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Preface

Composite materials are increasingly used in aerospace, under water, and
automotive structures. The application of composite materials to engineering
components has spurred a major effort to analyze structural components made
from them. Composite materials provide unique advantages over their metallic
counterparts, but they also present complex and challenging problems to analysts
and designers. To take advantage of the full potential of composite materials,
structural analysts and designers must have accurate mathematical models and
design methods at their disposal. The most common structural elements are plates
and shells. An accurate modelling of stress fields and failures is of paramount
importance in the design of such components.

The present monograph has the objective of introducing the mechanics concepts,
structural theories, and finite element models of composite laminates. Detailed
coverage of the basic mechanics of composite materials, theories of composite plates
and shells, and the finite element method are avoided in the interest of providing
a general background necessary for engineers to analyze composite structures.

The authors are very grateful to Professor G. M. L. Gladwell of the University
of Waterloo for his technical as well as editorial comments and for suggesting
improvements. It is a pleasure to acknowledge the help of Mr. Y. S. N. Reddy
(Virginia Polytechnic Institute and State University) in reading the manuscript
and offering useful suggestions during the preparation of the manuscript. The
authors also wish to thank Dr. Nigel Hollingworth (Kluwer) for the encouragement
and support in publishing the monograph. The authors are very thankful to
Mrs. Vanessa McCoy of the Department of Engineering Science and Mechanics,
Virginia Polytechnic Institute and State University, Blacksburg, for typing of the
manuscript. Without the patience and cooperation of Mrs. McCoy, it would not
have been possible to publish this monograph.

0. 0. Ochoa and J. N. Reddy
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Chapter One

Overview

1.1 Introduction

The phrase ‘composite material’ refers to a material that is formed by com-
bining two or more materials on a macroscopic scale. Structures made of such
materials are called composite structures. Composite materials are fabricated to
have better engineering properties than the conventional materials, for example,
metals. Some of the properties that can be improved by forming a composite
material are: stiffness, strength, weight, corrosion resistance, thermal properties,
fatigue life and wear resistance. Most man-made composite materials are made
from two materials: a reinforcement material and a parent or matrix material.
Composite materials are finding applications in a variety of systems; including air-
craft and submarine structures, space structures, automobiles, sports equipment,
medical prosthetic devices, and electronic circuit boards. They are most suitable
in applications that require high strength-to-weight and stiffness-to-weight ratios.
With the increased use of fiber-reinforced composites in structural components,
studies involving the behavior of components made of composites are receiving
considerable attention. Functional requirements and economic considerations of
design are forcing engineers to seek reliable and accurate yet economical methods
of determining static and dynamic characteristics of the structural components.

The analytical study and design of composite materials requires knowledge
of anisotropic elasticity, structural theories and failure/damage criteria. Unlike
isotropic materials, anisotropic materials exhibit complicated mechanical behavior.
For example, consider rectangular blocks of isotropic and anisotropic (monoclinic)
materials. When an isotropic block is subjected to pure shear stress, it develops
only shear strain and no normal strains. Similarly, if an isotropic block is subjected
to normal stress, it develops only normal strain and no shear strains. Under

1
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identical loads, a block made of an anisotropic material deforms differently from
an isotropic block , as shown in Fig. 1.1-1. When a shear stress is applied to an
anisotropic body, it develops normal strains in addition to shear strain; a normal
stress similarly produces shear strain as well as normal strain.

Normal stress Shear stress

T

Isotropic material

| ——
L1

il

Anisotropic material

Co———— -
| S ———

Figure 1.1-1 Deformation of isotropic and anisotropic material elements sub-
jected to normal and shear stresses (broken lines denote unde-

formed geometry).

Most real world problems involving composite structures do not admit exact
solutions, requiring one to find approximate, but representative solutions. The
finite element method is an effective approximate method of obtaining numerical
solutions to boundary-value, initial-value and eigen-value problems. The method
is the most powerful numerical tool available today for predicting the response of
composite structures. In the formulation and analysis of any mathematical model



3 Overview

of a physical process, we should include all appropriate details consistent with the
objective of the study. For example, representation of true loads and boundary
conditions can be achieved to any desired closeness in a numerical model. How-
ever, the representation of material properties [physical constants] is inevitably
an approximation which demands careful physical measurements. Gross approx-
imation of some parameters and accurate representation of others does not lead
to realistic modeling of the overall problem. One must accurately represent the
kinematics of deformation as well as the material behavior.

1.2 Present study

The objective of this monograph is to present the laminated plate theories
and their finite element models to study the deformation, strength and failure
of composite structures. Emphasis is placed on engineering aspects, such as the
analytical descriptions, effective analysis tools, modeling of physical features, and
evaluation of approaches used to formulate and predict the response of composite
structures.

We share our experiences in terms of guidelines and recommendations through-
out the book, while focussing on fundamental aspects of finite element modeling
of composite laminates. One may consult the list of references provided at the end
of each chapter to gain further insight into mechanics and materials aspects and
for advanced modeling of composites structures (see [1-8] and references therein).

Chapter 2 is devoted to the introduction of the definitions and terminology
used in composite materials and structures. Anisotropic constitutive relations and
laminate plate theories are also reviewed. Finite element models of laminated
composite plates are presented in Chapter 3. Numerical evaluation of element co-
efficient matrices, postcomputation of strains and stresses, and sample examples
of laminated plates in bending and vibration are discussed. Chapter 4 introduces
damage and failure criteria in composite laminates. Finally, Chapter 5 is dedi-
cated to case studies involving various aspects and types of composite structures.
Joints, cutouts, woven composites, environmental effects, postbuckling response
and failure of composite laminates are discussed by considering specific examples.

References

1. Jones, R. M., Mechanics of Composite Materials, Scripta Book Company,
Washington, D. C.; formally Hemisphere, Washington, D. C.; now Taylor &
Francis, Washington, D. C. (1975).

2. Christensen, R. M., Mechanics of Composite Materials, John Wiley & Sons,
New York (1979)
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Analysis, Lecture Notes, Virginia Polytechnic Institute and State University,
Blacksburg, VA 24061, October 1988, also see Chapters 14 and 15 in: Finite
Element Analysis for Engineering Design, J. N. Reddy, C. S. Krishna Moorthy,
and K. N. Seetharamu (eds.), Vol. 37, Springer-Verlag, Berlin (1988).
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Chapter Two
Mechanics of Composite Laminates

2.1 Introduction

Analysis of structures made of composite materials requires a knowledge of
anisotropic elasticity, an appropriate structural theory that accounts for desired
kinematics, failure criteria to determine if the structure has failed, and a numerical
method to solve the boundary-value problem associated with the structure. The
study of anisotropic elasticity and structural theories used to analyze composite
laminates constitute the topics for this chapter.

The traditional undergraduate engineering education that emphasizes isotropic
materials, e.g., metals, is neither adequate nor appropriate for analyzing this
new class of engineered material systems. If the component is a heterogeneous
anisotropic medium, we must have a proper structural theory to model the stiffness
correctly, predict the stress fields, and determine the initiation and growth mech-
anisms of different failures. Drawing analogies between isotropic and anisotropic
media, with the hope of using existing knowledge of metals and making deductions
from them, can lead to incorrect results and conclusions.

In the present study, we shall focus on the fundamentals of anisotropic elas-
ticity and a study of the mechanics of composite laminates. We will review basic
assumptions, study constitutive relations of composite materials, and derive struc-
tural theories of composite laminates.

2.2 Anisotropic elasticity
2.2-1 Definitions

Since we seek a fundamental understanding of the mechanics of composites
materials, we will start with the study of their constitutive behavior. First, we
identify the differences between homogeneous and heterogeneous material systems.

5



Analysis of Composite Laminates 6

A material is said to be homogeneous if the material properties remain unchanged
throughout. In a heterogeneous system, the material properties are a function of
position.  Next, we distinguish between isotropic and anisotropic materials. A
material is said to be isotropic if all its material properties at a point are indepen-
dent of the direction. That is, if one refers to point A in an isotropic medium of
Figure 2.2-1 with a coordinate system with its origin at A, the physical properties
at A will remain invariant for any arbitrary rotation of axes. An anisotropic ma-
terial is one which exhibits material properties that are directionally dependent,
i.e., a given material property can have different values in different directions. We
shall discuss various special cases of anisotropic materials in the next section. Note
that a material can be isotropic and homogeneous, isotropic and heterogeneous (or
inhomogeneous), anisotropic and homogeneous, or anisotropic and heterogeneous.

2.2-2 Constitutive relations

In a three-dimensional Cartesian coordinate system (see Figure 2.2-2), it is
customary to describe the state of deformation by six components of strain and
stress, namely, three normal and three shear components. A linear relation be-
tween the six stresses and six strains is known as the generalized Hooke’s law, and
it can be expressed as,

or = Cijej (k=1,2,...,6) (22-1)

where Cj; are known as the elastic coefficients. Note that (2.2-1) is an abbrevia-
tion of the proper tensor form of Hooke’s law, namely (see [1-5]),

Oij = Cijkl €kt

When Cj; are functions of position the material is heterogeneous, and when they
are constant throughout the material it is homogeneous. We note that Cj; are
entries in the k-th row and j-th column of a 6 x 6 square matrix; however, Cy;
are not components of a second-order tensor. Also note that the single subscript
notation for stress and strain components is based on the convention,

01 =011, 03 = 033, 03 = 033, 04 = 033, 05 = 013, 0§ = 012
€1 = €11, € = €33, €3 = €33, €4 = 2633, €5 = 2€13, €6 = 2613 (2.2 —2)

Here (01,02,03) denote the normal stresses and (o4, 05,06) denote shear stresses;
(01,02,06) are the inplane stresses and (o3, 04,05 ) are the out—of-plane (i.e., trans-
verse) stresses. Similar terminology is used for the strain components.
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m = A material property measured with respect to the (x,y) system
m’ = A material property measured with respect to the (x',y’) system

Isotropic Materials: m=m'; Anisotropic Materials: m'#m

Figure 2.2—1 Definitions of isotropic and anisotropic materials

a8

o013
L.m

0210I2

031

022

Figure 2.2—2 Components of stress and strain in a rectangular cartesian coor-
dinate system.
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The thirty six coefficients Cj; are not all independent of each other. The
number of independent constants depends on the material constitution. First we
show that C}; = Cj;; that is, they are symmetric for materials for which the strain
energy density function U, is such that

an _
5o = Ok (2.2-3)

To illustrate this, we consider the strain energy density of the material which may
be expressed as

U, = /0 o; de; (2.2 —4)

Substituting equation (2.2-1) into equation (2.2-4) and integrating, we obtain

1
U, = 50{,’ € €5 (2.2 - 5)

Substituting for U, from Eq. (2.2-5) into Eq. (2.2-3), we arrive at the expression

1
oL = i(Ck,- + Cji) €j (2.2 -6)

By comparing expressions (2.2-6) and (2.2-1), we conclude that Ci; = Cj;.
Because of this symmetry, there are only 21 independent elastic constants for
anisotropic materials. In matrix form Eq. (2.2-1) can be expressed as

o1 Cun Ciz2 Cis Cuu Cis5 Cis] (@
o2 Caz Cazs Cy Cas Cos| | €2
o3 C3z3 Ciqy C35 Ci| ) e

= 22 -1
o4 Cy Cys Cyg €4 ( )
o5 Css Cse| | €5
o6 sym. Ces ) L€

It is understood from Eq. (2.2-7) that, in general, the elastic coefficients
Ci; relating the Cartesian components of stress and strain depend on the coor-
dinate system (z1,z3,z3) used. Referred to another Cartesian coordinate system
(£1,%2,%3), the elastic coefficients are C;;, and in general C;; # Ci;. U Cij = Cij,
then they are independent of the coordinate system and the material is said to be
isotropic.
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Some anisotropic materials may possess material symmetries and their consti-
tutive behavior can be described with fewer than 21 constants. When the elastic
coefficients at a point have the same values for every pair of coordinate systems
which are mirror images of each other in a certain plane, that plane is called a
plane of elastic symmetry for the material at that point. Materials with one plane
of symmetry are called monoclinic materials, and the number of elastic coeffi-
cients for such materials reduces to 13. If the plane of symmetry is z3 = 0, the
constitutive relations become:

o1 Cii Cipa Ciz O 0 Cis] (&

o9 Caa Caz O 0 Cax||e

o3 | _ Csz O 0 Css €3 _
oy [ Cu Cg5 O € (2.2 -8)
o5 Css O €5

g sym. Ces €6

Note that the out-of-plane shear stresses, namely o4 and o5, are independent of
normal strains and the inplane shear strain.

