped strand mat)

∗ Preferential orientation (e.g., oriented strand board)

– Particles and whiskers

∗ Random orientation

∗ Preferential orientation

• Laminate configuration

– Unidirectional lamina: a single lamina (also called layer or ply), or several
laminas (laminae) with the same material and orientation in all laminas.

– Laminate: several laminas stacked and bonded together, where at least
some laminas have different orientation or material.

– Bulk composites, for which laminas cannot be identified, including bulk
molding compound composites, particle-reinforced composites, and so on.

• Hybrid structure

– Different material in various laminas (e.g., bimetallics)

– Different reinforcement in a lamina (e.g., intermingled boron and carbon
fibers)
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Fiber reinforcement is preferred because most materials are much stronger in
fiber form than in their bulk form. This is attributed to a sharp reduction in the
number of defects in the fibers compared to those in bulk form. The high strength
of polymeric fibers, such as aramid, is attributed to the alignment of the polymer
chains along the fiber as opposed to the randomly entangled arrangement in the
bulk polymer. Crystalline materials, such as graphite, also align along the fiber
length, increasing its strength. Whiskers, which are elongated single crystals, are
extremely strong because the dislocation density of a single crystal is lower than in
the polycrystalline bulk material.

The main factors that drive the use of composites are weight reduction, corro-
sion resistance, and part-count reduction. Other advantages include electromagnetic
transparency, toughening for impact, erosion and wear resistance, acoustic and vi-
bration damping, enhanced fatigue life, thermal/acoustical insulation, low thermal
expansion, low or high thermal conductivity, self-healing, low or high permeability,
fire resistance and fire retardancy, ablation, protection from lightning strikes, mag-
netoelectric response, and more [3].

Weight reduction provides one of the more important motivations for use of
composites in transportation in general and aerospace applications in particular.
Composites are lightweight because both the fibers and the polymers used as matri-
ces have low density. More significantly, fibers have higher values of strength/weight
and stiffness/weight ratios than most materials, as shown in Figure 1.1.

However strong, fibers cannot be used alone (except for cables) because fibers
cannot sustain compression and shear loads. A binder or matrix is thus required
to hold the fibers together. The matrix also protects the fibers from environmental
attack. Therefore, the matrix is crucial for the corrosion resistance of the composite.
Because of the excellent resistance to environmental and chemical attack of polymer
matrices and most fibers, composites have conquered large markets in the chemical
industries, displacing conventional materials such as steel, reinforced concrete, and
aluminum. This trend is expanding into the infrastructure construction and repair
markets as the resistance to environmental degradation of composites is exploited [8].

Since polymers can be molded into complex shapes, a composite part may re-
place many metallic parts that would otherwise have to be assembled to achieve the
same function. Part-count reduction often translates into production, assembly, and
inventory savings that more than compensate for higher material cost.

Since the fibers cannot be used alone and the strength and stiffness of polymers
are negligible when compared to the fibers, the mechanical properties of composites
are lower than the properties of the fibers. Still, composites are stiffer and stronger
than most conventional materials when viewed on a per unit weight basis, as shown
in Figure 1.1 (see data for unidirectional composites in Tables 1.1–1.4). The re-
duction from fiber to composite properties is proportional to the amount of matrix
used. This effect will be thoroughly investigated in Chapter 4.

Since fibers do not contribute to strength in the direction perpendicular to the
fiber direction, and the strength of the matrix is very low, it becomes necessary
to add laminas with various orientations to resist the applied loads. One way to
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Figure 1.1: Comparison of specific strength and stiffness of composite materials and
metals. Reproduced from [9] Fig. 1.15, p. 23, c© (1975) with permission from Taylor
and Francis.1

achieve this is to create a laminate, as shown in Figure 1.2, stacking laminas with
various orientations. Although such a laminate can handle multidirectional loads,
the strength and stiffness per unit weight of the laminate on a given direction are
lower than the corresponding values for a unidirectional composite. This effect,
which is thoroughly investigated in Chapters 5 and 6, is illustrated in Figure 1.1
(see data for biaxial composites in Table 1.5).

Another solution to handle multidirectional loads is to incorporate bidirectional
reinforcements, such as a woven cloth, in each lamina (Chapter 9). The composite
may even be reinforced in such a way that the properties are identical in every
direction. This can be accomplished by using random reinforcing material such as
continuous or chopped strand mat, or using short fibers dispersed in the matrix,
or using quasi-isotropic laminates. Random and short fiber reinforcements are also
used to lower the cost but the properties of such composites are lower than those of
continuous fiber composites.

Filler particles, such as calcium carbonate, can be mixed with the matrix for
weight and/or cost reduction, to delay flame and reduce smoke [3, Ch. 10], and to
reduce the degradation of the polymer by ultraviolet (UV) radiation from sunlight.
However, filler particles are not considered reinforcements; their effect is accounted

1Modulus and Strength in [Kgf/cm2]. Density in [Kg/cm3]. Under gravity load, the numerical
value of kilogram force is numerically equal to kilogram mass [kgf=kg]. Therefore, the specific-value
units are [cm].
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Figure 1.2: Assembly of three laminas into a laminate.

for by modifying the properties of the matrix.

Hybrids are used for many reasons. In one case, glass-reinforced or aramid-
reinforced laminas are placed on the surface of a carbon-reinforced laminate. The
carbon fibers provide stiffness and strength and the glass fibers provide protection
against impact from flying objects or projectiles. In another example, a boron-
reinforced lamina is sandwiched between carbon-reinforced laminas. Boron fibers
provide high compressive strength but they are very expensive and difficult to han-
dle. Therefore, the carbon-reinforced faces provide high tensile strength and simplify
the fabrication while reducing the overall cost. Finally, the most common hybrid
is sandwich construction. A lightweight core, such as foam or honeycomb, is sand-
wiched between two strong and stiff faces. The core separates the two faces so that
the second moment of area I provided by the faces is large, resulting in high bending
stiffness, while the core adds little to the weight and cost of the product.

1.2 Design Process

Design is the process that involves all the decisions necessary to fabricate, operate,
maintain, and dispose of a product. Design begins by recognizing a need. Satisfying
this need, whatever it is, becomes the problem of the designer. The designer, with
the concurrence of the user and other parties involved (marketing, etc.), defines
the problem in engineering as well as in layman’s terms, so that everyone involved
understands the problem. Performance criteria are defined at this stage, meaning
that any solution proposed later will have to satisfy them.

Definition of the problem leads to statements about possible solutions and spec-
ifications of the various ingredients that may participate in the solution to the prob-
lem. Synthesis is the selection of the optimum solution among the many combina-
tions proposed. Synthesis, and design in general, relies on analysis to predict the
behavior of the product before one is actually fabricated.

Analysis uses mathematical models to construct an abstract representation of the
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reality from which the designer can extract information about the likely behavior of
the real product. The optimized solution is then evaluated against the performance
criteria set forth during the definition of the problem. The performance criteria
become the metric by which the performance, or optimality, of any proposed solution
is measured. In optimization jargon, performance criteria become either objective
functions or constraints for the solution. An iterative process takes place as depicted
in Figure 1.3 [10].

Recognition of a Need

Problem Definition / Specifications

Brainstorming / Design Concepts

Synthesis

Analysis / Experiments
Local Optimization

Evaluation

Global Optimization

Presentation

Figure 1.3: Schematics of the design process.

Example 1.1 Choose a material to carry the loads σx = 400 MPa, σy = 100 MPa,
σxy = 200 MPa. This example illustrates a popular methodology used for structural
analysis and design with isotropic materials such as metals.

Solution to Example 1.1 Principal stress design consists of transforming the applied state of
stress (σx,σy,σxy) into two principal stresses (σI , σII), which can be computed using Mohr’s
circle, or

σI =
σx + σy

2
+

√(
σx − σy

2

)2

+ σ2
xy

σII =
σx + σy

2
−

√(
σx − σy

2

)2

+ σ2
xy (1.1)
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The principal stresses are oriented at an angle (Figure 1.4, see also [10])

θ =
1

2
tan−1

(
2σxy

σx − σy

)
(1.2)

with respect to the x, y, coordinate system. The principal axes (I, II) are oriented along the
principal stresses.

Figure 1.4: Mohr’s circle for transformation of stresses.

Using this methodology, compute the principal stresses (1.1) and the orientation of the
maximum principal stress σI with respect to the x-axis (1.2). To simplify the computations
introduce the quantities p, q, and r

p =
σx + σy

2
= 250 MPa

q =
σx − σy

2
= 150 MPa

r =
√
q2 + σ2

xy = 250 MPa

which can be easily identified in the Mohr’s circle as the average stress, one-half the difference
of the two normal stresses, and the radius of the circle, respectively. Then, the principal
stress and their orientation are

σI = p+ r = 500 MPa

σII = p− r = 0

θ =
1

2
tan−1

(
σxy
q

)
= 26.57◦

This means that the load of 500 MPa has to be carried in the direction θ = 26.57◦.
This load can be easily carried by a unidirectional lamina with the fibers oriented at 26.57◦.
From Tables 1.1–1.4, select a material that can carry 500 MPa. Since E-glass/epoxy has a
tensile strength of F1t = 1020 MPa, the safety factor is η = F1t/σI = 2.04.
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The principal stress design method can be used in this case because the shear stress is
zero in principal axes. Then, the largest of σI and σII is compared to the strength of the
material. Principal stress design is very popular for the design of metal structures because
the strength of isotropic materials does not depend on the orientation. But principal stress
design is of limited application to composites design. In this particular case, one would have
to align the fibers precisely at 26.57◦. If the “as manufactured” fiber orientation is different
or the applied loads change after the part has been manufactured, the method is no longer
applicable. The limitations of this method for composites design are further illustrated in
Examples 1.2, 5.1, 5.4, and 5.5.

Scilab code for this example is available on the Website [4].

Example 1.2 In Example 1.1, what happens if the sign of the applied shear stress is
reversed, to σxy = −200 MPa after the structure was built with fiber orientation of 26.57◦?

Solution to Example 1.2 The new values of principal stresses and orientation are: σI =
500, σII = 0, and φ = −26.57◦. Now the principal stress would be applied at 53.13◦ from
the fiber orientation (26.57◦) used to build the structure.

Although there is only one principal stress different from zero, it cannot be compared to
any strength property (tensile or compressive, along or transverse to the fibers) because σI
is not in the fiber direction or at 90◦ with it.

This is the main problem when applying principal stress design to composites. In the
case of metals, the strength is independent of the direction. Therefore, it is always possible
to compare the principal stress with the strength of the material, regardless of the direction
of the principal stress.

For composites, the best option is to compute the stresses in lamina coordinates, that is,
along the fiber direction σ1, transverse to it σ2, and the shear stress σ12, as it is explained
in Section 5.4. Then, these values can be compared with the longitudinal, transverse, and
shear strength of the material (see Example 5.5).

1.3 Composites Design Methods

Composite materials are formed by the combination of two or more materials to
achieve properties (physical, chemical, etc.) that are superior to those of the con-
stituents. The main components of composite materials are the matrix and the
reinforcement. The most common reinforcements are fibers, which provide most
of the stiffness and strength. The matrix binds the fibers together providing load
transfer between fibers and between the composite and the external loads and sup-
ports.

The design of a structural component using composites involves concurrent ma-
terial design and structural design.2 Unlike conventional materials (e.g., steel), the
properties of the composite material can be designed simultaneously with the struc-
tural aspects. Composite properties (e.g., stiffness, thermal expansion, etc.) can be

2Structural design is the design of the geometry of the part, including thickness and so on, as
well as load placement, support conditions, and all aspects that are not material selection.
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varied continuously over a broad range of values, under the control of the designer.
This will become clear in Chapters 4 to 7.

Properties of fibers and matrices are reported separately in Chapter 2. These
properties can be combined using micromechanics formulas presented in Chapter
4 to generate properties for any combination of fibers and matrix. Although mi-
cromechanics can predict the stiffness of a material very well, it is not so accurate
at predicting strength. Therefore, experimental data of strength is very valuable
in design. For this reason, manufacturers and handbooks tend to report composite
properties rather than fiber and matrix properties separately. The problem is that
the reported properties correspond to a myriad of different reinforcements and pro-
cessing techniques, which makes comparison among products very difficult. Typical
properties of unidirectional composites are listed in Tables 1.1–1.4, compiled from
manufacturer’s literature, handbooks, and other sources [11–21].

The design of composites can be done using composite properties, such as those
given in Tables 1.1–1.4, as long as experimental data are available for all types of
fiber/matrix combinations to be used in the laminate. In this case, Chapter 4 can
be skipped, and the analysis proceeds directly from Chapter 5. However, Chapter
4 provides a clear view of how a composite material works and it should not be
disregarded.

While using experimental composite properties eliminates the need for microme-
chanics modeling, it requires a large investment in generating experimental data.
Furthermore, a change of matrix, fiber, or fiber volume fraction later in the design
process invalidates all the basic material data used and requires a new experimental
program for the new material. Most of the time, experimental material properties
are not available for the fiber/matrix/process combination of interest. Then, fiber
and matrix properties, which are readily available from the material supplier, or can
be measured with a few tests, are used in micromechanics (Chapter 4) to predict
lamina properties. This is often done when new materials are being evaluated or in
small companies that do not have the resources to generate their own experimental
data. Then, the accuracy of micromechanics results can be evaluated by doing a few
selected tests. The amount of testing will be determined by the magnitude of the
project and the availability of resources, and in some cases testing may be deferred
until the prototype stage.

Once the properties of individual laminas are known, the properties of a laminate
can be obtained by combining the properties of the laminas that form the laminate
(see Figure 1.1) as explained in Chapter 6. However, the design may start directly
with experimental values of laminate properties, such as those shown in Tables
1.5 and 2.12. These laminate properties can be used to perform a preliminary
design of a structure, as explained in Chapters 6 to 12. Note, however, that the
effects of changing anything (matrix, fiber, processing, etc.) is unknown and any
such change would require to repeat the whole experimental program. The cost of
experimentation is likely to limit the number of different laminates for which data
are available. When laminate properties are not available from an experimental
program, they can be generated using micromechanics and macromechanics.
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1.4 Fracture Mechanics

Strength of materials courses emphasize strength design where the calculated stress
σ is compared to a material property, the strength F , and the design is supposed
to be adequate if F > η σ, where η > 1 is a safety factor. This approach enjoys
popularity because of tradition (it was the first engineering approach) and because
it is simple. However, it suffers from at least two shortcomings. The first is that
it does not take into account the often unknown variability of the applied loads
and unknown variability of material properties. The second is that strength design
does not give good results for brittle materials where not only the applied load and
strength of the material play a role, but also the existing flaw sizes play a prominent
role. The first shortcoming is addressed by employing design for reliability (see
Section 1.5). The second shortcoming is addressed by using fracture mechanics
instead of strength design.

In the fracture mechanics approach, it is recognized that no matter how careful
the manufacturing process is, defects will always be present. Whether these defects
grow into catastrophic cracks or not depends of the size of the defects, the state of
stress to which they are subjected, and the toughness of the material. An energy
approach to fracture mechanics is used in this book.

The energy approach is based on thermodynamics, and as such it states that a
crack will grow only if the total energy in the system after crack growth is less than
the energy before growth. The net energy is the difference between the potential
energy of the system minus the energy absorbed by the material while creating the
crack. The potential energy is composed of elastic strain energy U minus the work
done by the external loads W , i.e., Π = U −W .

The energy absorbed to create a crack in a perfectly elastic material goes into
surface energy γe of the newly formed surfaces. In an elastoplastic material, plastic
dissipation γp also absorbs energy during crack growth. In general, all the dissipative
phenomena occurring during crack growth absorb a combined 2γ [J/m2] of energy
per unit area of new crack A, where the surface area created is twice the crack area
A. The change in potential energy during an increment of crack area A is called
energy release rate (ERR)

G = −dΠ

dA
(1.3)

The energy absorbed per unit crack area created is Gc = 2γ. Therefore, the
fracture criterion states that the crack will not grow as long as

G ≤ Gc (1.4)

In this book, in what is a deviation of classical fracture mechanics nomenclature
[22], Gc is called fracture toughness to convey the idea that the material property
Gc represents the toughness of the material. Note that Gc is independent of the size
and geometry of the specimen used to determine its value [22]. The methodology
used to experimentally measure fracture toughness of composites is described, for
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example, in [23]. Such material property can then be used to predict fracture in
structures of varied size and geometry. Furthermore, classical fracture toughness,
denoted by KIc [22, Sect. 1.3], is proportional to Gc, e.g., for isotropic materials in
a state of plane stress: GIc = K2

Ic/E.

The example below illustrates the fact that fracture is controlled by three factors:
the toughness of the material, the applied load, and the size of the flaw.

Figure 1.5: Beam peeling off from a substrate under the action of a constant applied
load P .

Example 1.3 Consider a beam of width (b) that is peeled of a substrate by the action of
a constant load (P), creating a crack of length (a), as shown in Figure 1.5. Calculate the
energy release rate GI in mode I.

Solution to Example 1.3 The work done by external forces is

W = P∆

and the strain energy is

U =

∫ ∆

0

Pd∆ =
P∆

2

Therefore, the potential energy is

Π = −P∆

2

For a cantilever beam of length a, the tip deflection is

∆ =
Pa3

3EI

where E is the modulus and I = bh3/12 is the second moment of area. Therefore,

Π = −P
2a3

6EI



12 Introduction to Composite Materials Design

For an increment of crack length da, there is an increment of crack area dA = b da,
where b is the width of the beam. Recalling (1.3), the ERR at constant load P is

GI = − dP

dA

∣∣∣∣
P

= −1

b

dP

da

∣∣∣∣
P

=
P 2a2

2bEI

For a given material with fracture toughness Gc, the crack will not grow as long as
G ≤ Gc, or

P 2a2

2BEI
≤ Gc

Unlike strength design, where a stress is compared to a strength value, in fracture
mechanics there are three factors at play: the fracture toughness Gc, the applied load, and
the size of the flaw. In this example, the applied load “P” and flaw size “a” are equally
important, with both affecting the likelihood of crack growth quadratically.

(a) (b)

y
x

(c)

y
x

y
x

y
x

mode I mode II mode III(a) (b)

y
x

(c)

y
x

y
x

y
x

mode I mode II mode III

Figure 1.6: Modes of fracture. Mode I: opening or peeling, mode II: in-plane shear,
mode III: out-of-plane shear.

Besides the typical opening mode I, a crack may be subject to in-plane shear
(mode II) and out-of-plane shear (mode III), as illustrated in Figure 1.6. The
concept of fracture mechanics is used primarily in Chapters 7 and 8.

1.5 Design for Reliability (*)3

In design, the uncertainties associated with external loads, material strength, and
fabrication/construction tolerances can be taken into account by probabilistic meth-
ods. The reliability Q is a measure of the ability of a system4 to perform a required
function under stated conditions for an specified period of time.

In the classical design approach,5 material properties, loads, and dimensions
are implicitly assumed to be deterministic; that is, their values have no variability.
However, material properties such as strength F are obtained by experimentation

3Sections marked with (*) can be omitted during the first reading but are recommended for
further study and reference.

4In this book, system is a general term used to refer to the material, component, member,
structure, and so on. Its specific meaning will be apparent from the context.

5The classical approach was used in the first edition of this book, as well in classical undergrad-
uate textbooks such as [10].
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and have inherent variability. Assuming the data is normally distributed (see Section
1.5.1), the strength data F are represented by a population mean µF and a variance
υF .

The loads applied to the system also have variability, which translates into vari-
ability of the calculated stress at a point within the system. If the loads are nor-
mally distributed, the stress at a point is represented by a population mean µσ and
a variance υσ. Furthermore, the dimensions also vary within specified fabrication
tolerances.

Often it is convenient to use the coefficient of variance (COV) defined as κ = υ/µ,
in lieu of variance υ, one advantage being that COV are dimensionless, while the
variances are not.

Since the number of experimental data points is necessarily limited, the popula-
tion mean and variance cannot be computed with certainty but only estimated by
the sample mean x̄ and standard deviation s.

Figure 1.7: Standard Normal probability density function φ(z). The ordinate z′ is
the standard variable and below it (a) strength f ′, (b) stress σ′. P : fractile, Q :
coverage.

1.5.1 Stochastic Representation

A quantity that displays variability is represented by a stochastic variable F, which
can be thought of as an infinite set of different values fi. The probability of finding
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a particular value f in that set is represented by a probability density function p(f).
Some material properties, loads, and dimensions often display probabilities that
are represented well by the Normal (Gaussian) probability density function (PDF),
the exception being fiber-dominated properties, which are best represented by the
Weibull distribution. The Normal PDF (the bell curve) is given by

p(f) =
1

υF
√

2π
exp

[
−1

2

(
f − µF
υF

)2
]

(1.5)

where µF , υF , are the population mean and variance, respectively. While the pop-
ulation encompasses an innumerable set of specimens, a sample contains a finite
number of specimens for which the property f is measured by experimentation.
Since only a finite number of specimens can be tested, the mean and variance are
approximated by the sample mean f̄ and standard deviation s, respectively.

In this section it is assumed that the mean and variance are known with certainty
(i.e., µF = f̄ and υF = s). In that case, coverage and reliability are identical; and
so are fractile and probability of failure (Figure 1.7). Analysis of the more realistic
case of finite sample size is deferred to Section 1.5.6.

The change of variable from f to z, i.e.,

z =
f − µF
υF

(1.6)

yields a simplified equation for the Normal PDF

p(z) =
1

υF
φ(z) (1.7)

in terms of the standard Normal PDF

φ(z) =
1√
2π

exp

(
−z

2

2

)
(1.8)

The standard normal φ(z), shown in Figure 1.7.a, has zero mean (µ = 0) and
unit variance (υ = 1). Assuming that the data can be represented by a Normal
distribution with certainty, the PDF gives the probability p(f) that an event f
occurs. Using strength f to illustrate the concept, p(f) is the probability that
a specimen of material fails with a specific value of strength f . The cumulative
probability P (f) that an event occurs for any f ′ < f is the sum (integral) of all the
probability density p(f ′) for f ′ < f , called cumulative distribution function (CDF)
and calculated as

P (z) =

∫ z

−∞
p(z′)dz′ (1.9)

where the standard normal variable z is computed with (1.6). A closed-form solution
of (1.9) does not exist but it can be integrated numerically. For example, in Scilab
[24]
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// P = cdfnor("PQ",z,Mean,Std)

P = cdfnor("PQ",-1.6449,0,1)

calculates the value P = 0.05 at z = −1.6449 for a PDF with µ = 0 and υ = 1. In
MATLAB [25]: P = cdf("norm",-1.6449,0,1).

While P represents the probability of failure, the reliability Q represents the
probability that a system will not fail if f ′ > f (Figure 1.7.a); that is if the actual
strength f ′ is larger than the applied stress σ = f . Since the total area under the
probability density function (PDF) is unitary, we have

P (z) +Q(z) = 1 ∀z (1.10)

To avoid performing a numerical integration for each particular case, P (z) has
been tabulated for z > 0, as shown in Table 1.6, but it is more convenient to
calculate it numerically, as it is shown above. Often one needs to find the inverse
CDF; that is, to find the value of z for a given probability of failure P or reliability
Q. Numerically, using Scilab: z = cdfnor("X",0,1,P,Q), where “X” is just to
let Scilab know that we want to calculate the inverse, and both P and Q = 1− P
must be given as arguments [26]. In MATLAB: z=icdf(‘norm’,P,0,1).

Since the PDF (Figure 1.7.a) is symmetric with respect to z = 0, then Q(−z) =
P (z). Therefore, values of reliability can be read from the same table. Since one
is interested in high values of reliability, i.e., Q > 0.5, then z < 0. The reliability
values 90%, 95%, 97.5%, 99%, 99.5%, and 99.9% are boldfaced in Table 1.6 because
of their importance in design. The corresponding values of z are read by adding the
value in the top row to the value on the left column. For example, z = 1.9 + 0.0600
yields a CDF P = 0.9750. Therefore, z = −1.9600 yields a reliability Q = 0.9750.

Example 1.4 Consider the experimental observations of strength reported in Table 1.7.
Estimate the mean, variance, and coefficient of variance. Sort the data into 7 bins of equal
width ∆S to cover the entire range of the data. Build a histogram reporting the number
of observations per bin. Plot the histogram. Plot the Normal probability density function.

Solution to Example 1.4 Since only a finite number n data points are available, the mean
µ and variance υ are estimated by the sample mean x̄ and standard deviation s, which can
be computed with

µF ≈ x̄ =
1

n

n∑
i=1

xi (1.11)

υF ≈ s =

√√√√ 1

n− 1

n∑
i=1

(xi − x̄)2 (1.12)

or with software such as MATLAB or Scilab: mu = mean(x), and std = stdev(x).
The data F is sorted, then grouped into bins of equal width ∆F = 10 in Table 1.7 (His-

togram) from the minimum strength Fmin = 30 MPa to the maximum Fmax = 100 MPa.
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Figure 1.8: Histogram and associated PDF for the data in Table 1.7, Example 1.3.

The data are represented by a Normal distribution with mean µF = 65.4, variance
υF = 14.47, and COV κF = υF /µF = 0.22. The resulting histogram and PDF are shown
in Figure 1.8. The solution to this example using Scilab [24] is shown below

// Example 1.4 Scilab

mode(0)

function p = Gauss(x,mu,std)

// Eq. (1.5) probability density function

p = 1/std/sqrt(2*%pi)*exp(-1/2*((x-mu)/std).^2)

endfunction

// data

x = [66 69 58 100 83 42 54 69 49 64 59 30 51 67 64 53 64..

58 49 81 49 77 70 73 64 58 89 80 82 67 87 74 62 63 51 80];

// calculations

mu = mean(x)

std = stdev(x)

COV = std/mu

histplot(7,x);

xtitle(’’,’Strength F’,’probability p(F)’)

xx = [min(x):1:max(x)];

pdensity = Gauss(xx,mu,std);

plot(xx,pdensity)

Scilab code for this example is available on the Website [4].

1.5.2 Reliability-Based Design

Let’s assume that the strength data F is normally distributed.6 Furthermore, let’s
assume that the applied load L varies also with a Normal distribution, producing a

6If the number of data points available is too low to support the use of a Normal distribution,
the approach is more complex but the idea remains the same. See Section 1.5.6.
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state of stress σ that is normally distributed. Then, every combination of particular
values F, σ, yields a margin of safety m = F − σ (see Example 1.5). The set of all
possible margins of safety is denoted by a stochastic variable m defined as follows

m = F− σ (1.13)

which is also normally distributed. Since both F and σ are Normal distributions,
m is represented by mean µm and variance υm, which can be calculated as

µm = µF − µσ ; υm =
√
υ2
F + υ2

σ (1.14)

and probability of failure P (m) just like any other Normal distribution. However,
in design, one is interested only in situations that have a positive margin of safety,
i.e., m′ > m = 0. Substituting m for f in (1.6), setting m = 0, and substituting
(1.14) in (1.6) yields the value of the standard normal variable z

z =
0− µm
υm

=
µσ − µF√
υ2
F + υ2

σ

(1.15)

with reliability Q(z) = 1 − P (z). In other words, if µF , µσ, υF , υσ, are known, a
design having a strength ratio

R =
µF
µσ

=
mean strength

mean stress
(1.16)

has a probability of failure P (z) calculated with (1.9), and reliability Q = 1 − P ,
where z is calculated with (1.15). Note that in this textbook we do not use the term
“safety factor” because a ratio between mean values of strength and stress does
not provide by itself a measure of “safety.” Only when it is calculated, as in this
section, to satisfy a requirement of reliability, then such strength ratio is attached
to an indication of safety, in terms of reliability Q.

So far, the reliability Q has been calculated in terms of given strength F and
stress σ. However, the stress can be controlled by design, that is, by changing the
geometry, configuration, and/or material. Therefore, it is possible to control the
reliability through design. In other words, we are interested in finding the value
of strength ratio R that would yield the desired value of reliability. For example,
the designer decides, or the code of practice requires, that the system be designed
for a 95% reliability. A value Q = 0.95 corresponds to z = −1.645. Then, having
set a value for z, it is possible to extract the required strength ratio Rreq from
(1.15). In (1.15), take the square of both sides, then substitute COVs for variances,
i.e., κF = υF /µF ,κσ = υσ/µσ, and solve for µF /µσ to get the required safety
factor [10, (1.12)] for allowable stress design (ASD), i.e.,

Rreq =
µF
µσ

=
1±

√
1− (1− z2κ2

F )(1− z2κ2
σ)

1− z2κ2
F

(1.17)
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with the plus sign for Q > 0.5, minus otherwise.7 Therefore, given the COV of
load and strength, the designer can immediately determine from (1.17) the strength
ratio needed; with the strength ratio defined by (1.16) in terms of mean val-
ues of stress and strength. Reliability-based design is illustrated with examples
throughout this book (see Example 7.12 and so on).

Example 1.5 Consider the set of measured strength values F = [72, 82] MPa and the set
of expected loads, or rather stresses induced by expected loads σ = [60, 80] MPa. Calculate
the reliability of the system.

Solution to Example 1.5 The margin of safety m, given by (1.13), is calculated considering
all the pairs of stress and strength, as shown in the table.

F σ m Success/Failure
72 60 12 X
72 80 -8 ×
82 60 22 X
82 80 2 X

From m, one concludes that the reliability is 75% and the probability of failure is 25%.

Example 1.6 Consider the experimental observations of strength reported in Example 1.4.
Assume that material is subject to a state of stress with COV 0.05.

• What is the required strength ratio for 99% reliability?

• What is the maximum value of mean stress that can be applied to the material?

Solution to Example 1.6 For Q = 0.99, Table (1.6) or Scilab: z=cdfnor(“X”,0,1,0.01,0.99)
or MATLAB: icdf(‘norm’,0.01,0,1) yields z = −2.326.

From Example 1.4, the COV of the material strength is κF = 0.22. From (1.17) the
required strength ratio is

Rreq =
1 +

√
1− (1− 2.3262 × 0.222)(1− 2.3262 × 0.052)

1− 2.3262 × 0.222
= 2.06

and from (1.16), the maximum mean stress that can be applied is

µσ = µF /Rreq = 65.5/2.03 = 32.27 MPa

1.5.3 Load and Resistance Factor Design

Load and Resistance Factor Design (LRFD) is a simple and intuitive design meth-
odology that builds upon the design for reliability discussed so far in this Section.

7Of course, designers are interested in reliability higher than 50%, so the plus sign would apply.
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LRFD splits the required strength ratio8 (1.17) into a resistance factor and a load
factor. The resistance factor φ accounts for the variability of the strength and the
load factor α accounts for the variability of the loads. Using two factors, a design
slightly more conservative than using (1.17) is obtained. But more importantly, it
forces the designer to elucidate, separately, the roles of the variability of strength
and variability of loads.

According to LRFD, there are two complementary aspects to be considered
separately: the resistances of the structure and the loads applied to it. Therefore,
the design must satisfy an inequality such as the following9 [27, 28]

φ F > αD LD + ψ

NL∑
j=1

αjLj (1.18)

where

F = Material Resistance (Strength)

φ = Resistance Factor

LD = Dead Load

Lj = Other Loads

αD = Dead Load Factor

αj = Live Load Factors

ψ = Load Combination Factor

NL = Number of Other Loads (1.19)

where other loads include live, pressure, thermal, acceleration, dynamic loads, and
any other loads that are not permanently applied to the structure. Permanent loads,
such as gravity loads, are grouped into the dead load term.

The resistance factor takes into account the variability of the strength of the
material; therefore it is always less than one. The load factor takes into account the
variability of the applied loads; therefore, it is always greater than one. The load
combination factor ψ is included to take into account the likelihood that all of the
live loads be present simultaneously. If only one live load is considered (NL = 1),
then ψ = 1. If there is a dead load, such as a gravity load, it is always applied, and
thus it should not be reduced by a load combination factor.

Most of the design codes, notably civil engineering building and construction
codes, specify the values to be used for load and resistance factors for most antici-
pated situations so that the designer does not have to deal with the actual variability
of the data. Instead, the governing body that writes the code considers the typi-
cal variability of the data and decides the actual values of the load and resistance
factors to be used for each anticipated situation. However, many applications and
materials are either not covered by design codes or the applicable codes do not an-
ticipate the situations for which new materials can be used. In any case, the load

8Called “safety factor” in the classical literature.
9Variations exist among different codes but all conform more or less to the form presented here.
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and resistance factors can be calculated in terms of the variability of the loads and
the material strength data as shown in the next sections. Besides, an understanding
of the rational process used for determination of load and resistance factors is useful
for their correct application to design, even if the values used are codified.

1.5.4 Determination of Resistance Factors

First, let’s assume in this section only that the applied stress σ = αL is deterministic,
i.e., it has no variability. Given a set of strength data represented by mean µF , and
variance υF , and a required value of reliability Q, one can easily find the value of
z for that reliability (Figure 1.7.a). Note that z < 0 when Q > 0.5. Then, from
(1.6), one can easily compute the characteristic value of strength fp < µF that
corresponds to z, and express it as the product of a resistance factor φ times the
mean strength µF , as follows

fp = µF + z υF = φ µF (1.20)

from which the resistance factor (also called strength reduction factor) is calculated
easily for a given reliability Q; thus z, in terms of the known COV of the strength
data, is as follows

φ =
µF + z υF

µF
= 1 + z κF < 1 (1.21)

which is less than 1 because z < 0. The use of resistance factors for design is
illustrated throughout this book, such as Example 7.7 and so on.

Note that usually the number of experimental data points available is too low to
support the use of a Normal distribution, and a more complex approach is required
for determination of the resistance factor, as it is explained in Section 1.5.6. That
is, when the calculation of fp takes into account not only the target reliability Q
but also the number n of specimens used to determine µF and υF , the value fp is
called a resistance basis value or allowable and Q is not reliability but coverage (see
Section 1.5.6).

Example 1.7 Calculate the nominal resistance F and the resistance factor φ from the
data in Table 1.7 in Example (1.3) for a 95% reliability.

Solution to Example 1.7 The mean µF = 65.5 MPa and variance υF = 14.47 MPa are
calculated in Example (1.4). The nominal resistance is µF . The COV is

κF = υF /µF = 14.47/65.5 = 0.22 = 22%

For reliability Q=0.95, Table (1.6) yields the value of the standard variable z = −1.645.
Therefore, the resistance factor calculated with (1.21) is

φ = 1− 1.645× 0.22 = 0.64
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and the allowable strength is

fp = φ µF = 0.64× 65.5 = 41.70 MPa

Scilab [24] or MATLAB [25] can be used to compute the standard variable z in lieu of
using Table (1.6). A 95% reliability is denoted by Q = 0.95 and the corresponding probability
of failure by P = 1−Q = 0.05. The standard variable z is the random variable (ordinate in
Figure 1.7.a) for a distribution with Mean=0 and variance Std=1. It can be calculated as fol-
lows: Scilab: z = cdfnor("X",0,1,P,Q) or MATLAB: z = icdf(’norm’,0.05,0,1),
to get z = −1.6449.

If actual values of mean and variance (65.5,14.34) were used rather than (0,1) in cdfnor

(or icdf), the result would be the characteristic value fp. For probability of failure P=0.05,
fp = 41.91 MPa, which is smaller than the mean µF = 65.5 MPa. The characteristic
value can then be used, as an allowable, in classical allowable stress design (ASD). Using
an allowable lower than the mean value delivers the expected reliability (95%) taking into
account the actual variability (COV=22%) of the strength data. This assumes that the
strength data can be represented accurately by a Normal distribution. If that is not certain,
substitute fQC (defined in Section 1.5.6) for fp.

Scilab code for this example is available on the Website [4].

1.5.5 Determination of Load Factors

In this section only, let’s assume that the strength f = φF is deterministic, i.e., it
has no variability. For the loads, the reliability is given by the area to the left of
σQC , and the probability of failure by the area to the right of σQC (Figure 1.7.b).
This is so because when the strength f is deterministic, any stress σ′ > σQC causes
failure, while any stress σ′ < σQC does not.

In Figure 1.7.b, for z > 0 we have P > 0.5 but such area is the same as Q(−z)
on Figure 1.7.a. Therefore, one can replace −z for z in (1.21) to obtain the load
factor as

α =
µσ − z υσ

µσ
= 1− z κσ > 1 (1.22)

which is greater than 1. The use of load factors for design is illustrated throughout
this book (see Example 6.10 and so on).

Often it is the case that the variability of the loads is unknown. Then, the load
factor is chosen to be a fixed value based on experience. This prescribed load factor
multiplies the operating, design, or limit loads to effectively increase the loads to a
higher value, which may be called ultimate loads. Whatever the terminology, it is
often the case that information about the stochastic nature of the loads is unknown
and in such case a prescribed load factor (often called safety factor) is applied to
the loads.

Example 1.8 Calculate the load factor α for a 95% reliability if the COV of the load is
0.10.
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Solution to Example 1.8 For 95% reliability, Table 1.6 yields z = −1.645. Therefore, the
load factor is

α = 1− (−1.645)× 0.10 = 1.1645

which is larger than one. See Example 1.7 to calculate z using Scilab.

LRFD vs. Single Safety Factor Design

When the load and resistance factors are calculated as explained in Sections 1.5.3–
1.5.5, LRFD uncouples the variability of material failure from the variability of the
loads by assigning a resistance factor φ to the former and a load factor α to the
latter. To illustrate this concept, consider the case when only dead load is active
in (1.18). Then, using the notation of the previous section, F = µF , L = µσ, and
considering (1.18) at failure we have

φ µF = α µσ (1.23)

and taking into account (1.16), (1.21), (1.22), and (1.23), the strength ratio can be
written as

R =
µF
µσ

=
α

φ
=

(1− zκσ)

(1 + zκF )
> 1 (1.24)

Numerical comparison between values ofR calculated with single safety factor design
(1.17) and values calculated with LRFD (1.24) for the particular case of κF = κσ =
0.1 and Q = 95% shows that LRFD is conservative by about 10%.

1.5.6 Basis Values

Resistance basis values fQC < µF (where µF is the mean strength) can be used as
allowable strength values in classical allowable stress design (ASD).10 In this way, the
variability of material strength is taken into account during the computation of the
basis value without complicating the design process with stochastic considerations
[29]. Likewise, load basis values σQC > µσ can be used as prescribed loads that are
sufficiently larger than the mean load µσ to account for the uncertainty of the loads.

Resistance basis values may be called allowables, but the latter may have been
affected (in the code of practice or other source) by additional knockdown factors
to account for effects beyond those of variability.

Resistance basis values account for the variability of material properties such
as strength, fracture toughness, and so on. A resistance basis value fQC (Figure
1.7.a) is on the left of a chosen percentage %Q of the likely values of strength
that could be experienced for the material used, where Q is called coverage rather
than reliability because the confidence in the values of f̄ , s, representing µ, υ, is not
absolute. Specifically, the likelihood of getting exactly that coverage is known with
confidence C. Both Q and C are in the range (0, 1).

10ASD is used in most undergraduate-level textbooks such as [10].
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Since any material with strength lower than the allowable risks triggering failure,
the coverage specified for material allowables is usually high, such as Q = 90%, 95%,
or even 99%, and the confidence required is also high, typically C = 95%.

Both coverage and confidence are chosen by the code of practice for the par-
ticular application. For example, in the aircraft industry it is usual to see A-basis
specified for primary structures and B-basis for secondary structures. A-basis is the
resistance basis value (allowable) defined in such a way that coverage is Q = 0.99
with confidence C = 0.95 and B-basis is defined with Q = 0.90, C = 0.95. For
a given material, the same property will have a lower allowable for A-basis than
for B-basis because A-basis demands more coverage. Since a primary structure is
more critical than a secondary structure, the former obviously calls for using a lower
allowable.

For other applications, the designer might find that the A-basis is too harsh
while the B-basis is too mild. Furthermore, using two different sets of allowable
values is cumbersome and error-prone. For some applications such as wind turbine
blades, marine, and inflatable structures [30–33], it is common practice to use a
single tolerance interval, namely 95% coverage and 95% confidence, which is called
C-basis. Another example is ASTM D 7290 [34], which selects 95% coverage with
only 80% confidence on a population described by a Weibull distribution as the
nominal (characteristic) strength of fiber reinforced plastic (FRP) composites [34].
Basis values for any coverage/confidence combination can be computed with the
procedures described herein and in [29].

Load basis values are used to account for the variability of the loads. A load
basis value σQC (Figure 1.7.b) is on the right of a chosen percentage %P of the
likely values of load to be experienced in practice. Furthermore, the likelihood of
getting exactly that coverage is known with confidence C. Since any load higher
than the load basis risks triggering a failure, the value of Q specified for load basis
is usually small, such as Q = 10%, 5%, or even 1%, and the confidence required is
high, typically C = 95%.

Normally distributed data

When the data can be described by a Normal distribution, the resistance basis value
fQC with coverage Q = 1 − P and confidence C for a Normal random variable f
with mean value µ and variance υ, estimated by the sample mean f̄ and standard
deviation s, can be calculated as11

fQC = f̄ − kQC(n) s (1.25)

where the coefficient kQC(n) can be calculated as [35, Section 3.3]

kQC(n) = n−
1
2 T−1(C, n− 1, λ) (1.26)

where T−1(C, n − 1, λ) is the inverse of the noncentral t-distribution cumulative
distribution function (CDF) [36] with confidence C, n − 1 degrees of freedom, and

11See also (1.20) taking into account that when using (1.20), z < 0 for Q > 0.5.
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noncentrality parameter λ = Φ−1(Q)
√
n. Note that Φ−1 is the inverse cumula-

tive distribution function (ICDF) for the standard normal. Equation (1.26) can be
computed with MATLAB as follows

n = 2 % number of data points

Q = 0.95 % coverage

C = 0.95 % confidence

lambda = icdf(’norm’,Q,0,1)*sqrt(n)

k = nctinv(C,n-1,lambda)/sqrt(n)

Values of kQC(n) are tabulated for A-, B-, and C-basis in Table 1.8 (k-values)
as a function of the number of data points available.

Example 1.9 A sample of material is available and the engineer wants to know what value
of strength can be used for design. It is assumed that the load is deterministic (i.e., without
variability). A number n = 2 of specimens are then tested, thus generating strength data
F = [985, 1015] MPa.

Solution to Example 1.9 The statistics for the data F = [985, 1015] MPa are:

Mean f̄ = 1000 MPa

Standard deviation s = 21.21 MPa

Using (1.25) and Table 1.8, with n = 2, the allowables for A-, B-, and C-basis are:

fA = f̄ − kQC s = 1000− 37.094× 21.21 = 213.2 MPa

fB = 1000− 20.581× 21.21 = 563.4 MPa

fC = 1000− 26.260× 21.21 = 442.9 MPa

It can be seen that A-basis requires a knockdown of (1000− 213)/1000 = 0.787 or 79%,
B-basis 44%, and C-basis 56% with respect to the mean, f̄ = 1000 MPa. The knockdowns are
so large because with so few data points, the confidence in the calculated statistics (mean and
standard deviation) is very poor. If exactly the same values of mean and standard deviation
were obtained from 15 specimens, the allowables for A-, B-, and C-basis would be 925,
956, and 945 MPa, respectively, and the knockdowns would be only 7.5%, 4.4%, and 5.4%.
Thus a compromise can be made between the cost of experimentation and the production
savings that would ensue from using higher allowables, while the coverage and confidence
(QC) remain exactly the same, as dictated by the requisites of A-basis (Q=99%,C=95%),
B-basis (Q=90%,C=95%), or C-basis (Q=95%,C=95%).

Scilab code for this example is available on the Website [4].

In certain cases, for example when a material is made following a very standard-
ized process, the confidence on the standard deviation s is very large and it can be
assumed that the population variance υ is equal to the standard deviation s. Under
this assumption, (1.26) is simplified to

kQC(n)|υ = Φ−1(Q) +
Φ−1(C)√

n
(1.27)
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where the notation ( )|υ is used to emphasize that υ = s.

Furthermore, if the number of specimens n tested is very large, the second term
in (1.27) can be neglected and the coefficient kQC(n) reduces to the ICDF, i.e.,
kQC = Φ−1(Q), which is positive as long as Q > 0.5. In fact, this is the case in
Section 1.5.2, where it is assumed that the distributions are Normal with µF = f̄
and υ = s.

For calculation of load basis values, the coverage is P > 0.5, thus Q < 0.5
(Figure 1.7.b), but Table 1.8 does not have entries for small values of Q. However,
since Φ−1(Q) = −Φ−1(P ), substituting P for Q in Table 1.8, one can use minus
kQC tabulated for high values of Q to calculate load factors using (1.25), as long as
the load follows a Normal distribution.

The simplification kQC = Φ−1(Q) is also useful when the mean and standard
deviation are known but the particular probability distribution is now known, which
is often the case with regards to the variability of the loads. However, (1.26) or
Table 1.8 is more accurate when the actual data are available, specially for small
sample sizes.

Anyway, the designer may not need to be concerned with the procedure used to
calculate the basis values. They are usually “given” or calculated by someone else,
as in Tables 1.9–1.10, Example 7.1, and so on. Once the basis values for load (stress)
and resistance (strength) are known, the design proceeds as in classical allowable
stress design (ASD).

Example 1.10 Stock wire is available at integer increments of area A in mm2 from 1 mm2

and up. The material strength allowable is Fall = 449.2 MPa. Select a wire to safely
carry a load P = 1000 N. The load has no variability.

Solution to Example 1.10 The wire is unlikely to fail as long as

σ =
P

A
≤ Fall

Using ASD methodology, the design equation is obtained by introducing a safety factor
η that multiplies the loads so that the inequality can be removed12 as follows

ηP

A
= Fall

Since the load is deterministic and the variability of strength is already accounted for in
the allowable strength, no additional safety factor is called for (η = 1), and the design area
is

A =
P

Fall
=

1000 N

449.2 N/mm
2 = 2.226 mm2

12If P/A < Fall one can always increase the load to a value ηP so that the stress ηP/A reaches
Fall by choosing a suitable value for η.
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From the available stock, select A = 3 mm2. Then, as a result of choosing an area A
larger that required by design, the additional safety factor is

η =
AFall
P

=
3× 449.2

1000
= 1.348

Additional safety factors may have to be added as required by the customer, the code of
practice, the regulating authority, or simply to guard against shortcomings in the analysis
tools and other factors.

Weibull distributed data

The Weibull distribution is usually appropriate to describe the strength of the fibers,
and thus it also describes well the fiber-dominated properties such as longitudinal
tensile strength and so on. The Weibull distribution is a two-parameter distribution,
where λ > 0 is the scale parameter and m > 0 is the shape parameter (Section 2.1).

For computation of basis values for data represented by a Weibull distribution,
the maximum likelihood estimates (MLE) λ̂, m̂, for the two parameters of the Weibull
distribution are calculated using the MATLAB function mle (see Example 1.11).
Then, the basis values fQC are calculated as

fQC = λ̂ [− lnQ]1/m̂ exp

(
−VQC(n)

m̂
√
n

)
(1.28)

with parameters VQC(n) shown in Table 1.8 (V-values) for various values of coverage
Q = 1 − P , confidence C, and number of samples n. It can be seen that the
mean and standard deviation are not used with the Weibull distribution because
the distribution is not Normal, and in addition to Table 1.8 one must have the
actual data xi or the MLE parameters. For other distributions, such as log-normal,
see [29].

Example 1.11 Consider the strength data F = [443.2, 444.1, 468.8, 444.6, 447.8] N/mm
(force per unit width of fabric) for a urethane coated fabric, 4 × 4 basket weave, 42
yarns/inch of 1500 denier Vectran, in the fill direction [37]. Calculate (a) the mean value
and (b) the C-basis value.

Solution to Example 1.11 With n = 5 data points, the mean value is

f̄ =
1

n

n∑
i=1

fi = 449.7 N/mm

From Table 1.8, for C-basis and n = 5, VQC = 13.333. Using MATLAB

% Example 1.11 MATLAB

F = [443.2, 444.1, 468.8, 444.6, 447.8]

n = length(F);

mu = mean(F)
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warning(’off’,’stats:mle:ChangedParameters’);% suppress warnings

mleParams = mle(F,’distribution’,’Weibull’)

lhat = mleParams(1);

mhat = mleParams(2);

% C-basis

Q = 0.95; % coverage

C = 0.95; % Confidence

% from Table

V_QC = 13.333;

% basis value

f_QC = lhat*(-log(Q))^(1/mhat) * exp(-V_QC/mhat/sqrt(n))

yields the C-basis value

fQC = 364.6 N/mm

which implies a knockdown of 19% from the mean value to account for the variability in the
data.

1.5.7 Limit States Design

The limit states design method is a probabilistic design method that seeks to design
a structure able to resist load combinations associated to ultimate limit states and
serviceability limit states, which are defined as follows:

1. Ultimate limit states: the structure is subjected to the most severe loading
conditions. The design should anticipate damage of the structural elements,
but avoid collapse, partial or complete, of the structure. The nonlinearity
of the material behavior is included in the analysis in order to account for
damage (Chapters 8 and 13).

2. Serviceability limit states: the structure is subjected to in-service loading con-
ditions. The performance of structure is checked to avoid deformations, vibra-
tions, and damage that would impair the usability of the structure.

Explicit, separate verification of the design for ultimate and serviceability limit
states is similar to the classical design for strength and design for stiffness, where
stiffness is a catchall for deflections, vibrations, and so on, while strength includes
buckling and all other modes that are catastrophic in nature. The limit states design
method is described and utilized in Chapter 13.

Problems

Problem 1.1 A cylindrical pipe with diameter d = 1.0 m is subject to internal pressure
p = 5.0 MPa but it is free to expand along the length, so that only hoop stress σ = pd/2t is
developed in the wall.

(a) What is the optimum orientation for the fibers?, and why?

(b) What is the required wall thickness and material type that yields the minimum thickness?
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(c) What is the required wall thickness and material type for minimum weight?

(d) What is the required wall thickness and material type for minimum cost? Assume the
following costs ($/kg)13 for the materials (from left to right) in Table 1.1: 2.60, 3.20,
3.50, Table 1.2: 1.00, 2.60, 2.80, Table 1.3: 9.60, 10.80, 9.80, 12.50, and Table 1.4:
10.20, 17.00, 16.00, 16.00.

Use Tables 1.1–1.4, a resistance factor φ = 0.25, and a load factor α = 1.0 (the internal
pressure has no variability). Do not consider those materials for which the required data are
not available.

Problem 1.2 Compare the weight per unit length of the minimum weight pipe of Problem
1.1 with a pipe made out of 6061-T6 aluminum with yield strength 270 MPa and density
ρ = 2.70 g/cc. Use the same load and resistance factors.

Problem 1.3 A thin film is bonded to a very thick and rigid substrate, but during bonding
a circular debonded area remains between the film and substrate thus creating a disk-shaped
crack with radius a. To probe the toughness of the adhesive, the film is pulled with load P
at the center of the disk until it starts to peel off. The film has elastic modulus E, Poisson’s
ratio ν, and thickness t. The edge of the disk can be assumed to be fixed (no rotation) at
r = a. Derive an expression for the fracture toughness in crack-opening mode I. Note: For
a circular disk with radius a, thickness t, clamped at r = a, under concentrated load P at
the center, the center deflection is [38, Table 11.2.10b]

∆ =
P a2

16πD
; D =

E t3

12(1− ν2)

where E, ν, are the elastic modulus and Poisson’s ratio of the film, respectively.

Problem 1.4 Consider a material with measured strength values F given in Table 1.7.
Assume the expected stress values σ to be one-half of the values in Table 1.7. Calculate

(a) the safety factor R, and

(b) the reliability Q of the system.

Problem 1.5 A component of a composite rocket motor case is subject to a state of stress
σx = 10MPa, σy = 5MPa, σxy = 2.5MPa. Use the material data for Carbon/Epoxy
(AS4–3501-6) in Table 1.3. Using “principal stress design,” compute:

(a) The optimum fiber orientation.

(b) The largest load factor α that can be tolerated for the lamina with optimum orientation,
considering all possible modes of failure and a resistance factor φ = 1.0.

(c) The lowest resistance factor φ that can be tolerated for the lamina with optimum ori-
entation, considering all possible modes of failure and a load factor α = 1.0.

Problem 1.6 Using single safety factor design, i.e., allowable stress design (ASD) (1.17),
calculate the % change needed on the mean stress µσ in Problem 1.4 to achieve a reliability
of 99.5%.

Problem 1.7 Using multiple safety factor design, i.e., LRFD (1.24), calculate the % change
needed on the stress in Problem 1.4 to achieve a reliability of 99.5%.

13These are not current market prices.
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Problem 1.8 Consider a material with strength mean value of 65.4 MPa and COV 22%,
subjected to stress with a mean value 32.7 MPa and COV 11%.

(a) Calculate the load and resistance factors for a reliability of 99.5%.

(b) Calculate the resulting safety factor.

(c) Compare the result to the safety factor in Problem 1.7 and comment on your finding.

Problem 1.9 Consider a material with strength mean value of 65.4 MPa and COV 11%,
subjected to stress with a mean value 32.7 MPa and COV 22%.

(a) Calculate the load and resistance factors for a reliability of 99.5%.

(b) Calculate the resulting safety factor.

(c) Compare the result to the safety factor in Problem 1.7 and comment on your finding.

Problem 1.10 Given the strength data F shown below, and assuming that a Normal distri-
bution represents the data well, calculate the A-, B-, and C-basis values. Use Table 1.8.

F = [443.2, 444.1, 468.8, 444.6, 447.8] MPa

Problem 1.11 Given the strength data F shown below, and assuming that a Weibull distri-
bution represents the data well, calculate the A-, B-, and C-basis values. Use Table 1.8.

F = [443.2, 444.1, 468.8, 444.6, 447.8] MPa



30 Introduction to Composite Materials Design

Table 1.1: Typical properties of unidirectional composites.14

E-glass S-glass Kevlar 49TM

Epoxy Epoxy Epoxy
Density [g/cc] ρ 2.076 1.993 1.38
Longitudinal Modulus [GPa] E1 45 55 75.8
Transverse Modulus [GPa] E2 12 16 5.5
In-plane Shear Modulus [GPa] G12 5.5 7.6 2.07
In-plane Poisson’s ratio ν12 0.19 0.28 0.34
Transverse Poisson’s ratio ν23 0.31 - -
Longitudinal Tensile Strength [MPa] F1t 1020 1620 1380
Transverse Tensile Strength [MPa] F2t 40 40 34.5
Longit. Compressive Strength [MPa] F1c 620 690 586
Transv. Compressive Strength [MPa] F2c 140 140 138
In-plane Shear Strength [MPa] F6 60 60 44.1
Intralaminar Shear Strength [MPa] F4 - - 150
Ult. Longit. Tensile Strain [%] ε1t 1.29 1.68 1.45
Ult. Transv. Tensile Strain [%] ε2t - - -
Ult. Longit. Comp. Strain [%] ε1c - - -
Ult. Transv. Comp. Strain [%] ε2c - - -
Ultimatea Shear Strain [%] γ6u - - -
Fracture Toughness Mode I [J/m2] GIc 360 - -
Fracture Toughness Mode II [J/m2] GIIc 1400 - -
Longitudinal CTE [ppm/◦C] α1 3.7 3.5 −2
Transverse CTE [ppm/◦C] α2 30 32 60
Stress-free Temperature [◦C] SFT 126 126 126
Longitudinal Moisture Expansion [ppm] β1 0 0 0.01
Transverse Moisture Expansion [ppm] β2 0.2 0.2 0.2
Fiber Volume Fraction Vf 0.6 0.6 0.6
Void Content Vv - - -
Fiber Misalignment [deg] sα 2.97 2.98 1.34
Ply Thickness [mm] tk 0.144 0.144 0.144
tr(Q) [GPa]b 68.55 87.86 86.13
G′ [GPa]b 7.737 8.272 17.48
aAlso called “strain-to-failure.” bCalculated in Section 6.5 using properties listed above.

14For illustration purpose only. The designer is responsible for obtaining actual values.
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Table 1.2: Typical properties of unidirectional composites, obtained from product
literature and other sources, some values estimated for a broad class of materials.14

E-glass E-glass E-glass
Polyester LY556 [21] MY750 [21]

Density [g/cc] ρ 1.85 2.03 2.04
Longitudinal Modulus [GPa] E1 37.9 53.48 45.6
Transverse Modulus [GPa] E2 11.3 17.7 16.2
In-plane Shear Modulus [GPa] G12 3.3 5.83 5.83
In-plane Poisson’s ratio ν12 0.3 0.278 0.278
Transverse Poisson’s ratio ν23 0.45 0.4 0.398
Longitudinal Tensile Strength [MPa] F1t 903 1140 1280
Transverse Tensile Strength [MPa] F2t 40 35 40
Longit. Compressive Strength [MPa] F1c 357 570 800
Transv. Compressive Strength [MPa] F2c 68 138 145
In-plane Shear Strength [MPa] F6 40 61 73
Intralaminar Shear Strength [MPa] F4 - - -
Ult. Longit. Tensile Strain [%] ε1t 1.64 2.132 2.807
Ult. Transv. Tensile Strain [%] ε2t - 0.197 0.246
Ult. Longit. Comp. Strain [%] ε1c - 1.065 1.754
Ult. Transv. Comp. Strain [%] ε2c - 0.644 1.2
Ultimatea Shear Strain [%] γ6u - 3.8 4.0
Fracture Toughness Mode I [J/m2] GIc 334 165 165
Fracture Toughness Mode II [J/m2] GIIc 456 - -
Longitudinal CTE [ppm/◦C] α1 6.5 8.6 8.6
Transverse CTE [ppm/◦C] α2 22 26.4 26.4
Stress-free Temperature [◦C] SFT 25 120 120
Longitudinal Moisture Expansion [ppm]b β1 0 - -
Transverse Moisture Expansion [ppm] β2 0.2 - -
Fiber Volume Fraction Vf 0.5 0.6 0.6
Void Content Vv 0.02 - -
Fiber Misalignment [deg] sα 3.53 - -
Ply Thickness [mm] tk 0.144 0.144 0.144
tr(Q) [GPa]c 57.16 84.71 75.21
G′ [GPa]c 7.597 9.907 7.741
aAlso called “strain-to-failure. ” bppm=10−6.
cCalculated in Section 6.5 using properties listed above.
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Table 1.3: Typical properties of unidirectional (carbon-fiber) composites, obtained
from product literature and other sources, some values estimated for broad class of
materials.14

AS4/ AS4/ AS4/ IM6/ IM6/ SE84 T700/
3501-6 APC2 3502 PEEK 3501-6 RS-36

[21] PEEK [39] [39, 40] [41] [42]
Density [g/cc] ρ 1.58 1.6 1.57 1.56 - - -
Longit. Modulus [GPa] E1 126 138 133 160.6 161 124.3 135
Transv. Modulus [GPa] E2 11 10.2 9.3 8.2 9.65 8.14 10.3
Shear Modulus [GPa] G12 6.6 5.7 3.74 4.14 5.2 4.49 4.4
Poisson’s ratio ν12 0.28 0.3 0.34 0.31 0.3 0.32 0.34
Poisson’s ratio ν23 0.4 - 0.46 0.45 - - -
Longit. Tens. Str. [MPa] F1t 1950 2070 1778.8 2337.3 2379 2751 2200
Transv. Tens. Str. [MPa] F2t 48 86 53.5 46.9 - - -
L. Compr. Str. [MPa] F1c 1480 1360 992.73 1000 1752 1180 1900
T. Compr. Str. [MPa] F2c 200 638 238.5 - - - -
Shear Str. [MPa] F6 79 186 102 119 - - -
Shear Str. [MPa] F4 - 150 - - - - -
Ult.a L. Tens. Strain [%] ε1t 1.38 1.45 1.24 1.46 0.65 1.2 1.63
Ult. T. Tens. Strain [%] ε2t 0.436 0.88 0.55 0.6 - - -
Ult. L. Comp. Strain [%] ε1c 1.175 1.67 1.62 0.8 0.95 0.95 1.41
Ult. T. Comp. Strain [%] ε2c 2 1.85 - - - - -
Ult. Shear Strain [%] γ6u 2 - 5.1 - - - -
Toughness Mode I [J/m2] GIc 220 1700 189 960 - - -
Toughness Mode II [J/m2] GIIc - 2000 570 - - - -
Longit. CTE [ppm/◦C] α1 −1 0.5 −0.89 −0.09 - - -
Transv. CTE [ppm/◦C] α2 26 30 23 28.8 - - -
Stress-free Temp. [◦C] SFT 177 143 208 271 - - -
L. Moist. Exp. [ppm]b β1 0 - 0 - - - -
T. Moist. Exp. [ppm] β2 0.2 31 46.7 - - - -
Fiber Vol. Fraction Vf 0.6 0.61 0.59 0.55 - - -
Void Content Vv - 0.005 0.001 0.002 - - -
Fiber Misalignment [deg] sα 1.7 2.74 - 1.52 - - -
Ply Thickness [mm] tk 0.125 0.125 0.139 0.125 - 0.28 0.312
tr(Q) [GPa]c 151.1 160.6 150.9 177.9 182 142.3 155.4
G′ [GPa]c 26.34 30.06 30.53 36.99 36.24 27.53 30.48
aUltimate. Also called “strain-to-failure.” bppm=10−6.
cCalculated in Section 6.5 using properties listed above.
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Table 1.4: Typical properties of unidirectional (carbon-fiber) composites, obtained
from product literature and other sources, some values estimated for broad class of
materials.14

T300/ T800/ IM7/ IM7/ IM7/ IM7/ IM6/ T300/
914-C 3900-2 8551-7 8552 977-2 MTM45 Avimid K 934

Symbola Units [21] [43] [44] [43] -1 [45] [1, 46,47] [1, 46,47]
ρ [g/cc] 1.57 1.61 1.56 1.55 1.6 - - -
E1 [GPa] 138 155.8 151 171.4 142 157.9 134 128
E2 [GPa] 11 8.89 9 9.08 9.17 7.7 9.8 7.2
G12 [GPa] 5.5 5.14 5.6 5.29 4.79 3.6 5.5 4
ν12 0.28 0.3 0.3 0.32 0.32 0.36 0.3 0.3
ν23 0.4 0.064 0.184 0.4b - 0.4 0.361 0.501
F1t [MPa] 1500 2414 2562 2326.2 2537 2465 2326 1500
F2t [MPa] 27 70.3 73.8 62.3 71.72 52 37 27
F1c [MPa] 900 917 916 1200.1 908 1252 1000 900
F2c [MPa] 200 - - 199.8 - 193 200 200
F6 [MPa] 100 267 241 92.3–120 281 48 63 100
F4 [MPa] - - - 137.2 - - - -
ε1t 1.087 1.36 1.6 1.62 1.6 - - -
ε2t 0.245 0.88 0.9 - 0.88 - - -
ε1c 0.652 0.6 0.72 0.94 0.69 - - -
ε2c 0.182 - - - - - - -
γ6u 4 - - 3.22 - - - -
GIc [J/m2] 220 - - 277 - 255.1 258 208
GIIc [J/m2] - - - 788 - 508.1 - -
α1 [ppm/◦C]c −1 - - −5.5 - −5.5 −0.09 −0.09
α2 [ppm/◦C] 26 - - 25.8 - 28.5 28.8 28.8
SFT [◦C] 120 - - 176 - 180 - -
β1 [ppm] - 0.0095 - - - - - -
β2 [ppm] - 0.321 - - - - - -
Vf 0.6 0.649 0.573 0.591 0.6 0.587 - -
Vv - 0.001 - - - - - -
sα [deg] - 1.75 1.27 1.59 - - - -
tk [mm] 0.125 0.14 0.159 0.125 - 0.14 0.144 0.144
tr(Q) d [GPa] 175.8 172.1 192 162.8 173.9 155.8 143.9
G′ d [GPa] 34.9 33.26 38.62 31.78 36.67 29.21 28.89
aSee Table 1.3 for nomenclature. bG23=2.8–5.9 MPa (reported in source).
cppm=10−6. dCalculated in Section 6.5 using properties listed above.
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Table 1.5: Laminate properties of a general-purpose polyester resin reinforced
with E-glass stitched fabric.a Compiled from [48] c© (1998), with permission from
Brunswick Technology Inc.14

Orientation 0o Orientation 45o

Property Modulus Strength Modulus Strength Vf Laminate Density
Ex Fx E45 F45 Thickness

[MPa] [MPa] [MPa] [MPa] [%] [mm] [g/cc]
M1500 Tensile 128 6752 128
CSM Compres. 7303 179 7303 179

Flexural 6960 212 6960 212
Intralam. 24.8 24.8 17.1 1.041 1.4223

CM1808 Tensile 13780 201
CSM/0/90 Compres. 11713 187

Flexural 13091 310
Intralam. 20.3 26.6 1.219 1.5458

TVM 3408 Tensile 15502 229 14469 214
CSM/45/0 Compres. 17914 262 17914 250

Flexural 16536 386 15158 351
Intralam. 24.1 22.7 34.2 1.727 1.6446

XM 2408 Tensile 10680 98 15158 236
CSM/±45 Compres. 15158 228 22392 262

Flexural 10335 222 16536 400
Intralam. 24.4 28.8 37.0 1.422 1.6810

UM1608 Tensile 12746 214
CSM/0 Compres. 13091 228

Flexural 13091 310
Intralam. 25.5 29.9 1.143 1.5887

aSee Table 2.12 for definition of fiber architecture. Matrix density ρm = 1.2 g/cc.

Table 1.6: Standard Normal cumulative function P (z) and coverage Q(−z).
z 0 0.026 0.045 0.06 0.076 0.082
0 0.5 0.5104 0.5179 0.5239 0.5303 0.5327
1 0.8413 0.8476 0.852 0.8554 0.859 0.8604

1.2 0.8849 0.8899 0.8934 0.8962 0.899 0.900
1.6 0.9452 0.948 0.950 0.9515 0.9531 0.9537
1.9 0.9713 0.9729 0.9741 0.975 0.9759 0.9763
2.3 0.9893 0.990 0.9905 0.9909 0.9912 0.9914
2.5 0.9938 0.9942 0.9945 0.9948 0.995 0.9951
3 0.9987 0.9988 0.9988 0.9989 0.999 0.999
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Table 1.7: Strength data (in MPa) for Example 1.4.

Strength data
66 100 54 64 51 53 49 77 64 80 87 63
69 83 69 59 67 64 81 70 58 82 74 51
58 42 49 30 64 58 49 73 89 67 62 80

Sorted strength data
30 42 49 49 49 51 51 53 54 58 58 58
59 62 63 64 64 64 64 66 67 67 69 69
70 73 74 77 80 80 81 82 83 87 89 100

Centers of bins located at
35 45 55 65 75 85 95

Frequency of observations in each bin
1 4 8 12 5 5 1

Table 1.8: k- and V-values to compute the A-, B-, and C-basis values as a function of
the number of specimens n. Coverage %Q and Confidence %C shown in parenthesis.
Use k- and V-values with Normal- and Weibull-distributed data, respectively.

k-values V-values
n A(99,95) B(90,95) C(95,95) A(99,95) B(90,95) C(95,95)

2 37.094 20.581 26.26 150.89 74.913 98.081
3 10.553 6.1553 7.6559 23.377 15.458 17.884
4 7.0424 4.1619 5.1439 25.078 13.13 16.748
5 5.7411 3.4066 4.2027 19.846 10.509 13.333
6 5.062 3.0063 3.7077 17.133 9.1436 11.558
7 4.6417 2.7554 3.3995 15.463 8.2957 10.463
8 4.3539 2.5819 3.1873 14.324 7.7234 9.7151
9 4.143 2.4538 3.0312 13.493 7.3003 9.1688
10 3.9811 2.3546 2.911 12.857 6.9767 8.7508
15 3.5201 2.0684 2.566 11.06 6.0604 7.5664
20 3.2952 1.926 2.396 10.194 5.6177 6.9949
30 3.0639 1.7773 2.2198 9.3137 5.1672 6.4137
50 2.8624 1.6456 2.065 8.5593 4.7808 5.9151
75 2.7481 1.5697 1.9764 8.1376 4.5647 5.6364
100 2.684 1.5267 1.9265 7.9037 4.4449 5.4817
∞ 2.3263 1.2816 1.6499 - - -
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Table 1.9: Typical allowable A- and B-basis values for unidirectional T700/2510
(carbon-fiber) composite [49].14

A-basis 24oC -54oC 82oC # specimens
F1t (MPa) 1740.69 1355.66 1768.3 18/30/18
F2t (MPa) 38.2 39.22 33.78 146/6/18
F1c (MPa) 1169.4 1103.94 1137.58 18/06/18/-
F2c (MPa) 168.09 235.43 124.93 18/06/18/-
F6 (MPa) 139.4 142.37 115.6 18/06/18/-
F4 (MPa) 69.63 - - 170/-/-
B-basis 24oC -54oC 82oC # specimens
F1t (MPa) 1911.7 1489.42 1941.81 18/30/18
F2t (MPa) 42.79 44.05 37.83 146/6/18
F1c (MPa) 1280.8 1208.69 1246.09 18/06/18/-
F2c (MPa) 180.27 252.3 134.05 18/06/18/-
F6 (MPa) 145.5 148.55 120.66 18/06/18/-
F4 (MPa) 76.81 - - 170/-/-

Table 1.10: Typical allowable B-basis values for unidirectional (carbon-fiber) com-
posites [39].14

AS4 12k/3502-6 Unidirectional
24oC -54oC 82oC 121oC # specimens

F1t (MPa) 1413.27 1192.0 1378.96 1316.9 36/38/40/30
F2t (MPa) 43.3 31.5 23.85 11.37 30/30/30/30
F1c (MPa) 1179.0 - 999.74 820.48 30/-/30/30
F2c (MPa) 183.4 - 153.75 105.49 30/-/30/30
F6 (MPa) 92.4 95.83 81.35 71,016 33/23/33/41
AS4 12K/997 Unidirectional

24oC -54oC 82oC 121oC # specimens
F1t (MPa) 2013.28 1813.33 2054.65 - 30/30/30/-
F2t (MPa) 69.63 74.46 28.61 - 30/30/30/-
F1c (MPa) 1344.48 1316.9 930.79 - 30/30/30/-
F2c (MPa) 199.26 46.81 161.33 - 30/30/30/-
ε1t (%) 1.37 1.26 1.38 - 30/30/30/-
ε2t (%) 0.764 0.739 0.365 - 30/30/30/-
ε1c (%) 1.19 1.15 0.69 - 30/30/30/-
ε2c (%) 2.27 0.267 2.91 - 30/30/30/-
T650-35 12K/976 Unidirectional

24oC -54oC 82oC 121oC # specimens
F1t (MPa) 1392.75 854.95 - 772,217 32/30/-/30-
F2t (MPa) 30.47 - - - 18/-/-/-
F1c (MPa) - - - - -
F2c (MPa) 193.74 - - 71.7 18/-/-/-17
F6 (MPa) 59.08 101.35 - 71.7 30/30/-/30



Chapter 2

Materials

Composite materials are formed by the combination of two or more materials to
achieve properties (physical, chemical, etc.) that are superior to those of its con-
stituents. The main components of composite materials, or composites, are fibers
and matrix. The fibers provide most of the stiffness and strength. The matrix
binds the fibers together thus providing load transfer between fibers and between
the composite and the external loads and supports. Also, it protects the fibers
from environmental attack. Other substances are used to improve specific proper-
ties. For example, fillers are used to reduce the cost and improve processability and
dimensional stability [50].

The design of a structural component using composites involves simultaneous
material and structural design. Unlike conventional materials (e.g., steel), the prop-
erties of the composite material can be designed simultaneously with the structural
aspects. Composite properties (e.g., stiffness, thermal expansion, etc.) can be var-
ied continuously over a broad range of values, under the control of the designer.
The objective of this chapter is to describe the constituents used in the fabrication
of the composite material. The capabilities and limitations of various processing
techniques used to fabricate the material and the parts are presented in Chapter 3.

A brief review of the most common types of materials used in the fabrication
of composites is presented in this chapter, with emphasis on properties, advan-
tages, disadvantages, and cost. No attempt is made to explain how fibers and
polymers are produced; excellent material science books and handbooks cover that
subject [51–53]. Comprehensive lists of material suppliers can be found in specialized
publications [54, 55], trade associations [56, 57], or the World Wide Web. Another
important aspect of design and fabrication is to have standard test methods to verify
the material properties used in design [58]. While testing of composites is a very
active area of research, only references to standard test methods are made in this
book.

37
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2.1 Fiber Reinforcements

Fibers are used in composites because they are lightweight, stiff, and strong. Fibers
are stronger than the bulk material from which they are made. This is because
of the preferential orientation of molecules along the fiber direction and because of
the reduced number of defects present in a fiber as opposed to the bulk material.
Whereas the tensile strength of bulk E-glass is low (about 1.5 GPa [59]), the same
material reaches 3.5 GPa in fiber form, mainly because of the reduction in the
number and size of surface defects. Typical properties of fibers are presented in
Tables 2.1–2.2.

Tensile strength of fibers is usually reported in the literature as the mean value
of a number of tests on individual fibers or as the tensile strength of fiber bundles,
which may or may not be impregnated with a resin and cured into a composite fiber
bundle. It is often difficult to discern how the data have been obtained. Furthermore,
fibers do not have a single value of strength but rather have individual fiber strengths
that follow a Weibull distribution. The cumulative probability of a fiber failing with
a strength less than or equal to σ is given by

F (σ) = 1− e−(σ/λ)m (2.1)

where λ is the scale parameter and m is the shape parameter, also called charac-
teristic strength and Weibull modulus, respectively. The shape parameter controls
how dispersed the distribution of strength is. The average strength is related to the
scale parameter as follows

σ̄ = λΓ(1 + 1/m) (2.2)

where Γ is the Gamma function. Values of average fiber strength are reported
in Tables 2.1–2.2. Values of shape parameter m are reported in Tables 2.5–2.6.
Sometimes the distribution of strength is bimodal due to two failure mechanisms;
one due to intrinsic defects and the other due to extrinsic defects [60]. In such a
case, a bimodal Weibull is used and two scale parameters m1 and m2 are reported
in Tables 2.5–2.6 [61,62].

Fibers are used as continuous reinforcements in unidirectional composites by
aligning a large number of them in a thin plate or shell, called lamina or ply. A uni-
directional lamina has maximum stiffness and strength along the fiber direction and
minimum properties in a direction perpendicular to the fibers. When the same prop-
erties are desired in every direction on the plane of the lamina, randomly oriented
fibers are used.

The creep properties of the composite are dominated by the matrix (see Section
2.9). By choosing fibers with very low creep compliance (e.g., carbon or glass),
polymer matrix composites (PMC) can be made as creep resistant as necessary.
Composites reinforced with chopped fibers, whiskers (elongated single crystals), and
particles may experience noticeable creep, even at room temperature, because they
do not have continuous fibers to suppress it. This is the main reason for using
continuous fibers for structural applications.
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2.2 Fiber Types

A wide variety of fibers can be used as reinforcements in structural applications.
Fibers can be classified by their length: short, long, or continuous fibers; according
with their strength and/or stiffness: low (LM), medium (MM), high (HM), and
ultrahigh modulus (UHM); or according to their chemical composition: organic and
inorganic. The most common inorganic fibers used in composites are glass, carbon,
boron, ceramic, mineral, and metallic. The organic fibers used in composites are
polymeric fibers. Choosing a fiber type involves a trade-off among mechanical and
environmental properties, and cost.

2.2.1 Glass Fibers

Glass fibers are processed from bulk glass—an amorphous substance fabricated from
a blend of sand, limestone, and other oxidic compounds. Hence, the main chemical
constituent of glass fibers (46–75%) is silica (SiO2). Controlling the chemical com-
position and the manufacturing process, a wide variety of glass fibers for different
types of applications can be obtained, but they exhibit the typical glass proper-
ties of hardness, corrosion resistance, and inertness. Furthermore, they are flexible,
lightweight, and inexpensive. These properties make glass fibers the most common
type of fiber used in low-cost industrial applications.

The high strength of glass fibers is attributed to the low number and size of
defects on the surface of the fiber. All glass fibers have similar stiffness but different
strength values and different resistance to environmental degradation. E-glass fibers
(E for electrical) are used where high tensile strength and good chemical resistance
is required. E-glass is the preferred structural reinforcement because of the combina-
tion of mechanical performance, corrosion resistance, and low cost (about $1.60/kg).
S-glass [63] and S-2-glass (S for strength) have the highest strength but they are of
limited application because they cost three to four times more than E-glass. For this
reason, low cost carbon fibers are now considered as an alternative to S-glass and S-
2-glass. C-glass (C for corrosion) is used for corrosion-resistant applications. D-glass
(D for dielectric) is used for electrical applications such as the core reinforcement of
high voltage ceramic insulators. A-glass and AR-glass (alkaline resistant) are used
for lightweight surfacing veils or mats. R-glass fiber is the European counterpart
of the American high performance S-glass. Their high modulus and strength, as
well as very good temperature, humidity, and fatigue stability, make them popular
for filament winding and sheet molding compounds for high performance industrial
applications [54].

The maximum strength measured in single fiber tests (ASTM D3379) may yield
up to 3.5 GPa for E-glass and 4.8 GPa for S-glass but these values cannot be realized
in a composite. Damage produced during the various stages of processing reduces
the fiber strength to about 1.75 GPa for E-glass and 2.10 GPa for S-glass (up to
50% reduction; strongly dependent on processing conditions and type of loads).
The reduction of fiber strength in the composite with respect to the strength of the
virgin reinforcement is also caused by residual stresses and secondary loads (shear
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and transverse to fiber direction), among other factors [64]. Typical reduction of
fiber strength in filament wound composites are listed in Table 2.7.

The corrosion resistance of fiber depends on the composition of the fiber, the
corrosive solution, and the exposure time. Tensile strength of glass fibers decreases
at elevated temperature, with S- and R-glass having better strength retention at
elevated temperatures, as shown in Table 2.8. The operating temperature limitations
of polymer matrix composites is controlled by the matrix, which can resist up to
275◦C depending on the matrix type, and to a lesser extent by the reduction in
strength fibers at high temperatures. Fiber tensile strength also decreases with
chemical corrosion, since glass fibers are susceptible to chemicals such as alkalies,
while humidity enables those chemicals to reach the surface of the fiber. Chemical
corrosion and dissolution influence the growth and propagation of surface micro-
cracks that are inherent to glass fibers. S- and R-glass again show a better stability
in humid environments. Also, tensile strength reduces with time under sustained
loads. This effect is called static fatigue or stress corrosion [65, 66]. Mainly to
account for this effect, a stress ratio (similar to a safety factor) of 3.5 is used in
the design of glass reinforced composites for pressure vessels subject to permanent
load [67]. Data for commercially available glass fibers are given in Tables 2.1–2.2
(see also [59]). Glass fiber diameters range from 9.5 to 24.77 microns, and they are
designated with a letter code (see p. 2.62 in reference [11]).

2.2.2 Silica and Quartz Fibers

Silica fibers and quartz fibers [68,69] are distinguished from classical glass fibers by
their high concentration of silica (SiO2), 96–98% for silica fibers and 99.95–99.97%
for quartz fibers (Refrasil fibers produced by Hitco Materials, and Astroquartz II
fibers by J.P. Stevens). Silica and quartz fibers costs up to 25–50% more than glass
fibers, with a corresponding gain in physical and mechanical properties. They fea-
ture comparable or better stiffness, strength, and thermal stability than glass fibers,
with long-term working temperatures up to 900◦C for silica fibers and up to 1050◦C
for quartz fibers. They also display good thermal and electrical insulation properties,
and very good stability under different chemicals, being virtually insensitive to hu-
midity. Their properties make them attractive for high-temperature, high chemical
corrosion applications. Also, quartz fibers have better radio-frequency transparency,
which is needed for antenna applications. The typical diameter of AstroquartzTM

II fibers is 9 microns. By further processing and diameter reduction, very high
strength values can be achieved. An application of this type of reinforcement com-
bined with polymer matrices is in ablative structures providing thermal protection
for atmospheric reentry and rocket engine nozzles. Ablative insulation involves heat
dissipation by vaporizing a thin sacrificial layer of polymer reinforced with quartz
fibers. Use of these fibers requires costly tooling due to their high toughness.
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2.2.3 Carbon Fibers

Carbon fibers, also called graphite fibers, are lightweight and strong fibers with
excellent chemical resistance. They dominate the aerospace market. The mechanical
properties of carbon fibers are determined by the atomic configuration of carbon
chains and their connections, which are similar to the graphite crystal structure.
The strength of carbon fiber is controlled by orienting the carbon atomic structures
with their strongest atomic connections along the carbon fiber direction.

The properties of carbon fibers depend on the raw material, the process used
for its manufacture, and the specific manufacturing process used. Two main raw
materials, or precursors, are used: polyacrylonitrile (PAN) and pitch. Pitch fibers
are less expensive but have lower strength than PAN fibers. The tensile strength
of pitch fibers is about one-half and their compressive strength is about one-third
of that of PAN fibers, due to intrinsic structure that makes them more sensitive to
surface defects. PAN fibers dominate the high performance market for aerospace
applications because they can be made with a variety of stiffness and strength values,
as can be seen in Tables 2.1–2.2 (see also [70]).

Unlike glass fibers, carbon fibers are available with a broad range of stiffness
values (Tables 2.1–2.2). The stiffness is controlled by the thermal treatment of both
PAN- and pitch-based carbon fibers. Thermal treatment influences both carbon
content and orientation of the strongest carbon links along the fiber direction, thus
influencing fiber stiffness. Due to the broad range of stiffness and strength of carbon
fibers, classification of carbon fibers in terms of modulus and tenacity (strength)
ranges is sometimes used [68] as shown in Table 2.9.

With reference to Table 2.1–2.2, IM6 and HMS4 are intermediate modulus fibers;
P55 is an high modulus fiber; UHM and M50 (PAN-based fibers) and P100 (pitch-
based fiber) are ultrahigh modulus fibers; T300 [71], UHM, and AS4D [72] are
high strength fibers; and IM6 is a super high strength fiber. Very high modulus is
achieved in P100 by using a pitch precursor in liquid crystal phase that allows for
higher orientation of the carbon structures in the final fiber.

One motivation for using high modulus fibers is to fabricate composites that
imitate steel or aluminum, so that a metallic part of a structure can be replaced
by a composite part of lesser weight. For example, a composite with 50% fiber
volume fraction of M50 fibers would have approximately the same stiffness of steel
and one-fourth of the weight. However, substitution with composites in a structure
that was designed with metals almost invariably leads to an inefficient design of
the composite part. A more valid motivation for using high modulus fibers is to
maximize the stiffness-to-weight ratio of structures such as space telescopes, where
both weight and deformations are critical.

The maximum operating temperature of carbon fibers varies from 315◦C to
537◦C [11] but it may be further limited by the operating temperature of the matrix
as is the case with polymer matrix composites. Being stiffer than glass fibers,
carbon fibers provide better fatigue characteristics to the composite by reducing
the amount of strain in the polymer matrix for a given load [73]. Also, the stress
corrosion (static fatigue) phenomenon is less marked for carbon fibers. This is the
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main reason for using a lower stress ratio (safety factor) of 2.25 for carbon fiber,
instead of 3.5 for fiberglass, in the design of pressure vessels subject to permanent
loading [67]. Carbon fibers are good electrical conductors.

Some of the limitations of carbon fibers are their low shock resistance (due
to their high rigidity, high fragility), as well as susceptibility to chemical attack
in the presence of oxygen and other oxidizing compounds at temperatures higher
than 400◦C. Galvanic corrosion will take place if carbon fiber composites are in
electrical contact with metals, due to their good electrical resistance. Therefore, an
insulating barrier needs to be created between carbon fiber composites and metal
parts in the same structure. This is usually accomplished by adding a lamina of
glass-mat reinforced composite (about 0.5 mm thick).

The major limiting factor for the application of carbon fibers is the cost. Gen-
erally speaking, the cost of carbon fibers can be justified when weight savings offer
a large payoff, such as in aerospace applications, or when high temperature perfor-
mance, corrosion resistance, improved fatigue strength, or the long-term retention
of strength are essential for the intended application. Carbon fibers are lighter and
stiffer than glass fibers but it is difficult to show an economic advantage when car-
bon fiber composites are used to substitute a conventional material such as steel in
a structure that is not weight critical. Further cost savings can be achieved by part
integration and reduced installation and maintenance cost, but these are usually
independent of the type of fiber. The high cost of carbon fibers is better justified
when the material is used as an enabling material rather than a substitution ma-
terial. An enabling material allows the structure to accomplish a mission that is not
possible with other materials. However, the bulk of applications most likely to be
encountered are substitution applications, where the designer proposes to use com-
posites to accomplish basically the same mission that is currently achieved with a
conventional material. In the latter case, initial product cost becomes of paramount
importance.

One of the latest research findings in the field of carbon technologies has led
to a new kind of carbon fibers, called carbon nanotubes (CNTs), one of the most
fascinating materials ever discovered. The arrangements of carbon atoms in CNTs
are controlled in a perfectly cylindrical atomic structure of about 1 nm diameter and
about 1 µm long, with the strong carbon bonds orientated along the cylinder axis.
Because of this controlled nanostructure, the inherent defects that appear in any
material and that are mostly responsible for the strength limitations are virtually
eliminated. The advantage of this high atomic orientation makes CNTs the strongest
and most stiff fibers so far—their modulus being about 1000 GPa and their strength
about 30 GPa. To take advantage of their superior stiffness and strength, nanotubes
are used as a filling agent in a polymeric matrix, and the compound is extruded to
obtain CNT filled fibers, the fiber itself being a nanocomposite system. During
this process, the alignment of the CNTs is controlled so that their axis is aligned
as much as possible with the fiber length. Of course neither the original stiffness
or the original strength of the CNT can be achieved in the nanocomposite fiber,
but notable improvements can be made. Furthermore, superior heat transfer and
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electrical properties are obtained. So far, high cost makes CNTs hardly accessible
for industrial applications.

2.2.4 Carbon Nanotubes

Carbon nanotubes (CNT) are comprised entirely of carbon atoms that lie in a nearly
defect-free graphitic plane rolled into a seamless cylinder. The absence of defects
and the strength of the carbon–carbon bonds are responsible for the incomparable
stiffness and strength of CNT, up to 1.5 TPa modulus and 200 GPa tensile strength.

Two structural forms of carbon nanotubes exist, single-walled (SWNT) and
multi-walled (MWNT). MWNTs were discovered by Iijima in 1991. They are com-
prised of multiple concentric open-ended single-walled nanotubes forming a single
structure with multiple walls, with a constant interlayer separation of 3.5 Angstrong
(3.5 Å = 0.35 nm), diameters in the range 2–100 nm, and lengths up to tens of mi-
crons [74,75]. SWNTs have a diameter of about 1 nm and consist of a single graphite
sheet rolled into a seamless cylinder with caps (hemispheric Buckminister fullerene
molecules) at both ends and can have lengths up to centimeters [75, 76]. The near
perfect atomic configuration of the walls of a single-walled carbon nanotube requires
that nearly 10 to 20 primary carbon-carbon bonds be broken to completely cleave
the structure. This affords carbon nanotubes great stiffness and strength.

The future of carbon nanotubes is to create lighter-weight, mechanically superior
composites that take advantage of the superior properties of nanotubes. Nanocom-
posites produced by incorporating nanotubes into a matrix have the potential to
surpass the performance of conventional fiber-reinforced composites while being eco-
nomically feasible because substantially lower loading of nanotubes may be sufficient
to yield superior performance. However, the cost of single-walled carbon nanotubes
still hovers near $500/gram and more research and development is still required to
produce large quantities of high quality nanotubes and their composites and to har-
ness the full potential of these novel fibers. Research is being done to understand
how to use stable configurations of individual, well-dispersed nanotubes to improve
the mechanical properties of a nanocomposite system. Additionally, research is
being done to identify the mechanisms responsible for their increased performance.
Specifically, researchers are interested in elucidating whether nanotubes act as stress
concentration points in a matrix, thus promoting the prolongation of crazing or mi-
crocracking, or act as physical bridges to cracks in the matrix, thus preventing crack
propagation, or simply carry a higher load due to their higher stiffness and strength.

Various measurement techniques have been used to measure the mechanical
properties of both MWNTs and SWNTs ranging from the amplitudes of their in-
trinsic thermal vibrations to cantilever type bending methods to direct stress–strain
measurements [77–81]. Some of the first measurements on CNTs were performed via
a direct stress–strain method [82]. Properties of MWNTs produced by the arc dis-
charge method were measured, yielding modulus values in the range 0.27–0.95 TPa,
with fracture occurring at strains of up to 12%, and strength values in the range
11–63 GPa. In these experiments, failure occurred at the outer tube with the inner
walls shearing outward in a telescopic manner. Measurement of the stress–strain
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response of small bundles of SWNTs by a similar direct method yielded modulus
values in the range 0.32–1.47 TPa and strength values in the range 10–52 GPa, with
failure occurring at a strain of about 5.3%. SWNT’s failures initiated at the perime-
ter of small nanotube bundles, with the rest of the tubes slipping apart instead of
fracturing [83]. Theoretically, it is predicted that individual nanotubes have elastic
moduli approaching 1TPa and tensile strengths in the range 20–200 GPa [84–86].
This far outmatches traditional macroscopic materials such as high strength steel,
which has a modulus of about 200 GPa and tensile strength of about 1–2 GPa [83].

The impressive mechanical properties of these novel carbon-based materials ren-
der them a natural candidate for incorporating into thermoplastic or thermoset
matrices to create nanocomposites, where the nanotubes act as the reinforcing fiber
in the matrices. If CNTs behaved like continuous fibers, the composite performance
could be predicted by the rule of mixtures (Equation (4.23) in Section 4.2.1), and
the enhancement of tensile modulus and strength of the composite system would be
enormous, even for low values of fiber volume fraction. However, this idealistic situ-
ation rarely applies because incorporating well-dispersed, aligned, individual carbon
nanotubes in large quantities in a matrix is difficult. Suitably dispersed, surfactant-
free, purified single-walled nanotubes often exist as small bundles or ropes of tubes
held together via Van der Waals bonds [87]. These small ropes or bundles of nan-
otubes, which remain bundled after incorporation into a matrix, tend to slip when
a tensile force is applied, thus limiting the performance of the nanocomposite.

Due to SWNT’s small dimensions, their surface area is very large compared
to their volume, with aspect ratios of about 1000. In principle, such a large area
should enhance load transfer to the surrounding matrix. However, the high aspect
ratio does not always facilitate interaction with the matrix as would be expected
of a perfectly dispersed system of individual nanotubes, but can in fact promote
re-agglomeration of nanotubes, even when attempts are made to initially disperse
them in the matrix. Since agglomeration and imperfect dispersion results in limited
interfacial stress transfer between the matrix and the stronger CNTs, the expected
enhancements in mechanical properties of the overall system are not achieved. Often,
higher than ideal loading of nanotubes are used in an attempt to compensate for
the shortcomings in expected performance, but higher loadings may actually result
in decreased strength and modulus of the nanocomposite [87].

In order to overcome bundling of nanotubes, chemical functionalization is used to
pull apart the nanotube ropes and promote interfacial bonding with the surrounding
matrix [88, 89]. However, this is not without difficulty as the naturally chemically
inert nature of the graphic surface of nanotubes has to be overcome. In other
cases, neat ropes of nanotubes are spun into fibers in super acidic solutions [90], or
arrays of nanotubes are grown on surfaces [91], all with the goal of identifying usable
individual nanotubes or more consistent ropes of nanotubes for various applications.
If individual nanotubes are not pretreated, then dispersion techniques are employed
during processing to create the nanocomposite. These methods include polymer
infiltration of nanotube thin film networks, melt processing and melt spinning of
nanocomposite fibers via solution based methods, covalent functionalization and
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polymer grafting to nanotube sidewalls, and in situ polymerization in the presence
of carbon nanotubes [92–96].

2.2.5 Organic Fibers

Among a large variety of organic fibers, polymeric fibers are very attractive for
high-stiffness, high-strength structural applications, mainly because of their very
low density that results in very high values of the specific strength and stiffness
values. Polymeric fibers comprise many different products, depending on the base
polymer used as a precursor. The manufacturing process used to make polymeric
fibers comprises two main phases: transformation of the solid bulk polymer to liquid
phase by either melting or solution, followed by extrusion and cooling. Liquid Crystal
Polymer (LCP) fibers refer to the aforementioned manufacturing process and the
fact that some polymers feature anisotropic crystalline behavior in their liquid phase,
forming stronger chemical connections along certain directions. These orientated
strong connections are then preserved in the fiber fabrication process, resulting in
strong fibers along their axis, with anisotropic behavior. In this way, LCP fibers are
able to feature similar strength as carbon fibers.

The best-known polymer fibers are the ones processed from polyamide, called
aramid fibers (aromatic polyamide), produced by DuPont [97], Teijin [98], and Akzo
Nobel [99] under the trade names KevlarTM, TechnoraTM, and TwaronTM, respec-
tively. Aramid fibers are LCP fibers. They have high energy absorption during
failure, which makes them ideal for impact and ballistic protection. Because of their
low density, they offer high tensile strength-to-weight ratio, and high modulus-to-
weight ratio, which makes them attractive for aircraft and body armors. Since
aramid fibers are made of a polymer material, they have similar characteristics to
the polymer matrices discussed in Section 2.5. They have low compressive strength;
they creep, absorb moisture, and are sensitive to ultraviolet (UV) light. Also, their
mechanical properties vary with temperature, with the tensile strength at 177◦C
reducing to 75–80% of their room temperature value [54]. Various types of aramid
fibers offer different material properties, Kevlar 49 being the most commonly used
(Tables 2.3–2.4). Technora fibers overcome some of the weaknesses of aramid fibers,
having improved thermal stability; they can be used up to 250◦C if some loss of
stiffness and up to 50% loss of strength can be tolerated.

The aforementioned advantages and disadvantages of aramid fibers are shared by
all polymeric fibers. PBO based fibers are represented by ZylonTM [100] produced
by Toyobo, which feature higher strength and stiffness than aramid and excellent
tenacity. Polyethylene fibers, the most known being SpectraTM [101] produced by
Honeywell International Inc., have lower moisture absorption, lower density, and
stiffness-strength properties comparable to aramid fibers, but they also have lower
maximum operating temperature (about 120◦C). They are attractive for construc-
tion of radomes because they are highly transparent to electromagnetic waves. Po-
tential applications for structural components are limited because of their low max-
imum operating temperature. Polyester polymeric fibers such as VectranTM [102],
produced by Kuraray Co., have outstanding properties as shown in Tables 2.3–2.4
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but they lose about 50% of their strength at about 150◦C.

2.2.6 Boron Fibers

High stiffness, high strength, and low density are common to boron fibers (Tables
2.1–2.2) [103]. They are most notably used as reinforcement in aerospace and sport-
ing goods. The strength values are controlled by the statistical distribution of flaws
during the manufacturing process. The mechanical properties are preserved at high
temperatures (typically, the tensile strength at 500◦C is about 60% from the initial
strength value at room temperature). They also feature high toughness, high fatigue
strength, and a very good compressive behavior. They are fragile, with low impact
tenacity. Boron fibers are produced by chemical vapor deposition on a tungsten
wire. Because of slow production rate, boron fibers are among the most costly of all
the fibers presently made, thus motivating substitution of boron with carbon fibers
whenever possible.

2.2.7 Ceramic Fibers

Ceramic fibers are used for high temperature applications. Silicon Carbide (SiC)
fibers are produced like boron fibers but on a carbon substrate. They have their
greatest application as reinforcement for metal matrices, primarily titanium, but
they have also been used in combination with temperature-resistant polymeric ma-
trices. Like boron fibers, SiC fibers are characterized by high stiffness and high
strength (Tables 2.1–2.2) [103] and most notably they exhibit higher temperature
capability as they keep their initial tensile strength up to about 1300◦C. Because of
limited use and low production volumes, the cost of these fibers is high.

Alumina fibers are based on alumina oxide Al2O3. Unlike other ceramic fibers,
they are not produced by chemical deposition, and thus have high volume availability
and relatively low cost (200 to 1100/kg depending on fiber type, tow size, and
quantity). Properties of NextelTM fibers [104] are given in Tables 2.1–2.2. First
used to reinforce diesel pistons, ceramic fibers add strength and hardness to metal
matrix composites at high temperatures, where degradation of metal properties
usually occurs.

2.2.8 Basalt Fibers

Basalt fibers [68] can be classified as mineral fibers. This new product uses volcanic
basalt rock, melted and extruded into fibers. Basalt fibers feature better mechanical
properties than glass fibers, and are less costly than the carbon fibers. They display
excellent thermal stability, high strength and stiffness, good chemical stability, good
corrosion resistance, and good matrix adherence, not being affected by any kind
of radiation. They are potentially applicable for thermal protection and structural
applications.
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2.2.9 Metallic Fibers

Metallic fibers [68] include fibers made from a variety of base metals and alloys. By
processing the raw material into fibers of small dimensions of the order of a µm,
flaws inherent in the bulk material are virtually eliminated and enhanced properties
are achieved. The fiber strength is directly related to the fiber diameter, that is in
turn related to the fiber manufacturing cost. The fiber material can be selected for
the required application, such as lightweight aluminum fibers, strong steel fibers, or
stiff tungsten fibers. Other advantages of these fibers are their excellent electrical
and thermal conductivity. Metallic fibers are typically used as filler nets for polymer
matrices, conferring electrical conductivity, electromagnetic interference protection,
or lighting strike protection to the final structural composite material. Two examples
of metallic fibers, high carbon steel fibers and tungsten fibers, are presented in
Tables 2.1–2.2. Nonmetallic fibers covered by a thin metallic coating combine the
advantages of both components, the substrate fiber and the metal coating.

A variety of new fibers are continuously introduced or improved but acceptance
of new fiber products in the market for structural applications is slow because of the
large number of characterization tests required to assure safe and effective applica-
tion under a variety of conditions. While high strength-to-weight and stiffness-to-
weight ratios are advantageous for aerospace applications, other characteristics of
the composites that can be produced with these fibers are likely to be the limiting
factors in their application. Environmental degradation, maximum operating tem-
perature, transverse, and shear strength are some of the limiting factors that need
to be investigated for any new material.

2.2.10 Natural Fibers

Natural fibers can be harvested from the stem, leaves, or seeds of various plants.
Fibers collected from the stem are called “bast” fibers. Examples of bast fibers are
flax, hemp, and jute. Leaf fibers are generally coarser than bast fibers [105]. Sisal
(agave) and abaca are common leaf fibers, and are particularly useful for stiff binder
twines and seawater applications, respectively. Fibers obtained from seeds tend to
be coarser and more brittle than bast fibers [106]. Cotton and coir (coconut) are
examples of common seed fibers.

A single natural filament has a diameter on the order of about 10 µm and is
itself a type of natural composite material. Each fiber contains a primary cell wall
and three secondary cell walls. The cell walls are made up of a lignin-hemicellulose
matrix and microfibrils, which are oriented in different directions in each cell wall.
The microfibrils each have a diameter of the order of about 10 nm, and are made up
of around 30–100 cellulose molecules [107]. The micro fibril angle, i.e., the average
angle at which the microfibrils are oriented off of the axis of the filament, is a factor
in determining the mechanical properties of a fiber, with smaller angles generally
leading to higher strength and stiffness and larger angles to better ductility [107].
The three main chemical components of a natural fiber are cellulose, hemicellu-
lose, and lignin. The hemicellulose forms cross-linking molecules with the cellulose,
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forming the main structural component of the cell. The lignin provides additional
strength and coupling on the hemicellulose–cellulose network and in some cases acts
as a protective barrier. Variability can exist in filament composition and struc-
ture between fibers of different species, leading to the wide variance in mechanical
performance properties among natural fibers.

The physical and mechanical properties for natural fibers are compiled in Tables
2.10–2.11 [108]. Due to the high degree of variability inherent with natural fibers
and their testing, many of the values listed in this table have broad ranges. It can
be reasonably assumed that in practice most values will fall nearer to the middle
of each particular range rather than to either of the extreme values. The specific
modulus was approximated using the average of the extreme values of stiffness and
the average of the extreme values of density found in the literature. When specific,
density-dependent mechanical properties are considered, such as the specific mod-
ulus, natural fibers can compare quite favorably to glass and many other synthetic
fibers and as such may be of special interest in applications where stiffness and
weight are primary concerns. In particular, bast fibers, such as jute, sisal, kenaf,
bamboo, flax, and hemp, possess good mechanical properties at low densities.

The common advantages of natural fibers, when considered alongside glass fibers,
are: good specific mechanical properties due to low density, renewable resource
with low energy consumption, low cost and low investment, easier handling and
processing, recycling, and good thermal and acoustic insulation [105]. On the other
hand, the disadvantages include: low strength, variability in quality, higher moisture
absorption, limited processing temperatures, lower durability, and more inferior fire
resistance.

2.3 Fiber-Matrix Compatibility

Most fibers are covered with a substance called sizing. Fibers sustain considerable
damage during processing as they rub against each other and the equipment. The
sizing helps protect the fibers by serving as a lubricant and antistatic agent, and
helping a bundle of fibers stick together as a unit. Furthermore, the sizing incor-
porates a coupling agent to promote bonding with the matrix in the composite.
Therefore, the same fiber may have a different sizing depending on the type of poly-
mer that is being used as matrix. The intralaminar strength of the composite (see
Section 4.5.9) provides an indication of the quality of the fiber-matrix bond. For
this reason, the intralaminar shear strength tests ASTM D2344, D4475, and D3914
are used in industry to evaluate the fiber-matrix compatibility, which largely de-
pends on the sizing of the fiber. For glass fibers, the sizing also serves to protect the
fiber from moisture attack during the service life of the composite. Water reaching
the surface of the fiber may leach some of the chemical components from the glass,
leaving a porous surface. The pores then become defects that effectively reduce the
strength of the fiber.
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2.4 Fiber Forms

Fibers provide strength and stiffness while having low density, constrain the creep
of the matrix, reduce thermal expansion, and they can be used to either increase or
decrease other physical properties such as thermal conductivity, electric conductiv-
ity, and radiation transparency. The matrix provides stress transfer among fibers
and protects them from chemical attack and abrasion.

In any product, a key role is played not only by physical properties, but also
by cost. Fiber reinforcements are a major component of the tradeoff between per-
formance and cost. High performance can be achieved by a judicious design and
manufacturing of the product, but more than one solution often exists; the final
choice governed by cost. A large variety of fiber forms exist in order to satisfy
the requirements of various processing methods. Fiber reinforcements may be ob-
tained as continuous or discontinuous fibers, unidirectional aligned fibers, or textile
products. Among textile products it is possible to use woven, knitted, and braided
fabrics, to name a few. The reinforcement form is a design parameter and it affects
both the quality and cost of the composite material.

Most fibers can be obtained in the form of prepreg tape in which the fibers are
held together by an epoxy resin and sometimes a fiberglass backing (Section 3.2).
Because the making of the prepreg tape introduces additional labor, the cost of
prepreg tape is usually 75–100% higher than the cost of the fibers. As explained in
Chapter 3, the fabrication methods using prepreg tape are slow and labor intensive.
Therefore, most of the new applications of composites use fibers in their simplest,
unprocessed forms. For example, pultrusion and filament winding use roving or tow
and resin to produce the final product without intermediate operations. Woven or
stitched fabrics facilitate the fabrication of laminates in Resin Transfer Molding and
other processes, while adding only 20–40% to the cost of the reinforcement.

2.4.1 Continuous and Discontinuous Fibers

A first classification for fiber forms can be made considering that composites are
reinforced either with continuous fibers, discontinuous fibers, or particles. When
maximum achievable stiffness and strength are desired, continuous fibers are used.
In continuous fiber reinforced composites, the load is carried mostly by the fibers
oriented along the load direction. Continuous fibers are packaged in various forms
that will be discussed in the following sections. The composite material manufactur-
ing process using continuous fibers is costly and slow. This is in part due to higher
costs of the continuous fiber system itself, and in part due to the specific methods of
using the continuous fibers for composite materials manufacturing, such as hand lay-
up, prepreg lay-up, vacuum bagging processing, resin transfer molding, and so on.
An alternative to continuous fiber reinforcement, leading to reduced manufacturing
cost, is to use discontinuous fibers. In using this kind of reinforcement, not only the
price of the fiber material is less, but also less expensive methods to fabricate the
final part are possible, such as injection molding and so on. Discontinuous fibers are
short fibers obtained by chopping continuous fibers, or produced directly as short
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Figure 2.1: Load transfer process in (a) continuous fiber reinforcement and (b) short
fiber reinforcement.

fibers to reduce cost. The mechanism of load transfer using discontinuous fibers is
different to that of continuous fibers reinforcement (Figure 2.1). The quality of the
fiber-matrix interface plays a crucial role since the load is transferred from fiber to
fiber through the matrix. It can be seen in Figure 2.1 that, because of end fiber
effect, the fiber does not use all its length for load carrying, and the resulting rein-
forcing effect is lower compared with continuous fibers. In order for the short fiber
to achieve its maximum load carrying capacity, it has to have a minimum length,
called critical length Lc. The maximum axial load carrying capacity of the fiber is
reached only at a certain distance from the fiber ends, where the shear effects are
dominant. The critical fiber length is not an intrinsic fiber quality, but it depends
on both the fiber length to diameter ratio and the fiber-matrix system. In this way,
if a short fiber length is satisfactory for reinforcing a certain polymer matrix, it
can be inadequate for reinforcing another matrix. For the most common glass or
carbon fibers with polymer matrices, the critical length can vary from a fraction
of one millimeter to a few millimeters [69]. Due to their easy processing and low
cost, short fiber reinforcement has been studied and continuously improved. Com-
posite materials based on this reinforcement type may reach 50% strength and 90%
stiffness [69] of continuous reinforcement with the same fiber material. The quality
of these composites can be improved by enhancing the fiber-matrix interface and
ensuring a preferential orientation of the short fibers along the load direction.

Whiskers are a type of very high performance short fibers. These are elongated,
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controlled growth mono-crystals. Because of the mono-crystal structure, the man-
ufacturing defects inherent to all bulk materials are virtually eliminated and very
high strength is obtained in the direction of the strongest atomic connections of the
crystal. The alignment of the crystal structure with the longest dimension of the
whisker also results in strong anisotropic properties for the whisker.

Since the orientation of short fibers in the composite cannot be controlled eas-
ily, they are assumed to be randomly oriented unless special provisions are taken
to control the fiber orientation. Composites made with short fibers arranged ran-
domly have nearly isotropic properties in the plane of the laminate. Perhaps the
main disadvantage for structural applications is that short fiber composites do not
reduce the creep of polymer matrices as effectively as continuous reinforcement.
Furthermore, short fiber composites usually have lower strengths than continuous
fiber composites.

2.4.2 1D Textiles: Strand, Tow, End, Yarn, and Roving

Besides continuous and discontinuous reinforcements, textile reinforcements provide
alternatives that may increase performance while reducing manufacturing cost. For
example, the resin transfer molding process is particularly suited for incorporat-
ing woven fabric reinforcement. The textile industry and the structural composite
materials industry thus collaborate in this area. The individual fiber is the precur-
sor for the textile thread, and the thread is in turn the precursor for the reinforcing
fabric, which is the precursor for the structural composite. The design process starts
with thread design and manufacturing, with the thread properties playing an im-
portant role in the final composite material properties. For example, an increase
in thread twist reduces its modulus but it can improve the fatigue behavior of the
composite.

The textile design and manufacturing process leads to the following classification
of textile forms (textile structures):

• 1D textile, or individual thread. These are called strand, tow, end, yarn, or
roving, and defined later in this section.

• 2D textile, or fabric. It uses the 1D textile, laying threads on various patterns
on a surface. The resulting composite material is a 2D structure, such as a
plate or a shell.

• 3D textile. It uses the 1D textile, arranging threads in complicated 3D forms
by special textile processing methods. The resulting composite material fea-
tures a 3D solid behavior.

A strand, or end, is an untwisted bundle of continuous filaments (fibers) used as
a unit, called tow if made of carbon fibers. All fibers in a strand are produced at
the same time, from a single furnace, and spun together.

A yarn or thread is a twisted strand.
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A roving is a collection of parallel strands, twisted or untwisted, each strand
being a separate bundle of fibers as noted before. A roving is produced by winding
together the number of strands needed to achieve the desired weight per unit length
(TEX in g/km) or length per unit weight (Yield in yd/lb). Also, yarn number
and yarn count are expressions of linear density of the yarn. TEX is inversely
proportional to YIELD, as in

TEX [g/km] =
496, 238

YIELD [yd/lb]
(2.3)

Another expression of linear density is the Denier, which is weight in grams of
9000 m of yarn. Since all these names refer to the same yarn characteristic, direct
or inverse relationships exist between them, corrected by the system of units used
by each of them. The higher the TEX, the larger the cross-sectional area occupied
by the fibers

A [cm2] = 10−5 TEX [g/km]

ρf [g/cm3]
(2.4)

where the brackets [ ] indicate the units of each quantity in the equation and ρf is
the density of the fibers. The area of a roving is useful for the computation of fiber
volume fraction of composites (see Section 4.1.1).

The term tow is commonly used with carbon fibers and their linear density is
usually expressed as a count, or K-number, which represents the number of fibers
in a tow in thousands. The K-number is related to TEX through the fiber diameter
and the density as follows

TEX =
πd2

f

4
ρfK (2.5)

with TEX in [g/km], K in thousands, ρf in [g/cc], and df in microns (1 micron
= 10−6 m). However, this equation does not give accurate TEX results if the K
number or the fiber diameter is only approximate. For accurate prediction of the
weight or volume fraction in the composite, it is advisable to request the TEX value
directly from the manufacturer or to measure it [52]. Also, it must be noted that a
variability of ±6% in TEX is not unusual, both for glass and carbon fiber tows and
rovings, even within the same material lot.

A direct-draw roving is wound into a spool directly from the furnace with the
required number of strands to achieve the desired yield. An indirect-draw roving is
formed in a secondary operation to increase the yield, by rewinding several direct
draw rovings into one. In each roving, the fibers wound on the outside of the spool
are longer than the ones on the inside. When the roving is unwound to fabricate the
composite, not all the fibers have the same length, which creates microcatenary. An
indirect-draw roving has in general more microcatenary than a direct-draw roving
because several direct draw rovings are rewound to obtain the higher yield. To
measure the microcatenary, a length of roving (about 25 m) is stretched between
two supports and the fibers are loosely separated by hand. The shorter fibers will
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be stretched and the longer fibers will hang in a catenary shape (similar to power
lines) because of gravity. Microcatenary results in misalignment in the composite
which is adverse to the compressive strength of the material [109].

Rovings are used directly in pultrusion and filament winding without intermedi-
ate operations, thus reducing the cost of the final part. Common fiberglass rovings
have yields between 56 and 250 yd/lb (TEX between 8861 and 1985 g/km). Carbon
fibers are commonly packaged in 3K to 36K tows (TEX 198 to 2290).

2.4.3 2D Textiles: Fabrics

A large variety of textile fabric forms can be used as reinforcements for composite
materials. The simplest, the least elaborated, and least expensive ones are the
nonwoven fabrics. A nonwoven fabric is usually called a mat, which is made by
randomly oriented chopped fibers such as chopped strand mat, randomly oriented
short fibers, or swirled tows or rovings. The latter is called continuous strand mat
or simply CSM and it is made by continuous tows or rovings swirled on a table and
pressed and/or loosely held together with a very small amount of binder (adhesive).
Sometimes the mat fibers are better fixed by stitching them to a backing surface
or among themselves without a backing. Stitched nonwoven fabrics can be made
into very heavy fabrics, thus reducing the time and cost of composite processing,
provided they can be adequately infiltrated with resin.

A veil is a thin mat used as a surfacing lamina to improve corrosion resistance of
the composite (see Section 2.10) taking advantage of the higher matrix content held
up in the veil. Since the veil layer is smooth, without the texture of a woven fabric,
veil also is used to improve the appearance of the part by hiding the texture of the
reinforcement underneath. Veils and mats have fibers oriented randomly in every
direction, leading to isotropic properties in the composite. Despite their low costs,
the mechanical properties of the composite material using this kind of reinforcement
are also low.

A woven fabric is a two-dimensional reinforcement obtained by interlacing of
yarns (Figure 2.2) in the weaving machine. Fabric reinforcements offer mechani-
cal properties somewhat lower than unidirectional continuous fibers (see Chapter
9). Usually the woven fabric is processed by yarns interlacing along two orthogo-
nal directions: the yarn along the weaving direction is called warp yarn, and the
interlacing yarn perpendicular to the weaving direction is called fill or weft yarn.

Balanced reinforcing properties can be obtained in both fill and warp directions,
using the same yarn type in both weaving axes. This weaving architecture is called
biaxial woven fabric (Figure 2.3) and it is the most common one used as structural
reinforcement. A wide variety of weaving patterns are possible in the case of biaxial
woven fabrics structures, the most common ones being plain weave, twill weave, and
satin weave (Figure 2.3 a, b, and c, respectively). Different weaving patterns assure
different properties and of the textile structure and of the final composite material.

Drape is the ability of the fabric to conform to complex multicurved surfaces,
which is needed for the manufacturing of complex parts. Drape is highly influenced
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Figure 2.2: Fiber forms.

by the weaving pattern, with plain, twill, and satin weave having increasingly higher
drape.

Crimp is a measure of the yarn undulation or waviness in a woven fabric. A
higher crimp represents a higher yarn undulation. Usually the crimp is expressed as
percentage crimp or crimp amplitude. Percentage crimp is defined as the difference
between the length of the straightened yarn and the distance between the ends of the
woven yarn, in percent. Crimp amplitude (units of length) refers to the deflection
of the yarn axis with respect to the middle surface of the fabric. The crimp level is
influenced by the yarn thickness and by the gap between yarns. For fabric-reinforced
composites (see Chapter 9), crimp influences negatively the mechanical properties
of the composite material, by affecting the overall fiber volume fraction and the yarn
orientation in the composite.

The design of laminated composite materials using woven fabric laminae is
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a) b) c)

warp yarn fill yarn

Figure 2.3: Weaving patterns for biaxial woven fabrics: (a) plain, (b) twill, and (c)
satin weave.

Uniaxial KnitTriaxial

Figure 2.4: Uniaxial, triaxial, and knit woven fabrics.

similar to that of designing using unidirectional laminae. Laminates with balanced
off-angle laminae (e.g., ±θ with the same amount of +θ and −θ strands) are the
most common. These produce specially orthotropic composites (see Section 6.3.8)
that have several advantages for manufacturing, design, and performance, as shown
later in this book.

Besides popular biaxial woven fabrics such as plain weave, twill, and satin, other
woven fabrics with unique features exist. If reinforcement is desired in only one
direction, but maintaining the ease of handling and drape properties of woven fab-
rics, the solution is called uniaxial woven fabric (Figure 2.4). In this case, normal
yarns are used along the warp direction but only thin yarns that can be made from
another low cost, low quality material are used along the fill direction, their role
being to keep the warp yarns together. In this way the mechanical reinforcing effect
is obtained only along one axis (the warp axis). By contrast, if a multiaxial rein-
forcement effect is desired (including bias directions), the solution is a triaxial woven
fabric (Figure 2.4), which is obtained by interlacing three sets of yarns at different
angles. Quasi-isotropic material properties can be obtained in this way, but this
also implies special weaving technologies that impact the product cost.

Yet more types of textiles used for reinforcements exist. Knit fabrics are made,
not by interlacing, but by looping yarns (Figure 2.4). Braid fabrics are obtained
by simultaneously winding three or more yarns around one axis, resulting in a long,
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narrow, 2D textile structure. See also Section 3.10.

All the 2D textiles (mat, fabric, knit, braid) are described by their fiber architec-
ture and their weight per unit of surface area in [g/m2] (also called gsm). The fiber
architecture refers to the orientation and weight of each component of the fabric,
as illustrated in Table 2.12. Detailed description and analysis of textile-reinforced
composites is presented in Chapter 9.

By special manufacturing methods developed by the textile industry, it is pos-
sible to obtain a new category of 3D textile architecture called 3D textiles. These
are infiltrated with a resin to obtain composite materials with reinforcing fibers in
all three directions. The resulting composite material can be processed as a solid
3D bulk material that is then machined to shape or processed directly into the final
shape of the desired product. 3D textiles can be made as 3D weaves or 3D braids.

2.5 Matrix Materials

The matrix has many functions. It holds the fibers together, thus transferring
the load through the interface to the reinforcing fibers and to the composite from
external sources. It carries some of the loads, particularly transverse stress (Section
4.5.3), intralaminar shear stress (Section 4.5.9), and bearing stress. Some properties
of the composite, such as transverse stiffness and strength, are matrix dominated.
Therefore, they affect the matrix selection more than fiber-dominated properties.

The properties of the matrix determine the allowable service conditions for the
composite including temperature range, chemical resistance, abrasion resistance,
and weathering capability. Also, the matrix plays a leading role in regards to heat
and electrical conductivity in the composite as well as dominating the external char-
acteristics such as appearance. Matrix materials can be polymers, metals, or ceram-
ics. Polymer matrices are the most common because of their ease of fabrication of
very complex parts with low tooling cost and low capital investment manufactur-
ing costs. Many commercial composite applications were initially designed using
unreinforced plastics.

Unreinforced plastic designs provided many functional improvements versus nat-
ural materials such as wood and conventional materials such as metals. Through
part integration, low cost tooling, and unlimited freedom for aesthetic design, un-
reinforced plastics replaced their predecessors in many nonstructural applications.
However, under continuous loading they suffer from creep problems. Reinforcing
plastics with fibers or fiber systems virtually eliminates the creep problem, thus
making polymer matrix composites suitable for structural applications. The con-
tinuous and virtually unlimited variation of mechanical properties under the de-
signer’s control creates opportunities for optimization not available with isotropic
material systems.

Since polymer matrix composites (PMC) are the most commonly used type of
composite material, they are emphasized in this section. The rest of the book,
however, applies equally to any type of composite. For an in-depth discussion of
other matrix materials see [11, 51,110,111].
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Matrix-dominated properties depend strongly on the maximum/minimum tem-
perature capability of the matrix. The performance of the composite may vary
drastically when the operating temperature approaches or exceeds the operating
temperature limits of the matrix. Thermoset polymer matrices such as polyester
resins and epoxy resins lose modulus and thus the ability to transfer load when
they are exposed to temperatures above or near their primary or glass transition
temperatures. Aluminum softens and melts under high heat. Ceramic matrices may
self-destruct from internal shrinkage stresses when exposed to cryogenic conditions.

The matrix of polymer matrix composites (PMC) is a polymer that can be ei-
ther a thermoset or a thermoplastic. Various terms are used in the marketplace to
refer to PMC. Advanced composite materials (ACM) usually refer to more expen-
sive and high performance composites targeted to aerospace applications, mostly
carbon/epoxy and carbon/thermoplastic systems. Fiber-reinforced plastics (FRP)
usually refer to less expensive materials targeted to consumer goods and mass mar-
kets, including fiberglass/polyester systems. However, the distinction is no longer
clear since many new materials marketed as FRP systems also have high perfor-
mance, particularly performance/cost ratios, that exceed those of some materials
labeled as ACM.

Other designations attempt to differentiate the fiber type used. For example
GRP and GFRP both refer to glass fiber-reinforced plastics, and CFRP refers to
carbon-reinforced plastics. Sometimes the term RP (reinforced plastic) is used when
the term composite may be confusing. This is the case in the area of civil construc-
tion market [112], where composite construction means structures made of steel
structural shapes and reinforced concrete used together, notably for bridge con-
struction. The term composites will be used through this book to refer to all types
of fiber-reinforced materials.

The first step of the design process for any product is to determine the functional
and structural requirements of the product, which may be a part, an assembly, or a
complex system of structural components. The short- and long-term loading, sup-
port conditions, and other structural aspects constitute the structural requirements
of the product. Cost, production rate, and service environment (e.g., operating tem-
perature, aesthetics, and weathering) constitute the functional requirements of the
part. Functional requirements are as important or more important for matrix selec-
tion than the structural requirements because the reinforcement affords the designer
great flexibility to satisfy the latter. Expending sufficient effort on determining the
functional requirements of an application can focus materials selection on the to-
tal optimization of the product throughout its life cycle, including recycle and/or
disposal.

The designer must keep an open mind when selecting materials. For example,
it is simplistic to think that fiberglass-reinforced polyester matrix composites are
required for all low cost parts or that all aerospace applications should be high per-
formance matrices reinforced with carbon fibers. Also, the designer must recognize
that there are many customers for the product as it passes from manufacturing
through assembly, marketing, sales, and final use. The material chosen must sat-
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isfy all of these many customers. A well-thought out set of functional requirements
gives the designer the information needed to carry out a successful materials selec-
tion process. It will help reduce the selection to a few candidate matrices and a few
candidate processing methods from the vast possibilities available.

The functional requirements encompass the life cycle of the product and high-
lights the capabilities required during each of the segments of the application’s
existence. It creates a picture of the ideal composite materials for the specific ap-
plication. Comparing the requirements for the matrix of this ideal composite to
the performance capabilities of existing matrices helps optimize the matrix selection
process by focusing on the needs of the application, rather than the desires of the
designer or manufacturer.

The selection of a matrix for a PMC parallels alloy selection in steel and alu-
minum parts. All steel is not equal, nor does every aluminum alloy and heat treat-
ment give the same processing and environmental performance. Their microstruc-
ture and alloying components must be matched to the end use and manufacturing
process. With the vast assortment of PMCs available, the need for a defined selection
process becomes a critical component of the design process.

The functional requirements guide the selection of a matrix by balancing the
functional and structural properties required by the application. Matrix dominated
parameters such as corrosion resistance and flammability of the polymer matrix
are given special attention in the selection process. The corrosion resistance of the
resulting composite, which is normally dominated by the matrix, is matched to the
application’s needs. Even though carbon fibers are chemically inert under most
common conditions, if the matrix degrades, the integrity of the composite will be
severely compromised. Some properties such as transverse stiffness (see Sections
4.2.2 and 4.2.4) and strength (see Section 4.5.3) are dominated by the matrix, with
the fibers having little influence. Furthermore, not every resin can be processed
by every processing technique (Chapter 3). Quite the contrary, resins are available
in families of products, each member of the family targeting a specific processing
technique. Selection of the matrix can determine the processing technique used.
Conversely, production rate and cost requirements may dictate a processing method,
which then highly influences the matrix selection.

Selecting candidate processing methods must be done at the beginning of the
design process for several reasons. First, processing methods impose constraints on
the design process by limiting parameters like the fiber volume fraction and fiber
orientations as explained in Chapter 3. Second, the production rate and cost are
controlled by the processing technique. Third, every production technique imposes
some limit on part size and complexity, which in turn is related to the resin system
used. For example, the lower the viscosity of the resin, the larger and thicker a
part can be made. In summary, once the designer selects a few candidate matrix
systems that meet the functional requirements of the application, one may then
concentrate on optimizing the system’s mechanical, corrosion, flammability, and
processing capabilities at the minimum cost possible.
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2.6 Thermoset Matrices

A thermoset matrix is formed by the irreversible chemical transformation of a resin
system into a cross-linked polymer matrix. In general, the polymer is called a resin
system during processing and matrix after the polymer has cured. Thermoset resins
have low viscosity, which allows for excellent impregnation of the fiber reinforcement
and high processing speeds. Thermoset resins are the most common resin systems
used in composite systems because of their ease in processing and wide range of
performance. Shelf life is the time the unmixed resin system can be stored without
degradation. Refrigerated storage is usually recommended to achieve the nominal
shelf life of the product. Pot life or gel time is the time the mixed resin can be
handled before the viscosity grows to a point where processing is no longer possible.
The gel time can be determined by ASTM D2471 for resins and ASTM D3532 for
carbon/epoxy prepreg.

Depending on the choice of initiator or curing system, catalyst, and the reactivity
of the resin, cure cycles can vary from minutes to hours, and they can take place at
room temperature or at elevated temperature. The reactions can be exothermic or
endothermic depending on the resin. Gelation rate depends on the type of reaction
used to cure the resin system. Gelation in radical cure system is normally rapid. In
condensation cured systems, transition to the gel state is still relatively quick, but
occurs at a much higher overall degree of cure. Gelation occurs when the resin has
reached a point at which the viscosity has increased so much that the resin barely
moves when probed with a sharp instrument (ASTM D2471). During cure, the
mixture releases or absorbs heat, thickens, solidifies, and shrinks. The volumetric
shrinkage upon curing varies depending on the type and composition of the resin
and curative. Volumetric shrinkage should not be confused with thermal shrinkage
due to temperature change. Volumetric shrinkage is caused by the change in free
volume that occurs when the resin cures. It is directed toward the center of mass
of the section. Since the fiber reinforcement does not shrink, internal stress can be
induced, causing cracking and fiber misalignment, as well as dimensional inaccuracy
and surface roughness.

Volumetric shrinkage is of critical importance to the designer because of its
effect on the final dimension of the part and therefore on the dimensions of the
tooling from which the part is manufactured. A typical ladder rail die will have its
flange portions angled at 91–92 degrees so that the part produced by the die will
have web to flange angles of 90 degrees. To make a solid rod of exactly 1/2 inch
diameter requires adjusting for the thermal expansion of the die during heating, the
volumetric shrinkage of the part during cure, and the thermal shrinkage of the part
as it cools from the reaction temperature back to room temperature.

The most common thermoset resins are: polyesters, vinyl ester, epoxy, and
phenolic. All resins provide higher thermal insulation than most commonly used
construction materials. Vinyl esters can have higher elongation to failure, which
allows more load to be transferred to the reinforcement and improved corrosion
resistance versus polyesters. Polyesters have a wide range of properties that can
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be matched to differing applications and process requirements. They tend to have
moderate physical properties, but can be very cost effective because of their low
initial cost and low conversion costs. Epoxy resins are considered high performance
resins in the sense that their elongation to failure and higher service temperature
are superior to that of most other commonly used thermoset resins. Phenolic resins
are normally used in applications where smoke generation and longer-term flame
spread is required by the customer or by code. Phenolic resins are more difficult to
process than other common thermoset resins, so a functional reason normally drives
their selection.

2.6.1 Polyester Resins

Polyester resins are high value, low cost resins with high performance/cost ratio.
Polyester resins are low viscosity, clear liquids based on unsaturated polyesters,
which are dissolved in a reactive monomer, such as styrene. The addition of heat
and a free radical initiator system, such as organic peroxides, will result in a cross-
linking reaction between the unsaturated polymer and unsaturated monomer, con-
verting the low-viscosity solution into a three-dimensional thermoset polymer. The
ratio of saturated to unsaturated acid used to form the backbone of the polyester
resin controls the cross-link density of polymer network. The distance between un-
saturated sites and the molecular stiffness of the backbone between the sites as well
as the stiffness of the monomer controls the rigidity of the matrix product.

Cross-linking can also be accomplished at room temperature through the use
of peroxides and suitable accelerators and promoters. The monomer type plays an
important role in the thermal performance of a polyester resin. A polyester resin in
vinyl toluene, for example, shows superior thermal performance (see Section 2.11)
when compared to the same resin in styrene [113].

Polyester resins can be formulated to have good UV resistance to structural
degradation and can be used in many outdoor applications. They can survive expo-
sure to the elements for periods exceeding 30 years, although some discoloration and
loss of strength may occur [113,114]. The onset of surface degradation is marked by
a yellow discoloration that becomes progressively darker as erosion occurs. In cases
where filler is used as part of the matrix formulation, as erosion occurs the filler is
exposed at the surface. This process is known as chalking because the particles are
similar to chalk dust on a blackboard. In translucent systems, UV radiation causes
yellowing of the composite as a whole, although the color is usually more intense on
the surface. Superior durability, color retention, and resistance to fiber erosion can
be obtained when styrene is supplemented with a more resistant monomer such as
methyl methacrylate (MMA). The gloss retention of styrene/MMA monomer blends
is usually better than for either monomer alone. The refractive index of MMA is also
lower than for styrene, allowing the formulation of polyester resins with refractive
index more closely matched to that of glass fibers. This, combined with improved
UV resistance, has resulted in the use of MMA polyesters to prepare glass-reinforced,
transparent building panels that can be used in greenhouses, skylights, and other
applications [113].
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In many applications, polyester resins are required to have some degree of resis-
tance to burning, which can be accomplished by using either a filler or a specially
formulated flame-retardant polyester resin, depending on the degree of resistance
required. Incorporating halogen into a polyester resin has been found to be an ef-
fective way of improving flame retardancy [113]. However, in applications where
smoke density and toxicity are issues, halogen containing matrices may be outlawed
by code.

