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Preface 

Composite materials are increasingly used in aerospace, under water, and 
automotive structures. The application of composite materials to engineering 
components has spurred a major effort to analyze structural components made 
from them. Composite materials provide unique advantages over their metallic 
counterparts, but they also present complex and challenging problems to analysts 
and designers. To take advantage of the fuH potential of composite materials, 
structural analysts and designers must have accurate mathematical models and 
design methods at their disposal. The most common structural elements are plates 
and shells. An accurate modelling of stress fields and failures is of paramount 
importance in the design of such components. 

The present monograph has the objective of introducing the mechanics concepts, 
structural theories, and finite element models of composite laminates. Detailed 
coverage ofthe basic mechanics of composite materials, theories of composite plates 
and shells, and the finite element method are avoided in the interest of providing 
a general background necessary for engineers to analyze composite structures. 

The authors are very grateful to Professor G. M. 1. Gladwell of the University 
of Waterloo for his technical as weH as editorial comments and for suggesting 
improvements. It is a pleasure to acknowledge the help of Mr. Y. S. N. Reddy 
(Virginia Polytechnic Institute and State University) in reading the manuscript 
and offering useful suggestions during the preparation of the manuscript. The 
authors also wish to thank Dr. Nigel Hollingworth (Kluwer) for the encouragement 
and support in publishing the monograph. The authors are very thankful to 
Mrs. Vanessa McCoy of the Department of Engineering Science and Mechanics, 
Virginia Polytechnic Institute and State University, Blacksburg, for typing of the 
manuscript. Without the patience and cooperation of Mrs. McCoy, it would not 
have been possible to publish this monograph. 

O. O. Ochoa and J. N. Reddy 
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Chapter One 

Overview 

1.1 Introduction 

The phrase 'eomposite material' refers to a material that is formed by eom­
bining two or more materials on a maeroseopie seale. Structures made of such 
materials are ealled eomposite structures. Composite materials are fabrieated to 
have better engineering properties than the eonventional materials, for example, 
metals. Some of the properties that ean be improved by forming a eomposite 
material are: stiffness, strength, weight, eorrosion resistanee, thermal properties, 
fatigue life and wear resistanee. Most man-made eomposite materials are made 
from two materials: a reinforeement material and a parent or matrix material. 
Composite materials are finding applieations in a variety of systems; including air­
eraft and submarine structures, spaee structures, automobiles, sports equipment, 
medieal prosthetie deviees, and electronic eireuit boards. They are most suitable 
in applieations that require high strength-to-weight and stiffness-to-weight ratios. 
With the inereased use of fiber-reinforeed eomposites in struetural eomponents, 
studies involving the behavior of eomponents made of eomposites are reeeiving 
eonsiderable attention. Functional requirements and eeonomie eonsiderations of 
design are foreing engineers to seek reliable and accurate yet eeonomieal methods 
of determining statie and dynamie eharaeteristies of the structural eomponents. 

The analytieal study and design of eomposite materials requires knowledge 
of anisotropie elastieity, structural theories and failure/damage eriteria. Unlike 
isotropie materials, anisotropie materials exhibit eomplieated meehanieal behavior. 
For example, eonsider rectangular blocks of isotropie and anisotropie (monoclinie) 
materials. When an isotropie block is subjected to pure shear stress, it develops 
only shear strain and no normal strains. Similarly, if an isotropie block is subjected 
to normal stress, it develops only normal strain and no shear strains. Under 

1 



Analysü of Composite Laminates 2 

identieal loads, a block made of an anisotropie material deforms differently from 
an isotropie block, as shown in Fig. 1.1-1. When a shear stress is applied to an 
anisotropie body, it develops normal strains in addition to shear strainj anormal 
stress similarly pro duces shear strain as weH as normal strain. 

Normal 8tre88 Shear 8tre88 

18otropic material 

AniJotropic material 

Figure 1.1-1 Deformation of isotropie and anisotropie material elements sub­
jected to normal and shear stresses (broken lines denote unde­
formed geometry). 

Most real world problems involving eomposite structures do not admit exact 
solutions, requiring one to find approximate, but representative solutions. The 
finite element method is an effective approximate method of obtaining numerieal 
solutions to boundary-value, initial-value and eigen-value problems. The method 
is the most powerful numerieal tool available today for predicting the response of 
eomposite structures. In the formulation and analysis of any mathematieal model 



3 Overview 

of a physical process, we should include all appropriate details consistent with the 
objective of the study. For example, representation of true loads and boundary 
conditions can be achieved to any desired closeness in a numerical model. How­
ever, the representation of material properties [physical constantsJ is inevitably 
an approximation which demands careful physical measurements. Gross approx­
imation of some parameters and accurate representation of others does not lead 
to realistic modeling of the overall problem. One must accurately represent the 
kinematics of deformation as well as the material behavior. 

1.2 Present study 

The objective of this monograph is to present the laminated plate theories 
and their finite element models to study the deformation, strength and failure 
of composite structures. Emphasis is placed on engineering aspects, such as the 
analytical descriptions, effective analysis tools, modeling of physical features, and 
evaluation of approaches used to formulate and predict the response of composite 
struct ures. 

We share our experiences in terms of guidelines and recommendations through­
out the book, while focussing on fundamental aspects of finite element modeling 
of composite laminates. One may consult the list of references provided at the end 
of each chapter to gain further insight into mechanics and materials aspects and 
for advanced modeling of composites structures (see [1-8J and references therein). 

Chapter 2 is devoted to the introduction of the definitions and terminology 
used in composite materials and structures. Anisotropie constitutive relations and 
laminate plate theories are also reviewed. Finite element models of laminated 
composite plates are presented in Chapter 3. Numerical evaluation of element co­
efficient matrices, postcomputation of strains and stresses, and sampie examples 
of laminated plates in bending and vibration are discussed. Chapter 4 introduces 
damage and failure criteria in composite laminates. Finally, Chapter 5 is dedi­
cated to case studies involving various aspects and types of composite structures. 
Joints, cutouts, woven composites, environment al effects, postbuckling response 
and failure of composite laminates are discussed by considering specific examples. 

References 

1. Jones, R. M., Mechanics of Composite Materials, Scripta Book Company, 
Washington, D. C.; formally Hemisphere, Washington, D. C.; now Taylor & 
Francis, Washington, D. C. (1975). 

2. Christensen, R. M., Mechanics of Composite Materials, John Wiley & Sons, 
New York (1979) 
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3. Agarwal, B. D., and Broutman, 1. J., Analysis and Performance of Fiber 
Composites, John Wiley & Sons, New York (1980). 

4. Reddy, J. N., Energy and Variational Methods in Applied Mechanic3, John 
Wiley and Sons, New York (1984). 

5. Whitney, J. M., Structural AnalY3i3 of Laminated Anisotropic Plate3, Tech­
nomic, Lancaster, PA (1987). 

6. Mura, T., Micromechanic3 of Defect3 in Solid3, Martinus Nijhoff, The Hague 
(1987). 

7. Reddy, J. N., Mechanic3 of Laminated Comp03ite Structure3: Theory and 
AnalY3i3, Lecture Notes, Virginia Polytechnic Institute and State University, 
Blacksburg, VA 24061, October 1988, also see Chapters 14 and 15 in: Finite 
Element Analysi3 for Engineering De3ign, J. N. Reddy, C. S. Krishna Moorthy, 
and K. N. Seetharamu (eds.), Vol. 37, Springer-Verlag, Berlin (1988). 

8. Aboudi, J., Mechanic3 of Comp03ite Materials, A Unified Micromechanic3 
Approach, Elsevier, Amsterdam l1991). 



Chapter Two 

M echanics 01 Composite Laminates 

2.1 Introduetion 

Analysis of struetures made of eomposite materials requires a knowledge of 
anisotropie elastieity, an appropriate structural theory that aeeounts for desired 
kinematies, failure eriteria to determine if the structure has failed, and a numerieal 
method to solve the boundary-value problem assoeiated with the structure. The 
study of anisotropie elastieity and structural theories used to analyze eomposite 
laminates eonstitute the topies for this ehapter. 

The traditional undergraduate engineering edueation that emphasizes isotropie 
materials, e.g., metals, is neither adequate nor appropriate for analyzing this 
new dass of engineered material systems. If the eomponent is a heterogeneous 
anisotropie medium, we must have a proper structural theory to model the stiffness 
eorreet1y, predict the stress fields, and determine the initiation and growth meeh­
anisms of different failures. Drawing analogies between isotropie and anisotropie 
media, with the hope of using existing knowledge of metals and making deductions 
from them, ean lead to ineorrect results and eondusions. 

In the present study, we shall foeus on the fundament als of anisotropie elas­
tieity and a study of the meehanies of eomposite laminates. We will review basie 
assumptions, study eonstitutive relations of eomposite materials, and derive strue­
tural theories of eomposite laminates. 

2.2 Anisotropie elastieity 

2.2-1 Definitions 

Sinee we seek a fundamental understanding of the meehanies of eomposites 
materials, we will start with the study of their eonstitutive behavior. First, we 
identify the differenees between homogeneous and heterogeneous material systems. 

5 
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A material is said to be homogeneou8 if the material properties remain unehanged 
throughout. In a heterogeneous system, the material properties are a function of 
position. Next, we distinguish between isotropie and anisotropie materials. A 
material is said to be isotropie if all its material properties at a point are indepen­
dent of the direction. That is, if one refers to point A in an isotropie medium of 
Figure 2.2-1 with a eoordinate system with its origin at A, the physieal properties 
at A will remain invariant for any arbitrary rotation ofaxes. An anisotropie ma­
terial is one whieh exhibits material properties that are directionally dependent, 
i.e., a given material property ean have different values in different directions. We 
shall diseuss various special eases of anisotropie materials in the next section. Note 
that a material ean be isotropie and homogeneous, isotropie and heterogeneous (or 
inhomogeneous), anisotropie and homogeneous, or anisotropie and heterogeneous. 

2.2-2 Constitutive relations 

In a three-dimensional Cartesian eoordinate system (see Figure 2.2-2), it is 
eustomary to deseribe the state of deformation by six eomponents of strain and 
stress, namely, three normal and three shear eomponents. A linear relation be­
tween the six stresses and six strains is known as the generalized Hooke's law, and 
it ean be expressed as, 

(Tk = CkjEj (k=I,2, ... ,6) (2.2 - 1) 

where Ckj are known as the ela8tie eoeffieient8. Note that (2.2-1) is an abbrevia­
tion of the proper tensor form of Hooke's law, namely (see [1-5]), 

When Ckj are functions of position the material is heterogeneous, and when they 
are eonstant throughout the material it is homogeneous. We note that Ckj are 
entries in the k-th row and j-th eolumn of a 6 X 6 square matrix; however, Ckj 
are not eomponents of a seeond-order tensor. Also note that the single subseript 
notation for stress and strain eomponents is based on the eonvention, 

(Tl = (Tll, (T2 = (T22, (T3 = (T33, (T4 = (T23, (T5 = (T13, (T6 = (T12 

EI = Ell, E2 = En, E3 = E33, E4 = 2E23, E5 = 2E13, E6 = 2El2 (2.2 - 2) 

Here ((Tl, (T2, (T3) denote the normal stresses and ((T 4, (T5 , (T6) denote shear stresses; 
(0"1, (T2, (T6) are the inplane stresses and ((T3, (T4, (T5) are the out-of-plane (i.e., trans­
verse) stresses. Similar terminology is used for the strain eomponents. 
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m = A material property measured with respeet to the (x,y) system 
m' = A material property measured wilh respeet to the (x',y') system 

Isotropie Materials: m=m'; Anisotropie Materials: m'#m 

Figure 2.2-1 Definitions of isotropie and anisotropie materials 

) 

1 .3 °33 

~2 
Figure 2.2-2 Components of stress and strain in a rectangular eartesian eoor­

dinate system. 
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The thirty six eoeffieients Oij are not all independent of eaeh other. The 
number of independent eonstants depends on the material eonstitution. First we 
show that Okj = Ojk; that is, they are symmetrie for materials for whieh the strain 
energy density function Uo is such that 

(2.2 - 3) 

To illustrate this, we eonsider the strain energy density of the material whieh may 
be expressed as 

(2.2 -4) 

Substituting equation (2.2-1) into equation (2.2-4) and integrating, we obtain 

(2.2 - 5) 

Substituting for Uo from Bq. (2.2-5) into Bq. (2.2-3), we arrive at the expression 

(2.2 - 6) 

By eomparing expressions (2.2-6) and (2.2-1), we eonclude that Okj = Ojk. 

Beeause of this symmetry, there are only 21 independent elastie eonstants for 
anisotropie materials. In matrix form Bq. (2.2-1) ean be expressed as 

0"1 Oll 012 013 014 015 0 16 EI 

0"2 0 22 0 23 0 24 0 25 0 26 E2 

0"3 0 33 0 34 0 35 0 36 E3 (2.2 - 7) 
0"4 0 44 0 45 0 46 E4 

0"5 0 55 G56 E5 

0"6 sym. G66 E6 

It is understood from Bq. (2.2-7) that, in general, the elastie eoeffieients 
Gij relating the Cartesian eomponents of stress and strain depend on the eoor­
dinate system (Xl, X2, X3) used. Referred to another Cartesian eoordinate system 
(X1,X2,X3), the elastie eoeffieients are Gij, and in general Gij 0/= Gij. If Gij = Gij, 

then they are independent of the eoordinate system and the material is said to be 
isotropie. 
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Some anisotropie materials may possess material symmetries and their eonsti­
tutive behavior ean be deseribed with fewer than 21 eonstants. When the elastie 
eoefficients at a point have the same values for every pair of eoordinate systems 
whieh are mirror images of eaeh other in a certain plane, that plane is ealled a 
plane of ela8tic 8ymmetry for the material at that point. Materials with one plane 
of symmetry are ealled monoclinie materia18, and the number of elastic coeffi­
cients for such materials reduces to 13. If the plane of symmetry is :V3 = 0, the 
eonstitutive relations become: 

0"1 0 11 0 12 0 13 0 0 0 16 EI 

0"2 0 22 023 0 0 026 E2 

0"3 033 0 0 036 E3 (2.2 - 8) = 
044 045 0 0"4 E4 

0"5 0 55 0 E5 

0"6 8ym. 0 66 E6 

Note that the out-of-plane shear stresses, namely 0"4 and 0"5, are independent of 
normal strains and the inplane shear strain. 

If a material system has three mutually perpendicular planes of elastic sym­
metry, then the number of independent elastic coefficients can be reduced to nine. 
Such materials are referred to as orthotropic. The stress-strain relations for an 
orthotropic material are given by 

0"1 0 11 0 12 0 13 0 0 0 EI 

0"2 0 22 0 23 0 0 0 E2 

0"3 0 33 0 0 0 E3 (2.2 - 9) 
0"4 0 44 0 0 E4 

0"5 0 55 0 E5 

0"6 8ym. 066 E6 

Note that there are no interactions between extensional and shear components for 
orthotropic materials when loaded along the material coordinates. 

The stiffness coefficients Oij for an orthotropic material may be expressed in 
terms of the engineering constants by (see Reddy [4]) 

o _ V31 + v21 v 32 

13 - tlE2E3 

o _ v32 + v12 v 31 
23 - tlE1E3 

V13 + v12 V23 

tlEIE2 
v23 + v21 v 13 

tlE1E2 

o _ 1 - v13 V31 

22 - tlEIE3 

o _ 1 - v12 v 21 
33 - tlE1E2 
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044 = G23, 055 = G 13 , 066 = G 12 

~ = 1 - 11121121 - 11231132 - 11311113 - 21/2111321113 
E1 E2E3 

10 

(2.2 - 10) 

where Ei denotes Young's moduli in the ith-material direetion, 1Iij is the Poisson's 
ratio for transverse strain in the j -th direction when stressed in the i-th direetion 

f' 
1Iij = _...l., 

Ei 

and (G23,G31 ,G12 ) are shear moduli in the 2-3,3-1, and 1-2 planes, respectively. 
The three material directions (Xl, X2, X3) are taken perpendieular to the three 
planes of elastie symmetry. 

If the material is isotropie in one of the planes of elastie symmetry of an 
orthotropie material system, it is referred to as a transversely isotropie material 
system. For this dass, there are only five independent eoeffieients. If Xl denotes 
the eoordinate normal to the plane of isotropy, then the stress-strain relationship 
takes the form 

0'1 011 0 12 023 0 0 0 EI 

0'2 0 22 0 23 0 0 0 E2 

0'3 0 22 0 0 0 E3 (2.2 - 11) 
0'4 {; 0 0 E4 

0'5 0 66 0 E5 

0'6 sym. 066 E6 

where {; = 0.5(011 - 0 12 ), 

Finally, for an isotropie material there are infinite number of planes of elastie 
symmetry (or no preferred direction), and it ean be deseribed in terms of two 
elastie eoefficients. The stress-strain relations for an isotropie material have the 
form, 

0'1 011 012 012 0 0 0 EI 

0'2 011 012 0 0 0 E2 

0'3 
0'4 

011 0 0 0 E3 (2.2 - 12) {; 0 0 E4 

0'5 {; 0 ES 

0'6 sym. {; E6 

where {; = 0.5(011 - 0 12 ), These two eoeffieients are related to Young's Modulus 
E and Poisson's ratio 1/ by 
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E(l - v) 
011 = (1+v)(1-2v)' 

vE 
012 = -;-----:-;----:--:-

(1 + v)(l - 2v) 
(2.2 - 13) 

A fiber-reinforced composite material is an anisotropie material because it 
possesses different moduli along the fiber direction and transverse to it. If we 
assurne that all fibers in a lamina are almost parallel, we can characterize it as 
a homogeneous orthotropic material, with the material coordinate axis Xl being 
parallel to the fiber direction. In the next section, we present constitutive equations 
for an orthotropic layer. We note that a fiber-reinforced composite is strong along 
the fibers and weak in the directions transverse to the fibers. 

2.3 Orthotropic lamina 

The inplane stress-strain relations in material coordinates (Xl, X2, X3) of a sin­
gle orthotropic lamina (i.e., a thin layer) are 

(2.3 - 1) 

The bars over the (]' 's, f'S and Q's are introduced here to distinguish them from 
the corresponding variables referred to the coordinate system (Xl, X2, X3), which 
is used to describe the structure made of composite materials. Thus, (X1,X2,X3) 
denotes the material coordinate system and (X1,X2,X3) = (x,y,z) denotes the 
coordinate system used to formulate the governing equations of the structural 
problem (see Figure 2.3-1). 

X3 = Z 

Figure 2.3-1 Coordinate system used for the description of the structure and 
the fiber direction. 
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The Qij'S in Eq. (2.3-1) are referred to as the plane stress-reduced stiffnesses 
because they are obtained from Cij by setting 0"33 = 0 in Eq. (2.2-9). They are 
related to the engineering constants in the following manner 

(2.3 - 2) 

Note that the fibers in the lamina are aligned with the principal material 
direction 1, denoted Xl. In this study, the material directions are always aligned 
with the fiber directions. When the material directions are not aligned with the 
coordinate system (x, y, z) used to describe the boundary-value problem associated 
with a structure, coordinate transformation equations are employed to obtain the 
stresses in material coordinates, (.:Tl,.:T2,.:T6), in terms of stresses in the global 
coordinates, (0"1,0"2,0"3) = (O":z:,O"y,O":z:y): 

u:}~ [ ,",26 sin2 () 2,", 6 ,;n6] {;: } sin2 () cos2 () -2 cos () sin () 
- cos () sin () cos () sin () cos2 () - sin2 () 

(2.3 - 3a) 

{ ~ 4 } = [c?S () 
0"5 Sin () 

- sin ()] { 0"4 } 
COS () 0"5 

(2.3 - 3b) 

where () denotes the angle between the positive x-axis and the positive xl-axis, 
measured counter-clockwise direction. Hereafter, the angle () will be referred to as 
the lamination angle. 

2.4 The classical laminated plate theory 

2.4-1 Introd uction 

Fiber-reinforced composites are manufactured in the form of thin sheets, called 
laminae or layers. The composite laminae are bonded together to form a lami­
nate with desired thickness and stiffness. In most applications, the thickness of a 
laminate is small compared to the planar dimensions. Therefore, two-dimensional 
theories are used to analyze composite laminates for stresses. The two-dimensional 
theories are obtained from the three-dimensional elasticity theory by making as­
sumptions concerning the variation of displacements and/or stresses through the 
thickness of the laminate. The classical laminated plate theory (CLPT) is an ex­
tension of the classical plate theory to laminated plates. In this theory, the inplane 
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displacements are assumed to vary linearly through the thickness and the trans­
verse displacement is assumed to be constant through the thickness (i.e., transverse 
normal strain is zero). The classicallaminated plate theory is found to be adequate 
for most applications where the thickness of the laminate is small, by two orders 
of magnitude compared to the inplane dimensions. When the classicallaminated 
plate theory is not applicable, a ren.ned theory is used. In the present section we 
develop the classical laminated plate theory. A ren.nement to the classicallami­
nate theory is provided by the fir8t-order 8hear deformation plate theory (FSDT), 
which will be discussed in Section 2.5. 

2.4-2 Assumptions of the theory 

The Kirchhoff-Love hypothesis is used in the derivation of the classicallami­
nated plate theory. The Kirchhoff-Love hypothesis involves the following assump­
tions: straight lines perpendicular to the midplane before deformation remain (1) 
straight, (2) inextensible, and (3) normal to the midsurface after deformation. 
These three assumptions lead to the neglect of the transverse strains, E:z:z, Eyz and 
Ezz • The neglect of Ezz leads to the omission of erzz because the product of Ezz 
and erzz is zero in the total potential energy of the plate. For orthotropic layers 
and laminates constructed from orthotropic laminae, irrespective of the lamination 
angles, the vanishing of E:z:z and Eyz lead to the neglect of er:z:z and eryz • Thus, the 
classicallaminate theory does not account for transverse deformation and stress 
state. This amounts to assuming that plates are "inn.nitely" rigid in the transverse 
direction, whereas in reality they are weaker in the transverse direction. 

The classical plate theory is adequate for the analysis of thin plates, espe­
cially when the transverse deformation is negligible. However, plates made of ad­
vanced n.ber-reinforced composite materials, whose elastic to shear modulus ratios 
(El/GI3 and El/G23) are very large, are susceptible to thickness failures because 
their effective transverse shear moduli (G I3 and G23 ) are signin.cantly smaller than 
the Young's moduli (EI) along the fiber direction. Although the transverse shear 
and normal stresses (er:z:z, eryz , erz) are an order of magnitude smaller than in-plane 
stresses (er:z:, er y, er:z: y ) , the material strength allowable8 for the transverse stresses 
are also an order of magnitude smaller than the allowables for the inplane stresses. 
Thus, the classicallaminate theory developed he re is not to be used for composites 
that are likely to fail in trans verse shear or delamination. 

2.4-3 Displacements and strains 

Consider a plate of total thickness h composed of N orthotropic layers with 
their principal material coordinates oriented at angles 81,82 , ... , 8N to the laminate 
coordinate, x. We assume that 

• the layers are perfectly bonded together, 

• the material of each layer is linearly elastic and has three planes of material 
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symmetry (i.e., orthotropic), 

• each layer is of uniform thickness, 

• the strains are small. (2.4-1) 

The laminate coordinate system is chosen such that the xy-plane coincides with 
the midplane of the laminate. A point P, located at the point (x,y,z) in the 
undeformed plate, moves after deformation to the position (x + Ul, Y + U2, z + U3) 
where (Ul,U2,U3) are the components of the displacement vector 

(2.4 - 2) 

and (cz,cy,ez ) are the unit vectors along the (x,y,z) coordinates. The first two 
assumptions of the Kirchhoff hypothesis require that the displacements (Ul, U2, U3) 
to be such that (see Figure 2.4-1), 

Ul (x, y, z, t) = u( x, y, t) + z (I>! (x, y, t) 
U2(X, y, z, t) = v(x, y, t) + Z<P2(X, y, t) 
U3(X, y, z, t) = w(x, y, t) (2.4 - 3) 

where (u, v, w) are the displacements of a point on the xy-plane (i.e., the midplane 
of the laminate), <Pl is the rotation of a transverse normal about the y-axis, and <P2 
is the rotation of the transverse normal about the x-axis and t denotes time. The 
third assumption of the Kirchhoff hypothesis implies that the rotations <Pl and <P2 
are equal to - ow!ox and - ow!oy, respectively. 

ow OW 
<Pl = -- , <P2 = --

ox oy 

Thus the displacement field of the classical plate theory becomes 

ow 
Ul(X,y,z,t) = u(x,y,t) - z ox 

ow 
U2(X,y,z,t) = v(x,y,t) - z oy 

U3(X,y,z,t) = w(x,y,t) 

(2.4 - 4) 

(2.4 - 5) 

It is important to note that in using the kinematic assumptions of a single­
layer theory to model a laminated plate composed of multiple layers of possi­
bly dissimilar-materiallayers, we tacitly assumed that the strains are continuous 
through the thickness, including the interfaces of dissimilar-materiallayers. This 
assumption plays a significant role in developing laminate theoriesj it allows us to 
replace a laminate with an equivalent single layer whose material coefficients are 
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Fiber direction 

z 

w 

u 

Figure 2.4-1 The Kirchhoff-Love hypothesis for bending of thin laminates. 

M xy = .M6 

z 

JMx = l'vh 

0- Y 

/:: Ny = N 2 
/J""",,-~Mn 

z 

Normal direction Normal direction 

Figure 2.4-2 The stress resultants on an arbitrary edge of a laminate. 
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averaged over the laminate thickness, as will be shown in the following sections. 
However, the assumption restricts the use of the theory to model global response 
characteristics, and it does not represent the interlaminar stresses (Le., stresses at 
the lamina interfaces) accurately. 

Once the displacement field of a continuous body is known, the strains in the 
body can be computed using the strain-displacement relations (see Reddy [4]), 

L;,' = ~ ( 8Ui + 8uj + 8um 8um ) ( ) '-. i,j=1,2,3 
2 8xj 8Xi 8Xi 8xj 

(2.4 - 6) 

Here summation on repeated subscript (m) is implied, and Xl = X, X2 = y, X3 = z 
are the coordinates used to describe the deformation of the body. Strains in Eq. 
(2.4-6) are nonlinear functions of the displacement gradients. The nonlinear part 
of the strains should be examined dosely, and terms that are indeed negligible for 
the dass of problems one wishes to study should be discarded. We restrict our 
study to problems with small strains, i.e., 

( 8UI)2 (8UI)2 8Ul8u I 1 
8x ' 8y , 8x 8y < < 

( 8U2)2 (8U2)2 8U28u2 1 ( 8U3)2 1 
8x ' 8y , 8x 8y < <, 8z < < (2.4 - 7) 

Note that ( UI,U2,U3) are the total displacement components along (XI,X2,X3) 
coordinates, respectively. Here we consider plate problems that involve moderate 
rotations (say 10°-15°). Hence, the following terms associated with rotations of 
transverse normals, 

( 8U3) 2 (8U3) 2 8u38u3 
8x ' 8y , 8x 8y 

(2.4 - 8) 

are small but not negligible. Under the restrictions imposed by Eqs. (2.4-7) and 
(2.4-8), we can simplify Eq. (2.4-6) as follows: 

_ 8UI ~ (8U3)2 _ 8U2 ~ ( 8ua)2 
€XX - 8x + 2 8x ' f yy - 8y + 2 8y 

_ 8ua _ ~ (8UI 8U2 8ua 8U3) 
€zz - 8z ' €xy - 2 8y + 8x + 8x 8y , 

_ ~ (8UI 8ua 8ua 8ua) _ ~ (8U2 8U3 8U38U3) 
€xz - 2 8z + 8x + 8z 8x ' €yz - 2 8z + 8y + 8z 8y (2.4 - 9) 
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The strains in Eq. (2.4-9) are called the von K arm/Ln 8train8. 

The strains associated with the displacement field (2.4-5) can now be com­
puted using the von K,l.rman strain-displacement relations (2.4-9): 

fl == f:z::z: = 8Ul + ~ (8U3)2 = 8u + ~ (8w)2 _ z82w 
8x 2 8x 8x 2 8x 8x2 

f2 == f = 8U2 + ~ ( 8U3)2 = 8v + ~ (8w)2 _ z82w 
yy 8y 2 8y 8y 2 8y 8y2 

8Ul 8U2 8U3 8U3 8u 8v 8w 8w 82w 
fS == 2f:z:y = 8y + 8x + 8x 8y = 8x + 8y + 8x 8y - 2z 8x8y (2.4 - 10) 

8U2 8U3 8w 8w 
f4 == 2Eyz = 8z + 8y = - 8y + 8y = 0 

8Ul 8U3 8w 8w 
f5 == 2E:z:z = 8z + 8x = - 8x + 8x = 0 

8U3 8w 
E3 == Ezz = - = - = 0 8z 8z 

(2.4 - 11) 

The single subscript notation used in Eqs. (2.4-10) and (2.4-11) for strains still 
refers to the laminate coordinates (x,y,z) == (X1,X2,X3). 

The strains in Eq. (2.4-10) are of the general form, 

c; = f\O) + Zf\l) (~- 1 2 6) 
~., , . - , , (2.4 - 12) 

Here f~O) = (f~O), f~O), E~O)) denote the strains associated with the stretching and 
inplane shearing of the midplane and are called the membrane 8train8. The quan­
tities E\l) = (f(l) f(l) f(l)) are the curvature8 Both E\O) and f\l) are functions of 

,1'2'S '" 
(x,y) only. Equation (2.4-10) shows that the membrane strains f? and curvatures 
EI for the classicallaminate theory have the following explicit form: 

/20) = 8v + ~(8w)2, (1) _ 82w 
8y 2 8y E2 - - 8y2 

(0) 8u 8v 8w 8w E(l) = -2 82w 
ES = 8y + 8x + Eh Eh' 6 8x8y (2.4 - 13) 
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where the underlined terms are the von Karman nonlinear strains. 
notation, Eq. (2.4-12) takes the form 

{ 
(O)} {(1) } 

{ :~ } = :~O) + z :~1) 
E6 (0) (1) 

ES ES 

18 

In matrix 

(2.4 - 14) 

We note from Eq. (2.4-14) that the strains vary linearly through the laminate 
thickness, and they are independent of the lamination scheme, as noted earlier. 
For a fixed value of z, the strains vary only with respect to the :z: and y coordinates. 

2.4-4 Equations of motion 

The equations of motion of asolid body can be derived using either energy 
principles or vector mechanics (i.e., Newton's laws). The energy principles require 
the minimization of the total potential energy (or maximization of the total com­
plementary energy) to derive the equations of motion and associated boundary 
conditions. Thus, in energy methods, one is required to write expressions for the 
appropriate energy of the body. In vector mechanics, a representative volume ele­
ment ofthe body is isolated with all its applied and reactive forces (i.e., a free-body 
diagram is used), and the governing equations of motion are obtained by summing 
forces and moments. The advantage of the energy principles is that they yield 
not only the equations of motion, but also the form of the boundary conditions 
consistent with the equations of motion. The vector mechanics approach is doser 
to physical intuition. In certain cases, the two methods may give different, but 
dosely related, sets of equations of motion. 

Here we use an energy principle, namely, the principle of virtual displacements. 
The principle of virtual displacements states that if a body is in (static or dynamic) 
equilibrium, the total virtual work done by all externally applied and internally 
generated forces in moving through their respective virtual displacements must be 
zero (see Reddy [4]). The total virtual work is equal to the sum of the internal 
virtual work and the virtual work done by external forces. In the interest of brevity 
and consistent with the objectives of the book (i.e., not to dwell too much on fine 
theoretical points), we omit the details, and summarize the equations of motion 
resulting from the principle of virtual displacements (see [4]): 

8N1 + 8N6 = 10 ü _ 11 8ill 
8:z: 8y 8:z: 

8N6 + 8N2 = 10 v _ 11 8ill 
8a: 8y 8y 

(2.4 - 15a) 

(2.4 -15b) 
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where, for example, tÜ == {)2 w / {)t 2 , 

{) ({)w {)w ) {) ({)w {)w ) N(w) = - N1-+Ns- + - Ns-+N2 -
{)x {)x {)y {)y {)x {)y 

(2.4 - 16) 

q is the distributed transverse load, (Ni, Md, are the force and moment resultants 
(see Figure 2.4-2), 

(2.4 - 17) 

(0"1 = 0";:;;:;, 0"2 = O"yy, O"s = O";:;y) and Ii are the mass inertias 

(2.4 - 18) 

The second term on the right side of the equality in the first two equations of Eq. 
(2.4-15) is called the rotatory inertia term, and it is often omitted because it is 
small in comparison to the Ioü and Iov terms. The same comment applies to the 
second term on the right hand side of Eqs. (2.4-15). 

The essential (i.e., geometrie) and natural boundary (i.e., force) conditions of 
the theory are given by (see Reddy [4]): 

U n , Uns, W, ~: (essential) 

Nn, Nns , Qn, Mn (natural) 

w here (see Figure 2.4-2) 

(2.4 - 19a) 

(2.4 -19b) 

(2.4 - 20a) 
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N n = Nln~ + N2n~ + 2N6n"ny 

N ns = (N2 - NI)n"ny + N6(n~ - n~) 

Mn = Mln~ + M2n~ + 2M6n"ny 

M ns = (M2 - MI)n"ny + M6(n~ - n~) 

• 8Mns 
Qn = Ql n" + Q2 n 1/ - --a;-

20 

(2.4 - 20b) 

and n" and n y are the direction eosines of the unit normal on the boundary of the 
plate. 

It should be noted that the vector mechanics approach would have given the 
following equations, in the linear case, by summing forces along the x, y and z 
directions and summing moments ab out the x and y axes: 

(2.4-21) 

where Ql and Q2 are the transverse shear forces. We can solve the fourth and 
fifth equations in (2.4-21) for Ql and Q2, substitute the expressions into the third 
equation of (2.4-21) and obtain the third equation in (2.4-15) without the nonlinear 
term. 

Equations (2.4-21) can also be derived from the equations of motion of 3-D 
elasticity (in the absence of body forces), 

8(J" ö(J"y 8(Ju _ 82ul 
öx + ay + fu - P 8t2 

(2.4 - 22a) 

ö(J "y 8(J Y1/ 8(J 1/Z 82u2 
--a;-+ay+fu=P 8t2 

(2.4 - 22b) 
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(2.4 - 22c) 

Integrating Eq. (2.4-22) with respect to Z over the thickness of the plate (-~, ~), 
we obtain the first three equations in (2.4-21) without the rotatory inertia terms. 
The boundary conditions on {}'o:z, {}'yz and {}'zz are 

h h h 
{}''JJZ = {}'yz = 0 at z = ±2' {}'zz = q at z = 2' {}'zz = 0 at z = -2 

Similarly, by multiplying the equations (2.4-22) by z and integrating over the 
plate thickness, we obtain the remaining two equations. The details are left as an 
exercise to the interested reader. 

2.4-5 Laminate constitutive equations 

The laminate constitutive equations relate the force and moment resultants 

(Ni, Mi) to the strains (E~O), E~I)). By substituting the stresses {}'i in terms of strains 
Ei, both referred to the laminate coordinates, into Eq. (2.4-17) and carrying out 
the indicated integration with respect to z, we obtain 

{zn ~ [All A I2 { (O)} BI2 r} A l6 EI B ll Bl6 EI 

A 12 A 22 A26] ,\0) + [ EI2 B 22 E26] ,\') (2.4 - 23a) 
A l6 A26 A 66 E(O) B I6 B 26 B 66 E(l) 

6 6 

r} [Ell 
B l2 { (O)} D l2 r} B l6 EI D ll D l6 EI 

M 2 = B l2 B 22 E26] ,\0) + [ n,l D 22 n26 ] ,\') (2.4 - 23b) 
M6 B l6 B26 B 66 (0) D I6 D 26 D 66 E(l) 

106 6 

where Aij denote the extensional stiffnesses, Dij the bending stiffnesses, and Bij 

the bending-extensional coupling stiffnesses of a laminate: 

(A" B·· D") - -t l zk+1 Q(k)(l z z2)dz (2.4 - 24a) '1' 'J> 'J - ij " 
k=l Zk 

where Q~;) are the material stiffnesses of the k-th lamina, as referred to the lam­

inate coordinates. Since Q~;) are constant within each layer, the integration over 
the thickness can be carried out easily. We obtain, 

N 

Aij = L Q~;)(Zk+1 - Zk) (2.4 - 24b) 
k=l 
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1 ~ Q(k)( 2 2) 
Bij = 2" L..J ij Zk+1 - Zk (2.4 - 24c) 

k=l 

Dij = ~ t Q~;)(Z~+l - Z~) 
k=l 

(2.4 - 24d) 

where N is the number of layers in the laminate, and (Zk, Zk+1) are the thickness 
coordinates of the bottom and top of the k-th layer. 

The material stiffnesses Q~;) can be expressed in terms of the Q~;) [see Eq. 
(2.3-1)) by the following transformation equations (the superscript k is omitted for 
brevity), 

- 4 - - 22- 4 
Qll = Qll cos () + 2( Q12 + 2Q66) sin () cos () + Q22 sin () 

- - - 22- 4 4 
Q12 = (Qll + Q22 - 4Q66) sin () cos () + Q12(sin () + cos ()) 

- 4 - - 2 2 - 4 
Q22 = Qll sin () + 2( Q12 + 2Q66) sin () cos () + Q22 COS () 

- - - 3 - - - 3 
Q16 = (Qll - Q12 - 2Q66) sin () cos () + (Q12 - Q22 + 2Q66) sin () cos () 

- - -'3 - - -. 3 
Q26 = (Qll - Q12 - 2Q66) sm () cos () + (Q12 - Q22 + 2Q66) sm () cos () 

- - - - 22- 4 4 
Q66 = (Qll + Q22 - 2Q12 - 2Q66) sin () cos () + Q66(sin () + cos ()) 

(2.4 - 25) 

Note that Q~;) are the material stiffnesses of the k-th layer referred to the mate­

rial coordinates (Xl, X2, X3), whereas Q~;) are the transformed material stiffnesses 
referred to the laminate coordinates (X1,X2,X3)' The lamination angle () is mea­
sured counter-clockwise from the positive X1-axis to the positive X1-axis, which is 
aligned with the fiber direction (see Figure 2.3-1). 

The equations of motion in Eqs. (2.4-15) can be expressed in terms of the 
displacements (u, v, w) for the purpose of developing either analytical or displace­
ment finite element models. The first step is to introduce the strain-displacement 
relations (2.4-10) for the strains into the laminate constitutive equations (2.4-23). 
In the second step, the force and moment resultants from Eq. (2.4-23) are in­
troduced into the equations of motion (2.4-15). The result is a system of three 
differential equations in three displacements (u, v, w). We obtain: 

- All - +A12 - + A16 - + - + E ll -- + E12 --8 [8U 8u (8U 8V) (82w) (82w) 
8x 8x 8y 8y 8x 8x2 8y2 

+B16 -2-- + - A16 - + A26 - + A66 - + -( 82 w )] 8 [8U 8u (8U 8v ) 
8x8y 8y 8x 8y 8y 8x 
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(2.4 - 26) 

Equations (2.4-26) and (2.4-27) may be uncoupled from Eq. (2.4-28) when the 
extensional-bending coupling stiffnesses Bij are zero. In that case Eqs. (2.4-26) 
and (2.4-27) can be solved independently for the inplane displacements u and v, 
and Eq. (2.4-28) can be solved for the transverse deflection, w. If Bij = 0 and the 
applied inplane displacements and forces are zero, then u and v will be identically 
zero. For the uncoupled case, the transverse deflection wunder applied transverse 
force q is governed by 

(2.4 - 29) 
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For the orthotropic case Bij = 0, and Al6 = A26 = 0, and D l6 = D26 = 0, and for 
the isotropie case Dl1 = D22 = D, Dl2 + 2D66 = 2D, where D = Eh3 /12(1 - v 2). 