If a material system has three mutually perpendicular planes of elastic sym-
metry, then the number of independent elastic coeflicients can be reduced to nine.
Such materials are referred to as orthotropic. The stress-strain relations for an
orthotropic material are given by

o1 Cii Cip Ciz O 0 0 €

a2 Coy Cas 0 0 0 €9

a3 _ 033 0 0 0 €3 _
oy [~ Cyu O 0 €4 (22-9)
(4 055 0 €5

g sym. Cse €6

Note that there are no interactions between extensional and shear components for
orthotropic materials when loaded along the material coordinates.

The stiffness coefficients C;; for an orthotropic material may be expressed in
terms of the engineering constants by (see Reddy [4])

Cup = 1- V23V32, Cpy = Va1 +vaives _ Vit Vsalig
AEyE; AEyE, AEE,

Cps = vs1 +vaivsy _ vis + V12V23, by = 1 —wvi3vs
AFEyE; AEE, AFE E;

vy + Vigv31 V23 + Va1V13 1 —vivm

Cas = = y 33 = ——F%—

AEE; AEE, AFEE,



Analysis of Composite Laminates 10

Cas = Ga3, Cs5 = G13, Ces = G12

1 — vigvg1 — vp3v3s — v31v13 — 2v21V32V13
A = 22-1
E\EsF; ( 0)

where E; denotes Young’s moduli in the ith-material direction, v;; is the Poisson’s
ratio for transverse strain in the j —th direction when stressed in the i—th direction
4

vij = ——,
3 P

and (Ga3, G31,G12) are shear moduli in the 2-3, 3-1, and 1-2 planes, respectively.
The three material directions (z1,z2,23) are taken perpendicular to the three
planes of elastic symmetry.

If the material is isotropic in one of the planes of elastic symmetry of an
orthotropic material system, it is referred to as a transversely isotropic material
system. For this class, there are only five independent coefficients. If z; denotes
the coordinate normal to the plane of isotropy, then the stress-strain relationship
takes the form

o1 Cin Ciz Cas 0 O 0 €

o2 Cyy Co3 0 O 0 €

g3 _ 022 Q 0 0 €3 _

os [ a0 0 € (2.2 11)
o5 Cee O €5

o sym. Coss €6

where € = 0.5(Cy; — C12).

Finally, for an isotropic material there are infinite number of planes of elastic
symmetry (or no preferred direction), and it can be described in terms of two
elastic coefficients. The stress-strain relations for an isotropic material have the
form,

o Cn Ciz Ciz 0 0 07(e

(] Cn 012 0 0 0 €2

o3 | _ Cu 0 0 0 €3 _

oa [ = ¢ 0 0 € (2.2-12)
g5 C Q €5

o6 sym. Cl \e

where C = 0.5(C11 — C12). These two coeflicients are related to Young’s Modulus
E and Poisson’s ratio v by
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E(1-v) vE

u=arya =y Gz = A =20

(2.2 -13)

A fiber-reinforced composite material is an anisotropic material because it
possesses different moduli along the fiber direction and transverse to it. If we
assume that all fibers in a lamina are almost parallel, we can characterize it as
a homogeneous orthotropic material, with the material coordinate axis z; being
parallel to the fiber direction. In the next section, we present constitutive equations
for an orthotropic layer. We note that a fiber-reinforced composite is strong along
the fibers and weak in the directions transverse to the fibers.

2.3 Orthotropic lamina

The inplane stress-strain relations in material coordinates (Z1,Z2,Z3) of a sin-
gle orthotropic lamina (i.e., a thin layer) are

a1 Qu Qunz 0 &
G2 p=|Qiz Qa2 0 & (2.3-1)
s 0 0 Q] (&

The bars over the o ’s, €’s and Q’s are introduced here to distinguish them from
the corresponding variables referred to the coordinate system (z1,z2,z3), which
is used to describe the structure made of composite materials. Thus, (Z1,Z;,Z3)
denotes the material coordinate system and (z1,z2,23) = (z,y,z) denotes the
coordinate system used to formulate the governing equations of the structural
problem (see Figure 2.3-1).

Figure 2.3-1 Coordinate system used for the description of the structure and
the fiber direction.
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The Q;;’s in Eq. (2.3-1) are referred to as the plane stress-reduced stiffnesses
because they are obtained from Cj; by setting o33 = 0 in Eq. (2.2-9). They are
related to the engineering constants in the following manner

= E, = E,
Qll - 1 —viov9g ’ sz - 1 —wviovm
_ vio E _
Q12 = _1___1_2L’ QRes = G12 (2.3-2)
— vi2val

Note that the fibers in the lamina are aligned with the principal material
direction 1, denoted Z;. In this study, the material directions are always aligned
with the fiber directions. When the material directions are not aligned with the
coordinate system (z,y, z) used to describe the boundary-value problem associated
with a structure, coordinate transformation equations are employed to obtain the
stresses in material coordinates, (&1,52,55), in terms of stresses in the global
coordinates, (01,02,03) = (02,0y,0zy)

1 cos? 8 sin? § 2cosfsinf oy
G p = sin? § cos? 8 —2cosfsinf o2 (2.3 —3a)
Fg —cosfsin cosfsinf cos?d —sin?8 | | o
g4\ _ [cos@ —sinf] [ o4
{&5}_[sin0 cos @ ]{65} (2.3 - 30)

where 6 denotes the angle between the positive z-axis and the positive Z;-axis,
measured counter-clockwise direction. Hereafter, the angle 8 will be referred to as
the lamination angle.

2.4 The classical laminated plate theory
2.4-1 Introduction

Fiber-reinforced composites are manufactured in the form of thin sheets, called
laminae or layers. The composite laminae are bonded together to form a lami-
nate with desired thickness and stiffness. In most applications, the thickness of a
laminate is small compared to the planar dimensions. Therefore, two-dimensional
theories are used to analyze composite laminates for stresses. The two-dimensional
theories are obtained from the three-dimensional elasticity theory by making as-
sumptions concerning the variation of displacements and/or stresses through the
thickness of the laminate. The classical laminated plate theory (CLPT) is an ex-
tension of the classical plate theory to laminated plates. In this theory, the inplane
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displacements are assumed to vary linearly through the thickness and the trans-
verse displacement is assumed to be constant through the thickness (i.e., transverse
normal strain is zero). The classical laminated plate theory is found to be adequate
for most applications where the thickness of the laminate is small, by two orders
of magnitude compared to the inplane dimensions. When the classical laminated
plate theory is not applicable, a refined theory is used. In the present section we
develop the classical laminated plate theory. A refinement to the classical lami-
nate theory is provided by the first-order shear deformation plate theory (FSDT),
which will be discussed in Section 2.5.

2.4-2 Assumptions of the theory

The Kirchhoff-Love hypothesis is used in the derivation of the classical lami-
nated plate theory. The Kirchhoff-Love hypothesis involves the following assump-
tions: straight lines perpendicular to the midplane before deformation remain (1)
straight, (2) inextensible, and (3) normal to the midsurface after deformation.
These three assumptions lead to the neglect of the transverse strains, €;,, €, and
€.z. The neglect of €,, leads to the omission of o,, because the product of ¢,,
and o, is zero in the total potential energy of the plate. For orthotropic layers
and laminates constructed from orthotropic laminae, irrespective of the lamination
angles, the vanishing of €;, and €, lead to the neglect of 0z, and oy,. Thus, the
classical laminate theory does not account for transverse deformation and stress
state. This amounts to assuming that plates are “infinitely” rigid in the transverse
direction, whereas in reality they are weaker in the transverse direction.

The classical plate theory is adequate for the analysis of thin plates, espe-
cially when the transverse deformation is negligible. However, plates made of ad-
vanced fiber-reinforced composite materials, whose elastic to shear modulus ratios
(E1/G13 and E;/Ga3) are very large, are susceptible to thickness failures because
their effective transverse shear moduli (G13 and G23) are significantly smaller than
the Young’s moduli (E;) along the fiber direction. Although the transverse shear
and normal stresses (0;,0y;,0;) are an order of magnitude smaller than in-plane
stresses (0,0y,0zy), the material strength allowables for the transverse stresses
are also an order of magnitude smaller than the allowables for the inplane stresses.
Thus, the classical laminate theory developed here is not to be used for composites
that are likely to fail in transverse shear or delamination.

2.4-3 Displacements and strains

Consider a plate of total thickness h composed of N orthotropic layers with
their principal material coordinates oriented at angles 6,83, ...,y to the laminate
coordinate, z. We assume that

o the layers are perfectly bonded together,

e the material of each layer is linearly elastic and has three planes of material



Analysis of Composite Laminates 14
symmetry (i.e., orthotropic),
e each layer is of uniform thickness,
e the strains are small. (24-1)

The laminate coordinate system is chosen such that the zy-plane coincides with
the midplane of the laminate. A point P, located at the point (z,y,z) in the
undeformed plate, moves after deformation to the position (z +u1, y +u2, z +us3)
where (u1,u2,u3) are the components of the displacement vector

u=u1é; +uéy + uzé, (24-2)

and (€;,éy,€;) are the unit vectors along the (z,y,2) coordinates. The first two
assumptions of the Kirchhoff hypothesis require that the displacements (u1,u3,u3)
to be such that (see Figure 2.4-1),

ul(m,y,z,t) = u(z,yat) + Z¢1(fc,y,t)
’LL2(:D,y,Z,t) = v(w,y,t) + z¢2(:z:,y,t)
u3(m,y,z,t) = w(:z:,y,t) (2'4 - 3)

where (u,v,w) are the displacements of a point on the xy-plane (i.e., the midplane
of the laminate), ¢; is the rotation of a transverse normal about the y-axis, and ¢
is the rotation of the transverse normal about the z-axis and ¢ denotes time. The
third assumption of the Kirchhoff hypothesis implies that the rotations ¢; and ¢,
are equal to — Qw/8z and — Ow/dy, respectively.

Ow Ow
¢1=—a—z,¢2=—% (2.4 - 4)

Thus the displacement field of the classical plate theory becomes

'u,l(a:,y,z,t) = u(z"y’t) - z%}
0
uy(z,y,2,t) = v(z,y,t) — z%
u3(m,y>zat) =w(:v,y,t) (24_5)

It is important to note that in using the kinematic assumptions of a single-
layer theory to model a laminated plate composed of multiple layers of possi-
bly dissimilar-material layers, we tacitly assumed that the strains are continuous
through the thickness, including the interfaces of dissimilar-material layers. This
assumption plays a significant role in developing laminate theories; it allows us to
replace a laminate with an equivalent single layer whose material coefficients are
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Figure 2.4-1 The Kirchhoff-Love hypothesis for bending of thin laminates.