Polyester resins have been used in applications requiring resistance to chemical
attack. Numerous applications for corrosion-resistant tanks, pipes, ducts, and liners
can be found in the chemical process and the paper industries [115]. Different
polyester resin classifications are used in corrosion resistant applications depending
upon the specific chemical environment. Chlorendic resins are recommended for
strong acid environments, especially at elevated temperatures, while bisphenol-A-
fumarate is better in strong basic solutions. Using glass fiber does not improve and
may even reduce the corrosion resistance of polyester resins. This is especially true
in strong acids such as hydrofluoric acid or a strong caustic environment because
these chemicals can attack and dissolve the glass fiber.

Representative data of mechanical properties of resins are given in Tables 2.13–
2.14. These properties correspond to unreinforced cast samples of resin, also called
clear castings or neat resin samples. The isophthalic resin shows higher tensile
and flexural properties than the orthophthalic resin. The BPA fumarate and the
chlorendic are much more rigid, and in clear castings this introduces brittle behavior
with low tensile elongation and strength. Using any fiber reinforcement dramatically
improves the mechanical properties of all resins. Properties of unreinforced resin
derived from casting do not necessarily represent the properties of the same resins
manufactured in composite form by a particular manufacturing process because
the interface chemistry between the reinforcement and the resin can influence both
the resin network next to the reinforcement as well as in the bulk, away from the
reinforcement. Therefore, it is always preferable to compare resins in composite
form.

Isophthalic resins have moderate corrosion resistance at temperatures below
82◦C. They can be flexible or rigid, the latter having higher chemical resistance
because of their lower free volume that inhibits diffusion of the corrosion media into
the polymer and reduced sites for chemical attack. They have high resistance to
water; good resistance to gasoline, oil, weak acids, and alkali, but low resistance
to peroxides and hypochlorites. Their elongation to failure is moderate, limiting
their ability to transfer load to the reinforcing fibers. They offer low fire retardancy
by themselves. However, fiber-rich surfaces may provide significant fire retardancy.
Furthermore, brominated versions of isophthalic resin formulations are available to
improve fire retardancy. Typical properties are given in Tables 2.13–2.14 [113].

Orthophthalic resins, also called general purpose polyesters, are used for struc-
tural applications that require lower functional performance than other polyesters
because they have low corrosion resistance and weathering stability. As with any
generalization about a large family of resins, there are some orthophthalic systems
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that outperform some specific isophthalic systems.

Chlorendic resins are used for high temperature applications, up to 176◦C. They
are highly resistant to acids, peroxides, and hypochlorites. They have good resis-
tance to solvents, but low resistance to alkaline environments. Their strength is
moderate and their flame retardancy can be high, up to Class I (see Section 2.11)
for special formulations [113].

Bisphenol-A-fumarates are better than isophthalic in severe acid and alkaline
environments up to 121◦C, with moderate strength. They provide low flame retar-
dancy (although fire retardant formulations are available) and moderate resistance
to solvents, peroxides, and hypochlorites [113].

2.6.2 Vinyl Ester Resins

Vinyl ester resins have higher elongation and corrosion properties than polyesters,
providing a transition in properties and cost to the high-performance epoxy resins,
but maintaining the processing versatility of polyesters. There is a great variety of
vinyl ester resins available for applications up to 121◦C. They are highly resistant
to acids, alkalies, solvents, hypochlorites, and peroxides. Brominated versions have
high flame retardancy. Typical properties are given in Tables 2.13–2.14 [113, 116].
The cost of vinyl ester resins is between that of polyesters and epoxies.

2.6.3 Epoxy Resins

Epoxy resins are widely used because of their versatility, high mechanical properties,
and high corrosion resistance. Epoxies shrink less than other materials (1.2–4%
by volume), which helps explain their excellent bond characteristics when used as
adhesives. Most epoxies can be formulated to be less affected by water and heat
than other polymer matrices. Epoxy resins are also favored for their simple cure
process that can be achieved at any temperature between 5 to 150◦C, depending on
the type of curative and accelerators used.

One of the main fields of application of epoxies is the aircraft industry. Epoxies
are used as adhesives for aircraft honeycomb structures and as laminating resins for
airframe and missile applications, for filament wound structures, and for tooling.
They are very useful as body solders and caulking compounds for the building
and repair of plastic and metal boats and automobiles. In building and highway
construction, they are used as caulking and sealant compounds (when high chemical
resistance is required), and as concrete topping compounds [117].

Epoxy resins are also used as casting compounds for the fabrication of short-run
and prototype molds, stamping dies, patterns, and tooling. Finally, epoxies have a
wide range of uses in the electrical business because of their excellent electrical in-
sulation. They can be used as potting and encapsulating compounds, impregnating
resins, and varnishes for electric and electronic equipment. The cost of epoxy resins
is proportional to the performance of the resin that varies over a broad range, but
they are usually more expensive than vinyl esters.
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The typical mechanical properties of some epoxy resins (unreinforced) are given
in Tables 2.13–2.14. The Epon 9310/9360 system is targeted for pultrusion process-
ing. The Epon 9310 resin system was cured with 33 phr1 of 9360 curing agent [118].
Note the detrimental influence of temperature on modulus and strength, which is
true for polymers in general. The Epon 9420/9470 is a system used in resin trans-
fer molding (RTM), filament winding, pultrusion, and for prepreg. The 9420 resin
system was cured with (a) 24.4 phr and (b) 32.4 phr of 9470 curing agent. Note
in Tables 2.13–2.14 that higher glass transition temperature (Tg, see Section 2.9)
results in a more brittle matrix with lower elongation and mechanical properties.
That means that there is always a trade-off between high temperature application
and mechanical properties when tailoring a resin system.

Moisture absorption is another consideration because of the detrimental effects
that moisture has on mechanical properties of the matrix and the composite. For
example, Epon HPT 1072/1062-M (100/53.2 phr) is a high temperature resin with
a low water gain, about 1.4% per weight (Tables 2.13–2.14).

Epoxy matrices can be used at service temperatures up to 175◦C. To increase
the toughness of the resin and the composite, the basic thermoset epoxy resins
are toughened with additives, including the addition of thermoplastics. Service
temperatures for toughened epoxies are lower than for brittle epoxies, up to 125◦C.
The operating temperature is always below the glass transition temperature (Tg, see
Section 2.9), which is high for brittle epoxies (up to 247◦C) and lower for toughened
epoxies (between 76 and 185◦C) [11].

2.6.4 Phenolic Resins

Phenolic resins have low flammability and low smoke production, compared to other
low cost resins. Furthermore, they have good dimensional stability under temper-
ature fluctuations and good adhesive properties. Phenolic resins are attractive for
aircraft, mass transit vehicles, and as interior construction materials where out-
gassing due to fire must be extremely low. Phenolics are being used in sheet molding
compound (SMC), pultrusion [119,120], and filament winding. Processing of pheno-
lic resins is quite different from other thermoset resins that they tend to substitute,
especially polyester resins, but successful production has been achieved at good pro-
duction rates and mechanical properties. Cost of phenolic resins is competitive with
polyesters [121].

Other resins used to achieve low flammability and toxicity, such as bismaleimide
and polystyrylpyridine, along with various flammability tests are reported in [122].
Room and high temperature data for a bismaleimide resin, a 70/30 mix of compimide
796, and TM-123 from Shell Chemical Co. is shown in Tables 2.13–2.14.

1phr = parts per hundred in weight. For example, 33 phr of curing agent and 0.65 phr of
accelerator means for every 100 parts of resin, 33 parts of curing agent and 0.65 parts of accelerator
are added, all on a weight basis.
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2.7 Thermoplastic Matrices

A thermoplastic polymer does not undergo any chemical transformation during pro-
cessing. Instead, the polymer is softened from the solid state to be processed, and it
returns to a solid after processing is completed. Thermoplastics have high viscosity
at processing temperatures, which makes them more difficult to process. The high
shear stresses needed to make thermoplastics flow cause damage to the fibers result-
ing in a reduction of fiber length in the order of 10 to 100 times. Therefore, one
of the major goals in the production of new thermoplastic materials and processes
is to reduce viscous effects in the fluid. Since impregnation is impaired by high
viscosity, special care must be taken to assure contact between the fibers and the
polymer. For example, intermingled fiber and polymer strands are used to form a
tow that then is processed by melting the polymer with heat. These intermediate
operations and slower processing rates add cost to the final product. Thermoplastics
do not require refrigerated storage and they have virtually unlimited shelf and pot
life. Also, thermoplastic composites can be repaired because the transition to the
softened stage can be accomplished any number of times by application of heat.

Polyether ether ketone (PEEK) is a common thermoplastic matrix for high per-
formance applications. It has very high fracture toughness, which is important
for damage tolerance of composites (Tables 2.15–2.16). PEEK is a semi-crystalline
thermoplastic with very low water absorption (about 0.5% by weight) at room tem-
perature, much lower than for most epoxies.

Polyphenylene sulfide (PPS) is a semi-crystalline thermoplastic with an excellent
chemical resistance. Polysulfone (PSUL) is an amorphous thermoplastic with very
high elongation to failure and excellent stability under hot and wet conditions.

Four types of polyimides are listed in Tables 2.15–2.16. Polyetherimide (PEI)
and polyamide-imide (PAI) are amorphous thermoplastics with high glass transition
temperatures. The two other thermoplastics in Tables 2.15–2.16, K-III and LARC-
TPI, are pre-polymers in a solvent solution that are used to coat fibers. The coatings
are then cured at about 300◦C, becoming amorphous polymers with high glass
transition temperatures. After cure, the polymer can be heated and reshaped as a
regular thermoplastic with good high temperature performance.

2.8 Biodegradable Matrices

Biodegradable matrices are defined as polymers whose physical and chemical prop-
erties allow them to undergo complete degradation when they are exposed to mi-
croorganisms, carbon dioxide (aerobic processes), methane (anaerobic processes),
and water (aerobic and anaerobic processes) [123]. Therefore, at the end of their
life, they can be easily disposed or composted with minor environmental impact.

In general, these polymers can be classified in four categories according to their
synthesis process, as follows:
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Biomass polymers obtained from biomass such as agro-polymers from agro-
resources (e.g., starch or cellulose).

Polysaccharides description

Starches Wheat, potato, maize.

Ligno-cellulosic Wood, straws.

Other Pectins, chitosan, gums.

Proteins, Lipids description

Animal Caesein, whey, gelatin.

Vegetable Soy, gluten.

Microorganisms Polyhydroxy-alkanoates (PHA), Polyhydroxy-butyrate (PHB),
Ployhydroxy-butyrate co-valerate (PHBV).

Biotechnology Polylactides, Polylactic acid.

Petrochemical Polycaprolactone (PCL), Polyesteramide (PEA), Aliphatic co-
polyesters (PBSA), Aromatic co-polyesters (PBAT).

Unlike the last category, first three groups of polymers are obtained from renew-
able resources, and thus are are known as biobased [124].

A large number of these matrices have become increasingly important for the de-
velopment of green composites using natural fibers. The interest for these polymers
has grown, since they are biodegradable, and at the same time have competitive me-
chanical properties to polyolefins (e.g., polypropylene: PP). Thermal and mechanical
properties of some of the most used biodegradable polymers are shown in Table 2.17.
However, the high cost of these materials is one of the main restrictions in their use.
Biodegradable polymers such as poly (butylene succinate) (PBS) [125, 126], ther-
moplastic starch (TPS) [127, 128], soy protein [129, 130], poly (hydroxybutyrate)
(PHB) [131], natural rubber [132], polycaprolactones (PCL) [133, 134], and poly-
lactic acid (PLA) [135,136] are the most common matrices used in composites with
natural fibers such as jute, flax, sisal, ramie, and kenaf.

2.9 Creep, Temperature, and Moisture

Unlike metals, polymers creep at room temperature. Also, the mechanical properties
of polymers depend strongly on temperature and moisture. Data for a large number
of polymers and elastomers are reported in [137, 138]. Creep can be defined as the
continuous growth of deformation with time under constant load. Creep is just one
manifestation of the viscoelastic behavior of polymers, which is evidenced also as
stress relaxation and as load rate effects [139].

A simple creep experiment consists of loading a sample with a constant tensile
load (σ constant) and recording the elongation over time (ASTM D2990). Figure
2.5 is representative of such a test. There is an instantaneous elastic deformation,
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Figure 2.5: Typical results from a creep test.

followed by the primary creep region where deformations grow fast. The primary
creep region occurs over a short period of time. For this reason, it is of interest
during processing and assembly. Anybody who has assembled wooden furniture has
been instructed to re-tighten the bolts after a couple of weeks. This is to take out
the slack caused by stress relaxation in the wood that occurs shortly after assembly.
The secondary creep region is characterized by a constant slope, called creep rate,
and it extends over a long period of time. This is the region of interest in design
because it encompasses the range of time for which the structure will be in operation.
If the creep rate is not a function of the stress level, the material is called linear
viscoelastic, otherwise nonlinear viscoelastic (or viscoplastic [140]). The tertiary
creep region occurs usually for high stress values and long times. It is characterized
by the simultaneous accumulation of creep strain and material damage [141]. The
tertiary region may not occur at all for certain materials or below certain stress
levels.

A simple relaxation test consists of applying a constant tensile deformation (∆L
constant) and measuring the stress over time. Figure 2.6 is representative of such a
test. The initial load is the elastic load necessary to cause the instantaneous strain.
After that, the sample relaxes and the load decreases.

The viscoelastic behavior of polymers is also evidenced by load-rate effects. If
the load is not applied suddenly but over a certain time, the stress–strain plot (see
Figure 2.7) changes as a function of the loading rate. The slower the application
of the load, the larger the strain. This is because longer times allow the material
to accumulate more creep strain. The initial portion of the stress–strain plots is
linear, while the behavior is viscoelastic. The plot becomes nonlinear at high stress
levels, indicating viscoplastic behavior [140]. One of the main reasons for using
fiber reinforcements is to limit the creep of polymer matrices so that structures
can take loads over long periods of time. The viscoelastic behavior of composites
can be predicted from the creep behavior of the matrix and the reinforcement using
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Figure 2.6: Typical results from a stress relaxation test.

micromechanics [142,143], and then used for predictions of time-dependent behavior
of structural members [144].
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Figure 2.7: Typical results for various values of loading rate and temperature.

Polymers are aging materials. They become stiffer and more brittle with time.
These are manifestations of physical aging. When the polymer is quenched rapidly
from its processing temperature down to room temperature, the polymer is frozen
in a non-equilibrium state containing more free volume than afforded by the equi-
librium state at room temperature. As time elapses, the material state, partic-
ularly its free volume, drifts towards the equilibrium state. During this process,
the material becomes stiffer and more brittle. The effects of physical aging can
be characterized experimentally and the results used to predict the aging of the
polymer [145–148].

Temperature has a remarkable effect on the behavior of polymers. Thermoset
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polymers have an amorphous structure and they show a distinctive glass transi-
tion temperature Tg, at which the material goes from a glassy (rigid) behavior
to a rubbery behavior. Structural polymer matrix composites always operate at
temperatures below Tg. On the other hand, thermoplastics may be amorphous or
semi-crystalline, exhibiting also a melting temperature Tm of the crystalline phase
in addition to the glass transition temperature Tg of the amorphous phase. Poly-
mers show a marked reduction of the modulus Em with temperature, both above
and below Tg (Tables 2.13–2.14).

Even well below the Tg, an increase in temperature accelerates the creep process;
that is, creep accumulates faster at higher temperatures. Therefore, temperature has
been used as an acceleration factor to predict the creep at times longer than the time
span of the experiments. This is the basis for the time-temperature superposition
principle (TTSP) described in [149, 150] and [151, ASTM D2990]. TTSP works
great to predict the temperature effects on creep during relatively short time spans
encountered in processing of thermoplastics and similar situations. However, the
classical TTSP fails at long time spans typical of structural applications (years) when
the effects of physical aging are noticeable. The combined effects of temperature and
physical aging can be characterized experimentally and the results used to predict
the long-term creep of the polymers [146–148].

If the polymer is exposed to a moist or wet environment, it will absorb moisture
through a diffusion process [152, 153]. Moisture lowers the modulus, strength, and
Tg of the polymer. The effect of moisture can be modeled also with the superposition
principle [154]. Based on the preceding discussion, it is clear that it is very important
to report the loading rate, temperature, and humidity along with the results of any
experiment with polymer matrix composites. It is also important to evaluate the
effects of operating temperature and moisture on the properties of the composite
for design purposes. The combined effects of temperature and moisture can be
characterized experimentally and the results used to predict the creep of polymer
matrix composites [154].

The glass transition temperature Tg of polymers reduces as a result of moisture
absorption. The following empirical equation [155] models data for some epoxy
resins

Tgw = (1− 0.1m+ 0.005m2)Tgd (2.6)

wherem is the moisture content by weight, Tgd and Tgw glass transition temperatures
of the dry and wet polymer matrix, respectively.

In general, all polymer properties, including strength and stiffness, reduce with
temperature and moisture content (Tables 2.13–2.14). The retention ratio of a
given property is defined as the quotient of the property at a given temperature
and moisture content divided by the reference value at room temperature and dry
condition. The retention ratio of some epoxy resins can be modeled by the empirical
formula [155]2

2While these empirical equations show the correct trend for typical epoxy resins, they may not
be accurate for other polymers and they should be used with caution.
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retention ratio =

[
Tgw − T
Tgd − T0

]0.5

(2.7)

The glass transition temperature Tg can be measured using differential ther-
mal analysis (DTA) or differential scanning calorimetry (DSC), according to ASTM
D3418 and E1356. Another measure of the softening characteristics of polymers
and polymer matrix composites is their heat distortion temperature (HDT), which
can be measured according to ASTM D648. A sample is loaded under three-point
bending with a constant maximum tensile stress of either 1.82 MPa or 0.455 MPa
depending on the material. The temperature is increased at a rate of 2◦C/min un-
til the deflection reaches 0.25 mm. The temperature at this point is recorded as
the HDT. Although DSC equipment is very common in laboratories today, and Tg
provides a better characterization of the polymer, the HDT is broadly used and
reported in the literature.

2.10 Corrosion Resistance

Chemical degradation of a polymer matrix composite (PMC) may occur as a result
of matrix degradation, fiber degradation, or fiber-matrix interface degradation. The
polymer may degrade because of absorption of solvents (including water), oxida-
tion, UV radiation, and thermal degradation. Alkalies, fluorides, hot water, and
hydrochloric acid may attack glass fibers if these are absorbed into the matrix. The
absorption will be accelerated if the matrix contains crazes or cracks. Therefore,
the chemical resistance of a PMC largely depends on the strength of the matrix
(to resist matrix cracking) and the loads applied to the material. The stress lev-
el accelerates alkali-induced degradation of glass-reinforced composites because it
tends to open the matrix cracks, facilitating alkalies to reach and attack the glass
fiber. The fiber-matrix interface may be also attacked, resulting in lower resistance
to delamination and lower intralaminar strength (Section 4.5.9).

Chemical attack is defined by four variables: extent of degradation, time, temper-
ature, and concentration of the attacking chemical. Chemical degradation is largely
influenced by the operating temperature. To a certain extent, the time-temperature
superposition [149] may be applied to predict long term or elevated temperature
behavior. But, beyond a certain threshold temperature, the mechanisms of chemical
degradation or those of substance ingress may change and the degradation may
proceed at a much higher rate. For this reason, recommended maximum application
temperatures listed in matrix selection guides [113, 114] should not be exceeded
without comprehensive material testing.

Incomplete cure of thermoset polymers is extremely detrimental to the corrosion
resistance of the material. Therefore, the processing method plays an important
role in corrosion resistance. Higher degree of cure can be achieved at higher temper-
atures and allowing more time for the reaction to complete, but high temperature
and longer processing time increase processing costs. The corrosion resistance of
candidate thermosets must be compared at a similar level of cure (or processing
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conditions). Data from different manufacturing processes (e.g., autoclave curing vs.
room temperature curing) are not directly comparable.

The degree of cure achieved during processing can be monitored online with the
process using dielectric probes, or checked afterwards. Simple tests such as Barcol
hardness (ASTM D2583) and acetone test are routinely used for qualitative checking
for incomplete cure. In the acetone test, the surface is rubbed with acetone; if it feels
soft or tacky the cure is not complete. Differential scanning calorimetry (DSC) is a
quantitative test of degree of cure. A DSC test is basically an instrumented post-
cure test of a sample of the material. The DSC equipment performs a temperature
sweep of the sample and records any heat of reaction that may originate from the
sample. If the initial cure was complete there will be no heat of reaction. Otherwise
the area under the DSC curve represents the residual heat of reaction HR released
by the sample, indicating the need for a postcure. A DSC of a virgin resin sample
gives the total heat of reaction HT (see ASTM D3418 and D5028). Then, it is
possible to measure the degree of cure α, (0 < α < 1) of the composite sample, as
α = 1−HR/HT .

Chemical resistance tests (e.g., ASTM C581) use a standard construction that
simulates the chemical barrier used in tanks and other FRP components in contact
to aggressive chemical substances. They can be useful as a quick check on the
effects of new fluids and mixtures. However, before final matrix selection, testing of
samples produced by the chosen manufacturing process with laminate construction
that is similar to the actual production component should be performed to verify
their ability to meet their chemical resistance requirements.

Resin selection guides from resin manufacturers (e.g., [113, 119]) can be used as
part of the material selection process during preliminary design. At this stage, cost
considerations and alternative structural configurations should also be considered
in order to meet the functional requirements of the product.

2.11 Flammability

Organic materials, including polymers, will burn in the presence of a flame. When
polymer composites are heated the polymer begins to dissociate chemically. The
temperature at which this decomposition occurs and the type of fumes produced
depends on the structure of the polymer. Several methods exist to assess the be-
havior of Polymer Matrix Composites at high temperature [3, Ch. 10].

The standard ASTM E84 can be used to rate materials for their burning charac-
teristics. The material is placed in a forced air tunnel and a controlled flame is used
to ignite a fire on the surface of the sample. The time to ignition and the distance
that the induced flame advances in the direction of the air stream are used to obtain
a flame spread classification number (FSC) between 0 and 100. Based on the FSC
number, materials are classified: class I for materials with FSC 25 or lower, class II
for FSC larger than 25 but lower than 75, and class III for FSC larger than 75.

The oxygen index (ASTM D2863) is the minimum concentration of oxygen that
will just support flaming combustion. ASTM E906 can be used to determine the
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release rate of heat and visible smoke when the material is exposed to radiant heat.
Another measure of surface flammability under radiant heat is provided by ASTM
E162. In addition, the optical density of the smoke generated can be measured by
ASTM E662. Other tests and specifications are also used to assess various aspects
of flammability [120,122]. A design for fire performance following British standards
is described in [156].

Different resins and their composites will start decomposing at elevated tempera-
tures. Isophthalic resins can be used up to 98◦C, some vinyl esters up to 135◦C,
bisphenol-A-fumarate and chlorendic resins up to 140◦C. The maximum operating
temperature of a fiber-reinforced composite may be higher or lower than that of the
resin. Fibers with high thermal conductivity help distribute and dissipate the heat
away from the heat source, thus improving the temperature rating of the material.
Low thermal conductivity of some fibers is detrimental because higher temperatures
may be reached around the heat source.

It is very important to take into account that all mechanical properties of poly-
mers change with temperature even well below the maximum operating tempera-
tures (Section 2.9). Also, polymers and PMC have low thermal conductivity (Section
4.3.3). This may be an advantage because exposure to high temperatures for short
periods of time will not raise the temperature in the core of a thick laminate. On the
other hand, low heat dissipation means that prolonged exposure to high temperature
may not be well tolerated.

Local Building Codes and Standards may supersede individual ASTM standard
tests. Many applications have designated tests that must be performed on actual
parts or mock-ups of actual parts. UL industries perform many of these tests as
part of industry’s standard practice.

Problems

Problem 2.1 Define and explain the following terms: strand, end, yarn, and roving.

Problem 2.2 Does the use of glass reinforcement help the corrosion resistance of polyester
resin?

Problem 2.3 Within the scope of the information provided in this chapter, select a resin to
be used in a strongly acid environment.

Problem 2.4 Within the scope of the information provided in this chapter, select a resin to
be used in a strongly basic environment.

Problem 2.5 Name two types of fibers and give the main advantage of each. The advantages
have to be different so that the two types of fibers differ from each other.

Problem 2.6 Name two matrix types and give the main advantage of each. The advantages
have to be different so that the two matrices differ from each other.

Problem 2.7 Compute the cross-sectional area occupied by a 36K tow of carbon fiber, with
a fiber diameter of 7 microns.
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Problem 2.8 Compute the cross-sectional area occupied by a roving of fiberglass with a Yield
of 56 yards/lb. How many 112 Yield roving are needed to obtain the same cross-sectional
area?

Problem 2.9 Compute the thickness of fiber in a CSM mat made out of 800 g/m2 of E-glass
fibers.

Problem 2.10 A cylindrical pipe with diameter d = 400 mm is subject to internal pressure
p = 20MPa. The pipe is free to expand along the length so that no axial stress develops
in its wall. Only hoop stress develops. The pipe is hoop wound and it is assumed that the
fibers carry all the load. Assume that the matrix does not contribute to the strength of the
material. Apply a safety factor R = 2. Only consider only Glass fibers from Table 2.1.

(a) What is the required thickness (tf ) and fiber type that yields minimum thickness?

(b) What is the required wall thickness and fiber type for minimum weight?

Problem 2.11 Select the appropriate matrix to fabricate fiber-reinforced pipe depending on
the substance it will carry. Consider each case separately.

(a) a solution of sulfuric acid at room temperature

(b) an alkaline solution at room temperature

(c) hot water

(d) hot gas, up to 140◦C.

Problem 2.12 For each of the following criteria, select the appropriate matrix that meets
the criterion (taken separately).

(a) high fracture toughness

(b) very low flammability and low smoke production under heat and fire

(c) low water absorption

(d) maximum possible operating temperature

(e) good resistance to UV and appropriate for translucent panels

(f) low shrinkage during curing of the part for good dimensional tolerances in the product

Problem 2.13 Name three parameters that must be reported along with experimental data
of stiffness and strength of PMC.

Problem 2.14 Do PMC operate at temperatures (a) below, (b) at, or (c) above the glass
transition temperature?

Problem 2.15 What class of polymers has a melting temperature?

Problem 2.16 Compare the strength and stiffness data at 149◦C (dry) of Epoxy 9310/9360
with an extrapolation of the room temperature data using the retention ratio.

Problem 2.17 Compare the flexural modulus and strength at 249◦C (dry) of clear cast
bismaleimide 792/TM-123 with an extrapolation of the room temperature data using the
retention ratio.

Problem 2.18 What is the detrimental effect of an incompletely cured thermoset matrix on
the life of a PMC?
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Problem 2.19 Explain how the matrix influences the extent of chemical attack on the fibers.
Explain the effect of the applied load.

Problem 2.20 What is the effect of temperature and moisture on the mechanical properties
of a polymer? Use empirical formulas to plot the estimated stiffness and strength variation
of Epoxy 9420/9470(A) from room temperature to high temperature.
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Table 2.1: Typical properties of inorganic fibers.3

Fiber Modulus Tensile Elongation Poisson’s Density
Ef Strength ε Ratio ρ

[GPa] [GPa] a [%] ν [g/cc]
Glass fibers
E-glass 72.35 3.45 4.4 0.22 2.5–2.59
S-glass 85 4.8 5.3 0.22 2.46–2.49
R-glass 86 4.4 5.2 0.15–0.26 2.55
C-glass 69 3.31 4.8 0.22 2.56
D-glass 55 2.5 4.7 0.22 2.14
Carbon fibers
Torayca T300 (PAN) 230 3.53 1.5 0.2 1.75
Torayca T800 (PAN) 294 5.88 2.0 0.28 1.8
Torayca T1000 (PAN) 294 7.06 2.0 0.2 1.8
Torayca M50 (PAN) 490 2.45 0.5 0.2 1.91
Hexcel AS2 (PAN) 227 2.756 1.3 0.2 1.8
Hexcel AS4-D (PAN) 241 4.134 1.6 0.2 1.77
Hexcel IM6 (PAN) 279 5.74 1.9 0.2 1.76
Hexcel IM7 (PAN) 276 5.31 1.7 0.2 1.78
Hexcel HMS4 (PAN) 317 2.343 0.8 0.2 1.8
Hexcel UHM (PAN) 441 3.445 0.8 0.2 1.85
Thornel P55 (pitch) 379 1.9 0.5 0.2 2
Thornel P100 (pitch) 758 2.41 0.32 0.2 2.16
Thornel K1100 (pitch) 965 3.1 - 0.2 2.2
Boron, Ceramic, and Mineral fibers
Boron b 400 2.7–3.7 0.79 0.2 2.57
SCS-6 427 2.4–4 0.6 0.2 3
Nextel 720 260 2.1 - 0.2 3.4
Astroquartz 69 3.45 5 0.2 2.2
Basalt 89–125 4.1–4.8 3.15 0.2 2.6–2.8
Metallic fibers
Steel 210 - - 0.3 7.9
Tungsten 350–410 3.2–4.2 - 0.28 19.3
aSee Table 2.7. bCompressive strength 6.9 GPa.

3For illustration purpose only. The designer is responsible for obtaining actual values.
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Table 2.2: Typical properties of inorganic fibers.3

Fiber Longit. Transv. Thermal Max. Resistivity
CTE a CTE Conduct. Oper.

[ppm/◦C] [ppm/◦C] [
[
W/m/

◦
C
]
] Temp. [µOhm m]

Glass fibers
E-glass 5.04–5.4 - 1.05 550 -
S-glass 1.6–2.9 - 1.05 650 -
R-glass 3.3–4 - 1 - 2
C-glass 6.3 - 1.05 600 -
D-glass 3.06 - - 477 -
Carbon fibers
Torayca T300 (PAN) −0.6 7–12 3.06 - 18
Torayca M50 (PAN) - - 54.43 - 8
Hexcel AS2 (PAN) - - 8.1–9.3 - 15–18
Hexcel AS4-D (PAN) −0.9 8.1–9.3 - 15–18
Hexcel IM6 (PAN) - - 8.1–9.3 - 15–18
Hexcel IM7 (PAN) - - 8.1–9.3 - 15–18
Hexcel HMS4 (PAN) - - 64–70 - 9–10
Hexcel UHM (PAN) - - 6.5 120
Thornel P55 (pitch) −1.3 120 - 8.5
Thornel P100 (pitch) −1.45 520 - 2.5
Thornel K1100 (pitch) 900–1000 - -
Boron, Ceramic, and Mineral fibers
Boron b 4.5 0.2 38 315 c -
SCS-6 4–4.8 - 10 - -
Nextel 720 6 - - 1200 c -
Astroquartz 0.54 - 2 1050 1010

Basalt 5.5–8.0 - - 700 -
Metallic fibers
Steel 11.8 - - - -
Tungsten 4.5 - - - -
aCoefficient of thermal expansion (ppm=10−6).
bCompressive strength 6.9 GPa. cLong term.
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Table 2.3: Typical properties of polymer fibers at room temperature. Data from
product literature and other sources, some values estimated for a broad class of
materials.3

Modulus Tensile Compres. Elongation Poisson’s Density
Ef Strength Strength ε Ratio ρ

[GPa] [GPa]a [GPa] [%] ν [g/cc]
Kevlar 29 62 3.792 0.71 3.6 0.35 1.44
Kevlar 49 131 3.62 0.72 2.4 0.35 1.45
Kevlar 149 179 3.62 0.69 1.9 0.33 1.47
Technora H 70 3 0.6 4.4 0.35 1.39
Spectra 900 79 2.6 0.079 3.6 0.32 0.97
Spectra 1000 113 3.25 0.072 2.9 0.28 0.97
Spectra 2000 124 3.34 0.07 3 0.28 0.97
Vectran NT 52 1.1 0.3 - 0.3b 1.4
Vectran HT 75 3.2 0.5 3.8 0.3b 1.41
Vectran UM 103 3 0.6 2.8 0.3b 1.4
Zylon HM 270 5.8 0.561 2.5 0.3 1.36
aSee Table 2.7. bAssumed.

Table 2.4: Typical properties of polymer fibers at room temperature. Data from
product literature and other sources; some values estimated for a broad class of
materials.3

Fiber Longit. Transv. Thermal Max. Resistivity
CTE CTE Conduct. Oper.

[ppm/◦C] [ppm/◦C] [W/(mK)] Temp. [µOhm m]
Kevlar 29 −2.2 59 0.04 149–177 1011–1013

Kevlar 49 −2 59 0.04 149–177a 1011–1013

Kevlar 149 −3.1 - 0.04 435 1011–1013

Technora H −6 59 0.05 400a 0.25× 1012

Spectra 900 −10.8 - 0.25 144–152 -
Spectra 1000 −10.8 - - 144–152 -
Spectra 2000 −10.5 - 0.22 144–152 -
Vectran NT −5.1 - - - -
Vectran HT −4.8 - 1.5 145 -
Vectran UM −5.1 - - 150 -
Zylon HM −6 - - 400 -
aLong term.
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Table 2.5: Weibull shape parameters m of carbon fibers.3

Fiber name Condition Weibull Modulus Material Ref.
Temp Treatment Time m m1 m2
[◦C] [min]

HTA 5131 RT 6.3± 0.1 4.1± 0.6 PAN
HTA 5131 1800 9.1± 0.9 2.1± 0.6 PAN
HTA 5131 2100 8.6± 0.8 2.2± 0.9 PAN [61]
HTA 5131 2400 10.3± 0.4 1.9± 0.3 PAN
T1000GB 5.9 PAN
K13D 4.2 Pitch
XN-05 7.9 Pitch
T300 7 PAN [157]
M40B 6.8 PAN
M60JB 5.8 PAN
XN-90 5 Pitch
HT a 5.89 PAN
HT-O b 7.741 PAN
UHM c 3.85 Pitch [158]
UHM-O b 3.424 Pitch
P120J untreated - 3.85 carbon
P120J-3’ 75 W Oxidized 3 3.42 carbon
P120J-10’ 75 W Oxidized 10 4.55 carbon
P120J-3’ 100 W Oxidized 3 3.65 carbon
P120J-3’ 150 W Oxidized 3 3.88 carbon
P120J-10’ 150 W Oxidized 10 3.75 carbon [159]
P75S untreated - 6.45 carbon
Ribbon untreated - 4.04 carbon
Ribbon-3’ 75 W Oxidized 3 4.77 carbon
C230 untreated - 5.89 carbon
C230-3’ 75 W Oxidized 3 7.74 carbon
T300 RT 6.9 PAN [160]
aHigh strength. bPlasma-oxidized. cUltrahigh modulus.
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Table 2.6: Weibull shape parameter m of various fibers and composites.3

Fiber name Condition Weibull Modulus Material Ref.
Temp Treatment Time m m1 m2
[◦C] [days]

E-glass P122 1200 Tex 6.2 175 5.5 E-glass
E-glass P122 2400 Tex 3.8 97 4 E-glass [62]
Kevlar 49 RT H2O 7 14.01 aramid
E-glass RT H2O 7 6.7 glass [161]
Carbon RT H2O 7 4.5 carbon
GFRP a 5 GFRP [162]
GF-1 untreated 3 glass
GF-2 Silane 5.2 glass
CF-1 untreated 4.7 carbon [163]
CF-2 Silane 3.7 carbon
OP-1 untreated 5.7 optical
E-glass 357D-AA 3.301 E-glass
E-glass P 227 2.827 E-glass [164]
VARTM b 19.7 E-glass [165]

vinyl ester
Graphite 1.71 graphite
Fiber of C/C composite 2.58 carbon [166]
Matrix of C/C composite 2.6 carbon
Fiber of C/C composite 3.41 carbon [167]
aGlass fiber-reinforced polyester. bSection 3.7.

Table 2.7: Fiber strength reduction. Compiled from [168] (with permission) and
other sources.3

Fiber Strength Reduction (%)
E-glass 25–53
S-glass 24–46
Kevlar 49 31–38
Kevlar 149 14
Carbon AS4 17–28
Carbon T40 21
Carbon T300 30
Carbon T700 22
Carbon T800 29
Carbon IM6 21–27
Carbon IM7 27

Table 2.8: Temperature effect on strength of glass fibers.3

Temperature E-glass S-glass
◦C GPa GPa
23 3.45 4.8
371 2.62 4.5
538 1.72 2.5
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Table 2.9: Classification of carbon fibers according to modulus.
Denomination Acronym Modulus Strength

[GPa] [GPa]
Low modulus LM below 200 -
Standard modulus SM 200–250 -
Intermediate modulus IM 250–350 -
High modulus HM 350–450 -
Ultrahigh modulus UHM above 450 -
High tenacity HT - above 3
Super high tenacity SHT - above 4.5

Table 2.10: Properties of natural fibers. Adapted from [108] c© 2011, with permis-
sion from Elsevier. Additional data from other sources.3

Fiber Density Length Diameter Tensile Tensile Specific Elongation
type ρ strength modulus modulus ε

[g/cm3] [mm] [m] [MPa] [GPa] [approx] [%]
Abaca 1.5 - - 400–980 6.2–20 9 1.0–10
Alfa 0.89 - - 35 22 25 5.8
Bagasse 1.25 10–300 10–34 222–290 17–27.1 18 1.1
Bamboo 0.6–1.1 1.5–4 25–40 140–800 11–32 25 2.5–3.7
Banana 1.35 300–900 12–30 500 12 9 1.5–9
Coir 1.15–1.46 20–150 10–460 95–230 2.8–6 4 15–51.4
Cotton 1.5–1.6 10–60 10–45 287–800 5.5–12.6 6 3–10
Curaua 1.4 35 7–10 87–1150 11.8–96 39 1.3–4.9
Flax 1.4–1.5 5–900 12–600 343–2000 27.6–103 45 1.2–3.3
Hemp 1.4–1.5 5–55 25–500 270–900 23.5–90 40 1–3.5
Henequen 1.2 - - 430–570 10.1–16.3 11 3.7–5.9
Isora 1.2–1.3 - - 500–600 18–20 14 5–6
Jute 1.3–1.49 1.5–120 20–200 320–800 8–78 30 1–1.8
Kenaf 1.4 - - 223–930 14.5–53 24 1.5–2.7
Milkweed 120-450 4.65-15.83 1.2-8.2
Nettle 1.4–1.55 - - 650 38 25 1.7
Oil Palm 0.7–1.55 - 150–500 80–248 0.5–3.2 2 17–25
Piassava 1.4 - - 134–143 1.07–4.59 2 7.8–21.9
PALF 0.8–1.6 900–1500 20–80 180–1627 1.44–82.5 35 1.6–14.5
Ramie 1.0–1.55 900–1200 20–80 400–1000 24.5–128 60 1.2–4.0
Sisal 1.33–1.5 900 8–200 363–700 9.0–38 17 2.0–7.0
Assume Poisson’s ratio 0.2 for all fibers.
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Table 2.11: Composition of natural fibers. Adapted from [108] c© 2011, with per-
mission from Elsevier.3

Fiber Cellulose Hemicellulose Lignin Pectin Waxes Micro-fibril Moisture
type angle content

[wt %] [wt %] [wt %] [wt %] [wt %] [deg] [wt %]
Abaca 56–63 20–25 7–13 1 3 - 5–10
Alfa 45.4 38.5 14.9 - 2 - -
Bagasse 32–55.2 16.8 19–25.3 - - - -
Bamboo 26–65 30 5–31 - - - -
Banana 63–67.6 10–19 5 - - - 8.7–12
Coir 32–43.8 0.15–20 40–45 3–4 - 30–49 8
Cotton 82.7–90 5.7 <2 0–1 0.6 - 7.85–8.5
Curaua 70.7–73.6 9.9 7.5–11.1 - - - -
Flax 62–72 18.6–20.6 2–5 2.3 1.5–1.7 5–10 8–12
Hemp 68–74.4 15–22.4 3.7–10 0.9 0.8 2–6.2 6.2–12
Henequen 60–77.6 4–28 8–13.1 - 0.5 - -
Isora 74 - 23 1.09 - -
Jute 59–71.5 13.6–20.4 11.8–13 0.2–0.4 0.5 8 12.5–13.7
Kenaf 31–72 20.3–21.5 8–19 3–5 - - -
Nettle 86 10 - - 4 - 11–17
Oil Palm 60–65 - 11–29 - - 42–46 -
Piassava 28.6 25.8 45 - - - -
PALF 70–83 - 5–12.7 - - 14 11.8
Ramie 68.6–85 13–16.7 0.5–0.7 1.9 0.3 7.5 7.5–17
Sisal 60–78 10.0–14.2 8.0–14 10 2 10–22 10–22

Table 2.12: Fiber architecture of various stitched fabrics. Compiled from [48]
c© (1998), with permission from Brunswick Technology Inc.3

Denomination Chopped 0/90 ±45 0 90
Strand Mat balanced ±balanced warp weft

[g/m2] [g/m2] [g/m2] [g/m2]
M1500 450
C24 800
CM1808 225 600
CM1810 300 600
Q30 440 405 170
QM5620 600 1100 800
TH27 450 450
TVM3408 225 609 541
UM1810 300 600
UM1608 240 533
XM2408 225 800
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Table 2.13: Typical properties of thermoset matrices. Data from product literature
and other sources; some values estimated for a broad class of materials.3

Tensile Tensile Compressive Shear CTE Poisson’s
Modulus Strength Strength Strengtha α Ratio

[GPa] [MPa] [MPa] [MPa]
[
ppm
◦C

]
ν

Polyester
Orthophthalic 3.4 55.2 100 - 78 0.38
Isophthalic 3.4 75.9 117.2 75.9 30 0.38
BPA Fumarate 2.8 41.4 103.5 - 106 0.38
Chlorendic 3.4 20.7 103.5 - - 0.38
Vinyl Ester
Derakane 411-45 3.4 82.7 117.1 82.7 84 0.38
Epoxy
914-C 4.02 - - - 39.2 0.36
3501-6 5.1 - - - 41.2 0.34
3502 3.8 - - - 50.5 0.36
3900-2 3.3 - - - 57.6 0.35
8551-7 4.09 99.2 228 57 46.7 0.37
8552 4.67 100 - - 38 0.37
934 @23◦C 4.64 58 - - 41.4 0.36
9310/9360 @23◦C 3.12 75.8 - 34.5 54 0.38
9310/9360 @149◦C 1.4 26.2 12.1 68 0.38
9420/9470(A) @23◦C 2.66 57.2 120 - 96.8 0.43
9420/9470(B) @149◦C 2.83 77.2 - - 149.5 0.41
HPT1072/1062M @23◦C 3.383 80 - - 52.7 0.38
Bismaleimide
796/TM-123 @24◦Cb 3.582 90 - - 27 0.39
aBack-calculated from composite data. bPartial data @249◦C provided in Table 2.14.
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Table 2.14: Typical properties of thermoset matrices. Data from product literature
and other sources.3

Tensile Flexural Flexural HDTa Tgb Density
Elongation Modulus Strength ρ

[%] [GPa] [MPa] [◦C] [◦C] [g/cc]
Polyester
Orthophthalic 2.1 6.9 220.7 79.4 180 1.1
Isophthalic 3.3 7.6 241.4 90.6 175 -
BPA Fumarate 1.4 9 158.6 129.4 120 -
Chlorendic - 9.7 193.1 140.6 - -
Vinyl Ester
Derakane 411-45 5–6 3.1 124 104 120 1.12
Epoxy
8551-7 4.4 - - 171 157 1.272
8552 1.7 - - - 200 1.301
934 @23◦C 1.48 4.1 68.9 - 177 1.3
9310/9360 @23◦C 4 - - - 185 1.2
9310/9360 @149◦C 5.2 - - - 185 1.2
9420/9470(A) @23◦C 3.1 0.8 30 62 195 1.162
9420/9470(B) @149◦C 5.2 - - - 155 1.158
HPT1072/1062-M - - - - - -
@23◦C - 3.383 131 - 239 1.35
Bismaleimide
796/TM-123 @24◦C 5.3 3.582 132 - 260 1.25
796/TM-123 @249◦C - 2.48 90 - - -
aHeat deflection temp. bGlass transition temp.

Table 2.15: Typical properties of thermoplastic matrices. Data from product liter-
ature and other sources; some values estimated for a broad class of materials.3

Tensile Tensile Comp. Shear CTE Poisson’s GIC Density
Modulus Strength Strength Strength α Ratio ρ

[GPa] [MPa] [MPa] [MPa] [ppm
C ] ν [ kJm2 ] [ gcc ]

PEEK 3.7 93a 118 84.1 47 0.33 4.03 1.29
PPS 3.3 82.7 - - 49 0.37 - 1.36
PSUL 2.48 70.3a - - 56 0.37 2.45 1.24
PEI 3 105a - - 56 0.37 2.8 1.27
PAI 2.756 89.57 - - 36 0.37 3.5 1.4
K-III 3.76 102 - - - 0.365 1.9 1.31
TPI 3.72 119.2 - - 35 0.36 1.0b 1.37
aYield point. bExtrapolated value.
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Table 2.16: Typical properties of thermoplastic matrices. Data from product liter-
ature and other sources; some values estimated for a broad class of materials.3

Tensile Flex. Flex. Heat Glass Melting Process
Elongation Modulus Strength Deflection Trans. Temp. Temp.

[%] [GPa] [MPa] HDT [◦C] Tg [◦C] Tm [◦C] [◦C]

PEEK 50 3.7 145 160 150 343 400
PPS 5 - - 135 90 290 343
PSUL 75 - - 174 190 - 300
PEI 60 - - 200 217 - 343
PAI 30 - - 274 243 - 300
K-III 14 - - - 250 - -
TPI 5 - - - 264 325 343

Table 2.17: Thermal and mechanical properties of biodegradable polymers, compiled
from [169–171] and other sources.3

Glass Melt Tensile Tensile Elongation Density Poisson’s
Transition Temp. Strength Modulus ε ρ Ratio

[◦C] [◦C] [MPa] [GPa] [%] [g/cc] ν
PLA 45–58 150–162 21–60 0.35–3.83 2.5–6 1.25 0.36
PHB 4–15 168–182 24–40 3.5–4 5–8 1.24 0.18
Starch - 110–115 5–6 0.12 0.85 31–44 0.69 0.37
PCL 62 57 16 0.4 80 1.11 0.46
PP 10 176 38 1.7 40 0.90 0.36
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Chapter 3

Manufacturing Processes

The choice of manufacturing process depends on the type of matrix and fibers, the
temperature required to form the part and to cure the matrix, and the cost effec-
tiveness of the process. Often, the manufacturing process is the initial consideration
in the design of a composite structure. This is because of cost, production volume,
production rate, and adequacy of a manufacturing process to produce the type
of structure desired. Each manufacturing process imposes particular limitations
on the structural design. Therefore, the designer needs to understand the advan-
tages, limitations, costs, production rates and volumes, and typical uses of various
manufacturing processes. In the design of a composite structure, the material is de-
signed concurrently with the structure. Because of this freedom, high performance
structures can be designed, provided the designer understands how the material is
going to be produced. The basic characteristics of manufacturing processes that
are relevant to the structural designer are presented in this chapter. Hand layup,
prepreg layup, bag molding, autoclave processing, compression molding, resin trans-
fer molding (RTM), vacuum-assisted resin transfer molding (VARTM), pultrusion,
and filament winding are described.

Processing of polymer matrix composites involves the following unit operations:

1. Fiber placement along the required orientations;

2. Impregnation of the fibers with the resin;

3. Consolidation of the impregnated fibers to remove excess resin, air, and volatile
substances;

4. Cure or solidification of the polymer;

5. Extraction from the mold; and

6. Finishing operations, such as trimming.

Various manufacturing processes differ in the way these operations are per-
formed, but they are all executed. Some of the operations may be combined into a
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simple step to save time. For example, fiber placement, impregnation, and consol-
idation are simultaneous in filament winding. Some operations may be performed
ahead of time, such as the impregnation of a prepreg that is subsequently used in
hand layup. The variations in the way the material is processed have significant
impact on the cost, production rate, quality, and performance of the final product.
Each processing method has inherent advantages and limitations that affect the
structural and material design.

3.1 Hand Layup

The hand layup technique, also called wet layup, is the simplest and most widely
used manufacturing process. Basically, it involves manual placement of the dry
reinforcements in the mold and subsequent application of the resin (Figure 3.1).
Then, the wet composite is rolled using hand rollers to facilitate uniform resin
distribution and removal of air pockets. This process is repeated until the desired
thickness is reached. The layered structure is then cured. The emission of volatiles,
such as styrene, is high as in any other open mold method. The hand layup process
may be divided into four basic steps: mold preparation, gel coating, layup, and
curing.

Contact Mold Gel Coat

Resin

Reinforcement

Laminate

Figure 3.1: Hand layup.

The mold preparation is one of the most critical steps in the layup process. The
mold may be made of wood, plaster, plastics, composites, or metals depending on
the number of parts, cure temperature, pressure, etc. Permanent molds, used for
long runs, are made of metals. Molds made of composites are mostly used for low
volume production since they do not respond well to repeated use. The mold may
be male or female type, depending on which surface needs to be smooth. A coating
of release agent is applied to the mold to facilitate the removal of the finished part.
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Table 3.1: Advantages and disadvantages of the hand layup process.
Advantages Disadvantages

Large parts with complex geometries
can be produced

Only one surface of the molded part is
smooth

Minimal equipment investment Quality depends on the skill of workers
Minimal tooling cost Labor intensive
Void content under 1% Low production rate
Sandwich construction is possible High emission of volatiles
Inserts and structural reinforcements
can be easily accommodated

Product uniformity is difficult to
maintain

Parts requiring excellent finish can be
easily manufactured

Long curing times at room tempera-
ture

Curing ovens are not necessary

The release agents in common use are wax, polyvinyl alcohol, silicones, and release
papers. The choice of the release agent depends on the type of material to be molded
and the degree of luster desired on the finished product.

A gel coat is applied after the preparation of the mold to produce a good surface
appearance of the part being molded. The coating is normally a polyester, mineral-
filled, pigmented, non-reinforced lamina. This resin lamina is applied to the mold
before the reinforcements. Thus, the gel surface becomes the outer surface of the
laminate when molding is complete. This surface forms a protective lamina through
which the fibrous reinforcements do not penetrate and the product may require no
subsequent finishing operations.

The final steps involve material preparation, fiber placement, and curing. The
fiber is applied in the form of chopped strand mat, cloth, or woven roving (Section
2.4). Pre-measured resins and catalysts are mixed together thoroughly. The resin
mixture is then applied to the fibers. Serrated hand rollers are used to compact
the material against the mold to ensure complete air removal. Curing is usually
accomplished at room temperature and the final molded part is removed by pulling
it from the mold. Some of the advantages and disadvantages of the hand layup
process are listed in Table 3.1 and typical applications are listed in Table 3.2.

The production rates and costs of the hand layup technique vary widely and
depend on the fibers and matrix used, size of the part to be manufactured, and
the process used. The cost of tooling depends on the number of parts to be made
because higher quality molds are needed for larger runs. A new mold is constructed
for every new item. The cost of equipment depends on the production rate because
of the need to set up several lines working at high speed for high production rates.
The cost per part is minimized by choosing the appropriate mold construction and
adjusting production rates to the available equipment. Finally, the cost per part is
affected by the quality required because of the need for either semiskilled or skilled
workers. Cost per unit weight may be up to $20/kg for high quality aircraft parts
using glass fibers.
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Table 3.2: Some applications of hand layup.
Applications Products

Marine boats, boat hulls, ducts, pools, tanks, furniture
Aircraft rocket motor nozzles and other aircraft parts

Structural furnace filters, structural supports, flat and corru-
gated sheets, corrosion duct work, housings, pipes

Consumer bicycle parts, truck parts

Partial automation of the hand layup process is accomplished by the spray-up
process, which differs from the hand layup in the method of application of the resin
and reinforcement. Continuous fiber is chopped and sprayed on the mold simul-
taneously with resin using a chopper gun. Spray-up is an old process, mostly used for
producing parts of constant thickness: truck body parts, small boats, shower units,
and custom automotive parts. Since the operator entirely controls the deposition of
the spray on the mold, the quality of the product depends entirely upon operator
skill. The physical properties of the product obtained are inferior and not uniform
from part to part. The costs of the spray chopper guns and other special tooling
add to the total cost. Complete automation of the hand layup technique has been
tried but it was found to be very costly and inefficient, involving high equipment
and tooling costs.

3.2 Prepreg Layup

Prepreg is a pre-impregnated fiber-reinforced material where the resin is partially
cured or thickened. The fibers are arranged in a unidirectional tape, a woven fabric,
or random chopped fiber sheets. The basic difference between prepreg layup and the
conventional hand layup is that when using prepreg the impregnation of the fibers
is made prior to molding.

Prepregs are widely used for making high performance aerospace parts and com-
plex geometries. Most prepregs are made from epoxy resin systems and reinforce-
ments usually include glass, carbon, and aramid fibers. In most of the prepreg
systems the resin content is higher than desired in the final part. The removal of
this excess resin assists in removing the entrapped air and volatiles that may pro-
duce voids in the final part if not removed. This is necessary because for each 1%
of voids there is 7% reduction in the intralaminar shear strength and significant re-
ductions in the compressive strength occurring for void content above 2% [172,173].
Lower resin content also reduces the weight and cost without affecting the strength.
New prepregs are made with near net-resin contents to avoid the removal of excess
resin that has become costly. The near net-resin content of the resin means that
the amount of resin in the prepreg is maintained near to the resin content desired
in the final part. These prepregs are made using a hot melt impregnation method
that minimizes the volatiles present in the prepreg.

The prepregs are usually supplied in rolls of convenient widths (30–60 cm). They
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Table 3.3: Advantages and disadvantages of using prepregs.
Advantages Disadvantages

High fiber volume fractions Slow and labor intensive
Uniform fiber distribution More expensive curing equipment
Simplified manufacturing Added cost of making prepreg

are normally cut to fit in the mold and laid up lamina by lamina until the desired
thickness is reached. Since the resin is partially cured, prepregs have a limited
shelf life, which is extended by storing them in freezers. An autoclave or vacuum is
usually required to assist in consolidating and curing parts laminated with prepregs
(Section 3.3). Some of the advantages and disadvantages of using prepreg are listed
in Table 3.3.

Prepregs using thermoplastic matrices are available with most of the fibers in
most of fiber forms. They need to be heated to achieve tack1 and drape2 since
they are usually stiff at room temperature. Processing of thermoplastics differs
from the processing of thermoset resins. The temperatures and pressures used are
usually higher for thermoplastics because the viscosity of thermoplastics needs to
be lowered by heat during processing. Then, curing is replaced by simply cooling
down to room temperature.

3.3 Bag Molding
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VACUUM
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BREATHER/BLEEDER
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Figure 3.2: Vacuum bagging.

A uniform pressure applied to the laminate before it is cured improves consol-
idation of the fibers and removal of the excess resin, air, and volatiles from the
matrix. Pressure is applied with the aid of a flexible diaphragm or bag (Figure 3.2).

1Tack is the ability of the prepreg to stick temporarily to the mold.
2Drape is the ability of a fabric to conform to a complex multi-curved surface. See Section 2.4.3.
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The laminae are laid up in a mold and resin is spread. Release film or a release
agent is used on both sides of the laminate to prevent it from sticking to the mold
or to the breather. Sometimes, a peel-ply is used to leave an imprint or pattern
on the surface to enhance adhesive bonding (secondary bonding) at a later time.
The breather/bleeder combination helps distribute the vacuum and channels the
volatiles and excess resin to the vacuum port. The laminate is then covered with
a flexible bag, which is perfectly sealed to the tool. Then, vacuum is applied and
the part is cured with heat and pressure. By applying vacuum under the bag, the
atmospheric pressure acts uniformly over the laminate. The vacuum helps withdraw
excess volatile compounds, such as residual solvent, trapped air, or low molecular
weight components of the resin. After the cycle, the materials become an integrated
molded part shaped to the desired configuration. There are three basic methods
of applying pressure to the laminate: pressure bag, vacuum bag, and autoclave
processing, the latter two being the most popular methods.

Vacuum bags allow for the production of large, high quality, lower cost composite
parts. The main advantages of vacuum bagging are that the vacuuming and curing
equipment can be used for a variety of parts. The size of part that can be made by
bag molding is limited only by the curing equipment, including the size of the curing
oven or autoclave. However, the quality of the part is dependent on the worker’s
skill.

Bagging procedures for thermoplastics are similar to thermoset materials except
that the bagging materials must be able to withstand the high temperatures. Ma-
terials like Kapton vacaloy are used because they can withstand up to 370◦C. Most
of the thermoplastics melt in the 260–370◦C range, as compared to 120–180◦C max-
imum operating temperature in case of thermosets. The molding of thermoplastics
must also take into account the high temperatures required to obtain good flow
and compaction. The higher viscosities of thermoplastics make the consolidation
process very complicated and high pressures may be necessary. Thermoplastics are
used to obtain improved properties in hot and wet environments and higher impact
resistance. The high cost of production of thermoplastics is sometimes compensated
because of production advantages, such as no need for refrigeration, reduced ship-
ping costs, etc. Specific applications involving high impact resistance and improved
mechanical properties include aerospace and medical equipment (where performance
and quality are critical but cost is not such a concern), food processing, camera and
watch cases, electrical and electronic equipment, etc.

3.4 Autoclave Processing

Autoclaves are pressure vessels that contain compressed gas during the processing
of the composite. They are used for the production of high quality, complex parts.
The method is good for large parts and moderate production quantities.

Autoclave processing of composites is an extension of the vacuum bag technique,
providing higher pressure than available with a vacuum and giving greater compres-
sion and void elimination. The composite part is laid up and enclosed in a vacuum
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bag. Full or partial vacuum is drawn within the bag, and gas pressure greater than
atmospheric is applied on the exterior of the bag. The temperature is then raised
to initiate cure of the polymer. Higher temperature also reduces the viscosity of the
polymer, helping wetting of the reinforcement and consolidation of the composite.

Augmented pressure exerts mechanical forces on the unconsolidated composite,
increases the efficiency of transport of volatiles to the vacuum ports, and causes
increased wetting and flow of the resin. The volume of the trapped air and released
volatile is reduced proportionally to the applied pressure vacuum at a given temper-
ature. Therefore, porosity and voids are minimized. Also, the transport of volatile
materials in the molten polymer to the vacuum ports is more efficient at elevated
pressure.

The majority of autoclaves for composite manufacturing are cylindrical pressure
vessels with domed ends, one of which is the door or entrance. The autoclaves
are usually mounted horizontally on the factory floor to provide easy access to the
interior. Diameter is the limiting factor in size. Large-diameter autoclaves require
extremely thick walls and become very expensive. Most research and development
autoclaves are about 1 m in diameter, while production autoclaves run from about
1 to 8 m in diameter.

Tools for autoclave use are usually simple male or female forms. The surface of
the part facing the tool surface is more precise and has better surface finishing than
the bag surface. The choice of materials for tooling is usually based on the tem-
peratures to be encountered during curing and the production quantities required.
Plaster and wood masters may be used to produce prototype parts, provided a low
temperature cure is employed. For production parts, polyester, epoxy, aluminum,
steel, and cast epoxy tooling are used. Large epoxy tools must be reinforced to
give dimensional stability to the mold. Production tools frequently contain built-in
heating elements and sensors, vacuum ports around the outside of the layup, and
provisions for stiffening and handling.

Autoclave operations consume large amounts of energy and materials, including
industrial gases (nitrogen is used for pressurization as an alternative to high-pressure
compressors) and bagging materials. Autoclave operations are also labor intensive
and time-consuming. The curing cycle and consolidation of a part in an autoclave is
long and intensive. In the case of very thick parts, the curing cycle may have to be
repeated several times to complete curing. Matched tool molding in presses is usually
more economical in the case of large production runs of relatively small composite
parts. For large parts exceeding the size of available presses, autoclave processing is
the only choice, and for the intermediate production runs of the aerospace industry,
autoclave processing is usually the most economical choice.

The production rate depends on many factors including the tools used, the size
of the part, and the number of laminae. First the part has to be formed by the
hand layup process which is time-consuming. For vacuum bagging, a pump is used
to create a vacuum of about 100 KPa, at a rate of 60 to 400 liters per minute.
Therefore, the size of the part determines the vacuuming time. The production rate
of autoclaves is also determined by the cure profile that includes heat up, curing,
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and cooling time. The size of the tool used also affects the production rate because
the tool has to be heated too. Small parts can be cured in about three to five hours
and large parts can take as long as twelve to sixteen hours to cure.

3.5 Compression Molding
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BOTTOM MOLD

PRESSURE & HEAT

MOLDING
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Figure 3.3: Compression molding.

The process of compression molding employs matched male and female metal
dies to form the mold. A measured amount of loading compound (fiber plus resin)
is charged into the mold (Figure 3.3). A hydraulic press, using heat and a relatively
high pressure, is used to cure the fibers and resin by closing the male and female
halves of the mold. After the material is cured, the pressure is released and the part
is ejected from the mold. Postmolding operations include the removal of flash and
postcuring.

Compression molding is a simple and well-established process. It minimizes
part setup costs, nearly eliminates material waste, reduces secondary finishing, and
requires minimal labor. The process can be easily automated allowing high volume
production with very good part to part uniformity. Small parts can be produced as
fast as 15 parts per minute and larger pieces (e.g., automobile bumpers) at a rate
up to 24 parts per hour.

The press is the most important and expensive piece of equipment in the com-
pression molding process. Compression molding presses are usually vertical acting
with movable male and female dies constructed of tool steel. The surfaces of the
mold are polished and sometimes chrome-plated to increase surface hardness. Mold
press sizes range from 100 ton to 4000 ton producing parts from under 1 kg to over
75 kg. Optional equipment includes preheaters and preformers that allow faster
molding cycles and reduce entrapped air in the final part.

Compression molding does not allow a high content of continuous fibers. There-
fore the parts are not suitable for primary structures, although they are used for
some secondary structures. These compression molding components are also used
when high stiffness is required, by designing ribs and flanges into the part.

The most common loading compounds used in compression molding are BMC
(bulk molding compound) and SMC (sheet molding compound). Chopped fibers,
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fiber preforms, and prepreg are also used.

BMC is a dough-like mixture with fiber content, ranging from 20% to 50%. A
combination of fillers (wood flour, minerals, cellulose, etc.) are mixed with the resins
in a blade-type mixer. The reinforcement may be glass, cellulose, cotton, or other
fibrous materials. This batch material is placed in a mold at 150 to 200◦C and
molded at about 3 to 4 MPa.

SMC has longer fibers and a higher fiber content than BMC. It can be molded
into thick and thin sections maintaining maximum fiber integrity. SMC sheets
contain the resin, fillers, catalyst, and pre-impregnated reinforcements, which are
cut into suitable size sheets or charges to be placed in the hot mold. The mold
temperature is generally 150 to 200◦C and it is molded at 7 to 14 MPa of pressure.

3.6 Resin Transfer Molding
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Figure 3.4: Resin Transfer Molding (RTM).

Resin transfer molding (RTM) uses a mold, with inlets to introduce the resin
and outlets that allow air to escape (Figure 3.4). The fiber reinforcement is placed
dry in the mold, and the mold is closed. Liquid resin is pumped into the mold
through the inlet, soaking the fibers and filling the mold cavity. When the mold is
full, the resin supply is removed, the mold inlets and outlets are sealed, and heat is
applied to cure the resin. After the resin is completely cured, the mold is opened
and the resulting composite part is removed.

The RTM process can produce large continuous fiber-reinforced composites with
complicated shapes and relatively short cycle times. The process is differentiated
from other molding processes in that all the reinforcement is placed dry in the mold
before any resin is applied. This allows for better control over the orientation of the
fibers, thus improving material properties. Also, the process is cleaner, with less
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volatile organic compounds (VOC) released, and less prone to defects. There are
several variations of the basic RTM process.

In preform molding, the mold material is commonly steel. A preform is placed
in the mold and a measured quantity of resin is pumped into the open tooling. The
tool is then closed and compressed causing the resin to flow and wet out the preform.
Cycle time for large parts of uniform thickness is often 3 minutes or less.

A preform is usually made by spraying chopped reinforcement onto a perforated
screen and applying a vacuum until the binder, which is sprayed along with the
reinforcement to hold the fibers together, has time to cure. Binder is the curing
agent used to hold the fiber mesh or fiber preform together before the actual resin
is transferred through the system. Binders are usually 75% water based by weight
with a corresponding bonding agent that will hold the fiber preform together. The
type of binder used depends on the type of fiber and resin to be used in the process,
so that the binder does not create an interfacial problem between the fiber and
matrix.

Structural reaction injection molding (SRIM), uses a preform that is placed in
the mold before resin is introduced. Since the resin and the initiator are highly
reactive, they are stored in two separate tanks. Resin and initiator from the two
tanks are injected into a mixing chamber, and the mixture pumped into the mold,
where it cures rapidly. Cycle times of one minute are possible for production of
relatively small parts.

In flexible resin transfer molding (FRTM), rather than using a rigid mold, two
elastomer diaphragms are used to contain the dry fibers. Resin is drawn through
the flexible mold by means of a vacuum applied at the mold outlet. After the fibers
have been impregnated with resin, the flexible mold is then shaped to form the
desired part. Since the reinforcements are placed on a flat diaphragm, the time
and labor associated to traditional RTM layup on a contoured mold are virtually
eliminated [174].

Physical properties of molded RTM components tend to be very consistent.
This is at the cost of a relatively high waste factor around the part perimeter.
Corners and edges tend to be resin-rich making it difficult to achieve uniform fiber
content through the part. When low-cost materials are used in mold construction,
mold pressures must be low, resulting in slow fill times and limited fiber contents.
Poor temperature resistance of the mold, coupled with poor heat transfer, restrict
the resin chemistry to slow cure times with minimum exothermic to prevent resin
degradation or tool damage. Reinforcements are generally cut and placed in the
mold by hand for each molding, which increases cycle time considerably for complex
parts. A major limitation is the fact that the mold design is very critical and
requires great skill. Mold design, particularly inlet and outlet design and location, is
increasingly performed using software packages to simulate the flow of resin through
the mold cavity [175].

The cost and time to build a preform for resin transfer molding are significant.
The absence of reinforcement at part edges may be a limitation if ribs and bosses are
required in a design. Ribs and bosses must be loaded individually in the tool cavity,
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and maintaining reinforcement at the part edge while avoiding resin richness at cor-
ners of the part can be difficult. Scrap losses also may be more costly as component
integration increases, and replacement cost can be significant if a large component is
defective. Producing mold-in holes are usually difficult in RTM. Routinely, parts are
limited to about 12 mm thickness because of the difficulty in resin transfer through
large mediums. Tolerance for RTM is difficult to keep but some applications can
keep tolerance as close as ±0.2 mm. Reinforcement movement during resin injection
is sometimes a problem causing leakage and nonuniform resin transfer.

Production rates strictly depend on the size and type of part being produced.
The RTM production area can be configured to operate a variety of molds simul-
taneously. An RTM machine can process 45 kg/min and 2–8 parts/hr while it may
take 2 hrs to produce a similar part by spray-up (Section 3.1) [176]. An example of
a high volume part is a balsa-core sandwich panel for wet electrostatic precipitators.
Each panel is 3.65 m by 3.0 m with thickness ranging from 3.8 to 45.7 cm. The
weight of the panel is 272 kg and the production time is one week [176].

The production costs of RTM are lower than processes using prepreg because the
cost of raw materials (fiber and resin) is significantly lower. In some cases the cost of
RTM has been found to be as low as 1/3 of using prepreg and vacuum bag process to
produce the same part. For a particular example using the same part, the production
cost of RTM was estimated at 80% of the cost for hand layup [177], including
equipment depreciation, material costs, scrap rate, and labor costs. Similar savings
are reported in [178]. Equipment costs for RTM may be as low as 35% of the
cost for compression molding and autoclave processes. In general, the equipment
cost for RTM is usually lower than other composite processes except for hand layup.
However, RTM has a fairly high labor cost compared to SMC and Injection Molding.

Vacuum-assisted resin injection molding, also called vacuum-assisted resin trans-
fer molding (VARTM), has become very popular during the last decade. The process
is explained in detail in the next section.

3.7 Vacuum-Assisted Resin Transfer Molding

In Vacuum-Assisted Resin Transfer Molding (VARTM), the vacuum is applied to the
outlet of the mold and the resin is drawn into the mold by vacuum only. A schematic
of the process is shown in Figure 3.5. The pressure applied to the impregnated
reinforcement is due to the pressure differential between the vacuum applied and
the atmospheric pressure action on the exposed surface of the vacuum bag. Since
vacuum is applied instead of pressure, half of the mold may be replaced by a vacuum
bag. Resin flow can be assisted by microgrooves built into the mold or into a
distribution medium placed beneath the vacuum bag. Some aspects of this tech-
nology are patented and commercialized under the name SCRIMPTM [179]. Since
the pressure differential is much lower than the pressure used in conventional RTM,
and curing is most commonly done at ambient temperature, the cost of the mold can
be reduced substantially; heavy steel molds needed in pressurized RTM can be re-
placed by lighter molds made of wood, epoxy, or light-gage steel. Cycle times for this
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process range from minutes to hours for large complex parts. Typical applications
of VARTM include large, complex parts such as boat hulls and so on.

Mold
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Dry ReinforcementSealing
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Figure 3.5: Vacuum-Assisted Resin Transfer Molding (VARTM).

A typical sequence of operations in the VARTM process is as follows:

• Layup all laminae of dry fabric or a preform on the tool.

• Optional. Cover with a highly permeability resin distribution medium on top
of the dry fabric to help spread the resin quickly over the entire part. In this
way, flow through the thickness is aided by gravity.

• Cover with a vacuum bag.

• Place one or more resin inlet ports strategically so that resin drawn by the
vacuum pump thoroughly impregnates the entire layup, leaving no dry spots.

• Evacuate the entrapped air with a vacuum pump.

• Continue to apply vacuum to draw liquid resin from an external reservoir into
the layup. At this stage the resin should impregnate all of the fabric, leaving
no dry spots.

Epoxy, polyester, vinyl ester, and phenolic resins can all be used for VARTM,
and bismaleimide can be used if the tooling (mold, vacuum bag, etc.) can sustain
the elevated process temperature required. Since resin has to flow through the
thickness of the fabric layup, woven fabrics cannot be too crimped,3 nor too tight.
Rather loose, drapable fabrics work better. Stitched materials are ideal for this
process because the tows are sufficiently loose to allow the resin to seep through.

3Crimp is a measure of the yarn undulation or waviness in a woven fabric. See Section 2.4.3.
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Honeycomb core cannot be used because the cells would fill with resin. Foams need
to be sturdy enough to resist the pressure (equal to the vacuum applied).

High fiber volume fraction can be obtained, as high as 60%, with very low
void content. Since the resin is enclosed at all times, very low volatile organic
compounds (VOC) are released to the atmosphere, which is a significant advantage
when VARTM is compared to wet layup methods. Faster layup can be achieved
with lower labor cost because of the ease of layup of dry fabrics when compared
with wet layup. Final parts made by this process have good dimension tolerances,
which are comparable to RTM and prepreg manufacturing, and better than hand
and wet layup.

Since VARTM is normally used for large parts, any unimpregnated area may
result in very expensive scrap. The user of VARTM must use trial and error and/or
simulation software [180] to learn how to prevent unimpregnated areas. Further-
more, the tool has to be sturdy enough to withstand the weight of fabric plus resin
plus tooling (vacuum bag, etc.).

3.8 Pultrusion

Pultrusion is a continuous manufacturing process used to manufacture constant cross
section shapes of any length. Pultrusion is a low cost process because it achieves
direct conversion of continuous fibers and resin into a finished part. The fibers are
continuously impregnated and pulled through a heated die, where they are shaped
and cured.

In the simplest pultrusion line (Figure 3.6), roving and mat are dispensed from
the creel and mat racks and guided through preforming guides. The preforming
guides position the reinforcements in the appropriate locations in the cross section
of the product, as specified by the design. The reinforcements enter dry into the in-
jection chamber where they are wetted by resin supplied under pressure. Frequently,
the injection chamber is an integral part of the die. The cross section of the die
gives the final shape to the product. As the wet reinforcement travels through the
die, curing takes place aided by the heat supplied by the in-line heaters. As it cures,
the composite shrinks and separates from the walls of the die, leaving the die as a
finished product. The cured part is then pulled by reciprocating pullers, synchro-
nized to provide a constant speed. The product is therefore continuously produced
in virtually infinite length. A moving cutoff saw clamps itself to the moving prod-
uct whenever a preset length of product is available, thus cutting the part without
stopping the process. The cutting length is chosen as to facilitate transportation of
the pultruded product.

The reciprocating pullers may be substituted by a caterpillar puller where two
rubber belts clamp the part while continuously pulling it by friction. A resin bath
can be used to wet the reinforcements before entering the die. In this case the
injection chamber and associated pressurization tank are not used. However, using
an injection chamber has the advantage of virtually eliminating the volatile content
(VOC) that otherwise would emanate from an open resin bath. Styrene emissions
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Figure 3.6: Pultrusion.

are drastically reduced, as low as 1% of an open bath operation. Also, the time for
start-up and shutdown of the pultrusion line can be significantly reduced. Using
an injection chamber, the dry fibers can be positioned with accuracy at the inlet of
the die that translates in better uniformity of the material. Finally, the injection
pressure can be adjusted and continuously monitored to improve wet-out of the fiber
layup.

Both closed sections (e.g., box-beam) and open sections (e.g., I-beam) can be
produced, but it is easier to produce closed sections. Closed sections, such as a box
beam, are fabricated using a mandrel cantilevered behind the entrance to the die.
The pultrusion line also can be fitted with a rotating winder to apply reinforcements
at an angle (usually ±θ) around the product. This is commonly used to fabricate
pipe and driveshafts. Other additions to the line consist of fiber preheaters and
radio-frequency (RF) heaters, especially for thick parts or when a thermoplastic
matrix is used. Thermoplastics can be fed in the form of fibers commingled with
the reinforcements. Another option is to feed the line with prepreg but this adds
one more operation, the manufacturing of prepreg, and thus additional cost.

Operational costs of pultrusion are low. The major cost of the process is in
equipment, the chrome plated dies, and the design and tune-up of the guiding sys-
tem. For these reasons, pultrusion is ideally suited for high volume applications.
Any type of fibers can be used but glass dominates the market because of cost.
Special formulations of various resins have been developed for pultrusion, including
polyesters, vinyl esters, epoxies, and phenolics. Even thermoplastics have been
pultruded, but polyesters and vinyl esters dominate the market because of cost.
The main fiber form used is roving and continuous strand mat (CSM), the latter
used to provide transverse strength and to facilitate production. However, more
elaborate fiber forms, like stitched bidirectional materials, are also used. Except for
the case of thermoplastics and specialty applications, no pre-impregnated fibers are
used, contributing to a lower cost.
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Pultrusion has some constraints regarding fiber orientation and content. A min-
imum of roving or longitudinal fibers must be used to be able to pull the product.
Bidirectional mats must be stitched to prevent warping of the fibers near the edges.
Fiber volume fraction can seldom exceed 45%, with 30% being a more typical value.
Fillers are commonly added to reduce the cost of the resin and to keep the solid
content at a constant value, thus facilitating processing. A minimum solid content
(fiber plus filler) is necessary for successful pultrusion without scaling and sloughing
(about 70–75% by weight). The required fiber volume may be lowered if the dif-
ference is replaced by fillers, within certain limits. The thickness of solid pultruded
walls is limited to about 12 mm when using standard conduction heaters because
of curing limitations and intralaminar cracking. Furthermore, the void content may
be difficult to control in thick sections.

If the die is not heated, the composite leaves the die uncured allowing for addi-
tional operations on the uncured part. In this case, curing can be accomplished in a
tunnel-oven downstream from the die. In the tunnel-oven process, the rovings and
mats are drawn through a resin bath and then through a sizing brush, which removes
entrapped air and excess resin. The wet rovings are then molded into the desired
size and shape by a die (unheated). The pultruded part is then pulled through a
tunnel oven and cured. The cured part is pulled with a caterpillar or two alternating
pullers. The tunnel-oven process has become less used today as it has limitations in
the shapes it can produce and a need for a secondary finishing. However, it is used
for producing reinforcing bars for concrete. After the uncured rod comes out of the
die, it is wrapped at an angle with roving, or even coated with sand. Then, it is
cured in the tunnel-oven. In this case, the roughness of the surface is an advantage,
allowing the bar to achieve the desired bond with concrete.

Only straight, constant cross sections can be produced with the die-cure method.
Pulforming, however, can be used for curved shapes, like leaf springs. In step-
molding or pulforming, rovings and mats are drawn through an impregnating bath.
The material is then pulled into a mold, the mold is closed, and heat is applied.
Once this portion of the product is cured, it is drawn out of the mold, and the next
section is pulled into the mold. An advantage of this system is that it allows for
the production of a nonuniform cross section. However, the process is slow and it is
difficult to produce large cross sections.

Pultrusion rates of production vary widely depending upon the type of machine
being used and the type of cross section being produced. On the average, a standard
beam cross section can be produced at about 2 meters per minute, while a panel
production line can produce approximately 20 m2 per minute.

3.9 Filament Winding

Most shapes generated through this process are surfaces of revolution, such as pipes,
cylinders, and spheres. In filament winding, continuous reinforcements, such as
roving, are wound onto a mandrel until the surface is covered and the required
thickness is achieved. The process uses raw materials, fiber and resin, in a fairly
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automated process with low labor, thus contributing to a low production cost. The
preprogrammed rotation of the mandrel and horizontal movement of the delivery
eye produce the helical pattern depicted in Figure 3.7, which is the simplest mode
of operation of an helical winding machine.

CREEL RACKS
TAPE RACKS

PREFORMING GUIDES

HEADSTOCK

TAILSTOCK
SPINDLE

MANDREL

DELIVERY EYE

HORIZ. & VERT.
CARRIAGES

CLCL

TENSIONING
DEVICE

Figure 3.7: Filament winding.

There are two basic types of winding machines: helical and polar. The helical
winding machine is similar to a lathe. The mandrel rotates continuously while the
delivery eye moves back and forth. The rotational speed of the mandrel and the
linear speed of the delivery eye can be adjusted to produce any fiber orientation
between 5◦ and 90◦, the latter called hoop winding. Several back-and-forth travels
of the carriage are needed to complete a lamina covering the mandrel. Such a lamina
is always a two-ply balanced laminate at ±θ. The fiber reinforcements are delivered
from creel and tape racks, and through a tensioning device or brake that can be
adjusted to control the tension in the reinforcement. Next, the reinforcement goes
through a resin bath where it picks up resin. Then, the wet reinforcement is delivered
through the delivery eye that is mounted on a carriage. In addition to the spindle
rotation, the carriage and delivery eye can move in a number of ways designed to
help place the reinforcement along complicated contours. A helical winder with
three possible movements, called axes, is depicted in Figure 3.7, but machines with
up to six axes are available. A six axes machine independently controls its spindle
rotation, horizontal carriage feed, radial carriage position, delivery eye angle and
yaw, and vertical carriage feed. Winders employing fewer axes are used for simple
parts such as golf shafts and larger number of axes are used for more complex
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components such as windmill blades.

A helical winder naturally produces a geodesic path, which is the path followed
by a string under tension on the surface of the mandrel. An example of such a
path used for winding a cylindrical vessel is shown in Figure 3.7. For more complex
shapes, the winder can be programmed to deviate from the geodesic path. In this
case, the roving tends to slip back into the geodesic path. The difference between the
geodesic and the set path is the slip angle, which is limited by processing conditions.
A string free to slip, stretched between two points on the convex side of any surface,
follows a geodesic path. If the shape of the surface can be designed so that the
geodesic path coincides with the resultant of the hoop and meridional forces (Nx

and Ny in Chapter 12), the shape is called a geodesic dome. The design of such a
shape is used for the end domes of pressure vessels, and it is described in [64].

Polar winders are used to produce spherical vessels or cylindrical vessels with
length/diameter ratio less than 2.0. A polar winder is mechanically simpler, thus less
expensive, and faster than a helical winder. It consists of an arm that rotates around
the mandrel delivering the roving into a planar path. The mandrel is stepped slowly
so that the arm covers its surface. Except for the perfect sphere, the planar path
always has a slip angle with respect to the geodesic path that limits the applicability
of polar winding to nearly spherical shapes.

After winding, the part is moved to a gas-fired or electric oven, thus freeing the
winder for winding another part. The need for continuous tension of the fiber around
the mandrel virtually prevents the manufacturing of shapes with negative curvature
(r2 < 0 in Figure 12.5), unless special fixtures are used. Small radii of curvature
are also a problem because fiber breakage and sudden changes in curvature tend
to create resin-rich zones. The need for a mandrel and for its removal after the
composite is cured also limits the shapes that can be wound. In general filament
winding finds most of its applications in surfaces of revolution.

Several types of mandrels have been developed to facilitate removal. The easiest
alternative used for some pressure vessels is to use a metallic liner as a mandrel and
leave the liner as an integral part of the end product. This is sometimes required
to prevent the leakage of gas by diffusion through the composite wall. Collapsible
mandrels are made of segments that can be disassembled after the part is cured.
These are the most expensive mandrels, and thus they are used for large volume
productions. A soluble sand mandrel is made of sand and polyvinyl alcohol. The
mixture is cast in two or more parts that, when assembled, give the desired shape.
Once the composite is cured, the mandrel is dissolved by injecting hot water. Plaster
molds are used only for prototypes or low runs of large parts because they are labor
intensive and damage to the part may result during removal.

Besides using wet reinforcements, it is possible to use prepreg or wet rerolled
material, but these options invariably add more operations and cost to the prod-
uct. Using wet reinforcements, fiber placement, impregnation, and consolidation
are achieved simultaneously. The wet reinforcement is placed on the mandrel under
tension, thus compacting the material previously wound. The maximum tension that
can be used is a function of the fiber strength and the feed rate being used. The
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consolidation is not as good as that obtained with an autoclave resulting in higher
void content and somewhat lower mechanical properties. However, not needing an
autoclave is advantageous because it reduces the cost through lower capital expense
and lower processing time. Furthermore, large parts that would not fit in any
available autoclave can be fabricated by filament winding.

The maximum thickness that can be wound is limited by fiber slippage and
wrinkling under the pressure of new laminae on top. When the thickness is large,
it may be necessary to stop winding and let the part cure partially, until the resin
gels, before adding more laminae. This slows the process resulting in additional cost.
Therefore, as with virtually all processes, relatively thin laminates are preferred from
a production point of view.

The major limitations of filament winding are size restrictions, geometric pos-
sibilities, the orientation of the fibers, and the surface finish of the final product.
Void content may be high since no vacuum or autoclave is used and the resin cures
at low temperature.

Production rates for filament winding processes vary greatly because the size
of the part and the mandrel type dictate the amount of time needed to set up
and remove a part from the winding machine. If setup and removal time are not
considered, production rate is dictated by the feed rate at which fibers are wound
onto the mandrel. Feed rates vary according to the strength of the fiber used,
typically 0.6–1.2 m/s for production using a wet fiber setup.

3.10 Textile Manufacturing

Textile fabrics are an important type of reinforcement for composites because they
simplify the manufacturing process, particularly hand layup (Section 3.1), compres-
sion molding (Section 3.5), resin transfer molding (Section 3.6), and vacuum-assisted
resin transfer molding (Section 3.7). They provide a reinforcement that imparts bi-
axial stiffness and strength, as well as impact damage toughening to the composite.
Furthermore, they speed up the manufacturing processes that can use them, due to
the high area weight that can be packaged in a single layer of fabric.

Textile fabrics can be woven, knitted, braided, or stitched.

3.10.1 Woven Fabrics

Woven fabrics are 2D textiles produced by interlocking yarns in a loom. A variety
of textile fabrics are shown in Fig. 2.2. The warp yarns pull the fabric through the
loom (Fig. 3.8) in the direction in which the woven fabric is finally rolled up. In
this textbook, the warp direction is denoted as x-direction (see Chapter 9).

About half of the yarns are raised by the heddles (Fig. 3.8) to form a shed
through which the weft (fill) yarns can be inserted, perpendicularly to the warp,
by the shuttle which is thrown back and forth through the shed. Once the shuttle
carries the weft all the way through the shed, the heddles move the warps up and
down, thus completing the essential step that weaves the fabric. In a 2-harness
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Figure 3.8: Schematic of a loom used to produce woven fabrics.

loom, adjacent heddles move up and down in opposite directions to create a 2x2
plain weave pattern.

3.10.2 Knitted Fabrics

Knitted fabrics are created by looping yarns (Fig. 3.9) using a set of needles. The
resulting fabric has highly interlocked yarns, resulting in high damage tolerance.
Furthermore, knitted fabrics drape well over complex shapes and thus are used for
high-performance applications with complex geometry.

Figure 3.9: Knitted fabric.
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Figure 3.10: Braiding.

3.10.3 Braid Fabrics

Braid fabrics are created by interlocking two or more yarns on a mandrel (Fig. 3.10).
2D braiding is somewhat similar to 2D weaving but done on a mandrel. The end
product is a tube or sock. Braided rope consist of a sheath braided over a core yarn.
Engineering braids are braided over a rigid mandrel.

The warp and fill carriers support the spindles that travel over a wavy path,
half of them clockwise (cw) and the other half counterclockwise (ccw). Warp and
fill (weft) spindles are mounted on separate carriers. The clockwise (cw) and coun-
terclockwise (ccw) rotation of the carriers and spindles achieves the interlocking of
warp and fill, alternatively above and below each other, resembling a woven fabric.

Braiding rings increase the braid angle without having to spread the spindles
over large diameter carriers and helps yarns to cross over each other ahead of being
laid down on the mandrel. Stationary yarns (not on spindles) can be easily fed to
lay down longitudinal yarns in the braided sock.

While woven fabrics are typically square (90◦ interlock), braided yarns can be laid
on the mandrel at almost any angle (±θ), allowing the braid to interlock at angles
different than 90◦. Additional yarn carriers can be added to create 3D braids. For
example, simply adding longitudinal (0◦ yarn) to a ±60◦ braid produces a tri-axial
braid. Such braid can then be used to produce a quasi-isotropic (0/±60) composite.

3.10.4 Stitched Fabrics

Stitched fabrics are created by stitching a stack of 2D woven or 3D knitted or braided
layers of fabric using a sewing machine (Fig. 3.11). The stitching thread pro-
vides reinforcement in the thickness direction, but the stitching needle may damage
and/or deform the fabric. As a result, a deformed fabric may have resin-rich pockets
and stress concentrations that may be detrimental to the in-plane strength of the
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Figure 3.11: Stitched fabric.

composite.

Problems

Problem 3.1 Explain polar winding and its limitations.

Problem 3.2 What are the differences between SMC and BMC?

Problem 3.3 With reference to autoclave and vacuum bagging: (a) What is a release film?,
(b) What is a peel-ply?, and (c) What is a breather?

Problem 3.4 Name four manufacturing processes. For each give its main advantage and
disadvantage.

Problem 3.5 What manufacturing process would you recommend to produce a cylindrical
tube for each of the following configurations of the reinforcement:

(a) only unidirectional fibers along the length of the tube

(b) only hoop fibers

(c) a combination of unidirectional and ±45◦ (angle measured with respect to the axis of
the tube)

(d) only chopped or continuous strand mat reinforcement

(e) a short length of tube fabricated as a prototype with arbitrary fiber orientations

Problem 3.6 What manufacturing process would you recommend to produce a large quantity
of the following parts while minimizing cost?

(a) automotive door panel where structural performance is not critical but surface finish
must be excellent

(b) aircraft door panel where structural performance is critical but surface finish is not
important

(c) a few prototype samples of both (a) and (b)

Problem 3.7 Same as Problem 3.6 but you are required to use a thermoplastic matrix.
What additional considerations must be accounted for in this case?
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Chapter 4

Micromechanics

Micromechanics is the study of composite materials taking into account the in-
teraction of the constituent materials in detail. Micromechanics allows the designer
to represent a heterogeneous material (see Section 4.1.3) as an equivalent homoge-
neous material, usually anisotropic (see Section 4.1.4 and Figure 4.1).

Micromechanics can be used to predict stiffness (with great success) and strength
(with lesser success). There are several approaches, increasingly complex, to derive
micromechanics formulas. To fix ideas, the simplest and most intuitive approach
(the mechanics of materials approach) is introduced first. Then, more accurate
formulas and comparisons with experimental data are presented.

Figure 4.1: Micromechanics process.

Composite materials are the first class of materials that are designed concurrently
with the structure. When designing with metals, the only choices are the type of
alloy and the thermal treatment, followed by the design of the geometry. Composite
materials are produced as combinations of various fibers with various matrices. The
designer can change fibers, matrices, the relative amount of each constituent, and
the geometry of the part, simultaneously. The relative amount of fiber and matrix
is expressed in terms of fiber and matrix volume fractions, which can be varied over
a broad range during manufacturing.

107
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4.1 Basic Concepts

Basic concepts and definitions used in the rest of this chapter are described in this
section.

4.1.1 Volume and Mass Fractions

The properties of a composite are controlled by the relative volume of fiber and
matrix used. The fiber volume fraction is defined as

Vf =
volume of fiber

total volume
; 0 ≤ Vf ≤ 1 (4.1)

The amount of matrix by volume is the matrix volume fraction, defined as

Vm =
volume of matrix

total volume
; 0 ≤ Vf ≤ 1 (4.2)

Since the total volume is the sum of the fiber volume plus the matrix volume

Vf + Vm = 1 (4.3)

The amount of fiber by weight in the composite is the fiber weight fraction

Wf =
weight of fiber

total weight
(4.4)

The amount of matrix by weight (or mass) is the matrix weight fraction

Wm =
weight of matrix

total weight
(4.5)

Since the total weight is the sum of the fiber weight plus the matrix weight

Wf +Wm = 1 (4.6)

The mass of any material (fiber, matrix, and composite) is equal to the product
of the density times the volume. Therefore, the density of the composite can be
computed as

ρc = ρfVf + ρmVm (4.7)

The volume of any material (fiber, matrix, and composite) can be written as
the mass divided by the density. Therefore, the density of the composite can be
computed also as

1

ρc
=
Wf

ρf
+
Wm

ρm
(4.8)

In design of composite structures, volume fractions are used because they enter
directly into the computations of stiffness, etc. But during processing, weight frac-
tions are used because it is much easier to weigh components to be mixed than to
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measure their volumes. The conversion from one to another is simple if the den-
sity of the composite has been computed. In this case, by writing the definition of
weight fraction in terms of density times volume, the relationship between volume
and weight fraction becomes

Wf =
ρf
ρc
Vf ; Wm =

ρm
ρc
Vm (4.9)

When more than two constituents enter in the composition of the composite
material, the previous formulas become

ρc =

n∑
i=1

ρiVi ;
1

ρc
=

n∑
i=1

Wi

ρi
; Wi =

ρi
ρc
Vi (4.10)

where n is the number of constituents. The computed composite density may differ
from the experimental value ρc,exp because of voids. The volume fraction of voids Vv
can be measured experimentally using [151, ASTM D2734], or it can be estimated
as

Vv =
void volume

total volume
=
ρc − ρc,exp

ρc
(4.11)

where ρc is computed with (4.7) and ρc,exp is measured experimentally. The fiber
weight fraction can be measured by weighting a composite sample, then removing
the resin and weighing the fibers. The resin can be removed by matrix digestion [151,
ASTM D3171], solvent extraction [151, ASTM C613], or by burning the resin in an
oven.

It is also possible to determine the fiber volume or weight fraction analytically
if the fiber architecture is known. For a unidirectional material

Vf =
η TEX

1000 ρf tc
(4.12)

where η is the number of tows per unit width (tows per mm) perpendicular to the
fiber direction, TEX is the weight of the tow (in g/km), ρf is the density of the
fibers in g/cc (cc = cm3), and tc is the thickness of the composite lamina in mm.

For a continuous strand mat (CSM), textile, or chopped strand mat

Vf =
w

1000 ρf tc
(4.13)

where w is the weight in grams of a square meter of mat [g/m2], ρf is the density
of the fibers in g/cc and tc is the thickness of the composite lamina in mm.

Example 4.1 Compute the fiber volume fraction of a unidirectional lamina with 5 tows
per cm; each tow is E-glass of 113 Yield, and the final lamina thickness is 2.0 mm.
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Solution to Example 4.1 Using the conversion

TEX [
g

Km
] =

10−3 Kg

103 m
=

2.20462 lb

106 1.09361 yd
=

496054

Yield [yd/lb]

we get

TEX =
496054

Yield
=

496054

113
= 4390 g/Km

From Table 2.1, the density of E-glass is 2.5 g/cc. Then, using (4.12)

Vf =
0.5× 4390

1000× 2.5× 2.0
= 0.439 = 43.9%

Example 4.2 Compute the fiber volume fraction of a laminate 12.7 mm thick built with 22
laminas of double bias [±45] stitched fabric (Hexcel DB243) having 23.7 oz/yd2 nominal
weight of E-glass. Neglect any CSM backing material.

Solution to Example 4.2 First convert the fiber weight per unit area to metric units

w = 23.7
oz

yd2

28.35g/oz

(0.9144m/yd)
2 = 23.7× 33.9 = 803.5 g/m

2
= 803.5 gsm

Then, using (4.13)

Vf =
803.5× 22

1000× 2.5× 12.7
= 0.556 = 55.6%

Example 4.3 Compute the weight of fiber in g/m2 (gsm) of a prepreg ply with fiber volume
fraction Vf = 0.64 of T300 carbon fiber (Table 2.1). Ply thickness is tk = 0.125 mm.

Solution to Example 4.3 Assuming the fibers could be packed with no interstitial space
between them, the thickness of solid carbon in the ply would be

tf = Vf tk = 0.64× 0.125 = 0.08 mm

From Table 2.1, the density of T300 is ρf = 1.75 g/cm3. Then, the fiber weight in g/m2 of
prepreg is

w = ρf tf = 1.75 106 g/m
3

0.08 10−3 m = 140 gsm

4.1.2 Representative Volume Element

The fiber volume fraction Vf can take any value over a broad range allowed by the
particular manufacturing process (e.g., by hand lay-up between 0% and 60% by
volume). To test for the properties (mechanical, thermal, etc.) of all these pos-
sible material combinations is impossible; thus, the importance of micromechanics
becomes apparent.
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RVE

fibers

matrix

(a () b)

Figure 4.2: Typical representative volume elements (RVE) for (a) rectangular pack-
ing array, and (b) packed hexagonal array (Vf = 0.907).

Micromechanics is used to predict the properties of the composite material based
on the known (tested) properties of the constituents (fiber and matrix). Microme-
chanics analyzes the material considering the properties of the matrix, the fiber,
and the geometry of the microstructure. This is done once and for all, so that
the designer is not concerned with the microstructure during the structural design
process.

(a)

(b)

matrix

fiber equivalent homogeneous materialmatrix

Figure 4.3: (a) RVE replaced by equivalent homogeneous material, (b) all structure
but the RVE replaced by equivalent material.

To avoid considering all the fibers included in a composite during the deriva-
tion of the equations, micromechanics uses the concept of a representative volume
element (RVE). An RVE (Figure 4.2) is the smallest portion of the material that
contains all of the peculiarities of the material; therefore, it is representative of the
material as a whole. The stresses and strains are nonuniform over the RVE because
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the composite is a heterogeneous material (see Section 4.1.3). However, the volume
occupied by the RVE can be replaced by an equivalent homogeneous material (see
Section 4.1.4) without affecting the state of stresses around the RVE (see Figure
4.3). In fact, the state of stresses in the rest of the structure will not change as long
as the designer looks at a scale larger than the dimensions of the RVE. The fiber
spacing and the lamina thickness are typical RVE dimensions (Figure 4.2).

4.1.3 Heterogeneous Material

Heterogeneous materials have properties (mechanical, etc.) that vary from point to
point. Consider a cross section of a tree, where each growth ring is different from
the rest. The lighter rings (summer wood) are softer and the darker rings (winter
wood) are stiffer. In contrast, a homogeneous material (e.g., steel) has the same
properties everywhere.

4.1.4 Anisotropic Material

Isotropic materials (e.g., aluminum) have the same properties in any direction.
Anisotropic materials have properties (mechanical, etc.) that vary with the ori-
entation. Anisotropic materials may be homogeneous but the properties change
depending on the orientation along which the property is measured. A typical ex-
ample is the modulus of elasticity of wood, which is higher along the length of the
tree and lower across the growth rings. Although wood is a heterogeneous material
(each growth ring is different from the rest; see Section 4.1.3), when looking at a
large piece of wood, the material is assumed homogeneous. That is, for simplicity,
the peculiarities of the growth rings are ignored. However, the differences in the
modulus along various directions must be recognized.

The stiffness of an isotropic material is completely described by two properties,
for example the modulus of elasticity E and Poisson’s ratio ν. In contrast, up to 21
properties may be required to describe anisotropic materials [181, p. 224].

1
2

3

Figure 4.4: An orthotropic material has three planes of symmetry.



Micromechanics 113

4.1.5 Orthotropic Material

An orthotropic material has three planes of symmetry (Figure 4.4) that coincide
with the coordinate planes. A unidirectional fiber-reinforced composite may be
considered to be orthotropic. One plane of symmetry is perpendicular to the fiber
direction, and the other two can be any pair of planes parallel to the fiber direction
and orthogonal among themselves. Only nine constants are required to describe an
orthotropic material: E1, E2, E3, G12, G13, G23, ν12, ν13, ν23.

4.1.6 Transversely Isotropic Material

A transversely isotropic material has one axis of symmetry. For example, the fiber
direction of a unidirectional fiber-reinforced composite can be considered an axis of
symmetry if the fibers are randomly placed in the cross section. In this case, any
plane containing the fiber direction is a plane of symmetry. A transversely isotropic
material is described by five constants: E1, E2, G12, ν12, ν23, with G13 = G12, ν13 =
ν12, and G23 = 1

2E2/(1 + ν23)

4.1.7 Isotropic Material

The most common materials of industrial use are isotropic, like aluminum, steel, etc.
Isotropic materials have an infinite number of planes of symmetry, meaning that
the properties are independent of the orientation. Only two constants are needed
to describe the elastic behavior of isotropic materials. Since the Young modulus E
and the Poisson’s ratio ν can be obtained experimentally from a single test, they
are used often to describe isotropic materials. However, other elastic properties can
be used as well. For example, the shear modulus of isotropic materials is related to
E and ν by

G =
E

2(1 + ν)
(4.14)

Therefore, the elastic behavior of isotropic material can be represented by the
pair (E,G). Yet another valid combination, which is popular in theoretical elas-
ticity treatises, is the pair (λ,G), where λ is Lamé’s constant, the latter related to
previously defined properties as

λ =
νE

(1 + ν)(1− 2ν)
(4.15)

4.2 Stiffness

In the mechanics of materials approach, both fibers and matrix are assumed to be
isotropic (see Section 4.1.4). The stiffness of an isotropic material is completely
represented by two properties: the modulus of elasticity E and the Poisson’s ra-
tio ν. Using micromechanics, the combination of two isotropic materials (fiber and
matrix) is represented as an equivalent, homogeneous, anisotropic material (see
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Section 4.1.4). The stiffness of the equivalent material is represented by five elastic
properties:

E1 : modulus of elasticity in the fiber direction
E2 : modulus of elasticity in the direction transverse to the fibers
G12 : in-plane shear modulus
G23 : out-of-plane shear modulus
ν12 : in-plane Poisson’s ratio

4.2.1 Longitudinal Modulus

The longitudinal modulus, which is the modulus of elasticity of the composite in the
fiber direction, can be predicted very well by (4.23), called rule of mixtures (ROM)
formula. The main assumption in this formulation is that the strain in the direction
of the fibers is the same in the matrix and the fiber. This implies that the fiber-
matrix bond is perfect. When the material is stretched along the fiber direction,
the matrix and the fibers will elongate the same, as shown in Figure 4.5. This basic
assumption is needed to be able to replace the heterogeneous material in the RVE
by a homogeneous one (Figure 4.3) while satisfying compatibility of displacements
with the rest of the body. Or, vice versa, replace everything but the RVE by an
equivalent material while satisfying compatibility.

Figure 4.5: RVE subject to longitudinal uniform strain.

The longitudinal strain (in the direction of the fibers) is ε1 = ∆L/L, and in this
case εf = εm = ε1. Furthermore, since both fiber and matrix are assumed to be
linear and elastic, their stress–strain law is

σf = Ef ε1

σm = Emε1 (4.16)

The average stress σ1 acts on the entire cross section of the RVE with area

A = Af +Am (4.17)
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Fiber Volume Fraction
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Figure 4.6: Micromechanics predictions as a function of the fiber volume fraction
using periodic microstructure micromechanics (PMM, Appendix A.2).

The total load applied is

P = σ1A = σfAf + σmAm (4.18)

Then

σ1 = ε1(EfVf + EmVm) (4.19)

where

Vf = Af/A and Vm = Am/A (4.20)

For the equivalent homogeneous material

σ1 = E1ε1 (4.21)

Then, comparing (4.19) with (4.21) results in

E1 = EfVf + EmVm (4.22)

Finally, using (4.3), the rule of mixtures formula is obtained

E1 = EfVf + Em(1− Vf ) (4.23)

According to the rule of mixtures, the property E1 depends linearly on Vf and
the properties of the constituents, as shown in Figure 4.6 for an E-glass composite
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(Ef = 72.3 GPa, Em = 5.05 GPa, νf = 0.22, νm = 0.35). In most cases, the
modulus of the fibers is much larger than that of the matrix (see Tables 2.1–2.4 and
2.13–2.16). Then, the first term in (4.23) dominates, making the contribution of the
matrix to the composite longitudinal modulus negligible. This indicates that the
longitudinal modulus E1 is a fiber-dominated property. Also note that Vf cannot
reach all the way to 100% as Figure 4.6 may suggest. To begin with, the best
packing of cylindrical fibers is the hexagonal array (Figure 4.2) with Vf about 90%.
Furthermore, processing conditions usually limit Vf to values much lower than that
(e.g., for pultrusion to about 45%).

4.2.2 Transverse Modulus

In the determination of the transverse modulus (perpendicular to the fiber direc-
tion), the main assumption is that the stress is the same in the fiber and the matrix.
This assumption is needed to maintain equilibrium in the transverse direction. Once
again, the assumption implies that the fiber-matrix bond is perfect. The RVE, sub-
ject to a uniform transverse stress, is shown in Figure 4.7. Note that, for simplicity,
a cylindrical fiber has been replaced by a rectangular one. In reality, most microme-
chanics formulations, except advanced formulations [142, 182], do not represent the
actual geometry of the fiber very well.

W

V W

2

1

f
2

2

Figure 4.7: RVE subject to transverse uniform stress.

Since fiber and matrix are assumed to be linear elastic materials, the strains in
the fiber and the matrix are

εf =
σ2

Ef
; εm =

σ2

Em
(4.24)

These strains act over a portion of the RVE, εf over VfW , and εm over VmW ,
while the average strain ε2 acts over the entire width W . The total elongation is

ε2W = εfVfW + εmVmW (4.25)
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Canceling W and using Hooke’s law for the constituents, which are assumed to
be isotropic

ε2 =
σf
Ef

Vf +
σm
Em

Vm (4.26)

Since the stress is the same in the fiber and the matrix (σf = σm = σ2)

ε2 =
σ2

Ef
Vf +

σ2

Em
Vm (4.27)

Then, comparing with Hooke’s law for the equivalent material (σ2 = E2ε2), the
transverse modulus is given by

1

E2
=
Vm
Em

+
Vf
Ef

(4.28)

Equation (4.28) is known as the inverse rule of mixtures (IROM). The fibers do
not contribute appreciably to the stiffness in the transverse direction unless Vf is
very high (see Figure 4.6), in which case the assumptions made in this section are not
valid. Therefore, it is said that E2 is a matrix-dominated property. The prediction
obtained with (4.28) is a lower bound, which is not accurate in the majority of
cases. A lower bound means that the property is underestimated. The inverse rule
of mixtures is a simple equation to be used for qualitative evaluation of different
candidate materials but not for design calculations.

A better prediction can be obtained with the semi-empirical Halpin–Tsai [183]
formula

E2 = Em

[
1 + ζηVf
1− ηVf

]
with η =

(Ef/Em)− 1

(Ef/Em) + ζ
(4.29)

where ζ is an empirical parameter obtained by curve-fitting (4.29) with the results
of an analytical solution (too complex to describe here). The value ζ = 2 usually
gives good fit for the case of circular or square fibers. For rectangular fibers, a good
estimate is ζ = 2a/b, where a and b are the dimensions of the cross section of the
fiber.

The periodic microstructure model [142] leads to accurate formulas for all the
elastic properties, E2, G12, G23, ν12, and E1. Since the PMM formulas are relatively
complex (Appendix A.2), they have been programmed in [184] and are also available
in the Website [4, 185]. Comparison with experimental data is presented in Figure
4.8 for glass/epoxy with Ef/Em = 21.19, νf = 0.22, νm = 0.38.

4.2.3 In-Plane Poisson’s Ratio

The Poisson’s ratio is defined as minus the quotient of the resulting strain over the
applied strain, as follows

νij = −εj
εi

= −resulting strain

applied strain
(4.30)
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Figure 4.8: Comparison of predicted values of E2/Em with experimental data for
glass/epoxy.

That is, in a test in which load is applied in the i-direction, strain is induced
by Poisson’s effect on the perpendicular j-direction. The mechanics of materials
approach leads to a rule of mixtures equation for the in-plane Poisson’s ratio

ν12 = νfVf + νmVm (4.31)

An approximate prediction of Poisson’s ratio is usually sufficient in design. Since
the Poisson’s ratio for the matrix and the fibers are not very different, (4.31) predicts
also a similar value for the composite. Poisson’s ratios are difficult to measure,
mainly that of the fiber. Some fibers like carbon fibers are not even isotropic.
Finally, Poisson effects are usually secondary effects. For all these reasons, (4.31)
is generally adequate for design. Since the Poisson’s ratio is predicted by a rule of
mixtures equation (4.31), the plot as a function of fiber volume fraction is similar
to the plot for the longitudinal modulus.

4.2.4 In-Plane Shear Modulus

The in-plane shear stress σ6 = τ12 = τ21 deforms the composite as in Figure 4.9a.1

The mechanics of material approach leads to an inverse rule of mixtures equation
[186] for the in-plane shear modulus

1

G12
=
Vm
Gm

+
Vf
Gf

(4.32)

1See Section 5.1 for definition of the lamina coordinate system. See also Section 4.5.5.
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Both E2 (4.28) and G12 (4.32) are matrix-dominated properties, as it is shown
next. The inverse rule of mixtures can be rewritten as

G12 =
Gm

Vm + VfGm/Gf
(4.33)

(a) In-plane shear
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(b) Intralaminar shear
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Figure 4.9: Distinction between in-plane and intralaminar shear stress.

If the fibers are much stiffer than the matrix (Gm � Gf ), the in-plane shear
modulus can be approximated by the matrix-dominated approximation, which is
independent of the properties of the fiber

G12
∼=

Gm
1− Vf

(4.34)

Once again, the inverse rule of mixtures gives a simple but not accurate equation
for the prediction of the in-plane shear modulus. The cylindrical assemblage model
(CAM, also called CCA [187]) gives a better approximation

G12 = Gm

[
(1 + Vf ) + (1− Vf )Gm/Gf
(1− Vf ) + (1 + Vf )Gm/Gf

]
(4.35)

Again, if (Gm � Gf ), the matrix-dominated approximation is

G12
∼= Gm

(
1 + Vf
1− Vf

)
(4.36)

which deviates only slightly from the results of (4.35) as shown in Figure 4.10.
For composites with transversely isotropic fibers, such as carbon fibers, the peri-

odic microstructure model (PMM [142], Appendix A.2) yields the following formula

G12 = Gm

[
1 +

Vf (1−Gm/GA)

Gm/GA + S3 (1−Gm/GA)

]
(4.37)

S3 = 0.49247− 0.47603Vf − 0.02748V 2
f
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where GA is the axial shear modulus of transversely isotropic fibers with axis of
transverse isotropy aligned with the fiber length. The fiber’s transverse shear mod-
ulus is usually smaller, i.e., GT < GA. If the fiber is isotropic GA = GT = Gf .
When Gm/GA � 1 the matrix-dominated PMM formula is obtained

G12
∼= Gm

[
1 +

Vf
Gm/GA + S3

]
(4.38)

Experimental data and predicted values of G12/Gm are compared in Figure 4.10
for E-glass/epoxy with Em = 4.0 GPa, νm = 0.35, Ef = 72.3 GPa, νf = 0.22.
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Figure 4.10: Comparison of G12/Gm with experiments for E-glass composite.

If the matrix and the fibers are isotropic (e.g., glass fibers), the shear modulus
of the fiber and the matrix can be computed from the known modulus and Poisson’s
ratio using (4.14). Otherwise, transversely isotropic fibers, such as carbon fibers,
have axial (A) and transverse (T ) properties EA, ET , GA, νA, νT that must be mea-
sured independently. Still, GT can be computed with (4.14) in terms of ET , νT , due
to the transverse isotropy of the fiber.

The shear stress–strain response of the composite is nonlinear, as shown in Figure
4.11. Equations (4.33)–(4.38) predict only the initial value of the shear moduli G12;
that is, the tangent to the stress–strain plot at the origin. The nonlinear stress–
strain response can be described by

σ6 = F6 tanh

(
G12

F6
γ6

)
(4.39)

or by

γ6 =
σ6

G12
+ βσ2

6 (4.40)



Micromechanics 121

% Strain

0.0 0.5 1.0 1.5 2.0 2.5 3.0

Sh
ea

rS
tre

ss
[M

Pa
]

0

10

20

30

40

50

60

70

Gauge #1
Gauge #2
Data Fit

6 = F6 tanh( G12/F6)

Figure 4.11: In-plane shear stress–strain behavior of unidirectional carbon/epoxy
(experimental data according to ASTM D5379).

where β is adjusted to fit experimental data such as that presented in Figure 4.11.
Note that (4.39) predicts the nonlinear stress–strain response in terms of commonly
available parameters, namely the in-plane shear stiffness G12 and the in-plane shear
strength F6, while (4.40) needs to have β adjusted to experimental data that are
not commonly available.

4.2.5 Intralaminar Shear Modulus

The intralaminar stress σ4 = τ23 = τ32 acts across the thickness of the composite
as shown in Figure 4.9.b.2 The intralaminar shear modulus can be computed with
the semi-empirical stress partitioning parameter technique (SSP) [188] as

G23 = Gm
Vf + η4 (1− Vf )

η4 (1− Vf ) + VfGm/Gf
with η4 =

3− 4νm +Gm/Gf
4(1− νm)

(4.41)

The intralaminar shear stress σ5 = τ13 = τ31 introduces shear deformation that
is similar to the in-plane shear shown in Figure 4.9.a. Therefore, it is usual to assume
G13 = G12, which is exact for a transversely isotropic material (Section 4.1.6) with
the axis of symmetry coinciding with the fiber direction.

2See Section 5.1 for the definition of the lamina coordinate system. See also Section 4.5.5.
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4.2.6 Restrictions on the Elastic Constants

Several restrictions on the possible values for the various elastic constants presented
in this chapter can be derived from elasticity theory. Since the compliance matrix
(5.16) must be symmetric, the following must be satisfied

νij
Ei

=
νji
Ej

with i 6= j (4.42)

which is routinely used to compute the Poisson’s ratio ν21. Also, all the diagonal
terms of the stiffness matrix (5.20) must be positive. Since all the moduli (E1, ν12,
etc.) are positive, all the diagonal terms of the stiffness matrix are positive if the
following conditions are satisfied

0 < νij <

√
Ei
Ej

with i 6= j (4.43)

∆ = 1− ν12ν21 − ν23ν32 − ν31ν13 − 2ν21ν32ν13 > 0 (4.44)

These and other restrictions [2, Section 1.13.1] are used to check the validity of
experimental data, as in the following example.

Example 4.4 The elastic properties E1 = 19.981 GPa and ν12 = 0.274 were measured
in a longitudinal test (fibers in the direction of loading,) by using two strain gages, one
longitudinal and one transverse. The elastic properties E2 = 11.389 GPa and ν21 = 0.153
are measured in a transverse tensile test (fibers perpendicular to loading) in the same way.
Compute the difference between the two sides of (4.42) and report it as a % of the average.
A difference more than 5% is suspicious.

Solution to Example 4.4 For the test procedure to be valid, all four data values, E1, E2,
ν12, and ν21, must conform to (4.42), within the experimental error. First, compute both
sides of (4.42)

E1

ν12
=

19.981

0.274
= 72.9 GPa

E2

ν21
=

11.389

0.153
= 74.4 GPa

The difference is

difference =
74.4− 72.9

(74.4 + 72.9)/2
= 2.04%

which is small taking into account that there may be some experimental error. Therefore,
the data are considered valid.
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4.3 Moisture and Thermal Expansion

The change in dimension ∆L of a body as a result of mechanical strain ε, change in
temperature ∆T , and change in moisture concentration ∆m can be approximated
by the linear relationship

∆L = (ε+ β∆m+ α∆T )L0 (4.45)

where L0 is the initial length, β is the coefficient of moisture expansion, and α is
the coefficient of thermal expansion (see Tables 2.1–2.4 and 2.13–2.16).

4.3.1 Thermal Expansion

The thermal expansion coefficient of all resins is positive (about 30 to 100 10−6/ oC),
and higher than steel alloys (10 to 20 10−6/ oC). The coefficient of thermal expansion
for E-glass is low (5.04 10−6/ oC). Carbon fibers have a negative expansion in the
fiber direction (−0.99 10−6/ oC) and a relatively large expansion in the transverse
direction (16.7 10−6/ oC). This means that depending on the amount of fibers (fiber
volume fraction) it is possible to tailor the coefficient of thermal expansion of the
composite to the user’s needs. Especially, it is possible to produce a composite
material with a very low coefficient of thermal expansion, which is useful when
dimensional stability is required (see Example 4.5).

Composite materials have two coefficients of thermal expansion. In the direction
of fibers, the thermal expansion behavior is dominated by fibers, and the coefficient
can be computed as

α1 = (αAVfEA + αmVmEm)/E1 (4.46)

In the direction perpendicular to the fibers, the thermal expansion is dominated
by the matrix. In this case, the thermal expansion coefficient can be computed [189]
as

α2 = α3 = (1 + νm)αm(1− Vf ) + (1 + νA)αTVf − α1ν12 (4.47)

or more accurately using (4.54). In (4.47), Vf is the fiber volume fraction, νm, αm
are the Poisson’s ratio and CTE of the matrix, respectively; νA, αT are the axial
Poisson’s ratio and transverse CTE of the fiber, respectively; and ν12, α1 are the
longitudinal Poisson’s ratio and CTE of the lamina, respectively. If the fiber is
isotropic νA = νf , αT = αf .

Predictions of CTE at constant temperature are shown in Figure 4.12. If the
elastic properties and/or CTE of the fiber and/or matrix are temperature dependent,
see Section 4.4.

Random Fiber Orientation

Since a lamina reinforced with random fiber orientations is isotropic in the plane of
the lamina, the coefficient of thermal expansion αq of a composite with randomly
oriented fibers can be found following the approach described in Section 9.9

αq =
α1 + α2

2
+
α1 − α2

2

E1 − E2

E1 + (1 + 2ν12)E2
(4.48)
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Figure 4.12: Prediction of thermal expansion α, moisture expansion β, and transport
properties k.

where α1, α2, E1, E2, ν21 are the properties of a fictitious unidirectional composite
with the same fiber volume fraction of the random composite, computed with the
equations described earlier in this chapter. It must be noted that experimental values
of αq are very scattered and the formula for αq may underestimate or overestimate
the experimental values. Experimental values can be obtained following standard
procedures such as [151, ASTM E289, E831].

Example 4.5 Select the materials and the processing techniques to produce a square tube
that will bend the least under a temperature gradient ∆T . The top face of the tube will be
exposed to the sun, while the bottom and the sides will be in the shade. The temperature
differential between the the top and bottom flange is ∆T . Two fabrication techniques are
available: hoop filament winding which lays the fibers at 90o with respect to the axis of the
tube and pultrusion that aligns the fibers at 0o.

Solution to Example 4.5 First, select the resin with the least thermal expansion that is
compatible with both processes. Using the tables in Chapter 2, an isophthalic polyester with
α = 30 10−6 /oC is selected.

Next, using (4.46) and (4.47), compute α1 and α2 using various fibers. The required
values of E1 and ν12 are computed using ROM, which is accurate for those two properties.
Two values of fiber volume fraction are selected, which can be achieved with both processes.

The results are shown in Table 4.1, from which it is clear that the least thermal expansion
is in the fiber direction. So the fibers should be aligned along the axis of the tube (pultrusion).
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Table 4.1: Coefficients of thermal expansion in Example 4.5.
Vf = 0.45 Vf = 0.55

Fiber α1 α2 α1 α2

[10−6/oC] [10−6/oC] [10−6/oC] [10−6/oC]

E-glass 6.74 23.7 6.31 20.4
S-glass 4.16 23.1 3.76 19.5
Kevlar 49TM −1.02 21.9 −1.33 17.6
Carbon T300 −0.06 22.5 −0.23 18.3

Carbon fibers should be used for optimum performance since they yield the lowest thermal
expansion and contraction.

Scilab code for this example is available on the Website [4].

4.3.2 Moisture Expansion

Moisture is absorbed primarily by the polymer matrix with the exception that
organic fibers can also absorb moisture. Once moisture is absorbed, it produces
swelling of the polymer. Moisture is absorbed in a Fickian process, and the ab-
sorption rate is controlled by the diffusivity coefficient. The diffusion of moisture in
composite is much slower than thermal conduction. When exposed to a changing
environment, the material will reach thermal equilibrium much faster than moisture
equilibrium.

The average moisture concentration in the composite is defined as

m =
moistureweight

dry compositeweight
(4.49)

Then moisture absorption can be easily obtained by measuring the weight of
samples. However, careful consideration should be given to the void content, since
water going to fill up voids does not contribute to the swelling. If the void content is
known, and if it can be assumed that all voids will be filled by water, the weight of
the water in the voids can be subtracted to get the weight of water really absorbed
by the polymer. The void content per volume Vv can be estimated by (4.11). Then
the density ρ of the material can be found as the weight of a sample divided by its
volume corrected for void content, v− v0(1− Vv), where v0 is the apparent volume.

While organic fibers (e.g., aramid) absorb water, inorganic fibers (e.g., glass,
carbon) do not absorb moisture. In the case of inorganic fibers, the coefficients of
moisture expansion in the longitudinal and transverse direction of the composite
[188] reduce to

β1 = βm(1− Vf )
Em
E1

β2 = β3 = βm(1−
√
Vf )

[
1 +

√
Vf (1−

√
Vf )Em√

VfE2 + (1−
√
Vf )Em

]
(4.50)
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where βm is the isotropic matrix moisture expansion coefficients, Em is the mod-
ulus of the isotropic matrix, E1, E2 are the elastic constants of the unidirectional
composite, and Vf is the fiber volume fraction. Predictions using (4.50) are shown
in Figure 4.12.

Random Fiber Orientation

The coefficient of moisture expansion βq of a composite with randomly oriented
fibers can be computed in the same way as the coefficient of thermal expansion in
the previous section; that is,

βq =
β1 + β2

2
+
β1 − β2

2

E1 − E2

E1 + (1 + 2ν12)E2
(4.51)

where β1, β2, E1, E2, and ν12 are the properties of a fictitious unidirectional lamina
with the same fiber volume fraction of the random composite. This formula has not
been thoroughly validated with experimental data.

4.3.3 Transport Properties

Thermal and electrical conductivities, and mass diffusivity, are all computed by
the same equations. In this section kf and km indicate either thermal or electrical
conductivities, or mass diffusivity, of the fiber and matrix, respectively. In the fiber
direction, the conductivity (or diffusivity) can be computed by the rule of mixtures
(ROM) as

k1 = kfVf + kmVm (4.52)

and in the transverse direction by the Halpin–Tsai approximation [190]

k2 = km

[
1 + ξηVf
1− ηVf

]
η =

(kf/km)− 1

(kf/km) + ξ

ξ = log−1
√

3 log
a

b
(4.53)

where a/b is the aspect ratio of the cross sectional dimensions of the fiber, a along
the direction of heat (electrical) conduction and b transverse to it. For circular
fibers a/b = 1 and ξ = 1. These formulas predict well the thermal and electrical
conductivities of carbon/epoxy composites for Vf up to 60%. Predictions using these
formulas are shown in Figure 4.12 for a composite with βm = 0.6, αf = 5.4 10−6/◦C,
αm = 60 10−6/◦C, ρf = 2.5 g/cc, ρm = 1.2 g/cc, κf = 1.05 W/m/◦C, κm = 0.25
W/m/◦C, Ef = 72.3 GPa, Em = 5.05 GPa, νf = 0.22, νm = 0.35, and ξ = 1.
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4.4 Temperature-Dependent Properties (*)3

Computation of thermal stress requires integration of thermal strain over large tem-
perature ranges. To avoid accumulation of errors during integration, it is important
that the prediction of CTE, and thus thermal strain, be as accurate as possible.
Therefore, before considering temperature dependent properties, an accurate for-
mula for CTE is presented next.

4.4.1 Micromechanics of CTE

The most accurate formula for predicting lamina coefficients of thermal expansion
(CTE) was derived by Levin [191], which can be simplified as follows

α1 = α̂1 + (S11 − Ŝ11)[(αA − αm)P11 + 2(αT − αm)P12]

+ 2(S12 − Ŝ12)[(αA − αm)P12 + (αT − αm)(P22 + P23)]

α2 = α̂2 + (S12 − Ŝ12)[(αA − αm)P11 + 2(αT − αm)P12]

+ (S22 − Ŝ22 + S23 − Ŝ23)[(αA − αm)P12 + (αT − αm)(P22 + P23)] (4.54)

where αA, αT are the axial and transverse CTE of the transversely isotropic fiber,
respectively, and αm is the isotropic CTE of the matrix, which could be a function
of temperature. If the fiber is isotropic, then αA = αT = αf .

The accuracy of (4.54) depends only on the accuracy of the estimate for the elas-
tic properties of the lamina. If the moduli in (4.55) are exact, the CTE predicted by
(4.54) will be exact. Therefore, it is recommended to use the best available predic-
tion method for the elastic properties, such as the periodic microstructure microme-
chanics (PMM) equations [142],4 or computational micromechanics [2, Chapter 6],
to calculate E1, E2, ν12, ν23, and then build the compliance coefficients of the lamina
as follows

S11 = 1/E1

S22 = 1/E2

S12 = −v12/E1

S23 = −v23/E2 (4.55)

3Sections marked with (*) can be omitted during the first reading but are recommended for
further study and reference.

4See Appendix A.2. Code available in the Website [4, 185].
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Equation (4.54) also relies on the weighted average (hat) values defined as follows

α̂1 = αAVf + αMVm

α̂2 = αTVf + αMVm

Ŝ11 = Vf/EA + Vm/Em

Ŝ22 = Vf/ET + Vm/Em

Ŝ12 = −(νA/EA)Vf − (νm/Em)Vm

Ŝ23 = −(νT /ET )Vf − (νm/Em)Vm (4.56)

where Vm = 1 − Vf , and EA, ET , νA, νT are the axial and transverse moduli and
Poisson ratios of the transversely isotropic fiber, and Em, νm, are the moduli and
Poisson’s ratio of the isotropic matrix. Some or all of these material properties could
be functions of temperature.

Finally, (4.54) relies on the P-coefficients

P11 = (A2
22 −A2

23)/|A|
P22 = (A11A22 −A2

12)/|A|
P12 = (A12A23 −A22A12)/|A|
P23 = (A2

12 −A11A23)/|A| (4.57)

where |A| = A11(A2
22 −A2

23) + 2A12(A12A23 −A22A12) and

A11 = E−1
A − E

−1
m

A22 = E−1
T − E

−1
m

A12 = −νA/EA + νm/Em

A23 = −νT /ET + νm/Em (4.58)

These equations are available in the Website [4]. At constant temperature, (4.47)
provides results that are close to (4.54) as shown in Figure 4.13, but (4.54) is more
accurate as shown by comparison with finite element results in Figure 4.14, including
temperature-dependent properties.

4.4.2 Temperature Dependence

In general the elastic properties (E2, etc.) and the coefficients of thermal expan-
sion (CTE) vary with temperature. Temperature dependence is quite small for fiber
properties but it is significant for polymers and for all the matrix-dominated proper-
ties of composites. Most materials expand with increasing temperature but carbon
fibers may contract slightly along the fiber direction.

If a recording of thermal strain ε∗ is made as a function of temperature T , the
tangent of the strain-temperature curve is called tangent CTE (also called instan-
taneous CTE), defined as follows

α =
dε∗

dT
(4.59)
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Figure 4.13: Predicted lamina CTE at 24◦C for T300/934 57% fiber volume. SP:
eq. (4.47). PMM: eq. (4.54) with moduli calculated with PMM [142]. A: axial. T:
transverse. 1: fiber direction. 2: transverse direction.

When the CTE is needed only at one temperature, say Tref , it is customarily
obtained measuring the thermal expansion at temperatures Tref±dT and calculating
the slope at temperature Tref as

α(Tref ) =
ε∗(Tref + dT )− ε∗(Tref − dT )

2 dT
(4.60)

where dT is customarily taken as either 1oC or 5oF . If (4.60) is used with a larger
value of dT , the resulting value is called linear CTE [151, ASTM D696, E831,
E1142]. In all cases the temperature Tref at which the CTE is measured must be
reported, because the CTE may change with temperature. Once the CTE is known,
the thermal expansion can be calculated as

ε∗ = α (T − Tref ) (4.61)

but only within the interval (±dT ) for which the CTE has been measured. If the
thermal expansion is a function of temperature, such range must be small. Over a
large range of temperature, the thermal strain must be obtained by integration

ε∗ =

∫ T

Tref
α(T ′) dT ′ (4.62)

If the objective is to use the thermal strain to calculate the thermal stress, then
Tref must be stress free temperature (SFT). For polymer-matrix composites, SFT is
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Figure 4.14: Predicted transverse CTE α2(T ) for T300/934 57% fiber volume. SP:
eq. (4.47). PMM: eq. (4.54) with moduli calculated with PMM [142]. FEM: Abaqus
calculation as per [2, Chapter 6]. exp: experimental. Both secant and tangent values
are shown. SFT=177 ◦C.

usually taken as the curing temperature Tc or the glass transition temperature Tg,
which are close.

The secant CTE (also called mean CTE) is calculated from the tangent CTE as
follows

ᾱ(T ) =
1

T − Tref

∫ T

Tref

α(T ′) dT ′ (4.63)

The secant CTE is just a shortcut to calculate the thermal strain over a large
range of temperature substituting the secant ᾱ for the tangent α in (4.61).

For composites, the tangent CTEs α1, α2 depend only on the tangent CTEs
(αA, αT , αm) and elastic properties (EA, ET , GA, νA, νT ) of the constituents at the
temperature at which the CTEs are calculated. No consideration is required about
the history of deformation from SFT to the current temperature T . Therefore,
lamina CTEs can be calculated directly with (4.47) or (4.54).