2.5 First-order shear deformation theory 

2.5-1 A review of refined plate theories 

Numerous plate theories that include transverse shear deformations are doc­
umented in the literature (see the review articles in [6-10]). In these theories 
the dis placement or stress components are expanded as linear combinations of 
the thickness coordinate and undetermined functions of position in the reference 
surfacej this reduces the 3-D elasticity problem to a two-dimensional (2-D) one. 
The governing equations are derived either using virtual work principles or by 
weighted-integrals of the 3-D stress-equilibrium equations through the thickness 
of the laminate - yielding an equivalent single-layer plate theory. In this study we 
consider plate theories based on assumed displacement expansions. 

The theories based on displacement expansion can be found in the works of 
Basset [11], Hildebrand et al. [12], Hencky [13], Mindlin [14], and others [15,16]. In 
the displacement-based theories, the three components of the displacement vector 
are expanded in power series of the thickness coordinate and unknown functions. 
The principle of virtual displacements or the method of moments is used to derive 
the equations of equilibrium. In all single-layer plate theories, the displacements 
and strains are continuous through the laminate thickness (i.e., single-valued at 
interfaces oflayers). This leads to a discontinuous interlaminar stress field because 
of different elastic coefficients at layer interfaces when the constitutive equations 
are used to compute the stresses. 

The most widely used dis placement based theory is the first- order shear de­
formation theory. The theory is based on the dis placement field in Eq. (2.4-3): 

Ul(X,y, z) = u(x,y) + Z(Pl(x,y), 

U2(X,y,Z) = u(x,y) + Z(P2(x,y), 

U3(X,y,Z) = w(x,y) (2.5 - 1) 

where (Ul,U2,U3) denote the displacements of a point (x,y,z) in the laminate, 
(u,v,w) are the displacements of a point on the midplane (x,y,o), and (Pl,(P2) 
are the rotations of the transverse normal about the (y, x )-axes, respectively. The 
first-order shear deformation theory is known more commonly as "the Mindlin 
plate theory" j the original idea of such an expansion can be found in earlier works 
by Basset [11], Hildebrand, Reissner, and Thomas [12], and Hencky [13]. The first­
order shear deformation theory yields a constant value of transverse shear strain 
through the thickness of the plate, and thus requires shear correction factors. The 
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shear eorrection factors are dimensionless quantities introdueed to ae count for the 
diserepaney between the eonstant state of shear strains in the first-order theory 
and the quadratie or higher-order distribution of shear strains in the elastieity 
theory. For eomposite laminates, the shear eorrection factors, in general, depend 
on the eonstituent ply properties, lamination scheme, and type of structure (i.e., 
geometry and boundary eonditions) [17-19]. Stavsky [20] extended the first-order 
shear deformation theory of isotropie plates to plates laminated of isotropie lay­
ers of dissimilar materials. The work of Stavsky [20] was extended to anisotropie 
laminates by Yang, Norris and Stavsky [21] and Whitney and Pagano [22,23], who 
studied the effect of shear deformation on bending and free vibration response of 
simply supported rectangular laminates aeeording to the first-order shear defor­
mation theory. 

Seeond and higher-order plate theories involve higher-order expansions of the 
displacement field. For example, the third- order theory oi Reddy [24,25] is based 
on the displacement field 

Ul(X,y, z) = u(x,y) + z<P1 + z3 (- 312) (<PI + ~:) 

U2(X,y,Z) =v(x,Y)+Z<P2+ z3 (-312) (<P2+ ~;) 
U3(X,y,Z) = w(x,y) (2.5 - 2) 

The displacement field aeeommodates the vanishing of transverse shear strains 
(and henee stresses) on the top and bot tom of a laminate. The theory was extended 
in [25] to include the von Karman strains. 

The displacement field of the type in Equation (2.5-2) was also eonsidered by 
others [26-35]. The works of Vlasov [26], Jemeilita [27], Sehmidt [28], Krishna 
Murty [29], and Levinson [30] were restricted to isotropie plates, and Sehmidt [28] 
and Levinson [30] used the equilibrium equations based on the method of moments. 
Murthy [32] used the same approach to obtain the equilibrium equations, but cast 
the approach in terms of the thiekness-averaged displacement field. The teehnieal 
note of Krishna Murty [29] suggested a general, higher-order displacement field of 
the type in Equation (2.5-2). The work of Sehmidt [28] also aeeounts for the von 
Karman strains, but is restricted to isotropie plates. The displacement field used 
by Bhimaraddi and Stevens [33] is the same as that used by Levinson and Reddy 
but reeast in terms of different variables whieh are eonvenient in a finite element 
model development. 

All displaeement-based theories up to and including third-order theories ean be 
obtained from a single displacement field, as shown reeently by Reddy [10]. Reddy' 8 
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8train-con8i8tent third-order theory [10] is by far the most general technical theory 
of plates. It is based on the following displacement field [36], 

8w 2 3 
Ul(X, y, z) = U + o:z 8x + ßu/J! + >.z .,pI + /Z 01 

8w 2 3 
U2(X,y,Z) =v+o:z 8y +ßuP2 +>'Z.,p2 +/Z O2 

U3(X,y,Z) = w + >'lZ.,p3 +'YlZ203. (2.5 - 3) 

Here (u,v,w) denote the midplane displacement components in the (x,y,z) direc­
tions, cP1 and cP2 are the rotations of a transverse normal about the y- and x-axes, 
respectively, and .,pi and Oi are undetermined functions. All of the generalized 
displacements are functions of only x and y. The displacement fields of various 
single-layer theories can be obtained from Eq. (2.5-3) by assigning proper values 
to the constants, called tracer8: 0:, ß, >., >'1, /, and /1. For example, we have 

Classical theory ofEq. (2.4-5): 

0: = -1, ß = >. = / = >'1 = /1 = 0; (2.5 - 4a) 

First-order theory of Eq. (2.5-1): 

0: = 0, ß = 1, >. = / = >'1 = /1 = 0; (2.5 - 4b) 

Second-order theory [15,16]: 

0: = 0, ß = 1, >. = 1, / = >'1 = /1 = ° (2.5 - 4c) 

Third-order theory of Reddy [24] in (2.5-2): 

0: = 0, ß = 1, >. = 0, / = 1, >'1 = /1 = 0; 

4 ( 8W) 01 = -- cP1 +-
3h2 8x 

4 ( 8W) O2 = -- cP2 +-
3h2 8y 

(2.5 - 4d) 

The displacement fields of many other single-layer third-order theories can be 
deduced from the dis placement field (2.5-3) (see Table 1 of Reddy [10]). 
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Displacement-based, single-Iayer theories more refined than third-order are 
not considered in the literature because they are cumbersome and the increase in 
accuracy is outweighed by the increase in the number of unknowns. The third­
order theory (i.e., theory with cubic terms of the thickness coordinate) yields 
quadratic variation of transverse shear strains within each layer and represents 
the true distribution of the strains through thickness. Thus, it does not require 
shear correction factors. The first-order theory is by far the most efficient (i.e., 
increased accuracy without an increase in computational effort) theory. Here we 
develop the first-order shear deformation theory for laminated plates. 

2.5-2 Kinematics 

In the first-order shear deformation, one of the three assumptions of the clas­
sical laminate theory is removed: a straight line normal to the midplane of the 
laminate remains straight and inextensible after deformation, but it does not nec­
essarilly remain perpendicular to the midsurface. Thus, the rotations cP1 and cP2 
[see Eq. (2.5-1)] of a transverse normal are independent of ~ and W. 

The displacement field of the first-order shear deformation theory is given by 
Eq. (2.5-1), where cP1 and cP2 are the rotations of a transverse normal. The von 
Karman strains associated with the displacement field (2.5-1) are 

Ei = E~O) + ZE~l) (i = 1,2,6,4,5) (2.5 - 5a) 

where 

)0) = 8u + ~ (8w)2 (1) _ 8cP1 
'"1 8x 2 8x ' E1 - 8x 

/0) = 8v + ~ (8w)2 
2 8y 2 8x 

(0) _ 8u 8v 8w 8w (1) _ 8cP1 8cP2 
E6 - 8y + 8x + 8x 8y , E6 - 8y + 8x 

E~O) = 0 , E~l) = 0 , E~O) = ~; + cP2 , E~l) = 0 

(0) 8w (1) 
E5 = 8x + cP1 , E5 = O. (2.5 - 5b) 

2.5-3 Equations of motion 

The equations of motion of the first-order shear deformation theory are 

(2.5 - 6a) 
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where 

8lVs 8lV2 -1 82v I 82~2 
8x + 8y - 0 8t2 + 1 8t2 

8Ql 8Q2 82w 
8x + 8y +lV(w)+Q=108t2 

8Ml 8Ms _ Q _ I 82u 1 82~l 
8x + 8y 1 - 1 8t2 + 0 8t2 

8Ms 8M2 82v 82~2 
& + 8y - Q2 = h 8t2 + 10 8t2 

h 

(Ql,Q2) = /-: (O"s,0"4)dz 
T 
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(2.5 - 6b) 

(2.5 - 6c) 

(2.5 - 6d) 

(2.5 - 6e) 

(2.5 - 7) 

and (lVi, Mi), lV( w), and Ii are the same as those defined by Eqs. (2.4-17), (2.4-16) 
and (2.4-18), respectively. 

The boundary condi tions for the first order theory are of the form [see Eq. 
(2.4-20)J 

Un , Uns, W, ~n, ~ns (essential) 

lVn, lVns , Qn, Mn, M ns (natural) 

(2.5 - 8a) 

(2.5 - 8b) 

The transverse shear forces Qi can be expressed in terms of the displacements 
as, 

where 

h 

Aij = Kij!-: Q~;)dz (i,j = 4,5) 
T 
N 

= Kij L Q~;)(Zk+l - Zk) 
k=l 

(2.5 - 9) 

(2.5 - 10) 

and Kij are the shear correction coefficients. The material stiffnesses Q~;) in the 

laminate coordinates are related to the Q~;) in the material coordinates by 

- 2 - 2 Q44 = Q44 cos () + Q55 sin () 
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Q45 = (Q55 - Q44) cos () sin () 

Qss = QS5 cos2 () + Q44 sin2 () (2.5 - 11) 

The equations of motion (2.5-6) can be expressed in terms of the displacements 
(u, v, w, cPl and eh) as: 

(2.5 - 14) 

(2.5 - 15) 
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(2.5 - 16) 

For uneoupled laminates (i.e., Bij = 0, h = 0), Eqs. (2.5-14)-(2.5-16), involving 
(W,4JI,4J2), ean be solved independent of equations (2.5-12) and (2.5-13). In this 
ease, Eqs. (2.5-15)-(2.5-16) take the form 

For orthotropie plates, the laminate stiffnesses A16 , A26 , D16 , D26 , and A45 are 
zero, and Eqs. (2.5-14), (2.5-17) and (2.5-18) simplify to 

(2.5 - 19) 
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2.6 The layerwise theory of Reddy 

2.6-1 Background 

Mechanics 01 Composite Laminates 

In the analysis of composite laminates with embedded delaminations, free 
edges, or regions of 3-D stress fields, one must use a theory based on 3-D kinemat­
ics and develop a computational model that is more efficient than the conventional 
3-D finite element model. These requirements motivated Reddy [37] to propose a 
novellayerwise theory, in which the displacements are expanded within each layer 
using the Lagrange family of finite elements. The nodal values through the thick­
ness are functions of the inplane coordinates (x,y). Each layer of the theory can 
be treated either as a mathematical or a physicallayer, giving the flexibility to the 
analyst to treat several physicallayers as a sublaminate wherever necessary (for 
computational saving), and model delaminations, ply terminations (i.e., ply-drop­
offs), ply splits, and so on. The most significant aspect of the layerwiJe theory 
01 Reddy is that, compared to the conventional 3-D displacement finite element 
model, it has a data structure that saves computational time while giving exactly 
the same results for comparable meshes (see Robbins and Reddy [38-40]). 

2.6-2 Displacements and strains 

The layerwise theory of Reddy is based on the following displacement ex­
pansion through the laminate thickness. The i-th displacement component is 
expressed as, 

N 
Ui(X,y, z) = 2: U((x,y)cpJ(z) = U((x,y)cpJ (z) (2.6 - 1) 

J=l 

where i = 1,2,3; N is the number of subdivisions (e.g., the number of no des in 
the finite element discretization) through the thickness of the laminate and cpJ are 
known functions of the thickness coordinate, z. Summation on repeated indices 
is implied in Eq. (2.6-1). While the same interpolation functions are used in 
Eq. (2.6-1) for all three displacements for simplicity, independent interpolation 
of the displacements (especially U3) can be used. The functions cpJ are the glo baI 
interpolation lunction3, defined (see Reddy [4]) in terms of the Lagrange interpo­
lation functions associated with the layers connected to the J-th interface through 
the laminate thickness, and (U J, V J, W J) denote the nodal values of (u, v, w) at 
the nodes through the thickness (see Fig. 2.6-1). Because of this local nature 
of cpJ, the displacements are continuous through the thickness, but their deriva­
tives with respect to z are discontinuous. This implies that all transverse strains 
will be discontinuous at layer interfaces. Therefore, the interlaminar transverse 
stresses computed from the layer constitutive equations (i.e., the products of the 
strains with the elastic stiffnesses from the two layers at the interface) can be 
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continuous. The inplane strains (f:z:, f y , f:z: y ) will be continuous but the inplane 
stresses (O':z:,O'y,O':cy) will be discontinuous at layer interfaces because of the dif­
ference in material properties of adjacent layers. The resulting theory will have 
3N variables and 3N two-dimensional differential equations. An advantage of the 
layerwise theory is that it requires only 2-D finite elements. The element aspect 
ratio in the layerwise models is restricted to only two dimensions, as opposed to 
three-dimensions in the conventional 3-D finite elements. 

z 

y 

U 2 - 1 

.-e-. 

./ 
.......J ~ 

'\. 1 

'-.3 UN - 1 
k-- 1 

/1 
1-3 

- UI ___ ~-f' 1 
/1 '2 

Figure 2.6-1 Kinematics of Reddy's layerwise theory. 

. 

The value of N in Eq. (2.6-1) can be appropriately selected. When N is 
chosen such that at least one element per physicallayer is used, the interlaminar 
stress distributions can be determined accurately. The sublaminate concept can 
be used to model severallayers as one equivalent single layer, i. e., N is less than 
the number of physicallayers in the laminate. The layerwise laminate theory also 
yields the conventional, single-layer, plate theories as special cases, as shown by 
Reddy [37]. 

Here we consider a laminated composite plate with total thickness h. We use 
the strain-displacement relations of the von K,lrman nonlinear theory. We have 

€I = 8u + ~ (8w)2 = 8UJ cpJ + ~ (8W J cpJ) (8W J cpJ) , 
8x 2 8x 8x 2 8x 8x 

102 = 8v + _~ (8w)2 = 8VJ cpJ + ~ (8W J cpJ) (8WJ cpJ) , 
8y 28y 8y 28y 8y 

(2.6 - 2a) 
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€4 = 8v + 8w = VJdipJ + 8WJ ipJ 
8z 8y dz 8y 

€s = 8u + 8w = UJdipJ + 8WJ ipJ 
8z 8x dz 8x 

€6 = 8u + 8v + 8w 8w = (8U J + 8VJ ) ipJ + (8WJ ipI) (8WJ ipJ) (2.6 _ 2b) 
8y 8x 8x 8y 8y 8x 8x 8y 

2.6-3 Governing equations 

The governing equations for the nodal variables (U J , V J , WJ) can be derived 
using the principle of virtual displacements. The equations of equilibrium of the 
layerwise theory are: 

8M[ + 8Mi _ Q{ = 0 
8x 8y 

(2.6 - 3a) 

8Mi + 8M{ _ Q{ = 0 
8x 8y 

(2.6 - 3b) 

8K[ + 8K{ _ Q; + NI (WJ ) = 0 
8x 8y 

(2.6 - 3c) 

for 1= 1,2, ... ,N, where 

and the resultants are defined by 

I jh/2 I IJ jh/2 I J . Mi = O'iip (z) , Si = O'iip (z)ip (z)dz , (~= 1,2,6) 
-h/2 -h/2 

I jh/2 dipI I jh/2 dipI I jh/2 dipI 
Q1 = O'S-d' Q2 = 0'4-d Q3 = 0'3-d dz, 

-h/2 z -h/2 z -h/2 z 

I jh/2 I I jh/2 I K 1 = O'sip dz , K 2 = 0'4ip dz. 
-h/2 -h/2 

(2.6 - 5) 

Equations (2.6-3) consist of 3N two-dimensional differential equations in 3N vari­
ables (UI , VI, W I ), where N denotes the number of interfaces, including the top 
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and bot tom faces of the laminate. The resultants M!, sF, Q{, K! can be ex­
pressed, using the layer constitutive equations and strain-displacement relations, 
in terms of the interface displacement functions (UI , VI, W I ). The finite element 
model of the layerwise theory is presented in [38]. 
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Chapter 3 

Finite Element Analysis 
01 Composite Laminates 

3.1 Introduction 

The partial differential equations governing composite laminates (see Section 
2.4) of arbitrary geometries and boundary conditions cannot be solved in closed 
form. Analytical solutions of plate theories are available (see Reddy [1-5]) mostly 
for rectangular plates with all edges simply supported (i.e., the Navier solutions) 
or with two opposite edges simply supported and the remaining edges having ar­
bitrary boundary conditions (i.e., the Levy solutions). The Rayleigh-Ritz and 
Galerkin methods can also be used to determine approximate analytical solutions, 
but they too are limited to simple geometries because of the difficulty in construct­
ing the approximation functions for complicated geometries. The use of numerical 
methods facilitates the solution of these equations for problems of practical im­
portance. Among the numerical methods available for the solution of differential 
equations defined over arbitrary domains, the finite element method is the most 
effective method. Abrief introduction to the finite element method is presented 
in Section 3.2. 

There are several types of finite element models developed for plate theories. 
These can be grouped into three major categories: (i) displacement models, (ii) 
mixed and hybrid models, and (iii) equilibrium models. The displacement finite 
element models of plate theories are based on the principles of virtual displace­
ments, where all governing equations are expressed in terms of the displacements 
[see, for example, Eqs. (2.4-26)-(2.4-29)]. The mixed and hybrid finite element 
models are based on modified or mixed variational statements of the plate theo­
ries, in which both displacements and stresses are independently approximated. 
The equilibrium models are based on the principle of virtual forces. Among the 
three types of models, the displacement finite element models are most natural 
and commonly used in commercial finite element programs. 

37 
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The objective of this chapter is to review the basic idea of the finite element 
method and develop the displacement finite element models of the classicallam­
inated plate theory (CLPT) and the first-order shear deformation plate theory 
(FSDT), which were discussed in Chapter 2. The finite element models are then 
used to analyze severallaminate problems. 

We begin with the discussion of the finite element method (see Reddy [2,6]). 

3.2 The finite element method 

3.2-1 Basic features 

The finite element method is the most powerful numerical technique ever de­
vised for solving solid and structural mechanics problems in geometrically compli­
cated regions. The finite element analysis of a problem is so systematic that it can 
be divided into a set of logical steps that can be implemented on a digital com­
puter and can be used to solve a wide range of problems by merely changing the 
data input defining the domain, its physical properties and initial and boundary 
conditions. It is this feature that gave the finite element method such remarkable 
success in the modeling and simulation of practical engineering problems. 

The finite element technique is endowed with two distinct features that no 
other method shares: 

1. The domain of the problem is viewed as a collection of nonintersecting simple 
subdomains, called finite element8. The word domain is used to denote the 
physical system, or material region over which the governing equations are to 
be solved. The subdivision of a domain into elements is termed finite element 
diiJ cretization. The collection of the elements is called the finite element mesh 
of the domain. In general, the finite element mesh is an approximation to the 
domain. 

2. Over each finite element, the solution of the governing equations is approx­
imated by a linear combination of undetermined parameters and preselected 
approximation functions, almost always polynomials. 

Since the solution is represented by polynomials on each element, a continuous 
approximation of the solution of the whole can be obtained only by imposing the 
continuity of the finite element solution, and possibly its derivatives, at element 
interfaces. The procedure of putting the elements together is called the aiJsembly 
of elements. 

In the finite element method, a geometrically complicated domain is repre­
sented as a collection of subdomains that allow an easy construction of the ap­
proximation functions. By representing the solution in terms of its values at the 
nodes of the element (i.e., by interpolating), we identify the approximation func-
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tions for an element as appropriate interpolation polynomials, and we can write 

n 

u(x) ~ Ue(x) = L UJ1jJj(x) 
j=l 

(3.2 - 1) 

where Ue represents the finite element interpolant of u on a typical element oe, 
UJ is the value of Ue at the j-th node, and 1jJj(x) are the interpolation functions. 
For example, the linear finite element approximation of a function u( x, y) in two­
dimensional problems using tri angular finite elements consists of representing the 
domain with tri angular elements and then approximating the function u(x,y) over 
each element by linear polynomials of the form (see Reddy [2,6J) 

3 

u ~ a + bx + cy = L UJ1jJj(x,y) 
j=l 

(3.2 - 2) 

Apart from the two basic features, (i) the discretization of a domain into a 
set of finite elements, and (ii) the representation of the solution u by equations 
of the form (3.2-1), the finite element method is a general numerical method 
in which a given differential equation is recast in an equivalent form, called a 
weighted-integralor variational statement, over each element and the parameters 
U~ are determined such that the variational statement is satisfied in each element. 
The satisfaction of the variational statement leads to a set of algebraic relations 
among the parameters UJ of an element. Since the domain is divided into a set 
of elements, they are put together into their original positions using continuity 
of Ue(x) at element interfaces (i.e., assembly of elements). The finite element 
method typically entails the solution of a very large number of equations for the 
nodal values of the function being sought. The number of equations is equal to the 
number of unknown nodal values. Thus the method requires so much computation 
that it is practical only if the calculations are carried on a computer. 

The finite element method can be regarded as a technique of generating ap­
proximation functions for variational methods of approximation (e.g., the method 
of Rayleigh-Ritz, Galerkin, least squares, collocation, subdomain, and so on; see 
Reddy [2,6,7]). The generation of approximation functions is made convenient by 
dividing the domain into finite elements and restricting the choice to polynomials. 
While there is only one finite element method, there can be several different finite 
element models of a given equation, depending on the variational method used to 
satisfy the governing equation. 

3.2-2 Modeling considerations 

Finite element analysis of a structural problem is a numerical analysis of the 
mathematical model used to represent the behavior of the structure. Therefore, 
finite element modeling involves assumptions concerning the representation of the 
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geometry of the structure and its behavior. Valid assumptions can be made only 
if one has a qualitative understanding of how the structure behaves. A good 
knowledge of the basic equations governing the deformation of the structure and 
its finite element model enable the development of a good mathematical model of 
the actual process. 

Here we discuss several aspects of finite element model development. Guide­
lines concerning element geometries, mesh refinements, and load representations 
are given (from Reddy [6]). 

M esh generation 

Generation of a finite element mesh of a given structure should foHow the 
guidelines listed below: 

1. The mesh should represent the geometry of the computational domain and 
load representation accurately. 

2. The mesh should be such that large gradients in the solution (displacements 
and/or stresses) are adequately represented. 

3. The mesh should not contain elements with very large aspect ratios (i.e., ratio 
of the smaHest side to the largest side of an element), especiaHy in regions of 
large gradients. 

Within the above guidelines, the mesh used can be coarse (i.e., few elements) or 
refined (i.e., many elements), and may consist of one or more orders and types 
of elements (e.g., linear and quadratic, triangular and quadrilateral). A judicious 
choice of element order and type could save computational cost for a given accuracy 
in the results. It should be noted that the choice of elements and mesh is problem­
dependent. What works weH for one problem may not work weH for another. 
An analyst with physical insight into the process being simulated can make a 
better choice of elements and mesh for the problem at hand than one who does 
not have the physical insight. One should start with a coarse mesh that meets 
the three requirements listed above, exploit symmetries available in the problem, 
and evaluate the results thus obtained in the light of physical understanding and 
approximate analytical and/or experimental information. These results can be 
used to guide subsequent mesh refinements and analyses. 

Generation of meshes of single element type (i.e., linear elements or quadratic 
elements) is easy because elements of the same degree are compatible with each 
other. Mesh refinements involve several options. Refine the mesh by subdividing 
existing elements into two or more elements of the same type (see Figure 3.2-1a). 
This is caHed the h-verflion meflh refinement. Refine the mesh by replacing existing 
elements by elements of higher order (see Figure 3.2-1b). This type of refinement 
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is called the p-ver8ion me8h refinement. The h, p-ver8ion me8h refinement is one 
in which elements are subdivided into two or more elements in some places and 
replaced by higher-order elements in other places. Generally, local mesh refine­
ments should be such that very small elements are not placed adjacent to very 
large elements. 

! I I f----~--f----l- -r-- --I--
I I 
I I I I I-L 1-+- f----I- -r---I I i 

I 

I-+- I I I l- i- -r--
r- 1 - I-t-- ---1----i--

I I 
I I I 

(a) The h-refinement 

• 

(b) The p-refinement 

Figure 3.2-1 The two types of mesh refinements in finite element analysis. 
(a) h-refinement (refinement with the same order of elements). 
p-refinement (refinement with higher-order elements). 

There are many problems in solid and structural mechanics in which it is 
necessary to combine elements of different kinda. For example, 2-D plate bending 
elements can be connected to a 1-D beam element. If the plate element is based 
on the classical plate theory, the beam element should be one based on the Euler­
Bernoulli beam theory so that they have the same degrees of freedom at the 
connecting nodes. When a plane elasticity element is connected to a beam element, 
and the degrees of freedom of the connected elements are incompatible (because 
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the rotational degree of freedom of the beam element has no counterpart in the 
elasticity element), one must construct a special element that makes the transition 
from the 2-D plane elasticity element to the I-D beam element. Such elements 
are called transition elements. 

3 

2 

\ I 1 / 
Lin~ar Element TraJsition fQuadratic Element 

Element 

(a) 

I I :1 : I 
Constraint conditions: 

Value at Node 2 = Average 01 the values 01 Nodes 1 and !1 

(b) 

Figure 3.2-2 Connections between different order elements. (a) Use of transi­
tion elements. (b) U se of constraint conditions. 

To accomplish local mesh refinements it may be necessary to combine elements 
of different orders, say linear and quadratic elements. There are two ways to 
combine elements of different orders. One way is to use transition elements which 
have different number of nodes on different sides of the element (see Figure 3.2-2a). 
The other way is to impose a condition that constrains the midside node to have 
the same value as that at the node of the lower-order element (see Figure 3.2-2b). 
Neither combination enforces interelement continuity of the solution. Figure 3.2-3 
shows a few examples of such refinements. 
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1\/ 
1\1 f\/ 

./ /" ........... rt + .,/ 
~ -....... rt + 

(a) (b) 

Figure 3.2-3 Examples of local mesh refinements. (a) Mesh refinement with 
compatible elements, and (b) mesh refinement with transition 
elements. 

Load representation 

Suppose that asolid body is subject to a distributive force on its boundary. 
When the displacement of the body is modeled by a set of finite elements, the 
force distribution must be modeled also, i.e., replaced by a set of nodal forces. 
This is done in such a way that the work done by the nodal forces on the finite 
element nodal displacements is equal to the work done by the distributed force in 
moving through the displacement. The accuracy of the solution depends on the 
element type and mesh used to represent the domain and the representation of 
actual forces. Use of linear elements, for example, to represent a curved boundary 
will change the actual distribution (see Figure 3.2-4). Of course, mesh refinements 
by h-version or p-version will improve the representation of the specified boundary 
force. Also, the load vector due to distributed force should be computed using the 
interpolation functions of the element used to represent the solution. For example, 
if the solution is approximated using the nine-node quadratic elements, the nodal 
contributions of a distributed force should not be evaluated using four-node linear 
elements. 
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Figure 3.2-4 Representation of specified boundary forces in the finite element 
analysis. 

Another situation where a boundary force is subject to different types of ap­
proximations is contact between two bodies. For example, asolid plate in contact 
with a circular disc generates a reactive force that can be represented either as a 
point load or as a locally distributed force. Representation of the contact force 
between deformable bodies as a point load is an approximation of the true distri­
bution. A si ne distribution might be more realistic representation of the actual 
force. 

Imp08ition 01 boundary condition8 

In most problems one encounters situations where the portion of the bound­
ary on which forces are specified has points in common with the portion of the 
boundary on which the displacements are specified. In other words, at a few nodal 
points of the mesh, both the force and displacement degrees of freedom may be 
specified. Such points are called 8ingular point8. Obviously, one cannot impose 
both boundary conditions at the same point. As a general rule, one should im-
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pose the geometrie (i.e., displacement) boundary condition at the singular points 
and disregard the force boundary condition. Of course, if the true situation in 
a problem is that the force boundary conditions are imposed and the geometrie 
boundary conditions are a result of it, then consideration must be given to the 
former one. 

Another type of singularity one encounters in the analysis of boundary-value 
problems is the specification of two different values of a displacement or force 
variable at the same boundary point. In the finite element analysis, one must 
make a choice between the two values or take a weighted average of the two. 
When a choice is made between the two values, the larger value is recommended, 
as it represents the more conservative choice. In any case, one must note that the 
true boundary condition is replaced by an approximate condition. The closeness 
of the approximate boundary condition to the true one depends on the size of the 
element containing the point. It is often necessary to make a mesh refinement in 
the vicinity of the singular point to obtain an acceptable solution. 

Since most practical problems are approximated in their engineering formu­
lations, one should not be overly concerned with the numerical accuracy of the 
solution. A feel for the relative proportions and directions of various errors intro­
duced into the analysis helps the finite element practitioner to make adecision on 
when to stop refining a mesh. In summary, scientific (or engineering) knowledge 
and practical experience with a given class of problems is an essential part of any 
approximate analysis. 

3.3 Classical laminated plate theory 

3.3-1 Governing equations 

The classicallaminated plate theory is an extension of the Kirchhoff plate the­
ory of thin isotropie plates to laminated plates. The assumptions of the Kirchhoff 
plate theory were discussed in Section 2.4-2, and the governing equations of mo­
tion were derived in Section 2.4-4. For static case, the equilibrium equations of 
the classicallaminated plate theory are [see Eqs. (2.4-15) and (2.4-19)-(2.4-21)]: 

(3.3 -la) 

(3.3 -lb) 

(3.3 - 1c) 

where (NI! N2 , N6 ) and (MI, M 2 , M 6 ) are force and moment resultants defined 
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in Eqs. (2.4-17) and N(w) is nonlinear expression defined in Eq. (2.4-16): 

(3.3 - 2a) 

8 (8w 8w) 8 (8w 8w) N(w) = - N1-+N6 - + - N6-+N2 -
8x 8x 8y 8y 8x 8y 

(3.3 - 2b) 

The equations of equilibrium can be expressed in terms of the displacements 
(u,v,w) [see Eqs. (2.4-26)-(2.4-28)], using the laminate constitutive equations. 
Here we develop the finite element model of Eqs. (3.2-1), assuming that the force 
and moment resultants are known in terms of the displacements. 

3.3-2 Finite element model 

The development of the finite element model of the equations follows two basic 
steps: (1) the construction of weighted-integral statements of the equations, and 
(2) the approximation of the displacements, using ideas from the interpolation 
theory, and derivation of the algebraic equations among the nodal displacements 
and forces using the weighted-integral statements. In the first step, the differential 
equations to be solved are recast in a weighted-integral form. This is necessary in 
order to derive a set of linearly independent algebraic relations among the nodal 
displacements and forces. The weighted-integral statement can be derived either 
directly from the governing equations or from the principle of virtual displace­
ments. Both approaches give exact1y the same weighted-integral statement, called 
the weak form. In the second step, the dependent variables are approximated by 
appropriate finite element interpolations of the form (3.2-1), and they are substi­
tuted into the weak form of the equations to obtain the algebraic relations among 
the nodal values of the displacements and forces. These two steps are discussed in 
detail in the following paragraphs. For simplicity of exposition, we omit the non­
linear term N(w) in the third equation of (3.3-1) and develop the finite element 
model of the linear equations. Once the linear model is discussed, we return to 
the nonlinear case [i.e., ac count for the nonlinear expression N(w) in Eq. (3.3-1)] 
and derive the nonlinear finite element model. The time-dependent case will also 
be discussed in the sequel. 

Weak Form 

The principle of virtual displacements (see Reddy [2]) naturally gives the weak 
form of the differential equations in (3.3-1). Alternatively, the weak form of Eq. 
(3.3-1) can be constructed as described here. Each equation is multiplied by 
an appropriate weight function and integrated over a typical element. Since the 
statement holds for any arbitrary choice of the weight function, one can choose as 
many different, linearly independent, functions for the weight function as there are 
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nodal values in the expansion of the displacement component associated with the 
equation. The weight function has the meaning of a virtual variation in the dis­
placement component. The three equations in (3.3-1) correspond to equilibrium 
offorces in the three coordinate directions, (a:,y,z). Hence, the weight functions 
for the three equations have the meaning of virtual variations (bU, bV, bW), respec­
tively. 

Consider the first equation in (3.3-1). Multiply it with a weight function bu 
and integrate over the element domain Oe : 

0= r bu [_ 8NI _ 8Ns] dxdy 
in< 8a: 8y 

(3.3 - 3) 

Recall that NI and Ns are functions of the derivatives of the displacements u, v 
and w. To reduce the differentiability of the interpolation functions used in the 
finite element approximation of u, v, and w, the differentiation on NI and Ns is 
traded to the weight function bu by using integration-by-parts (or the gradient 
theorem): 

where (n z ,nll ) are the direction eosines of the unit normal on the boundary r e 

of the element domain oe. We note that the expression in the parenthesis of the 
boundary integral denotes the inplane normal force 

Hence, Eq. (3.3-3) becomes 

(3.3 - 4) 

Equation (3.3-4) is called the weak form of Eq. (3.3-1a) because it requires less 
differentiability (Le. weaker continuity) of the dependent variables (u,v,w) than 
the original differential equations (3.3-1a). 

Following the same procedure for Eqs. (3.3-1b) and (3.3-1c), we obtain the 
following weak forms, 

(3.3 - 5) 
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(3.3 - 6) 

where ov and ow are the virtual variations of the displacements v and w, respec­
tively. 

Interpolation and finite element model 

The displacements (u, v, w) are approximated over an element by interpolations 
of the form, 

n 

U = LUj1pj(x,y) , 
j=l 

m 

n 

V = LVj1pj(x,y) 
j=l 

W = L 6.j<pj(x,y) 
j=l 

(3.3 - 7) 

Here (Uj, Vj) denote the nodal values of (u, v) and 6.j denote the nodal values of 
wand its derivatives. All nodal displacements and rotations, called generalized 
di3placement3, are associated with the element oe. 

There are two basic types of interpolation functions that are used in finite 
element analyses. The Lagrange interpolation is one in which only the function is 
interpolated, whereas the Hermite interpolation is one in which the function and 
its derivatives are interpolated. The finite elements developed using the Lagrange 
type interpolation are called CO elements, and finite elements developed using 
Hermite type interpolation are called Cm elements, where m > 0 is the order of 
the derivatives included in the interpolation. 

Based on the order of differentiation in Eqs. (3.3-4)-(3.3-6), it can be con­
cluded that "pi are the Lagrange interpolation functions and <Pi are the Hermite 
interpolation functions (see [6,7]). Clearly, CO-interpolation of (u, v) and C 1_ 

interpolation of ware required to develop a plate bending element of the classical 
plate theory when using the weak forms in Eqs. (3.3-4)-(3.3-6). 

For linear Lagrange interpolation of (u, v) and Hermite cubic interpolation of 
w using four-node rectangular elements, we have n = 4 and m = 16. In this case 
the four nodal values associated with ware: 

(3.3 - 8) 
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The Lagrange interpolation functions 'l/Ji and Hermite interpolation functions 
cPi are presented in Table 3.3-1 (taken from Table 7.9 of Reddy [7]; also see Reddy 
[6]). The Hermite interpolation functions for the conforming plate element are 
obtained by taking the tensor product of the Hermite cubic polynomials associated 
with the Euler-Bernoulli beam element (see [6]). 

This choice of interpolation of (u,v,w) guarantees continuity of (u,v,w, ~:) 
at the interface of elements, and therefore such elements are called conforming 
elements. If the mixed derivative, ::;y' is not included in the interpolation, the 
resulting element violates the inter element continuity of the slope of the transverse 
displacement. Hence, it is termed a nonconforming element. The conforming 
element has a total of six degrees of freedom per node, whereas the nonconforming 
element has a total of five degrees of freedom per node, as indicated in Figure 
3.3-1. 

The finite element model of Eqs. (3.3-1) is obtained by substituting expres­
sions (3.3-7) for (u,v,w), and Du = 'l/Ji,Dv = 'l/Ji and DW = cPi into Eqs. (3.3-4)­
(3.3-6). This gives the i-th algebraic equation of each weak form. There are a 
total of (2n + m) nodal degrees of freedom per element. We obtain, 

These equations can be expressed in the form, 

or 

3 n(ß) 

L L Ki!1::..1- Fr = 0, i = 1,2, ... ,n{a) 
ß=l ;=1 

(3.3 - 9a) 

(3.3 - 9b) 

(3.3 - 9c) 

(3.3 -10a) 

(3.3 - lOb) 

where a = 1,2,3; n(l) = n(2) = 4 and n(3) = 16. The variables 1::..1 and stiffness 

coefficients Kif are defined by 
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Table 3.3-1 The Lagrange and Hermite interpolation functions for the plate 
bending elements ((ei, (i) denote the coordinates of the i-th node 
of the element, and (xc, Ye) are the global coordinates of the cen­
ter of the element). 