Normal direction

Figure 2.4—2 The stress resultants on an arbitrary edge of a laminate.
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averaged over the laminate thickness, as will be shown in the following sections.
However, the assumption restricts the use of the theory to model global response
characteristics, and it does not represent the interlaminar stresses (i.e., stresses at
the lamina interfaces) accurately.

Once the displacement field of a continuous body is known, the strains in the
body can be computed using the strain-displacement relations (see Reddy [4]),

_1(0u;  Ouj  OumOum .
“=3 (az,- * 82; t Ba; 3:1:]-) (5,5 =1,2,3)

Here summation on repeated subscript (m) is implied, and ¢ =z, z; =y, 23 = 2
are the coordinates used to describe the deformation of the body. Strains in Eq.
(2.4-6) are nonlinear functions of the displacement gradients. The nonlinear part
of the strains should be examined closely, and terms that are indeed negligible for
the class of problems one wishes to study should be discarded. We restrict our
study to problems with small strains, i.e.,

Bui\? [0ur\® Buidus el
8z ) '\ 0y ) ’ B8z Oy
Ouy 2 Ougy 2 Oujy Oug Oug 2
- - — o <<1, | =] <<1 24-17
(630)’ dy ) ' Oz By "\ 0z ( )
Note that ( ui,u2,u3) are the total displacement components along (z1,z2,z3)
coordinates, respectively. Here we consider plate problems that involve moderate
rotations (say 10°-15°). Hence, the following terms associated with rotations of
transverse normals,

(2.4 - 6)

Ous 2 Ous 2 Ous Ous
7 us) TusUus 248
(61:) ’ (ay ’ 0z By ( )
are small but not negligible. Under the restrictions imposed by Eqs. (2.4-7) and
(2.4-8), we can simplify Eq. (2.4-6) as follows:

_ou 1 0w} w1 (0us)]
“r =3, T2\ Bz ) "W By 2\ By
6u3 1 6u1 BU2 6u3 6U3
€22= g Ey=- |5+ +—+—551,
0z 2\ Oy Oz Oz Oy

_ 1 8u1 6u3 3U3 8u3 _ l aﬁ 3?.!.3 6113 5&
622_5( )’Eyz_2(8z+6y+az ay) (24-9)

5z "oz T B9z 0z
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The strains in Eq. (2.4-9) are called the von Kdrman strains.

The strains associated with the displacement field (2.4-5) can now be com-
puted using the von Kérmdn strain-displacement relations (2.4-9):

s, Om (B! _bu 1 (0w} ow
V== 5, "o\ 6z ) ~ 8z 2\0z a2

_ 0w 1(0u)' oy 1(8w)'  dw
62‘”“61/ 2\ 0y ) Oy 2\0y zayz

Ouy  Oup  OuzOuz Ou  Ov  Owodw 8w

eszzezy:'é?Jra_era_mE‘a_ﬁ@ 92 0y Baby (2.4 — 10)
5552521———% %—%:—g—l:+-g—:_—_o
faEfzz=%%=%%=0 (2.4 - 11)

The single subscript notation used in Egs. (2.4-10) and (2.4-11) for strains still
refers to the laminate coordinates (z,y, z) = (21,22, 23).

The strains in Eq. (2.4-10) are of the general form,

& = e +2e) (i=1,2,6) (2.4 - 12)

1 1
Here e§°) = (e§°),e§°),e§°)) denote the strains associated with the stretching and
inplane shearing of the midplane and are called the membrane strains. The quan-
tities esl) = (egl),egl),egl)) are the curvatures. Both ego) and egl) are functions of
(z,y) only. Equation (2.4-10) shows that the membrane strains €] and curvatures
e for the classical laminate theory have the following explicit form:

2 2
(©_0u 1(0w\" @) 0w
‘1 —3w+2(5m) A T
o _ O 1(bw : D _ 0w
2 oy 2\0y) °’
o) _ ou Ov Ow a_w Q) _ 0w

€ = [

5y+8_z+?9;8m’€6 — "0zdy

(2.4 —13)
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where the underlined terms are the von Kdrmén nonlinear strains. In matrix
notation, Eq. (2.4-12) takes the form

o (O] (#
e p=1 e p+24 el (2.4 — 14)
€6 ego) egl)

We note from Eq. (2.4-14) that the strains vary linearly through the laminate
thickness, and they are independent of the lamination scheme, as noted earlier.
For a fixed value of z, the strains vary only with respect to the z and y coordinates.

2.4—4 Equations of motion

The equations of motion of a solid body can be derived using either energy
principles or vector mechanics (i.e., Newton’s laws). The energy principles require
the minimization of the total potential energy (or maximization of the total com-
plementary energy) to derive the equations of motion and associated boundary
conditions. Thus, in energy methods, one is required to write expressions for the
appropriate energy of the body. In vector mechanics, a representative volume ele-
ment of the body is isolated with all its applied and reactive forces (i.e., a free-body
diagram is used), and the governing equations of motion are obtained by summing
forces and moments. The advantage of the energy principles is that they yield
not only the equations of motion, but also the form of the boundary conditions
consistent with the equations of motion. The vector mechanics approach is closer
to physical intuition. In certain cases, the two methods may give different, but
closely related, sets of equations of motion.

Here we use an energy principle, namely, the principle of virtual displacements.
The principle of virtual displacements states that if a body is in (static or dynamic)
equilibrium, the total virtual work done by all externally applied and internally
generated forces in moving through their respective virtual displacements must be
zero (see Reddy [4]). The total virtual work is equal to the sum of the internal
virtual work and the virtual work done by external forces. In the interest of brevity
and consistent with the objectives of the book (i.e., not to dwell too much on fine
theoretical points), we omit the details, and summarize the equations of motion
resulting from the principle of virtual displacements (see [4]):

ON, ONg ; O

ONe _1a-1,%% 2.4-1
Oz Oy i-0 Oz ( 5a)
ONg ON, 0

9% 9 15 -n2Y (2.4 — 15b)
y
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M, | O°Ms &M, . b 0% dii | 8
922 +26y8:c + 5y +Nw)+q=ILw+ 1, (5?-{_6—_1/7) I ((73;4- 537
(2.4 — 15¢)
where, for example, % = §%w/06t?,
0 ow Ow 0 Ow Ow
N(w)-—a_m(Nla_m-}_Ns%)+@(N687+N2%) (2.4 —16)

q is the distributed transverse load, (N;, M;), are the force and moment resultants
(see Figure 2.4-2),

N; (o M, Lo
N b= /_h o3 bdz, { My b = /_h a3 b 2dz (2.4 - 17)
Ns 7 | o Mg 2 | os

(01 = 04z, 02 = Oyy, 06 = 0zy) and I; are the mass inertias

I, L 1
L= /_h 2 Y pdz (2.4 - 18)
Iz k2 22

The second term on the right side of the equality in the first two equations of Eq.
(2.4-15) is called the rotatory inertia term, and it is often omitted because it is
small in comparison to the I 4 and I,¥ terms. The same comment applies to the
second term on the right hand side of Eqgs. (2.4-15).

The essential (i.e., geometric) and natural boundary (i.e., force) conditions of
the theory are given by (see Reddy [4]):

Un, Uns, W, g—: (essential) (2.4 —19a)
Nuy Nps, OQn, M, (natural) (2.4 —19b)
where (see Figure 2.4-2)

Up = UNg + VNy, Upy = —UNy + VN

ow Ow Ow

’5‘; = 6—]}77.;2 + 'azny (2.4 - 20&)
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N, = Nin? + Ngnz + 2Ngnzny
Ny, = (Nz = Ny)ngny + Ne(n2 —nl)
My, = Mynl + Myn? + 2Mgnan,

My, = (MZ - Ml)nzny + Ms(ng - n:)

A aMna
@n = Qung + Qany — —5- (2.4 — 200)

and n, and n, are the direction cosines of the unit normal on the boundary of the
plate.

It should be noted that the vector mechanics approach would have given the
following equations, in the linear case, by summing forces along the z, y and 2
directions and summing moments about the ¢ and y axes:

e I A
6(9%+%%3+Q=Iaw
‘9{% 3§42_Q2:12%‘§~11ﬁ (2.4 — 21)

where ); and Q3 are the transverse shear forces. We can solve the fourth and
fifth equations in (2.4-21) for @1 and @2, substitute the expressions into the third
equation of (2.4-21) and obtain the third equation in (2.4-15) without the nonlinear
term.

Equations (2.4-21) can also be derived from the equations of motion of 3-D
elasticity (in the absence of body forces),

0oy 0Oogy | 00y, 0%u,y
oz~ Oy | 0z ' op (2.4 - 22q)

004y + Ooyy + 0oy, %u,

Oz Oy 5 Fon (24 -220)
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8oy, 4 doy, 4 Bo.,  0%ug
9z oy | 8z  Por

(2.4 — 22¢)

Integrating Eq. (2.4-22) with respect to z over the thickness of the plate (—% > 2)
we obtain the first three equations in (2.4-21) without the rotatory inertia terms.
The boundary conditions on o, 0y, and o, are

h h
Ozz = 0y, = 0 at z=:t§,az,:qat z=§,0'":0at z=—§

Similarly, by multiplying the equations (2.4-22) by z and integrating over the
plate thickness, we obtain the remaining two equations. The details are left as an
exercise to the interested reader.

2.4-5 Laminate constitutive equations

The laminate constltutlve equations relate the force and moment resultants
(Ni, M;) to the strains (e( ), € )). By substituting the stresses o in terms of strains
€, both referred to the laminate coordinates, into Eq. (2.4-17) and carrying out
the indicated integration with respect to z, we obtain

Ny A A A (0) [Biy Biz Bis fgl)
Ny » = | A1g Azp Ay (0) + | Big Bjz Bgs 5(21) (2.4 — 23a)
Ne Are Aze  Asge | Ego) | Bis  B2s B Egl)
M, By Biy Big | ego) (D11 D1z Dig E(11)
M; ) = | Bys Bi; B ego) + | D1z D3z Das (1) (2.4 — 230)
Mg Bys Bjys Bes | 620) | D16 D26 Des (1)

where A;; denote the extensional stiffnesses, D;; the bending stiffnesses, and B;;
the bending-extensional coupling stiffnesses of a laminate:

(mpaﬁmn—EZ/k“¢“1zzwz (2.4 - 24a)

where st) are the material stiffnesses of the k—th lamina, as referred to the lam-

inate coordinates. Since Qgc) are constant within each layer, the integration over
the thickness can be carried out easily. We obtain,

QB (zhy1 — ) (2.4 - 24b)

M=

A,‘J' =

k=1
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Bij = Q( Yehr - 2}) (2.4 — 24c¢)

L
2

™M= M=

1
Di; = 32 Q,,) (zh41 — 23) (2.4 — 24d)

where N is the number of layers in the laminate, and (2, zx+1) are the thickness
coordinates of the bottom and top of the k—th layer.