The formulas (4.47) and (4.54) can be used also to calculate the secant CTE
in terms of the secant values ᾱA, ᾱT , ᾱm, where at least ᾱm is usually a function
of temperature, and thus must be calculated by integration as in (4.63). In that
regard, one can say that the secant CTE does require to account for the history of
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thermal strain. In addition, secant values must be reported along with the Tref for
which they were calculated; otherwise they are meaningless.

Comparison between CTE predicted using (4.47), (4.54), and finite element an-
alysis (Abaqus) are shown in Figure 4.14. It can be seen that the prediction using
(4.54) almost coincides with the FEM solution and that (4.47) overestimates both
the tangent and the secant CTE, as it did in Figure (4.13).

4.5 Strength

Simple test configurations used to measure strength values for a unidirectional lam-
ina are shown in Figure 4.15.

F5

F1t F2t F1c F2c

F6

F4

Figure 4.15: Strength values for a unidirectional lamina.

Available micromechanics formulas used to predict strength properties are gen-
erally unreliable or require apparent constituent (fiber and matrix) properties that
are different from bulk properties (see Table 2.7 and Section 2.2.1). Apparent prop-
erties, also called in situ properties, are back-calculated from measured composite
properties by using micromechanics formulas. Therefore, the accuracy of appar-
ent properties depends on the quality of the formulas used to back-calculate them.
Furthermore, apparent properties thus determined are not valid when any of the
constituents changes or when the processing conditions change.

The best option is to test actual unidirectional composites for strength (Figure
4.15). However, it is not always feasible to fabricate and test samples with all the
values of fiber volume fraction that may occur in practice. Therefore, tests are
performed at one value of fiber volume fraction; then, the actual measured strength
values are used to back-calculate the parameters in the micromechanics formulas.
Once this is done, the formulas can be used to predict the strength values at other
fiber volume fractions as long as the constituents and manufacturing process remain
the same. For example, once the longitudinal tensile strength F1t has been measured
on samples with fiber volume fraction Vf , the apparent strength of the fibers Fft can
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be back-calculated from (4.68) and subsequently used to predict F1t for other values
of Vf , where, of course, the values of Ef , Em are well known.

The reasons for the discrepancy between predictions and experimental data are
many, and research is very active in this area. There are two issues of concern.
One is how to calculate strength and strain-to-failure5 values using micromechanics,
which is the purpose of this section. The other is how to use the strength values for
design, which is the objective of Chapter 7.

4.5.1 Longitudinal Tensile Strength

Considering Figure 4.5, we see that when the composite is stretched along the fiber
direction, the fiber, matrix, and composite all stretch the same, so εf = εm = ε1.
This is called the isostrain assumption. Next, equilibrium of forces in the 1-direction
yields

Aσ1 = Afσf +Amσm (4.64)

where Af , Am, A = Af + Am, are the area of fiber, matrix, and composite, respec-
tively. Next, dividing by the area A of the composite we see that the applied stress
σ1 is shared between the fiber and the matrix according to

σ1 = Vfσf + (1− Vf )σm (4.65)

which is called the average stress equation.
The simplest model for tensile strength of a continuous fiber-reinforced composite

is derived by assuming that all the fibers have the same tensile strength. Actually,
the tensile strength of fibers is not uniform. Instead, it is described well by a
Weibull distribution (Section 2.1) with two parameters, the characteristic strength
λ and the Weibull modulus m, which represent the fiber strength and its dispersion,
respectively, as it is explained in Section 8.2. In this section, as a first approximation,
it is assumed that all the fibers have the same strength, represented by the apparent
strength value Fft.

The second assumption is that both the fibers and the matrix behave linearly
up to failure. This is not true for most polymer matrices that exhibit either elastic
nonlinear (Figure 4.11) or plastic behavior after a certain elongation. The behavior
of polymers is further complicated by their load-rate dependency. That is, polymers
are viscoelastic or viscoplastic (see Section 2.9).

The third assumption is that the fibers are brittle with respect to the matrix. As
it can be seen in Tables 2.1 and 2.14, E-glass has actually more elongation to failure
than most resins, invalidating this assumption. However, such large elongation to
failure for fibers holds only in ideal conditions, with some fibers breaking at much
lesser strain levels.

The fourth assumption is that the fibers are stiffer than the matrix. This is valid
for all cases except for ceramic-matrix composites (CMC), metal-matrix composites
(MMC), and some natural fiber composites with very low modulus fibers.

5Also called “ultimate strain.”
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Figure 4.16: Micromechanics of strength assuming uniform fiber strength.

Under the assumptions listed, the composite will break when the stress in the
fibers reach their apparent strength Fft. After the fibers break, the matrix is unable
to carry the load. Therefore, the composite elongation to failure ε1t is equal to the
fiber elongation to failure εfu. At this strain level, the matrix has not failed yet be-
cause it is more compliant and can sustain larger strains (Figure 4.16). Under these
conditions, it can be assumed that the longitudinal tensile strength is controlled by
the fiber strength and represented by

F1t = FftVf + σ∗m(1− Vf ) (4.66)

where the stress in the matrix at failure (see Figure 4.16) is

σ∗m = Fft
Em
Ef

(4.67)

Finally, the tensile strength is predicted by the following equation

F1t =

[
Vf +

Em
Ef

(1− Vf )

]
Fft (4.68)

Equation (4.68) assumes that the strain in the matrix and the fibers is the same,
which is true if the fiber-matrix bond is perfect. The strain-to-failure of the matrix
is not realized, because the fibers are more brittle (i.e., fail at a lower strain, Figure
4.16). The underlying assumption is that once the fibers break, the matrix is not
capable of sustaining the load and the composite fails. But this is not true for
composites with very low fiber volume fraction. If Vf is very low, after the fibers
break, the matrix may still be able to carry the load. Then, it is assumed that the
broken fibers carry no more load (which is not entirely true [192–194]) resulting in
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a matrix with a set of holes occupied by broken fibers. For this new material, the
tensile strength is

F1t = Fmt(1− Vf ) (4.69)

Equations (4.68), valid for high Vf , and (4.69) valid for low Vf , are plotted in
Figure 4.17. The intersection of both curves limits the range of application of each
equation. It also denotes the fiber volume fraction at which the lowest strength is
achieved, of no practical significance, however. To be of any use, composites need to
be stronger than the matrix. Therefore, practical composites will have fiber volume
fractions above Vmin, which is found at the intersection of the line Fmt constant in
Figure 4.17 with (4.66), or

Vmin =
Fmt − σ∗m
Fft − σ∗m

(4.70)

As noted before, fibers do not have uniform strength. However, (4.68) is widely
used because of its simplicity. Often, the values of Fft cited in the literature are
unreasonably high (e.g., 3.445 GPa for E- or S-glass). These values, which may have
been obtained from tests on single fibers in ideal conditions, represent the maximum
attainable rather than the typical strength, and, therefore, cannot be used in design.
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Figure 4.17: Regions of applicability of the two strength formulas.

Since fibers are damaged during processing, it is more advisable, and often done,
to use (4.68) with apparent strength values Fft. These have been back-calculated,
using (4.68), from experimental data (F1t) on composites rather from tests on single
fibers. If some testing can be afforded, an apparent fiber strength value can be
determined for a given Vf . Then, it can be used for other values of Vf as long as
the processing method is not changed. Experimental values of tensile strength of
composites can be obtained following [151, ASTM D3039].



Micromechanics 135

Example 4.6 Compute the tensile strength at 427oC of a Ti-alumina metal matrix com-
posite (MMC) with a fiber volume fraction of 27%. The titanium matrix is Ti 6-4, which at
427◦C has Em = 87.5 MPa, νm = 0.3. The alumina fibers have a diameter of df = 140 µm,
and at 427◦C have Ef = 379 GPa, νf = 0.27, and apparent fiber strength Fft = 2614 MPa.

Solution to Example 4.6 Using the mechanics of materials approach:

F1t = FftVf + σ∗m(1− Vf )

σ∗m = Fft
Em
Ef

= 2614
87.5

379
= 603 MPa

F1t = 2614× 0.27 + 603 (1− 0.27) = 1146 MPa

4.5.2 Longitudinal Compressive Strength

Longitudinal compressive strength F1c of unidirectional composites can be predicted
accurately by the following equation (see Appendix A.3 and [195])

F1c = G12 (1 + 4.76 χ)−0.69 (4.71)

χ =
G12 sα
F6

(4.72)

where sα is the standard deviation of fiber misalignment, which can be either mea-
sured by accepted experimental procedures [196] or back-calculated from (4.71) in
terms of available experimental data for F1c (see Tables 1.1–1.4). Then, (4.71) can
be used to predict values of F1c for materials with other properties such as different
shear modulus G12 or shear strength F6 or to estimate the effect of manufacturing
improvements that might lead to a reduction of fiber misalignment.

Example 4.7 Estimate the effect of misalignment on the compressive strength of a car-
bon/epoxy (AS4-D/3501-6) composite fabricated by hand lay-up of prepreg tape, vacuum
bagged and oven cured, resulting in a fiber volume fraction Vf = 0.6. Sample A was fab-
ricated under controlled laboratory conditions, resulting in a standard deviation of misa-
lignment sA = 1.0◦. Sample B was fabricated under normal processing conditions, resulting
in sB = 1.7◦.

Solution to Example 4.7 From Tables 2.1–2.2, the properties of the carbon AS4-D fiber
are: Ef = 241 GPa, νf = 0.2. Since Tables 2.13–2.14 do not list Epoxy 3501, the following
values are assumed: Em = 5.3 GPa, νm = 0.38.

The compressive strength is given by (4.71–4.72). Therefore, the in-plane shear stiffness
and strength must be determined first. Assuming both constituents to be isotropic, which is
an approximation for carbon fiber, the shear moduli are

Gf =
241

2(1 + 0.2)
= 100.42 GPa

Gm =
5.3

2(1 + 0.38)
= 1.92 GPa
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Using (4.35), the in-plane shear modulus is

G12 = 1.92

[
(1 + 0.6) + (1− 0.6)1.92/100.42

(1− 0.6) + (1 + 0.6)1.92/100.42

]
= 7.170 GPa

The shear strength F6 cannot be estimated from fiber and matrix properties alone because
it is controlled by the fracture toughness GIIc of the composite (Section 4.5.5). To a large
extent, the latter depends on the flaws in the composite, which are mostly determined by the
manufacturing process. Therefore, the shear strength is found in Table 1.3 as F6 = 79 MPa.
For sample A, using (4.71–4.72), the compressive strength F1c is calculated as follows

χ =
7170× 1.0× π/180

79
= 1.5841

F1c = 7170 (1 + 4.76× 1.5841)
−0.69

= 1632 MPa

For sample B, χ = 2.6930 and F1c = 1171 MPa. These values are close to typical
experimental data reported in Table 1.3.

Experimental values of compressive strength can be obtained using a number of
different fixtures, including those described in [151, ASTM D695, D3410] and [57,
SACMA modified D695], among others. An extensive evaluation of most of the
existing compression test methods can be found in [197,198].

4.5.3 Transverse Tensile Strength

Transverse tensile failure of a unidirectional lamina occurs when a transverse crack
propagates along the fiber direction, splitting the lamina. Therefore, transverse
strength is a fracture mechanics problem (Section 1.4). The transverse tensile
strength F2t of a unidirectional lamina can be computed as follows

F2t =

√
GIcΛ22

1.122π(tt/4)
(4.73)

where GIc is the fracture toughness in mode I (Tables 1.1–1.4; see discussion in Sec-
tion 4.5.4). The transition thickness can be approximated as tt = 0.6 mm, 0.8 mm,
for E-glass/epoxy and carbon/epoxy composites, respectively (see discussion in Sec-
tion 4.5.4). Finally, Λ22 is given by6

Λ22 =
E2E

3
1

2(E3
1 − ν2

12E
3
2)

(4.74)

Older empirical formulas were derived without consideration for fracture me-
chanics. One such formula for estimating the transverse tensile strength is given

6Note that Λ22 with units [MPa] is the inverse of Λ0
22 in (7.31). The former is preferred for hand

calculations because it has units of [MPa] while the latter has extremely small values and units
[MPa−1], but it is kept in Section (7.2.1) for historical reasons.
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by [199, pp. 51, 52], as

F2t = FmtCv

[
1 +

(
Vf −

√
Vf

)(
1− Em

ET

)]
(4.75)

Cv = 1−

√
4Vv

π (1− Vf )

where Vf is the fiber volume fraction, and ET is the transverse modulus of the fiber,
which in the case of isotropic fibers (e.g., glass fibers) is ET = Ef . The apparent
tensile strength of the matrix Fmt has to be back-calculated from experimental data
on F2t using (4.75). An empirical factor Cv is included to adjust for the presence
of voids, in terms of the void volume fraction Vv. Equation (4.75) predicts values
lower than the strength of the matrix for most materials. The effect of voids is very
detrimental to the transverse strength and this is reflected by empirical formulas
such as (4.75).

Experimental values of F2t can be obtained by [151, ASTM D3039] but high
dispersion of the data should be expected.

4.5.4 Mode I Fracture Toughness

When the lamina is part of a laminate, the lamina’s transverse tensile strength
appears to increase due to the constraining effect provided by the adjacent laminas.
Material properties are invariants. A parameter such as F2t that changes its value
as a function of such conditions cannot be a true material property. The reason
for this dilemma is that transverse strength is a fracture problem. Therefore, the
controlling material property is the fracture toughness7 GIc in crack opening mode
I (see discussion in Section 7.2.1).

Since the empirical equations available in the literature are not based on fracture
mechanics, none of them is able to predict the transverse tensile strength accurately,
except for particular cases. Instead values of fracture toughness GIc are required if
transverse strength is the controlling mode of failure of the component (see Section
7.2.1).

A unidirectional (UD) lamina subject to transverse stress σ2 fails when a corner
crack8 propagates through the thickness, on the 1-3 plane (Figure 4.18) [200–202].
If the value of F2t is known from testing a UD lamina subjected to σ2, then the
fracture toughness in mode I can be estimated as follows

GIc =
1.122πa0

Λ22
F 2

2T (4.76)

where Λ22 is given in (4.74) and 2a0 is the size of a crack representative of the flaw
sizes typical for the composite and the manufacturing process employed (Figure 7.8).

7See Section 1.4.
8In this configuration, a corner crack, representative of the initial defects in the material, requires

the least energy to propagate. Other representative cracks, such as embedded penny-shaped cracks,
would require more energy to propagate in this case.
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Figure 4.18: Corner crack in a UD lamina loaded in transverse tension.

The half-size of the representative crack can be estimated as a0 = tt/4, where
the transition thickness tt of a composite is either known or can be assumed (see
discussion on page 248). Based on the experimental study in [203], as a first approx-
imation one can assume tt = 0.6 mm, 0.8 mm for E-glass/epoxy and carbon/epoxy
composites, respectively. Then, by inverting (4.76), the transverse strength of the
unidirectional lamina can be predicted by (4.73).

Interlaminar9 fracture toughness can be measured using tests methods specif-
ically designed for that purpose, [151, ASTM D 5528] and [23, 204]. While inter-
laminar fracture (i.e., delamination) occurs along the interface between two laminas,
the crack that leads to transverse failure F2t is intralaminar, i.e., it propagates first
through the thickness of the lamina to occupy the entire thickness of the ply (see
Figure 7.8) and then propagates along the fiber direction. Values of fracture tough-
ness for intralaminar cracks have been reported to be higher than for interlaminar
(delamination) cracks. Using values of interlaminar fracture toughness to estimate
transverse tensile strength is likely to result in a conservative design.

Example 4.8 Estimate the transverse tensile strength of IM7/8552 with properties given
in Table 1.4.

Solution to Example 4.8 The transition thickness for a generic carbon/epoxy can be esti-
mated to be tt = 0.8 mm (see discussion on page 248). Then, using (4.73) and GIc from
Table 1.4

Λ22 =
9080× 1714003

2(1714003 − 0.322 × 90803)
= 4540MPa

F2t =

√
0.277KJ/m2 × 4540MPa

1.122 π (0.8/4) mm
= 40MPa

which compares reasonably well with the value F2t = 62.3MPa given in Table 1.4, consid-
ering that the transition thickness was not determined using IM7/8552 composite, and that
transverse tensile strength values are very sensitive to details of sample processing, specimen
preparation, and test protocol.

9The prefix “inter” means “between,” not to be confused with “intra” that means “inside.” See
Figure 4.9.
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4.5.5 In-Plane Shear Strength

Clear distinction between the various shear stress components, illustrated in Figure
4.19, must be made. The first subscript of a shear stress indicates the direction of
the normal to the plane on which the stress acts. The second subscript indicates
the direction of the stress. In Figure 4.19a, the normal to the plane considered is
along the 1-axis. Both τ12 and τ13 would have to shear-off the fibers to produce
failure, which is very unlikely to occur. In Figure 4.19b, the normal to the plane
considered is along the 3-axis. Both τ31 and τ32 produce splitting of the matrix
without shearing off any fibers. In Figure 4.19c, both τ21 and τ23 produce splitting
of the matrix without shearing off the fibers.

Since the stress τ21 is always equal to τ12 to satisfy equilibrium, both stresses
are called σ6. The corresponding shear strength, called in-plane shear strength, is
F6. The composite fails when the in-plane stress τ21 reaches its strength F6 = τ21u.
At this point matrix cracks appear along the fiber direction.

13
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Figure 4.19: Shear components and their relationship to shear failure modes.

To illustrate further this situation, consider a tensile test of a composite as shown
in Figure 4.20, with the fibers oriented at 45◦ with respect to the loading direction.
It is well known that at 45◦ the shear stress is half of σx. Along the planes AB and
CD, the material fails when | σ6 |> τ21u. Along AD and BC, the material would fail
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at a higher load when | σ6 |> τ12u.10
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Figure 4.20: Tensile test of [−45◦] lamina illustrating the most likely plane of shear
failure.

In-plane shear failure of a unidirectional lamina occurs when a transverse crack
propagates along the fiber direction, splitting the lamina. Therefore, shear strength
is a fracture mechanics problem. In Section 4.5.6, the following equation is derived
to predict the in-plane shear strength F6 of a unidirectional lamina

F6 =

√
GIIcG12

π(tt/4)
(4.77)

where GIIc is the fracture toughness in mode II (Tables 1.1–1.4; see discussion in
Section 4.5.4). The transition thickness can be approximated as tt = 0.6 mm, 0.8
mm, for E-glass/epoxy and carbon/epoxy composites, respectively (see discussion
in Section 4.5.6). Note the similarity between (4.77) and (4.73).

The same comments made for transverse tensile strength (Section 4.5.3) apply
in this case. Older empirical formulas [199, 205] do not yield accurate predictions
because they do not account for the propagation of a crack. They are useful only
if the apparent matrix strength Fms is back-calculated using the same formula and
experimental data for F6. Then, the formula can be useful to estimate changes
in shear strength due to changes in fiber volume fraction, but only for the same
system used to back-calculate Fms. For example, one such formula is given by [199,

10| | denotes absolute value, which is used because the shear strength is independent of the sign
of the shear stress in the lamina coordinate system. Interaction between σ6 = σx/2 and normal
stresses σ1 = σ2 = σx/2, which are also present, will be addressed in Chapter 7.
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pp. 51, 52]

F6 = FmsCv

[
1 +

(
Vf −

√
Vf

)(
1− Gm

GA

)]
(4.78)

where the apparent shear strength of the matrix Fms has to be back-calculated from
experimental data on F6 using (4.78). As in (4.75), Cv is included to adjust, with yet
another empirical factor, for the presence of voids and GA is the axial shear modulus
of the fiber, which in the case of isotropic fibers (e.g., glass fibers) is GA = Gf .

4.5.6 Mode II Fracture Toughness

When the lamina is part of a laminate, the lamina’s in-plane shear strength appears
to increase due to the constraining effect provided by the adjacent laminas. A pa-
rameter such as F6 that changes its value as a function of such conditions cannot be
a true material property. Since shear strength is a fracture problem, the controlling
material property is the fracture toughness in crack opening mode II (see discussion
in Section 7.2.1).

Figure 4.21: Surface crack in a UD lamina loaded in shear.

Values of fracture toughness GIIc are therefore required if in-plane shear strength
is the controlling mode of failure of the component. A unidirectional (UD) lam-
ina subject to σ6 fails when a surface crack (Figure 4.21) propagates in the 1-3
plane [200–202]. If the value of F6 is known from testing a UD lamina subjected to
σ6, then the fracture toughness in mode II can be estimated as follows

GIIc =
πa0

G12
F 2

6 (4.79)

where 2a0 is the size of crack (Figure 7.8) representative of the flaw sizes typical for
the composite and the manufacturing process employed.

If the transition thickness tt of a composite is known (see discussion in Sec-
tion 7.2.1), one can estimate the half-size of the representative crack as a0 = tt/4.
Based on the experimental study in [203], as a first approximation one can assume
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tt = 0.6 mm, 0.8 mm, for E-glass/epoxy and carbon/epoxy composites, respectively.
Conversely, one can measure the fracture toughness and use it to estimate the shear
strength of the unidirectional lamina F6 in terms of the measured fracture toughness
GIIc by inverting (4.79), which results in (4.77).

Experimental values of F6 can be obtained by [151, ASTM D3518, D5379,
D4255]. Experimental values of interlaminar fracture toughness GIIc can be obtain-
ed by the procedure described in [23,204]. For a discussion of the difference between
interlaminar and intralaminar fracture, please refer to Section 4.5.4.

Example 4.9 Estimate the shear strength of IM7/8552 with properties given in Table 1.4.

Solution to Example 4.9 The transition thickness for a generic carbon/epoxy can be esti-
mated to be tt = 0.8 mm (see discussion on page 248). From Table 1.4, G12 = 5290 MPa
and GIc = 0.788 kJ/m2. Then, using (4.77)

F6 =

√
0.788× 5290

π (0.8/4)
= 81.45 MPa

which compares reasonably with the value F6 = 92.3 MPa given in Table 1.4, considering
that the transition thickness was not determined for the IM7/8552 composite processed in the
same way as the material used measure the material properties in Table 1.4, and that some
uncertainty is introduced by the type of experimental method and sample used to measure
the shear strength reported in Table 1.4.

4.5.7 Transverse Compressive Strength

An empirical formula for estimating the transverse compressive strength is given
by [199, pp. 51, 52]

F2c = FmcCv

[
1 +

(
Vf −

√
Vf

)(
1− Em

ET

)]
(4.80)

where the apparent compressive strength of the matrix Fmc has to be back-calculated
from experimental data on F2c using (4.80). As in (4.75), Cv is included to adjust,
with yet another empirical factor, for the presence of voids, and ET is the transverse
modulus of the fiber, which in the case of isotropic fibers (e.g., glass fibers) is
ET = Ef .

Since empirical formulas are not accurate, experimental values are often required
and obtained using, for example, [151, ASTM D695, D3410]. For a more detailed
discussion of this topic, please see Section 4.5.8.

4.5.8 Mohr–Coulomb Failure

Polymer matrix composites fail when a transverse compressive stress −σ2 = F2c is
applied, but the mode of failure is shear on a plane at an angle with respect to
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Figure 4.22: Fracture of a unidirectional lamina under compression and shear.

the load direction (2-direction in Figure 4.22). When testing for F2c, it is useful to
measure the angle of the fracture plane α0 as well.

Brittle materials with internal friction exhibit shear strength ST that increases
linearly with the amount of compressive stress −σ2 applied (shear fracture line in
Figure 4.23), as described by the Mohr–Coulomb (M-C) failure criterion

ST = F4 − ηTσn (4.81)

η = tan(φ)

depicted by the shear fracture line in Figure 4.23. Here, F4 is the out-of-plane
(2-3, intralaminar) shear strength in the absence of normal stress, and φ is the
angle of internal friction, both of which are material properties. Note that σn
is negative in compression, so ST ≥ F4. The parameter ηT = tan(φ) is called
coefficient of influence because it is a weight factor for the influence of compression
on the measured shear strength.

A typical fracture of a unidirectional lamina subject to transverse compression
and in-plane shear is depicted in Figure 4.22, and as such it can be modeled with the
Mohr–Coulomb criterion [201]. When the material has no internal friction (φ = 0),
the M-C failure criterion reduces to the Tresca failure criterion and the fracture
plane in the shear-compression quadrant is at an angle α0 = 45◦. Materials with
internal friction exhibit fracture planes at angles larger than 45◦. For the case
of transverse compression of a unidirectional carbon-epoxy with no shear applied
(σ12 = σ23 = 0), the lamina fails in shear along a fracture plane that contains the
1-axis and the normal to the fracture plane is at an angle α0 ≈ 53◦ with respect to
the load direction [206]. The addition of in-plane shear σ6 does not change the fact
that the fracture plane remains parallel to the 1-direction because the high strength
of the fibers precludes shear failure in any fracture plane that does not contain the
fiber direction. In other words, the fracture plane cannot cut across fibers.

Figure 4.23 illustrates the situation in the 2-3 plane under pure transverse com-
pression σ2 < 0, σ3 = σ4 = σ6 = 0. As the applied compressive stress σ2 increases,
the Mohr circle grows in size until it touches the line representing (4.81). Then,
the material fails on a fracture plane at an angle α0. Note that the rotation of the
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Figure 4.23: Mohr circle in the 2-3 plane under transverse compression.

fracture plane takes place around the 1-axis. Also note that the lamina fails when
the tangent to the Mohr circle intersects the ordinate axis at a value F4.

The fracture plane is subjected to both compression σ and shear τ (Figures 4.22,
4.23), which are a function of the applied stress and the orientation of the fracture
plane α, as follows

σn = σ2 cos2 α ≤ 0

τT = −σ2 sinα cosα

τL = σ6 cosα (4.82)

where τL, τT , indicate longitudinal and transverse shear (Figure 4.22) on the fracture
plane. The influence coefficient ηT can be easily measured by performing a test
under transverse compression and measuring the angle of the fracture plane α0.
From Figure 4.23, φ = 2α0 − π/2 and taking into account the definition η = tan(φ)
in (4.81), it is clear that

ηT = −cot 2α0 (4.83)

On the same test, one would also measure the transverse compressive strength
F2c, which allows for an estimate to be made for the transverse shear strength F4.
Using (4.81), (4.82), and (4.83), and noting that at failure −σ2 = F2t > 0, τT = ST ,
and α = α0 yields

F4 = F2c cosα0 (sinα0 + cosα0 cot 2α0) (4.84)

In the 1-2 plane, under transverse compression σ2 and in-plane shear σ6, the shear
strength also increases linearly with the transverse compression but the fracture
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plane cannot rotate around the 3-axis because the fibers force the fracture plane
to remain parallel to the fiber direction. Still, the Mohr–Coulomb criterion applies,
similarly to (4.81), as follows

SL = F6 − ηLσn (4.85)

where SL is the shear strength on the fracture plane due to in-plane shear and ηL
is the associated influence coefficient. In principle, the influence coefficient could be
measured by testing for shear strength under various values of in-plane compression.
Since such data are seldom available, the following estimate has been proposed [206]

ηL = − F6 cos 2α0

F2c cos2 α0
(4.86)

In the absence of in-plane shear (σ2 ≤ 0, σ6 = 0), the unidirectional lamina
fails when τT reaches the increased shear strength F4 − ηTσn. In the absence of
transverse compression (σ2 = 0, σ6 6= 0), a unidirectional lamina fails when τL
reaches the in-plane shear strength F6. When both transverse compression and
in-plane shear are present, a failure criterion for the transverse-compression/shear
quadrants (i.e., σ2 ≤ 0, σ6 6= 0) is constructed as a quadratic interaction between
the two effects [201, Eq. (4)]. The no-fail region corresponds to values of σ2, σ6, α,
that yield g ≤ 0, as follows

g(σ2, σ6, α) =

(
τT

F4 − ηTσn

)2

+

(
τL

F6 − ηLσn

)2

− 1 < 0 (4.87)

For a given state of stress (σ2 < 0, σ6), the lamina fractures with an angle
that maximizes the failure criterion (4.87). As (negative) transverse compression
increases, (4.87) predicts a linear increase of shear strength dominated by in-plane
shear and thus controlled by (4.85), with the angle of the fracture plane remaining
at α0 = 0 (Figure 4.24). Further increase of transverse compression causes the
angle to quickly transition to much higher values; thus, the behavior is controlled
by transverse compression (4.81) with shear strength quickly dropping.

Since (4.87) is a stress-based failure criterion, application to strength analysis of
laminates requires to take into account the constraining effect of adjacent laminas.
This is done by substituting the in situ strength F is6 (7.42) into (4.87), but for a
unidirectional laminate F6 remains unchanged (Section 7.2.1).

The failure index is computed as IF = g+ 1 and the strength ratio as R = 1/IF
(see Section 7.1.1).

Example 4.10 Calculate the value of the damage activation function g (4.87), failure
index IF , and strength ratio R for a unidirectional lamina subjected to σ2 = −40 MPa,
σ6 = 70 MPa. The material is E-glass/LY556 (Table 1.2) and α0 = 53◦.
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Figure 4.24: Comparison between the M-C criterion and experimental data for a UD
E-glass/LY556 (Table 1.2) lamina subjected to transverse compression and in-plane
shear.

Solution to Example 4.10 From Table 1.2, F6 = 61 MPa, F2c = 138 MPa. Using (4.84)

F4 = 138 cos 53

(
sin 53 +

cos 53

tan 106

)
= 52 MPa

then with (4.83)
ηT = − cot 106 = 0.287

and with (4.86)

ηL = − 61 cos 106

138 cos2 53
= 0.3364

Then, finding the angle α that maximizes (4.87) yields α = 0o, g = −0.1161. Then, IF =
1 + g = 0.884 and R = 1/IF = 1.131. Since R > 1, the lamina does not fail.

Scilab code for this example is available on the Website [4].

4.5.9 Intralaminar Shear Strength

Following the discussion in Section 4.5.5, the shear strengths F4 and F5 are dis-
cussed in this section. As it is clear from Figure 4.19, the shear stresses τ23 and
τ32 cause splitting of the matrix without shearing off any fibers. Since, by equilib-
rium, the shear stresses τ23 and τ32 are numerically equal, both are called σ4. The
corresponding shear strength is F4, which can be predicted by (4.84).

The intralaminar shear strength F4 is a matrix-dominated property because the
shear acts on a plane parallel to the fiber direction. In this case the fibers do not
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resist shear. On the contrary, the cross sections of the fibers can be viewed as
circular inclusions creating stress concentrations in the matrix, thus debilitating the
composite.

It can be seen in Figure 4.19 that the shear stress τ31 tends to split the matrix
along the fiber direction. This is the usual mode of failure under stress σ5. On
the other hand, the fibers would have to be sheared off by stress τ13 to produce
failure, which is unlikely. Since, by equilibrium, the shear stresses τ13 and τ31 are
numerically equal, both are called σ5. The corresponding shear strength is F5. The
shear stress σ5 applies shear along the fiber direction. Therefore, the intralaminar
shear strength F5 is affected by the fiber-matrix bond strength.

When the whole thickness of the composite is unidirectional and homogeneous,
there should be no difference between F5 and F6. This is true for a single lamina
of unidirectional prepreg or for a unidirectional pultruded material. However, when
transverse shear (σ4 or σ5) is applied to a laminate with distinct interfaces between
laminas (such as prepreg lay-up), the resin-rich interfaces may fail first. In this case,
the intralaminar shear strength values F4 and F5 may be lower than the in-plane
shear strength F6.

Experimental values of intralaminar shear strength can be obtained by [151,
ASTM D2344, D4475, D3914, D3846, D5379].

Problems

Problem 4.1 Draw a representative volume element (RVE) for an epoxy matrix filled with
cylindrical steel rods arranged in a rectangular array. Compute the volume fraction Vf as a
function of the fiber diameter df and the spacing between the centers of the fibers ax and ay
in the two directions (center to center).

Problem 4.2 Draw a set of fibers in a hexagonal array: six fibers at the vertices of an
hexagon plus one in the center, with the fibers touching each other. Draw the smallest RVE
for this arrangement. Compute the fiber volume fraction.

Problem 4.3 The amount of fibers in a composite sample can be determined by a burn-out
test. The burn-out eliminates all the resin and only the fibers remain. A composite sample
plus its container weights 50.182 grams before burn-out and 49.448 grams after burn-out.
The container weighs 47.650 grams. Compute the fiber weight fraction WF and matrix
weight fraction WM .

Problem 4.4 Select a matrix, fiber, and fiber volume fraction to obtain a material with the
following attributes: E1 ≥ 30 GPa, E1/E2 ≤ 3.5.

Problem 4.5 Consider Carbon/Epoxy with a fiber volume fraction of 70% and Ef = 379
GPa, νf = 0.22, Em = 3.3 GPa, and νm = 0.35.

(a) Compute E1, E2, ν12, and G12 using the rule of mixtures (ROM).

(b) Recompute E2 with the Halpin–Tsai equation, and G12 with the Cylindrical Assemblage
equation.

(c) Consider the results and comment on which seems to be the best equation in each case.
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Problem 4.6 Use the best formulas available in this chapter to compute E1, E2, G12, and
ν12 given Ef = 230 GPa, Em = Ef/50, Gf = Ef/2.5, Gm = Em/2.6, νf = 0.25, νm = 0.3,
and Vf = 40%. The fibers have a circular cross section. Assume there are no voids.

Problem 4.7 Compute the elastic properties E1, E2, G12, G23, and ν12 for a unidirectional
lamina of E-glass/Polyester (isophthalic), Vf = 0.55. Use Tables 2.1, 2.9, and the best
formulas available in this chapter. If Poisson’s ratio for either fiber or matrix is not available,
take νf = 0.22, νm = 0.38 as needed.

Problem 4.8 Compute the elastic properties E1, E2, G12, G23, and ν12 for a unidirectional
lamina of S-glass/Epoxy (9310), Vf = 0.55. Use Tables 2.1, 2.9, and the best formulas
available in this chapter. If Poisson’s ratio for either fiber or matrix is not available, take
νf = 0.22, νm = 0.38 as needed.

Problem 4.9 Compute the elastic properties E1, E2, G12, G23, and ν12 for a unidirectional
lamina of Carbon (T300)/Vinylester, Vf = 0.55. Use Tables 2.1, 2.9, and the best formulas
available in this chapter. If Poisson’s ratio for either fiber or matrix is not available, take
νf = 0.22, νm = 0.38 as needed.

Problem 4.10 The following data has been obtained experimentally for a composite based
on a unidirectional Carbon/Epoxy prepreg (MR50 carbon fiber at 63% by volume in LTM25
epoxy). Determine if the restrictions on elastic constants are satisfied with a maximum error
of 10%. E1 = 156.400 GPa,E2 = 7.786 GPa, ν12 = 0.352, ν21 = 0.016, G12 = 3.762 GPa.

Problem 4.11 Estimate E1, E2, ν12, F1t, and F2t for Carbon/Epoxy IM7/8552 with Vf =
0.5 and negligible void content. Assume νf = 0.2, νm = 0.38, transition thickness tt =
0.8mm, and fracture toughness GIc = 0.277 KJ/m2. Use Tables 2.1 and 2.13. Note that
KJ/m2 = N/mm.

Problem 4.12 Estimate E2, F1t, and F2t for Kevlar-49/Epoxy-9310 composite with Vf =
0.7 at 149◦C. The fracture toughness GIc is unknown. Use data from Tables 2.3–2.4 and
Tables 2.13–2.14, and Section 2.2. Assume that Em decreases linearly with temperature,
while Poisson’s ratio remains constant. The void content is negligible. Assume that both Ef
and Fft drop linearly to 75% of their room temperature (21◦ C) value when the temperature
reaches 177 ◦ C.

Problem 4.13 Estimate the longitudinal compression strength of Carbon/Epoxy (T300/
Derakane 411-45) with Vf = 0.6, misalignment sα = 1.41◦. Use Tables 2.1 and 2.13.
Fracture toughness GIIc is not available.

Problem 4.14 Give an approximate value for the tensile strength of a Boron/Aluminum
composite with Vf = 0.4. Aluminum 2024 has E = 71 GPa, Poisson = 0.334, yield strength
Sy = 76 MPa, strain-to-failure εu = 22%. Boron fibers have E = 400 GPa, strength
= 3.4 GPa, Poisson = 0.25.

(a) Compute F1t assuming the Aluminum matrix remains elastic up to failure. If the value
found is larger than Sy, the matrix yields, thus invalidating the assumption.

(b) Recompute using σ1 = Vfσf + (1− Vf )σm.

(c) Check that the strain-to-failure is not exceeded.

Problem 4.15 Compute approximate values of E1, E2, G12, and ν12 for the composite in
Problem 4.14.
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Problem 4.16 Compute the longitudinal compression strength for the composite in Problem
4.14. Check fiber compression failure. The strength of Boron (tension or compression) is
3.4 GPa.

Problem 4.17 Calculate the transverse tensile strength of Carbon/Epoxy (AS4/3501-6) in
terms of other properties in Table 1.3, including GIc. Assume tt = 0.8 mm.

Problem 4.18 Calculate the in-plane shear strength of Carbon/Epoxy IM7/8552 in terms
of other properties in Table 1.4, including GIIc. Assume tt = 0.8 mm.

Problem 4.19 Using the Mohr–Coulomb failure criterion, calculate the strength ratio R for
a unidirectional lamina of Glass/Epoxy LY556 subjected to:

(a) σ2 = −60 MPa, σ6 = 60.0 MPa.

(b) σ2 = −60 MPa, σ6 = 80.255 MPa.

(c) σ2 = −60 MPa, σ6 = 90.0 MPa.

Problem 4.20 Calculate the value of the damage activation function g (4.87), failure index
IF , and strength ratio R, for a unidirectional lamina subjected to σ2 = −90 MPa, σ6 = 90
MPa. The material is E-glass/LY556 (Table 1.2) and α0 = 53◦.
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Chapter 5

Ply Mechanics

The main objective of this chapter is to present the constitutive equations of a
lamina arbitrarily oriented with respect to a reference coordinate system. This is a
necessary step before studying the mechanics of the laminate in the next chapter.
First, a review of stress and strain is presented. Then, the assumption of plane
stress is introduced to obtain a reduced version of the constitutive equations for
a lamina. A review of the coordinate transformations precedes a section on off-
axis constitutive equations for a lamina. Finally, the three-dimensional constitutive
equations are developed.

5.1 Coordinate Systems

There are two coordinate systems that are used in composites design. The lamina
coordinate system (denoted by axes 1, 2, 3) is a Cartesian coordinate system (Fig-
ure 5.1) that has the 1-axis aligned with the fiber direction. The 2-axis is on the
surface of the composite shell and it is perpendicular to the 1-axis. The 3-axis is
perpendicular to the surface of the composite shell and to the 1- and 2-axis. Each
lamina has its own lamina coordinate system aligned with the fiber direction.

The laminate coordinate system (denoted by x, y, z) is common to all the laminas
in the laminate. The orientation of the laminate system is chosen for convenience
during the structural analysis. Therefore, it may be aligned with the boundary of
the part being analyzed, with the direction of the major load, etc.

5.2 Stress and Strain

The concepts of stress and strain are reviewed in this section. The contracted
notation for stress and strain is introduced. This notation is widely used for the
analysis of composite materials and will be employed in the remainder of this book.

151



152 Introduction to Composite Materials Design

y

x

xy
12

66

y

x

1

2

Fibers

Figure 5.1: Lamina (1, 2) and laminate (x, y) coordinate systems.

5.2.1 Stress

Consider a material body depicted in Figure 5.2 subject to a set of forces Pi, which
are in equilibrium. The two portions limited by the plane shown are held together
by internal forces. If the body is cut and the top portion is removed, a system of
forces F needs to be added for each area ∆A (Figure 5.3) to restore the equilibrium.
Each of the forces F acts over a portion of the area ∆A and the resultant of all the
forces F equilibrates the external loads (P1 and P2 in Figure 5.3). The direction of
the force F does not necessarily coincide with the normal to the plane because a
shear force Fs may be needed in addition to a normal force Fn to restore equilibrium.

For a fixed set of external forces, the magnitude of the force depends on the
area ∆A of the cut and the orientation of the cut. To obtain a quantity that is
independent of the magnitude of the area ∆A, a stress vector ~t is defined at each
point P as the quotient of the force over the area ∆A when the area tends to zero

~t = lim
∆A→0

~F

∆A
(5.1)

where ~t indicates a vector with three components (e.g., ~t = (tx, ty, tz)). The stress
vector is aligned with the force F . Unfortunately, the stress vector is not a quantity
uniquely defined by the coordinates of each material point (point P) because there is
one stress vector for every point and every different orientation of the cutting plane.
The stress tensor is introduced to have a quantity that completely characterizes
the state of stress at each point, valid for any cutting plane. For this, consider
a rectangular piece of material, cut around the point of interest (Figure 5.4), and
compute the stress vector on every face. Then, compute the normal and shear
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Figure 5.2: A body in equilibrium is cut with an arbitrary plane.

components of each stress vector, and order them in matrix form as

σ =

 σ11 σ12 σ13

σ21 σ22 σ23

σ31 σ32 σ33

 (5.2)

For each stress tensor component, the first subscript indicates the direction of
the normal to the face on which the stress vector was computed and the second
subscript indicates the direction of the stress component. Note that each stress
vector is decomposed into a normal and two shear components.

Cauchy’s law gives the projections (t1, t2, t3) of the stress vector (Figure 5.5) on
the coordinate axis, as function of the stress tensor and the normal ~n = (n1, n2, n3)
to the surface (Figure 5.5), as

ti = σijnj (i, j = 1..3) (5.3)

where the dummy indexes i, j, can take the values of 1, 2, 3. In component form

t1 = σ11n1 + σ12n2 + σ13n3

t2 = σ21n1 + σ22n2 + σ23n3

t3 = σ31n1 + σ32n2 + σ33n3 (5.4)

The stress tensor is symmetric, which is indicated as

σij = σji (5.5)

or in component form

σ13 = σ31 ; σ12 = σ21 ; σ23 = σ32 (5.6)
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Figure 5.3: Forces required to restore equilibrium.

Therefore, only six components are independent and (5.2) can be rewritten as

σ =

 σ11 σ12 σ13

σ12 σ22 σ23

σ13 σ23 σ33

 (5.7)

Then, the six independent components can be written in contracted notation as
follows

Tensorial Contracted

σ11 σ1

σ22 σ2

σ33 σ3

σ23 σ4

σ31 σ5

σ12 σ6

The following two rules are used to transform from tensorial notation to con-
tracted notation:

1. Repeated subscripts are written only once (e.g., 11 becomes 1).

2. If the two subscripts, say i and j, are different, then the contracted subscript
is 9− i− j (e.g., 12 becomes 6).
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Figure 5.4: Definition of the nine components of the stress tensor.

5.2.2 Strain

From elementary strength of materials, in one dimension (Figure 5.6), the definition
of strain is

εx = lim
∆L→0

∆L

L
=
du

dx
(5.8)

In three dimensions, the displacement of a point (Figure 5.7) is described by
three components ~u = (u, v, w). The components of strain are [181]

εxx =
∂u

∂x
γxy =

∂u

∂y
+
∂v

∂x

εyy =
∂v

∂y
γxz =

∂u

∂z
+
∂w

∂x

εzz =
∂w

∂z
γyz =

∂v

∂z
+
∂w

∂y
(5.9)

Writing (5.9) in lamina coordinates and taking into account that the strain tensor
is symmetric we have

ε =

 ε11 γ12/2 γ13/2
γ12/2 ε22 γ23/2
γ13/2 γ23/2 ε33

 (5.10)

Then, the six independent components can be written in contracted notation as
follows
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Figure 5.5: Decomposition of the stress vector into three components in a Cartesian
coordinate system.
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Figure 5.6: Definition of strain in the context of one-dimensional analysis.

Tensorial Contracted

ε11 ε1
ε22 ε2
ε33 ε3
γ23 γ4

γ13 γ5

γ12 γ6

5.3 Stress–Strain Equations

Composite materials are used in the form of plates and shells, which have two
dimensions (length and width) much larger than the third dimension (thickness).
Even composite beams are thin-walled sections constructed with a collection of thin
plates (e.g., I- or box-shaped cross sections, Figure 10.1). When the thickness of a
plate is small compared to the other dimensions, it is reasonable and customary to
assume that the transverse stress is zero (σ3 = 0).
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Figure 5.7: Definition of displacement vector in space.

The stress–strain equations for a lamina in a state of plane stress (σ3 = 0)
can be easily derived by performing the following thought experiment. First, apply
a tensile stress σ1 along the fiber direction (1-direction) as in Figure 5.8(a), with
σ2 = σ6 = σ4 = σ5 = 0 and compute the strain produced

ε1 =
σ1

E1
(5.11)

Then, apply a stress σ2, as in Figure 5.8(b) with σ1 = σ4 = σ5 = σ6 = 0 and
compute the strain in the fiber direction using the definition of Poisson’s ratio given
in Section 4.2.3 (νij = −εj/εi)

ε1 = −ν21ε2 = −ν21
σ2

E2
(5.12)

The total strain in the fiber direction is the sum of the above two components

ε1 =
1

E1
σ1 −

ν21

E2
σ2 (5.13)

Repeating the procedure along the transverse direction

ε2 = −ν12

E1
σ1 +

1

E2
σ2 (5.14)

The shear terms are obtained directly from the shear version of Hooke’s law

σ4 = G23γ4

σ5 = G13γ5 = G12γ5

σ6 = G12γ6 (5.15)
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Figure 5.8: Determination of compliance coefficients in terms of engineering prop-
erties.

Note that G13 = G12 because, from a material point of view, the directions 2 and
3 are indistinguishable (see Figure 4.19). This type of material is called transversely
isotropic (Section 4.1.6). Therefore, the compliance equations are


ε1
ε2
γ6

 =

 1/E1 −ν21/E2 0
−ν12/E1 1/E2 0

0 0 1/G12


σ1

σ2

σ6

 (5.16)

and {
γ4

γ5

}
=

[
1/G23 0

0 1/G13

]{
σ4

σ5

}
(5.17)

Since the compliance matrix (5.16) must be symmetric, ν21/E2 = ν12/E1. The
stresses σ4 and σ5 are neglected if the plate is very thin or as an approximation during
preliminary design. When σ3 = σ4 = σ5 = 0, only four properties (E1,E2, G12, and
ν12) are needed. When σ3 = 0 but σ4 and σ5 are not zero, then the additional
property G23 is needed (note that G13 = G12). The compliance equations (5.16)
and (5.17) can be written in compact form as

{ε} = [S] {σ}
{γ} = [S∗] {τ} (5.18)

where {ε} = {ε1, ε2, γ6}T are the in-plane strains, {σ} = {σ1, σ2, σ6}T are the in-
plane stresses, {τ} = {σ4, σ5}T are the intralaminar stresses,1 [S] is the 3 × 3
compliance matrix, and [S∗] is the 2 × 2 intralaminar compliance matrix. The

1Intralaminar components of stress and strain act inside the laminas, as well as between laminas.
Therefore, their correct name is intralaminar. See Figure 4.9.
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components of the [S] and [S∗] matrices are

S11 = 1/E1 S∗44 = 1/G23

S22 = 1/E2 S∗55 = 1/G13

S12 = S21 = −ν12/E1

S66 = 1/G12 (5.19)

The inversion of the 3× 3 [S] matrix leads to
σ1

σ2

σ6

 =

 E1/∆ ν12E2/∆ 0
ν12E2/∆ E2/∆ 0

0 0 G12


ε1
ε2
γ6

 (5.20)

where
∆ = 1− ν12ν21 = 1− ν2

12E2/E1 (5.21)

complemented with {
σ4

σ5

}
=

[
G23 0
0 G13

]{
γ4

γ5

}
(5.22)

which in compact form can be written as

{σ} = [Q] {ε}
{τ} = [Q∗] {γ} (5.23)

where [Q] is the reduced stiffness matrix and [Q∗] is the 2× 2 intralaminar stiffness
matrix. The components of the 3× 3 [Q] matrix and the 2× 2 [Q∗] matrix are

Q11 = E1/∆ Q∗44 = G23

Q22 = E2/∆ Q∗55 = G13

Q12 = Q21 = ν12E2/∆

Q66 = G12 ∆ = 1− ν12ν21 (5.24)

where G13 = G12 if the material is transversely isotropic.
For a narrow strip with the fibers along the length and loaded in tension, the

stress–strain relationship is simply Hooke’s law: σ1 = E1ε1. However, the stress–
strain relationship for a plate similarly loaded is σ11 = Q11ε1 with Q11 > E1 because
∆ < 1. The additional stiffness represents the Poisson’s effect. When a stress σ1

is applied to a narrow strip (one-dimensional case), the only stiffness is E1. When
σ1 is applied to the edge of a plate, the plate has to stretch in the direction of the
load (1-direction in this case) and also it has to shrink in the perpendicular direction
because of Poisson’s effect. The resistance to the shrinkage is felt along the direction
of the load and numerically represented by the magnification factor 1/∆.

Example 5.1 Compute the reduced stiffness matrix [Q] and the intralaminar shear co-
efficients using the following properties: E1 = 19.981 GPa, ν12 = 0.274, E2 = 11.389
GPa, G12 = G13 = 3.789 GPa [207]. Lacking experimental data, assume the out-of-plane
Poisson’s ratio to be ν23 = 0.385. See Section 4.1.6. Continued in Example 6.1.
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Solution to Example 5.1 Using (5.24)

∆ = 1− 0.274(0.274)

(
11.389

19.981

)
= 0.957

Q11 =
19.981

0.957
= 20.874 GPa ; Q22 =

11.389

0.957
= 11.898 GPa

Note that Q11 > E1 and Q22 > E2. This represents the stiffening observed in a plate
with respect to the one-dimensional case because of the Poisson’s effect. The remaining
terms (see (5.24) for calculation of G23) are

Q12 = 0.274(11.898) = 3.260 GPa ; Q66 = 3.789 GPa

Q∗44 = G23 =
E2

2(1 + ν23)
= 4.112 GPa ; Q∗55 = 3.789 GPa

Scilab code for this example is available on the Website [4].

Example 5.2 Verify that inversion of the reduced stiffness matrix [Q] gives the correct
values for the coefficients of the reduced compliance matrix [S]. Use the numerical values
from Example 5.1.

Solution to Example 5.2 From Example 5.1

[Q] =

 20.874 3.260 0
3.260 11.898 0

0 0 3.789

 GPa

The inversion is simplified by the fact that the [Q] matrix has some coefficients equal to
zero. In this case, it is possible to invert the 2× 2 submatrix first. For a 2× 2 matrix, the
determinant ∆ is computed as

∆ = Q11Q22 −Q2
12 = 237.7

and the coefficients of the inverse are

S11 =
Q22

∆
= 0.050 GPa−1 ; S22 =

Q11

∆
= 0.0878 GPa−1

S12 =
−Q12

∆
= −0.0137 GPa−1

The inverse of the remaining term is simply

S66 =
1

Q66
= 0.2639 GPa−1

Now, using (5.19)

S11 =
1

19.981
= 0.0500 GPa−1 ; S22 =

1

11.389
= 0.0878 GPa−1

S12 =
−0.274

19.981
= −0.0137 GPa−1 ; S66 =

1

3.789
= 0.2639 GPa−1

which are the same results obtained before.
The [Q] matrix can be inverted using Scilab simply as follows: S = inv(Q).
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5.4 Off-Axis Stiffness

Practical composite structures have more than one lamina because the properties
in the transverse direction of a lamina are relatively low when compared to the lon-
gitudinal properties. Therefore, several laminas are stacked in different orientations
so that reinforcements (fibers) are placed along all the directions of loading.

A laminate is a set of laminas with various fiber orientations (Figure 1.2) that
are bonded together to form a plate or shell. Formulas that describe the mechanical
properties of the laminate will be derived in Chapter 6. Before developing laminate
properties, it is necessary to learn how to transform stresses, strains, compliances,
and stiffness from the lamina coordinate system (1, 2, 3) to a laminate coordinate
system (x, y, z).

5.4.1 Coordinate Transformations

u

u'

v

v'

1, x'
2, y'

x

y

P

O

Figure 5.9: Coordinate transformations.

With reference to Figure 5.9,
−−→
OP is a displacement vector with components

(u,v) in laminate coordinates and components (u′,v′) in lamina coordinates, which
are related by

u′ = u cos θ + v sin θ

v′ = −u sin θ + v cos θ (5.25)

or {
u′

v′

}
=

[
m n
−n m

]{
u
v

}
= [a]

{
u
v

}
(5.26)

where the coordinate transformation matrix [a] is

[a] =

[
m n
−n m

]
(5.27)
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with m = cos(θ) and n = sin(θ). The angle θ is measured counterclockwise from
the x-axis to the 1-axis. The inverse relationship is{

u
v

}
=

[
m −n
n m

]{
u′

v′

}
= [a]T

{
u′

v′

}
(5.28)

Similarly, the position of a point with coordinates x, y can be described in the
lamina coordinate system as{

x′

y′

}
=

[
m n
−n m

]{
x
y

}
(5.29)

and {
x
y

}
=

[
m −n
n m

]{
x′

y′

}
(5.30)

5.4.2 Stress and Strain Transformations

With reference to Figure 5.9, while the in-plane strains in laminate coordinates (x,
y) are given by (5.9), in lamina coordinates (1, 2) they are given by

ε1 =
∂u′

∂x′

ε2 =
∂v′

∂y′

γ4 = γ23 =
∂v′

∂z′
+
∂w′

∂y′

γ5 = γ13 =
∂u′

∂z′
+
∂w′

∂x′
γ6 = γ12 =

∂u′

∂y′
+
∂v′

∂x′

(5.31)

The strain in laminate coordinates is obtained using the chain rule

εx =
∂u

∂x
=
∂u

∂x′
∂x′

∂x
+
∂u

∂y′
∂y′

∂x
(5.32)

From (5.28)

∂u

∂x′
=
∂u′

∂x′
m− ∂v′

∂x′
n ;

∂u

∂y′
=
∂u′

∂y′
m− ∂v′

∂y′
n (5.33)

and using (5.29)
∂x′

∂x
= m ;

∂y′

∂x
= −n (5.34)

Then, it is possible to write

εx =
∂u

∂x
=
∂u′

∂x′
m2 − ∂v′

∂x′
mn− ∂u′

∂y′
mn+

∂v′

∂y′
n2 (5.35)

or
εx = m2ε1 − 2mn

γ6

2
+ n2ε2 (5.36)

Expressions for εy and γxy are obtained in a similar way. Finally, the relationship
between laminate and lamina strains is

εx
εy
1
2γxy

 =

 m2 n2 −2mn
n2 m2 2mn
mn −mn m2 − n2


ε1
ε2
1
2γ6

 = [T ]−1


ε1
ε2
1
2γ6

 (5.37)
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where m = cos(θ), n = sin(θ), and

[T ]−1 =

 m2 n2 −2mn
n2 m2 2mn
mn −mn m2 − n2

 (5.38)

with the angle θ measured from the laminate (x, y) to the lamina (1, 2) coordinate
system, as shown in Figure 5.9. Inverting (5.37), the relationship between lamina
and laminate strains is

ε1
ε2
1
2γ6

 =

 m2 n2 2mn
n2 m2 −2mn
−mn mn m2 − n2


εx
εy
1
2γxy

 = [T (θ)]


εx
εy
1
2γxy

 (5.39)

with the transformation matrix written as

[T (θ)] =

 m2 n2 2mn
n2 m2 −2mn
−mn mn m2 − n2

 (5.40)

Introducing the Reuter matrix

[R] =

 1 0 0
0 1 0
0 0 2

 (5.41)

equation (5.39) can be written in compact form as

ε = [R] [T ] [R]−1 ε̄ (5.42)

where ε = {ε1, ε2, γ6}T and ε̄ = {εx, εy, γxy}T . The superscript ()T is used to denote
transpose, so that, for convenience, a column array can be written in horizontal
position.

Stresses are transformed in a similar way. The transformation from lamina to
laminate axes is done using [T ]−1 = [T (−θ)] as follows

σx
σy
σxy

 = [T (−θ)]


σ1

σ2

σ6

 (5.43)

and [T (θ)] is used to transform from the laminate coordinate system to the lamina
coordinate system, as follows

σ1

σ2

σ6

 = [T (θ)]


σx
σy
σxy

 (5.44)

Note the use of 1
2 in front of the shear strains but not in front of the shear stresses.

This is because the shear strain γxy is not a tensor component, but εxy = 1
2γxy
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is. Since only tensor components can be transformed with [T ], the tensorial shear
strain εxy = 1

2γxy are used for coordinate transformations. In all other instances,
engineering shear strains γ are used so that Hooke’s law for shear can be written as
τ = Gγ. However, note that the symbol τ is not used because a shear stress like σ6

can be clearly distinguished from a normal stress like σ1.
Note that the angle θ in Figure 5.9 is measured counterclockwise from the x-axis

to the 1-axis. The transformation matrix [T ] represents a transformation from axes
x, y to axes 1, 2. The matrix [T ]−1 = [T (−θ)] represents a transformation in the
opposite direction, from 1, 2 axes to x, y axes.

Using (5.9), (5.31), (5.28–5.30), and the chain rule, the intralaminar shear strains
transform according to {

γyz
γxz

}
=

[
m n
−n m

]{
γ4

γ5

}
(5.45)

{
γ4

γ5

}
=

[
m −n
n m

]{
γyz
γxz

}
(5.46)

Similarly, the shear stresses transform according to{
σyz
σxz

}
=

[
m n
−n m

]{
σ4

σ5

}
(5.47)

{
σ4

σ5

}
=

[
m −n
n m

]{
σyz
σxz

}
(5.48)

Example 5.3 Transform the in-plane stresses σ1 = 100, σ2 = 10, σ6 = −5 to a laminate
coordinate system with the x-axis oriented at 55◦ counterclockwise (ccw) with respect to
the lamina axis corresponding to the fiber direction (1-axis).

Solution to Example 5.3 The angle to be used in (5.40) is θ = −55◦ (angles θ are measured
counterclockwise from the x-axis, Figure 5.9). Therefore

[T ] =

 0.329 0.671 −0.940
0.671 0.329 0.940
0.470 −0.470 −0.342


The inverse can be obtained using (5.38)

[T ]
−1

=

 0.329 0.671 0.940
0.671 0.329 −0.940
−0.470 0.470 −0.342


Finally using (5.43) σx

σy
σxy

 = [T ]
−1

 100
10
−5

 =

 34.911
75.089
−40.576


Scilab code for this example is available on the Website [4].
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Example 5.4 Transform the strains ε1 = 3.635 10−3, ε2 = 7.411 10−3, γ4 = γ5 = γ6 = 0
to a laminate coordinate system with the x-axis oriented at 55◦ counterclockwise (ccw)
with respect to the lamina axis corresponding to the fiber direction (1-axis).

Solution to Example 5.4 First, note that the shear strain must be divided by 2 before it
can be transformed. Then, according to (5.37) and using [T ]−1 from Example 5.3 εx

εy
1
2γxy

 =

 0.329 0.671 0.940
0.671 0.329 −0.940
−0.470 0.470 −0.342

 3.635
7.411
1
2 · 0

 10−3 =

 6.169
4.877
1.774

 10−3

Then, εx = 6.169 10−3, εy = 4.877 10−3, and γxy = 2× 1.774 10−3 = 3.547 10−3.
Scilab code for this example is available on the Website [4].

Example 5.5 Check the safety factor for the plate of Example 1.1 if the applied shear
changes to σxy = −200 MPa after the plate has been built with fiber orientation 26.47 ◦.

Solution to Example 5.5 In Example 1.1, a unidirectional lamina oriented at 26.57◦ was
selected to carry the loads σx = 400 MPa, σy = 100 MPa, σxy = 200 MPa. Using
principal stress design (defined in Example 1.1), it was found that a lamina at 26.57◦ would
be optimum. If now σxy − 200 MPa, the stresses in lamina coordinates are computed using
(5.44) as

m = cos(26.57) = 0.894

n = sin(26.57) = 0.447 σ1

σ2

σ6

 =

 0.799 0.2 0.799
0.2 0.799 −0.799
−0.4 0.4 0.599

 400
100
−200

 =

 180
320
−240

 MPa

The corresponding strength values for E-glass/Epoxy are found from Table 1.1: tensile
strength along the fibers F1t = 1020 MPa, tensile strength across fibers F2t = 40 MPa, and
in-plane shear strength F6 = 60 MPa. Using the maximum stress criterion (Section 7.1.2),
each stress is compared to its corresponding strength, finding the following

1020 > 180

40 < 320

60 < 240

The safety factor is

R =
40

320
= 0.125

It can be seen that a sign reversal in the shear load has at least two important effects: the
safety factor was reduced from 2.04 (in Example 1.1) to 0.125 < 1 (which is unacceptable)
and the critical property is now transverse tensile strength. This is undesirable because
the transverse tensile strength F2t is a matrix-dominated property. Because of the number
and variety of defects in the matrix, the variability in experimental data of F2t is very large
compared to the variability of F1t. This calls for extra precautions and a larger safety factor.

Scilab code for this example is available on the Website [4].
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5.4.3 Stiffness and Compliance Transformations

The stress–strain equations (5.16–5.17) and (5.20–5.22) are limited to the case of
having the stresses and strains oriented along lamina coordinates. To simplify the
analysis as much as possible, it is convenient to relate stresses and strains in laminate
coordinates (Figure 5.1) directly. This can be done by using the following equation

σx
σy
σxy

 =

 Q̄11 Q̄12 Q̄16

Q̄12 Q̄22 Q̄26

Q̄16 Q̄26 Q̄66


εx
εy
γxy

 (5.49)

where the Q̄ij are the components of the transformed reduced stiffness matrix. The
[Q̄] matrix can be obtained from the [Q] matrix as follows. The stress–strain rela-
tionship in lamina coordinates is given by (5.23–5.24) in terms of the reduced stiffness
[Q], which can be rewritten to accommodate 1

2γ6 as
σ1

σ2

σ6

 =

 Q11 Q12 0
Q12 Q22 0
0 0 2Q66


ε1
ε2
1
2γ6

 = [Q] [R]


ε1
ε2

1
2γ6

 (5.50)

Using (5.39), (5.41), and (5.44) into (5.50) we get

[T ]


σx
σy
σxy

 = [Q][R][T ]


εx
εy
1
2γxy


Pre-multiply by [T ]−1 to get
σx
σy
σxy

 = [T ]−1[Q][R][T ]


εx
εy
1
2γxy

 = [T ]−1[Q][R] [T ] [R]−1


εx
εy
γxy

 (5.51)

or 
σx
σy
σxy

 = [Q̄]


εx
εy
γxy

 (5.52)

which is the compact form of (5.49). A similar formula can be found for the in-
tralaminar components{

σyz
σxz

}
=

[
Q̄∗44 Q̄∗45

Q̄∗45 Q̄∗55

]{
γyz
γxz

}
(5.53)

Noting that [R][T ][R]−1 = [T ]−T , the transformed reduced stiffness is computed
as

[Q̄] = [T ]−1[Q][T ]−T = [T (−θ)][Q][T (−θ)]T

[Q̄∗] = [a][Q∗][a]T (5.54)
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where [T ]−T denotes the transpose of the inverse of [T ] and [a] is calculated using
(5.27). Finally, the components of [Q̄] and [Q̄∗] in the laminate coordinate system are
given explicitly in terms of the components of [Q] and [Q∗] in the lamina coordinate
system as

Q̄11 = Q11 cos4 θ + 2(Q12 + 2Q66) sin2 θ cos2 θ +Q22 sin4 θ

Q̄12 = (Q11 +Q22 − 4Q66) sin2 θ cos2 θ +Q12(sin4 θ + cos4 θ)

Q̄22 = Q11 sin4 θ + 2(Q12 + 2Q66) sin2 θ cos2 θ +Q22 cos4 θ

Q̄16 = (Q11 −Q12 − 2Q66) sin θ cos3 θ + (Q12 −Q22 + 2Q66) sin3 θ cos θ

Q̄26 = (Q11 −Q12 − 2Q66) sin3 θ cos θ + (Q12 −Q22 + 2Q66) sin θ cos3 θ

Q̄66 = (Q11 +Q22 − 2Q12 − 2Q66) sin2 θ cos2 θ +Q66(sin4 θ + cos4 θ)

Q̄∗44 = Q∗44 cos2 θ +Q∗55 sin2 θ

Q̄∗55 = Q∗44 sin2 θ +Q∗55 cos2 θ

Q̄∗45 = (Q∗55 −Q∗44) sin θ cos θ (5.55)

Similarly, the constitutive equations in terms of compliance (5.18) can be trans-
formed to laminate coordinates

εx
εy
γxy

 = [S̄]


σx
σy
σxy

 (5.56)

and {
γyz
γxz

}
=

[
S̄∗44 S̄∗45

S̄∗45 S̄∗55

]{
σyz
σxz

}
(5.57)

with
[S̄] = [T (θ)]T [S][T (θ)] ; [S̄∗] = [a][S∗][a]T (5.58)

and in component form

S̄11 = S11 cos4 θ + (2S12 + S66) sin2 θ cos2 θ + S22 sin4 θ

S̄12 = (S11 + S22 − S66) sin2 θ cos2 θ + S12(sin4 θ + cos4 θ)

S̄22 = S11 sin4 θ + (2S12 + S66) sin2 θ cos2 θ + S22 cos4 θ

S̄16 = (2S11 − 2S12 − S66) sin θ cos3 θ − (2S22 − 2S12 − S66) sin3 θ cos θ

S̄26 = (2S11 − 2S12 − S66) sin3 θ cos θ − (2S22 − 2S12 − S66) sin θ cos3 θ

S̄66 = 2(2S11 + 2S22 − 4S12 − S66) sin2 θ cos2 θ + S66(sin4 θ + cos4 θ)

S̄∗44 = S∗44 cos2 θ + S∗55 sin2 θ

S̄∗55 = S∗44 sin2 θ + S∗55 cos2 θ

S̄∗45 = (S∗55 − S∗44) sin θ cos θ (5.59)

Note that the coefficients Q̄16 6= 0 and Q̄26 6= 0 after the transformation. Also,
the coefficients S̄16 6= 0 and S̄26 6= 0 after the transformation. If the laminate axes



168 Introduction to Composite Materials Design

do not coincide with the lamina axes, when shear stress is applied, not only shear
strain but also normal strains are produced.

Example 5.6 Compute the stresses corresponding to the strains in laminate coordinates
εx = 6.169 10−3, εy = 4.877 10−3, γxy = 3.548 10−3, γxz = 0.7 10−3, γyz = 1.5 10−3.
Use the material properties of Example 5.1 to compute the transformed reduced stiffness
matrix [Q̄] of a lamina with the fibers oriented at θ = −55◦.

Solution to Example 5.6 From Example 5.1

[Q] =

 20.874 3.260 0
3.260 11.898 0

0 0 3.789

 GPa

For θ = −55◦,m2 = 0.329, n2 = 0.671. Then using (5.54)

Q̄11 = 12.40 GPa

Q̄12 = 5.71 GPa

Q̄22 = 15.50 GPa

Q̄16 = −1.22 GPa

Q̄26 = −3.00 GPa

Q̄66 = 6.24 GPa

and using (5.52)  σx
σy
σxy

 =
[
Q̄
] 6.169

4.877
3.548

 10−3 =

 0.1
0.1
0

GPa

Finally, the intralaminar shear coefficients for the orthotropic lamina are, using data
from Example 5.1 and (5.24)

Q∗44 = G23 =
E2

2(1 + ν23)
= 4.112 GPa

Q∗55 = G13 = G12 = 3.789 GPa

Using (5.54) for θ = −55◦

Q̄∗44 = 4.112 cos2(−55) + 3.789 sin2(−55) = 3.895 GPa

Q̄∗55 = 4.112 sin2(−55) + 3.789 cos2(−55) = 4.006 GPa

Q̄∗45 = (3.789− 4.112) sin(−55) cos(−55) = 0.1518 GPa

and using (5.53){
σyz
σxz

}
=
[
Q̄∗
]{ 1.5

0.7

}
10−3 =

{
5.949
3.032

}
10−3 GPa

Scilab code for this example is available on the Website [4].
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5.4.4 Specially Orthotropic Lamina

Any lamina is orthotropic in its own lamina coordinate system (1, 2, 3). A lamina
is called specially orthotropic when it is also orthotropic in the laminate coordinate
system (x, y, z), which happens only for orientations θ = 0◦ and θ = 90◦, or for
laminas reinforced with balanced fabrics (see Example 5.7). An orthotropic lamina
that is oriented at an angle not a multiple of 90◦ from the laminate coordinate
system is called generally orthotropic. Therefore Q̄16, Q̄26, S̄16, and S̄26 are different
from zero for a generally orthotropic lamina.

Example 5.7 Compute the [Q̄] matrix of a lamina reinforced with a ±45 woven fabric.
The fabric weight is w = 600 g/m2of which 300 g are at +45◦ and 300 g are at −45◦. The
matrix is epoxy HTP-1072 (Tables 2.13–2.14). The fiber is Kevlar 49TM(Tables 2.3–2.4)
and the fiber volume fraction is 50%.

Solution to Example 5.7 First assume that the +45 and the −45 fibers are separated in
two laminas. Compute the [Q] matrix of the unidirectional material. Using (4.23), (4.29),
(4.35), and (4.31) results in E1 = 67192 MPa, E2 = 12139 MPa, G12 = 7638 MPa, and
ν12 = 0.365. Then, using (5.24) results in

Q =

68848 4540 0
4540 12438 0

0 0 7638

 MPa

Then compute the [Q̄] matrices using (5.54)

[Q̄]45 =

 30230 14954 14102
14954 30230 14102
14102 14102 18052

 MPa; [Q̄]−45 =

 30230 14954 −14102
14954 30230 −14102
−14102 −14102 18052


Finally, average them to get

[Q̄]fabric =
300

600
[Q̄]45 +

300

600
[Q̄]−45 =

 30230 14954 0
14954 30230 0
0 0 18052

MPa

Note that the effect of using a balanced fabric is to cancel Q̄16 and Q̄26. Therefore,
balanced fabrics produce a specially orthotropic lamina.

Scilab code for this example is available on the Website [4].

Example 5.8 Compute the [Q̄] matrix of one lamina of stitched fabric XM2408 (Table
2.12). The fiber is E-glass (Tables 2.1–2.2), the fiber volume fraction is 50%, and the
matrix is epoxy HTP-1072 (Tables 2.13–2.14).
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Solution to Example 5.8 The fabric XM2408 has 400 g/m2 at 45◦, 400 g/m2 at −45◦

and 225 g/m2 of chopped strand mat. Even though these are three distinct laminas, which
are not woven, it is usual to treat them as a unit with specially orthotropic properties. The
contribution of each fiber orientation to the [Q] matrix is proportional to its weight.

First, compute the properties of the unidirectional lamina using (4.23), (4.29), (4.35),
and (4.31)

E1 = 37867 MPa

E2 = 11224 MPa

G12 = 7093 MPa

ν12 = 0.3

Then, compute the properties of the chopped strand mat lamina using (9.67)

E = 21215 MPa

G = 7539 MPa

ν = 0.3

Now, compute the [Q] matrices, for the unidirectional and for the continuous strand mat
(CSM) material, using (5.24)

[Q]UNI =

 38904 3460 0
3460 11532 0
0 0 7093

 MPa; [Q]CSM =

 5426 10347 0
10347 25426 0
0 0 7539


Next, compute the [Q̄] matrix for each lamina using (5.54)

[Q̄]45 =

 21432 7245 6843
7245 21432 6843
6843 6843 10879

 MPa; [Q̄]−45 =

 21432 7245 −6843
7245 21432 −6843
−6843 −6843 10879


Note that rotations do not affect the CSM lamina, so

[Q̄]CSM = [Q]CSM

Finally, the [Q̄] matrix for XM2408 with 50% of epoxy is

[Q̄]XM2408 =

 22309 7926 0
7926 22309 0
0 0 10146

 MPa

Since the fabric ±45 fibers are balanced, the resulting composite lamina is specially or-
thotropic (Q̄16 = Q̄26 = 0).

Scilab code for this example is available on the Website [4].

Problems

Problem 5.1 Explain contracted notation for stresses and strains.

Problem 5.2 Complete the table below with the contracted notation symbols for the compo-
nent of stress and strain shown in the table. Use engineering notation for strains.

Tensor
notation (given) σ11 σ12 σ13 2ε21 σ22 σ23 2ε31 2ε32 ε33

Contracted
notation
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Problem 5.3 Define the plane stress assumption used in the context of laminated composite
materials.

Problem 5.4 Compute the reduced compliance [S] matrix for a lamina with E1 = 35 GPa,
E2 = 3.5 GPa, ν12 = 0.3, G12 = 1.75 GPa, and G23 = 0.35 GPa.

Problem 5.5 Compute the reduced stiffness [Q] matrix for a lamina with E1 = 35 GPa,
E2 = 3.5 GPa, ν12 = 0.3, G12 = 1.75 GPa, and G23 = 0.35 GPa.

Problem 5.6 Compute the intralaminar shear stiffness [Q∗] matrix for a lamina with E1 =
35 GPa, E2 = 3.5 GPa, ν12 = 0.3, G12 = 1.75 GPa, and G23 = 0.35 GPa.

Problem 5.7 Compute the intralaminar shear stiffness compliance [S∗] matrix for a lamina
with E1 = 35 GPa, E2 = 3.5 GPa, ν12 = 0.3, G12 = 1.75 GPa, and G23 = 0.35 GPa.

Problem 5.8 A unidirectional lamina of Carbon/Epoxy composite with fiber orientation
θ = 60◦ is subject to σx = 10 MPa, σy = 5 MPa, σxy = 2.5 MPa. The material system is
AS4/3501-6 (Table 1.3). Using stress transformation, compute the safety factor. Consider
all possible modes of failure.

Problem 5.9 Compute the transformation matrix for a lamina oriented at θ = 45◦ with
respect to the x-axis. Use it to find the transformed reduced stiffness matrix [Q] in laminate
coordinates, corresponding to the reduced stiffness matrix [Q] in lamina coordinates computed
in Problem 5.5.

Problem 5.10 Plot the variation of Q11 and Q22 as a function of the angle θ in the range
[0–90◦], using the material properties of Problem 5.5. For what angle does Q11 become
numerically equal to Q22?

Problem 5.11 A tensile test specimen of the material in Problem 5.5 is 10 mm wide, 2 mm
thick, and 150 mm long and is subjected to an axial force of 200 N. The fibers are oriented
at θ = 45◦ with respect to the loading axis.

(a) Compute the in-plane and shear strains in laminate coordinate system.

(b) Compute the in-plane and shear strains in lamina coordinate system.

Problem 5.12 Compute the transformed stiffness [Q] for the material of Problem 5.5 at
θ = 90◦. Comment on the results.
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Chapter 6

Macromechanics

Micromechanics formulas that link the properties of the composite material to the
properties of the constituents (fiber and matrix) were developed in Chapter 4. The
variations of lamina properties with orientation were explored in Chapter 5. The
relationships between the structural properties of the final laminate and those of
the laminas and their orientations are developed in this chapter. While using a
laminated composite allows the designer to optimize the material/structural system,
it complicates the analysis. Therefore, a simple relationship between the forces and
moments applied to a laminate and the strains and curvatures induced is required
for the design of laminated plates and shells, which is the objective of this chapter.

Practical composite structures are built with laminates having several laminas
with various orientations, as illustrated in Figure 1.2. The lamina orientations are
chosen to provide adequate stiffness and strength in the direction of the applied
loads, taking into account that the composite material is much stronger and stiffer
in the fiber direction than in any other direction. To illustrate the need for a
laminated structure to carry loads, consider a cylindrical pressure vessel of diameter
D subject to internal pressure p (Figure 6.1).

D

L
h

t
p

Figure 6.1: Cylindrical pressure vessel.
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The stresses in the wall are

σl =
pD

4t
; σh =

pD

2t
(6.1)

Since the hoop stress σh is twice the longitudinal stress σl, a metal design would
call for a thickness based on σh, namely

t =
pD

2Sy
(6.2)

where Sy is the yield strength of the metal. Such design operates with σh = Sy and
σl = Sy/2, which means the material strength is 100% underutilized in the longitu-
dinal direction. On the other hand, a composite pressure vessel can be optimized to
carry both stresses σl and σh at the material allowable strength, simply by placing
twice as much hoop-oriented fibers as longitudinal fibers.

6.1 Plate Stiffness and Compliance

Most applications of composites involve thin laminated plates or shells, under the
action of bending moments and stretching loads. Even composite beams are thin-
walled sections composed of plate elements (Figure 10.1). Therefore, the basic build-
ing block of a composite structure is a plate element. The constitutive equations for
such an element are presented in this section.

6.1.1 Assumptions

The following hypotheses are used in the derivation of the plate stiffness and com-
pliance equations:

1. A line originally straight and perpendicular to the middle surface remains
straight after the plate is deformed (line A–D in Figure 6.2). This assumption
is based on experimental observation and implies that the shear strains γxz
and γyz are constant through the thickness. This assumption is accurate for
thin laminates and is a good approximation in most cases except for sandwich
laminates.

2. The length of the line A–D in Figure 6.2 is constant. This implies that the nor-
mal strain εzz ' 0. This assumption is also based on experimental observation.
It is a very good assumption that is satisfied in most cases.

Consider the coordinate system illustrated in Figures 6.2 and 6.3. The middle
surface is located halfway through the thickness of the plate, as shown in Figure 6.2.
Only the middle surface of the plate is shown in Figure 6.3. Using assumption (1),
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Figure 6.2: Geometry of deformation in the x-z plane. Note Mx and the curvature
shown are both positive by convention.

the displacements at every point through the thickness are1

u(x, y, z) = u0(x, y)− zφx(x, y)

v(x, y, z) = v0(x, y)− zφy(x, y) (6.3)

where u(x, y, z) is the displacement along the x-direction at each point (x, y, z)
and v(x, y, z) is the displacement along the y-direction (see Figure 6.3). Using
assumption (2), and noting that practical values of φx and φy are very small, the
transverse deflection is the same for every point through the thickness of the plate

w(x, y, z) = w0(x, y) (6.4)

Note that the independent variables in (6.3) and (6.4) are u0(x, y), v0(x, y),
w0(x, y), φx(x, y), and φy(x, y). The fact that all of these are independent of the
thickness coordinate z is the main characteristic of plate theory in contrast to a fully
three-dimensional elasticity problem, which would have variables u, v, w that depend
on all three coordinates x, y, z. The functions u0, v0, w0 represent the displacements
of every point (x, y) of the middle surface of the plate. The functions φx and φy are
the rotations (positive counterclockwise) of the normal to the middle surface (line
A–D) in Figure 6.2 at each point x, y.

1Notation: f(x,y,z) represents a function that takes different values depending on the values of
x,y,z. For example, the displacement along the x -direction of a point located at coordinates x,y,z
is given by u(x,y,z).
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Figure 6.3: Force and moment resultants on a flat plate. Note that all forces and
moments are drawn as positive by convention.

6.1.2 Strains

The strains at any point in the plate are a function of the displacements as given
by (5.9), namely

εx(x, y, z) =
∂u

∂x

εy(x, y, z) =
∂v

∂y

γyz(x, y, z) =
∂v

∂z
+
∂w

∂y

γxz(x, y, z) =
∂u

∂z
+
∂w

∂x
γxy(x, y, z) =

∂u

∂y
+
∂v

∂x

(6.5)

Then, using (6.3) and (6.4), the strains can be written as

εx(x, y, z) =
∂u0

∂x
− z ∂φx

∂x

εy(x, y, z) =
∂v0

∂y
− z ∂φy

∂y

γxy(x, y, z) =
∂u0

∂y
+
∂v0

∂x
− z

(
∂φx
∂y

+
∂φy
∂x

)
γyz(x, y) = −φy +

∂w0

∂y

γxz(x, y) = −φx +
∂w0

∂x
(6.6)
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Note that γyz and γxz are independent of z (or constant through the thickness)
because of assumption (1). The first three of (6.6) can be written as

εx
εy
γxy

 =


ε0x
ε0y
γ0
xy

− z


κx
κy
κxy

 (6.7)

where ε0x, ε0y,γ
0
xy are called the midsurface strains, which represent the stretching

and shear of the plate, and are defined as

ε0x(x, y) =
∂u0

∂x

ε0y(x, y) =
∂v0

∂y
γ0
xy(x, y) =

∂u0

∂y
+
∂v0

∂x
(6.8)

The curvatures of the plate due to bending (κx, κy) and due to twisting (κxy)
are given by

κx(x, y) =
∂φx
∂x

κy(x, y) =
∂φy
∂y

κxy(x, y) =

(
∂φx
∂y

+
∂φy
∂x

)
(6.9)

and the transverse2 shear strains are given in the last two lines of (6.6) or

γyz(x, y, z) = −φy +
∂w0

∂y

γxz(x, y, z) = −φx +
∂w0

∂x
(6.10)

The main reason for separating the strains into in-plane strains (ε0x, ε0y, γ
0
xy)

and curvatures (κx, κy, κxy) is convenience. For most plates, if only in-plane forces
are applied, only (ε0x, ε0y, γ

0
xy) are induced and it is not necessary to consider the

curvatures. This is true for the pressure vessel example considered earlier and many
more applications. If only moments or transverse loads are applied to the plate,
only the curvatures need to be computed (see Section 6.3.2).

For a single-lamina plate, the material is the same through the thickness, and
(6.7) leads to the typical distribution of stress shown in Figure 6.4. The linear
distribution of stress in Figure 6.4 is caused by the curvatures and the constant
term is caused by the in-plane strains. In Figure 6.4, the distribution of stress is
linear through the thickness because the strains, given by (6.7), are linear through
the thickness and the stiffness [Q̄] is constant through the thickness for a single
lamina.

For a laminated plate, the strains remain linear but the stresses become piece-
wise linear (see Figure 6.5) because the stiffness [Q̄] are different in each lamina.

2These are laminate strains that act both inside and between laminas.
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Figure 6.4: Distributions of stress and strain due to bending and extension in an
isotropic plate. Positive traction and positive moment applied.

If the plate thickness is much smaller than the dimensions of the plate, the shear
deformations γxz and γyz may be neglected. Setting γxz = γyz = 0 in (6.10), the
rotations of the normal line A–D in Figure 6.2 are equal to the slopes of the middle
surface, or

φx =
∂w0

∂x
; φy =

∂w0

∂y
(6.11)

Substituting back into (6.9), the curvatures can be written in terms of w0 only
as

κx(x, y) =
∂2w0

∂x2

κy(x, y) =
∂2w0

∂y2
κxy(x, y) = 2

∂2w0

∂x∂y
(6.12)

Equations (6.12) along with (6.8) form the basis for classical plate theory (CPT)
while (6.8–6.10) are the basis for first-order shear deformation Theory (FSDT).
Classical plate theory is often used because most existing solutions for isotropic
plates are based on CPT. Although transverse shear deformations (γxz and γyz) are
neglected in CPT, it still gives accurate results for isotropic plates because isotropic
materials are very stiff in shear (G ≈ E/2.5), yielding shear deformations that, if
not zero, are very small. However, composites have low shear modulus (G < E/10),
thus requiring us to account for transverse shear deformations.

For preliminary design, and if the laminate is thin, CPT usually provides a
reasonable approximation. However, most existing solutions for isotropic plates
are not accurate for laminated plates, except in special cases (see Example 6.3).
Perhaps the main motivation for considering FSDT is that all commercial finite
element programs are formulated with the more accurate FSDT.
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Figure 6.5: Distribution of stress and strain due to bending and extension in a
laminated plate. Positive traction and positive moment applied.

6.1.3 Stress Resultants

So far, the strains at every point x, y, z in the plate were replaced in terms of
the midsurface strains ε0x, ε

0
y, γ

0
xy, and the curvatures κx, κy, κxy using (6.7). The

underlaying motivation is to write all the functions (displacements, stresses, and
strains) in terms of only two variables (x and y) to simplify the analysis. Next, it is
convenient to replace the stress components (σx, σy, σz, σxy, σyz, and σxz) at every
point x, y, z of the plate in terms of functions of only two variables x, y. To do this,
the stresses are integrated over the thickness t of the plate to obtain the resultant
forces per unit width and moments per unit width of laminate (Figure 6.3) as

Nx

Ny

Nxy

 =

∫ t/2

−t/2


σx
σy
σxy

 dz

{
Vy
Vx

}
= −

∫ t/2

−t/2

{
σyz
σxz

}
dz

Mx

My

Mxy

 = −
∫ t/2

−t/2


σx
σy
σxy

 z dz (6.13)

where Nx, Ny, and Nxy are the tensile and shear forces per unit length along the
boundary of the plate element shown in Figure 6.3 with units [N/m], Vx and Vy are
the shear forces per unit length of the plate with units [N/m], and Mx, My, and
Mxy are the moments per unit length with units [N].

Note that the last of (6.13) has a minus sign so that the moment is positive
when the stress is compressive above the midsurface and tensile below it, as shown
in Figure 6.5. Also in this way, positive curvature results in a deflection w(x, y)
that is concave up, as it happens in a simply supported beam under its own weight.
Since σyx = σxy, only Mxy is used in this textbook, with the orientation shown in
Figures 6.3.
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Figure 6.6: Geometry of a laminate with N laminas.

The integrations in (6.13) span over several laminas. Therefore, the integrals
can be divided into summations of integrals over each lamina

Nx

Ny

Nxy

 =
N∑
k=1

∫ zk

zk−1


σx
σy
σxy


k

dz

{
Vy
Vx

}
= −

N∑
k=1

∫ zk

zk−1

{
σyz
σxz

}k
dz


Mx

My

Mxy

 = −
N∑
k=1

∫ zk

zk−1


σx
σy
σxy


k

z dz (6.14)

where k is the lamina number counting from the bottom up, N is the number of
laminas in the laminate, and zk is the coordinate of the top surface of the k-th
lamina (Figure 6.6).

6.1.4 Plate Stiffness and Compliance

Since the thickness of the laminate is small compared to the in-plane dimensions
of the plate, every lamina is in a state of plane stress. Therefore, the stress–strain
relations in lamina coordinates (5.20) are

σ1

σ2

σ6


k

=

 Q11 Q12 0
Q12 Q22 0

0 0 Q66

k
ε1
ε2
γ6


k

(6.15)
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and (5.22) are {
σ4

σ5

}k
=

[
Q∗44 0

0 Q∗55

]k {
γ4

γ5

}k
(6.16)

where the superscript k indicates the lamina number (Figure 6.6).
The stress–strain relations in laminate coordinates are given by (5.49)

σx
σy
σxy


k

=

 Q̄11 Q̄12 Q̄16

Q̄12 Q̄22 Q̄26

Q̄16 Q̄26 Q̄66

k
εx
εy
γxy


k

(6.17)

and (5.53) {
σyz
σxz

}k
=

[
Q̄∗44 Q̄∗45

Q̄∗45 Q̄∗55

]k {
γyz
γxz

}k
(6.18)

Replacing (6.7) into (6.17), and the result into (6.14), the following plate stiffness
equations are obtained

Nx

Ny

Nxy

Mx

My

Mxy


=



A11 A12 A16 B11 B12 B16

A12 A22 A26 B12 B22 B26

A16 A26 A66 B16 B26 B66

B11 B12 B16 D11 D12 D16

B12 B22 B26 D12 D22 D26

B16 B26 B66 D16 D26 D66





ε0x
ε0y
γ0
xy

κx
κy
κxy


(6.19)

with

Aij =

N∑
k=1

(
Q̄ij
)
k

(zk − zk−1) =

N∑
k=1

(
Q̄ij
)
k
tk ; i, j = 1, 2, 6

Bij = −1

2

N∑
k=1

(
Q̄ij
)
k

(
z2
k − z2

k−1

)
= −

N∑
k=1

(
Q̄ij
)
k
tkz̄k ; i, j = 1, 2, 6

Dij =
1

3

N∑
k=1

(
Q̄ij
)
k

(
z3
k − z3

k−1

)
=

N∑
k=1

(
Q̄ij
)
k

(
tkz̄

2
k + t3k/12

)
; i, j = 1, 2, 6 (6.20)

where z̄k = (zk + zk−1)/2 is the coordinate of the midsurface of lamina k (Figure
6.6). Similarly, for the transverse shear components we have{

Vy
Vx

}
=

[
H44 H45

H45 H55

]{
γyz
γxz

}
(6.21)

with

Hij = −5

4

N∑
k=1

(
Q̄∗ij
)
k

[
tk −

4

t2
(
tkz̄

2
k + t3k/12

)]
; i, j = 4, 5 (6.22)
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where Aij are the extensional stiffness, Bij are the bending-extension coupling stiff-
ness, Dij are the bending stiffness, Hij are the transverse shear stiffness,3 and t is
the total thickness of the laminate. Note the minus sign in the definitions of B and
H is caused by the sign convention adopted for the moments and transverse shear
shown in Figure 6.3, so that positive moments produce positive curvatures (concave
up).

The 6×6 stiffness matrix in (6.19) is composed of three submatrices, [A], [B], [D],
each 3× 3 in size. All three are symmetric matrices, that is

Aij = Aji ; Bij = Bji ; Dij = Dji (6.23)

The coefficients Aij , Bij , Dij (6.20) are a function of the thickness, orientation,
stacking sequence, and material properties of the laminas. Each matrix has a par-
ticular role in the analysis of the laminate, as follows:

• The [A] matrix is called in-plane stiffness matrix because it directly relates
in-plane strains (ε0x, ε0y, γ

0
xy) to in-plane forces (Nx, Ny, Nxy).

• The [D] matrix is called bending stiffness matrix because it relates curvatures
(κx, κy, κxy) to bending moments (Mx, My, Mxy).

• The [B] matrix relates in-plane strains to bending moments and curvatures
to in-plane forces. Therefore, [B] is called bending-extension coupling ma-
trix. This coupling effect does not exist for homogeneous plates (e.g., metallic
plates).

• The [H] matrix relates transverse shear strains γyz, γxz to transverse shear
forces Vy, Vx. It is then called transverse shear stiffness matrix. This matrix is
used only within the context of first-order shear deformation theory (FSDT).
The [H] matrix is not used with classical plate theory (CPT) because both
γyz and γxz are assumed to be zero in CPT (see discussion in Section 6.1.2).

Equations (6.19) are called stiffness equations because of the analogy with
σ = E ε (Hooke’s law), where E is the modulus of elasticity. The compliance equa-
tions of the plate are obtained inverting the matrices in (6.19, 6.21) to obtain

ε0x
ε0y
γ0
xy

κx
κy
κxy


=



α11 α12 α16 β11 β12 β16

α21 α22 α26 β21 β22 β26

α61 α62 α66 β61 β62 β66

β11 β21 β61 δ11 δ12 δ16

β12 β22 β62 δ21 δ22 δ26

β16 β26 β66 δ61 δ62 δ66





Nx

Ny

Nxy

Mx

My

Mxy


(6.24)

{
γyz
γxz

}
=

[
h44 h45

h45 h55

]{
Vy
Vx

}
3These coefficients incorporate a correction to account for a parabolic distribution of shear stress

that vanish on the surface of the plate, as explained in [208].
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If the laminate is symmetric with respect to the middle surface all the bending-
extension coupling coefficients Bij are zero and all the coefficients βij are also zero.
In this case, (6.24) can be separated into

ε0x
ε0y
γ0
xy

 =

 α11 α12 α16

α12 α22 α26

α16 α26 α66


Nx

Ny

Nxy

 (6.25)

and 
κx
κy
κxy

 =

 δ11 δ12 δ16

δ12 δ22 δ26

δ16 δ26 δ66


Mx

My

Mxy

 (6.26)

According to (6.25) and (6.26), when a set of in-plane forces is applied (Figure
6.3a), only midsurface strains are induced. When only a set of bending moments is
applied (Figure 6.3b), only curvatures are induced. This is the typical behavior of
metallic plates.

If the laminate is not symmetric, the bending-extension coupling matrix [B]
and compliance [β] are not zero. According to (6.24), application of any force or
moment may result in a number of strains and curvatures being induced. Several
cases are illustrated in Figure 6.7: (a) [0/90] result in bending-extension coupling,
(b) thermal expansion of a [0/90] laminate results in a saddle shape, (c) two laminas
at ±θ result in torsion-extension coupling, and (d) all laminas at an angle θ result
in shear-extension coupling (see also Section 6.3).

Example 6.1 Compute the coefficients in the plate stiffness equations (6.19) for a two-
lamina laminate with θ1 = 55◦, θ2 = −55◦, t1 = t2 = 0.635 mm, with material properties
given in Example 5.1.

Solution to Example 6.1 From Example 5.1, the reduced stiffness matrix of one lamina is

[Q] =

 20.874 3.260 0
3.260 11.898 0

0 0 3.789

 GPa

Following the procedure in Example 5.6, the transformed reduced stiffness matrices in
the two laminas are, at θ = 55◦

[Q̄](1) =

 12.40 5.71 1.22
5.71 15.50 3.00
1.22 3.00 6.24

 GPa

and at θ = −55◦

[Q̄](2) =

 12.40 5.71 −1.22
5.71 15.50 −3.00
−1.22 −3.00 6.24

 GPa
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(a)

(b)

(c)

(d)

(a)

(b)

(c)

(d)

Nx

Nx

Nx

T

Figure 6.7: Coupling effects: (a) bending-extension, (b) thermal expansion of a
[0/90] laminate, (c) torsion-extension, and (d) shear-extension.

where the superscript indicates the lamina number. Then, using (6.20)

[A] =

 15.8 7.25 ε
7.25 19.6 ε
ε ε 7.92

 GPa mm

[B] =

 ε ε 0.491
ε ε 1.21

0.491 1.21 ε

 GPa mm2

[D] =

 2.12 0.975 ε
0.975 2.64 ε
ε ε 1.06

 GPa mm3

Because of rounding errors during the computations, ε may show as a very small number
when compared to the other numbers in the same matrix, when it should be identically zero.
Using data from Example 5.1, the intralaminar shear coefficients for the orthotropic lamina
are

Q∗44 = G23 = 4.111 GPa

Q∗55 = G13 = 3.789 GPa
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Using (5.55) for θ = 55◦

Q̄
∗(1)
44 = 3.895

Q̄
∗(1)
45 = −0.151

Q̄
∗(1)
55 = 4.005

For θ = −55◦

Q̄
∗(2)
44 = 3.895

Q̄
∗(2)
45 = 0.151

Q̄
∗(2)
55 = 4.005

Finally, the transverse shear coefficients are obtained using (6.22)

H44 = −4.122

H55 = −4.239

H45 = 0

Scilab code for this example is available on the Website [4].

6.2 Computation of Stresses

Once the [A], [B], [D], and [H] matrices have been formulated, strains and curvatures
at the middle surface can be computed by solving (6.24) for a given set of stress
resultants. Once the midsurface strains ε0x, ε0y, γ

0
xy, the curvatures κx, κy, κxy,

and the transverse shear strains γxy, γxz are known, the strains εx, εy, γxy can
be computed at any point through the thickness of the plate using (6.7), which is
repeated here for convenience

εx
εy
γxy

 =


ε0x
ε0y
γ0
xy

− z


κx
κy
κxy

 (6.27)

From (6.27), the strains (εx, εy, γxy) are a linear function of the z-coordinate,
while γyz and γxz are obtained directly from (6.24) and they are constant through
the thickness. The stresses can be computed on each lamina using the constitutive
equations of that particular lamina, (5.49) and (5.53), which are repeated here for
convenience 

σx
σy
σxy


k

=

 Q̄11 Q̄12 Q̄16

Q̄12 Q̄22 Q̄26

Q̄16 Q̄26 Q̄66

k
εx
εy
γxy

 (6.28)

{
σyz
σxz

}k
=

[
Q̄∗44 Q̄∗45

Q̄∗45 Q̄∗55

]k {
γyz
γxz

}
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where the superscript k indicates that these equations apply to the k -th lamina.
Note that the strain components given in (6.27) are continuous through the thickness
while the stresses are discontinuous at each interface between laminas due to the
change of material properties from one lamina to another (see Figure 6.5). The
transverse shear stresses σyz and σxz can be computed more accurately using theory
of elasticity [209], but the complexity of such computations is usually not necessary
in preliminary design.

Example 6.2 Compute the stresses at the bottom surface of a single-lamina plate subjected
to Mx = 1000Nm/m, Nx = Ny = Nxy = Vx = Vy = My = Mxy = 0. The plate thickness
is t = 0.635 mm and the material properties are given in Example 5.1. The fiber direction
coincides with the laminate x-axis.

Solution to Example 6.2 The reduced stiffness matrix [Q] of Example 5.1 can be used
because the axes of orthotropy of the material coincide with the laminate coordinates

[Q] =

 20.874 3.260 0
3.260 11.898 0

0 0 3.789

 GPa

There is no need to compute the [H] matrix because the shear forces are zero. Also, the
[A] matrix is not needed because the in-plane forces are zero. The [B] matrix is zero because
a single-lamina plate is symmetric. Then, using (6.20)

[D] =

 0.445 0.0696 0
0.0696 0.254 0

0 0 0.0808

 GPa mm3

In this particular example, since D16 = D26 = 0, the bending compliance matrix [δ]
(6.26) can be computed as

∆ = 0.445(0.254)− 0.06962 = 0.108

δ11 =
D22

∆
= 2.348 (GPa mm

3
)
−1

δ22 =
D11

∆
= 4.113 (GPa mm

3
)
−1

δ12 =
−D12

∆
= −0.643 (GPa mm

3
)
−1

δ66 =
1

D66
= 12.376 (GPa mm

3
)
−1

Using (6.24), the curvatures are κx
κy
κxy

 =

 2.348 −0.643 0
−0.643 4.113 0

0 0 12.376

 1
0
0

 =

 2.348
−0.643

0


Using (6.27), the strains at the bottom lamina (z = −t/2) are εx

εy
γxy

 = −−0.635

2

 2.348
−0.643

0

 =

 0.745
−0.204

0


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where the midsurface strains are zero because there are no in-plane forces and the laminate
is symmetric. Using (6.28), the stresses at the bottom surface are σx

σy
σxy

 =

 20.874 3.260 0
3.260 11.898 0

0 0 3.789

 −0.745
0.204

0

 =

 14.886
tol
0

 GPa

where, because of rounding, tol is a very small quantity, instead of zero.
Scilab code for this example is available on the Website [4].

6.3 Common Laminate Types

The constitutive equations for the most general type of laminate are given by (6.19)
with the coefficients computed according to (6.20). There are 21 different coefficients
in (6.19), 18 in the [ABD] matrix and 3 in the [H] matrix. The first six equations are
coupled through the [ABD] matrix, but they are uncoupled from the two transverse
shear equations. If all 18 coefficients in the [ABD] matrix are different from zero,
the laminate response is fully coupled, meaning that the application of just one
load (say Nx) makes all six strains different from zero. A desire to eliminate to
some extent some of the coupling terms has motivated the use of particular types
of laminates, which are described in this section.

Many laminate configurations exist for which some of the terms in the [ABD]
matrix vanish. The importance of analyzing each particular laminate with a par-
ticular set of equations has decreased with the availability of computer analysis
tools like the ones presented here. Using a computer program, any laminate can be
analyzed with the same effort. However, symmetric laminates (see 6.3.2) deserve
special consideration because the physical behavior of these is more desirable. Also,
quasi-isotropic laminates (see 6.3.5) are also special because a large number of design
equations, available for isotropic plates, can be used to approximate the solution of
these. The most important laminate configurations are described in this section.

6.3.1 Laminate Description

The notation used to describe laminates has its roots in the description used to
specify the lay-up sequence for hand lay-up using prepreg. If all laminas have the
same thickness, only the angles need to be specified. In the hand lay-up process
the laminate is built starting at the tool surface, or bottom of the laminate, adding
laminas on top. Therefore, the laminas are numbered starting at the bottom and
the angles are given from bottom up. For example, a two-lamina laminate may be
[30/− 30], a three-lamina one [−45/45/0], etc.

If the laminate is symmetric, like [30/0/0/30], an abbreviated notation is used
where only half of the stacking sequence is given and a subscript (S) is added to
specify symmetric, like this: [30/0]S . Since most laminates used are symmetric,
there is the possibility of confusion when no subscript is used. To eliminate the
possibility of confusion, a subscript (T ) may be used to indicate that the sequence
given is the total (e.g., [45/ − 45/45/ − 45]T ) or [±45/ ± 45]T . A subscript may
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be used to indicate a repeating pattern. In a such a way the last example becomes
[(±45)2]T .

If the thicknesses of the laminas are different, they are specified for each lamina.
For example [θt1/− θt2 ]. If the different thicknesses are multiples of a single thickness
t, the notation simplifies to [θ/− θ2] which indicates one lamina of thickness t at
an angle θ and two laminas of the same thickness t (or one lamina twice as thick)
at an angle −θ. Angle-ply combinations like [θ/− θ] can be denoted as [±θ]. If all
laminas have the same thickness, the laminate is called regular.

6.3.2 Symmetric Laminates

A laminate is symmetric if laminas of the same material, thickness, and orientation
are symmetrically located with respect to the middle surface of the laminate. For
example [30/0/0/30] is symmetric but not balanced (see Section 6.3.4), while [30/−
30/− 30/30] is symmetric and balanced.

Symmetric laminates experience no bending-extension coupling Bij = 0. This
is very important during fabrication because curing and subsequent cooling of the
composite induces thermal forces Nx and Ny. If the laminate is not symmetric,
these forces will induce warping (κx, κy) of the final part; see (6.24) with βij 6= 0.

A [0/90]T laminate is not symmetric but both laminas are specially orthotropic.
Since specially orthotropic laminas have Q̄16 = Q̄26 = 0, the laminate has A16 =
A26 = B16 = B26 = B66 = D16 = D26 = 0 but the remaining Bij terms are not zero.
Using (6.24), it can be shown that the laminate bends as shown in Figure 6.7a when
loaded with only an in-plane force Nx. That is, a curvature κx = β11Nx is induced
in addition to stretching ε0x = α11Nx.

In Figure 6.7b, the [0/90]T laminate is subject to in-plane forces Nx and Ny

caused by thermal contraction during cooldown after curing. It can be shown that
β11 and β22 (as well as B11 and B22) have opposite signs, resulting in the saddle-
shape deformation shown. Since residual thermal forces due to curing are unavoid-
able, only a symmetric laminate will remain flat after cooldown.

A [±θ]T laminate is not symmetric but balanced (Section 6.3.4). It can be shown
that for this laminate the only zero terms are

A16 = A26 = α16 = α26 = 0

D16 = D26 = δ16 = δ26 = 0

B11 = B22 = B12 = β11 = β22 = β12 = 0 (6.29)

and an in-plane load Nx makes the laminate twist (κxy = β16Nx) as shown in
Figure 6.7c.

Finally, a single lamina with fibers oriented at an angle θ (θ 6= 0◦ and θ 6= 90◦) is
symmetric but not balanced. Simple application of (6.20) results in nonzero values
for A16 and A26, which in turn give α16 and α26 different from zero. Such material
will shear (γ0

xy = A16Nx) when subjected to in-plane load Nx, as shown in Figure
6.7c.
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From (6.20), the bending-extension coupling coefficients are

Bij = −
N∑
k=1

(
Q̄ij
)
k
tkz̄k ; i, j = 1, 2, 6 (6.30)

With reference to Figure 6.6, note that for a symmetric laminate there is a neg-
ative z̄k for each positive z̄k (due to symmetry) corresponding to the same material
properties and same thickness. Therefore, pairs of terms in the equation above cor-
responding to symmetrically located laminas cancel each other, resulting in Bij = 0.

Since the [B] matrix is zero, all bending terms are uncoupled from the extension
terms in (6.19). This means that a symmetric laminate subjected to bending mo-
ments will not stretch or shear. Also, a symmetric laminate will not bend or twist if
subject to in-plane forces. This is the typical behavior from isotropic plates, which
of course are symmetric.

Symmetric laminates are used whenever possible because the analysis is sim-
plified and they do not behave in extraneous ways. For example, unsymmetrical
laminates bend and warp as a result of thermal expansion. In a symmetric lami-
nate, the symmetric laminas expand the same amount, and the laminate will expand
but not warp. Also, the analysis of symmetric laminates is simpler. The first three
of (6.19) can be solved independently of the last three. If the compliance (6.24) are
desired, the 3× 3 [A] matrix can be inverted to get the [α] matrix (see (6.25)) and
the 3×3 [D] matrix can be inverted to get the [δ] matrix (see (6.26)) without having
to invert the whole 6× 6 [ABD] matrix.

6.3.3 Antisymmetric Laminate

An antisymmetric laminate has pairs of laminas of opposite orientation but same
material and thickness symmetrically located with respect to the middle surface of
the laminate. For example [30/ − 30/30/ − 30] is an antisymmetric angle-ply and
[0/90/0/90] is an antisymmetric cross-ply. Antisymmetric laminates have A16 =
A26 = D16 = D26 = 0, but they are not particularly useful nor are they easier to
analyze than general laminates because the bending extension coefficients B16 and
B26 are not zero for these laminates.

6.3.4 Balanced Laminate

In a balanced laminate, for every lamina at +θ there is another at −θ with the same
thickness and material. By virtue of (5.55)

Q̄16(θ) = −Q̄16(−θ)
Q̄26(θ) = −Q̄26(−θ) (6.31)

a balanced laminate always has A16 = A26 = 0. A symmetric balanced laminate
has also Bij = 0 but D16 6= 0 and D26 6= 0. An antisymmetric laminate has
A16 = A26 = D16 = D26 = 0 but B16 6= 0 and B26 6= 0. Balanced laminates having
only 0-, 45-, and 90-deg. laminas have identical laminate moduli in two directions
(Ex = Ey, see Section 6.4).



190 Introduction to Composite Materials Design

6.3.5 Quasi-isotropic Laminates

Quasi-isotropic laminates are constructed in an attempt to create a composite lam-
inate that behaves like an isotropic plate. The in-plane behavior of quasi-isotropic
laminates is similar to that of isotropic plates but the bending behavior is quite
different than the bending behavior of isotropic plates. The use of quasi-isotropic
laminates usually leads to an inefficient, conservative design. In a quasi-isotropic
laminate, each lamina has an orientation given by

θk =
kπ

N
+ θ0 (6.32)

where k indicates the lamina number, N is the number of laminas (at least 3), and
θ0 is an arbitrary initial angle. When writing the stacking sequence, any angle larger
than 90 degrees is replaced by its complement (for θk > 90 ⇒ θk = θk − 180). For
example, [60/120/180] is rewritten as [60/ − 60/0]. The laminas can be ordered in
any order, like [60/0/− 60], and the laminate is still quasi-isotropic.

Quasi-isotropic laminates are in general not symmetric but they can be made
symmetric by doubling the number of laminas in a mirror (symmetric) fashion. For
example, the [60/ − 60/0] can be made into a [60/ − 60/0/0/ − 60/60], which is
still quasi-isotropic. The advantage of symmetric quasi-isotropic laminates is that
[B] = 0.

Quasi-isotropic laminates do not behave exactly like isotropic plates. The in-
plane stiffness matrix [A] and the bending stiffness matrix [D] of isotropic plates can
be written in terms of the thickness t of the plate and only two material properties,
E and ν, as

[A] =
Et

1− ν2

 1 ν 0
ν 1 0
0 0 1−ν

2


[D] =

Et3

12 (1− ν2)

 1 ν 0
ν 1 0
0 0 1−ν

2

 (6.33)

Note that for isotropic plates, A11 = A22 = Et/(1 − ν2) and A16 = A26 = 0.
Also, D11 = D22 = Et3/12(1 − ν2) and D16 = D26 = 0. On the other hand, a
quasi-isotropic laminate has

[A] =

 A11 A12 0
A12 A11 0
0 0 A66


[D] =

 D11 D12 D16

D12 D22 D26

D16 D26 D66

 (6.34)

Like isotropic plates, quasi-isotropic laminates have A11 = A22, but the latter
have D11 6= D22, D16 6= 0, and D26 6= 0, which makes quasi-isotropic laminates to
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be quite different from isotropic plates. Therefore, formulas for bending, buckling,
and vibrations of isotropic plates can be used for quasi-isotropic laminates only as
an approximation. However, a laminate can be designed trying to approach the
characteristics of isotropic plates, with D11 ≈ D22 and D16 and D26 as small as
possible. This can be done by using a symmetric quasi-isotropic laminate with
balanced 0/90 and ±θ laminas, and a large number of laminas N while reducing the
ply thickness to maintain constant laminate thickness as N increases (Section 6.5.1).
In that case, the formulas for isotropic plates provide a reasonable approximation,
as illustrated in Example 6.3.

Example 6.3 Compute the maximum deflection of a rectangular plate of length a = 1600
mm (along x), width b = 800 mm (along y), and thickness t = 16 mm, with all sides simply
supported and loaded with a distributed, downward load q = 0.02 MPa. The laminate is
made of E-glass/epoxy with properties given in Table 1.1. Use a symmetric quasi-isotropic
configuration.

Solution to Example 6.3 A quasi-isotropic laminate has A16 = A26 = 0 and A11 = A22,
just as an isotropic plate (see (6.33)) but D16 6= 0, D26 6= 0, and D11 6= D22. That
means that in bending, a quasi-isotropic laminate does not behave as an isotropic material.
However, as the number of laminas increases, D16, D26, and the difference D11 − D22

decrease. One way to increase the number of laminas is to increase the number of repetitions
“r” in say [0/90/ ± 45]rS while simultaneously reducing the lamina thickness to keep the
laminate thickness constant.

Let’s try three different quasi-isotropic laminates to observe how D11 approaches D22 and
how D16 and D26 become smaller as the number of laminas increases. The three laminates
have the same total thickness.

From Table 1.1, E1 = 4500 MPa, E2 = 12000 MPa, G12 = 5500 MPa, ν12 = 0.19, and
ν23 = 0.31.

For a [0/90/± 45]S with the thickness of each lamina tk = 2 mm, the bending stiffness
matrix is

[D] =

 11.1 1.12 0.267
7.89 0.267

sym. 2.21

 MPa mm3

For a [0/90/± 45]2S with tk = 1 mm

[D] =

 9.66 1.61 0.200
8.33 0.200

sym. 2.70

 MPa mm3

where the subscript 2S means that the lay-up in the bracket is repeated twice, then made
symmetric, to end up with a 16-lamina laminate.

For a [0/90/± 45]4S with tk = 0.5 mm (32 laminas)

[D] =

 9.05 1.86 0.117
8.45 0.117

sym. 2.95

 MPa mm3

Clearly, the difference between D11 and D22 reduces as the number of laminas increases.
The same is true about the magnitude of the coefficients D16 and D26.
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To use formulas for isotropic plates, it is necessary to find equivalent values of ν and
E. From (6.33)

D11 =
Et3

12(1− ν2)

D22 =
Et3

12(1− ν2)

Taking the average
D11 +D22

2
=

Et3

12(1− ν2)

Then (see also Section 6.4)

E =
12(1− ν2)

t3

(
D11 +D22

2

)
Similarly

ν =
D12

D22

For the [0/90/± 45]4S, the equivalent properties are computed as

E =
12(1− 0.2202)

0.0163

(
9.05 + 8.45

2

)
= 24394 MPa

ν =
1.86

8.45
= 0.220

The center deflection of an isotropic plate can be calculated using [38, Table 11.4.1a]

wmax =
αqb4

Et3

From [38, Table 11.4.1a] for a/b = 2 we get α = 0.1110, then the maximum deflection
is

wmax = −0.1110× 0.02× 0.84

24394× 0.0163
= −9.10 mm

However, computation of stresses cannot be done with the formulas in [38] because those
formulas are for homogeneous isotropic materials. Computation of stresses in laminated
plates is presented in Section 6.2.

Scilab code for this example is available on the Website [4].

Example 6.4 Compute the stress at the bottom surface of the plate in Example 6.3.

Solution to Example 6.4 The deflected shape of a plate simply supported on all edges and
subject to uniform load can be approximated by [209]

w(x, y) = −wmax sin
(πx
a

)
sin
(πy
b

)
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using the coordinate system in Figure 6.3 and wmax = 9.10 mm. Then, using (6.12), the
curvatures of the plate are

κx =
∂2w

∂x2
=
(π
a

)2

w(x, y)

κy =
∂2w

∂y2
=
(π
b

)2

w(x, y)

κxy = 2
∂2w

∂x∂y
=

2π2

ab
wmax cos

(πx
a

)
cos
(πy
b

)
For this case, the maximum values of curvature are at the center of the plate (x = a/2,

y = b/2)  κx
κy
κxy

 =

 (π/a)2

(π/b)2

0

wmax =

 0.0351
0.1403
0

 10−3 mm−1

Using (6.27), the strains at the bottom lamina (z = −t/2) are εx
εy
γxy

 =
t

2

 κx
κy
0

 =

 280
1123
0

 10−6

The laminate is a [0/90/ ± 45]4S described in Example 6.3. Using (6.28) and the [Q̄]
matrix of the 0-degree lamina at the bottom of the laminate

[Q̄] =

 45437 2302 0
12116 0

sym. 5500

MPa

the stresses at the bottom surface are σx
σy
σxy

 = [Q̄]

 280
1120

0

 10−6 =

15.337
14.249

0

 MPa

Scilab code for this example is available on the Website [4].

6.3.6 Cross-Ply Laminate

A cross-ply laminate has only laminas oriented at 0 and 90 degrees. If the construc-
tion is symmetric, it is called a symmetric cross-ply laminate. The main advantage
of a cross-ply laminate is simplicity of construction, plywood being the typical ex-
ample. Since all laminas in the laminate have Q̄16 and Q̄26 equal to zero, the 16
and 26 entries in [A] and [D] are also zero, as well as the H45 term. Therefore,
cross-ply laminates do not have coupling between shear and extension in the [A]
matrix, nor do they have coupling between twisting and bending in the [D] matrix.
This is not really a great advantage from analysis or performance point of view,
unless the laminate is also symmetric.

If only transverse loads and bending moments are applied, the bending of a thin
plate depends only on the [D] matrix. A symmetric cross-ply laminate has the
same zero entries in the [A] and [D] matrices as homogeneous (single lamina) plates
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(D16 = D26 = 0), but the values of the nonzero coefficients are different. Therefore,
transverse deflections of a symmetric cross-ply laminate can be found treating the
laminate as an orthotropic, homogeneous plate. Solutions for orthotropic plates are
given in the literature [210] in terms of plate rigidities Dx, Dy, and H, which are
related to the [D] matrix as follows

Dx = D11

Dy = D22 H = D12 + 2D66 (6.35)

For a homogeneous plate, using (6.20)

D11 =
t3

12
Q11 =

t3E1

12∆

D22 =
t3

12
Q22 =

t3E2

12∆

D12 =
t3

12
Q12 =

t3E2ν12

12∆

D66 =
t3

12
Q66 =

t3G12

12
∆ = 1− ν12ν21 (6.36)

where t is the thickness of the plate. If the plate is not homogeneous but [B] = 0
and D16 = D26 = 0, (6.35) still applies. These conditions are satisfied by symmetric
cross-ply laminates and by symmetric specially orthotropic laminates (Section 6.3.8).
Therefore, existing solutions for orthotropic plates can be used to analyze these types
of laminates. However, the stresses must be computed by the procedure described
in Section 6.2.

6.3.7 Angle-Ply Laminate

Angle-ply laminates are built with pairs of laminas of the same material and thick-
ness, oriented at ±θ. For example [30/ − 30/ − 30/30] is a symmetric angle-ply
laminate and [30/ − 30/30/ − 30] is an antisymmetric angle-ply laminate. Angle-
ply laminates are also balanced (see Section 6.3.4). A symmetric angle-ply has
A16 = A26 = 0 and Bij = 0 but D16 6= 0 and D26 6= 0. An antisymmetric angle-ply
has A16 = A26 = D16 = D26 = 0 but B16 6= 0 and B26 6= 0.

6.3.8 Specially Orthotropic Laminate

Each fiber reinforced composite lamina is orthotropic in the lamina coordinate sys-
tem (x1, x2, x3), resulting in Q16 = Q26 = 0. If the lamina is oriented at 0 or
90 degrees, it is called specially orthotropic (Section 5.4.4) because the [Q̄] matrix
has the same zero entries as the [Q] matrix; that is Q̄16 = Q̄26 = 0. A lamina
reinforced with woven or stitched bidirectional fabric is also specially orthotropic if
the amount of fabric in both directions (±θ) is the same. In this case, the fabric is
called balanced. The contribution of the +θ fibers to Q̄16 and Q̄26 cancels out the
contribution of the −θ fibers because Q̄16(−θ) = −Q̄16(θ) (see (5.55) and Example
5.7).

A specially orthotropic laminate is constructed with specially orthotropic lami-
nas. It can be symmetric (e.g., [0/90]S) or not (e.g., [0/90]). Specially orthotropic
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laminates are not limited to cross-ply types, as they may include balanced ±θ fabrics
as well. The advantage of a specially orthotropic laminate is that it has

A16 = A26 = α16 = α26 = 0

B16 = B26 = β16 = β26 = 0

D16 = D26 = δ16 = δ26 = 0 (6.37)

Balanced laminates in general do not satisfy (6.37). If the off-axis laminas in a
balanced laminate are symmetric, then the first two equations in (6.37) are satisfied
but the third is not. However, δ16 and δ26 become smaller in comparison to δ11 and
δ22 when the number of laminas increases (Section 6.5.1). A negligible value of δ16

is advantageous for the analysis of torsion of thin-walled beams (Section 10.2).

Example 6.5 Compute the [A], [B], and [D] matrices of a two-lamina laminate reinforced
with one lamina of KevlarTMwoven fabric (described in Example 5.7) and one lamina of
E-glass fabric XM2408 (described in Example 5.8).

Solution to Example 6.5 The woven fabric lamina is specially orthotropic because the fabric
is balanced. From Example 5.7

[Q̄](1) =

 26.0 19.1 0
19.1 26.0 0
0 0 18.1

 GPa

where the superscript indicates the lamina number. The lamina with XM2408 fabric is also
specially orthotropic. From Example 5.8

[Q̄](2) =

 18.9 10.85 0
10.85 19.39 0
0 0 10.16

 GPa

The thickness of the two laminas is computed as a function of the weight of the fabric
by using (4.13)

t1 =
w

1000ρfVf
=

600

1000× 1.45× 0.5
= 0.833 mm

t2 =
1025

1000× 2.5× 0.5
= 0.82 mm

The density of E-glass and KevlarTM is obtained from Tables 2.1, 2.3, respectively. The
total thickness is t = t1 + t2 = 1.653 mm. The middle surface of the laminate is located
at t/2 = 0.8265 mm from the bottom of the laminate. Taking into account that the woven
fabric lamina (number 1) is at the bottom of the laminate, the coordinates of the interfaces
are z0 = −t/2 = −0.8265 mm, z1 = −t/2 + t1 = 0.0065 mm, and z2 = t/2 = 0.8265 mm.
The coordinates of the middle surface of both laminas (see Figure 6.6) are

z̄1 = (z0 + z1) /2 = (−0.8265 + 0.0065)/2 = −0.41 mm

z̄2 = (z1 + z2) /2 = (0.0065 + 0.8265)/2 = 0.4165 mm
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Finally, using (6.20)

[A] =

 37.15 24.80 0.00
37.56 0.00

sym. 23.41

 GPa mm

[B] =

 2.43 2.82 0.00
2.26 0.00

sym. 2.71

 GPa mm2

[D] =

 8.45 5.64 0.00
8.54 0.00

sym. 5.32

 GPa mm3

Note that the laminate is not symmetric, but the reader can easily verify that (6.37) are
satisfied.

6.4 Laminate Moduli

A set of equivalent laminate moduli Ex, Ey, Gxy, νxy can be defined for balanced
symmetric laminates. These moduli represent the stiffness of a fictitious, equivalent,
orthotropic plate that behaves like the actual laminate under in-plane loads. For
a balanced symmetric laminate under in-plane loads, α16 = α26 = 0, and (6.25)
reduces to 

ε0x
ε0y
γ0
xy

 =

 tα11 tα12 0
tα12 tα22 0
0 0 tα66


Nx/t
Ny/t
Nxy/t

 (6.38)

and from (6.24) {
γyz
γxz

}
=

[
t h44 0
0 t h55

]{
Vy/t
Vx/t

}
(6.39)

where t is the thickness of the laminate, which has been introduced for convenience.
If there are no bending loads, all the curvatures are zero, and the strains (6.7) are
constant through the thickness, that is εx = ε0x, εy = ε0y, γxy = γ0

xy.

For a homogeneous orthotropic plate under in-plane load, the stresses are con-
stant through the thickness: σx = Nx/t, σy = Ny/t, σxy = Nxy/t. Therefore, the
stress–strain relation (6.38) can be written for an orthotropic plate as

εx
εy
γxy

 =

 1/Ex −νxy/Ex 0
−νxy/Ex 1/Ey 0
0 0 1/Gxy


Nx/t
Ny/t
Nxy/t

 (6.40)

and {
γyz
γxz

}
=

[
1/Gyz 0
0 1/Gxz

]{
Vy/t
Vx/t

}
(6.41)
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provided that the axes of orthotropy coincide with the laminate coordinates (x, y, z).
Comparing (6.38) and (6.40), the equivalent moduli of the laminate are defined as

Ex =
A11A22 −A2

12

tA22
Gxy =

A66

t

Ey =
A11A22 −A2

12

tA11
Gyz =

H44

t

νxy =
A12

A22
Gxz =

H55

t
(6.42)

The laminate moduli in (6.42) are valid for in-plane loads only and they should
not be used to predict bending response (see Example 6.7). A set of laminate
bending moduli can be derived for bending of balanced symmetric laminates by
neglecting the terms D16 and D26. However, it must be noted that these terms
vanish only if all laminas are specially orthotropic (see Sections 6.3.6 and 6.3.8).
The coefficients D16 and D26 also vanish for antisymmetric laminates (see Section
6.3.3) but in that case the [B] matrix is not zero and the behavior of the laminate is
quite complex. For a symmetric, specially orthotropic laminate (see Section 6.3.8),
the laminate bending moduli (also called flexural muduli) are (see Example 6.3)

Ebx =
12

t3δ11
=

12(D11D22 −D2
12)

t3D22
Gbxy =

12

t3δ66
=

12D66

t3

Eby =
12

t3δ22
=

12(D11D22 −D2
12)

t3D11
νbxy = −δ12

δ11
=
D12

D22
(6.43)

where the superscript b is used to indicate that these values are only used for bending.
If the laminate does not have D16 = D26 = 0, the laminate bending moduli will only
approximate the true response. A dimensionless metric for how close a laminate is
to an equivalent orthotropic material is given by (6.54).

6.4.1 Trace-Normalized Moduli

As explained in Section 5.3, [Q] is the stiffness matrix of an orthotropic lamina in
a state of plane stress (σ3 = 0) in lamina coordinate system (x1, x2, x3) with units
MPa. When this matrix is written in a different coordinate system, it is denoted by
[Q̄], as it is explained in Sect. 5.4.3.

As explained in Section 6.1.4, [A] is the extensional stiffness matrix of a laminate
in the laminate coordinate system (x, y, z) with units MPa mm. The lamina orien-
tation θk, which is the orientation of the x1-axis of lamina k, is defined by the angle
between x and x1 (Figure 5.1). Using the definition for [A] in (6.20) let’s define

[Â] =
1

t
[A] =

1

t

N∑
k=1

[Q̄](k)tk (6.44)

where t =
∑N

k=1 tk is the laminate thickness and N is the number of laminas in

the laminate. Note that [Â] represents the plane-stress membrane stiffness of the
laminate, with units of MPa, just like [Q] for a lamina.
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If the laminate is balanced (Sect. 6.3.4), then A16 = A26 = 0. If it is symmetric
(Sect. 6.3.2), then the B-matrix is [B] = 0. If the laminate is both balanced and
symmetric, then the in-plane behavior of the laminate is equivalent to that of an
homogeneous (not laminated) orthotropic material with stiffness [Â] in laminate
coordinates (x, y, z). Even if the laminate is not balanced and/or symmetric, an
orthotropic-material representation can still be used during preliminary design to
approximate the behavior of the real laminate.

Trace

The trace of a tensor is defined as the sum of its diagonal terms. The trace of [Q]
is calculated as

tr(Q) = Q11 +Q22 + 2Q66 (6.45)

where the factor 2 on the last term must be included to retain the tensor nature of
the stiffness [Q]. Only in that way the trace is an invariant with respect to coordinate
transformations, meaning that

tr(Q̄) = tr(Q) (6.46)

for any angle used to obtain [Q̄]. Next, considering (6.46) and (6.44), it is easy to
show that

tr(Â) = tr(Q)

(6.47)

and from (6.20), tr(B) = 0.

The trace of the stiffness matrix [Q] gives an indication of the incompressibility of
the material. You can visualize the trace as the resistance you feel when compressing
a tennis ball with your hand. The higher the trace, the higher the stiffness.

The stiffness of fiber-reinforced composites is dominated by the stiffness of the
fiber, resulting in much higher longitudinal than transverse stiffness, E1 >> E2.
The ratio E1/E2 is called orthotropicity ratio.4 Carbon/polymer composites have
orthotropicity ratio in a narrow range (≈11.45–18.88) and Glass/polymer compos-
ites have orthotropicity ratio in a different but still narrow range (≈2.81–3.75). A
consequence of having E1 >> E2 is that a laminate will have sharply different
longitudinal Ex and transverse moduli Ey depending on the percentage %0 vs.
%90-laminas included in the laminate. Furthermore, the laminate shear modulus is
highly dependent on the %± 45 used in the laminate. However, the trace tr(Q) has
the same value irrespective of orientation. Therefore, it is possible to normalize the
laminate moduli, such as Ex, by the trace as follows

E∗x = Ex/tr(Q) (6.48)

4Opposite of isotropicity.
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and to normalize the [A] matrix to obtain a trace-normalized matrix as follows

[A∗] =
1

t tr(Q)
[A] (6.49)

The normalization (6.48–6.49) removes the specific material system properties
from the picture, which are lumped into the trace tr(Q), while leaving intact the
dependence of dimensionless laminate moduli on the percentage of angles used,
namely %0,%90, and %± 45.

In other words, tr(Q) represents the stiffness of the material system but indepen-
dently of coordinate system. If one knows the normalized values of laminate moduli
E∗x as a function of the percentage %[0]-, %[±45]-, and %[90]-laminas used in the
laminate for a generic Carbon/polymer material system, one can recover the actual
laminate moduli Ex of a particular material system simply by multiplying by the
value tr(Q) of the particular material system of choice. In this way, the selection of
the laminate stacking sequence (LSS) becomes independent of the material system.

In light of (6.42, 6.48, 6.49), the trace-normalized moduli could be computed as
follows

E∗x =
A∗11A

∗
22 −A∗212

A∗22

; E∗y =
A∗11A

∗
22 −A∗212

A∗11

G∗xy = A∗66 ; ν∗xy =
A∗12

A∗22

(6.50)

but from a practical point of view, one relies on a single set of precalculated values
of trace-normalized moduli that can be converted to actual moduli simply by mul-
tiplying by the value tr(Q) of the material of choice [211]. This is illustrated in the
next section and Examples 6.7–6.8.

6.5 Universal Carpet Plots

Analysis of laminated composites can be done accurately using the methodology
presented in Sections 6.1 and 6.2 once the material, orientations, and thickness
have been chosen. However, the analysis methodology presented so far does not
indicate how to design the laminate; that is, it does not provide a simple procedure
to estimate the required thickness, lamina orientations, and so on.

Ideally, the designer would like to follow a procedure that starting with the loads
and boundary conditions leads to the complete preliminary design of the laminate.
A laminate design consists of: material, number of laminas, and lamina thickness
and orientations (laminate stacking sequence). The material specification includes
resin and fiber type, fiber volume fraction, and fiber architecture in various lami-
nas (unidirectional, fabric, random, etc.). In all cases the design also includes the
geometry of the structure, as well as loads and support conditions.