Element type 

Lagrange elements: 
Linear 

Ouadratic 

Seredipity element: 
Ouadratic 

Hermite cubic element: 
Interpolation functions for 

variable u 
derivative au j a~ 
derivative aujat/ 
derivative a2u/a'S a7/ 

Interpolation functions for 
variable u 
derivative au / a~ 
derivative au/at/ 

Interpolation functions 

w + ~~i)(1 + 7/'1,) 

i~~i(1 + ~;,)t/t/i(1 + 71'1,) 
~1It/i(1 + '17/,)(1 - ~2) 
~gi(1 + ~5,)(1 - '1 2) 
(1 - ~2)(1 - '1 2) 

w + ~~i)(l + 7I'li)(~;i + 7/t/i -I) 
W - ~2)(1 + '1'1') 
~(1 + ~~,)(1 - 7/2) 

f,;('S + tf(~~i - 2)C'I + '1,)'('1'1i - 2) 
-MiC~ + ~Y(~~i - 1)('1 + '1,)'('1'1i - 2) 
-M~ + 'S,)'C~Si - 2)'1i('1 + '1,)2C'I'Ii -1) 
f,;~i(~ + 'S,)2C~Si -1)'1,('1 + '1YC'I'I, -I) 

!(~() + 1)('10 + 1)(2 + ~o + '10- e - '1 2 ) 

~s,(~o + 1)2C~0 - 1)('10 + 1) 
h(so + 1)('10 + 1)2('10 - 1)] 

s = (x -xJ/a, 'I = (y - yJ/b 
~o = ~~" '10 = '1'1, 

( 8w 8w) u, v, w, 7fi"' 8Y ( 8w 8w 8'w) 
u, v, w, 7fi"' 8Y' "5X8y 

Remarl,s 

Nodei(i=I, ... ,4) 

Corner node 
Sidc node, 5, = 0 
Side node, 'I, = 0 
Interior node 

Corner node 
Side node, 5, = 0 
Side node, '1i = 0 

For node 
;(;=1, ... ,4) 

For node 
;(i=1, ... ,4) 

(2a and 2b are the 
sides of the 
rectangular 
element) 

Figure 3.3-1 Plate bending elements of the classical plate theory. (a) Non­
conforming element (u,v,w, ~:, ~;). (b) Conforming element 

( 8w 8w 82w) 
u, v, w, 7Ji' BY' 8ilfii . 
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(3.3 - 11) 

and 

K 1a lr (81/Ji Na 81/Ji Na) d d " = - 1'+- 6' X Y 
\J 0. 8x J 8y J 

(3.3 - 12) 
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(3.3 - 13) 

Ft = h. (q;i Vn + ~: Mn) ds - 10. q;i qdxdy (3.3 - 14) 

All other coefficients are zero. 

The computation ofthe coefficients in Eq. (3.3-12)-(3.3-14) require evaluation 
of integrals over each element domain. When the element geometry is nonrectan­
gular or the integrands are complicated functions of the coordinates (x, y), exact 
evaluation of the integrals by conventional methods is not possible. In finite ele­
ment computer programs, such integrals are evaluated using numerical integrations 
methods. We will discuss numerical evaluation of integrals in Section 3.5-1. 

This completes the development of the finite element model of the classical 
laminated plate theory. 

Equations (3.3-10) of an element are assembled by using the interelement con­
tinuity of the nodal displacements and balance of nodal forces. Then the displace­
ment and force boundary conditions of the problem are imposed on the assembled 
system of equations and the equations are solved for nodal displacements of the 
total mesh. Equations (3.3-7) can be used to determine displacements at any 
arbitrary point (x, y, 0), and the displacement field in Eq. (2.4-5) can be used to 
determine the total displacements at a point (x,y, z). The strains (2.4-12) and 
stresses in the global (i.e., problem) coordinates (x,y,z) can be computed using 
the displacement field, and they can be transformed to lamina coordinates using 
the transformation in Eq. (2.3-3). Additional discussion of the strain and stress 
computation in finite element analyses is given in Section 3.5-2. 

3.3-3 Nonlinear model 

If the von Karman nonlinear strains [see Eq. (2.4-13)] are to be included in 
the finite element model, the procedure discussed above does not change, except 
that the resulting algebraic equations (3.3-10) will be nonlinear. The additional 
stiffness coefficients for the nonlinear model are: 
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where 

N . - A OW o</Ji A OW o</Ji A (OW o</Ji OW O</Ji) 
a3 - al OX OX + a2 oy oy + a6 OX oy + oy OX (a=1,2,6) 

- 1 OW 1 OW owow ( )2 ()2 
NI = 2"Al1 ox + 2" A12 oy + AI6 OX oy (I = 1,2,6) (3.3 - 15b) 

The nonlinear algebraic equations of the nonlinear model are solved by iterative 
methods, which will be discussed in Section 3.5-3. In iterative methods, the 
expressions involving the dependent variables and their derivatives are computed 
using their values from the previous iteration, so that the integrals can be evaluated 
(by numerical integration methods). 

3.4 First-order shear deformation theory 

3.4-1 Governing equations 

In this section, the displacement finite element models of the first-order shear 
deformation theory are presented. The procedure used is the same as that used 
for the classicallaminated plate theory in Section 3.3. First we consider the static 
equilibrium equations of the theory. 

The equilibrium equations of the first-order theory are obtained by omitting 
the time-derivative terms (i.e., assuming that all resultants are functions of spatial 
coordinates only) in Eq. (2.5-6): 

_ (ONI + ON6) = 0, _ (ON6 + ON2 ) = 0 
ox oy ox oy 

(3.4 -la,b) 

( OQI OQ2 ) - -+-+N(w)+q =0 
OX oy 

(3.4-1c) 

(3.4 - 1d, e) 
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The weak forms of Eqs. (3.4-1) can be obtained in the same manner as de­
scribed for the classical laminated plate theory. The first equation is multiplied 
by Su, the second by Sv, the third by Sw, the fourth by S!/JI, and the fifth by S!/J2. 
Once again we use integration-by-parts to trade differentiation from the resultants 
to the weight functions to obtain the weak forms. 

3.4-2 Finite element model 

We note that the force and moment resultants contain, at the most, only the 
first derivatives of the dependent variables (u, v, W,!/JI, !/J2)' Therefore, they can 
all be approximated using the Lagrange interpolation functions. Thus, the plate 
bending element of the first-order plate theory is a CO element. The displacements 
(u, v, W,!/JI, !/J2) are approximated as, 

n n 

U = l: Uj't/Jj(X,y) , v = l: Vj't/Jj(X,y) 
j=1 j=1 

n 

n 

W = l: Wj't/Jj(X,y) 
j=1 

n 

!/JI = l: S]'t/Jj(X,y), !/J2 = l: SJ't/Jj(X,y) 
j=1 j=1 

(3.4 - 2) 

where 't/Jj are Lagrange family of interpolation functions. One can use linear, 
quadratic, or higher-order interpolation functions. 

For the linear case, the weak form of Eqs. (3.4-1) over a typical element 
domain oe is given by, 

o = 10. (~~i NI + ~~i N6) dxdy - 10. Nn't/Ji d8 

o = 10. (~:i N6 + ~~i N2) dxdy - h. Nns't/Jids 

0=10. (~:i QI + ~~i Q2 + 't/Jiq) dxdy - h. Qn't/Ji ds 

(3.4 - 3a) 

(3.4 - 3b) 

(3.4 - 3c) 

(3.4 - 3d) 

(3.4 - 3e) 
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Substituting Eqs. (3.4-2) for (u,V,W,cP1,{/J2) into Eq. (3.4-3), we obtain the finite 
element model of the first-order theory, 

or 

5 n 

2: 2: Ki!ßf -Ft = 0, (0: = 1,2, ... ,5) 
ß=l j=l 

where the stiffness and force coefficients are defined by (0: = 1,2, ... ,5) 

K 1a J (8.,pi Na 8.,pi Na) d d "= - 1'+- 6' X Y 
'3 ne 8;r; 3 8y 3 

K 4a r (8.,pi Ma 8.,pi Ma ./. Qa ) d d 
i; = in< 8;r; 1; + 8y 6; + 'l'i 1; X Y 

K 5a r (8.,pi M a 8.,pi M a ./. Qa ) d d 
ij = in< 8;r; 6j + 8y 2j + 'l'i 2j X Y 

(3.4 - 4a) 

(3.4 - 4b) 

(3.4 - 5) 

The coefficients NYj' MYj' and Q'fj for 0: = 1,2, ... ,5 and I = 1,2,6 are given by 
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2 8.,p j 8.,p j M6, = B 26 -+B66 -
1 8y 8x 

5 8.,p j 8.,p j 
M6j = D26 8y + D66 8x 

Qi; = A55 .,pj, Qt = A45 .,pj, Q~j = A45 .,pj, Q~j = A44.,pj 

3 8.,pj 8.,pj 3 8.,pj 8.,pj 
Qlj = A55 8x + A45 8y' Q2j = A45 8x + A44 8y (3.4 - 6) 

(3.4 - 7) 

All other coefficients are zero. 

When the four-node rectangular element is used, the element stiffness matrices 
are of the order 20 x 20; and for the nine-node element they are 45 x 45 (see Figure 
3.4-1). If the inplane degrees of freedom (u,v) are omitted (for the uncoupled 
case), the stiffness matrices will be of orders 12 X 12 and 27 X 27 for the linear 
and quadratic rectangular elements, respectively (see [1,8-13]). The coefficients in 
Eq. (3.4-5)-(3.4-7) are evaluated, in general, using numerical integration methods 
(see Section 3.5-1). 

Once the finite element equations of all elements are available, they are put 
together by using the continuity of the nodal displacements and the balance of 
nodal forces. Then the boundary conditions on displacements and/or forces are 
applied on the assembled system of equations, and the equations are solved for the 
nodal values of the displacements. Equations (3.4-2) can be used to determine 
the displacements, strains, and stresses at any point inside the element oe, as 
discussed in more detail in Section 3.5-2. 
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Figure 3.4-1 The CO plate bending elements of the first-order shear deforma­
tion plate theory. Eaeh node has the following degrees offreedom: 
(u, v, w, <Pb <P2)' 

The geometrie nonlinearity (in the von Karman sense) ean be included in the 
same manner as was done for the classicallaminate theory. In fact, the nonlinear 
eoefficients in Eqs. (3.3-15) are also valid for the first-order shear deformation 
theory. 

3.4-3 The dynamic case 

In developing the finite element models (3.3-10) and (3.4-4) of the classical 
and first-order shear theories, we eonsidered only the statie ease. For the dynamie 
ease, we should eonsider the equations of motion (2.4-26)-(2.4-28) and (2.5-12)­
(2.5-16) to develop the finite element models. For time dependent problems it is of­
ten assumed that the variables [u(:c, y, t), v(:c, y, t), w(:c, y, t), <P1 (:c, y, t), <P2(:C, y, t)] 
eaeh ean be represented as a produet of a function of time t and a function of 
coordinates (:c,y): 

n n n 

U = ~ Uj(t).,pj(:C,y) , v = ~ Vj(t).,pj(:C,y) , W = ~ Wj(t).,pj(:C,y) 
j=1 j=1 j=1 

n n 

<P1 = ~ S}(t).,pj(:C,y) , <P2 = ~ SJ(t).,pj(:C,y) (3.4 - 8) 
j=1 j=1 

where the nodal values of the generalized displacements are now treated as fune­
tions of time t. In developing the finite element equations, we first approximate the 
spatial variation of (u,v,w,<p1,<p2) for an arbitrarily fixed time t > O. This step is 
ealled the aemidiacretization. This leads to a set of ordinary differential equations 
in time, which are then furt her approximated to obtain algebraic equations for the 
nodal values at a fixed time. The approximation of the time derivatives is known 
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as the temporal approximation. These two stages of approximation are discussed 
below. 

S emidiscretization (spatial approximation) 

Substitution of Eq. (3.4-8) into the weak form of Eqs. (2.5-12)-(2.5-16) results 
in a set of 5n ordinary differential equations in time for (Uj,Vj,wj,SJ,SJ): 

(3.4 - 9) 

where [Ke] is the element stiffness matrix and Fe is the force vector in Eq. (3.4-
4b), and [Me] is the mass matrix whose coefficients are given below: 

[Mll ] [M12] [M13 ] [M14] 

[M22] [M23 ] [M24 ] 
[Me] = [M 33 ] [M34 ] 

[M44 ] 
sym. 

[M15] 

[M25 ] 

[M35 ] 

[M45 ] 

[M 55 ] 

and [see the right-hand sides of Eqs. (2.5-12)-(2.5-16)] 

(3.4 - 10a) 

(3.4 - lOb) 

Equation (3.4-9) can be reduced to appropriate form depending on the type 
of analysis. For static analysis, we set the acceleration vector, {l} to zero and 
obtain the problem [see Eq. (3.4-4)], 

(3.4 - 11) 

For natural vibration problems, we assume periodic motion and replace the 
acceleration vector by, 

(3.4 - 12) 
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Then Eq. (3.4-9) takes the form of an eigenvalue problem, 

(3.4 - 13) 

For buekling analysis (i.e., to determine the value of inplane eompressive force 
at whieh the plate buekles), we replaee the mass matrix in Eq. (3.4-13) with the 
stability matrix [se] and w2 with the buekling load >.. The stability matrix comes 
from the geometrie nonlinearity of Eq. (2.5-14): 

- N1-+N6- +- N6-+N2-8 (- 8w - 8W) 8 (- 8w - 8W) 
8x 8x 8y 8y 8x 8y 

(3.4 - 14) 

where (N1 , N2 , N6 ) are applied inplane forees (see Figure 3.4-2). For the first order 
theory, the stability (or geometrie stiffness) matrix [se] is given by 

[0] [0] [0] [0] [0] 
[0] [0] [0] [0] 

[se] = 
[S33] [0] [0] 

(3.4 - 15a) [0] [0] 
[0] [0] 

8ym. [0] 

where 

S33 Ir [N- 8-rpi 8-rpj N- 8-rpi 8-rpj N- (8-rpi 8-rpj 8-rpi 8-rpj)]d d .. = 1--+ 2--+ 6 --+-- X Y 
IJ 0' 8x 8x 8y 8y 8x 8y 8y 8x 

(3.4 - 15b) 

The eigenvalue >. in this ease represents the ratio of actual buekling load to the 
applied inplane forces: 

(3.4 - 16) 

Temporal (time) approximation 

For the transient response, the time derivatives of the solution in Eq. (3.4-9) 
should be represented in terms of the solution itself to obtain algebraie equations 
relating the solution {ß} at time (t + ot) to the solution at time t, where ot is the 
time step. In the Newmark integration scheme, the solution vectors {ß} and {A} 
at time t = (8 + 1 )ot are approximated by the expressions, 
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{ä},+l = {ä}. + [(1 - 0:){.6.}. + o:{.6.},+l]St 

. _ _ (St)2 
{ß}.+1 = {ß}. + {ß}.8t + [(1 - ...,.){ß}. + ...,.{ß}'+1]-2- (3.4 - 17) 

where s denotes the time step number, 0: and...,. are parameters that control the 
accuracy and stability of the scheme, and the subscript s indicates that the vectors 
are evaluated at the s-th time step (i.e., at time, t = sSt). 

~ ---. ~ -.a. ______ 

~ 

1 t 
t y t 
~ Lx t 
l t 

~ a t 
~ t 

Figure 3.4-2 A rectangular plate element with applied inplane compressive 
and shear forces. 

Using Eqs. (3.4-9) and (3.4-17), we obtain the following algebraic equations 
for an element (see Reddy [6]), 

(3.4 -18a) 

where {ß}.+1 denotes the value of {ß} at time t = (s + I)St, and 

[K].+l = [K].+l + a3[M]s+1, 

{F}s.S+l = {F}s+l + [M].+1(a3{ß}. + a4{ä}. + a5{.6.}s) 

(3.4 - 18b) 
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Once the solution {ß} is known at time t.+l = (8 + 1)8t, the first and second 
derivatives of {ß} (velo city and accelerations) at t'+1 can be computed !rom 

{.&}.+1 = a3({ß}.+1 - {ß}.) - a4{~}. - as{.&}. 

{~}.+1 = {~}. + a2{.&}. + ad.&}.+l 

where al = a8t, and a2 = (1 - a)8t. 

(3.4 - 19) 

Note that Eq. (3.4-18a) is valid for an element. Therefore, operations in­
dicated in Eq. (3.4-18b) are carried out for an element, and [1(e] = {pe} are 
assembled as in a static analysis. They are solved, after imposing the boundary 
conditions, for the solution at time t.+1' This procedure is repeated until for any 
number of time steps. Thus, Eq. (3.4-18) represents a time-marching scheme. 

For the first time step, the initial conditions on {ß(t)} and {~(t)} are used 
to compute {ß}o and {~}o for each element of the entire mesh. The acceleration 
vector {.&}o is computed from Eq. (3.4-9) at t = 0 : 

(3.4 - 20) 

Often it is assumed that {F}o = {O}. Ifthe initial conditions are zero, {ß}o = {O}. 
and the applied force is assumed to be zero at t = 0, we then take {Ll}o = {O}. 

Since Eqs. (3.4-17) represent approximations of the actual solution vectors 
{ß} and {~}, error is introduced into the solution {ß}.+l' This error can grow 
!rom one time step to the next, as we solve Eq. (3.4-18a) for different times. If the 
error grows unboundedly with time, such time-approximation schemes are said to 
be un8table. If the error is bounded for all times, the scheme is said to be 8table. 
For some schemes, the error is bounded only if certain restrictions on the time 
step are met. Such schemes are called conditionally stable schemes. Of course, we 
use only either stable or conditionally stable schemes. 

The numerical stability of the Newmark scheme depends on the choice of the 
values for a and "'(. Only when a = "'( = 1/2, is the scheme unconditionally stable. 
For other choices of these parameters, the time increment 8t must be chosen such 
that the following stability criterion is met: 

(3.4 - 21) 

where Wmax denotes maximum natural !requency of the structure being analyzed, 
obtained with the same finite element mesh as that used for the transient analysis. 
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The parameters Q and'Y in the Newmark time approximation scheme (3.4-17) 
can be chosen to yield several well-known finite difference schemes. Some of them 
are listed here: 

1. Constant-average acceleration method (stable scheme): Q = ~ , 'Y = ~ 

2. Linear acceleration method (conditionally stable): Q = ~ , 'Y = i 
3. Central difference method (conditionally stable): Q = ~ , 'Y = 0 

(3.4 - 22) 

3.4-4 Shear locking 

The displacement-based CO-plate elements (i.e., those with no derivatives in­
cluded as generalized displacements ) of the first-order shear deformation plate 
theory are among the simplest available in the literature. Unfortunately, the ac­
curacy of the low-order elements of this type (i.e., those with nine or fewer nodes) 
is not satisfactory when the span-to-thickness ratio of the elements is large (i.e., 
thin plates). For thin plates, the shearing strains f4 and 105 are required to vanish, 
and the plate elements based on the first-order theory become excessively stiff, 
yielding displacements that are too small compared to the true solution. This 
type of behavior, known as shear locking, has plagued shear deformable elements 
since their inception (see [16]). 

Shear locking is due to the inability of shear deformable elements to accurately 
model the curvatures within an element under astate of zero transverse shearing 
strain. The various means employed to alleviate shear locking in plate elements 
include reduced integration [17-19], mixed formulations [20,21], hybrid formula­
tions [22], assumed strain techniques [23], and discrete Kirchhoff methods [24], to 
name only a few. Of the large number of new displacement-based finite elements 
for the first-order shear deformation theory, in the literature, only a few have been 
reasonably successful [19-21], and there is still much room for improvement in 
terms of accuracy, ease of implementation, and computational efficiency. 

A better understanding of locking phenomena is necessary in order to give 
guidelines for the development of new elements and to allow a more complete 
analysis of existing elements. When thin plates are modeled by plate finite ele­
ments with shear deformation, the energy due to transverse shear strains must 
vanish. Numerically this is equivalent to a constraint condition which requires 
that the product of the shear stiffness matrix and the displacement vector be zero. 
Therefore, in order to obtain a non-trivial solution, the shear stiffness matrix must 
be singular. One way to achieve the singularity of the shear stiffness matrix is to 
use an order of numerical integration lower than is necessary to evaluate the in­
tegrals exactly. Thus, reduced integration of shear stiffnesses is necessary. These 
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observations led to explanations of locking behavior based upon measures of sin­
gularity of the shear stiffness matrix [25,26], the number of independent shear 
constraints imposed on an element in the thin plate limit, and other criteria. 

Recently, A verill and Reddy [16] presented a new simple analytical technique 
for identifying the exact form of the shear constraints that are imposed on an 
element when its side-to-thickness ratio is very large. If the form of the shear 
constraints in an element are known, then by applying the technique to several 
popular plate elements based on the first-order theory, we can determine their per­
formance a-priori when used to model thin structures. Furthermore, by studying 
the form of the constraints, we can gain a more complete understanding of the lock­
ing behavior of plate elements leading to new insights and definitive conclusions 
regarding the origin of locking phenomena and the effects of reduced integration. 
For additional details, the reader may consult Reference 16. 

3.5 Computational aspects 

3.5-1 Evaluation of element matrices and numerical integration 

The evaluation of element coefficients, for example the stiffness and mass ma­
trices, require the evaluation of integrals. The integrands of these integrals are 
often complicated and the domains on which they are defined are irregular (i.e. 
not rectangular), precluding the evaluation by analytical means. Numerical inte­
gration, called quadrature, is employed to evaluate such integrals. 

There are several numerical methods of evaluating the integrals. All such 
methods seek to find a polynomial approximation of the integrand because poly­
nomials can be integrated exact1y. The Gauss-Legendre quadrat ure is most com­
monly used due to the fact that it gives good accuracy with less computational 
time when compared to other methods (see Reddy [6]). This method is briefly 
described here to familiarize the reader with the concept of numerical integration. 

We begin, for illustrative purposes, with the evaluation of a one dimensional 
integral. Consider an integral expression of the form, 

(3.5 - 1) 

where G( x) is a function defined in a ~ x ~ b. Evaluation of the integral (3.5-1) 
amounts to determining the area under the curve G( x). In al1 numerical integration 
methods, the area under the curve is approximated as the weighted sum, 

b N 1 G(x)dx = w1G(Xl) + W2 G(X2) + ... + WNG(XN) = L WIG(XI) 
a ~l 

(3.5 - 2) 

where WI (I = 1,2, ... , N) are called the weight.! and XI are referred to as the 
sampling point.! or base points. 
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In the Gauss quadrature, the base points rvI and the weights WI are chosen such 
that the sum of the N appropriately weighted values of the function G( rv) yields 
the exact value of the integral when G(rv) is a polynomial of degree p = (2N -1) 
or less. The Gauss quadrat ure is given by 

where G(r) is the transformed integrand, 

G(r) = G(rv(r)).J(r) (3.5 - 4) 

J(r) is the Jacobian of the transformation and N is the number of Gaullll pointll. 
The coordinate transformation between rv and r should be such that the interval 
(a,b) is mapped into the interval (-1,1). The new coordinate r, -1 ~ r ~ 1, is 
called a naturalor normalized coordinate, and it is defined locally in an element. 

In order to integrate a polynomial of degree p exactly, the number of Gauss 
points N should be taken as equal to the llmallellt integer greater than (p+1)/2. The 
Gauss points and weights can be found in tabular form in any book on numerical 
analysis (see Reddy [6]). 

To numerically evaluate the area integrals that arise in the finite element anal­
ysis, such as those found in the element matrices of Eq. (3.3-12) and (3.4-5), 
the element domains must be transformed to the square domain -1 ~ (r,8) ~ 1, 
where (r, 8) is the natural coordinate system, so that the Gauss quadrat ure can 
be used. The transformation of an element domain oe to the square domain OM, 
called the mallter element, requires approximation of the geometry. The approx­
imation of the geometry is accomplished, in much the same way as the solution, 
by interpolating the geometry of the element domain oe: 

m m 

rv = L rvj~j(r, 8) , Y = LYj~j(r, 8) (3.5 - 4) 
;=1 j=l 

where (rv,y) are the global coordinates used in the formulation of the finite ele­
ment equations. The interpolation functions ~; used in the approximation of the 
geometry are, in general, not the same as those 1/;; used in the approximation of 
the dependent variables (i.e., the solution to the problem). When~; = 1/;; (i.e., 
m = n), the formulation is called an i80parametric formulation. If m < n, it is 
known as a 8ubparametric formulation. 
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The transformation (3.5-4) allows us to transform integral expressions involv­
ing the global coordinates and defined over the element domain ne as those in 
terms of the local coordinates (r, s) defined over the master element nM : 

r G(:v,y)d:vdy = r G(r, s)drds 10< 10M 
(3.5 - 5) 

which can be approximated by the Gauss quadrat ure formula: 

11 11 . N. 
G(r,s)drds = ~ WjwJG(rj,sJ) 

-1 -1 ~J=l 
(3.5 - 6) 

If G(r,s) is a polynomial of highest degree p in r or s, then N = [~] to 
evaluate the integral exactly. When p + 1 is not an even number, then N should 
be equal to the nearest integer value greater than (p + 1)/2. For example, a 
2 X 2 Gaussian quadrature (i.e., N = 2) exactly integrates a polynomial of third 
order and 3 x 3 quadrature exactly integrates a polynomial of fifth order. Before 
selecting an integration order, one must examine each term in the expression for 
the integrand (which includes the Jacobian of the transformation) and determine 
the polynomial order. 

3.5-2 Computation of strains and stresses 

Once the nodal values of generalized displacements have been obtained by 
solving the assembled equations of a problem, the strains are evaluated in each 
element by differentiating the displacements (3.4-2). Since, in the displacement 
finite element models, only the displacements are continuous across the element 
boundaries, strain continuity across the element boundaries is not ensured. That 
is, along a boundary common to two elements, the strains and hence stresses take 
different values on the two sides of the interface. However, strains and hence 
stresses are continuous within an element. Here, abrief discussion on the compu­
tation of strains and stresses is presented. 

Although the strains can be computed at any point in the element, including 
the nodes, Barlow [37,38] showed that the strains and stresses are the most accu­
rate if they are computed at the (N -1) X (N -1) Gauss points, where N X N is 
the Gauss quadrat ure rule used to evaluate the stiffness coefficients. This reduced 
order integration rule is termed as the reduced integration, and the reduced inte­
gration points are called the Barlow point". For example, the linear rectangular 
plate bending element of the first-order theory requires 2 X 2 integration to evaluate 
the bending stiffnesses exactly. Then the one-point integration (or 1 xl) should 
be used to evaluate the strains and stresses. Similarly, for a quadratic rectangular 
element the Barlow points are at the Gauss points of the 2 x 2 Gauss rule. 
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Note that the displacements in the finite element models are referred to the 
global coordinates (z,y,z). Differentiation of these values at the Barlow points 
yields the strains there in the global coordinates. However, the failure criteria used 
in laminate analysis (see Chapter 5) require stresses and strains in the lamina (or 
principal material) coordinates. In order to obtain strains and stresses in the 
material coordinates, we need to transform the strains and stresses to material 
coordinates associated with each layer. First the global strains Ei in Eqs. (2.4-10) 
or (2.5-5) are transformed to the lamina strains €i using the strain transformation 
equations similar to Eq. (2.3-3): 

H:}~ [ '0" 6 sin2 8 ,0,6"n6 1 
{::} sin2 8 cos2 8 - cos8 sin8 (3.5 - 7a) 

-2 cos 8 sin8 2 cos 8 sin 8 2( cos2 8 - sin2 8) 

{~4 } = [C?S 8 E5 sm8 
- sin 8] { E4 } 
cos 8 E5 (3.5 - 7b) 

Then the lamina constitutive equations are used to compute the stresses, referred 
to the material coordinates, at the Barlow points: 

(3.5 - 8a) 

(3.5 - 8b) 

Note that [Q] matrix represents the matrix of material stiffnesses along the prin­
cipal coordinates of the layer (lamina) as discussed in Section 2.3-3. 

While the inplane stresses (u:z::z:, U yy, u:z: y) can be computed only through stress­
strain (i.e., constitutive) relations, the transverse stresses (u:z:z , uyz , uzz ) can be 
computed through either the constitutive equations (3.5-13) or the equilibrium 
equations of 3-D elasticity, 

8u:z::z: 8u:z: y 8u:z: z 0 &+a:y+Tz= (3.5 - 9a) 

8u:z:y + 8uyy + 8uyz = 0 
8x 8y 8z 

(3.5 - 9b) 

8u:z:z 8u yz 8u zz 0 
&+a:y+Tz= (3.5 - 10) 
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Integration of Eqs. (3.5-9) with respeet to z gives (u:I:Z,uyz ), whieh ean be 
substituted into Eq. (3.5-10) to determine U zz (see Reddy [2]). It is found that for 
homogeneous plates and thin laminates the stresses eomputed from the equilibrium 
equations (3.5-9) are found to be very aeeurate. 

3.5-3 Solution methods for nonlinear algebraic equations 

Note that the element stiffness matrix in Eqs. (3.3-12) (or 3.4-4) is nonlinear 
and unsymmetrie when the nonlinear (von Karman) strains are included [see Eq. 
(3.3-15)]. Therefore, the assembled equations will be nonlinear and unsymmet­
rie. The assembled nonlinear equations must be solved, after imposing boundary 
eonditions, by an iterative method, which seeks an approximate solution to the 
algebraie equations by linearization. Here we diseuss two iterative methods that 
are eommonly used. 

Suppose that the assembled nonlinear finite element equations are of the form, 

[K({~})]{~} = {F} (3.5 - 11) 

The stiffness matrix [K] eannot be evaluated beeause it depends on the unknown 
solution {~}. Therefore, we evaluate [K] using an assumed solution vector {~} 
and iteratively solve Eq. (3.5-11) for the solution. 

Direct iteration method 

In the direct iteration method, also known as the Picard method, the solution 
vector from the previous iteration r is used to evaluate the stiffness matrix, and 
the solution at the (r + l)-st iteration is determined by solving the equation (see 
Reddy [6] and Zienkiewiez and Taylor [39]), 

(3.5 - 12) 

where {~y denotes the solution at r-th iteration. Thus, in the direet iteration 
method, the eoeffieients Kij (henee Kf/) are evaluated using the solution {~y 
from the previous iteration, and the solution at (r + 1) - st iteration is obtained 
by solving Eq. (3.5-12): 

(3.5 - 13) 

At the beginning oft he iteration (Le., r = 0), we assume a solution {~}O, based on 
our qualitative understanding of the solution behavior. For example, {~}O = {O} 
for the large-deflection bending would reduee the nonlinear stiffness matrix to a 
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linear one, and (3.5-13) would yield the linear solution of the problem at the 
end of the first iteration, {ßp. The iteration is continued [Le., Eq. (3.5-13) is 
solved in each iteration) until the difference between {ßl'" and {ßl'"+l reduces 
to a preselected error tolerance. The error criterion is of the form (other error 
criteria can also be used): 

N 

E Iß1+1 - ß[12 

1=1 N < f (say 10-3) (3.5 -14) 

EIß1+1 12 

1=1 

where N is the total number ofprimary unknowns (i.e., generalized displacements) 
in the finite element mesh. 

Newton-Raphson iteration method 

The Newton-Raphson iterative method is based on the Taylor series expansion 
of the algebraic equations (3.5-11) ab out the known solution {ß}'". To describe 
the method, we rewrite Eq. (3.5-11) in the form, 

{R} == [K){ß} - {F} = 0 (3.5 - 15) 

where {R} denotes the residual. Expanding {R} ab out {ßl'", we obtain 

or 

{O} = {R} = {RY + [8{R}] r ({ßy+1 - {ßY) 
8{ß} 

1 [82{R}]r({ }r+1 { }r)2 + 21 8{ß}2 ß - ß + ... (3.5 - 16a) 

(3.5 - 16b) 

where [KjT is the tangent stiffness matri:c (or geometrie stiffness matrix), 

[KTr == [~i~i] evaluated at{ß} = {ßY (3.5 - 17) 

{aß} = {ßy+1 - {ßY, (3.5 - 18) 
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For structural problems formulated with variational principles, it can be shown 
that [KT] is symmetrie even if [K] is not symmetrie. From Eq. (3.5-16b), we have 

{aß} = _[KT ]-l{RY 

= [KT ({ßy)r1({F} - [K({ßY)]{ßY) (3.5 - 19a) 

and the total solution at (r + l)-st iteration is given by 

(3.5 -19b) 

The iterative solution of Eq. (3.5-19a) is continued until the convergence cri­
teria in Eq. (3.5-14) is satisfied or the residual {R} [measured in the same way as 
the solution error in Eq. (3.5-14)] in Eq. (3.5-19) is less than a certain preselected 
value. Note that at the beginning of each iteration the tangent stiffness matrix 
and residual vector must be updated using the latest available solution {ß}. If the 
tangent stiffness matrix is kept constant (for a preselected number of iterations) 
but the residual vector is updated during the iteration, there can be a computa­
tional saving. Such an approach is called modified Newton-Raphson method. For 
additional details on iterative methods, (especially for the Riks method) the reader 
is asked to consult References 15 and 39-41. 

3.6 Continuum formulation 

In linear analysis, the displacements and rotations are assumed to be small, 
and the material is treated as linearly elastic. In the nonlinear formulation based 
on a laminate theory with the von Karman strains, the geometry of the continuum 
[structure] is assumed to remain unchanged during the loading. For small strains 
and moderately large deflections and rotations, these assumptions yield good re­
sults. In this study, we shall term the elements based on such assumptions as 
laminated elements. 

However, in problems with large displacements and strains, the geometry oft he 
structure changes during the loading. In such problems, the geometrical changes 
must be taken into account before next increment ofload is applied. Thus, the total 
load on the structure must be applied incrementally, and the geometry updated 
between load increments. Finite elements based on these considerations will be 
called continuum elements. 

There are two incremental formulations that are used to determine the defor­
mation and stress states in continuum problems (see [15]): (1) Total Lagrangian 
formulation and (2) Updated Lagrangian formulation. In these formulations, the 
configuration (i.e., geometry) of the structure for the current load increment is 
determined from a previously known configuration. In the Total Lagrangian for­
mulation, all of the quantities are referred to a fixed configuration, and changes 
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in the displacement and stress fields are determined with respect to the refer­
ence configuration. In the Updated Lagrangian formulation, the geometry of the 
structure !rom the previous increment is updated using the solution of the current 
increment, and the updated configuration is used as the reference configuration for 
the next increment. The general form of the incremental equations of equilibrium 
in these two formulations is given by 

(3.6 -1) 

where i refers to the current iteration number, {.!lU} is the incremental displace­
ment vector, {R} is the residual force vector, {F} is the externalload vector, and 
[KLl and [KNLl are the linear and nonlinear stiffness matrices, respectively. 

In the Total Lagrangian formulation, the strain displacement relations are 
written in terms of the Green-Lagrange strain tensor and 2nd Piola-Kirchhoff 
stress tensor, S. The nonlinear stiffness matrix and nodal point stresses at time 
t are expressed by the following equations over an element oe in the original 
(undeformed) configuration: 

[KLl = I [BLlT[C][BLldV Jn< 
[KNLl = I [BNLlT[S][BNLldV Jn< 

{F} = I [BLf{S}dV Jn< (3.6 - 2) 

where [BLl and [BNLl are linear and nonlinear strain-displacement transformation 
matrices, [Cl is the constitutive elasticity matrix, [Sl is the matrix of 2nd Piola­
Kirchhoff stress components, and {S} is the vector of these stresses. 

In the Updated Lagrangian formulation, the latest known deformed config­
uration is used as the reference state to determine the next configuration. The 
nodal coordinates are updated using the incremental solution to generate the new 
reference state. Therefore the stresses used in the nonlinear stiffness expression, 
as weH as the nodal stress values, are the Cauchy stresses, r. The element stiffness 
and force vectors are defined by 

[KLl = I [BLf[C][BLldV Jn< 
[KNLl = I [BNLlT[r][BNLldV Jn-

{F} = I [BLlT{r}dV Jn< (3.6 - 3) 
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A specific example of the continuum formulation is provided by the Ahmed­
Zienkiewicz degenerated shel1 element (see [44,48]), which is obtained from 3-D 
elasticity equations by invoking the same assumptions as those used in the first­
order shear deformation plate/shell theory (see Sec. 2.5-2). The degenerate 3-D 
shel1 element (see Figure 3.6-1) can admit moderately large displacements and 
rotations. For additional details on the formulation of the element, the reader is 
referred to [44,47,48]. Applications of the element are included in Section 3.7-3 .. 

Figure 3.6-1 The degenerated 3-D shell element 

Next, we present a continuum element formulation of a second-order plate 
theory with an eight-noded quadrilateral plate element. The following expressions 
are assumed for the displacement field of the element (see Ochoa [49]): 

Ul(:Z:'Y,Z) = u(:z:,y) + z81(:z:,y) + z2<pl(:Z:'Y) 

U2(:Z:,y,Z) = v(:z:,y) + Z82(:Z:,y) + z2<p2(:Z:'Y) 

U3(:Z:,y,Z) = w(:z:,y) (3.6 - 4) 

The in-plane displacements (u, v) and the coefficients (<PI, <P2) are expanded with 
a bilinear polynomial with the coefficients, 

{l:z:y:z:y} (3.6 - 5) 

where as wand the rotations (81,82) are interpolated with polynomials containing 
the following coefficients 

(3.6 - 6) 

The corner nodes are assigned seven degrees offreedom (u,V,W,81,82,<Pl,<P2) and 
the midside nodes are assigned (w,81,82). The element has 40 degrees offreedom. 
Therefore, the element will be referred to as QHD40. 
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To evaluate the volume integrals in the element matrices of Eqs. (3.6-2) and 
(3.6-3), we employ the Gauss quadrature described earlier. Since we are dealing 
with laminated composite plate element, the integration through the thickness 
involves individual lamina. Note that the constitutive matrix [Cl varies from 
layer to layer and is not a continuous function in the thickness direction, and 
the integration should be performed separately for each layer. This increases the 
computation time as the number oflayers is increased. An alternative is to perform 
explicit integration through the thickness and reduce the problem to a 2-D one. 
The Jacobian matrix, in general, is a function of the local coordinates (e, 11, ,), 
, being the thickness coordinate. The terms in , may be neglected, provided the 
thickness to curvature ratios are small. Then the Jacobian matrix [J] becomes 
independent of' and explicit integration can be employed. If' terms are retained 
in [J], Gaussian points through the thickness should be added. In the present 
study we assume that the Jacobian matrix is independent of' in the evaluation 
of element matrices and the internal nodal force vector. 

The displacement field (3.6-4) of the QHD40 element is selected so that a good 
representation of interlaminar stresses is possible. In this formulation, the inplane 
stresses (O':z::z:,O'yy,O':ty) are computed from the constitutive equations (3.5-8a), and 
they are of the form, 

O':z::z: = /1(z2,x 2,y2) 

O'yy = J2(z2,x2,y2) 

O'zy = f3(z2,x 2,y2) 

(3.6 - 7a) 

(3.6 - 7b) 

(3.6 - 7e) 

The interlaminar stresses (O'zz,O'yz,O'zz) are computed from the equilibrium 
equations (3.5-9) and (3.5-10), and are of the form, 

O':tz = f4(z3,x,y) 

O'yz = fS(z3,x,y) 

O'zz = f6(z3) 

(3.6 - 8a) 

(3.6 - 8b) 

(3.6 - 8e) 

In order to avoid 'element locking' for thin shell structures, we use reduced 
inegration in evaluating the stiffness coefficients associated with the transverse 
shear deformation (i.e., terms involving C44 , C4S and Css ). Hence we split the 
constitutive matrix [Cl into two parts, one without transverse shear moduli [C]b, 
and the other with only transverse shear moduli [C]6' Full integration is used to 
evaluate the stiffness coefficients containing [C]b, and reduced integration is used 
for those containing [Cl. (see [44,48]). 
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Even though selective redueed integration is used to prevent shear locking in 
statie and dynamie problems, this should not be praetieed as a 'blanket rule'. 
In nonlinear problems, it may be neeessary to use higher order quadrature in 
order to aeeurately evaluate the nonlinear stiffness eoefficients. It is reeommended 
that one should use integration sehemes with inereasing order until an effieient 
yet adequate one is seleeted. Naturally, this is not possible with some of the 
commercial computer programs that do not give the user any options on integration 
rules. 