The material stiffnesses st) can be expressed in terms of the Qgc) [see Eq.
(2.3-1)] by the following transformation equations (the superscript k is omitted for
brevity),

Q11 = Q11 cos* 0 +2(Q12 + 2Qss) sin? 6 cos® 8 + Qazsin® 4
Q12 = (Qll + Q22 — 4@66) sin? @ cos? 6 + Qn(sin4 0 + cos* 6)
Qa2 = Qq1sin* 0 + 2(Q12 + 2Q¢s) sin? 0 cos? 6 + Qg cos* 8
Q1e (Qn - le - 2@55) sin 0 COS3 9 + (Q12 - QZZ + 2st) Sil’lzix 0 COS 0
Qa6 = (@11 — Q12 — 2Q¢6) sin® B cos 8 + (Q12 — Qa2 + 2Qss) sin§ cos® 8
Qo6 = (Q11 + Q22 — 2Q12 — 2Qss) sin? § cos® 8 + Qes(sin4 6 + cos* 6)
(2.4 — 25)

Note that QS;C) are the material stiffnesses of the k—th layer referred to the mate-

rial coordinates (Z,Z2,Z3), whereas ka) are the transformed material stiffnesses
referred to the laminate coordinates (z1,z3,z3). The lamination angle 6 is mea-
sured counter-clockwise from the positive z;-axis to the positive Z;-axis, which is
aligned with the fiber direction (see Figure 2.3-1).

The equations of motion in Egs. (2.4-15) can be expressed in terms of the
displacements (u,v,w) for the purpose of developing either analytical or displace-
ment finite element models. The first step is to introduce the strain-displacement
relations (2.4-10) for the strains into the laminate constitutive equations (2.4-23).
In the second step, the force and moment resultants from Eq. (2.4-23) are in-
troduced into the equations of motion (2.4-15). The result is a system of three
differential equations in three displacements (u,v,w). We obtain:

0 Ou Ou Oou  Ov 0w 0w
oz [Alla +A128 + Ais (6y + 52 ) + Bn ( 83:2) + By (—W)

0w i} Ou Ou Ou  Ov
+Bis (*2@;)} + 5+ By [Alsa + Az - By + Ags (—y~ + —)
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8w 8w Bzw
+Big (—-aw—z) + B ( 5 2) + Begs ( 52 By)]
32 0w
e (2.4 — 26)

0 ou ov 0 0
32 {Alﬁa +A266 +A66(6:+8v)+316< )+Bze( )

+Bse (—2{;9:—;;)] + ; [Alzg + Azz + Az < v)
+Bia ( gj::) + Ba2 ( g; ) + Bas ( 52 By)]
=1y gi;’ + Ilgé%t’z— (2.4 — 27)
3%22‘ [Bug—z + Blzg—; + Bis (% + g—z> + Dny (—%25) + D1 (—%%;)
i (222)] 2 e
+ Bgg (g—: + gz> Dy < giz) + Dag <——%i;2£> + Dgg (—2::—;;”
622 [3123 +Bzzg + Bas (gz-}-%)
+D12 ( (222) + D2y ( ?‘3?:) + D2 (—2%” + N(w) + 4
=5 ?;tz - Il(aiatz £5§z> (2.4-28)

Equations (2.4-26) and (2.4-27) may be uncoupled from Eq. (2.4-28) when the
extensional-bending coupling stiffnesses B;; are zero. In that case Eqs. (2.4-26)
and (2.4-27) can be solved independently for the inplane displacements u and v,
and Eq. (2.4-28) can be solved for the transverse deflection, w. If Bj; = 0 and the
applied inplane displacements and forces are zero, then u and v will be identically
zero. For the uncoupled case, the transverse deflection w under applied transverse
force g is governed by
d*w o*w *w
- {Dllgz—‘; +2(D12 + 2D66)W + D22 -BF}

2

o o 0
4(D16 ~_+D w>+N(w)+q=I0-i:—

5230y T D 52oy3 gz (24-%)
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For the orthotropic case B;; = 0, and Ajs = A2s = 0, and Dig = Dys = 0, and for
the isotropic case D13 = Dyz = D, D13 +2Dgs = 2D, where D = Eh3/12(1 — v?).

2.5 First-order shear deformation theory
2.5-1 A review of refined plate theories

Numerous plate theories that include transverse shear deformations are doc-
umented in the literature (see the review articles in [6-10]). In these theories
the displacement or stress components are expanded as linear combinations of
the thickness coordinate and undetermined functions of position in the reference
surface; this reduces the 3-D elasticity problem to a two-dimensional (2-D) one.
The governing equations are derived either using virtual work principles or by
weighted-integrals of the 3-D stress-equilibrium equations through the thickness
of the laminate — yielding an equivalent single-layer plate theory. In this study we
consider plate theories based on assumed displacement expansions.

The theories based on displacement expansion can be found in the works of
Basset [11], Hildebrand et al. [12], Hencky [13], Mindlin [14], and others [15,16]. In
the displacement-based theories, the three components of the displacement vector
are expanded in power series of the thickness coordinate and unknown functions.
The principle of virtual displacements or the method of moments is used to derive
the equations of equilibrium. In all single-layer plate theories, the displacements
and strains are continuous through the laminate thickness (i.e., single-valued at
interfaces of layers). This leads to a discontinuous interlaminar stress field because
of different elastic coefficients at layer interfaces when the constitutive equations
are used to compute the stresses.

The most widely used displacement based theory is the first-order shear de-
formation theory. The theory is based on the displacement field in Eq. (2.4-3):

ul(m,y,z) = u(:z:,y) + Zd)l(:l:,y),
uZ(zay)z) = u(‘c,y) + Z¢2(x,y)a
u3(:c,y,z) = 'lU(:l!,y) (25 - 1)

where (uj,u2,u3) denote the displacements of a point (z,y,2) in the laminate,
(u,v,w) are the displacements of a point on the midplane (z,y, 0), and (¢1,¢2)
are the rotations of the transverse normal about the (y, = )-axes, respectively. The
first-order shear deformation theory is known more commonly as “the Mindlin
plate theory”; the original idea of such an expansion can be found in earlier works
by Basset [11], Hildebrand, Reissner, and Thomas [12], and Hencky [13]. The first-
order shear deformation theory yields a constant value of transverse shear strain
through the thickness of the plate, and thus requires shear correction factors. The



25 Mechanics of Composite Laminates

shear correction factors are dimensionless quantities introduced to account for the
discrepancy between the constant state of shear strains in the first-order theory
and the quadratic or higher-order distribution of shear strains in the elasticity
theory. For composite laminates, the shear correction factors, in general, depend
on the constituent ply properties, lamination scheme, and type of structure (i.e.,
geometry and boundary conditions) [17-19]. Stavsky [20] extended the first-order
shear deformation theory of isotropic plates to plates laminated of isotropic lay-
ers of dissimilar materials. The work of Stavsky [20] was extended to anisotropic
laminates by Yang, Norris and Stavsky [21] and Whitney and Pagano [22,23], who
studied the effect of shear deformation on bending and free vibration response of
simply supported rectangular laminates according to the first-order shear defor-
mation theory.

Second and higher-order plate theories involve higher-order expansions of the
displacement field. For example, the third-order theory of Reddy [24,25] is based
on the displacement field

stn = o2 () (o5
u3(e,y,2) = w(z,y) (2.5 2)

The displacement field accommodates the vanishing of transverse shear strains
(and hence stresses) on the top and bottom of alaminate. The theory was extended
in [25] to include the von Kdrmdn strains.

The displacement field of the type in Equation (2.5-2) was also considered by
others [26-35]. The works of Vlasov [26], Jemeilita [27], Schmidt [28], Krishna
Murty [29], and Levinson [30] were restricted to isotropic plates, and Schmidt [28]
and Levinson [30] used the equilibrium equations based on the method of moments.
Murthy [32] used the same approach to obtain the equilibrium equations, but cast
the approach in terms of the thickness-averaged displacement field. The technical
note of Krishna Murty [29] suggested a general, higher-order displacement field of
the type in Equation (2.5-2). The work of Schmidt [28] also accounts for the von
Karman strains, but is restricted to isotropic plates. The displacement field used
by Bhimaraddi and Stevens [33] is the same as that used by Levinson and Reddy
but recast in terms of different variables which are convenient in a finite element
model development.

All displacement-based theories up to and including third-order theories can be
obtained from a single displacement field, as shown recently by Reddy [10]. Reddy’s
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strain-consistent third-order theory [10] is by far the most general technical theory
of plates. It is based on the following displacement field [36],

ow

2 + Bz + Az2?P1 + 4236,

ui(z,y,2) =u+ az

0
uy(z,y,2) =v + az—é% + Bzdy + )\22’¢'2 + 72302

u3(z,y,2) = w+ A12¢3 + 71226s. (2.5-3)
Here (u,v,w) denote the midplane displacement components in the (z,y, z) direc-
tions, ¢; and ¢; are the rotations of a transverse normal about the y- and z-axes,
respectively, and 9; and 6; are undetermined functions. All of the generalized
displacements are functions of only z and y. The displacement fields of various

single-layer theories can be obtained from Eq. (2.5-3) by assigning proper values
to the constants, called tracers: a, 3, A, A1, v, and ;. For example, we have

Classical theory of Eq. (2.4-5):

a=-1,=A=y=X =7 =0 (2.5 — 4a)

First-order theory of Eq. (2.5-1):

a=0,=1,A=vy=X\ =7 =0; (2.5 — 4b)

Second-order theory [15,16]:

a=0,=1A=1,y=X=71=0 (2.5 — 4c)

Third-order theory of Reddy [24] in (2.5-2):

a=0,8=12=0,vy=1, A =7 =0;

4 Oow
6 = ~3z (¢1 + 5;:_)

4 Oow
b2 = ~3z (¢2 + 5;) (2.5 - 4d)

The displacement fields of many other single-layer third-order theories can be
deduced from the displacement field (2.5-3) (see Table 1 of Reddy [10]).
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Displacement-based, single-layer theories more refined than third-order are
not considered in the literature because they are cumbersome and the increase in
accuracy is outweighed by the increase in the number of unknowns. The third-
order theory (i.e., theory with cubic terms of the thickness coordinate) yields
quadratic variation of transverse shear strains within each layer and represents
the true distribution of the strains through thickness. Thus, it does not require
shear correction factors. The first-order theory is by far the most efficient (i.e.,
increased accuracy without an increase in computational effort) theory. Here we
develop the first-order shear deformation theory for laminated plates.

2.5-2 Kinematics

In the first-order shear deformation, one of the three assumptions of the clas-
sical laminate theory is removed: a straight line normal to the midplane of the
laminate remains straight and inextensible after deformation, but it does not nec-
essarilly remain perpendicular to the midsurface. Thus, the rotatlons ¢1 and ¢,
[see Eq. (2.5-1)] of a transverse normal are 1ndependent of 9 and § By

The displacement field of the first—order shear deformation theory is given by
Eq. (2.5-1), where ¢; and ¢, are the rotations of a transverse normal. The von
Kérman strains associated with the displacement field (2.5-1) are

6= +zé" (i=1,2,6,4,5) (2.5 — 5a)
where

() _Ou  1[0w)" )_0¢

9= 5 +2<a) 4T B

(©_0v_ 1(ow)" () 0

9 =5 T3 (a) e = By

Egg) _Ou | Ov Ow 3w a _ % 4 %

_B_y“}_a:z: 8z Oy 6 T Oy Oz
eg"):o,eg”:o (0)_ +¢ (1).__

Ow
e = S o egn =0. (2.5 — 5b)

2.5-83 Equations of motion

The equations of motion of the first-order shear deformation theory are

ON; ONg 8%y 0%,

5 T oy ae T e (25~ 6a)
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ONs ONy 8% 8¢

5 T oy =Ly + g (2.5 — 6b)
0 0 o2
%_{_%4.]\]( )+q:I°5§ (2.5—-60)
oM, OM; Bzu 02 ¢,
. +_8y -1 = 6t2 + Io—~ T (2.5 — 6d)
oM, BM 62 2
azﬁ T2 Q=L+ Io% (2.5 — 6e)
where
3
(Q1,Q2) = /__2£ (05,04)dz (05 = 02z, 04 = 0y3) (25-17)

and (N;, M;), N(w), and I; are the same as those defined by Egs. (2.4-17), (2.4-16)
and (2.4-18), respectively.