Most engineers have considerable training and experience in the design of simple
structural components, such as bars, beams, shafts, disks, pressure vessels, and so
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Figure 6.8: Dimensionless laminate modulus E∗x for Glass/polymer composites in
the family [0m/±45p/90q]r. To obtain actual values of Ex, multiply by tr(Q) of the
actual material system of choice (see Tables 1.1–1.2). Values of E∗y can be obtained
by swapping the %[0] and %[90] values. Larger copies available in [4].

on, using isotropic materials [10, 38, 212, 213]. Laminate moduli, defined in Section
6.4, can be used to take advantage of this knowledge for the design of composite
structures.

Using laminate moduli, a laminate is thought of as a homogeneous plate with
apparent moduli Ex, Gxy, νxy, etc. In principle, laminate moduli can be computed
only after selecting the laminate configuration (laminate stacking sequence, material
system, etc.), but to simplify the design process, plots of laminate moduli and
laminate strength for various laminate configurations can be produced beforehand.
These are called carpet plots and they can be produced using the equations in Section
6.4 (for laminate moduli) and Chapter 7 (for strength).

While producing carpet plots, a decision is made regarding the type of fiber
architecture and orientations to be used. For example, it is customary to limit the
type of laminates to a combination of 0-degree, 90-degree, and ±45-degree laminas.
The 0-degree and 90-degree laminas are included to provide stiffness and strength
in the x- and y-directions and the ±45-degree laminas to provide shear stiffness and
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Figure 6.9: Laminate Poisson’s ratio for Glass/polymer composites in the family
[0m/± 45p/90q]r. Larger copies available in [4].

strength. This family of laminates is described by

[0m/± 45p/90q]r (6.51)

where r is the number of repetitions of the base sublaminate (in square brackets)
and m, p, q are the number of plies in the 0, ±45, and 90-laminas.

Thus, carpet plots can be used to simplify preliminary design by providing lami-
nate moduli (Ex, Gxy, νxy) and laminate strength values (Fxt, Fxc, Fxy) as a function
of the percentage of each type of ply in a family of laminates such as (6.51).

Values of laminate moduli (Sect. 6.4) for a family of laminates, for example
for the family (6.51), can be plotted as a function of the percentage of ±45 and
parametrically for various values of percentage %0 and %90 present in the laminate.
This was done in previous editions of this textbook, but in the past a whole set
of carpet plots was necessary for each specific material system, e.g., AS4-D/3501-6,
and so on. However, by introducing trace-normalized laminate moduli (Sect. 6.4.1),
a single set is sufficient for each broad class of materials, either Glass/polymer
composites (Figures 6.8–6.9) or Carbon/polymer composites (Figures 6.10–6.11).
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Figure 6.10: Dimensionless laminate modulus E∗x for Carbon/polymer composites
in the family [0m/ ± 45p/90q]r. To obtain actual values of Ex, multiply by tr(Q)
of the actual material system of choice (see Tables 1.3–1.4). Values of E∗y can be
obtained by swapping the %[0] and %[90] values. Larger copies available in [4].

Although determination of elastic moduli Ex, Ey, and Poisson’s ratio νxy require
universal carpet plots and tr(Q) data, the values of actual laminate shear modulus
Gxy are only a function of the percentage ±45 in the laminate. Therefore, they can
be represented by a linear equation (no need for carpet plot)

Gxy = G′
x

100
+G12 (6.52)

where x is the %± 45. At zero percent ±45, that is, for all [0m/90q]r laminates, the
laminate shear modulus is equal to the lamina shear modulus G12. At a hundred
percent ±45, the laminate shear modulus is G′ + G12. Values of G′ and G12 are
given in Tables 1.1–1.4. For material systems not listed in Tables 1.1–1.4, G′ can be
calculated as follows

G′ = (Q11 +Q22 − 2Q12)/4−G12 (6.53)

which can be easily derived for 100%±45 using (6.20) for [A] and (5.55) for Q̄66.
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Figure 6.11: Laminate Poisson’s ratio for Carbon/polymer composites in the family
[0m/± 45p/90q]r. Larger copies available in [4].

Example 6.6 Using carpet plots, estimate the elastic moduli Ex, Ey, Gxy, and νxy of
a [06/ ± 45/902]S laminate built using T300/914-C Carbon/Epoxy material system with
properties given in Table 1.4.

Solution to Example 6.6 A [06/ ± 45/902]S has n=20 laminas, with 60%[0], 20%[±45],
and 20%[90].

In Figure 6.10, we seek the intersection of a vertical line through abscissa 20%[±45]
with the line labeled 20%[90], which yields E∗x ≈ 0.56 on the ordinate of the graph.

For T300/914-C in Table 1.4, tr(Q)=160.9 GPa, so clearing Ex from (6.48) one gets

Ex = tr(Q)E∗x = 160.9× 0.56 = 90.10 GPa

To get Ey, in Figure 6.10 we seek the intersection of a vertical line through abscissa
20%[±45] with the line labeled 60%[90], which yields ≈ 0.26 on the ordinate of the graph.
Again using tr(Q)=160.9 GPa, one gets

Ey = 160.9× 0.26 = 41.83 GPa
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The in-plane shear modulus is estimated with equation (6.52). For T300/914-C in Table
1.4, G12 = 5.5 GPa and G′ = 30.43 GPa. Therefore, with the %[±45] being x = 20%, (6.52)
yields

Gxy = G′
x

100
+G12 = 30.43× 20

100
+ 5.5 = 11.59 GPa

The value of Poisson’s ratio can be read directly from Figure 6.11 as ν ≈ 0.21 at the
intersection of a vertical line at 20%[±45] with the line labeled 20%[90].

Alternatively, using all the elastic properties (E1, E2, G12, and ν12) from Table 1.4 and
CADEC > Macromechanics > Intact > Laminate Moduli > In-plane, we get Ex = 92.49
GPa, Ey = 42.43 GPa, Gxy = 11.59 GPa, νxy = 0.21.

Comparing the carpet plot approximation to the values computed with CADEC [184],
the carpet plot predictions are within 2.6%, 1.4%, 0%, and 0% of the actual values of
Ex, Ey, Gxy, and νxy, respectively. It can be see that the approximation is excellent, even
though the carpet plots were not constructed with T300/914-C but rather with a generic
Carbon/Epoxy material system. The denormalization affected by tr(Q) makes the universal
carpet plots applicable to all the specific material systems of the same class.

6.5.1 Homogenization

Homogenization is the process of designing a laminate that behaves as a homoge-
neous, orthotropic plate. This is achieved by increasing the number of repetitions r
in (6.51) or making the laminate to be symmetric, but symmetrization may prove
cumbersome from a manufacturing point of view. Therefore, it is convenient to in-
troduce a measure of homogenization that allows us to judge how well homogenized
a laminate is. For this purpose we propose the homogenization ratio defined as

hr = 1.0 ( symmetric laminate)

hr = 1−

√
B̂II(r)

B̂II(r = 1)
(unsymmetric laminate) (6.54)

where B̂II(r) is the second invariant of the normalized B-matrix of the laminate with
repetitions r, and B̂II(r = 1) is the second invariant of the normalized B-matrix for
r = 1. The normalized B-matrix is defined as

[B̂] =
1

t2
[B] =

1

t2

N∑
k=1

[Q̄](k)tkz̄k (6.55)

where t is the laminate thickness. The first invariant is the trace, defined as tr(B̂) =
B̂11 + B̂22 + 2B̂66. The second invariant is calculated as

B̂II =
1

2

[(
tr(B̂)

)2
− tr(B̂2)

]
(6.56)

where B̂2 is the matrix product of B̂ by itself.

Carpet plots of moduli (Figures 6.8–6.11) as well as carpet plots of strength
(Figures 7.12–7.13) can be used for both symmetric and unsymmetric laminates with
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0, 90, and ±45 laminas. Carpet plots for other families such as [±10,±35,±55,±80]
can also be used for both symmetric and unsymmetric laminates.

Unsymmetric laminates experience coupling effects that are not contemplated
by laminate moduli because the latter represent the laminate as an equivalent,
homogeneous, orthotropic plate. However, as the number of repetitions r in (6.51)
increases, the coupling effects tend to vanish.

Applying a unit-stress σx = 1, σy = σxy = 0 to a [0/±45/90]r laminate, it can be
seen in Figure 6.12 that the membrane strain ε0x (solid line) converges rapidly to a
constant value as r increases, with the asymptotic value being the membrane strain
of the symmetric laminate [0/ ± 45/90]S . Convergence of the curvature κx (dash
line) is slower, but by r = 10 it is practically zero. The surface strain εx = ε0x− z κx
at z = h/2 also converges by r = 10, which is important because the surface strain
controls failure. The ratio εx/ε

0
x provides an indication of the contribution of bending

to the surface strain. By r = 10, such contribution is only 10%. A mirror image of
εx/ε

0
x is provided by the homogenization ratio hr defined earlier in (6.54). By r = 10

the homogenization is 90% complete, and by r = 20 it is 95% complete, equally for
both Glass- and Carbon-reinforced polymer composites.

Figure 6.12: Effect of repetitions r on coupling-induced curvature and bending
strain. Carbon/polymer laminates.

6.5.2 Membrane-Controlled design

The state of deformation in a laminate can be decomposed into a membrane com-
ponent (stretching) and a bending component (flexure) as illustrated in Figure 6.5.

Membrane strains ε0x, ε
0
y, γ

0
xy are constant through the thickness of the laminate

as revealed by the first term on the right-hand side of (6.7). As a result, membrane
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Figure 6.13: A symmetric laminate under in-plane load sustains a membrane-only
(in-plane) state of stress and strain.

stresses are constant in each lamina, as shown in Figure 6.13. The stress changes
from lamina to lamina because the stiffnesses of the laminas are different due to
their different orientation.

Strains due to bending, −zκ0
x,−zκ0

y,−zκ0
xy, vary linearly with z through the

thickness of the laminate as revealed by the second term on the right-hand side of
(6.7). As a result, bending stresses vary linearly in each lamina, as it can be seen
in Figure 6.5. Therefore, the maximum stress in each lamina is either at the top or
bottom of the lamina.

In can be seen in Figure 6.5 that a substantial portion of the laminate, notably
the center lamina, are under low values of stress, while the surfaces of the laminate
(top and bottom) reach maximum stress. Since the maximum stress cannot exceed
the strength of the material, a substantial amount of material is underutilized near
the midsurface. Thus, bending loading is not as efficient as membrane loading. A
good structural design tries to modify the geometry of the structure and/or the
loading paths to maximize membrane loading. A classical example is the use of an
arch in lieu of a beam, or a dome in lieu of a flat roof, to hold weight loads over a
given span.

If membrane stresses are predominant, the laminate in-plane moduli Ex, Gxy,
and νxy defined in (6.42) should be used. On the contrary, if bending stresses
predominate, the bending moduli Ebx, Gbxy, and νbxy defined in (6.43) should be
used.

Example 6.7 Design a box section to be used as a cantilever beam of length L = 2000 mm
subject to a tip load P = 1000 N. Limit the tip deflection δ to 1/300 of the span L of the
beam.

Solution to Example 6.7 This is a stiffness controlled design because the requirement is
δ = L/300. The tip deflection can be computed using Figure 10.2

δ = δb + δs =
PL3

3EI
+
PL

GA
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Figure 6.14: Design of a doubly symmetric box section.

where δb and δs are the bending and shear deflections, respectively. The design is controlled
by the bending stiffness EI and the shear stiffness GA.

Bending produces axial stress σx in the beam. For a double symmetric section loaded
through the centroid, the strain distribution is as shown in Figure 6.14. If all the cross
section is of the same material, the stress is also linear through the thickness and given by

σx =
M z

I

The major stress (σx) is almost uniform through the thickness of the flanges (Figure
6.14) and it is linear through the thickness in the web. Therefore, the material is subject
mainly to in-plane stress σx, not bending stress (see also Section 6.5.3). In this case the
apparent moduli to be used is Ex, from Figure 6.8, multiplied by tr(Q) of E-glass/polyester
(Table 1.2).

Since the shear load V = P produces in-plane shear stress in the webs, the apparent
moduli to be used is the in-plane shear modulus Gxy from (6.52). Note that the subscripts
xy are related to the laminate coordinates and for the case of the web, they do not coincide
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with the coordinates that describe the web (x, z).
To simplify the design and the manufacturing of the beam, the same material is selected

for flanges and webs. This is not an optimum choice because the flanges carry axial stress σx
and the webs carry mostly shear stress σxy. Therefore, a higher percentage of ±45 laminas
in the webs could be beneficial.

Assuming that bending deflections are more important than shear deflections, a laminate
with 80%[0] and 10% of each [90] and ±45 is selected. A value of 80%[0] is chosen to
maximize the axial stiffness Ex. However, 10%[0] and 10%±45 are included to provide
integrity to the box section, resist shear, and handle any secondary stresses that may not be
accounted for in the design.

Using E-glass/polyester, from Table 1.2 we get

tr(Q) = 57.16 GPa ; G12 = 3.3 GPa ; G′ = 7.597 GPa

and from Figure 6.8 for 80/10/10% we get the normalized modulus

E∗x = 0.58

which, multiplied by tr(Q), becomes the actual modulus

Ex = 0.58× 57160 MPa = 33150 MPa

Using (6.52) for 10%±45 we have

Gxy = 7597 MPa× 10/100 + 3300 MPa = 4059 MPa

Restricting δb < L/300, P=1000 N, L=2000 mm, the required second moment of area is

I =
P L3

3Ex(L/300)
=

1000× 20002 × 300

3× 33150
= 12.07× 106 mm4

The second moment of area with respect to the neutral axis of a doubly symmetric box
section as shown in Figure 6.14 is approximately

I = 2

[
twh

3

12
+
bt3f
12

+ (btf )

(
h

2

)2
]

Assuming tf = tw = t and neglecting the second term, which is small in comparison to
the other two terms, the moment of inertia is approximated as

I ≈ t
[
h3

6
+
bh2

2

]
Assuming ratios h/b = 2 and b/t = 20 based on buckling and lateral stability considera-

tions

I ∼=
h4

96

Then, using the required value of I, the depth results in

h = [96× 12.07× 106]1/4 = 184.5 mm

Conservatively, take

h = 188 mm ; b = 188/2 = 94 mm ; t = b/20 = 4.7 mm
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Next, check for shear deformation assuming all shear deformation takes place in the
webs. The area of the web is

Aw = 2ht = 1767 mm2

and the actual second moment of area is

I = h4/96 = 1884/96 = 13.01× 106 mm4

So the shear deflection is

δs =
PL

GxyAw
=

1000× 2000

4059× 1767
= 0.2788 mm

The actual bending deflection is

δb =
PL3

3ExI
=

1000× 20003

3× 33150× 13.01× 106
= 6.181 mm

and the total deflection is

δ = δb + δs = 6.181 + 0.2788 = 6.460 mm

which is smaller than the constraint value L/300 = 2000/300 = 6.667 mm. It remains to
check the tensile strength of the top flange, compressive strength of the bottom flange, shear
strength of the webs, and buckling of the walls of the box section (see Example 10.2).

Notice that this example does not have any constraints on the ply thickness. The design
thickness of 4.7 mm is then split 80/5/5/10% among 0, 45, −45, and 90 orientations with
thicknesses 3.760, 0.235, 0.235, and 0.470 mm, respectively. This cannot be done with
prepreg, which has a set thickness of 0.125 mm per ply, but it can be done by hand lay-up.

To optimize the design we can change (a) the laminate stacking sequence or (b) the
geometry of the cross section of the beam.

Scilab code for this example is available on the Website [4].

Example 6.8 Redesign Example 6.7 by using a [07/ ± 45/90]r, E-glass/polyester (Table
1.2), with ply thickness 0.125 mm.

Solution to Example 6.8 The design constraint is

δ < L/300 = 2000/300 = 6.667 mm

The sublaminate [07/±45/90] has 10 laminas and total thickness 0.125×10 = 1.25 mm.
It has 70%[0], 20%[±45], and 10%[90].

From Figure 6.8, E∗x = 0.53. From Table 1.2, tr(Q)=57.16 GPa, so

Ex = E∗x tr(Q) = 0.53× 57160 MPa = 30295 MPa

As in Example 6.7, we assume flange and web have the same thickness, tf = tw = t.
Also, based on buckling, crippling, and lateral stability considerations, which must be checked
later, we assume b/t=20 and h/b=2. Then,

tf = tw = t ; b = 20t ; h = 2b = 40t
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From Example 6.7

I ≈ t
[
h3

6
+
bh2

2

]
When designing with prepreg, which have a set thickness per ply, it is best to try dif-

ferent laminate thicknesses that we know we can produce. These trial thicknesses are easily
generated by increasing the number of repetitions “r.” In [07/± 45/90]r. With r=1, t=1.25
mm, b=20t=25 mm, h=2b=50 mm, we have I= 65104 mm4 and deflection

δb =
PL3

3ExI
=

1000× 20003

3× 30295× 65104
= 1352 mm >> 6.667 mm

So, we have to try increasing the repetitions as in this table

repetitions “r” laminate “t” [mm] I [mm4] δb [mm]
1 1.25 65104 1352
2 2.5 1041666 84.50
3 3.75 52733437 16.69
4 5.0 16666667 5.281

We see that with r=4, δb < 6.667 mm.
Next check the shear deflection for r=4. From Table 1.2, G12 = 3300 MPa, and G′ =

7597 MPa. Using (6.52) for 20%±45 we have

Gxy = 7597 MPa× 20/100 + 3300 MPa = 4819 MPa

The area of the two webs is Aw = 2 h t, but h = 40 t, so

Aw = 80 t2 = 80× 52 = 2000 mm2

and the shear deflection is

δs =
PL

GxyAw
=

1000× 2000

4819× 2000
= 0.2075 mm

Then the total deflection is

δ = δb + δs = 5.281 + 0.2075 = 5.489 mm

which is less than the deflection constraint, so the design is finished. It remains to check
strength and buckling.

Scilab code for this example is available on the Website [4].

6.5.3 Bending-Controlled design

For structures subjected to a predominant state of bending, the distribution of strain
through the thickness is linear (Figure 6.5) and the outer laminas contribute more
to the laminate stiffness than the inner laminas. Also, the outer laminas are more
stressed than the inner laminas (Figure 6.5). For this reason, the laminate bending
moduli (6.43) are different from the laminate in-plane moduli (6.42). The difference
can be illustrated by considering two laminates, a [0/90]S and a [90/0]S with the
same material and lamina thicknesses. In the x-direction, the 0-degree laminas are
much stiffer than the 90-degree laminas. If the laminate is used for a beam with
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Figure 6.15: Transformed section method.

rectangular cross section (shown at the left of Figure 6.15) the bending stiffness of
the [0/90]S laminate is clearly higher than the [90/0]S laminate.

The transformed section method has been used in Figure 6.15 to illustrate the
difference between the two laminates.5 In the transformed section method [212,
p. 304], the width of each lamina is adjusted by the modular ratio ηi

ηi =
Ei
E

(6.57)

where Ei is the modulus of lamina i along the length of the beam (x-axis) and E is
the modulus of one lamina taken as a reference (Figure 6.15 is constructed using a
0-degree lamina as reference). Then, the width of the lamina i in the transformed
section is

bi = ηib (6.58)

5The transformed section method can be used only when the laminas are specially orthotropic
(Section 6.3.8). More general methods for analysis of composite beams are discussed in Chapter
10.
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where b is the true width of the beam. The modulus of the transformed section beam
is uniform and equal to the modulus of the reference lamina. The bending stiffness
of the original beam can be computed now as the product of E times the second
moment of the area of the transformed section It. Clearly, the bending stiffness E It
of the [0/90]S is higher than the [90/0]S because the second moment of area of the
transformed section It is higher for the first case.

The transformed section method can be used also to compute the stress σx
in each lamina of the beam using the classical flexure formula corrected with the
appropriate modular ratio

σix =
M z

It
ηi (6.59)

where i indicates the lamina number and z is the coordinate, with respect to the
centroid of the transformed section, of the point where the stress is computed.

If laminate bending moduli are available from prior analysis or testing of a given
laminate, the coefficients of the bending stiffness matrix of the laminate can be
estimated without conducting all the laminate computations described in Chapter
6, but simply as

D11 =
t3Ebx
12∆

∆ = 1− νbxyνbyx

D22 =
t3Eby
12∆

νyx = νbxy
Eby
Ebx

D66 =
t3Gbxy

12

D12 =
t3Ebxν

b
yx

12∆
=
t3Ebyν

b
xy

12∆
(6.60)

where t is the thickness of the laminate. Equations (6.60) are also necessary when
experimental values of laminate bending moduli are available. These values are
sometimes given by material suppliers for a limited set of laminate configurations,
such as unidirectional, quasi-isotropic, random, etc.

The values of laminate in-plane Ex, Ey, Gxy, and νxy are independent of the
stacking sequence, that is, of the order in which the various laminas are placed
through the thickness, as long as the laminate remains symmetric. On the other
hand, the values of the laminate bending moduli Ebx, Eby, G

b
xy, and νbxy depend on

the stacking sequence.

When the structure is under combined membrane and bending deformation,
the laminate in-plane moduli can be used to provide a rough approximation. The
error introduced is minimum for quasi-isotropic (Section 6.3.5) and it grows to a
maximum for cross-ply laminates (Section 6.3.6). The difference between laminate
in-plane and laminate bending moduli is reduced by using a large number of laminas
and alternating the lamina orientations as much as possible (Section 6.5.1).
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Figure 6.16: One-dimensional thermal expansion.

6.6 Hygrothermal Stress (*)6

As explained in Section 4.3, the total strain in a composite material is the summation
of mechanical strain and hygrothermal strain (thermal expansion and swelling strain
due to moisture). When both mechanical and hygrothermal effects are present, the
computation of stresses is more involved. The problem will be illustrated consid-
ering a one-dimensional bar (Figure 6.16) subject to mechanical and thermal load.
Moisture-induced strains and stresses can be incorporated following the same pro-
cedure. The applied stress σ produces a strain σ/E and the change in temperature
induces additional strain α∆T (Figure 6.16.a). The total strain is

ε =
σ

E
+ α∆T (6.61)

Then, the stress–strain relation for the one-dimensional case is

σ = E(ε− α∆T ) (6.62)

where E and α are the modulus of elasticity and coefficient of thermal expansion,
respectively. If the bar in Figure 6.16.b is free to expand, the stress is zero and the
thermal strain is equal to ε = α∆T . Equation 6.62 models correctly the situation.
If the bar is clamped at both ends (Figure 6.16.c), the strain is zero and the stress
induced by ∆T is correctly predicted by (6.62) as σ = −Eα∆T . In the latter case,
the supports are equivalent to mechanical forces that impose zero strain. Note that
the free bar (case b) can be made to expand an amount α∆T either by increasing the
temperature by ∆T or by applying a stress σ = Eα∆T . This equivalence between
temperature and stress will be used later in this section to obtain the thermal
expansion of laminates that may have laminas with different coefficients of thermal
expansion.

Next, consider the case of a rectangular bar made of two materials perfectly
bonded as illustrated in Figure 6.17. Both materials have the same moduli E, and

6Sections marked with (*) can be omitted during the first reading but are recommended for
further study and reference.
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Figure 6.17: Partially restrained thermal expansion because of CTE mismatch.

same thickness t, but different coefficients of thermal expansion, α1 > α2. Material
#2 has been divided in two laminas to obtain a symmetric laminate. If the bar is
clamped at both ends, the force developed at the supports is

bNT = b

∫ t

−t
σdz = b

∫ t

−t
E(ε− α∆T )dz (6.63)

where b is the width of the bar. Since the bar is clamped at both ends, ε = 0, and

bNT = −b
2∑

k=1

E(k)α(k)∆T t(k) (6.64)

where k indicates the lamina number. In this example both materials have the same
total thickness (t(1) = t(2) = t).

If the force bNT were to be applied to the laminate (not clamped) instead of
the change of temperature ∆T , it would produce the same strain as the change
of temperature ∆T produces on the free expanding laminate. Therefore, the free
thermal strain, which is the same in the three layers in Figure 6.17, can be computed
as

εT =
−NT

E(1)t(1) + E(2)t(2)
(6.65)

Note that εT is different from the free thermal strain of either of the two laminas.
In fact

α1∆T > εT and α2∆T < εT (6.66)

for α1 > α2. For this particular example εT = 1
2(α1 + α2)∆T because E(1) = E(2)

and t(1) = t(2). Since one lamina tends to expand more than the other, internal
stresses are generated. These can be computed for each lamina using (6.62) as

σ(k) = E(k)(εT − α(k)∆T ) (6.67)
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where k is the lamina number. Since α1 > α2, the center layer is in compression
and the outer layers are in tension. Since the layers are bonded together, the center
layer forces the outer layers to expand more than what they would thermally expand
by themselves. Likewise, the outer layers force the center layer to expand less than
what it would thermally expand by itself.

If mechanical loads are applied simultaneously with the change in temperature,
they produce mechanical strains εM in addition to the thermal strains εT . Therefore,
the stress in each lamina is

σ(k) = E(k)(εM + εT − α(k)∆T ) (6.68)

Similarly to (6.61), using (5.16) to compute the strains due to mechanical loads
(σ1, σ2, σ6) for a laminated composite, and using the coefficients of thermal and
moisture expansion described in Section 4.3, the total strains for a lamina free to
expand are

ε1
ε2
γ6

 =

 S11 S12 0
S12 S22 0
0 0 S66


σ1

σ2

σ6

+


α1

α2

0

∆T +


β1

β2

0

∆m (6.69)

Equation (6.69) for a laminate is equivalent to (6.61) for a bar. Rotation of the
strains in (6.69) to laminate coordinates is done using the transformation matrix
[T ]−1 (5.37)

εx
εy
γxy

 =

 S̄11 S̄12 S̄16

S̄12 S̄22 S̄26

S̄16 S̄26 S̄66


σx
σy
σxy

+


αx
αy
αxy

∆T +


βx
βy
βxy

∆m (6.70)

where the coefficients S̄ij are given in (5.58). Since {α}∆T and {β}∆m in (6.69)
are strains, the {α} and {β} coefficients transform like strains

αx
αy
1
2αxy

 = [T ]−1


α1

α2

0

 ;


βx
βy
1
2βxy

 = [T ]−1


β1

β2

0

 (6.71)

where [T ]−1 is given by (5.38).

Thermal and moisture variations do not induce shear in lamina coordinates (see
(6.69)) but they do induce shear in laminate coordinates (see (6.70)) if the lamina
is not specially orthotropic (see Section 5.4.4 and 6.3.8).

The stresses on a lamina constrained from expansion either by the supports or
by adjacent laminas can be computed inverting (6.70)

σx
σy
σxy

 =

 Q̄11 Q̄12 Q̄16

Q̄12 Q̄22 Q̄26

Q̄16 Q̄26 Q̄66


εx
εy
γxy

−


αx
αy
αxy

∆T −


βx
βy
βxy

∆m


(6.72)
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with the coefficients Q̄ij given by (5.55). Equation (6.72) is equivalent to (6.62) for
a bar.

For a laminate, the strains in (6.72) vary linearly through the thickness of the
laminate according to (6.7). Therefore, a set of constitutive equations analogous to
(6.19) is obtained inserting (6.7) into (6.72) and the result into (6.13) to obtain

Nx

Ny

Nxy

Mx

My

Mxy


=

[
[A] [B]
[B] [D]

]


ε◦x
ε◦y
γ◦xy
κx
κy
κxy


−



NT
x

NT
y

NT
xy

MT
x

MT
y

MT
xy


(6.73)

where [A], [B], and [D] are the 3×3 matrices of (6.19), and the hygrothermal forces
and moments per unit length are

NT
x

NT
y

NT
xy

 = ∆T

N∑
k=1

[
Q̄
]k

αx
αy
αxy


k

tk + ∆m

N∑
k=1

[
Q̄
]k

βx
βy
βxy


k

tk


MT
x

MT
y

MT
xy

 = −∆T
N∑
k=1

[
Q̄
]k

αx
αy
αxy


k

tk z̄k −∆m
N∑
k=1

[
Q̄
]k

βx
βy
βxy


k

tk z̄k

(6.74)

where tk and z̄k are the thickness and middle surface coordinate of the k -th lamina,
respectively (Figure 6.6), and ∆T and ∆m are the change in temperature and
moisture content, respectively. Note that the minus sign in the thermal moments
(6.74) comes from (6.13).

The hygrothermal loads are then moved to the left-hand side of (6.73), or added
to the mechanical loads in (6.24), to find the midsurface strains and curvatures of
the laminate. With these values, the strains at any location through the thickness
are computed using (6.7). Finally, the stresses at any location can be obtained with
(6.72) and failure is evaluated as explained in Section 7.1.5.

Note that the hygrothermal stresses must be computed with (6.72), not with
(6.28). The constitutive equations for the hygrothermal case are different from
those for the mechanical loading case, as illustrated by (6.62). If only hygrothermal
loads are used in (6.24), without any mechanical loads, the resulting strains are the
hygrothermal strains.

A laminate free to expand will expand/contract at its midsurface with thermal
strains given in terms of the (apparent) laminate thermal expansion coefficients
α◦x, α

◦
y, α
◦
xy as follows

{ε◦} =


α◦x
α◦y
α◦xy

∆T (6.75)
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and, if the laminate is not symmetric, it will bend/twist with thermal curvatures

{κ} =


α∗x
α∗y
α∗xy

∆T (6.76)

Substituting (6.75–6.76) in (6.73), with the thermal loads calculated with (6.74),
and no mechanical loads ({N} = {M} = 0), we obtain a formula for the (apparent)
laminate thermal expansion coefficients

α◦x
α◦y
α◦xy
α∗x
α∗y
α∗xy


=

1

∆T

[
[A] [B]
[B] [D]

]−1



NT
x

NT
y

NT
xy

MT
x

MT
y

MT
xy


(6.77)

Example 6.9 Compute the thermal strains and stresses of the laminate in Example 6.1
when it cools down to room temperature (21◦C) from its processing temperature (121◦C).
Assume α1 = 8.42 10−6/◦C and α2 = 29.8 10−6/◦C.

Solution to Example 6.9 The coefficients of thermal expansion (CTE) in laminate coordi-
nates are obtained by using (6.71)

55◦ −55◦

αx [10−6/◦C] 22.77 22.77
αy [10−6/◦C] 15.45 15.45
αxy [10−6/◦C] −20.1 20.1

Then, thermal loads are obtained by using (6.74)
NT
x

NT
y

NT
xy

 =

 −44.0
−39.2
0

N/mm ;


MT
x

MT
y

MT
xy

 =

 0
0
2.07

N

Using the [A], [B], and [D] matrices of Example 6.1, the thermal strains and curvatures
at the middle surface are

ε0x
ε0y
γ0
xy

 =

 −2.27
−1.44
0

 10−3 ;

 κx
κy
κxy

 =

 0
0
4.63

× 10−3

The strains through the thickness are obtained using (6.27)

Ply Face εx εy γxy
2 top −2.27 −1.44 -2.94
2 bottom −2.27 −1.44 0
1 top −2.27 −1.44 0
1 bottom −2.27 −1.44 2.94

× 10−3
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Finally, the thermal stresses are obtained using (6.72)

Ply Face σx σy σxy
2 top 1.79 4.41 −6.11
2 bottom −1.79 −4.41 12.2
1 top −1.79 −4.41 −12.2
1 bottom 1.79 4.41 6.11

MPa

Scilab code for this example is available on the Website [4].

Example 6.10 Design a cylindrical pressure vessel to hold compressed natural gas (CNG)
to fuel automobiles. A reliability of 99% is required.
To prevent CNG from leaking through the composite wall, a flexible membrane of high
density polyethylene (HDPE) is placed inside as a liner. The liner adds no strength to the
vessel but is sufficiently impervious to CNG.
The diameter of the vessel is ø = 330 mm. The working pressure is p = 20.67 MPa with a
variability given by a COV κp = 0.2. Even though the vessel will be loaded in cycles, when
the vehicle is refueled, the pressure is applied for most of the time, thus it is considered
to be a permanent (dead) load for the life of the vehicle. Because of the long duration
of the load, creep rupture is taken into account by code of practice requiring a resistance
(reduction) factor φ = 1/3.5.
The material chosen is E-glass/epoxy with fiber volume fraction Vf = 0.55. The properties
of the epoxy matrix are: Em = 2.495 GPa and νm = 0.38. The properties of E-glass fibers
are: Ef = 72.345 GPa, νf = 0.22, and Fft = 1398 MPa.

Solution to Example 6.10 Pressure vessels are thin or moderately thin shells subjected to
internal pressure. They may be spherical but usually they are cylindrical with spherical, flat,
or geodesic-shaped heads. The stresses induced by internal pressure are mostly membrane
stresses, with little bending stresses. The cylindrical portion is subjected to membrane stress
resultants in the longitudinal x- and hoop y-directions

Nx =
p ø

4
=

20.67× 330

4
= 1705 N/mm

Ny =
p ø

2
=

20.67× 330

2
= 3410 N/mm

Nxy = 0

Mx = My = Mxy = 0

Cylindrical pressure vessels are among the most highly optimized composite structures
because composite materials are the only materials that can be tailored to yield twice the
strength in the hoop direction than in the longitudinal direction. This is easily accomplished
in a variety of ways, including adding more hoop-oriented fibers than longitudinally oriented
fibers. If a single winding angle is used, the optimum angle is ±55. Therefore, for this
design a [(±55)n]S laminate is chosen, with 4n laminas, each tk = 1.27 mm thick.

The analysis of the cylindrical portion can be easily performed because there are no
bending moments applied. In this case, a small portion of the cylindrical shell can be analyzed
as a plate under membrane loads. Using the equations for plates and taking Nx = NL and
Ny = NH , all the stresses can be obtained as explained in Section 6.2.
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Once the required laminate thickness is calculated, the number of laminas needed is
computed. Then, it is up to the manufacturer to decide how to achieve the total thickness
during actual winding, perhaps using a smaller number of thicker laminas.

Assuming the heads are hemispherical, the stress resultant on any direction on a sphere
under internal pressure is equal to the longitudinal on the cylindrical portion. Since only
membrane forces are present, the analysis of a small portion of the spherical head can be
done as if it were a plate, with Nx = Ny = Ns.

Most pressure vessels are manufactured by filament winding, which always leads to pairs
of laminas of opposite angles. The lamina thickness depends on how the winding machine
is set up, but for design purposes it is not essential to know the actual lamina thickness, but
only the total thickness at a given angle.

When only membrane forces are present, the individual lamina thickness and the stacking
sequence have little influence in the analysis. Therefore, the total thickness could be achieved
during processing as any combination of number of laminas and individual lamina thickness.
Furthermore, the filament winding process does not really produce distinct laminas but rather
an overlapped and intermingled set of filament paths are created to cover the surface of the
mandrel. However, the analogy to a laminated structure is valid for design purposes and it
is used because it correctly accounts for the fiber orientations.

The fiber volume fraction depends on the winding process. The value selected for design
is based on past experience or measured from prototype samples. Since the contribution of
the matrix to the strength of the composite is small compared to that of the fibers, it is not
very important to have the exact fiber volume fraction.

If a high value of fiber volume is used, the elastic moduli will be high (see Chapter 4)
and the resulting thickness will be small, but the amount of fibers on the final design will
be about the same as if a low volume fraction was assumed. This is only applicable for
membrane structures like this pressure vessel. In other words, if there are no bending loads,
the thickness (which is influenced by the fiber volume) is not important. This is the reason for
the use of netting analysis [214] for the design of pressure vessels. However, netting analysis
is not recommended because it neglects the contribution of the fibers to the transverse and
shear strengths.

Therefore, a volume fraction is assumed during the preliminary design of the structure.
Then, after a prototype is built, the fiber volume can be measured along with the elastic
moduli and the composite tensile strength. With these experimental values, detailed analysis
or preliminary design of other similarly built structures can be done with confidence.

Micromechanics

Using rule of mixtures (4.23)

E1 = 72.345× 0.55 + 2.495× (1− 0.45) = 40.912 GPa

ν12 = 0.22× 0.55 + 0.38× (1− 0.45) = 0.292 GPa

Using the Halpin–Tsai equation (4.29), and taking ζ = 2, the transverse modulus is
predicted as

η =
(72345/2495)− 1

(72345/2495) + 2
= 0.903

E2 = 2495

[
1 + 2× 0.903× 0.55

1− 0.903× 0.55

]
= 9880 MPa
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Using (4.14), the shear moduli of fiber and matrix are computed as

Gf =
72345

2 (1 + 0.22)
= 29650 MPa

Gm =
2495

2 (1 + 0.38)
= 904 MPa

Using the cylindrical assemblage model (4.35)

G12 = 904

[
(1 + 0.55) + (1− 0.55)904/29650

(1− 0.55) + (1 + 0.55)904/29650

]
= 2843 MPa

Using (4.68), the longitudinal tensile strength of each lamina is predicted as

F1t = 1378

[
0.55 +

2.495

72.345
(1− 0.55)

]
= 779 MPa

Computation of stress
The stiffness matrix of a lamina [Q] is

[Q] =

 41773 2945 0
10091 0

0 0 2843

 MPa

For n = 1, the extensional-stiffness matrix [A] of a symmetric [(±55)]S laminate is

[A] =

 65412 53772 0
120457 0

0 0 53243

 MPa mm

Since the laminate is symmetric, the middle surface strains can be easily computed using
[A]−1 

ε0x
ε0y
γ0
xy

 =

 0.024 −0.011 0
−0.011 0.013 0

0 0 0.019

 1.705
3.410

0

 =

 0.004415
0.026343

0.0


Once the middle surface strains are known, the stresses at the top and bottom of each

lamina are computed. First, the strains at the points of interest are found. For example,
using (6.7), compute the stresses at the bottom surface lamina number 1, which is also the
bottom surface of the laminate. Since the curvatures are all zero, the strains are uniform
through the thickness εx

εy
γxy

 =


ε0x
ε0y
γ0
xy

− z
 0

0
0

 =

 0.004415
0.026343

0.0


Stresses vary through the thickness because the stiffness varies from lamina to lamina.

For lamina number 1, located at the bottom of the laminate σx
σy
σxy


(1)

=

 12876 10585 4663
23712 10223

10481

(1) εx
εy
γxy

 =

 337.7
671.4
291.9

 MPa
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Transforming the stresses to the lamina coordinate system (at 55◦) we have σ1

σ2

σ6


(1)

=

 833.3
173.7
58.58

 MPa

Reliability
Once the stresses and strains are known, one of the failure criteria described in Chapter

7 is used to determine if the structure fails or if it is over designed. But first, the load factor
should be considered. For the required reliability Re = 0.99, using Table 1.6 yields a standard
variable z = −2.326. With the load having a COV of 20%, the load factor is (1.22)

α = 1− z Cp = 1 + 2.326(0.2) = 1.465

Note that no COV for the material strength was used in this example because the code
of practice dictates the value of resistance factor to be used, in this case φ = 1/3.5. Old
codes of practice may refer to this as a safety factor, but if only the variability and reduction
of strength (such as creep rupture in this example) were addressed by the code, it is likely
that the factor is a resistance factor, and in that case the variability of the load must be also
taken into consideration to obtain the desired reliability.
Strength ratio

Now, using the maximum stress criterion along the fiber direction

R1 =
φF1t

α σ1
=

(1/3.5)779 MPa

(1.465)834 MPa
= 0.182

Assuming that this is the controlling mode of failure, the thickness has to be increased
by 1/0.182=5.5 to get R1 = 1. Therefore, the design calls for a design thickness of

td = 4× 1.27/0.182 = 27.85 mm

However, if the ply thickness is fixed to tk = 1.27 mm, the thickness has to be increased
by an integer number. In this case 1/0.182 = 5.5 must be taken to n = 6, so that the actual
thickness becomes

ta = 4× 1.27× 6 = 30.48 mm

with 24 laminas.
Finally, other modes of failure should be checked as well, as described in Chapter 7.
Scilab code for this example is available on the Website [4].

Problems

Problem 6.1 Consider a homogeneous, isotropic beam.

(a) Make a sketch (not to scale) of the deformed shape of a beam subject to a positive
bending moment Mx and positive axial load Nx. Make sure your drawing shows the
thickness of the beam; i.e., do not idealize the beam by a line.

(b) On the same drawing, sketch the distribution of strain (not to scale).

(c) On a similar drawing, sketch the distribution of stress (not to scale).

Problem 6.2 Consider a symmetric laminated beam with three laminae of equal thickness.
The top and bottom laminae are made out of steel, the center one of aluminum.
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(a) Make a sketch (not to scale) of the deformed shape of a beam subject to a positive
bending moment Mx. Make sure your drawing shows the thickness of the beam; i.e.,
do not idealize the beam by a line.

(b) On the same drawing, sketch the distribution of strain (not to scale).

(c) On a similar drawing, sketch the distribution of stress (not to scale).

Problem 6.3 Indicate whether the following are continuous or discontinuous functions
through the thickness. Also, indicate why some values are continuous or discontinuous and
state at which locations through the thickness this occurs.

(a) Strains εx, εy, and γxy

(b) Stresses σx, σy, and σxy

Problem 6.4 Given the following displacements and rotation functions

uo = A cos(αx) sin(βy); φx = Q cos(αx) sin(βy)
vo = B sin(αx) cos(βy); φy = R sin(αx) cos(βy)
w = C sin(αx) sin(βy)

where A, B, C, Q, and R are constants.

(a) Derive the middle-surface strains and curvatures.

(b) Derive the strain functions as a function of x, y, and z.

(c) For A = B = C = 0.001, Q = R = 2, α = β = π, x = y = 1/2, t = 0.002, evaluate
and plot the strain as a function of the thickness coordinate z.

Problem 6.5 Compute the maximum deflection of a rectangular plate of length a = 1600
mm (along x), width b = 800 mm (along y), and thickness t = 16 mm, with all sides simply
supported and loaded with a distributed, downward load q = 0.02 MPa. The laminate is
made of E-glass/epoxy with properties given in Table 1.1. Use a symmetric quasi-isotropic
laminate [0/90/± 45]4S. Use the following approximation, taken from [210]:

wmax = δ1
qb4

D ; D = Et3

12(1−ν2)

where δ1 = 0.01013 for a/b = 2, from Table 3.1 in [210].

Problem 6.6 Compute the maximum deflection of a rectangular plate of length a = 1600
mm (along x), width b = 800 mm (along y), and thickness t = 16 mm, with all sides simply
supported and loaded with a distributed, downward load q = 0.02 MPa. The laminate is
made of E-glass/epoxy with properties given in Table 1.1. Use a symmetric quasi-isotropic
laminate [0/90/± 45]4S. Use the Navier solution taken from [209]

wmax =
∞∑
n=1

∞∑
m=1

Wmn sin(mπ/2) sin(nπ/2)

where s = b/a and

Wmn =
16qb4

π6mn [D11m4s4 + 2(D12 + 2D66)m2n2s2 +D22n4]
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Problem 6.7 Given the following stresses

σx = Akz sin(αx) sin(βy); σyz = Qk sin(αx) cos(βy)
σy = Bkz sin(αx) sin(βy); σxz = Rk cos(αx) sin(βy)
σxy = 0

where k = 1 . . . N , N is the number of laminae, and Ak, Bk, Qk, and Rk are constants,
derive the seven stress resultants integrating over the thickness of a laminated plate with
N = 3, t1 = t2 = t3.

Problem 6.8 Compute the extensional [A], coupling [B], and bending stiffness [D] matrices
of a bimetallic (copper and aluminum) strip with each lamina t = 2 mm thick. For aluminum
E = 71 GPa, α = 23(10−6)/◦C. For copper E = 119 GPa, α = 17(10−6)/◦C. Assume the
Poisson’s ratio is ν = 0.3 for both materials.

Problem 6.9 Compute the [A], [B], and [D] matrices for an Aluminum plate, thickness
t = 1.0 mm, E = 71 GPa, ν = 0.3. Use Newton, mm, and MPa for the calculations.

Problem 6.10 Compute the [A], [B], and [D] matrices for a one-lamina [0] laminate made
of Carbon/Epoxy, with thickness t = 1.0 mm, E1 = 142 GPa, E2 = 10.3 GPa, G12 = 7.2
GPa, ν12 = 0.27, ν23 = 0.38. Use Newton, mm, and MPa for the calculations.

Problem 6.11 Compute the [A], [B], and [D] matrices for a one-lamina [30] laminate
with each lamina made of Carbon/Epoxy, lamina thickness t = 1.0 mm, E1 = 142 GPa,
E2 = 10.3 GPa, G12 = 7.2 GPa, ν12 = 0.27, ν23 = 0.38. Use Newton, mm, and MPa for
the calculations.

Problem 6.12 Compute the [A], [B], and [D] matrices for a [0/90]T laminate with each
lamina made of Carbon/Epoxy, lamina thickness t = 1.0 mm, E1 = 142 GPa, E2 = 10.3
GPa, G12 = 7.2 GPa, ν12 = 0.27, ν23 = 0.38. Use Newton, mm, and MPa for the calcula-
tions.

Problem 6.13 Compute the [A], [B], and [D] matrices for a [0/90]S laminate with each
lamina made of Carbon/Epoxy, lamina thickness t = 1.0 mm, E1 = 142 GPa, E2 = 10.3
GPa, G12 = 7.2 GPa, ν12 = 0.27, ν23 = 0.38. Use Newton, mm, and MPa for the calcula-
tions.

Problem 6.14 Compute the [A], [B], and [D] matrices for a [±30]S laminate with each
lamina made of Carbon/Epoxy, lamina thickness t = 1.0 mm, E1 = 142 GPa, E2 = 10.3
GPa, G12 = 7.2 GPa, ν12 = 0.27, ν23 = 0.38. Use Newton, mm, and MPa for the calcula-
tions.

Problem 6.15 Compute the [A], [B], and [D] matrices for a [±45/0/90/ ± 30] laminate,
made of Carbon/Epoxy, E1 = 142 GPa, E2 = 10.3 GPa, G12 = 7.2 GPa, ν12 = 0.27,
ν23 = 0.38. The total thickness of the laminate is H = 4 mm. Use Newton, mm, and MPa
for the calculations. Comment on the coupling of the constitutive equations.

Problem 6.16 Compute the [A], [B], and [D] matrices for a [±45]2 laminate, made of
Carbon/Epoxy, E1 = 142 GPa, E2 = 10.3 GPa, G12 = 7.2 GPa, ν12 = 0.27, ν23 = 0.38.
The total thickness of the laminate is H = 4 mm. Use Newton, mm, and MPa for the
calculations. Comment on the coupling of the constitutive equations.
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Problem 6.17 Compute the [A], [B], and [D] matrices for three laminates [±45]n, with
n = 2, 4, 8. The laminate is made of Carbon/Epoxy, E1 = 142 GPa, E2 = 10.3 GPa,
G12 = 7.2 GPa, ν12 = 0.27, ν23 = 0.38. The total thickness of the laminate is the same,
H = 4 mm, for all laminates. Use Newton, mm, and MPa for the calculations. Comment
on the coupling of the constitutive equations and on how certain terms reduce in magnitude
as n increases.

Problem 6.18 Compute the [A], [B], and [D] matrices for a [0/90]2 laminate, made of
Carbon/Epoxy, E1 = 142 GPa, E2 = 10.3 GPa, G12 = 7.2 GPa, ν12 = 0.27, ν23 = 0.38.
The total thickness of the laminate is H = 4 mm. Use Newton, mm, and MPa for the
calculations. Comment on the coupling of the constitutive equations.

Problem 6.19 Compute the [A], [B], and [D] matrices for three laminates [0/90]n, with
n = 2, 4, 8. The laminate is made of Carbon/Epoxy, E1 = 142 GPa, E2 = 10.3 GPa,
G12 = 7.2 GPa, ν12 = 0.27, ν23 = 0.38. The total thickness of the laminate is the same,
H = 4 mm, for all laminates. Use Newton, mm, and MPa for the calculations. Comment
on the coupling of the constitutive equations and on how certain terms reduce in magnitude
as n increases.

Problem 6.20 Define and explain the following: (a) Regular laminate, (b) Balanced lami-
nate, and (c) Specially orthotropic laminate.

Problem 6.21 For each of the following laminates, specify the laminate type. Note that a
laminate may have more than one characteristic, e.g., balanced and symmetric.

(a) [30/− 45/45/− 30].

(b) [30/0/− 45/45/90/− 30].

(c) [30/0/− 30/− 30/90/30].

(d) [±30/± 45].

(e) [0/90/± 45]T .

Problem 6.22 Write those terms that are equal to zero in the constitutive equations (A, B,
and D) for the following special laminates: (a) Symmetric, (b) Balanced antisymmetric, (c)
Cross-ply, and (d) Specially orthotropic.

Problem 6.23 Demonstrate that an angle-ply laminate has A16 = A26 = 0 using an example
laminate of your choice. In which case D16 = 0? In which case D16 6= 0?

Problem 6.24 Show that a balanced laminate, not necessarily symmetric, has A16 = A26 =
0. For which case D16 = 0?

Problem 6.25 Compute the [Q] matrix of a lamina reinforced with a balanced bidirectional
fabric selected from Table 2.12. Use Vf = 0.37, E-glass fibers, and isophthalic polyester
resin.

Problem 6.26 Compute [A], [B], and [D] matrices of the lamina in Problem 6.25. Also,
compute the (in-plane) laminate moduli Ex, Ey, Gxy, and νxy.

Problem 6.27 For each of the laminates described in Table 2.12, specify if they are balanced
and/or specially orthotropic. Explain why all these laminates have A16 = A26 = B16 =
B26 = D16 = D26 = 0.
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Problem 6.28 Consider laminates reinforced with one lamina of a fabric from Table 2.12.
Describe each of the eleven laminates using the laminate description code in Section 6.3.1
(see also Table 1.5). For each fabric type, specify if the laminate is balanced and/or specially
orthotropic.

Problem 6.29 Compute the curvature of the bimetallic in Problem 6.8 when it is subjected
to a change of temperature ∆T = 10◦C.

Problem 6.30 Calculate the strain εx at z = −t, z = 0, and z = t, where t is the thickness
of each lamina for the bimetallic analyzed in Problem 6.29.

Problem 6.31 Calculate the stress σx at z = −t, z = 0, and z = t, where t is the thickness
of each lamina for the bimetallic analyzed in Problem 6.29.

Problem 6.32 Compute the stresses in laminate coordinates at top and bottom of each lam-
ina in Example 6.1 when the laminate is subjected to ε0x = 765 10−6 mm−1, ε0y = −280 10−6

mm−1, κxy = −34.2 10−6 mm−1 and all remaining strains and curvatures equal to zero.

Problem 6.33 Consider a [0/90]S laminate made of Kevlar 49/epoxy (see Table 1.1), each
lamina 1.0 mm thick. Compute the stresses in lamina coordinates when Nx = 1 N/m.

Problem 6.34 Consider a [±45]S laminate made of Kevlar 49/epoxy (see Table 1.1), each
lamina 1.0 mm thick. Compute the middle-surface strains ε0x, ε

0
y, γ

0
xy, and the curvatures

κx, κy, κxy, when loaded with Nx = 1 N/mm; all remaining components equal to zero.

Problem 6.35 Consider a [±45]S laminate made of Kevlar 49/epoxy (see Table 1.1), each
lamina 1.0 mm thick. Compute the middle-surface strains ε0x, ε

0
y, γ

0
xy, and the curvatures

κx, κy, κxy, when loaded with Mxy = 1 N mm/mm; all remaining components equal to zero.

Problem 6.36 Consider a [±45]S laminate made of Kevlar 49/epoxy (see Table 1.1), each
lamina 1.0 mm thick, loaded with Mxy = 1 N mm/mm; all remaining components equal to
zero. Compute the strains εx, εy, and γxy at the interface between the 45◦ and −45◦ laminas
above the middle surface (z = 1.0 mm).

Problem 6.37 Compute the stresses σx and σ1 in the 45◦ and in the −45◦ laminas right
next to the interface at z = 1.0 mm, based on the strains computed in Problem 6.36. Discuss
the results.

Problem 6.38 Find σ1, σ2, and σ6 at z = 0, in the bottom lamina of a [±30]T laminate
subjected to Nx = 1 N/mm (all remaining forces and moments equal to zero), with t1 =
t2 = 1.27 mm, E1 = 137.8 GPa, E2 = 9.6 GPa, G12 = 5.2 GPa, ν12 = 0.3. Use Newton,
mm, and MPa units.

Problem 6.39 Given ε0x = ε0y = γ0
xy = 0 and κx = 1.0 m−1, κy = 0.5 m−1, κxy = 0.25 m−1,

compute the strains (in laminate coordinates) at z = −1.27 mm in a [±30]T laminate, with
lamina thickness 1.27 mm, E1 = 137.8 GPa, E2 = 9.6 GPa, G12 = 5.2 GPa, ν12 = 0.3.

Problem 6.40 Compute the stresses (laminate coordinates) at z = −1.27 mm in a [±30]T
laminate, with lamina thickness 1.27 mm, E1 = 137.8 GPa, E2 = 9.6 GPa, G12 = 5.2 GPa,
ν12 = 0.3.

Problem 6.41 Compute the laminate moduli (Ex, Ey, Gxy, and νxy) and the laminate
bending moduli (Ex, Ey, Gxy, and νbxy) for the laminate in Problem 6.33.
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Problem 6.42 Compute the in-plane laminate moduli for a [02/90/ ± 45]S laminate. The
material is E-glass/polyester with properties given in Table 1.2, with individual lamina thick-
ness tk = 0.125 mm.

Problem 6.43 Compute the bending laminate moduli for a [02/90/ ± 45]S laminate. The
material is E-glass/polyester with properties given in Table 1.2, with individual lamina thick-
ness tk = 0.125 mm.

Problem 6.44 Using carpet plots, estimate the elastic moduli Ex, Ey, Gxy, and νxy of
a [±45/08/90/08/90]S laminate built using S-glass/Epoxy material system with properties
given in Table 1.1.

Problem 6.45 Using carpet plots, estimate the elastic moduli Ex, Ey, Gxy, and νxy of a
[±45/06/903/06/903]S laminate built using IM7/8552 Carbon/Epoxy material system with
properties given in Table 1.4.



Chapter 7

Strength

Failure of a structural element occurs when it cannot perform its intended function.
Material fracture is the obvious type of failure but not the only one. Excessive
deflection is also a type of failure if the performance or the aesthetic value of the
structure is compromised. Even if the part does not collapse, partially damaged ma-
terials may be considered failed, for example if cracking affects the aesthetic value
of the structural element. Deflections are easier to predict than damage and frac-
ture. Predictions of deflections are addressed in Chapters 10 to 13 and in examples
throughout this book. The objective of this chapter is to describe strength design;
that is, to develop tools to predict damage and fracture of laminated composites
and to use those tools to select materials, configurations, and dimensions that allow
the structure to safely perform its function.

Damage and fracture of composite materials may occur in a variety of failure
modes including:

• Fiber tensile failure: occurs when the longitudinal stress σ1 approaches the
longitudinal tensile strength of the lamina F1t. It progresses according to the
Weibull distribution of fiber strength, represented by the shape parameter m.

• Fiber microbuckling: leads to longitudinal compression failure F1c. It is con-
trolled by the shear modulus of the lamina G12 and the standard deviation
of fiber misalignment sσ, which to a large extent depends on manufacturing
quality.

• Fiber-matrix debonding: that occurs when the fiber-matrix interface fails due
to excessive shear stress at the fiber-matrix interface and environmental degra-
dation of the interface.

• Matrix cracking: indicates the appearance of cracks that run parallel to the
fiber direction and quickly span the whole ply thickness where they appear.
They may be caused by mechanical loading, curing-induced residual stress,
thermal stresses, moisture ingress, or aging.

• Matrix shear: occurs when a combined state of shear and compression causes
shear failure of the matrix parallel to the fiber direction.

227
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• Delamination: is the propagation of a crack between laminas in a laminate due
to excessive interlaminar shear σ31, σ32, and/or bifurcation of matrix cracks
following the least resistant path to grow.

• Many others.

It is difficult to incorporate these many modes of failure into the design. A
simpler alternative is to use empirical lamina failure criteria, similar to the failure
criteria used in metal design, but modified for composites. While many failure
criteria have been proposed [21], the following are included in this textbook because
they highlight the most important concepts related to failure:

1. Maximum stress criterion.

2. Maximum strain criterion.

3. Interacting failure criterion.

4. Truncated-maximum-strain criterion.

5. Damage mechanics.

Lamina failure criteria are equations with parameters adjusted to fit experi-
mental data for failure of single-lamina composites. The criteria are then used for
design situations for which experimental data are not available including the design
of laminates. Furthermore, failure criteria are complemented with laminate failure
analysis techniques to predict first ply failure (FPF) of a laminate.

Analysis beyond FPF cannot be handled accurately without a good understand-
ing of the progressive degradation of the laminate under the particular load redis-
tribution and constraining provided by the laminate as a whole. For this purpose,
prediction of laminate strength (Section 7.3) is done either with approximate design
methods (Section 7.3.2) or with damage mechanics methods (Chapter 8). The ply
discount methods (7.3.1), requiring empirical damage factors, have been superseded
by more general formulations such as the one described in Chapter 8.

Lamina failure criteria are adjusted using experimental data obtained on simple
tests of unidirectional composites (Figure 7.1). As discussed in Section 4.5, the
strength of a unidirectional lamina is described by the following strength values:

• Tensile strength in the fiber direction F1t (see Section 4.5.1).

• Compressive strength in the fiber direction F1c (see Section 4.5.2).

• Tensile strength in the transverse direction F2t; not a true material property
(see Section 4.5.3).

• Compressive strength in the transverse direction F2c (see Section 4.5.7).

• Angle of the fracture plane α0 in transverse compression (see Section 4.5.7).
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• In-plane shear strength F6; not a true material property (see Section 4.5.5 and
7.2.1).

• Intralaminar shear strength F4 (see Section 4.5.9).

• Intralaminar shear strength F5 (see Section 4.5.9).

• Mode I fracture toughness1 GIc (see Figure 7.2 and Section 4.5.4).

• Mode II fracture toughness GIIc (see Figure 7.2 and Section 4.5.6).

If experimental data are not available, some of the material strength values listed
above can be predicted using micromechanics (Section 4.5).

F5

F1t F2t F1c F2c

F6

F4

Figure 7.1: Simple test configurations used to determine strength values of a unidi-
rectional lamina.
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Figure 7.2: Modes of fracture. I: opening, II: in-plane shear, III: out-of-plane shear.

In metal design there are two limits on the stress that the material can carry.
The first limit is the yield stress, which marks the end of the elastic behavior of
the material. The second limit is the strength, which indicates fracture of the ma-
terial. Both situations produce irreversible changes in the material. In the case
of yield, permanent deformations are induced. Metal structures may be considered

1See Section 1.4.
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permanently damaged if the yield stress is exceeded because after yield the structure
does not recover its original shape. Usually, the structure does not collapse until its
strength is reached.

For unidirectional composites reinforced with long fibers, yield stress and strength
usually coincide, the material usually having elastic behavior up to fracture except
when subjected to shear (Figure 4.11). However, internal damage usually takes
place before the strength is reached. Thus, damage initiation may be taken as the
first limit, equivalent to the yield of metals. Even though permanent deformations
are not necessarily induced, internal damage may induce or accelerate undesirable
secondary effects. For example, matrix cracking facilitates moisture ingress that in
turn reduces the life of the material. Therefore, the designer may want to limit the
stress values below those that trigger internal damage. Increasingly accurate design
methodologies to predict initial damage and strength of laminates are introduced
progressively in this chapter, culminating with a more realistic and accurate model
in Chapter 8.

7.1 Lamina Failure Criteria

In this section, empirical equations are used to fit experimental data for failure of
a unidirectional lamina. The samples used for testing may have a multi-lamina
construction to obtain the desired thickness but all laminas have the same fiber
architecture and same orientation. It is usual to perform these tests on unidirectional
composites. However, with the advent of 2D and 3D textile fiber systems, it is
necessary to incorporate data for these as well.

Ten parameters, most of them material properties, can be identified immediately
from simple experiments (Figure 7.1): F1t,F1c,F2t,F2c, α0,F4, F5,F6,GIc, and GIIc. If
a lamina is subjected to a simple state of stress, then it is easy to predict failure just
comparing the value of stress to that of strength. But most structures are subject
to complex states of stress, with several stress components acting simultaneously.
The objective of this section is to present a methodology for predicting failure of
an isolated lamina under a complex state of stress using strength information from
simple tests.

The applicability of lamina failure criteria to the analysis of laminates is limited
to prediction of FPF. Once damage starts, lamina failure criteria do not provide
useful information for predicting damage evolution, stress redistribution to other
laminas, and complete failure.

7.1.1 Strength Ratio

In order to use any failure criteria efficiently, the strength ratio R is defined as the
strength over the applied stress

R =
Strength

Applied Stress
=
F

σ
(7.1)



Strength 231

The strength ratio is similar to a safety factor. If R > 1 the stress level is below
the strength of the material. If R < 1, the stress value is higher than the strength
and failure is predicted. Since linear elastic behavior is assumed in this section,
multiplying all the applied loads by a factor R increases or reduces the stresses
proportionally, so that the new value of strength ratio becomes R = 1.

The failure load can be computed simply by analyzing the structure with an
arbitrary reference load, then multiplying the reference load by the value of R. To
include reliability in the design, see Section 1.5 and examples throughout this book
(e.g., Example 7.7).

7.1.2 Maximum Stress Criterion

This criterion predicts failure of a lamina when at least one of the stresses in lam-
ina coordinates (σ1, σ2, σ6, σ4, σ5) exceeds the corresponding experimental value of
strength. The criterion states that failure occurs if any of the following is true

σ1 > F1t if σ1 > 0
abs(σ1) > F1c if σ1 < 0
σ2 > F2t if σ2 > 0
abs(σ2) > F2c if σ2 < 0
abs(σ4) > F4; abs(σ5) > F5; abs(σ6) > F6

(7.2)

Note that compressive strength values are taken as positive numbers. From a
phenomenological point of view, the quantities F1t, F1c, F2t, F2c, F4, F5, F6 are ulti-
mate values. However, in design (see Section 1.5.3), the stress values on the left-hand
side of (7.2) must be increased by load factors α > 1 (1.22) and the strength on the
right-hand side of (7.2) must be reduced by resistance factors φ < 1 (1.21), or re-
placed by allowable or basis values that have the resistance factors built in (Section
1.5.6).

A graphical representation of the maximum stress criterion can be obtained when
only two stress components are different from zero. The special case of σ1 = σ4 =
σ5 = 0 is illustrated in Figure 7.3. Failure is not anticipated as long as the stresses
σ2, σ6 define a point (called design state) inside the rectangle. Failure is predicted
when the stress values σ2, σ6 reach any point on the rectangle (failure envelope).
The rectangle in Figure 7.3 limits the design space.

If the strength values are multiplied by φ/α, then the design space becomes
the safe region of operation. Considering all six components of stress, the design
space is a hypercube with sides F1t, F1c, F2t, F2c, F4, F5, F6, of which Figure 7.3 is
a projection on the σ2, σ6 plane. In terms of strength ratio, the maximum stress
criterion reads

R1 = F1t/σ1 ; if σ1 > 0 or R1 = −F1c/σ1 ; if σ1 < 0
R2 = F2t/σ2 ; if σ2 > 0 or R2 = −F2c/σ2 ; if σ2 < 0
R4 = F4/abs(σ4); R5 = F5/abs(σ5); R6 = F6/abs(σ6)

(7.3)

For a laminate, the strength ratio Rk for lamina k is the minimum of all the
Ri computed with (7.3) with i = 1, 2, 4, 5, 6. Storing strength values in two column
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Figure 7.3: The maximum stress criterion in stress space σ2 − σ6.

arrays, FT = [F1t;F2t;F4;F5;F6] for tensile strengths, and FC = [F1c;F2c;F4;F5;F6]
for compressive strengths, with the stress in lamina coordinates also stored in a
column array σ = [σ1;σ2;σ4;σ5;σ6], (7.3) reduces to

Rk = 1/max(〈σ〉./FT + 〈−σ〉./FC) (7.4)

where x./y denotes2 division element by element of the arrays x and y, both of which
must have the same size and structure, and the Macaulay operator 〈x〉 denotes the
positive part of the argument x, which can be computed as follows

〈x〉 =
1

2
(x+ |x|)) (7.5)

where |x| denotes the absolute value of the argument x.
One advantage of the maximum strength criterion is that it gives information

about the mode of failure. The minimum Rk corresponds to a particular mode of
failure that can be identified. Then, the laminate can be changed to reduce the
likelihood of failure in that mode. For example, the fiber angles can be changed
to reinforce the laminate against the identified mode of failure, or more material
may be added in the desired orientation, or a change in material system may be
necessary. Also, by looking at the relative values of the various Rk, it is possible to
detect overdesign, which is indicated by a large strength ratio Rk.

The maximum stress criterion is not conservative for stress states that are not
dominated by one component of stress. Consider point P in Figure 7.3, for which
both σ2 and σ6 are positive. Their values are close but still lower than the cor-
responding strength values F2t and F6. The maximum stress criterion predicts no

2Since some of the stress values could be zero, (7.4) cannot be written as min(F/σ) but (7.4)
still fails if all stress values are zero.
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failure. But experimental data from biaxial strength tests [215] show that there
are interaction effects that produce failure when two or more stress components are
close to their limits. When σ2 becomes negative (compression), the maximum stress
criterion may be too conservative (see point Q) or it may overpredict the strength
of the structure (see point R) as it does in this example for both tensile (P) and
compressive (R) transverse load. Interacting failure criteria (Section 7.1.4) have
been developed specifically to address this shortcoming.

Example 7.1 Use the maximum stress failure criterion to compute the strength ratio R
for a lamina subject to σ1 = 200 MPa, σ6 = 100 MPa, σ2 = −50 MPa, σ4 = σ5 = 0.
The lamina thickness is tk = 2.54 mm. The following material property allowables are
provided for the material system used:
E1 = 156.400 GPa, E2 = 7.786 GPa, G12 = 3.762 GPa, ν12 = 0.352
F1t = 1826 MPa, F1c = 1134 MPa, F2t = 19 MPa, F2c = 131 MPa, F6 = 75 MPa.
The given stress values represent ultimate loads, without variability or uncertainty.

Solution to Example 7.1 First, compute the values of strength ratio corresponding to each
orientation. Since the stress is tensile along the fiber direction, R1 is

R1 =
F1t

σ1
=

1826 MPa

200 MPa
= 9.13

In the transverse direction, the stress is in compression, so

R2 = −F2c

σ2
= − 131 MPa

−50 MPa
= 2.62

Since there is only one shear stress different from zero

R6 =
F6

σ6
=

75 MPa

100 MPa
= 0.75

and R4 and R5 are not used. Finally, the minimum strength ratio for the lamina is R =
R6 = 0.75 and the mode of failure is in-plane shear.

Since material allowables are provided and the load is known with certainty, no additional
safety factor, load factor, and/or resistance factor is needed. Any uncertainty about material
properties have been taken into account into the determination of the material allowables
(Section 1.5.6). Therefore, the lamina will fail in shear when the applied load is only 0.75 of
the reference value, but the laminate is overdesigned for the applied longitudinal load because
it could carry 9.13 times the applied longitudinal load.

7.1.3 Maximum Strain Criterion

The maximum strain criterion [216] is still the most popular failure criterion in
industry today. Using the concept of strength ratio (see 7.1.1), the maximum strain
criterion reads

R1 = ε1t/ε1 ; if ε1 > 0 or R1 = −ε1c/ε1 ; if ε1 < 0
R2 = ε2t/ε2 ; if ε2 > 0 or R2 = −ε2c/ε2 ; if ε2 < 0
R4 = γ4u/abs(ε4) R5 = γ5u/abs(ε5) R6 = γ6u/abs(ε6)

(7.6)
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where ε1t, ε1c, ε2t, ε2c, γ4u, γ5u, γ6u are strains to failure. Since elongations to failure
are usually reported in percent values in the literature, they would have to be
divided by 100 to be used in (7.6). Note that compressive strains to failure are
positive numbers and all R values are positive.

Storing the strain-to-failure values3 in two arrays, εT = [ε1t; ε2t; γ4u; γ4u; γ6u] for
tensile values, and εC = [ε1c; ε2c; γ4u; γ4u; γ6u] for compressive values, with the strains
in lamina coordinates also stored in an array ε = [ε1; ε2; γ4; γ5; γ6], (7.6) reduces to

Rk = 1/max(〈ε〉./εT + 〈−ε〉./εC) (7.7)

where x./y denotes division element by element of the arrays x and y, both of which
must have the same size and structure, and 〈x〉 denotes the positive part of the
argument x, which can be computed by (7.5).

If the material is linear elastic up to failure, the strain-to-failure values are
directly related to the strength values by

ε1t = F1t/E1 ε1c = F1c/E1

ε2t = F2t/E2 ε2c = F2c/E2

γ4u = F4/G23 γ5u = F5/G13 γ6u = F6/G12

(7.8)

In this case both criteria, maximum stress and maximum strain, give close but
not identical predictions of failure (Figure 7.4). However, actual values of elongation
to failure are usually larger than predicted by (7.8) except in the fiber direction
because of the nonlinear behavior shown in Figure 4.11 (see also Exercise 7.23).

For the special case γ4 = γ5 = γ6 = 0, Figure 7.4 represents the failure envelope
in the space ε1, ε2. The maximum strain criterion is a rectangle defined by the
elongations to failure ε1t, ε2t, ε1c, ε2c. Figure 7.4 is drawn using the data given in
Example 7.1, for carbon/epoxy with 63% fiber volume.

To illustrate some differences between maximum stress and maximum strain
criteria, the maximum stress criterion is represented in the ε1– ε2 diagram (Figure
7.4) assuming that the material behavior is linear up to failure (7.8). Note that a
material point with a stress state given by point P in Figure 7.4 is predicted to fail
by the maximum strain criterion but considered not to fail by the maximum stress
criterion. To construct the maximum stress failure envelope, note that the stress in
the longitudinal direction is (5.20)

σ1 =
1

∆
[E1ε1 + ν21E2ε2] (7.9)

∆ = 1− ν12ν21

If the material is linear up to failure, the maximum stress criterion predicts
failure when

σ1 = ε1tE1 (7.10)

Combining (7.9) and (7.10) we have

ε1t∆ = ε1 + ν21ε2 (7.11)

3Also called “ultimate strain.”
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Figure 7.4: Failure envelopes using the maximum strain and maximum stress criteria
in strain space ε1– ε2 for carbon/epoxy.

Then, the failure envelope for σ1 > 0 is defined by

ε2 =
ε1t∆

ν21
− ε1
ν21

(7.12)

This is a line of slope (−1/ν21) that crosses the axis at ∆ε1t, as shown in Figure
7.4. Similarly to (7.9), the stress in the transverse direction is

σ2 =
1

∆
[ν12E2ε1 + E2ε2] (7.13)

For the case of transverse compressive failure, the maximum stress criterion
predicts failure when σ2 = −ε2cE2, with the transverse compressive strain-to-failure
ε2c being a positive number. Then, the bottom portion of the failure envelope is
defined by

ε2 = −ε2c∆− ν12ε1 (7.14)

which is a line of slope (−ν12) with intercept at ε1 = 0, ε2 = −ε2c (1− ν12ν21). The
other lines are found in a similar way.

One reason for the use of the maximum strain criterion is the nonlinear behavior
of the composite (see Figure 4.11). In this case, strains to failure are larger than the
strains computed using Hooke’s law and the strength ratio values (7.8). The differ-
ence is large for pure resins (see Chapter 3) but small for composites in longitudinal
and transverse tension [215, p. 173].
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7.1.4 Interacting Failure Criterion

Most strength data available are for unidirectional composites under uniaxial load,
as follows:

1. Tensile strength in the fiber direction F1t which is dominated by the strength
of the fibers (Section 4.5.1).

2. The compressive strength in the fiber direction F1c, which is a fiber buckling
failure (Section 4.5.2).

3. The tensile strength transverse to the fibers F2t, which is matrix-dominated
(Section 4.5.3).

4. The compressive strength in the transverse direction F2c, which is qualitatively
and quantitatively different from all of the above (Section 4.5.7).

5. The in-plane shear strength of the composite F6, which is matrix-dominated
(Section 4.5.5).

These data give four points on the σ1, σ2 axes plus two points on the pure-shear
line (σ12 = −σ12 = ±F6). For uniaxial states of stress, the applied stress can be
compared directly with the corresponding strength to predict failure. For multiaxial
states of stress, some assumption about the material behavior is needed in order to
predict strength. Two distinct assumptions, or approaches, are discussed next.

The failure criteria presented in Sections 7.1.2 and 7.1.3 treat each mode of
failure independently of the rest. That is, a multiaxial state of stress is treated
as a set of uniaxial states that are independent of each other. If any of those
uncoupled, uniaxial states of stress exceed their corresponding strength values, then
that material is said to have failed. The fact that the material is subject to combined
stresses is ignored. This may lead to unsafe (or overdesigned) systems when two
modes of failure interact to cause failure at a state of stress (or strain) lower (or
higher) than predicted by each of the two modes acting separately. Typical cases
are the interaction among:

• Transverse tensile σ2 > 0 and shear stress σ6. In this case the interaction is
detrimental because both modes cause the same type of matrix cracks, thus
negatively affecting each other. For a detailed discussion see Chapter 8.

• Transverse compressive σ2 < 0 and shear stress σ6. In this case, transverse
compression usually enhances shear strength because matrix cracks caused by
shear have to overcome the friction imposed by the compression that closes
them. This effect can be modeled empirically by Mohr-Coulomb equations as
described in Section 4.5.7.

• Longitudinal compressive σ1 < 0 and shear stress σ6 (detrimental). In this case
shear stress causes shear damage that reduces the shear modulus G12, which in
turn brings about a reduction of the longitudinal compressive strength. This
effect can be seen clearly in (4.71)–(4.72).
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• Others.

Quadratic failure criteria such as Tsai-Hill [217, Section 7.1.4] and Tsai–Wu [217,
Section 7.1.5] were developed long time ago to address the interaction among modes,
but they went too far by artificially imposing interaction among all the modes. For
example, longitudinal tension is a fiber-dominated mode that is unaffected by the
remaining modes and, thus, it should be left alone. Quadratic failure criteria model
the entire failure envelope as a smooth surface in stress space. A projection of that
surface on the plane σ2–σ6 is shown in Figure 7.5 where it can be seen that the
interaction between matrix-dominated modes, in this case shear and transverse ten-
sion, can be predicted satisfactorily. However, the interaction between fiber modes
(i.e., longitudinal tension and compression) and the remaining modes is unsatisfac-
tory.

The noninteracting failure criteria, such as those presented in Sections 7.1.2 and
7.1.3, produce multiple values of strength ratio Ri, one for each mode of failure.
This is inconvenient during visualization of finite element analysis because it forces
visualization of multiple contour plots, one for each mode. Quadratic failure criteria
are popular in part because they produce a single value of R that summarizes
the state of stress in relation to strength, and thus require a single contour plot.
However, this convenience comes at a steep price because the quadratic criteria do
not provide any information regarding the nature of the mode of failure that is
dominant, thus depriving the designer of important guidance on how to improve the
design. Non-interacting failure criteria, by providing separate values for strength
ratio, explicitly indicate the mode that is likely to cause failure and the level of
underutilization of the material with respect to the modes that are not critical.
In fact, many designers that rely on quadratic criteria also display the results of
noninteracting criteria in order to identify the failure modes, thus complicating the
visualization process even further.

In summary, the major shortcomings of quadratic failure criteria are (a) the
artificial interaction between fiber and matrix modes of failure and (b) the lack of
identification of the critical modes of failure. Conversely, the major shortcoming of
the noninteracting criteria is the lack of interaction among modes that do interact.
In order to ameliorate the shortcomings mentioned so far, the interacting criterion
described below attempts to separate matrix modes from fiber modes, as follows

• Fiber-dominated failure:

〈σf1/F1t〉+ 〈−σf1/F1c〉 − 1 = 0 (7.15)

where 〈x〉 denotes the positive part of x (7.5), and F1t, F1c are both positive
values. Equation (7.15) is identical to the maximum stress criterion (see Ex-
ercise 7.24) in the longitudinal direction, and thus it does not recognize any
interaction with any other mode.

• Matrix-dominated failure:

f22(σf2 )2 + f44(σf4 )2 + f55(σf5 )2 + f66(σf6 )2 + f2σ
f
2 − 1 = 0 (7.16)
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with

f2 =
1

F2t
− 1

F2c

f22 =
1

F2tF2c
; f66 =

1

(F6)2

f44 =
1

(F4)2
; f55 =

1

(F5)2
(7.17)

Note that in the definition of the coefficients fi and fij , the compressive strength
values are defined as positive values. The interacting criterion (7.15–7.16) accounts
for different behavior in tension and compression.

In (7.15–7.16), the superscript f is used to indicate that any state of stress σfi
(i = 1, 2, 4, 5, 6) is a state of stress that produces failure. All the failure states of
stress obtained by combinations of those five stress components generate a closed
surface, the failure envelope, that separates the no-fail region from the failure region.
The failure envelope generated by (7.16) is an ellipse as shown in Figure 7.5. Good
comparison is shown between the predicted failure stresses and experimental data
from [215]. Note that both stresses σ2 and σ6 cause the same type of failure, namely
matrix-dominated failure. Interaction between the in-plane stresses σ1 and σ2 is
purposely avoided in (7.15–7.16).

-65

-50

-35

-20

10

25

40

55

70

-60 -45 -30 -15 15 30 45 60

Transverse Stress (MPa)

S
he

ar
S

tre
ss

(M
Pa

)

Interacting

Experimental
Data

Figure 7.5: Interacting failure envelope in σ6–σ2 space compared with experimental
data in the first quadrant.



Strength 239

For a particular design situation, a set of stresses are computed, that will be
either inside or outside of the failure envelope defined by (7.15–7.16) and illustrated
by the ellipse in Figure 7.5. If the design point is inside, the failure envelope indicates
that the material does not fail but there is no indication of how conservative the
design is. If the point is outside, the material will fail and some changes are needed,
but the magnitude of the necessary changes is not known. In order to have a useful
failure criteria, (7.15–7.16) is rewritten using the strength ratio R. Replacing the

stress components on the failure envelope σfi by Rσi, (7.15–7.16) become

• Fiber-dominated failure with strength ratio R1

R1 = 〈F1t/σ1〉+ 〈−F1c/σ1〉 (7.18)

where 〈x〉 denotes the positive part of x (see (7.5)); F1t, F1c are both positive
values, and σ1 6= 0.

• Matrix-dominated failure with strength ratio R2(
f22σ

2
2 + f66σ

2
6 + f44σ

2
4 + f55σ

2
5

)
R2

2 + (f2σ2)R2 − 1 = 0 (7.19)

which can be written in the form

aR2
2 + bR2 − 1 = 0 (7.20)

and solved for the strength ratio, which is the one with smallest positive value
of the two values of R calculated with

R2 =
−b±

√
b2 + 4a

2a
(7.21)

This gives the designer the choice to evaluate the two major modes of failure
separately. In this way, fiber orientations can be added to the laminate to assure that
matrix failure does not lead to the collapse of the laminate. However, the interacting
criterion (7.18–7.19) is still deficient in at least two ways. First, completely unrelated
modes, such as tensile and compressive modes, are still mixed up in the prediction of
failure. Second, each failure mode is assumed to have a gradually increasing influence
on the neighboring modes, proportional to the values of the stress components and
inversely proportional to the strength values. This is unlikely to be the case, given
the drastic differences among the physics behind the various failure modes. For a
more in-depth discussion, please refer to Chapter 8.

Example 7.2 Use the interacting criterion to compute the burst pressure of a cylindrical
pressure vessel with a diameter d = 25 cm and a wall thickness t = 2.5 mm. Use the
properties of carbon/epoxy in Example 7.1. To simplify the computations, assume the
cylindrical portion of the vessel is constructed with a single fiber orientation, filament
wound in the hoop direction. Note, however, that this is not an efficient design.
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Solution to Example 7.2 To take advantage of the concept of strength ratio, define a
reference pressure pref = 1.0 MPa. The ratio d/t = 100 indicates that this is a thin
pressure vessel, for which the following membrane equations can be used.

In the hoop direction, the stress is

σ1 = σh =
pd

2t
=

1× 0.25

2× 0.0025
= 50 MPa

Along the length of the cylinder, the stress is

σ2 = σl =
pd

4t
= 25 MPa

Since the vessel is hoop wound, σ1 = σh and σ2 = σl. With only internal pressure, there
are no shear stresses. All the normal stresses are positive. Next, compute the coefficients in
(7.17)

f2 =
1

19
− 1

131
=

1

22.2

f22 =
1

19× 131
=

1

2489

f66 =
1

752

The interacting criterion (7.18–7.19) predicts the minimum value R2 = 0.76, corre-
sponding to failure in the transverse direction, while in the fiber direction R1 = 36.52.
Then, the predicted burst pressure is

pburst = R2 pref = 0.76× 1 = 0.76 MPa

The maximum stress criterion (7.18) predicts

R1 = 1826/50 = 36.52

R2 = 19/25 = 0.76

Since there is no shear, there is no interaction. Therefore, the interacting criterion
and the maximum stress criterion predict the same values. Note that a large value of R1

indicates that hoop fiber orientation is not ideal for a pressure vessel. In fact, the optimum
fiber orientation for a cylindrical pressure vessel is 55◦.

Example 7.3 Predict the maximum negative pressure that can be applied if the pressure
vessel in Example 7.2 is now used to hold vacuum.

Solution to Example 7.3 Although this thin vessel is likely to fail by buckling (see 11.2
and [1, 2, Chapter 4]), the analysis below is limited to the evaluation of the strength of the
material only. As in Example 7.2, taking pi = pref = 1 MPa, we have σ1 = −50 MPa, σ2 =
−25 MPa.

Since there is no shear, there is no interaction and thus the maximum stress criterion
can be used to obtain R1 = 1134/50 = 22.68 and R2 = 131/25 = 5.24. Finally, the burst
pressure is pb = Rpref = 5.24 MPa.
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The increase of burst pressure with respect to Example 7.2 can be explained as follows.
The failure in Example 7.2 was dominated by the tensile strength F2t = 19 MPa, as it was
indicated by the maximum stress criterion. By changing the state of stress to a compressive
stress, a much higher compressive strength F2c = 131 MPa allows a higher burst pressure
of the vessel. The interacting criterion and the maximum stress criterion predict identical
values for Examples 7.2 and 7.3 because there is no shear, so there is no interaction.
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Figure 7.6: The off-axis test.

Example 7.4 The Off-Axis Test
The off-axis test (Figure 7.6) consists of applying a tensile load on a rectangular sample
with fibers oriented at an angle θ with respect to the loading direction [218]. The analysis
of the off-axis test is presented below as an illustration of the interacting criterion and to
gain some insight into its applicability.

Solution to Example 7.4 Away from the grips, the normal, transverse, and shear stresses
(5.44) are

σ1 = σx cos2 θ

σ2 = σx sin2 θ

σ6 = −σx sin θ cos θ

The longitudinal tensile strength F1t = 565 MPa is obtained in a test with θ = 0◦.
The transverse tensile strength F2t = 30 MPa is obtained from a test with θ = 90◦. These
data, as well as data for intermediate values of θ, are shown with symbols in Figure 7.6 for
carbon/epoxy with Vf = 0.5 [215].

Inspection of Figure 7.6 reveals that the failure is dominated by three isolated modes in
three regions. For θ < 6◦, the longitudinal strength controls. For θ > 28◦, the transverse
strength controls. For 6◦ < θ < 28◦, shear strength controls. In the region 10◦ < θ < 16◦, the
shear strength clearly controls the failure while both longitudinal and transverse stresses are
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under 50% of their strength values. This suggests that the shear strength could be obtained
from the off-axis test in this range of angles. In fact, the experimental value of laminate
strength (340 MPa) for θ = 10◦ was used to determine F6 = 340 sin(10) cos(10) = 58 MPa,
where the minus sign has been omitted because the shear strength in lamina coordinates F6

is independent of the sign of the applied shear stress σ6.
Using experimental values for longitudinal and transverse strength along with the com-

puted shear strength into the interacting criterion, and assuming F1c = F1t and F2c = F2t

in (7.17), an excellent prediction is obtained for all the off-axis data as shown in Figure 7.6.

7.1.5 Hygrothermal Failure (*)4

In order to account for hygrothermal expansion, it is necessary to introduce tem-
perature and moisture into the lamina failure criteria so that they account for the
additional stresses and strains induced by temperature and moisture. In this sec-
tion, it is assumed that the designer has no control over the environment, and that
the temperature change ∆T and the moisture concentration change ∆m are given
values, out of the designer’s control. Therefore, the strength ratio R is defined so
that it is a safety factor for the mechanical loads. Then, the strength ratio can be
used to find the maximum mechanical loads that the lamina can resist under con-
stant environmental changes in temperature ∆T and moisture ∆m. For example,
taking the first equation of the maximum stress criterion (7.3), it can be written as

R1σ1 + σHT1 = F1t (7.22)

or

R1 =
F1t − σHT1

σ1
(7.23)

where σHT1 is the hygrothermal stress (Section 6.6). Note that the effect of hygro-
thermal loading is equivalent to a reduction of the tensile strength. Therefore, the
maximum stress criterion becomes

R1 = (F1t − σHT1 )/σ1 if σ1 > 0 or R1 = (−F1c − σHT1 )/σ1 if σ1 < 0
R2 = (F2t − σHT2 )/σ2 if σ2 > 0 or R2 = (−F2c − σHT2 )/σ2 if σ2 < 0
R6 = (F6 − σHT6 )/σ6 if σ6 > 0 or R6 = (F6 + σHT6 )/σ6 if σ6 < 0
R4 = (F4 − σHT4 )/σ4 if σ4 > 0 or R4 = (F4 + σHT4 )/σ4 if σ4 < 0
R5 = (F5 − σHT5 )/σ5 if σ5 > 0 or R5 = (F5 + σHT5 )/σ5 if σ5 < 0

(7.24)

where the compressive strength values F1c and F2c are taken as positive numbers.

All the remaining failure criteria can be modified similarly. For example, the
interacting criterion (7.18–7.19) can be written as (see Exercise 7.24)

• Fiber-dominated:

R1 = 〈F1t − σHT1

σ1
〉+ 〈−F1c + σHT1

σ1
〉 (7.25)

4Sections marked with (*) can be omitted during the first reading in an introductory course but
are recommended for further study and reference.
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• Matrix-dominated:

fi
(
σiR+ σHTi

)
+ fij

(
σiR+ σHTi

) (
σjR+ σHTj

)
− 1 = 0 (7.26)

where Einstein’s summation convention5 is used with i, j = 2, 4, 5, 6 and the
fij coefficients are given by (7.17).

After expanding and collecting like terms, (7.26) can be written as

aR2
2 + 2bR2 + c = 0 (7.27)

with

a = f22σ
2
2 + f44σ

2
4 + f55σ

2
5 + f66σ

2
6

b = f22σ2σ
HT
2 + f44σ4σ

HT
4 + f55σ5σ

HT
5 + f66σ6σ

HT
6 +

1

2
f2σ2

c = f22(σHT2 )2 + f44(σHT4 )2 + f55(σHT5 )2 + f66(σHT6 )2 + f2σ
HT
2 − 1 (7.28)

and

R2 =
1

a

(
−b+

√
b2 − ac

)
(7.29)

A negative radical in (7.29) indicates that the hygrothermal loads alone are sufficient
to cause failure of the laminate. Finally, the strength ratio is the minimum value of
R1 and R2.

7.2 First Ply Failure

First ply failure (FPF) load is the load at which the first lamina failure occurs in a
laminate. Since the transverse strength F2t and shear strength F6 of the polymer
matrix composites (PMC) are usually much lower than the longitudinal strengths
(F1t, F1c), FPF is usually due to transverse and/or shear failure modes, which are
normally caused by matrix cracking.

To find the first ply (or lamina) that fails and the corresponding first ply failure
(FPF) load, one can use any of the strength failure criteria described in Section
7.1. First compute the stress in all laminas before the first lamina fails using the
procedure described in Section 6.2. Since the stress distribution is piecewise lin-
ear through the thickness of a laminate (see Figure 6.5), the maximum value of a
component of stress is found either on the top or bottom of each lamina. Next,
a strength failure criterion is used at those points to compute the strength ratios
R(k) for all n laminas, with k = 1...n, as per Section 7.1.1. The minimum value
R = min(R(k)) of all those computed corresponds to the most compromised lamina.
If R(k) < 1, that lamina fails.

In design, provided that the strength values have been reduced by resistance
factors φ and the loads increased by load factors α (Section 1.5.3), the minimum

5Repeated subscripts in a term imply a summation over the range of the subscript, i.e., fiσi =∑
i=2,4,5,6 fiσi.
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value of R of all those computed is the safety factor of the laminate. If R is less than
one, redesign must be done. Also, if R is too large, it indicates that the laminate is
overdesigned and savings can be realized by redesign.

Unlike the unidirectional (UD) lamina considered in Section 7.1, the laminas in a
laminate are constrained by adjacent laminas; i.e., a cracked lamina is held together
by adjacent laminas making it difficult for cracks to propagate. More properly, the
constraining effect retards the propagation of inherent defects into a fully developed
first crack and further retards the appearance of multiple cracks necessary to cause
major loss of stiffness and strength in the lamina. For an unconstrained UD lamina,
the initiation of matrix cracks happens at a lower stress (strain) than when the same
lamina is embedded in a laminate. Furthermore, in a UD lamina, crack initiation
coincides with fracture of the lamina because there are no constraining laminas to
prevent the propagation of the first matrix crack to the point that the UD lamina
fractures completely. Therefore, in a UD lamina, F2t and F6 coincide with the
formation of the first crack.

The initiation and propagation of cracks is controlled by two fracture toughness
values, which are represented by material properties GIc and GIIc. Since strength
failure criteria do not use fracture toughness but rather use strength values F2c

and F6 of a UD lamina, they are incapable of predicting the constraining effect of
adjacent laminas. In order to continue using strength failure criteria, one must adjust
the strength values to take into account the constraining effect, thus calculating so-
called in situ strength values F k2c and F k6 for each lamina k [201]. In situ strengths are
not material properties because their values depend on the thickness of the lamina
and the stiffness of the laminate in which the lamina is embedded. Calculation of
in situ strengths is presented in Section 7.2.1.

Calculation of the FPF load is only the beginning of the analysis because more
often one needs to determine the laminate strength (see Section 7.3). In the ply
discount method (Section 7.3.1), it is assumed that once a lamina fails in trans-
verse/shear mode, the lamina loses all of its stiffness except in the fiber direction.
Such sudden discontinuity in stiffness causes numerical convergence problems in al-
gorithms designed to try to follow the progressive failure of the laminate, one lamina
at a time. In reality transverse/shear failure does not happen suddenly but grad-
ually. Transverse/shear damage in the form of matrix cracks, parallel to the fiber
direction, appear at a certain level of stress or strain, both of which are a function
of the applied load (Figure 7.7). The crack density increases with load and both
the transverse and shear stiffness of the lamina decrease until they virtually vanish.
During this gradual process, stress is redistributed to the adjacent laminas. An an-
alysis methodology based on this, a more realistic description of material behavior,
is presented in Chapter 8.

Matrix cracking is more important and pronounced for material systems with
brittle matrix and compliant fibers such as glass/polyester (i.e., when εfu > εmu).
Multidirectional laminate composites using carbon fibers and though matrices such
as epoxy have the strains in every direction controlled by the stiff and relatively
brittle carbon fibers (εfu < εmu). If, based on experience, matrix cracking can be
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Figure 7.7: Matrix cracks in the ±70 laminas of a [0/ ± 704/0/ ± 704/0] Car-
bon/Epoxy (IM7/MTM45-1) laminate loaded along the 0◦ direction, as revealed
by X-ray imaging [45].

neglected or ruled out, the strength of multidirectional carbon-fiber laminates can be
predicted by a simpler approach (Section 7.3.2) based on the fiber strain-to-failure
(εfu).

Example 7.5 Using the maximum stress criterion, compute the first ply failure (FPF)
load of a [0/90]S laminate subject to Nx 6= 0, Ny = Nxy = 0. Each lamina is 2.54 mm
thick. Use the following material properties:
E1 = 54 GPa ; E2 = 18 GPa ; G12 = 9 GPa ; ν12 = 0.25.
F1t = 1,034 MPa ; F1c = 1,034 MPa ; F2t = 31 MPa ; F2c = 138 MPa ; F6 = 41 MPa.

Solution to Example 7.5 Assuming the transition thickness to be tt = 0.6 mm, the in situ
values of strength (7.42) are

te = min(2.54, 0.6) = 0.6 mm Note: the laminas are “thick”

F is2t = 1.12
√

2 31 = 49.1 MPa

F is6 =
√

2 41 = 58.0 MPa

Since this is a symmetric cross-ply laminate and only in-plane loads are present, only
the [A] matrix is necessary. Using the macromechanics analysis presented in Chapters 5
and 6 and (5.24)

[Q] =

 55.1 4.6 0
4.6 18.4 0
0 0 9

GPa

and using (6.20)

[A] =

 374 46.7 0
46.7 374 0

0 0 91.44

GPa mm

Note that the laminate has the same amount of material oriented in the 0-degree and
90-degree directions, so A11 = A22. Only two of the middle-surface strains are different
from zero, which can be computed with (6.25). Using a reference load Nx = 1000 N/mm
we have

ε0x = 2.72 10−3

ε0y = −0.34 10−3
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Figure 7.8: Representative crack geometry.

These are also the only strains throughout the laminate since the curvatures are zero.
Since there are only two nonzero stresses (6.27–6.28), they can be easily tabulated along with
the values of the strength ratios (7.3).

Lamina σ1[MPa] σ2[MPa] R1 R2

OUTER 148.4 6.2 6.9 7.857
MIDDLE −6.2 48.4 165.4 1.013

The top and bottom laminas are 0-degree plies, which experience the same stress. The
middle laminas are the 90-degree plies. The minimum value is R = 1.013. Therefore, the
FPF load is

NFPF = 1000× 1.013 = 1013 N/mm

At this load, the middle laminas experience transverse failure. The stress in the middle
lamina at failure is

σ2 = 48.4× 1.013 = 49.0 MPa ≡ F is2t

which is equal to the in situ transverse strength of the material. After first ply failure, that
stress must be transferred to the outer laminas. See Examples 7.6 and 7.8.

Scilab code for this example is available on the Website [4].

7.2.1 In Situ Strength (*)4

Regardless of how much care is taken in production, all materials contain inherent
defects, including voids, microcracks, sites with weak fiber-matrix interfaces, and so
on. These defects act as nucleation sites where cracks can initiate and propagate.
The fracture mechanics analysis of solid media assumes that a representative crack
exists that represents the effects of various defects present in the material. For a
fiber-reinforced lamina embedded in a laminate, one such representative crack is
illustrated in Figure 7.8. A crack parallel to the fiber direction will grow in the
longitudinal (L) or thickness (T) direction as soon as the energy release rate (ERR)
exceeds the fracture toughness6 GIc, GIIc, of the material in one of those directions.

6See Section 1.4.
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The ERR for a laminate, such as the one displayed in Figure 7.8, were calculated
in [202] as a function of the transverse dimension 2a0.

In the transverse direction, the ERR are

GTI =
πa0

2
Λ0

22σ
2
2 ; GTII =

πa0

2
Λ0

44σ
2
6 (7.30)

where7

Λ0
22 = 2

(
1

E2
− ν2

12E
2
2

E3
1

)
; Λ0

44 =
1

G12
(7.31)

Therefore, a crack propagates in the thickness direction x3 when the ERRs reach
the fracture toughnesses (GI = GIc, GII = GIIc) and at that moment the values of
stress are by definition equal to the in situ strength values (σ2 = F is2t , σ6 = F is6 ).
Therefore, (7.30) becomes

GIc =
πa0

2
Λ0

22

(
F is2t

)2
; GIIc =

πa0

2
Λ0

44

(
F is6

)2
(7.32)

In the longitudinal direction, the ERR are

GLI =
πa0

4
Λ0

22σ
2
2 ; GLII =

πa0

4
Λ0

44σ
2
6 (7.33)

Since the transverse ERR (7.30) are twice higher than the longitudinal ERR
(7.33), a crack will grow first through the thickness until it is constrained by the
adjacent laminas; then it has no choice but to grow parallel to the fiber direction.
Furthermore, (7.30) also indicates that the energy release rate is proportional to
the crack length 2a0, so the crack will grow unstably in the transverse direction.
If the lamina containing the crack is thin, the crack quickly occupies the entire
thickness of the lamina, tk = 2a0. Then, it must grow in the longitudinal direction
when GI = GIc, and/or GII = GIIc. In other words, a crack occupying the entire
thickness of the lamina (tk = 2a0 in Figure 7.8) cannot propagate further in the
thickness direction because it would have to penetrate the adjacent laminas, so it
propagates in the longitudinal direction (7.33) when the ERR reaches the fracture
toughness and at that moment the values of stress are, by definition, the in situ
strength values F is2t , F

is
6 , as follows

GIc =
πtk
8

Λ0
22

(
F is2t

)2
; GIIc =

πtk
8

Λ0
44

(
F is6

)2
(7.34)

where, since there is no evidence to the contrary, we have assumed that the fracture
toughness in the transverse and longitudinal directions is identical. Therefore, for a
thin lamina, assuming the crack occupies the entire thickness of the lamina tk = 2a0,
the apparent in situ strength [201] can be calculated as a function of the lamina
thickness tk and fracture toughness as

F is−thin2t =

√
8GIc
πtkΛ

0
22

; F is−thin6 =

√
8GIIc
πtkΛ

0
44

(7.35)

7Note that Λ0
22 = 1/Λ22 with the latter defined in (4.74).
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Note that the in situ values are a function of the thickness of the lamina, and
thus they are not material properties.

If the lamina containing the crack is thick, the crack (with size 2a0 in Figure 7.8)
will grow unstably through thickness until it reaches the interface. So, the apparent
in situ strength can be calculated from (7.32) as

F is−thick2t =

√
2GIc
πa0Λ0

22

; F is−thick6 =

√
2GIIc
πa0Λ0

44

(7.36)

Note that (7.35) yields the same values as (7.36) when tk = 4a0. This means that
the transition from thin to thick occurs when tt = 4a0, thus defining the transition
thickness tt for the material. Plots of experimental data [202, Figures 5 and 6]
representing the behavior of thin laminas (7.35) and thick laminas (7.36) intersect
when the lamina thickness is equal to the transition thickness

tt = 4 a0 (7.37)

Experimental data from [203] yield tt = 0.6 mm for glass/epoxy and tt = 0.8 mm
for carbon/epoxy composites. Laminas thinner than tt are considered thin and those
thicker than tt are said to be thick. Further, if the transition thickness of a composite
is known, one can estimate the half-size of the representative crack as a0 = tt/4.

Testing a unidirectional laminate, such as [020], yields strength values F2t and
F6. For a transverse tensile test, e.g., [151, ASTM D 3039], the most critical crack is
a corner crack of dimension 2a0 that propagates when GI = GIc (Figure 4.18). For
an in-plane shear test, e.g., [151, ASTM D 5379], the most critical crack is a surface
crack of dimension 2a0 that propagates when GII = GIIc (Figure 4.21). The ERR
for these two cases are available from [200] as8

GI = 1.122πa0Λ0
22σ

2
2 ; GII = πa0Λ0

44σ
2
6 (7.38)

and the unidirectional laminate fails when

GIc = 1.122πa0Λ0
22 (F2t)

2 ; GIIc = πa0Λ0
44 (F6)2 (7.39)

Equation (7.39) provides a way to estimate the fracture toughness from strength
data for unidirectional laminates. However, transverse tensile strength data F2t of
unidirectional laminates is often unreliable due to the large scatter in the data and
other factors associated with the brittle nature of the unconstrained laminate. If
the intralaminar fracture toughness is known, or it can be estimated, then strength
values for a unidirectional lamina can be estimated by inverting (7.39) and assuming
a0 to be 1/4 of the transition thickness tt, i.e.,

F2t =
√
GIc/

(
1.122πa0Λ0

22

)
; F6 =

√
GIIc/

(
πa0Λ0

44

)
(7.40)

8Note that (7.30,7.33) for a constrained crack are different from (7.38) for an unconstrained
crack.
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Comparing (7.32) with (7.39), explicit expressions for the in situ strength values
[201] for a thick lamina are obtained as

F is−thick2t = 1.12
√

2F2t ; F is−thick6 =
√

2F6 (7.41)

Substituting (7.39) into (7.35), comparing to (7.36), and defining the effective
thickness te = min(tt, tk), unique expressions for the in situ values, valid for thick
and thin lamina, are obtained as follows

te = min(tt, tk)

F is2t = 1.12

√
2tt
te
F2t ; F is6 =

√
2tt
te
F6 (7.42)

where tk is the thickness of the lamina being analyzed. Therefore the in situ strength
depends on the thickness of each lamina. Thus, in situ strengths are not material
properties because material properties must be invariant with respect to dimensions.
Furthermore, the properties F2t, F6, are material properties for a unidirectional lam-
ina by itself (not in a laminate), but they can be used to calculate the in situ strength
of the same unidirectional lamina once it is built into a laminate.

Values of the transition thickness can be estimated from [203] as tt = 0.6 mm
for glass/epoxy and tt = 0.8 mm for carbon/epoxy composites. However, adjusting
strength values as a function of ply thickness via in situ values such as (7.42)9 do not
provide any information about crack density (damage) evolution; they only provide
the load at which the first crack appears. In a UD laminate, the first crack leads to
collapse, but for most practical laminates, the first crack has barely any immediate
effect on the mechanical behavior of the laminate. Design-critical issues such as loss
of laminate stiffness, stress redistribution to the remaining laminas, and eventual
collapse require prediction of damage evolution (see Chapter 8).

The LSS has an effect on the first crack load (or strain) and on damage evo-
lution, as exemplified in Figure 7.9 and Example 7.9. For Figure 7.9, the discrete
damage mechanics calculations (DDM) were performed with the model described
in [220]. The in situ FPF were calculated with classical lamination theory (CLT)
with strength values adjusted with (7.42) to reflect the thickness of each lamina. The
material is glass/epoxy (see Example 8.1) and the lamina thickness is tk = 0.2 mm.
It can be seen that the laminate [02/904/02] cracks at lower applied strain than
[0/902/02/902/0] even though both laminates have identical amounts of 0◦ and 90◦

laminas. This is due to the constraining effect provided by interspersed 0◦ laminas.

While using (7.42), the total thickness tk of the center lamina in [02/904/02]T
must be used. Also, twice the thickness of the surface lamina in [902/02]S must be
used. The values of crack initiation strain predicted by using (7.42) are shown with
a square symbol in Figure 7.9.

9Equation (7.42) does not take into account shear nonlinearity and, consequently, may overesti-
mate the in situ shear strength [219].
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Figure 7.9: Crack initiation and evolution in two laminates with the same in-plane
stiffness, i.e., [02/902]S and [0/902/0]S .

Example 7.6 Compute the FPF load [Nx, 0, 0] and FPF strain εFPFx for a [03/904]S made
of E-glass/epoxy (Table 1.1) with lamina thickness tk = 0.1 mm using in situ values into
the maximum stress criterion.

Solution to Example 7.6 Since the laminate is symmetric, only the [A] matrix is needed

[A] =

 36.96 3.22 0
3.22 43.62 0
0.0 0.0 7.7

 GPA mm

For E-glass/epoxy, from Table 1.1, F2t = 40 MPa. The transition from thin to thick
lamina for E-glass/epoxy is assumed to be tt = 0.6 mm [203]. Since the laminate is sym-
metric, the in situ strength of the center lamina is calculated by using the full thickness of
the center lamina as

te = min(tt, tk) = min(0.6, 8× 0.1) = 0.6 mm Note: the lamina is “thick.”

F is2t = 1.12
√

2 40 = 63.36 MPa

Applying N = [1, 0, 0], get εx = 27.2 10−6, σ90
2 = 0.3254 MPa. This results in a strength

ratio RFPF = 63.36/0.3254 = 194.7.

Applying N = [194.7, 0, 0] results in εFPFx = 0.53% with the center lamina failing at
σ2 = 63.36 MPa.

The Scilab code for Example 7.5 can be easily adapted for this example.
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Example 7.7 Design a cylindrical pressure vessel with diameter d = 0.4 m, internal
pressure p = 3.0 MPa with 10% COV, for 95% reliability with respect to first ply failure.
Use E-glass/epoxy with properties from Table 1.1. Assume that the strength properties
have a 12% COV. Use ply thickness tk = 0.375 mm and assume that for E-glass/Epoxy
the transition thickness is tt = 0.6 mm. Use the maximum stress criterion and a coordinate
system on the surface of the cylinder with the y-axis oriented in the hoop direction and
the x-axis oriented along the length.

Solution to Example 7.7 For a 95% reliability, from Table (1.6), the standard variable is
z = −1.645. Then, with pressure COV κp = 0.10, strength COV κF = 0.12, the load and
resistance factors are calculated with (1.21–1.22) as follows

α = 1− zκp = 1 + 1.645× 0.10 = 1.1645

φ = 1 + zκF = 1− 1.645× 0.12 = 0.8026

The load factor α must be applied to the loads and the resistance factor φ to the strengths.
The loads per unit length (stress resultants), in the longitudinal and hoop directions, that

equilibrate the internal pressure are

Nx =
α p d

4
=

1.1645× 3.0× 400

4
= 349.3 N/mm

Ny =
α p d

2
=

1.1645× 3.0× 400

2
= 698.7 N/mm

Since the hoop/radial load ratio is Ny/Nx = 2, and using an angle ply laminate, it is
easy to demonstrate by trial and error that the optimum angle is 55o. Selecting the LSS to
be [55n/− 55n]S, it only remains to find n.

With n = 1, the center lamina has thickness t = 2 tk = 0.75 mm which is larger than
the transition thickness, so the center lamina is considered to be a “thick” lamina from the
point of view of in situ strength. Furthermore, for in situ calculations the outer laminas
must be counted as having twice their actual thickness, so again even with n = 1 the outer
laminas are considered to by “thick”. Therefore, the in situ strengths can be calculated even
before selecting the number of plies per lamina n, as follows

F is2t = 1.12
√

2F2t = 1.584F2t = 63.357 MPa

F is6 =
√

2F6 = 1.414F6 = 84.553 MPa

and to take into account the variability of strength, the allowable strength values are

φF is2t = 0.8026× 63.357 = 50.68 MPa

φF is6 = 0.8026× 84.553 = 67.64 MPa

Using the max. stress criterion, a laminate with n = 1 loaded with N = {349.3, 698.7, 0}
has a preliminary RFPF = 0.376 and the mode of failure is “transverse failure”. Therefore,
the required number of plies per lamina would be n = 1/0.376 = 2.7 but an integer number
has to be selected. Using n = 3, one gets RFPF = 1.127.
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Note that matrix cracking at FPF load may allow seepage of gas and liquid through the
laminate and, unless a liner is used, this would dictate the limit pressure for the vessel. Also
note that [55n/− 55n]S would result in a center lamina with n = 8, which would be prone to
cracking. Therefore, the LSS should be replaced by [±(55)n] where at most the center lamina
has n = 2, and thus it is much less prone to cracking.

Scilab code for this example is available on the Website [4].

7.3 Last Ply Failure

Computation of the first ply failure (FPF) load was presented in Section 7.2. For
most polymer matrix composites, FPF involves matrix degradation, such as matrix
cracks. As a lamina degrades, its stiffness reduces and its stress is redistributed
to the remaining laminas, which may then become overloaded and fail. Prediction
of complete failure of a laminate requires tracking the degradation of most if not
all the laminas until the laminate is no longer capable of carrying the applied load.
Three strategies are presented in this book for the prediction of complete failure, also
called last ply failure (LPF). The first one, called ply discount, is the most obvious
but not necessarily the most accurate method. Next, the truncated-maximum-strain
criterion is the simplest yet sound method for predicting LPF of carbon-fiber re-
inforced composites during preliminary design. Finally, discrete damage mechanics
(DDM), presented in Chapter 8, is a more accurate method for predicting the onset
and subsequent accumulation of damage.

7.3.1 Ply Discount

Once transverse/shear failure has been detected in one lamina, the stiffness of that
lamina needs to be degraded according to the severity of the damage to that lamina.
In the damage mechanics method described in Chapter 8, the crack density λ and
degraded stiffness E(λ) are calculated at each load step. In the ply discount method
discussed here, the stiffness is degraded suddenly in all but the fiber direction.
Such selectivity is justified because matrix cracks do not significantly affect the
longitudinal stiffness E1 as long as the fibers remain intact. However, the drastic
change of stiffness called upon by ply discount may cause convergence problems
in the numerical implementation of the method, specially in the context of finite
element analysis. In an attempt to avoid drastic changes of stiffness, a scalar damage
factor 0 ≤ d < 1 is sometimes advocated to reduce the stiffness as follows10

E1 = Ẽ1 ; E2 = (1− d) Ẽ2

G12 = (1− d) G̃12 ; G23 = (1− d) G̃23

ν12 = (1− d) ν̃12 (7.43)

where tilde indicates original properties of the undamaged material. When d = 1,
the method reduces to the ply discount method. Note that no reliable method exists

10The damage factor d introduced here relates to the degradation factor df used in the first
edition of this book as follows: df = (1− d).
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to predict the value of d. Although it is possible to select a value of d so that the
predicted laminate strength matches an experimental value of laminate strength,
such value is usually inadequate to predict the strength when the laminate stacking
sequence (LSS) or other characteristics of the laminate change. This is because all
components of stiffness are reduced equally.

Once a lamina has been discounted (or degraded), only fiber strength failure
criteria are applied because the composite is assumed to have failed in all the matrix-
dominated modes (transverse and shear); only the strength of the fibers remains.
Therefore, the lamina strength criteria in Section (7.1) reduce to

• Maximum stress criterion, (7.4) reduces to

R1 = 〈F1t/σ1〉+ 〈−F1c/σ1〉 (7.44)

• Maximum strain criterion, (7.7) reduces to

R1 = 〈ε1t/ε1〉+ 〈−ε1c/ε1〉 (7.45)

• Interacting failure criterion, same as (7.18)

R1 = 〈F1t/σ1〉+ 〈−F1c/σ1〉 (7.46)

where 〈x〉 denotes the positive part of x (7.5).
Once the lamina stiffness has been degraded, the state of stress in the laminate

can be recomputed. Additional transverse/shear failures in other laminas are treated
similarly by degrading the stiffness of the affected laminas and recomputing the
stress in the laminate until the last ply failure (LPF) occurs, thus defining the
complete failure of the laminate.

Should a lamina fail in a longitudinal mode of failure, either tensile or compres-
sive, it is very likely that the strength of the entire laminate is compromised. This
situation is called fiber failure and it is assumed to represent the ultimate strength
of the laminate.

Fiber failure in a lamina will most likely correspond to the final fracture of the
laminate or at least be very close to it, but for some laminates a matrix failure may
determine the ultimate load of the laminate. For example, an angle-ply laminate
under uniaxial load fails suddenly at the first ply failure (FPF) load because there
are no fibers in the load direction to carry the load after the matrix fails. Such
design should be avoided in practice by adding laminas oriented closely to the load
direction. The designer should be able to avoid these undesirable situations by
adding lamina orientations designed to constrain the matrix failures. Once proper
design practices are followed, more reliable failure estimates can be obtained, as
shown in Section 7.3.2 and 7.4.

Example 7.8 Compute the LPF load of the laminate in Example 7.5.
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Solution to Example 7.8 At the FPF load of Nx = 1013 N/mm (R = 1.013 with reference
to Nx = 1000 N/mm), the two center laminas fail. Using a damage factor d = 0.999 in
(7.43) and using (7.44) to recompute R, fiber failure (LPF) occurs with R = 5.254 when the
outer laminas fail along the fiber direction. Therefore the LPF load is

NLPF = 1000 (5.254) = 5254 N/mm

and the stress at failure is

σ1 = 196.78 (5.254) = 1034 MPa

which is equal to the tensile strength of the material. Note that the LPF load is larger than
the FPF load because the outer laminas are capable of carrying all the load after FPF. Also
note that “d” is not set exactly to one, to avoid numerical instability, but not too small
either, to avoid introducing artificial stiffness to the laminate. Using a damage factor less
than 0.99 is not recommended because the degraded laminate would maintain an artificial
residual stiffness, equal to 1 − d times the original stiffness, which also adds an artificial
strength. For example, using d = 0.8, the calculated LPF strength ratio would be R = 5.603,
thus overpredicting the tensile strength of the laminate by 7%.

Scilab code for this example is available on the Website [4].

Example 7.9 Modify the LSS of a cross-ply laminate [02/902]S to increase its shear
strength Fxy. The material is Carbon/Epoxy AS4/3501-6 from Table 1.3. The load and
material properties are known with certainty. Consider in situ strengthening with transi-
tion thickness tt = 0.8 mm.

Solution to Example 7.9 First calculate the in situ correction for strength. The [02/902]S
has 8 laminas and laminate thickness t = 8tk = 1 mm. The thickest lamina is at the center of
the laminate, with thickness 4tk = 0.5 mm, which is smaller than the transition thickness,
so the center lamina is considered “thin” with regards to in situ correction. The in situ
correction for surface laminas requires to use double the actual thickness of the lamina, so
again 4 tk = 0.5 mm. Therefore,

te = min(4× 0.125, 0.8) = 0.5

F is2t = 1.12

√
2× 0.8

0.5
48 = 96.17 MPa

F is6 =

√
2× 0.8

0.5
79 = 141.3 MPa

To find the shear strength we apply N = [0, 0, 1] and using CADEC [184] or the Scilab
code (below) we find that all laminas fail in shear with R = 141.3. Since we applied a unit
shear load, that means that the load-carrying capacity of the laminate is Nxy = 141.3 N/mm.
Dividing by the total thickness of the laminate, the laminate strength is Fxy = 141.3 MPa,
which is exactly the same as the in situ shear strength of the laminate.

After the in situ shear strength has been reached, all four laminas have failed, and
there is no remaining capacity. That means that the laminate will fail catastrophically with
LPF = FPF . This is not a good design because it has zero resiliency.
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Furthermore, we should not have used in situ correction because all the laminas behave as
a unidirectional (UD) laminate [08] without any type of laminate constraint. Using CADEC
[184] or the Scilab code (below), we analyze the laminate again and find that without in situ
correction all laminas fail in shear with R = 79, that is, exactly at the nominal shear strength
of the UD lamina F6. That meas that the actual strength of the laminate is Fxy = 79 MPa.

To improve upon that, we select a [45/0/90/− 45]S laminate that uses exactly the same
amount of material. Without in situ correction we find R = 236.6 with shear failure of the
0/90 pairs of laminas, and R = 238 with transverse failure of the center 452 lamina.

However, a [45/0/90/− 45]S provides adequate constraint to all the laminas, so in situ
correction should be used. With in situ correction we find R = 472.8 with longitudinal
compression failure F1c of the inner 452 lamina. Note that reversing the load, i.e., applying
N = [0, 0,−1] only moves the compression failure to the surface 45 lamina with exactly the
same strength. For this type of LSS, shear load always results in compression failure of
either the 45 or −45 laminas. The improvement over the initial LSS is 498%.

Scilab code for this example is available on the Website [4].

7.3.2 Truncated-Maximum-Strain Criterion

As discussed previously, there are two major events during loading of a laminate that
can be used as indication of strength: matrix cracking and fiber failure. Fiber failure
is often viewed as the collapse load of the laminate. Matrix cracking usually occurs
at a lower load level, and it does not lead to collapse if the laminate is properly
designed. If the transverse deformation of each lamina is constrained by another
lamina having fibers perpendicular to the first one, the reduction in strength in one
lamina due to matrix cracking is compensated by a load transfer into the fibers
of the perpendicular lamina. Furthermore, if the fibers are more brittle than the
matrix, it can be argued that the fibers prevent matrix cracking because the fibers
would have to fail first. Based on these observations, the truncated-maximum-strain
criterion [221] is formulated assuming that:

• All laminas have a complementary lamina with perpendicular fiber orienta-
tion. The laminate does not need to be balanced, but matrix cracking in any
lamina should be constrained by perpendicular fibers. This requirement effec-
tively translates in the need to have laminas with 0, 90 and ±45 orientations
with at least 10% of the laminate thickness in any orientation (10% rule).
Another possibility is [±10m/± 35n/± 55p/± 80q]r where every lamina has a
complementary lamina.

• Laminas with various fiber orientations are interspersed as much as possible
to avoid clusters of laminas with the same orientation where a matrix crack
can grow easily.

• The strains in the fiber are those of the lamina, i.e., εf = ε1. The strains ε1,
ε2 are computed for each lamina using standard methods.

The truncated-maximum-strain (TMS) criterion is applied lamina by lamina but
it is a laminate failure criterion; i.e., it cannot be used for a single unidirectional
lamina. Fiber failure is detected by comparing the strain in the fiber ε1 to the
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Figure 7.10: Truncated-maximum-strain criterion.

strain-to-failure of the unidirectional composite ε1t in tension and ε1c in compression.
Therefore, the fiber does not fail if ε1 is in the following range

−ε1c < ε1 < ε1t (7.47)

where ε1c is a positive number. It must be noted that the criterion looks only at
fiber failure, but uses lamina strain-to-failure ε1t and ε1c obtained from tests of
unidirectional composites, not from fiber tests. Since each lamina is assumed to be
accompanied by a complementary (perpendicular) lamina, the fiber strain in the
complementary lamina can be checked directly using the transverse strain in the
current laminas as

−ε1c < ε2 < ε1t (7.48)

This last condition makes the failure envelope in Figure 7.10 quite different from
the maximum-strain criterion shown in Figure 7.4. The truncated-maximum-strain
criterion does not uses ε2 to check matrix cracking but to check fiber failure in the
complementary lamina, which is built into the laminate precisely to constrain the
transverse deformation ε2.

Up to this point, the failure criterion seems to be just checking every lamina for
fiber strain. This procedure, called maximum-fiber-strain criterion, is popular in the
aerospace industry because of simplicity, and it is reported to be quite accurate. The
truncated-maximum-strain criterion goes one step further by limiting the strains in
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the tension-compression quadrants to account for shear failure of the fibers (second
and fourth quadrants in Figure 7.10). The shear strain in the fiber is computed as

γ = |ε1 − ε2| (7.49)

which may differ from γ6 of the lamina. This is equivalent to assuming that ε1, ε2
are principal strains, which is the same as neglecting γ6. Under this condition, the
45◦ lines in Figure 7.10 are represented by

|ε1 − ε2| = (1 + ν12) max(ε1t, ε1c) (7.50)

Note that both fiber shear cutoffs, lines AD and CB, are equidistant from the
origin, as they should be since shear failure is independent of the sign of the shear
stress. Either tensile or compressive strain-to-failure, whichever is largest, is used in
(7.50) to avoid undercutting the true tensile or compressive strain-to-failure of the
unidirectional material, as shown in Figure 7.10 by points A and C ′′, respectively.
In Figure 7.10, it is assumed that ε1t > ε1c, which is usually the case for polymer
matrix composites. The unidirectional tensile or compressive test is represented by
the line AC ′′ which forms an angle α with the fiber strain axis

α = arctan ν12 (7.51)

where the Poisson’s ratio ν12 of a unidirectional lamina must be used.
If a fabric-reinforced composite (Chapter 9) needs to be analyzed, it can be

analytically decomposed into four, symmetrically arranged, unidirectional laminas
with 1/4 the thickness each and the same fiber volume fraction of the original
lamina in order to compute ν12. The factor (1 + ν12) in (7.50) is necessary because
the critical shear strain is defined as one half the diameter of the Mohr circle of
strain for the unidirectional test, as in the Tresca criterion [10, § 5.4]. Since the
unidirectional tensile test, represented by point A, has two strain components, ε1t
and ε2 = −ν12ε1t, the critical shear strain of the fiber is then

γCRf = ε1t(1 + ν12) (7.52)

It must be noted that experimental shear strength data (of fiber or composite) is
not used to construct the diagram. The only two strength data used in this criterion
are the tensile and compressive strain-to-failure of the unidirectional material.

Additional modes of failure can be added by inserting additional cutoffs. For
example, a microcracking cutoff was inserted in Figure 7.10 to limit the transverse
strains using the transverse strain-to-failure ε2t of the composite. This may be neces-
sary when the matrix is brittle relative to the fiber (εmu < εfu, e.g., glass/polyester),
when fatigue life is affected by microcracks, or when moisture ingress is accelerated
by microcracks. In this case the failure criterion (7.47, 7.48, 7.50) becomes

−ε1c < ε1 < min(ε1t, ε2t)

−ε1c < ε2 < min(ε1t, ε2t)

|ε1 − ε2| < (1 + ν12) max(ε1t, ε1c) (7.53)
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In terms of the strength ratio (Section 7.1.1) the TMS criterion with matrix
cutoff can be summarized as

R1 = min(ε1t, ε2t)/ε1 if ε1 > 0

R1 = −ε1c/ε1 if ε1 < 0

R2 = min(ε1t, ε2t)/ε2ifε2 > 0

R2 = −ε1c/ε2 if ε2 < 0

R6 =
(1 + ν12) max(ε1t, ε1c)

|ε1 − ε2|
(7.54)

If transverse matrix cracking is not a concern, then ε2t is simply not used in
(7.54), which yields the TMS criterion without matrix cutoff

R1 =<
ε1t
ε1

> + < −ε1c
ε1

>

R6 =
(1 + ν12) max(ε1t, ε1c)

|ε1 − ε2|
(7.55)

where < x >= 1
2(x+ |x|).

When the computations are performed with software such as CADEC [184],
which will eventually calculate all the laminas k = 1 . . . N , it is unnecessary to cal-
culate what happens to the complementary lamina simultaneously with the current
lamina.

Finally, the effect of hygrothermal strains εHT1 , εHT2 (Section 7.1.5) can be in-
cluded as follows

Fiber tension/compression and shear on current lamina:

R1 =<
ε1t − εHT1

ε1
> + <

−ε1c − εHT1

ε1
>

R6 =
(1 + ν12) max(ε1t − εHT1 , ε1c + εHT1 )

|ε1 − ε2|
(7.56)

Matrix cutoff on current lamina:

R2 = (ε2t − εHT2 )/ε2 if ε2 > 0

R2 =∞ if ε2 < 0 (7.57)

where it is assumed that the complementary lamina fails by fiber compression before
the current lamina fails by matrix compression, i.e., ε1c < ε2c, which is true for most
material systems.

The strength ratio is the minimum of R1, R2, and R6. When using (7.56)–(7.57),
a value R1 < 1 means fiber failure in the current lamina; a value R2 < 1 means
matrix cracking in the current lamina; and a value R6 < 1 means shear failure of
the fibers in the current lamina.
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Figure 7.11: Comparison of experimental data with maximum fiber strain and
truncated-maximum-strain criterion.

Prediction of matrix failure is important to identify undesirable laminate designs,
that is, laminates with fracture controlled by matrix failure. Matrix cracking of the
individual laminas of a PMC laminate does not usually lead to overall rupture of
the laminate. If load is primarily carried by matrix, such as a [0/90]S loaded in
shear, matrix cracking leads to collapse. But [0/90]S is an inefficient laminate for
shear and ±45 laminas should be added. In general, when the laminate is efficiently
designed and it contains at least laminas with all three angles (0, 90, and ±45)
matrix cracking does not affect significantly the static strength of the laminate. A
common design rule is to use at least 10% of each 0, 90, and ±45 in any laminate.

Note that the interaction among modes of failure is intentionally avoided in
the TMS criterion [221]. TMS is used in the aircraft industry for carbon/epoxy
composites for which microcracking seems not to cause significant reductions in the
static strength, and where some degree of approximation can be tolerated because
in the design of subsonic aircraft, the operating strain level is further restricted to
accommodate holes, impact damage, and repairs. Special care should be taken when
the matrix becomes brittle at low temperatures or when curing residual stresses are
high because in these cases the fibers may no longer be able to control microcracking.
If matrix cracking becomes relevant, additional strain cutoffs are needed and the
effect of matrix cracks on the strength and stiffness of the laminate must be assessed.

A comparison is presented on Figure 7.11 between experimental data and two
failure criteria discussed in this section, namely the maximum fiber strain and the
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truncated-maximum-strain criteria. The experimental data for laminates have been
normalized with the strain-to-failure ε1t or ε1c depending on the sign of the applied
strain.

The data for [90/± 45/0]S IM7/8555-7 carbon/epoxy from [17] was normalized
with ε1t = 0.0130 and ε1c = 0.0114. These values incorporate a knockdown factor
of about 20% with respect to the strain-to-failure of unidirectional material (ε1t =
0.016). The data for AS4/3501-6 carbon/epoxy from [17], also [90/ ± 45/0]S are
normalized with ε1t = 0.0129 and ε1c = 0.00772, which are also lower than typical
values (Table 1.4). While the data are reported in [17] as an average stress (over
the laminate thickness), it can be easily transformed into strain by using{

εx
εy

}
=

[
1/Ex −νxy/Ex
−νxy/Ex 1/Ey

]{
σx
σy

}
(7.58)

where Ex, Ey, and νxy are the laminate moduli that can be computed from lamina
properties using (6.42).

For E-glass/epoxy in a [0/90/0/90/0]S configuration, the biaxial strain-to-failure
data from [222] were normalized with the compressive strain-to-failure of a [010]
unidirectional sample (ε1c = 0.02). A reduction in the laminate strength is also
observed here for the cross-ply laminate; about 20% in uniaxial tests with the IITRI
fixture [151, ASTM D 3410] and 40% when the biaxial test fixture was used. In
the latter case, the reduction is due to change into the mode of failure. While the
unidirectional material fails by compression crushing of the material, the laminate
experiences delamination, which hastens the failure process. Data are also presented
for T800/3900-2 carbon/epoxy from [16] for three lay-ups: [0/ ± 45/90]S (quasi-
isotropic; ε1t = 0.0123, ε1c = 0.00846), [03/ ± 45/90]S (hard; ε1t = 0.0123, ε1c =
0.00801), and [0/(±45)2/90]S (soft; ε1t = 0.0123, ε1c = 0.00755).

The maximum-fiber-strain criterion is represented in Figure 7.11 by a solid line.
The truncated-maximum-strain criterion coincides with the former except in the
tension-compression quadrants, as indicated by the dashed line. A knockdown factor
equal to 0.6 is also shown in the compression-compression quadrant to model the
glass/epoxy data.

Example 7.10 Use the truncated-maximum-strain criterion to predict the strength of the
[45/0/90/− 45]S laminate analyzed in Example 7.9.

Solution to Example 7.10 For the [45/0/90/− 45]S of Example 7.9 under shear-only load
N = [0, 0, 1] N/mm, analysis using CADEC [184] or the Scilab code (below) yields laminate
strain

{0, 0, 50.6µε}T

which transformed to the coordinate system of each lamina (k = 1..4) yields the following
lamina strains
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component k=1 k=2 k=3 k=4
1 25.29 0 0 −25.29
2 −25.29 0 0 25.29
6 0 50.5875 −50.58 0

It can be seen that the largest normal strains occur in the 45 and −45 laminas, with
values

ε1 = −ε2 = 25.29 µε

Using (7.8) to estimate the failure strains of the UD lamina we get

ε1t =
F1t

E1
=

1950

126 103
= 0.01548

ε1c =
F1c

E1
=

1480

126 103
= 0.01175

Then using (7.54) without matrix cutoff, and taking into account that ε1c < ε1t the
strength ratios are

R1 = −ε1c
ε1

=
0.01175

25.29 10−6
= 464.4

R6 =
(1 + ν12) ε1t
|ε1 − ε2|

=
(1 + 0.28) 0.01548

(25.29 + 25.29) 10−6
= 391.6

from which it can be concluded that the failure occurs by fiber shear mode at R = 391.6.
Since the laminate thickness is 1.0 mm, and the load applied is N = [0, 0, 1] N/mm, the
laminate shear strength is Fxy = 391.6 MPa.