3.7 Numerical examples 

3.7-1 Preliminary comments 

The finite element models reviewed in Seetions 3.3 and 3.4 are used to: ana­
lyze laminated eomposite platesj assess the aeeuraey of various single-Iayer theo­
riesj bring out eertain modeling aspeetsj and assess the importanee of geometrie 
nonlinearity. The present diseussion is foeused on illustrating eertain interesting 
features eharaeteristie of eomposite laminates. These include: the use of symmetry 
boundary conditions in quarter plate models, the effeet of geometrie nonlinearity 
on deflections, and the determination of eritieal buekling loads. Two examples of 
the applieation of the eontinuum shell elements [44,48] are included. 

The following two sets of material properties, typical of a high-modulus graphite­
epoxy are used in the first few examples: 

1. E1/ E2 = 25, G12 = G13 = 0.5 E2, G23 = 0.2 E2, 1112 = 0.25 
2. EdE2 = 40, G12 = G13 = 0.6 E2, G23 = 0.5 E2, 1112 = 0.25. (3.7 -1) 

Alllayers are assumed to have the same thiekness and orthotropic material proper­
ties in the material principal direetions. The shear eorreetion faetors (K14 = Kts) 
for the first-order shear deformation theory (FSDT) are taken to be 5/6 [see Eq. 
(2.5-10)]. 

We note that for antisymmetrie eross-ply laminates, (00 /900 /00 /900 / ••• )even, 

the following laminate stiffnesses are identieally zero: 

(3.7 - 2) 

and for antisymmetrie angle-ply laminates, {-fJ/fJ ... )even, the following laminate 
stiffnesses are zero: 

(3.7 - 3) 



Analysis 01 Composite Laminates 

3.7-2 Linear bending and vibration analysis 

Ezamples with laminate elements 

74 

The maximum bending defleetions and stresses of anti symmetrie eross-ply 
square laminates with different boundary eonditions and subjeeted to transverse 
distributed sinusoidalload of intensity qo are presented in Table 3.7-1. In all 
eases, the edges parallel to the x-axis are simply supported (SS). Other two edges 
are subjected to various types of boundary eonditions: S-simply supportedj C­
clampedj and F-free. In the clamped ease, all generalized displacements are set to 
zerOj no generalized displacements are speeified on a free edge. The finite element 
solutions were obtained using a 4 x 4 mesh of CLPT and 2 x 2 mesh of nine-node 
quadratie FSDT elements in the quarter plate (see Figure 3.7-1 for boundary 
eonditions). The analytieal solutions were obtained using the Levy type solution 
proeedure (see [3,4]). The finite element results are in good agreement with the 
analytieal solutions. In general, the classieal plate theory underpredicts deflections 
and stresses. 

Table 3.7-1 Comparison of the finite element and analytieal solutions of various 
theories for antisymmetrie eross-ply (0/90/ ... ) laminated square 
plates with various boundary eonditions and transverse sinusoidal 
load (a/h = 10; material1j N = No. of layers). 

N Solution** Theory SSSS SSCC SSFF 

w FSDT 1.238(1.237) 0.657(0.656) 2.027(2.028) 

CPT 1.043(1.064) 0.417(0.429) 1.786(1.777) 

2 lTl FSDT 6.948(7.157) 4.232(4.450) 2.331(2.442) 

CPT 6.659(7.157) 4.348( 4.800) 2.034(2.403) 

lT4 FSDT 2.652(2.729) 1.459(1.523) 3.814(3.882) 

w FSDT 0.616(0.615) 0.386(0.385) 0.914(0.915) 

CPT 0.444(0.442) 0.169(0.167) 0.686(0.665) 

20 lTl FSDT 4.863(5.009) 2.550(2.692) 1.648(1.723) 

CPT 4 .. 611(5.009) 2.798(3.167) 1.324(1.725) 

lT2 FSDT 4.863( 5.009) 3.031(3.135) 7.384(7.533) 

CPT 4.611(5.009) 1.694(1.911 ) 7 .395( 7 .480) 

lT4 FSDT 2.652(2.729) 1.648(1.708) 3.782(3.853) 
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Figure 3.7-1 Boundary eonditions for simply-supported eross-ply and anti­
symmetrie angle-ply laminates. (a) SS-l: Cross-ply laminates. 
(b) SS-2: Angle-ply laminates. 

Beeause of the bending-stretehing eoupling (Bll -# 0 for antisymmetrie eross­
ply and B16 -# 0 for antisymmetrie angle-ply laminates), use of proper 'simply­
supported' boundary eonditions is important (see Reddy [50]). The 'simply­
supported' boundary eonditions are different for different lamination sehernes. 
They ean be dedueed from the exact (i.e., the N avier) solutions (see Fig. 3.7-
1). If the SS-l boundary eonditions are used to analyze the angle-ply laminates, 
or the SS-2 boundary eonditions are used to analyze antisymmetrie eross-ply lami­
nates the resulting solutions will be different, as ean be seen from Table 3.7-2. The 
bending-stretehing eoupIing eoeffieients (i.e., Bij) beeome smaller as the number 
of layers is inereased, and both SS-l and SS-2 yield almost the same solution. 
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Table 3.7-2 Effect of boundary conditions on the bending response of two­
layer antisymmetric cross-ply and angle-ply square laminates un­

wE h3 102 
der uniform transverse load (w = 2 4 ,alh = 10). 

poa 

Cross-Ply Angle-Ply 

N z SSl* SS2 SS2* SSl a 
0.0 1.950 1.648 1.281 1.127 

0.125 1.813 1.531 1.196 1.059 

2 0.25 1.416 1.189 0.948 0.845 

0.375 0.787 0.654 0.536 0.4800 

0.50 0.000 0.000 0.000 0.0000 

0.0 0.958 0.955 0.632 0.631 

0.125 0.893 0.890 0.592 0.591 

10 0.25 0.703 0.701 0.475 0.474 

0.375 0.397 0.396 0.274 0.274 

0.50 0.000 0.000 0.000 0.000 

*The first-order theory is used with 2 x 2 mesh of nine-node quadratic elements 
in a quarter plate (N = No. of layers). 

Table 3.7-3 Nondimensionalized fundamental frequencies ( w = 7!-Vpl E) of 
simply-supported, cross-ply square plates according to the shear 
deformation theory (material 2). 

No. Quarter Plate Models Full 

of a/h Plate Analytical 

layers 1 x 1 2 x 2 4x4 (4 x 4) solution 

100 45.318 14.350 11.537 14.358 11.300 

2 10 12.119 10.717 10.594 10.777 10.568 

5 9.676 9.136 9.103 9.210 9.087 

100 47.462 19.643 17.490 19.647 17.278 

4 10 16.112 14.943 14.859 15.033 14.846 

5 11.495 11.172 11.176 11.247 11.172 

100 48.034 20.877 18.817 20.880 18.610 

10 10 16.897 15.782 15.758 15.911 15.770 

5 11.848 11.614 11.664 11.716 11.673 
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Table 3.7-4 First four nondimensionalized frequencies, w = wa2(vp/E)/h, of 
simply-supported, antisymmetric, cross-ply, square laminates, ac­
cording to the shear deformation theory (material 2). 

N a/h Source* wn W12 = W21 W22 

4x4 14.358 45.669 89.269 

100 8x8 11.538 32.656 48.185 

Exact 11.300 31.447 45.100 

2 

4x4 10.777 27.582 38.361 

10 8 X 8 10.610 26.561 36.748 

Exact 10.568 25.301 36.348 

4x4 19.647 61.602 105.313 

100 8x8 17.493 50.553 71.650 

Exact 17.278 49.122 68.740 

4 

4x4 15.033 33.927 45.803 

10 8x8 14.883 33.326 44.913 

Exact 14.846 33.171 44.686 

4x4 20.880 65.310 109.267 

100 8 x 8 18.821 54.478 76.883 

Exact 18.610 53.007 73.994 

10 

4x4 15.911 35.229 47.393 

10 8x8 15.793 34.819 46.798 

Exact 15.770 34.747 46.692 

*Mesh used in the full platej exact solutions are from [4]. 

It should be noted that the full plate and quarter plate models with associated 
symmetry boundary conditions give identical results for linear analysis. It will be 
shown later in this section that the quarter plate model is not acceptable, even with 
proper symmetry conditions, in the geometrically nonlinear analysis of two-Iayer 
antisymmetric angle-ply laminates. 
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Table 3.7-3 contains the finite element results for free vibrations of simply­
supported (SS-l), antisymmetrie eross-ply square plates for the three values of the 
side-to-thiekness ratio, representative of thin, moderately thiek and thiek plates. 
The finite element solution eonverges to the analytieal solution [4) as the mesh is 
refined. It is noted that the fuil plate model and quarter plate modd with proper 
symmetry eonditions (see Fig. 3.7-1) give the same results. A 4 x 4 mesh in a 
full plate is equivalent to 2 x 2 mesh in the quarter plate. Sinee a larger system of 
equations is solved in a 4 X 4 mesh eompared to a 2 X 2 mesh, some small differenee 
is expeeted in the two sets of values. 

Table 3.7-4 contains the first four modes for the same ease. It is clear that 
the finite element model does not predict the higher modes as aeeurately as the 
first mode. A refined mesh would inerease the aeeuraey of the higher modes 
eonsiderably more than the fundamental mode. 

Table 3.7-5 contains the fundamental natural frequencies of simply-supported 
(SS-2), antisymmetrie angle-ply (-450 /450 / ••• ) square laminates as predicted by 
the three single-Iayer theories. The finite element solutions were obtained using a 
4 X 4 mesh in a quarter plate. The results obtained using fuU plate models agreed 
with those obtained by quarter plate models (with SS-2 boundary eonditions), 
indieating that a quarter plate symmetry exists for anti symmetrie angle-ply lami­
nates for the free vibration ease. In all eases the classical plate theory overprediets 
the frequencies eompared to the first-order shear deformation theory (i.e., FSDT). 

Table 3.7-5 Nondimensionalized fundamental frequeneies, w = ~Ili, for 
simply supported antisymmetrie angle-ply ( -45/ 45 / ... ), square lam­
inates (material 2; *exact solutions are from [4)). 

N a/h Souree* CLPT FSDT HSDT 

10 FEM 14.731 13.217 13.287 

Exact 14.439 13.044 13.263 

2 

100 FEM 14.811 14.863 14.800 

Exaet 14.636 14.618 14.621 

10 FEM 25.297 19.471 19.273 

Exaet 25.052 19.289 19.266 

10 

100 FEM 25.305 25.584 25.318 

Exact 25.264 25.176 25.174 
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Ezamples with continuum element QHD40 

Next, the performance of the QHD40 continuum element (see Sec. 3.6) is 
demonstrated by comparing results to those obtained by classicallaminated plate 
theory (CLPT), the first-order shear deformaton theory (FSDT), and 3-D elas­
ticity. The material properties (of a lamina) used throughout are those of a high 
modulus graphite / epozy material: 

(3.7-4) 

All layers are of equal thickness. Cylindrical bending of a plate, and bending of 
simply-supported square and reet angular plates are considered, with a sinusoidally 
distributed transverse load. For cylindrical bending the plate is modeled with a 
row of 20 elements (i.e., 20 x 1 mesh). For the simply-supported plates, the biaxial 
symmetry is used and only a quadrant of the plate is modeled. The mesh is re­
fined to demonstrate solution convergence. Additionally, the influence of distorted 
elements on the solution accuracy is demonstrated. For symmetrie laminates, the 
quadratic terms are restrainedj therefore, 32 degree-of-freedom elements are used 
to obtain these solutions. This is allowable in these particular cases because the 
quadratic terms do not significantly affect the results. This is not true in the first 
example considered. 
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Figure 3.7-2 Normalized transverse displacement versus side-to-thickness ra­
tio for cylindrical bending of (0/90) and (0/90/0) laminates. 

Ezample 1: Cylindrical bending 

First consider the cylindrical bending of a (0/90) laminate. In Figure 3.7-2, 
the calculated maximum normalized (transverse ) displacement w is presented as a 
function of the ratio of length to thickness (S) of the plate. Results demonstrate 
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Figure 3.7-3 Normalized inplane stress (Ö":z::z:) for cylindrical bending of a (0/90) 
laminate (5 = 4). 
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Figure 3.7-4 Normalized transverse shear stress (Ö":z:z) for cylindrical bending 
of (0/90/0) laminates. (a) 5 = 4. (b) 5 = 10. 
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differences obtained with and without quadratic terms. The 3-D elasticity solu­
tion of Pagano [51] gives a nearly quadratic variation of the normalized inplane 
displacement, ü, with respect to z. The difference is greatest for the lower values 
of S. For example, for S = 4 a difference of 12 per cent is noted. In Figure 3.7-3, 
the calculated normalized in-plane stress variation is presented for S = 4. Note 
that maximum stresses differ by 35 per cent when computed with, and without, 
the z2 terms. The effect of including quadratic terms in the finite element solution 
is, therefore, much more pronounced in stresses than in displacements. 

Next, we consider cylindrical bending of a square (0/90/0) laminate. Once 
again, the stresses are compared to the elasticity solution of Pagano [51]. Figure 
3.7-4 illustrates through the thickness variation ofthe normalized transverse shear 
stress (O'u) at the simply-supported boundary for S = 4 and 10. Figure 3.7-
5 contains the normalized in-plane stress variation through the thickness at the 
centre of the laminate. Note that as the side-to-thickness ratio is varied from 4 
to 10, the correlation between the finite element and elasticity solution is greatly 
improved. The lower aspect ratio represents a thick plate and, consequently, does 
not fall within the range of application of the current formulation, which is based 
on a C1-continuous displacement field through the thickness. Thick laminated 
plates are better modeled by thick plate theories, such as the first order shear 
deformation theory discussed in Section 3.4. 

Ezample 2: Simply-supported plate under sinusoidal loading 

This example deals with a simply-supported, rectangular (0/90/0) laminate. 
Solutions are obtained for side-to-thickness ratios, S = 4 to 100. Transverse 
shear stress variation O'u at (x,y) = (0,a/2) and in-plane shear stress variation 
O'Z1/ at (x,y) = (0,0) are presented in Figures 3.7-6a and 3.7-6b for a square 
laminate with S = 4. The present finite element results are compared with those 
obtained by Pagano [52] and the classical plate theory. The correlation between 
the finite element and elasticity results improves when the plate represents thin to 
moderately thick geometries. The transverse normal stress variation O'zz through 
the thickness is presented in Figures 3.7-7a and 3.7-7b for square laminates. The 
stresses are normalized as Ö'zz = O'zz10-2 at the center of the plate and as Ö'zz = 
100'zz at the edge of the plate. The present results are compared with the elasticity 
solution in Table 3.7-6. 

The effect of distorted elements is also studied. Results are obtained for the 
relatively coarse meshes shown in Figure 3.7-8. The stresses and displacements 
are presented as a function of side-to-thickness ratio for square laminates, and 
compared to the elasticity solutions in Table 3.7-7. As expected, the values are 
not as accurately determined as those obtained with the regular meshes. A mesh 
of distorted elements has a much more adverse effect on the calculated transverse 
shear stresses than on the calculated inplane stresses and displacements. Since the 
transverse stresses are based on equilibrium considerations, it seems the mesh 
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Figure 3.7-5 Normalized inplane stress (O'":z:) for eylindrieal bending of sym­
metrie eross-ply laminates. (a) S = 4. (b) S = 10. 
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a simply-supported square (0/90/0) laminate. (a) Transverse 
shear stress, Ö'u(0,a/2,z). (b) Inplane shear stress Ö':z:y(O,O,z). 
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Figure 3.7-7 Normalized transverse normal stress, Uz , for simply-supported 
square cross-ply laminate. (a) Uz (~, ~,z). (b) Uz (j,O,z). 
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Table 3.7-6 N ormalized stresses and displacements for simply-supported square 
(0/90/0) laminate under transverse sinusoidalload. 

0'", uy U",y Ö'zz uyz 

S Approach (~,~, ±~) (~,~, ±~) (O,O±~) (O,~,O) (~,O,O) 

FEM (2 X 2 mesh) 0.414 0.598 0.0465 0.296 0.238 

4 FEM (6 X 6 mesh) 0.391 0.572 0.0448 0.308 0.251 

Elasticity 0.755 0.556 0.0505 0.282 0.217 

FEM (2 X 2 mesh) 0.529 0.292 0.0289 0.352 0.123 

10 FEM (6 X 6 mesh) 0.500 0.279 0.0280 0.369 0.130 

Elasticity 0.590 0.288 0.0289 0.357 0.123 

FEM (2 X 2 mesh) 0.560 0.206 0.0240 0.367 0.0910 

20 FEM (6 X 6 mesh) 0.531 0.189 0.0233 0.387 0.0954 

Elasticity 0.552 0.210 0.0234 0.385 0.0938 

FEM (2 X 2 mesh) 0.567 0.178 0.0226 0.374 0.0812 

50 FEM (6 X 6 mesh) 0.541 0.164 0.0217 0.392 0.0843 

Elasticity 0.541 0.185 0.0216 0.393 0.0842 

FEM (2 X 2 mesh) 0.566 0.174 0.0224 0.375 0.0803 

100 FEM (6 X 6 mesh) 0.542 0.167 0.0215 0.393 0.0827 

Elasticity 0.539 0.181 0.0213 0.395 0.0828 

CLPT 0.539 0.180 0.0213 0.395 0.0823 

MESHA MESHB MESHC 

Figure 3.7-8 FEM meshes of distorted elements. 
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Table 3.7-7 Normalized stresses and displacements for simply-supported square 
(0/90/0) laminates with various side-to-thickness ratios (S) and 
sinusoidal transverseload (distorted meshes). 

Ö'", Ö'1I Ö''''11 Ö"mz Ö'lIZ ÜJ 

S Approach (~,~,±~) (~,~,±~) (0, 0, ±~) (0, ~, 0) (~,O,O) (~,~, 0) 

MeshA 0.409 0.620 0.0525 0.128 0.122 2.709 

Mesh B 0.393 0.573 0.0485 0.254 0.206 2.473 

4 Mesh C 0.402 0.596 0.0472 0.290 0.229 2.473 

Elasticity 0.755 0.556 0.0505 0.282 0.217 -
Mesh A 0.539 0.292 0.0344 0.141 0.0686 0.866 

Mesh B 0.502 0.279 0.0300 0.293 0.107 0.812 

10 Mesh C 0.530 0.286 0.0290 0.357 0.114 0.839 

Elasticity 0.590 0.288 0.0289 0.357 0.123 -
MeshA 0.574 0.198 0.0297 0.153 0.0552 0.545 

Mesh B 0.531 0.199 0.0248 0.303 0.0792 0.529 

20 Mesh C 0.571 0.198 0.0239 0.378 0.0880 0.539 

Elasticity 0.552 0.210 0.0234 0.385 0.0938 -
Mesh A 0.585 0.174 0.0300 0.180 0.0516 0.443 

Mesh B 0.533 0.178 0.0226 0.304 0.0701 0.445 

50 Mesh C 0.587 0.177 0.0221 0.378 0.0055 0.449 

Elasticity 0.541 0.185 0.0216 0.393 0.0842 -
Mesh A 0.591 0.190 0.0312 0.200 0.0363 0.418 

Mesh B 0.531 0.176 0.0215 0.302 0.0689 0.432 

100 Mesh C 0.596 0.180 0.0212 0.359 0.112 0.433 

Elasticity 0.539 0.181 0.0213 0.395 0.0828 -
CLPT 0.539 0.180 0.0213 0.395 0.0823 -

must be refined enough to approximate equilibrium conditions. This is especially 
apparent in comparing results obtained for mesh A to those obtained for mesh C. 
In each of these cases, elements having a taper ratio of 2 to 1 are used. Mesh C 
gives significantly improved transverse stresses, because the mesh is fine enough to 
represent the load distribution as weH as the kinematics of deformation accurately. 
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Table 3.7-8 Normalized stresses and displacements for simply supported rect­
angular (0/90/0) laminates with various side-to-thickness ratios 
(S) and sinusoidal transverse load. 

i'T:z; i'Ty i'T:z;y äxz i'Tyz üi 

S Approach (~, ~,±~) (~,~,±%) (0, 0, ±~) (0, ~,O) (~,O,O) (~,~, 0) 

FEM (2 x 2 mesh) 0.657 0.130 0.0296 0.410 0.0357 3.55 

FEM (6 x 6 mesh) 0.612 0.126 0.0284 0.431 0.0391 3.58 

4 FEM (Reddy) - - - - - -
Elasticity 0.726 0.119 0.0281 0.420 0.0334 2.82 

FEM (2 x 2 mesh) 0.669 0.0431 0.0125 0.414 0.0143 0.995 

FEM (6 x 6 mesh) 0.625 0.0421 0.0121 0.436 0.0160 1.00 

10 FEM (Reddy) 0.603 0.0364 0.0102 - - 0.802 

Elasticity 0.725 0.0435 .0123 0.420 0.0152 0.919 

FEM (2 x 2 mesh) 0.666 0.0286 0.00959 0.415 0.0112 0.625 

FEM (6 x 6 mesh) 0.628 0.0278 0.00928 0.437 0.0121 0.629 

20 FEM (Reddy) 0.605 0.0276 0.0086 - - 0.578 

Elasticity 0.650 0.0299 0.0093 0.434 0.0119 0.610 

FEM (2 x 2 mesh) 0.659 0.0252 0.00878 0.416 0.0113 0.521 

FEM (6 x 6 mesh) 0.629 0.0237 0.00848 0.437 0.0110 0.524 

50 FEM (Reddy) 0.604 0.0251 0.0081 - - 0.515 

Elasticity 0.628 0.0259 0.0084 0.439 0.0110 0.520 

FEM (2 x 2 mesh) 0.657 0.0259 0.00856 0.416 0.0127 0.507 

FEM (6 x 6 mesh) 0.628 0.0231 0.00837 0.437 0.0108 0.509 
100 FEM (Reddy) 0.603 0.0253 0.0080 - - 0.506 

Elasticity 0.624 0.0253 0.0083 0.439 0.ü108 0.508 

CLPT 0.623 0.0252 0.0083 0.440 0.ü108 0.503 

Transverse shear stress variation (1' yz with respect to z at the point (:z:, y) = 
(a/2,0) is presented in Figure 3.7-9 for a rectangular laminate (a X b) with b = 3a 
and S = 4. A full range of results is presented in Table 3.7-8. The present method 
is compared to those obtained using elasticity solution [53], and to those obtained 
by Reddy [10] using the first-order shear deformation bending element (see Sec. 
3.4). Correlation with elasticity is quite good, particularly for ratios of S ~ 10. 



Analysis 01 Composite Laminates 88 

Z 

.5 , , 

.4 
, , , 

.3 
, 

\ , 
2 

, , 
\ 

.1 \ 
\ 

0 
\ 

-. 1 

-.2 

-.3 

-.4 

-.5 
FEM (QHD40) 

Figure 3.7-9 Normalized transverse shear stress, CTyz(~, 0, z), for simply-supported 
cross-ply (0/90/0) rectangular laminate (b = 3a, S = 4). 
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Figure 3.7-10 Error in normalized transverse displacement and inplane stresses 
VS. side-to-thickness ratio for simply-supported cross-ply (0/90/0) 
laminates. 
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As a final consideration, solutions have been obtained for the present geometry 
using reduced integration and fuH integration. The resuIts are compared in Figures 
3.7-10 and 3.7-11 by giving percentage error in calculated values of displacements 
and stresses vs. side-to-thickness ratio, S. It is apparent that element locking 
is not a problem; however, reduced integration is needed to minimize errors in 
calculated transverse stresses. 
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Figure 3.7-11 Error in normalized trans verse shear stresses vs. side-to-thickness 
ratio for simply-supported cross-ply laminates. 

An ezample with layerwise elements 

Consider a simply supported, square, cross-ply (0/90/0) laminated plate, sub­
jected to sinusoidally distributed transverse load. For this particular problem, 
exact solutions exist for the foHowing three theories: 1) 3-D elasticity theory [52], 
2) classicallaminate theory (denoted CLPT), and 3) first order shear deformation 
theory (denoted FSDT) [2]. The exact solutions from these three theories will be 
compared with the layerwise finite element solution of this problem (see [36]). A 
thick plate (L/ H = 4) is modeled using two finite element meshes that differ only 
in the refinement through the thickness. Full integration is used for both meshes 
(see Fig. 3.7-12): 
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Mesh 1: A 2 x 2 uniform 2-D mesh of eight-node quadratic elements in 
the xy-plane and 3 quadratic line elements through the thickness 
(one quadratic subdivision for each materiallayer)j a total of 441 
global degrees of freedom. 

Mesh 2: A 2 X 2 uniform 2-D mesh of eight-node quadratic elements in the 
xy-plane and six quadratic line elements through the thickness 
(two quadratic sub divisions for each material layer)j a total of 
969 global degrees of freedom. . 

x/ 

One 2-D quadratic Lagrangian 
element with three quadratic 
layers Ihrough the thickness 

z 

x 

y 

z 

y 

• 

Figure 3.7-12 Finite element meshes oflayerwise elements used for the analysis 
of a simply-supported, square, cross-ply (0/90/0) laminate under 
sinusoidal transverse load. The finite element mesh shown here 
is Mesh 1; Mesh 2 differs from Mesh 1 in only in doubling the 
number of through-thickness elements. 

The stresses are computed via the constitutive relations at the reduced Gauss 
points for each finite element. The reduced Gauss points correspond to the 2 X 2 X 2 
integration points within the domain of each layer of each element. Figures 3.7-13 
through 3.7-16 show the distribution ofvarious stresses (üz ,ÜZ ,üllZ ,ü:cz) through 
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Figure 3.7-13 Distribution of inplane normal stress (Ö":z:) through the thickness 
of a simply-supported, square (0/90/0) laminate under sinusoidal 
transverse load (L/ H = 4). 
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Figure 3.7-14 Distribution of transverse normal stress (o-z) through the thick­
ness of a simply-supported, square (0/90/0) laminate under si­
nusoidal transverse load (L/ H = 4). 
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Figure 3.7-15 Distribution of transverse shear stress (O"yz) through the thickness 
of a simply-supported, square (0/90/0) laminate under sinusoidal 
transverse load (L/ H = 4). 
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Figure 3.7-16 Distribution oftransverse shear stress (O"xz) through the thickness 
of a simply-supported, square (0/90/0) laminate under sinusoidal 
transverse load (L / H = 4). 
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the thiekness of the plate at the reduced Gauss points dosest to the position where 
each stress is maximum. Thus for mesh 1, the stresses are computed at six different 
points through the thickness, while for mesh 2, the stresses are computed at 12 
different points through the thickness. The nondimensionalized stresses, along 
with the corresponding reduced Gauss points, are given by 

H2 1 
Üz = uz(A,A,z)-L2 ' Üz = uz(A,A,z)-

qo qo 
H H 

ü yz = uyz(A,B,z)-L ' Üzz = uzz(B,A,z)-L 
qo qo 

A = 1.105662(~) , B = 1.894338(~) (3.7 - 5) 

where H is the total thickness and L is the length of the laminate, and qo is the 
intensity of the sinusoidally distributed transverse load. The material properties 
used here are the same as those listed in Eq. (3.7-4): 

Excellent agreement between the layerwise finite element solution and the exact 
three-dimensional elasticity solution is found as shown in Figures 3.7-13 through 
3.7-16. All stress distributions predicted by the single-Iayer theories (CLPT and 
FSDT) show considerable error for this thiek plate. Note that the transverse 
shear stresses in CLPT and FSDT are computed via integration of the equilibrium 
equations. The equilibrium shear stresses can also be computed for the layerwise 
model, thus yielding continuous, layerwise smooth shear stresses using relatively 
coarse refinement through the thickness; however, only the constitutive transverse 
shear stresses are shown here. 

3.7-3 Geometrie nonlinear analyses 

Ezamples with the laminate elements 

Unlike isotropie metallic plates, composite plates exhibit quite different non­
linear behavior. For example, the geometrie nonlinear effects could be very sig­
nificant even at smallloads and deflections, depending on the lamination scheme 
and boundary conditions (see [53,35]). To illustrate the point we analyze an anti­
symmetrie cross-ply square laminate (90° JOO) with two opposite edges pinned or 
hinged and the other two edges free, and subjected to uniformly distributed trans­
verse load. The geometry and boundary conditions for the pinned and hinged 
cases are shown in Fig. 3.7-17. The material properites used are the same as 
those used by Sun and Chin [53]: 
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Figure 3.7-17 Geometry and boundary conditions for a (90/0) laminated plate 
strip under uniformly distributed transverse load. 

EI = 20 Msi, E2 = 1.4 Msi, VI2 = 0.3 

GI2 = GI3 = G23 = 0.7 Msi 

a = 9 in., b = 1.5 in., h = 0.4 in. (3.7 - 6) 

The results of the nonlinear bending analysis using the first-order shear de­
formable elements are presented in Table 3.7-9. For hinged cases, the plate strip 
is essentially in pure bending and the axial force NI is approximately equal to 
zero. Therefore, the solution is independent of the sign of the applied load. For a 
pinned plate strip, the axial force NI is not zero; it is given by 

du 1 dw dlPI [ () 2] 
NI = All dx + 2" dx + E ll dx ,Ell < 0 (3.7 - 7) 

For small values of the positive load, the expression containing All coefficient is 
small compared to the expression containing E ll coefficient, which is negative for 
o < x < 4.5. Hence, NI is compressive and increases the transverse deflection -
analogous to the transverse deflection of a plate strip under an axial compressive 
load and a transverse load. Thus, the nonlinear solution is larger than the linear 
solution for small values of the load. As the load is increased, the All-expression 
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becomes larger than the Eu-expression, and NI becomes positive. This stifrens 
the structure and the nonlinear solution becomes smaller than the linear solution. 
The load deflection curves for the first few load steps are shown in Fig. 3.7-18. 
For a negative load, Ell * is positive, and the two terms in NI add; this yields a 
larger axial force and therefore a stiffer structure than for the positive load case. 
Therefore the deflection is lower than that for the case of positive load. 

Table 3.7-9 Nonlinear cylindrical bending of a (90/0) laminate under uni­
formly distributed trans verse load. 

ÜJ = w/h 
Load Pinned Pinned Pinned Hinged 

Po Linear* Nonlinear* Nonlinearf Case 1 * Case 2f 

0.005 -0.235 -0.159 0.475 -0.429 0.429 

0.01 -0.470 -0.255 0.673 -0.858 0.858 
0.02 -0.940 -0.386 0.847 -1.710 1,710 
0.03 -1.41 -0.480 0.954 -2.550 2.550 
0.04 -1.88 -0.555 1.034 -3.370 3.370 

0.05 -2.35 -0.618 1.100 -4.190 4.190 
0.10 -4.70 -0.845 1.327 -7.920 7.920 
0.25 -11. 75 -1.233 1.705 -16.16 16.16 
0.50 -23.50 -1.609 2.075 -24.82 24.82 
0.75 -35.25 -1.870 2.332 -30.87 30.87 
1.0 -47.00 -2.078 2.532 -35.69 35.69 
2.0 -94.00 -2.665 3.117 -49.56 49.56 
3.0 -141.00 -3.075 3.525 -59.65 59.65 
4.0 -188.00 -3.402 3.850 -68.00 68.00 
5.0 -235.00 -3.675 4.125 -75.33 75.33 

*For negative load values; :t For positive load values. 

The behavior described above does not occur for simply supported (on all 
edges) laminates with 88-1 or 88-2 boundary conditions or for laminates without 
bending-stretching coupling. 

As noted earlier, the 88-2 boundary conditions must be used to analyze anti­
symmetrie angle-ply laminates. The quarter plate symmetry associated with 88-2 
holds for linear analysis but does not hold for geometrically nonlinear analysis. To 
illustrate this point, a two-Iayer (45/ - 45) square plate (a = 1000 mm, h = 2 
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mm), with uniform trans verse load and the following layer properties is analyzed: 

E 1 = 250 GPa, E2 = 20 GPa, G12 = G13 = 10 GPa, 

G23 = 4 GPa, V12 = V13 = V23 = 0.25 (3.7 - 8) 

The load-deflection curves obtained from the quarter-plate and full-plate anal­
yses are shown in Fig. 3.7-19. Meshes of 2 X 2 and 4 X 4 nine-node quadratic 
elements based on the first-order shear deformation plate theory are used to model 
the quarter and full plates, respectively. It is clear from the results that the use 
of quarter plate model with the symmetry conditions of SS-2 (see Fig. 3.7-1) 
yields larger deflections than those obtained from the fuH plate model. The dis­
crepancy increases with the intensity of the transverse load. This discrepancy can 
be explained (see [53]) in the light of the symmetry conditions used to model the 
quarter plate. As noted earlier, the symmetry conditions are derived from the 
Navier solution for the linear theory. For the angle-ply case, the assumed solution 
is of the form 

• 11":1: 1I"Y 
u= U sm-cos-

a b 
11":1: • 1I"Y 

V = V cos - SIn -
a b 

w = W sin 11":1: sin 1I"Y 
a b 

1 11":1:. 1I"Y 
<Pl = S COS - SIn -

a b 
2 • 11":1: 1I"Y 

<P2 = S sm -;- cos b' (3.7 - 9) 

where the coordinate system is fixed at the lower left corner of the laminate (see 
Fig. 3.7-1). The solution in Eq. (3.7-9) implies the foHowing conditions along the 
symmetry lines (i.e., :I: = ~, y = ~) for the linear problem: 

v(a/2,y) = <Pl(a/2,y) = 0 j N1(a/2,y) = M2(a/2,y) = 0 (3.7 - 10a) 

(3.7 -lOb) 

However, the boundary conditions on N1 and N 2 for the nonlinear theory indicate 
that 
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Figure 3.7-18 Load-deflection curves für the bending of an anti symmetrie eross­
ply laminated plate strip with pinned edges. 
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Figure 3.7-19 Effect of fuH and quarter plate modeling on the nonlinear re­
sponse of a simply-supported square laminate under uniformly 
distributed transverse load. 
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7r2W2 
Nl(a/2,y) = A122[;2cos2(Y7r/b) i= 0 

7r2W2 
N2(z,b/2) = A12 - 2-Cos2(Z7r/a) i= 0 

2a 

98 

(3.7 - 11) 

When a quarter plate model is used without specifying Nl and N 2 on the Z = ~ 
and y = i lines, it is implied in the finite-element analysis that they are (being 
the natural boundary conditions) specified to be zero because u(~, y) and v( z, i) 
are not specified. The quarter plate with zero inplane forces N l and N2 is more 
flexible than the one with nonzero inplane forces Nl and N2. It should be noted 
that this phenomenon is not observed in cross-ply laminates, i.e., the quarter 
and fuU plate models give the same results for the cross-ply laminates (with 88-1 
boundary condi tions). 

In the above examples, we considered the nonlinear bending of rectangular 
laminated plates with two opposite edges supported and other two edges free. 
The next two examples deal with the nonlinear bending of square plates with all 
four edges either simply supported or clamped. 

Figures 3.7-20 and 3.7-21 contain the load-deflection curves obtained by ap­
plying the nonlinear laminate element to a simply-supported orthotropic plate and 
a clamped cross-ply (0/90/90/0) laminate, respectively. In both plates a uniform 
transverse load is used. The geometry and material properties used are given 
below. 

Orthotropic plate: 

a = b = 12 in., h = 0.138 in. 

E l = 3 X 106 psi, E2 = 1.28 X 106 psi, 

G12 = G23 = G13 = 0.37 X 106 psi, 

1112 = 1123 = 1113 = 0.32 

CroJJJJ-ply laminate: 

a = b = 12 in., h = 0.096 in. 

El = 1.8282 X 106 psi, E 2 = 1.8315 X 106 psi, 

G12 = G13 = G23 = 0.3125 X 106 psi, 

1112 = 1123 = 1113 = 0.2395. 

(3.7 - 12) 

(3.7 -13) 
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Figure 3.7-20 Load-deflection curves for the bending of a simply-supported, 
square, orthotropic plate under uniform transverse load. 

For the simply supported orthotropie plate, the shear deformation element 
yields results that are in exeellent agreement with the experimental data of Za­
ghloul and Kennedy [54], while the classical plate bending element underpredicts 
defleetions even for this thin plate (S is ab out 120). For the clamped, eross-ply 
laminate, the finite element results are not in as good agreement with the ex­
perimental data. This is attributed to inaeeuraeies in the representation of the 
material stiffnesses as well as the actual boundary conditions of the experiment. 

Ezamples with continuum elements 

The isotropie spherical shell panel shown in Fig. 3.7-22 was analyzed for its 
large displaeement response with four 9-node elements and sixteen 4-node ele­
ments, in one-quarter of the shell (see [47]). The following geometrie and material 
parameters are used: 
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R = 100 in., a = 30.9017 in., h = 3.9154 in. 

E = 104 psi, 11 = 0.3. 

The boundary eonditions used are: 

U = <PI = 0 on :1:1 = 0 j U = v = w = <P2 = 0 on :1:1 = a 

v = <P2 = 0 on :1:2 = 0 j U = v = W = <PI = 0 on :1:2 = a 

\00 

(3.7 - 14) 

(3.7 -15a) 

(3.7 -15b) 

Figure 3.7-22 eontains plots of the load-defieetion eurves obtained using the shell 
element. The modified Riks method, which automatieally determines the load 
inerements, is used. Figure 3.7-22 also includes the results of Bathe and Ho [53]. 
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Figure 3.7-21 Load-defiection eurves for the bending of a clamped, square, 
symmetrie eross-ply (0/90/90/0) plate under uniform transverse 
load. 
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Figure 3.7-22 Load-defl.eetion eurve for the bending of a simply-supported, 
isotropie, spherieal shell panel subjeeted to a point load at the 
center. 

Next, we eonsider a two-layer (-45/45°) laminated spherieal shell panel, sim­
ply supported at its edges and subjeeted to uniform internal pressure (see [47]). 
The material and geometrie parameters used are: 

EI! E2 = 25 , E2 = 106 psi, 1112 = 0.25 , G12/ E2 = 0.5, 

G13 = G12 , G23/ E2 = 0.2, 1113 = 1123 = 1112 

R = 1000 in., h = 1 in., a = 50 in. (3.7 - 16) 

One quarter of the shell panel was modelled with four 9-node shell elements. The 
geometrie nonlinear response of the shell panel is shown in Fig. 3.7-23. 
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Figure 3.7-23 Load-deßection eurve for the bending of a simply-supported, 
angle-ply (-45/45) spherieal shell panel under transverse pres­
sure load. 

3.7-4 Buckling analysis 

Another interesting eharacteristie of eomposite laminates is their behavior 
under eompressive loads. Most often the eritieal buekling loads are determined 
through an eigenvalue analysis. The eritieal buekling loads ean also be determined 
from geometrie nonlinear analysis, where the eritieal buekling load is taken to be 
the limit load. 