The boundary conditions for the first order theory are of the form [see Eq.
(2.4-20)]

Uny Unsy W, On, Pns (essential) (2.5 — 8a)
Nny Npsy, Qn, Mp, My, (natural) (2.5 —8b)

The transverse shear forces Q; can be expressed in terms of the displacements

as,
(0)
(&)=Llate-lin l{p)  es-o
where

h
7 .o
Aij = Kij /:;l QPdz (i,5 =4,5)

N
=Kij), Qg-“)(zw - z) (2.5 —10)
k=1

and K;; are the shear correction coefficients. The material stiffnesses QS:') in the

laminate coordinates are related to the fo) in the material coordinates by

Qa4 = Qua cos? 8 + Q55 sin’ 4
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Qa5 = (@55 — Qasa) cos fsin b
Qs5 = Q55 cos® 8 + Quasin® 4 (2.5 -11)

The equations of motion (2.5-6) can be expressed in terms of the displacements
(u,v,w, 1 and ¢3) as:

66 {Aug +A122 + Ais (%ﬁ + gv) + Bn{j,fl + Big %iz
+ B (6;1 + ;’ )} +aa [Awg +Azsg + Acg (gu g:)
B 52 g, (25 )]
Z’; +1 a;f;l (2.5 —12)
86 [Alsg +Azeg + Agg (g + gv) +Ble%¢l +staa¢;2
+ Bgs (%qﬁl + B¢ )} + 86 [Alzg +Azzg + Aze (gz+ S—Z)
+Blz%¢—l+322%é2+325 (%-I— %%Z)]
=1 g?; +1 6;::2 (2.5 —13)
8% [A (((';w +¢2> + Ass (g—:-}- ¢1)J + % [A44 <g—w+¢z)
+ Ags <%+¢1)J +N(w)+q=Io(?;T1: (2.5 —14)
68 [Bng +B1zg + Bis <gz + gv) +D11%¢1 +D12%%3
+ Dig <%ﬁ+ %)} * 5 [B g +stg + Bgs (gz +§_Z>
+D 6—5@ +D26%¢2 + Dsg (%il + %)} - [A45 (%S‘-F ¢2)
+ Ass (g—: +¢1>] =1, a;ﬁl 2 a (2.5 — 15)
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36 [Bmg +Bzeg + Bss (gz + g—;i) -+-D16%‘ii-l-Dzsaai;2
+ Dge (6;51 + %iz)] By [Blzg +Bzzg + Bag (g;+ g%)
+D1265£+D z%+Dze (%@_+ %i_z)] - [A44 (g—w+¢2)
+ Ags (,‘Zﬂ + ¢1>] =1 B;f;z + Il 6 (2.5 —16)

For uncoupled laminates (i.e., B;; = 0, I; = 0), Egs. (2.5-14)-(2.5-16), involving
(w, 1, ¢2), can be solved independent of equations (2.5-12) and (2.5-13). In this
case, Eqgs. (2.5-15)-(2.5-16) take the form

%41 0%¢, %41 %41
D1 522 + Die 522 + (D12 -+-Dtss)a By 2 42D 826y +Dss—ay2
84, Bw Bw 82y
+ Dzs*ay—z — Ay (¢2 + w) — Ass (¢1 + %) = IOW (2.5 — 17)
8%¢1 8% g2 8¢ 8% ¢ 8¢
Disgy +Des gy + (D12 + DGS)M +2Das o 3y + D 5y

9? 0 0 (7]
+ Dzz—a% — Aqgq (452 - —}) — Ags <¢1 + aw) =1, 622 (2.5 — 18)

For orthotropic plates, the laminate stiffnesses Ajg, Agg, Dig, D26, and Ays are
zero, and Egs. (2.5-14), (2.5-17) and (2.5-18) simplify to

01 0¢; 0w
Ass(a +62)+A44(6 +32)+N() 9=Lgy (2.5 —19)

62¢ 82¢1 ow 6 qSl
Dy — v -i-(D12+D66)a By +D6673‘3‘/‘2-"‘A55 (¢1+3_z> =1, TR (2.5 — 20)

02 0?
Degs 6¢2 +(D12+D66)8 31

a ¢2 Ow 62¢2
+ D22 3y2 - A44 (¢2 + "a;) = IOW (25 — 21)
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2.6 The layerwise theory of Reddy
2.6—-1 Background

In the analysis of composite laminates with embedded delaminations, free
edges, or regions of 3-D stress fields, one must use a theory based on 3-D kinemat-
ics and develop a computational model that is more efficient than the conventional
3-D finite element model. These requirements motivated Reddy [37] to propose a
novel layerwise theory, in which the displacements are expanded within each layer
using the Lagrange family of finite elements. The nodal values through the thick-
ness are functions of the inplane coordinates (z,y). Each layer of the theory can
be treated either as a mathematical or a physical layer, giving the flexibility to the
analyst to treat several physical layers as a sublaminate wherever necessary (for
computational saving), and model delaminations, ply terminations (i.e., ply-drop-
offs), ply splits, and so on. The most significant aspect of the layerwise theory
of Reddy is that, compared to the conventional 3-D displacement finite element
model, it has a data structure that saves computational time while giving exactly
the same results for comparable meshes (see Robbins and Reddy [38-40]).

2.6—2 Displacements and strains

The layerwise theory of Reddy is based on the following displacement ex-
pansion through the laminate thickness. The :—th displacement component is
expressed as,

N
ui(z,y,2) = 3 U (2,9)87(2) = U/ (2,4)87 (2) (2.6 1)
J=1

where 7 = 1,2,3; N is the number of subdivisions (e.g., the number of nodes in
the finite element discretization) through the thickness of the laminate and &7 are
known functions of the thickness coordinate, 2. Summation on repeated indices
is implied in Eq. (2.6-1). While the same interpolation functions are used in
Eq. (2.6-1) for all three displacements for simplicity, independent interpolation
of the displacements (especially u3) can be used. The functions &7 are the global
interpolation functions, defined (see Reddy [4]) in terms of the Lagrange interpo-
lation functions associated with the layers connected to the J-th interface through
the laminate thickness, and (U7, V7, W7) denote the nodal values of (u,v,w) at
the nodes through the thickness (see Fig. 2.6-1). Because of this local nature
of ®7, the displacements are continuous through the thickness, but their deriva-
tives with respect to z are discontinuous. This implies that all transverse strains
will be discontinuous at layer interfaces. Therefore, the interlaminar transverse
stresses computed from the layer constitutive equations (i.e., the products of the
strains with the elastic stiffnesses from the two layers at the interface) can be
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continuous. The inplane strains (e, €y, €;y) will be continuous but the inplane
stresses (0, 0y,0zy) Wwill be discontinuous at layer interfaces because of the dif-
ference in material properties of adjacent layers. The resulting theory will have
3N variables and 3N two—dimensional differential equations. An advantage of the
layerwise theory is that it requires only 2-D finite elements. The element aspect
ratio in the layerwise models is restricted to only two dimensions, as opposed to
three~dimensions in the conventional 3-D finite elements.

Figure 2.6—1 Kinematics of Reddy’s layerwise theory.

The value of N in Eq. (2.6-1) can be appropriately selected. When N is
chosen such that at least one element per physical layer is used, the interlaminar
stress distributions can be determined accurately. The sublaminate concept can
be used to model several layers as one equivalent single layer, i. e., N is less than
the number of physical layers in the laminate. The layerwise laminate theory also
yields the conventional, single-layer, plate theories as special cases, as shown by

Reddy [37].

Here we consider a laminated composite plate with total thickness h. We use
the strain-displacement relations of the von Kdrmdn nonlinear theory. We have

2 J J J
61:5_u+1(8w) =‘2’_]_¢J+l(3w ch) (aW <I>J),

9z 2\ 8z Oz 2\ Oz Oz
v 1 (ow\® ovI_, 1 (oW’ _;\ (oW’ _,
=2 () =T el 4 3 3
“ ay+2<ay) By +2(8y )(6y )
J
o= 20 _py1d® (2.6 — 24)

:5?- dz’
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v  Ow _;d®7 oW’

haduli hASY. ¥

“= 6z+<9 =V dz + 8y<I)
3u Bw Jd@J BWJ J
““5 TV & Tes ®

€g =

Ou Ov Owodw (BUJ 3V‘I) ¢J+(6W1¢I> (BWJ

%-{_%4_3_@%_ + Oz By

v J _
5+ e @) (2.6 — 2b)

2.6—3 Governing equations

The governing equations for the nodal variables (U7, V7, W) can be derived
using the principle of virtual displacements. The equations of equilibrium of the
layerwise theory are:

oMi 6M6
52 -Q{=0 (2.6 — 3a)
= —Ql=o0 (2.6 — 3b)
OK{ 0Ki 1. r(wd\ _
o +W—Q3+N (w?) =0 (2.6 — 3¢)

for I =1,2,...,N, where

J
N (W) = 9 (Suaw SIJ8W ) g(snaw LI ) (2.6 — 4)

oz Oz By Oz 2 By

and the resultants are defined by

h/2 k)2
- 1), U = PYIRPY, . _
/ i ®( S; ./—h/zm‘I) (2)®7(2)dz , (1 =1,2,6)

3 /h/z d<I>I 0l = /h/z d<I>-’ 3 /h/z el

h/2 dz L/2 dz h/2

h/2 h/2
Kl = [ osoldz, Ki= [ Iz, 6—
h -—h/zas 2z, Kj _h/20'4fI> dz (2.6 —5)

Equations (2.6-3) consist of 3N two—-dimensional differential equations in 3N vari-
ables (U!, VI, W), where N denotes the number of interfaces, including the top
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and bottom faces of the laminate. The resultants MiI,S-U,Ql,K'-I can be ex-

1 1
pressed, using the layer constitutive equations and strain-displacement relations,
in terms of the interface displacement functions (UI, Vi, WI). The finite element
model of the layerwise theory is presented in [38].

References

1. Sokolnikoff, I. S., Mathematical Theory of Elasticity 2nd Ed., McGraw-Hill,
New York (1965).

2. Lekhnitski, S. G., Theory of Elasticity of an Anisotropic Elastic Body, Holden-
Day, San Francisco, (1963).

3. Ambartsumyan, S. A., Theory of Anisotropic Plates, Technomic, Westport,
CT (1970).

4. Reddy, J. N., Energy and Variational Methods in Applied Mechanics, John
Wiley and Sons, New York (1984).

5. Whitney, J. M., Structural Analysis of Laminated Anisotropic Plates, Tech-
nomic, Lancaster, PA (1987).

6. Kapania, R. K. and Raciti, S., “Recent Advances in Analysis of Laminated
Beams and Plates, Par I: Shear Effects and Buckling,” ATAA Journal, 27 (7),
pp. 923-934 (1989).

7. Kapania, R. K. and Raciti, S., “Recent Advances in Analysis of Laminated
Beams and Plates, Part II: Vibrations and Wave Propagation,” AIAA Journal.,
27 (7), 935-946 (1989).

8. Noor, A. K. and Burton, W. S., “Assessment of Shear Deformation Theories
for Multilayered Composite Plates,” Applied Mechanics Reviews, 42 (1), pp.
1-13 (1989).

9. Reddy, J. N., “A Review of Refined Theories of Laminated Plates,” Shock and
Vibration Digest, 22 (7), pp. 3-17 (1990).