Note that R1 = 464.4 practically coincides with the value obtained in Example 7.9 for the
same conditions but using the maximum stress criterion, but the laminate is most likely to
fail at R6 = 391.6. We can see that the maximum stress criterion overestimates the failure
load because it does not take into account fiber failure by shear, which is a mode of failure
that has been observed in laminates subjected to shear or biaxial stress.

Also note that ε1c was used to compute R1 because one of the laminas in the ±45 pair
is in compression and ε1c < ε1t for the material being used.

Scilab code for this example is available on the Website [4].

7.4 Laminate Strength

First ply failure (FPF) strength can be estimated with the procedure presented in
Section 7.2. Last ply failure (LPF) strength can be estimated using the ply dis-
count method (Section 7.3). The truncated-maximum-strain provides a simplified,
integrated calculation of both FPF and LPF (Section 7.3.2). Although the required
computations can be easily performed using available computer programs [184], a
graphical representation of the strength values for a family of laminates is very use-
ful for preliminary design. Universal carpet plots were introduced in Section 6.5 to
represent the laminate moduli of a family of laminates described by

[0m/± 45p/90q]r (7.59)

where m, p, q denote the number of plies in each lamina and r is the number of
repetitions of the sublaminate [0m/± 45p/90q]. Universal carpet plots for strength
are proposed here and in [223]. See also Section 11.1.1.



262 Introduction to Composite Materials Design

7.4.1 Universal Carpet Plots: In-Plane Strength

There are five uniaxial states of stress that can be applied to a laminate: Nx > 0
(tensile), Nx < 0 (compressive), Ny > 0 (tensile), Ny < 0 (compressive), Nxy

(shear), but only three are needed to generate carpet plots for the family (7.59), as
follows:

Uniaxial Tension occurs when a tensile membrane load N = [1, 0, 0] N/mm is
applied to the laminate. Application of a failure criterion results in a value
of strength ratio R for the laminate. The laminate strength is calculated as
Fxt = R/t where t is the thickness of the laminate.

Uniaxial Compression occurs when a compressive membrane load N = [−1, 0, 0]
N/mm is applied to the laminate. Application of a failure criterion results in a
value of strength ratio R for the laminate. The laminate strength is calculated
as Fxc = R/t where t is the thickness of the laminate.

In-plane Shear occurs when a in-plane shear load N = [0, 0, 1] N/mm is applied
to the laminate. Application of a failure criterion results in a value of strength
ratio R for the laminate. The laminate strength is calculated as Fxy = R/t
where t is the thickness of the laminate.

For the laminate family (7.59) the transverse strength values Fyt, Fyc can be ob-
tained simply by swapping the %[0] and %[90] in the carpet plots. This is equivalent
to rotating the laminate 90 degrees before applying uniaxial tension or compression.

A strong argument can be made to maintain the applied strain values below the
strain-to-failure of the fiber because if that value is exceeded the laminate is likely
to collapse.

Furthermore a strong argument can be made for the 10% rule, that is, including
at least 10% of each [0], [90], and [±45] in the laminate. In this way there will
always be fibers oriented in a desirable direction to handle the loads, whether they
be longitudinal, transverse, or shear.

For Carbon/polymer composites it is fair to assume that the strain-to-failure of
the fiber is less than that of the matrix. The pair [0/90] are complementary laminas
in the sense that each lamina limits matrix cracking in its complementary lamina
by limiting the transverse strain ε2 in one lamina to that of the fiber ε1 in the other
lamina. The pair [±45] works in the same way.

Uniaxial loading such as N = [±1, 0, 0] and N = [0,±1, 0] are taken primarily
by the [0/90] pairs. In-plane shear N = [0, 0,±1] translates into tension and com-
pression in the [±45] pair. Since compression strength is usually lower than tensile
strength, in-plane shear results in compression failure in one of the ±45 laminas,
with the other under tension.11

11The same arguments apply to [±10m/ ± 35n/ ± 55p/ ± 80q]r, where 10 + 80 = 35 + 55 = 90
define complementary layers.
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Under such conditions the strength of the laminate is controlled by two material
properties only: the tensile and compressive strains to failure, ε1t and ε1c. Further
these conditions are represented well by the truncated-maximum-strain criterion
(Section 7.3.2). Application is quite simple. There are only two modes of failure:
fiber tension/compression and fiber shear, leading to the following strength ratios
for each lamina

R1 =<
ε1t
ε1

> + < −ε1c
ε1

>

R6 =
(1 + ν12) max(ε1t, ε1c)

|ε1 − ε2|
(7.60)

where < x >= 1
2(x + |x|) is the Macaulay operator. The minimum value of R for

the entire laminate represents the multiplier that takes the applied load to last ply
failure (LPF).

Laminate tensile strength is controlled by longitudinal tensile strain-to-failure
ε1t. Laminate compressive strength is controlled by longitudinal compressive strain-
to-failure ε1c. Shear load results in tension/compression at ±45. Since longitudinal
compressive strain ε1c is usually smaller than longitudinal tensile strain ε1t, laminate
shear strength is controlled by ε1c. Therefore, the values of tensile strength Fxt,
compressive strength Fxc, and shear strength Fxy can be normalized as follows

F ∗xt =
Fxt
E1ε1t

; F ∗xc =
Fxc
E1ε1c

; F ∗xy =
Fxy
E1ε1c

(7.61)

In the first of (7.61) the laminate is loaded in tension (along the x-direction) and
fails in tension along the fiber direction (1-direction). In the second of (7.61) the
laminate is loaded in compression and fails in compression along the fiber direction.
In the third of (7.61) the laminate is loaded in shear and fails in compression along
the fiber direction in one of the ±45. This is because in-plane shear is resisted as
tension/compression in angle-ply laminas.

If data for tensile and compressive strains to failure ε1t, ε1c are not available, the
normalization can be done using tensile and compressive strength values F1t, F1c as
follows

F ∗xt =
Fxt
F1t

; F ∗xc =
Fxc
F1c

; F ∗xy =
Fxy
F1c

(7.62)

but strains to failure are preferred, if available, to capture any nonlinearity that
might be present in the stress–strain response of the lamina when subjected to
longitudinal tension or compression. This is not an issue if the stress–strain response
of the lamina is linear.

The resulting universal carpet plot for LPF laminate tensile and compressive
strength of E-glass/polymer composites in the family (7.59) is shown in Figure 7.12.
This plot can be used to estimate strength values for all glass-reinforced polymer
composites. A different plot is needed for Carbon/polymer composites, shown in
Figure 7.13, because of their different orthotropicity ratio.
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To get actual values of strength for any Glass/polymer or Carbon/polymer ma-
terial, all that is needed is to multiply the normalized values from the graphs by
actual values of E1 and longitudinal tensile or compressive strain-to-failure for the
material of choice, using (7.61) or (7.62). Minor deviations between predicted and
actual values might be observed for laminates that are close to the 10%[0] line (bot-
tom line) in the graph, but other than that the predictions are quite adequate for
preliminary design.

Figure 7.12: Normalized laminate tensile and compressive strength for
Glass/polymer composites in the family [0m/ ± 45p/90q]r. Values of F ∗y can be
obtained by swapping %[0] and %[90]. Use normalization factors in (7.61) to recov-
er actual values. Larger copies available in [4].

It can be seen in the graphs that normalized properties are quite similar in value
for tension and compression but the actual properties will be different based on the
difference between the normalization properties ε1t and ε1c or F1t and F1c.

Values of transverse tensile F ∗yt and transverse compressive strength F ∗yc can
be obtained from the same graphs by swapping the values of %[0] and %[90] of the
actual laminate before reading the plot. For example, we can get F ∗x for [07/±45/90]
directly from the graph on the 10%[90] line at 20%±45. To get F ∗y for the same
laminate we have to look at the 70%[90] line also at 20%±45.

The normalized LPF in-plane shear strength F ∗xy is only a function of the per-



Strength 265

Figure 7.13: Normalized laminate tensile and compressive strength for Car-
bon/polymer composites in the family [0m/±45p/90q]r. Values of F ∗y can be obtain-
ed by swapping %[0] and %[90]. Use normalization factors in (7.61) to recover actual
values. Larger copies available in [4].

centage ±45. Therefore, it can be approximated by a linear equation

F ∗xy = 0.4010
x

100
+ 0.1741 (Glass/polymer)

F ∗xy = 0.3524
x

100
+ 0.0884 (Carbon/polymer) (7.63)

valid in the range 10% ≤ x ≤ 80%, where x is the percentage of [±45]. Actual
values Fxy are then calculated by using either (7.61) or (7.62).

Universal carpet plots can be used to calculate actual values of laminate strength
F for any material (Glass or Carbon) simply by multiplying the carpet plot value
by the appropriate fiber-direction strength, either F1t or F1c of the material of
choice. Data for 14 different materials is provided are Tables 1.1–1.4 but any Glass-
or Carbon-reinforced material can be analyzed using the carpet plots provided in
Figures 7.12–7.13, as long as basic material properties such as F1t, F1c are available
for the material of choice.

Universal carpet plots also provide the fraction of ultimate strain that can be
applied to the critical lamina before the laminate fails. When the strain applied to
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the laminate is tension, the ultimate strain is ε1t and only F ∗x ε1t can be applied to
the critical lamina. When the applied strain is compression or shear, the ultimate
strain is ε1c and only F ∗x ε1c can be applied to the critical lamina. Figures 7.12–7.13
are used for tension and compression. Equation (7.63) is used for shear.

Using carpet plots, the design proceeds as follows. Given the loads Nx, Ny, Nxy,
the laminate must satisfy the following (see also (1.18))

φFx > αNx/t

φFy > αNy/t

φFxy > αNxy/t (7.64)

where α is the load factor (1.22) and φ is the resistance factor (1.21). Fx, Fy,
and Fxy are the actual laminate strength values obtained using (7.61–7.62) with
E1, ε1t, ε1c, F1t, F1c from Tables 1.1–1.4. The normalized values F ∗x , F ∗y are taken
from the carpet plots (Figures 7.12–7.13), and F ∗xy from (7.63). See Example 7.11.

The laminate strengths Fx, Fy, and Fxy depend on the percentage of [0], [90], and
[±θ] laminas. The strengths Fx and Fy represent either the tensile or compressive
strength of the laminate, that is Fxt or Fxc and Fyt or Fyc. At this point, the designer
selects the %[0], %[90], and %[±θ] taking into account the magnitude of the loads
Nx, Ny, and Nxy. Larger values of %[0] are selected if Nx is the main load, larger
values of %[90] are required if Ny is the main load, and larger values of %[±45] are
used to resist shear load Nxy. Then, one of (7.64) is used to estimate the thickness
and the other two are used to check the design.

Usually, the largest component of the load is used to find the thickness and the
other two components are used to check the design. The design may be unsatis-
factory either because some of (7.64) are not satisfied or because some of (7.64)
indicate an overdesign. If the design is not satisfactory, different values of %[0],
%[90], and %[±θ] are selected trying to obtain similar values of thickness with all
three of (7.64).

Sometimes the resistance factor φ is set to one because it has been included
in the material properties, which are then called allowable values or basis values
(Section 1.5.6). These are values lower than the nominal strength of the material,
which have been reduced to incorporate resistance factors into the various strength
values. Allowable values are used when it is desired to use different reduction factors
for different strength components. Load factors α are introduced in the process of
arriving at the applied loads (Nx, Mx, etc.) The particular design process largely
depends on the field of application (Civil, Aerospace, Automotive, etc.) but in any
case (7.64) must be satisfied.

Example 7.11 Calculate the laminate strengths Fxt, Fxc, Fyt, Fyc, Fxy using the laminate
stacking sequence (7.59) and 30%[0], 60%[90], and 10%[±45]. The material system is
E-glass/polyester from Table 1.2.
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Solution to Example 7.11 We get the normalized values of tensile and compressive strength
F ∗xt and F ∗xc from Figure 7.12. Tensile values are solid lines. Compressive lines are dashed
lines, unless they coincide with the tensile values in which case the solid lines overwrite the
dashed lines. At the point where the line for 60%[90] intersects the abscissa for 10%[±45]
we get (the same value) for both tensile and compressive (normalized) strength

F ∗x = 0.52

From Table 1.2 we get F1t = 903 MPa and F1c = 357 MPa. Then using (7.62) we get
the actual tensile and compressive strength for E-glass/polyester with 60%[90], 10%[±45],
and therefore 30%[0], as follows

Fxt = 0.52× 903 MPa = 469.6 MPa

Fxc = 0.52× 357 MPa = 185.6 MPa

Using (7.63) for Glass/polymer with x = 10% we get the normalized shear strength

F ∗xy = 0.4010× 10/100 + 0.1741 = 0.2142

Note that the shear strength is normalized by the compression strength (7.62), so

Fxy = 0.2142× 357 MPa = 76.47 MPa

To read the carpet plots for normalized transverse strengths F ∗yt, F
∗
yc, we swap the actual

values of %[0] and %[90]. So we read Figure 7.12 at the point where the line for 30%[90]
intersects the abscissa for 10%[±45] to get

F ∗x = 0.73

Then using (7.62) we get the actual (transverse) tensile and compressive strength for
E-glass/polyester with 60%[90], 10%[±45], as follows

Fyt = 0.73× 903 MPa = 659.2 MPa

Fyc = 0.73× 357 MPa = 260.6 MPa

These values of strength are applicable to any balanced, symmetric laminate with 30%[0],
60%[90], and 10%[±45]. If the laminate is not symmetric, such as (7.59), then the values
are approximate, and they become more accurate as the number of repetitions “r” in (7.59)
increases. Using CADEC [184] and a [06/ ± 45/9012]S or [06/ ± 45/9012]20 you will get
exactly the same values but it will take you a lot more time than reading the carpet plot.

Since ±45 is two laminas (one 45 and the other −45) with at least one ply each, to
achieve 30%[0], 60%[90], 10%[±45], the thinner laminate that one can use is a [06/ ±
45/9012] with 20 plies. This laminate is not adequate because it has too many plies at the
same 90 orientation (which will be prone to develop matrix cracks), so it would be better to
disperse the 90 plies. One possibility is [03/906/± 45/03/906].

If the ply thickness is tk = 0.144 mm, the laminate thickness is t = 2.88 mm. Higher
thickness can be easily achieved by increasing the number of repetitions “r” in (7.59).

Example 7.12 Design a cylindrical pressure vessel with diameter d = 4 m, internal
operating pressure p = 3.0 MPa, with a COV κp = 0.10 to achieve a reliability Q = 0.95.
Use a coordinate system on the surface of the cylinder with the y-axis oriented in the hoop
direction and the x-axis oriented along the length. Assume a coefficient of variance (COV)
κF = 0.12 for the values of strength reported in Table 1.2.
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Solution to Example 7.12 For Re = 0.95, from Table 1.6, the standard variable is z =
−1.645. Then, the load and resistance factors are calculated (1.21)–(1.22) as

α = 1− zCp = 1 + 1.645× 10/100 = 1.1645 ≈ 1.2

φ = 1 + zCF = 1− 1.645× 12/100 = 0.8026 ≈ 0.8

The safety factor can be calculated using either (1.17)

R =
1±

√
1− (1− 1.6452 × 0.122)(1− 1.6452 × 0.102)

1− 1.6452 × 0.122
= 1.3

or (1.24)

RLRFD =
α

φ
=

1.1645

0.8026
= 1.45

where it can be observed that separating the safety factor into load and resistance factors is
conservative.

The loads per unit length, in the hoop and longitudinal directions, are easily computed
in such a way as to equilibrate the internal pressure “p”

Nx =
p d

4
=

3.0× 4000

4
= 3000 MPa (longitudinal)

Ny =
p d

2
=

3.0× 4000

2
= 6000 MPa (hoop)

Therefore, the required thickness is the larger of

t =
αNx
φ Fx

or t =
αNy
φ Fy

(7.65)

Since the design is based on burst pressure, the laminate strength values Fxt and Fyt
to be used correspond to last ply failure (LPF). A small amount, say 10%[±45], is selected
because no shear load is present, so the [±45] is only necessary to resist unexpected loads
that may include some shear. Since Ny = 2Nx, 30%[0] and 60%[90] provide approximately
twice the strength in the hoop direction vs. the longitudinal direction.

From Example 7.11, with 30%[0], 60%[90], 10%[±45], we get Fxt = 469.6 MPa and
Fyt = 659.2 MPa. Therefore, the required thickness is the maximum of the following

t =
1.2× 3000

0.8× 469.96
= 9.583 mm

t =
1.2× 6000

0.8× 659.2
= 13.65 mm (required)

If the laminate is fabricated by filament winding, there is plenty of flexibility to build the
required thickness. But if prepreg is used, which has a set thickness of say tk = 0.144 mm,
the laminate will have to be built repeating the LSS of Example 7.11 five times. That is

[06/± 45/9012]5

with 100 plies, N = 20 laminas, and t = 14.4 mm.
Considering the safety criterion (7.64), the realized safety factor is

R =
Fyt
Ny/t

=
659.2

6000/14.4
= 1.58

which is slightly larger that α/φ = 1.45. The reliability is larger than required. Only R = 1.3
is required for Q = 0.95, assuming that both resistance and load are correctly described by
Normal distributions (see Section 1.5.6).
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Example 7.13 Calculate the maximum revolutions per minute n [rpm] at which a com-
posite flywheel can be operated. The flywheel is a disk with inner diameter ID = 150
mm, outer diameter OD = 250 mm, and thickness t = 9 mm. Use IM7/8552 (Table 1.4)
in a quasi-isotropic (QI) laminate stacking sequence (LSS) with orientations 0, 90, and
±45. Since the values in Table 1.4 are not allowables, but rather nominal values, use a
resistance factor φ = 0.6667 to account for the likely variability of the strength data. Use
a load factor α = 1 since the answer sought is the maximum limiting value [rpm] that
should never be exceeded.

Solution to Example 7.13 The radial and tangential stress can be computed with [10, Eq.
3-55, p. 129]

σr = c(r2
i + r2

0 − (rir0/r)
2 − r2)

σt = c(r2
i + r2

0 + (rir0/r)
2 − (1 + 3ν)/(3 + ν)r2)

c = ρ ω2(3 + ν)/8

where ω = (2 π n)/60 is the angular velocity, n are the [rpm], and ri, r0 are the inner and
outer radii of the flywheel, respectively. Plotting σr and σt as a function of the radius r,
one finds that the controlling stress is σt at r = ri.

A quasi-isotropic (QI) laminate with orientations [0/±45/90] has 50%[±45] and 25%[90].
With ply thickness tk = 0.125 mm (Table 1.4), the required thickness t = 9 mm can be
achieved by using a [0/± 45/90]18 laminate, where each sublaminate [0/± 45/90] is 0.5 mm
thick.

From Figure 7.13, for 50%[±45] and 25%[90] one finds F ∗x = 0.395. From Table 1.4
the longitudinal tensile strength of IM7/8552 is F1t = 2326.2 MPa. Therefore, the allowable
tensile strength is

φFx = φ F ∗x F1t = 0.6667× 0.395× 2326.2 = 612.6 MPa

which is about 2.5× the yield stress of A36 steel (250 MPa). Note that φF ∗x = 0.6667×0.395
is also the portion of the fiber ultimate strain ε1t that is allowed in this design (see p. 265).
For IM7/8552, from Table 1.4, ε1t = 1.62%, so the chosen allowable is 0.6667×0.395×1.62 =
0.43%, which is about the aircraft-industry rule of thumb, usually limiting strains to 0.4%.

From Figure 6.11, for 50%[±45] and 25%[90] one finds ν = 0.3. From Table 1.4, the
density of IM7/8552 is ρ = 1.55 g/cc, which is about 5× less than steel’s density, so the
centripetal acceleration, and thus the stress, will be much lower than for a steel flywheel.

Next, set a trial rpm n0 = 10000, which yields ω = 2× πn/60 = 1047 rad/s, and using
the given equations results in tangential stress σt = 24.1 MPa at r = ri. The strength ratio
is then

R =
φFx
σt

=
612.6

24.10
= 25.97

Since the stress is proportional to the square of the angular velocity, the stress would in-
crease up to the allowable strength if the angular velocity (and the rpm) increases by

√
R =√

25.97 = 5.096, that is

n = n0

√
R = 10, 000× 5.096 = 50, 960 rpm

which is the maximum rpm at which the flywheel can be operated under the stated conditions.
Scilab code for this example is available on the Website [4].
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Example 7.14 Design a tubular shaft to carry T = 113 N·m torque while sustaining M =
113 N·m maximum bending moment. The shaft length is L = 300 mm. Use IM7/8552
with properties from Table 1.4, a resistance factor φ = 1/2, and a load factor α = 1.0.

Solution to Example 7.14 Since the bending moment M produces normal stress that al-
ternates between tension and compression, and the torque T produces shear, we need more
[0] (longitudinal) and [±45] than [90] (hoop) laminas, but for simplicity, we initially select
a quasi-isotropic configuration

[0/± 45/90]q

with the number of sublaminates q to be determined. The laminate stacking sequence (LSS)
can be optimized later (see Problems 7.27–7.28).

The stresses due to bending and torque for a hollow shaft are given in terms of the
outside and inside diameters d0, di, as follows

σ(d0, di) = − 32 Md0

π (d4
0 − d4

i )
and τ(d0, di) =

16 T d0

π (d4
0 − d4

i )
(7.66)

where the minus sign is chosen because compression strength for IM7/8552 is lower than
tensile strength.

Using carpet plots, we find the necessary diameter d0 needed to carry the bending load,
and we call it db. Separately, find the necessary diameter d0 needed to carry the torque load,
and call it ds. Then, the design requires d0 = max(db, ds).

From Table 1.4, IM7/8552 has F1t = 2326.2 MPa and F1c = 1200.1 MPa.
A [0/±45/90] has 50%[±45] and 25%[90]. Using Fig. 7.13, the normalized compression

strength is F ∗x = 0.395. Therefore, the allowable compression strength is

F allxc = φ F ∗x F1c = 0.5× 0.395× 1200.1 = 237.0 MPa

Using (7.63) the normalized shear strength is

F ∗xy = 0.3524× 50/100 + 0.0884 = 0.2646

Then, the allowable shear strength is

F allxy = φ F ∗xy F1c = 0.5× 0.2646× 1200.1 = 158.8 MPa

Selecting a number of repetitions q = 2, the laminate has n = 8 plies and laminate
thickness t = 8 × 0.125 = 1.0 mm. Then di = d0 − 2 t and the stress components are only
functions of d0. To find the diameter db required to carry the bending moment, minimize
the residual error

e = |σ(db, di)− F allxc |

where σ(d0, di) is given by (7.66) and di = d0−2 t. The minimization can be done effectively
using Scilab

function residual_sigma = beam(d0)

di = d0 - 2*t;

residual_sigma = abs(32*M*d0/%pi/(d0^4-di^4) - F_xc_all)

endfunction

db = fminsearch(beam,25)// guess db=25 mm
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Similarly, to find the diameter ds required to carry the torque, minimize the residual
error

e = |τ(ds, di)− F allxy |

where τ(d0, di) is given by (7.66). Doing so yields

db = 26.10 mm

ds = 22.74 mm

from which we choose d0 = 26.10 mm, t = 1 mm, di = 24.10 mm. If the design diameter
is thought to be too large/small or the thickness too large/small for production or other
reasons, simply choose a different number of repetitions q and repeat the calculations.

The mean radius is r = (d0 + di)/4 = 12.55 mm. The radius-to-thickness ratio is
r/t = 12.55 > 10, which is not too thin but we check for buckling anyway. Buckling of a thin
cylindrical tube under bending can be estimated with [38, Table 15.2.16] if we can assume
the material is isotropic, which is possible if the laminate is quasi-isotropic.

From Figure 6.11, ν = 0.3. From Figure 6.10, the trace normalized modulus is E∗ =
0.34. From Table 1.4, trQ = 192.0 GPa. Therefore

E = E∗ trQ = 0.34× 192.0 = 65.28 GPa

Then, the ratio of buckling-to-applied moment is

Mcr/M =
0.72 E r t2

(1− ν2) M
=

0.72× 65, 280× 12.55× 1.02

(1− 0.32) 113 103
= 5.737

meaning that the critical moment is 5.7× larger than the applied one, so the tube is unlikely
to buckle due to bending.

Buckling of a thin cylindrical tube under torque can be estimated with [38, Table 15.2.17a]
(hinged ends) and [38, Table 15.2.17b] (clamped ends). The latter is more realistic since the
torque has to be applied to the shaft by end-fittings that are likely to prevent the tube wall
from bending inside the fittings. Then, the ratio of buckling-to-applied torque is

Tcr/T =
0.75× 2πr2t E

(1− ν2) T
(t/L)2(−2.39 +

√
96.9 + 0.605 H3/2) = 3.052

H =
L2

t r

√
1− ν2 = 6840

meaning that the critical torque is 3× larger than the applied one, so the tube is unlikely to
buckle due to torque.

Scilab code for this example is available on the Website [4].

7.5 Stress Concentrations (*)

In the stress and failure analysis carried out so far, it was assumed that the laminate
had no irregularities such as abrupt changes in thickness, holes, notches, etc. Any
irregularity in a laminate changes the stress values, usually raising them above the
values computed far from the irregularity. This problem is accounted for in design
by using stress concentration factors (SCF).
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Figure 7.14: Distribution of stress near a hole in an infinite plate.

The theoretical SCF Kt relates the maximum stress at the discontinuity (notch
or hole) to the nominal stress σn computed assuming the discontinuity is not there
(Figure 7.14)

Kt =
σmax

σn
(7.67)

A brittle material will fail when the maximum stress σmax reaches the strength of
the material. For example, a notched unidirectional composite loaded transversely
to the fibers most likely will fail when the nominal stress reaches the value of the
transverse tensile strength divided by the theoretical stress concentration factor

σn,fail =
F2t

Kt
(7.68)

In this case the material is said to be fully sensitive to notches. Multilayer
composites, such as quasi-isotropic laminates, are able to withstand higher nom-
inal stresses than that predicted by (7.68). This is explained using the concept
of notch sensitivity, which is also used in metal design. The high values of stress
σmax predicted by (7.67) and illustrated in Figure 7.14 cause damage, early on dur-
ing loading, in the vicinity of the discontinuity. The damaged material has lower
stiffness, which contributes to a reduction of the maximum stress. Although stress
concentration still occurs, its value is lower. The effective stress concentration factor
Ke is lower than Kt because of a reduced sensitivity of the material to notches. The
notch sensitivity is defined as

q =
Ke − 1

Kt − 1
(7.69)

For isotropic materials, the notch sensitivity ranges from zero to one. If q = 0,
then Ke = 1 and the material has no sensitivity to notches. If q = 1, then Ke = Kt

and the material is fully sensitive to notches (or brittle). The notch sensitivity of
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composites depends on the notch size as well as the material and laminate type, and
it can be larger than one.

Theoretical stress concentration factors Kt for laminated composites can be
found in [224–226]. Then, the effective stress concentration factor is computed
as

Ke = 1 + q(Kt − 1) (7.70)

and failure is predicted when the nominal stress (load over unnotched area) reaches
the strength of the unnotched material F0 divided by the effective stress concentra-
tion factor Ke. The nominal stress at failure

FN =
F0

Ke
(7.71)

is called notched strength because it represents the apparent strength of the notched
material.

7.5.1 Notched Plate under In-Plane Load

Under in-plane loads only, a laminate can be modeled as an orthotropic plate if the
following conditions are satisfied

A16 = A26 = Bij = 0 (7.72)

Stress concentration factors (SCF) for orthotropic plates can be found in [224–
226]. For an infinitely wide orthotropic plate loaded in the x-direction (Figure 7.14)
the SCF is

K∞t = 1 +

√
2

A22

(√
A11A22 −A12 +

A11A22 −A2
12

2A66

)
(7.73)

where Aij are terms of the [A] matrix for the laminate (see Section 6.4). In terms
of equivalent laminate moduli (6.42)

K∞t = 1 +

√√√√2

(√
Ex
Ey
− νxy +

Ex
2Gxy

)
(7.74)

Equation (7.73) is valid for balanced symmetric laminates with uniaxial in-plane
loading. If bending or shear is introduced, or the laminate is not balanced (i.e., A16

and A26 are not zero) or the laminate is unsymmetrical, the [B] and [D] matrices
(see Section 6.1.4) will have to be introduced and the theory presented next is no
longer valid.

Equation (7.73) does not predict any influence of the hole diameter on the SCF.
However, experimental data indicate that the strength reduces with increasing hole
diameter. This is attributed to the fact that a damage zone is created near the edge
of the hole. When the hole is small, the damage zone is small and no significant
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reduction of strength occurs. On the other hand, a large damage zone appears near
a large hole, weakening the material.

The stress distribution shown in Figure 7.14 can be approximated as

σx ≈
[
1 +

1

2
ξ2 +

3

2
ξ4 − (K∞t − 3)

2

(
5ξ6 − 7ξ8

)]
σnfw (7.75)

with ξ = a/y where a is the radius of the hole, y is the distance from the center of
the hole (see Figure 7.14), K∞t is given by (7.73), and fw is a correction factor used
when the plate is of finite width. This formula closely matches the exact solution
with errors of less than ten percent in most cases [227–229]. When 2a/W ≤ 1/3
(Figure 7.15) the finite width correction factor can be approximated as [224,230]

fw =
2 + (1− 2a/W )3

3(1− 2a/W )
(7.76)

where a and W are the radius of the hole and width of the plate, respectively.

nn

(a,0) = kt n

W 2a

Figure 7.15: Notched plate of finite width showing the actual stress concentration.

According to the point stress criterion [228, 229], failure occurs when the stress
predicted with (7.75) at a distance d0 from the edge of the discontinuity is equal to
the unnotched strength F0. That is, σx = F0 at y = a+ d0, or[

1 +
1

2
ξ2 +

3

2
ξ4 − (K∞t − 3)

2
(5ξ6 − 7ξ8)

]
fwFN = F0 (7.77)

with ξ = a/(a + d0) where σn in (7.75) has been replaced by FN to indicate the
nominal stress at failure, also called notched strength. Using (7.71), the effective
stress concentration factor is

Ke =
F0

FN
= fw

[
1 +

1

2
ξ2 +

3

2
ξ4 − (K∞t − 3)

2
(5ξ6 − 7ξ8)

]
(7.78)

with ξ = a/(a+d0) where a is the radius of the hole, d0 is the characteristic distance,
and K∞t is given by (7.73).

The characteristic distance d0 is considered to be a material property for a given
laminate, independent of the size of the hole. Finding the characteristic distance
requires a comparison with experimental data for the laminate in question, but
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generally choosing d0 between 1 and 2 mm seems to give good results [228,229,231].
The square bracket in (7.78) is the effective stress concentration factor K∞e of an
infinitely wide plate with a hole. The factor fw is a reduction factor to account for
the finite width of the plate

Ke = fwK
∞
e (7.79)
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Figure 7.16: Notch sensitivity as a function of hole radius a. Lines with symbols
correspond to the bottom axis and lines without symbols correspond to the top axis.

The effective stress concentration factor can be obtained directly from (7.78),
or using the notch sensitivity plot (Figure 7.16) as follows. First, compute the
theoretical SCF using (7.73) or (7.74). Then, obtain the notch sensitivity from
Figure 7.16 and the width correction factor fw from (7.76). Finally,

Ke = fw[1 + q(Kt − 1)] (7.80)

Another interpretation of failure is given by the average strength criterion [228,
229]. According to this criterion, failure occurs when the average stress over a region
of length a0 measured from the edge of the hole equals the unnotched strength of
the laminate F0, or

1

a0

∫ a+a0

a
σxdy = F0 (7.81)
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where F0 is the unnotched strength (for a unidirectional lamina oriented along the
y-direction F0 = F2t). Using (7.75) and (7.81)

Ke =
F0

FN
= fw

[
2− ξ2 − ξ4 + (K∞t − 3)

(
ξ6 − ξ8

)
2 (1− ξ)

]
(7.82)

with ξ = a/(a+ a0).
The characteristic length a0 is considered to be a material property for a given

laminate, independent of the size of the hole. Finding the characteristic length
requires a comparison with experimental data for the laminate in question, but
generally choosing a0 between 2.5 and 5 mm seem to produce approximations of
notched strength in good agreement with experimental data [229, 231]. While dif-
ferent material systems should be checked before accepting these values as universal
constants, these values can be used as a first approximation during preliminary
design. For very large holes, ξ approaches the value ξ = 1 and Ke approaches Kt.
For very small holes (a→ 0), Ke → 1, meaning that very small holes do not produce
significant reductions in strength.

On a riveted joint, the notch strength is compared to the applied stress computed
without reducing the area due to the holes and taking W as the hole pitch. The
reduction of area is taken into account by the correction factor fw.

The point stress criterion and average stress criterion can be used to develop
expressions for the notched strength for other discontinuity besides circular holes,
as long as an analytical solution, similar to (7.75), exists for the stresses near the
discontinuity. For a crack of length 2a in an infinitely wide plate subject to stress
perpendicular to the crack (Figure 7.17), the average stress criterion yields [228,229]

FN
F0

=

√
a0

a0 + 2a
(7.83)

and the point stress criterion

FN
F0

=

√
1−

(
a

a+ d0

)2

(7.84)

Sharp cracks are better analyzed using fracture mechanics [22, 232]. In that
context, the energy release rate GI is computed for a given crack in the structure
being analyzed and its value is compared to the fracture toughness of the material
GIc. For a crack of length 2a in an infinitely wide plate, the average stress criterion
[228,229] leads to a fracture toughness (in N/m)

GIc =
F 2

0

E′

[
πaa0

a0 + 2a

]
(7.85)

and the point stress criterion yields

GIc =
F 2

0

E′
πa

[
1−

(
a

a+ d0

)2
]

(7.86)
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2a

Figure 7.17: A crack in an infinite plate subjected to uniform stress far from the
crack.

where E′ is a suitable value of laminate stiffness, which is necessary to transform
from the traditional definition of fracture toughness KIc (in N

√
m/m2) to the frac-

ture toughness GIc (in N/m = J/m2) used for the analysis composite materials,
using the equation GIc = K2

Ic/E
′ when the laminate is in a state of plane stress.

For long cracks, the above formulas approach the valuesGIc = F 2
0 (πa0/2)/E′ and

GIc = F 2
0 (2πd0)/E′, respectively, which can be used as a conservative estimate for

all crack lengths. However, it must be noted that these approximations of fracture
toughness apply only to a crack in a large plate (infinite in theory) that is subject
to a uniform state of normal stress perpendicular to the crack.

Example 7.15 Estimate the strength of a plate as shown in Figure 7.15, with W = 30 mm
and a = 5 mm. The equivalent in-plane moduli of this quasi-isotropic laminate are E =
69.68 GPa, G = 26.88 GPa, and ν = 0.3. The unnotched tensile strength of the laminate
is F0 = 494 MPa.

Solution to Example 7.15 The theoretical SCF of the infinite plate is given by (7.74). Since
the laminate is quasi-isotropic Ex = Ey = E, νxy = ν, Gxy = G = E/2(1 + ν). Therefore

K∞t = 1 +

√
2

(
1− 0.3 +

69.68

2× 26.88

)
= 3

Selecting d0 = 1 mm, a/d0 = 5, and entering Figure 7.16 through the bottom of the
graph, read q = 0.53 on the curve corresponding to K∞t = 3 (labeled with diamonds). Next,
use (7.70) to find the effective SCF of the infinite plate

K∞e = 1 + 0.53(3− 1) = 2.06

where the superscript ∞ has been added to indicate that K∞e corresponds to the infinitely
large plate. Since the plate in Figure 7.16 has finite width, the correct factor is computed
with (7.76)

fw =
2 + [1− 2(5/30)]3

3[1− 2(5/30)]
= 1.148
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Therefore, the effective SCF of the finite width plate is

Ke = fwK
∞
e = 1.148× 2.06 = 2.36

Finally, the strength of the notched plate is

FN =
F0

Ke
=

494

2.36
= 209 MPa

In other words, the plate is predicted to fail when the stress, computed assuming the hole
is not there, reaches 209 MPa. Note that the result depends on the assumed value of d0.
Using a0 instead of d0 leads to slightly different results. Taking a0 = 3.8 mm, a/a0 = 1.32,
and entering Figure 7.16 through the top of the graph, a value q = 0.42 is obtained. The
rest of the procedure is identical, and the estimated notched strength is FN = 234 MPa.
The two extreme values usually recommended for a0, namely 2.5 and 5 mm, lead to values
of notched strength of 211 MPa and 256 MPa, respectively.

Problems

Problem 7.1 A laminate of undisclosed configuration subjected to undisclosed load has a
reported first ply failure (FPF) strength ratio R = 0.5. Note: the material, laminate stacking
sequence, and the loads are not known.

(a) How much does the load need to be increased/decreased to avoid first ply failure, as-
suming all components are increased/decreased proportionally?

(b) How much does the thickness of the laminate need to be increased/decreased to avoid
first ply failure, assuming all laminae thicknesses are increased/decreased propor-
tionally?

(c) How much does the strength of the material need to be increased/decreased to avoid first
ply failure, assuming all strength components are increased/decreased proportionally?

Problem 7.2 Consider a laminate [±45]T of the following material:

E1 = 137.8 GPa E2 = 10 GPa G12 = 5.236 GPa ν12 = 0.3
F1t = 826.8 MPa F1c = 482.3 MPa F2t = F2c = 68.9 MPa F6 = 241.15 MPa

and ply thickness tk = 0.127 mm, subject to Nx = Ny = 1.0 N/mm, all other loads equal
to zero. Determine the first ply failure (FPF) strength ratio R at the bottom surface of
the laminate, using the maximum stress criterion. Do not adjust for in situ strength. You
are allowed to use a computer program to find the stresses but you must present detailed
computations of the R values.

Problem 7.3 Consider a laminate [±45]T of the following material:

E1 = 137.8 GPa E2 = 10 GPa G12 = 5.236 GPa ν12 = 0.3
F1t = 826.8 MPa F1c = 482.3 MPa F2t = F2c = 68.9 MPa F6 = 241.15 MPa

and ply thickness tk = 0.127 mm, subject to Nx = Ny = 1.0 N/mm, all other loads equal
to zero. Determine the strength ratio R at the bottom surface of the laminate, using the
maximum strain criterion. Do not adjust for in situ strength. You are allowed to use a
computer program to find the stresses but you must present detailed computations of the R
values.
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Problem 7.4 Consider a laminate [±45]T of the following material:

E1 = 137.8 GPa E2 = 10 GPa G12 = 5.236 GPa ν12 = 0.3
F1t = 826.8 MPa F1c = 482.3 MPa F2t = F2c = 68.9 MPa F6 = 241.15 MPa

and ply thickness tk = 0.127 mm, subject to Nx = Ny = 1.0 N/mm, all other loads equal
to zero. Determine the strength ratio R at the bottom surface of the laminate, using the
interacting failure criterion. Do not adjust for in situ strength. You are allowed to use a
computer program to find the stresses but you must present detailed computations of the R
values.

Problem 7.5 Consider a laminate [±45]T of the following material:

E1 = 137.8 GPa E2 = 10 GPa G12 = 5.236 GPa ν12 = 0.3
F1t = 826.8 MPa F1c = 482.3 MPa F2t = F2c = 68.9 MPa F6 = 241.15 MPa

and ply thickness tk = 0.127 mm, subject to Nx = Ny = 1.0 N/mm, all other loads equal
to zero. Determine the strength ratio R at the bottom surface of the laminate, using the
truncated-maximum-strain (TMS) criterion with matrix cutoff. Do not adjust for in situ
strength. You are allowed to use a computer program to find the stresses but you must
present detailed computations of the R values.

Problem 7.6 Recompute Problem 7.2 adjusting for in situ strength, assuming the transition
thickness for this material is tt = 0.6 mm.

Problem 7.7 Recompute Problem 7.3 adjusting for in situ strength, assuming the transition
thickness for this material is tt = 0.6 mm.

Problem 7.8 Compute the [A] and [D] matrices of a [0/45/ − 45]S laminate. Neglect
transverse shear deformations. Each lamina is 2.5 mm thick. The material properties are:

E1 = 204.6 GPa E2 = 20.46 GPa G12 = 6.89 GPa ν12 = 0.3
F1t = 826.8 MPa F1c = 482.3 MPa F2t = F2c = 68.9 MPa F6 = 241.15 MPa

Problem 7.9 Using the results for the laminate in Problem 7.8, and loading Nx = Ny = 1000
N/mm, compute the strains εx, εy, γxy at all laminas.

Problem 7.10 Using the results for the laminate in Problem 7.9 compute the stresses in
laminate c.s. σx, σy, τxy on all laminas.

Problem 7.11 Using the results for the laminate in Problem 7.9 compute the strains in
lamina c.s. ε1, ε2, γ6 by using the transformation equations.

Problem 7.12 Using the results for the laminate in Problem 7.11 compute the stresses in
lamina c.s. σ1, σ2, σ6.

Problem 7.13 Using the stresses found in Problem 7.12, evaluate the first ply failure strength
ratio RFPF in each lamina using the maximum stress criterion. Do not adjust for in situ
strength. In each case, the minimum of the values of R computed through the thickness
corresponds to the first ply failure (FPF) strength ratio. Note that the FPF values computed
with the various criteria are, in general, different from each other. Only experience or
multiaxial strength test data can tell which criterion is the best for a particular material and
stress state.
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Problem 7.14 Using the strains found in Problem 7.11, evaluate the first ply failure strength
ratio RFPF in each lamina using the maximum strain criterion. Do not adjust for in situ
strength.

Problem 7.15 Using the stresses found in Problem 7.12, evaluate the first ply failure strength
ratio RFPF in each lamina using the interacting criterion. Do not adjust for in situ strength.

Problem 7.16 Using the strain found in Problem 7.12, evaluate the first ply failure strength
ratio RFPF in each lamina using the truncated-maximum-strain with matrix cutoff. Do not
adjust for in situ strength.

Problem 7.17 Recompute Problem 7.13 for loading beyond first ply failure (FPF). Simulate
the damaged material by using a damage factor d = 0.99 (ply discount). The minimum
value of strength ratio R thus obtained corresponds to the last ply failure (LPF), i.e., RLPF .

Problem 7.18 Consider a [±45]T laminate. Each lamina is 2.5 mm thick. The material
properties are:

E1 = 204.6 GPa E2 = 20.46 GPa G12 = 6.89 GPa ν12 = 0.3
F1t = 826.8 MPa F1c = 482.3 MPa F2t = F2c = 68.9 MPa F6 = 241.15 MPa

Determine the value of the forces Nx, Ny, Nxy,Mx,My,Mxy required to produce a curvature
κx = 0.00545 mm−1, κy = −0.00486 mm−1. Neglect small numbers and shear deformation.

Problem 7.19 If all the forces determined in Problem 7.18 are increased proportionally, use
the interacting failure criterion to determine the first ply failure (FPF) load.

Problem 7.20 If all the forces determined in Problem 7.18 are increased proportionally,
use the interacting failure criterion to determine the last ply failure (LPF) load assuming
d = 0.99.

Problem 7.21 Consider a quasi-isotropic laminate [0/90/ ± 45]S, 8 mm thick, made of
Carbon/Epoxy AS4/3501-6. Use the truncated-maximum-strain failure criterion without
matrix cutoff. Estimate the strains-to-failure using the data in Table 2.1–2.4 and equation
(7.8). Explain the mode of failure under the following loading conditions:

(a) Nx = 1000 N/mm all other zero.

(b) Nx = −1000 N/mm all other zero. Why is the strength ratio different from case (a)?

(c) Nxy = 1000 N/mm all other zero.

Problem 7.22 Repeat Problem 7.21 using a matrix cutoff. Estimate the strains-to-failure
using the data in Table 2.1–2.4 and equation (7.8)

Problem 7.23 Verify that the experimental values of strain-to-failure listed below are higher
than those computed assuming linear elastic behavior (7.8).
Experimental strain-to-failure (ultimate strain):

ε1t = 11, 900 ppm, ε1c = 8, 180 ppm, ε2t = 2, 480 ppm, ε2c = 22, 100 ppm, γ6u = 30, 000 ppm.

Elastic moduli:

E1 = 156.4 GPa, E2 = 7.786 GPa ν12 = 0.352, ν21 = 0.016 G12 = 3.762 GPa.

Unidirectional lamina strength values:

F1t = 1, 826 MPa, F1c = 1, 134 MPa, F2t = 19 MPa, F2c = 131 MPa, F6 = 75 MPa.
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Problem 7.24 Show analytically that (f11σ
2
1)R2

1 + (f1σ1)R1− 1 = 0, with f11 = 1/(F1tF1c)
and f1 = 1/F1t − 1/F1c is equivalent to (7.18). Specifically, show that when σ1 > 0, the
equations above reduce to R1 = F1t/σ1 and when σ1 < 0 it reduces to R1 = −F1c/σ1.
Remember that F1t and F1c are both positive.

Problem 7.25 Recompute Example 7.7 using a [(±55)n] laminate and ply thickness tk =
0.127 mm.

Problem 7.26 Verify the design in Example 7.14 by calculating the strength ratio R using
the truncated-maximum-strain criterion and the interacting criterion.

Problem 7.27 Optimize the LSS for the design in Example 7.14 while maintaining the same
material system, OD, thickness, load factor, and resistance factor. That is, change the LSS
to increase the strength ratio R. Use the truncated-maximum-strain criterion and properties
from Table 1.4.

Problem 7.28 Optimize the LSS for the design in Example 7.14 while maintaining the same
material system, OD, thickness, load factor, and resistance factor. That is, change the LSS
to increase the strength ratio R. Use the interacting criterion and properties from Table 1.4.
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Chapter 8

Damage

As we have seen in Chapter 7, first ply failure (FPF) is the load at which the first
crack appears in a lamina, and last ply failure (LPF) is an approximation to the
load for which the laminate is no longer able to sustain any load. In Chapter 7,
predictions of FPF and LPF are done with strength failure criteria (Sections 7.1,
7.2, and 7.3). Strength failure criteria have at least three limitations, as follows:

First, some of the strength values used in strength failure criteria need to be
adjusted for ply thickness and laminate stacking sequence (LSS). While the thick-
ness dependency can be accounted for by using in situ values (Section 7.2.1), the
dependency on LSS is not easily accounted for. Even then, the criteria predict
the appearance of the first matrix crack, not the saturation of matrix cracks that
corresponds to total degradation of a lamina.

Second, strength failure criteria provide no indication about what happens after
the first crack. For a unidirectional lamina (UD), the first crack coincides with the
collapse of the lamina because there is nothing to prevent the lamina from fracturing
into two pieces. Once the lamina is inside a laminate, the rest of the laminate will
likely hold the lamina together. Furthermore, cracks cause reduction of stiffness
of the lamina, which lead to stress redistribution to other laminas that eventually
cause LPF. Strength failure criteria provide no prediction of this gradual process of
damage accumulation, stiffness reduction, and stress redistribution.

Finally, equating laminate strength to the load at which the first fiber failure
is detected in one lamina is only an approximation. Therefore, an alternative to
strength failure criteria is developed in this chapter, inspired from continuum dam-
age mechanics [2, Chapter 8].

8.1 Continuum Damage Mechanics

The applied (or apparent) stress σ is the stress calculated as load per unit area Ã,
which is the cross sectional area known to the designer (Figure 8.1). The effective
stress σ̃ is the stress acting over the undamaged area of the material A. The undam-
aged (remaining) area is A = (1 −D)Ã, where 0 ≤ D < 1 is the damage variable.
Therefore, when the material is damaged, the effective stress is higher than the
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Figure 8.1: (a) Unstressed material, (b) stressed material, (c) effective configuration.

apparent stress as follows

σ̃ =
σ

(1−D)
(8.1)

In this chapter, a tilde is used to indicate effective stress σ̃ and strain ε̃, as well
as undamaged modulus Ẽ, area Ã, etc. The effective quantities are conjugate of
undamaged properties, such as the undamaged modulus Ẽ, through constitutive
equations such as σ̃ = Ẽ ε̃. Conjugate means that they work together. The effective
stress σ̃ acts on the undamaged portion of the material between cracks in Figure
8.1.b, where the modulus Ẽ is the original one (undamaged). On the other hand, the
apparent stress σ acts on the material depicted in Figure 8.1.c, which has reduced
(damaged) modulus E with the cracks smeared and replaced by a continuous variable
D.

Similarly, the undamaged stiffness matrix C̃ and undamaged reduced stiffness
matrix Q̃ are indicated with a tilde. The effective stress and strain are conjugate to
undamaged entities such as the undamaged reduced stiffness Q̃ through constitutive
equations such as {σ̃} = [Q̃]{ε̃}, where [ ] indicates a matrix and { } indicates a
column array.

Apparent quantities such as damaged stress σ and damaged strain ε have no
decoration and are conjugate to damaged properties such as damaged stiffness E,
damaged stiffness matrix C, damaged reduced stiffness matrix Q, and so on, through
constitutive equations such as σ = Eε.

Having the undamaged moduli Ẽ1, Ẽ2, G̃12, ν̃12 and so on labeled with an overline
may seem uncomfortable at first after so many years seeing the modulus of elasticity
as simply E, but there is a need in continuum damage mechanics to identify clearly
the unchanging value of the undamaged property as Ẽ to distinguish it from the
changing value of damaged E. If this argument does not convince you, consider the
following. Every time in college when we used the modulus of elasticity E, it did
not occur to us to question whether or not the material had some intrinsic damage
at the time a test was done to measure it. So, in a general sense, we were already
using the damaged modulus, but we took it as constant because our analysis did
not consider additional damage. Our analysis prowess is now far superior and we
can indeed consider additional damage on our old friend E.
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The stiffness and compliance matrices C, S and their reduced counterparts Q,S
with no decorations are computed in lamina coordinates, the 1-direction being align-
ed with the fiber direction, the 3-direction normal to the midsurface of the lamina,
and the 2-direction obtained by the crossproduct (−→x 2 = −→x 3×−→x 1) of the former, to
yield a right-hand sided coordinate system 1, 2, 3. When these matrices are trans-
formed to a different coordinate system, such as the laminate system x, y, z, their
symbols are adorned by an overline, such as in C,S,Q, which means transformed.
In those rare cases when we might need to display transformed undamaged stiffness
or compliance matrices, we use both an overline to indicate transformed and a tilde

to indicate undamaged, such as in [Q̃] = [Q̃].

Furthermore, for a composite lamina or composite tow, continuum damage me-
chanics requires the following variables to be defined:

1. A state variable to keep track of the amount of damage. The state variable
may be physically based, such as the crack density λ (Section 8.4), or a phe-
nomenological variable D, as in (8.1).

2. An independent variable, thermodynamically conjugate to the state variable.
The independent variable, also called thermodynamics force, is the physical
quantity that drives the damage process. It could be stress, strain, or other
suitably defined thermodynamic force.

3. A damage activation function g that separates the damaging states from the
undamaging ones.

4. A damage threshold used to control the initial size of the damage activation
function.

5. A damage hardening function, which updates the damage threshold.

6. A damage evolution function, which is used to predict damage increments.

7. The value of critical damage when the lamina fractures.

8.2 Longitudinal Tensile Damage

In this section we describe how to use two material properties, the Weibull modulus
m and the longitudinal tensile strength of the composite F1t, to predict the damaging
behavior and longitudinal tensile failure of a unidirectional fiber-reinforced lamina.

The physics of damage under longitudinal tension stress is as follows [192]. Fiber
strength varies from fiber to fiber according to a Weibull probability density func-
tion (Section 2.1) that is fully characterized by two parameters, the characteristic
strength λ and the Weibull modulus m. The later represents the dispersion of the
values of strength; the higher the m-number, the less dispersion.

Upon application of longitudinal tensile stress, weaker fibers fail and their share
of the load is redistributed to neighboring fibers. In addition, as depicted in Figure
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Figure 8.2: Shear lag near the end of a broken fiber.

8.2, stress recovers back into the broken fiber at a distance δ along the fiber direction
and away from the break because the matrix transfers back the longitudinal stress
through shear action onto the broken fiber (Figure 8.2). This phenomenon is called
shear lag and the distance δ is called ineffective length. All this was nicely put
together by Rosen [194] into a model that predicts the longitudinal tensile strength
of fiber-reinforced unidirectional composites in terms of the Weibull parameters.
Later, Barbero and Kelly [192] recasted all this in the framework of continuum
damage mechanics, so that the progressive failing of fibers could be interpreted as
distributed damage. Those ideas are further developed here into a fully functional
damage model that only requires two parameters, the Weibull modulus m and the
longitudinal tensile strength of the unidirectional composite F1t. Both values are
available in the literature for use in design or can be measured by standard tests
(see Tables 2.5–2.6).

Under applied longitudinal tensile stress σ1, the probability of fiber failure is
given by the Weibull probability density. Loading a specimen up to a stress σ1,
the ratio of number of fibers broken to number of fibers in the cross section can
be calculated by the cumulative distribution function (CDF). Such ratio is also the
ratio of damaged fiber area to initial fiber area. That is, the longitudinal tensile
damage d1t is given by [192]

d1t = F (σ̃1) = 1− exp [−αδσ̃m1 ] (8.2)

where σ̃1 is the effective stress in the composite along the fiber direction, related to
the applied stress σ1 by

σ1 = σ̃1 (1− d1t) (8.3)

with δ being the ineffective length due to shear lag and α = (λL0)−1 is a parameter
related to the characteristic strength of the fibers and the gage length L0 used in its



Damage 287

Figure 8.3: Longitudinal stress and damage σ1t/F1t, d1t (first quadrant) and
σ1c/F1c, d1c (fourth quadrant) in a unidirectional laminate subject to longitudinal
tension/compression.

experimental determination (see Section 4.5.1 and [2, Section 8.1.6]). Since neither
λ or L0 are known, the product αδ is calculated as follows. Substituting (8.2) into
(8.3) we have

σ1 = σ̃1 exp(−αδσ̃m1 ) (8.4)

Equation (8.4) has a maximum when ∂σ1/∂σ̃1 = 0, which leads to

σ̃1,max = (αδ m)−1/m (8.5)

F1t = (αδ m e)−1/m (8.6)

αδ = [m e (F1t)
m]−1 (8.7)

where e is the basis of the natural logarithms. Substituting (8.7) into (8.2), the
final explicit expression for the damage in the composite under tensile load along
the fiber direction is

d1t = F (σ̃1) = 1− exp
[
− 1

m e

(
σ̃1

F1t

)m]
(8.8)

which can be used as long as σ̃1 ≥ 0. In this way, modeling longitudinal fiber
damage requires only to know one additional parameter, the Weibull modulus m of
the fiber, for which values are available in the literature (see Tables 2.5, 2.6). The
model predicts exactly the tensile strength F1t as shown by the peak of the positive
portion of the solid line in Figure 8.3 for AS4/3501-6 (Table 1.3).

The evolution of damage is shown in Figure 8.3 (dash line), where it can be seen
that the tensile strength is reached for the critical value of fiber damage [2, (8.42)],

dcr1t = 1− exp(−1/m) (8.9)
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which agrees well with experimental observations. To maintain damage constant
during unloading, the threshold g1t is set to the highest value of effective stress seen
by the material, and damage is not recalculated unless σ̃1 > g1t.

Summary

The basic ingredients of a continuum damage mechanics model to longitudinal ten-
sion damage are listed below.

1. The damage variable d1t is the ratio of broken fibers to total number of fibers
over a unit width of lamina (or a composite tow).

2. The independent variable is the effective stress in the longitudinal direction
σ̃1 (8.3).

3. The damage activation function is

g = g1t − σ̃1 ≤ 0 (8.10)

4. The damage threshold g1t is initially set to zero because a small number of
fibers break at very low stress, i.e., the Weibull probability density goes to
zero for zero stress.

5. The damage hardening function is obtained by updating the threshold g1t to
be the last value of effective stress; that is, g1t = σ̃1. No more fibers break
unless the previous value of stress is exceeded.

6. The damage evolution function is given by (8.8).

7. The critical damage when the lamina fails is given by (8.9).

Longitudinal tensile damage is not affected by other components of stress, such
as transverse tensile, compressive, and in-plane shear, because the very high fiber
strength dominates the behavior.

8.3 Longitudinal Compressive Damage

In this section we describe how to use one material property, the longitudinal com-
pressive strength of the composite F1c, to predict the damaging behavior leading to
longitudinal compression failure of a unidirectional fiber-reinforced lamina.

Rosen [233] calculated the buckling stress of perfectly straight fibers embed-
ded in a matrix. His formula, F1c = G12, overpredicts the measured compressive
strength by as much as 100% because the fibers are not perfectly straight but wavy.
The waviness of the fibers is represented by the misalignment angle α they form
with the nominal fiber direction, and this waviness varies from fiber to fiber. Bar-
bero and Tomblin [234] have shown experimentally that the misalignment angle
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in unidirectional fiber-reinforced composites follows a Normal probability density
distribution [195, Eqs. (4)–(5)]

f(α) =
1

sα
√

2π
exp

[
−(α− µα)2

2 s2
α

]
(8.11)

that is centered at the origin (µα = 0). Therefore, the distribution is completely
characterized by a single parameter, the standard deviation of fiber misalignment
sα. A simple, explicit formula to predict the compressive strength was developed
in [195, p. 495], which is reproduced here (see also (4.71)–(4.72))

F1c = G12 (1 + 4.76χ)−0.69 (8.12)

χ =
G12sα
F6

(8.13)

where sα is the standard deviation of fiber misalignment, G12 is the tangent shear
modulus at the origin (γ6 = 0), and F6 is the shear strength. Both G12 and F6 can
be measured by a shear test such as [151, ASTM D 5379], which recommends using
a [0/90]S sample to yield lower scatter in the results.

The standard deviation of fiber misalignment sα, which is affected by processing
conditions, can be measured by optical methods [196,234] but doing so is impractical
for a designer. In this book, we propose to measure the compressive strength F1c,
the in-plane shear modulus G12, and strength F6, then calculate the underlying
standard deviation sα to satisfy (8.12), as follows

sα =
F6

4.76 G12

[(
G12

F1c

)1.45

− 1

]
(8.14)

This approach is advantageous because the parameter sα is quite insensitive to
laminate stacking sequence (LSS) and other design changes as long as the fiber type
and processing conditions remain unchanged. This approach is customary practice in
the composites industry; when these parameters are adjusted to industry’s specific
manufacturing process, they become trade secrets for a given organization. The
compressive strength F1c can be measured by using standard test methods [57,
SACMA SRM 1-94].

The physics behind compressive strength is as follows [195]. Upon application
of a compressive stress, the fibers with larger misalignment buckle and the stress is
redistributed to those that have not buckled. Fibers buckle at a stress1 given by the
imperfection sensitivity equation, derived in [195, (17)–(20)], and reproduced here
using the notation of this book, as follows2

σ̃1(α) = G12 +
16C2α

3π
−

4
√

2C2α (8C2α+ 3πG12)

3π
(8.15)

C2 =
G2

12

4F6

1Adjusted for fiber volume fraction so that σ̃1 is a composite stress, i.e., the stress averaged over
a fiber and its surrounding matrix.

2Note the redefinition of C2 with respect to [195, (17)].
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Figure 8.4: Imperfection sensitivity (8.15) for AS4/3501-6, Table 1.3.

and shown in Figure 8.4.

Each value of effective stress σ̃1 causes all fibers with angles larger than α to
buckle. Damage represents the ratio of fibers that have buckled to the total in
the cross section. Since fibers will buckle the same regardless of the sign of the
misalignment angle, damage is calculated as the area under the Normal probability
density curve for angles outside the interval |α|. Since the total area under the
Normal probability density curve (8.11) is equal to one, it is easier to calculate
damage as one minus the area in the interval [−α, α], as follows

d1c = 1−
∫ α

−α
f(α

′
)dα

′
= 1−A(α) (8.16)

with

A(α) =

∫ α

−α
f(α

′
)dα

′
= erf(z) (8.17)

with f(α
′
) given by (8.11), erf(z) is the error function [235], and z is the standard

variable defined as

z =
α− µα
sα
√

2
(8.18)

where µα, sα are the mean and standard deviation of fiber misalignment, respec-
tively.

Each value of applied stress σ1 results in a value of effective stress σ̃1 according to
(8.1) and each value of effective stress corresponds to a unique value of misalignment
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α(σ̃1) in the imperfection sensitivity plot (Figure 8.4). Loading proceeds from left
to right in (Figure 8.4).

Since all the fibers with misalignment greater than the current one have already
buckled, the damage is calculated simply as the integral of both tails of the Normal
distribution function, i.e., (8.16). From (8.1) and (8.16), the apparent stress σ1 in
the tow is

σ1 = σ̃1(1− d1c) = σ̃1A(α) (8.19)

The apparent stress (8.19) has a maximum for which the tow cannot longer carry
the applied load, that is, a failure strength given by (8.12).

The compressive strength is reached for a critical value of misalignment αcr,
obtained by setting the product of the effective stress in the unbuckled fibers (8.15)
times the remaining area A(α) equal to the experimental value of compressive
strength F1c and solving for αcr [195, (13)]

σ̃1(α)A(α) = F1c ; solve for αcr (8.20)

This in turn defines the critical value of damage [2, (8.60)]

dcr1c = 1−A(αcr) (8.21)

On a computer implementation, the effective stress can be calculated from the
effective strain as

{σ̃} =
[
S̃
]
{ε̃} (8.22)

where σ̃, ε̃, S̃ are the effective stress, effective strain, and undamaged compliance,
respectively.

The angle α of the fiber that is buckling at that value of stress is calculated by
solving numerically for α in (8.15). The value sα calculated by using (8.14) provides
a convenient starting point for numerical solvers that need an initial guess. The
solution is unique and convergence is achieved in a few iterations. Then, (8.16)
yields the damage d1c (Figure 8.4).

To maintain damage constant during unloading, the threshold g1c is set to the
highest (negative) value of longitudinal compressive stress seen by the material, and
damage is not recalculated unless σ̃1 < g1c.

Predicted longitudinal stress–strain response is shown by the negative portion of
the solid line in Figure 8.3. The compressive stress slightly exceeds the value of F1c

calculated with (8.12) because the imperfection sensitivity curve (8.15), used here for
convenience, is an approximation to the exact one shown in [195, (9)] and [2, (8.53)].

Continuum damage mechanics ceases to represent the behavior near fracture,
when sufficient density of damage coalesce to form a crack. From then on, only
fracture mechanics can truly represent the material behavior. In the case of longitu-
dinal compression, when the applied stress σ1 reaches the longitudinal compressive
strength given by (8.12), a kink band forms and the material fails catastrophically if
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subjected to load control. Damage suddenly becomes d1c = 1 and the longitudinal
stiffness of the affected lamina is completely lost.

At each point in the structure, the longitudinal direction may accumulate both
tensile and compressive damage if it has experienced both tension and compression.
Therefore, in the linear elastic domain (damage not being recalculated), one must
decide about which damage, tension or compression, determines the modulus of
the material. The decision is simple, as it only involves considering the sign of the
current applied stress.

Summary

The basic ingredients of a continuum damage mechanics model for longitudinal
compressive damage are listed below.

1. The damage variable is d1c, which is the ratio of buckled fibers to total number
of fibers in a unit width of lamina.

2. The independent variable is the effective stress in the longitudinal direction
σ̃1 (8.19).

3. The damage activation function is

g = g1c − σ̃1 ≤ 0 (8.23)

4. The damage threshold, g1c, is initially zero because a small number of fibers
buckle at very low stress. Since the Normal distribution of fiber misalign-
ment has a tail that goes to infinity, there are a few fibers with very large
misalignment, and these will buckle with stress approaching zero.

5. The damage hardening function is simply given by the fact that the threshold
g1c is always updated to be the last value of effective stress, as g1c = σ̃1. No
more fibers will buckle unless the effective stress increases.

6. The damage evolution function is defined by (8.16).

7. The critical damage when a lamina fails is given by (8.21).

8.4 Transverse Tension and In-Plane Shear

In this section we describe how to use two material properties, the fracture toughness
in modes I and II, GIc, GIIc, to predict the damaging behavior and transverse tensile
failure of a unidirectional fiber-reinforced lamina embedded in a laminate. The
constraining effect of adjacent laminas is taken into account, leading to apparent
transverse strength F2t being a function of ply thickness. The crack initiation strain,
crack density evolution as a function of stress (strain) up to crack saturation, and
stress redistribution to adjacent laminas is predicted accurately.
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The physics of matrix cracking under transverse tension and in-plane shear
is as follows. No matter how much care is taken during the production process,
there are always defects in the material. These defects may be voids, microcracks,
fiber/matrix debonding, and so on, but all of them can be represented by a typical
matrix crack of representative size 2a0, as shown in Figure 7.8.

When subject to load, matrix cracks grow parallel to the fiber orientation, as
shown in Figure 7.7, where it can be seen that cracks are aligned with the fiber di-
rection in the 90◦ and 30◦ laminas. These sets of parallel cracks reduce the stiffness
of the cracked lamina, which then sheds its share of the load onto the remaining
laminas. In each lamina, the damage caused by this set of parallel cracks is rep-
resented by the crack density, defined as the inverse of the distance between two
adjacent cracks λ = 1/(2l), as shown in Figure 8.5. Therefore, the crack density
is the only state variable needed to represent the state of damage in the cracked
lamina. Note that the actual, discrete cracks are modeled by the theory, which is
thus named discrete damage mechanics (DDM).

2 l

1
X

Y
y

x

Side View

k Lamina

Homogenized  Laminae

y

z RVE

RVE

Top View

2 l

symmetry plane

h/2

Figure 8.5: Representative unit cell used in discrete damage mechanics.

The basic ingredients of the DDM model for transverse tension and in-plane
shear damage are listed below:

1. In each lamina, the state variable is the crack density λ. Three damage var-
iables d22(λ), d66(λ), and d12(λ) are defined for convenience but they are com-
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puted in terms of the crack density.

2. The independent variable is the midsurface strain3 ε = {ε1, ε2, γ6}T .

3. The damage activation function, which separates the damaging states from
the undamaging ones, is

g = (1− r)

√
GI(λ, ε)

GIc
+ r

GI(λ, ε)

GIc
+
GII(λ, ε)

GIIc
− 1 ≤ 0

r =
GIc
GIIc

(8.24)

4. The damage threshold is embedded into g, and represented by the (invariant)
material properties GIc, GIIc (see Section 1.4). Before damage starts, λ = 0
and (8.24) is a damage initiation criterion [237]. With λ = 0, the strain for
which g = 0 is the strain for crack initiation. Once damage starts, (8.24)
becomes a damage activation function by virtue of the automatic hardening
described below.

5. The hardening function is embedded into the damage activation function
g. For a given value of strain, the calculated values of energy release rate
GI(λ), GII(λ) (see Section 1.4) are monotonically decreasing functions of λ.
Therefore, as soon as λ grows, GI(λ), GII(λ) decrease, making g < 0 and thus
stopping further damage until the driving force, the strain, is increased by the
application of additional load.

6. No damage evolution function need to be postulated, with the advantage that
no new empirical parameters are needed. Simply the crack density λ adjusts
itself to a value that will set the laminate in equilibrium with the external loads
for the current strain while satisfying g = 0. A return mapping algorithm [2,
Chapter 8] achieves this by iterating until g = 0 by updating the crack density
with iterative increments calculated as ∆λ = −g/ ∂g∂λ .

7. The crack density grows until the lamina is saturated with cracks (λ → ∞).
At that point the lamina loses all of its transverse and shear stiffness (d22 ≈
1, d66 ≈ 1, d12 ≈ 1), at which point all of the load is already transferred to
the remaining laminas in the laminate. The analysis of the cracked lamina is
stopped when the crack density reaches saturation λlim = 1/tk, where tk is the
thickness of lamina k; this means that cracks are closely spaced at a distance
equal to the lamina thickness.

Having described the ingredients of the model, it now remains to show how to
calculate the various quantities. The solution begins by calculating the reduced
stiffness of the laminate Q = A/h for a given crack density λk in a cracked lamina

3The analysis presented in this section is for symmetric laminates under membrane forces. A
generalization for unsymmetric laminates and/or laminates under bending is presented in [236].
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k, where A is the in-plane laminate stiffness matrix, and h is the thickness of the
laminate.

The following conventions are used in this section:

• Superscript/subscript i denotes any laminas in the laminate.

• Superscript/subscript k denotes the cracking lamina.

• Superscript/subscript m denotes any laminas other than the cracking one
(m 6= k).

8.4.1 Limitations

Most practical laminates are symmetric and the most efficient use of them is by de-
signing the structure to be loaded predominantly with membrane loads (see Chapter
12). Therefore, the solution presented here is for a symmetric laminate under mem-
brane loads. In this case,

∂wi

∂x
=
∂wi

∂y
= 0 (8.25)

where u(x, y, z), v(x, y, z), w(x, y, z) are the displacements of a point in lamina i as
a function of the coordinates x, y, z. Furthermore, the thickness ti of the laminas is
assumed to be small, so that

σiz = 0 (8.26)

As it has been mentioned before, all cracks are assumed to be parallel to the fiber
direction. Furthermore, practical designs avoid thick laminas. For thin laminas the
cracks occupy the entire thickness of the lamina.

8.4.2 Approximations

Since the objective is to calculate the laminate stiffness reduction due to cracks,
it suffices to work with thickness averages of the variables. A thickness average is
denoted by

φ̂i(x, y) =
1

ti

∫
ti

φi(x, y, z)dz (8.27)

where ti denotes the thickness of lamina i. Specifically,

• ûi(x, y), v̂i(x, y), ŵi(x, y) are the thickness-average displacements in lamina i
as a function of the in-plane coordinates x, y.

• ε̂i1(x, y), ε̂i2(x, y), γ̂i6(x, y) are the thickness-average strains in lamina i.

• σ̂i1(x, y), σ̂i2(x, y), σ̂i6(x, y) are the thickness-average stress in lamina i.
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The same averaging is used to compute the average over the thickness of the lam-
inate h. Out-of-plane (intralaminar) shear stress components appear due to the the
perturbation of the displacement field caused by the crack. These are approximated
by linear functions through the thickness of the lamina i, as follows

σi4(z) = σ4(zi−1) + [σ4(zi)− σ4(zi−1)]
z − zi−1

ti

σi5(z) = σ5(zi−1) + [σ5(zi)− σ5(zi−1)]
z − zi−1

ti
(8.28)

where zi−1 and zi are the thickness coordinate at the bottom and top of lamina i,
respectively, as shown in Figure 6.6.

8.4.3 Displacement Field

The objective now is to solve for the average displacements ûi(x, y), v̂i(x, y) in all
laminas i for a given crack density λ and applied strain ε. To do this, the in-plane and
intralaminar equilibrium equations, the kinematic equations, and the constitutive
equations are invoked (for details see [238]). This leads to a system of 2n partial
differential equations (PDE) in ûi(x, y), v̂i(x, y), which has a particular solution of
the form

ûi = ai sinhλy + ax+ by

v̂i = bi sinhλy + bx+ cy (8.29)

and substituted into the PDE system leads to an eigenvalue problem

(
[K]− η2

e [M ]
){ ai

bi

}
e

= {0} (8.30)

where η are the 2n eigenvalues, {ai, bi}Te are the 2n eigenvectors, and n is the number
of laminas in the laminate. It turns out that always two of the eigenvalues are zero,
which can be taken to be the last two in the set, so that there remain only 2n − 2
independent solutions. Then, the general solution of the PDE system is built as the
linear combination of the 2n− 2 independent solutions as follows{

ûi

v̂i

}
=

2n−2∑
e=1

αe

{
ai

bi

}
e

sinh ηey +

{
a
b

}
x+

{
b
c

}
y (8.31)

where αe are unknown coefficients in the linear combination. It can be seen that
the general solution contains 2n + 1 unknown coefficients, including a, b, c, and αe
with e = 1...2n − 2. To determine these coefficients, one needs 2n + 1 boundary
conditions on the boundary of the representative volume element (RVE) in Figure
8.5. Note that the RVE spans a unit length along the fiber direction x, a distance
2l between successive cracks (along y) and the whole thickness h of the symmetric
laminate.
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Two very important parameters are introduced through the boundary condi-
tions, namely the crack density λ and the stress σ̂ = N/h applied to the laminate,
where N is the in-plane force per unit length. The crack density enters through
the dimension of the RVE, which has a width of 2L = 1/λ. The applied stress (or
strain) enters through the force equilibrium on the RVE. In summary, there are 2n+1
boundary conditions that lead to a system of 2n + 1 algebraic equations that can
be solved for the 2n+ 1 coefficients in (8.31). Therefore, the average displacements
in all laminas are now known from (8.31) for given values of crack density λ and
applied load σ̂ = N/h.

8.4.4 Strain Field

The thickness-averaged strain field in all laminas can now be obtained by using the
kinematic equations [181], namely by directly differentiating (8.31) as follows

ε̂ix =
∂ûi

∂x
; ε̂iy =

∂v̂i

∂y
; γ̂ixy =

∂ûi

∂y
+
∂v̂i

∂x
(8.32)

8.4.5 Laminate Reduced Stiffness

The compliance S and CTE α of the laminate in the coordinate system of lamina k
(x, y, Figure 8.5) can be calculated one column at a time by solving for the strains
(8.32) for four load cases, as follows

aσ̂ =


1
0
0


∆T=0

bσ̂ =


0
1
0


∆T=0

cσ̂ =


0
0
1


∆T=0

dσ̂ =


0
0
0


∆T=1

(8.33)

Cases a, b, c provide one column each for the compliance matrix of the damaged
laminate

S =

 aεx
bεx

cεx
aεy

bεy
cεy

aγxy
bγxy

cγxy

 (8.34)

and case d (∆T = 1) provides the CTE of the damaged laminate. Next, the laminate
stiffness in the coordinate system of lamina k is

C = S
−1

(8.35)

8.4.6 Lamina Reduced Stiffness

The stiffness of lamina m, with m 6= k, in the coordinate system of lamina k (see
Figure 8.5) is given by (5.54) as

Q
m

=

Q11 Q12 Q16

Q12 Q22 Q26

Q16 Q26 Q66

 (8.36)
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where overline denotes a quantity transformed to the coordinate system of lamina

k. The stiffness of the cracking lamina Qk = Q
k

is yet unknown. Note that Qk = Q
k

because all quantities are rotated to the coordinate system of lamina k.
In principle, the laminate stiffness is defined by the contribution of the cracking

lamina k plus the contribution of the remaining n− 1 laminas, as follows

C = Qk
tk
h

+
n∑

m=1

(1− δmk)Q
m tm
h

(8.37)

where the Kronecker delta is defined as δmk = 1 if m = k, otherwise 0. The left-
hand side (LHS) of (8.37) is known from (8.35) and all values of Q

m
can be easily

calculated since the m laminas are not cracking at the moment. Therefore, one can
calculate the reduced stiffness Qk of lamina k as follows

Qk =
h

tk

[
C −

n∑
m=1

(1− δmk)Q
m tm
h

]
(8.38)

To facilitate later calculations, the stiffness Qk can be written using concepts
of continuum damage mechanics [2, (8.63)–(8.67)], in terms of the stiffness of the
undamaged lamina and damage variables dk22, d

k
66, d

k
12, as follows

Qk =

(1− d(k)
11 ) Q̃k11 (1− d(k)

12 ) Q̃k12 0

(1− d(k)
12 ) Q̃k12 (1− d(k)

22 ) Q̃k22 0

0 0 (1− d(k)
66 ) Q̃k66

 (8.39)

with d
(k)
12 , d

(k)
22 , d

(k)
66 calculated for a given crack density λk and applied strain ε0, as

follows

dkij(λ
k, ε0) = 1−Qkij/Q̃kij (8.40)

where Q̃k is the original value of the undamaged property and Qk is the damaged
value computed in (8.38), both computed in the coordinate system of lamina k.

The fiber damage d
(k)
11 is calculated with (8.2) or (8.16) for tension and compression,

respectively.

8.4.7 Fracture Energy

Under displacement control, the energy release rate (ERR) is defined as the partial
derivative of the strain energy U with respect to the crack area A (see Section 1.4).
The strain energy U can be split between mode I (crack opening) and II (crack
shear) as follows

UI =
VRV E

2h

n∑
k=1

tk(ε2 − α̃
(k)
2 δT )Q

(k)
2j (εj − α̃(k)

j δT ) (8.41)

UII =
VRV E

2h

n∑
k=1

tk(ε6 − α̃
(k)
6 δT )Q

(k)
6j (εj − α̃(k)

j δT ) (8.42)
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where h =
∑n

k=1 tk, ε6 = γ12, and α̃(k) are the CTE of lamina k. Equation (8.41)
is cast in the coordinate system of the cracking lamina (k = c) so that ε2 is mode I
(crack opening) and ε6 is mode II (crack shear).

According to experimental observations on laminated, brittle matrix composites
(e.g., using most toughened epoxy matrices), cracks develop suddenly over a finite
length, and thus are not infinitesimal. Then, Griffith’s energy principle is applied on
its discrete (finite) form in order to describe the observed, discrete (finite) behavior
of crack growth, as follows

GI =
UIa − UIb

2 tc
(8.43)

GII =
UIIa − UIIb

2 tc
(8.44)

where UIa, UIb, UIIa, UIIb are the elastic strain energies in modes I and II, for crack
densities λa and λb = 2λa, and ∆A = 2 tc × 1 is the increment of crack area when a
new crack propagates in two symmetrically located laminas, each with thickness tc,
in and RVE with dimension 1 along the fiber direction. Counting crack area as one-
half of crack surface is consistent with the classical fracture mechanics convention
adopted in Chapter 1, for which fracture toughness Gc is twice of Griffith’s surface
energy γc.

For the current damage state i, characterized by crack density (state variable)
λi = 1/(2l), the RVE in Figure 8.5 has thickness h, a unit length along the crack
direction x, and width 2l (between cracks), resulting in a volume VRV E = h/λ.
Every new crack appears between two existing cracks, yielding new crack spacing l,
new crack density λi+1 = 2λi, and newly created area ∆A = 2 tc.

The damage activation function (8.24) can now be calculated for any value of λ
and applied strain εx, εy, γxy. Note that the computation of the ERR components
derives directly from the displacement solution (8.31) for a discrete crack (Figure
8.5). When this formulation is used along with the finite element method (FEM), it
does not display mesh dependency on the solution and does not require the arbitrary
specification of a characteristic length [47], in contrast to formulations based on
smeared crack approximations. A shell element capable of utilizing this formulation
is implemented as a user element into ANSYS [2, 239]. Abaqus implementation is
available as a User General Section (UGENS) in [1].

8.4.8 Solution Algorithm

The solution algorithm consists of (a) strain steps, (b) laminate-iterations, and
(c) lamina-iterations. The state variables for the laminate are the array of crack
densities for all laminas i and the membrane strain ε. At each load (strain) step, the
strain on the laminate is increased and the laminas are checked for damage modes
by evaluating the damage activation functions of all possible modes of damage,
including:

1. Longitudinal tension (Section 8.2).
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2. Longitudinal compression (Section 8.3).

3. Transverse tension and/or shear (this section).

4. Transverse compression (sudden failure, Section 4.5.8).

8.4.9 Lamina Iterations

When matrix cracking is detected (mode 3) in lamina k, a return mapping algorithm
(RMA) [2, Chapter 8] is invoked to iterate and adjust the crack density λk in lamina
k in such a way that gk returns to zero while maintaining equilibrium between the
external forces and the internal forces in the laminas. The iterative procedure works
as follows. At a given strain level ε for the laminate and given λk for lamina k,
calculate the value of the damage activation function gk and the damage variables,
which are both functions of λk. The RMA calculates the increment (decrement) of
crack density as [2, Chapter 8],

∆λk = −gk/∂g
k

∂λ
(8.45)

until gk = 0 is satisfied within a given tolerance, for all k = 1...n, where n is the
number of laminas in the laminate. The analysis starts with a negligible value of
crack density present in all laminas (λ = 0.01 cracks/mm were used in the examples).

8.4.10 Laminate Iterations

To calculate the stiffness reduction of a cracked lamina (k -lamina), all of the other
laminas (m-laminas) in the laminate are considered not damaging during the course
of lamina-iterations in lamina k, but with damaged properties calculated according
to the current values of their damage variables dmij . Given a trial value of λk,

the analytical solution provides gk, dkij for lamina k assuming all other laminas do
not damage while performing lamina iterations in lamina k. Since the solution for
lamina k depends on the stiffness of the remaining laminas, a converged iteration
for lamina k does not guarantee convergence for the same lamina once the damage
in the remaining laminas is updated. In other words, within a given strain step, the
stiffness and damage of all the laminas are interrelated and they must all converge.
This can be accomplished by laminate-iterations; that is, looping over all laminas
repeatedly until all laminas converge to g = 0 for all k. Unlike classical RMA
set up for plasticity, where the hardening parameter is monotonically increasing
[15, Chapter 8], the crack density λk must be allowed to decrease if, in the course
of laminate iterations, other laminas sustain additional damage that makes the
laminate more compliant and thus requires a reduction of λk.
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Example 8.1 Using both the maximum stress criterion with calculated in situ values and
the DDM formulation, compute and compare the crack initiation strain for two laminates:
a) [0/903/0]S and b) [02/903]S, both made of glass/epoxy with ply thickness tk = 0.125 mm
and properties given below.

E1 E2 G12 ν12 ν23

MPa MPa MPa
44700 12700 5800 0.297 0.41
F1t F1c F2t F2c F6 GIc GIIc

MPa MPa MPa MPa MPa kJ/m2 kJ/m2

- - 43.4 - 135.8 0.175 1.5

Solution to Example 8.1 Assuming the transition thickness of glass/epoxy to be tt =
0.6 mm, the in situ values for the 90◦ lamina calculated with (7.42) are reported below.
With these in situ values, the maximum stress criterion (max. σ) yields the strain at crack
initiation εx and first ply failure NFPF is reported below. A computer program implementing
the DDM formulation is available on the Web site [4]. The crack initiation strain and FPF
obtained with the DDM model are reported below.

Maximum Stress DDM
LSS t90 F is2t F is6 εx NFPF εx NFPF

mm MPa MPa % N/mm % N/mm
[0/903/0]S 0.375 87 243 0.69 222 0.73 234
[02/903]S 0.750 69 192 0.55 176 0.53 185

Problems

Problem 8.1 Consider a [010/9010]S with ply thickness tk = 0.125 mm. The material
is E-glass/polyester (Table 1.2) with fiber’s Weibull shape parameter m = 6.2. Using the
methodology presented in this chapter, compute:

(a) The laminate FPF strength Fxt. FPF is defined by the load at which the first new crack
appears in a lamina.

(b) The laminate FPF strength Fyt.

(c) Recompute using in situ strengths with transition thickness tt = 1.2mm.

(d) Explain why Fyt = Fxt.

Problem 8.2 Consider a [08/908/452/ − 452]S with ply thickness tk = 0.125 mm. The
material is E-glass/polyester (Table 1.2) with fiber’s Weibull shape parameter m = 6.2.
Using the methodology presented in this chapter, compute:

(a) The laminate FPF strength Fxt. Note that the 904 lamina is the first to crack, thus
defining FPF.

(b) The laminate FPF strength Fyt. Note that the exterior 04 lamina is the first to crack,
thus defining FPF.

(c) Recompute using in situ strengths with transition thickness tt = 1.2mm.
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(d) Explain why Fyt < Fxt.

Problem 8.3 Redesign the structure in Example 7.12 avoiding thick clusters of plies and
taking into account in situ strength. Use tt = 1.2mm and ν23 = 0.38.



Chapter 9

Fabric-reinforced Composites

Fabric reinforcement offers some advantages with respect to laminates made of uni-
directional composites, including ease of lay-up, superior damage tolerance, and
impact resistance of the resulting composite. The vast majority of the literature
focuses on plain weave fabrics but twill, satin, and basket weaves (Figure 2.3) are
becoming popular because of their superior drapability. An introduction to fabric
(textile) reinforcements and the nomenclature used to describe them is given in
Sections 2.4.2–2.4.3.

Analysis methods for fabric-reinforced composites can be grouped into two cate-
gories: numerical methods involving finite element analysis (FEA, [1,2]) and closed-
form (analytical) methods. While FEA models provide higher accuracy using less
approximations, they also require a unique discretization (mesh) for each specific
case, making preliminary design and parametric studies cumbersome. On the other
hand, analytical methods, such as the one presented in this chapter, are able to
provide good agreement with experimental data if they incorporate enough features
to model the material behavior.

A number of analytical models for woven fabric-reinforced composites have been
proposed in the literature, each having some valuable features as well as some lim-
itations [240–247]. A generalization and refinement of these models is presented in
the remainder of this chapter, resulting in a formulation that can deal with multi-
directional in-plane loading of plain weave as well as general twill and satin weaves.
Further, the undulation and cross section geometry of both the warp and fill tows
are modeled accurately, as well as the presence of a gap between the tows. All
failure events are accounted for, including matrix cracking, transverse tow damage,
and longitudinal tow failure, leading to accurate prediction of stiffness as well as
strength.

9.1 Weave Pattern Description

A laminate is a collection of laminas, where each lamina is reinforced with a layer
of fabric. Fabric-reinforced composites may be laminated or not, but even a single
lamina reinforced with a fabric displays many of the features of laminated compos-
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Figure 9.1: One-quarter of the repetitive unit cell (RUC) of a plain weave fabric.
Reprinted from [248], Figure 1, p. 271 c© (1997) with permission from Springer.

ites, such as high stiffness and strength in two perpendicular directions and so on.
Therefore, in this chapter, the term laminate is used when the discussion applies
indistinctly to a single fabric-reinforced lamina or to a laminated fabric-reinforced
composite.

A fabric is a collection of tows woven in a given pattern. Both fiber and matrix
are responsible for bearing the mechanical loads while the matrix protects the fibers
from environmental attack. Fabrics are classified as woven, nonwoven, knitted,
braided, two-dimensional (2D), and three-dimensional (3D).

The woven fabrics considered in this chapter are planar, orthogonal, square
weaves such as plain weave, twill, and satin [240, 244, 245]. A fabric is woven by
interlacing tows, roving, strands, or yarns. While these terms are defined in Section
2.4, the term tow will be used in this chapter to denote a group of fibers used as a
unit to weave a fabric. Unlike stitched fabrics, a planar weave has no through-the-
thickness features other than the undulation resulting from weaving. An orthogonal
weave has tows woven at right angles in the plane of the fabric. In this case, the
tows laid down in one direction (usually the lamina x-direction) are called fill and
the perpendicular tows are called warp or weft, the latter being aligned with the
length of the roll of fabric. The pitch pi is the width ai of a tow (Figure 9.1) plus
the separation between tows gi, if any; where the subscript i = f, w refers to fill and
warp, respectively. The weave is said to be square if the pitch of the fill is equal to
that of the warp (af + gf = aw + gw).

The integrity of the dry fabric is maintained by the mechanical interlocking of
the tows. Fabric properties such as drapability are controlled primarily by the weave
style. Many weave patterns, or styles, exist; the most common being plain weave,
satin weave, and twill weave.
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Figure 9.2: (a) plain weave fabric 2/1/1. (b) twill weave fabric 3/1/1.
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Figure 9.3: (a) satin 5/2/1. (b) twill 5/1/1.

Plain weave is the simplest, most commonly used style. The fill and warp are
interlaced to produce a checkerboard effect (Figure 9.2a) with about 50% of fill and
50% of warp exposed on each face of the fabric. Plain weave fabrics are strong, hard
wearing, and snag resistant, but they are not very drapeable and tend to wrinkle
when trying to conform to contoured molds.

Twill weave is recognized by its characteristic diagonal ribs easily seen on the
faces (Figure 9.2b). A twill is made by weaving the fill under the warp (ni ≥ 1), and
then over two or more warps repeatedly with a shift ns between rows that creates
the characteristic diagonal pattern. Twill weaves are more drapeable than plain
weave but less drapeable than satin.

Satin weave has interlacing tows arranged in such a way that on one face of the
fabric, most of the exposed tows are fill, while on the other face most of the exposed
tows are warp. No twill diagonal line can be identified. The satin is made by floating
warp tows across a number of fill tows to bring the former to one face and the latter
to the opposite face of the fabric. The interlacing floats three or more tows between
consecutive interlacing (Figure 9.3a). Satin weaves drape and slide extremely well
and thus can follow complicated contours in the mold. Long floats such as 7/1/1 or
longer may easily snag and are poorly resistant to abrasion. However, shorter floats
such as 4/1/1 may be tough and durable.

To describe a given fabric, look at the fabric in such a way that the fill tows
are oriented from left to right along the x-direction (fill-direction). First, determine
the harness ng; that is, the smallest number of adjacent tows needed to define a
repetitive unit cell (RUC). Then, look at the fill tows floating over/under warps.
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Figure 9.4: Weave parameters ng, ns, ni shown on a 5/1/2 pattern.

Looking at a single fill, say F1, and counting from left to right, the number of
adjacent warps that consecutively appear on top of the fill is the interlacing ni
(Figure 9.4). Fill F2 floats under ni warps, but the float is shifted to the right by a
number of warps equal to the shift ns. Next, select a representative unit cell (RUC)
in such a way that a fill floating under ni warps starts at the left bottom corner of
the RUC, as shown in Figure 9.4. In fact, all figures depicting fabrics in this chapter
have been drawn following this convention.

The repetitive unit cell (RUC) is the smallest portion of the fabric-reinforced
composite that contains all the features that repeat periodically on the face of the
fabric, as shown in Figures 9.2–9.5.

Three geometric parameters are needed to completely describe the weave pattern
in a fashion amenable for modeling and computation. Although the three parameters
proposed herein, ng, ns, ni, can be identified along both the fill and warp directions,
it helps to look at one direction only when counting geometrical features used to
define the parameters (see Figures 9.2–9.5). The three parameters are:

• Harness ng is the number of subcells along one direction of the RUC (ng = 5
in Figure 9.4).

• Shift ns is number of subcells between consecutive interlacing regions (ns = 1
in Figure 9.4).

• Interlacing ni is the number of subcells in the interlacing region (ni = 2 in
Figure 9.4).

A plain weave is described as ng/ns/ni = 2/1/1. A subset of twill weaves is
obtained when ng = 3, including 3/1/1 (shown in Figure 9.2b) and 3/2/1 (not
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Figure 9.5: (a) twill 4/1/1, (b) twill 4/1/2 (top view), (c) twill 4/1/2 (side view).

shown). Fabrics with ng ≥ 4 generate either twill or satin depending on the other
two parameters. While 4/1/1 (Figure 9.5a) and 4/1/2 (Figure 9.5b) are both twills,
and 5/1/1 in (Figure 9.3b) is also a twill, 5/2/1 in (Figure 9.3a) is a satin.

Note that the ns, ni parameters are defined counting along the arbitrary x-
direction but they could also be defined counting along the x-direction of the same
fabric but rotated by 90o (the former y-direction), which would not necessarily give
the same numbers. Furthermore, the counting was done on one face of the fabric
but could be done on the opposite (reverse) face as well. Finally, there are several
ways to draw valid repetitive unit cells, all with the same hardness ng but different
arrangements of floats (also called overlaps or interlacing). Any of these definitions
would accurately describe the weave. For example, twill weaves can be described
indistinctly by ng/1/ni, or by ng/ng − 1/ng − ni on the 90o rotated fabric, or by
ng/1/ng − ni on the opposite face, or by ng/ng − 1/ni on the opposite, rotated face
(see Exercise 9.1).

Also, satin weaves can be described indistinctly by various ng/ns/ni combina-
tions (see Exercise 9.2). Any of these multiple codifications for the same weaving
pattern can be reduced to ng/1/ni for twills or to ng/ns/1 for satins (ns > 1). The
formulation presented in Section 9.8 assumes that twill patterns are described in
such a way that the second parameter is equal to 1 and that satin patterns are
described in such a way that the third parameter is equal to 1. For this reason,
it is recommended, but not mandatory, to choose the face and orientation of the
weaving pattern that displays the minimum length of fill-float-under-warp ni and
the minimum skip ns.

9.2 Analysis

For sake of pedagogy, the analysis methodology is developed first for the case of
plain weave fabric and later generalized for other weave patterns. The methodology
takes into account the undulation of both, fill and warp. The mechanical behavior
of the RUC represents the mechanical behavior of the whole composite and thus
only the RUC needs to be analyzed (Figure 9.6).
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Figure 9.8: Photomicrograph of a fabric-reinforced composite lamina. The undula-
tion of the fill and the cross section of the warp are shown.

Due to geometric and material symmetry, 1/4 of the RUC (A-H-G-E in Figure
9.1) suffices to analyze a plain weave fabric. Furthermore, using antisymmetry
conditions, the behavior of the RUC can be approximated by using a representative
volume element (RVE) encompassing only 1/16 of the RUC (A-B-C-D in Figure
9.1; see also Figure 9.7). For weaving patterns other than plain weave, no smaller
representative volume than the repetitive unit cell can be selected to describe all
the material features. In this case, the RVE is the RUC itself. For this reason, the
term RVE is used throughout the rest of this chapter.

To define the geometry of the RVE, the following geometrical parameters are
needed:

• hf , hw, hm are the fill, warp, and neat-matrix thicknesses, respectively (see
Figure 9.1).

• af , aw are the fill and warp widths, respectively (see Figure 9.1).

• gf , gw are the gaps between tows (see Figure 9.1).

These geometric parameters can be measured from photomicrographs of com-
posite samples (see Figure 9.8 and [249–251]), or they can be estimated from man-
ufacturing specifications, as explained in Section 9.3. Most woven fabrics used for
composite reinforcement are tightly woven in order to maximize the fiber volume
fraction. Therefore, g is usually negligible and it is sometimes neglected as a first
approximation. In Section 9.7, the model will be refined to include the gap. All
geometrical parameters for eleven different samples of plain weave fabric, for which
experimental data are available, are given in Table 9.1.

At each location x, y, each of the constituents (fill, warp, and neat-matrix) has a
thickness (Figures 9.1, 9.7). The z-coordinate of the midpoint through the thickness
of each constituent is used to describe the undulation of the tows. Sinusoidal func-
tions are used to describe the undulation of the midpoint of the fill zf (x) and warp
zw(y); that is, the function that describes the position z of the midpoint along the
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tow is defined [243] as follows

zf (x) = −
hf
2
cos

πx

aw

zw(y) =
hw
2
cos

πy

af
(9.1)

where the subscripts f, w refer to fill and warp, respectively. The thickness of cross
section of fill and warp are defined by the following thickness functions1

ef (y) = |hfcos
πy

af
|

ew(x) = |hwcos
πx

aw
| (9.2)

The top and bottom surfaces bounding the fill and warp tows are obtained simply
as

ztopf (x, y) = zf (x) +
1

2
ef (y)

zbotf (x, y) = zf (x)− 1

2
ef (y)

ztopw (x, y) = zw(y) +
1

2
ew(x)

zbotw (x, y) = zw(y)− 1

2
ew(x) (9.3)

as shown in Figure 9.4. In the figure, the surface of the warp is represented by the
coarse grid and the surface of the fill by the finer grid. The convention in this chapter
is that the warp is woven along the y-direction and the fill along the x-direction.

Next, the tow undulation angle (Figure 9.7) can be calculated from the undula-
tion functions as follows

θf (x) =

∣∣∣∣arctan

(
∂

dx
zf (x)

)∣∣∣∣
θw(y) =

∣∣∣∣arctan

(
∂

dy
zw(y)

)∣∣∣∣ (9.4)

Note that the z-coordinate of the midpoint through the thickness of the warp is
the same for all values of x and that the z-coordinate of the midpoint through the
thickness of the fill is the same for all values of y.

9.3 Tow Properties

The hygro-thermo-mechanical properties of the composite are derived from the prop-
erties of the neat matrix regions and those of the fill and warp tows. The properties

1|| denotes absolute value.
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of the tows (e.g., E1, F1t, ...) are calculated in terms of the thermo-mechanical prop-
erties and apparent strength2 of the constituents (fiber and matrix, Table 9.2) and
their respective volume fractions (Table 9.1), as explained in this section. Therefore,
the fiber volume fraction inside the tow is needed, but only the overall fiber volume
fraction V o

fiber of the lamina is known. The latter can be measured experimentally
by acid digestion [151, D 3171] or burn-out tests [151, D 2854]. If candidate ma-
terials considered in the design have not been fabricated yet, the overall fiber volume
fraction V o

fiber cannot be measured experimentally, but it can be roughly estimated
as

V o
fiber =

w

ρfh
(9.5)

where w is the weight per unit area of the fabric, ρf is the density of the fiber material
(e.g., glass, carbon, aramid, and so on), and h is the thickness of the fabric-reinforced
composite lamina. Again, at the design stage when candidate material samples are
not yet available, the thickness of the lamina can be estimated as the thickness of
the dry fabric.

The mesoscale volume fraction Vmeso is the volume of impregnated warp and fill
tows vw + vf per unit volume of laminate vRV E , calculated as follows

Vmeso =
vw + vf
vRV E

=
4(vw + vf )

h(af + gf )(aw + gw)
(9.6)

Note that starting with (9.6), the terms gf , gw appear in most equations, even if
it was previously stated that the zero gap case is treated first. Generality is achieved
in this way, with the equations covering the cases of plain weave fabrics with and
without gap, and thus avoiding rewriting these same equations when the effect of
the gap is addressed in Section 9.7.

For a plain weave fabric, the fiber volume fraction in the fill V f
fiber and warp

V w
fiber are identical, so they are determined as follows

V f
fiber = V w

fiber = V o
fiber/Vmeso (9.7)

The volume of the fill and warp tows are calculated as

vf = Af Lf

vw = Aw Lw (9.8)

The cross sectional area of the tows in the RVE (Figure 9.7) are calculated using
the description of the geometry of the cross section of fill and warp, as follows

Af =

∫ (af+gf )/2

0
ef (y)dy =

haf
2π

Aw =

∫ (aw+gw)/2

0
ew(x)dx =

haw
2π

(9.9)

2Apparent strength values are back-calculated from experimental data of unidirectional laminas
through the use of micromechanics formulas such as those presented in Section 4.5. Specifically
(4.68) and (7.40) have been used in the examples in this chapter. The use of knockdown factors is
also common practice; see Table 2.7.
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where the tow width can be either measured from photomicrographs of samples
(Figure 9.8) or calculated as the inverse of the tow count, af = 1/Nf and aw = 1/Nw,
where Nw, Nf are the number of fill and warp tows per unit length, respectively.

The length of the tows in the RVE is calculated using the description of the
undulation as follows

Lf =

∫ (aw+gw)/2

0

√
1 +

(
d

dx
zf (x)

)2

dx

Lw =

∫ (af+gf )/2

0

√
1 +

(
d

dy
zw(y)

)2

dy (9.10)

Using (9.1) if there is no gap, or (9.47) with gap, and approximating the deriva-
tives in (9.10) using Taylor series expansions, i.e., sin(π x)/(aw+gw) ' (π x)/(aw+
gw) and sin(π y)/(af + gf ) ' (π y)/(af + gf ), then (9.10) can be approximated by
the following closed-form formulas

Lf =
1

2cf

aw + gw
2

√
c2
f +

(
aw + gw

2

)2

+c2
f ln

 1

cf

aw + gw
2

+

√
c2
f +

(
aw + gw

2

)2


Lw =
1

2cw

af + gf
2

√
c2
w +

(
af + gf

2

)2

+c2
w ln

 1

cw

af + gf
2

+

√
c2
w +

(
af + gf

2

)2
 (9.11)

with cf =
2(aw + gw)2

π2hf
; cw =

2(af + gf )2

π2hw

Regarding the estimation of composite material geometrical properties (e.g., tow
width, tow thickness, the gap between tows) from the dry fabric material properties
in the design stage, it has to be noted that, according with the manufacturing
process of the composite material, the geometry of the fabric embedded in the
composite can be different from the geometry of the dry fabric. This is because of
compaction (tows compression in consolidation) that takes place during composite
material manufacturing that causes both tow geometry changes and ply nesting (a
shift and interlocking between adjacent plies) [252]. The severity of these effects
depends on the type of manufacturing technology. For example, it takes place
during vacuum bagging but it is more noticeable in resin transfer molding when
dry compaction of woven plies is applied prior to resin injection. Therefore, it is
more accurate to use the tow and ply geometrical input data as obtained from
photomicrographs of composite samples.
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Once the fiber volume fraction of the tow is calculated by using (9.7), microme-
chanics formulas are used to calculate the properties of the tow (Tables 9.3–9.4).
Properties of interest are the elastic moduli and the strength values for a transversely
isotropic material. These can be calculated as shown in Chapter 4.

Applying a micromechanics model, the properties of the tow in its own material
coordinate system (1, 2, 3) (Figure 9.9) are calculated and the transversely isotropic
compliance matrix of the tow is built [2, (1.91)] as follows

S =



1/E11 −ν21/E22 −ν31/E33 0 0 0
−ν12/E11 1/E22 −ν32/E33 0 0 0
−ν13/E11 −ν23/E22 1/E33 0 0 0

0 0 0 1/G23 0 0
0 0 0 0 1/G13 0
0 0 0 0 0 1/G12

 (9.12)
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Figure 9.9: The tow material coordinate system (1, 2, 3) vs. the RVE laminate
coordinate system (x, y, z).

Since the tows are undulated, the transformation matrices from the laminate
coordinate system (x, y, z) to the material coordinate system (1, 2, 3) in Figure 9.9
are calculated [2]. The fill tow undergoes a clockwise rotation θf (x) about the
2f axis, while the warp tow undergoes two rotations: one 90o counterclockwise
rotation about the z-axis, and one counterclockwise rotation θw(y) about the 2w-
axis. Considering this, the fill and warp rotation matrices from (x, y, z) to (1, 2, 3)
coordinate system can be written [2, (1.18), Section 1.10] as

Θf (x) =

 l1 m1 n1

l2 m2 n2

l3 m3 n3

 =

 cos θf 0 sin θf
0 1 0

− sin θf 0 cos θf

 (9.13)
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Θw(y) =

 l1 m1 n1

l2 m2 n2

l3 m3 n3

 =

 0 cos θw sin θw
−1 0 0
0 − sin θw cos θw

 (9.14)

where f, w indicates fill and warp, respectively. Note that the direction cosines l,m, n
of the fill are functions of x, and the direction cosines of the warp are functions of y,
according with the θf (x) and θw(y) rotations. Further, the transformation matrices
from laminate to material coordinate system for fill and warp can be calculated [2,
(1.34)] as

T(f,w)(x) =



l21 m2
1 n2

1 2m1 n1 2l1 n1 2l1m1

l22 m2
2 n2

2 2m2 n2 2l2 n2 2l2m2

l23 m2
3 n2

3 2m3 n3 2l3 n3 2l3m3

l2 l3 m2m3 n2 n3 m2 n3 + n2m3 l2 n3 + n2 l3 l2m3 +m2 l3
l1 l3 m1m3 n1 n3 m1 n3 + n1m3 l1 n3 + n1 l3 l1m3 +m1 l3
l1 l2 m1m2 n1 n2 m1 n2 + n1m2 l1 n2 + n1 l2 l1m2 +m1 l2


(9.15)

Equation 9.15 for the fill reduces to

Tf (x) =



c2
f 0 s2

f 0 2cfsf 0

0 1 0 0 0 0
s2
f 0 c2

f 0 −2cfsf 0

0 0 0 cf 0 −sf
−cfsf 0 cfsf 0 c2

f − s2
f 0

0 0 0 sf 0 cf


(9.16)

and for the warp to

Tw(y) =



0 c2
w s2

w −2cwsw 0 0
1 0 0 0 0 0
0 s2

w c2
w 2cwsw 0 0

0 0 0 0 −cw −sw
0 cwsw −cwsw c2

w − s2
w 0 0

0 0 0 0 sw −cw

 (9.17)

where

sf (x) = sin θf (x)

cf (x) = cos θf (x)

sw(y) = sin θw(y)

cw(y) = cos θw(y) (9.18)

The transformed compliance matrices Sf (x), Sw(y), in laminate coordinate sys-
tem (x, y, z) can now be calculated as

Sf (x) = (Tf (x))T · S · Tf (x)

Sw(y) = (Tw(y))T · S · Tw(y) (9.19)
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where Sf (x) and Sw(y) are 3D compliance matrices. Because of the plane stress
assumption, only the Si,j terms with i, j = 1, 2, 6 are considered and the reduced
stiffness matrices in laminate coordinate system have the form

iQ =

 iQ11
iQ12 0

iQ21
iQ22 0

0 0 iQ66

 =

 iS11
iS12 0

iS21
iS22 0

0 0 iS66

−1

(9.20)

where i = f, w indicates fill and warp, respectively. Unlike for classical laminates,
the 16 and 26 terms are zero for fabric-reinforced composites because there are no
rotations around the z-axis; the only rotations are due to the undulation of the fill
and warp.

For calculating thermal and moisture expansion coefficients α and β of the woven
fabric-reinforced laminate, a similar approach to that used for elastic moduli is pro-
posed. A micromechanics model (Chapter 4) is applied to calculate the coefficients
α, β for fill and warp tows, taken as unidirectional laminas, at their corresponding
tow fiber volume fraction, from the transversely isotropic fiber and isotropic matrix
constituents properties that are presented in Table 9.2.

9.4 Element Stiffness and Constitutive Relationship

The RVE is meshed on the surface by a 2D mesh as shown in Figure 9.7 and the
volume defined as the area of each 2D element times the thickness of the lamina
is analyzed using classical lamination theory (CLT) in the usual way (Chapter 6).
Each element is an asymmetric laminate with four layers (k = 1..4) and laminate
stacking sequence (LSS) [m, f,w,m] or [m,w, f,m], depending on the x, y position,
where m, f,w indicate neat-matrix, fill, and warp, respectively.

Since the element LSS is in general asymmetric, bending-extension coupling
occurs and the local stiffness coefficients for each point of RVE can be calculated
according to classical lamination theory, as follows

Ai,j(x, y), Bi,j(x, y), Di,j(x, y) =

∫ h/2

−h/2
(1, z, z2) ·Qi,j(x, y) dz (9.21)

where i, j = 1, 2, 6.

When the fabric-reinforced laminate is loaded by in-plane forces, local rota-
tions appear due to the undulation and the interlacing of the tows. Regarding
the bending-extension coupling, two models can be used: bending-restrained and
bending-allowed.

9.4.1 Bending-Restrained Model

This model is especially appropriate for plain weave pattern. In this case, the average
curvature of the RUC in the single lamina case is zero because of the sinusoidal
nature of the undulation; that is, positive and negative curvatures from two adjacent
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warp fill neat matrixRUC
(a) in-phase (b) out-of-phase

Figure 9.10: Fabric-reinforced laminates: (a) in-phase configuration and (b) out-of-
phase configuration.

yarns cancel out each other because the stacking sequence is inverted. Moreover, in
the case of the laminate made of several fabric-reinforced laminas, two extreme cases
are identified depending on the relative position of the maxima of the undulations
in the various laminas.

If the maxima of the undulation profile on one lamina is aligned with the minima
of the profile of the adjacent lamina, the laminate is said to be out-of-phase because
the sinusoidal curves are exactly out-of-phase (Figure 9.10b). In this case the overall
laminate stacking sequence is symmetric, even if individual fabric-reinforced lam-
inas are asymmetric. Therefore, the local laminate bending-extension coefficients
Bi,j(x, y) are zero and no local curvatures are induced under in-plane load.

If the maxima of the undulation profile are aligned at the same x, y location for
all laminas, the laminate is said to be in-phase (Figure 9.10a) because the phase
of the sinusoidal curves coincide for all laminas. In this case the overall laminate
stacking sequence is no longer symmetric, but it can be shown (see Exercise 6.15)
that the bending-extension coupling coefficients become negligible as the number of
laminas increases.

In the case of bending-restrained model, the material represented by the RVE
has a constitutive relationship given by

Nx

Ny

Nxy

 = [Ai,j(x, y)]


ε0x
ε0y
γ0
xy

 (9.22)

where ε0x, ε
0
y, γ

0
xy are the midsurface strains (constant over the lamina thickness),

calculated for each (x, y) point. Next, the local strains are calculated as
ε0x(x, y)
ε0y(x, y)

γ0
xy(x, y)

 = [Ai,j(x, y)]−1


Nx

Ny

Nxy

 (9.23)

The bending-restrained model works particularly well for plain weave pattern
without damage.
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9.4.2 Bending-Allowed Model

In this case the local nonzero terms Bi,j(x, y) and Di,j(x, y) are considered. Each
infinitesimal element is regarded as an asymmetric laminate, having the stacking
sequence [matrix/fill/warp/matrix] (from bottom to top for the considered RVE,
Figure 9.7). Because of this asymmetric laminate structure, bending-extension cou-
pling appears. In this case, the constitutive equation for woven fabric lamina under
in-plane loading becomes

Nx

Ny

Nxy

Mx

My

Mxy


=

[
[Ai,j(x, y)] [Bi,j(x, y)]
[Bi,j(x, y)] [Di,j(x, y)]

]


ε0x
ε0y
γ0
xy

kx
ky
kxy


(9.24)

and the local midsurface strains and curvatures are

ε0x
ε0y
γ0
xy

kx
ky
kxy


(x, y) =

[
[Ai,j(x, y)] [Bi,j(x, y)]
[Bi,j(x, y)] [Di,j(x, y)]

]−1



Nx

Ny

Nxy

Mx

My

Mxy


(9.25)

X
Y

z

z5

z4

z3
z2

z1

Figure 9.11: The asymmetric stacking sequence of woven fabric-reinforced lamina.

After that, the strain distribution through the thickness for each grid element
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(Figure 9.11) can be calculated as


εx
εy
γxy

 (x, y, z) =


ε0x
ε0y
γ0
xy

 (x, y) + z


kx
ky
kxy

 (x, y) (9.26)

In this case, a strain (and consequently stress) distribution over the thickness
(along z-coordinate) is obtained, complicating the computation of the stress–strain
response (Figure 9.11). For each fill–warp–matrix constituent, the strains and
stresses have to be calculated at the top and the bottom of each constituent, accord-
ing with the considered asymmetric LSS over the RVE, and the maximum value of
strain–stress has to be considered for failure analysis.

In real situations, the laminas are placed randomly on top of each other and the
situation is somewhere in between the two extreme cases already discussed. As long
as the stress distribution and the material behavior up to initial damage is regarded,
the local bending constraint model offers good agreement with experimental data,
and it also offers the advantage of simplicity. But if damage is considered, atten-
tion should be paid to this assumption, because after matrix damage initiation the
constraint effect between adjacent tows and layers is progressively lost; individual
layers are not bending-constrained any more and the bending-extension coupling
effect might not be negligible.

9.5 Laminate Properties

9.5.1 Elastic Constants

The stiffness Ex, Ey, Gxy, νxy of the laminate, or of its surrogate the RVE, is obtained
by assembling the stiffness of all the elements in the RVE. This can be accomplished
in a variety of ways, which are all instances of homogenization theory. The simplest
approach is to use an isostrain assumption [253]; that is, to assume that all the
elements are subjected to the same in-plane strain {εx, εy, γxy}T and to use the
strain energy of RVE for deriving the equivalent laminate elastic constants from
the elastic properties of the constituent materials (matrix and tows). This is an
approximation because the RVE is inhomogeneous and thus certain parts of it do
deform more than others when a load {Nx, Ny, Nxy}T is applied on its boundary.
This is the reason why the isostrain assumption is used only for evaluating the
material elastic constants, and it is not applicable for stress analysis and failure.
Better approximations exist [249] or are currently being developed. For example,
micromechanics of composites with periodic microstructure yield excellent predic-
tions of moduli but it is somewhat computationally expensive [249]. For the sake
of simplicity and pedagogy, the isostrain assumption [240,245,252] is used herein to
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compute the extensional stiffness matrix of the laminate simply as follows

[A] =
4

(af + gf )(aw + gw)

∫ (aw+gw)/2

0

∫ (af+gf )/2

0
[A(x, y)]dxdy

=
4

(af + gf )(aw + gw)

n2∑
0

[A](e)Se (9.27)

where [A](e), Se is the extensional stiffness matrix of the e-th element and its area,
respectively, and n2 is the number of elements used to discretize the RVE (Figure
9.7). The laminate stiffness can be inverted to yield the laminate compliance [α] =
[A]−1, and the laminate moduli listed in Table 9.5 are obtained simply as

Ex = (α11h)−1

Ey = (α22h)−1

Gxy = (α66h)−1

νxy = −α12

α11
(9.28)

where h is the thickness of the laminate. Comparison between predicted and ex-
perimental values is shown in Table 9.6.

9.5.2 Thermal and Moisture Expansion Coefficients

The mechanical analysis of polymer matrix composite materials needs to consider
not only the effect of mechanical applied loads, but also the effect of temperature
and moisture concentration change. The resulting thermal and moisture expan-
sion coefficients for unidirectional fill and warp tows, regarded in material (1, 2, 3)
coordinate system, are presented in Table 9.3.

The unidirectional tow properties are affected by the fill and warp undulation
angles, θf (x) and θw(y) from (9.4), which are used for calculating the corresponding
local off-axis thermal and moisture expansion coefficients in the laminate coordinate
system (x, y, z). Since β∆m and α∆T are strains, the strain transformation relation
from laminate to material coordinate system {ε′}T,M = [T ]{ε}T,M is used, where
{ε′}T,M and {ε}T,M are the tensor strains due to thermal and moisture expansion
effect in material (1, 2, 3) and laminate (x, y, z) coordinate system, respectively [2,
(1.36)]. The transformation matrix [T ] is given by (9.16) and (9.17) for fill and
warp tows. In the case of thermal and moisture expansion coefficients, the inverse
transformation, from material to laminate coordinate system, is required, {ε}T,M =
[T ]−1{ε′}T,M . Next, the coordinate transformation for the thermal and moisture
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expansion coefficients can be derived as

αx(x, y)
αy(x, y)
αz(x, y)

1
2αyz(x, y)
1
2αxz(x, y)
1
2αxy(x, y)


f,w

= [T ]−1
f,w(x, y)



α1

α2

α3

0
0
0


f,w

(9.29)



βx(x, y)
βy(x, y)
βz(x, y)

1
2βyz(x, y)
1
2βxz(x, y)
1
2βxy(x, y)


f,w

= [T ]−1
f,w(x, y)



β1

β2

β3

0
0
0


f,w

(9.30)

where α1, α2, α3 and β1, β2, β3 are given in (4.46–4.47) and (4.50), respectively.
The matrix inversion [T ]−1

f,w can be performed easily taking into account that

[T ]−1
f,w = [T̂ ]Tf,w, where [T̂ ] = [R][T ][R]−1, with [R] being the Reuter matrix, defined

as Rij = 1 for i = j = 1 · · · 3, Rij = 2 for i = j = 4 · · · 6, and Rij = 0 for i 6= j
(see [2, (1.48)]). Selecting the in-plane (x, y) terms of interest, the local fill and warp
thermal and moisture expansion coefficients in the (x, y) plane are obtained from
(9.30) as

αfx(x) = α1c
2
f + α2s

2
f αfy (x) = α2 αfxy = 0

αwx (y) = α2 αwy (y) = α1c
2
w + α2s

2
w αwxy = 0

βfx(x) = β1c
2
f + β2s

2
f βfy (x) = β2 βfxy = 0

βwx (y) = β2 βwy (y) = β1c
2
w + β2s

2
w βwxy = 0

(9.31)

where cf , sf , cw, sw are given by (9.18). The local hygrothermal forces and moments
per unit length are calculated according with CLT (Section 6.6)

NT
x

NT
y

NT
xy

 (x, y) = ∆T

∫ h/2

−h/2

[
Q(x, y)

]
·


αx(x, y)
αy(x, y)
αxy(x, y)

 dz


NM
x

NM
y

NM
xy

 (x, y) = ∆m

∫ h/2

−h/2

[
Q(x, y)

]
·


βx(x, y)
βy(x, y)
βxy(x, y)

 dz


MT
x

MT
y

MT
xy

 (x, y) = ∆T

∫ h/2

−h/2

[
Q(x, y)

]
·


αx(x, y)
αy(x, y)
αxy(x, y)

 z dz


MM
x

MM
y

MM
xy

 (x, y) = ∆m

∫ h/2

−h/2

[
Q(x, y)

]
·


βx(x, y)
βy(x, y)
βxy(x, y)

 z dz (9.32)
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where the superscripts T,M indicate the effect of temperature variation ∆T , and
moisture content variation ∆m, respectively.

As in the case of elastic constants for woven fabric-reinforced laminate, a ho-
mogenization technique is required, similarly to the isostrain method used in Sec-
tion 9.5.1. According with the isostrain method, the average in-plane load over the
RVE due to temperature and moisture content change becomes

{N}T,M =
4

(af + gf )(aw + gw)

∫ (aw+gw)/2

0

∫ (af+gf )/2

0

{
NT,M (x, y)

}
dxdy (9.33)

and the linear thermal and moisture expansion coefficients become
αx
αy
αxy

 = [A]−1


NT
x

NT
y

NT
xy

 ;


βx
βy
βxy

 = [A]−1


NM
x

NM
y

NM
xy

 (9.34)

Calculated linear thermal and moisture expansion coefficients are presented in
Table 9.5. Comparison between predicted and experimental values is shown in Table
9.6.

9.6 Failure Analysis

Failure analysis is carried out by computing the stresses in each constituent (f, w,m)
at each coordinate (x, y) and using both a damage activation function (failure cri-
terion) and a damage evolution function to predict initiation and evolution of dam-
age up to laminate collapse. Again for the sake of simplicity and pedagogy, the
maximum stress criterion (Section 7.1.2) and a damage factor df (Section 7.3.1)
are used for damage initiation and evolution, respectively. These choices, while
expedient, leave much potential for improvement.

9.6.1 Stress Analysis

At each increment of the applied load, strains and stresses are computed at the mid-
point of each constituent (neat-matrix, fill, and warp; Figure 9.7) of each element.
Using a plane stress assumption and distributing the load Nx equally among all divi-
sions in the RVE in Figure 9.7, the local in-plane strain in each element in laminate
(x, y, z) coordinate system is computed using either (9.23) or (9.26), according with
the bending-restrained or bending-allowed model. Then, the local stresses for each
constituent (fill, warp, matrix) of each element in the laminate coordinate system
(x, y, z) are calculated as

σx
σy
σxy


f,w,m

(x, y, z) = [Q(x, y)]f,w,m


εx
εy
γxy

 (x, y, z) (9.35)

where [Q]f,w,m is the reduced stiffness matrix in laminate coordinates (x, y, z) of
each fill, warp, and matrix constituent at the (x, y) position considered. Note that
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the reduced stiffness matrix of each phase is different in each element because the
undulation angle and the thickness of the phases vary as a function of x and y.

Regarding the use of the plane stress assumption (9.20) in classical lamination
theory ((9.23) or (9.26), (9.35)), and in light of the 3D features of woven fabric-
reinforced composites, the following observation is made: the 3D transformed com-
pliance matrices in laminate coordinates (x, y, z) for fill and warp tows (9.19) have
the following form at any point (x, y) inside the RVE

Sf (x) =



Sf11 Sf12 Sf13 0 Sf15 0

Sf21 Sf22 Sf23 0 Sf25 0

Sf31 Sf32 Sf33 0 Sf35 0

0 0 0 Sf44 0 Sf46

Sf51 Sf52 Sf53 0 Sf55 0

0 0 0 Sf64 0 Sf66



Sw(y) =



Sw11 Sw12 Sw13 Sw14 0 0
Sw21 Sw22 Sw23 Sw24 0 0
Sw31 Sw32 Sw33 Sw34 0 0
Sw41 Sw42 Sw43 Sw44 0 0
0 0 0 0 Sw55 Sw56

0 0 0 0 Sw65 Sw66

 (9.36)

where the terms Sf,wij are generally nonzero. Applying the plane stress assumption
(9.20), some of the nonzero terms are dropped. In this way, some coupling effects
are neglected during stress calculation. For example, in the case of fill tow, dropping
the Sf51 term, the shear-extension coupling σx–γxz is neglected, even though a shear
strain γxz could be calculated as a result of an applied σx stress. The same applies
for the shear-extension coupling σy–γxz neglected by dropping the Sf52 term and the

shear–shear coupling τxy–γyz neglected by dropping the Sf46 term. In the case of
warp tow, the neglected couplings are shear–extension σy–γyz by dropping the Sw42

term, shear–extension σx–γyz by dropping the Sw41 term, and shear–shear τxy–γxz
by dropping the Sw46 term.

In order to apply a failure criterion, the stress is transformed from the laminate
coordinate system to the material coordinates system of the fill and warp as follows

{σ1, σ2, σ3, σ4, σ5, σ6}Tf,w = [T ]f,w {σx, σy, 0, 0, 0, σxy}Tf,w (9.37)

where the [T ] represents the transformation matrix from laminate (x, y, z) to ma-
terial (1, 2, 3) coordinate system for each of fill and warp phase (9.16)–(9.17).

The RVE stiffness matrices [A], [B], [D] can be calculated by assembling the local
element matrices [A(x, y)], [B(x, y)], [D(x, y)] using any homogenization method. In
this case, the isostrain assumption is used for simplicity (9.27). The average strain
over the RVE is then calculated accordingly with the bending-restrained model as{

ε0x, ε
0
y, γ

0
xy

}T
= [Ai,j ]

−1 {Nx, Ny, Nxy}T (9.38)
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or with the bending-allowed model

ε0x
ε0y
γ0
xy

kx
ky
kxy


=

[
[Ai,j ] [Bi,j ]
[Bi,j ] [Di,j ]

]−1



Nx

Ny

Nxy

Mx

My

Mxy


(9.39)

where i, j = 1, 2, 6. The average in-plane stress is calculated as

{σx, σy, σxy}T = {Nx/h,Ny/h,Nxy/h}T (9.40)

where h is the laminate thickness.

9.6.2 Damage Initiation, Evolution, and Fracture

Additional modeling features are proposed in this section in order to describe the
material behavior before and after failure initiation. A bending-restrained model
(9.22)–(9.23) is used as it yields results in closer agreement to experimental data
than a bending-allowed model.

a. Ineffective Longitudinal Stress Recovery

In the case of tensile loading, lamina failure is controlled by longitudinal tow failure.
Due to fully 3D undulation featured by the present model and the oblong geometry
of the tow cross section, longitudinal tow failure initiates where the tow thickness
is smallest, at the edges of the cross section of the tow (elements in row n in Figure
9.7), and progresses towards the thicker middle point (elements in row 1 in Figure
9.7). Furthermore, longitudinal tow failure is influenced by the local tow angle θf,w,
this angle playing a double role. On one hand it counts for stiffness reduction (9.19)
of fill and warp tows, and on the other hand it counts for stress transformation
from laminate (x, y, z) to material (1, 2, 3) coordinate system (9.37), influencing
in this way the value of stress along fiber direction (longitudinal direction) and
perpendicular to fiber direction (transverse direction) in material coordinate system.

Due to the periodic behavior of the RVE, the tow fails periodically on every RVE
along the load direction. Since the dimensions of the RVE are of the same order of
magnitude of the dimensions of the cross section of the tow, the tow cannot recover
longitudinal stress through shear before it encounters the next closest periodic point
of failure. In other words, the ineffective length [192,193] is longer than the dimen-
sions of the RVE. Because of this, once a portion of the cross section of a tow fails
in the longitudinal direction, the entire length of that portion of the tow is assumed
to have failed, and therefore degraded. This phenomenon does not occur in the case
of shear failure due to applied shear load Nxy.
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Figure 9.12: Stress redistribution over the cell thickness as a result of stiffness
reduction due to phase damage (matrix, warp, fill).
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Figure 9.13: Load redistribution as a result of longitudinal fill failure in one cell.

b. Internal Load Redistribution

There are two types of internal load redistribution. The first one is called local
redistribution because the local phase stiffness is reduced when damage occurs in a
phase (matrix, warp, fill). The effect of this is a local stress redistribution through
the thickness at the same level of applied load. This kind of stress redistribution
is illustrated in Figure 9.12 for the case of tensile load along the fill Nx. After
the transverse warp failure in a cell, and consequently after warp transverse stiffness
reduction in that same cell, the stress in the remaining phases is increased: σf1 > σf
and σm1 > σm, at the same level of Nx load. This stress redistribution happens
inherently as a result of the stiffness reduction process, and applies for any load
type (Nx, Ny, or Nxy).

The second type of load redistribution, called global redistribution, takes into
account the overloading of the remaining cells when the fill or warp phase in one cell
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fails in the longitudinal direction as a result of tensile load. This kind of load redis-
tribution is illustrated in Figure 9.13. A longitudinal fill failure in one cell (failed)
is followed by degrading (damaging) the whole cell line as a result of ineffective
longitudinal stress recovery (explained in Section 9.6.2a). Then, the load increases
in the remaining undegraded (undamaged) cells proportionally to the width ω of
the degraded cell. In this way, at a certain level of applied load Nx corresponding to
longitudinal fill failure in one cell (failed), the load in the remaining cells becomes
Nx1 = NxL/L1 > Nx, at the same level of applied Nx, where L represents the
transverse dimension of load carrying part of RVE right before the local longitudi-
nal fill failure, and L1 represents the transverse dimension of load carrying part of
RVE right after the local longitudinal fill failure. This kind of load redistribution
happens only in the case of tensile loading Nx or Ny.

Damage initiation and evolution is approached as follows. Stresses are trans-
formed from laminate (x,y,z) to material (1,2,3) coordinate system and the max-
imum stress damage activation criteria (Section 7.1.2) is used to predict damage
initiation in the tow region. Due to the 3D nature of fabric-reinforced materials,
a complex state of stress is obtained for each fill and warp constituent (according
with the external applied load in the x, y plane). The stresses in material (tow)
coordinate system are noted as [σ1, σ2, σ3, σ4, σ5, σ6]T . The corresponding strengths
on material directions are [F1t, F2t, F3t, F4, F5, F6]T and the corresponding failure
index (in the case of maximum stress damage activation criterion) are

[I1, I2, I3, I4, I5, I6]T = [σ1/F1t, σ2/F2t, σ3/F3t, σ4/F4, σ5/F5, σ6/F6]T (9.41)

The following damage modes for fill and warp (regarded as unidirectional laminas
in their own (1, 2, 3) material coordinate system) are considered:

• mode1 : longitudinal damage, due to tensile stress along the 1-direction (fiber
direction), I1 ≥ 1

• mode2 : transverse damage, due to tensile stress along the 2-direction (per-
pendicular to fiber direction), I2 ≥ 1

• mode3 : transverse damage, due to tensile stress along the 3-direction (per-
pendicular to fiber direction), I3 ≥ 1

• mode4 : transverse shear damage, due to shear stress in 2–3 plane, I4 ≥ 1

• mode5 : transverse shear damage, due to shear stress in 1–3 plane, I5 ≥ 1

• mode6 : in-plane shear damage, due to shear stress in 1–2 plane, I6 ≥ 1

When damage corresponding to any mode is detected (Ii = σi/Fi ≥ 1, where
i = 1 · · · 6), the 3D stiffness matrix C = S−1 (in material (1, 2, 3) coordinate system)
of the affected fill or warp (9.12) is degraded using a second-order damage tensor
D [2, Chapter 8] to represent damage of fill and warp tows. The tows are regarded
as orthotropic fiber-reinforced unidirectional laminas. The second-order damage
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tensor D can be represented as a diagonal tensor Dij = diδij (no sum on i) in a
coordinate system coinciding with the principal directions of D, which coincides
with the (1, 2, 3) material directions of fill and warp; di are the eigenvalues of the
damage tensor, which represent the damage ratio along these directions, and δij
is the Kronecker delta.3 The dual variable of the damage tensor is the integrity
tensor Ω =

√
I−D, which represents the undamaged ratio [2, Chapter 8]. The

second-order damage tensor D and the integrity tensor Ω are diagonal and have
the following explicit forms

Df,w
ij =

d1 0 0
0 d2 0
0 0 d3

 (9.42)

Ωf,w
ij =

Ω1 0 0
0 Ω2 0
0 0 Ω3

 =

√1− d1 0 0
0

√
1− d2 0

0 0
√

1− d3

 (9.43)

where f, w represents fill and warp phases, and i, j = 1, 2, 3.
The damaged stiffness tensor Cf,w

d can be written in explicit contracted notation
for an orthotropic material as a 6 x 6 array in terms of the undamaged stiffness tensor
C as follows [2, Appendix B, Eq. B.6]

Cf,wd =



C11Ω4
1 C12Ω2

1Ω2
2 C13Ω2

1Ω2
3 0 0 0

C12Ω2
1Ω2

2 C22Ω4
2 C23Ω2

2Ω2
3 0 0 0

C13Ω2
1Ω2

3 C23Ω2
2Ω2

3 C33Ω4
3 0 0 0

0 0 0 C44Ω2
2Ω2

3 0 0
0 0 0 0 C55Ω2

1Ω2
3 0

0 0 0 0 0 C66Ω2
1Ω2

2

 (9.44)

In the numerical examples in this chapter, d1 = 0.99 and d2 = d3 = 0.9 are
used for stiffness reduction along the material directions. This means that while
longitudinal failure is represented by a 99% reduction of stiffness, transverse failure
is represented by a 90% reduction. Numerical values are chosen to obtain the best
possible agreement with experimental data. For a better approach the reader is
encouraged to consult Chapter 8.