The effeet of orthotropy and number of layers on the nondimensional buekling 
loads of simply-supported square laminates (00 /900 /00 / ... ) is investigated using 
the finite element model based on the first-order theory (FSDT). The results are 
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compared in Table 3.7-10 with the analytical solutions [4]. The following notation 
is used: S = simply supported; F = free; C = clamped. The first two letters in 
the label denote the boundary conditions on the edges, y = 0, b, the third letter on 
the edge :z: = a/2 and the fourth on the edge :z: = -a/2). The agreement between 
the analytical and finite element results is excellent. 

Table 3.7-10 The effect of side to thickness ratio on the dimensionless critical 
buckling loads (N2 = N2b2/(E2h3,Nl = Ns = 0) of antisymmet­
rie cross-ply square laminates including various boundary condi­
tions. 

No.of b/h Theory SSFF SSFS SSFC SSSS SSSC SSCC 

layers 

5 FSDT 3.719 4.094 4.667 8.328 9.650 9.949 

CLPT 5.616 6.292 7.203 14.520 23.869 37.106 

2 

10 FSDT 4.916 5.420 6.234 11.485 18.338 21.916 

CLPT 5.616 6.292 7.203 14.520 23.869 37.106 

5 FSDT 6.791 7.064 8.174 11.172 11.181 11.216 

CLPT 16.457 17.141 19.422 36.384 60.406 90.833 

10 

10 FSDT 12.226 12.661 14.480 25.647 33.970 36.129 

CLPT 16.457 17.141 19.422 36.384 60.406 90.833 

The same geometry as in the example of the nonlinear analysis (Sec. 3.7-3) 
(a = b = 1000 mm, h = 2 mm) is used to analyze a simply-supported laminate 
(45/ - 45) under uniform inplane load N2 = 10.85 ,\ (N Im), where ,\ is the nondi­
mensional load. Both the eigenvalue and nonlinear equilibrium approaches are 
used. The material properties used are: 

El/ E2 = 40 ; E2 = 6.25 GPa; G12/ E2 = 0.82 ; GI3 = G12; 

G23/ E2 = 0.52 ; VI2 = VI3 = 0.24 ; V23 = 0.49 (3.7 - 17) 

Although a closed-form solution of the buckling equations exists [4] for this case, 
the SS-2 boundary conditions [see Eq. (3.7-10)] used to obtain that solution 
cannot be used for the nonlinear analysis without modification. For the nonlinear 
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analysis, the boundary conditions have to allow for the applied loads, N 1 = 0 
and N2 = N. Both the eigenvalue analysis and nonlinear analysis are performed 
using 4 X 4 mesh of nine node elements in full plate models, and the results are 
presented in Fig. 3.7-24. In the full plate model, 'U and v must be constrained at 
two points to remove the rigid body modes in the nonlinear analysis. The critical 
buckling loads predicted by both the nonlinear and eigenvalue analyses agree with 
each other. 

2.0.-------------------------~--_. 

0.0 ..... 
0. 

"0 
<1l 
o 

....J 

(45/-45) 
full plate 

1.5 

1.0 

0.5 - nonlinear analysis 
• eigenvalue analysis 

0.04----,-----r----r----,----~--~ 
0.0 2.0 4.0 6.0 

Maximum deflection w (mm) 

Figure 3.7-24 The post-buckling response of a simply-supported (88-2) square, 
antisymmetrie angle-ply (-45/45) laminate under uniform in­
plane force, p = N2• 

The results of a nonlinear analysis of anti-symmetrie cross-ply (0/90/ ... ) lami­
nated plates under inplane load N2 = 6.25 >. (N/m) are shown in Fig. 3.7-25. The 
geometry and material properties used are the same as in the previous example. 
The simply-supported boundary conditions of 88-1 type are used with a 2 X 2 mesh 
of nine-node elements in a quarter plate. In this case, the full plate and quarter 
plate models give the same results. In order to assess the effect of number of 
layers, four laminates are analyzed. The values of the critical buckling load given 
by the closed-form solutions based on the eigenvalue analysis are shown on the 
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load-deflection curve for comparison. It is dear that in this case the eigenvalues 
are not representative of the critical buckling load; in fact, there are no apparent 
limit points for the laminates analyzed. 
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Figure 3.7-25 Load-deflection curves for the bending of a simply-supported, 
square, antisymmetric cross-ply laminated plate under uniform 
compressive inplane force, N2. 
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Chapter 4 

Failure: Damage Initiation and Progression 

4.1 Introduction 

Under service conditions, laminated composite structures develop matrix cracks, 
fiber-matrix debonds, fiber fractures, and delaminations. These effects, which 
cause permanent loss of integrity within the laminate, are termed damage, and 
they result in the loss of stiffness and strength of the material. As a result, the 
load-carrying capacity and the service li fe of the structure is reduced. When a 
structure or a component ceases to carry out its intended function, it is said to 
have 'failed'. For example, the microcracks observed within a layer constitute 
damage. As these microcracks grow in size and number, they coalesce and develop 
into debonds, resulting in a reduction of the load-carrying capacity of the laminate. 
In order to determine the load carrying capacity and service life of a composite 
structure, it is necessary to predict the initiation and evolution of damage. 

In the last decade, considerable progress has been made in understanding the 
initiation and evolution of various damage modes. But this understanding has 
been limited to simple geometry and loading conditions. Besides, much of the 
research has been directed towards understanding the effect of an isolated damage 
mode such as matrix cracking or delamination on the stiffness, strength and life 
of a laminate. A brief review of these developments is presented here. 

Masters and Reifsnider [lJ and Highsmith and Reifsnider [2J performed both 
experimental and analytical work to understand the effect of matrix cracking on 
the stiffness reduction of composite laminates. They developed a one dimensional 
shear-lag model, which as a first step determines the inplane stress normal to the 
cracked surface in the cracked ply of a laminate. Then, the reduction in the load 
carrying capacity of the cracked ply is computed and the elastic modulus of the 
cracked ply is reduced correspondingly. The classicallaminate analysis is used to 
calculate overall stiffness properties of the laminate. 

111 
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Talreja [3,4] used a continuum approach in which the cracks are considered 
as microstructural entities with tensorial characteristics. He developed a set of 
four equations for the four inplane stiffness coefficients, i.e., El, E 2, G12, V12 (after 
matrix cracking), in terms of the stiffness coefficients of the un-cracked lamina and 
four unknown constants. The unknown constants are determined experimentally. 

Hashin [5] used a variational approach to predict the stiffness reduction due to 
matrix cracking in asymmetrie cross-ply laminate under tensile and inplane shear 
loading. Admissible stress systems which satisfy equilibrium and all boundary and 
interface conditions are constructed, and the principle of minimum complementary 
energy is employed to find an optimal approximation. The stiffness reduction is 
computed from the two dimensional stress fields obtained by this procedure. 

Daniel et al. [6,7] investigated the progressive matrix caracking of cross ply 
composite laminates both analytically and experimentally. They developed closed 
form solutions for the matrix crack density, stress distributions and reduced stiff­
nesses of damaged plies, as weH as of the entire laminate, as a function of applied 
load and lamina properties. 

The effect of delamination on stiffness and strength is not as weH understood 
as the effect of matrix cracking. Most of the effort in the area of delamination 
is directed towards predicting the initiation and growth of delamination. O'Brien 
[8,9] analyzed local delaminations and studied their influence on tensile stiffness 
of composite laminates. He also studied [10] the effect of delamination on the 
strength of unnotched quasi-isotropie graphitejepoxy laminates. Chan and Ochoa 
[11,12] presented a two-dimensional finite element model to calculate interlaminar 
stresses and strain energy release rates for the study of free-edge delamination in 
composite laminates subjected to tension, bending and torsionalloads. Reifsnider 
et al. [13] studied the relationship of delamination to other damage modes such 
as matrix cracking and fiber breakage in quasi-isotropie graphitejepoxy laminates. 
They found that delamination usually nucleates from the tip of a transverse crack 
and spreads along the length in both directions to join an adjacent crack. 

Most of the above analyses are based on a two-dimensional state of stress. 
However, damage initiation and evolution in composite laminates is governed by 
a three dimensional state of stress and complex interaction of various damage 
modes. Hence, in order to predict the failure behavior of composite laminates 
accurately, we require a failure analysis technique that can capture both inplane 
and interlaminar stress components and allow for the inter action of various damage 
modes. 

However, the present day analytical techniques cannot handle the combined 
effect of various damage modes acting concurrently on composite structures with 
complex configuration subjected to combined loading conditions. The task be­
comes even more complicated if one has to take into account stresses induced due 
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to processing, thermal loading and moisture absorption. Therefore, one has to 
res ort to numerical techniques, such as the finite element method to be able to 
predict the failure behavior of composite structures accurately. 

Figure 4.1-1 Various failures at different scales. 
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The main diffieulty in mathematieal modeling of damage is due to the different 
geometrie seales that are involved in the initiation and progression of damage. At 
the miero-Ievel the foeus is on the fiber and the matrix and fiber/matrix interface, 
at maero-Ievel the foeus is on the global response of the strueture. Figure 4.1-1 
shows various failures at different scales. The first failure always initiates at a 
miero-Ievel and gradually evolves into a maero defect or damage mode. However, 
when the objeetive is to predict the failure behavior of a laminate, it beeomes pro­
hibitively diffieult to foeus attention on the events taking plaee at the miero-Ievel. 
Therefore, in the failure analysis of laminated eomposite struetures, attention is 
foeussed on ply-level failures. 

4.2 Damage mechanisms 

4.2-1 Intra-ply damage 

The eommon damage modes that one observes within a ply are: 

• Fiber-matrix debonding (see Fig. 4.2-1) 

• Fiber fracture (see Fig. 4.2-1) 

• Fiber pull-out (see Fig. 4.2-1) 

• Matrix cracks (see Fig. 4.2-2) 

Figure 4.2-1 Fiber matrix debonding, fiber pull out, and fiber fracture. 
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Figure 4.2-2 Matrix cracks. 

Matrix cracks are the most common of these local failures because the strength 
of the matrix is considerably lower than that of the reinforcing fibers. The next 
common occurrence is the fiber-matrix debond, where adebond parallel to the 
direction of the fibers separates the constituents from each other, thus eliminating 
the support provided by the matrix to the fibers in that region. The fiber fracture 
and pull out modes, as highlighted in Figure 4.2-1, may be localized. However, in 
general, they lead to catastrophic failures of the laminate. Figure 4.2-3 illustrates 
the simultaneous formation of matrix cracks and fiber-matrix debonding around 
a hole drilled in a graphite epoxy coupon. Note that these modes occur simul­
taneously or within seconds of each other. Figures 4.2-1 to 4.2-3 illustrate that 
inplane events are not confined to the plane in which they originate. The failure 
modes begin at a ply level; however, as they initiate, all the layers in the laminate 
readjust the load/strain they carry in order to adequately redistribute the stress 
released by the damage modes. 
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Figure 4.2-3 Through-the-thickness delaminations (drilled hole cross section). 

4.2-2 Interply damage: delaminations 

As a layer weakens with the onset of the damage modes discussed earlier, the 
adjacent layers take on additional loads and go through damage initiation and 
evolution processes. First, matrix cracks form randomly, then they coalesce and 
lead to delaminations at an interface between layers (see Fig. 4.2-4). To model 
delaminations, one needs to know their geometry (i.e., length and width) which is 
usually not known for interior delaminations. 

For an edge delamination problem, the width of delamination is given (e.g., the 
X - ray diffraction technique combined with an enhancer may give an indication 
about the width). The length of the delamination is assumed to be equal to 
the dimension of the entire free edge (see Fig. 4.2-5). This assumption is valid 
for laminates with straight edges. When a circular free edge is encountered, the 
description of the delamination geometry becomes cumbersome. In general, if 
multiple delaminations exist, any symmetry present due to the stacking sequence, 
loading, and geometry is lost. 
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Figure 4.2-4 Transverse cracks and delamination. 

Figure 4.2-5 Edge delamination. 
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It is essential to integrate explorative testing with numerical simulation in 
these problems. Für example, experiments should be designed to observe which 
interface fails first and how the progression unfolds. Such an approach may pro­
vide additional understanding about the extent of the delamination zone, and with 
such an understanding, a realistic mathematical model may be built for analysis. 
Tools such as the scanning electron microscope (SEM) and optical microscope are 
invaluable in providing information ab out damage under applied loads. By using 
loading chambers to test in-~itu thin laminates with SEM, one can observe and 
take photographs of the progression of damage within a ply or through the lami­
nate thickness, as appropriate. Figure 4.2-6 depicts an SEM photograph of woven 
carbob-carbon composite subjected to in-situ three point bending load. The mul­
tiple delaminations observed are primarily due to the low interlaminar shear and 
normal strengths associated with brittle composites (see [14])~ Delaminations also 
form in laminates subjected to inplane tensile and compressive loads. Usually, in 
these cases Poisson's ratio mismatch or the presence of a geometrie discontinuity 
are the culprits. 

Figure 4.2-6 In-situ three point bend loading of a carbon-carbon laminate in 
SEM chamber. 

Extreme care should be exercised in the analytical modeling of the delamina­
tion front. If the number of finite elements used in the vicinity of the delamination 
front are inadequate, the predictions of delamination growth will be inaccurate. 
The rule of thumb is to keep the element size about a quarter to one-half the thick-
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ness of the layer. Our experience indicates that singularity (i.e., quarter-point) 
elements as wen as a refined mesh of shear deformable-non-singular elements work 
equally wen [11]. In the majority of cases, delaminations initiate at a free edge 
such as a bolt hole or an unloaded edge and propagate inward. Invariably, most 
studies address two dimensional characterization of this growth. However, delam­
inations are usually not self-similar crack growths. In composite materials, they 
grow along weakest directions, and the delamination surface is two dimensional. 
When adelamination front crosses a ply, delamination geometry becomes three 
dimensional. It may be appropriate to look at trends of strain energy release rates 
as a function of delamination size when the delamination growth is within a single 
interface. However, when the delamination crosses a ply, the strain energy release 
rates do not give meaningful trends. It is more meaningful to determine the change 
in the strain energy of the total laminate with respect to the load. 

9 ~ ~--.-------r-.,....-i 
9C :)t-.L.t ---"-------f 
o 

Figure 4.2-7 Damage accumulation in symmetrie cross-ply laminates. 

A typical example of damage accumulation is provided by asymmetrie cross­
ply laminate. This stacking sequence illustrates brilliantly the transverse crack 
formation, although this laminate is not recommended in real structures since its 
load carrying capacity is limited under general loading. Figure 4.2-7 depicts a 
four-Iayer (0/90), == (0/90/90/0) laminate pulled along the zero degree laminae. 
Since the modulus of the 900 -layer in the load direction is so small that matrix 
microcracks form first in the 90° layers. These matrix cracks coalesce, form trans­
verse cracks, and propagate to the (0/90) interface, causing delaminations, which 
are the failure modes in tension for these laminates. These observations for the 
four-Iayer (0/90), laminate cannot be generalized to other laminates of arbitrary 
orientation. The presence of many 90° layers next to each other, versus 90° layers 
separated by 0° layers, has a profound difference on how the damage progresses 
and the failure load is reached. For example, a laminate with 90° layers separated 
by 0° layers will fai! at a higher load than a laminate with 90° layers grouped 
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together. In the case where all 90° layers are placed together, the luminate has a 
much softer region in the center and cannot carry as much load. 

Laminates subjected to inplane compressive loads exhibit further complica­
tions in the form of sublaminate buckling (see Fig. 4.2-8). In this case, a coHection 
of laminae separate !rom the laminate and undergo buckling. Eventually, these 
layers fracture after buckling (see [15]). This phenomena is also observed in lam­
inates subjected to impact loads. The impact loads usually create a sublaminate 
at the opposite side from the load application. An excellent example is the case of 
a tube shot with a buHet (see [16]). The side from which the buHet exits always 
displays simultaneous presence of sublaminate formation and debonding around 
the damaged/penetrated site. In general, panels and tubes do not exhibit typi­
cal structural buckling behavior since they tend to fail at a more localized region 
through the initiation of sublaminate failure modes. 

, .'~ 

" '-. - .' 

Figure 4.2-8 The [04/(0/45/90/ - 45)7./04] laminate of IM6-3501 under com­
pressive load: sublaminate buckling. 
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4.3 Failure criteria 

4.3-1 General comments 

As discussed in Chapter 2, a lamina is assumed to be homogeneous and the 
mechanical behavior is characterized by a set of equivalent or effective moduli and 
strength properties. These properties can be obtained either by a micro-mechanics 
approach or by a phenomenological approach. In the micro-mechanics approach, 
the lamina properties are predicted in terms of the constituent (fiber, matrix) 
properties by using a mathematical modelj in the phenomenological approach, the 
lamina properties are determined experimentally by conducting tests on a single 
lamina or a laminate. 

Once the mechanical properties of the ply are known the initial failure of the 
ply within a laminate or structure can be predicted by applying an appropriate 
failure criterion. The subsequent failure prediction requires an understanding of 
damage modes and damage accumulation. Abrief discussion on various damage 
modes, damage accumulation and failure criteria is presented in the sequel. 

As discussed in Section 4.2, damage modes are dependent on loading, stacking 
sequence, and specimen geometry. There are many proposed theories to predict 
the on-set of failures and their progression (see [17-25]). The selection from such 
an abundant menu seems impossible, yet there are some salient features that one 
may look for rather than treating these options as potential "curve fitting the data" 
exercises. Most of the failure criteria are based on the stress state in a lamina. 
Hence, an accurate kinematic model of the laminate is necessary to determine 
three-dimensional stress/strain fields. Ideally speaking, a 3-D or layerwise model 
is desirable. 

The failure criteria, for example, the quadratic polynomial criteria consist of 
parameters that must be experimentally determined. Often, these parameters are 
difficult to determine with certainity. Since the failure criteria are intended to 
predict the macroscopic failures, the microscale event of the split of a single fiber 
from the surrounding matrix cannot be determined. Rather, at this stage we are 
interested in a given layer, if the stress in a loading direction versus the transverse 
is substantial enough to exceed the allowable stress. If the allowable stress/strain 
is not exceeded, then we proceed to check the other layers. When an allowable is 
exceeded in a given layer, the engineering constants responsible for the particular 
mode of failure are degraded (i.e., reduced) by a predetermined magnitude. 

The reduction of stiffnesses is another area where care and compromise should 
support the reality of the situation. When an allowable is exceeded, we do not 
know the extent of the damage and exact mode of failure at that stage. Thus 
by reducing the material stiffnesses by a certain amount, we ac count for the loss 
of stiffness. The stiffness reduction is carried out within a layer and within a 
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single finite element at seleeted integration points. Thus, stiffness reduetion is 
made point wise, and it is not as drastie as disearding an entire layer. Additional 
diseussion of stiffness reduetion proeedure is given in Chapter 5. 

A few comments are in order on strain versus stress based criteria. If experi­
mental data is available, the strain criterion is a more accurate measure since it is 
directly obtained from the strain gages. The stress based data is difficult to gener­
ate, due to the statistical variations in obtaining stresses from strains. The major 
problem is that the constitutive matrix is not known precisely at the strain level. 
Since damage aecumulation is eumulative, and failure is usually progressive rather 
than catastrophic and instantaneous, error introduced through assumed material 
stiffnesses can grow with local steps. Hence, calculation of stresses from strains of 
a laminate requires furt her study. 

It should be noted that the failure criterion is used only to check whether 
allowables are exceeded. In the case of delaminations, the failure eriterion ean 
only determine the on-set of delaminations. However, the growth of delaminations 
cannot be modeled unless the kinematic model is three-dimensional. In addition, 
a criterion for the growth of delamination is required. Often such a criterion is 
expressed in terms of the strain energy release rates, using fracture mechanics con­
cepts. The fracture mechanics laws to study crack growth are primarily developed 
for homogeneous isotropie material systems. Thus the fracture mechanics concepts 
without any homogenization do not hold for composite material systems. 

Failure criteria for composite materials can be classified into two groups (see 
[18]), namely: (i) independent failure criteria, and (ii) polynomial failure criteria. 
These are diseussed below. 

4.3-2 Independent failure criteria 

The maximum stress and maximum strain criteria belong to this category. In 
the maximum stress criterion, failure is assumed to occur if any one of the following 
conditions are satisfied: 

0"1 ~ XT , 0"4 ~ R 

0"2 ~ YT , 0"5 ~ S 

0"3 ~ ZT , 0"6 ~ T 

(4.3 - 1) 

where (0"1, 0"2, 0"3) are the normal stress components, (0"4, 0"5, 0"6) are shear stress 
components, (XT , YT, ZT) are the lamina normal strengths in tension (T) along 
the (1,2,3) directions, and (R, S, T) are the shear strengths in the (23, 13, 12) 
planes, respectively. When (O"l! 0"2, 0"3) are of compressive nature, they should 
be compared with (Xc, Ye, Ze), which are normal strengths in compression (C) 
along the (1,2,3) directions, respectively. 



123 Fail'Ure: Damage Initiation and Progression 

In the maximum strain criterion, failure is assumed to occur if any of the 
following conditions are satisfied. 

fl ~ XfT , f4 ~ Rf 

f2 ~ ~T , f5 ~ Sf 

f3 ~ ZfT , f6 ~ Tf 

(4.3-2) 

where (fl, f2, f3) are the normal strain components, (f4, f5, f6) are shear strain 
components, (XfT, ~T, ZET) are the lamina normal strain strengths in tension 
along the (1,2,3) directions, and (RE' SE' TE) are the shear strain strengths in the 
(23, 13, 12) planes, respectively. When (fl, f2, f3) are negative, they should be 
compared with (XfC , ~c, ZEc)' which are normal strain strengths in compression 
along the (1,2,3) directions. 

4.3-3 Polynomial failure criteria 

The most general polynomial failure criterion for composite materials is the 
tensor polynomial criterion proposed by Tsai [21]. All other polynomial failure 
criteria are degenerate cases of this criterion. In index notation, the tensor poly­
nomial failure criterion is expressed as: 

Fi(1'i + Fij(1'i(1'j + Fijk(1'i(1'j(1'k +... ~ 1 , 

or, in more explicit form, 

H(1'1 + F2(1'2 + F3(1'3 + 2F12 (1'1(1'2 + 2FI 3(1'1(1'3 + 2F23 (1'2(1'3 + Fll(1'~ 

Particular cases of the above criterion are discussed below. 

(4.3-3) 

Maximum stress (polynomial) criterion The maximum stress criterion 
can also be expressed as a tensor polynomial criterion as: 

((1'1 - XT)((1'1 + XC)((1'2 - YT)((1'2 + YC)((1'3 - ZT)((1'3 + ZC) 

((1'4 - R)((1'4 + R)((1'5 - S)((1'5 + S)((1'6 - T)((1'6 + T) = 0 (4.3 - 4) 

Comparing Eq. (4.3-4) with Eq. (4.3-3) and ignoring the higher order terms in 
both the equations, we obtain 
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(4.3-5) 

The remaining strength constants are zeros. 

Maximum strain (polynomial) criterion The maximum strain criterion 
can be expressed as a tensor polynomial criterion: 

(fl - X lT)(fl + X lC)(f2 - ~T)(f2 + ~C)(f3 - ZlT)(f3 + ZlC)X 

(f4 - Rl )(f4 + Rl)(fS - Sl)(fS + Sl)(f6 - Tl )(f6 + Tl) = 0 (4.3 - 6) 

Using the compliance matrix and the constitutive relation, we can be express Eq. 
(4.3-6) in the form of equation (4.3-3) as: 

F1 = Ft + S12 Ft + S13 Ff 
S22 S33 

F2 = S12 Ft + Ft + S23 Ff 
S11 S33 

F1 = S13 Ft + S23 Ft + Ff 
S11 S22 

F11 = Sz + (SI2)2 S1/ + (S13)2 Sz _ S13 FtFf _ S12 FtFt _ S12 S13 FtFf 
S22 S33 S33 S22 S22S23 

F22 = S1/ + (S12)2 Sz + (S23)2 Sz _ S12 FtFt _ S23 FtFf _ S12 S23 FtFf 
Sl1 S33 S11 S33 S11S33 

F33 = Sz + (SI3)2 Sz + (S23)2 S1I- S13 FtFf _ S23 FtFf _ S13 S23 FtFt 
S22 S22 S11 S22 S11 S22 

1 1 1 
Sz = XTXC ; S1I = YTYC ; Sz = ZTZC 

111 
F44 = R2 ; Fss = S2 ; F66 = T2 
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In the above expression S11, S12, etc. are the components of compliance matrixj 
XT, YT, ZT are the tensile strengths in the 1,2,3 directionsj Xc, Yc, Zc are the 
compressive strengths in the 1,2,3 directionsj R, S, T are the shear strengths in 
the 23, 13, 12 planes, respectivelYi and Ft, Ft, Ft are the expressions given for 
Fl, H, F3 in the maximum stress cri terion. All other strength tensor terms are 
zero. 

Tsai-Hill's criterion Hill's criterion can be expressed as 

( 0"1 ) 2 ( 0"2 ) 2 ( 0"3 ) 2 (1 1 1 ) ( 1 1 1 ) 
X + Y + Z - X2 + y2 - Z2 0"10"2 - y2 + Z2 - X2 0"20"3 

( 1 1 1 ) (0"4)2 (0"5)2 (0"6)2 - - + - - - 0"10"3 + - + - + - > 1 Z2 X2 y2 R S T- (4.3-8) 

Hoffman's criterion Hoffman's criterion is expressed as 

(4.3-9) 

where 
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Tsai-Wu's criterion The Tsai-Wu criterion is given by 

where 

1 1 1 1 1 1 
Fl=---j F2=---j F3=---j 

XT Xc YT Yc ZT Zc 

1 
Fll = XTXC j 

1 
F44 = R2 j 

1 1 
F22 = YTYC j F33 = ZTZC j 

1 1 
F 55 = S2 j F66 = T2 j 

1 1 
F12 = - 2" -V"F,iXTT=iX~C=iY;~T~y;F=C 

1 1 
F13 = - 2" -V:r:i)[7T=;X~C=Z~T=Z~C 

1 1 
F23 = - 2" -vY:~;;=TTIYC;:=Z~T=Z~C= 

(4.3 -10) 

(4.3 - 11) 

It should be noted that in Hill's criterion the linear terms in (Ti do not appearj 
therefore, the values of Fl, F2 and F3 are zero. The values of X, Y, Z are taken 
as either XT, YT, ZT or as Xc, Yc, Zc depending upon the sign of (Tl, 0"2 and 0"3, 

respectively. Strength tensors for this criterion are: 

(4.3-12) 

All other strength tensor terms are zero. 
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Hoffman's criterion is a special case of the tensor polynomial criterion for the 
following choice of the parameters Fi and Fij : 

1 1 1 1 1 1 
Fl=---j F2=---j F3=---

XT Xc YT Yc ZT Zc 

1 1 1 
Fll = --- j F22 = -- j F33 = --

XTXC YTYC ZTZC 

111 
F44 = R2 j F55 = S2 j F66 = T2 j 

1( 1 1 1) 
F12 = -2" XTXC + YTYC - ZTZC 

1( 1 1 1) 
F23 = -2" ZTZC + YTYC - XTXC (4.3 -13) 

Other strength tensor terms are zero. 

Hashin's criteria The criteria reviewed above were originally developed 
to predict initial failures, without regard to the mode of failure. However, in 
recent years these criteria have been also used to identify damage modes (see 
[20]). Hashin [23] suggested a set of failure criteria that have the ability to predict 
modes of failures. These are reviewed here. 

Fiber lailure 

Tensile: 

(4.3-14) 

Compressive: 

(4.3 -15) 

where Gr is resin modulus and k is volume fraction ratio. 

Matrix lailure 

Tensile: 

(4.3-16) 
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Compressive: 

:c [ (~~) 2 -1] (U2 + (3) + (U\~:3)2 

(u~ + u~ + u~ - U2 (3) _ 1 
+ T2 - (4.3 -17) 

Delamination [through- the- thicknes.!] 

(;~ r + u~;2 U~ = 1 (4.3-18) 

Reeently, Reddy and his eolleagues [17-19] studied first-ply failures in eom­
posite laminates using the first order shear deformation theory with von Karman 
nonlinearity [18]. The results of these studies will be diseussed in the sequel. Ap­
plieation of the failure eriteria deseribed he re for the predietion of first-ply-failure 
and progressive failure loads are presented in Chapter 5. 
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Chapter 5 

Gase Studies 

5.1 Introduction 

In this chapter we discuss the results of specific composite structural problems 
that are analyzed using the theories and computational models developed in the 
previous chapters. The objective of these case studies is to bring out certain phys­
ical features that influence design of composite structures. While the conclusions 
drawn in each case apply to that particular problem, they are valuable in the 
design of similar laminates. 

5.2 Modeling of delaminations around loaded holes 

5.2-1 Preliminary comments 

Advanced composite materials are prone to delamination during manufactur­
ing operations such as drilling. Quite often drilling causes delaminated regions 
around the circumference of the hole. A typical form of these defects is interlam­
inar delamination, as shown in Figure 5.2-1. These delaminations are generally 
worse on the drill exit side of the laminate, and the damage often extends into 
many layers of the laminate. The propagation of these delaminations is one of the 
most serious problems in failure of composite parts [1]. 

Here we illustrate a simple simulation of this practically important problem 
with two selected laminates, as shown in Table 5.2-1. The laminates are man­
ufactured from different types of prepregs, i.e., from a tape and fabric. This 
difference in the lamina architecture influences failure progression and therefore 
the load varying ability of the laminate. A single 3/16 in (4.76 mm) diameter hole 
is drilled in each of the 9 in X 1.5 in (22.86 cm X 3.81 cm) test coupons. In some 
specimens the holes are drilled to perfection and they are referred to as "control" 
holes. The holes in the remaining specimens exhibited induced backside delami-

131 
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nations. The average size is the delaminations are controlled to be twice the hole 
diameter (2D) and one and half times the hole diameter (1.5D), where D denotes 
the diameter of the hole. 

Drill Exit Side 

Figure 5.2-1 Drilling induced fastener hole delamination. 

Table 5.2-1 Laminates used in the drilling study. 

Properties 18 Ply Tape 10 Ply Fabric 

[0/45/0/ - 45/0/45/90/ - 45/90]8 [0/(±45h]. 

EI 24 Msi (165.5 GPa) 5.14 Msi (35.4 GPa) 

E2 1.38 Msi (35.4 GPa) 5.14 Msi (35.4 GPa) 

G12 0.80 Msi (5.5 GPa) 0.8 Msi (5.5 GPa) 

V12 0.3 0.03 

thickness 0.0055 in (.139 mm) 0.007 in (.178 mm) 

Table 5.2-2 Pin Bearing Static Test Results for Control Coupons. 

Configuration Load at Bearing Maximum Fatigue 

Failure Stress in Pin Load 

18 Ply Tape 5300 Ibs 268 Ksi 35001bs 

(23.6 kN) (185 MPa) (15.6 kN) 

10 Ply Fabric 63801bs 245 Ksi 42001bs 

(28.4 kN) (169 MPa) (18.7 kN) 
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5.2-2 Loading 

The pin loaded coupon under tension is simulated with a finite element model. 
A photograph of the loading mechanism (tension-bearing) is presented in Figure 
5.2-2. As the testing frame pulls the coupon and frame assembly in tension, the 
pin applies a compressive force on the coupon. At higher loads, the pin penetrates 
into the coupon, compressing the material along its path. Experimentally obtained 
loads for a pin loaded coupon are presented in Table 5.2-2. The results reported 
are an average of nine tests for each configuration with a control hole. 

Figure 5.2-2 Bearing-tension fatigue test frame. 

There are several options in modeling the load transfer between the pin and 
hole. Some of the more elaborate methods include physically modeling the actual 
pin, in addition to the coupon, and others replace the pin with various load dis­
tributions, such as a sinusoidal one, around the circumference of the hole [2,3]. 
The action of the pin is simulated by a distributed load applied to its contact 
surface. Thus, rather than modeling the pin itself, the effects of the pin contact 
are represented as an evenly distributed pressure, as shown in Figure 5.2-3. This 
assumption of half pin contact leads to a uniform pressure distribution in front of 
the pin and no load behind the pin. In the testing configuration, the test frame 
exerts 30% of the total tension load at the pin. Thus nodal loads that represent 
70% tension load are applied along the right end of the coupon to represent the 
top grip of the testing frame. A schematic of the test coupon and its loads is 
shown in Fig. 5.2-4. 
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Figure 5.2-3 Actual pin loading and its numerical simulation. 
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Figure 5.2-4 A schematic of loads on test coupon. 
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5.2-3 Computational models 

Finite element analysis is performed on a microcomputer with a MS DOS­
based program, Algor [4J. A four node composite plate element based on the 
assumptions of classical plate theory is used (see Sec. 3.3-2). Each node has 
five degrees of freedom (see Fig. 3.3-1a): two in-plane displacements (u,v)j one 
out-of-plane displacement (w)j and two rotations, (ßw/ßx, ßw/ßy), ab out the y 
and x axes, respectively. The element formulation is based on the classical plate 
theory assumptions: (1) thickness is small in comparison to plane dimensionsj (2) 
all displacements are small in comparison to the plate thicknessj (3) a straight line 
normal to surface remains straight after deformationj (4) interlaminar transverse 
normal and shear stresses are neglected; (5) each materiallayer is linearly elastic. 

Since the coupon geometry, assumed load distribution, and assumed delami­
nation shape are symmetrie ab out the long axis of the specimen, a half symmetry 
model, as shown in Figure 5.2-5, is used as the computational domain. The model 
has 378 elements, 430 nodes and 2150 degrees of freedom before the application 
of boundary conditions. Displacements u and v are constrained at the fixed end 
of the model. Symmetry boundary conditions (SS-l; see Fig. 3.7-1) are applied 
along the bottom li ne of the computational domain (i.e., y = 0 line). To remove 
the rigid body modes, a single node on the left end is fully constrained (i.e., all 
five degrees of freedom are set to zero). 

r 

Figure 5.2-5 The finite element mesh used in the study. 
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5.2-4 Simulation of damage sites 

The actual damage zones caused by drilling have been documented through the 
use of both X - ray and ultrasonic C-scans, and they are found to be of different 
size, shape and length. This creates complications in the development of numerical 
models. As an approximation, the damage region at an interface is assumed to be 
annular, with the inner diameter being the diameter D of the hole. Two effective 
delamination zone diameters of 1.5D and 2D are studied. From the study of 
optical micrographs, it is observed that 30% to 40% of the coupon thickness from 
the drill exit side contained delaminated layers. In the numerical model, the 
damaged region on the bottom side, or drill exit side, of the coupon are given 
reduced properties. Under the assumption that adelaminated layer is much less 
stiffer than a bonded or undamaged layer, the moduli EI, E2 , and G12 in damaged 
layers are reduced to low values. Since the actual magnitudes of the moduli of the 
damaged material are not known, a value of 1000 psi (6.89 x 106 N/m2) is used 
to approximate zero stiffness. As shown in Figure 5.2-6, zone C represents the 
1.5D diameter region, while zone B represents the 2.0D region. Zone A represents 
the region of the coupon which, in this ideal case, remains unchanged for all 
magnitudes of delamination. Thus by varying the properties in these three zones, 
we can use one mesh to represent the damaged and undamaged coupons. Zones 
A, B, and C are given undamaged material properties in the models representing 
coupons with control holes. Models that represent 1.5D delamination regions are 
created by assigning undamaged material properties to zones A and Band reduced 
material properties to zone C. Similarly, the 2.0D delamination region is created 
by assigning undamaged material properties to zone A and reduced properties to 
zones Band C. 

C B A 

Figure 5.2-6 Definition of delamination zones. 
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5.2-5 ResuIts and discussion 

The models presented above are two-dimensionallinear approximations of the 
states of stress in the coupons. It is noted that the inhomogeneity of the delami­
nated material in the damaged zones around the hole is not accurately represented 
by an element under the assumption of linear elastic behavior. Secondly, the 
through-the-thickness transverse stresses, which could be critical near the holes 
edge, are not included in this planar model. Despite these shortcomings, these 
two-dimensional models give insight into the conditions surrounding the hole. 
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Figure 5.2-7 Inplane normal stress,O"ll, contours through the thickness for 18 
ply tape laminate (evaluated in element 2 located at 0° around 
the hole). 

Figure 5.2-7 illustrates the through-the-thickness variations of the inplane nor­
mal stress 0"11. The corresponding stress contour plots for the element located 
on the hole boundary directly in front of the pin in the 18-ply-tape (0/45/0/ -
45/0/45/90/ - 45/90)8 specimen are shown in Figs. 5.2-8 and 5.2-9. The four 
curves of Figure 5.2-7 show the stress distributions of coupons with control hole 
and, 1.5D and 2.0D delaminations during fatigue load. The stress distribution 
of a control coupon subjected to static failure load is also shown. Note that the 
stress is zero in laminae 12-18 for 1.5D and 2.0D holes. This location is asso-
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ciated with the drill exit side with delaminations where very low moduli values 
are used. An increase in the magnitudes of the compressive and tensile stresses is 
observed in laminae 5, 7 and 11 in coupons with delamination. Figures 5.2-8 and 
5.2-9 illustrate the distribution of stress around the hole for a specimen with con­
trol hole and 1.5D delaminated zone, respectively. The difference in the contour 
plots are attributed to the influence of the simulated backside damage. Similar 
results are presented in Figure 5.2-10 for the 10-ply-fabric (0/(±45h)6 coupons. 
Note that the inplane stresses are much smaller in the fabric coupons versus the 
tape coupons. This confirms the experimentally observed phenomena that fabric 
configuration provides more resistance to delamination (see Table 5.2-2). 
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Figure 5.2-8 Control hole: stress ((Tll) contours in the top layer (0°) of 18 ply 
tape laminate. 

5.3 Cutouts in composites 

5.3-1 Introduction 

An area of critical stress fields for load-carrying members is ne ar cutouts. A 
cutout may provide a passage for hydraulic lines, avionic harnesses, and on a larger 
scale, an access door in an aircraft fuselage. The presence of multiple layers as 
well as the anisotropy of the material system establishes a new challenge in terms 
of optimizing the cutout goemetry. The earlier research activities evaluated the 
effects of single circular and elliptical cutouts [5-11]. 
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Figure 5.2-9 1.5D hole: stress (0'11) contours in the top layer (0°) of 18 ply 
tape laminate. 
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Figure 5.2-10 Through-the-thickness variation of (0'11) for 10 ply fabric lami­
nate (evaluated in element 2 located at 0° around the hole). 



Analll&i6 0/ Comp06ite Laminate6 140 

The present discussion will focus on the study of flat tensile coupons with 
multiple cutouts and a hat stiffened panel with a cutout in the web section [12,13). 
The material system used is IM7/977-2, with the following properties: 

E1 = 160.6 GPa, E2 = 8.48 GPa, 1112 = 0.325, G12 = 4.69 GPa. 

The selected stacking sequences for the 9 in X lin coupons are: 

(0/45/ - 45/90h., (0/45/ - 45/90h., (45/ - 45/0/90h •. 

5.3-2 Computational models 

Par ametrie studies are undertaken to reflect the differences in the selection of 
stacking sequences, cut out size, and geometry (see [12,13)). Primary emphasis is 
on the identification of localized high stress and strain regions in order to warn the 
designer of potential hazards. Patran II software [14) is used to develop the nodal 
and element geometry, then converted to a neutral file. The neutral file is used as 
input to ABAQUS, a general purpose FEM code for structural analysis (see [15)). 