10. Reddy, J. N., “A General Non-Linear Third-Order Theory of Plates with
Transverse Shear Deformation,” Journal of Non-Linear Mechanics, 25 (6),

pp. 677-686 (1990).

11. Basset, A. B., “On the Extension and Flexure of Cylindrical and Spherical
Thin Elastic Shells,” Philosophical Transactions of the Royal Society, (London)
Ser. A, 181 (6), pp. 433-480 (1890).

12. Hildebrand, F. B., Reissner, E., and Thomas, G. B., “Notes on the Foundations
of the Theory of Small Displacements of Orthotropic Shells,” NASA TN-1833,
Washington, DC (1949).

13. Hencky, H., “Uber die Berucksichtigung der Schubverzerrung in ebenen Plat-
ten,” Ingenieu-Archiv (current name: Archive of Applied Mechanics), 16, pp.
72-766 (1947).



35

14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

24.

25.

26.

27.

Mechanics of Composite Laminates

Mindlin, R. D., “Influence of Rotatory Inertia and Shear on Flexural Motions
of Isotropic, Elastic Plates,” Journal of APplied Mechanics, 18, pp. 31-38
(1951).

Lo, K. H., Christensen, R. M., and Wu, E. M., “A Higher-Order Theory of
Plate Deformation, Part 1: Homogeneous Plates,” Journal of APplied Me-
chanics, 44 (4), pp. 663-668 (1977).

Lo, K. H., Christensen, R. M., and Wu, E. M., “A Higher-Order Theory of
Plate Deformation, Part 2: Laminated Plates,” Journal of Applied Mechanics,
44 (4), pp. 669-676 (1977).

Chatterjee, S. N. and Kulkarni, S. V., “Shear Correction Factors for Laminated
Plates,” ATAA Journal, 17 (5), pp. 498-499 (1979).

Whitney, J. M., “Shear Correction Factors for Orthotropic Laminates Under
Static Load,” Journal of Applied Mechanics, 40 (1), pp. 302-304 (1973).

Bert, C. W., “Simplified Analysis of Static Shear Factors for Beams of Non-
homogeneous Cross Section,” Journal of Composite Materials, T, pp. 525-529
(Oct. 1973).

Stavsky, Y., “On the Theory of Symmetrically Heterogeneous Plates Having
the Same Thickness Variation of the Elastic Moduli,” in Topics in Applied Me-
chanics, E. Schwerin Memorial Volume, D. Abir, F. Ollendorff and M. Reiner
(Eds.), Elsevier, NY, pp. 105-166 (1965).

Yang, P. C., Norris, C. H., and Stavsky, Y., “Elastic Wave Propagation in
Heterogeneous Plates,” International Journal of Solids and Structures, 2, pp.

665-684 (1966).

Whitney, J. M., “The Effect of Transverse Shear Deformation in the Bending
of Laminated Plates,” Journal of Composite Materials, 3, pp. 534-547 (July
1969).

Whitney, J. M. and Pagano, N. J., “Shear Deformation in Heterogeneous
Anisotropic Plates,” Journal of Applied Mechanics, 37 (4), pp. 1031-1036
(1970).

Reddy, J. N., “A Simple Higher-Order Theory for Laminated Composite
Plates,” Journal of Applied Mechanics, 51, pp. 745-752 (1984).

Reddy, J. N., “A Refined Nonlinear Theory of Plates with Transverse Shear
Deformation,” International Journal of Solids and Structures, 20 (9/10), pp.
881-896 (1984).

Vlasov, B. F., “Ob uravneniyakh teovii isgiba plastinok (on the Equations on
the Theory of Bending of Plates),” Izv. Akd. Nauk SSR, OTN, 4, pp. 102-109
(1958).

Jemeilita, G., “Techniczna teoria plyt S'redniej Grubosci,” (Technical Theory
of Plates with Moderate Thickness), Rozprawy Inzynierskie, Polska Akademia
Nauk, 23 (3), pp. 483-499 (1975).



Analysis of Composite Laminates 36

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

Schmidt, R., “A Refined Nonlinear Theory of Plates with Transverse Shear
?eforina.tion,” Journal of Industrial Mathematics Society, 27 (1), pp. 23-38
1977).

Krishna Murty, A. V., “Higher Order Theory for Vibration of Thick Plates,”
AIAA Journal, 15 (12), pp. 1823-1824 (1977).

Levinson, M., “An Accurate, Simple Theory of the Statics and Dynamics
<()f Elajstic Plates,” Mechanics Research Communications, 7 (6), pp. 343-350
1980).

Seide, P., “An Improved Approximate Theory for the Bending of Laminated
Plates,” Mechanics Today, 5, pp. 451-466 (1980).

Murthy, M. V. V., “An Improved Transverse Shear Deformation Theory for
La.mi)nated Anisotropic Plates,” NASA Technical Paper, 1903, pp. 1-37 (Nov.
1981).

Bhimaraddi, A. and Stevens, L. K., “A Higher Order Theory for Free Vibration
of Orthotropic, Homogeneous, and Laminated Rectangular Plates,” Journal of
Applied Mechanics, 51, pp. 195-198 (Mar. 1984).

Di Sciuva, M., “A Refined Transverse Shear Defor-mation Theory for Multi-
layered Anisotropic Plates,” Atti Accad Sci. Torino, 118, pp. 279-295 (1984).

Ren, J. G.,“A New Theory of Laminated Plate,” Composites Science and Tech-
nology, 26 (3), pp. 225-239 (1986).

Reddy, J. N., “On Refined Theories of Composite Laminates,” Meccanica, 25,
pp- 230-238 (1990).

Reddy, J. N., “Generalization of Two-Dimensional Theories of Laminated
Composite Plates,” Communications in Applied Numerical Methods, 3, pp.
173-180 (1987).

Robbins, D. H. and Reddy, J. N., “Modeling of Thick Composites Using a
Layer-Wise Laminate Theory,” Research Report No. CCMS-91-10, Virginia
Polytechnic Institute and State University, Blacksburg, VA, 1991, also to ap-
pear in: International Journal for Numerical Methods in Engineering.

Robbins, D. H. and Reddy, J. N., “On the Modeling of Free-Edge Stress Fields
and Delaminations in Thick Composite Laminates,” in Composite Structures
for Aerospace Applications, J. N. Reddy and A. V. Krishna Murty (eds.),
Narosa Publishing House, New Delhi (1992).

Robbins, D. H. and Reddy, J. N., “The Effects of Kinematic Assumptions on
Computed Strain Energy Release Rates for Delaminated Composite Plates,”
Modeling and Scientific Computing, in press.



Chapter 3

Finite Element Analysis
of Composite Laminates

3.1 Introduction

The partial differential equations governing composite laminates (see Section
2.4) of arbitrary geometries and boundary conditions cannot be solved in closed
form. Analytical solutions of plate theories are available (see Reddy [1-5]) mostly
for rectangular plates with all edges simply supported (i.e., the Navier solutions)
or with two opposite edges simply supported and the remaining edges having ar-
bitrary boundary conditions (i.e., the Lévy solutions). The Rayleigh-Ritz and
Galerkin methods can also be used to determine approximate analytical solutions,
but they too are limited to simple geometries because of the difficulty in construct-
ing the approximation functions for complicated geometries. The use of numerical
methods facilitates the solution of these equations for problems of practical im-
portance. Among the numerical methods available for the solution of differential
equations defined over arbitrary domains, the finite element method is the most
effective method. A brief introduction to the finite element method is presented
in Section 3.2.

There are several types of finite element models developed for plate theories.
These can be grouped into three major categories: (i) displacement models, (ii)
mixed and hybrid models, and (iii) equilibrium models. The displacement finite
element models of plate theories are based on the principles of virtual displace-
ments, where all governing equations are expressed in terms of the displacements
[see, for example, Eqs. (2.4-26)-(2.4-29)]. The mixed and hybrid finite element
models are based on modified or mixed variational statements of the plate theo-
ries, in which both displacements and stresses are independently approximated.
The equilibrium models are based on the principle of virtual forces. Among the
three types of models, the displacement finite element models are most natural
and commonly used in commercial finite element programs.

37
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The objective of this chapter is to review the basic idea of the finite element
method and develop the displacement finite element models of the classical lam-
inated plate theory (CLPT) and the first-order shear deformation plate theory
(FSDT), which were discussed in Chapter 2. The finite element models are then
used to analyze several laminate problems.

We begin with the discussion of the finite element method (see Reddy [2,6]).
3.2 The finite element method
3.2—1 Basic features

The finite element method is the most powerful numerical technique ever de-
vised for solving solid and structural mechanics problems in geometrically compli-
cated regions. The finite element analysis of a problem is so systematic that it can
be divided into a set of logical steps that can be implemented on a digital com-
puter and can be used to solve a wide range of problems by merely changing the
data input defining the domain, its physical properties and initial and boundary
conditions. It is this feature that gave the finite element method such remarkable
success in the modeling and simulation of practical engineering problems.

The finite element technique is endowed with two distinct features that no
other method shares:

1. The domain of the problem is viewed as a collection of nonintersecting simple
subdomains, called finite elements. The word domain is used to denote the
physical system, or material region over which the governing equations are to
be solved. The subdivision of a domain into elements is termed finite element
discretization. The collection of the elements is called the finite element mesh
of the domain. In general, the finite element mesh is an approximation to the
domain.

2. Over each finite element, the solution of the governing equations is approx-
imated by a linear combination of undetermined parameters and preselected
approximation functions, almost always polynomials.

Since the solution is represented by polynomials on each element, a continuous
approximation of the solution of the whole can be obtained only by imposing the
continuity of the finite element solution, and possibly its derivatives, at element
interfaces. The procedure of putting the elements together is called the assembly
of elements.

In the finite element method, a geometrically complicated domain is repre-
sented as a collection of subdomains that allow an easy construction of the ap-
proximation functions. By representing the solution in terms of its values at the
nodes of the element (i.e., by interpolating), we identify the approximation func-
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tions for an element as appropriate interpolation polynomials, and we can write

n

u(z) ~ Ud(e) = 3 Us4s(z) (3.2 —1)

i=1

where U, represents the finite element interpolant of u on a typical element Q°,
Uy is the value of U, at the j-th node, and ¥5(z) are the interpolation functions.
For example, the linear finite element approximation of a function u(z,y) in two-
dimensional problems using triangular finite elements consists of representing the
domain with triangular elements and then approximating the function u(z,y) over
each element by linear polynomials of the form (see Reddy [2,6])

3
uxa+br+cy= ZU;;b;(m,y) (3.2-2)
j=1

Apart from the two basic features, (i) the discretization of a domain into a
set of finite elements, and (ii) the representation of the solution u by equations
of the form (3.2-1), the finite element method is a general numerical method
in which a given differential equation is recast in an equivalent form, called a
weighted-integral or variational statement, over each element and the parameters
U¢ are determined such that the variational statement is satisfied in each element.
Tixe satisfaction of the variational statement leads to a set of algebraic relations
among the parameters US of an element. Since the domain is divided into a set
of elements, they are put together into their original positions using continuity
of Ue(z) at element interfaces (i.e., assembly of elements). The finite element
method typically entails the solution of a very large number of equations for the
nodal values of the function being sought. The number of equations is equal to the
number of unknown nodal values. Thus the method requires so much computation
that it is practical only if the calculations are carried on a computer.