Therefore, when the stress level in any of fill or warp reaches the level cor-
responding to Ii ≥ 1, the d1, d2, d3 stiffness reduction coefficients are applied as
follows:

• if the detected damage is in mode 1, set d1 = 0.99, d2 = d3 = 0

• if the detected damage is in mode 2 or mode 6, set d1 = 0, d2 = 0.9, d3 = 0

• if the detected damage is in mode 3 or mode 5, set d1 = d2 = 0, d3 = 0.9

• if the detected damage is in mode 4, set d1 = 0, d2 = d3 = 0.9

3δij = 1 if i = j, zero otherwise.



Fabric-reinforced Composites 327

At high stress levels, it is possible that these individual damage modes follow each
other. In that case, the corresponding second-order damage tensors are superposed.

In the case of tension load along fill direction, it is possible that not only trans-
verse warp damage due to Nx load occurs, but also other types of early fill and warp
damage may occur. In this way, the analysis methodology proposed is quite general
and the 3D features of fabric-reinforced materials are preserved.

In the case of neat-matrix isotropic regions, the von Mises yield criterion is used
to predict damage initiation. The elastic non-damaging region in principal stress
σI , σII , σIII space is given by

1√
2

[
(σI − σII)2 + (σII − σIII)2 + (σI − σIII)2

]1/2
− Sy ≤ 0 (9.45)

That is, damage occurs when the equality holds and no damage occurs when the
inequality holds. Upon damage initiation, the second-order damage tensor for the
isotropic case becomes

Dm
ij =

d 0 0
0 d 0
0 0 d

 (9.46)

with d = 0.99, and the isotropic matrix stiffness Cm in that cell is degraded ac-
cordingly. This means that the stiffness of the neat matrix is degraded to 1% of its
original value.

Before proceeding to the next load step, stresses and strains are recalculated in
the element to account for local and global redistribution of stress (Section 9.6.2)
and possible additional damage. Then, the load is incremented and the process
repeated, thus obtaining a stress–strain plot as shown in Figure 9.14. Comparison
between predicted and experimental results is shown in Table 9.7.

9.6.3 Cross-Ply Approximation

An expedient but not always accurate way to estimate the fabric-reinforced material
moduli and strength is to consider a symmetric cross-ply laminate with the same
overall fiber volume fraction V o

fiber of the fabric-reinforced material. Even if this
method is easier to apply and less expensive from the computational effort point of
view, it may produce inaccurate results. This is exemplified in Table 9.8, where it
can be observed that the equivalent cross-ply laminate model is not able to describe
the fabric-reinforced material. This is because the cross-ply model does not take
into account the tow geometry.

Example 9.1 Estimate the elastic moduli Ex, Ey, Gxy, νxy of the eleven plain weave E-
glass/epoxy and T300 carbon/epoxy material systems with geometric properties given in
Table 9.1 [247, 248]. Constituent materials properties are given in Table 9.2 [247, 248].
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Figure 9.14: Stress–strain plot for plain weave carbon/epoxy (sample type #10 in
Table 9.1), subjected to Nx 6= 0, Ny = Nxy = 0.

Solution to Example 9.1 First calculate the tow fiber volume fraction for all eleven cases
using (9.7). The results are given in the last column of Table 9.1.

Next, use periodic microstructure micromechanics (PMM, [142])4 to calculate the tow
properties. The calculated values are shown in Table 9.3.

Then, calculate the laminate moduli using (9.28). The calculated values of moduli are
shown in Table 9.5 and compared to experimental values [248] in Table 9.6. Strength pre-
dictions are compared to experimental values in Table 9.7.

The calculations are automated in CADEC [184]. For example, take Sample type number
2 (E-glass fiber) in Table 9.1. CADEC calculates lamina properties from fiber and matrix
properties. Therefore, the first step is to set up a fiber and a matrix. In this case the fiber is
called E-glass(woven) and the matrix is called EpoxyWithE-Glass(woven). The properties,
shown in Figure 9.15, must be entered using My fibers and My matrices.

Next, enter the geometric parameters and material properties in CADEC as follows: My
Documents > My Laminas, create a new lamina and immediately change its Lamina Type
to Fabric. See Figure 9.16.

The volume fraction required in Figure (9.16) is the overall value Vf = 0.23. Standard
deviation of fiber misalignment ασ = default value. Angle of fracture plane α0 = default
value. Fracture toughness GIc, GIIc = default values. Transition thickness tt = 0.6 corre-
sponds to glass/epoxy.

The geometry of the reinforcement is taken from Table 9.1.
The reinforcement is a plain weave fabric, so ng = 2, ni = 1, ns = 1.
Save the lamina and immediately go back to the list of laminas. Next to the lamina

called Table 9.1 sample-2 it will say Processing!. Wait until it finishes. You can use other
areas of CADEC while the textile-reinforced lamina is calculated asynchronously. Once it is
calculated, it will change to Ready to use.

Now go to Chapters > Textile Composites and select the lamina to get the results, as

4Implemented in [184]. Source code available in [185].
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Figure 9.15: Fiber and Matrix properties required in Example 9.1.

shown in Figure 9.17. Minor differences with the results shown in the tables are due to
different micromechanics model used when constructing those tables.

Example 9.2 Calculate the laminate tensile strength Fxt of the laminates considered in
Example 9.1.

Solution to Example 9.2 CADEC [184] implements the methodology described in this chap-
ter. Following a procedure similar to that in Example 9.1, the predicted values of strength
are found and reported in Table 9.5. Furthermore, they are compared to experimental val-
ues [247] in Table 9.7.

Example 9.3 Estimate the lamina shear strength F6 of plain weave E-glass/epoxy and
T300 carbon/epoxy material systems with geometric properties [247,248] given in Table 9.1
and constituent materials properties [247, 248] given in Table 9.2.

Solution to Example 9.3 The solution procedure is identical to that of Example 9.2 [184]
but the load is Nxy 6= 0, Nx = Ny = 0. The results are shown in Table 9.5 and compared to
experimental values [248] in Table 9.7.
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Figure 9.16: Data for Example 9.1.
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Figure 9.17: Results for Examples 9.1, 9.2, and 9.3.

9.7 Woven Fabrics with Gap

If the gap region between adjacent fill or/and warp tows is appreciable, it has to be
considered in the model. In this case a new geometrical description of fill and warp
tows is necessary. Therefore, the previous equations (9.1–9.2) that did not consider
the gap are extended for the case of plain weave fabrics with gap, as follows

zf (x, y) =

 −
hf
2 · cos

πx
aw+gw

if y ∈
[
0,

af
2

]
0 if y ∈

[
af
2 ,

af+gf
2

]
zw(x, y) =

{
hw
2 · cos

πy
af+gf

if x ∈
[
0, aw2

]
0 if x ∈

[
aw
2 ,

aw+gw
2

] (9.47)

and

ef (y) =

{
|hf · cosπyaf | if y ∈

[
0,

af
2

]
0 if y ∈

[
af
2 ,

af+gf
2

]
ew(x) =

{
|hw · cos πxaw | if x ∈

[
0, aw2

]
0 if x ∈

[
aw
2 ,

aw+gw
2

] (9.48)
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Figure 9.18: RVE considering the gap.

A close analysis of these new shape functions reveals the RVE configuration
depicted in Figure 9.18. It can be seen that due to the geometrical description used,
a thin matrix layer is simulated between fill and warp tows. The thickness of this
matrix layer is small and it depends on the geometrical parameters of the RVE (gap
dimension, fill and warp width, fill and warp thickness). The analysis follows the
same steps as described for the case of no gap in Sections 9.2–9.6. The computational
effort increases due to different LSS that are formed in different regions of the RVE
(see Figure 9.18):

• region A, the LSS is (from bottom to top): matrix/fill/intermediate matrix
layer/warp/matrix.

• region B, the LSS is: matrix/fill/matrix.

• region C, the LSS is: matrix/warp/matrix.

• region D, only one layer of pure neat matrix.

While equations (9.47)–(9.48) describe the geometry of plain weave fabric con-
sidering the gap between fill/warp tows, all the other relations necessary to run the
analysis of this kind of fabric reinforcement are the same as those in Section 9.1–9.6.
One only has to substitute equations (9.47)–(9.48) for equations (9.1)–(9.2), and
run the analysis as described in Section 9.1–9.6.

Two basic parameters in woven fabric manufacturing process are the maximum
thickness of tows hf , hw and the gap length gf , gw. The former has a direct influ-
ence on the maximum undulation angle of tows θf , θw while the latter has a direct
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influence on overall fiber volume fraction of composite. Both of these, the undula-
tion angle and overall fiber volume fraction, play an important role in mechanical
properties of the final composite material.

The following results are obtained for a E-glass/epoxy material system whose
constituent properties are presented in Table 9.2. A fill and warp tow width af =

aw = 2 mm and a tow fiber volume fraction V f,w
fiber = 0.7 were considered for a

parametric study.
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Figure 9.19: Overall fiber volume fraction V o
fiber and modulus Ex as a function of

thickness ratio h/a.

While the overall fiber volume fraction as a function of h/a is nearly constant
(Figure 9.19), the modulus varies significantly as a function of h/a for small g/a
ratios, because the undulation angle increases with h/a, thus reducing the modulus.
The variation of modulus with h/a at high g/a ratios is not considerable, but the
modulus is highly reduced at high g/a ratio.

The overall fiber volume fraction varies significantly as a function of g/a (Figure
9.20) for both low and high h/a ratios, and the modulus (Figure 9.20) follows the
same trend, most significantly for small h/a ratios, and a bit less at high h/a ratios.

9.8 Twill and Satin

In order to extend the model described in the previous section to weaving patterns
other than plain weave, a RVE has to be selected and the complete geometrical
description of the fill and warp undulation in the RVE needs to be developed in
terms of the weave parameters ng, ns, ni. As it was noted in Section 9.2, in the case
of twill and satin weaves the RVE is represented by the RUC itself. Three cases are
considered next.
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9.8.1 Twill Weave with ng > 2, ns = 1, ni = 1

A weave pattern with ng > 2, ns = 1, ni = 1 represents a subset of all the possible
twill patterns (Figure 9.21). For ng = 2, it reduces to a plain weave.

To describe the undulation when ng 6= 0, two additional parameters
i = 1...ng, j = 1...ng need to be introduced, where ng is the number of subelements
along one direction of the RVE, as defined in Section 9.1. These parameters, identify
unequivocally the position of each subelement (i, j) of area (af + gf ) × (aw + gw)
inside the RVE, as shown in Figure 9.21. Various regions, labeled I to VI in Figure
9.21, are described by different functions.

For ng > 2, ns = 1, ni = 1, the undulation of the fill tow can be described with
three functions spanning five regions in Figure 9.21: first the interlacing region I
and adjacent regions II and III, second, the noninterlacing region IV, and third, the
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Figure 9.21: Twill 5/1/1 displaying the various sections (I to VI) used for modeling
of the fill tow. The warp is shown by the coarse grid and the fill by the finer grid.

transition regions V and VI, as follows



if (j − 1)wf +
gf
2 ≤ y ≤ jwf −

gf
2

zf (x, y, j) =

−hf
2 sin

[
πx
ww

+ (j − 1)π
]

if (j − 3
2)ww ≤ x ≤ (j + 1

2)ww

hf
2 if

(j + 1
2 − ng)ww < x < (j − 3

2)ww
or (j + 1

2)ww < x < (j − 3
2 + ng)ww

(−1)ng+1×
hf
2 sin

[
πx
ww

+ (j − 1)π
]

if
(j − 3

2 − ng)ww ≤ x ≤ (j + 1
2 − ng)ww

or (j − 3
2 + ng)ww ≤ x ≤ (j + 1

2 + ng)ww

if (j − 1)wf ≤ y < (j − 1)wf +
gf
2 or jwf −

gf
2 < y ≤ jwf

zf (x, y, j) = 0
(9.49)

where i = 1...ng, j = 1...ng indicate the position of the interlacing region inside the
RVE (Figure 9.21). A similar function can be written for the warp tow as follows.
In all cases when ns = ni = 1, the function that describes the undulation of the
warp is minus the function describing the fill. One needs only to multiply by minus
one, and substitute in order y, x, i, ww, wf , gw, hw for x, y, j, wf , ww, gf , hf in (9.49),
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as follows



if (i− 1)ww + gw
2 ≤ x ≤ iww −

gw
2

zw(x, y, i) =

hw
2 sin

[
πy
wf

+ (i− 1)π
]

if (i− 3
2)wf ≤ y ≤ (i+ 1

2)wf

−hw
2 if

(i+ 1
2 − ng)wf < y < (i− 3

2)wf
or (i+ 1

2)wf < y < (i− 3
2 + ng)wf

(−1)ng×
hw
2 sin

[
πy
wf

+ (i− 1)π
]

if
(i− 3

2 − ng)wf ≤ y ≤ (i+ 1
2 − ng)wf

or (i− 3
2 + ng)wf ≤ y ≤ (i+ 1

2 + ng)wf

if (i− 1)ww ≤ x < (i− 1)ww + gw
2 or iww − gw

2 < x ≤ iww
zw(x, y, i) = 0

(9.50)

It can be noticed a new notation used in (9.49), (9.50), wf = af + gf , ww =
aw + gw, the gap presence in the weaving pattern being accounted for.

As the equations (9.49), (9.50) represent a generalization of (9.47) to the general
weaving pattern treated in this section, a generalization of (9.48) is also required
for the thickness of fill/warp cross sections, as follows

ef (y, j) = (9.51)
∣∣∣∣hfsin [π(−(j−1)wf+y−gf/2)

af

]∣∣∣∣ if (j − 1)wf +
gf
2 ≤ y ≤ jwf −

gf
2

0 if (j − 1)wf ≤ y < (j − 1)wf +
gf
2 or jwf −

gf
2 < y ≤ jwf

ew(x, i) =
∣∣∣hwsin [π(−(i−1)ww+x−gw/2)

aw

]∣∣∣ if (i− 1)ww + gw
2 ≤ x ≤ iww −

gw
2

0 if (i− 1)ww ≤ x < (i− 1)ww + gw
2 or iww − gw

2 < x ≤ iww

The same kind of change of variables relationship which connects zf (x, y, j) −
zw(x, y, i) also works in the case of ef (y, j)−ew(x, i): one needs only to substitute in
order x, i, ww, gw, hw, aw for y, j, wf , gf , hf , af in ef (y, j) for obtaining ew(x, i) (the
multiplication by minus one is not required in this case).

The undulation and thickness functions over the entire RVE are constructed as
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follows

when (j − 1) wf ≤ y ≤ j wf
zf (x, y) = zf (x, y, j) , ef (y) = zf (y, j)

when (i− 1) ww ≤ x ≤ i ww
zw(x, y) = zw(x, y, i) , ew(x) = ew(x, i) (9.52)

9.8.2 Twill Weave with ns = 1

A weave pattern with ns = 1 and arbitrary values of both ng and ni represents a
twill with fixed shift ns = 1, which features a wider diagonal rib (Figure 9.22). The
undulation functions for this case are more complex than for the previous case, as
follows
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Figure 9.22: Twill 5/1/2.

The warp functions do not correspond one-to-one with the fill functions as it
was the case in Section 9.8.1 but they are correlated in a particular way for each
specific weave pattern. For example, in a 5/1/2 twill type (Figure 9.22), fill tows
numbered j = 1...5 have identical undulation as warp tows numbered i = 2, 3, 4, 5, 1.
This means that a mapping (correlation) vector has to be defined (in the previous
example the mapping vector is (2, 3, 4, 5, 1)) in order to define the warp geometry
based on fill geometry. Other than that, one needs only to multiply by minus one,
and substitute in order y, x, i, ww, wf , gw, hw for x, y, j, wf , ww, gf , hf in (9.53). The
corresponding functions in terms of (x, y) are found by applying (9.52).

Regarding the fill/warp thickness functions for the preset case, they are identical
to those defined in (9.51). The corresponding functions in terms of (x, y) are found
by applying (9.52).

9.8.3 Satin Weave with ni = 1

A weave pattern with ni = 1 and arbitrary values of both ng and ns represents all
the satin weaves with interlacing over only one subcell ni = 1 (Figure 9.23). The
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Figure 9.23: Satin 5/2/1.

undulation function for the fill in this case is

if (j − 1)wf +
gf
2 ≤ y ≤ jwf −

gf
2

zf (x, y, j) =

for k ∈ 1 . . . trunc
[
ns(j−1)+1

ng

]
+ 1

(−1)(kng+1) hf
2 sin

[
πx
ww

+ ns(j − 1)π
]

if
[
ns(j − 1)− 1

2 − kng
]
ww ≤ x ≤

[
ns(j − 1) + 3

2 − kng
]
ww

hf
2

if (k−1) ≥ 1
and

[
ns(j−1) + 3

2−kng
]
ww < x <

[
ns(j−1)− 1

2−(k−1)ng
]
ww

−hf
2 sin

[
πx
ww

+ ns(j − 1)π
]

if
[
ns(j − 1)− 1

2

]
ww ≤ x ≤

[
ns(j − 1) + 3

2

]
ww

(−1)(ng+1) hf
2 sin

[
πx
ww

+ ns(j − 1)π
]

if
[
ns(j − 1)− 1

2 + ng
]
ww ≤ x ≤

[
ns(j − 1) + 3

2 + ng
]
ww

hf
2

if
[
ns(j − 1) + 3

2 − ng
]
ww < x <

[
ns(j − 1)− 1

2

]
ww

or
[
ns(j − 1) + 3

2

]
ww < x <

[
ns(j − 1)− 1

2 + ng
]
ww

if
[
(j − 1)wf ≤ y < (j − 1)wf +

gf
2 or jwf −

gf
2 < y ≤ jwf

]
and gf 6= 0

zf (x, y, j) = 0
(9.54)



340 Introduction to Composite Materials Design

In this case, the warp functions do not correspond one-to-one with the fill func-
tions as it was the case in Section 9.8.1 but they are correlated in a particular
way for each specific weave pattern. For example, in a 5/2/1 satin type (Figure
9.23), fill tows numbered j = 1...5 have identical undulation as warp tows numbered
i = 1, 5, 4, 3, 2. This means that a mapping (correlation) vector has to be defined (in
the previous example the mapping vector is (1, 5, 4, 3, 2)) in order to define the warp
geometry based on fill geometry. Other than that, one needs only to multiply by
minus one, and substitute in order y, x, i, ww, wf , gw, hw for x, y, j, wf , ww, gf , hf in
(9.54). The corresponding functions in terms of (x, y) are found by applying (9.52).

Regarding the fill/warp thickness functions for the preset case, they are identical
to those defined in (9.51). The corresponding functions in terms of x, y are found
by applying (9.52).

The most general case with both ns > 1 and ni > 1 does not have practical
application and thus is not considered here.

9.8.4 Twill and Satin Thermo-Elastic Properties

While the equations provided in Sections 9.8.1–9.8.3 deal only with the geometrical
description of general twill and satin weaving patterns (which is basically a gen-
eralization of (9.1)–(9.2) and of their counterpart, (9.47)–(9.48) when the gap is
considered), other equations throughout the Sections 9.2–9.5 need to be modified
in order to provide a general level for the analysis of the geometries described in
Sections 9.8.1–9.8.3, and to account for the fact that in these cases the RVE is
the RUC itself (i.e., no smaller entity can be selected in order to reduce the size
of the analysis). In the following, the equations from Sections 9.2–9.5 that need
to be modified in order to run the thermo-elastic analysis of general twill/satin
reinforcements are highlighted next.

– Equation (9.4) changes to

θf (x, y) = arctan

(
∂

dx
zf (x, y)

)
θw(x, y) = arctan

(
∂

dy
zw(x, y)

)
(9.55)

Consequently, all the equations that make use of undulation angles θf , θw will be
accordingly considered in terms the two space variables, x and y, namely θf (x, y),
θw(x, y).

– Equation (9.6) changes to

Vmeso =
vw + vf
vRV E

=
vw + vf

n2
g wf ww h

(9.56)

– Equation (9.8) changes to

vf = ng Af Lf

vw = ng Aw Lw (9.57)
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– Equation (9.9) changes to
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Aw =
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– Equation (9.10) changes to
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– While (9.16) does not change, (9.17) changes to
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– Equation (9.27) changes to
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– Equation (9.33) changes to
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}
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9.9 Randomly Oriented Reinforcement

Randomly oriented reinforcements are used to produce low cost laminates with
isotropic in-plane properties. Typical reinforcements include chopped fibers ar-
ranged randomly in a chopped strand mat, or continuous fibers placed on a swirl
pattern to form a continuous strand mat (CSM, see Figure 2.2). Either way, fiber
orientations are randomly distributed with a uniform probability density function,
held together by a binder (Section 2.4). CSM is used to obtain bidirectional proper-
ties on pultrusion and other processes where continuous rovings constitute the main
reinforcement. Since CSM is produced with continuous roving, it is more expen-
sive than chopped strand mat, which is produced directly from the glass furnace,
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thus saving the intermediate step of making a roving. Furthermore, better quality
E-glass is commonly used for CSM, while the chopped version is usually made of
lower quality glass. Therefore, CSM has in general better mechanical properties
than chopped strand mat, but hand lay-up production of not-so-critical structures
(e.g., small boats) may use chopped strand mat. The interlaminar shear strength
values F4 and F5 (Section 4.5.9) are usually lower in composites made with lower
quality glass. If these properties are critical, E- or S-glass should be used.

9.9.1 Elastic Moduli

The elastic properties of both continuous strand mat (CSM) and chopped strand mat
can be predicted assuming that they are random composites. A layer of composite
with randomly oriented fibers can be idealized as a laminate with a large number
of thin unidirectional layers, each with a different orientation from 0◦ to 180◦. The
properties of the random composite are the average properties of this fictitious
laminate. Each fictitious unidirectional layer has a reduced stiffness matrix [Q]
given by (5.24). The orientation of each layer is accounted for by rotating the
matrix [Q] to a common coordinate system by using (5.54). Then, the average is
computed by

[QCSM ] =
1

π

∫ π

0
[T ]−1[Q][T ]−Tdθ (9.63)

which leads to
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QCSM16 = QCSM26 = 0 (9.64)

Note that for CSM [Q̄(θ)] = [Q] for all θ, so QCSM22 = QCSM11 . Using (5.24) to
write the coefficients of both [Q] and [QCSM ], the isotropic properties E, G, and ν of
the random composite can be obtained from the known properties of a unidirectional
material with the same fiber volume fraction

E
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(9.65)
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with ∆ = 1− ν12ν21. Solving the above three equations for E,G, and ν results in

E =
(E1 + E2)2 + Ψ[E1 + E2(1 + 2ν12)]− (2ν12E2)2

∆Φ

G =
E1 + E2(1− 2ν12) + Ψ

8∆

ν =
E1 + E2(1 + 6ν12)−Ψ

Φ
Ψ = 4G12∆

Φ = 3E1 + (3 + 2ν12)E2 + Ψ (9.66)

Note that the equation above satisfies the isotropic relationship G = E/2(1+ν).
These expressions can be approximated [215] by
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4
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where E1 and E2 are the longitudinal and transverse moduli of a fictitious unidirec-
tional layer having the same volume fraction as the CSM layer. The approximation
for G is obtained by assuming ∆ = 1, ν12 = 1/4, and G12 = 3/8 E2. The approxi-
mation for E is obtained dividing the equation for E by (1−ν2) and using the same
assumptions.

Comparison between experimental and predicted modulus (using (4.23) and
(4.29) to obtain E1 and E2) is presented in Table 9.9, for vinyl ester reinforced
with E-glass CSM (Owens Corning 457.5 g/m2). Predicted values are based on the
following material properties: Efiber = 72.3 GPa, Em = 3.4 GPa, νfiber = 0.22,
νm = 0.38, stress partition parameter ηs = 2.

From the experimental data it can be seen that the reinforcement is not truly
random. The direction along the length of the CSM roll is called longitudinal. Along
the transverse direction, the stiffness of the composite is about 13% lower because of
a slightly preferential orientation along the length of the roll. The predicted values
are higher than expected, perhaps because the predictions are based on the nominal
weight of the CSM and a variability of up to ± 6% is possible.

9.9.2 Strength

Chopped strand mat and continuous strand mat are considered randomly oriented
composites, even if in practice there is some preferential orientation of the fibers.
The resulting composite is considered to be quasi-isotropic (see Section 6.3.5). That
is, the properties are the same along any orientation on the surface of the layers. The
tensile strength Fcsm−t may be estimated by the empirical formulas taken from [254]
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and rewritten here as

α =

√
F1t F2t

F 2
6

; Fcsm−t =


4

π
F6 (1 + lnα) for α > 1

4

π
F6 α for α 0 1

(9.68)

where F1t, F2t, and F6 are the longitudinal tensile, transverse tensile, and in-plane
shear strength of a fictitious unidirectional material containing the same fiber volume
fraction as that of the CSM material. The formula compares well with experimental
data for some PMC with fiber volume fraction up to 20% [254].

Problems

Problem 9.1 Draw the top view repetitive unit cell (RUC) for 5/1/2 weave counting along
the x-direction. Next, redefine the weave parameters, first by 90o rotating the weaving pat-
tern, and second by considering the opposite face of the weaving pattern, on both initial
orientation and 90o rotated orientation of the weaving pattern. Is this a twill or a satin
weave?

Problem 9.2 Repeat Exercise 9.1 for 5/2/1 weaving pattern.

Problem 9.3 Draw the top view repetitive unit cell (RUC) for 4/2/1 weave counting along
the x-direction. Would this weave pattern remain woven without losing tows?

Problem 9.4 Find the values of shift ns in weaves defined by 6/ns/1, 8/ns/1, and 9/ns/1
that feature the same property as 4/2/1 in Exercise 9.3. Sketch these hypothetical weaves.

Problem 9.5 Draw the top view repetitive unit cell (RUC) for 5/1/3 weave counting along
the x-direction. Next, redefine the weave parameters by considering the opposite face of the
weaving pattern. Is this a twill or satin weave? How does this weave compare to 5/1/2 in
Exercise 9.1? (See Section 9.1.)

Problem 9.6 Using solid modeling software, such as SOLIDWORKS R©, draw to scale the
RUC’s for sample type 2 in Table 9.1.

Problem 9.7 Using any plotting software, draw to scale one quarter period of the weave
pattern in both fill/warp directions for sample types 2 in Table 9.1, using the geometrical
functions provided in 9.2 and 9.7. Consider the gap between fill/warp tows as being zero.
Consider only the tow midpoint for plotting.

Problem 9.8 Using any plotting software, draw to scale a full period of the weave pattern
in both fill/warp directions for sample types 2 in Table 9.1, using the geometrical functions
provided in 9.8. Consider only the tow midpoint for plotting.

Problem 9.9 Using any plotting software, draw to scale a full period of the weave pattern
in fill directions for sample types 2 in Table 9.1, using the geometrical functions provided
in 9.8. Consider the bounding surfaces for both fill/warp tows, at different positions along
warp directions, while plotting along fill direction.

Problem 9.10 Redo the plots in 9.9 for the following gap values: gf = gw = 0.15mm and
gf = gw = 0mm. Comment on the model for woven fabric with gap.
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Problem 9.11 Estimate the weight per unit area w of the carbon fabrics in Table 9.1 based
on the information given.

Problem 9.12 Estimate the overall fiber volume fraction V 0
fiber of weave type 5 in Table 9.1

assuming that the weight of the fabric is 270 g/m2.

Problem 9.13 Calculate the mesoscale tow volume fraction Vmeso and the tow fiber volume
fraction V ffiber = V wfiber of the weave type 5 in Table 9.1, based on the information given in
the table.

Problem 9.14 Recalculate the tow elastic properties E1, E2, G12, G23, ν12, ν23 of weave type
1 in Table 9.3 using the values of V towfiber calculated in Exercise 9.13.

Problem 9.15 Recalculate the tow hygrothermal properties of weave type 1 in Table 9.3
using the values of V towfiber calculated in Exercise 9.13.

Problem 9.16 Calculate the compliance matrix [S̄] in laminate coordinates at x = aw/4, y =
af/2, for the fill and warp tows of sample type 5 in Table 9.1 using the information given
in the tables in this chapter.

Problem 9.17 Calculate the reduced stiffness matrix [Q̄] in laminate coordinates of the fill
and warp tows in Exercise 9.16 at location x = aw/4, y = af/2. Compare with the output
of 9.16, and make comments.

Problem 9.18 Calculate the [A] matrix of the RVE in Exercise 9.17 at location x =
aw/4, y = af/2.

Problem 9.19 Use the computer program available on the Website to calculate the [A]
matrix and [α] matrix of sample type 5 in Table 9.1 using the information given in the
tables in this chapter. From those values, compute the laminate properties Ex, Ey, Gxy, νxy.

Problem 9.20 For sample type 5 in Table 9.1, calculate the strain at position x = aw/4, y =
af/2 for the case of a longitudinal tensile load Nx = 5N/mm using the bending-restrained
model. Calculate the corresponding stress level in fill and warp, at the same location, in the
material coordinate system. Determine if any kind of failure takes place at this load level
(using data from Table 9.5).

Problem 9.21 Use the computer program available on the Website to calculate the tensile
and shear strength values Fxt, Fxy of sample type 5 in Table 9.1 using the information given
in the tables in this chapter.

Problem 9.22 Compare the results obtained in Exercise 9.21 to an equivalent symmetric
cross-ply approximation using the analysis of Chapter 7, as implemented in CADEC [4].
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Table 9.1: Geometrical parameters for several plain weave fabrics.
Sample Tow Tow Gap Matrix Fiber volume fraction
type width thickness thickness Overall Tow

[mm] [mm] [mm] [µm] (exp.) (calc.)

af aw hf hw gf gw hm V ofiber V f,wfiber
a

E-glass
fiber
1 0.40 0.40 0.043 0.043 0.25 0.25 0.0 0.28 0.71
2 0.45 0.45 0.048 0.048 0.30 0.30 2.0 0.23 0.63
3 0.68 0.62 0.090 0.090 0.04 0.10 0.0 0.40 0.69
4 0.62 0.68 0.090 0.090 0.10 0.04 0.0 0.43 0.74
5 0.86 0.84 0.110 0.110 0.00 0.02 0.5 0.46 0.73
6 0.84 0.86 0.110 0.110 0.02 0.00 0.5 0.47 0.74
7 1.08 1.21 0.225 0.225 0.30 0.17 0.0 0.41 0.76
Carbon
fiber
8 1.80 1.45 0.100 0.100 0.65 1.00 0.0 0.27 0.64
9 1.45 1.80 0.100 0.100 1.00 0.65 0.0 0.27 0.64
10 0.96 1.10 0.080 0.080 0.18 0.04 1.0 0.44 0.77
11 1.10 0.96 0.080 0.080 0.04 0.18 1.0 0.44 0.77
a V ffiber = V wfiber
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Table 9.2: Mechanical properties of fiber and matrix.
Property Symbol Units Value
E-glass fiber
Modulus Efiber GPa 72.0
Poisson’s Ratio νfiber 0.3
Strength (manufacturer specification) Ffiber MPa 3450.0
Strength (apparent, see footnote 2, p. 311) Ffa MPa 1995.0
Thermal Expansion Coefficient αfiber µε/C 5.4
Moisture Expansion Coefficient βfiber ε 0.0
Density ρfiber g/cm3 2.62
Carbon fiber
Modulus E1f GPa 230.0

E2f GPa 40.0
Poisson’s Ratio ν12f 0.26

ν23f 0.39
Strength (manufacturer specification) Ffiber MPa 3240.0
Strength (apparent, see footnote 2, p. 311) Ffa MPa 2475.0
Thermal Expansion Coefficient α1f µε/C −0.7

α2f µε/C 10.0
Moisture Expansion Coefficient βf ε 0.0
Density ρf g/cm3 1.76
Epoxy matrix
Modulus Em GPa 3.5
Poisson’s Ratio νm 0.35
Tensile Strength, Bulk (manufacturer specification) Fmt MPa 60.0
Tensile Strength, Apparent in E-glass/epoxy system Fmta MPa 36.6
Tensile Strength, Apparent in carbon/epoxy system Fmta MPa 64.4
Shear Strength, Bulk (manufacturer specification) Fms MPa 100.0
Shear Strength, Apparent in E-glass/epoxy system Fmsa MPa 43.0
Shear Strength, Apparent in carbon/epoxy system Fmsa MPa 118.2
Thermal Expansion Coefficient αm µε/C 63
Moisture Expansion Coefficient βm ε 0.33
Density ρm g/cm3 1.17
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Table 9.3: Hygrothermo-mechanical properties of the tow for various fabrics.
Modulus Poisson’s Thermal Moisture

Sample ratio expansion expansion
type [GPa] [µε/C] [10−3ε]

E1 E2 G12 G23 ν12 ν23 α1 α2 β1 β2

1 52.33 16.43 6.20 6.31 0.31 0.30 6.50 23.70 6.34 53.03
2 46.36 13.15 4.78 4.96 0.32 0.33 7.04 29.69 9.33 72.56
3 50.72 15.45 5.76 5.91 0.32 0.31 6.63 25.29 7.07 58.06
4 54.26 17.71 6.83 6.84 0.31 0.29 6.35 21.80 5.51 47.14
5 53.31 17.06 6.51 6.57 0.31 0.30 6.42 22.74 5.91 50.03
6 54.39 17.80 6.87 6.88 0.31 0.29 6.34 21.68 5.46 46.76
7 55.82 18.87 7.41 7.32 0.31 0.29 6.26 20.29 4.89 42.53
8 148.17 12.25 4.83 4.72 0.30 0.30 -0.20 33.25 2.82 69.80
9 148.17 12.25 4.83 4.72 0.30 0.30 -0.20 33.25 2.82 69.80
10 178.39 16.37 7.34 6.60 0.29 0.24 -0.47 24.27 1.47 41.02
11 178.39 16.37 7.34 6.60 0.29 0.24 -0.47 24.27 1.47 41.02

Table 9.4: Predicted tow strength for various fabrics.
Strength [MPa]

Sample Longitudinal Transverse
type Tensile Tensile Shear

F1t F2t F6

Eq.(4.68) [205] Eq.(4.78)
1 1449.9 32.0 37.6
2 1237.0 30.5 35.8
3 1405.4 31.7 37.2
4 1503.6 32.4 38.1
5 1477.9 32.2 37.9
6 1507.9 32.5 38.1
7 1546.7 32.8 38.5
8 1594.6 55.0 100.3
9 1594.6 55.0 100.3
10 1919.7 58.1 106.3
11 1919.7 58.1 106.3
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Table 9.5: Hygrothermo-mechanical properties of a fabric-reinforced laminate.
Modulus Poisson’s Thermal Moisture Strength

Sample ratio expansion expansion Tensile Shear
type [GPa] [µε/C] [10−3ε] [MPa]

Ex Ey Gxy νxy αx αy βx βy Fxt Fyt Fxy
1 15.48 15.48 3.22 0.18 20.29 20.29 73.28 73.28 320 320 38
2 13.02 13.02 2.57 0.18 23.75 23.75 91.26 91.26 275 275 36
3 19.68 18.87 3.86 0.17 16.80 17.64 51.16 54.30 310 310 38
4 20.61 21.46 4.47 0.17 16.16 15.43 47.83 45.10 335 335 38
5 22.12 21.89 4.56 0.17 15.25 15.44 42.73 43.40 325 325 38
6 22.49 22.73 4.79 0.17 15.02 14.84 41.61 40.98 330 330 38
7 19.30 20.20 4.52 0.17 16.83 15.95 52.07 48.70 345 345 40
8 37.52 31.68 2.79 0.07 7.30 9.23 33.26 40.19 355 355 100
9 31.70 37.52 2.79 0.06 9.23 7.30 40.19 33.26 355 355 100
10 48.94 54.45 4.73 0.06 5.44 4.60 21.11 18.67 415 415 106
11 54.45 48.94 4.73 0.06 4.60 5.44 18.67 21.11 420 420 106

Table 9.6: Comparison of predicted and experimental thermo-mechanical properties.
Sample Ex [GPa] [%] Gxy [GPa] νxy αx [µε/C]
type Calc. Exp. SDa error Calc. Exp. Exp. Calc. Exp. Calc. Exp. Exp.

[10o]b [±45o]c SGd DMe

1 15.48 17.5 1.0 11.51 3.22 - - 0.18 - 20.29 20.86 21.12
2 13.02 20.0 0.8 34.88 2.57 6.25 2.94 0.18 - 23.75 19.58 19.51
3 19.68 21.5 1.0 8.64 3.86 6.89 3.57 0.17 - 16.80 13.69 15.45
4 20.61 20.8 0.7 0.91 4.47 - - 0.17 - 16.16 - -
5 22.19 22.8 1.2 2.99 4.56 8.33 5.50 0.17 - 15.25 12.88 14.06
6 22.49 22.4 1.0 0.42 4.79 - - 0.17 - 15.02 - -
7 19.30 19.6 1.3 1.55 4.52 - - 0.17 - 16.83 15.20 18.60
8 37.52 62.5 3.2 39.97 2.79 10.0 5.0 0.07 0.1 7.30 5.31 5.68
9 31.68 - - - 2.79 - - 0.06 - 9.23 6.04 8.33
10 48.94 49.3 1.9 0.74 4.73 - - 0.06 - 5.44 - -
11 54.45 60.3 2.1 9.7 4.73 - - 0.06 - 4.60 - -
a Standard deviation of experimental results.
b Shear modulus/strength of woven fabric laminate, obtained by longitudinal

off-axis tension test at 10o with respect to the tow direction.
c Shear modulus/strength of woven fabric laminate, obtained by longitudinal

tension test at ±45o with respect to the tow direction.
d Strain gage method.
e Dilatometer method.
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Table 9.7: Comparison between predicted and experimental strength values.
Sample Fxt [MPa] [%] Fxy [MPa]
type Calc. Exp. SDa error Calc. Exp. Exp. Exp.

D5379b [10o]a [±45o]a

1 320 244 15.0 31.15 38 - - -
2 275 262 21.0 4.96 36 33 28 26
3 310 318 5.9 2.52 38 34 27 24
4 335 320 6.2 4.69 38 - - -
5 325 367 8.0 11.44 38 39 30 26
6 330 338 10.1 2.37 38 - - -
7 345 252 10.2 36.90 40 - - -
8 355 573 31.2 38.05 100 65 51 42
9 355 504 16.2 29.56 100 - - -
10 415 490 13.2 15.31 106 - - -
11 420 - - - 106 - - -
aSee footnote in Table 9.6.
bShear strength of woven fabric-reinforced laminate obtained by ASTM D 5379.

Table 9.8: Comparison of strength values between unidirectional properties (UD),
cross-ply symmetric laminate approximation (CP), and the woven fabric model
results.

Sample V ofiber [%] Fxt [MPa] Fxt [MPa] error [%]

type calculated experimental
UD CP Woven Woven CP Woven

1 0.28 628 315 320 244 29.1 31.1
2 0.32 533 268 275 262 2.1 4.9
3 0.40 855 428 310 318 34.4 2.5
4 0.43 913 458 335 320 43.0 4.7
5 0.46 970 485 325 367 32.1 11.4
6 0.47 990 495 330 338 46.5 2.4
7 0.41 875 438 345 250 75.0 38.0
8 0.27 695 348 355 573 39.4 38.1
9 0.27 695 348 355 504 31.1 29.6
10 0.44 1110 555 415 490 13.3 15.3
11 0.44 1110 555 420 - - -

Table 9.9: Comparison of predicted and experimental values of E[GPa] for vinyl
ester matrix reinforced with E-glass continuous strand mat (CSM).

Fiber Volume Fraction Modulus E [GPa]
Approximate Exact Experimental

Eq.(9.67) Eq.(9.66) Longitudinal Transverse
0.16 8.57 7.66 8.58 7.04
0.25 11.63 10.22 10.81 9.94



Chapter 10

Beams

Most composite structures are designed as assemblies of beams, columns, plates,
and shells. Beams are structural members that carry mainly bending loads and have
one dimension (the length) much larger than the other two dimensions (width and
height.) From a geometric point of view, beams and columns are one-dimensional
elements, while plates and shells are two-dimensional. Columns carry mostly axial-
compression loads. If a one-dimensional element carries both axial-compression as
well as bending loads, it is called a beam-column. One-dimensional elements carrying
tensile loads are called rods or tendons. If they carry mostly torque, they are called
shafts, but beams and columns may also carry torque in addition to bending and
axial loads.

Each engineering discipline has particular names for beams that are used in
particular applications. Civil engineers use girders in bridges, stringers in building
construction, rafters and purlins in roof construction, and so on. Aircraft engineers
use longitudinal stiffeners to reinforce aircraft fuselages, beam spar in aircraft wings,
and so on. All these can be analyzed as beams as a first approximation.

Composite beams are thin walled and composed of an assembly of flat panels
(Figure 10.1). Most beams are prismatic but they can be tapered. They are pro-
duced by pultrusion, filament winding, hand lay-up, etc. To reduce cost and weight,
the cross-sectional area of a composite beam should be as small as possible. The
required bending stiffness is achieved by increasing the second moment of area I as
much as possible. This is done by enlarging the dimensions of the cross section while
reducing the thickness of the walls. The typical example is the use of an I-beam
as opposed to a rectangular solid beam. Furthermore, common processing methods
used to produce beams, such as pultrusion, work best for relatively thin walls.

To further illustrate the reasons for thin-walled construction, consider a rectang-
ular solid beam of width b and height h. For a constant cross-sectional area A = bh,
the second moment of area I = Ah2/12 grows with the square of the height. For
the same cross section, a tall and thin beam will provide a larger bending stiffness
(EI). Wide-flange I-beams or box-beams will perform even better. When glass
fibers are used as a reinforcement, a high second moment of area I is necessary to
compensate for the relatively low modulus of elasticity of the fibers (72.3 GPa) and

351
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Figure 10.1: Typical structural shapes produced by pultrusion.

of the resulting composite (about 36 GPa for a 50% fiber volume fraction and a
polymer matrix, compared to 207 GPa for steel).

For a given cross-sectional area A and given material strength Fx, the maximum
moment that can be applied to a rectangular beam grows linearly with the height
as M = FxAh/6. Therefore, a tall and thin beam will carry a higher load, which
is limited only by lateral-torsional buckling under bending. When the geometry
is fixed (and buckling is prevented) the maximum moment is only limited by the
material strength according to σ = Fx = Mc/I, where c is the distance from the
neutral axis to the outer surface. Since composites are very strong, very large
and thin-walled sections can be built. Furthermore, all composite manufacturing
processes favor thin-walled construction. Thin composites are less expensive and
can be manufactured with better quality and uniformity. Solid beams not only
are structurally inefficient but also difficult to manufacture due to residual stresses
induced during curing. Therefore, only the design of thin-walled beams is addressed
in this chapter.

Deflections, strength, and buckling are equally important aspects in the design of
composite beams. Analysis and design for deflections and strength are described in
this chapter. Section 10.1 deals with preliminary design, which is greatly simplified
by the use of laminate moduli (Section 6.4) and laminate strength (Section 7.4).
Thin-walled beams under bending and torsional effects are dealt with in Section
10.2. Buckling is considered briefly in Sections 10.1.3 and 10.1.4.
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Table 10.1: Shear correction factors for common cross-section geometries for beams.
Cross-section α

Solid circular 9/10
Solid rectangular 5/6
Thin-walled circular tube 1/2
Thin-walled square tube 20/47
Wide-flange beam, major axis Aweb/A
Wide-flange beam, minor axis 5/6(Aflange/A)

10.1 Preliminary Design

The deflection of a composite beam has two components, bending and shear, as
follows

δ = δb + δs (10.1)

which can be calculated, for example, using Figure 10.2.
The bending deflection δb is controlled by the bending stiffness (EI) and the

shear deflection δs by the shear stiffness (GA). Shear deformations are neglected
for metallic beams because the shear modulus of metals is high (G ≈ E/2.5 ), but
shear deformations are important for composites because the shear modulus is low
(about E/10 or less). The significance of the shear deflection δs with respect to the
bending deflection varies with the span, the larger the span the lesser the influence
of shear (compared to bending).

The values of the bending (EI) and shear stiffness (GA) can be computed using
the analysis presented in Section 10.2. However, for preliminary design, it is possible
to use the following approximation

(EI) ≈ Ex I
(GA) ≈ Gxy Ac (10.2)

where Ex, Gxy are the laminate moduli computed as per Section 6.4 or estimated
using carpet plots in Section 6.5. Furthermore, I is the second moment of area of
the cross section of the beam, and Ac = αA, where α is the shear correction factor
from Table 10.1 and A is the area of the cross section of the beam.

Maximum deflections can be computed using the formulas in Figure 10.2 or
other tables widely available in the literature [255]. Deflections at any point along
the span can be computed by the dummy-load method (see Example 10.1). In this
method, a fictitious load (or moment) of unit value is applied to the beam at the
location where the deflection (or rotation) is sought. Bending and shear diagrams
M(x), V (x) are constructed for the actual load, and m(x), v(x) for the dummy load
(or moment), independently. Then, the deflection (or rotation) at the position where
the dummy load (moment) is placed is computed as

δ =

∫ L

0

(
M

(EI)
m+

V

(GA)
v

)
dx (10.3)
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Figure 10.2: Formulas for maximum deflections of beams including bending and
shear components. Ac = αA, with α from Table 10.1.
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Figure 10.3: Using dummy load and dummy moment to calculate deflection and
rotation at the tip of the beam.

Example 10.1 Derive the equation for the deflection and rotation at the tip of a cantilever
beam loaded by a concentrated load P as shown in Figure 10.3, taking into account both
bending and shear deformations.

Solution to Example 10.1 First draw the shear and moment diagram for the actual load,
as shown in Figure 10.3. Then do the same for the case of the dummy load and for the
dummy moment.

The dummy-load method [212] for deflection at the location of the dummy load (p = 1)
results in the following

δB =

∫ L

0

(
M

EI
m+

V

GAc
v

)
dx =

∫ L

0

(
−Px
EI

(−x) +
P

GAc
1

)
dx =

PL3

3EI
+

PL

GAc
(10.4)

where M,V are the equations for the moment and shear diagrams due to the actual load,
respectively, and m, v are the equations for the moment and shear diagrams due to the
dummy load, respectively (Figure 10.3). The corrected area of shear is Ac = αA in terms of
the actual area A of the cross section and the shear correction factor α given in Table 10.1
for common cross-section geometries.

The dummy-load method for rotation at the location of the dummy moment (m = 1)
results in the following

θB =

∫ L

0

(
M

EI
m+

V

GAc
v

)
dx =

∫ L

0

(
−Px
EI

(−1) +
P

GAc
0

)
dx =

PL2

2EI
(10.5)

where M,V are the equations for the moment and shear diagrams due to the actual load,
respectively, and m, v are the equations for the moment and shear diagrams due to the
dummy moment, respectively (Figure 10.3). The equations in Figure 10.2 are derived in
this way.
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10.1.1 Design for Deflections

In preliminary design, each panel can be treated as a homogeneous material with
laminate moduli Ex, Ey, Gxy, νxy, calculated with (6.42) or with carpet plots (Figures
6.8–6.11). The bending moduli (6.43) are not used unless the cross section is solid,
which is unlikely because such section is not efficient. Instead, most composite beams
are thin walled and composed of an assembly of flat panels (Figure 10.1) and thus
the material is subjected to predominantly membrane loads (tensile, compressive, or
shear). To emphasize this point, imagine one of the I-beams in Figure 10.1 subjected
to a positive bending moment (sign convention in Figure 6.2). The top flange will
be in compression, the bottom one in tension, and the web in shear.

Once the laminate moduli have been calculated for each panel, the geometry of
the section can be designed to achieve the required bending stiffness (see Example
6.7). Either equation (6.42) or carpet plots (Figures 6.8–6.11) can used to calculate
the laminate moduli Ex and Gxy of each panel as a function of the percentage of [0],
[90], and [±θ] laminas in the generic laminate (6.51) reproduced here for convenience

[0m/± 45p/90q]r (10.6)

where m, p, q are the number of plies in the 0, ±45, and 90 laminas, respectively, and
r is the repetitions of the sublaminate [0m/± 45p/90q] used to build each particular
panel. Symmetric laminates, such as [0m/ ± 45p/90q]r,S or [0m/ ± 45p/90q]S,r, can
be used as well, where S stands for symmetric and r for repetitions.

The word panel is used in thin-walled theory to refer to each flat portion of the
cross section, such as each half-flange and web of an I-beam and so on. Obviously,
each panel is built as a laminate. Selecting laminates with high percentage of [0]
yields the highest modulus Ex, which is desirable to maximize the bending stiffness
of the beam. But such laminates may have low shear modulus Gxy and shear
strength Fxy, which may be not appropriate for the web(s) of the beam. Therefore,
different laminates are often used for the flanges and webs.

Calculation of laminate strength for laminates such as (10.6) is explained in
Section 7.4. That includes values for Fx and Fxy for both first ply failure (FPF) and
last ply failure (LPF). FPF is used for design for service loads and LPF for ultimate
loads. Again, carpet plots (Figures 7.12–7.13) can be used in preliminary design to
calculate the strength properties of the panels.

The shear deflection δs is usually computed after the geometry has been sized.
If the shear deflection is excessive, the laminate or the geometry will have to be
changed. The shear deflection is controlled by the shear stiffness (GA) of the beam,
which can be calculated as in Section 10.2 for any cross-section geometry. However,
for preliminary design it is assumed that (a) the shear deflection is dominated by
the shear deformation of the web, and (b) that the web acts as a homogeneous
orthotropic material with shear modulus Gxy acting in the plane of the web (usually
vertical).

In general, the shear stiffness is calculated as (GA) = GαA, where G is the shear
modulus of the panel, α is the shear correction factor given in Table 10.1, and A is
the area of the panel. However, for wide-flange I-beams and box-beams, it reduces
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to (GA) = GxyAweb because the effect of shear on the flanges is usually negligible,
and thus only the shear in the web is considered. Selecting a laminate with higher
percentage [±45] yields a higher value of Gxy and thus such choice is often made for
the web.

The webs and flanges can be made with different laminates, provided such config-
urations can be manufactured. For example, a rectangular tube made by filament
winding must have the same laminate construction on all the walls (webs and flanges)
because of manufacturing constraints. If different laminates can be used, the de-
signer will try to maximize Ex on the flanges and Gxy in the webs.

10.1.2 Design for Strength

In preliminary design, it is assumed that the bending moment is carried primarily
by the flanges and the shear force is carried by the webs. The bending stress can be
approximated by the formula used for isotropic materials

σ =
Mc

I
(10.7)

where M is the bending moment (from the moment diagram), I is the second mo-
ment of area, and c is the distance from the neutral axis to the top or bottom surface
of the section (where the bending stress is maximum). For composite beams, both
positive and negative values of stress must be checked (not just the largest absolute
value) because the tensile and compressive strengths of the laminate are different.

Defining the section modulus Z = I/c [10, Sect. 3.10], substituting the factored
moment αM for M , and the factored strength φFxt or φFxc (tensile or compressive)
for σ in (10.7), the required section modulus is

Z =
αM

φFx
(10.8)

where α, φ are the load and resistance factors, respectively (see Section 1.5.3.)

For most common cross-sections used (I-beams, box-beams, etc.), the state of
stress in the flanges is mostly axial stress σx. Then, the strength Fx is either the
tensile or compressive strength of the laminate (Fxt or Fxc) depending on the sign
of the stress. The laminate strength values can be estimated by the procedure
explained in Section 7.4 or carpet plots (Figures 7.12–7.13).

The section modulus Z allows the designer to size the cross section for bending.
For shear, one must be able to calculate the shear stress in the web. Jourawski’s
formula for isotropic materials [10, Sect. 3.11] provides the shear stress

τ =
Q V

I t
(10.9)

where V is the shear force from the shear diagram (sign convention in Figure 6.3),
I is the second moment of area of the beam, t is the thickness of the web, and Q
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is the first moment of area [10, Sect. 3.11].1 Since Q is maximum at the neutral
axis, the maximum shear stress acts at the neutral axis. The shear stress τ must
be resisted by the laminate in the webs, which have a laminate shear strength Fxy,
calculated as in Section 7.4 or using (7.63). Therefore, the design must satisfy

φFxy > α
Q V

I t
(10.10)

If the shear strength of the laminate is exceeded, the thickness of the webs or the
strength of the laminate should be increased. The shear strength of the laminate
can be increased by selecting a laminate with higher percentage [±45] in (10.6).

Example 10.2 Verify that the box-beam (Figure 6.14) designed in Example 6.7 is suffi-
ciently strong, for a reliability of 99.5%, assuming the load and strength variability are
represented by COV values κσ = 0.2 and κF = 0.3.

Solution to Example 10.2 Example 6.7 concluded with a design having dimensions h = 188
mm, b = 94 mm, t = 4.7 mm, and a laminate with 80%[0], 10%[90], and 10%[±45]. Also
from Example 6.7, the second moment of area is

I ≈ h4

96
= 13.01 106 mm4

and the first-moment of area with respect to the neutral axis (Figure 6.14) is

Q = tb
h

2
+ 2t

h

2

h

4
= 83058 mm3

For a laminate with 80%[0], 10%[90], and 10%[±45], from Figure 7.12 and equation
(7.63), the normalized strength values at last ply failure (LPF) are

F ∗xt = F ∗xc = 0.87

F ∗xy = 0.4010
10

100
+ 0.0884 = 0.1285

Next, multiplying by the normalization factors we get the actual strength values

Fxt = F ∗xtF1t = 0.87× 903 = 785.6 MPa

Fxc = F ∗xcF1c = 0.87× 357 = 310.6 MPa

Fxy = F ∗xyF1c = 0.1285× 357 = 45.87 MPa

Based on the bending moment at the root of the cantilever beam

M = PL = 1000× 2000 = 2 106 Nmm

and shear force
V = P = 1000 N

1For an explanation of first moment of area, see the section on “shear stresses in beams” in any
basic mechanics of materials textbook [10] or advanced mechanics of materials textbooks [256,257].
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From (10.7) (see Figure 6.14), the average stress over the thickness of the flange is

σx =
M h/2

I
=

2 106 188/2

13.01 106
= 14.45 MPa

Since compression strength is lower than tensile, the flange that is in compression con-
trols the design, giving a safety factor for bending

Rb =
310.6

14.45
= 21.5

Next check shear strength. At the neutral axis, using (10.9), the shear stress (over two
webs) is

τ =
Q V

I t
=

83058× 1000

13.01 106 × 2× 4.7
= 0.679 MPa

giving a safety factor for shear

Rs =
45.87

0.679
= 67.56

For a reliability of 99.5%, the standard variable is, from Table 1.6, z = −2.5076. Then,
using (1.17) and the load and strength COV, κσ = 0.2,κF = 0.3, requires a safety factor

R =
1 +

√
1− (1 + 2.50762 × 0.32)(1 + 2.50762 × 0.22)

1 + 2.50762 × 0.32
= 4.17

Therefore, the box-beam is sufficiently strong. The design could be optimized to make
better use of the material (see Exercise 10.13).

10.1.3 Design for Buckling

When a thin-walled beam is subject to bending, compressive loads are induced in
some portions of the cross section, usually in one of the flanges. Compressive loads
may cause buckling of that portion of the cross section. For example, Figure 11.3
may represent the buckling shape of the compression flange of a box-beam, and
Figure 11.5 the same for an I-beam. The webs of the cross section carry most of the
shear and they may also buckle in a shear buckling mode.

The buckling resistance depends on the material properties of the laminate,
the geometry, and the way various elements of the cross section are supported.
For example, the flange of a box-beam is supported on both edges by the webs.
Assuming that the flange is simply supported at the two edges resting on the webs
(Figure 11.3), the buckling load per unit width can be approximated by (Section
11.2.1)

NCR
x =

2π2

b2

(√
D11D22 +D12 + 2D66

)
(10.11)

Assuming that the bending moment is carried fully by the two flanges of the box-
beam, the compressive load (per unit width of flange) can be obtained by summation
of forces and moments

Nx =
M

bh
(10.12)

where h is the height of the beam and b is the width of both flanges. The compres-
sive load computed with (10.12) should not exceed the limit load given by (10.11).
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Equation (10.11) provides a conservative estimate of the buckling load of the flange
because it assumes a simple support at the connections of the flange to the webs. In
actual sections, the flanges are more or less rigidly connected to the webs. There-
fore, the rotation at the edges of the compression flange are somewhat restricted.
In the limiting case of very thick webs, the edges of the flange are almost clamped
(Section 11.2.2). In this case, the buckling load can be predicted using

NCR
x =

π2

b2

(
4.6
√
D11D22 + 2.67D12 + 5.33D66

)
(10.13)

Since the compression flange is neither simply supported nor clamped, the actual
buckling load of the flanges is between the values predicted by (10.11) and (10.13).

In the case of an I-beam, each flange can be modeled as two plates simply
supported by the web, with the other edge free (Figure 11.5). Then, the buckling
load of each half flange can be predicted with (Section 11.2.3)

NCR
x =

12D66

b2
+
π2D11

a2
(10.14)

where b is half of the flange width and a is the unsupported length of the flange
or the region over which the compressive load Nx acts. Because of the rotational
constraint provided by the web, the actual flange buckling load is larger than the
one predicted by (10.14). Buckling of the flange can be prevented by attaching the
flange to a panel. This is typically done when the beam supports a floor system or
a bridge deck in civil engineering construction.

The buckling formulas presented in this section only provide estimates of the
actual buckling strength of a thin-walled beam. A more accurate and elaborate
treatment falls outside the scope of this textbook, requiring numerical analysis [258,
259] or a combined analytical/experimental approach [260]. Lateral-torsional and
lateral-distortional buckling of beams are additional modes of failure that must be
considered in design [261].

10.1.4 Column Behavior

A thin-walled column loaded axially in compression may fail in one of several modes
of failure, which are described next.

Euler Buckling A slender column loaded axially in compression buckles with a
lateral deflection resembling bending of a beam. This is called Euler buckling and
it is described in introductory textbooks [212, p. 577]. For a slender, long column,
buckling occurs for axial stress values much lower than the compressive strength of
the material. As the column buckles with lateral deflection, the shape of the cross
section remains undeformed. The critical load (or buckling load) of a long column
is a function of the bending stiffness of the section (EI), the length, and the type
of support at the ends of the column

PCR =
π2(EI)

L2
e

(10.15)
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where Le is the effective length defined in terms of the actual length L and the
coefficient of restraint as

Le = KL (10.16)

The coefficient K can be computed theoretically or it can be adjusted to fit
experimental data. Values are given in many handbooks and textbooks [262, p. 644].
Theoretical values as well as recommended values for conventional materials are
given in Table 10.2.

Table 10.2: End-restraint coefficients for long column buckling.
End-restraint Ktheory Ksteel Kwood

Pinned-pinned 1.0 1.0 1.0
Clamped-clamped 0.5 0.65 0.65
Pinned-clamped 0.7 0.8 0.8
Clamped-free 2.0 2.1 2.4

The bending stiffness (EI) is the same used to predict the deflections of the
beam. In preliminary design, (EI) can be computed as the product of the second
moment of area I times the laminate modulus Ex. The designer selects a laminate,
calculates laminate modulus Ex (Section 6.4), then designs the geometry of the
cross-section to reach the required second moment of area I (see Example 6.7). A
more accurate prediction can be obtained using methodology presented in Section
10.2.

Euler buckling is usually prevented in practice by bracing. The column is braced
to reduce the effective length, thus increasing the buckling load until the mode of
failure changes to local buckling or material failure.

Local Buckling Thin-walled columns usually display buckling of the walls with-
out the overall deflection of Euler buckling. In this case the shape of the cross-
section changes while the axis of the column remains straight. While the walls can
be analyzed individually for buckling, using the formulas in Section 11.2 (see also
Section 11.3.2), the loads predicted in this way can have significant errors. The
whole cross-section should be considered in the analysis to obtain accurate results,
and the Finite Element Method is often used for this purpose [258].

Material Failure The compressive strength of the material is reached only when
the walls of the cross-section are thick and narrow. In this case, the local buckling
stress could be higher than the compressive strength of the material. Material
failure can be predicted simply by comparing the applied compressive stress to
the compressive strength of the laminate Fxc (see Section 7.4) or by performing a
laminate stress analysis and failure evaluation as described in Chapter 7.

Mode Interaction The column can fail with a combination of the modes de-
scribed above. For example, local and Euler modes interact for pultruded wide-
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flange I-beams of intermediate length [259, 260, 263]. In this case, an empirical
interaction factor can be used to estimate the critical load [260].

PCR
PL

=
1 + 1/λ2

2c
−

√(
1 + 1/λ2

2c

)2

− 1

cλ2
(10.17)

λ = KL

√
PL

π2(EI)

where Pl is the local buckling load, (EI) is the bending stiffness, c is the interaction
coefficient, K is the coefficient of restraint, and λ2 is the dimensionless buckling
load.

10.2 Thin-Walled Beams
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Figure 10.4: Definition of the global and local coordinate systems, and node and
segment numbering.

The objective of this section is to present equations that can be used for design
of open or closed sections of arbitrary shape, subjected to bending, torque, shear,
and axial forces. The theory, first presented in [264], follows closely the classical
thin-walled beam theory, as presented in classical textbooks [256,257]. For the sake
of brevity, many details of the classical theory are not extensively explained. The
presentation in this section emphasizes the generalization of the classical theory
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to composite materials. For more detailed explanation of the classical theory, the
reader is advised to consult the literature [256,257].

The analysis presented in this section applies to most laminated beams where
very dissimilar materials, or severely unsymmetrical, unbalanced lay-ups are ex-
cluded to avoid the undesirable effects that those configurations produce, including
warping due to curing residual stresses, etc. Special applications, such as helicopter
rotor blades [265] and swept forward aircraft wings [266], where strong coupling
effects are desirable, are outside the scope of this section.

Practical composite beams are thin walled (Figure 10.1), built with several walls.
Each wall is usually a complex laminate, optimized to maximize the performance
of the beam. Webs are likely to contain ±45 laminas to resist shear, and flanges
usually contain more unidirectional reinforcement to maximize bending stiffness.
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Figure 10.5: Definition of the local coordinate system, node, and segment numbering
for an open section.

The middle surface of the beam cross-section is represented by a polygonal line
called the contour (Figure 10.4). The joints of the cross-section are modeled at the
intersection of the middle surfaces of the walls. Each wall is described by one or
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Table 10.3: Contour definition for Figure 10.5. Used for the computation of contour
integrals except ω(s).

Segment
number

ni nf Segments converging to ni

1 1 2 0 0 0
2 4 3 0 0 0
3 3 2 2 0 0
4 2 6 1 3 0
5 5 6 0 0 0
6 6 7 4 5 0

more segments (Figure 10.5). Curved segments can be modeled as a collection of flat
elements and concentrated axial-stiffness can be used to represent the contributions
of attachments that are not modeled explicitly.

All segments are defined by a initial node ni and a final node nf . For a closed
single-cell section, the segments and the nodes are numbered consecutively around
the contour. The same applies for an open section without branches, such as a
C-channel. An open section with branches, such as an I-beam, requires special
consideration to assure that the static moment and the sectorial area are computed
correctly. For the section shown in Figure 10.5, the definition of the contour used
to compute the static moment is given in Table 10.3. The definition starts at a free
edge. A segment is added only if the contributions of all segments converging to
its initial node ni are known. In Table 10.3, segment 1 is defined starting at a free
edge with the local coordinate s pointing towards the branching point 2; segment 2
is defined before segment 3, and segment 4 cannot be added to the contour until all
of the above are defined.

The definition of a segment must reference all the segments converging to its
initial node. In Table 10.3, segment 4 is defined with ni = 2 and the segments 1
and 3 are listed as converging at that point.

The coordinates of each node are given in terms of an arbitrary global coordinate
system x, y, z. The principal axes of bending are aligned with the coordinate system
x, η, ζ, rotated an angle ϑ about the x-axis (Figure 10.6). For each segment, the
contour coordinate s is oriented from the initial node to the final node. The other
two local coordinates are the global x-axis and the r-axis that is obtained as the
cross product of x times s, or r = x× s, in such a way that the r-coordinate spans
the thickness of the segment.

The fiber orientation of lamina k is given by the angle θk (Figure 10.7), positive
counterclockwise around the r-axis and starting from the x-axis. The first lamina
(k = 1) is located at the bottom of the laminate on the negative r-axis. Since the
orientation of the r-axis depends on ni and nf , the order in which the laminas are
specified and the angle θk depend on the segment definition.

Geometric properties such as second moment of area, first moment of area, etc.,
are used in classical beam theory to define section properties such as bending stiffness



Beams 365

C

G
1

2 3

4

5

z

yzG
yG

zG

y
4

22

11

33
44

zc

yc

Figure 10.6: Definition of principal axes of bending for a general open section.

(EI), etc. When dealing with beams made of a single homogeneous material, such
as steel or aluminum, the geometric property can be separated from the material
property because the latter is constant through the cross-section of the beam. Since
the material properties of composite beams vary from lamina to lamina and from
segment to segment, it is not possible to separate the elastic properties (E and
G) from the geometric properties (area, second moment of area, etc.). Therefore,
mechanical properties are defined in this section that contain combined information
about the geometry and the material.

All mechanical properties are defined by integrals over the area of the cross-
section. The area integral is divided into an integral over the contour

∫
s ds and an

integral over the thickness of the segment
∫
t dr; the integral over the thickness of the

segment
∫
t dr is solved first. Then, the contour integrals are reduced to algebraic

summations over the number of segments.
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Figure 10.7: Definition of stress resultants in the i-th wall and convention for fiber
orientation. See Figure 6.3.

Example 10.3 To begin illustrating the concept of mechanical properties, consider a two-
layer rectangular beam of width b and total thickness 2t. The bottom layer has thickness
t, density ρ1, and modulus E1. The top layer has ρ2 = 2ρ1 and E2 = 31E1. Compute
(a) the geometric center of gravity, (b) the mass center of gravity, and (c) the mechanical
center of gravity.

Solution to Example 10.3 Taking the z-axis through the thickness of the beam, the geometric
center of gravity of the cross section is found as

zG =

∫
A

z dA/

∫
A

dA

It can be shown that zG lies in the interface between the two laminas regardless of the
coordinate system used. Using a coordinate system with origin at the geometric center of
gravity just found, the mass center of gravity is located at

zρ =

∫
A

ρ z dA/

∫
A

ρ dA = t/6

That is, the mass center of gravity is located at t/6 into the top layer, which is twice as
dense as the bottom layer. The mechanical center of gravity is located at

zM =

∫
A

E z dA/

∫
A

E dA =
15

32
t

That is, the mechanical center of gravity almost coincides with the geometric and mass
center of gravity of the top layer, which is 31 times stiffer than the bottom layer.

10.2.1 Wall Constitutive Equations

The constitutive equations of a laminated plate (6.24) are used to model each flat
wall (substituting s for y). Neglecting transverse shear deformations, the compliance
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equations are

εix
εis
γixs
κix
κis
κixs


=



α11 α12 α16 β11 β12 β16

α22 α26 β12 β22 β26

α66 β16 β26 β66

δ11 δ12 δ16

δ22 δ26

sym. δ66





N i
x

N i
s = 0
N i
xs

M i
x

M i
s = 0
M i
xs


(10.18)

where the classical assumption2 σs = 0 has been replaced by N i
s = M i

s = 0, which
is more appropriate for a laminated composite. In (10.18), N i

x, N i
s, and N i

xs are the
normal and shear forces per unit length along the boundary of the plate (Figure
10.7) with units [N/m], M i

x, M i
s, M

i
xs are the moments per unit length on the sides,

with units [N]. The bending moments are positive when they produce a concave
deformation looking from the negative r-axis. The midsurface strains are εix, ε

i
s, and

γixs, and the curvatures are κix, κ
i
s, and κixs.

The superscript i is used not only to indicate the segment number but also to
differentiate the plate quantities N i

x, N i
s, N

i
xs, M

i
x, M i

s, M
i
xs, ε

i
x, εis, γ

i
xs, κ

i
x, κis, and

κixs (all of which vary along the contour) from the beam quantities N , Vη, Vζ , T ,
Mη, Mζ , εx, κη, κζ , and β (Figure 10.4) to be defined later.

In order to arrive at practical equations, the off-axis laminas should be arranged
in a balanced symmetric configuration. The laminate can be unsymmetrical as a
result of specially orthotropic laminas (isotropic, unidirectional, random, and bal-
anced fabrics of any type including ±θ fabrics) that are not symmetrically arranged
with respect to the middle surface. Under these conditions α16 = β16 = 0 and δ16

decreases rapidly in magnitude with increasing number of laminas (see Example 6.3
and 6.5). If these conditions are not met, the theory still yields approximate results.

Then, using the beam theory assumptions N i
s = 0, M i

s = 0, and assuming
uncoupling between normal and shearing effects (α16 ≈ 0, β16 ≈ 0, δ16 ≈ 0), the
compliance equations (10.18) can be reduced to

εix
κix
γixs
κixs

 =


α11 β11 0 0
β11 δ11 0 0
0 0 α66 β66

0 0 β66 δ66




N i
x

M i
x

N i
xs

M i
xs

 (10.19)

The deformations εs and κs can be computed from (10.18) but they are usually
not needed. The reduced constitutive equation for the i-th segment is obtained by
inverting (10.19) as

N i
x

M i
x

N i
xs

M i
xs

 =


Ai Bi 0 0
Bi Di 0 0
0 0 Fi Ci
0 0 Ci Hi




εix
κix
γixs
κixs

 (10.20)

2In classical thin-walled theory, the undeformability of the contour implies εs = 0 and κs = 0;
σs = 0 is used in the constitutive equations to recover Hooke’s law.
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All the section properties needed to solve the general problem of bending and
torsion are computed in terms of the segment stiffness Ai, Bi, Di, Fi, Ci, and Hi.
The segment stiffness Ai is the axial stiffness per unit length of the segment; Bi
represents the coupling between bending curvature κix and extensional force per
unit length N i

x that appears when the laminate is not symmetric with respect to the
midsurface of the segment; Di is the bending stiffness of the segment under bending
M i
x; Fi is the in-plane shear stiffness under shear N i

xs; Hi is the twisting stiffness
under twisting moment M i

xs; and Ci is the coupling between the twisting curvature
κixs and the shear flow q = N i

xs. For isotropic materials, they reduce to

Ai = Et = EA/b
Di = Et3/12 = EI/b
Fi = Gt = GA/b
Hi = Gt3/12 = 1

4GJR/b

[MPa mm ]

[MPa mm3]
[MPa mm ]

[MPa mm3]

(10.21)

where E, G, t, b, and I are the modulus, shear modulus, thickness, width, second
moment of area, and JR = bt3/3.

10.2.2 Neutral Axis of Bending and Torsion

Assuming a state of deformation εix 6= 0 with all the other strains and curvatures
equal to zero, the first two of (10.20) reduce to

M i
x =

Bi
Ai

N i
x = ebN

i
x (10.22)

with the location of the neutral surface of bending for the segment i given by

eb =
Bi
Ai

(10.23)

According to (10.19), a force N i
x acting at the middle surface of the segment

(r = 0; axis s) produces a bending curvature κix = β11N
i
x. An additional moment

M i
x = ebN

i
x is required at the middle surface to restore κix = 0. The combination of

N i
x and M i

x at the middle surface are statically equivalent to a force N i
x acting with

eccentricity eb. Therefore, eb indicates the location r of the point where a force N i
x

only produces εix 6= 0 with κix = 0, which is the neutral axis of bending.
The neutral axis of bending (Figure 10.8) is described by

y(s′) = y(s)− eb sinαiy

z(s′) = z(s) + eb cosαiy (10.24)

where αiy is the angle of the segment with respect to axis y.
The bending stiffness of the segment is computed with respect to the neutral axis

of bending s′ (Figure 10.8). Assuming that N i
x = 0 and replacing the first equation

in (10.20) into the second equation, the moment-curvature relationship becomes

M i
x =

(
Di −

(Bi)
2

Ai

)
κix (10.25)
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Figure 10.8: Cross section of segment i showing the definition of the various vari-
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The first two equations in (10.20) become uncoupled when N i
x, M i

x, ε
i
x, and κix

are defined with respect to s′-axis (neutral surface of bending in Figure 10.8){
N i
x

M i
x

}
=

[
Ai 0

0 Di

]{
εix
κix

}
(10.26)

where
Di = Di − e2

b Ai (10.27)

Next, assuming a state of deformation γixs 6= 0 and all other strain and curvatures
equal to zero, the last two equations in (10.20) also become uncoupled and can be
reduced to

M i
xs = eqN

i
xs (10.28)

with the location of the neutral axis of torsion for the segment i given by

eq =
Ci
Fi

(10.29)

A shear flow q = N i
xs acting with eccentricity r = eq (axis s′′) with respect to

the midsurface (contour s) in Figure 10.8 produces only shear strain and no twisting
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curvature κixs, regardless of the lack of symmetry of the laminate. The axis of torsion
(axis s′′) is described by (see Figure 10.8)

y(s′′) = y(s)− eq sinαiy

z(s′′) = z(s) + eq cosαiy (10.30)

The last two equations of (10.20) become uncoupled when N i
xs, M

i
xs, γ

i
xs, and

κixs are defined with respect to s′′-axis (the neutral surface of torsion in Figure 10.8),
reducing to {

N i
xs

M i
xs

}
=

[
Fi 0

0 H i

]{
γixs
κixs

}
(10.31)

where H i is the torsional stiffness of the segment, recomputed with respect to the
axis s

′′
. Assuming that N i

xs = 0 and replacing the third equation in (10.20) into the
fourth equation, the torsional stiffness per unit length of the segment is obtained as

H i = Hi − e2
q Fi (10.32)

and the torsional stiffness of the segment is defined as(
GJ iR

)
= 4H i bi (10.33)

where the factor 4 is explained in Section 10.2.6 (10.50) and bi is the length of the
i-th segment (Figure 10.8).

10.2.3 Axial Stiffness

To obtain the axial stiffness (EA) of the section, assume that a constant state of
strain εix = εx is applied to the cross section, with all other strains and curvatures
equal to zero. Integrating the axial stress over the area of the cross section, the axial
force is

N =

∫
s

∫
t
σx dr ds =

∫
s
N i
x(s′) ds (10.34)

The integration over the thickness yields N i
x, which is applied at the neutral

surface of bending s′. The contour s′ is chosen because only at s′ the integral of σx
results in axial force N i

x and no bending moment. Then, using (10.26) results in

N =

∫
s
Ai ε

i
x ds = εx

∫
s
Ai ds = εx (EA) (10.35)

where (EA) represents the axial stiffness of the section, and
∫
s indicates an inte-

gration over the contour describing the cross section. The contour integral reduces
to adding the contribution of all the segments (Figure 10.4 through 10.6)

(EA) =

n∑
i=1

Ai bi (10.36)
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where n is the number of segments describing the cross section. Note that (EA) is
not separated into E and A as it is done for beams made of a single isotropic material.
Since all the section properties, such as (EA), result in algebraic expressions, they
can be programmed into a general computer program for cross sections of arbitrary
shape.

10.2.4 Mechanical Center of Gravity

The mechanical center of gravity of the cross section (point G in Figure 10.8) is the
point of application of the axial force N , which is the resultant of the axial stresses
caused by a constant state of strains εx. Equilibrium of moments with respect to
the y-axis leads to

N zG =

∫
s

∫
t
z(s′) (σx dr ds) =

∫
s
z(s′)N i

x(s′)ds (10.37)

Note that the bending moment produced by the axial stress σx is computed
applying N i

x at the neutral surface of bending s′, because s′ is the only surface
with respect to which σx does not produce a bending moment. From now on, all
bending moments produced by σx will be computed in this way. Similarly, all the
computations of torque produced by shear σxs are performed integrating the shear
flow qi = N i

xs along the neutral axis of torsion s′′. Furthermore, note that the length
of a segment is the same regardless of the contour used (s, s′, or s′′) to measure the
quantities in the integral.

Next, using (10.26), (10.24), and (10.35) yields

εx (EA) zG = εx

∫
s

(z(s) + eb cosαiy)Ai ds (10.38)

Solving for zG and repeating the same procedure for yG, the coordinates of the
mechanical center of gravity are

zG =
(EQy)

(EA)

yG =
(EQz)

(EA)
(10.39)

where (EQy) and (EQz) are the mechanical static moments defined as

(EQy) =

∫
s
z
(
s′
)
Ai ds =

n∑
i=1

ziAibi

(EQz) =

∫
s
y
(
s′
)
Ai ds =

n∑
i=1

yiAibi (10.40)

and yi, zi are the coordinates of the point P′ (Figure 10.8) where s = bi/2.
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10.2.5 Bending Stiffness

To obtain the bending stiffness (EI) of the section, the product of the modulus
of elasticity E times the moments of area Iss, Irr, and the product of area Isr of
classical beam theory are replaced by the mechanical properties of each segment
defined as

(EIis′) = Di bi

(EIir′) = Ai b
3
i /12

(EIir′s′) = 0 (10.41)

where the mechanical product of area (EIir′s′) vanishes because the s′r′ are the
principal axes of bending of the segment (Figure 10.8). The mechanical moments
of area and the mechanical product of area of a segment with respect to axes y′z′

(Figure 10.8) are obtained by a rotation −αiy around x (see (5.27)), as

(EIiy′) = (EIis′) cos2 αiy + (EIir′) sin2 αiy

(EIiz′) = (EIis′) sin2 αiy + (EIir′) cos2 αiy

(EIiy′z′) =
[
(EIir′)− (EIis′)

]
sinαiy cosαiy (10.42)

Using the parallel axis theorem and adding the contributions of all the segments,
the mechanical moments of area (bending stiffness) and the mechanical product of
area with respect to axes yG, zG are obtained as

(EIyG) =
n∑
i=1

[
(EIiy′) +Ai bi(zi + eb cosαiy)

2
]

(EIzG) =
n∑
i=1

[
(EIiz′) +Ai bi

(
yi − eb sinαiy

)2]
(EIyGzG) =

n∑
i=1

[
(EIiy′z′) +Ai bi(zi + eb cosαiy)

(
yi − eb sinαiy

)]
(10.43)

where
(
yi − eb sinαiy

)
and (zi + eb cosαiy) are the coordinates of the center of the

segment (point P′ in Figure 10.8) over the axis s′ (located at r = eb) and yi, zi are
the coordinates of the center of segment i (point P in Figure 10.8) over the contour
s (located at r = 0) with respect to the global system yG, zG. The system yG, zG
has its origin at the mechanical center of gravity of the section and it is parallel to
the global system y, z.

The rotation ϑ locating the principal axes of bending η, ζ, with respect to the
axes yG, zG, is found by imposing the condition (EIηζ) = 0, leading to

tan 2ϑ =
2(EIyGzG)

(EIzG)− (EIyG)
(10.44)
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Finally, the maximum and minimum bending stiffness with respect to the prin-
cipal axes of bending are

(EIη) ; (EIζ) =
(EIyG) + (EIzG)

2
±

√(
(EIyG)− (EIzG)

2

)2

+ (EIyGzG)2 (10.45)

where the maximum and minimum values are determined by the sign of the square
root, so that EIη ≥ EIζ in (10.45).

Example 10.4 A cantilever beam of length L = 54 mm with solid rectangular cross
section of width b = 9 mm and thickness t = 9 mm is loaded by a downward tip load
P = 1000 N . The laminate is a [±45/0]T with horizontal laminas, perpendicular to the
load. Each lamina, of thickness tk = 3 mm, is made of KevlarTM/epoxy with properties
E1 = 76 GPa, E2 = 5.56 GPa, G12 = 2.3 GPa, ν12 = 0.34, and ν23 = 0.45. Compute the
deflection under the load. Continued in Example 10.5.

Solution to Example 10.4 First, compute the compliance matrix (6.24) by inverting the
stiffness matrix of the laminate (6.20)3

[
[α] [β]
[β] [δ]

]
=

[
[A] [B]
[B] [D]

]−1

=


8.2514 −5.6185 0.6601 2.0692 −1.343 −1.2729
−5.6185 14.059 4.5232 −1.5143 −0.3824 −1.6706
0.6601 4.5232 14.307 0.0080 −1.7168 −3.2673
2.0692 −1.5143 0.0080 0.9252 −0.5420 −0.3996
−1.343 −0.3824 −1.7168 −0.5420 2.3202 −0.4517
−1.2729 −1.6706 −3.2673 −0.3996 −0.4517 3.4857

× 10−6

Next, write the reduced compliance matrix in (10.19) as
8.2514 2.0692 0 0
2.0692 0.9252 0 0

0 0 14.307 −3.2673
0 0 −3.2673 3.4857

× 10−6

and invert it to obtain the coefficients in (10.20) as

A = 0.2760 MPa mm, F = 0.0889 MPa mm
B = −0.6172 MPa mm2, C = 0.0834 MPa mm2

D = 2.4611 MPa mm3, H = 0.3650 GPa mm3

The neutral axis of bending is located at

eb =
B

A
= −2.2364 mm

3Most of the computations in this example can be done with CADEC [184] or similar laminate
analysis software.
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The bending stiffness with respect to axes s′, r′ passing through the neutral axis of bending
is (see (10.27) and (10.41))

(EIs′) = (D − e2
bA)b = 9.7275 MPa mm4

(EIr′) = Ab3/12 = 16.764 MPa mm4

Neglecting shear deformation, the deflection can be computed using Figure 10.2 as

δ =
PL3

3EIs′
=

1000× 543

3× 9.7275
= 5.396 mm

Scilab code for this example is available on the Website [4].

Example 10.5 Compute the bending stiffness of a cantilever I-beam (Figure 10.9) of length
L = 30 cm, subjected to a tip-shear force Vz = 445 N. The dimensions of the beam are:
h = 2.5 cm, b = h/2, t = h/16. The material is Kevlar/epoxy with properties from Table
1.1. The lay-up sequence is [±30/0]S, six laminas (n = 6), with lamina thickness tk = t/6.
Continued in Example 10.8.

Figure 10.9: The cantilever I-beam of Example 10.5.

Solution to Example 10.5 There are three walls: two identical flanges and a web. Since
the same lay-up is specified for all walls, (10.19) needs to be evaluated only once. Using
a standard laminate analysis software such as CADEC [4], the coefficients in (10.19) are
found to be

t = h/16 = 25 mm/16 = 1.562 mm ; tk = t/6 = 0.26 mm

α11 = 14.7 (GPa m)
−1

; α66 = 58.5 (GPa m)
−1

β11 = β66 = 0

δ11 = 1.27 108 (GPa m
3
)−1 ; δ66 = 2.50 108 (GPa m

3
)−1
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for all walls (i = 1...6). Since the laminate is symmetric

Ai = 1/α11 = 1/14.7 = 68 106 N/m = 68 GPa mm

Bi = Ci = 0

Di = 1/δ11 = 1/1.27 108 = 7.874 10−9 GPa m3 = 7.874 GPA mm3

Fi = 1/α66 = 1/58.5 = 0.017 GPa m = 17 GPa mm

Hi = 1/δ66 = 1/2.5 108 = 4.0 10−9 GPa m3 = 4.0 GPa mm3

eb = eq = 0

For the top and bottom flanges, and setting i = f to indicate the whole flange (segments
1 plus 2 or 5 plus 6 in Figure 10.9), (10.41) yields

(EIfs′) = Dfb = 7.874 10−9 0.0125 = 98.43 10−12 GPa m4

(EIfr′) = Afb
3/12 = 0.068

(0.0125)3

12
= 11.07 10−9 GPa m4

and since both flanges are parallel to the y-axis, αy = 0. Then, according to (10.42), the
two bending stiffness of the flange are

(EIfy′) = (EIfs′) = 98.43 10−12 GPa m4

(EIfz′) = (EIfr′) = 11.07 10−9 GPa m4

For the web, since αy = π/2, and taking into account that b3 is the width of the web
between the middle surface of both flanges (b3 = h− t), (10.41–10.42) lead to

(EIwz′) = (EIws′ ) = Dw(h− t) = 7.813 10−9 0.02344 = 0.1845 10−9

(EIwy′) = (EIwr′) =
Aw
12

(h− t)3
=

0.068

12
0.023443 = 72.99 10−9

Since the I-beam is doubly symmetric (symmetry of geometry and material with respect to
two perpendicular axes), the neutral axis as well as the mechanical center of gravity coincide
with the geometrical centroid. Therefore, the mechanical moment of area (bending stiffness)
is computed with (10.43) as

(EIyG) = 2

[
(EIfy′) +Afb

(
h− t

2

)2
]

+ EIwy′ = 306.7 10−9 GPa m4 = 306.7N m2

which is the same as using the parallel axis theorem but replacing areas and second moment of
areas by mechanical properties (EA) and (EI). Compare to CADEC [184] result (EIyG) =
353 TPa mm4.



376 Introduction to Composite Materials Design

Example 10.6 Compute the bending stiffness in principal axis (EIη), (EIζ) for an ang-
le section with equal flanges of thickness t = 2mm, width b = 20mm, and proper-
ties E = 210, 000MPa, ν = 0.3, resulting in calculated values of G = 80, 769MPa,
Ai = 0.42 106MPamm, Di = 0.14 106MPamm3, Fi = 0.1615 106MPamm,
Hi = 0.5385 106MPamm3. The coordinates of the nodes, in mm, are (see Figure 10.11):

node y z
1 20 0
2 0 0
3 0 20

The contour is defined clockwise (cw) starting at node #1,
segment node i node f segment contribution

1 1 2 0
2 2 3 1

Solution to Example 10.6 Below are the calculations using Scilab. Similar MATLAB
code is available on the Website [4].

First, define the section by specifying the coordinates of the nodes and the segment
connectivity in the format of Table 10.2:

clc; eps = 1E-12; // small constant to avoid division by zero

YZ = [20 0;0 0; 0 20]; //nodal coordinates [mm]

conect = [1 2 0;2 3 1]; //segment connectivity and contributions

ti = [2 2]; //mm

Ei = [1 1]*210E3; //MPa

nui = [.3 .3];

Get the number of nodes, number of segments, from the data:

nn = length(YZ(:,1)); //# of nodes

ns = length(conect(:,1)); //# of segments

Gi = Ei / 2 ./ (1+nui);

Calculate the length, angle, and centroid of each segment from the data:

for i = 1:ns //for each segment

no = conect(i,1); //initial node for segment i

nf = conect(i,2); //final node

dY = YZ(nf,1)-YZ(no,1)+eps; //add small constant

dZ = YZ(nf,2)-YZ(no,2);

bi(i) = ((dY)^2+(dZ)^2)^(1/2); //length of segment

alphai(i) = atan(dZ/dY); //angle of segment

yi_(i) = (YZ(no,1)+YZ(nf,1))/2; //centroid of each segment

zi_(i) = (YZ(no,2)+YZ(nf,2))/2;

end

bi = bi’; yi_=yi_’; zi_=zi_’; alphai=alphai’;//transpose all

Calculate the segment properties:

Ai = Ei.*ti //extension

Bi = [0 0] //coupling
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ebi = Bi./Ai //neutral axis of bending for the segment

Di = Ei.*ti.^3/12 //bending

Di_ = Di-ebi.^2 .*Ai //shifted to neutral axis of bending

Fi = Gi.*ti

Ci = [0 0]

Hi = Gi .* ti .^3/12

eqi = Ci ./Fi

Hi_ = Hi - eqi .^2 .*Ci //shifted to neutral axis of torsion

EIsi = Di_ .* bi //bending stiffness of segment

EIri = Ai .* bi .^3/12

EIsri = [0 0] //mechanical product of area

Rotate segment stiffness to global coordinates:

m = cos(alphai)

n = sin(alphai)

EIyi = m .^2 .*EIsi + n .^2 .* EIri

EIzi = n .^2 .*EIsi + m .^2 .* EIri

EIyzi = (EIri-EIsi) .*m .*n //1st ed.

Add all segments into the section:

EA = sum(Ai .* bi)

GJR = 4*sum(Hi_ .* bi)

EQy = sum(zi_ .*Ai .*bi)

EQz = sum(yi_ .*Ai .*bi)

Calculate the mechanical center of gravity (C.G.):

yG_ = EQz/EA

zG_ = EQy/EA

New coordinates, translated to the C.G.

yi = yi_-yG_

zi = zi_-zG_

Add the whole section:

EIyy = sum(EIyi + Ai .* bi .* (zi + ebi .* m) .^2)

EIzz = sum(EIzi + Ai .* bi .* (yi - ebi .* n) .^2)

EIyz = sum(EIyzi + Ai .* bi .* (zi + ebi .* m) .* (yi - ebi .* n))

Find the principal axes and rotate to them:

theta = 1/2*atan(2*EIyz/(EIzz-EIyy));

disp([’theta ’,string(theta*180/%pi)])

EInn = 1/2*(EIyy+EIzz) + sqrt((EIyy-EIzz)^2/4+EIyz^2)

EIqq = 1/2*(EIyy+EIzz) - sqrt((EIyy-EIzz)^2/4+EIyz^2)

disp([’EInn’,string(EInn),’MPa mm2’])

disp([’EIqq’,string(EIqq),’MPa mm2’])

When executed, the code above yields

(EIη) = 1.123 109MPamm2

(EIζ) = 0.283 109MPamm2

The code is available on the Website [4].
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10.2.6 Torsional Stiffness

The torsional stiffness (GJR) is found by using energy balance between the work
done by external torque T and the strain energy due to shear

1

2
TβL =

L

2

∫
s

(
γixs q

i +M i
xs κ

i
xs

)
ds (10.46)

where β is the rate of twist and qi = N i
xs is the shear flow.

Open Section

Since the shear flow of an open section under torsion is zero (qi = N i
x = 0), using

(10.31) the energy balance (10.46) can be written as

Tβ = κ2
xs

∫
s
Hi ds (10.47)

with the twisting curvature κxs constant along the contour and equal to twice the
twist rate β

κxs = 2
∂2w

∂x∂s
= 2β (10.48)

where w is the transverse deflection of the laminate. Combining (10.48) and (10.47)
results in

T

β
= 4

∫
s
Hi ds (10.49)

The torsional stiffness (GJR), which is equal to T/β, is obtained simply adding
the contributions of all the segments

(GJR) = 4

n∑
i=1

Hi bi (10.50)

For the isotropic case, (10.50) leads to the classical result JR = 1
3

∑
bi t

3
i .

Single-Cell Closed Section

For a closed section under torsion, the contribution of the twisting curvature to the
strain energy in (10.46) is negligible compared to the contribution of the shear flow.
Taking into account that the shear flow is constant along the contour and using
(10.31), the energy balance (10.46) reduces to

Tβ = q2

∮
s

ds

Fi
= q2

n∑
i=1

bi
Fi

(10.51)

Integrating the shear flow over the contour s′′ yields an expression for the torque

T =

∮
s

(
q R(s′′)

)
ds = q [2Γs′′ ] (10.52)
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where Γs′′ is the area enclosed by the contour s′′. Note that the arm-length R(s′′)
is measured at the neutral surface of torsion s′′. The rate of twist β is determined
dividing (10.51) by (10.52)

β =
q

2Γs′′

∮
s

ds

Fi
=

q

[2Γs′′ ]

n∑
i=1

bi
Fi

(10.53)

The torsional stiffness is obtained dividing (10.52) by (10.53)

(GJR) =
[2Γs′′ ]

2∑n
i=1 bi/Fi

(10.54)

The expression above can be improved to account for the nonuniform distribution
of shear through the thickness of the laminate by adding the torsional stiffness of
the open cell affected by a correction factor equal to 3/4 [264]

(GJR) =
[2Γs′′ ]

2∑n
i=1 bi/Fi

+
3

4

[
4

n∑
i=1

H i bi

]
(10.55)

Example 10.7 A rectangular tube is clamped at one end and subject to a torque T =
0.113 Nm at the free end. The dimensions of the tube at the midsurface are: height
d = 25.273 mm, width c = 51.562 mm, and length L = 0.762 m. The walls are made of
carbon/epoxy cross-ply with 6 laminas, each 0.127 mm thick, in a [0/90]3 configuration,
with a total thickness of 0.762 mm. Note that the laminate is not symmetric, but the tube is
symmetric since the interior lamina has the same 0◦ angle in all the four walls. The elastic
properties of each lamina are E1 = 141.685 GPa, E2 = 9.784 GPa, G12 = 5.994 GPa,
and ν12 = 0.42. Compute the angle of twist at the free end.

Solution to Example 10.7 For each wall, the coefficients of the compliance matrix in (10.18)
can be easily obtained using standard laminate analysis software. Then, the coefficients in
(10.20) are obtained inverting (10.19) or directly as

Ai = δ11/∆1 = 0.378/∆1 = 58.328 GPa mm

Bi = −β11/∆1 = −0.0209/∆1 = −3.225 GPa mm2

Di = α11/∆1 = 0.0183/∆1 = 2.824 GPa mm3

∆1 = α11δ11 − β2
11 = 0.0183× 0.378− 0.02092 = 0.006481

Fi = δ66/∆2 = 4.52/∆2 = 4.565 GPa mm

Ci = −β66/∆2 = 0

Hi = α66/∆2 = 0.219/∆2 = 0.221 GPa mm3

∆2 = α66δ66 − β2
66 = 4.52× 0.219 = 0.990

Since the [0/90]3 laminate is not symmetric, the neutral surface of bending is located at
a distance given by (10.23) as

eb =
Bi
Ai

=
−3.225

58.328
= −0.055 mm
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from the midsurface. The neutral surface of torsion is given by (10.29) as

eq =
Ci
Fi

= 0

From (10.54), the torsional stiffness of the closed section is

(GJR) =
T

β
=

[2Γs′′ ]
2∑n

i=1 bi/Fi

Since eq = 0, the contour s′′ through the neutral surface of torsion coincides with the
contour s through the midsurface. Therefore

Γs” = Γs = cd = 51.562× 25.273 = 1303.1 mm2

Since all walls have the same laminate, Fi = 4.565 GPa mm for all walls, and the
torsional stiffness is

(GJR) =
(2× 1303.1)2

2 (25.273 + 51.562)/4.565
= 201774.9 GPa mm4

The rate of twist is equal to the torque divided by the torsional stiffness (10.87)

β =
T

(GJR)
=

0.113 Nm

201774.9 109 10−12Nm2 = 560 10−6rad/m

from which the twist angle at L = 0.762 m is

φ = βL = 560 10−6 0.762 = 0.427 10−3 rad

which compares well with the experimental value of 0.420 10−3 rad reported in [267, 268].

10.2.7 Shear of Open Sections

As in the case of homogeneous materials, the shear flow q caused by shear forces V
is obtained from equilibrium using Jourawski’s formula [10, (3.31)] [256, (9.5.5)]

q =
V Q

I
(10.56)

where Q, I are the first and second moments of area, respectively. But in the case
of inhomogeneous materials, the resultant of axial forces that causes no bending
curvature and the resultant of shear flow that causes no twisting curvature act
on different local axis. Therefore, the notation η(s′), ζ(s′), r(s′′), etc., is used to
indicate on what local axis the global coordinate is measured. Then, using principal
axes ζ, η (Figure 10.6) the shear flow qη caused by a shear force Vη is given by
adapting (10.56) for non-homogeneous material by replacing geometric properties
by mechanical properties as follows

qη(s) = −
(EQζ(s))Vη
kζ(EIζ)

(10.57)
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where the minus sign is used to assure that the integral of the shear flow is equal to
the shear force when the sign convention of Figure 10.4 is used. The shear flow is
positive when oriented from ni to nf , along the s-coordinate in Figure 10.7. The first
moment of the area at one side of the point where shear is evaluated is replaced by
the mechanical static moment (EQζ(s)). The second moment of area is replaced by
the bending stiffness (EIζ), defined in (10.45), and kζ is a correction factor explained
later.

The mechanical static moment is obtained by rewriting (10.40) as

(EQζ(s)) =

∫ s

0
η(s′)Aids =

∫ s

0
(η(s)− eb sinαiη)Ai ds (10.58)

where αiη is the angle of the segment with respect to the principal axis η. Note
that the mechanical static moment (EQζ(s)) defined in (10.58) is variable along the
contour, while the values defined in (10.40) are the total values for the beam cross
section. The integral in (10.58) must start at the free edge (s = 0) to satisfy the
equilibrium condition q(s) = 0 at the free edge of the open section.

For the case of moderately thick walls, the accuracy of Jourawski’s formula can
be improved introducing a correction factor kζ , computed to restore equilibrium
between the applied force Vη and the integral of the shear flow qη over the contour
[264]

Vη =

∫
s
(qη(s) ds) cosαiη = − Vη

kζ(EIζ)

∫
s
(EQζ(s)) cosαiη ds (10.59)

which results in

kζ =
−1

(EIζ)

∫
s
(EQζ(s)) cosαiη ds (10.60)

In classical textbooks, kζ = 1, which is valid for thin walls. Similarly

qζ(s) = −
(EQη(s))Vζ
kη(EIη)

(10.61)

where the mechanical static moment is

(EQη(s)) =

∫ s

0
ζ(s′)Aids =

∫ s

0
(ζ(s) + eb cosαiη)Ai ds (10.62)

and the correction factor is

kη =
−1

(EIη)

∫
s
(EQη(s)) sinαiη ds (10.63)

For most sections having flat walls, the integrals in (10.58) and (10.62) can be
reduced to algebraic summations, as illustrated in Example 10.8.

Example 10.8 Compute the mechanical static moment about the y-axis and the shear flow
at points A:(z = (h− t)/2) and B:( z = 0) of the web in Figure 10.9, using the properties
in Example 10.5.
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Solution to Example 10.8 Since the contour is modeled by the dashed line shown in Figure
10.9, only the flange contributes to the mechanical static moment at point A. The mechanical
static moment of interest is given by (10.62). Taking ζ in the direction of z (Figure 10.4)
the value of ζ = (h−t)/2 is constant in the flange. Therefore, the mechanical static moment
accumulated from the free edge to the intersection with the web (segment # 1 in Figure 10.9)
is

(EQη) =

∫ b/2

0

(h− t)
2

A1ds =
(h− t)

2
A1

b

2
= 4.9825 10−6 GPa m3

Taking kη = 1 in 10.61, and noting that (EIη) = (EIyG) from 10.61, the shear flow at
point A in the flange is

qζ = − (EQη(s = A))Vζ
(EIζ)

= −4.9825 10−6 445

306.7 10−9
= −7, 229.25 N/m

and the direction of the shear flow is from the center of the flange towards the free edges. In
the web, immediately below point A, the static moment and shear flow from both segments
#1 and #2 accumulate, resulting in

(EQ) = 2× 4.9825 10−6 = 9.965 106 GPa m3

qζ = −2× 7, 229.25 = −14458.5 N/m

Since the section is doubly symmetric, point B is located at the centroid, which coincides
with the origin of the coordinate system. The mechanical static moment increases from point
A to B due to the contribution of the web, resulting at point B in

(EQη) =
(h− t)

2
A1b+

(h− t)2

8
A3 = 14.634 10−6 GPa m3

Consequently, the shear flow at point B is

qζ = −14.634 10−6 445

306.7 10−9
= 21232.9 N/m

with the shear flow in the web having the same direction as the applied load.
In preliminary design codes and procedures, it is usual to compute the shear stress as

the shear force divided by the area of the web, or the shear flow as the shear force divided
by the depth of the beam. For this example, the approximated value of shear flow would be
q = −V/h = −445/0.025 = −17.8 103 N/m, thus underpredicting the shear flow at point B
by 16%.

Shear Stiffness

To obtain the shear stiffness (GA) of the section, consider an infinitesimal segment
dx of the beam subject to shear Vη. The balance between the external work and
the strain energy is

1

2
Vη γ dx =

1

2

V 2
η

(GAζ)
dx =

1

2

∫
s

(
M i
xs κ

i
xs + qi γixs

)
ds dx (10.64)

Taking into account only the shear deformations (κixs
∼= 0), and using the third

of (10.20) and (10.57) yields

γixs =
qi

Fi
= −

Vη (EQζ(s))

kζ(EIζ)Fi
(10.65)
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Replacing into (10.64) with κixs = 0, the shear stiffness of the section is

(GAζ) =
[kζ(EIζ)]

2∫
s [(EQζ(s))]

2 ds
Fi

(10.66)

Similarly

(GAη) =
[kη(EIη)]

2∫
s [(EQη(s))]

2 ds
Fi

(10.67)

For sections having flat walls, the integrals in the denominator of (10.66) and
(10.67) can be easily performed segment by segment.

Example 10.9 Compute the shear stiffness of the section in Figure 10.9 using the results
of Example 10.5 and 10.8.

Solution to Example 10.9 Begin the computation of mechanical static moment (10.62) on
segment #1 at the free edge (with “s” pointing to the right in Figure 10.9). Take ζ = z with
the origin at the geometric centroid and c = (h− t)/2. Then for segment #1

(EQη(s)) =

∫ s

0

ζA1ds = cA1s

Next, the contribution of segment #1 to the denominator of (10.67) is

∆1 =

∫ b/2

0

[cA1s]
2 ds

F1
=
b3c2A2

1

24F1

Next, compute the contribution of segment #2, also starting at the edge (with s pointing
to the left in Figure 10.9). It can be shown that the contributions of segment #2 are identical
to those of segment #1. The accumulated mechanical static moment at the top of the flange
is (EQ) = cA1b. The contribution of segment #3 is computed starting at the top, with “s”
pointing downward (s = c− ζ)

(EQη(s)) = cA1s+

∫ s

0

(c− s)A3ds = cA1b+A3

(
cs− s2

2

)
and

∆3 =

∫ c

0

[EQη(s)]
2 ds

F3
=
c3(2A2

3c
2 + 10cA1bA3 + 15A2

1b
2)

15F3

At the centroid, the accumulated mechanic static moment is (EQ) = cA1b + A3c
2/2.

For segment #4, taking “s” downward (s = −ζ) the contributions are

(EQη(s)) = cA1b+A3
c2

2
+

∫ s

0

(−s)A3ds = cA1b+A3
c2

2
−A4

s2

2

with A4 = A3 and

∆4 =

∫ c

0

[EQη(s)]
2 ds

F4
= D3
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with F4 = F3. The accumulated mechanical static moment at the bottom of the web is
(EQ) = cA1b. For segment #5, start at the free edge to obtain

(EQη(s)) =

∫ s

0

(−c)A5ds = −cA5s

with A5 = A1, and

∆5 =

∫ b/2

0

(EQη(s))
2 ds

F5
=
b3c2A2

1

24F1

with F5 = F1. Now, all the static moment must be accumulated at the initial point of
segment #6. Taking “s” pointing toward the free edge results in

[EQη(s)] = cA1
b

2
+

∫ s

0

(−c)A6ds = cA1
b

2
− cA6s

with A6 = A1 and

∆6 =
b3c2A2

1

24F1

with F6 = F1. Finally, setting A3 = A1 and F3 = F1, the denominator of (10.67) is

∆ =
c2A2

1(5b3 + 8c3 + 40c2b+ 60cb2)

30F1
= 0.248 10−9 GPa m6

and the shear stiffness (10.67) is computed using (EIη) = (EIyG) from Example 10.5 as

(GAη) =
[306.7 10−9]2

0.248 10−9
= 0.379 10−3 GPa m2 = 379000 MPa mm2

while CADEC [184] yields (GAη) = 356000 GPa mm2. As further comparison, compute an
approximate value for shear stiffness as the laminate shear moduli Gxy times the area of the
web Aw. For the laminate used in this example, using (6.42)

Gxy =
1

tα66
=
A66

t
=

0.0171

0.025/16
= 10.944 GPa

For an I-beam, as per Table 10.1, the shear stiffness of the cross section is

(GA) = GAc = GαA = GAw

and Aw = 0.0252/16, so

GxyAw = 10.944
0.0252

16
= 0.428 10−3 GPa m2 = 428000 MPa mm2

which is 13% higher than the actual value.

Sectorial Properties

The sectorial area is defined as [256, § 8.9]

ω(s) =

∫ s

0
R(s′′) ds (10.68)
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where R(s′′) is the projection of the radius
−→
R (s′′) on the normal to ds (Figure 10.5).

Although the integral in (10.68) can be computed using arbitrary points for the pole
P and for the initial point I (where ω(s) = 0, Figure 10.10), computation of the shear
center (10.76) requires that the mechanical center of gravity ((10.39), Figure 10.5)
be used as pole. The arm-length R(s′′) in (10.68) must be evaluated on the neutral
axis of torsion s′′ because ω(s) will be used to define twisting moment caused by
shear flow.

(+)

I

F

+
PRR

a

a

a

½a ½a a a

-3a2

-a2

2a2

ds (-)

ds (+)

(+)

(-)

(+)

R

½a2

Figure 10.10: Sectorial area diagram.

Computation of sectorial area ω(s) may require to treat the segments in a dif-
ferent order of that used initially to define the contour, because the computations for
a segment can start only if the value of ω(s) in either extreme is already known. Once
the pole P and initial point I are chosen, the diagram of ω(s) can be constructed as
in Figure 10.10, for the section shown in Figure 10.5. Then the mechanical sectorial
properties are defined as:

Mechanical sectorial static moment

(Eω) =

∫
s
ω(s)Ai ds (10.69)
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Mechanical sectorial linear moments

(EQωζ) =

∫
s
(η(s)− eb sinαiη)ω(s)Ai ds (10.70)

(EQωη) =

∫
s
(ζ(s) + eb cosαiη)ω(s)Ai ds (10.71)

Mechanical sectorial moment of area

(EIω) =

∫
s
[ω(s)]2Ai ds (10.72)

Mechanical Shear Center

The coordinates ηc, ζc of the mechanical shear center are calculated by equilibrium
of moments due to shear forces Vζ , Vη and its associated shear flows qζ(s), qη(s).
Taking moments with respect to the mechanical center of gravity (yG, zG in Figure
10.6) results in

Vζ ηc =

∫ F

I
R(s′′) qζ(s) ds

−Vη ζc =

∫ F

I
R(s′′) qη(s) ds (10.73)

where I and F are the initial and final point (Figure 10.5), and the minus sign on
the LHS of the second equation is necessary to satisfy the sign convention in Figure
10.6. Using (10.57) and (10.58) yields

ζc =
1

kζ(EIζ)

∫ F

I
R(s′′)

[∫ s

I
η(s′)Ai ds

]
ds (10.74)

Recognizing that [R(s′′) ds] is the differential of sectorial area dω(s) and that
[η(s′)Ai ds] is the differential of mechanical static moment d(EQζ(s)), integration
by parts is used to change the order of integration. Since the mechanical static
moment is zero at the end points, the boundary terms drop, leading to

ζc = − 1

kζ(EIζ)

∫ F

I
η(s′)Ai

[∫ s

I
dω

]
ds = − 1

kζ(EIζ)

∫ F

I
η(s′)Ai ω(s) ds (10.75)

and using (10.70)

ζc = −
(EQωζ)

kζ(EIζ)

ηc =
(EQωη)

kη(EIη)
(10.76)

In (10.76), (EQωζ) and (EQωη) are computed by (10.70)–(10.71) using the me-
chanical center of gravity as the pole for ω(s) because moment equilibrium is for-
mulated with respect to yG, zG. If the mechanical shear center is used as the pole,
then ζc = 0 and ηc = 0, and both mechanical sectorial linear moments are zero.
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Figure 10.11: Schematic for Examples 10.6 and 10.10.

Figure 10.12: Sectorial area diagram for Example 10.10.
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Example 10.10 Compute the location of the shear center in principal coordinates ηc, ζc,
as well as in structural coordinates yc, zc, for the angle section of Example 10.6. The
mechanical center of gravity is located at yG = 5mm, zG = 5mm, and the principal axes
of bending are rotated an angle θ = 45o with respect to the structural coordinate system
y, z, resulting in (EIη) = 1, 123 × 106N m2, (EIζ) = 287 × 106N m2. Take node #1 as
initial point I, and remember to use the mechanical center of gravity (CG) as the pole P.

Solution to Example 10.10 The mechanical center of gravity is at yG = 5, zG = 5. A
system parallel to y, z, but translated to the C.G., is (see Figure 10.6)

yG = y − 5

zG = z − 5

Noting that principal axes η, ζ are rotated by an angle θ = 45o, calculate the sectorial
moment and the coordinates η(s), ζ(s) for each segment. The initial point is node #1.

Segment #1. The s-coordinate comes left from I (Figure 10.11), and the segment is
described by

s = 20− y = 15− yG
or

yG = 15− s

zG = −5

Using (5.26), {
η
ζ

}
=

[
m n
−n m

]{
15− s
−5

}
=

√
2

2

{
10− s
s− 20

}
with

m = cos(θ) = cos 45 =

√
2

2

n = sin(θ) = sin 45 =

√
2

2

The pole must be the C.G. The normal from the pole to segment #1 is 5 units long.
Starting with “s” at point I, the radius R sweeps clockwise (cw), that is, negatively, so the
sectorial area is negative,

ω(s) = −5s

so that by the end of the segment it has a value of −100. See Figure 10.12.

Segment #2. The s-coordinate goes up from node #2 (Figure 10.11),

s = z = zG + 5

or
yG = −5

zG = s− 5
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Using (5.26), {
η
ζ

}
=

[
m n
−n m

]{
−5
s− 5

}
=

√
2

2

{
s− 10
s

}
The normal from the pole to segment #2 is 5 units long. Starting at node #2, the radius

R sweeps cw, that is, negatively, so the sectorial area is negative

ω(s) = −100− 5s

so that by the end of the segment it has a value of −200. See Figure 10.12.

Shear center. Now we proceed to calculate the shear center using (10.76). We use the
center of gravity (CG) for pole because moment equilibrium is formulated with respect to
yG, zG.

First, calculate the mechanical sectorial linear moment (10.70) used in (10.76). The
correction factor κζ is assumed equal to 1 for thin-walled beams. The bending stiffness is
taken from Example 10.6.

(EQωζ) =

∫
s

η(s′′)ω(s)Aids

= −
√

2

2
A1

∫ 20

0

[(10− s)5s+ (s− 10)(100 + 5s)]ds = 0

and using (10.70), the coordinate ζ of the shear center is

ζc = − (EQωζ)

(EIζ)
= 0

Similarly, using (10.71) with κη = 1, the mechanical sectorial linear moment is

(EQωη) =

∫
s

ζ(s′′)ω(s)Aids

= −
√

2

2
A1

∫ 20

0

[(s− 20)5s+ s(100 + 5s)]ds = −5600
√

2 106

and the coordinate η of the shear center is

ηc =
(EQωη)

(EIη)
=
−5600

√
2 106

1123 106
= −5

√
2

where both ηc, ζc are measured with respect to the centroid. In this case the shear center is
at the intersection of the two flanges of the angle section, that is at ηc = −5

√
2, ζc = 0,

with respect to the C.G. Any load with direction passing through the shear center does not
produce twist of the section.

10.2.8 Shear of Single-Cell Closed Section

Jourawski’s formula (10.57) can be used also to compute the shear flow caused by
shear forces in closed sections. For the open section, the initial point (s = 0) for
the computation of the mechanical static moment is set at the free edge so that
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q(s = 0) = 0. For the closed section, the initial point is set so that a shear force
applied at the shear center does not induce twisting (β = 0). The initial point
cannot be located by simple inspection of the contour but rather results from the
analysis, as explained next.

First, consider the shear force Vη acting on the mechanical shear center which
does not produces shear flow by torsion. Equation (10.57) yields

q1η(s) = −
Vη (EQζ(s))

kζ(EIζ)
(10.77)

where an arbitrary initial point was used in (10.58) for the computation of the
mechanical static moment. To change the initial point is equivalent to add a constant
q0η such that

qη(s) = q1η(s) + q0η (10.78)

The rate of twist due to torsion is given by (10.53), but the shear flow must be
inside the integral because the shear flow due to shear (10.78) is not constant along
the contour (see [256, p. 371])

β =
1

2Γs′′

∮
s
(q1η(s) + q0η)

ds

Fi
(10.79)

A shear load applied at the mechanical shear center should not induce twisting
(β = 0). Therefore the constant q0η is

q0η = −
∮
s
q1η(s)

ds

Fi
/

∮
s

ds

Fi
(10.80)

Similarly, the shear flow caused by Vζ can be obtained as

qζ(s) = q1ζ(s) + q0ζ (10.81)

where

q1ζ(s) = −
Vζ (EQη(s))

kη(EIη)
(10.82)

and

q0ζ = −
∮
s
q1ζ(s)

ds

Fi
/

∮
s

ds

Fi
(10.83)

Similarly to the case of the open section, the coordinates ζc, ηc of the mechanical
shear center are calculated by equilibrium of moments caused by the shear forces
and shear flows with respect to the mechanical center of gravity, yielding

ζc = − 1

Vη

∮
s

(q1η(s) + q0η) R(s′′) ds

ηc =
1

Vζ

∮
s

(q1ζ(s) + q0ζ) R (s′′) ds (10.84)

The derivation of the shear stiffness is similar to that of the open section. For
the closed section, the contribution of twisting (M i

xsκ
i
xs) in (10.64) is negligible
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compared to the contribution of the shear flow (qiγixs), and using (10.31) with qi =
N i
xs yields

(GAζ) = V 2
η /

∮
s

[qη(s)]
2

Fi
ds

(GAη) = V 2
ζ /

∮
s

[qζ(s)]
2

Fi
ds (10.85)

where qη(s) and qζ(s) are defined in (10.78)–(10.81).

The shear flow due to torsion is obtained from (10.52). For moderately thick
walls, the expression can be improved recognizing that part of the moment is equil-
ibrated by Saint Venant stresses, like in the open section, leading to the following
expression [264]

qT =
T

2Γs′′

[
1− 3

4

(GJR)open
(GJR)closed

]
(10.86)

where (GJR)open and (GJR)closed are the torsional stiffness of the open section
(10.50) and closed section (10.55), respectively.

10.2.9 Beam Deformations

The deformations of the beam are now computed using the classical formulas referred
to the principal axes. The axial strain εx, the two curvatures κη, κζ , and the twist
rate β are computed as

εx =
N

(EA)

κη =
Mη

(EIη)

κζ =
Mζ

(EIζ)

β =
T

(GJR)
(10.87)

where the axial stiffness is given by (10.36), two bending stiffness are given by
(10.45), and the torsional stiffness is given by either (10.50) or (10.55) for open and
closed cross sections, respectively.

If the beam is a component of a structural system (indeterminate or not), the
mechanical properties (EA), (EIη), (EIζ),(GAη), (GAζ), and (GJR) can be easily
transformed into equivalent geometrical properties (dividing by arbitrary equivalent
moduli E and G). The nodal displacements of the structure and stress resultants at
any section can be obtained using the equivalent properties as input for any struc-
tural analysis program, either a beam finite element analysis or a matrix structural
analysis program. Later on, these stress resultants can be used in (10.87) to compute
the beam deformations at any section of the structure.
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10.2.10 Segment Deformations and Stresses

The axial strain in the midsurface at any point can be computed in terms of the
beam deformations (10.87)

εix(s) =
N

(EA)
+ ζ(s)

Mη

(EIη)
− η(s)

Mζ

(EIζ)
(10.88)

where εix(s) varies along the contour because ζ(s) and η(s) are the coordinates in
principal axis of a point in the contour s.

The bending curvature, which is unique for each segment, can be computed in
terms of the beam deformations (10.87)

κix = κη cosαiη + κζ sinαiη (10.89)

where αiη is the angle between the orientation of the i-th segment and the principal
axis η.

The twisting curvature, constant for all segments, is calculated from the twist
rate β (see (10.48) and (10.53))

κixs =

{
−2T/(GJR) open section
−T/(GJR) closed section

}
(10.90)

where the minus sign is introduced to account for the definition of the positive torque
T in Figure 10.4 and the positive twisting moment M i

xs in Figure 10.7.
The shear strain γixs(s) depends on the total shear flow, from torsion and shear,

acting in the local s′′ axis

q(s) = qT + qη(s) + qζ(s) (10.91)

The constant shear flow due to torsion qT is given by (10.86) for closed sections
and qT = 0 for open sections. The shear flow qη(s), qζ(s) due to shear forces Vη, Vζ
are given by (10.57), (10.61), for open sections and by (10.78), (10.81), for closed
sections.

The shear strain γixs(s) in the midsurface can be calculated from the third equa-
tion in (10.20)

γixs(s) =
N i
xs − Ci κixs

Fi
=
q(s)

Fi
− eiq κixs (10.92)

where the twisting curvature is computed according to (10.90).
The stress resultants are computed at each point by (10.20). The four stress

resultants are complemented with N i
s = 0 and M i

s = 0, reordered, and introduced
in a standard laminate analysis program to compute stresses and to predict failure
using a failure criterion.

Since the strains and the corresponding stress resultants vary along the contour,
the failure criterion should be evaluated at several points along the contour. If
applied loads (Mη, Mζ , T ) vary along x, the computations should be repeated for
various sections along the length of the beam as well.
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Example 10.11 Compute the stresses at the clamped end of the solid, rectangular beam
in Example 10.4.

Solution to Example 10.11 The tip load produces a uniform shear diagram along the beam
(V = Vz) and a bending moment distribution with a maximum at the support

V = Vz = −1000 N

Mmax = −Vz L = 1000× 0.054 = 54 Nm

To use the standard procedure for computation of stresses in laminates (Section 6.2),
the shear force and bending moment must be expressed on a per unit width basis

Vx =
V

b
=
−1000

0.009
= −111.1 kN/m

Mx =
Mmax

b
=

54

0.009
= 6 kN

Eight stress resultants are used in Section 6.2 for the computation of stresses, but for a
beam with no axial load and no torsion Nx = Ns = Nxs = Ms = Mxs = Vs = 0. Therefore,
the loading on the laminate becomes (substituting y for s)

Nx = 0 Mx = 6 kN

Ny = 0 My = 0

Nxy = 0 Mxy = 0

Vx = −111.1 kN/m Vy = 0

Using (6.24), (6.27), and (6.28), or a laminate analysis software, the following values
of stresses are obtained (values in GPa)

Lamina # Location σx σy σxy σyz σxz
3 Top .953 −.00716 −.0249 −.000512 −.0168
3 Bottom −.305 .0158 −.00838 −.000512 −.0168
2 Top .0482 .0864 −.0736 .00208 −.0140
2 Bottom −.289 −.129 .190 .00208 −.0140
1 Top −.163 −.00301 −.0508 −.00334 −.0143
1 Bottom −.244 .0370 −.0323 −.00334 −.0143

These values of stress can be transformed to lamina coordinates for each lamina (5.44)
and used in a failure criterion to evaluate the strength of the beam.

Example 10.12 Compute the deflection at the tip of the beam in Figure 10.9 using the
results of Examples 10.5, 10.8, and 10.9.

Solution to Example 10.12 Using Figure 10.2, the deflection is

δ = δb + δs =
VzL

3

3(EI)
+

VzL

(GA)
=

[
0.33

3× 306.7
+

0.3

379 103

]
445 = 13.41 mm

where the shear deformation accounts for 2.6% of the total.
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Example 10.13 Compute the first ply failure load of the beam in Example 10.5, 10.8,
and 10.9 according to the max. stress criterion. The strength values for Kevlar/epoxy are
taken from Table 1.1. Neglect any increase of strength represented by in situ values (see
Exercise 10.14).

Solution to Example 10.13 For the cantilever beam, the maximum shear and bending
moment occur at the root, with values

M = −VzL = −445× 0.30 = −133.5 Nm

V = Vz = 445 N

Therefore, the critical points that need to be checked are: the flange and the web at the
web-flange intersection, both at top and bottom of the beam, and the web at the centroid. At
the top, z = (h− t)/2, and using (10.88) with no axial force (N = 0) yields

εix =
zM

(EI)
=

0.025(1− 1/16)0.5(−133.5)

306.7
= −0.005101

for both flange and web (i = 1, 2, 3) at point A in Figure 10.9. Since kixs = 0 in the flange,
(10.87) and (10.92) yield

κ(1)
x =

M

(EI)
=
−133.5

306.7
= −0.435

γ(1)
xs =

q

F1
=
−7229.25

0.017 109
= −425.25 10−6

where N
(1)
xs = q is the shear flow computed in Example 10.8 and the minus sign indicates

that the direction of the shear flow in segment #1 is opposite to the s-coordinate in that
segment. Using (10.20) and the values computed in Example 10.5, the forces and moments
per unit length on the top flange are

N
(1)
x

M
(1)
x

N
(1)
xs

M
(1)
xs

 =


68 106 0 0 0
0 7.874 0 0
0 0 0.017 109 0
0 0 0 4.0



−0.0051
−0.435
−425.3 10−6

0.0


=


−346, 862
−3.425
−7229
0.0


In summary, the following values are obtained for the stress resultants (substituting y

for s above)

Flange Flange Web Web Web
z = h/2 z = −h/2 z = h/2 z = −h/2 z = 0

Nx[N/m] −346,862 346,862 −346,862 346,862 0
Ny[N/m] 0 0 0 0 0
Nxy[N/m] −7229 −7229 −14,458 −14,458 −21,232
Mx[N] −3.425 −3.425 0 0 0
My[N] 0 0 0 0 0
Mxy[N] 0 0 0 0 0
R 1.36 1.79 1.40 1.88 14.60
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Then, each column in the table is input as the loading to the corresponding laminate
(flange or web) using a laminate analysis program such as CADEC [184] to evaluate strains,
stresses, and strength. The strength values are taken from Tables 1.1–1.4. Neglect any
increase of strength related to in situ effects (see Exercise 10.14). The strength ratio R at
the five chosen locations was computed using FPF and the maximum stress criterion, with
the results reported in the table above. The minimum value can be used to estimate the FPF
load of the beam.

10.2.11 Restrained Warping of Open Sections

When free warping due to torsion is restrained, axial secondary forces appear. They
can be computed [256, Section 8.11] as

N i
x(s) = − d2φ

dx2
ω(s)Ai (10.93)

where φ is the angle of twist and ω(s) is the principal sectorial area (10.103). Equil-
ibrium of forces requires a secondary shear flow

qω(s) =
d3φ

dx3

∫ s

0
ω(s) Ai ds (10.94)

The angle of twist φ is computed solving the general equation for torsion

d4φ

dx4
− k2d

2φ

dx2
= −k2 T ′

(GJR)
(10.95)

where T ′ = dT/dx, k2 = (GJR)/(EIω), and (EIω) is the mechanical warping
stiffness defined as in [256, p. 320]. Particular solutions to (10.95) are given in [38,
Table 10.3] for various loads and boundary conditions. The mechanical warping
stiffness is computed as in (10.72) but using principal sectorial area

(EIω) =

∫
s
[ω(s)]2Ai ds (10.96)

When warping is restrained, the axial strain due to secondary forces

εix(s) = − d2φ

dx2
ω(s) (10.97)

should be added to the axial strain computed in (10.88). Also, the shear flow due
to restrained warping qω(s) given by (10.94) should be added to the shear flow
computed in (10.91).

Principal Sectorial Area Diagram

The bending moments Mζ and Mη caused by the secondary axial forces must also
vanish. Using (10.93), the conditions Mζ = 0 and Mη = 0 lead to∫

s
(η(s)− eb sinαiη)ω(s)Ai ds = 0 (10.98)
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and ∫
s
(ζ(s) + eb cosαiη)ω(s)Ai ds = 0 (10.99)

These equations are satisfied using the mechanical shear center as a pole, re-
gardless of the initial point. In the case of torsion T acting alone, the secondary
axial forces integrated in the contour s′ must vanish because no axial force N is
applied

N =

∫
s
N i
x(s) ds = 0 (10.100)

and using (10.93) leads to ∫
s
ω(s)Ai ds = 0 (10.101)

To satisfy (10.101), the initial point is changed, which is equivalent to subtracting
a constant. Using the mechanical shear center as the pole to satisfy (10.98) and
(10.99), a sectorial area ω1(s) is computed with an arbitrary initial point

ω1(s) =

∫ s

I
R(s′′) ds (10.102)

where the arm-length R(s′′) is measured on the axis s′′ (Figure 10.10). Then, the
principal sectorial area ω(s) is defined as

ω(s) = ω1(s)− ω0 (10.103)

where the constant ω0 is obtained from (10.101) as

ω0 =
1

(EA)

∫
s
ω1(s)Ai ds (10.104)

Problems

Problem 10.1 Using the simplified method described in Section 10.1, design an I-beam of
length L = 4 m to be supported at the ends and loaded at the midspan by a load P = 1000 N.
The maximum deflection should not exceed 1/800 of the span. Use E-glass/polyester from
Table 1.2 and carpet plots. Use the same laminate configuration for the flanges and the web,
and use your judgment to select %[0], %[90], and %[±45] to define the LSS according to
(7.59). Let the height-to-width ratio be h/b = 2 and the width-to-thickness ratio be b/t = 10.

Problem 10.2 Determine the strength ratio at last ply failure (LPF) of the beam designed in
Problem 10.1. Consider tensile, compressive, and shear stress. Use E-glass/polyester from
Table 1.2 and carpet plots.

Problem 10.3 Using the simplified method described in Section 10.1, determine the max-
imum tip load P that can be applied to the beam of Example 6.7, before the bottom flange
buckles. Assume the flange to be simply supported on the webs, which gives a conservative
answer.

Problem 10.4 Determine the Euler buckling load of a column clamped at the base and
free at the loaded end. The column has the same dimensions and material of the beam in
Example 6.7.
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Problem 10.5 Determine an approximate estimate for the load P that causes local buckling
to a column with the dimensions and material of Example 6.7. Assume that the load is
uniformly distributed around the perimeter of the cross section. Also assume each panel of
the cross section is simply supported on the two adjacent panels.

Problem 10.6 A rectangular solid beam of length L = 100 mm and height h = 10 mm is
made of a [±45/02]S laminate with each lamina 0.125 mm thick for a total thickness t = 1
mm. The laminate is placed vertically, simply supported at both ends, and loaded vertically
with a uniform load of intensity 1000 N/m. The vertical load is in the plane of the laminate,
which is also the plane of bending. Compute the maximum deflection. Use the properties of
E-glass/polyester in Table 1.2.

Problem 10.7 A rectangular beam of length L = 100 mm and width b = 10 mm is made
of a [±45/02]S laminate, with each lamina 0.125 thick for a total thickness t = 1 mm. The
laminate lays flat on simple supports at both ends and it is loaded with a vertical load P
applied at the midspan, perpendicular to the laminate. Compute the deflection as a function
of P . Use properties of AS4/3501-6 given in Table 1.3 and assume F4 = F5 = F6.