Degrees of Freedom: u,v,w 8 15 
.--_-- ..... 7 

7 13 
6 19 

shell brick 

8 11 
6 element element 1 

3 

5 2 9 2 

Figure 5.3-1 The eight-noded shell and twenty-noded brick elements. 

Eight-noded shell elements with reduced integration, S8R5, and solid elements 
with twenty nodes, C3D20R, are used from the ABAQUS element library. The 
shell element has five degrees of freedom per node, namely, three displacements and 
two rotations as presented in Figure 5.3-1 (also see Fig. 3.6-1). The isoparametrie 
interpolation function used for the displacements is based on the corner and mid­
side nodes. Reduced integration is used with 2 X 2 Gaussian quadrature points. 
The values of stress and strain are extrapolated from the integration points to the 
nodes. Effects of transverse shear are included in the formulation in the same way 
as in the first order shear deformation plate theory. The solid element presented 
in Figure 5.3-1 is a quadratic isoparametrie serendipity element. Once again, 
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reduced integration is employed, and thus, only eight integration points for the 
element are used. 

LUI§IIIIIIIIIIIIIIII x, 

Figure 5.3-2 Global to local transformation. 

Two-dimensional, eight-noded elements with reduced integration are used to 
evaluate the in-plane stress and strain response of the test coupons with three 
aligned cutouts that are subjected to axial tension loads. Due to the biaxial 
symmetry of the problem, only one quarter of the specimen is modeled. Symmetry 
boundary conditions are imposed along the :c and y axes. The tensile load is 
simulated as a distributed load applied along the :c-axis at the edge of the specimen. 
The distributed edge load is then translated to consistent nodal loads using Eq. 
(3.3-14): 

where q is the distributed edge load, b is the length of the element side along 
the y-axis, and .,pi is the interpolation function at element node i . Evaluating the 
integral for a uniformly distributed load along the width of a quadratic element, 
we obtain (~, ~, ~). That is, the corner nodes carry qb/6 and the midside 
no des take on 4qb/6, where q is the magnitude of the uniformly distributed load 
and b is the width of the element. 
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When high stress regions are identified at a particular location, then that region 
is remodeled with three-dimensional twenty-noded brick elements for further study. 
This approach increases the efficiency of the simulation since only apart of the two 
dimensional model is considered for the three dimensional analysis. The refinement 
allows the calculation of both the inplane and interlaminar stress fields, which may 
help interpret potential failure modes. Figure 5.3-2 illustrates the global-to-Iocal 
remodeling schematically. 

The boundary conditions for the three dimensional region are obtained from 
the displacements of the two-dimensional global model. However, one should use 
caution in converting the shell displacement field to boundary conditions for the 
solid model. In a first-order shell kinematics, a straight line before deformation 
remains straight after deformation. If the laminate is modeled with a solid element 
per lamina, then the constraints imposed by shell kinematics are no longer valid. 

Figure 5.3-3 Hat stiffened panel. 

Next we consider the response of a hat-stiffened panel of Figure 5.3-3 with a 
cut out in the web seetion subjected to bending loads. This loading is representative 
of the in-Hight loading incurred by a stiffenned wing skin. Shell elements are 
used in the modeling throughout the structure. The skin configuration is a 
(45/ - 45/90/ - 45/0/45/0/ - 45/0/45/0)8 laminate. The stiffener web is three 
layers of ±45° fabric, with a 12.7 mm diameter cutout through each web center. 
The cut out is positioned 79.4 mm from each panel edge, and is located 25.4 mm 
vertical from the panel. The Hange is reinforced with 00 pliesj in other words, a 
layup of (45/06/45/06/45) is used. 
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5.3-3 Results 

The foHowing observations are based on investigation of Rat coupons with 
cutouts. The in-plane stress fields are altered by varying the stacking sequence 
of a laminate. For example, the magnitudes of 0"11 in the 0° layer in different 
laminates are illustrated in Figure 5.3-4 as a function of the angular position, 0 , 
around the cutout. The angular position is measured counter-clockwise from the 
loading axis. In analyzing the specimens with circular cutouts and subjected to a 
inplane tensile load, it is observed that the layup (0/45/ - 45/90h. results in a 
decrease of 0"11 by 7.2% for the 0° ply. Similarly, the transverse stress, 0"22, shows 
a decrease of peak value by 10% in the 90° ply for both the (0/45/ - 45/90h. and 
the (45/ - 45/0/90h. layups. 

Figure 5.3-4 Variation of stress 0"11 around the cutout on 0° ply for various 
laminates and 0.25in. circular cutout. 

It is observed that the stress intensity around the cutout within each ply 
increases with the size of the cutout. For the 50% cutout size (increase from 6.35 
mm to 9.5 mm diameter), the stress increase is 27.9% for 0"11 in the 0° ply and 
17.3% for 0"22 in the 90° ply. This response is due to the fact that the cutouts are 
closer to each other as weH as to the edges of the specimen. Stress contour plots 
in Figs. 5.3-5a and 5.3-5b indicate the influence of the diameter change. 
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(a) 

Figure 5.3-5 Stress (0'11) contours for circular cutouts in (0/45/ - 45/90h, 
laminates under tensile load. (a) 0.25in. cutout. (b) O.375in. 
cutout. 
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The peak 0"11 levels in the 0°, 45°, -45° pli es and 0"22 levels in the 90° ply 
are normalized by their respective far field values to represent a global stress 
concentration factor, KT, by which a comparison of the various geometries is 
made. The stress concentration results are tabulated for the 0°, 45°, -45°, and 
90° plies in Table 5.3-1. It is interesting to note the KT values in the ±45° plies are 
significantly higher. The peak 0"11 stresses in the ±45° plies are actually one-half 
the values of 0"11 in the 0° ply. Therefore, even though the stress concentration 
factor is higher, the critical design criterion is still based on the 0"11 stresses in 0° 
ply and 0"22 stresses in the 90° ply. In all plies, it is apparent that the best choice 
for a cut out shape would be a square. 

Table 5.3-1 Values of (O"l1/O"n) in 0°,45°, and -45° layers and (0"22/O"YY) in 
90° layer of the (0/45/ - 45/90b laminate. 

Cutout Shape 0 45 -45 90 

Circular 2.5 4.08 4.34 2.56 

Square 2.15 2.92 3.21 2.22 

Diamond 3.15 7.53 8.99 3.26 

Figure 5.3-6 Stress (0"11) contours of 0.25 in. square cutout for (0/45/ -
45/90h. laminate under tensile load. 



AnalY8iß 01 Comp06ite Laminate8 146 

The fact that stresses at the corners of the square are not a major concern 
is apparent when studying the stress contours around the square cut out shown 
in Figure 5.3-6. Rather than giving rise to dominant stress singularities at the 
corners of the cutout, stress is distributed between the singularities along the 
0° ply. There are still concentrations of stresses at the corners, but the 0° ply 
redistributes the stress such that these singularities are reduced. 

Another failure mode of interest is delamination caused by interlaminar shear 
stresses, {1'1)Z and {1'1/Z, and normal stress, {1'ZZ. For the specimen geometry and 
loading, the shear stresses are an order of magnitude less than the normal stress. 
Therefore, {1'ZZ is of primary concern. In analyzing {1'ZZ near the free edge of the 
cutout, one should note that it has a singularity there. Therefore, stress levels of 
{1'ZZ are reported at one ply thickness (187 /L m) and two ply thicknesses (374 /L 
m). Peak values of {1'ZZ near the free edge are evaluated in each of the four layups 
with 6.35 mm circular cutout. Unique to each stacking sequence is the angle 
a, shown in Figure 5.3-7, at which the peak interlaminar normal stress occurs. 
For the (0/45/ - 45/90h. laminate, peak {1'zz occurs at a = 45°. However, for 
(45/ - 45/0/90h. and (45/0/ - 45/90h. laminates, peak {1'zz occurs at a = 74°, 
while the angle for (90/ -45/45/0h. is 90°. These peak values are plotted through 
the thickness for each stacking sequence and respective angle a in Figures 5.3-8. 
It is interesting to note that the (0/45/ -45/90b laminate has an overall reduced 
stress {1'ZZ through the thickness, while the (90/ - 45/45/0)2. laminate has {1'zz 

stress that is large. 

LOADINC .\.'<IS 

Figure 5.3-7 Cutout reference angle. 

In the hat stiffened panel, the cutouts are located in the web section which 
contains three layers of ±45° cloth. The web section mostly carries shear stresses 
throughout. Stress contours in the 45° ply are shown in Figure 5.3-9 and 5.3-10 
for the circular and diamond cutout, respectively. Although stress levels are low 
due to low input loads, the evidence supports the use of diamond shaped cutouts in 
regions of a structure which are primarily in shear loading, and contain primarily 
±45° fibers. 
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Figure 5.3-8 Peak (0"33) stresses at one ply thickness from cutout edge for 
various laminates. 

Figure 5.3-9 Stress (0"11) contours in 45° ply of 0.5 in. circular cutout in hat 
stiffener web. 
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Figure 5.3-10 Stress (0'11) contours in 45° ply of 0.5 in. diamond cutout in hat 
stiffener web. 

5.3-4 Observations 

It can be deduced that in a composite structure, it is not always best to choose 
a circular cutout. For an effective composite design, a dominant percentage of 
fibers should be aligned with the principal stress directions. In addition, if a 
cut out is required in the design, it is most desirable to use a rectangular geometry 
with sides parallel and perpendicular to the principal stress directions. For the 
demonstrated case of tensile loading, this corresponds to a square cutout oriented 
0° from the material axis. As illustrated in the specific case of a panel with an 
attached stiffener to sustain out-of-plane loads, the stress in the web is predomi­
nantly shear. For this scenario, the ±45° fiber orientation with a diamond cutout 
(a square oriented 45° to the material axis) proves to be an efficient cutout. 

5.4 VVoven prepregs 

5.4-1 Preliminary comments 

In brittle material systems, such as 2-D woven carbon-carbon composites, 
parameters of importance in modeling constitutive behavior are largely dictated 
by processing methods. In general, the processing of carbon-carbon composites 
starts with a regular cure cyde of graphite reinforced thermoset matrix, called a 
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prepreg. Then the laminate is heated (pyrolysis) to high temperatures of about 
2800° F at which the matrix material converts to char. In order to increase the 
density, further infiltration with resin is required. This process is repeated until a 
desired density of the structural component is achieved. Shrinkage observed during 
carbonization of the matrix, and residual stresses produced during several cycles 
of infiltration and heating result in a laminate which exhibits both matrix cracks 
and weak interfacial bonds. There are many interfaces in a woven composite that 
are affected, namely, between the fiber and matrix in a bundle, between bundles, 
and between layers, and the presence of an oxidation protection coating adds an 
additional interface (see [16,17]). Therefore, it is important to assess the status of 
a laminate before mechanical and thermal service loads are applied. It is improper 
to assurne that the above cited features are all detrimental. In fact, weak bonds 
may be beneficial because they resist crack propagation and thus delay fracture. 
On the other hand, these weak bonds result in a low shear modulus of the laminate. 

For brittle material systems, strong emphasis should be placed on obtaining 
statistical data to support the numerical modeling of possible defects within a 
unit cell (or a representative volume) of the laminate. Since the experimental 
observations using microscopy are restricted to one plane at a time, many details 
through the depth cannot be observed. Therefore a two-dimensional unit cell may 
be developed based on SEM observations in two orthogonal planes, the plane of 
and the plane through the thickness (see [18,19]) of the laminate. 

The two-dimensional unit cell used here reflects the results of substantial sta­
tistical data obtained from scanning electron microscope (SEM) observations to 
generate realistic dimensions for voids, debonds and weave misalignment, as illus­
trated in Figure 5.4-1. Note that these architectural defects were briefly discussed 
in Chapter 4. Since these anomalies affect the mechanical and material response, 
we will use numerical simulations of the unit cell to illustrate the changes in the 
moduli in the presence of these defects. 

5.4-2 Numerical models and discussion of the results 

The analytical techniques presented here address the constituent interactions, 
in an average sense, in the presence of cross-over debonds and crimp angles within 
a unit cello The defect features, which are observed experimentally and interpreted 
statistically, are accommodated in the computational models of the unit cello 

The ingenuity of the project lies in the idealization of the geometry and the 
constituent behavior of a repetitive unit cell of an eight harness satin weave. The 
statistical characteristics generated through images taken from SEM, and pro­
cessed through an image analyzer, are built into the finite element model of the 
unit cell, which has a thickness of a single layer (see [20]). The unit cell is ap­
proximated by a square with a side of 2300 JL m. A quarter model of the cell is 
presented in Figure 5.4-2. As can be seen, a bundle crossover region of 800 JL m 
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is modeled with an adjacent debond of length 240 fL m. 

warp fi11ing 
-----:....;..,r--'"""'?~ 

(a) Schematic of a woven unit cell 

(b) Debonds and variations in a woven lamina 

Figure 5.4-1 Woven lamina parameters. 
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Figure 5.4-2 Finite element mesh of the unit cello 

Ux 

Since the material near the crossover region consists of warp and fill yarns, it is 
treated as a homogeneous, specially orthotropic material. The material properties 
of the bundle crossover section are taken to be those of a specially orthotropic 
material. However, these values ac count for the influence of the crimp angle (see 
[21]). The debond in the initial calculations is treated as an isotropie material 
with a very low elastic modulus. The material properties used in the analysis are 
given in Table 5.4-1. 

Table 5.4-1 Material properties used in the unit cello 

Ell,Msi E22,Msi G12 ,Msi V12 

Cell 14.1 14.1 1.3 .01 

Debond 0.001 0.001 0.0006 0.2 
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The four-node transverse shear deformation shell element, S4R of ABAQUS 
program library, 10 selected for the models. The element has six degrees of free­
dom, three displacements and three rotations, per node. Bilinear interpolation 
functions are used for the displacements. Reduced integration (i.e., one point 
rule) is employed to compute the strains and stresses. The nonlinear geometrie 
option with a special user-developed material subroutine is used. This sub routine 
enables the incremental analysis to check for failure strain in each element, at each 
integration point and at each load level. The failure criterion based on allowable 
strain is used. In the event of failure, appropriate material coefficients are reduced 
and residual stresses are calculated. Equilibrium iteration at each load increment 
is carried out prior to load incrementation. 

For tensile loads, the biaxial symmetry is used to model a quarter of the unit 
cell with 196 elements and 225 nodes. Uniform displacements in the z-direction 
are used to simulate tensile loads at the right edge. The stress-strain curves 
are presented in Figure 5.4-3. As can be observed, the load carrying ability is 
significantly reduced due to the presence of adebond for strains greater than 
0.002 in/in. 
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Figure 5.4-3 Global stress-strain response at different strain allowables in the 
unit cello 
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Figure 5.4-4 Stress (O"z ) in unit cell subjected to tension. 

Figure 5.4-5 Stress (0"11 ) in unit cell subjected to tension. 
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Figure 5.4-6 Stress (0":1:1/) in unit cell subjected to tension. 
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Since the actual laminate consists of many layers of the woven fabric with 
random defects, it is appropriate to calculate an effective elastic modulus that can 
be used as a layer modulus for laminate analysis. Thus, the effective modulus from 
Figure 5.4-3 can be interpreted as 10 Msi. Typical stress contours of 0"11,0"12 and 
0"22 are presented in Figures 5.4-4 through 5.4-6. For the in-plane normal stresses, 
the influence of the debond on the stress distribution is easily observed. Note that 
the inplane shear stress distribution around the debond is anti symmetrie. 

In order to capture the response under shear load, the full unit cell is modeled. 
The shear load is simulated by applying displacements in the :z:-direction to the 
top surface and fixing the bottom surface. Multipoint constraints are used on the 
remaining si des so that they deform as a straight line. The shear stress-strain 
response to the pure shear loading condition is shown in Figure 5.4-7. Similarly, 
the reduction in stress magnitudes in the presence of adebond is quite prevalent. 
Once again, the use of an effective shear moduli of 1.16 Msi is recommended (see 
Figure 5.4-7). 

The significance of processing related defects is illustrated clearly in the eval­
uation of elastic moduli for the unit cell. The approach brings out the importance 
of "scaling" in composite structures. The processing anomalies, which are mea­
sured in microns, have significant impact on the lamina properties, which in turn 
will affect the structural response of a component. Extreme care should be taken 
to understand a prepreg architecture and processing quality before any structural 
modeling is attempted. 

5.5 Environmental effects 

5.5-1 Introduction 

Here we review some results for unsymmetric composite laminates subjected 
to mechanical, thermal, and hygroscopic loads (see [22]). The ambient (room) 
conditions consist of a temperature of 22° C and 70% relative humidity (RH). The 
hot/wet (service) conditions are 82° C and 90% relative humidity. An unsymmetric 
(04/454)T laminate is considered, and the symmetrie (02/452)' laminate is used 
as the baseline. In order to observe the effects of hygrothermal gradients on the 
deformed shape, failure modes, and moduli of laminates, tension and torsion tests 
were performed under different environment al conditions. 

5.5-2 Numerical models 

A quasi-three dimensional finite element model developed by Chan and Ochoa 
[23] is used to calculate interlaminar stresses. In this work, a rectangular lami­
nate, long in the :z:-direction (see Figure 5.5-1 ) is used. Hence, the displacement 
gradients are neglected with respect to the :z:-direction. The cross-section of the 
laminate in the y - z plane is modeled using an eight-node isoparametrie, quadri­
lateral element with three degrees of freedom (u, v, w) per node. A uniform strain 
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in the x-direction is applied to simulate the tension load. Torsion loads are applied 
as a eonstant twisting eurvature, K zy • 

Z I F 

z Z 

.l. Y~Y 
Torsion Tension 

Only the shaded areas are modeled 

(b) 

Figure 5.5-1 Sehematie of the finite element model of a reet angular laminate. 
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When simulating a tension load on symmetrie laminates, we assume that the 
stress distributions are symmetrie ab out the midplane. Therefore, a quarter of the 
laminate ean be modeled. However, for unsymmetrie laminates, the symmetrie half 
of the y - z section should be modeled. Regardless of laminate symmetry, the fuH 
eross-seetion should be modeled for torsion loads. The mesh used to model the 
unsymmetrie laminate subjected to tension is presented in Figure 5.5-2. It should 
be noted that unsymmetrie laminates are not straight along the length (i.e., they 
have initial eurvature). Eaeh layer is modeled with a single element through its 
thiekness. Note that the origin is loeated at the center. In all eases, the mesh 
is refined at the free edge where delamination is most likely to start. The finite 
element mesh used in the quarter model eonsists of 44 elements with 156 nodes. 
The finite element meshes used for the half and fuH models eonsist of 88 elements 
with 303 nodes and 176 elements with 589 nodes, respectively. The boundary 
eonditions for the three models are shown in Fig. 5.5-2. 

The foHowing material properties for the IM7/977-2 graphite epoxy are used 
in the analysis. 
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5.5-3 Discussion of the results 

TenJion 

The interlaminar stresses for the symmetrie laminate are presented in Figure 
5.5-3. The largest interlaminar normal stress occurs at the 45/0 interface under 
ambient conditions. Under hot/wet conditions, the largest tensile interlaminar 
stress is observed at % interface and the largest compressive interlaminar stress 
occurs at 45/0. The highest interlaminar shear stress occurs at the 0/45 interface 
for both ambient and hot/wet conditions. 

Figures 5.5-4 and 5.5-5 present the stress distributions for the unsymmetric 
laminate subjected to an applied strain of 0.0001 in/in. At this strain level, the 
laminate is nearly straight. The laminate is predicted to be completely straight 
at astrain level of 0.000123 in/in. Note that unlike the previous stress distri­
butions, these stress distributions are not symmetrie. Under hot/wet conditions, 
the normal stress of largest magnitude occurs at the 45/45 interface nearest the 
center of the cross-section (see Fig. 5.5-4). At the % interface nearest to the 
center of the cross-section, there is a positive (Tu, which identifies this region as a 
possible delamination site. Under hot/wet conditions, the maximum interlaminar 
shear occurs at the 0/45 interface (see Fig. 5.5-5). Note that the magnitudes of 
the interlaminar stresses are greatly increased when the hygrothermal effects are 
included. 
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Figure 5.5-5 Interlaminar shear stress distribution for (04/454)r laminate sub­
jected to a tension load. 
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Torsion 

Figures 5.5-6 and 5.5-7 contain plots of the interlaminar transverse normal 
and shear stress distributions for the unsymmetric laminate. The highest positive 
interlaminar normal stress occurs at the % interface nearest to the top surface. 
Under the hot/wet conditions there is a general increase in this stress. The highest 
interlaminar shear stress occurs at the 0/45 interface. A significant increase in this 
stress is observed upon addition of the hygrothermal gradients. These interlaminar 
stresses can cause delamination and fiber-matrix interface damage. Therefore, the 
decrease in the torsional resistance, observed during testing, when the hygrother­
mal gradients are applied, can be attributed to this increase in interlaminar stress. 
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Figure 5.5-7 Interlaminar shear stress distribution for (04/454)T laminate sub­
jected to a torsion load. 

Figure 5.5-8 presents the interlaminar stresses for the symmetrie laminate. 
The largest interlaminar normal stress occurs at the 45/45 interface away from 
the midplane. Addition of the hot/wet condition results in an upward shift of 
the curve. The maximum interlaminar shear occurs at the 45/0 interfaces. This 
stress is increased at one of these 45/0 interfaces and decreased at the other 45/0 
interface when the hygrothermal gradients are applied. Note that these stress 
distributions are symmetrie for the interlaminar shear stress and anti symmetrie for 
the interlaminar normal stress. This symmetry is lost when the hot/wet conditions 
are applied. 
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Figure 5.5-8 Interlaminar stress distribution for (02!452)T laminate subjected 
to a torsion load. 

From these finite element results we ean observe several trends. For a symmet­
rie laminate subjeeted to either tension or torsion, the stress distributions are either 
symmetrie or antisymmetriej for an unsymmetrie laminate they are unsymmetrie. 
Under tension, the hygrothermalloads eause an inerease in the interlaminar shear 
stress. The high interlaminar normal stress in the unsymmetrie laminates subject 
to tension leads to eatastrophie brittle failure. Under torsion, the hygrothermal 
loads eause an inerease in the interlaminar normal stresses for the symmetrie and 
unsymmetrie laminates. Note that these trends foeus on the material system and 
loading seleeted in the present examples. 

5.6 First-ply failure analysis of composite laminates 

5.6-1 Introduction 

The design of eomposite structures requires prediction of the maximum load 
that a laminate ean withstand before it fails. Although the literat ure is rieh 
in linear elastie analysis of eomposite struetures, not mueh progress has been 
reported on analytieal or numerieal teehniques for the failure analysis of eomposite 
structures while aeeounting for geometrie nonlinearity. In this section, we present 
the first-ply failure analysis results of eomposite laminates subjeeted to inplane 
and bending loads. The geometrie nonlinearity in the sense of von Karman [see 
Sec. 2.4, Eqs. (2.4-9)] and transverse shear deformation effect in the sense of the 
first order kinematies are included. The literature reviewed in the next paragraph 
provides a background for this study. 
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The first series of analytical solutions for first ply failure loads were presented 
by Turvey [24-29] for symmetrie and antisymmetrie eomposite laminates with 
simply supported boundary eonditions. The analytieal solutions are based on 
Reddy's third-order small deflection laminated plate theory [30]. The first finite 
element proeedure for the prediction of first ply failure loads of eomposite laminates 
subjeeted to transverse and in plane (tensile) loading was presented by Reddy and 
Pandey [31]. In that study, the effect of geometrie nonlinearity was not eonsidered. 
Turvey and Osman [32] presented results for the first-ply failure loads of eomposite 
laminates subjeeted to uniform transverse load, including geometrie nonlinearity. 
In their analysis, they have made use of the Dynamie Relaxation (DR) teehnique. 

A first-ply failure analysis is earried out by Reddy and Reddy [33] and the 
displacements and stresses are eomputed using the finite element method. The 
results of this study are diseussed here. 

5.6-2 Problem description 

Flat rectangular laminates of dimensions 9 in. x5 in. and made of T300/5208 
graphite epoxy material are analyzed for first-ply failure loads. A total of four lam­
inates with different lamination sehemes are analyzed for three different types of 
loads, namely: (1) uniformly distributed transverse load, (2) eoneentrated trans­
verse load acting at the center of the plate, and (3) in plane tensile load acting 
on the shorter edge of the laminate. Both simply supported and clamped bound­
ary eonditions are used for the failure analysis. In addition to the failure eriteria 
presented in Chapter 4 (Sec. 4.3), the following three failure eriteria, namely 
(1) maximum 2-D strain (independent) (2) maximum strain (polynomial) with 
3-dimensional state of strain, and (3) maximum strain (independent) with 3-
dimensional state of strain are used (see [33]). The 3-dimensional state of strain is 
aehieved by relaxing the eondition of inextensibility of transverse normals, whieh 
was assumed in deriving the first order shear deformation theory [34] (see Sec. 
2.4-3). The present diseussion is based on the work reported in [33]. 

The displacement finite element model of the first order shear deformation 
plate theory developed in Chapter 3 (also see [34-37]), is used in the analysis. It 
eonsists of Lagrange isoparametrie rectangular elements with five degrees of free­
dom (u, v, w, (PI, (h) per node. Reduced integration is used for the shear stiffnesses 
to avoid shear locking. The Newton-Raphson iteration procedure is used to solve 
the nonlinear algebraic equations. 

5.6-3 Procedure for first ply failure analysis 

The first-ply failure analysis is based on the assumption that a given ply will 
fail if the failure index, F, at any point within the ply reaches a value of unity. 
The failure index is defined as F = FiUi + FijUiUj (see Sec. 4.3-2). The first-ply 
failure load computation in the linear formulation does not require an iterative 
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procedure. In the nonlinear failure analysis, equilibrium iteration is required. The 
steps used in the iterative procedure are listed here: 

Step 1 Find the displacement field (u,v,w,(/>1,<p2) for a small initial load 

Step 2 Find the stresses in the global coordinates (O"z,O"y,O"yz,O"zz,O"zy) 

Step 3 Transform the global stresses to the stresses Üij in material coordinates 
[see Eq. (2.3-2)] 

Step 4 Find the maximum failure index, :;: 

Step 5 Check whether the laminate has failed or not (i.e., :;: 2:: 1) 

Step 6 If:;: < 1, increase the load; and if:;: 2:: 1, decrease the load proportionately, 
to make :;: = 1 

Step 7 Repeat Steps 1 to 6 until the laminate fails 

The maximum failure index is determined by carrying out a sequential search 
at certain chosen points within the laminate. The search sequence is as follows: 

(1) Consider the first element of the finite element mesh 

(2) Consider the first Gauss point within the element 

(3) Consider the first ply (from bottom to top) of the laminate 

(4) Consider the bot tom of the current ply 

(5) Find the failure index at that location 

(6) Check whether this is greater than the previous value 

(7) If yes, then store the element number, Gauss point number, ply number, 10-
cation in the ply and the failure index, and go to the next location (middle of 
the ply, top of the ply, so on.) 

(8) If ans wer in (6) is no, then do not store the failure data, but go to the next 
location and repeat (5) to (8) 

(9) Go to the next ply 

(10) Go to the next Gauss point 

(11) Go to the next element 

(12) Continue the search among all the elements in the finite element mesh for the 
maximum failure index. 
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5.6-4 Numerical models and discussion of results 

The laminates eonsidered for first ply failure analysis are made of T300/5208 
graphite-epoxy (pre-preg) material, whose properties are taken as follows: 

EI = 19.20 X 106 psi, E 2 = 1.56 X 106 psi, E3 = 1.56 X 106 psi, 

G12 = 0.82 X 106 psi, G13 = 0.82 X 106 psi, G23 = 0.49 X 106 psi, 

1112 = 0.24, 1113 = 0.24, 1123 = 0.49, 

XT = 219.50 X 103 psi, Xc = 246.00 X 103 psi, YT = ZT = 6.35 X 103 psi, 

Yc = Zc = 6.35 X 103 psi, R = 9.80 X 103 pSI, S = T = 12.60 X 103 psi, 

Ply thickness, h = 0.005 in. (5.6 - 1) 

Four lamination sehemes are used in the present first ply failure analysis. The 
individual laminates are labelled A - D for future referenee in this seetion. The 
following four laminated plates from [33] are selected for diseussion: 

A: symmetrie angle-ply laminate, {45/ - 45/45)T 

B: symmetrie quasi-isotropie laminate, {45/ - 45/90/0/45/90/ - 45/0)8 

C: symmetrie eross-ply laminate, {0/90/90/0)T 
D: antisymmetrie eross-ply laminate, {0/90/0/90)T 

where t denotes total laminate and 8 denotes symmetrie laminate. The geometry, 
eoordinate system, and the ply numbering seheme within the laminate are shown 
in Figure 5.6-1a. Two types of finite element meshes are used in the analysis: (i) 
6 X 3 (Figure 5.6-1b) and (ii) 9 X 5 (Figure 5.6-1e). The first mesh is used in a 
quarter of the plate for the failure analysis of eross-ply laminates C and D. The 
seeond mesh is for a full plate and is used for the failure analysis of laminates A 
and B. 

Laminates with all edges simply supported or all edges clamped are used: 

SSl : u = W = <PI = 0 at y = 0, bj v = W = <P2 = 0 at:z: = 0, a 

CC1 : u = v = W = <PI = <P2 = 0 at:z: = 0, a and y = 0, b 

(5.6 - 2) 

(5.6 - 3) 

For quarter symmetry, the following boundary eonditions along the lines of sym­
metry are used (see Fig. 5.6-2): 

b a 
v = <P2 = 0 at y = - j U = <PI = 0 at:z: = :z: = -

2 2 
(5.6 - 4) 
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For the in-plane loading case, two types of boundary conditions are used: (1) 
hinged and (2) clamped on the left edge. The other edge is on a roller support in 
both cases. The details of these support conditions are shown in Figure 5.6-3. 
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Figure 5.6-3 Boundary conditions for full and quarter plates subjected to in­
plane (tensile) loading. (a) Hinged-end boundary conditions. (b) 
Clamped-end boundary conditions. 
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Table 5.6-1 Linear and nonlinear first ply failure loads for laminates A and B 
under uniformly distributed transverse load with 881 boundary 
condition. 

Failure criterion FLD CDF FEL FGP FPL FL 

Laminate A (45/-45/45) 

Maximum stress (p) 24158.1(a) 57.307 45 4 1 1 

2690141.4(b) 14.187 35 3 3 3 

Maximum strain (p) 21660.4 51.382 45 4 1 1 

3418133.4 15.366 11 2 3 3 

Tsai-Hill 24285.3 57.609 45 4 1 1 

2742860.1 14.279 11 2 3 3 

Hoffman 24131 57.245 45 4 1 1 

2695775.0 14.196 11 2 3 4 

Tsai-Wu 23248.9 55.151 45 4 1 1 

2915620.3 14.572 11 2 3 3 

Maximum stress (i) 24719.1 58.638 45 4 3 3 

3045155.7 14.785 39 2 3 3 

Maximum strain(i) 22108.6 52.446 45 4 1 1 

3835494.7 15.968 7 1 3 3 

Maximum strain(p3D) 19800.5 46.971 45 4 1 1 

2764268.8 14.316 11 2 3 3 

Maximum strain(i3D) 22108.6 52.446 45 4 1 1 

3835494.7 15.968 7 1 3 3 

Laminate B (45/-45/90/0/45/90/-45/0) 

Maximum stress(p) 2182.3 4.020 23 1 16 3 

9689.1 1.956 7 4 16 3 

Maximum strain(p) 1974.1 3.636 45 4 1 1 

9952.8 1.974 1 4 16 3 

Tsai-Hill 2212.8 , 4.076 23 1 16 3 

9883.7 1.969 7 1 16 3 

Hoffman 2185.7 4.026 23 1 16 3 

9710.8 1.957 39 1 16 3 

Tsai-Wu 2245.2 4.135 45 4 1 1 

10047.3 1.980 45 1 16 3 

Maximum stress(i) 2352.5 4.333 28 2 1 1 

9897.6 1.970 7 1 16 3 

Maximum strain(i) 2083.7 3.838 45 4 1 1 

9885.4 1.969 1 4 16 3 

Maximum strain(p3D) 1820.1 3.352 45 4 1 1 

8251.8 1.850 45 1 16 3 

Maximum strain(i3D) 2083.7 3.838 45 4 1 1 

9885.4 1.969 1 4 16 3 
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Table 5.6-2 Linear and nonlinear first ply failure loads for laminates C and 
D uniformly distributed transverse load with SSl boundary con­
dition. 

Fail ure criterion FLD CDF FEL FGP FPL FL 

Laminate C (0/90/90/0) 

Maximum stress(p) 11363.3 49.710 1 1 4 3 

948395.9 8.558 1 1 4 3 

Maximum strain(p) 12212.6 53.425 1 1 4 3 

1051787.7 8.858 3 1 4 3 

Tsai-Hill 11436.8 50.031 1 1 4 3 

961543.7 8.597 1 1 4 3 

Hoffman 11370.8 49.742 1 1 4 3 

949771.2 8.562 1 1 4 3 

Tsai-Wu 11646.5 50.948 1 1 4 3 

1001900.2 8.716 1 1 4 3 

Maximum stress(i) 11480.6 50.223 1 1 1 1 

964904.2 8.608 1 1 4 3 

Maximum strain(i) 12339.1 53.978 1 1 1 1 

1058146.3 8.875 3 1 4 3 

Maximum strain(p3D) 10800.4 47.247 1 1 4 3 

871633.2 8.321 3 1 4 3 

Maximum strain(i3D) 12339.1 53.978 1 1 1 1 

1058146.3 8.875 3 1 4 3 

Laminate D (90/0/90/0) 

Maximum stress(p) 19834.3 45.730 1 1 4 3 

789853.1 8.155 3 2 4 3 

Maximum strain(p) 18592.9 42.868 1 1 4 3 

671425.5 7.732 3 2 4 3 

Tsai-Hill 19932.9 45.958 1 1 4 3 

791457.2 8.160 3 2 4 3 

Hoffman 19844.1 45.753 1 1 4 3 

790006.5 8.156 3 2 4 3 

Tsai-Wu 20204.0 46.583 1 1 4 3 

795511.8 8.174 3 2 4 3 

Maximum stress(i) 19970.4 46.044 1 1 4 3 

791487.4 8.161 3 2 4 3 

Maximum strain(i) 21071.5 48.583 1 1 4 3 

807807.4 8.216 3 2 4 3 

Maximum strain(p3D) 18592.9 42.868 1 1 4 3 

21071.5 48.583 1 1 4 3 

Maximum strain (i3D) 21071.5 48.583 1 1 4 3 

807807.4 8.216 3 2 4 3 
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The results for the linear and nonlinear first ply failure analysis of laminates 
A - D are presented for three different kinds of loads: (1) uniformly distributed 
transverse load; (2) concentrated transverse load acting at the center of the lami­
nate; (3) uniformly distributed in plane (tensile) load acting on the shorter edge of 
the laminate. Two different kinds of boundary conditions are used. The significant 
features of the results specific to the type of loading and boundary conditions are 
discussed here. 

Uniformly distributed transverse load with SSl boundary condition 

The results for the uniformly distributed transverse load with SS1 boundary 
condition are shown in Tables 5.6-1 and 5.6-2. In these tables the following 
notation is used: 

CDF = Non-dimensionalized center deflection (CDF = wjh) 

F = First-ply failure load (psi) 

FEL = Failed element 

FL = Failed location (see Fig. 5.6-1a) 

FLD = Non-dimensionalized first-ply failure load [FLD = (Fj E2 )(ajh)4] 

FGP = Failed gauss point 

FPL = Failed ply 

w = Center deflection (in.) 

( a) = Linear fail ure load 

(b) = Nonlinear failure load 

(p) = Polynomial criterion 

(i) = Independent criterion 

(p3D) = Polynomial criterion with 3-Dimensional state of strain 

(i3D) = Independent criterion with 3-Dimensional state of strain 

The nonlinear failure load is found to be 173 times the linear failure load for 
laminate A (3 layers), 85 times for laminate C (4 layers), 40 times for laminate 
D (4 layers), and only 4.7 times for laminate B (16 layers). This shows that the 
difference between the linear and nonlinear failure loads decreases sharply as the 
thickness of the laminate is increased. However, it should be noted here that the 
non-dimensionalized center deflection of thin laminates (3, 4layers) is so large (see 
Tables 5.6-1 and 5.6-2) that the large deflection formulation is no longer valid in 
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this regime. A formulation based on large deflection-large rotation theory might 
describe the failure behavior of such thin laminates more accurately. 

As far as the thicker laminates (16layers) are concerned, the difference between 
the linear and non-linear failure loads stems from the fact that the non-linear 
formulation accounts for the actual stiffening of the plate as it deflects. Hence, 
for a given load the non-linear model predicts much smaller deflections than the 
linear model, and smaller deflections in turn give rise to less severe stress fields 
and large first ply failure loads. 

The failure locations do not show any definite trend, but the most frequently 
occurring locations are: (1) the center of the plate and (2) the corners of the plate. 
For thin laminates and linear analysis, the failure takes pI ace mostly at the bot tom 
of the laminate; and for thick and nonlinear analysis it is within the laminate, or 
at the top of the laminate where the externalload is applied. 

Uniformly distributed transverse load with GG1 boundary condition 

The results for the uniformly distributed transverse load with CC1 boundary 
condition are shown in Table 5.6-3 and 5.6-4. The nonlinear failure load is found 
to be 18 times the linear failure load for laminate A (symmetrie angle-ply), 15 
times for laminate C (symmetrie cross-ply), 10 times for laminate D (antisym­
metrie cross-ply), and only 1.4 times for laminate B (symmetrie quasi-isotropie), 
which are small compared to the SSl boundary condition. This shows that the 
difference between the linear and nonlinear failure loads is smaller for clamped 
boundary conditions than for the simply supported boundary conditions. The 
most frequently occurring failure locations are the midpoint of the Ion ger side of 
the laminate, at the bot tom of the laminate, or within the laminate. 

Uniformly distributed inplane tensile edge load 

The results for the uniformly distributed in plane (tensile) load acting on the 
smaller edge of the laminated with hinged end boundary condition are shown in 
Tables 5.6-5 and 5.6-6. The nonlinear failure load is found to be 1.5 times the 
linear failure load for laminate D. The linear and nonlinear failure loads are 
exactly the same for laminates Band C, and they differ slightly for laminate A. 
This indicates the difference between the linear and the nonlinear failure loads is 
small for inplane tensile load. The failure locations are at the corners for all types 
of laminates, mostly at the bottom for thin (3 or 4 layer) laminates, and within 
the laminate for thick (16 layer) laminates, for both linear and nonlinear failure 
analysis. The results for the uniformly distributed in plane tensile load acting on 
the smaller edge of the laminate with clamped-end boundary condition show that 
(the results are not included here; see [33]) the linear and nonlinear failure loads 
are found to be almost the same for all laminates. The failure location follows the 
same trend as for hinged-end boundary conditions. 
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Table 5.6-3 Linear and nonlinear first ply failure loads for laminates A and B 
under uniformly distributed transverse load with CCI boundary 
condition. 