The finite element method can be regarded as a technique of generating ap-
proximation functions for variational methods of approximation (e.g., the method
of Rayleigh-Ritz, Galerkin, least squares, collocation, subdomain, and so on; see
Reddy [2,6,7]). The generation of approximation functions is made convenient by
dividing the domain into finite elements and restricting the choice to polynomials.
While there is only one finite element method, there can be several different finite
element models of a given equation, depending on the variational method used to
satisfy the governing equation.

3.2-2 Modeling considerations

Finite element analysis of a structural problem is a numerical analysis of the
mathematical model used to represent the behavior of the structure. Therefore,
finite element modeling involves assumptions concerning the representation of the
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geometry of the structure and its behavior. Valid assumptions can be made only
if one has a qualitative understanding of how the structure behaves. A good
knowledge of the basic equations governing the deformation of the structure and
its finite element model enable the development of a good mathematical model of
the actual process.

Here we discuss several aspects of finite element model development. Guide-
lines concerning element geometries, mesh refinements, and load representations
are given (from Reddy [6]).

Mesh generation

Generation of a finite element mesh of a given structure should follow the
guidelines listed below:

1. The mesh should represent the geometry of the computational domain and
load representation accurately.

2. The mesh should be such that large gradients in the solution (displacements
and/or stresses) are adequately represented.

3. The mesh should not contain elements with very large aspect ratios (i.e., ratio
of the smallest side to the largest side of an element), especially in regions of
large gradients.

Within the above guidelines, the mesh used can be coarse (i.e., few elements) or
refined (i.e., many elements), and may consist of one or more orders and types
of elements (e.g., linear and quadratic, triangular and quadrilateral). A judicious
choice of element order and type could save computational cost for a given accuracy
in the results. It should be noted that the choice of elements and mesh is problem-
dependent. What works well for one problem may not work well for another.
An analyst with physical insight into the process being simulated can make a
better choice of elements and mesh for the problem at hand than one who does
not have the physical insight. One should start with a coarse mesh that meets
the three requirements listed above, exploit symmetries available in the problem,
and evaluate the results thus obtained in the light of physical understanding and
approximate analytical and/or experimental information. These results can be
used to guide subsequent mesh refinements and analyses.

Generation of meshes of single element type (i.e., linear elements or quadratic
elements) is easy because elements of the same degree are compatible with each
other. Mesh refinements involve several options. Refine the mesh by subdividing
existing elements into two or more elements of the same type (see Figure 3.2-1a).
This is called the h-version mesh refinement. Refine the mesh by replacing existing
elements by elements of higher order (see Figure 3.2-1b). This type of refinement
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is called the p-version mesh refinement. The h, p-version mesh refinement is one
in which elements are subdivided into two or more elements in some places and
replaced by higher-order elements in other places. Generally, local mesh refine-
ments should be such that very small elements are not placed adjacent to very
large elements.

T T T T
- — _t___—l—_——r-—_
| | | }
| I |
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! | | }_
T | |
—_41“—'_.- __}_ T—T—
T

(b) The p-refinement

Figure 8.2—1 The two types of mesh refinements in finite element analysis.
(a) h-refinement (refinement with the same order of elements).
p-refinement (refinement with higher-order elements).

There are many problems in solid and structural mechanics in which it is
necessary to combine elements of different kinds. For example, 2-D plate bending
elements can be connected to a 1-D beam element. If the plate element is based
on the classical plate theory, the beam element should be one based on the Euler-
Bernoulli beam theory so that they have the same degrees of freedom at the
connecting nodes. When a plane elasticity element is connected to a beam element,
and the degrees of freedom of the connected elements are incompatible (because
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the rotational degree of freedom of the beam element has no counterpart in the
elasticity element), one must construct a special element that makes the transition
from the 2-D plane elasticity element to the 1-D beam element. Such elements
are called transition elements.

3
2 4

\ [ 1/ .

Linéar Element Trm{.u'tion %uadmtic Element
Element

(a)

e

3

2

1

Constraint conditions:
Value at Node 2 = Average of the values of Nodes 1 and §

(5)

Figure 3.2-2 Connections between different order elements. (a) Use of transi-
tion elements. (b) Use of constraint conditions.

To accomplish local mesh refinements it may be necessary to combine elements
of different orders, say linear and quadratic elements. There are two ways to
combine elements of different orders. One way is to use transition elements which
have different number of nodes on different sides of the element (see Figure 3.2-2a).
The other way is to impose a condition that constrains the midside node to have
the same value as that at the node of the lower-order element (see Figure 3.2-2b).
Neither combination enforces interelement continuity of the solution. Figure 3.2-3
shows a few examples of such refinements.
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(a) (6)

Figure 3.2—-3 Examples of local mesh refinements. (a) Mesh refinement with
compatible elements, and (b) mesh refinement with transition
elements.

Load representation

Suppose that a solid body is subject to a distributive force on its boundary.
When the displacement of the body is modeled by a set of finite elements, the
force distribution must be modeled also, i.e., replaced by a set of nodal forces.
This is done in such a way that the work done by the nodal forces on the finite
element nodal displacements is equal to the work done by the distributed force in
moving through the displacement. The accuracy of the solution depends on the
element type and mesh used to represent the domain and the representation of
actual forces. Use of linear elements, for example, to represent a curved boundary
will change the actual distribution (see Figure 3.2-4). Of course, mesh refinements
by h-version or p-version will improve the representation of the specified boundary
force. Also, the load vector due to distributed force should be computed using the
interpolation functions of the element used to represent the solution. For example,
if the solution is approximated using the nine-node quadratic elements, the nodal
contributions of a distributed force should not be evaluated using four-node linear
elements.
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Figure 3.2—4 Representation of specified boundary forces in the finite element
analysis.

Another situation where a boundary force is subject to different types of ap-
proximations is contact between two bodies. For example, a solid plate in contact
with a circular disc generates a reactive force that can be represented either as a
point load or as a locally distributed force. Representation of the contact force
between deformable bodies as a point load is an approximation of the true distri-
bution. A sine distribution might be more realistic representation of the actual
force.

Imposition of boundary conditions

In most problems one encounters situations where the portion of the bound-
ary on which forces are specified has points in common with the portion of the
boundary on which the displacements are specified. In other words, at a few nodal
points of the mesh, both the force and displacement degrees of freedom may be
specified. Such points are called singular points. Obviously, one cannot impose
both boundary conditions at the same point. As a general rule, one should im-



45 Finite Element Analysis

pose the geometric (i.e., displacement) boundary condition at the singular points
and disregard the force boundary condition. Of course, if the true situation in
a problem is that the force boundary conditions are imposed and the geometric
boundary conditions are a result of it, then consideration must be given to the
former one.

Another type of singularity one encounters in the analysis of boundary—value
problems is the specification of two different values of a displacement or force
variable at the same boundary point. In the finite element analysis, one must
make a choice between the two values or take a weighted average of the two.
When a choice is made between the two values, the larger value is recommended,
as it represents the more conservative choice. In any case, one must note that the
true boundary condition is replaced by an approximate condition. The closeness
of the approximate boundary condition to the true one depends on the size of the
element containing the point. It is often necessary to make a mesh refinement in
the vicinity of the singular point to obtain an acceptable solution.

Since most practical problems are approximated in their engineering formu-
lations, one should not be overly concerned with the numerical accuracy of the
solution. A feel for the relative proportions and directions of various errors intro-
duced into the analysis helps the finite element practitioner to make a decision on
when to stop refining a mesh. In summary, scientific (or engineering) knowledge
and practical experience with a given class of problems is an essential part of any
approximate analysis.

3.3 Classical laminated plate theory
3.3-1 Governing equations

The classical laminated plate theory is an extension of the Kirchhoff plate the-
ory of thin isotropic plates to laminated plates. The assumptions of the Kirchhoff
plate theory were discussed in Section 2.4-2, and the governing equations of mo-
tion were derived in Section 2.4-4. For static case, the equilibrium equations of
the classical laminated plate theory are [see Eqs. (2.4-15) and (2.4-19)—(2.4-21)]:

ONy  ONg\
“(az +W>_o (3.3 —1a)
ONg ON,
2 e 3-—1b
o+ ) =0 (33-12)
M, _®°Ms O0°M,
_( 502 T G20y + 57 -}—N(w)-i—q) =0 (3.3—1¢)

where (N3, N3, Ng) and (My, My, Mg) are force and moment resultants defined
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in Egs. (2.4-17) and N(w) is nonlinear expression defined in Eq. (2.4-16):

N1 h o1 M1 h (5]
Ny b= / Pl tde, { My § = / 2oy b 2dz (3.3 - 2a)
N 7 | og Mg 2 | o¢
0 ow ow 0 ow Ow
Nw)= 2 (N~ N W N 32
=g (mgpemy) ¢y (g2 e miz) -

The equations of equilibrium can be expressed in terms of the displacements
(u,v,w) [see Eqs. (2.4-26)-(2.4-28)], using the laminate constitutive equations.
Here we develop the finite element model of Eqgs. (3.2-1), assuming that the force
and moment resultants are known in terms of the displacements.

3.3-2 Finite element model

The development of the finite element model of the equations follows two basic
steps: (1) the construction of weighted-integral statements of the equations, and
(2) the approximation of the displacements, using ideas from the interpolation
theory, and derivation of the algebraic equations among the nodal displacements
and forces using the weighted-integral statements. In the first step, the differential
equations to be solved are recast in a weighted-integral form. This is necessary in
order to derive a set of linearly independent algebraic relations among the nodal
displacements and forces. The weighted-integral statement can be derived either
directly from the governing equations or from the principle of virtual displace-
ments. Both approaches give exactly the same weighted-integral statement, called
the weak form. In the second step, the dependent variables are approximated by
appropriate finite element interpolations of the form (3.2-1), and they are substi-
tuted into the weak form of the equations to obtain the algebraic relations among
the nodal values of the displacements and forces. These two steps are discussed in
detail in the following paragraphs. For simplicity of exposition, we omit the non-
linear term N(w) in the third equation of (3.3-1) and develop the finite element
model of the linear equations. Once the linear model is discussed, we return to
the nonlinear case [i.e., account for the nonlinear expression N(w) in Eq. (3.3-1)]
and derive the nonlinear finite element model. The time-dependent case will also
be discussed in the sequel.

Weak Form

The principle of virtual displacements (see Reddy [2]) naturally gives the weak
form of the differential equations in (3.3-1). Alternatively, the weak form of Eq.
(83.3-1) can be constructed as described here. Each equation is multiplied by
an appropriate weight function and integrated over a typical element. Since the
statement holds for any arbitrary choice of the weight function, one can choose as
many different, linearly independent, functions for the weight function as there are
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nodal values in the expansion of the displacement component associated with the
equation. The weight function has the meaning of a virtual variation in the dis-
placement component. The three equations in (3.3-1) correspond to equilibrium
of forces in the three coordinate directions, (z,y,z). Hence, the weight functions
for the three equations have the meaning of virtual variations (éu, év, §w), respec-
tively.

Consider the first equation in (3.3-1). Multiply it with a weight function éu
and integrate over the element domain 0° :

~ 8Ny 0N
0—-/05611‘ [—E—Fy‘} dXdy (33'—3)

Recall that Ni and Ng are functions of the derivatives of the displacements u, v
and w. To reduce the differentiability of the interpolation functions used in the
finite element approximation of u, v, and w, the differentiation on Ny and N is
traded to the weight function §u by using integration-by-parts (or the gradient
theorem):

Obu Obu
0= ,/("]B (E—Nl + E/_Nt;) dXdy — /I;e(Nln” + Nsny)éuds

where (ngz,ny) are the direction cosines of the unit normal on the boundary I'®
of the element domain £2¢. We note that the expression in the parenthesis of the
boundary integral denotes the inplane normal force

Ning + Neny =N,

Hence, Eq. (3.3-3) becomes

O6u Obu
= [ SN+ SN | dxdy — [ 6ulad 3-4
0 /;)ﬂ(am 1+0y e)xy L fulVnds (3.3-4)
Equation (3.3-4) is called the weak form of Eq. (3.3-1a) because it requires less
differentiability (i.e. weaker continuity) of the dependent variables (u,v,w) than
the original differential equations (3.3-1a).