Problem 10.8 Continued from Problem 10.7. A rectangular beam of length L = 100 mm
and width b = 10 mm is made of a [±45/02]S laminate, with each lamina 0.125 thick for
a total thickness t = 1 mm. The laminate lays flat on simple supports at both ends and
it is loaded with a vertical load P applied at the midspan, perpendicular to the laminate.
Compute the maximum load that can be applied to the beam for first ply failure (FPF) using
the maximum stress criterion. Use properties of AS4/3501-6 given in Table 1.3 and assume
F4 = F5 = F6.

Problem 10.9 Recompute the deflection of the beam in Example 6.7, using the formulation
of Section 10.2.

Problem 10.10 Compute the torsional stiffness (GJR) of the beam designed in Example
6.7.

Problem 10.11 Compute the torsional stiffness (GJR) of the beam in Example 10.5.

Problem 10.12 Consider a box-beam with constant area A, and variable depth h, width b,
and thickness t.

(a) Derive an expression for the moment of inertia per unit area in terms of the ratio
r = h/b.

(b) Derive an expression for the failure moment per unit area in terms of the ratio r = h/b,
for a constant material strength Fx.

(c) Comment on the significance of your results with regard to thin-walled construction.

Problem 10.13 Redesign the box-beam of Examples 6.7 and 10.2 to make better use of the
material; i.e., changing the geometry of the cross section in such a way that the serviceability
(deflection) requirement is met without over-dimensioning for strength as much as it is done
in Example 10.2. Perform the new design for a reliability of 99.5% assuming the load and
strength variability are represented by κσ = 0.2,κF = 0.3.

Problem 10.14 Recalculate the strength ratio values in Example 10.13 taking into account
in situ values (see Section 7.2.1).
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Chapter 11

Plates and Stiffened Panels

A plate is a flat structural element having two dimensions much larger than the
thickness. They can be loaded by in-plane loads (Nx, Ny, Nxy) or transverse loads,
the latter producing bending moments (Mx, My, Mxy). The design of plates seldom
begins with a set of specified bending moments Mx, My, Mxy. However, all the
analysis presented in Chapter 6 assumed that bending moments and in-plane loads
were known. Therefore, it is necessary to determine these values as a function of the
loading and boundary conditions before the stresses in the plate can be computed.

For statically determinate beams, it is always possible to draw the bending mo-
ment diagram without information about the material or cross-sectional dimensions.
For most shell problems (Chapter 12), the in-plane stress resultants Nx, Ny, and
Nxy can be obtained using only equilibrium equations; that is, without involving
the shell thickness or material properties. This is not the case for plates, for which
the moments Mx, My, and Mxy cannot be found from the applied loads without
specifying the material and the thickness. For this reason, approximate methods,
which are valid only for particular cases, are used in preliminary design. These
provide a first approximation to the required thickness and laminate architecture.
Then, preliminary design is usually followed by a refined analysis using Finite El-
ement Analysis or computer programs based on complex analytical solutions [269].
A compressive study of analytical and numerical solutions for composite plates is
presented in [209]. Only simple preliminary design methods are presented in this
chapter.

The design for bending is further complicated by the fact that the bending stiff-
ness coefficients (Dij) and the bending strength values are sensitive to the changes
in the relative position of various laminas, namely the laminate stacking sequence
(LSS), even while the number and type of laminas remains unchanged. This is in
contrast to the in-plane behavior of laminates, which is, to a first approximation,
insensitive to the laminate stacking sequence.

The in-plane stiffness coefficients (Aij) are insensitive to changes in the relative
position of various laminas (stacking sequence). Therefore, the laminate in-plane
moduli Ex, Ey, and Gxy completely characterize the in-plane stiffness of balanced
symmetric laminates regardless of the laminate stacking sequence. This is not the

399
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case for bending, where the orientation of the laminas next to the surface has more
influence on the bending stiffness and strength than inner laminas. Laminate bend-
ing moduli Ebx, Eby, and Gbxy are defined in (6.43), but it must be noted that these
values change if the laminate stacking sequence varies. If the laminate bending mod-
uli are not available, the laminate in-plane moduli (Ex, Ey, Gxy) provide a rough
approximation, but they could lead to errors in bending and buckling computations,
unless the laminate is sufficiently homogenized (Section 6.5.1). Therefore, bending
and buckling computations should always be checked using the correct bending stiff-
ness matrix [D] computed for the actual laminate stacking sequence being used.

11.1 Plate Bending

Preliminary design of laminates for bending uses the concept of laminate flexural
strength. Flexural strength is defined as the value of stress at failure, on the plate
surface, computed using the following formulas [210, (3.11)]

F bx = 6Mx/t
2 ; F by = 6My/t

2 ; F bxy = 6Mxy/t
2 (11.1)

where Mx, My, and Mxy are the values of the bending moments per unit width of
laminate (6.13) that cause failure (FPF or LPF) of the actual laminate. That means
that there are two sets of flexural strength: one for FPF, usually called limit flexural
strength, and another for LPF, called ultimate flexural strength. Flexural strength
values are sometimes reported by material suppliers, based on experimental data for
a limited set of laminate configurations such as unidirectional and quasi-isotropic.
Experimental values of flexural strength can be determined following ASTM D 790.

Having defined the flexural strength, the laminate thickness t can be estimated
in preliminary design using (11.1) for known values of the applied moments and
flexural strengths (see Example 11.1).

11.1.1 Universal Carpet Plots: Flexural Strength

Flexural strength values for a specific laminate can be predicted using one of the
failure criteria described in Chapter 7 by applying one bending moment at a time
and calculating the strength ratio for each of them (Section 7.1.1). For example,
applying a unit moment Mx = 1.0, the strength ratio R for LPF is the value of
Mx = 1.0 × R that causes ultimate failure of the laminate. Then, plugging that
value of Mx into (11.1) we get the flexural strength F bx.

Although the required computations can be performed using available computer
programs [184], a graphical representation of the strength values for a family of
laminates is very useful for preliminary design. Universal carpet plots were intro-
duced in Sections 6.5 and 7.4 to represent the laminate moduli and laminate in-plane
strength, respectively, of a family of laminates described by

[0m/± 45p/90q]r (11.2)



Plates and Stiffened Panels 401

where m, p, q denote the number of plies in each lamina and r is the number of
repetitions of the sublaminate [0m/ ± 45p/90q]. Universal carpet plots for flexural
strength are are proposed here and in [223].

There are three flexural loadings that can be applied to a laminate (Mx,My,Mxy)
but only two are needed to generate carpet plots as follows:

Bending occurs when a bending moment M=[1,0,0] N mm/mm is applied to the
laminate. Application of a failure criterion results is a value of strength ratio
R for the laminate. The laminate strength is calculated as F bx = 6R/t2 where
t is the thickness of the laminate.

Twisting occurs when a twisting moment M=[0,0,1] N mm/mm is applied to the
laminate. Application of a failure criterion results is a value of strength ratio
R for the laminate. The laminate strength is calculated as Fxy = 6R/t2 where
t is the thickness of the laminate.

A laminate under bending M=[1,0,0] or twisting M=[0,0,1] experiences tension
and compression along the fiber direction in different laminas located above and
below the midsurface. Consequently, the ultimate (LPF) flexural strength is con-
trolled by the minimum of ε1t and ε1c (Section 7.1.3), which for most materials is
ε1c (compression). Therefore, a single value F bx is sufficient, regardless of the sign
of the moment Mx, and as in Section 7.4.1, the flexural strengths F bx, F

b
xy can be

normalized as follows

F b∗x =
F bx

E1 ×min(ε1t, ε1c)
; F b∗xy =

F bxy
E1 ×min(ε1t, ε1c)

(11.3)

or if strains to failure are not available

F b∗x =
F bx

min(F1t, F1c)
; F b∗xy =

F bxy
min(F1t, F1c)

(11.4)

Normalization allows us to represent all material systems of a given type in a
single plot. For example, all Carbon fiber-reinforced composites are summarized in
a single plot. Different carpet plots are needed for Glass-based composites (Fig-
ure 11.1) and Carbon-based composites (Figure 11.2) because of their different or-
thotropicity ratio. Within the same material type, either Glass- or Carbon-based,
the predictions are quite good, using the normalization factors in (11.3–11.4) to re-
cover the actual values. Minor differences between predictions for material systems
of the same type are likely in the region close to the 10%[0] line (bottom line) but
overall the graph is quite accurate.

For the laminate family (11.2), values of (normalized) transverse flexural strength
F b∗y can be obtained from the graph for F b∗x by swapping the values of %[0] and

%[90] of the actual laminate before reading the plot. For example, we can get F b∗x
for [05/ ± 45/903] directly from the graph on the 30%[90] line at 20%±45. To get
F b∗y for the same laminate we have to look at the 50%[90] line also at 20%±45.
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Figure 11.1: Normalized laminate flexural strength F b∗x for Glass/polymer compos-
ites in the family [0m/ ± 45p/90q]r. Values of F b∗y can be obtained by swapping
%[0] and %[90]. Use normalization factors in (11.3) to recover actual values. Larger
copies available in [4].

The LPF twisting strength F b∗xy is only a function of the percentage ±45. So, it
can be approximated by

F b∗xy = 0.4186
x

100
+ 0.1751 (Glass/polymer)

F b∗xy = 0.3661
x

100
+ 0.0886 (Carbon/polymer) (11.5)

where x is the %[±45]. Actual values F bxy are then calculated by using either (11.3)
or (11.4). Note that the coefficients in (11.5) are remarkably similar to those in
(7.63), because in both cases the loading is shear and the failure mode is fiber
compression in the ±45 plies.

The flexural strength values are affected by the number of repetitions r in (11.2)
when the number of repetitions is low. Figures (11.1–11.2) and equations (11.5)
were produced with r = 20 but they change only 5–10% if r = 10 is used and about
35–50% if r = 2 is used. The lower range of the error happens for the low %[90] (top
line, strong laminates) and the upper range of the error for the low %[0] (bottom
line, weak laminates).
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Figure 11.2: Normalized laminate flexural strength F b∗x for Carbon/polymer com-
posites in the family [0m/± 45p/90q]r. Values of F b∗y can be obtained by swapping
%[0] and %[90]. Use normalization factors in (11.3) to recover actual values. Larger
copies available in [4].

11.2 Plate Buckling

Buckling is the loss of stability of the structure, or part of the structure, when
subjected to compressive stresses. Buckling results in large deflections and reduction
of stiffness of the structure with respect to the unbuckled condition and it may lead
to structural collapse. Buckling of composites is a complex topic that is outside the
scope of this book. However, a few particular cases can be solved exactly [209,210]
or simple approximate equations can be proposed [270].

The solutions presented in this section are for symmetric, specially orthotropic
laminates with [B] = [0] and D16 = D26 = 0. For balanced symmetric laminates
with nonzero values of D16 and D26, the equations may predict erroneous results.
The magnitude of the error depends on the magnitude of D16 and D26. An effort
should be made to minimize these coupling coefficients by placing the off-axis lam-
inas in pairs (±θ) and locate them as close as possible to the middle surface. The
use of balanced, biaxial woven or stitched mats helps reduce the coupling effects
(see Example 6.5). Transverse shear deformation effects, which are important for
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buckling, were neglected in the derivation of the equations in this section. Therefore,
these equations are not conservative unless both dimensions of the plate (a and b)
are much larger than the thickness (a, b > 20t).

11.2.1 All Edges Simply Supported

b
NxNx

NxNx

a
yx

Figure 11.3: Buckling of rectangular plate with all edges simply supported (mode
m = 2).

In the case of a rectangular plate, simply supported around the boundary, and
subject to one edge load (Figure 11.3), the buckling load per unit length is [209]

NCR
x =

π2D22

b2

[
m2D11

D22

(
b

a

)2

+ 2
D12 + 2D66

D22
+

1

m2

(a
b

)2
]

(11.6)

where m is the number of waves of the buckled shape along the loading direction
(e.g., m = 2 in Figure 11.3). The number of waves is n = 1 for this type of loading
and boundary conditions. The integer m can be computed as the nearest integer to
the real number Rm

Rm =
(a
b

)(D22

D11

) 1
4

(11.7)

If the plate is very long (a >> b)

NCR
x =

2π2

b2

(√
D11D22 +D12 + 2D66

)
(11.8)

Equation 11.8 also provides a good approximation when the loaded edges are
clamped, where clamped means that the rotation and transverse deflection are re-
stricted but the in-plane displacements are free [270].

In preliminary design, the coefficients of the bending stiffness matrix [D] can be
computed in terms of laminate bending moduli (6.43). Using (6.60) and dividing
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by the laminate thickness, (11.6) and (11.7) become

σCRx =
π2Eby
12∆

(
t

b

)2
[
m2E

b
x

Eby

(
b

a

)2

+ 2
Ebyν

b
xy + 2Gbxy∆

Eby
+

1

m2

(a
b

)2
]

(11.9)

and

Rm =
(a
b

)(Eby
Ebx

) 1
4

(11.10)

where

∆ = 1− νbxyνbyx ; νbyx =
Eby
Ebx

νbxy (11.11)

In terms of laminate moduli and dividing by the laminate thickness, (11.8) can
be written as

σCRx =
NCR
x

t
=

(
t

b

)2 π2

6∆

(√
EbxE

b
y + Ebyν

b
xy + 2Gbxy∆

)
(11.12)

A plot of dimensionless buckling stress (σCRx 12∆b2/π2Ebyt
2) as a function of the

length/width ratio a/b is shown in Figure 11.4 for E-glass/polyester (Table 1.2) with
quasi-isotropic laminate stacking sequence

[02/902/± 453]S (11.13)

Note how the number of modes m increases with the length of the plate. The
loci of minimum values is given by (11.12), which is often used as a conservative
estimate for design. Note that the buckling strength in (11.12) grows with the
square of the thickness, thus providing motivation for the use of sandwich plates.
Also, it is evident that the ratio (t/b) plays a crucial role in the buckling strength
of the plate. Therefore, the simplest way to increase the buckling load is to reduce
the effective width of the plate by intermediate supports. This is accomplished by
adding longitudinal stringers to support the plate at intermediate points through
the width of the plate (Section 11.3).

Usually, the geometric parameters, such as (t/b)2 in (11.12), play a more signifi-
cant role than the laminate stacking sequence (LSS). This means that the geometry
dominates the buckling response. However, different material systems (carbon vs.
E-glass) drastically affect the stiffness of the material and, as a consequence, the
buckling strength.

For a given material system, empirical equations based on experimental data
or parametric studies have been proposed for preliminary design of compression
members (see Section 11.3.2). The experimental data confirms the fact that, for a
given material system, the geometric parameters dominate the buckling behavior.
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Figure 11.4: Dimensionless buckling stress vs. a/b.

11.2.2 All Sides Clamped

For a long plate (a/b > 4) with all sides clamped and loaded in the x-direction only,
the buckling load per unit width can be estimated by [270]

NCR
x =

π2

b2

(
4.6
√
D11D22 + 2.67D12 + 5.33D66

)
(11.14)

or, in terms of laminate bending moduli (equation (6.43) in Section 6.4), the buckling
stress is

σCRx =
NCR
x

t
=

(
t

b

)2 π2

12∆

(
4.6
√
EbxE

b
y + 2.67Ebyν

b
xy + 5.33Gbxy∆

)
(11.15)

where ∆ is given by (11.11).

11.2.3 One Free Edge

A long plate of length a and with b (a/b > 4) with three edges simply supported,
one unloaded edge free, and loaded along length (Figure 11.5) has a buckling load
per unit width given by [270]

NCR
x =

12D66

b2
+
π2D11

a2
(11.16)

or in terms of the apparent bending moduli (equation (6.43) in Section 6.4), the
buckling stress is

σCRx =
NCR
x

t
=

(
t

b

)2
(
Gbxy + π2

(
b

a

)2 Ebx
12∆

)
(11.17)
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Figure 11.5: Buckling of a rectangular plate with an unloaded edge free.

where ∆ is given by (11.11).

11.2.4 Biaxial Loading

A rectangular plate (1 ≤ a/b <∞) with all edges simply supported and subject to
loads Nx and Ny = kNx, with k constant, has a buckling load [209] given by the
minimum with respect to m and n of

NCR
x =

π2

b2
D11m

4c4 + 2Hm2n2c2 +D22n
4

m2c2 + kn2
(11.18)

with

c = b/a

H = D12 + 2D66

k =
Ny

Nx
=
NCR
y

NCR
x

(11.19)

The minimum value of (11.18) is found by trying all the combinations of integer
numbers m and n that represent the number of half-waves in the x- and y-directions,
respectively.

11.2.5 Fixed Unloaded Edges

Consider a rectangular plate (1 ≤ a/b < ∞) loaded in the x-direction only. If the
loaded edges are simply supported and the unloaded sides are clamped, the buckling
load is obtained by minimizing the following equation with respect to m

NCR
x =

π2

b2

[
D11m

2c2 + 2.67D12 + 5.33
D22

c2
+D66 +

1

m2

]
(11.20)

where m is the number of half-waves in the x -direction and c = b/a [270].
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11.3 Stiffened Panels

Stiffened panels consist of a flat or curved laminate reinforced by a grid of lon-
gitudinal and transverse stiffeners (Figure 11.6). The stiffeners provide increased
buckling resistance under in-plane load and increased bending stiffness under trans-
verse and bending loads. The main components of stiffened panels have particular

stringers

tributary
width

skin

transverse
strip

ribs

x

y

b

ls

lt

lr

Figure 11.6: Typical reinforced panel.

names depending on the application. A portion of an aircraft skin is shown in Figure
11.6. The ribs and stringers reinforce and support the skin. In the aircraft fuse-
lage the reinforcements along the length of the fuselage are also called stringers but
the transverse reinforcements are called frames. In shipbuilding the reinforcements
along the hull are called longitudinals and the transverse reinforcements are called
bulkheads. In bridge construction, the skin is called a deck, which is supported by
stringers and crossbeams. In floor systems, the floor deck is supported by longitudi-
nal joists and transverse beams. In roof construction, the roof panels are supported
by purlins and rafters. The differences between ribs, frames, bulkheads, etc., are
related to function, stiffness, etc. The interested reader should consult specialized
literature such as [271–274].

For the purpose of this section, it is sufficient to realize that the preliminary
design of each component can be done separately. The design approach depends
on whether the main load is in-plane or bending. Under in-plane load, the main
consideration is buckling. Under bending, deflections and strength are the main
considerations, but lateral-torsional buckling of the stringers may also be a concern.
Comprehensive treatment of the design of stiffened panels falls outside the scope
of this book. Therefore, only the basic aspects of the design will be covered with
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emphasis on the particular aspects of the use of composite materials.

11.3.1 Stiffened Panels under Bending Loads

As discussed earlier, rigorous analysis of bending of plates (stiffened or not) is com-
plicated. The design can be simplified by noting that usually the stringer spacing
is much smaller than the spacing of ribs (frames, bulkheads, etc.)

Skin Design

The design of the skin is based on the assumption that the stringer spacing is
much smaller than the rib or frame spacing (typically 6/20 for an aircraft fuselage).
Under this condition, the bending moment in the skin in the transverse direction
(transverse to the stringers) is much larger than the bending moment in the skin in
the longitudinal direction. Therefore, the skin can be designed isolating a narrow
transverse strip (Figure 11.6) and treating it as a beam of width b, thickness t, and
length equal to the stringer spacing ls. The support conditions at the end of the
beam depend on the torsional stiffness of the stringers. If the stringers are very stiff,
they do not twist, and the skin can be analyzed as a clamped beam. If the stringers
are not stiff in torsion, the skin can be analyzed as a continuous beam. Assuming
a uniformly distributed pressure p0 on the skin, the load on the beam is q0 = p0b.
The maximum moment and deflection of the skin are, for the clamped case

M = −q0l
2
s/12 (at supports) (11.21)

M = q0l
2
s/24 (at mid-span) (11.22)

δ = − q0l
4
s

384(EI)
(11.23)

and for the continuous beam case [213, p. 282]

M ∼= ±qol2s/10 (11.24)

where (EI) is the bending stiffness of the strip. The moment of inertia of the strip
is

I =
b t3

12
(11.25)

If the design is deflection controlled, (11.23) and (11.25) allow for sizing of the
thickness after selecting a laminate and a value of Ex, which can be obtained using
(6.43), or approximated from Figures 6.8 and 6.10 if the laminate is sufficiently
homogenized (Section 6.5.1). See also Section 6.5.3.

If the design is strength controlled, (11.21) or (11.24) along with (11.1) allow
for the sizing of the thickness of the skin, after selecting a laminate and a value of
flexural strength F bx from Figures 11.1–11.2. Appropriate load and resistance factors
(Section 1.5.3) or allowables (Section 1.5.6) should be used in the design.

Since the bending moment My in the skin has been neglected, the design meth-
od leads to the selection of laminates reinforced primarily in the x-direction (Figure
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11.6). Such a selection would be incorrect since significant values of bending mo-
ment My are likely to appear near the ribs. Also, significant values of twisting
moment Mxy and shear force Nxy are likely to appear near the rib-stringer inter-
section. Therefore, the designer is advised to avoid predominantly unidirectional
laminates. It must be noted that this simplified design method has been applied
mostly with quasi-isotropic laminates, woven-cloth reinforced laminates, or contin-
uous or chopped strand mat reinforcements.

Stringer Design

Consistent with the skin design, the design of the stringer can be done using the
method of tributary area. The load taken by the stringer is the load applied on the
skin over the area halfway through the two adjacent stringers (Figure 11.6), which is
called the tributary area. The stringer is then designed as a beam with a uniformly
distributed load q0 = p0lt. If the stringer spacing is uniform, then the tributary
width lt is equal to the stringer spacing (or pitch ls). The support conditions depend
on the stiffness of the cross members. Since frames and bulkheads are usually quite
stiff, the stringer is modeled as a clamped beam, with the maximum moment and
deflection given by (11.21)–(11.23).

taH)b(edalB)a(

(c) J-stiffener (d) I-stiffener

h

a b c

w

zn

Figure 11.7: Typical stiffener geometries.

The stringer shape is selected as a compromise among fabrication, cost, torsional
and bending stiffness, and other considerations specific to the application at hand
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[271,274]. Various stiffener geometries are illustrated in Figure 11.7. Once the shape
is selected, the stiffener is designed as a beam to provide adequate strength and to
satisfy any deflection constraints. The stiffener works as a beam with the primary
stresses oriented along the length of the stiffener. Therefore, the apparent properties
used are the in-plane properties: Ex and Fx for bending, Gxy and Fxy for shear.

The contribution of the skin to the stiffness and strength in the direction of
the stringer is usually accounted by adding a portion of the skin to the stringer.
However, not all of the tributary width contributes fully to the stringer because of
nonuniform shear distribution (shear lag), less than perfect skin-stringer connection
(loss of composite action), or skin buckling. Therefore, only a portion (or effective
width) of the skin is added to the stringer.

Example 11.1 Perform a preliminary design of a portion of the hull for a planing power
boat with the following specifications: waterline length: Lw = 5.8 m, cruising speed: v = 17
m/s.

Solution to Example 11.1 There are two main forces acting on the hull, hydrostatic water
pressure and wave slamming [275]. Since wave slamming forces are much larger for this
design, hydrostatic forces can be ignored. The impact pressure due to wave slamming can be
estimated using the empirical formula described in [274]

p =
Av2 +Bv

√
Lw + CLw
D

where p is the pressure in psi, v is the speed in m.p.h., Lw is the waterline length in feet,
D = 144.55 is a constant involving the density of water and dimension conversion factors;
A, B, C are empirical constants given in [274] as A = 2.151, B = 1.267, C = 16.884. For
this example, the empirical formula yields p = 0.1735 MPa.

The pressure p is the maximum pressure occurring over a small portion of the skin.
Reduction factors taking into account the location of the panel being designed and other
pertinent factors are given in [274]. The maximum pressure is used in this example assuming
that the panel being designed is at the most critical location in the hull. A relatively low load
factor α = 1.5 is suggested because the pressure used corresponds to an extreme operating
condition [274].

The boat hull is composed of a skin internally reinforced with longitudinal stiffeners,
which in turn are supported at the bulkheads. Since the stiffener spacing or pitch ls is much
smaller than the bulkhead spacing lr, the procedure described in Section 11.3.1 can be used.

The skin is designed analyzing a narrow strip of width b = 1.0 cm as shown in Figure
11.6, which is assumed to work as a continuous beam supported on the stiffeners (also called
longitudinals). As a first trial, the following dimensions are assumed:

bulkhead spacing: lr = 1250 mm

stiffener spacing : ls = 150 mm

From (11.24), the maximum bending moment of the beam (strip) due to a distributed
load q = p b is calculated with (11.24)

M =
p b l2s

10
=

0.1735× 10× 1502

10
= 3900 N mm
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Choosing a quasi-isotropic laminate [0/ ± 45/90]r for the skin, i.e., 25% [90] and 50%
[±45], the normalized tensile, compressive, and flexural strengths of the laminate are read
from the carpet plots in Figures 7.12 and 11.1:

F ∗xt = 0.48 ; F ∗xc = 0.5 ; F b∗x = 0.55 (11.26)

Then

F bx = F b∗x F1c = 0.55× 357 = 196.4 MPa

Fxt = F ∗xt F1t = 0.48× 903 = 433.4 MPa

Fxc = F ∗xc F1c = 0.50× 357 = 178.5 MPa

Note that F ∗xt < F ∗xc but Fxt > Fxc, as expected, because the normalization factors are
such that F1t > F1c.

Next, noting that Mx in (11.1) is the moment per unit width (Mx = M/b), the required
thickness of the skin is

tsk =

√
α 6M/b

φF bx
=

√
1.5× 6× 3900/10

0.8× 196.4
= 4.73 mm

where α = 1.5 is the load factor and φ = 0.8 is the wet retention factor.1

The longitudinal stiffeners are designed as beams that support a tributary area of the
skin. Therefore, the load per unit length on the stiffeners is

q = p ls = 0.1736× 150 = 26.04 N/mm

Assuming the stiffeners are clamped at the bulkheads, use (11.21) to compute the bending
moment in the beam at the supports, using a bulkhead spacing lr = 1250 mm

M =
q l2r
12

=
26.04× 12502

12
= 3.389 MN mm

Unlike the skin, the lips and the hat portion of the stiffener work in tension or com-
pression, not in bending, even though the stiffener as a whole is in bending. Therefore, the
strength values to be used are the tensile and compressive strength of the laminate under
in-plane loads Fxt and Fxc, not the flexural strength values.

The hat portion of the stiffener is in compression at the supports, where the moment is
maximum. Therefore, the required section modulus (10.8) is

Zreq =
αM

φFxc
=

1.5× 3.389 106

0.8× 178.5
= 35, 595 mm3

Once the required Z is known, the geometry and dimensions of the stiffener are chosen
to provide an adequate value of Z. The design method is restricted to the case of having the
same laminate properties in the skin and the stiffener. This is usually sufficient in prelimi-
nary design but a more refined analysis is possible analyzing the skin-stiffener combination
as a thin-walled beam (Section 10.2). In this example, different thicknesses of the skin (tsk)
and the walls of the stiffener (ts) are handled through the ratio ts/tsk.

Hat stiffeners (Figure 11.7) are selected in this example because of their high torsional
stiffness and excellent buckling resistance. They are filled with foam to prevent local buckling
of the stiffener walls and to facilitate the fabrication process (molding).

1Strength of the laminate after immersion in water. May be estimated using the wet strength
retention factor which is a percentage of the static dry strength.
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A section modulus value Zreq = 35, 595 mm3 is required. Therefore, the next step is to
design a hat stiffener to satisfy the requirement. The section modulus is a purely geometric
property Z = I/d, where I is the second moment of area and “d” is the largest distance from
the neutral axis to either the tension or the compression flange of the stiffener. For a hat
stiffener with dimensions shown in Figure 11.7, with uniform thickness ts for the stiffener
panels (walls) and tsk for the skin attached to the bottom flange, we calculate the section
properties: area A, first moment of area Q, and second moment of area Io with respect to
the base of the stiffener (z = 0)

te = ts
√
b2 + h2/h A = w (ts + tsk) + a ts + 2h te

Q = a ts h+ 2 te h(h/2) Io = a ts h
2 + 2 te h

3/3

Since for a hat section the webs are tilted by a ratio b/h with respect to the vertical axis z,
the quantity te is the effective thickness of the webs (i.e., the width measured on a horizontal
plane). Note that the area of the section includes the area of skin w tsk, but Q and Io do not
include the contribution of the skin because they are calculated with respect to the bottom of
the section, where the skin is located (z = 0). Also the thickness of the panels is considered
to be small compared to the dimensions of the stiffener, so that the second moment of area
of each panel with respect to its own centroid can be ignored. Next, the section properties
with respect to the centroid, as well as the section modulus and distance “d,” are

zn = Q/A I = Io −Az2
n

d = max(zn, h− zn) Z = I/d

To achieve the required section modulus, as a first trial choose the following dimensions
for the stiffener (see Figure 11.7):

a = 30 mm b = c = 12 mm

w = a+ 2(b+ c) = 78 mm h = w

The thickness of the stiffener panels are set to ts = 1.2 tsk = 1.2 × 4.73 = 5.675 mm.
Therefore,

Z = 30854 mm3 < Zreq

which is not sufficient. Increasing the thickness of the walls to ts = 1.4 tsk = 6.62 mm,
results in

Z = 35705 mm3 > Zreq

which exceeds the required value of Zreq. The stiffener can now be checked for compressive
failure at the midspan and shear of the webs.

A stiffener with constant thickness and the same laminate configuration in all the walls
is likely to be less than optimum. Different thicknesses for various walls can be incorporated
easily in this example by deriving a new expression for zn and I. Different laminate stacking
sequences and materials for various walls can be incorporated if the stiffener is analyzed using
the procedure described in Section 10.2. The advantage of the proposed design methodology
is that it allows for a fast design of many different portions of the hull. More accurate
analysis, including finite element modeling, can be performed only after a preliminary design
of the geometry and materials has been formulated. At a preliminary design stage, changes
in stiffener geometry, bulkhead and stiffener spacing, lay-up, and material can be easily
evaluated using simple formulas. For example, various lay-ups can be investigated by just
selecting different percentages of [0], [90], and [±45] to be used in reading the carpet plots.

Scilab code for this example is available on the Website [4].
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11.3.2 Stiffened Panel under In-Plane Loads

Many modes of failure can occur when a stiffened panel is subjected to compres-
sive edge loads (Nx, Ny) or shear load (Nxy) but the design is usually controlled
by buckling. Several modes of buckling can occur. Overall or global buckling oc-
curs when the whole panel buckles with a mode (or shape) that deforms the entire
panel. Skin buckling occurs when only the skin buckles but the stiffeners retain their
undeformed shape. In this case, the panel may still be able to carry the applied
loads.

Torsional buckling of the stiffeners occurs mainly in open-section stiffeners (blade,
J, I, etc., Figure 11.7). This mode of buckling seriously debilitates the panel and
may lead to global buckling and collapse. Close-section stiffeners, such as the hat
stiffener in Figure 11.7, have high torsional stiffness that not only prevents torsional
buckling of the stiffeners but also contributes to the overall stability of the panel.

Finally, local buckling of the stiffener occurs when the walls of the stiffener
(flange, web) buckle locally. Local buckling of the stiffener debilitates the panel and
may lead to structural collapse. Open-section stiffeners are more susceptible to local
buckling, mainly on the walls with free edges, but close-section stiffeners may also
buckle locally. A filler (foam or honeycomb) may be used to prevent local buckling
of closed-section stiffeners, but the possibility of water retention in the filler must
be considered.

Many practical considerations affect the design of a stiffened panel, including
fabrication cost, ease of splicing, etc. [271–273]. Therefore, no attempt is made in
this section to present a comprehensive review of panel design. Instead, a brief de-
scription of the simplest design methodology available is presented to illustrate how
composite materials fit into the classical panel design methods. Better predictions of
buckling loads and postbuckling behavior can be achieved using design-optimization
programs based on semi-analytical methods [276–279]. These programs represent
a compromise between limitations of closed-form solutions presented here and the
complexity and computational expense of nonlinear finite element analysis. These
software packages can be used to analyze in detail a particular panel or directly to
design a panel. When a new situation arises, a preliminary design of a stiffened
panel can be done, using simple equations, to reveal the main features of various
design alternatives such as stiffener spacing, etc. Then, a detailed analysis using a
software package will reveal a better approximation to the true load carrying capac-
ity of the panel and these results can be used to redefine the design. Ultimately,
prototype testing is likely to be used to verify the performance of the panel.

Strength of Stiffeners and Skin

The compressive edge load is applied to the panel over its entire cross section.
The load is distributed to the skin and the longitudinal stiffeners proportionally to
their respective axial stiffness (EA). The load carried by each component can be
computed taking into account that the in-plane strain is the same in the stiffener
and the skin. Therefore, the in-plane strain εx under edge load Nx applied at the
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neutral surface of the panel is approximated, neglecting Poisson effects, as

εx =
Nxls
(EA)

(11.27)

where ls is the stiffener pitch and (EA) is the axial stiffness of a portion of the
panel containing a stiffener and a portion of the skin of width ls. The value of (EA)
can be computed treating the portion of the panel as a thin-walled beam, using the
tools presented in Chapter 10. In terms of laminate moduli Eskx of skin and Esx of
stiffener, the axial stiffness is

(EA) = Eskx Ask + EsxAs (11.28)

where Ask = tskls and As are the areas of skin and stiffener, respectively.

As long as no buckling occurs, the area is designed to carry the load using in-
plane strength Fxc of the laminate (Section 7.4). In terms of strain, the material will
not fail in compression as long as the predicted strain εx is less than the compressive
strain-to-failure2 of the laminate εxc = Fxc/Ex. In terms of stress, since the strain
εx is the same in the skin and the stiffener, the load on each element is

Ps = EsxAsεx

N sk
x = Eskx tskεx (11.29)

where Ps is the load in the stiffener, N sk
x is the load per unit width (N/m) of skin,

Eskx and Esx are the laminate moduli of skin and of stiffener, respectively, As and
tsk are the area of the stiffener and thickness of the skin, respectively. With this
information, the material compressive strength of the skin and stiffener can be easily
checked. For the skin, N sk

x can be used in a laminate analysis program to evaluate
the laminate using a failure criteria. Otherwise, if the laminate in-plane strength
Fxc is available from a carpet plot, then the material compressive strength is not
reached as long as N sk

x /tsk < Fxc. The stiffener can be analyzed in a similar way.
However, most practical designs will not fail due to material strength but rather
due to buckling.

Buckling of Stiffened Panels

The critical buckling stress for a simply supported plate of width b increases with
the square of the ratio t/b, as shown in (11.12). Therefore, a practical method to
increase the buckling strength of a laminate is to reduce the width b by dividing
the plate into narrower segments. This can be done effectively by adding longitu-
dinal stiffeners (called stringers) to provide support for the narrower plates. The
longitudinal stiffeners carry part of the axial load and they can buckle as columns.
Their effective length can be reduced by adding transverse stiffeners (ribs, frames,
or bulkheads) thus increasing the column buckling load.

2Also called “ultimate strain.”
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Under in-plane load Nx, the whole panel can buckle as a column if the sides of
the panel are not supported. The buckling load of the panel is given by (10.15),
namely

NCR
x =

1

ls

π2(EI)

L2
e

(11.30)

where Le is the effective length defined in (10.16) and (EI) is the bending stiffness
(with respect to neutral surface of bending) of a representative portion of the panel
consisting of one stiffener and a portion of the skin of width equal to the stiffener
spacing ls. If both, the skin and the stiffeners are made with the same material and
laminate stacking sequence (LSS), then the panel has a unique value of laminate
in-plane moduli Ex. Therefore, the buckling load per unit width is

NCR
x =

1

ls

π2ExI

L2
e

(11.31)

where I is the moment of inertia of the portion of the panel (of width ls) with respect
to the neutral surface of bending and Le is the effective length of the column that
depends on the actual length and the boundary conditions (Table 10.2). For a
stiffened panel with arbitrary material configuration, the bending stiffness (EI) in
(11.30) can be computed following the procedure described in Section 10.2 for thin-
walled beams. Then, the critical strain at which Euler buckling occurs is computed
simply as

εCRx =
NCR
x

(EA)
(11.32)

where (EA) is the axial stiffness (11.28) of the portion of the panel being analyzed.

If the panel is supported on all sides, it works like a plate. The overall buckling
load of the panel can be estimated by the equations in Section 11.2 provided the
bending stiffness coefficients are replaced by equivalent values for the panel. These
equivalent plate stiffnesses are obtained by averaging the contribution of the stiffen-
ers onto the plate. The averaging technique is described in [280], within the context
of isotropic materials.

In addition to overall buckling (column or plate buckling), individual plate ele-
ments in the skin or the walls of the stiffeners may buckle as plates (long plates).
The buckling loads of these plate elements can be computed using the equations in
Section 11.2. Portions of the skin limited by longitudinal and transverse stiffeners
can be analyzed as simply supported plates (Section 11.2.3) and the local buckling
load of stiffener walls can be computed with (11.8) or (11.16) depending on the edge
supports (see also Section 10.1.3).

The methodology consists of dividing the panel and the stiffeners into a collection
of narrow flat plates and analyzing each plate individually. For example, the cross
section shown in Figure 10.4 has been divided into segments which represent flat
plates to be analyzed separately. The buckling loadNCR

x of plates that are supported
at both edges (e.g., segments 2, 3, and 4) is approximated with (11.8). Equation
11.16 is used for segments with a free edge such as segments 1 and 5. Finally,
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the portion of the skin between two stiffeners is supported on both edges and thus
analyzed with (11.8). The portion of the skin bonded to the stiffener is taken as
part of the stiffener.

Once the buckling load NCR
x for each segment is known, the buckling strain for

each segment is computed simply as

εCRx =
NCR
x

tEx
(11.33)

where t and Ex are the thickness and laminate modulus of the element being con-
sidered. The minimum value of εCRx obtained with (11.32) and (11.33) indicates
incipient buckling. The corresponding load per unit width of panel is simply

NCR
x =

1

ls
(EA)εCRx (11.34)

where (EA) is the axial stiffness of the portion of the panel of width ls. Both the
stiffener and the skin may carry additional loads after buckling, in what is called
postbuckling.

Post buckling and Crippling

Laminated composite panels are often able to sustain loads higher than the buckling
loads. The postbuckling range extends from the initial buckling load up to the load
that causes failure of the material or collapse of the structure. During postbuck-
ling, the deformations (mainly the transverse deflections) grow significantly and the
buckling shape or mode grows in magnitude. Ultimately, the large strains induced
cause material failure that leads to collapse. The collapse load is called crippling
strength. Accurate prediction of crippling strength values requires numerical meth-
ods capable of following the postbuckling path and also a good model of material
degradation [281]. Preliminary design accounting for crippling strength is usually
based on empirical equations [270,282].

Experimental crippling data for carbon/epoxy narrow plates simulating indi-
vidual walls of a stiffener are shown in Figures 11.8 and 11.9 from [270]. For the
no-edge-free case, the two unloaded edges were simply supported. For the one-edge-
free case, one of the unloaded edges was free and the other simply supported. In
both cases, the loaded edges were fixed. The data are normalized by the laminate
compressive strength (Fxc) to produce crippling curves valid for different laminates.
This normalization technique works for laminates with more than 25% of ±45 lam-
inas and more than 25% of 0-degree laminas, but does not work with all ±45, all
0-degree, or all 0/90-degree laminates. A lower bound to the data, shown in the
figures, is obtained by drawing a line parallel to the least squares fit of the data in
such a way that all data points lay above this line.

The crippling strength Fcc of each wall (or segment) of the stiffener is obtained
from the graph, based on the width/thickness ratio (b/t) of the wall, its boundary
conditions (one-edge-free or no-edge-free), and the compressive strength of the lam-
inate (Fxc). Figures 11.8–11.9 suggest that, for the class of laminates considered,
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Figure 11.8: Normalized crippling data for the no-edge-free case [270].

Table 11.1: Empirical constants for determination of crippling strain.
Edge Support α β

No-edge-free 0.56867 0.47567
One-edge-free 0.44980 0.72715

the geometric parameter b/t dominates the crippling behavior, in comparison to the
laminate construction. This does not imply that laminate construction does not
affect the crippling strength Fcc, but that the effect of laminate construction can be
accounted for by the laminate compressive strength Fxc.

A similar empirical procedure is presented in [283,284], where the crippling strain
is computed as

εcc = α

(
εxc
εCRx

)β
εCRx (11.35)

where α and β are empirical constants listed in Table 11.1, εxc is the strain-to-failure
in compression of the plate element (εxc = Fxc/Ex), and εCRx is the buckling strain
computed in Section 11.3.2

Once the crippling strain εcc or crippling strength Fcc of each wall is computed,
it remains to compute the crippling load NCC

x of the panel. According to [284], two
cases must be considered. If the wall with lowest crippling strain is normal to the
panel, such as a blade stiffener, collapse of the panel occurs. In this case, the load
taken by the stiffener is

Ps = EsxAsεcc (11.36)
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Figure 11.9: Normalized crippling data for the one-edge-free case [270].

If the wall with lowest crippling strain εcc1 is parallel to the panel, such as the
top of a hat stiffener, the crippled plate element will continue to take load until a
second wall cripples with strain εcc2. Then, the load taken by the stiffener is

Ps = Esxb1t1(εcc1 − εcc2) + εcc2E
s
xAs (11.37)

where b1, t1, and εcc1 are the width, thickness, and crippling strain of the wall that
cripples first, and εcc2 is the crippling strain of the second wall; Esx and As are the
modulus and area of the stiffener, respectively.

If the skin is very thin, it may buckle long before the stiffeners buckle. In this
case, the skin may be neglected altogether or a reduced “effective width” may be
used to represent the reduced contribution of the skin. A well-known metal design
formula was used in [284] to estimate the effective width of skin as

we = 1.9tsk(εx)−1/2 (11.38)

Then, the load taken by a portion of the skin of width ls is

Psk = 1.9t2skE
sk
x (εcc)

1/2 (11.39)

where εcc is the crippling strain of the stiffener used in (11.36) or equal to εcc2 of
(11.37) depending on which situation controls.

It must be noted that most composite stiffened panels fail by separation of
the skin from the stiffeners, unless the stiffeners are stitched, riveted, or otherwise
properly attached to the skin. An empirical formula is presented in [284] to predict
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the failure load due to skin separation. The formula is based on the assumption that
the skin will separate from the stiffener when the panel strain reaches the crippling
strain of the skin. The skin crippling strain εss was computed with (11.35) for the
case of one-edge-free. Then, the failure load due to skin separation is

N ss
x = εss

(
EsxAs
ls

+ Eskx tsk

)
(11.40)

The methodology outlined was used in [284] to predict the failure load of a
number of stiffeners and stiffened panels for which experimental failure loads and
failure strains (εF ) are available. The ratio of experimental to analytical loads
is depicted in Figure 11.10 for isolated stiffener crippling and in Figure 11.11 for
compression panels, demonstrating the accuracy of this method for the examples
considered. In both figures, εF is the experimental strain at failure and εxc is the
intrinsic compressive strain-to-failure of the laminate (without buckling effects).
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Figure 11.10: Comparison of analytical and experimental data for stiffener crippling
[285].

Problems

Problem 11.1 Select a material, laminate stacking sequence, and thickness to carry a uni-
formly distributed load p = 172 KPa. The plate is 15 cm wide and 2 m long, simply
supported around the boundary. You may base your design on the analysis of a plate strip
15 cm long and 1 cm wide, which can be analyzed as a beam.
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Figure 11.11: Comparison of analytical and experimental data for stiffened panels
with edge load [285].

Problem 11.2 Compute the critical edge load NCR
x for a plate simply supported around the

boundary, with length a = 2 m (along x), width b = 1 m, t = 1 cm. The laminate is made
of E-glass/polyester (Table 1.2) and a symmetric configuration defined by 20% [90] and 60%
[±45]. Compare your answer with Figure 11.4.

Problem 11.3 Repeat computations of Problem 11.2 for a plate with a = 5 m, b = 1 m.
You may be able to use the simpler equation for long plates. Compare your answer with
Figure 11.4.

Problem 11.4 Repeat the computations of Problem 11.3 for various values of %[±45] in
the range 0 < %[±45] < 1, keeping equal % of [0] and [90]. Plot and discuss the significance
of your results. Interpret your findings in terms of the coefficients Dij.

Problem 11.5 Compute the critical edge load NCR
x = NCR

y for the plate of Problem 11.2
when it is loaded equally on all sides.

Problem 11.6 Design a panel of length a = 2 m (along x), width b = 1.5 m, stiffened along
the length with 5 blade stiffeners spaced at 25 cm. The panel is simply supported all around
and it must carry a uniform load p = 248 KPa transverse to the panel. Design the panel
(skin and stiffeners) with a load factor of α = 2.5 and a resistance factor φ = 0.4 on the
first ply failure strength. Use E-glass/polyester (Table 1.2) as well as Section 7.4. Assume
a blade stiffener with a width-to-depth ratio w/h = 1 (see Figure 11.7, not to scale), and a
depth-to-thickness ratio h/t = 5.
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Chapter 12

Shells

Shells are thin, curved structures such as pressure vessels, pipes, domes, caps, etc.
While plates and beams resist transverse loads through bending, shells react to
transverse loads mainly through membrane forces Nx, Ny, Nxy. Bending moments
Mx, My, Mxy are usually quite small over most of the shell except around the
points of application of concentrated loads and around the supports. Knowledge of
the membrane forces is sufficient in most cases for preliminary design of shells, and
often no other computations are required. If precise information about stresses near
support or load points is required, a finite element analysis can be done at a later
stage in the design process. However, the major decisions about materials, fiber
architecture, and geometry are likely to be done at an early stage using membrane
analysis.

The membrane forces can be obtained independently of the material properties,
by using only the geometry and loads on the shell. Therefore, the membrane forces
can be obtained from handbooks [38, Table 13.1] and textbooks [210, Ch. 10] that are
not necessarily specialized in composites. Once the membrane forces Nx, Ny, Nxy

are known, the design of the composite follows the guidelines presented earlier in this
book. A small element of the shell is analyzed as a flat laminate to compute lamina
stresses and strains and to evaluate a failure criterion. For the laminate analysis,
the curvature of the shell can be ignored if the ratio of thickness to curvature t/r is
less than 1/20. This is a good approximation in most cases because practical shells
may have r/t < 1/1000.

In this chapter, membrane theory of shells is summarized and some useful results
are presented. The interested reader is referred to [210] for additional details about
shell theory. The results of membrane theory will then be used to illustrate the
design of composite shells by developing specific examples.

Shells are more efficient than plates in carrying loads because the membrane
stresses are uniform through the thickness, while the bending stresses in a plate only
reach their maximum value at the surface (Figure 6.4). If the structure is designed so
that the maximum stress is equal to the strength of the material, all of the thickness
carries the maximum stress under membrane loading while only the surface carries
the maximum stress under bending. Because of their high efficiency, shells tend to be

423
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very thin. When loaded in compression, shells are likely to fail because of buckling
rather than material failure. Design procedures based on material failure as well as
deformations are presented in this chapter. Buckling analysis of compression loaded
shells can be done using finite element analysis.

p

r

roro

Z

Y
NyNy

Figure 12.1: Membrane hoop force in a cylindrical pipe.

Example 12.1 To illustrate the relative importance of the membrane stresses versus the
bending stresses, consider a cylindrical pipe of radius r and thickness t, subjected to a
uniform internal pressure p, with the axis of the cylinder along the x-axis. Compute the
ratio of membrane to bending stress.

Solution to Example 12.1 As stated before, the equations of equilibrium are all that is
needed to find the membrane forces and stresses. Summation of vertical forces (Figure 12.1)
over a unit length of the shell along the x-axis gives

−2Ny sinψ + 2r0p = 0

where the vertical component of the pressure acting on the curved surface has the same effect
as a pressure acting on the projected area 2r0. Then, the hoop force per unit length is

Ny = p
r0

sinψ
= pr

The hoop membrane force per unit length Ny is the same around the circumference; it
depends only on the pressure and the radius, and it is independent of the material used for
the pipe. If the material is homogeneous, the hoop membrane stress is

σy =
Ny
t

=
pr

t

If the pipe has expansion joints that allow for free longitudinal expansion, the longitudinal
stress is zero. In this case the hoop strain is

ε =
σy
E

=
pr

Et
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Because of this strain, the perimeter stretches 2πrε to a new perimeter and radius 2πr′ =
2π(r+rε). Therefore, the new radius is r′ = r(1+ε). The curvature of a shell is the inverse
of the radius. The change in curvature is

χ =
1

r′
− 1

r
=

1

r

(
1

1 + ε
− 1

)
= − ε

r

(
1

1 + ε

)
χ ≈ − ε

r
(1− ε+ ε2 − ...) ≈ − ε

r

χ ≈ − p

Et

The bending moment induced by the change in curvature is

M = D11χ =
Et3

12(1− ν2)
χ = − pt2

12(1− ν2)

The maximum bending stress on the surface of the shell is

σb =
6M

t2
= ± p

2(1− ν2)

The ratio of membrane to bending stress is

σy
σb

=
r

t
2(1− ν2)

For practical shells r/t > 20, which indicates that the membrane stresses are at least 40
times larger than the bending stresses.

12.1 Shells of Revolution

The geometry of a shell of revolution is generated by a line of arbitrary shape
revolving around an axis of revolution (Figure 12.2). Examples include spheres,
cylinders, cones, toroids, hemispherical and geodesic caps for cylindrical pressure
vessels, elliptical shells, etc. Because of the relative simplicity of fabrication, shells
of revolution are the most common type of shells in use. Most composite shells of
revolution can be produced with filament winding (either polar or helical). Larger
shells, such as domes, are designed as shells of revolution because of aesthetic reasons
and construction convenience.

The shell is described by a surface located halfway through the thickness of the
actual structure. The shell geometry is described by a meridian, which generates
the shell surface by revolving around the shell axis. The intersection of the shell
with any plane perpendicular to the shell axis is a circle, which is called a parallel.
The position of a point on the shell is described by r0, ϕ, and ψ (phi and psi). The
shell has two radii of curvature, r1 and r2. Both are normal to the surface of the
shell. Each parallel has a unique radius r0, but r0 is not normal to the shell. The
radius r2, which is normal to the shell, is constant along a parallel, and it is related
to r0 and ϕ by

r0 = r2 sinϕ (12.1)
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Figure 12.2: Geometry and coordinates for shells of revolution.

The radius r2 has its origin on the shell axis. The meridional radius r1 has its
origin at some point along r2 and it is also normal to the shell surface. The shape of
the meridian describes the entire shell. It is usually necessary to derive expressions
for both radii of curvature (r1(ϕ), r2(ϕ)) as functions of ϕ to analyze the shell. The
process is illustrated in the examples.

12.1.1 Symmetric Loading

If the load has also symmetry of revolution with respect to the shell axis, no shear
forces develop, but only membrane forces Nx and Ny. A small element of the shell
(PQRS in Figure 12.2) is used to illustrate the membrane stress resultants (forces
per unit length) at any point on the shell. The meridional force (per unit length)
Nx points along the meridian, and the hoop force Ny points along the parallel.

A local coordinate system (x, y, z), different from the global system (X, Y , Z), is
used to describe the pressure distribution on the shell (Figure 12.2). The local x-axis
points along the meridian, in the direction of positive angle ϕ, which is zero along
the shell axis. The local y-axis points along the parallel, in the direction of positive
angle ψ counterclockwise looking from the positive global Z-axis. Finally, the local
z-axis is normal to the surface of the shell and positive in the outward direction
z = x× y. A pressure distribution on the shell has, in general, a normal component
pz and two shear components px and py (positive in the direction of the axes). When
the material, geometry, and pressure distribution are all symmetric around the shell
axis, the problem is said to be axial-symmetric, and the computation of Nx(ϕ) and
Ny(ϕ) is quite simple. The meridional force Nx(ϕ) and hoop force Ny(ϕ) can be
found simply by considering two equations of equilibrium. The derivation of these
equations is presented in [210]. One of the two equations can be obtained from
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equilibrium of forces along the local z-coordinate, resulting in

Nx

r1
+
Ny

r2
= pz (12.2)

The second equation can be obtained considering summation of forces acting on
a portion of the shell limited by an angle ϕ (Figure 12.2)

Nx =
F

2πro sinϕ
(12.3)

where F is the resultant of all forces applied to the portion of the shell above the
parallel described by the angle ϕ (see Example 12.2). Because of symmetry, the
resultant force F has only a component along the shell axis Z.

Equations 12.2 and 12.3 are used to determine Nx(ϕ) and Ny(ϕ) at all points
on the shell. For membrane theory to be valid, the supports of the shell must
provide only a reaction Nx, free of any bending constraint. Concentrated loads
and constrained boundaries create bending stresses that are not accounted for in
membrane theory.

Example 12.2 Design a spherical shell to hold a volume V = 1.0 m3 of gas with an
internal pressure p = 1.0 MPa. The shell is to be constructed with E-glass/polyester
composite with Vf = 0.5. A high density polyethylene liner is used on the inside to prevent
gas diffusion through the composite shell. Assume that the liner does not contribute to the
stiffness or strength of the shell (nonstructural liner). Use a load factor α = 1.25 on the
load and a resistance factor φ = 0.5 on the FPF strength values.

Solution to Example 12.2 The volume of a sphere of radius a is V = 4
3πa

3, from which
the radius is

a =

(
3

4

V

π

)1/3

= 0.62 m

For a spherical shell, both radii of curvature are equal to the radius of the sphere

r1 = r2 = a

Then, (12.2) and (12.3) simplify to

Nx +Ny = pza

Nx =
F

2πa sin2 ϕ

When the sphere is subjected to an internal pressure, pz = p, F can be obtained consid-
ering the pressure acting on one half of the sphere (ϕ = π/2). The radial pressure acting on
the one-half of the sphere produces the same resultant as the pressure acting on the projected
area πa2, so F = πa2p. Therefore,

Nx =
πa2p

2πa sin2 φ
=
pa

2
= 0.31(106) N/m

Ny = pa− pa

2
=
pa

2
= 0.31(106) N/m



428 Introduction to Composite Materials Design

Since the membrane force is the same in any direction on a spherical shell (Nx(ϕ) =
Ny(ϕ) = N), it is reasonable to choose a quasi-isotropic laminate [0/90/±45]S. Using the
procedure explained in Sections 6.4 and 7.4, as well as in Examples 6.7, 7.11, and 10.2, the
properties are found to be

Ex = Ey = E = 19000 MPa

νxy = ν = 0.34

FPF : Fxt = Fyt = 130 MPa

LPF : Fxt = Fyt = 340 MPa

The required thickness to avoid first ply failure is obtained from the condition

φFxt >
αN

t

Then, the required thickness is

tFPF =
αN

φFxt
=

1.25× 0.31

0.5× 130
≈ 6mm

The strain in any direction is given by (6.40)

εx =
Nx
Ex t

− νxy
Nx
Ex t

which, simplified for quasi-isotropic materials, becomes

ε =
N

Et
(1− ν) =

pa

2Et
(1− ν) =

0.31× (1− 0.34)

19000× 0.006
= 1, 795(10−6)

The perimeter of the sphere (at a meridian) increases by 2πaε from its original value of
2πa. Therefore, the new radius is a+ aε, and the radial expansion of the sphere is

δ =
pa2

2Et
(1− ν) = 1, 795× 10−6 × 0.62 = 1.1 mm

Example 12.3 Design a circular cylindrical tank with closed ends subjected to an internal
pressure p = 1.0 MPa. The dimensions are: length L = 2.0 m and diameter 2a = 1.0 m.
Use a load factor α = 1.15 on the load and a resistance factor φ = 0.5 on the FPF strength
values.

Solution to Example 12.3 For a circular cylindrical shell, the hoop radius of curvature is
r2 = a (Figure 12.3). The meridians, or generators, of the shell surface are straight lines.
Therefore, the meridional radius of curvature is r1 =∞. For this geometry, the hoop force
is given by (12.2) with pz = p, that is

Ny = p a = 0.5× 106 N/m

The longitudinal or meridional force Nx for the case of closed ends and internal pressure
is from (12.3)

Nx =
πa2p

2πa
=
p a

2
= 0.25× 106 N/m
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Figure 12.3: Circular cylindrical shell.

Since Ny = 2Nx, a laminate with 10%[±45] and 60%[90] is selected (see Section 7.4 and
equation (7.59)). Assuming that the y-axis of the laminate coincides with the hoop direction,
the laminate selected has twice as much fibers in the hoop direction than in the longitudinal
direction. A 10% thickness of ±45 reinforcement is included to provide additional integrity to
the structure. Using the procedure explained in Sections 6.4 and 7.4, as well as in Examples
6.7, 7.11, and 10.2, the properties are found to be

FPF LPF
Ex = 19, 750 Fxt = 85 Fxt = 320
Ey = 27, 500 Fyt = 170 Fyt = 580
νxy = 0.15
Gxy = 4, 100

Then, the required thickness should satisfy the following conditions:

φFyt >
αNy
t
→ t =

1.15× 0.5

0.5× 170
≈ 6.8 mm

φFxt >
αNx
t
→ t =

1.15× 0.25

0.5× 85
≈ 6.8 mm

resulting in t = 6.8 mm. Note that the tensile strength values have been used because internal
pressure produces tensile stress.

The design of the ends can be done also using membrane theory unless the ends are flat,
in which case they work as plates, not shells. If the transition from the cylindrical portion to
the tank-ends is not smooth, bending stresses will be generated. In any case, the final design
can be reanalyzed using a finite element analysis program to evaluate any stress concentration
that may arise at areas of transition or discontinuity. Useful recommendations regarding
design of tanks and pressure vessels can be found in the specialized literature [214], [286].
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To compute the radial expansion, first use (6.40) to compute the hoop strain

εy = −νxy
Ex

Nx
t

+
1

Ey

Ny
t

=
pa

2Eyt

(
2− νxy

Ey
Ex

)

=
0.25

(
2− 0.15 27,500

19,750

)
27, 500(0.0068)

= 2, 395 10−6

The elongation of the perimeter is 2πaεθ and the increase in radius is

δ = aεy =
pa2

2Eyt

(
2− νxy

Ey
Ex

)
= 0.5(2, 395)(10−6) = 1.2 mm
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Figure 12.4: Spherical dome.

Example 12.4 Design of a dome. Part I. Compute the stress resultants on the
dome. The dome is intended to cover communication equipment. A composite material
is selected to avoid interference with the signals being transmitted. Housing antennas and
other electronics under the roof saves on equipment costs because the electronics does not
have to be built for outdoor exposure. The dome must withstand its own weight and the
weight of fixtures hanging from it, snow load, and eventual live load of workers performing
maintenance. The dome, in the shape of a spherical cap, has span s = 24 m and height
h = 2.4 m (Figure 12.4).

Solution to Example 12.4 The radius of the sphere is given by

a =
h2 + (s/2)2

2h
= 31.2 m

and the half-center angle spanned by the dome is

ϕmax = arctan

(
s/2

a− h

)
= 22.62◦
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A dead load pD = 765 N/m2 is assumed, which can be corrected after the material and
thickness are selected. The live load is chosen to be pL = 955 N/m2 [287]. Note that this
load assumes that the weight of a worker is distributed over a large area. The snow load
is assumed to be pS = 1915 N/m2. The dead load (self-weight) of the shell is equal to the
surface area of the shell times the weight per unit area PD. Considering a strip of the shell
spanned by an angle dϕ (Figure 12.2) results in

radius of strip = r0 = sinϕ

width of strip = adϕ

surface area of strip = (2πa sinϕ)adϕ

The live and snow load per unit area (pL + pS) act on the plane area, which is the
projection of the surface of the shell onto an horizontal plane. In this case

projected width of the strip = adϕ cosϕ

plane area of the strip = (2πa sinϕ)(adϕ cosϕ)

The total vertical load acting on a portion of the shell spanning an angle ϕ is, by inte-
gration

F = FL+S + FD = −
∫ ϕ

0

pD2πa2 sinϕ′dϕ′ −
∫ ϕ

0

(pL + pS)2πa2 sinϕ′ cosϕ′dϕ′

where ϕ′ is a dummy variable used for the integration. After integration

F = −2πa2

[
pD(1− cosϕ) + (pL + pS)

1

2
sin2 ϕ

]
Using (12.3) and taking into account that r0 = a sinϕ, the meridional force (per unit

length) is

Nx =
F

2πa sin2 ϕ

which introduced in (12.2) with r1 = r2 = a yields the hoop force (per unit length)

Ny = −(pL + pS + pD)a cosϕ−Nx

where cosϕ has been used to obtain the pressure pZ normal to the shell from the vertically
applied pressure pL + pS + pD = 3635 N/m2.

The resulting forces on the laminate are shown in Table 12.1. Note that no shear load
is present because of symmetry of the geometry, material, and pressure distribution. The
meridional force Nx increases slightly with increasing values of ϕ. The hoop force Ny de-
creases with ϕ. If using noninteracting failure criteria, such as maximum stress, the stress
at the edge of the dome control the design. But, if using interacting criteria, the stress at
ϕ = 0 may control the design.

Example 12.5 Design of a dome. Part II. Using the results of Example 12.4, deter-
mine the thickness required to resist buckling. Assume the stiffness of the material has no
variability. However, if the structure is imperfection sensitive, small imperfections may
yield large variations in buckling load. For this reason, a relatively small resistance factor
is specified, φ = 0.5. The variability of the loads is accounted for by specifying a load
factor α = 1.6. A more refined partition of load factors that takes into account the diverse
nature of the loads, i.e., dead, live, and snow loads, is presented in Chapter 13.
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Table 12.1: Loading conditions.
ϕ[◦] Nx [N/m] Ny [N/m]

0.001 −56706.0 −56706.0
2.262 −56710.7 −56613.0
4.524 −56724.6 −56334.0
6.786 −56747.9 −55869.5
9.048 −56780.7 −55220.1
11.310 −56823.0 −54386.6
13.572 −56875.0 −53370.1
15.834 −56936.8 −52171.9
18.096 −57008.6 −50793.7
20.358 −57090.7 −49237.2
22.620 −57183.4 −47504.5

Solution to Example 12.5 As a first approximation, an empirical formula for buckling of
isotropic spherical shells is used here. For a spherical cap of radius a = 31.2m, spanning a
half-center angle ϕ = 22.62◦, and subject to a uniform pressure q normal to the surface, the
buckling pressure qCR can be estimated as [38, Table 15.2.22]

qCR = 0.3E

(
t

a

)2

[1− 0.00875(ϕmax − 20◦)]
(

1− 0.000175
a

t

)
where E is the modulus of the isotropic material and ϕmax = 22.62◦ is the angle in degrees
at the edge of the cap.

A quasi-isotropic laminate has 50%[±45] and 25% of each [0] and [90]. Using carpet
plots or the procedure explained in Section 6.4 and Example 6.7, the modulus is found to be
E = 19.0× 109 N/m2. Since the laminate is quasi-isotropic, E = Ex = Ey, independent of
orientation.

Since the dome is very shallow, the normal pressure q is close to the vertical pressure pz.
The latter is known from Example 12.4, as pz = pL + pS + pD. Then, the factored vertical
resistance φqcr has to exceed the factored applied pressure αpz as follows

φ× qcr > α× (pL + pS + pD) = 1.6× 3, 635 = 5, 816N/m2

or

qcr =
5, 816

0.5
= 11, 632N/m2

and solving for the thickness t using Scilab yields t = 47.9mm.

function residual = residual(x)

residual = 0.3*E*(x/a)^2*(1-.00875*(phimax-20))*(1-.000175*a/x)-qcr

endfunction

a = 31.2;// m

E = 19.0E9;// N/m^2, from carpet plots

phimax = 22.62; // deg

qcr = 11632;// N/m^2

t_guess = 0.1;

t = fsolve(t_guess,residual)
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Example 12.6 Design of a dome. Part III. Check the design of Example 12.5 for
strength. The variability of strength is accounted for by a resistance factor φ = 0.75. The
variability of the load is the same as in Example 12.5, i.e., α = 1.6.

Solution to Example 12.6 The choice of fiber orientations for the laminate largely depends
on the manufacturing process. A quasi-isotropic laminate was selected in Example 12.5,
although it may not be the optimum for structural efficiency or ease of fabrication (see
Exercises 12.5–12.8). A quasi-isotropic laminate has 50%[±45] and 25% of each [0] and
[90]. Using the procedure explained in Section 7.4, as well as in Examples 7.11 and 10.2,
the laminate strength values are found to be Fxt = Fyt = 340 MPa and Fxc = Fyc = 165
MPa.

At the edge of the dome, Nx = −57, 090.7N/m,Ny = −47, 504.5N/m. Taking into ac-
count that the dome works in compression, and using (7.64) to check the design for strength,
we have

φFx > αNx/t

0.75× 165× 106 > 1.6× 57, 090.7/0.0479

123.75× 106 > 1.907× 106

and

φFy > αNy/t

0.75× 165× 106 > 1.6× 47, 504.5/0.0479

123.75× 106 > 1.59× 106

The shell is so much overdesigned for strength that we don’t bother checking at ϕ = 0.
A sandwich shell would be more efficient. See Example 12.7.

Example 12.7 Design of a dome. Part IV. Design a sandwich shell to be more
efficient than the design in Examples 12.4–12.6.

Solution to Example 12.7 First, find the thickness required to satisfy the strength require-
ment φFxc > αNx/t, so

t =
1.6× 57, 090

0.5× 165× 106
= 1.11mm

Since a commonly available ply thickness is 0.25mm, and a quasi-isotropic face requires
eight plies, we select tf = t/2 = 8× 0.25 = 2 mm for the faces of the sandwich.

Next, select a core material and core thickness. A polyurethane foam weighs only
51 kg/m3, has a modulus of only E = 20MPa, ν = 0.23, and G = E/2/(1+ν) = 8.13MPa.
The buckling requirement in Example 12.4 was t = 2tf = 47.9mm. The mechanical moment
of area (Section 10.2.5) of the solid shell in Example 12.4 is

(EI)c =
E h3

12
=

19× 109 ×
(
4.79× 10−3

)3
12

= 174× 103Nm
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For the sandwich, there are two faces, each at a distance tc/2 from the neutral surface,
which gives a mechanical moment of area

(EI)s = 2× E × tf × (tc/2)
2

Taking into account that the sandwich has to sustain α-times the buckling load, and the
composite might only carry φ-times its share of the burden,

φ (EI) = α× 2× E × tf × (tc/2)
2

from which the required thickness of the core is

tc = 2

√
(EI)c
2Etf

= 2

√
1.6× 174× 103

0.5× 2× 19× 109 × 0.002
= 0.171m ≈ 175mm

So, the laminate has two faces, each tf thick, separated by a core of thickness tc, for a
total thickness t = tc+2tf . By modeling the sandwich in such a way, equation (6.43) can be
used to estimate the laminate bending moduli of the sandwich laminate. Note that bending
moduli are used because the buckling problem is controlled by bending effects. Assigning
properties Ex = 37, 900MPa, Ey = 11, 300MPa, Gxy = 3, 300MPa, νxy = 0.3 to the
faces (from Table 1.2), the following values are obtained using laminate analysis software
such as CADEC [184] or equation (6.43)

Ebx = Eby = 1268 MPa

Gbxy = 473.4 MPa

νbxy = 0.338 MPa

rbM = 0.022

Using E = 1268 MPa, and t = 179 mm, the empirical buckling formula in Example 12.5
yields qCR = 11861 N/m2 which exceeds the required αpz/φ = 11632 N/m2. Therefore, the
sandwich shell resists both buckling and material failure.

While the empirical formula involves many approximations, it serves to illustrate the
point. In-plane loads are carried by the thin composite faces and buckling can be addressed
by using a core. For increased accuracy, buckling can be checked using a standard finite
element program, entering the laminate moduli Ebx, Eby, νbxy, Gbxy as the properties of an
equivalent orthotropic material. The finite element model would also facilitate the analysis
of concentrated loads and other local effects that must be considered in the final design.
Since the forces have been considered independently without taking into account possible
interaction between two or more forces acting at a given point, the design should be checked
by the procedure explained in Chapter 7.

12.2 Cylindrical Shells with General Loading

The surface of a cylindrical shell is formed by a straight line, called the generator,
moving parallel to its initial position and describing a curve in the shape of the
shell cross section, also called the contour (Figure 12.5). If the contour is a circle,
the shell is a circular cylindrical shell, as depicted in Figure 12.3. The equations
presented in this section are valid for any cross section without negative curvature;
that is the local radius of curvature r2 should always points outwards (Figure 12.5).
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Figure 12.5: Cylindrical shell with general cross section.

For general loading, three membrane forces per unit length act at any point on
the shell, as depicted in Figure 12.5. The three differential equations of equilibrium
are derived in [210], namely

Ny = pzr

∂Nxy

∂x
+

1

r

∂Ny

∂ψ
= −py

∂Nx

∂x
+

1

r

∂Nxy

∂ψ
= −px (12.4)

where px, py, and pz are the components of the surface pressure in the direction of
the local coordinates x, y, and z = x × y (Figure 12.5). These equations can be
solved one at a time. The first of (12.4) is used to obtain Ny(x, ψ) as a function
of the position on the shell. Once Ny is known, the second of (12.4) is solved for
Nxy(x, ψ) by integrating with respect to x. Once Ny and Nxy are known, Nx is
obtained by integrating the third of (12.4). The complete solution is given in [210],
namely

Ny = pzr

Nxy = −
∫ (

py +
1

r

∂Ny

∂ψ

)
dx+ f1(ψ)

Nx = −
∫ (

px +
1

r

∂Nxy

∂ψ

)
dx+ f2(ψ) (12.5)

where f1(ψ) and f2(ψ) are arbitrary functions of ψ to be determined using the
boundary conditions or symmetry conditions.
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Figure 12.6: Simply supported pipe.

Example 12.8 Design a composite cylindrical pipe of radius a = 1.0 m full of water.
Assume the pipe is simply supported every 4.0 m and it is free to expand along the length
(Figure 12.6). Use a load factor α = 2 (to account for dynamic effects during filling) and
a resistance factor φ = 0.25 (to account for very long-term loading, i.e., creep rupture) on
the FPF strength values.

Solution to Example 12.8 The hydrostatic pressure is equal to the specific weight γ times
the depth measured from the top, and it acts radially on the wall of the pipe

pz = ρ g a(1 + cosψ) = γ a(1 + cosψ)

where ρ is the density, g = 9.81 m/s2 is the acceleration of gravity, and γ = ρg is the specific
weight, which for water is 9810 N/m3. Using (12.5)

Ny = γ a2(1 + cosψ)

Nxy =

∫
γ a sinψ dx+ f1(ψ) = γ a x sinψ + f1(ψ)

Nx = −
∫
γ x cosψ dx− 1

a

∫
df1

dψ
dx+ f2(ψ)

= −γx
2

2
cosψ − x

a

df1

dψ
+ f2(ψ)

Since the pipe is free to expand at the supports,1 Nx = 0 at x = ± L/2, and using the
equation for Nx at both ends yields

0 = −γL
2

8
cosψ − L

a

df1

dψ
+ f2(ψ)

0 = −γL
2

8
cosψ +

L

a

df1

dψ
+ f2(ψ)

1Since the pipe is a continuous beam, the assumption of simple supports leads to a conservative
design because the maximum bending moment is larger for a simply supported beam.
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which solved for f1(ψ) and f2(ψ) yields

f2(ψ) =
γL2

8
cosψ

df1

dψ
= 0

The last equation means that f1 is constant. Replacing f1 by a constant C in the solution
for Nxy and evaluating at the midspan (x = 0) results in Nxy = C. The integral of Nxy
around the contour is the torque T = 2πaC. Since there is no torque applied, the constant
C must be zero. Then, the forces are

Ny = γ a2(1 + cosψ)

Nxy = γ a x sinψ

Nx =
γ

8
(L2 − 4x2) cosψ

The hoop force Ny is maximum at the bottom of the pipe (ψ = 0) and constant along
the length. The axial force Nx is maximum at the midspan (x = 0), tensile at the bottom
(ψ = 0), and compressive at the top (ψ = π).

The shear force is maximum at the supports (x = L/2) for ψ = π/2. Therefore, there
are three critical points for the design, labeled A, B, and C in Figure 12.6.

At point A (x = 0, ψ = 0) the forces are: Ny = 2γa2, Nx = γL2/8, Nxy = 0.

At point B (x = 0, ψ = π) the forces are: Ny = 0, Nx = −γL2/8, Nxy = 0.

At point C (x = L/2, ψ = π/2) the forces are: Ny = γa2, Nx = 0, Nxy = γaL/2.

The numerical values are given in the table below2 (in N/m)

A B C
Nx 19,620 −19,620 0
Ny 19,620 0 9,810
Nxy 0 0 19,620

Considering all the critical points, the laminate needs about the same strength in all
directions. Therefore, a quasi-isotropic laminate is selected. A quasi-isotropic laminate has
50%[±45] and 25% of each [0] and [90]. The FPF strength values are obtained using the
procedure explained in Section 7.4, as well as in Examples 7.11 and 10.2 taking into account
in situ effects, and resulting in the following values

Fxt = Fyt = 137.5MPa

Fxc = Fyc = 130MPa

Fxy = 95MPa

where Fxt = Fyt and Fxc = Fyc because the %[0] is equal to the %[90]. The required thickness
is the maximum of those obtained using (7.64), using the largest compressive, tensile, and

2Beam theory could be used to obtain values of Nx and Nxy but not of Ny; see Example 12.11.
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shear forces

t =
α Nx
φ Fxc

=
2× (−19, 620)

0.25× (−130× 106)
= 1.20 mm

t =
α Ny
φ Fxt

=
2× (19, 620)

0.25× (137.5× 106)
= 1.14 mm

t =
α Nxy
φ Fxy

=
2× (19, 620)

0.25× (95× 106)
= 1.65 mm

Therefore, the required thickness is t = 1.65mm and shear controls the design. Since the
forces have been considered independently without taking into account possible interaction
between two or more forces acting at a given point, the design should be checked by the
procedure explained in Chapter 7. See Example 12.9.

Example 12.9 Verify the design in Example 12.8 using laminate analysis software
[184]. Use material properties for E-glass/polyester from Table 1.2 and ply thickness
tk = 0.25mm. Neglect any increase in strength due to in situ effects.

Solution to Example 12.9 The laminate used in Example 12.8 is a [±45/0/90]S. Lamina
properties are taken from Table 1.2. The loads given in Example 12.8 must be increased by
the load factor α = 2.0, given in Example 12.8. The strength values taken from Table 1.2
must be decreased by the load factor α = 0.25 given in Example 12.8.

Property Value [MPa] φ = 0.25
E1 37900 -
E2 11300 -
G12 3300 -
ν12 0.3 -
F1t 903 225
F2t 40 10
F1c 357 89
F2c 68 17
F6 40 10

The load must be increased by a load factor and the strength reduced by a resistance
factor, so a minimum strength ratio R = 1 is sought. Using CADEC [184] and the maximum
stress criterion yields R = 0.971 at point A, R = 1.580 at point B, and R = 0.725 at point
C (first ply failure). This design, with a laminate thickness t = 8 × 0.25 = 2.0mm, does
not meet the requirements. The design in Example 12.8 did work with t = 1.65mm because
in situ effects were accounted in that example, while the analysis in this example did not
(see Exercise 12.9). Since the shell is very thin, (a/t = 1000/2.0 = 500), the design should
be checked for buckling (see Example 12.10).

Example 12.10 Verify the design in Examples 12.8–12.9 for buckling. While the resistance
factor for strength in Example 12.8 was prescribed at φ = 0.25, the resistance factor for
buckling is usually different. In this example, assume φ = 0.75 as reduction factor for
the computed buckling strength MCR, to take into account uncertainties in the parameters
entering in the computation of buckling strength.
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Solution to Example 12.10 Since a quasi-isotropic material was selected in Examples
12.8–12.9, buckling load can be estimated using formulas for isotropic materials [38, Ta-
ble 15.2.16]. For a thin-walled circular tube with bending moments M applied at the ends,
the critical moment is

MCR = K
E

1− ν2
at2

where K is a constant obtained from theory or experiments. For this example, use K = 0.72
(minimum value from experiments on metal tubes). The elastic properties are determined
by using the procedure explained in Section 6.4 and Example 6.7, resulting in

E = Ex = Ey = 19 GPa

ν = νxy = 0.34

The critical moment is

MCR = 0.72
19× 109

(1− 0.342)

[
1.45× 10−3

]2
= 32, 522Nm

The pipe is subject to a uniform distributed load due to the weight of the water

q =
γπa2L

L
= 9810 π = 30, 819N/m

which for a simply supported beam gives a maximum moment

M =
qL2

8
= 61, 638Nm

Now, according to (1.18), the resistance must exceed the load

φ MCR > α M

However,

0.75× 32, 522 < 2.0× 30, 819

24, 391.5 < 61, 638Nm

Therefore, the shell cannot resist the load because of buckling. Since the critical buckling
moment MCR grows with the square of the thickness and only linearly with the modulus E,
it is convenient to use more thickness and a material with a lower E. If cost is a controlling
factor in the design, a lower fiber volume fraction and higher filler content in the resin would
be an option since the cost of the filler is negligible. If weight is the controlling factor, a
sandwich construction with foam or honeycomb core could be beneficial. Of course, a shell
stiffened with longitudinal stiffeners and/or hoop ribs could be used, but the design of such
a structure is more complex (see Section 11.3).

Example 12.11 Using beam-bending equations, estimate the required thickness for a pipe
of radius a = 1.0m to be filled with water. The pipe is simply supported every 4.0m and
it is free to expand. Use the same material of Example 12.8 on p. 436. Use a load factor
α = 2 (to account for dynamic effects during filling) and a resistance factor φ = 0.25
(creep rupture) on the FPF strength values.
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Solution to Example 12.11 The volume of water in the pipe is

V = πa2L = 12.566 m3

Since the density of water is γ = 1000 kg/m3 = 9810 N/m3, the weight of water is

W = γV = 123, 272 N

resulting in a distributed load of

q = W/L = 30, 819 N/m

The moment of area of the cross section is

I = πa3t = π t

and the maximum stress is

σ =
Ma

I

The maximum bending moment for a continuous beam (simply supported every 4.0 m)
is [213, p. 282]

M ∼=
qL2

10
=

30, 819(42)

10
= 49, 310 Nm

Assuming that tensile strength controls the design, Fxt = 130MPa from Example 12.8,
and

φFxt > α
M a

I
Therefore, the required moment of area is

I =
αM a

φFxt
=

2.0× 49, 310× 1

0.25× 77× 106
= 0.003034 m4

and using the expression for the moment of area, the required thickness is

t =
I

π a3
≈ 1.0mm

For a continuous beam, the maximum shear force is V ∼= 0.6qL. This can be used along
with (10.10) to check the shear strength of the pipe. The solution presented does not account
for the hoop stress generated by the internal pressure (see Example 12.8). More importantly,
buckling should be considered for such a thin shell.

Problems

Problem 12.1 Design a spherical pressure vessel with a radius a = 0.5 m and internal
pressure p = 10 MPa with COV κp = 0.15 for a LPF reliability of 99.5%. Use one or more
layers of M1500 laminate with laminate strength and moduli given in Table 1.5. Assume the
COV for strength is κF = 0.35. Note that M1500 is a continuous strand mat fabric, thus
quasi-isotropic.

Problem 12.2 Optimize the design of Problem 12.1 for minimum weight by selecting a
laminate configuration among those available in Table 1.5. As in Problem 12.1, one or
more layers can be used. Note that only M1500, CM1808, and XM2408 have the same
longitudinal and transverse properties (Ey = Ex, Fy = Fx). The transverse properties are
not available in Table 1.5 for TVM3408 and UM1608. Specify the number of layers to be
used based on the thickness per layer in Table 1.5.
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Problem 12.3 Optimize the cylindrical tank of Example 12.3 for minimum weight by chang-
ing the laminate configuration but not the material. Use E-glass/polyester (Table 1.2).

Problem 12.4 Redesign the cylindrical tank of Example 12.3 using one or more layers
of M1500 laminate with properties given in Table 1.5. Since FPF strength is required in
Example 12.3, but Table 1.5 lists only LPF, include an additional resistance factor φ = 0.5,
in addition to φ in Example 12.3. Specify the number of layers to be used.

Problem 12.5 Optimize the design of Problem 12.4 for minimum weight by using a CM1808
from Table 1.5 laminate. Since CM1808 has the same amount of 0◦ and 90◦ fibers, the
transverse strength Fy is the same as the longitudinal strength Fx. Note that 0◦-orientation
in Table 1.5 is the direction of the 0◦-layers (if any) in the laminate.

Problem 12.6 Redesign the laminate in Examples 12.4–12.7 by using a sandwich shell.
Determine the thickness of the core material and the faces. The core material has a density
of 50 kg/m3, E = 20 MPa, ν = 0.23. The faces are built with one or more layers of M1500
with properties given in Table 1.5. Specify the number of layers to be used.

Problem 12.7 Redesign the dome in Example 12.4 for the case of added internal pressure
p = 2KPa. Use E-glass/polyester (Table 1.2) as well as Sections 6.4 and 7.4.

Problem 12.8 Optimize the laminate in Problem 12.6 for minimum weight. Consider
alternative laminate configurations among those available in Table 1.5. Specify the number
of layers and the thickness of the foam to be used.

Problem 12.9 Recompute Example 12.8 taking into account in situ effects and a lamina
thickness tk = 0.25mm. Take into account that the laminate thickness must be a multiple
of the lamina thickness.
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Chapter 13

Strengthening of Reinforced
Concrete

E. J. Barbero,1 F. Greco,2 and P. Lonetti2

Fiber-reinforced composite (FRP) materials are used to rehabilitate and retrofit
steel-reinforced concrete (RC) members such as beams, columns, and so on. This
technique is applied also for masonry, steel, and timber structures. A review of the
behavior of RC constituent materials, i.e., concrete and steel, is reported first. The
reader is assumed to be familiar with composite materials, which are described in
detail in previous chapters. The FRP strengthening methodology presented here is
consistent with American Concrete Institute (ACI) guidelines [288]. The main hy-
potheses and assumptions for the design of RC members are reported in accordance
to ACI guidelines [289].

Reinforced concrete (RC) structural members, such as beams, columns, and
slabs, are made of concrete reinforced by steel bars. The concrete mixture contains
cement, water, and aggregates. Since concrete has high resistance in compression
but low in tension, longitudinal reinforcing bars and stirrups are incorporated to
increase the tensile strength of the RC member (Figure 13.1) [290, Chapters 2,3].
Note that in customary civil engineering terminology, the word reinforced is used to
denote the steel reinforcement. Therefore, the word strengthened is used to denote
the addition of fiber-reinforced composites (FRP).3

Strengthening of RC members by FRP is accomplished by external bonding to
the concrete faces (Figure 13.2). Typically, the composite system consists of thin
strips (less than 2 mm thick) of various widths. Carbon and glass fiber-reinforced
epoxy laminates are the most common products utilized in practice. FRP is bonded

1West Virginia University, USA.
2Università della Calabria, Italy.
3In civil engineering construction, the acronym FRP (fiber-reinforced plastics) is used to denote

fiber-reinforced composites, due to historical reasons.
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Figure 13.1: Reinforced concrete beam displaying the steel reinforcement (bars and
stirrups).

to concrete faces by means of compatible adhesives to guarantee shear and peel
bonding between dissimilar materials [291, Chapter 2].

Figure 13.2: Strengthened concrete beam displaying the FRP used for longitudinal
(flexural) and shear strengthening.

FRP strengthening is utilized to increase the load carrying capacity of RC mem-
bers in several ways (Figure 13.3). The bending strength of beams is improved by
bonding FRP plates to the tensile face of the section. The shear strength of beams
is increased by the application of inclined or vertical FRP strips. Also, FRP strips
are used in RC columns to reduce the lateral deformability of the section, improving
the strength of the concrete material by confinement.

FRP systems used for strengthening of RC members are classified as follows:

1. Wet lay-up systems are based on unidirectional or multidirectional fiber sheets
impregnated on-site with a resin.

2. Pre-impregnated (prepreg) systems are based on unidirectional or multidi-
rectional fiber sheets or fabrics impregnated with a resin. The composite is
applied directly to the concrete face, and then cured on-site.

3. Pre-cured systems are available in a wide variety of shapes and dimensions.
Adhesive, primer, and putty are required for on-site application.



Strengthening of Reinforced Concrete 445

Figure 13.3: Strengthening possibilities using FRP on beams and columns.

13.1 Strengthening Design

The analysis and design of the FRP strengthening is performed in the framework of
limit states design within the LRFD design methodology (Section 1.5.3), which is a
probabilistic design methodology used to ensure that the structure is able to resist
load combinations reproducing the ultimate limit states and the serviceability limit
states, defined as follows:

1. Ultimate limit states: the structure is subjected to the most severe loading
combinations. The design should anticipate damage of the structural elements,
avoiding any partial or complete collapse mechanisms of the structure.

2. Serviceability limit states: the structure is subjected to loading combinations
reproducing the in-service conditions. The performance of structure is checked
to avoid deformations, vibrations, and cracking that would impair the usability
of the structure.

The probabilistic nature of external loads, material strengths, and construction
tolerances are considered. The nominal capacity (strength) F of the structure, or
of parts of the structure, depends on the strength characteristics of the constituent
materials, which are obtained by standardized experimental methods. To take into
account uncertainties in the material properties and the construction tolerances
of RC elements (beams, columns, slabs, etc.), a strength reduction factor4 φ is

4See Section 1.5.3 for an introduction to LRFD design. The “strength reduction factor” of [289]
is also called “resistance factor” in the literature.
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Table 13.1: Strength reduction factor φ.
Structural element φ

Beam or slab: Bending or flexure 0.65 - 0.9

Columns with ties 0.65

Columns with spirals 0.75

Beam shear and torsion 0.75

introduced to penalize the nominal capacity of the RC member [289], down to a
factored capacity φF (see Table 13.1).

The required capacity (strength) U of the structure or of a part of the structure
is expressed in terms of factored loads and moments, including axial, shear, and
bending stress resultants. Due to the variability of external loads, load factors (see
Section 1.5.3) are introduced in the loading combinations. The following elementary
loading conditions must be taken into account in the design procedure:

1. D, self-weigh and permanent loads of the structure.

2. L, live loads of accidental nature [289, p. 116], such as pedestrian, lateral fluid
pressure (Fd), snow (Sw), rain (Rn), wind (Wd), earthquake (Eq), creep or
shrinkage and temperature (Tp), soil loads (Hh), and roof live loads (Lr).

ACI guidelines recommend load factors for each loading combination taking into
account the uncertainties of the load intensities. For example, dead loads present
less uncertainty than live loads and thus a lower factor is utilized. Recommended
values of the loading combinations for the ultimate limit states are given by

U = 1.4 (D + Fd)

U = 1.2 (D + Fd + Tp) + 1.6 (L+Hh) + 0.5 (Lr or Sw or Rn)

U = 1.2D + 1.6 (Lr or Sw or Rn) + (1.0Lr or 0.8Wd)

U = 1.2D + 1.0Wd + 1.0L+ 0.5 (Lr or Sw or Rn)

U = 1.2D + 1.0Eq + 1.0L+ 0.2Sw

U = 0.9D + 1.0Wd + 1.6Hh

U = 0.9D + 1.0Eq + 1.6Hh (13.1)

All seven equations must be evaluated to find the required capacity U . Each
structural element of the structure is characterized by an internal strength, known
as factored capacity φF , that must be larger than the required capacity U , as follows

φF ≥ U =
∑
i

αiQi (13.2)

where αi, Qi are partial load factors and applied load pairs reproducing the loading
combinations presented in (13.1).

Next, the serviceability limit states must be checked. ACI guidelines provide
limitations on stress, crack opening, deformations under serviceability conditions,
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and so on. The performance of the structure is evaluated with loading combinations
that reproduce in-service loads. The loading combinations for serviceability limit
states are similar to these for the ultimate limit states (13.1) but taking all the
partial load factors equal to unity, i.e., αi = 1.

To avoid unexpected failures in which FRP should be damaged by fire, van-
dalism, or construction defects, ACI restricts the amount of FRP that can be used.
Finally, the ratio between unstrengthened and strengthened capacity of the structure
is limited to avoid excessive stress levels in the FRP reinforcement. ACI guidelines
require that the unstrengthened system must be able to resist at least the following
loading combination

φF ≥ 1.1SDL + 0.75SLL (13.3)

where SDL and SLL are the stress resultants that equilibrate dead (DL) and live
(LL) loads, respectively.

In the analysis of beams and columns, stress resultants are zero- and first-order
weighted integrals of stress over the section of the beam, where the weight factors
are either 1 or z, where z is the coordinate on the plane of loading and normal
to the axis of the member, measured with respect to the neutral axis (see Section
6.1.3). Stress resultants equilibrate external loads through axial load, shear load,
and bending moments.

If the FRP were to be damaged, structural collapse mechanisms are prevented
by limiting the maximum allowable strengthening. The maximum is obtained by
combining required capacities for strengthened and unstrengthened sections given
by (13.1) and (13.3) as

%max =
(S)strreq. − (S)unstrreq.

(S)unstrreq.

× 100 (13.4)

For example, if only dead loads D and live loads L are applied, the strengthening
system is designed to resist a loading combination given by (13.1) as

U = 1.2 (SDL) + 1.6 (SLL) (13.5)

and (13.4) yields

%max =
0.1 + 0.85SLL/SDL
1.1 + 0.75SLL/SDL

× 100 (13.6)

13.2 Materials

RC structures strengthened by FRP are based on a combination of concrete, steel,
and FRP. This section is devoted to describe the mechanical behavior of concrete
and reinforcing steel [290], whereas the behavior of the FRP is described in previous
chapters.
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Figure 13.4: Design stress–strain curves for (a) concrete, (b) steel, and (c) FRP.

13.2.1 Concrete

The compressive strength of concrete f ′c is 10 to 20 times higher than its tensile
strength. As a result, the tensile strength of concrete is considered negligible. The
behavior is linear as long as the stress is less than 40% of the strength of concrete.
Subsequently, nonlinearities appear at about 70% when concrete develops cracks
perpendicular to the loading direction. Thereafter, complete failure is observed. The
initial modulus of elasticity for normal-weight concrete is defined conventionally as
the slope of the line connecting the origin and the point of the experimental curve
at a stress level equal to 0.45f ′c [289]. ACI guidelines [289, Sect. 19.2] are often used
to estimate the modulus of elasticity as follows

Ec = 4700
√
f ′c [MPa] (13.7)

Moreover, ACI guidelines [289, Sect. 22.2.2] allow the designer to use a com-
pressive stress–strain relationship based on rectangular, trapezoidal, or parabolic
models in agreement with results of compression tests. Several models are proposed
in the literature to reproduce the experimental data. For example, the following
stress–strain relationship for concrete material is often used [292] (Figure 13.4a)

fc = 0.85f ′c

[
2 (εc/ε0)− (εc/ε0)2

]
for εc ≤ ε0

fc = 0.85f ′c for ε0 < εc ≤ εcu (13.8)

where ε0 = 2(0.85f ′c/Ec) and εcu = 0.003.
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Table 13.2: FRP reduction factor CE due to environmental effects.
Exposure conditions Fiber type Environmental

reduction factor

Interior exposure carbon 0.95
glass 0.75
aramid 0.85

Exterior exposure carbon 0.85
(bridges, piers, and glass 0.65
enclosed parking garages) aramid 0.75

Aggressive environment carbon 0.85
(chemical plants and glass 0.50
wastewater treatment plants) aramid 0.70

13.2.2 Steel Reinforcement

The behavior of steel is assumed identical in tension and compression, and approx-
imated by elasto-perfectly-plastic behavior (Figure 13.4b)

fs = Esεs for εs < εy

fs = fy for εs ≥ εy (13.9)

where Es, εy, fy are the modulus (200 kN/mm2), the strain, and the yield stress,
respectively.

13.2.3 FRP

FRP is assumed linear elastic until failure (Figure 13.4c). The behavior is described
by the FRP tensile strength f∗fu, ultimate strain ε∗fu, and modulus Ef (from product
literature; see also [4]). These material properties are usually reported by the ven-
dor of FRP. Also, they can be measured by standard tests [288] and/or predicted
using the methodology presented in Chapter 4. ACI guidelines suggest a reduction
factor CE to account for the effect of environmental conditions on the installed FRP
reinforcement (Table 13.2). The allowable tensile strength ffu and allowable strain
εfu of FRP are defined by

ffu = CEf
∗
fu, εfu = CEε

∗
fu (13.10)

in terms of the FRP tensile strength f∗fu and ultimate strain ε∗fu.

13.3 Flexural Strengthening of RC Beams

The moment capacity of a reinforced concrete beam can be increased by introduc-
ing FRP laminates on the tensile surface of the member. The composite behaves
analogously to steel reinforcement, increasing the tensile stress resultant and thus
the moment capacity of the beam.
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13.3.1 Unstrengthened Behavior

The initial behavior of RC beams (without FRP) is practically linear. Flexural
cracks are formed at the outermost surface in tension where the tensile strength
of the concrete is reached and a reduction of bending stiffness is observed. After
tensile concrete cracking, the tensile force is transferred from the concrete to the
reinforcing steel bars resulting in a second linear portion. After the yield stress in the
steel reinforcement is reached, the stiffness depends on the ability of the structure to
redistribute the loads onto other sections that are not affected by concrete cracking.
For instance, in the case of a simply supported beam, redistribution is quite limited
because a collapse configuration is likely once the midspan reaches the moment
capacity. When yielding of the steel reinforcement precedes concrete crushing, high
dissipation of energy in plastic work is possible before collapse. This behavior is
known as ductile, because the beam exhibits extensive crack patterns in the concrete
and substantial deflections before collapse. When the RC beam has a large amount
of steel, the beam fails by concrete crushing and a brittle failure mechanism is
observed.

13.3.2 Strengthened Behavior

When the RC beam is strengthened by FRP, the initial stiffness is practically un-
changed because only thin FRP strips are used, which do not significantly increase
the stiffness of the structure. In the postcracking range, the concrete is cracked
and the traction force is shared by the steel and the FRP reinforcement. Since the
FRP is farthest from the neutral axis of the beam, its contribution is most relevant.
Once the steel yields, only the FRP is able to carry additional load. Collapse occurs
at higher loads but lower deflections than for the unstrengthened system. Conse-
quently, even though the ultimate load is increased, the ductility of the beam is
reduced.

RC strengthened beams are affected by different flexural damage modes, which
are reported schematically in Figure 13.5. From a safety point of view, the most
desirable damage mode is yielding of the steel with the FRP still attached before
concrete compressive failure is reached. However, there are a number of other possi-
ble damage mechanisms that may interact, producing coupled damage modes [291].
For example, strengthened beams may develop delamination or debonding between
the concrete and the FRP, which may advance in the FRP, in the concrete, or in
the adhesive, causing catastrophic failure damage mechanisms [293–295]. In order
to prevent these failure mechanisms, ACI guidelines limit the maximum strain level
in the FRP, namely εfd, which is defined as a function of the number of the layers
n and the total thickness tf of FRP (in mm)

εfd = 0.41

√
f ′c

nEf tf
≤ 0.9εfu (13.11)

Therefore, the effective strain level at failure in the FRP is given by

εfe = min (εfd, 0.9εfu) (13.12)
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Figure 13.5: Failure modes of the RC strengthened beam.

where, due to the elastic behavior of the FRP, the stress in the FRP satisfies

ffe ≤ Efεfe (13.13)

13.3.3 Analysis

According to limit states design, the following inequality must be verified

φMn ≥Mu (13.14)

whereMn is the nominal moment capacity of the member (13.32), (13.47), or (13.57),
Mu is the required moment capacity calculated by (13.1), and φ is the resistance
factor defined, according to ACI guidelines [289, Table 21.2.2], by the following ex-
pression in terms of the tensile strain εs and yield strain εy in the steel reinforcement

φ =


0.9 for εs ≥ 0.005
0.65 + 0.25 (εs − εy)/(0.005− εy) for εy ≤ εs < 0.005
0.65 for εs < εy

(13.15)

Note that the strength reduction factor φ penalizes mainly those failure modes
for which the steel reinforcement is not yielded and the corresponding damage modes
are dominated by concrete crushing. The brittle damage mechanisms with concrete
crushing are called compression-controlled. When failure is reached in the steel
reinforcement with strains greater than 0.005, ductile behavior of the section is
expected and the behavior is said to be tension-controlled.

According to Figure 13.6, the top and bottom surfaces of the beam are subjected
to compressive and tensile strains, respectively. The undeformed position on the
section is known as the neutral axis. The prediction of the bending capacity of the
section is based on the following hypotheses:

1. Nonlinear constitutive relationships are used for concrete and steel reinforce-
ment as described in Section 13.3.
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2. FRP behavior is linear elastic until the effective stress ffe and effective strain
εfe, given by (13.11) and (13.13), are reached.

3. The section remains planar and perpendicular to the neutral axis and thus the
strain distribution through the section is linear.

4. Concrete, steel reinforcement, and FRP are assumed perfectly bonded.

5. The tensile resistance of the concrete is negligible.

Figure 13.6: Strong strengthened configuration (SSC) and weak strengthened con-
figuration (WSC).

In order to satisfy (13.14) the factored nominal moment capacity φMn needs to
be calculated. The FRP is attached to the original, reinforced but unstrengthened,
structure, in which an initial strain distribution is present due to dead loads (self-
weight). Therefore, the original configuration should be analyzed by calculating the
stress–strain states at the soffit5 of the beam. Calculation of the initial strain εbi is
reported in the following sections, leading to (13.71).

In order to evaluate the moment capacity of the strengthened member, it is
necessary to identify the failure mode of the section. By virtue of the limitations
imposed on stress and strain in concrete, steel reinforcement, and FRP, one of the
following failure modes should be identified:

1. FRP failure on the tension side for εf = εfe, before or after steel reinforcement
yield, i.e., εs < εy or εs ≥ εy, respectively. This failure mechanism is defined
as weak strengthening configuration (WSC, Figure 13.6).

2. Concrete crushing on the compression side for εc = εcu = 0.003, before or after
steel reinforcement yield, i.e., εs < εy or εs ≥ εy, respectively. This failure
mechanism is known as strong strengthening configuration (SSC, Figure 13.6).

The moment capacity of the section is determined at the onset of the analysis by
assuming a failure mode (e.g., WSC with steel yielded) and subsequently checking if
the conditions for such failure mode are verified (i.e., εs > εy, εc < 0.003, εf = εfe).

5The surface of the beam subjected to tensile stress where FRP is attached, usually the bottom
or underside.



Strengthening of Reinforced Concrete 453

If the assumed strain distribution does not match the calculated one, another
failure mechanism should be considered. The failure modes associated to SSC and
WSC are shown in Figure 13.6. The line between both domains, known as FRP bal-
anced configuration, corresponds to the simultaneous failure of FRP and concrete.
This failure mechanism is important as a reference for preliminary design purposes,
because it corresponds to the full utilization of the section materials (i.e., the failure
happens in the concrete and in the FRP simultaneously). The FRP-balanced con-
figuration is defined as inelastic or elastic if the steel is yielded or not, respectively.

13.3.4 Strong Strengthening Configuration (SSC)

Strong strengthening configurations (SSC) refer to ultimate limit states for which
the failure is concrete crushing. The concrete strain reaches εcu = 0.003 while
the strain in the FRP is less than its effective strain, i.e., εf < εfe (Figure 13.7).
Since the strain distribution on the section is assumed to be linear, the following
relationships among the strain on the top surface of concrete, in the FRP, and in
the steel reinforcement apply

Figure 13.7: Strong strengthening configuration: (a) strain, stress, and stress resul-
tants (b) stress-block equivalence of the compressive stress resultant.

εc = εcu = 0.003 (fiber compression) (13.16)

εf = εcu
h− c
c
− εbi < εfe (FRP) (13.17)

εs = εcu
d− c
c

(tensile steel reinforcement) (13.18)

where εbi is the initial strain and c is the depth of the neutral axis measured from
the top surface. The variable c is determined by balancing the compressive and
tensile forces along the longitudinal direction as follows

C − Ts − Tf = 0 (13.19)
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with

C =

c∫
0

σc (y) b dy (concrete) (13.20)

Tf = EfAfεf = EfAf

(
εcu

h− c
c
− εbi

)
(FRP) (13.21)

Ts = Asfy if εs = εcu
d− c
c
≥ εy (steel-yielded) (13.22)

Ts = AsEsεs if εs = εcu
d− c
c

< εy (steel-not yielded) (13.23)

In order to calculate the compressive force in the concrete, the integral (13.20)
must be evaluated. For this purpose, the stress–strain relationship reported in (13.8)
should be utilized. However, a simplified stress distribution, known in the literature
as Whitney’s stress-block, is frequently utilized in practice.6 It assumes a constant
distribution of stress 0.85 f ′c, spanning over the depth β1c, where β1 is a parameter
that relates the model (13.8) and stress-block distributions. The following expression
provides an explicit evaluation of the compressive stress resultant

C =

c∫
0

σc (y) b dy = 0.85f ′cβ1cb (13.24)

with

β1 =


0.85 if f ′c ≤ 27.57 MPa

0.85− 0.05(f ′c − 27.57)/6.9 if 27.57 < f ′c ≤ 55.15 MPa
0.65 if f ′c > 55.15 MPa

(13.25)

Assuming that the tensile steel reinforcement is yielded, i.e., εs ≥ εy, the position
of the neutral axis is determined by substituting (13.24–13.25) and (13.21–13.22)
into (13.19)

0.85f ′cβ1cb− EfAf
(
εcu

h− c
c
− εbi

)
−Asfy = 0 (13.26)

which can be written as

A1c
2 +A2c+A3 = 0 (13.27)

A1 = 0.85f ′cβ1b

A2 = EfAf (εcu + εbi)−Asfy
A3 = −hEfAfεcu

Solving (13.27) for c, the strains in the FRP and the steel reinforcement given
by (13.21) and (13.22) must satisfy the following conditions

εf < εfe, εs ≥ εy (13.28)

6The stress-block analysis gives accurate results mainly when the compressive strain at the top
surface is close to the strain-to-failure (ultimate strain) of concrete.
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Figure 13.8: Weak strengthening configuration: strain, stress, and stress resultants
in the strengthened system.

In the case of steel reinforcement not yielded, i.e., εs < εy, (13.23) holds and the
position of the neutral axis is determined by solving the following equation

0.85f ′cβ1bc− EfAf
(
εcu

h− c
c
− εbi

)
−AsEsεcu

d− c
c

= 0 (13.29)

Making some simplifications, (13.29) can be written as

A1c
2 +A2c+A3 = 0 (13.30)

A1 = 0.85f ′cβ1b

A2 = EfAf (εcu + εbi) +AsEsεcu

A3 = −hEfAfεcu − dAsEsεcu

Solving for c, the FRP and steel reinforcement strains given by (13.21) and
(13.23) must satisfy the following conditions

εf < εfe, εs < εy (13.31)

The nominal moment capacity Mn is obtained from moment equilibrium with
respect to the point of application of the concrete stress resultant, as follows

Mn = Ts

(
d− β1c

2

)
+ ψfAfEf εf

(
h− β1c

2

)
(13.32)

where ψf is a reduction factor, with a recommended value of 0.85 according to ACI
guidelines, and Ts is given by (13.22) or (13.23) for yielded or not yielded steel
reinforcement, respectively. Finally, the factored moment capacity is equal to φMn,
with φ given by (13.15).

13.3.5 Weak Strengthening Configuration (WSC)

For WSC, failure is reached in the FRP first. The strain distribution in the FRP is
fixed to the effective value, i.e., εf = εfe, whereas the strain in the concrete is always
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below the ultimate, i.e., εc < εcu (Figure 13.8). In view of the linear distribution of
strain, the following relationships hold

εc = (εfe + εbi)
c

h− c
< εcu (Compression fiber) (13.33)

εf = εfe (FRP) (13.34)

εs = (εfe + εbi)
d− c
h− c

(Tensile steel) (13.35)

where εbi is the initial strain. The depth c of the neutral axis is determined from
the balance between compressive and tensile forces along the longitudinal direction

C − Ts − Tf = 0 (13.36)

with

C =

c∫
0

σc (y) b dy (Concrete) (13.37)

Tf = Afffe = AfEfεfe (FRP) (13.38)

Ts = Asfy (steel-yielded) (13.39)

Ts = Asfs = AsEs (εfe + εbi)
d− c
h− c

(steel-not yielded) (13.40)

Since in this case the concrete strain is less than the ultimate, i.e., εc < εcu,
Whitney’s stress-block might not be accurate enough. However, the stress-block can
be used to estimate the depth c of the neutral axis. In the case of steel reinforcement
yielded, (13.39) is verified and the depth c of the neutral axis is determined by (13.36)
as

0.85f ′cβ1bc−Asfy −Afffe = 0 (13.41)

which gives

c =
Asfy +Afffe

0.85f ′cβ1b
(13.42)

For this value of c, the following conditions concerning the strains in steel and
concrete must be checked

εc = (εbi + εfe)
c

h− c
< εcu (13.43)

εs = (εbi + εfe)
d− c
h− c

≥ εy (13.44)

In the case of steel reinforcement not yielded (13.40) holds and the depth c of
the neutral axis is obtained by solving (13.36), rewritten as

0.85f ′cβ1bc−AsEs(εfe + εbi)
d− c
h− c

−Afffe = 0 (13.45)
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Equation (13.45) can be rewritten as

B1c
2 +B2c+B3 = 0 (13.46)

B1 = 0.85f ′cβ1b

B2 = −
[
EsAs (εfe + εbi) + EfAfεfe + 0.85f ′cβ1bh

]
B3 = hEfAfεfe + dAsEs (εfe + εbi)

Once the position of the neutral axis is determined by solving (13.46), the nom-
inal moment capacity Mn is obtained from the moment equilibrium equation with
respect to the point of application of the concrete stress resultant, as follows

Mn = Ts

(
d− β1c

2

)
+ ψfAfffe

(
h− β1c

2

)
(13.47)

with Ts equal to (13.39) or (13.40) in the case of yielded or not yielded steel rein-
forcement, respectively, and ψf is a reduction factor, with a recommended value of
0.85 from ACI guidelines. Finally, the factored moment capacity is equal to φMn,
with φ given by (13.15).

13.3.6 Balanced Strengthening Configuration (BSC)

The balanced configuration refers to a strain distribution for which simultaneous
failure of concrete and FRP is predicted. This limit case is frequently analyzed for
design purposes because it corresponds to the maximum utilization of the strength of
both materials, but it is not used in practice because the WSC is safer, introducing
ductility into the structure. Also BSC cannot be achieved in practice because the
FRP area given by the vendors typically does not match exactly the value required
for a balanced configuration. Since the strain distribution on the section is known,
the position of the neutral axis cb is evaluated as a function of concrete and FRP
strain values as

cb =
εcuh

εcu + (εfe + εbi)
(13.48)

where the strain in the steel reinforcement is determined as

εs =
εcu
cb

(d− cb) (13.49)

Once the position of the neutral axis is known, equilibrium can be utilized to
determine the FRP area as

C − Ts − Tf = 0 (13.50)

where

C = 0.85f ′cβ1cbb (compressive, concrete) (13.51)

Tf = EfAfbεfe (tensile, FRP) (13.52)

Ts = Asfy if εs =
εcu
cb

(d− cb) ≥ εy (tensile after steel yields) (13.53)

Ts = AsEsεs if εs =
εcu
cb

(d− cb) < εy (tensile before steel yields) (13.54)



458 Introduction to Composite Materials Design

Substituting, (13.51–13.53) or (13.51–13.52), (13.54) for the case of steel re-
inforcement yielded or not-yielded, respectively, an estimate of the FRP area is
obtained as

Afb =
1

Efεfe

(
0.85f ′cβ1bcb −Asfy

)
( steel yielded) (13.55)

Afb =
1

Efεfe

(
0.85f ′cβ1bcb −AsEs

εcu
cb

(d− cb)
)

(not yielded) (13.56)

Finally, the nominal moment capacity is obtained by moment equilibrium with
respect to the point of application of the concrete stress resultant, as follows

Mnb = Asfs

(
d− β1cb

2

)
+ ψfAfbffe

(
h− β1cb

2

)
(13.57)

where the factored moment capacity is equal to φMnb, with φ given by (13.15). The
area of FRP Afb predicted by (13.55–13.56) needs to be rounded upward to the
nearest available section available in the market. For Af < Afb, the member is in
the range of WSC failure mode and failure occurs in the FRP. The distance to the
neutral axis is less than for the balanced configuration, i.e., c < cb; thus, the moment
capacity is less than for the balanced configuration. For Af > Afb, the member is
in the range of SSC failure mode and failure occurs in the concrete. The distance
to the neutral axis is larger than for the balanced configuration, i.e., c > cb, thus a
larger value of the moment capacity is expected.

FRP reinforcement works well for beams with small amount of the steel rein-
forcement (under-reinforced sections), in which the failure in the unstrengthened
beam involves yielding of the steel bars. In this case, the FRP can be considered an
addition to the steel reinforcement; the capacity of the member is improved as soon
as the FRP is introduced. On the contrary, for beams reinforced with too much
steel (over-reinforced sections), the addition of FRP does not increase the moment
capacity of the member, because the introduction of FRP does not influence sig-
nificantly the failure mechanism of the section, which is based on the failure of the
concrete.

13.3.7 Serviceability Limit States

The serviceability limit states check the performance of the structure under the
service loading conditions to seek durability, efficiency, and appropriate working
conditions. In the framework of FRP strengthening of RC beams, specific guidelines
are provided to control the maximum allowable stresses in the FRP, the concrete,
and the reinforcement steel bars.

First, the stress levels in the steel bars fs,s is limited to be less than 80% of the
yield stress

fs,s ≤ 0.8fy (13.58)

Second, the stress level in the concrete fc,s is limited to be less than 45% of the
compressive strength

fc,s ≤ 0.45f ′c (13.59)
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These restrictions are introduced to avoid excessive deformations under in-service
loads and undesirable deflections that can limit the use and the efficiency of the
structure. Similar limitations on the stresses are introduced to prevent creep rupture
and fatigue of the FRP system, as follows

ff,s ≤
0.20ffu (glass FRP)
0.30ffu (aramid FRP)
0.55ffu (carbon FRP)

(13.60)

The following calculation can be applied for each loading stage associated to the
unstrengthened and strengthened configurations. Typically, under service loads, it is
assumed that the structure behaves as linear elastic, which is a good approximation
if the actual load does not damage the structure. Therefore, instead of the nonlinear
stress–strain relationship for concrete (13.8) and steel reinforcement (13.9), linear
behavior should be used for both materials. The following assumptions are used for
the analysis of the member under serviceability limit states:

1. The behavior of concrete, steel, and FRP are linear elastic.

2. The section remains planar and perpendicular to the deformed neutral axis.

3. The concrete, steel, and FRP are perfectly bonded.

4. The tensile resistance of the concrete is negligible.

First, the general case in which FRP, steel reinforcement, and concrete are
present is discussed. The stress distribution on the section requires the evalua-
tion of the neutral axis position (Figure 13.9a). This is achieved by means of the
equilibrium equation along the length of the beam

C − Ts − Tf = 0 (13.61)

where
C = Ecεccb/2; Ts = EsεsAs; Tf = EfεfAf (13.62)

Due to linearity of the strain in the section, the following relationships hold

εf =
(h− c)
c

εc; εs =
(d− c)
c

εc. (13.63)

Substituting (13.63) into (13.62) and then into (13.61), the equilibrium equation
is expressed as

Ecbc
2/2− EsAs (d− c)− EfAf (h− c) = 0 (13.64)

Equation (13.64) can be rewritten so that the position of the neutral axis (posi-
tive root) is obtained by solving the following quadratic equation

C1c
2 + C2c+ C3 = 0 (13.65)

C1 = Ecb/2

C2 = EsAs + EfAf

C3 = −EsAsd− EfAfh
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Figure 13.9: Serviceability limit state: (a) strain and stress distribution, (b) Stage
A (original structure), (c) FRP strengthened structure.

The stress distribution in the steel reinforcement, in the FRP, and in the far-
thermost surface of the concrete is obtained as

fc = EcM c/(EI)cr
fs = EsM (d− c)/(EI)cr
ff = EfM (h− c)/(EI)cr (13.66)

where M is the required moment capacity corresponding to the serviceability loading
combinations and (EI)cr is the bending stiffness of the cracked section given by the
following formula

(EI)cr = Ecbc
3/3 + EsAs (d− c)2 + EfAf (h− c)2 (13.67)

The service stress in the steel reinforcing bar is calculated by taking into account
two different stages. The first stage (stage A) refers to the original configuration of
the structure before the FRP is applied. Only dead loads and a reduced amount
of live loads are applied at this stage. Also, limitations on the stress given by
(13.58–13.59) apply. Once the FRP is installed, the member works as a combined
strengthened system (stage B); thus, the restriction given by (13.60) should be
considered, taking into account the loading combinations given by the serviceability
limit states, i.e., (13.1) not factored. Serviceability solutions for stage A and stage
B are derived using (13.61–13.66) for Af = 0 and Af 6= 0, respectively.
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Stage A: Initial configuration

In stage A (Figure 13.9b), the initial position of the neutral axis cA is determined
by solving (13.65) specialized for Af = 0, as follows

C1c
2
A + C2cA + C3 = 0 (13.68)

C1 = Ecb/2

C2 = EsAs

C3 = −EsAsd

The stresses in the concrete and the steel are given by substituting (13.67) with
Af = 0 into Eq (13.66) as follows

fAc = Ec
MAcA

Ecbc3
A/3 + EsAs (d− cA)2 (13.69)

fAs = Es
MA (d− cA)

Ecbc3
A/3 + EsAs (d− cA)2 (13.70)

where MA represents the external moment corresponding to stage A, which is fre-
quently taken as a function of dead loads only, i.e., MA = MDL. It is also possible
to calculate the initial strain εbi, (typically due to dead load only), at the surface
where the FRP will be placed, as

εbi =
MDL (h− cA)

(EI)cr
(13.71)

Stage B: Strengthened configuration

Once the beam is strengthened, the stress distribution is calculated with reference
to the loading combinations of the serviceability limit states, which reproduce the
in-service loads. In stage B, the member is strengthened; thus, the neutral axis cB
is determined by (13.64), which takes into account the contribution of the FRP.
The additional stresses in the concrete and the steel reinforcement are evaluated
substituting (13.67) into the second of (13.66), with M = MB −MA representing
the supplementary moment due to the serviceability loading combinations added to
stage A, as follows

fBc = Ec
(MB −MA) cB

Ecbc3
B/3 + EsAs (d− cB)2 + EfAf (h− cB)2 (13.72)

fBs = Es
(MB −MA) (d− cB)

Ecbc3
B/3 + EsAs (d− cB)2 + EfAf (h− cB)2 (13.73)

Finally, the total stresses in the concrete and the steel reinforcement are deter-
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mined by adding (13.69–13.70) and (13.72–13.73) as

fc = fAc + fBc (13.74)

fc =
EcMAcA

Ecbc3
A/3 + EsAs (d− cA)2 +

Ec (MB −MA) cB

Ecbc3
B/3 + EsAs (d− cB)2 + EfAf (h− cB)2

fs = fAs + fBs (13.75)

fs =
EsMA (d− cA)

Ecbc3
A/3 + EsAs (d− cA)2 +

Es (MB −MA) (d− cB)

Ecbc3
B/3 + EsAs (d− cB)2 + EfAf (h− cB)2

The FRP is active in stage B only (Figure 13.9c). The corresponding stress can
be computed by solving for ff in the following relationship

εs
(d− cB)

=
fs

Es (d− cB)
=

ff + Efεbi
Ef (h− cB)

(13.76)

that leads to a final value of the stress

ff = fs

(
Ef
Es

)
h− cB
d− cB

− εbiEf (13.77)

Example 13.1 Determine the moment capacity of a RC beam reinforced on the tension
side with three #5 (d=16 mm) grade 60 bars, f ′c = 27.57 MPa, and fy = 413.68 MPa.
The dimensions of the cross section are: width b = 300 mm, height h = 500 mm, and
the concrete cover thickness is δ = h− d = 30 mm, where “d” is the distance between the
tension reinforcing bar (rebar) and the topmost (compression) fiber (surface) of the beam.
The initial deformation of the original, unstrengthened structure is εbi = 0.0060. The
beam is subjected to interior environmental exposure, and strengthened with carbon FRP
with the following properties: f∗fu = 2800 MPa, ε∗fu = 0.017, bf = 200 mm, tf = 1.0 mm,
n = 1.

Solution to Example 13.1 Preliminary design values for the FRP are found using (13.10)
for CE = 0.95 (interior environmental exposure, Table 13.2)

ffu = CEf
∗
fu = 0.95× 2800 = 2660 MPa

εfu = CEε
∗
fu = 0.95× 0.017 = 0.0161

The debonding strain εfd, effective strain εfe, and stress ffe are determined by using (13.11)
and (13.12) as follows

εfd = 0.41

√
f ′c

nEf tf
= 0.41

√
27.57

1.0× 2800/0.017× 1.0
= 0.0053 ≤ 0.0144 = 0.9 εfu

εfe = min (εfd, 0.9 εfu) = min (0.0053, 0.0144) = 0.0053 = εfd

ffe = Efεfe = 873.68 MPa
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Strong Strengthening Configuration (SSC) The position of the neutral axis is
determined by assuming a trial strain distribution corresponding to SSC with steel rein-
forcement yielded (13.26) as follows

A1c
2 +A2c+A3 = 0→ c ' 87.1 mm

where

A1 = 0.85f ′cβ1b = 0.85× 27.57× 0.85× 300 = 5975.79 N/mm

A2 = EfAf (εcu + εbi)−Asfy
A2 = 164705× 200× (0.003 + 0.006)− 603× 413.68 = 47018N

A3 = −hEfAfεcu = −500× 164705× 200× 0.003 = −4.941× 107 N mm

Next, the assumed failure mode must be verified. Using (13.16–13.18), the strain distribution
must be consistent with SSC, in which the FRP is in the elastic range, as follows

εf = εcu(h− c)/c− εbi = 0.003(500− 87.1)/87.1− 0.006

εf = 0.0082 < 0.0053=εfe [not verified]

εs = εcu(d− c)/c = 0.003(470− 87.1)/87.1

εs = 0.0131 > 0.002 =εy [verified]

Since one of the conditions is not verified, i.e., the FRP is not in the elastic range, a new
trial failure mode must be considered.

Weak Strengthening Configuration (WSC) The WSC strain distribution refers
to the failure of the FRP with steel yielded. The neutral axis is determined using (13.42),
which uses the stress-block

c =
Asfy +AfEfεfe

(0.85f ′cβ1b)
=

603× 413.68 + 200× (164705× 0.0053)

0.85× 27.57× 0.85× 300
' 71.0 mm

Once the position of the neutral axis is determined, the inequalities (13.43–13.44) should be
verified

εc = (εfe + εbi) c/(h− c)
= (0.0053 + 0.006) 71/(500− 71) = 0.0018 ≤ 0.003 =εcu [verified]

εs = (εfe + εbi) (d− c)/(h− c)
= (0.0053 + 0.006) (470− 71)/(500− 71) = 0.0105 ≥ 0.002 =εy [verified]

Finally, the nominal moment capacity is obtained by (13.47) with Ts given by (13.39) as
follows

Mn =Asfy (d− β1c/2) + ψfAfffe (h− β1c/2)

Mn =603× 413.68× (470− 0.85× 71/2)

+ 0.85× 200× 873.68× (500− 0.85× 71/2)

Mn '1.795× 108 Nmm

where, utilizing (13.15), the factored moment capacity is

(φMn) =
(
0.9× 1.795× 108

)
= 1.615× 108 N mm
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In the previous calculation, the stress-block method may not be accurate because the strain
at the top surface of the concrete is lower than the strain-to-failure of concrete, i.e., εc =
0.0018 < 0.003. The exact solution should consider the actual stress distribution (13.8).
The actual position of the neutral axis can be calculated by using (13.36) as

C − Ts − Tf = 0 (13.78)

where the compressive resultant “C” is obtained by substituting (13.8) into (13.37), Ts =
Asfy = 603× 413.68 = 2.49× 105 N and Tf = Afffe = 200× 873.68 = 1.74× 105 N . The
position of the neutral axis “c” is the root of (13.78), c = 86.2 mm. Finally, the nominal
moment capacity is determined by using (13.47), as Mn = 1.83 × 108 Nmm, which is in
good agreement with the value obtained by the use of the stress-block method.

13.3.8 Summary Design Procedure: Bending

Input data: required moment capacity Mu, area of steel reinforcement As, geom-
etry of the section (b, h), concrete, steel, and FRP material properties f ′c, fy, f

∗
fu, ε

∗
fu.

Output data: factored moment capacity φMn, and FRP area Af .

Step 1 Obtain the values of the original design loads; that is, calculate the ini-
tial moment capacity of the original RC member, namely M0, by specializing the
analysis presented in previous sections for Af = 0. Calculate the maximum allow-
able increment of moment capacity in the original structure attainable with FRP
reinforcement by using (13.4).

Step 2 Determine the initial strain at the soffit of the beam and the initial stress
distribution before strengthening, that is, before the FRP is applied. Typically,
only dead loads are considered at this stage. The initial strain is calculated by using
(13.71) for cracked section.

Step 3 Select a strengthening system among those available in the market. The
properties, stress, and strain in the FRP are evaluated by (13.10–13.13) taking into
account environmental reduction factors dictated by the type of exposure of the
installation (Table 13.2).

Step 4 Calculate an initial estimate of the approximate area of FRP, as a function
of the additional moment ∆M carried by the FRP, given by the difference between
the required moment capacityMu and the initial moment capacity of the unstrength-
ened section φM0

Areqf =
Mu − φM0

φψf (Efεfd) (h− c0/2)
(13.79)

where c0 is the neutral axis of the unstrengthened section calculated in Step 2.
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Step 5 Determine the actual area of the FRP system and the corresponding mode
of failure (SSC or WSC). Configure the FRP area in terms of number of layers, width,
and layer thickness using FRP products available in the marketplace.

Step 6 Determine the capacity of the strengthened system. If (13.14) is not
verified, increase the FRP area and iterate until the factored moment capacity φMn

is greater than the required moment capacity Mu.

Step 7 Check the serviceability requirements.

Example 13.2 A simply supported RC beam has a span of 6300 mm and a rectangular
section 300 × 600 mm with three #6 bars (d=19 mm), with f ′c = 34.5 MPa for concrete
and fy = 413.68 MPa for steel. The original loads, before strengthening, are wDL =
13.5 N/mm (Dead) and wLL = 10.5 N/mm (Live). Due to a change of use of the
structure, a 60% increase of live loads is expected. A carbon FRP with material properties
f∗fu = 2200 MPa, ε∗fu = 0.011, tf = 0.333 mm is chosen to strengthen the structure with
an internal exposure condition. The concrete cover is 40 mm.

Solution to Example 13.2

Step 1 Determine the required moment capacity, the initial moment capacity, and the
maximum allowable reinforcement.
The required moment Mu for a simply supported beam is determined as a function of the
beam geometry and the factored dead and live loads using loading combinations from (13.1)

Mu = 1/8 [1.2 (wDL) + 1.6 (1.5× wLL)]L2

Mu = 1/8 [1.2 (13.5) + 1.6 (1.6× 10.5)] 63002

Mu = 2.13× 108 N mm (midspan)

Next, calculate the moment capacity of the original section. The neutral axis c0 and the
initial moment capacity M0 of the unstrengthened section member are given by (13.42),
(13.47), specialized for Af = 0 and by using (13.25) for β1, that is

c0 =
Asfy

(0.85f ′cβ1b)
=

850× 413.68

0.85× 34.5× 0.80× 300
' 50 mm

M0 = Asfy · (d−
c0 · β1

2
) = 850× 413.68 · (560− 50× 0.80

2
) = 1.89× 108 N mm

Since the factored moment capacity φM0 = 0.9 × 1.89 × 108 = 1.70 × 108 Nmm is lower
than the required moment capacity Mu = 2.13× 108 N mm, FRP strengthening is needed.

Now, (13.3) should be checked

φF = φM0 = 1.70× 108 ≥ 1/8 [1.1 (wDL) + 0.75 (1.6× wLL)]L2

φF = 1.36× 108 Nmm [verified]
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The maximum allowable reinforcement is given by (13.6) as

%max =
(S)

Streng.
req. − (S)

Unstreng.
req.

(S)
Unstreng.
req.

=
0.1 + 0.85SLL/SDL
1.1 + 0.75SLL/SDL

· 100

%max =
0.1 + 0.85× 1.25

1.1 + 0.75× 1.25
· 100 = 57%

and assuming, conservatively, that (Mu)
unstr
req ≈ φMo, the actual reinforcement ratio is

% =
(Mu)

Streng.
req. − (Mu)

Unstreng.
req.

(Mu)
Unstreng.
req.

=
2.13− 1.70

1.70
· 100 = 25% < 57% [verified]

Step 2 Determine the state of strain at the soffit of the beam.
In order to calculate the initial strain at the soffit of the section, the position of the neutral
axis is estimated by (13.68) as

C1c
2
A + C2cA + C3 = 0→ cA = 132 mm

with

C1 = Ecb/2 = 27606× 300/2 = 4.14× 106 N/mm

C2 = EsAs = 200000× 850 = 1.70× 108 N

C3 = −EsAsd = −200000× 850× 560 = −9.52× 1010 N mm

The strain at the soffit is determined by means of Eq. (13.71) as follows

εbi =
MDL (h− cA)

(EI)cr
=

6.69× 107 × (600− 132)

3.749× 1013
' 0.00083

where the flexural stiffness is calculated by using (13.67) specialized for Af = 0 and the
bending moment refers to a loading condition with only dead loads applied

(EI)cr = Ecbc
3
A/3 + EsAs (d− cA)

2
= 3.749× 1013 Nmm2

MDL = 1/8wDLL
2 = (1/8)13.5× 63002 ∼= 6.69× 107 Nmm

Step 3 Choose the strengthened system.
Preliminary design quantities regarding the FRP are determined by means of (13.10) with
CE = 0.95 (Table 13.2) and f∗fu from product literature (see also [4]),

ffu = CEf
∗
fu= 0.95× 2200 = 2090 MPa

εfu = CEε
∗
fu= 0.95× 0.011 = 0.0104

Ef = ffu/εfu = 2.00× 105 MPa

Step 4 Design the FRP reinforcement.
As a trial, the effective strain in the FRP is calculated for one layer (n = 1)

εfd = 0.41

√
f ′c

nEf tf
= 0.41

√
34.5

1.0× 2.00× 105 × 0.333
= 0.0093 ≤ 0.0094 = 0.9εfu

εfe = min (εfd, 0.9εfu) = min (0.0093, 0.0094) = 0.0093 = εfd
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The FRP is dimensioned by means of (13.79), as

Areqf = ∆M/ [φψf (Efεfe) (h− c0/2)]

Areqf = (2.13− 1.70)× 108/
[
0.9× 0.85× 2.00× 105 × 0.0093× (600− 132/2)

]
' 57 mm2

An estimate of the FRP area is determined using the balanced strengthening configuration
(BSC). Assuming an FRP reinforcement with one layer, the neutral axis and the strain in
the steel reinforcement are determined by (13.48–13.49) as

cb =
εcuh

εcu + (εfe + εbi)
=

0.003× 600

0.003 + (0.0093 + 0.00083)
= 137 mm

εs =
εcu
cb

(d− cb) =
0.003

137
(560− 137) = 0.0093 > εy = 0.002

Since the steel reinforcement has yielded, the required area of FRP is determined by (13.55)

Afb =
1

Efεfe
(0.85f ′cβ1bcb −Asfy)

Afb =
(0.85× 34.5× 0.80× 300× 137− 850× 413.68)

(2.00× 105 × 0.0093)
= 330 mm2

Step 5 Configure the FRP.
The actual FRP configuration is chosen among the geometries available in the market and
consistently with the predicted value in the dimensioning procedure. One such geometry can
be obtained is the following

n = 1, tf = 0.333 mm, bf = 200 mm→
(
Af = 66.6 mm2

)
Step 6 Calculate the moment capacity. Since the actual area Af is lower than the required
area Afb, WSC is obtained. The position of the neutral axis is found by assuming a strain
distribution based on WSC with steel reinforcement yielded. The trial neutral axis is found
using (13.42) as

c =
Asfy +AfEfεfe

(0.85f ′cβ1b)
=

850× 413.68 + 66.6×
(
2.00× 105 × 0.0093

)
0.85× 34.5× 0.80× 300

' 67 mm

Subsequently, the assumed failure mode must be verified. Using (13.33–13.35), the strains
on the section should satisfy the following

εc = (εfd + εbi)
c

h− c
= (0.0093 + 0.00083)

67

600− 67
= 0.00127 ≤ 0.003 =εcu [verified]

εs = (εfd + εbi)
d− c
h− c

= (0.0093 + 0.00083)
560− 67

600− 67
= 0.00937 ≥ 0.002 =εy [verified]

The nominal moment capacity is obtained by (13.45) with Ts given by (13.39) as follows

Mn = Asfy (d− β1c/2) + ψfAfffe (h− β1c/2)

Mn = 850× 413.68× (560− 0.80× 67/2) + 0.85× 66.6× 1866× (600− 0.80× 67/2)

Mn = 2.47× 108 N mm

Finally, the factored moment capacity is given by

φMn = 0.9× 2.47× 108 = 2.22× 108 N mm > Mu = 2.13× 108 N mm
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Figure 13.10: Crack distribution on a continuously supported beam subject to grav-
ity and external loads.