Fail ure cri terion FLD CDF FEL FGP FPL FL 

Laminate C (0/90/90/0) 

Maximum stress(p) 75488.5(a) 51.175 30 2 1 1 

1361521.2(b) 11.034 1 4 3 3 

Maximum strain(p) 88692.5 60.126 30 2 1 1 

1741423.3 11.981 1 4 3 3 

Tsai-Hill 76509.7 51.867 30 2 1 1 

1388666.1 11.107 1 4 3 3 

Hoffman 75597.4 51.249 30 2 1 1 

1364452.0 11.042 45 1 3 3 

Tsai-Wu 79809.2 54.104 30 2 1 1 

1478786.2 11.344 1 4 3 3 

Maximum stress(i) 85507.9 57.967 30 2 1 1 

1426237.2 11.207 1 4 3 3 

Maximum strain(i) 101374.6 68.723 45 1 3 3 

1845059.2 12.215 45 1 3 3 

Maximum strain(p3D) 77741.0 52.702 30 2 1 1 

1346536.2 10.993 45 1 3 3 

Maximum strain(i3D) 101374.6 68.723 45 1 3 3 

1845059.2 12.215 45 1 3 3 

Laminate B (45/-45/90/0/45/90/-45/0) 

Maximum stress(p) 3576.2 1.836 21 3 1 1 

5144.9 1.283 21 3 1 1 

Maximum strain(p) 3630.1 1.863 21 1 13 3 

4554.6 1.209 21 1 4 1 

Tsai-Hill 3611.8 1.854 21 3 1 1 

5248.4 1.296 21 3 1 1 

Hoffman 3581.5 1.838 21 3 1 1 

5155.9 1.285 21 3 1 1 

Tsai-Wu 3766.0 1.933 21 3 1 1 

5291.2 1.301 21 1 4 1 

Maximum stress(i) 4048.1 2.078 21 1 4 1 

5307.7 1.303 21 1 4 1 

Maximum strain(i) 4064.1 2.086 21 1 4 1 

5336.0 1.306 21 1 4 1 

Maximum strain(p3D) 3630.1 1.863 21 1 13 3 

4554.6 1.209 21 1 4 1 

Maximum strain(i3D) 4064.1 2.086 21 1 4 1 

5336.0 1.306 21 1 4 1 
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Table 5.6-4 Linear and nonlinear first ply failure loads for laminates 0 and D 
uniformly distributed transverse load with COI boundary con­
dition. 

Fail ure cri terion FLD CDF FEL FGP FPL FL 

Laminate C (0/90/90/0) 

Maximum stress(p) 19025.1 19.314 3 2 1 1 

283271.8 5.636 3 2 1 1 

Maximum strain(p) 19103.7 19.394 3 2 4 3 

287298.2 5.663 3 2 1 1 

Tsai-Hill 19032.2 19.321 3 2 4 3 

283649.3 5.638 3 2 1 1 

Hoffman 19025.8 19.315 3 2 1 1 

283307.7 5.636 3 2 1 1 

Tsai-Wu 19050.9 19.340 3 2 1 1 

284591.0 5.645 3 2 1 1 

Maximum stress(i) 19031.8 19.321 3 2 1 1 

281201.0 5.622 3 2 1 1 

Maximum strain(i) 19105.5 19.396 3 2 1 1 

284937.7 5.647 3 2 1 1 

Maximum strain(p3D) 17142.2 17.403 3 2 4 3 

231578.3 5.261 3 2 1 1 

Maximum strain(i3D) 19105.5 19.396 3 2 1 1 

284937.7 5.647 3 2 1 1 

Laminate D (90/0/90/0) 

Maximum stress(p) 30366.5 16.433 3 2 4 3 

312154.2 5.739 16 3 1 1 

Maximum strain(p) 27354.2 14.803 3 2 4 3 

256184.1 5.357 16 3 1 1 

Tsai-Hill 30358.4 16.428 3 2 4 3 

312428.6 5.740 16 3 1 1 

Hoffman 30367.8 16.433 3 2 4 3 

312180.2 5.739 16 3 1 1 

Tsai-Wu 30412.3 16.457 3 2 4 3 

313110.2 5.745 16 3 1 1 

Maximum stress(i) 30359.2 16.429 3 2 4 3 

311331. 7 5.731 16 3 1 1 

Maximum strain(i) 30490.3 16.500 3 2 4 3 

314040.5 5.749 16 3 1 1 

Maximum strain(p3D) 27354.2 14.803 3 2 4 3 

256184.1 5.357 16 3 1 1 

Maximum strain(i3D) 30490.3 16.500 3 2 4 3 

314040.5 5.749 16 3 1 1 
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Tahle 5.6-5 Linear and nonlinear first ply failure loads for laminates A and 
B under inplane tensile load with hinged boundary condition. 

Failure criterion FLD CDF FEL FGP FPL FL 

Laminate A (45/-45/45) 

Maximum stress(p) 91705025.8(a) 2.954 5 2 1 1 

91705025.8(b) 2.954 5 2 1 1 

Maximum strain(p) 94086883.6 3.031 5 2 1 1 

94086883.6 3.031 5 2 1 1 

Tsai-Hill 91954605.1 2.962 5 2 1 1 

91954605.1 2.962 5 2 1 1 

Hoffman 91726868.1 2.955 5 2 1 1 

91726868.1 2.955 5 2 1 1 

Tsai-Wu 92514644.4 2.980 5 2 1 1 

92514644.4 2.980 5 2 1 1 

Maximum stress(i) 105177573.7 3.388 5 2 1 1 

105177573.7 3.388 5 2 1 1 

Maximum strain(i) 108726302.2 3.502 5 2 1 1 

108726302.2 3.502 5 2 1 1 

Maximum strain(p3D) 86127951.1 2.775 5 2 1 1 

86127951.1 2.775 5 2 1 1 

Maximum strain(i3D) 108726302.2 3.502 5 2 1 1 

108726302.2 3.502 5 2 1 1 

Laminate B (45/-45/90/0/45/90/-45/0) 

Maximum stress(p) 1179619.2 0.427 1 1 3 1 

1179619.2 0.427 1 1 3 1 

Maximum strain(p) 1145218.3 0.414 1 1 3 1 

1145218.3 0.414 1 1 3 1 

Tsai-Hill 1176280.9 0.426 1 1 3 1 

1176280.9 0.426 1 1 3 1 

Hoffman 1179279.2 0.427 1 1 3 1 

1179279.2 0.427 1 1 3 1 

Tsai-Wu 1167367.2 0.422 1 1 3 1 

1167367.2 0.422 1 1 3 1 

Maximum stres.(i) 1185182.2 0.429 1 1 3 1 

1185182.2 0.429 1 1 3 1 

Maximum strain(i) 1150134.5 0.416 1 1 3 1 

1150134.5 0.416 1 1 3 1 

Maximum strain(p3D) 1034938.0 0.375 1 1 3 1 

1034938.0 0.375 1 1 3 1 

Maximum strain(i3D) 1150134.5 0.416 1 1 3 1 

1150134.5 0.416 1 1 3 1 
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Table 5.6-6 Linear and nonlinear first ply failure loads for laminates C and 
Dunder inplane tensile load with hinged boundary condition. 

Fail ure criterion FLD CDF FEL FGP FPL FL 

Laminate C (0/90/90/0) 

Maximum stress(p) 111920523.5 1.840 18 3 2 1 

111920523.5 1.840 18 3 2 1 

Maximum strain(p) 111508402.3 1.833 18 3 2 1 

111508402.3 1.833 18 3 2 1 

Tsai-Hill 111877188.5 1.839 18 3 2 1 

111877188.5 1.839 18 3 2 1 

Hoffman 111916225.3 1.840 18 3 2 1 

111916225.3 1.840 18 3 2 1 

Tsai-Wu 111763556.2 1.837 18 3 2 1 

111763556.2 1.837 18 3 2 1 

Maximum stress(i) 111886430.3 1.839 18 3 2 1 

111886430.3 1.839 18 3 2 1 

Maximum strain(i) 111439506.6 1.832 18 3 2 1 

111439506.6 1.832 18 3 2 1 

Maximum strain(p3D) 100204590.9 1.647 18 3 2 1 

100204590.9 1.647 18 3 2 1 

Maximum strain(i3D) 111439506.6 1.832 18 3 2 1 

111439506.6 1.832 18 3 2 1 

Laminate D (90/0/90/0) 

Maximum stress(p) 58876296.1 1.119 18 3 1 1 

85868715.5 1.415 18 3 1 1 

Maximum strain(p) 58860816.4 1.119 18 3 1 1 

85704764.0 1.412 18 3 1 1 

Tsai-Hill 58872816.4 1.119 18 3 1 1 

85849814.9 1.415 18 3 1 1 

Hoffman 58875952.3 1.119 18 3 1 1 

85866845.4 1.415 18 3 1 1 

Tsai-Wu 58863722.0 1.119 18 3 1 1 

85800367.9 1.414 18 3 1 1 

Maximum stress(i) 58873448.9 1.119 18 3 1 1 

85874167.6 1.415 18 3 1 1 

Maximum sttain(i) 58837572.2 1.119 18 3 1 1 

85679276.1 1.412 18 3 1 1 

Maximum strain(p3D) 52860675.0 1.005 18 3 1 1 

76301306.0 1.258 18 3 1 1 

Maximum strain(i3D) 58837572.2 1.119 18 3 1 1 

85679276.1 1.412 18 3 1 1 
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5.6-5 Summary and conclusions 

The results discussed in the previous section show that different failure criteria 
may predict different failure loads for a given laminate. This is in part due to the 
difference in the formulation of the criteria, which are purely phenomenlogical in 
nature. The difference between the linear and the nonlinear failure loads is found 
to be large for transverse loading, considerably less for inplane loading with hinged 
end, and negligible for inplane loading with clamped end. It is also found that the 
difference is large for thin (3 or 4 layer) laminates and simply supported bound­
ary conditions and small for thick (16 layer) laminates and clamped boundary 
conditions. 

5.7 Postbuckling response and progressive failure 

5.7-1 Introduction 

The classical lamination theory, in which the transverse shear effects are ne­
glected, is often used to analyze laminated composite structures. Because of low 
transverse moduli and strengths relative to inplane ones, composite laminates may 
fail due to transverse stresses. Indeed, it is found that (see [38,39]) composite lam­
inates loaded in eompression fail due to high interlaminar stresses. Therefore, 
shear deformation plate and shell formulations are needed to provide information 
regarding the through-thiekness strength of eomposite struetures. Various shear 
deformation theories and their eomputational models have been diseussed in Chap­
ter 3. Insight gained by using these formulations may aid in the characterization 
of failure modes of composite panels. 

In this section, we diseuss a reeent study by Engelstad, Reddy and Knight 
[39,41) of the postbuekling response of several graphite-epoxy panels loaded in 
axial eompression. The study makes comparisons between the experimentally­
obtained and analytieally-determined postbuekling response of composite panels. 

5.7-2 Experimental study 

The postbuekling and failure eharacteristics of Rat, rectangular graphite-epoxy 
panels, with and without holes, and loaded in axial eompression have been exam­
ined in an experimental study by Starnes and Rouse [38). The panels were fabri­
eated from eommereially available unidireetional Thornel 300 graphite-fiber tapes 
pre-impregnated with 450 0 K eure N armeo 5208 thermosetting epoxy resin. Typi­
eallamina properties for this graphite-epoxy system are 131.0 GPa (19,000 ksi) for 
the longitudinal Young's modulus, 13.0 GPa (1,890 ksi) for the transverse Young's 
modulus, 6.4 GPa (930 ksi) for the in-plane shear modulus, 0.38 for the major 
Poisson's ratio, and 0.14 mm (0.0055 in.) for the lamina thiekness. Eaeh panel 
was loaded in axial eompression using a 1.33 MN (300 kips) eapacity hydraulic 
testing maehine. The loaded ends of the panels were clamped by fixt ures during 
testing and the unloaded edges were simply supported by knife-edge restraints to 
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prevent the panels from buckling as wide columns. Most panels exhibited post­
buckling strength and failed along a nodalline of the buckling mode in a trans verse 
shear failure mode (see [38]). However, a different failure mode was observed for 
some of the 24-ply panels with holes. These panels failed along a transverse line 
passing through the hole, and failed soon after buckling. 

The following three panels, denoted C4, CI0 and H4 in Reference 38, are an­
alyzed, and the present analytical results compared with the experimental results 
of Reference 38. Panel C4 is 50.8 cm by 17.8 cm (20.0 in. long and 7.0 in. wide), 
24-ply orthotropic laminate, (±45/02/ ± 45/02/ ± 45/0/90)8' Panel C4 was ob­
served in the test to buckle into two longitudinal half-waves and one transverse 
half-wave. Panel CI0 is 50.8 cm by 14.0 cm (20.0 in. long by 5.5 in. wide), 24-ply 
quasi-isotropie laminate, (±45/0/90)a,. Panel CI0 was observed in the test to 
buckle into four longitudinal half-waves and one transverse half-wave. The third 
panel, Panel H4 is identical to Panel CI0 except for a 1.91 cm diameter (0.75 in. 
diameter) hole located 19.1 cm (7.5 in.) from one of the loaded edges and along 
the panel centerline. Panel H4 was observed in the test to buckle into four lon­
gitudinal half-waves and one transverse half-wave with the hole located near the 
buckle crest of the second longitudinal half-wave. 

5.7-3 Numerical models 

Finite element models of these panels were developed using 9-node quadrilat­
eral shell elements. The finite element model used in [39] is a continuum-based 
formulation of a laminated 3-D degenerated shell element, 9CR, of Chao and 
Reddy [40]. The incremental equations of a continuous medium are formulated 
on the principle of virtual displacements and the total Lagrangian description (see 
Sec. 3.6). The shell element is obtained from the three-dimensional solid element 
by imposing two constraints: (1) straight lines normal to the midsurface before 
deformation remain straight, but not normal, after deformation; (2) the transverse 
normal components of strain, and hence stress, are ignored in the development. 
These assumptions turn a 3-D theory into a 2-D theory, and the resulting shell 
element is called a 3-D degenerated shell element. The nonlinear formulation ad­
mits large displacements and rotations of the shell element and small strains since 
the thickness does not change and the normal does not distort. 

The final incremental equilibrium equations for an element are of the form [cf. 
Eq. (3.6-1)] 

([KL] + [KNL]Hc5U} = {R} - {F} (5.7 - 1) 

where {c5U} is the vector of nodal incremental displacements in an element, and 
[KL], [KNL], and {F} are defined by Eqs. (3.6~2)-(3.6-4): 
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[KNL] = r [BNL][C][BNL]dV 10' 
{F} = r [BL]{S}dV 10-

Calle Studiell 

(5.7 - 2) 

In these equations, [BL] and [BNL] are linear and nonlinear strain-displacement 
transformation matrices, [Cl is the constitutive elasticity matrix, {S} is a vector 
of 2nd Piola-Kirchhoff stresses, and {R} is the externalload vector. All matrix 
elements refer to the deformed state and are measured with respect to the original 
undeformed configuration. 

In the process of evaluating the integrals in equation (5.7-1) (e.g., [KL], [KNL], 
{F}), we use Gauss quadrature is used in the membrane directions of the shell, 
but explicit integration in the thickness direction. Thus the thickness direction 
integration for matrices [KL] and [KNL] gives the following laminate stiffnesses 
[see Eq. (2.4-24)], 

P I 

[A] = I:[C ]A:((A:+1 - (A:) 
k=l 

1 P I 

[B] = 2" I:[C ]A:((~+1 - (D 
k=l 

1 P I 

[D] = 3" I:[C ]A:((;+1 - q) 
k=l 

(5.7 - 3) 

Here (A: is the thickness coordinate of the bot tom of the kth lamina, P is the 
number of laminae, [c']k is the constitutive matrix for the kth lamina in the 
principal material coordinates, which has the form, 

I _ 

[C] = f([Q],8), (5.7 - 4) 

Q;; are the plane stress-reduced elastic coefficients in the material coordinates, 
and 8 is the lamina orientation angle (see Fig. 2.4-1). For an orthotropic lamina, 
Q;; can be expressed as [see Eq. (2.3-2)] 
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(5.7 - 5) 

where EI, V12, v2I, E2, G13, G23, G12 are the engineering lamina properties and 
K is the shear correction factor taken to be 5/6. 

The modeling approach is based on using six elements per buckle half-wave in 
each direction. Hence, the finite element model of Panel C4 consists of 12 ni ne­
node quadrilateral elements along the panellength, while that of Panel CI0 has 24 
along the length. Thus both panels have 6 elements across the panel width. Figure 
5.7-1a shows the model used for the C4 specimen. The finite element model of 
Panel H4 is different, due to the presence of the hole. This model has four "rings" 
of elements around the hole with each "ring" subdivided into 16 elements, as shown 
in Figure 5.7-1b. The total numbers of 9-node quadrilateral elements in the finite 
element models of Panels C4, CI0, and H4 are 72, 144, and 124, respectively. 

/' 
C4 specimen 
model 

H4 specimen 
model 

~ ~ 
~~, 

-

Figure 5.7-1 Finite element meshes used for panels C4 and H4. 

In order to proceed beyond the critical buckling point in the analysis of each 
panel, we assumed an initial geometrie imperfection, typically the same shape as 
the first linear buckling mode. The amplitude of each mode was selected to be 
1-5% of the total laminate thickness. This allows efficient progress past the critical 
buckling point, but does not affect the results in the postbuckling range. 

5.7-4 Failure analysis 

Two failure criteria, the maximum stress and Tsai-Wu, are used [see Eqs. 
(4.3-1)and (4.3-10)). Any other closed form criteria could have been used. 
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In reality, laminate failure occurs due to propagation of damage as the load 
is increased. To model this effect, an analytical progressive failure technique is 
included in the nonlinear analysis. At each load step, Gauss point stresses are used 
in the selected failure criterion. If failure occurred at a Gauss point, a reduction 
in lamina stiffness was applied to that point which changed the resultant A -
B - D laminate stiffnesses of equation (5.7-3). For example, for the maximum 
stress criterion, if the 0'1 stress exceeds the longitudinal tensile strength XT, then 
the longitudinal modulus E1 at that point is reduced to zero. For the Tsai-Wu 
criterion, if failure occurs, then the following expressions are used to determine 
the failure mode: 

(5.7 - 6) 

The largest Hi term is selected as the dominant failure mode and the corresponding 
modulus is reduced to zero. Thus H1 corresponds to the modulus E1, H2 to E2, H4 
to G23 , H5 to G13, and H6 to G23. As a consequence of this reduction, engineering 
material properties are updated as failure progresses. An outline of the steps used 
is given below: 

1. After nonlinear iterative displacement convergence is achieved, calculate stresses 
in the global (:z:,y,z) coordinates at the middle of each layer at each Gauss 
point. 

2. Transform the stresses to the material coordinates. 

3. Compute the failure index, :F (see Sec. 5.6). 

4. Iffailure occurs (i.e.,:F ~ 1), identify the maximum Hi, re du ce the appropriate 
lamina moduli at that Gauss point, recompute laminate stiffnesses, and restart 
the nonlinear analysis at the same load step. 

5. If no failure occurs, proceed to the next load step. 

The end shortening of the panel is monitored as in a compression test. The 
failure load is defined to be that load for which the panel undergoes large end 
shortening for small increments of load. 

5.7-5 Results for C4 panel 

Comparison between test results from Reference 38 and finite element results 
for Panel C4 are shown in Figure 5.7-2. The figure shown end shortening u, 
normalized by the analytical end shortening U cr at buckling (Fig. 5.7-2a); out-of­
plane deflection w near a point of maximum deflection, normalized by the panel 
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thickness t (Fig. 5. 7-2b)j the longitudinal surface strains e ne ar a point of maxi­
mum out-of-plane deflection, normalized by the analytical buckling strain eer (Fig. 
5.7-2c). These are all shown as a functions of the applied load P, normalized by 
the analytical buckling load Per. The circles in the figure represent test data, 
and the curves denote the results of the nonlinear finite element analyses. These 
experimental and finite element results agree wen up to failure of the panel. The 
postbuckling response exhibits large out-of-plane deflections (nearly three times 
the panel thickness, see Fig. 5. 7-2b) and high longitudinal strains from front and 
back surfaces (nearly three times the analytical buckling strain, see Fig. 5.7-2c). 

3 3 
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(c) Surface strains. 

Figure 5.7-2 Postbuckling response characteristics of specimen C4. 
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Figure 5.7-3a shows a contour plot of the out-of-plane deflections generated 
from the nonlinear analysis at an applied load of 2.1Per . Figure 5.7-3b shows a 
photograph of the Moire-fringe pattern from Reference 38 corresponding to the 
out-of-plane deflections observed during the testing of Panel 04 at the same load. 
These results indicate that the out-of-plane deflections from both test and analysis 
have the same pattern over the entire panel. Both patterns indicate two longitu­
dinal half-waves with a buckling-mode nodalline at panel midlength. 

Stress distributions in each layer of the laminate are analytically evaluated 
using the nonlinear results in order to determine the failure loads. The stresses 
are determined using the constitutive relations for both the in-plane and transverse 
components. In addition, the transverse shear stress distributions are obtained by 
integrating the equilibrium equations and using the in-plane stresses from the 
constitutive relations. 
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Figure 5.7-3 Oomparison of experimental (Moire) and analytical out-of-plane 
defledion patterns for specimen 04. 

Figure 5.7-4 shows the distribution of the peak U zz stress through the thickness 
diredion z, normalized by the laminate thickness h for P = 2.1 Per. It is dear 
that the 0° layers carry the highest transverse shear load. Figure 5.7 -5a shows 
the distribution axial stress U zz over the entire panel in the third layer of the 
laminate (a 0° ply) for an applied load of 2.1Per . This distribution indicates that 
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high compressive axial stresses occur along the longitudinal edges of the panel. 
Figure 5.7-5b indicates the redistribution of the axial stress in this 0° ply at panel 
midlength for three values of the applied load. At the buckling load, the axial 
stress is nearly uniform across the panel. Although the axial stress is large, the 
values are wen below the material allowable values [XT = 1400 MPa (203 ksi) in 
tension; Xc = 1138 MPa (165 ksi) in compression]. 
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Figure 5.7-4 Transverse shear stress, (Tu, distribution through the thickness 

of specimen C4. 
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Figure 5.7-5 Axial stress, (Tz ,distributions in the third layer from the surface 
(0° ply) of the C4 specimen. 
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Figure 5.7-6a shows the distribution of the transverse shear stress U'zz over 
the entire panel in the third layer of the laminate (a 0° ply) for an applied load of 
2.1Pcr ' This distribution indicates that high transverse shear stresses occur along 
the buckling-mode nodalline. Figure 5.7-6b indicates the redistribution of this 
transverse shear stress in this 0° ply at panel midlength for three values of the 
applied load. The solid curves represent the transverse shear stress distributions 
obtained using the constitutive relations, and the dashed curves denote the trans­
verse shearing stress distributions obtained !rom the equilibrium equations. Both 
methods give very similar results. At the buckling load, the peak transverse shear 
stress occurs near the center of the panel. After buckling, the transverse shear 
stresses U'zz redistribute towards the edges of the panel. The peak values of the 
transverse shear stress U'zz approach the material allowable value of S = T = 62 
MPa (9ksi) for P = 2.1 Per, indicating the panel fails due to transverse shear 
stress. 

ksi MPa 

0 ., 
·2 

(J' 'r-Z 
·3 

-4 

·5 

·6 

·7 

·8 

y/b 

(a) Contour plot (b) Stress distributions across panel 

midlength. 

Figure 5.7-6 Transverse shear stress, U'zz, distributions in the third layer from 
the surface (0° ply) of the C4 specimen. 

This failure mode can be further explained through a elose examination of the 
Green-Lagrange strain component Ezz , 

Ez: z = ~ (8U1 + 8U3 + 8U1 8U1 + 8U28u2 + 8U3 8U3) 
2 8z 8:c 8:c 8z 8:c 8z 8:c 8z 

(5.7 - 7) 
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in conjunction with the displacement field of the first-order shear deformation 
theory [cf. Eq. (2.5-1)) 

Ul(Z,y,Z) = u(z,y) + Z(Pl , U2(Z,y,Z) = v(z,y) + Z(P2 , U3(Z,y,Z) = w(z,y) 
(5.7 - 8) 

Substituting equations (5.7-8) into equation (5.7-7) and noting that rP2 = 0 along 
a buckling-mode nodalline, we obtain 

(5.7 - 9) 

The quantity ~~ (out-of-plane deflection gradient) is largest along a buckling-mode 
nodalline and the quantity ~= (related to the membrane strain) is largest along 
the panel edges. A similar examination of the other transverse shearing strain f llz 

leads to the conclusion that the transverse shearing strain f:z: z is the dominant one. 

Figures 5.7-7a and 5.7-7b present the progressive failure results for Panel C4, 
using the maximum stress and Tsai-Wu failure criteria, respectively. In addition 
to the strengths already mentioned, the other allowables are as follows: transverse 
tensile strength of XT = 80.9 MPa (11.7 ksi), transverse compressive strength of 
Xc = 189.0 MPa (27.4 ksi), and in-plane shear strength of T = 69.0 MPa (10.0 
ksi). At some point in the analysis a dramatic change in slope indicates an in ability 
to support additional load. This location is identified as the failure load. Figures 
5.7-7a and 5.7-7b show that the Tsai-Wu criterion estimates the experimental 
failure more closely than the maximum stress criterion. This is attributed to the 
presence of stress interaction terms in the Tsai-Wu criterion failure index. 
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Figure 5.7-7 Progressive failure results of specimen C4. 
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5.7-6 Results for eIO panel 

Figures 5.7-8a and 5.7-8b present comparisons of numerical and experimental 
values of end shortening u and out-of-plane deflection w. In these figures, Eis the 
laminate longitudinal modulus, A is the cross-sectional area, and L is the specimen 
length. Agreement is not as good as in the 04 specimen because extracting non­
normalized experimental data from Reference 38 was difficult. A linear buckling 
analysis shows that the first mode has three longitudinal half-waves and the second 
mode four. The Moire fringe results from Reference 38 in the post buckling range 
exhibited four half-waves. Thus a linear combination of 1.5% panel thickness times 
mode 1 and mode 2 eigenvectors was used to assist in the change that occurs at 
the critical buckling load from the three half-wave to the four half wave mode. 
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Figure 5.7-8 Postbuckling response characteristics of specimen 010. 

A transverse shear failure mechanism develops for this panel, as for Panel 04. 
Each nodalline in the buckling mode develops the high transverse shear stresses, 
with the peak at the midlength of the panel. Figure 5.7-9a shows the distribution 
of U zz in layer 22 (a 0° ply), where the three peak U zz nodalline concentrations can 
be seen. Figure 5.7-9b illustrates the U zz distribution at the experimental failure 
load (1.44Pcr) across the panel width. The results are similar to those obtained 
for Panel 04. 

The progressive failure results for Panel 010 are shown in Figures 5.7-10a 
and 5.7-10b. For this panel the Tsai-Wu results agree extremely weH with the 
experimental results. However, as seen previously for Panel 04, the maximum 
stress criterion results do not agree as weH. 
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(a) Contour plot 
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Figure 5.7-9 Transverse shear stress, U zz , distributions in the twenty-second 
layer from the surface (00 ply) of the C10 specimen. 
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Figure 5.7-10 Progressive failure results of specimen C10. 
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5.7-7 ResuIts far H4 panel 

The H4 specimen was analyzed ta investigate deformation and failure of a panel 
with a hole. Figure 5.7-11a contains a comparison of end shortening obtained nu­
merically and experimentally. Figures 5.7-11b and 5.7-11c show the longitudinal 
surface strains e (both top and bottom surfaces) across the panel at the hole for 
a load of O.90Pcr and 1.39Pcr , respectively. These results are in good agreement 
with experimental results from Reference 38. Linear buckling and postbuckling 
out-of-plane deflection mode shapes for this panel are shown in Figures 5.7-12a 
and 5.7-12b. An imperfection of 1 % of panel thickness times mode 1 was used to 
proceed into the postbuckling range. One can see that four longitudinal half-waves 
develop in the postbuckled range. 

0.004 ,..----------~ 

0.003 

P/EA e 

AnalysIS 

o Test 

0.004 0.006 

u/L 

(a) End shortening. 

-0.016 - Analysis 

o Test 
-0.012 

-0.008 

e 
-0.004 

0 

0.004 

0.008 
0 0.2 0.4 0.6 0.8 

y/b 

-0.008 

-0.006 

-0.004 

-0.002 

o o 

q 

0.2 

I 

" 
J 

~ 

0.4 

y/b 

- Analysis 

0 Test 

~ '" 

0.6 0.8 

(b) Surface strains at P/Pcr = 0.90. 

(c) Surface strains 

at P /P cr = 1.39. 

Figure 5.7-11 Postbuckling response characterstics of specimen H4. 

Analysts should note that if uniformly reduced or selective reduced integration 
were used in the analysis of this panel, it would predict spurious modes. These 
occur because of zero energy modes, and lack of restraint of the model around the 
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hole. Element distortion around the hole could be another contributing factor. It 
is necessary to use full integration to alleviate this problem, and the mesh should 
be sufficiently refined so that locking effects are nep;li~;i.h)~. 

(a) Linear buckling mode 1. 

(b) Postbuckling mode 

at P/Pcr = 1.39. 

Figure 5.7-12 Out-of-plane deflection patterns of specimen H4. 

For the H4 panel, once again, a transverse shear mechanism develops along 
nodallines away from the hole. However, the peak stress only approaches 48.3 MPa 
(7.0 ksi) at the experimental failure load. At this load the in-plane shear stress 
approaches its allowable around the hole. Simultaneous first-ply failure occurs due 
to (1'Zll and (1'u components around the hole edge. Thus the failure mode is not a 
dominant transverse shear mode as for Panels C4 and CID, but a more complex 
interacting mode with a dominant in-plane shear component. Progressive failure 
results are shown in Figures 5.7-I3a and 5.7-I3b. The Tsai-Wu eriterion is, on ce 
again, in better agreement with experimental results. 

5.8. Progressive failure of laminates in bending 

5.8-1 Background 

The eight-noded quadrilateral plate element, QHD4D (see Sec. 3.6), based on a 
seeond-order plate theory is to demonstrate the use of the quadratic failure eriteria 
[42-44] (see Sec. 4.3). The problem selected here is a unidirectionallaminate sub­
jeeted to four-point bending. For a given load, the total and ineremental stresses 
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are calculated at each Gauss point in each element. In-plane stresses are obtained 
from the constitutive equationsj the interlaminar normal and shear stresses are 
calculated from the equilibrium equations, as discussed in Chapter 3. The stresses 
are transformed to the material coordinates and the failure criteria of Hashin [42] 
are used. When failure is detected, the material properties corresponding to that 
failure mode are reduced (to a small value) at that location. Equilibriumiterations 
are performed before incrementing the load. 
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(a) Maximum stress failure criterion. (b) Tsai-Wu failure criterion. 

Figure 5.7-13 Progressive failure results of specimen H4. 

5.8-2 Computational model 

A laminate with twenty four layers is modeled. The elastic constants and 
strengths used are: 

Ell = 190 GPa, E22 = E33 = 11 GPa, G12 = G13 = 7.2 GPa 

V12 = V13 = V23 = 0.38 

XT = Xc = 1502 MPa, YT = 41 MPa, Yc = 250 MPa 

R = S = T = 67.5 MPa and ZT = Zc = 41 MPa (5.8 - 1) 

The criteria of Hashin [42] are selected for their ability to distinguish between 
fiber, matrix, and through-the-thickness failure modes [see Eqs. (4.3-14)-(4.3-
18)]. Furthermore, they can identify whether failure occured in tension or in 
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compression. These criteria are repeated here for the reader's convenience [see 
Eqs. (4.3-14)-{4.3-18)]: 

Fiber failure 

Tensile: 

(5.8 - 2) 

Compressive: 

(5.8 - 3) 

where G1' is resin modulus and k is volume fraction ratio. 

Matriz failure 

Tensile: 

(5.8 - 4) 

Compressive: 

(5.8 - 5) 

Delamination [through- the- thickness] 

(~) 2 + (U~ + un = 1 
ZT R2 

(5.8 - 6) 

The stresses in material coordinates (1,2,3) are computed from the relations 
[see Eq. (2.3-3)] 

U1 = Uz cos2 8 + u y sin2 8 + u zy sin28 

U2 = Uz sin2 8 + uy cos2 8 - uzy sin28 

U3 = U z 

U4 = -Uzz sin 8 + uyz cos 8 
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0"5 = O"zz cos 8 + O"1/Z sin 8 

0"6 = (0"1/-O"z)sin8cos8+O"z1/cos28 (5.8 - 7) 

where (O"z'O"1/,O"Z1/,O"zz'O"1/Z,O"z) are the stresses in the global coordinates. The 
stresses (5.8-7), referred to the material coordinates, are used when checking the 
failure criteria presented in this section. When fiber failure occurs, (0"1,0"6,0"5) are 
assumed to be zero. Thus the only nonzero terms of the constitutive matrix are 
022, 023,033 and 0 44 : 

0"1 011 012 0 13 0 0 0 EI 

0"2 0 21 022 023 0 0 0 E2 

0"3 031 0 32 033 0 0 0 E3 (5.8 - 8) = 
0 0 0 044 0 0 0"4 E4 

0"5 0 0 0 0 0 55 0 E5 

0"6 0 0 0 0 0 066 E6 

After checking for all the possible failures, we use the modified form of the material 
matrix, [0*], to calculate the new total stresses in the lamina: 

{O"l'" = {O"}Ct"-l) + [O*]{ßE} (5.8 - 9) 

After the stresses are updated, the failure criteria are checked on ce again to 
ensure that no further failure has occured in that load increment. Only after this, 
is the load incremented and the entire procedure repeated until final failure is 
reached. U sually, the user defines what constitutes a final failure. 

5.8-3 Results and discussion 

Tables 5.8-1 and 5.8-2 illustrate the type and sequence of damage that has 
occurred in thin and moderately thick unidirectional laminates under four-point­
bending loads. As shown in Table 5.8-1, at load increment 13, tensile fiber failure 
is observed in layers 21-24, and this mode was accompanied by tensile matrix 
failure at the same load level in layers 19-23. Furthermore, compression fiber 
failure mode is observed in layers 1-4 for the same load increment. Note that the 
fiber failure at the outermost laminate proceeds rapidly toward the center and the 
ultimate failure occurs within 4% of the initiation load. Table 5.8-2 illustrates the 
damage progression in a thicker laminate (side-to-thickness ratio is 8). Note that 
the progression is from the center toward the outer layers of the laminate. Figure 
5.8-1 is quite revealing. For the same configuration of Table 5.8-1, the total strain 
energy of an element is displayed as a function of load increments throughout the 
laminate. Note the discontinuity in the curve, which is due to the damage observed 
in the layers within a given increment. The damaged layers are the ones with the 
very low strain energy magnitudes, as illustrated in this figure. 
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Table 5.8-1 Damage progression* in a 24-ply laminate [0124 with side-to­
thickness ratio S = 100 under four-point bending load (P141 P13 = 
1.04). 

Ply No. TF CF TM CM DL 

1 0 13 0 0 0 

2 0 13 0 0 0 

3 0 13 0 0 0 

4 0 13 0 0 0 

5 0 14 0 0 0 

6 0 14 0 0 0 

7 0 14 0 0 0 

8 0 14 0 0 0 

9 0 14 0 0 0 

10 0 0 0 0 0 

11 0 0 0 0 0 

12 0 0 0 0 0 

13 0 0 0 0 0 

14 0 0 0 0 0 

15 0 0 0 0 0 
16 14 0 14 0 0 

17 14 0 14 0 0 

18 14 0 14 0 0 

19 14 0 13 0 0 

20 14 0 13 0 0 

21 13 0 13 0 0 

22 13 0 13 0 0 

23 13 0 13 0 0 

24 13 0 0 0 0 

*The numbers in the table denote the load increment number for various 
failures. TF = Tensile fiber failure; CF = Compressive fiber failure; TM = Tensile 
matrix failurej CM = Compressive matrix failure; DL = Delamination. 
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Table 5.8-2 Damage progression* in a 24-ply laminate [0124 with side-to­
thickness ratio S = 8 under four-point bending load (Pn / P6 = 
1.20). 

Ply No. TF CF TM CM DL 

1 0 0 0 0 0 

2 0 0 0 0 0 

3 0 0 0 0 0 

4 0 0 0 0 0 

5 0 0 0 0 0 

6 0 0 0 0 0 

7 0 0 0 0 11 

8 0 0 0 10 10 

9 0 0 0 9 8 

10 0 0 0 7 6 

11 0 0 0 6 6 

12 0 0 0 6 6 

13 6 0 6 6 6 

14 6 0 6 6 6 

15 6 0 6 6 6 

16 7 0 6 7 7 

17 7 0 7 8 8 

18 8 0 8 9 9 

19 10 0 9 10 10 

20 0 0 11 0 0 

21 0 0 0 0 0 

22 0 0 0 0 0 

23 0 0 0 0 0 

24 0 0 0 0 0 

*see the foot note of Table 5.8-1. 
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Figure 5.8-1 Failure progression of four-point bend test (8 = 100). 

References 

1. Andrews, S. D., Oehoa, O. 0., and Owens, S., "Influenee of Manufacturing De­
feets on Fatigue Life of Composite Bolted Joints," Recent Advance8 in Struc­
tural Mechanic8, PVP Vol. 225, pp. 51-56, Ameriean Soeiety of Meehanieal 
Engineers, New York (1991). 

2. De Jong, T., "Stresses Around Pin Loaded Holes in Elastieally Orthotropie or 
Isotropie Plates," Journal 01 Comp08ite Materials, 11 (7), pp. 313-331 (1977). 

3. Matthews, F. L., Wong, C. M., and Chryssafitis, S., "Stress Distribution 
Around a Sinßle Bolt in Fibre Reinforeed Plastie," Composite8, 13 (3), pp. 
316-322 (1982). 

4. Algor SD22SC Composite Element Referenee Manual, Algor Interaetive Sys­
tems, Ine., Seetion IV.15, (1988). 

5. Cheng, Y. F., "Elastie Properties and Stress Coneentrations at a Hole in Some 
Composite Laminates," Fibre Science and Technology, 8, pp. 145-163 (1975). 



195 Case Stv,die6 

6. Shastry, B. P. and Rao, G. V., "Effect of Fibre Orientation on Stress Concen­
tration in a Unidirectional Tensile Laminate of Finite Width with a Central 
Circular Hole," Fibre Science and Technology, 10, pp. 151-154 (1977). 

7. Tan, S. C., "Notched Strength Prediction and Design of Laminated Composites 
Under In-Plane Loadings," Journal 01 Composite Materials, 21, pp. 750-780 
(1987). 

8. Tan, S. C., "Laminated Composite Containing an Elliptical Opening. I. Ap­
proximate Stress Analyses and Fracture Models," Journal 01 Composite Ma­
terials, 21, pp. 925-948 (1987). 

9. Tan, S. C., "Laminated Composites Containing an Elliptical Opening. II. 
Experiment and Model Verification," Journal 01 Composite Materials, 21, pp. 
949-968 (1987). 