Step 7 Check the serviceability requirements.
According to (13.58,13.59) and the third of (13.60), the following limits on the applied stress
level should be taken into account

fs,s ≤ 0.8fy (steel reinforcement)

fc,s ≤ 0.45f ′c (concrete)

ff,s ≤ 0.55ffu (carbon FRP)

The moments in the serviceability condition are determined from

MA = 1/8 [wDL]L2 = 1/8 [13.5] 63002 ∼= 6.69× 107Nmm (Dead loads)

MB = 1/8 [wDL + wLL]L2

= 1/8 [13.5 + 16.8] 63002 ∼= 1.50× 108 Nmm (Dead + Live loads)

The stress levels in the concrete and the steel are evaluated by determining the position of the
neutral axis (stage A), which has been previously determined in Step 2, i.e., cA = 132 mm.
The corresponding stress level is determined by (13.69–13.70) as

fAc = Ec
MAcA

Ecbc3A/3 + EsAs (d− cA)
2

fAc = 27606
6.69× 107 × 132

27606× 300× 1323/3 + 2.0× 105 × 850× (560− 132)
2 = 6.5 MPa

fAs = Es
MA (d− cA)

Ecbc3A/3 + EsAs (d− cA)
2

fAs = 2.0× 105 6.69× 107 × (560− 132)

27606× 300× 1323/3 + 2.0× 105 × 850× (560− 132)
2
∼= 153 MPa

When the FRP is installed, the serviceability loading condition including dead and live loads
should be checked (stage B). In this configuration, the position of the neutral axis is deter-
mined by (13.65) as

C1c
2
B + C2cB + C3 = 0→ cB = 137 mm (stage B)
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with

C1 =
Ecb

2
= 4.14× 106 N/mm,

C2 = EsAs + EfAf = 1.83× 108 N,

C3 = −EsAsd− EfAfh = −1.03× 1011Nmm

The additional stress in the steel is determined by (13.72–13.73) as

fBc = Ec
(MB −MA) cB

Ecbc3B/3 + EsAs (d− cB)
2

+ EfAf (h− cB)
2

fBc = 27606

(
1.50× 108 − 6.91× 107

)
× 137

4.03× 1013
∼= 7.8 MPa

fBs = Es
(MB −MA) (d− cB)

Ecbc3B/3 + EsAs (d− cB)
2

+ EfAf (h− cB)
2

fBs = 2.0× 105

(
1.50× 108 − 6.91× 107

)
× (560− 137)

4.03× 1013
∼= 175 MPa

and the total stresses obtained by adding the contributions arising from stage A and stage B
as

fs,s = fAs + fBs = 328 MPa < 0.8fy = 330 MPa

fc,s = fAc + fBc = 14.30 MPa < 0.45fc = 15.52 MPa

The corresponding stress level in the FRP is determined by (13.77) as

ff,s = fs,s

(
Ef
Es

)
h− cB
d− cB

− εbiEf

ff,s = 328×
(

2.0× 105

2.0× 105

)
600− 137

560− 137
− 0.00083× 2.00× 105

ff,s = 193 < 0.55ffu = 1149 MPa

Figure 13.11: Crack pattern for a simply supported beam.

13.4 Shear Strengthening

RC beams under shear load are affected by several damage mechanisms. A schematic
representation of possible crack distributions is shown in Figure 13.10. Vertical
cracks affect the beam where flexural stresses prevail, diagonal cracks appear where
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shear stresses dominate, and mixed flexural-shear cracks are observed in the transi-
tion zones.

Crack patterns correlate with the principal stress trajectories shown in Figure
13.11. Due to the low tensile strength of concrete, cracks are formed normal to the
tensile principal stress directions. In RC beams, steel stirrups are placed perpen-
dicularly to the tensile stress directions to prevent concrete cracking in shear.

The RC structure can be further strengthened by the use of FRP laminates
and fabrics, which are applied externally to the concrete faces to increase the shear
capacity of the member. Typical reinforcement configurations for continuous and
discontinuous arrangements are reported in Figure 13.12. Complete wrapping of all
sides of columns is customary, but typically beams are wrapped only where needed.

Figure 13.12: Possible configurations for shear strengthening with FRP.

In order to prevent beams from reaching critical failure modes, such as delami-
nation and debonding, the maximum strain in the FRP is limited according to the
following expressions [288]

εfe = 0.004 ≤ 0.75εfu (Four-sided) (13.80)

εfe = κvεfu ≤ 0.004 (Three- and two-sided) (13.81)

where κv is the bond reduction factor. This quantity is expressed as a function of
the concrete strength f ′c (in MPa), the wrapping scheme, and the active length of
the bonding zone Le (in mm) as follows

κv =
k1k2Le

11, 900εfu
≤ 0.75 (13.82)



Strengthening of Reinforced Concrete 471

with

Le =
23, 300

(nf tfEf )0.58 k1 =

(
f ′c
27

)2/3

(13.83)

k2 =
dfv − Le
dfv

(three-sided) (13.84)

k2 =
dfv − 2Le

dfv
(two-sided) (13.85)

where dfv is the depth of FRP shear reinforcement, as shown in Figure 13.13b.
The ultimate shear capacity is predicted by adding the resistance provided by

the concrete C, the steel S, and FRP F . According to ACI guidelines, the shear
strength of concrete is determined by

f

Figure 13.13: Possible configurations for shear strengthening: (a) steel, (b) FRP,
(c) truss analogy.

Vc = 0.17λbd
√
f ′c (shear and flexure) (13.86)

Vc = 0.17λ

(
1 +

Nu

14Ag

)
bd
√
f ′c (axial compression) (13.87)

where λ is 1 for normal weight concrete and 0.75 for light weight concrete, Nu is
the factored axial force occurring in the loading combination given by (13.1), Ag is
gross area of concrete, and Nu/Ag is the axial compression.

The failure mechanism involved in the FRP and the steel is based on truss
analogy (Figure 13.13). The crack patterns reduce the beam to diagonal concrete
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elements under compressive loads, which are almost parallel to the isostatic lines of
compression. These elements are connected to longitudinal and vertical steel and
FRP elements, which are subjected to tensile forces. The ultimate shear capacity
due to the steel Vs and FRP Vf are expressed as a function of number of intersecting
FRP strips nf and steel bars ns (Figure 13.13), as

Vs = fyAsvns sinα ; Vf = ffeAfvnf sinαf (13.88)

where ffe = Efεfe with εfe given by (13.80–13.81); α, αf are the inclination angle
of the steel and FRP, respectively; and Asv, Afv are the areas of the steel and FRP
reinforcements, respectively. The number of the steel and FRP elements can be
expressed as a function of the spacing and depth of the steel (ss, d) and the FRP
(sf , df ), as

ns =
d

ss
[1 + cotα] ; nf =

df
sf

[1 + cotαf ] (13.89)

Substituting the first of (13.89) into (13.88), the nominal shear capacity of in-
clined steel elements is found as

Vs = fyAsv
d

ss
[sinα+ cosα] (13.90)

Similarity, substituting the second of (13.89) into (13.88), the nominal shear
capacity of FRP based on intermittent strips of width wf and spacing sf , i.e.,
Afv = 2nf tfwf , is given by

Vf = ffe (2nf tfwf )
dfv
sf

[sinαf + cosαf ] (13.91)

In the case of continuous FRP reinforcement, the contribution of the FRP to the
nominal shear capacity can be obtained from (13.91) by substituting wf = sf sin (αf )
for wf , leading to

Vf = ffe2nf tfdfv sinαf [sinαf + cosαf ] (13.92)

Usually, steel and FRP elements are placed vertically. Then, (13.90–13.92) with
α = αf = 90◦ reduce to

Vs = fyAsvd/ss (13.93)

Vf = (2nf tfwf ) ffedfv/sf (discontinuous) (13.94)

Vf = (2nf tf ) ffedfv (continuous)

Discontinuous FRP reinforcement is preferred because moisture can dry up while
continuous reinforcement may trap moisture between the FRP and concrete, which
may precipitate debonding and delamination [291]. The nominal shear capacity is
derived as the sum of the contributions of the FRP, concrete, and steel reinforce-
ments

Vn = Vc + Vs + ψfVf (13.95)
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where ψf is a reduction factor (0.95 for four-sided wrapped, 0.85 for two- and three-
sided wrapped). ACI guidelines further limit the total shear reinforcement as follows

Vs + Vf ≤ 0.66
√
f ′cbd (13.96)

where the factored shear capacity φVn with φ = 0.75 (Table 13.1) must verify the
following

φVn ≥ Vu (13.97)

where Vu is the required shear capacity calculated in terms of the loading combination
given by (13.1).

13.4.1 Summary Design Procedure: Shear

Input data: required shear capacity Vu; area of inclined or vertical shear steel
reinforcement Asv; concrete geometry b, h; concrete, steel and FRP material prop-
erties f ′c, fy, f

∗
fu, ε∗fu.

Output data: factored shear capacity φVn; and shear FRP section area Afv.

Step 1 Determine the initial shear capacity of the unstrengthened RC member
and the required shear capacity for the strengthened member. The initial shear
capacity is determined by setting the contribution of the FRP to zero in (13.95).
The maximum allowable shear strengthening is calculated using (13.6).

Step 2 Calculate the number of the layers and the geometry of the shear rein-
forcement. An initial estimate of the number of layers can be obtained by (13.94)
and (13.95) with the equality Vu = φVn

nf =
1

ψf

[
Vu
φ
− Vc − Vs

]
1

2ffetfdfv sinαf (sinαf + cosαf )

where ffe is defined below (13.88), not to be confused with ffe given by (13.13).
Next calculate the factored shear capacity for the calculated number of layers nf
(integer value greater than the calculated one) and check (13.96) and (13.97). If it
is not verified, increase the number of the layers.

Example 13.3 Consider a simply supported RC beam with a span of 6.3 m and a rectan-
gular section with b = 300 mm, h = 500 mm, d = 460 mm, located inside a building. The
material properties of the RC structure are f ′c = 20.68 MPa for concrete and fy = 275.79
MPa for steel. The shear steel reinforcement is made of 2-leg #3 (d = 9.5 mm) vertical
steel bars with spacing ss = 200 mm. The loads on the original structure are wDL = 23
N/mm (Dead) and wLL = 12 N/mm (Live). Due to a change of the use of the struc-
ture, a 50% increase of the live loads is expected. A carbon FRP with material properties
f∗fu = 3700 MPa, ε∗fu = 0.016, tf = 0.200 mm is selected to strengthen the RC structure.
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Figure 13.14: (a) Loading configuration, (b) Shear diagram, (c) Discontinuous FRP
reinforcement.

Solution to Example 13.3 The following preliminary design parameters for concrete and
steel reinforcement are calculated as:
Concrete: f ′c = 20.68 MPa, Ac = 300× 500 = 1500 mm2

Transverse steel reinforcement: 2-leg #3 rebar (d = 9.5 mm), Asv = 2πd2/4 = 141.7 mm2,
fy = 275.79 MPa, ss = 200 mm.
Preliminary design quantities regarding the FRP are determined by means of (13.10) for
CE = 0.95 (interior environmental exposure, see Table 13.2) as follows

ffu = CEf
∗
fu= 0.95× 3700 = 3515 MPa

εfu = CEε
∗
fu= 0.95× 0.016 = 0.0152

Step 1 Determine the required shear capacity and the maximum allowable strengthening.
The required shear capacity in this case occurs at the support (Figure 13.14), and it is
determined as follows

Vu = 1/2 [1.2 (wDL) + 1.6 (1.5× wLL)]L

Vu = 1/2 [1.2 (23) + 1.6 (18)]× 6300 = 1.776× 105 N (support)

The factored shear capacity of the original structure is expressed as a function of the strength
of concrete f ′c and steel reinforcement fy only, by means of (13.86) and (13.93) as follows

Vc = 0.17bd
√
f ′c = 1.046× 105 N

Vs =
fyAsvd

ss
=0.898× 105 N

φ (Vc + Vs) = 0.75×
(
1.046× 105 + 0.898× 105

)
= 1.458× 105 N

In Figure 13.14, the shear diagram is compared to the resistance of the original structure,
showing that the additional capacity is required only within a distance from the support equal
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to LFRP = 1 m. The actual reinforcement %actual given by (13.6) should be lower than the
maximum allowable (13.4) %max, i.e.,

%actual =
(Vu)− φ (Vc + Vs)

φ (Vc + Vs)
× 100 = 21.8%

%max =
0.1 + 0.85wLL/wDL
1.1 + 0.75wLL/wDL

× 100 = 45.3%

Step 2 Determine the number of the layers and the geometry of the reinforcement.
It is important here to specify the typology of the shear strengthening. A three-sided wrapping
(ψf = 0.85) with dfv = 300 mm is considered. The required shear capacity of the FRP is

V Rf =
1

ψf

[
Vu
φ
− Vc − Vs

]
' 0.499× 105 N(required)

Since εfe = min [0.004, 0.75εfu] = 0.004, the number of layers is calculated with α = 90◦

and dfv = 300 mm, as follows

nf =
1

ψf

[
Vu
φ
− Vc − Vs

]
1

2ffetfdfv sinα (sinα+ cosα)

With nf = 1, the shear capacity for three-sided continuous wrapping is determined as follows

Le =
23300

(nf tfEf )
0.58 =

23300

(1× 0.2× 3700/0.016)
0.58 = 45.87 mm

k1 =

(
f ′c
27

)2/3

=

(
20.68

27

)2/3

= 0.837

k2 =
dfv − Le
dfv

= 0.847

κv =
k1k2Le

11900εfu
= 0.179 ≤ 0.75

εfe = κvεfu = 0.0027 ≤ 0.004

Vf = 2nf tfEfεfedfv = 0.759× 105 N > V Rf

Since the shear capacity provided by the continuous wrapping is much greater than the re-
quired shear capacity, an intermittent sheet is preferred. Assuming the width to be wf =
200 mm, the maximum allowable spacing is

smax
f =

2nf tfwfdfvffe
V Rf

≈ 304 mm

Using wf = 200 mm and sf = 300 mm, the shear capacity is

Vf = (2nf tfwf )
dfvffe
sf

= 0.506× 105 N > V Rf

Step 3 Check limitations on maximum allowable shear reinforcement.
According to (13.96) the following limitations for discontinuous shear strengthening must be
checked

Vs + Vf = 1.404× 105N ≤ 0.66
√
f ′cbd = 4.14× 105 N (continuous)

Vs + Vf = 1.658× 105N ≤ 0.66
√
f ′cbd = 4.14× 105 N (discontinuous)
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13.5 Beam-Column

A beam-column is subject mainly to axial load but may experience some bending
due to lateral loads, eccentricity of the axial load, geometric imperfections, etc. RC
columns are mainly subjected to axial and bending loads. They are utilized pri-
marily to support vertical loads, horizontal wind forces, and seismic loads. Typical
geometries of RC columns with rectangular or circular sections are shown in Figure
13.15. Similarly to RC beams, columns are reinforced by vertical and transverse
steel bars.

Figure 13.15: Type of columns: Vertical bars, transverse ties, and spirals steel
reinforcement.

FRP is used to increase the load capacity of RC columns subjected to pure axial
load or combined axial and bending loads. FRP strengthening consists of wrapping
the external face of the column using sheets or strips (Figure 13.16). Therefore, the
effect of FRP strengthening is to confine the concrete, thus increasing the confined
compressive strength of concrete.

A typical stress–strain curve for confined and unconfined concrete is shown in
Figure 13.17. The initial behavior is similar for both, until the unconfined strength
of concrete fc = f ′c is reached. As soon as concrete material is affected by distributed
cracks, the influence of FRP strengthening becomes noticeable and the mechanical
behavior is improved. The postcracking stress–strain relationship of confined con-
crete shows linear behavior [296–298] and its slope depends mainly on the stiffness
of the FRP material.

Since the FRP provides confinement only after a significant distribution of mi-
crocracks occurs in the concrete, a similarity between confined concrete and a liquid
confined in a pipe is noted. Concrete behaves similarly to a liquid, since it is cracked
and the FRP confining pressure on the perimeter is similar to those produced by a
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Figure 13.16: FRP reinforcement of the column.

thin-walled pipe. The confinement effect of FRP provides an improvement in the
stress–strain relationship only after substantial microcracks affect the concrete ma-
terial. The concrete stress–strain relationship in the elastic range is not influenced
by the FRP system; it increases the concrete resistance in the postcracking behavior
only. As a result, the FRP system is considered a passive strengthening system.

13.5.1 Column: Pure Axial Compression

First, the evaluation of the confinement effects provided by the FRP should be
identified. The ACI guidelines recommend calculating the confined compressive
strength of the concrete f ′cc as a function of the maximum confining pressure fl and
the initial concrete strength f ′c provided by the FRP, as

f ′cc = f ′c + 3.3ψfκafl (13.98)

where ψf is a reduction factor (equal to 0.95), κa is an efficiency factor that accounts
for the geometry of the section and it is defined as

κa = 1 (circular cross section) (13.99)

κa =
Ae
Ac

(
b2

h2

)
(rectangular cross section) (13.100)
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Figure 13.17: Idealized stress–strain behavior of FRP reinforcement for columns:
confined and unconfined behavior.

where Ac is the concrete area of the section in compression and Ae is the sectional
area of the effectively confined cross section defined as follows

Ae
Ac

=
1−

[
(b/h) (h− 2rc)

2 + (h/b) (b− 2rc)
2
]
/3Ag − ρg

1− ρg
(13.101)

with ρg = Ast/Ac as the longitudinal steel reinforcement ratio and rc as the radius of
the FRP corners (typically 25 mm). Experimental data support the use of (13.98)
for FRP confinement as well [297, 299]. To evaluate the confining pressure, ACI
guidelines propose the following relationship

fl =
2Efntfεfe

D
with εfe ≤ κεεfu (13.102)

where D is the diameter of circular section, or, for noncircular columns, the diameter
of an equivalent circular section external to the original one [288, Figure 12.3], [299,
Figure 1, p. 1152].

The effective strain εfe is expressed as a function of a strain efficiency factor κε
to account for premature failure of the FRP system, with an experimentally adjusted
value of 0.55. ACI guidelines introduce limitations on the minimum level of confine-
ment ratio fl/f

′
c and on the maximum compressive strain in the confined concrete

εccu to prevent excessive concrete cracking by means of the following inequalities

fl/f
′
c ≥ 0.08 (13.103)

εccu ≤ 0.01 with εccu = ε′c

[
1.5 + 12κb

fl
f ′c

(
εfe
ε′c

)0.45
]

(13.104)

where ε′c = 0.002 is the strain of unconfined concrete corresponding to f ′c. Moreover,
κb is an efficiency factor that accounts for the geometry of the section and it is defined
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as

κb = 1 (circular cross section) (13.105)

κb =
Ae
Ac

(
h

b

)0.5

(rectangular cross section) (13.106)

with Ae/Ac defined by (13.101). For noncircular sections, experimental observations
have shown that the confinement effect provided by FRP is quite limited, especially
for members with side aspect ratios h/b greater than 2.0 or face dimensions b or h
greater than 900 mm [288].

The design of the strengthening for axially loaded beams is based on assumptions
similar to those used for flexural strengthening, as follows

1. A constant strain distribution across the thickness of the column, limited by
the concrete (εc = εccu ≤ 0.01) and FRP deformations (εf = εfe ≤ 0.55εfu).

2. Perfect adhesion between concrete, steel, and FRP.

3. Negligible tensile resistance of the concrete.

Figure 13.18: Column geometry, strain and stress distribution.

The nominal axial capacity Pn of a nonslender, nonprestressed column strength-
ened by FRP system is determined taking into account the strength of confined
concrete and steel, by means of the following additive formula (Figure 13.18)

Pn = 0.85f ′cc (Ag −Ast) + fyAst (13.107)

where Ag is the gross area of the concrete and Ast is the steel area of the longitudinal
reinforcement.

To take into account unknown eccentricities of the applied loads, the nominal
axial capacity is penalized by introducing a factor φecc (equal to 0.85 for spiral
steel, 0.80 for tie steel), in addition to the customary strength reduction factor φ,
as follows

φPn = φ φecc
[
0.85f ′cc (Ag −Ast) + fyAst

]
(13.108)
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where φ is equal to 0.65 for tie steel, 0.75 for spiral steel reinforcement.

In order to prevent an excessive crack pattern under service loads, limitations
to the allowable stress in concrete fc and steel fs are introduced accordingly to the
ACI guidelines as follows

fc ≤ 0.65f ′c; fs ≤ 0.60fy (13.109)

The stress distribution is evaluated taking into account the serviceability loading
conditions. Due to assumed perfect adhesion between concrete and steel bars, the
applied strain can be expressed by the following relationship

ε =
P

Ec (Ag −Ast) + EsAst
=
fc
Ec

=
fs
Es

(13.110)

where P is the applied load given by the serviceability loading conditions. Therefore,
the applied stresses in concrete and steel reinforcement are calculated by means of
(13.110) and limitations according to (13.109) should be checked

fc = Ec
P

Ec (Ag −Ast) + EsAst
≤ 0.65f ′c (concrete) (13.111)

fs = Es
P

Ec (Ag −Ast) + EsAst
≤ 0.60fy (steel reinforcement) (13.112)

The design of the FRP strengthening further requires the evaluation of the
number of the layers n and their thickness tf .

13.5.2 Summary Design Procedure: Column

Input data: required axial force capacity Pu, total area of longitudinal steel rein-
forcement Ast, concrete geometry b, h; concrete, steel, and FRP material properties
f ′c, fy, f

∗
fu, ε∗fu.

Output data: factored nominal axial force φPn, and FRP thickness tf and num-
ber of layers n.

Step 1 Determine the required load capacity by the loading combination (13.1)
and the factored axial strength of unconfined column by (13.108) with f ′cc = f ′c.
Check the minimum and maximum allowable strengthening by (13.3) and (13.6).

Step 2 Calculate the confining pressure and the number of the layers. The
confined compressive strength of concrete is determined by solving (13.108) with
φPn = Pu as follows

f ′cc =
1

0.85 (Ag −Ast)

(
Pu
φφecc

− fyAst
)

(13.113)
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Step 3 Evaluate κa from (13.99) or (13.100) utilizing (13.101) and calculate the
confining pressure by solving (13.98) for fl as

fl =
f ′cc − f ′c
ψf3.3κa

(13.114)

Step 4 Determine the number of the layers solving for n from (13.102)

n =
Dfl

2tfEfεfe
(13.115)

Step 5 For the chosen FRP dimension, recalculate the factored axial strength by
using (13.108) and compare it with the required axial force.

Step 6 Check the service level of stresses as function of the serviceability loading
combinations by means of (13.111) and (13.112).

Example 13.4 Consider a nonslender, spirally wound column of diameter 450 mm, rein-
forced with 8 #4 bars (d = 13 mm) and spiral shear reinforcements, subjected to exterior
exposure. The materials of the unstrengthened RC column are f ′c = 27.57 MPa for con-
crete and fy = 275 MPa for steel reinforcement. The loads on the original structure are
PDL = 9.5 × 105N (Dead) and PLL = 8.5 × 105N (Live). Due to a change on the use
of the structure, a 50% increase of live loads is expected. Design the FRP reinforcement
using the following material properties: f∗fu = 3300 MPa, ε∗fu = 0.016, tf = 0.25 mm.

Solution to Example 13.4

Step 1 Determine the required load capacity and the maximum allowable strengthening.
According to (13.1) the required load capacity of the strengthened system for the new loading
is

Pu = 1.2 (PDL) + 1.6 (1.5PLL) = 1.2
(
9.5× 105

)
+ 1.6

(
1.5× 8.5× 105

)
= 3.18× 106 N

where the minimum load capacity of the unstrengthened is given by (13.3) as follows

(Pu)US = 1.1 (PDL)+0.75 (1.5PLL) = 1.1
(
9.5× 105

)
+0.75

(
1.5× 8.5× 105

)
= 2.01×106 N

The unstrengthened factored load capacity, i.e., (φPn)US, is determined by using (13.108)
for the unconfined column with f ′cc = f ′c, φecc = 0.85 (spiral steel), and φ = 0.75 (spiral
steel) as follows

(φPn)US = φφecc [0.85f ′c (Ag −Ast) + fyAst]

(φPn)US = 0.75× 0.85
[
0.85× 27.57×

(
1.589× 105 − 1061

)
+ 275× 1061

]
(φPn)US = 2.54× 106N > 2.01× 106 N

that satisfies
(φPn)US > (Pu)US
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Further limitations on FRP strengthening are imposed by (13.6) as follows

%max =
0.1 + 0.85(1.5PLL)/PDL
1.1 + 0.75(1.5PLL)/PDL

× 100 ' 59%

%actual =
(Pu)− (φPn)US

(φPn)US
× 100 = 25%

Step 2 Calculate the confining pressure and the number of the layers.
Preliminary design quantities regarding the FRP are determined by means of (13.10) for
CE = 0.85 (exterior environmental exposure, see Table 13.2) as follows

ffu = CEf
∗
fu= 0.85× 3300 = 2805 MPa

εfu = CEε
∗
fu=0.85× 0.016 = 0.0136

Ef = ffu/εfu = 2.062× 105 MPa

An estimate of the compressive strength of the confined concrete is calculated by using
(13.107) as

f ′cc =
1

0.85 (Ag −Ast)

(
Pu
φeccφ

− fyAst
)

=

=
1

0.85× (1.589× 105 − 1061)

(
3.18× 106

0.85× 0.75
− 275× 1061

)
= 35.0 MPa

where the confining pressure fl is estimated by (13.114) with ψf = 0.95 and κa = 1 because
the section is circular as

fl =
f ′cc − f ′c
3.3ψfκa

=
35.0− 27.57

3.3× 0.95
= 2.37 MPa

The number of the layers is found by using (13.115) as

n =
Dfl

2tfEfεfe
=

450× 2.37

2× 0.25× 2.062× 105 × 0.00748
= 1.38 ≈ 2

where εfe = 0.55× 0.0136 = 0.00748.

Step 3 Recalculate the factored axial strength capacity.
For n = 2, the confining pressure is derived by means of (13.102) and

fl =
2Efntfεfe

D
=

2× 2.062× 105 × 2× 0.25× 0.00748

450
= 3.428 MPa

where the concrete strength is determined by using (13.98) as

f ′cc = f ′c + 3.3ψfκafl = 27.57 + 3.3× 0.95× 1× 3.428 = 38.32 MPa

Finally, using (13.108) the factored-load capacity is given as

(φPn) = φφecc [0.85f ′cc (Ag −Ast) + fyAst]

(φPn) = 0.75× 0.85
[
0.85× 38.32×

(
1.589× 105 − 1061

)
+ 275× 1061

]
(φPn) = 3.46× 106 N > 3.18× 106N
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Step 4 Check limitations and the service level of stresses.
Limitations given by (13.103), (13.104)

fl/f
′
c =

3.428

27.57
= 0.124 ≥ 0.08

εccu = ε′c

[
1.5 + 12κb

fl
f ′c

(
εfe
ε′c

)0.45
]

εccu = 0.002

[
1.5 + 12× 0.124

(
0.00748

0.002

)0.45
]

εccu = 0.0084 < 0.01

The required strength Ps for the serviceability loading condition is

Ps = PDL+PLL = 2.225× 106 N

The stress levels for concrete and steel reinforcement are given by (13.111) and (13.112)

fc = (EcPs)/(Ec (Ag −Ast) + EsAst)

= (24, 678× 2.225× 106)/(24, 678×
(
1.589× 105 − 1061

)
+ 2.0× 105 × 1061)

= 13.37MPa ≤ 0.65f ′c

fs = (EsPs)/(Ec (Ag −Ast) + EsAst)

= (2.0× 105 × 2.225× 106)/(24, 678×
(
1.589× 105 − 1061

)
+ 2.0× 105 × 1061)

= 108.34MPa ≤ 0.60fy

13.5.3 Beam-Column: Combined Axial Compression and Bending

Eccentric axially loaded columns are characterized by combined axial forces and
bending moments. The strength of the member is determined as a combination of
previous cases. FRP reinforcement is used to confine the concrete thus increasing its
compressive and flexural strength. The presence of hoop FRP wrapping enhances
the shear strength of the column, preventing buckling of the steel bars. In order to
analyze the stress–strain behavior for confined FRP reinforcement, ACI guidelines
propose the following relationship [297,299]

fc =

{
Ecεc − (Ec − E2)2/(4f ′c)ε

2
c 0 ≤ εc ≤ ε′t

f ′c + E2εc ε′t ≤ εc ≤ εccu
(13.116)

with

E2 =
f ′cc − f ′c
εccu

; ε′t =
2f ′c

Ec − E2

The evaluation of the strength of the section is based on the following assump-
tions:

1. The section remains planar and perpendicular to the neutral axis.

2. The tensile resistance of concrete is negligible.
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3. Concrete, steel reinforcement, and FRP are assumed to be perfectly bonded.

The confining effect can be analyzed by means of the following additional as-
sumptions:

4. Compressive strength of concrete due to the presence of hoop wrapping is
improved and it is taken equal to f ′cc, obtained by (13.98).

5. Due to confining, the maximum concrete strain εccu is estimated according to
(13.104) with limitation on the maximum value εccu ≤ 0.01.

6. To ensure shear integrity of the confined concrete due to FRP reinforcement,
the effective strain in the FRP should be limited to εfe = 0.004 ≤ κεεfu.

Figure 13.19: (a) Typical load-moment interaction diagram, (b) Strain distributions
for the main failure modes.

The nominal capacity of the member is expressed as a function of the stress
resultants, i.e., the axial force and bending moment Pn,Mn. Interaction diagrams
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reproduce all possible failure modes of the column (Figure 13.19). ACI guidelines
limit the reinforcement effect provided by the FRP to those states in which the con-
crete fails reaching the ultimate compressive strain, i.e., εc = εccu. Therefore, the
interaction diagram of the strengthened section differs with respect to the uncon-
fined section only above the balanced configuration line in the P-M diagram (Figure
13.19). Moreover, to facilitate the construction of the interaction diagrams, ACI
guidelines suggest to evaluate bilinear curves passing through the following points:

• pure compression at uniform strain εccu (point A).

• strain distribution with extreme compressive fiber equal to εccu and zero strain
at the steel reinforcement close to the tensile fiber (point B).

• balanced failure configuration with compressive strain of concrete equal to εccu
and tensile strain of steel reinforcement equal to yielding (point C).

Figure 13.20: (a) Strain, stress, and resultants forces. (b) Stress-block equivalence
for confined section.

The interaction diagram is developed taking into account the equilibrium of the
axial force and bending moment resulting from a given strain and stress distribution
(Figure 13.20). The equilibrium equations for internal forces are written as

Pn = C −
ns∑
i=1

Rsi (13.117)

Mn = Pne = C

(
h

2
− cg

)
+

ns∑
i=

Rsi

(
di −

h

2

)
(13.118)

where ns is total number of steel bars, cg is the distance from the extreme com-
pression fiber of the compressive stress resultant, di is the distance of the i-th steel
bar from the compressive concrete fiber, Rsi is the tensile force of the i-th steel bar,
and e is the eccentricity of the stress resultant with respect to the centroid of the
geometric section. Since the distribution of strain is assumed to be linear through
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the thickness of the cross section, the strain at the i-th steel bar can be expressed
as a function of the concrete strain at the top fiber of the section as

εsi =
εc
c

(di − c) i = 1, ..., n (13.119)

In Figure 13.20, the compression stress resultant in concrete C for a confined
beam-column and its position cg = βc c/2 (Figure 13.20) with respect to the com-
pression fiber εccu are determined by the integration of stress–strain relationships
(13.116)

C =

c∫
0

fc (y)dy = αcf
′
ccβc c b (confined FRP) (13.120)

Alternatively, they can be determined as a function of the ratio f ′cc/f
′
c and the

failure compressive concrete strain εccu by utilizing confined stress-block coefficients
αc, βc, which are obtained by substituting a constant distribution of compressive
stresses equal to αc f

′
cc, spanning over the depth βcc, for the actual distribution of

the compressive stresses given by (13.116), as follows

c∫
0

fc (y) b dy − βc
(
f ′ccαc

)
b c = 0 (13.121)

c∫
0

fc (y) b (c− y)dy − βc
(
f ′ccαc

)
b c

(
c− βcc

2

)
= 0 (13.122)

The confined stress-block parameters αc, βc, are available in [4] in tabular and
graphic form for various values of compressive strength of concrete f ′c. For example,
curves of αc, βc vs. ε′cc for f ′c = 27.57 MPa are shown in Figure 13.21. In the plot,
values of the ratio r = f ′cc/f

′
c are shown incrementally from r = 1 to r = 3 on

increments of 0.2.
For an unconfined section, the compressive resultant and its centroid measured

with respect to the compressive fiber are determined by classical definition of Whit-
ney’s stress-block formula as

C =

c∫
0

fc (y)bdy = 0.85f ′cbβ1c (unconfined FRP) (13.123)

(13.124)

with cg = β1 c/2 and β1 expressed by (13.25).
The internal forces in the steel bars, for the cases of yielded and not yielded

bars, are given by the following expressions

Rsi = fsiAsi with fsi =


fy if εsi > εy
−fy if εsi < −εy
Esεsi if −εy < εsi < εy

(13.125)
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Figure 13.21: Confined stress-block parameters αc (solid lines) and βc (broken lines)
for concrete with f ′c = 27.57 MPa, parametrically for r = f ′cc/f

′
c on 0.2 increments.

See [4] for other values of f ′c.

Development of interaction diagrams requires an iterative calculation, with the
pair Pn,Mn evaluated by (13.117) and (13.118) for various strain distributions at
failure. For example, the point in the interaction diagram corresponding to the
steel-balanced configuration presents a strain distribution reaching simultaneously
the yield-strain (εsn = εy) and strain-to-failure (εc = εccu) in steel reinforcement
and concrete, respectively. Therefore, the position of the neutral axis as well as
the deformations of the compressive steel reinforcement are determined by a linear
distribution of strains as

c =
εccu

εccu + εy
dn (13.126)

εsi =
εccu
c

(di − c) i = 1, ..., ns (13.127)

The compressive and tensile stress resultants are derived by using (13.120) and
(13.125). The strength point of the section in the interaction diagram Pb,Mb is
determined from the equilibrium equations (13.117) and (13.118). The pair Pb,Mb

or Pb, eb corresponds to a point in the interaction diagram with failure mechanism
based on the balanced strengthening configuration (BSC). For lower eccentricities
e ≤ eb, the concrete crushes before yield of steel reinforcement, i.e., εs ≤ εy or
εs ≤ 0.002 for the case of grade 60 steel.
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The failure modes involving failure in the concrete with the steel not yielded are
known in the literature as compression-controlled. In this case, a brittle mode of
failure is expected without significant warning before collapse. On the other hand,
when the strain on the tensile steel reinforcement is greater or equal than 0.005,
the mode of failure is tension-controlled. In this case, the behavior of the member
is ductile and the corresponding failure mode results in high deflections and cracks
with ample warning before failure. Between tension- and compression-controlled
cases, there is a transition zone, in which combined ductile and brittle behaviors are
possible (Figure 13.19). In the transition and tension-controlled zones, the failure
mode is based on the yielding of the steel reinforcement with the concrete below
its ultimate value. Consequently, the FRP is not effective, since it only increases
the strength of the concrete due to confinement effect and, thus, unconfined and
confined strengths are virtually identical.

Alternately, interaction diagrams can be developed by assuming a value of the
eccentricity e = Mn/Pn, then writing the equilibrium equations to determine the
neutral axis position c and the load and moment capacities Pn,Mn. This procedure
is based on the assumption that the failure mode is known a priori. If the capacity
and the position of the neutral axis are sought for a given value of the eccentricity,
the following parameters are unknown

• the neutral axis, c

• the strain or stress level in i-th steel bars, εsi, fsi

• the load Pn for the given capacity eccentricity, e

Then, the interaction diagram can be developed by means of the following iter-
ative procedure

1. Select a trial value of the neutral axis position c. Typical values should be
chosen in the range between tension- and compression-controlled cases for
unstrengthened sections, i.e.,

(a) compression-controlled: c/d = ε/(0.002 + ε) = 0.6

(b) tension-controlled: c/d = ε/(0.005 + ε) = 0.375

2. Calculate the stress resultants in the tension and compression steel reinforce-
ment by (13.120) and (13.125).

3. Determine the load and moment capacities by (13.117–13.118).

4. Check if the calculated eccentricity e∗ = Mn/Pn is equal to the assumed one

ERR =
e− e∗

e∗
≤ tolerance

5. If the tolerance condition is satisfied (typically 10−3), the pair Pn,Mn repre-
sents the capacity of the member. Otherwise, a new value of the neutral axis
position is chosen in Step 1.



Strengthening of Reinforced Concrete 489

13.5.4 Summary Verification Procedure: Beam-Column

Input data: required axial force and moment capacity Pu,Mu; geometry and
area of the longitudinal steel reinforcement di, Asi; FRP thickness and number of
layers tf , n; concrete geometry b, h; and concrete, steel, and FRP material properties
f ′c, fy, f

∗
fu, ε

∗
fu.

Output data: factored nominal axial and moment capacity φ(Pn,Mn).

Step 1 Determine preliminary design parameters, namely ρg, Ae/Ac, εfe, κa,
fl, f

′
cc, and εccu; read the confined stress-block parameters αc, βc, form tables or

graphs [4] such as Figure 13.21; then, check the following inequalities

fl/f
′
c > 0.08

and
εccu< 0.01

Step 2 Assume the failure mode of the section by adopting the strain ultimate
values for concrete and steel bars. Calculate the neutral axis position c and the
strain and stress in the steel bars

c =
εc

(εc + εsn)
d

εsi =
εc
c

(di − c)

fsi =

{
fy if εsi > εy and εsi 6 −εy
Esεsi if - εy < εsi < εy

Step 3 Calculate the compressive resultants in concrete by (13.120) or (13.123)
for confined or unconfined section, respectively and the tensile resultants in the steel
reinforcement by (13.125).

Step 4 Determine load and moment Pn,Mn by (13.117), (13.118) and the corre-
sponding factored value φ (Pn,Mn) by calculating φ from (13.15).

Example 13.5 A nonslender column with internal exposure condition and the cross section
reported in Figure 13.20 (b = 500, d1 = 40 mm, d2 = 185 mm, d3 = 315 mm, d4 =
460 mm) is reinforced with #7 bars (d = 22 mm). The steel reinforcement areas are:
As1 = As4 = 1520 mm2, As2 = As3 = 760 mm2. The RC properties are f ′c = 27.57 MPa,
fy = 413.68 MPa. Calculate the interaction diagram for the following cases:

1. Unstrengthened member

2. Strengthened member with three layers (n = 3) of carbon–epoxy FRP with properties
f∗fu = 3792 MPa, ε∗fu = 0.0166, tf = 0.333 mm, Ef = f∗fu/ε

∗
fu = 2.275× 105 MPa.
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Figure 13.22: Interaction diagram for unstrengthened and strengthened sections.

Solution to Example 13.5 The interaction diagram is constructed by interpolating P,M
values corresponding to the following points (Figure 13.22):

Pure axial point (A,D): strain distribution with external compressive fiber equal to εccu and
zero strain at the steel reinforcement close to the tensile fiber (B), balanced configuration
(C), eccentricity equal to 100 (E), pure flexure (F).

For the analysis of the strengthened member, the following preliminary design parameters
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are calculated:

ρg =
As1 +As2 +As3 +As4

b× h
=

4560

250000
= 0.01824

Ae
Ac

=
1−

[
(b/h) (h− 2rc)

2
+ (h/b) (b− 2rc)

2
]
/3Ag − ρg

1− ρg
= 0.449

εfe = min (0.004, κεεfu) = min (0.004, 0.55× 0.017× 0.95) = 0.004

κa =
Ae
Ac

(
b2

h2

)
= 0.449, κb =

Ae
Ac

(
h

b

)0.5

= 0.449

fl = 2Efntfεfe/D

= 2× 2.275× 105 × 3× 0.333× 0.004/
√

5002 + 5002 = 2.57 MPa

with fl/f
′
c = 2.57/27.57 = 0.093 > 0.08

f ′cc = f ′c + ψf3.3κafl = 31.2 MPa

εccu = ε′c

[
1.5 + 12κb

fl
f ′c

(
εfe
ε′c

)0.45
]

= 0.0043 < 0.01

For f ′cc/fc′ = 1.13 and εccu = 0.0043, interpolating in Figure 13.21, the confined stress-block
parameters are αc = 0.947, and βc = 0.829.

Step 1. Axial loading condition
Strengthened case (Point A)The nominal capacity for confined concrete is calculated by
(13.108) with φecc = 0.80 for columns with tie-shear reinforcement

Pn = 0.80 [0.85f ′cc (Ag −Ast) + fyAst]

Pn = 0.80
[
0.85× 31.2×

(
2.5× 105 − 4, 560

)
+ 413.68× 4, 560

]
= 6.71× 106 N

and the factored load capacity is given by (13.108)

φPnmax = 0.65× 6.71× 106 = 4.36× 106 N

Unstrengthened case The nominal capacity is determined by using (13.108) taking the con-
fined concrete strength equal to the unconfined one, i.e., f ′cc = f ′c

Pn = 0.80 [0.85f ′c (Ag −Ast) + fyAst]

Pn = 0.80
[
0.85× 27.57×

(
2.5× 105 − 4, 560

)
+ 413.86× 4, 560

]
= 6.11× 106 N

and the factored load capacity is given by (13.108) with φ obtained from Table 13.1.

φPnmax = 0.65× 6.11× 106 = 3.97× 106 N

In order to take into account load eccentricities due to imperfection in the construction or
in the loads estimation, ACI guidelines introduce a minimum eccentricity e = 0.1h where
h is the depth or width of the member, in this case h = 500 mm (Figure 13.20). The cor-
responding points for the strengthened and unstrengthened cases in the interaction diagram
are defined as follows.

Strengthened case (Point D) The nominal capacity is:

(Pn,Mn) =
(
6.71× 106 N, 6.71× 106 × 0.1× 500 N mm

)
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where the factored capacity is

φ (Pn,Mn) = 0.65×
(
6.71× 106, 3.35× 108

)
=
(
4.36× 106N, 2.18× 108 N mm

)
Unstrengthened case The nominal capacity is:

(Pn,Mn) =
(
6.11× 106 N, 6.11× 106 × 0.1× 500 N

)
where the factored capacity is

φ (Pn,Mn) = 0.65×
(
6.11× 106 N, 3.05× 108

)
=
(
3.97× 106N, 1.98× 108 N mm

)
Step 2. Point B The strain distribution on the extreme compressive fiber is εccu and
the strain at the steel reinforcement close to the tensile fiber is zero.
Unstrengthened case: The concrete strain is assumed equal to its strain-to-failure, εc = εcu =
0.003, while the strain in the reinforced steel close to the tensile fiber is zero, i.e., reaches
yielding, i.e., εs4 = 0. Therefore, the position of the neutral axis is given by the linearity
distribution and the compressive strain of the steel reinforcement is

c =
εcu

(εcu + 0)
d = 460 mm

εs1 =
εcu
c

(d1 − c) =
0.003

460
(40− 460) = −0.00274, fs1 = −413.68 N/mm

2

εs2 =
εcu
c

(d2 − c) =
0.003

460
(185− 460) = −0.00179, fs2 = −359 N/mm

2

εs3 =
εcu
c

(d3 − c) =
0.003

460
(315− 460) = −0.000946, fs3 = −189 N/mm

2

εs4 = 0, fs4 = 0

The stress resultants in the concrete and steel reinforcement are

C = 0.85f ′cbβc = 0.85× 27.57× 500× 0.85× 460 = 4.58× 106N

Rs1 = fs1As1 = −413.68× 1520 = −6.28× 105N

Rs2 = fs2As2 = −359× 760 = −2.72× 105N

Rs3 = fs3As3 = −189× 760 = −1.43× 105N

Rs4 = fs4As4 = 0× 1520 = 0

The load and moment capacities are

Pn = C −
ns∑
i=

Rsi = 5.62× 106 N

Mn = Pne = C

(
h

2
− β1c/2

)
+

ns∑
i=

Rs

(
di −

h

2

)
= 3.90× 108 N mm

with
e = Mn/Pn = 69 mm

Finally, the factored capacity is

φ (Pn,Mn) = 0.65×
(
5.62× 106, 3.90× 108

)
=
(
3.65× 106N, 2.53× 108 N mm

)
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Strengthened case Due to the presence of the FRP, the compressive strain is equal to the
confined one, i.e., εc = εccu = 0.0043. The neutral axis and the strains in the steel rein-
forcement bars are equal to

c =
εccu

(εccu + 0)
d =

0.0043

(0.0043 + 0)
460 = 460 mm

εs1 =
εcu
c

(d1 − c) =
0.0043

460
(40− 460) = −0.0040, fs1 = −413.68 N/mm

2

εs2 =
εcu
c

(d2 − c) =
0.0043

460
(185− 460) = −0.0026, fs2 = −413.68 N/mm

2

εs3 =
εcu
c

(d2 − c) =
0.0043

460
(315− 460) = −0.00136, fs3 = −271 N/mm

2

εs4 = 0, fs4 = 0

The resultants in the concrete and steel reinforcement are

C = αcf
′
ccbβcc = 0.947× 31.20× 500× 0.829× 460 = 5.63× 106N

Rs1 = fs1As1 = −413.68× 1520 = −6.28× 105N

Rs2 = fs2As2 = −413.68× 760 = −3.14× 105N

Rs3 = fs3As3 = −275× 760 = −2.06× 105N

Rs4 = fs4As4 = 0× 1520 = 0

The load and moment capacities are

Pn = C −
ns∑
i=

Rsi = 6.78× 106 N

Mn = C

(
h

2
− βcc/2

)
+

ns∑
i=

Rs

(
di −

h

2

)
= 4.73× 108 N mm

with

e = Mn/Pn = 70 mm

Finally, the factored capacity is

φ (Pn,Mn) = 0.65×
(
6.78× 106, 4.73× 108

)
=
(
4.41× 106N, 3.00× 108 N mm

)
Step 3. FRP balanced strain configuration (Point C) The assumed strain
distribution produces yield of the steel and crushing of concrete simultaneously.

Unstrengthened case: The concrete strain is assumed equal to its strain-to-failure, εc = εcu =
0.003, while the strain in the reinforced steel reaches yielding, i.e., εy = fy/Es = 0.00207.
Therefore, the position of the neutral axis is given by (13.126) for εccu = εc and the com-
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pressive steel reinforcement strain is derived by using (13.127) as follows

c =
εcu

(εcu + εy)
d =

0.003

(0.003 + 0.00207)
460 = 272 mm

εs1 = εcu (d1 − c) /c =
0.003

272
(40− 272) = −0.0025, fs1= −413.68 N/mm

2

εs2 = εcu (d2 − c) /c =
0.003

272
(185− 272) = −0.00096, fs2 = −192 N/mm

2

εs3 = εcu (d3 − c) /c =
0.003

272
(315− 272) = 0.0004, fs3= 94 N/mm

2

εs4 = 0.002, fs4= 413.68 N/mm
2

The resultants in the concrete and steel reinforcement are

C = 0.85f ′cbβc = 0.85× 27.57× 500× 0.85× 272 = 2.71× 106N

Rs1 = fs1As1 = −413.68× 1520 = −6.28× 105N

Rs2 = fs2As2 = −192× 760 = −1.46× 105N

Rs3 = fs3As3 = 94× 760 = 71, 440N

Rs4 = fs4As4 = 413.68× 1520 = 6.28× 105N

The load and moment capacities are

Pn = C −
ns∑
i=

Rsi = 2.78× 106 N

Mn = Pne = C

(
h

2
− cg

)
+

ns∑
i=

Rs

(
di −

h

2

)
= 6.42× 108 N mm

with

e = Mn/Pn = 230 mm

Finally, the factored capacity is

φ (Pn,Mn) = 0.65×
(
2.78× 106, 6.42× 108

)
=
(
1.80× 106N, 4.17× 108 N mm

)
Strengthened case (Point C) Due to the presence of the FRP, the compressive strain is equal
to the confined one, i.e., εc = εccu = 0.0043. The neutral axis and the strains in the steel
reinforcement bars are equal to

c =
εccu

(εccu + εy)
d =

0.0043

(0.0043 + 0.00207)
460 = 311 mm

εs1 = εccu (d1 − c) /c = 0.0043 (40− 311) /311 = −0.0038, fs1=− 413.68 N/mm
2

εs2 = εccu (d2 − c) /c = 0.0043 (185− 311) /311 = −0.0017, fs2=− 340 N/mm
2

εs3 = εccu (d3 − c) /c = 0.0043 (315− 311) /311 = 0.000055, fs3= 11 N/mm
2

εs4 = 0.00207,fs4= 413.68 N/mm
2
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The stress resultants in the concrete and steel reinforcement are

C = αcf
′
ccbβcc = 0.947× 31.20× 500× 0.829× 311 = 3.83× 106N

Rs1 = fs1As1 = −413.68× 1520 = −6.28× 105N

Rs2 = fs2As2 = −340× 760 = −2.58× 105N

Rs3 = fs3As3 = 11× 760 = 8360N

Rs4 = fs4As4 = 413.68× 1520 = 6.28× 105N

The load and movement capacity are

Pn = C −
ns∑
i=

Rsi = 4.05× 106 N

Mn = Pne = C

(
h

2
− βcc/2

)
+

ns∑
i=

Rs

(
di −

h

2

)
= 7.42× 108 N mm

with
e = Mn/Pn = 183 mm

Finally, the factored capacity is

φ (Pn,Mn) = 0.65×
(
4.05× 106, 7.42× 108

)
=
(
2.63× 106N, 4.82× 108 N mm

)
Step 4. Fixed value of the eccentricity (Point E) It is required to calculate the
point in the interaction diagrams for a value of eccentricity (e), equal to the intersection with
the interaction diagram of a line equal to 45◦, i.e., e = Mn/Pn = 100 mm. Since the eccen-
tricity is lower than the one corresponding to the case of balanced strain configuration, i.e.,
e = 152 mm, an initial value of the ratio c/d greater than 0.6 is assumed. The point Pn,Mn

in the interaction diagram is determined by means of the following iterative procedure.
Unstrengthened case: A trial value of the ratio c/d is chosen to be 0.7. The position of the
neutral axis and the strain distribution on the section are

c = 0.7d = 322 mm

εs1 =
εcu
c

(d1 − c) =
0.003

322
(40− 322) = −0.0026, fs1=− 413.68 N/mm

2

εs2 =
εcu
c

(d2 − c) =
0.003

322
(185− 322) = −0.0012, fs2=− 255 N/mm

2

εs3 =
εcu
c

(d3 − c) =
0.003

322
(315− 322) = −0.65× 10−4, fs3=− 13 N/mm

2

εs4 =
εcu
c

(d4 − c) =
0.003

322
(460− 322) = 0.00128, fs4= 257 N/mm

2

Stress resultants in concrete and steel reinforcements are

C = 0.85f ′cbβc = 0.85× 27.57× 500× 0.85× 322 = 3.20× 106N

Rs1 = fs1As1 = −413.68× 1520 = −6.28× 105N

Rs2 = fs2As2 = −255× 760 = −1.93× 105N

Rs3 = fs3As3 = −13× 760 = −9880N

Rs4 = fs4As4 = 257× 1520 = 3.90× 105N
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The load and moment capacities

Pn = C −
ns∑
i=

Rsi = 3.65× 106 N

Mn = Pne = C

(
h

2
− cg

)
+

ns∑
i=

Rs

(
di −

h

2

)
= 5.89× 108 N mm

with e = Mn/Pn = 161 mm. The percentage error is equal to ERR = (161− 100)/100 =
61 %, and thus another value of the ratio c/d should be used. The pair Pn,Mn, corresponding
to e = 100 mm, is determined iteratively increasing the value of c/d until the ratio Mn/Pn
is equal to 100 mm. The solution is given by a value c/d equal to 0.875, corresponding to
the following values:
Neutral axis position

c = 0.875d ∼= 402 mm

Strain distribution

εs1 = εcu/c× (d1 − c) = 0.003/402 (40− 402) = −0.0027, fs1=− 413.68 N/mm
2

εs2 = εcu/c× (d2 − c) = 0.003/402 (185− 402) = −0.0016, fs2=− 324 N/mm
2

εs3 = εcu/c× (d3 − c) = 0.003/402 (315− 402) = −0.652× 10−4, fs3=− 130 N/mm
2

εs4 = εcu/c× (d4 − c) = 0.003/402 (460− 402) = 0.000428, fs4= 85 N/mm
2

Stress resultants

Cc = 0.85f ′cbβc = 0.85× 27.57× 500× 0.85× 402 = 4.01× 106N

Rs1 = fs1As1 = −413.68× 1520 = −6.28× 105N

Rs2 = fs2As2 = −324× 760 = −2.46× 105N

Rs3 = fs3As3 = −130× 760 = −9.88× 104N

Rs4 = fs4As4 = 87× 1520 = 1.32× 105N

Load and moment capacities

Pn = 4.85× 106 N Mn = 4.85× 108 N mm e =
Mn

Pn
≈ 100 mm

Factored capacity

φ (Pn,Mn) = 0.65×
(
4.85× 106, 4.85× 108

)
=
(
3.15× 106N, 3.15× 108 N mm

)
Strengthened case A trial value of the ratio c/d is chosen, equal to c/d=0.865. The position
of the neutral axis and the strain distribution of the section are

c = 0.865× d = 398 mm

εs1 = εccu (d1 − c) /c = 0.0043 (40− 398) /398 = −0.0039, fs1=− 413.68 N/mm
2

εs2 = εccu (d2 − c) /c = 0.0043 (185− 398) /398 = −0.0023, fs2=− 413.68 N/mm
2

εs3 = εccu (d3 − c) /c = 0.0043 (315− 398) /398 = −0.0009, fs3=− 182 N/mm
2

εs4 = εccu (d4 − c) /c = 0.0043 (460− 398) /398 = 0.00067, fs3= 134 N/mm
2
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Stress resultants

C = αcf
′
ccbβcc = 0.947× 31.20× 500× 0.829× 312 = 4.88× 106N

Rs1 = fs1As1 = −413.68× 1520 = −6.28× 105N

Rs2 = fs2As2 = −413.68× 760 = −3.14× 105N

Rs3 = fs3As3 = 182× 760 = 1.38× 105N

Rs4 = fs4As4 = 134× 1520 = 2.04× 105N

Load and moment capacities

Pn = C −
ns∑
i=

Rsi = 5.75× 106 N

Mn = Pne = C

(
h

2
− βcc/2

)
+

ns∑
i=

Rs

(
di −

h

2

)
= 6× 108 N mm

with

e = Mn/Pn = 104 mm

Finally, the factored capacity is

φ (Pn,Mn) = 0.65×
(
5.76× 106, 6× 108

)
=
(
3.74× 106N, 3.90× 108 N mm

)
Step 5. Pure flexure (Point F) The analysis is similar to Example 1, with flexural
area equal to zero (Af = 0). According to ACI guidelines only FRP strengthening is not
allowed for a confined concrete section; thus only the unstrengthened case is discussed. Since
As3 and As2 are close to the neutral axis position, their contribution is neglected and thus
only outer steel bars are taken into account.

First, a strain distribution with tensile steel bars yielded, compressive steel bars not yielded.
The tensile and compressive steel bars are denoted As = As4, and A′s = As1, respectively,
which are located at distances d, e, with respect to the extreme compression fiber. The position
of the neutral axis is derived by (13.42) for Af = 0 and taking into account a new term
corresponding to the compressive steel reinforcement as follows

0.85f ′cβ1bc+A′sf
′
s −Asfy = 0

with

f ′s = Esεcu

(
c− e
c

)
which can be arranged as

A1c
2 +A2c+A3 = 0→ c ≈ 48 mm

with

A1 = 0.85f ′cβ1b = 9963 N/mm

A2 = (A′sEsεcu −Asfy) = 2.83× 105N

A3 = −A′sEsεcue = −3.65× 107 N mm
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The solution of the previous equations gives the position of the neutral axis c = 48 mm.
Once the position of the neutral axis is determined, the strains on the member should be
verified by checking the following inequalities

εs = εcu
d− c
c

= 0.003
460− 48

48
= 0.0257 ≥ 0.002 =εsy (verified)

ε′s = εcu
c− e
c

= 0.003
48− 40

48
= 0.00050 < 0.002 =εsy (verified)

The nominal moment capacity is obtained by using (13.47) with Af = 0 and a new term
due to compressive steel reinforcement as follows

Mn = Asfy (d− β1c/2) +A′sf
′
s (β1c/2− e)

Mn = 1520× 413.68× (460− 0.85× 48/2) + 1520× 2× 105 × 0.0005× (0.85× 48/2− 40)

Mn = 2.73× 108 Nmm

Finally, the factored capacity is equal to

φ (Pn,Mn) = 0.9
(
0, 2.73× 108

)
=
(
0, 2.46× 108 N mm

)
Problems

Problem 13.1 Determine the factored moment capacity φMn of the rectangular section
subjected to interior environmental exposure with an initial deformation in the concrete
substrate εbi = 0.0060. The material and geometric data of the section are: concrete,
f ′c = 20.68 MPa, width b = 300 mm, height h = 600 mm, reinforcement depth d = 560 mm;
steel reinforcement: As = 602 mm2, fy = 413 MPa; FRP, f∗fu = 2800 MPa, ε∗fu = 0.017,
Ef = 164000 MPa, bf = 250 mm, tf = 0.333 mm, n = 1.

Problem 13.2 Determine the FRP area and the bending strength corresponding to the
balanced strengthening configuration, for the section reported in Exercise 13.1.

Problem 13.3 Calculate the maximum distributed load intensity “w” that a simply supported
beam of length L = 5 m is able to carry. The geometric and material data of the cross section
are: concrete, f ′c = 27.57 MPa, width b = 300 mm, height h = 500 mm, depth of the tension
reinforcement d = 460 mm; steel reinforcement, As = 602 mm2, fy = 413 MPa; FRP,
f∗fu = 2800 MPa, ε∗fu = 0.017, Ef = 164000 MPa, bf = 200 mm, tf = 1.0 mm, n = 1.

Problem 13.4 Design the FRP for a simply supported beam with length L = 7 m. The exter-
nal uniform dead and live loads are: wDL = 11.25 N/mm (Dead), and wLL = 13.25 N/mm
(Live). The geometric and material data of the RC structure and FRP are: concrete,
f ′c = 34.5 MPa, width b = 300 mm, height h = 500 mm, d = 460 mm; longitudinal steel
reinforcement, As = 1000 mm2, fy = 413 MPa; FRP, f∗fu = 2800 MPa, ε∗fu = 0.016,
tf = 0.33 mm.

Problem 13.5 A cantilever beam with an interior exposure condition is subjected to a con-
centrated end force Vu = 2.88 × 105 N. The RC data are: concrete, f ′c = 20.68 MPa,
width b = 300 mm, height h = 600 mm, reinforcement depth d = 560 mm; transverse steel
reinforcement, Asv = 127.1 mm2, fy = 413 MPa, ss = 200 mm. It is required to design
the FRP shear strengthening for both continuous and discontinuous distribution utilizing the
following FRP material: f∗fu = 3640 MPa, ε∗fu = 0.016, tf = 0.2 mm.
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Problem 13.6 Design a nonslender circular column with six vertical rebars and circumfer-
ential rebar cage, subjected to a factored ultimate loading Vu = 3.78 × 106 N. The section
properties are: concrete, f ′c = 27.57 MPa, diameter D = 500 mm; longitudinal steel rein-
forcement, As = 1, 406.72 mm2, fy = 413 MPa; FRP, f∗fu = 3, 800 MPa, ε∗fu = 0.0167,
tf = 0.30 mm.

Problem 13.7 Consider a nonslender column with cross section as in Figure 13.20 and
d1 = 40 mm, As1 = 803.8 mm2, d2 = 225 mm, As2 = 401.9 mm2, d3 = 375 mm, As3 =
401.9 mm2, d4 = 40 mm, As4 = 803.8 mm2, h = b = 600 mm. The materials of the
RC column are f ′c = 27.5 MPa, fy = 413 MPa. Calculate the interaction diagram for the
following cases: (1) unstrengthened member, (2) strengthened member with n = 3 layers of
carbon–epoxy FRP with properties f∗fu = 3, 800 MPa, ε∗fu = 0.0161, tf = 0.5 mm.
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Appendix A

A.1 SCILAB Code for Classical Lamination Theory

Classical Lamination Theory (CLT) is described in Chapters 5, 6, and 7. Functions
that perform the most common calculations in CLT are contained in CLT.sci, avail-
able in [4]. These functions can be made available to any Scilab program simply
by including the following statement in the Scilab code where the functions are
needed

exec(’./CLT.sci’,0)

Scilab is a free open source computer language similar to MATLAB. To use
Scilab, functions should be assembled in .sci files and the actual program should
be written in a .sce file. Examples of .sce code can be found in the Website [4].
Rewriting Scilab code in MATLAB is easy because the two languages have very
similar syntax and data structures. Often all that is needed is to change the comment
escape character from // to %. To adjust incopatibilities between the two languages’
Intrinsic Function calls, see Scilab’s Help section “Matlab to Scilab Conversion
Tips.”

A.2 Periodic Microstructure Micromechanics

The periodic microstructure micromechanics (PMM) yields accurate predictions for
all the moduli (plural) of a composite reinforced by long fibers. The equations for
unidirectional composites with isotropic fibers, such as glass, in an elastic matrix are
available in [300]. For unidirectional composites with transversely isotropic fibers
(e.g., carbon), in a viscoelastic matrix, formulas are given in [182]. The latter can
be used for elastic behavior of the matrix, which is a particular case of viscoelastic
behavior. Computer code implementing these equations are available in [4].

Barbero and Luciano [142] used the Fourier expansion method to obtain the
components of the relaxation tensor for a composite with cylindrical fibers and fiber
volume fraction Vf . The elastic, transversely isotropic fibers have axial and radial
(transverse) moduli EA, ET , GA, GT , and axial Poisson’s νA. The equations in [142]

501
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can be simplified for the particular case of linear elastic matrix behavior as follows

C∗11 = λm + 2µm − Vf
(
−a2

4 + a2
3

)(
−(2µm + 2λm − C ′33 − C ′23) (a2

4 − a2
3)

a1
+

2 (a4 − a3) (λm − C ′12)2

a2
1

)−1

C∗12 = λm + Vf

(
(λm − C ′12) (a4 − a3)

a1

)
(

(2µm + 2λm − C ′33 − C ′23) (a2
3 − a2

4)

a1
+

2 (a4 − a3) (λm − C ′12)2

a2
1

)−1

C∗22 = λm + 2µm − Vf

(
(2µm + 2λm − C ′33 − C ′23) a3

a1
− (λm − C ′12)2

a2
1

)
(

(2µm + 2λm − C ′33 − C ′23) (a2
3 − a2

4)

a1
+

2 (a4 − a3) (λm − C ′12)2

a2
1

)−1

C∗23 = λm + Vf

(
(2µm + 2λm − C ′33 − C ′23) a4

a1
− (λm − C ′12)2

a2
1

)
(

(2µm + 2λm − C ′33 − C ′23) (a2
3 − a2

4)

a1
+

2 (a4 − a3) (λm − C ′12)2

a2
1

)−1

C∗44 = µm − Vf
(

2

2µm − C ′22 + C ′23

−
(

2 s3 −
4 s7

2− 2 νm

)
µ−1
m

)−1

C∗66 = µm − Vf
( (

µm − C ′66

) −1 − s3

µm

)−1

(A.1)

where

a1 = 4µ2
m − 2µmC

′
33 + 6λm µm − 2C ′11 µm − 2µmC

′
23 + C ′23C

′
11 + 4λmC

′
12

− 2C ′ 2
12 − λmC ′33 − 2C ′11 λm + C ′11C

′
33 − λmC ′23

a2 = 8µ3
m − 8µ2

mC
′
33 + 12µ2

mλm − 4µ2
mC
′
11

− 2µmC
′ 2
23 + 4µm λmC

′
23 + 4µmC

′
11C

′
33

− 8µm λmC
′
33 − 4µmC

′ 2
12 + 2µmC

′ 2
33 − 4µmC

′
11 λm + 8µm λmC

′
12

+ 2λmC
′
11C

′
33 + 4C ′12C

′
23 λm − 4C ′12C

′
33 λm − 2λmC

′
11C

′
23

− 2C ′23C
′ 2
12 + C ′ 2

23C
′
11 + 2C ′33C

′ 2
12 − C ′11C

′ 2
33 + λmC

′ 2
33 − λmC ′ 2

23
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a3 =
4µ2

m + 4λm µm − 2C ′11 µm − 2µmC
′
33 − C ′11 λm − λmC ′33 − C ′ 2

12

a2

+
C ′11C

′
33 + 2λmC

′
12

a2
−
s3 −

s6

2− 2νm
µm

a4 = −−2µmC
′
23 + 2λm µm − λmC ′23 − C ′11 λm − C ′ 2

12 + 2λmC
′
12 + C ′11C

′
23

a2

+
s7

µm (2− 2 νm)
(A.2)

In (A.1) and (A.2), the C ′ coefficients1 for the fiber are given in terms of the
fiber elastic properties as follows

∆ =
1− 2ν2

AET /EA − ν2
T − 2ν2

AνTET /EA
EAE2

T

C ′11 =
1− ν2

T

E2
T∆

C ′22 = C ′33 =
1− ν2

AET /EA
EAET∆

C ′12 = C ′13 =
νAET /EA + νAνTET /EA

E2
T∆

C ′23 =
νT + ν2

AET /EA
EAET∆

C ′44 = GT =
ET

2(1 + νT )
= (C ′22 − C ′23)/2

C ′55 = C ′66 = GA (A.3)

and the Lamé constants of the matrix are calculated as follows

λm =
Emνm

(1 + νm)(1− 2νm)

µm = Gm =
Em

2(1 + νm)
(A.4)

The coefficients s3, s6, s7 account for the geometry of the microstructure, includ-
ing the geometry of the inclusions and their geometrical arrangement. For cylindrical
fibers arranged in a square array we have

s3 = 0.49247− 0.47603Vf − 0.02748V 2
f

s6 = 0.36844− 0.14944Vf − 0.27152V 2
f

s7 = 0.12346− 0.32035Vf + 0.23517V 2
f

(A.5)

1Coefficients in the stiffness tensor of a transversely isotropic material.
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Note that (A.1) yield six independent components of the relaxation tensor. This
is because (A.1) represent a composite with microstructure arranged in a square
array. If the microstructure is random [2, Figure 1.12], the composite is transversely
isotropic (Section 4.1.6) and only five components are independent. When the axis
x1 is the axis of transverse isotropy for the composite, the averaging procedure [2,
(6.7)] yields

C11 = C∗11

C12 = C13 = C∗12

C22 = C33 =
3

4
C∗22 +

1

4
C∗23 +

1

4
C∗44

C23 =
1

4
C∗22 +

3

4
C∗23 −

1

4
C∗44

C44 = C∗44 =
1

2
(C22 − C23)

C55 = C66 = C∗66 (A.6)

where the last equation in (A.6) is derived using [2, (1.70)]. Finally, the properties
of the tow are obtained from the compliance [S] = [C]−1 as

E1 = 1/S11

E2 = E3 = 1/S22

ν12 = ν13 = −S21/S11

ν23 = −S32/S22

G12 = G13 = 1/S55

G23 =
E2

2(1 + ν23)
= 1/S44 (A.7)

A.3 Longitudinal Compressive Strength

The longitudinal (fiber direction) compressive strength of continuous fiber-reinforced
polymer-matrix composites (PMC) is lower than the tensile strength, about one half
or less. The mode of failure is triggered by fiber microbuckling, when individual
fibers buckle inside the matrix (Figure A.1). The buckling process is controlled
by fiber misalignment, shear modulus G12, and shear strength F6 of the composite
( [195]).

Fiber misalignment measures the waviness of the fibers in the composite. Fiber
waviness is always present to some extent, even when great care is taken to align the
fibers during processing. Waviness occurs because of several factors. The fibers are
wound in spools as soon as they are produced, which induces a natural curvature
in the fibers. Then, fibers tend to curl when stretched on a flat mold. Furthermore,
many fibers are wound together over a spool to form a tow or roving during fiber
production. The fibers wound on the outside of the spool are longer than those
wound in the inside. When the tow is stretched, the longer fibers are loose and
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(a) In-phase (shear) mode (b) Out-of-phase mode

Fiber
buckling

Fiber

Matrix
deformation

Figure A.1: Modes of fiber microbuckling.

microcatenary is formed. Microcatenary can be shown by stretching a tow horizon-
tally and letting the longer fibers hang under their own weight. The longer fibers
hang in a catenary shape, just as electrical power lines do. In the final composite
part, microcatenary appears as fiber misalignment.

Finally, there is the shrinkage of the polymer. During cure, most thermoset
polymers shrink 3 to 9% by volume, that is, 1 to 3% on any direction. Along the
fiber direction, it means that the fiber, which does not shrink during curing, must
accommodate the strain in the form of waviness.

composite
sample

fiber

se
cti

oning
plan

e

b
df

Figure A.2: Misalignment measuring technique.

The amount of fiber misalignment varies from fiber to fiber and it can be ac-
curately measured by the procedure given in [196]. The measurement technique
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consists of cutting a sample at an angle φ with respect to the fiber orientation as
illustrated in Figure A.2. After polishing the sample and looking at it with a mi-
croscope, each fiber shows as an ellipse. The longer dimension of the ellipse b is
proportional to the misalignment angle α through the equation

sin(ω) =
df
b

α = ω − φ (A.8)

where df is the fiber diameter. The average, or mean value α̂, of all the measured
angles will be zero since fibers are misaligned equally at positive and negative angles
with respect to the nominal fiber orientation. The experimental data of fiber angle
can be fitted accurately with a Normal distribution [234]. The standard deviation
of the distribution can be computed as

sα =

√
n
∑n

i=1 α
2
i − (

∑n
i=1 αi)

2

n(n− 1)
(A.9)

where n is the number of observations of misalignment angle αi. The Normal prob-
ability density with zero mean is

p(α) =
1

sα
√

2π
exp

(
− α2

2s2
α

)
(A.10)

shown in Figure A.3 represents the observed data. As such, it represents the prob-
ability of finding a particular value of misalignment α in the cross section of the
composite.
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Figure A.3: Probability density function p(α) describing the number of fibers having
a misalignment angle α.
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The first formula for compressive strength was proposed by Rosen [233], recog-
nizing the fact that compression failure is triggered by fiber microbuckling. When
fibers buckle, they can all buckle in-phase (shear mode, Figure A.1a) or out-of-phase
(extension mode, Figure A.1b). It can be demonstrated that the shear mode will
always occur at a lower compressive stress for polymer matrix composites (PMC)
having practical values of fiber volume fraction.

The first approximation to the problem is to assume that the buckling load of the
fibers is the limiting factor for compressive strength. To obtain the buckling load,
Rosen [233] performed a stability analysis of straight fibers laterally supported by
the matrix. Furthermore, the shear stress–strain law of the composite was assumed
to be linear, i.e., τ = G12 γ6. Actually, polymer matrix composites have a nonlinear
stress–strain law, as shown in Figure 4.11 and described by (4.39).

Even though fibers are wavy, they are assumed to be straight in Rosen’s model
because this is the simplest approach to stability problems. The stability analysis is
performed on what is called the perfect system (straight fibers) [301]. The buckling
load is found for the perfect system and it is assumed that the load capacity of the
imperfect system (wavy fibers) is lower than the buckling load of the perfect system.
The buckling stress is then

σcr =
Gm

1− Vf
∼= G12 (A.11)

This formula over predicts compressive strength as much as 200%. According
to this model, the buckling stress is numerically equal to the matrix-dominated
approximation of the composite shear modulus (4.34). An empirical correction of
(A.11) can be made by adding a factor k, which is determined from one test at one
particular value of the fiber volume fraction, and assuming that the value of the
factor k does not vary with the fiber volume fraction

σcr =
kGm

1− Vf
≈ kG12 (A.12)

This approach has been validated for boron–epoxy composites [109]. The main
problem with using the empirical correction is that testing must be done, and test-
ing for compressive strength is very difficult. In fact, no single test method can be
used for all materials, or even for various thicknesses of samples of the same mate-
rial. Furthermore, composites from actual production have vastly different values
of compressive strength when compared to composites made in the lab, even if the
same materials are used. Also, samples cannot be machined out of production parts
without introducing significant damage that affects the results. Therefore, there is a
strong motivation for deriving a formula that can be related to parameters that can
be easily measured on composites manufactured in the shop rather from samples
made in the lab.

A better estimate of the buckling stress can be made by taking into account
the initial misalignment of the fibers and the nonlinear stress–strain law given by
(4.39). The (effective)2 buckling stress of a fiber bundle in which all the fibers have

2See discussion immediately above (A.18).
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the same misalignment is given by [195, (9)]3

σ̃(α, γ) =
F6

2(γ + α)
· (
√

2− 1)(e
√

2g − e2g) + (
√

2 + 1)(e(2+
√

2)g − 1)

1 + e2g + e
√

2g + e(2+
√

2)g

g = γG12/F6 (A.13)

where G12 and F6 are the in-plane shear modulus (Section 4.2.4) and in-plane shear
strength (Section 4.5.5), respectively. Equation (A.13) is plotted in Figure A.4 [195,
Figure 3] for various values of misalignment angle α. The maxima of the curves
(A.13) for all misalignment angles, shown in Figure A.4, represent the imperfection
sensitivity curve, also shown in Figure A.4. The maxima is given by [195, p. 495]4

σ̃(α) = G12 +
16C2α

3π
−

4
√

2C2α (8C2α+ 3πG12)

3π
(A.14)

C2 =
G2

12

4F6

The imperfection sensitivity curve represents the compressive strength F1c(α)
of a fiber and surrounding matrix as function of its misalignment α. For negative
values of misalignment, it suffices to assume that the function is symmetric, i.e.,
F1c(α) = F1c(−α).

The stress in the composite is a function of the misalignment α and the shear
strain γ, induced when the fibers buckle in-phase (Figure A.1a). The maximum
value of (A.13) is the buckling stress σ(α) of a material in which fibers have the same
misalignment α (Figure A.5). However, in a real composite not all the fibers have
the same value of fiber misalignment. Instead, a Normal probability distribution
(Figure A.3) gives the probability of finding a fiber with any angle α.

A formula for the compressive strength of the composite can be derived by taking
into account that the fibers with larger value of misalignment will buckle first during
the loading process and the stress is redistributed to those that have not buckled.

Once a fiber has buckled, it carries negligible stress, thus overloading those fibers
that have lower misalignment. The unbuckled fibers are able to carry the extra load
only up to a certain point. With reference to Figure A.5, buckling of the fibers
proceeds from large values of misalignment, both positive and negative, towards
lower values of misalignment. The number of unbuckled fibers is proportional to the
area under the probability density (Figure A.3), which is given by

A(α) =

∫ α

−α
p(α′)dα′ = F (α)− F (−α) (A.15)

where the cumulative distribution function (CDF) is the integral of (A.10)

F (α) =

∫ α

−∞
p(α′) dα′ =

1

2
[1 + erf(z)] (A.16)

3Note that a tilde is used in this book, while an overline is used in [195].
4Note the redefinition of C2 with respect to [195, (17)].
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Figure A.4: Equilibrium states for various values of fiber misalignment α.

where erf(z) is the error function [235] and sα is the standard deviation of fiber
misalignment given by (A.9) and

z =
α

sα
√

2
(A.17)

At any given point in the loading process, the applied stress (see Figure A.5)
is equal to the product of the actual (effective) stress σ̃ carried by the unbuckled
fibers and surrounding matrix times the area of the unbuckled fibers and surrounding
matrix A(α), as follows

σ = σ̃(α)A(α) (A.18)

where the buckling stress σ̃(α) is given by (A.14) and it is shown in Figure A.5 [195,
Figures 4–5]. Here σ̃ is the effective stress carried by fibers that remain unbuckled
and σ is the applied stress that one would compute as the load over the original
area of the specimen. The maximum stress that can be applied is the compressive
strength of the material

F1c = max(σ) (A.19)

Equation (A.19) can be solved explicitly [195, (24)] in terms of the shear modulus
G12 and a dimensionless number χ = G12sα/F6, where sα is the standard deviation
of fiber misalignment in radians, G12 is the shear modulus, and F6 is the in-plane
shear strength of the composite. The explicit solution is a rather complex equation,
but a very good approximation to it is given by (4.71).

Note that (4.71) is not an empirical equation, but just an approximation to the
explicit solution to (A.19). No experimental data of compressive strength has been
used in its derivation. The constants 4.76 and −0.69 are not adjustable parameters
but constants chosen to approximate the explicit solution to (A.19).
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Figure A.5: Buckling stress σ̃ and applied stress σ (see (A.18)) as a function of fiber
misalignment α/sα.

Comparison between experimental data and predicted values obtained with
(4.71) is shown in Table A.1. Note that (4.71) and the procedure explained in
this section do not apply to Metal Matrix Composites (MMC) or when the mis-
alignment is nearly nonexistent, as it is in the case of some boron–fiber composites,
because in those cases the mechanism of compression failure is vastly different.

Table A.1: Comparison of predicted and experimental values of compressive strength
for various composite materials.

Material Vf G12 F6 sα χ Exp. (4.71)
[%] [MPa] [MPa] [deg] F1c/G12 F1c/G12

XAS–914C 60 5133 125 1.01 0.724 0.352 0.357
AS4–PEEK 61 5354 157.5 1.53 0.908 0.310 0.315
AS4–E7K8 60 7923.5 90.95 1.18 1.793 0.213 0.211

Glass–vinyl ester 43 4223 54.77 3.3 4.441 0.124 0.118
Glass–polyester 40.2 3462 40.57 3.45 5.148 0.138 0.107

Although the standard deviation of fiber misalignment sα can be measured by
optical methods [196], the instrumentation required and effort involved may not
be justifiable in certain situations. In these cases, it is recommended to use ex-
perimental data of F1c at one value of fiber volume fraction to back-calculate sα
in (4.71–4.72). Then, use (4.71) to predict values of F1c for other values of fiber
volume fraction.
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France, (1992).

[205] Nielsen, L. E. J. Compos. Mater. 1, 100–119 (1967).

[206] Puck, A. and Schurmann, H. Compos. Sci. Technol. 58, 1045–1067 (1998).

[207] Sonti, S. S., Barbero, E. J., and Winegardner, T. 10-C, 1–7 (1995). SPI Composites
Institute 50th Annual Conference.

[208] Vinson, J. R. and Sierakowski, R. L. The Behavior of Structures Composed of Com-
posite Materials. Martinus Nijhoff, The Netherlands, (1987).

[209] Reddy, J. N. Mechanics of Laminated Composite Plates-Theory and Analysis. CRC
Press, Boca Raton, FL, (1997).

[210] Ugural, A. C. Stresses in Plates and Shells. CRC Press, Boca Raton, FL, 3rd edition,
(2009).

[211] Tsai, S. W. and Melo, J. D. D. Composite Science and Technology 100, 237–243
(2014).

[212] Gere, J. M. and Timoshenko, S. P. Mechanics of Materials. PWS-Kent, Boston, MA,
3rd edition, (1990).

[213] McCormac, J. and Elling, R. E. Structural Analysis. Harper & Row, New York, NY,
(1988).

[214] ASME, New York, NY. ASME Boiler and Pressure Vessel Code, Section XIII.



520 Introduction to Composite Materials Design

[215] Hull, D. An Introduction to Composite Materials. Cambridge University Press, Cam-
bridge, 2nd edition, (1996).

[216] Waddoups, M. E. Characterization and Design of Composite Materials Workshop.
Technomic, Bristol, PA, (1968).

[217] Barbero, E. J. Introduction to Composite Materials Design. Taylor and Francis,
Philadelphia, PA, 1st edition, (1999).

[218] Pipes, R. B. and Cole, B. W. J. Compos. Mater. 7, 246–256 (1973).

[219] Camanho, P. P., Dávila, C. G., Pinho, S. T., Iannucci, L., and Robinson, P. Composites
Part A 37(2), 165–176 (2006).

[220] Cortes, D. H. and Barbero, E. J. Annals of Solid and Structural Mechanics 1(1),
29–40 (2010).

[221] Hart-Smith, L. J. The Institution of Mechanical Engineers, Part G: J. Aerospace Eng.
208(1), 9–18 (1994).

[222] Wang, J. Z. and Soche, D. F. J. Compos. Mater. 27(1), 40–58 (1993).

[223] Barbero, E. J. SAMPE Composites and Materials Expo. TP17(0006) (2017).

[224] Tan, S. C. Stress Concentrations in Laminated Composites. Technomic, Lancaster,
PA, (1994).

[225] Savin, G. N. Stress Distribution Around Holes. NASA TT-F-607, (1970).

[226] Weeton, J. W., editor. Engineered Materials Handbook: Composites, volume 1. ASM
International, Metals Park, OH, (1987).

[227] Lekhnitskii, S. G. Theory of Elasticity of an Anisotropic Body. Holden-Day, San
Francisco, CA, (1963).

[228] Whitney, J. M. and Nuismer, R. J. J. Compos. Mater. 8, 253–265 (1974).

[229] Nuismer, R. J. and Whitney, J. M. Uniaxial Failure of Composite Laminates Con-
taining Stress Concentrations, Fracture Mechanics of Composites, STP 593. ASTM
International, Philadelphia, PA, (1975).

[230] Peterson, R. E. Stress Concentration Factors. Wiley, New York, NY, (1974).

[231] Varellis, I. and Norman, T. L. Compos. Sci. Technol. 51, 367–376 (1994).

[232] Friedrich, K., editor. Application of Fracture Mechanics to Composite Materials. El-
sevier, Amsterdam, (1989).

[233] Rosen, B. W. Fiber Composite Materials (Chapter 3). ASM International, Metals
Park, OH, (1965).

[234] Barbero, E. J. and Tomblin, J. S. Int. J. Solids Struct. 33(29), 4379–4393 (1996).

[235] Erdelyi, A. Higher Transcendental Functions, volume 2. McGraw-Hill, New York,
NY, (1953).

[236] Barbero, E. J. and Cabrera Barbero, J. Composite Structures 135, 140–155 (2016).

[237] Hahn, H. T., Erikson, J. B., and Tsai, S. W. Characterization of Matrix/Interface-
Controlled Strength of Composites. Martinus Nijhoff, (1982). In Fracture of Composite
Materials, G. Sih and V. P. Tamuzs, ed.



Bibliography 521

[238] Barbero, E. J. and Cortes, D. H. Composites: Part B 41(2), 124–132 (2010).

[239] Barbero, E. J., Sgambitterra, G., and Tessler, A. Composites Part B: Engineering 42,
41–50 (2011).

[240] Chou, T.-W. Microstructural Design of Fiber Composites. Cambridge University
Press, Cambridge, MA., (1992).

[241] Ito, M. and Chou, T.-W. Compos. Sci. Technol. 57, 787–800 (1997).

[242] Ito, M. and Chou, T.-W. J. Compos. Mater. 32(1), 2–30 (1998).

[243] Scida, D. and Aboura, Z. Compos. Sci. Technol. 59, 1727–1740 (1997).

[244] Scida, D. and Aboura, Z. Compos. Sci. Technol. 59, 505–517 (1999).

[245] Naik, N. Woven Fabric Composites. Technomic, Lancaster, PA, (1994).

[246] Naik, N. and Ganesh, V. Compos. Sci. Technol. 45, 135–152 (1992).

[247] Naik, N. and Ganesh, V. J. Compos. Mater. 30(16), 1779–1882 (1996).

[248] Naik, N. and Ganesh, V. J. Materials Sci. 32, 267–277 (1997).

[249] Barbero, E. J., Damiani, T. M., and Trovillion, J. Int. J. Solids Struct. 42, 2489–2504
(2005).

[250] Barbero, E. J., Trovillion, J., Mayugo, J., and Sikkil, K. Composite Struct. 73(1),
41–52 (2006).

[251] Barbero, E. J., Lonetti, P., and Sikkil, K. Composites: Part B 37, 137–147 (2006).

[252] Falzon, J. and Herszberg, I. J. Compos. Mater. 30(11), 1210–1247 (1996).

[253] Sheng, S. Z. and Hoa, S. V. J. Compos. Mater. 35, 1701–1729 (2001).

[254] Hahn, H. T. J. Compos. Mater. 9(10), 316–326 (1975).

[255] Ketter, R., Lee, G., and Sherwood, P. Structural Analysis and Design. McGraw-Hill,
NY, (1979).

[256] Cook, R. D. and Young, W. C. Advanced Mechanics of Materials. Macmillan, New
York, NY, 1st edition, (1985).

[257] Boresi, A. P., Schmidt, R. J., and Sidebottom, O. M. Advanced Strength of Materials.
Wiley, New York, NY, 5th edition, (1993).

[258] Godoy, L. A., Barbero, E. J., and Raftoyiannis, I. Computers and Struct. 56(6),
1009–1028 (1995).

[259] Barbero, E. J., Godoy, L. A., and Raftoyiannis, I. Int. J. Numer. Methods Eng. 39,
469–488 (1996).

[260] Barbero, E. J. and Tomblin, J. Thin-Walled Struct. 18, 117–131 (1994).

[261] Barbero, E. J. and Raftoyiannis, I. Composite Struct. 27, 261–268 (1994).

[262] Smith, J. C. Structural Analysis. Harper & Row, New York, NY, (1988).

[263] Godoy, L. A., Barbero, E. J., and Raftoyiannis, I. J. Compos. Mater. 29(5), 591–613
(1995).

[264] Massa, J. and Barbero, E. J. J. Compos. Mater. 32(17), 1560–1594 (1998).



522 Introduction to Composite Materials Design

[265] Hong, C.-H. and Chopra, I. J. Amer. Helicopter Soc. 30(2), 57–67 (1985).

[266] Librescu, L. and Khedir, A. A. AIAA J. 26(11), 1373–1377 (1988).

[267] Chandra, R., Stemple, A. D., and Chopra, I. J. Aircraft 27(7), 619–626 (1990).

[268] Smith, E. C. and Chopra, I. J. Amer. Helicopter Soc. 36(3), 23–35 (1991).

[269] Whitney, J. M. Structural Analysis of Laminated Anisotropic Plates. Technomic,
Lancaster, PA, (1987).

[270] U. S. Department of Defense, Washington, DC. Military Handbook MIL-HDBK-17-3F
Polymer Matrix Composites, Vol. III, Utilization of Data, (2002).

[271] Niu, M. C. Y. Composite Airframe Struct. Comilit Press, Hong Kong, (1992).

[272] Niu, M. C. Y. Airframe Structural Design. Comilit Press, Hong Kong, (1988).

[273] Megson, T. H. G. Aircraft Structures. John Wiley, New York, NY, 2nd edition, (1990).

[274] Gibbs and Cox Inc. Marine Design Manual for Fiberglass Reinforced Plastics.
McGraw-Hill, New York, NY, (1960).

[275] Marchant, A. Design of Bottom Shell Laminate for a GFRP Vessel. Woodhead, Cam-
bridge, MA, (1994). In Handbook of Polymer Composites for Engineers, L. Hollaway,
editor.

[276] PASCO. Structural Panel Analysis and Sizing Code, NASA LaRC, Langley, VA.

[277] VICONOPT. Vibration and Instability of Plate Assemblies Including Shear and
Anisotropy (VIPASA) with Constraints and Optimization, Old Dominion University,
Williamsburg, VA.

[278] Dickson, J. N. and Biggers, S. B. POSTOP: Post Buckled Open-Stiffener Optimum
Panels-Theory and Capability, NASA CR-172259. (1983).

[279] Bushnell, D. Computer and Struct. 25(4), 469–605 (1987).

[280] Troitsky, M. S. Stiffened Plates-Bending, Stability, and Vibrations. Elsevier, (1976).

[281] Arnold, R. R. and Mayers, J. Int. J. Solids Struct. 20(9/10), 863–880 (1984).

[282] Deo, R. B., Kan, H. P., and Bhatia, N. M. Design Development and Durability Vali-
dation of Post Buckled Composite and Metal Panels. U.S. Air Force Flight Dynamics
Lab, (1989). WRDC-TR-89-3030, 4 Volumes.

[283] Spier, E. E. Experimental Mech. 18(11), 401–408 (1978).

[284] Deo, R. B., Agarwal, B. L., and Madenci, E. Design Methodology and Life Analysis
of Post Buckled Metal and Composite Panels. U.S. Air Force Flight Dynamics Lab,
(1985). AFWAL-TR-85-3096, Volume I.

[285] Deo, R. B., Agarwal, B. L., and Madenci, E. Reproduced from AFWAL-TR-85-3096,
vol. 1, 1985 with permission.

[286] Peters, S. T., editor. Handbook of Composites. Chapman and Hall, London, UK,
(1998).

[287] Uniform Building Code. Int. Conf. Building Officials, Whittier, CA, (1991).

[288] American Concrete Institute, Farmington Hills, MI. ACI 440.2R-08, Guide for the De-
sign and Construction of Externally Bonded FRP Strengthening System for Strength-
ening Concrete Structures, (2008).



Bibliography 523

[289] American Concrete Institute, Farmington Hills, MI. ACI 318-14, Building Code Re-
quirements of Structural Concrete, and Commentary, (2014).

[290] Nawy, E. G. Reinforced Concrete: A Fundamental Approach. Pearson, Upper Saddle
River, NJ, (2005).

[291] Hollaway, L. C. and Leeming, M. B. Strengthening of Reinforced Concrete Structures:
Using Externally-Bonded FRP Composites in Structural and Civil Engineering. CRC
Press, Boca Raton, FL, (2000).

[292] Park and Paulay. Reinforced Concrete Structures. John Wiley & Sons, Inc., New
York, NY, (1975).

[293] Bruno, D., Carpino, R., and Greco, F. Compos. Sci. Technol. 67, 1459–1474 (2007).

[294] Greco, F., Lonetti, P., and Nevone, P. Eng. Fract. Mech. 74(3), 346–372 (2007).

[295] Greco, F. and Lonetti, P. Composites: Part B 40(5), 379–392 (2009).

[296] Nanni, A. and Bradford, N. M. Construct. Build. Mater. 9(2), 115–124 (1995).

[297] Teng, J. G., Chen, J. F., Smith, S. T., and Lam, L. FRP Strengthened RC Struct.
John Wiley & Sons, Inc., West Sussex, UK, (2002).

[298] De Lorenzis, L. and Tepfers, R. J. Compos. Constr. 7(3), 219–237 (2003).

[299] Lam, L. and Teng, J. J. Reinf. Plastics Compos. 22(13), 1149–1186 (2003).

[300] Luciano, R. and Barbero, E. J. ASME J. Appl. Mech. 62(3), 786–793 (1995).

[301] Godoy, L. A. Theory of Stability: Analysis and Sensitivity. McGraw-Hill, (1999).



http://taylorandfrancis.com


Index

Acetone test, 70
ACI, 443, 446–451, 455, 457, 471, 473, 477,

478, 480, 483, 485, 491, 497, 523
Acid, 60, 61, 62, 65, 69, 71, 72

digestion, 311
Active length, 470
Adhesive, 28, 53, 62, 63, 90, 444, 450
Aging, 67, 68, 227, 517
Alkaline, 62, 72

resistant, 39
Alkali, 61, 69
Allowable, 20–5, 36, 56, 231, 233, 266, 269,

409, 464–6, 475
compression strength,270
strain, 449
strength, 21, 22, 25, 174, 251, 269
strengthening, 447, 474, 480, 481
stress, 17, 21, 22, 25, 28, 458, 480
tensile strength, 269, 449
shear strength, 270, 473

Alumina, 46, 135
Angle-ply, 188, 189, 194, 224, 251, 253, 263
Anisotropic, 45, 51, 107, 112, 113, 520, 522
Antisymmetric, 189, 194, 197, 224
Apparent

moduli, 200, 207
properties, 131, 411
strength, 131–4, 273, 311
stress, 283, 284, 291
volume, 125

Applied strain 117, 249, 250, 260, 262, 266,
296, 298, 299, 480

Applied stress, 15, 20, 132, 144, 213, 230,
236, 276, 286, 290–2, 297, 468, 480, 509, 510

Aramid, 3, 5, 45, 78, 125, 311, 449, 459
fiber, 45, 88

ASTM test, 23, 39, 48, 59, 65, 68– 71, 109,
121, 124, 129, 134, 136–8, 142, 147, 248,

260, 289, 350, 400
Asymmetric, 315–8
Autoclave, 70, 85, 89–91, 95, 102, 105
Average stress criterion, 276
Axial compression, 262, 351, 471, 477, 483

Back-calculate, 81, 131, 132, 134, 135,
137, 140–2, 311, 510

Bag molding, 85, 89, 90
Balanced

configuration, 453, 457, 458, 485,
487, 490

fabric, 169, 367
laminate, 100, 189, 195, 224
reinforcement, 53

Basalt fiber, 46, 74, 75
Basket, 26, 54, 303
Beam

beam-column, 351, 476, 483, 486, 489
box-beam, 98, 351, 356–9, 397
continuous, 409, 411, 436, 440
deformation, 391, 392
design, 396–7
I-beam, 98, 351, 356, 357, 359, 360, 362,

364, 374, 375, 384, 396
thin walled 156, 195, 351–3, 356,

359–363, 367, 389, 397, 412, 415, 439,
477

Bending
moduli, 197, 206, 210, 212, 225, 356,
400, 404, 406, 434
curvature, 368, 380, 392
moment, 174, 182, 183, 189, 193, 218,

221–2, 270, 356–9, 367, 370, 371,
393–4, 395, 399–401, 409–12, 423,
425, 436, 439, 440, 447, 466, 48–5

stiffness, 377, 400
allowed, 315, 317, 321, 323

525



526 Introduction to Composite Materials Design

extension, 182–4, 188, 189, 315–8
restrained, 315–6, 321–3, 345

Biaxial, 4, 53, 55, 102, 233, 260–1, 403, 407
Bidirectional, 2, 4, 98–9, 194, 224, 341
Bimetallic, 2, 223, 225
Binder, 2–3, 47, 53, 94, 341
Bismaleimide, 63, 72, 81–2, 96
Bisphenol-A-fumarate, 61–2, 71
Bleeder, 89, 90
Bond reduction factor, 470
Bonding, 28, 44, 48, 90, 94, 227, 293,

443–4, 450, 462, 470, 472
Boron, 2, 4, 5, 39, 46, 74–5, 148–9, 507, 510
BPA fumarate, 61, 81–2
Braided fabric, 49, 102, 104, 304
Breather, 89, 90, 105
Brittle, 47, 61, 63, 67, 132–3, 244, 248,

255, 257, 259, 451, 488
failure, 450, 488
material, 10, 143, 272
matrix, 63, 244, 299

Brominated resin, 61–2
Buckling

Euler, 360, 361, 396, 416
lateral, 208, 209, 352, 360, 408
local, 361–2, 387, 412, 414, 416
skin, 411, 414

Bulk, 2, 3, 4, 38, 39, 42, 45, 47, 51, 56, 61,
92, 131, 347

Bulkhead, 408–13, 415
Burn-out test, 147, 311

CADEC, 204, 254–5, 258, 260, 267, 328–9,
345, 373–5, 384, 395, 434, 438

Carbon
Fiber, 2, 5, 32–3, 36, 39, 41–3, 45–6,

50, 52
Nanotube, 42–5

Carpet plot
modulus, 204
plot strength, 204, 262, 400–1,
plot, 200–5, 226, 261, 263, 265–7, 270,

353, 356–7, 396, 400, 412–3, 415, 432
universal, 199, 204, 262, 400

Catenary, 52–3, 505
Cauchy’s law, 153
Center of gravity, 366, 371–2, 375, 377,

385, 286, 388–90
Ceramic, 1, 2, 39

fiber, 46, 74–5

matrix, 56–7, 132
Characteristic strength, 23, 38, 132, 285–6
Chemical stability, 46
Chlorendic resin, 61–2, 71, 81–2
Chopped strand mat, 2, 4, 53, 80, 87,

109, 170, 341–3, 410
fiber, 38, 53, 88, 92, 94, 105, 341,

Classical plate theory, 178, 182
Clear casting, 61, 72
Closed section, 98, 362, 378, 380, 389,

390, 391, 392, 414
Coefficient

of influence, 143
of moisture, 123, 126, 315, 319–21, 347
of restraint, 361–2
of thermal expansion, 75, 123, 126,

213, 216–7, 320, 347
of variance, 13, 15, 267

Combined
behavior, 488
deformation, 212
loads, 227, 236, 476, 483
system, 460

Complementary lamina, 255, 256, 258, 262
Compliance,

coefficient, 127, 158
creep 38
equations, 158, 174, 182, 367
matrix, 122, 158, 160, 186, 297, 313,

345, 373, 379
transformation, 166

Composite action, 411
Compression molding, 85, 92, 95, 102
Compression-controlled, 359, 451, 488
Compressive strength, 148–9, 262, 267,

270, 359
Computation of stresses, 185, 192, 213,

220, 393
Conductivity, 3, 47, 49, 56, 71, 126
Confinement, 477
Constraining effect, 137, 141, 145, 228,

244, 249, 292
Contour, 363–5, 367, 369–72, 376, 378–82,

385, 390, 392, 396, 434, 435, 437
integral, 364–5, 370
plot, 237

Contracted notation, 151, 154–5, 170, 326
Coordinate system, 7, 151–70
Coordinate transformation, 151, 161, 164,

198, 319
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Corrosion, 3, 39, 40–2, 46, 53, 58, 59, 61,
62, 69, 71, 88

Coupling
agent, 48
bending-extension, 182–4, 188, 189, 315–8
shear-extension, 183–4
torsion-extension, 183–4

Crack
density, 244, 249, 250, 252, 285,
292–4, 296–300
initiation, 244, 249, 250, 292, 294, 301
matrix, 69, 139, 227, 228, 230, 236,

243–5, 252, 255, 256, 258, 259, 262,
267, 283, 293, 300, 303

microcrack, 40, 43, 246, 257, 259, 293,
476, 477

Creep, 38, 45, 49, 51, 56, 65–68, 218,
221, 436, 439, 446, 459

Crimp, 54, 96
Crippling, 209, 417–20
Critical

damage, 285, 288, 292
length, 50

Cross-ply, 189, 193–5, 212, 224, 245, 254,
260, 327, 345, 350, 379

CSM, 34, 53, 72, 98, 109, 110, 170,
341–4, 350

Cumulative distribution function, 14, 23,
24, 34, 38, 286, 508

Curing, 59, 63, 70, 72, 86, 87, 89–91, 94, 95,
97, 99, 130, 188, 227, 259, 352, 363, 505

Curvature, 101, 175, 179, 188, 193, 205, 225,
280, 315, 368, 370, 378, 380, 392, 423,
425–8, 434, 504

Cylindrical
assemblage model, 119, 120, 147, 220
shell, 218, 428, 429, 434, 435

Damage
activation function, 145, 149, 285, 288,

292, 294, 299, 300, 321, 325
evolution, 230, 249, 285, 288, 292, 294, 321
factor, 252, 254, 280, 321
hardening law, 285, 288, 292
mechanics, 228, 249, 252, 283–6, 288, 291,

292, 293, 298
tensor, 325–7
threshold, 285, 288, 292, 294
tolerance, 64, 103, 303
variable, 283, 288, 292

Dead load, 19, 22, 218, 431,446, 447, 452,
460, 461, 464, 466, 468

Debonding, 28, 227, 293, 450, 472, 470, 472
Deck, 360, 408
Delamination, 69, 138, 228, 260, 450,

470, 472
Denier, 26, 52
Density, composite, 109
Design

bending, 210, 399
buckling, 359
deflection, 210
membrane, 205
strength, 10, 12, 227
state, 231

Deterministic, 12, 20, 21, 24, 25
Differential scanning calorimetry, 69, 70
Diffusivity, 126
Dimensional stability, 37, 63, 91, 123
Discontinuous fiber, 2, 49, 50, 51
Discrete damage mechanics (DDM), 249,

250, 252, 293, 301
Dissipation, 10, 40, 71, 450
Drape, 53–5, 89, 103, 305
DSC, see Differential scanning calorimetry

Eccentricity, 368, 369, 476, 485, 488, 490,
491, 495

Effective length, 361, 415, 416
Einstein’s summation convention, 243
Elastoplastic, 10
Electrical conductivity, 42, 47, 56, 126
Electromagnetic, 3, 45, 47
Elongation, 59–65, 74, 76, 79, 82, 83, 116,

132, 133, 148, 234, 430
Emission of volatiles, 86, 87, 97
End, 51
Energy

absorption, 45
fracture, 298
Griffith’s, 299
potential, 10, 11
release rate, 10, 11, 246, 247, 276,

294, 298
strain, 10, 11, 298, 318, 378, 382
surface, 10, 299

Environmental, 3, 37, 39, 47, 58, 64, 227,
242, 304, 449, 462, 464, 474, 482, 498

Erosion, 3, 60
Expansion
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moisture, 30, 31, 123–6, 215, 315, 319,
320, 321, 347

thermal, 3, 8, 37, 49, 59, 75, 123–9, 183,
184, 189, 213, 214, 216, 217, 242, 347

Extensional stiffness, 182, 197, 220, 319

Fabric
stitched, 34, 49, 80, 104, 105, 110,

169, 304
reinforced, 54, 257, 303, 304, 306,

308, 309, 311, 315–7, 321, 325, 327,
349, 350

Factored
capacity, 446, 492–8
moment, 357, 455, 457, 458, 463–5,

467, 498
shear, 473, 474

Failure criterion
interacting, 228, 233, 236, 253, 279, 280
lamina, 228, 230, 242
laminate, 255
maximum strain, 228, 233, 234, 235,

253, 256, 278, 280
maximum stress, 165, 221, 228, 231–5,

237, 240–2, 245, 250, 251, 253,
261, 278, 301, 321, 395, 397, 438

quadratic, 237
Tresca, 257
truncated maximum strain, 228, 252,

255, 256, 259–61, 263, 279–81
Tsai-Hill, 237
Tsai-Wu, 237
Mohr-Coulomb, 142, 143, 145, 146,

149, 236
strength, 243, 244, 253, 283
stress-based, 145

Failure index, 145, 149, 325
Fatigue, 3, 39–42, 46, 51, 257, 459
Fiber

architecture, 34, 53, 56, 80, 109, 199,
200, 230, 423

buckling, 505
bundle, 38, 44, 48, 51, 52, 507
failure, 133, 253, 255
misalignment, 30, 31, 32, 504
modulus, 74
reinforced plastic, 23, 57, 70, 443-99
strength, 78, 285
types, 39, 449
weight fraction, 108, 109, 147

Fiber-matrix
bond, 48, 114, 116, 133, 147
compatibility, 48
interface, 50, 69, 227, 246

Fick’s law, 125
Filament winding, 39, 49, 53, 63, 85, 86, 99,

100, 102, 105, 124, 218, 219, 268, 351,
357, 425

Fill tow, 303, 305, 311, 313, 322, 334, 335,
338, 340

Filler, 4, 99
Finite element analysis, 131, 237, 252, 303,

391, 399, 414, 423, 424, 429
First order shear (FSDT), 178, 182
First ply failure, 228, 243, 245, 251, 252,

253, 261, 278, 279, 280, 283, 301, 356,
394, 397, 421, 428, 438

Flame spread, 60, 70
Flammability, 58, 63, 71, 72
Flexural

modulus, 72
strength, 400–3, 409, 412, 449, 479, 483

Flexure formula, 212
Foam, 5, 97, 412, 414, 433, 439, 441
Fracture

criterion, 10
mechanics, 10, 12, 136, 137, 140, 246,

276, 291, 299
plane, 143–6, 228, 328
toughness, 10, 11, 12, 22, 28, 30, 31, 64,

72, 136–8, 140–2, 148, 229, 244,
246–8, 276, 277, 292, 299, 328

Frame, 408–10, 415,
FRP, see Fiber reinforced plastic

Gaussian distribution, see Normal dist.
Gel time, 59
Generally orthotropic, 169
Generator, shell, 428, 434, 435
Geodesic, 101, 218, 425
Glass fibers, 39

AR-glass, 39
C-glass,39, 74, 75
D-glass, 39, 74, 75
E-glass, 30, 39, 78, 125, 134, 342
R-glass, 39, 40, 74, 75
S-glass, 30, 39, 74, 75, 78, 125, 134,
148, 226, 342

Glass transition temperature, 57, 63, 64,
68, 69, 72, 130
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Glass, bulk, 39
Global redistribution, 324, 327
Graphite, 1, 3, 4, 41, 43, 78
Griffith’s energy principle, 299
Griffith’s surface energy, 10, 299

Halpin-Tsai, 117, 118, 126, 147, 219
Hand lay-up, 49, 110, 135, 187, 209, 342, 351
Hardening, 285, 288, 292, 294, 300
Harness, 43, 102, 305, 306
Heat distortion temperature (HDT), 69,

82, 83
Helical winding, 100, 101, 425
Heterogeneous material, 107, 112, 114
Histogram, 15, 16
Hole, open, 272–6, 278
Honeycomb, 5, 62, 97,414, 439
Hooke’s law, 117, 157, 159, 164, 182, 235, 367
Hoop

direction, 174, 218, 239, 240, 251, 267,
268, 429

force, 101,251, 424, 426, 428, 431, 437
radius, 428
ribs, 439
strain, 424, 430
stress,27, 72, 174, 440
winding, 72, 100, 124, 218, 240, 484

Hybrid, 2, 5
Hydrostatic, 411, 436
Hygrothermal, 213, 216, 242, 243, 258,

310, 320, 345, 348, 349
Hypochlorites, 61, 62

IITRI fixture, 259, 260
Impact resistance, 3, 5, 45, 46, 90, 102,

259, 303
Imperfection, 431, 476, 491, 508, 509

sensitivity, 289, 290, 291
Ineffective length, 286, 323
Infrastructure, 3
Initial

configuration, 461
strain, 451, 453, 456, 461, 464, 466

In-phase configuration, 316, 505, 507, 508
In-plane

force, 177, 182–3, 186–9, 297, 315
laminate modulus, 224, 226, 295
load, 188, 196, 197, 206, 245, 273, 303,

316, 317, 321, 399, 408, 412, 414, 415,
434

Poisson’s ratio, 30, 31, 114, 117, 118
shear damage, 293, 325
shear modulus, 30, 31, 114, 118, 119,

136, 204, 207, 289, 508
shear stiffness, 121, 135, 368
shear strength, 30, 31, 121, 139–41, 145,

147, 149, 165, 229, 236, 264, 344,
508, 509

stiffness, 182, 250, 399
strain, 158, 162, 177, 182, 318, 321, 414
stress, 139, 164, 207, 238, 323, 399

Insitu
correction, 254, 255,
effect, 395, 437, 438, 441
FPF, 249, 250,
polymerization, 45
property, 131
strength, 145, 244–51, 254, 255, 278–80,

283, 301, 302, 394, 397
Insulation, 3, 40, 48, 59, 62
Integrity tensor, 326
Interacting failure criterion,

see Failure criterion interacting.
Interaction diagram, 484, 485, 487,

488–91, 495, 499
Interface, 50, 56, 61, 69, 138, 147, 186,

195, 225, 227, 246, 248, 366
Interlacing, 53, 55, 304–7, 315, 334,

335, 338
Interlaminar, 138, 142, 228, 342
Intermingled, 2, 64, 219
Internal friction, 143
Intralaminar

compliance, 158
crack, 99, 138
fracture, 142, 248
stiffness, 159
strength, 48, 69
stress, 121, 158

Inverse ROM (IROM), 117–9, 162
Isophthalic resin, 61, 62, 71, 81, 82,

124, 148, 224
Isostrain, 132, 318, 321, 322
Isotropic

material, 56, 112, 113, 191, 371, 432
plate, 178, 190, 191, 192

Kevlar, 30, 45, 76, 78, 125, 148, 169,
225, 374, 394

K-III prepolymer, 64, 82, 83
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Knit fabric,49, 55, 56, 102–4, 304
Knockdown, 22, 24, 27, 259, 260, 311
K-number, 52

Lame’s constant, 113
Lamina

coordinate system, 8, 151, 155, 161–3,
165–7, 169, 171, 180, 194, 197, 215,
221, 225, 231, 232, 234, 242, 285

failure criterion, 228, 230, 242, 243, 323
Laminate

coordinate system, 151, 161–9, 181, 186,
197, 198, 207, 215, 217, 313–5, 319,
321, 322

description, 187, 225
failure criterion, 228, 255
modulus, 189, 196–202, 204, 205, 260,

261, 273, 319, 328, 352, 353, 356, 361,
400, 405, 415, 417, 434

properties, 9, 34, 161, 318, 412
regular, 188, 224,
stiffness, 210, 249, 277, 295, 297, 298, 319
thermal expansion, 216, 217
type, 187, 224, 273

Laminated
beam, 221, 363
plate, 173, 174, 177–9, 192, 366
structure, 173, 219

LARC-TPI prepolymer, 64
Last ply failure (LPF), 252, 253, 261, 263,

268, 283, 356, 358
Limit state design, 27, 445–7, 451, 453,

458–61
Liquid Crystal Polymer, 41, 45
Live Load, 19, 430, 431, 446, 447, 460, 465,

468, 473, 481
LRFD, 18, 19, 22, 28, 268, 445
Load

combination factor, 19, 27, 445
factor, 19, 21, 22, 25, 221, 231, 233, 243,

251, 266, 269, 270, 411, 412, 427, 428,
431, 436, 438, 439, 446, 447

Local redistribution, 324
Longitudinal

modulus, 30, 31, 114, 116, 118
strength, 241, 243, 441

Manufacturing process, continuous, 97
Margin of safety, 17, 18
Masonry, 443

Mass Fraction, 108
Matched tool molding, 91
Material

coordinates, 313–4, 319, 322–3, 325, 345
design, 8, 86

MATLAB, 15, 18, 21, 24, 26, 376, 501
Matrix

cracking, 69, 139, 227, 228, 230, 236,
243–5, 252, 255, 256, 258, 259, 262,
267, 283, 293, 300, 303

digestion, 109
failure, 133, 239, 253, 259
materials, 56
volume fraction, 107, 108
weight fraction, 108, 147

Matrix-dominated, 56–8, 117, 119, 120,
128, 146, 165, 236–9, 243, 507

Maximum
allowable

reinforcement, 464, 465, 466, 475
spacing, 475
strengthening, 447, 473, 474, 480, 481
stress, 458

strain criterion,
see Criterion, maximum strain

stress criterion,
see Criterion, maximum stress

Macaulay operator, 232, 263
Mean value, 17, 18, 21, 23, 26, 27, 38, 506
Mechanical

center of gravity, 366, 371, 372, 375,
377, 385, 386, 388, 390

product of area, 372, 377
Meridian, 425, 426, 428, 429
Mesoscale volume fraction, 311
Metal matrix composite, 46, 132, 135, 510
Metallic fiber, 47
Microbuckling, 227, 504, 505, 507
Microcatenary, 52, 53, 505
Microcrack, 40, 43, 246, 257, 259, 293,

476, 477
Microstructure, 58, 111, 115, 117–20,

127, 318, 328, 501, 503, 504
Midsurface strain, 177, 179, 183, 185,

187, 216, 294, 316, 317, 367
Misalignment angle, 288, 290, 506, 508
Mohr’s circle, 6, 7, 143, 144, 257
Mohr–Coulomb,

see Criterion, Mohr–Coulomb
Moisture
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absorption, 45, 48, 63, 68, 125
content, 123, 125, 242, 319
expansion, 30, 31, 123–6, 215, 315,

319–21, 347
Moment

capacity, 449, 450–2, 455, 457, 458, 460,
462–5, 467, 489, 498

resultant, 176

Nanotube, 42–5
Neat resin, 61
Neutral axis, 208, 352, 357–9, 375, 413

concrete, 447–98
bending and torsion, 368, 369, 371, 373,

374, 377, 385
Nextel, 46, 74, 75
Nominal

axial capacity, 479
axial force, 480
capacity, 445, 446, 484, 491, 492
moment capacity, 451, 452, 455, 457, 458,

463, 464, 467, 498
resistance, 20
shear capacity, 472
stress, 272–4

Nonlinear, 27, 66, 120, 121, 132, 234, 235,
249, 263, 414, 448, 451, 459, 507

Nonwoven fabric, 53, 304
Normal

cumulative, 34
distribution, 14, 16, 17, 20, 21, 23, 25,

29, 268, 291, 292, 506
probability density, 13, 15, 289, 290,

506, 508
Notched, 272–8

Off-axis
lamina, 195, 367, 403
stiffness, 161
test, 241, 242

Open section, 98, 363–5, 378, 380, 381,
389–92, 295, 414

Organic fiber, 45
Orthogonal weave, 304
Orthophthalic resin, see Resin, orthophthalic
Orthotropic

lamina, 168, 169, 184, 197
laminate, 194, 195, 197, 224
material, 112, 113, 197, 198, 326, 356, 434
plate, 196, 204, 205, 273

Out-of-phase, 316, 505, 507
Out-of-plane shear, 12, 114, 229
Overall fiber volume fraction, 54, 311, 327,

333, 334
Overlap, 219, 307
Oxygen index, 70

Packing, fiber, 111, 116
Parallel axis theorem, 372, 375
Part-count, 3
Particle-reinforced, 2
Perfect system, 507
Periodic microstructure (PMM), 115, 117,

118, 119, 120, 127, 318, 328, 501
Peroxide, 60, 61, 62
Phenolic resin, 59, 60, 63, 96, 98
Pitch

-based fiber, 41, 74, 75, 77
hole, 276,
tow, 304, 333, 334
stringer, 410, 411, 415

Plain weave, 53, 55, 103, 303–9, 311, 315,
316, 327–9, 331–4, 346

Planar weave, 304
Plane stress, 11, 139, 151, 157, 158, 164,

180, 197, 207, 238, 277, 315, 321–3, 399
Plate

bending, 400
buckling, 403, 416
notched, 273, 274, 278
stiffness, 174, 180, 181, 183, 416
theory, 175, 178, 182

Ply,
discount, 228, 244, 252, 261, 280
mechanics, 151

Point stress criterion, 274, 276
Polar winding, 101, 105
Polyacrylonitrile (PAN) fibers, 41
Polyamide-imide (PAI) fibers, 64
Polyester, resin, 2, 34, 60, 61
Polyether ether ketone (PEEK), 64
Polyetherimide (PEI), 64
Polyethylene, 45, 218, 427
Polyphenylene sulfide (PPS), 64
Polystyrylpyridine, 63
Polysulfone (PSUL), 64
Polyvinyl alcohol, 87, 101
Postbuckling, 414, 417
Pot life, 59, 64
Potential energy, 10, 11
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Pre-cured, 444
Preform, 92–4, 96–8, 100
Prepreg, 49, 85, 88
Pressure bag, 90
Pressure vessel, 40, 42, 90, 91, 101, 173, 174,

177, 199, 218, 219, 239, 240, 251, 267, 423,
425, 429, 440

Principal axes, 7, 8, 364, 365, 372, 373, 376,
377, 380, 381, 388, 391, 392

Principal stress design, 6, 8, 28, 165, 470
Probability

density, 13–6, 285, 286, 288–90, 341, 506,
508

of failure, 14, 15, 17, 18, 21
Product of area, 372, 377
Pulforming, 99
Pultrusion, 49, 53, 63, 85, 97–9, 116, 124,

341, 351, 352

Quartz fiber, 40, 74, 75
Quasi-isotropic laminate, 4, 187, 190, 191,

222, 272, 277, 405, 410, 412, 428, 432, 433,
437

Random variable, 21, 23
Random orientation, 2, 38, 51, 53, 113, 123,

126, 341–3
Rehabilitate, 443
Reinforced concrete, 443
Reinforcing bars, 99, 443
Release agent, 86, 87, 90
Reliability, 10, 12, 14–8, 20–2, 218, 221, 231,

251, 267, 268, 358, 359, 440
Repetitive unit cell (RUC), 304–9
Representative

crack, 137, 138, 141, 246, 248
volume element (RVE), 110, 111, 147,

296, 309
Resistance factor, 18–20, 22, 221, 231, 233,

243, 251, 266, 268–70, 357, 409, 427, 428,
431, 433, 436, 438, 439, 445, 451

Restrained warping, 395
Restrictions on elastic constants, 122, 148
Retention ratio, 68, 69, 72
Retrofit, 443
Reuter matrix, 163, 320
Roving, 49–52, 71, 87, 97–9, 101, 304, 341,

342, 504
Rule of mixture (ROM), 44, 114, 115, 118,

120, 126, 219

inverse (IROM), 117–9

SACMA, 136, 289
Saint Venant stress, 391
Sandwich, 2, 5, 87, 95, 174, 405, 433, 434,

439, 441
Satin weave, 53, 54, 55, 303–5, 307, 333,

338–40, 344
Scale parameter, 26, 38
SCILAB, xv, 501
Sectorial

area, 364, 384–9, 395, 396
moment, 388, 389,
moment of area, 386
properties, 384, 385
static moment, 385

Segment
definition, 364, 372
deformation, 392

Semi-empirical, 117, 121
Serviceability limit state, 27, 445–7, 458–61
Shaft, 98, 100, 199, 270, 271, 351
Shear

buckling, 359
capacity, 470–5
center, 385, 386, 388–90, 396
failure, 139, 140, 143, 227, 243, 244, 252,

253, 255, 257, 258, 323
flow, 369, 378
force, 152, 179, 182, 186, 357, 358, 367,

374, 380–2, 386, 389, 390, 392, 393,
410, 426, 437, 438, 440

fracture line, 143, 144
lag, 286, 411
load, 3, 165, 207, 254, 255, 262, 263, 266,

268, 323, 390, 414, 431, 447, 469
mode, 241, 244, 261, 505, 507
modulus, 30, 31, 32, 113, 114, 118–21,

135, 136, 141, 178, 198, 202, 204,
207, 220, 227, 236, 289, 349, 353, 356,
368, 384, 504, 507, 508, 509

stiffness, 121, 135, 182, 200, 207, 244, 294,
353, 356, 368, 382, 383, 384, 390

strain, 163, 164, 165, 168, 174, 257, 322,
369, 392, 508, 509

intralaminar, 164
transverse, 177, 182, 185
ultimate, 30–2

strengthening, 444, 469–71, 473, 475
Shear-extension coupling, 183, 322
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Sheet molding compound, 39, 63, 92
Shelf life, 59, 89
Shell

cylindrical, 218, 428, 429, 434, 435
of revolution, 425

Shift parameter, 305, 306, 312, 337
Short fiber, 4, 49–53
Silica fiber, 40
Silicon Carbide (SiC) fiber, 46
Silicone, 87
Sizing, 48, 99, 409
Slab, 443, 445, 446
Smoke, 4, 60, 61, 63, 71
Solvent, 62, 64, 69, 90

extraction, 109
Specially orthotropic, 55

lamina, 169, 188, 194, 367
laminate, 194, 195, 197, 403

Spectra fiber, 45, 76 Spherical
shell, 427, 428, 432
vessel, 101

Spray-up, 88, 95
Stability

chemical, 46
dimensional, 37, 63, 91, 123
fatigue, 39
weathering, 61

Standard deviation, 13–5, 23, 24, 25, 26,
289, 349, 506
fiber misalignment, 135, 227, 289, 290,

328, 509, 510
Standard normal, 13, 14, 17, 24, 34
State variable, 285, 293, 299
Static

fatigue, 40, 41
moment, 364, 371, 381–6, 389, 390

Stiffened panel, 399, 408, 409, 414–6, 419–21
Stiffener, 410, 416
Stirrups, 443, 444, 470
Stitched Fabric, 2, 34, 49, 53, 54, 80, 96, 98,

99, 102, 104, 105, 110, 169, 194, 304, 404,
419

Stochastic, 13, 17, 21, 22
Strain

energy, 10, 11, 298, 318, 378, 382
shear, 163–5, 168, 174, 177, 182, 185, 257,

322, 369, 392, 508, 509
tensor, 155
-to-failure, 30, 31, 32, 234, 235, 245, 256,

257, 260, 262, 264, 415, 418, 420, 454,

464, 487, 492, 493
transformation, 162, 319
ultimate, see Ultimate strain

Strength
design, 10, 12, 227
failure criteria, 243, 244, 253, 283
ratio, 17, 230
reduction factor, 20, 78, 445, 446, 451,

479
yield, 28, 174, 229, 230, 269

Strengthened, 443
Strengthening, 443
Stress

based failure criterion, 145
block, 453, 454, 456, 463, 464, 485–7,

489, 491
concentration, 43, 104, 147, 271–5, 429
corrosion, 40, 41
hoop, 27, 72, 174, 440
longitudinal, 174, 227, 286, 287, 291,

323, 325, 424
partitioning parameter, 121
ratio, 40, 42
recovery, 323, 325
redistribution, 230, 249, 283, 292, 324
relaxation, 65–7
resultant, 179
tensor, 152, 153, 155
transformation, 7, 162, 171, 323
vector, 152, 153, 156

Stress-strain equation, 156, 157, 166
Stringer, 351, 405, 408, 409, 410, 411, 415
Strong strengthening configuration (SSC),

452, 453, 458, 463, 465
Structural

design, 8, 37, 85, 111, 206
reaction injection molding (SRIM), 94

Styrene, 60, 86, 97
Surface energy, 10, 299
Swelling, 125, 213
Symmetric

angle-ply, 194
cross-ply, 193, 194, 245, 327, 345
loading, 426

Technora, 45, 76
Temperature

cure, 86
melting, 68, 72

Tendon, 351
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Ten-percent rule, 255, 259, 262, 269
Tensile strength

longitudinal, 26, 30, 31, 131, 133, 220,
227, 241, 269, 285, 286

transverse, 30, 31, 136-8, 140, 165, 241,
248, 272

Tension controlled, 451, 488
TEX, 52, 53, 109, 110
Textile, 49, 51, 53, 56, 102, 109, 230,

303, 328
Thermal

conductivity, 3, 47, 49, 71
expansion, 3, 8, 37, 49, 59, 75, 123–9,

183, 184, 189, 213, 214, 216, 217,
242, 347

force, 188, 216, 320
load, 213, 216, 217, 242, 243
strain, 127, 128, 129, 130, 131, 213–7, 258
stress, 127, 129, 213, 216, 218, 227, 242

Thermodynamic force, 285
Thermo-elastic properties, 340
Thermoplastic, 44, 57, 63–5, 68, 82, 83, 89,

90, 98
Thermoset, 44, 57, 59, 60, 63, 67, 69, 81,

82, 89, 90, 505
Thin-walled beams, 156, 195, 351–3, 356,

359, 360–3, 367, 381, 389, 412, 415,
439, 477

Thread, textile, 51
Timber structure, 443
Time-temperature superposition (TTSP),

68, 69
Tooling, 40, 56, 59, 62, 87, 88, 91, 94, 96, 97
Torsional

buckling, 352, 408, 414
stiffness, 370, 378–80, 391, 409, 412, 414

Torsion-extension coupling, 183, 184
Toughness, fracture, see Fracture toughness
Tow damage, 303
Tow failure, 303, 323
Transformation

compliance, see Compliance transf.
coordinates, see Coordinates transf.
strain, see Strain transformation
stress, see Stress transformation

Transformed section method, 211, 212
Transition thickness, 136, 138, 140–2, 245,

248, 249, 251, 254, 301, 328
Transport properties, 124, 126
Transportation, 3, 97

Transverse
modulus, 30, 31, 116, 117, 128, 137, 142,

198, 219, 241, 343, 501
shear, 120, 144, 147, 178, 181, 182, 185–7,

244, 252, 253, 325, 366, 403
strength, 98, 136–8, 241–3, 246, 262,

267, 292
Transversely isotropic, 113, 119–21, 127,

128, 158, 159, 313, 315, 501, 503, 504
Tresca failure criterion, 143, 257
Triaxial woven fabric, 54, 55
Tributary

area, 410, 412
width, 408, 410, 411

Truncated-maximum-strain criterion, 228,
252, 255, 256, 259, 260, 261, 263

Tsai-Hill criterion, 237
Tsai-Wu criterion, 237
Twaron, 45
Twill weave, 53, 54, 55, 303–7, 333–5, 337,

338, 340
Twist

angle, 51, 378, 379, 380, 389, 390, 391,
392, 395

rate, 51, 378, 379, 380, 389, 390, 391,
392, 395

Twisting curvature, 368, 378, 380, 392

Ultimate limit state, 27, 445, 446, 447, 453
Ultimate strain, see Strain-to-failure
Ultraviolet (UV), 4, 45, 60, 69
Uncoupled, 187, 189, 236, 369, 370
Undulation, 54, 96, 303, 304, 307, 309, 310,

312, 315, 316, 319, 322, 323, 332–40
Uniaxial woven fabric, 55
Unstrengthened, 447, 450, 452, 458, 459,

462, 464,,465, 481, 488–91, 493, 495, 497

Vacuum assisted resin injection molding,
95

Vacuum assisted resin transfer molding, 85,
95, 96, 102

Vacuum bag, 49, 89, 90, 91, 95–7, 135, 312
Vectran, 26, 45, 76
Veil, fabric, 39, 53, 54
Vinyl ester, 59, 62, 71, 78, 81, 82, 96, 98,

343, 350, 510
Viscoelastic, 65, 66, 132, 501
Viscoplastic, 66, 132
Void content, 30, 31, 32, 87, 88, 97, 99, 102,
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125
Volatile organic compound (VOC), 94, 97
von Mises, 327

Warp tow, 305, 310–3, 315, 319, 322, 323,
325, 331–3, 335, 338, 340

Waviness, 54, 96, 288, 504, 505
Wax, 80, 87
Weak strengthening configuration (WSC),

452, 453, 455, 457, 458, 463, 465, 467
Wear resistance, 3
Weathering, 56, 57, 61
Weaving pattern, 53, 54, 55, 307, 309, 333,

336, 340
Weft yarn, 53, 80, 102, 104, 304
Weibull

distribution, 14, 23, 26, 35, 38, 132, 227
parameters, 27, 38, 77, 78, 132, 227,

285–7
Wet layup, 86, 97, 444
Whisker, 2, 3, 38, 50, 51
Whitney’s stress-block, 454, 456, 486
Woven fabric, 51, 53–5, 88, 96, 102–4, 169,

195, 303, 304, 309, 315, 317, 321, 322,
331, 332, 349, 350

Yarn count, 52
Yarn number, 52
Yield, 52, 109, 110

Zylon, 45, 76
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