10. Lin, J. and Ueng, C. E. S., "Stress Concentrations in Orthotropic Laminates 
Containing Two Elliptical Holes," Composite Structures 4, I. H. Marshall (ed.), 
Elsevier Applied Science, London, Chapter 2, pp. 419-430 (1984). 

11. Fan, W. and Wu, J., "Stress Concentration of a Laminate Weakened by Mul­
tiple Holes," Composite Structures, 10, pp. 303-319 (1988). 

12. Walsh, T. J. and Ochoa, O. 0., "Characterization of Stiffened Panels with 
Cutouts," Proc. 01 9rd Int. Conl. on Computational Engineering Science, 
Melbourne, Australia, pp. 776-771, August 11-16 (1991). 

13. Walsh, T. J., "Cutouts in Composites," M. S. Thesis, Texas A&M University, 
College Station, TX, May 1991. 

14. "PATRAN Plus User Manual," PDA Engineering - PATRAN Division, 
Release 2.3 (1988). 

15. "ABAQUS User's Manual," Hibbet, Karlsson, & Sorensen, Inc. Version 4.7 
(1988). 

16. Buckly, J. D., "Carbon-Carbon Composites, An Overview," Ceramic Bulletin, 
67 (2), pp. 364-368 (1988). 

17. Avery, W. B., and Herakovich, C. T., "A Study of the Mechanical Behav­
ior of a 2D Carbon-Carbon Composite," CCMS-87-13, Center for Composite 
Materials and Structures, Virginia Polytechnic Institute and State University, 
Blacksburg, VA, August 1987. 

18. Ochoa, O. 0., Aikens, Q. Y., and Engblom, J. J., "An Integrated Numerical 
and Statistical Model fro Woven 2D Carbon-Carbon Composites," The Me­
chanics 01 Composites at Elevated and Cryogenic Temperatures, S. N. Singhal, 
W. F. Jones, and C. T. Herakovich (eds.), AMD Vol. 118, The American 
Society of Mechanical Engineers, New York, pp. 157-170 (1991). 

19. Ochoa, O. 0., Aikens, Q. Y., and Engblom, J. J., "Thermomechanical Re­
sponse Characterization of High Temperature Structures," Report No. RF6386, 
Texas A&M University, College Station, TX, March 1991. 



Ana11l6i8 0/ Comp06ite Laminate6 196 

20. Ochoa, O. 0., "Efficient Numerical Models to Emulate Inherent Defects in 
Brittle Composites," Damage and Ozidation Protection in High Temperature 
Gomp08ite8, Haritos, G. and Ochoa, O. O. (eds.), AD Vol. 25-1, The American 
Society of Mechanical Engineers, New York, pp. 147-153 (1991). 

21. Lekhnitskii, S. G., Theory 01 Ela8ticity 01 an AniJotropic Ela8tic Body, San 
Francisco, California: Holden-Day (1963). 

22. Ross, G. R. and Ochoa, O. 0., "Environment al Effects on Unsymmetric Com­
posite Laminates," Journal 01 Thermopla8tic Gomp08ite8, 4, pp. 266-284 
(1991 ). 

23. Chan, W. S. and o. o. Ochoa, "An Integrated Finite Element Model of Edge­
delamination Analysis for Laminates due to Tension, Bending, and Torsion 
Loads," AI AAl AS M E lASe E I AH S 28th Structure8, Structural Dynamic8 
and Material8 Gonlerence, April 6-8, 1987, Monterey, CA, pp. 27-35 (1987). 

24. Turvey, G. J., "An Initial Flexural Failure Analysis of Symmetrieally Lami­
nated Cross-ply Reetangular Plates," Journal 01 Solid8 and Structure8, 16 (5), 
pp. 451-63 (1980). 

25. Turvey, G. J., "Flexural Failure Analysis of Angle-Ply Laminates of GFRP 
and CFRP," Journal 01 Strain AnalY8i8, 15(1), pp. 43-49 (1980). 

26. Turvey, G. J., "A Study of the Onset of Flexural Failure in Cross-Ply Lami­
nated Strips," Fibre Science and Technology, 13(5), pp. 325-336 (1980). 

27. Turvey, G. J., "Initial Flexural Failure of Square, Simply supported, Angle-Ply 
Pates," Fibre Science and Technology, 15(1), pp. 47-63 (1981). 

28. Turvey, G. J., "Uniformly Loaded, Antisymmetrie Cross-Ply laminated, Rect­
angular Plates: an Initial Flexural Failure Analysis," Fibre Science and Tech­
nology, 15 (1), pp. 1-10 (1982). 

29. Turvey, G. J., "Effeets of Shear Deformation on the Onset of Flexural Failure 
in Symmetrie Cross-Ply Laminated Rectangular Plates," Gomp08ite Structure8 
4,1. H. Marshali (ed.), Elsevier Applied Seienee, London, Chapter 11, 141-146 
(1987). 

30. Reddy, J. N., "A Simple Higher-Order Theory for Laminated Composite Plates," 
Journal 01 Applied Mechanic8, 51 (4), pp. 745-52 (1984). 

31. Reddy, J. N., and Pandey, A. J., "A First-Ply Failure Analysis of Composite 
Laminates," Gomputer8 and Structure8, 25 (3) , pp. 371-393 (1987). 

32. Turvey, G. J., and Osman, M. Y., "Exaet and approximate linear and non­
linear initial failure analysis of laminate mindlin plates in flexure," Gomp08ite 
Structure8 5, 1. H. Marshali (ed.), Elsevier Applied Seience, London, Chapter 
4, pp. 133-171 (1989). 

33. Reddy, Y. S. N. and Reddy, J. N., "Linear and Non-Linear Failure Analy­
sis of Composite Laminates with Transverse Shear," Gomp08ite8 Science and 
Technology, 44, pp. 227-255 (1992). 



197 Ca&e Studie& 

34. Reddy, J. N., "A Penalty Plate-Bending Element for the Analysis of Laminated 
Anisotropie Composite Plates," International Journal for Numerical Methods 
in Engineering, 15, pp. 1187-1206 (1980). 

35. Reddy, J. N., Energy and Variation al Methods in Applied Mechanics, John 
Wiley, New York, p. 389 (1984). 

36. Reddy, J. N., "Analysis of Layered Composite Plates Aeeounting for Large 
Deflections and Transverse Shear Strains," Recent Advance8 in Non-Linear 
Computational Mechanics, E. Hinton, D. R. J. Owen and C. Taylor (eds.), pp. 
155-202 (1982). 

37. Reddy, J. N., "Geometrieally Nonlinear Transient Analysis ofLaminated Com­
posite Plates," AIAA Journal, 21 (4), pp. 621-629 (1983). 

38. Starnes, J. H., Jr., and Rouse, M., "Postbuekling and Failure Characteristies 
of Selected Flat Rectangular Graphite-Epoxy Plates Loaded in Compression," 
AIAA Paper No. 81-0543 (1981). 

39. Engelstad, S. P., Reddy, J. N. and N. F. Knight, Jr., "Postbuekling Response 
and Failure Prediction of Flat Rectangular Grpahite-Epoxy Plates Loaded 
in Axial Compression," AI AAl AS M EI ASe E I AH SI Ase 32nd Structure8, 
Structural Dynamics, and Materials Conference, April 8-10, 1991, Baltimore, 
MD, Paper No. AIAA-91-0910-CP. 

40. Chao, W. C., and Reddy, J. N., "Analysis of Laminated Composite Shells Us­
ing aDegenerated 3-D Element," International Journal for Numerical Method8 
in Engineering, 20, pp. 1991-2007 (1984). 

41. Engelstad, S. P., Knight, Jr., N. F., and Reddy, J. N., "Interlaminar Shear 
Stress Effeets on the Postbuekling Response of Graphite-Epoxy Panels," NASA 
TM-I02626 (1990); also to appear in AIAA Journal. 

42. Hashin, Z., "Failure Criteria for Unidireetional Composites," J. Applied Me­
chanic8, 47, pp. 329-334 (1980). 

43. Soni, S. R., "A New Look at Commonly Used Failure Theories in Composite 
Laminates," 24th SDM Conference, p. 171 (1983). 

44. Oehoa, O. O. and Engbiom, J. J., "Analysis of Progressive Failure in Compos­
ites," Composite Science and Technology, 28 (2), pp. 87-102 (1987). 



Subject Index 

Allowables, 13,121,122,182 
Anisotropie material, 1,2,5-10 

Base points, 63 
Barlow points, 66 
Bending, 73-76, 80-103,188-191 
Bending stiffnesses, 21 
Bending-extensional eoupling stiffnesses, 21 
Boundary eonditions, clamped, 75,166 
Boundary eonditions, essential (or geometrie), 19,28 
Boundary eonditions, for angle-ply laminates, 74,75 
Boundary eonditions, for eross-ply laminates, 74,75 
Boundary eonditions, imposition of, 44 
Boundary eonditions, for inplane loads, 166 
Boundary eonditions, natural (or force), 19,28 
Boundary eonditions, simply supported, 74,75,164,166 
Buekling analysis, 59,102-105 
Buekling loads, 59,60,180-184 
Buekling modes, 181 

CO Elements, 48,54 
cm Elements, 48 
Carbon-Carbon eomposites, 118,148 
Classieallaminated plate theory, see: Plate theory 



Analysi8 01 Composite Laminates 

Compatible element, 43 
Composite material, 1 
Composite structures, 1 
Computation of strains, 65 
Computation of stresses, 65 
Conforming elements, 49,50 
Constitutive equations, 6-12,21,191 
Constitutive equations, laminate, 21,22 
Continuum approach, 112 
Continuum elements, 69-72,99 
Continuum formulation, 69-72 
Coordinate transformation, 12 
Coordinates, material, see: Material coordinateJ 
Curvatures, 17 
Cut outs, 138 
Cylindrical bending, 79 

Damage, 111-121 
Damage mechanisms, 114 
Degenerated 3-D element, 71 
Delamination, 111,116-120,122,127,131-138,146,157 
Direct iteration, 67 
Direction eosines, 20 
Displacement field, classical theory, 14 
Displacement field, first-order, 24,26,184 
Displacement field, layerwise, 31 
Displacement field, second-order, 26 
Displacement field, third-order, 25,26 
Displacements, generalized, 48,68 
Distorted elements, 81,85 

Eigenvalue analysis, 104 
Elastic coefficients, 6 
Elements, brick, 140,142 
Elements, compatible, 43 
Elements, Co, 48,54 

Elements, Cl, 48 
Elements, shell, 71,140,176 
Equilibrium equations, see: EquationJ 0/ equilibrium 

200 



201 

Equations of equilibrium, 3-D elasticity, 66 
Equations of equilibrium, first-order theory, 53 
Equations of equilibrium, layerwise theory, 33 
Equations of motion, classical theory, 18,19,22,23 
Equations of motion, 3-D elasticity, 20,21 
Equations of motion, first-order theory, 27,28-30 
Energy principle, 18 
Engineering constants, 9,11 
Environmental effects, 155-161 
Error criterion, 68 
Extensional stiffnesses, 21 

Failures, 111,127,161-193 
Failures, fiber, 127,190 
Failures, first ply, 161-174 
Failures, matrix, 127 
Failures, progressive, 131,175,178,179,188-194 
Failure criteria, 121-127,152,162 
Failure criteria, Hashin's, 127,189,190 
Failure criteria, independent, 122 
Failure criteria, polynomial, 123 
Failure criterion, maximum stress, 123,179,184,186,189 
Failure criterion, maximum strain, 124,152,162 
Failure criterion, Tsai-Hill, 125,186 
Failure criterion, Tsai-Wu, 125,184,186,189 
Failure index, 162,179 
Fiber breakage, 111,112,114 
Fiber fracture: see Fiber breakage 
Fiber-matrix debond, 111,114 
Finite element method, 38-45 
Finite element model, 39,46,54 
Finite element model, classical plate theory, 48-52 
Finite element model, dynamic case, 57 
Finite element model, first order theory, 54-56 
Finite element model, layerwise theory, 34 
Finite element model, nonlinear case, 52 
Finite elements, brick, 140 
Finite elements, Hermite family of, 48,50 
Finite elements, Lagrange family of, 48,50 
Finite elements, shell, 71,140,176 

Subject Indez 



Analysis 0/ Composite Laminates 202 

First order shear deformation theory, see: Laminated plate theory 
First-ply failure load, 169,171-174 
Foree eomputation, see: Nodal forcea 
Foree resultants, 19,28,46 
Four-point bend test, 188,194 
Free edge, 146,157 
Fundamental frequeney, 76-78 

Gauss points, 64,72,90 
Gauss weights, 63 
Gauss quadrature, 65,72,177; als see: Numerical integration 
Generalized displaeements, 48 
Generalized Hooke's law, 6 
Geometrie nonlinearity, 52,57,69,93-98,102-105 
Geometrie stiffness matrix, 59 
Global to loeal transformation, 141,142 

Hat-stiffened panel, 142 
Hashin's failure eriteria, see: Failure criteria 
Hermite interpolation functions, see: Interpolation functiona 
Heterogeneous material, 5,6 
Homogeneous material, 5,6 
Hot/wet eonditions, 158 
Hooke's law, generalized, 6 
Hygrothermal effects, 158,160 

Ineremental formulations, 69-73 
Inplane stresses, 6 
Interlaminar stresses, 16,72,155,161,175 
Integration, see: Numerical integration 
Interply damage, 116 
Interpolation, Co, 48 
Interpolation, Cl, 48 
Interpolation functions, 31,39,48-50,54,57,71 
Interpolation functions, global, 30 
Interpolation functions, Hermite, 48,50 
Interpolation functions, Lagrange, 30,48,50,54 
Intra-ply damage, 114,115 



203 

Isoparametrie formulation, 64 
Isotropie material, 1,6,10 
Iterative schemes, 67,68 

Jacobian,64 

Kirchhoff-Love hypothesis, 13-15 
Kinematics of, first order theory, 27 
Kinematics of, layerwise theory, 32 

Lagrange interpolation functions, see: Interpolation functions 
Lamina, 113,114 
Laminate constitutive equations, 21 
Laminate coordinates, 21,22 
Laminate stiffnesses, 21,22,28,29,73,177 
Laminates, antisymmetrie, 73-75,93,104,164 
Laminates, angle-ply, 73,164 
Laminates, cross-ply, 73-75,119,164 
Laminates, quasi-isotropie, 112 
Laminates, symmetrie, 75,119,157,161,164 
Laminates, uncoupled, 29 
Laminates, unsymmetric, 155,161 
Lamination angle, 12,22 
Lamination scheme, 12, 143 
Laminated plate theory, classical, 12-20 
Laminated plate theory, first-order, 24-29 
Laminated plate theory, layerwise, 30-32 
Laminated plate theory, second-order, 25 
Laminated plate theory, third-order, 24-26 
Layerwise elements, 89-94 
Layerwise theory, 31-32 
Levy's solutions, 37 

Mass inertias, 19 
Mass matrices, 58 
Material coordinates, 8,21,28,179,190 
Material properties, 73,93-95,98,100,103,132,140,151,157,164,175,189 

Subject Indez 



Anal1l6i6 0/ Composite Laminates 

Material stiffnesses, 6,21,22,28 
Material stiffnesses, transformed, 21,22 
Matrix cracks, 111,112,114,115 
Matrix material, 1,149 
Maximum strain criterion, see: Failure eriterion 
Maximum stress criterion, see: Failure eriterion 
Membrane strains, 17 
Mesh generation, 40 
Mesh refinement, 40,41 
Mindlin's plate theory, see: Fir8t-order 8hear deformation theory 
Mode of failure, 127 
Moment resultants, 18,46 
Monoclinic material, 8 

Natural coordinates, 64 
Natural vibration, 58,74-78 
Navier's solutions, 37,96 
Newmark integration scheme, 59-61; see also: Time approzimation 
Newton-Raphson iteration, 68,69,162 
Non-conforming elements, 49,50 
Nodal forces, 43,44,141 
Nonlinearity, see: Geometrie nonlinearity 
Nonlinear models, see: Geometrie nonlinearity 
Normalized coordinates, see: Natural eoordinate8 
Numerical integration, 63-65,72,177 
Numerical integration, reduced, 62,63,65,140,152,162 

Orthotropic material, 9,11,151 
Out-of-plane stresses, 6 

Picard's method, see: Direct iteration 
Plane of elastic symmetry, 8,10 
Plane stress-reduced stiffnesses, 12,177 
Plate theory: see Laminated plate theory 
Ply, see: Lamina 
Postbuckling, 105,175-189 
Principal material directions, 12 
Principle of virtual displacements, 18 

204 



205 

Progressive failure, 175,188 

Quadrature, see: Numerieal integration 

Reddy's layerwise theory, 31-34 
Reddy's third-order theory, 25,26 
Reduced integration, see N umerical integration 
Resultants, see: Stre8S re3ultants 
Rotary inertia, 19-21 

Sampling points, see: Base points 
Semidiscretization, 57,58 
Shear correction factors, 24,28,73 
Shear deformation, 24 
Shear locking, 62,162 
Shear-lag model, 111 
Sinusoidalload, 81,85,90-94 
Stability analysis: see buekling analysis 
Stability criterion, 61 
Stability matrix, see: Geometrie stiffness matrix 
Stability of a numerical scheme, 61 
Stacking sequence: see Lamination scheme 
Stiffness reduction, 111,112,121,179 
Stiffnesses, see: Laminate 3tijjne33e3 
Strain-displacement relations, 16,17,27,32 
Strain energy density, 8 
Strain energy release rates, 112,122 
Strengths,122-127,192 
Stress concentration, 145 
Stress resultants, 18,20,28,32 
Stress-Strain equations, see: Constitutive equations 
Sublaminate buckling, 120 

Tangent stiffness matrix, 68 
Temporal approximation, see: Time approximation 

Thickness coordinates, 22 
Time approximation, 60-62 

Subject Indez 



Analysis 0/ Composite Laminates 

Total Lagrangian formulation, 69,70 
Transformation equations, for strains, 66 
Transformation equations, for coordinates, 12 
Transformation equations, for stiffnesses, 22 
Transformation equations, for strains, 66 
Transformation equations, for stresses, 12 
Transformation equations, of material stiffnesses, 21 
Transition elements, 42,43 
Transversely isotropie, 10 
Tsai-Wu failure criterion, see: Failure criterion 
Tsai-Hill failure criterion, see: Failure criterion 

Unit cell, 149-154 
Updated Lagrangian formulation, 69,70 

Vibration: see Natural vibration 
Voids,151 
von K,l.rman strains, 16,17,25,32,57,67 

Weak form, 46,47,54 
Weight functions, 47 
Weights,63 
Weighted-integral form, see: Weak form 
Woven composites, 148-155 

206 



Mechanics 

FLUID MECHANICS AND ITS APPLICA TIONS 

Series Editor: R. Moreau 

Aims and Scope 0/ the Series 

The purpose of this series is to focus on subjects in which fluid mechanics plays a fundamental 
role. As weIl as the more traditional applications of aeronautics, hydraulics, heat and mass transfer 
etc., books will be published dealing with topics which are currently in astate of rapid develop­
ment, such as turbulence, suspensions and multiphase fluids, super and hypersonic flows and 
numerical modelling techniques. It is a widely held view that it is the interdisciplinary subjects that 
will receive intense scientific attention, bringing them to the forefront of technological advance­
ment. Fluids have the ability to transport matter and its properties as weIl as transmit forc i>, 
therefore fluid mechanics is a subject that is particularly open to cross fertilisation with other 
sciences and disciplines of engineering. The subject of fluid mechanics will be highly relevant in 
domains such as chemical, metaIlurgical, biological and ecological engineering. This series is 
particularly open to such new multidisciplinary domains. 

1. M. Lesieur: Turbulence in Fluids. 2nd rev. ed., 1990 ISBN 0-7923-0645-7 
2. O. Metais and M. Lesieur (eds.): Turbulence and Coherent Structures. 1991 

ISBN 0-7923-0646-5 
3. R. Moreau: Magnetohydrodynamics. 1990 ISBN 0-7923-0937-5 
4. E. Cousto1s (ed.): Turbulence Control by Passive Means. 1990 ISBN 0-7923-1020-9 
5. A. A. Borissov (ed.): Dynamic Structure of Detonation in Gaseous and Dispersed Media. 

1991 ISBN 0-7923-1340-2 
6. K.-S. Choi (ed.): Recent Developments in Turbulence Management. 1991 

ISBN 0-7923-1477-8 
7. E.P. Evans and B. Coulbeck (eds.): Pipeline Systems. 1992 ISBN 0-7923-1668-1 
8. B. Nau (ed.): Fluid Sealing. 1992 ISBN 0-7923-1669-X 
9. T.K.S. Murthy (ed.): Computational Methods in Hypersonic Aerodynamics. 1992 

ISBN 0-7923-1673-8 
10. R. King (ed.): Fluid Mechanics of Mixing. Modelling, Operations and Experimental Tech-

niques.1992 ISBN 0-7923-1720-3 
11. Z. Han & X. Yin: Shock Dynamies. 1992 ISBN 0-7923-1746-7 
12. L. Svarovsky and M.T. Thew (eds.): Hydrocyclones. Analysis and Applications. 1992 

ISBN 0-7923-1876-5 
13. A. Lichtarowicz (ed.): Jet Cutting Technology. 1992 ISBN 0-7923-1979-6 

Kluwer Academic Publishers - Dordrecht / Boston / London 



Mechanics 

SOLID MECHANICS AND ITS APPLICA TIONS 
Series Editor: G.M.L. Gladwell 

Aims and Scope ofthe Series 

The fundamental questions arising in mechanics are: Why?, How?, and How much? The aim of this 
series is to provide lucid accounts written by authoritative researchers giving vision and insight in 
answering these questions on the subject of mechanics as it relates to solids. The scope of the series 
covers the entire spectrum of solid mechanics. Thus it inc\udes the foundation of mechanics; 
variational formulations; computational mechanics; statics, kinematics and dynamics of rigid and 
elastic bodies; vibrations of solids and structures; dynamical systems and chaos; the theories of 
elasticity, plasticity and viscoelasticity; composite materials; rods, beams, shells and membranes; 
structural control and stability; soils, rocks and geomechanics; fracture; tribology; experimental 
mechanics; biomechanics and machine design. 

1. R.T. Haftka, Z. Gürdal and M.P. Kamat: Elements 01 Structural Optimization. 2nd rev.ed., 
1990 ISBN 0-7923-0608-2 

2. J.J. Kalker: Three-Dimensional Elastic Bodies in Rolling Contact. 1990 
ISBN 0-7923-0712-7 

3. P. Karasudhi: F oundations 01 Solid Mechanics. 1991 ISBN 0-7923-0772-0 
4. N. Kikuchi: Computational Methods in Contact Mechanics. (forthcoming) 

ISBN 0-7923-0773-9 
5. Y.K. Cheung and A.Y.T. Leung: Finite Element Methods in Dynamics. 1991 

ISBN 0-7923-1313-5 
6. J.F. Doyle: Static and Dynamic Analysis 01 Structures. With an Emphasis on Mechanics and 

Computer Matrix Methods. 1991 ISBN 0-7923-1124-8; Pb 0-7923-1208-2 
7. 0.0. Ochoa and J.N. Reddy: Finite Element Analysis olComposite Laminates. 

ISBN 0-7923-1125-6 
8. M.H. Aliabadi and D.P. Rooke: Numerical Fracture Mechanics. ISBN 0-7923-1175-2 
9. J. Angeles and C.S. L6pez-Cajun: Optimization olCam Mechanisms. 1991 

ISBN 0-7923-1355-0 
10. D.E. Grierson, A. Franchi and P. Riva: Progress in Structural Engineering. 1991 

ISBN 0-7923-1396-8 
11. R.T. Haftka and Z. Gürdal: Elements 01 Structural Optimization. 3rd rev. and exp. ed. 1992 

ISBN 0-7923-1504-9; Pb 0-7923-1505-7 
12. J.R. Barber: Elasticity. 1992 ISBN 0-7923-1609-6; Pb 0-7923-161O-X 
13. H.S. Tzou and G.L. Anderson (eds.): Intelligent Structural Systems. 1992 

14. E.E. Gdoutos: Fracture Mechanics. An Introduction 
15. J.P. Ward: Solid Mechanics. An Introduction. 1992 
16. M. Farshad: Design and Analysis 01 Shell Structures. 1992 

ISBN 0-7923-1920-6 
ISBN 0-7923-1932-X 
ISBN 0-7923-1949-4 
ISBN 0-7923-1950-8 

Kluwer Academic Publishers - Dordrecht / Boston / London 



Mechanics 

From 1990, books on the subject of mechanics will be published under two series: 
FLUID MECHANICS AND ITS APPLICA TlONS 

Serfes Editor: R.J. Moreau 
SOLID MECHANICS AND ITS APPLICA TlONS 

Series Editor: G.M.L. Gladwell 

Prior to 1990, the books Iisted below were published in the respective series indicated below. 

MECHANICS: DYNAMICAL SYSTEMS 

Editors: L. Meirovitch and G.Al. Oravas 

1. E.H. Dowell: Aeroelasticity 0/ Plates and Shells. 1975 ISBN 90-286-0404-9 
2. D.G.B. Edelen: Lagrangian Mechanics 0/ Nonconservative Nonholonomic Systems. 

1977 ISBN 90-286-0077-9 
3. J.L. Junkins: An Introduction to Optimal Estimation 0/ Dynamical Systems. 1978 

ISBN 90-286-0067-1 
4. E.H. Dowell (ed.), H.C. Curtiss Jr., R.H. Scanlan and F. Sisto: A Modern Course in 

Aeroelasticity. Revised and enlarged edition see under Volume J J 
5. L. Meirovitch: Computational Methods in Structural Dynamies. 1980 

ISBN 90-286-0580-0 
6. B. Skalmierski and A. Tylikowski: Stochastic Processes in Dynamies. Revised and 

enlarged translation. 1982 ISBN 90-247-2686-7 
7. P.C. Müller and W.O. Schiehlen: Linear Vibrations. A Theoretical Treatment of MuIti-

degree-of-freedom Vibrating Systems. 1985 ISBN 90-247-2983-1 
8. Gh. Buzdugan, E. Mihililescu and M. Rade~: Vibration Measurement. 1986 

ISBN 90-247-3111-9 
9. G.M.L. Gladwell: Inverse Problems in Vibration. 1987 ISBN 90-247-3408-8 

10. G.1. Schueller and M. Shinozuka: Stochastic Methods in Structural Dynamies. 1987 
ISBN 90-247-3611-0 

11. E.H. Dowell (ed.), H.C. Curtiss Jr., R.H. Scanlan and F. Sisto: A Modern Course in 
Aeroelasticity. Second revised and enlarged edition (of Volume 4). 1989 

ISBN Hb 0-7923-0062-9; Pb 0-7923-0185-4 
12. W. Szempliriska-Stupnicka: The Behavior 0/ Nonlinear Vibrating Systems. Volume I: 

Fundamental Concepts and Methods: Applications to Single-Degree-of-Freedom 
Systems. 1990 ISBN 0-7923-0368-7 

13. W. Szempliriska-Stupnicka: The Behavior 0/ Nonlinear Vibrating Systems. Volume 11: 
Advanced Concepts and Applications to MuIti-Degree-of-Freedom Systems. 1990 

ISBN 0-7923-0369-5 
Set ISBN (Vols. 12-13) 0-7923-0370-9 

MECHANICS OF STRUCTURAL SYSTEMS 

Editors: J.S. Przemieniecki and G.Al. Oravas 

1. L. Fryoa: Vibration 0/ So lids and Structures under Moving Loads. 1970 
ISBN 90-01-32420-2 

2. K. Marguerre and K. Wölfel: Mechanics o/Vibration. 1979 ISBN 90-286-0086-8 



Mechanics 
3. E.B. Magrab: Vibrations 01 Elastic Structural Members. 1979 ISBN 90-286-0207-0 
4. R.T. Haftka and M.P. Kamat: Elements 01 Structural Optimization. 1985 

Revised and enlarged edition see under Solid Mechanies and Its Applications, Volume 1 

5. J.R. Vinson and R.L. Sierakowski: The Behavior 01 Structures Composed 01 Composite 
Materials. 1986 ISBN Hb 90-247-3125-9; Pb 90-247-3578-5 

6. B.E. Gatewood: Virtual Principles in Aircrajt Structures. Volume 1: Analysis. 1989 
ISBN 90-247-3754-0 

7. B.E. Gatewood: Virtual Principles in Aircralt Structures. Volume 2: Design, Plates, 
Finite Elements. 1989 ISBN 90-247-3755-9 

Set (Gatewood 1 + 2) ISBN 90-247-3753-2 

MECHANICS OF ELASTIC AND INELASTIC SOLIDS 

Editors: S. Nemat-Nasser and G.lE. Oravas 

1. G.M.L. Gladwell: Contact Problems in the Classical Theory 01 Elasticity. 1980 
ISBN Hb 90-286-0440-5; Pb 90-286-0760-9 

2. G. Wempner: Mechanics 01 Solids with Applications to Thin Bodies. 1981 
ISBN 90-286-0880-X 

3. T. Mura: Micromechanics 01 Delects in Solids. 2nd revised edition, 1987 
ISBN 90-247-3343-X 

4. R.G. Payton: Elastic Wave Propagation in Transversely Isotropic Media. 1983 
ISBN 90-247-2843-6 

5. S. Nemat-Nasser, H. AM and S. Hirakawa (eds.): Hydraulic Fracturing and Geother-
mal Energy. 1983 ISBN 90-247-2855-X 

6. S. Nemat-Nasser, R.J. Asaro and G.A. Hegemier (eds.): Theoretical Foundation lor 
Lm'ge-scale Computations 01 Nonlinear Material Behavior. 1984 ISBN 90-247-3092-9 

7. N. Cristescu: Rock Rheology. 1988 ISBN 90-247-3660-9 
8. G.I.N. Rozvany: Structural Design via Optimality Criteria. The Prager Approach to 

Structural0ptimization.1989 ISBN 90-247-3613-7 

MECHANICS OF SURFACE STRUCTURES 

Editors: W.A. Nash and G.lE. Oravas 

1. P. Seide: Small Elastic Delormations olThin Shells. 1975 ISBN 90-286-0064-7 
2. V. Panc: Theories 01 Elastic Plates. 1975 ISBN 90-286-01 04-X 
3. J.L. Nowinski: Theory olThermoelasticity with Applications. 1978 

ISBN 90-286-0457-X 
4. S. Lukasiewicz: Local Loads in Plates and Shells. 1979 ISBN 90-286-0047-7 
5. C. Fii't: Statics, Formjinding and Dynamics 01 Air-supported Membrane Structures. 

1983 ISBN 90-247-2672-7 
6. Y. Kai-yuan (ed.): Progress in Applied Mechanics. The Chien Wei-zang Anniversary 

Volume.1987 ISBN 90-247-3249-2 
7. R. Negruliu: Elastic Analysis 01 Slab Structures. 1987 ISBN 90-247-3367-7 
8. J.R. Vinson: Tize Behavior olThin Walled Structures. Beams, Plates, and Shells. 1988 

ISBN Hb 90-247-3663-3; Pb 90-247-3664-1 



Mechanics 
MECHANICS OF FLUIDS AND TRANSPORT PROCESSES 

Editors: R.J. Moreau and G.lE. Oravas 

1. J. Happel and H. Brenner: Low Reynolds Number Hydrodynamics. With Special 
Applications to Particular Media. 1983 ISBN Hb 90-01-37115-9; Pb 90-247-2877-0 

2. S. Zahorski: Mechanics ojViscoelastic Fluids. 1982 ISBN 90-247-2687-5 
3. J.A. Sparenberg: Elements oj Hydrodynamics Propulsion. 1984 ISBN 90-247-2871-1 
4. B.K. Shivamoggi: Theoretical Fluid Dynamics. 1984 ISBN 90-247-2999-8 
5. R. Timman, A.J. Hermans and G.C. Hsiao: Water Waves and Ship Hydrodynamics. An 

Introduction. 1985 ISBN 90-247-3218-2 
6. M. Lesieur: Turbulence in Fluids. Stochastic and Numerical Modelling. 1987 

ISBN 90-247-3470-3 
7. L.A. Lliboutry: Very Slow Flows oj Solids. Basics of Modeling in Geodynamics and 

Glaciology. 1987 ISBN 90-247-3482-7 
8. B.K. Shivamoggi: lntroduction to Nonlinear Fluid-Plasma Waves. 1988 

ISBN 90-247-3662-5 
9. V. Bojarevics, Ya. Freibergs, E.1. Shilova and E.V. Shcherbinin: Electrically lnduced 

Vortical Flows. 1989 ISBN 90-247-3712-5 
10. J. Lielpeteris and R. Moreau (eds.): Liquid Metal Magnetohydrodynamics. 1989 

MECHANICS OF ELASTIC ST ABILITY 

Editors: H. Leipholz and G.lE. Oravas 

ISBN 0-7923-0344-X 

1. H. Leipholz: Theory oj Elasticity. 1974 ISBN 90-286-0193-7 
2. L. Librescu: Elastostatics and Kinetics oj Aniosotropic and Heterogeneous Shell-type 

Structures. 1975 ISBN 90-286-0035-3 
3. C.L. Dym: Stability Theory and lts Applications to Structural Mechanics. 1974 

ISBN 90-286-0094-9 
4. K. Huseyin: Nonlinear Theory oj Elastic Stability. 1975 ISBN 90-286-0344-1 
5. H. Leipholz: Direct Variational Methods and Eigenvalue Problems in Engineering. 

1977 ISBN 90-286-0106-6 
6. K. Huseyin: Vibrations and Stability oj Multiple Parameter Systems. 1978 

ISBN 90-286-0136-8 
7. H. Leipholz: Stability oj Elastic Systems. 1980 ISBN 90-286-0050-7 
8. V.V. Bolotin: Random Vibrations oj Elastic Systems. 1984 ISBN 90-247-2981-5 
9. D. Bushnell: Computerized Buckling Analysis oj Shells. 1985 ISBN 90-247-3099-6 

10. L.M. Kachanov: lntroduction to Continuum Damage Mechanics. 1986 
ISBN 90-247-3319-7 

11. H.H.E. Leipholz and M. Abdel-Rohman: Control oj Structures. 1986 
ISBN 90-247-3321-9 

12. H.E. Lindberg and A.L. Florence: Dynamic Pulse Buckling. Theory and Experiment. 
1987 ISBN 90-247-3566-1 

13. A. Gajewski and M. Zyczkowski: Optimal Structural Design lInder Stability Con-
straints.1988 ISBN 90-247-3612-9 



Mechanics 
MECHANICS: ANALYSIS 

Editors: VJ. Mizel and G.iE. Oravas 

1. M.A Krasnoselskii, P.P. Zabreiko, E.I. Pustylnik and P.E. Sbolevskii: Integral 
Operators in Spaces of Summable Functions. 1976 ISBN 90-286-0294-1 

2. V.V. Ivanov: The Theory of Approximate Methods and Their Application to the 
Numerical Solution of Singular Integral Equations. 1976 ISBN 90-286-0036-1 

3. A. Kufner, O. lohn and S. Pucfk: Function Spaces. 1977 ISBN 90-286-0015-9 
4. S.G. Mikhlin: Approximation on a Rectangular Grid. With Application to Finite 

Element Methods and Other Problems. 1979 ISBN 90-286-0008-6 
5. D.G.B. Edelen: Isovector Methods for Equations of Balance. With Programs for 

Computer Assistance in Operator Calculations and an Exposition of Practical Topics of 
the Exterior Calculus. 1980 ISBN 90-286-0420-0 

6. R.S. Anderssen, F.R. de Hoog and M.A. Lukas (eds.): The Application and Numerical 
Solution of Integral Equations. 1980 ISBN 90-286-0450-2 

7. R.Z. Has'minski'i: Stochastic Stability of Differential Equations. 1980 
ISBN 90-286-0100-7 

8. AI. Vol'pert and S.1. Hudjaev: Analysis in Classes of Discontinuous Functions and 
Equations of Mathematical Physics. 1985 ISBN 90-247-3109-7 

9. A Georgescu: Hydrodynamic Stability Theory. 1985 ISBN 90-247-3120-8 
10. W. NolI: Finite-dimensional Spaces. Algebra, Geometry and Analysis. Volume I. 1987 

ISBN Hb 90-247-3581-5; Pb 90-247-3582-3 

MECHANICS: COMPUTA TIONAL MECHANICS 

Editors: M. Stern and G.JE. Oravas 

1. T.A. Cmse: Boundary Element Analysis in Computational Fracture Mechanics. 1988 
ISBN 90-247-3614-5 

MECHANICS: GENESIS AND METHOD 

Editor: G.iE. Oravas 

1. P.-M.-M. Duhem: The Evolution of Mechanics. 1980 

MECHANICS OF CONTINUA 

Editors: W.O. Williams and G.JE. Oravas 

ISBN 90-286-0688-2 

1. C.-C. Wang and C. Truesdell: Introduction to Rational Elasticity. 1973 

2. PJ. Chen: Selected Topics in Wave Propagation. 1976 
3. P. Villaggio: Qualitative Methods in Elasticity. 1977 

ISBN 90-01-93710-1 
ISBN 90-286-0515-0 
ISBN 90-286-0007-8 



MECHANICS OF FRACTURE 

Editors: G.C. Sih 

Mechanics 

1. G.c. Sih (ed.): Methods 0/ Analysis and Solutions 0/ Crack Problems. 1973 
ISBN 90-01-79860-8 

2. M.K. Kassir and G.C. Sih (eds.): Three-dimensional Crack Problems. A New Solution 
ofCrack Solutions in Three-dimensionaI Elasticity. 1975 ISBN 90-286-0414-6 

3. G.C. Sih (ed.): Plates and Shells with Cracks. 1977 ISBN 90-286-0146-5 
4. G.c. Sih (ed.): Elastodynamic Crack Problems. 1977 ISBN 90-286-0156-2 
5. G.c. Sih (ed.): Stress Analysis 0/ Notch Problems. Stress Solutions to a Variety of 

Notch Geometries used in Engineering Design. 1978 ISBN 90-286-0166-X 
6. G.C. Sih and E.P. Chen (eds.): Cracks in Composite Materials. A Compilation of Stress 

Solutions for Composite System with Cracks. 1981 ISBN 90-247-2559-3 
7. G.c. Sih (ed.): Experimental Evaluation 0/ Stress Concentration and Intensity Factors. 

UsefuI Methods and Solutions to Experimentalists in Fracture Mechanics. 1981 

MECHANICS OF PLASTIC SOLIDS 

Editors: J. Schroeder and G.1E. Oravas 

ISBN 90-247-2558-5 

1. A. Sawczuk (ed.): Foundations 0/ Plasticity. 1973 ISBN 90-01-77570-5 
2. A. Sawczuk (ed.): Problems 0/ Plasticity. 1974 ISBN 90-286-0233-X 
3. W. Szczepinski: Introduction to the Mechanics 0/ Plastic Forming 0/ Metals. 1979 

ISBN 90-286-0126-0 
4. D.A. Gokhfeld and O.F. Chemiavsky: Limit Analysis 0/ Structures at Thermal Cycling. 

1980 ISBN 90-286-0455-3 
5. N. Cristescu and I. Suliciu: Viscoplasticity. 1982 ISBN 90-247-2777-4 

Kluwer Academic Publishers - Dordrecht / Boston / London 