Following the same procedure for Eqs. (3.3-1b) and (3.3-1c), we obtain the
following weak forms,

Obv Obv
0= /ﬂ e (B—z:NG + —(,?;Nz) dxdy — /r  Ny,fvds (3.3-5)
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0%6w 826w 8% 6w
0=- (W 1 26m8yM a 2 M2 +6wq> dxdy
Obw
_ /r e (5an + 5 Mn> ds (3.3-6)

where év and dw are the virtual variations of the displacements v and w, respec-
tively.

Interpolation and finite element model

The displacements (u,v,w) are approximated over an element by interpolations
of the form,

n

U= Z“J% z,y) Z v;9;(2,y)
j=1

w=3" A5(20) (33-7)

j=1

Here (uj,v;) denote the nodal values of (u,v) and A; denote the nodal values of
w and its derivatives. All nodal displacements and rotations, called generalized
displacements, are associated with the element (2°.

There are two basic types of interpolation functions that are used in finite
element analyses. The Lagrange interpolation is one in which only the function is
interpolated, whereas the Hermite interpolation is one in which the function and
its derivatives are interpolated. The finite elements developed using the Lagrange
type interpolation are called C° elements, and finite elements developed using
Hermite type interpolation are called C™ elements, where m > 0 is the order of
the derivatives included in the interpolation.

Based on the order of differentiation in Egs. (3.3-4)-(3.3-6), it can be con-
cluded that v; are the Lagrange interpolation functions and ¢; are the Hermite
interpolation functions (see [6,7]). Clearly, CC-interpolation of (u,v) and C*-
interpolation of w are required to develop a plate bending element of the classical
plate theory when using the weak forms in Eqgs. (3.3-4)-(3.3-6).

For linear Lagrange interpolation of (u,v) and Hermite cubic interpolation of
w using four-node rectangular elements, we have n = 4 and m = 16. In this case
the four nodal values associated with w are:

ow Ow d 8%w

w, (9_:1:’ %, an —a—m—a-;/' (3.3—8)
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The Lagrange interpolation functions ¢; and Hermite interpolation functions
#; are presented in Table 3.3-1 (taken from Table 7.9 of Reddy [7]; also see Reddy
[6]). The Hermite interpolation functions for the conforming plate element are
obtained by taking the tensor product of the Hermite cubic polynomials associated
with the Euler-Bernoulli beam element (see [6]).

This choice of interpolation of (u,v,w) guarantees continuity of (u,v,w, %—'f;)
at the interface of elements, and therefore such elements are called conforming
elements. If the mixed derivative, ggg’;, is not included in the interpolation, the
resulting element violates the inter element continuity of the slope of the transverse
displacement. Hence, it is termed a nonconforming element. The conforming
element has a total of six degrees of freedom per node, whereas the nonconforming
element has a total of five degrees of freedom per node, as indicated in Figure

3.3-1.

The finite element model of Egs. (3.3-1) is obtained by substituting expres-
sions (3.3-7) for (u,v,w), and §u = t;,6v = ¥; and éw = ¢; into Eqs. (3.3-4)-
(3.3-6). This gives the i-th algebraic equation of each weak form. There are a
total of (2n + m) nodal degrees of freedom per element. We obtain,

0= /n (%ﬁ‘ Ny + %N ) dxdy — /r Nutpids (3.3 — 9a)
_ oY Oi ,
0= / (a—mNe + 5 2> dxdy — /r Naspids (3.3 — 9b)

z? 8zdy y?
_/ <¢1V + ?f‘ )d.s (3.3 —9c¢)

21 621 821
0=— /e(‘y—sz % M+ ¢Mz+¢1q>dxdy

These equations can be expressed in the form,

3 n(B)
ZZ KPA - Fr=0,i=1,2,..,n(a) (3.3 —10q)

or

(Ke){a} - {F°} = {0} (3.3 —100)

where a = 1,2,3; n(1) = n(2) = 4 and n(3) = 16. The variables A? and stiffness
coeflicients Kf‘]ﬂ are defined by
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Table 3.3—-1 The Lagrange and Hermite interpolation functions for the plate
bending elements ((&;, (i) denote the coordinates of the i-th node

of the element, and (z.,y.) are the global coordinates of the cen-
ter of the element).

Element type

Interpolation functions

Remarks

Lagrange elements:
Linear

Quadratic

Seredipity element:
Quadratic

Hermite cubic element:

Interpolation functions for

variable u

A +EE)Q + 1)

LEEQL+ EE)n,(1 + nm,)
Lgmi(1+nm)(1 - §)
1EE(1+EE)A-7Y)
1-8)1-19%)

1+ EE)A +mm)(EE + 1 = 1)
(1= E3(1+1nm)
11+ EE)(1-1?)

E(E + EV(EE — (0 + 1) (m; - 2)

Nodei(i=1,...,4)

Corner node
Side node, §,=0
Side node, 1, =0
Interior node

Corner node
Side node, §;=0
Side node, n; =0

derivative du/d& —&E(E + ENEE — 1) + 1)’ (m; = 2) For node
derivative 8u/d1 —16(E + EX(EE —Dmi(n + 0 )2(nmi =) Fi=1,...,4)
derivative 3°u/3E 0 165/(& + E)(EE, — Dni(n + n)*(nm; — 1)
Interpolation functions for
variable u 3(Eo+ Do+ D2+ &g+ 10— &~ 1%
derivative du/a& L (Eo+1)X(Eo— )0 +1) I.FE’,_':‘I"’E "
derivative du/dn IniEo+ D)o+ 1) (no—1)] T
E=(—-xJ)a, n=(y-y)/b (2a and 2b are the
Eo=88, mo=nm; sides of the
rectangular
element)
dw 8w

dw 8
("‘7”1“’7 E%’ ﬁ

dw
(uvv7w7 8z By 5z8y

Figure 3.3-1 Plate bending elements of the classical plate theory. (a) Non-

dw  Ow

conforming element (u,v,w, &, 5y ) (b) Conforming element

( Sw

dw 8w )

UV, W, Fz> 8y 8zdy
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A}:uj,Agzvj,A?‘—:Aj (3.3-11)
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i 1 on n e 1

All other coefficients are zero.

The computation of the coefficients in Eq. (3.3-12)-(3.3-14) require evaluation
of integrals over each element domain. When the element geometry is nonrectan-
gular or the integrands are complicated functions of the coordinates (z,y), exact
evaluation of the integrals by conventional methods is not possible. In finite ele-
ment computer programs, such integrals are evaluated using numerical integrations
methods. We will discuss numerical evaluation of integrals in Section 3.5-1.

This completes the development of the finite element model of the classical
laminated plate theory.

Equations (3.3-10) of an element are assembled by using the interelement con-
tinuity of the nodal displacements and balance of nodal forces. Then the displace-
ment and force boundary conditions of the problem are imposed on the assembled
system of equations and the equations are solved for nodal displacements of the
total mesh. Equations (3.3-7) can be used to determine displacements at any
arbitrary point (z,y,0), and the displacement field in Eq. (2.4-5) can be used to
determine the total displacements at a point (z,y,z). The strains (2.4-12) and
stresses in the global (i.e., problem) coordinates (z,y,z) can be computed using
the displacement field, and they can be transformed to lamina coordinates using
the transformation in Eq. (2.3-3). Additional discussion of the strain and stress
computation in finite element analyses is given in Section 3.5-2.

3.3—-3 Nonlinear model

If the von Kdrmdn nonlinear strains [see Eq. (2.4-13)] are to be included in
the finite element model, the procedure discussed above does not change, except
that the resulting algebraic equations (3.3-10) will be nonlinear. The additional
stiffness coefficients for the nonlinear model are:
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/ (61/’1. a“/’t ) dxdy , K3cz — 2Ka3

1] ay 1
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K = ( B Ny, + %y Nz,) dxdy
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J 0w O¢; Ow 0¢; Ow 0¢; | Ow Og; _
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The nonlinear algebraic equations of the nonlinear model are solved by iterative
methods, which will be discussed in Section 3.5-3. In iterative methods, the
expressions involving the dependent variables and their derivatives are computed
using their values from the previous iteration, so that the integrals can be evaluated
(by numerical integration methods).

3.4 First-order shear deformation theory
3.4-1 Governing equations

In this section, the displacement finite element models of the first-order shear
deformation theory are presented. The procedure used is the same as that used
for the classical laminated plate theory in Section 3.3. First we consider the static
equilibrium equations of the theory.

The equilibrium equations of the first-order theory are obtained by omitting
the time-derivative terms (i.e., assuming that all resultants are functions of spatial
coordinates only) in Eq. (2.5-6):

6N1 BNG _ aNﬁ a]\/'2 _ _

(B (e )y
0Q1 |, 0Qs _ _
(az + By + N(w )+q> =0 (3.4 —1¢)

M.
_(8M1+6M6_Q1>=0’ _(%]_‘_/‘,_5+6_2_Q2) =0 (3.4-1d,e)
z Oy
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The weak forms of Egs. (3.4-1) can be obtained in the same manner as de-
scribed for the classical laminated plate theory. The first equation is multiplied
by éu, the second by év, the third by éw, the fourth by é¢1, and the fifth by §¢,.
Once again we use integration-by-parts to trade differentiation from the resultants
to the weight functions to obtain the weak forms.

3.4-2 Finite element model

We note that the force and moment resultants contain, at the most, only the
first derivatives of the dependent variables (u,v,w,¢;,¢2). Therefore, they can
all be approximated using the Lagrange interpolation functions. Thus, the plate
bending element of the first—order plate theory is a C° element. The displacements
(u,v,w, @1, ¢2) are approximated as,

u= uipi(z,y), v=72 v$i(z,y)
j=1

j=1

w =3 wipj(e,y)

j=1

ZS¢, z,9), ZS¢J 2,y) (3.4-2)

where ; are Lagrange family of interpolation functions. One can use linear,
quadratic, or higher-order interpolation functions.

For the linear case, the weak form of Egs. (3.4-1) over a typical element
domain Q€ is given by,

0= / (%1/’1 Ny + %N ) dxdy — /n Nptids (3.4 — 3a)
a¢1 a¢1
0= / ( Oz 6 Nz) dxdy — / Nnsids (34 - 3b)
i i
0= ,/(‘73 (0¢ Q1+ 1/) QZ +1/’1q> dxdy —/ Qnipids (3.4 -3c)

0= (%ﬁ‘M1+%¢’Ma+¢1Q1) dxdy — [ Mupids (34— 3d)

i A,
0= /m (-aiﬁ—M + a—¢-M2 + ¢’1Q2) dxdy — /;e Mnpsids (3.4 — 3e)
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Substituting Eqs. (3.4-2) for (u,v,w, ¢1,$2) into Eq. (3.4-3), we obtain the finite

element model of the first-order theory,

5 =n
S S KPA —Fr=0,(a=12,..,5)
=1j=1

or

[K°{A°} — {F°} = {0}

where the stiffness and force coefficients are defined by (a = 1,2,

K = / (a‘/"N 1 O NG,) dxdy

Oz dy
a a i ara a L
K= ( aﬁ NG + a¢ Nz_,,) dxdy

o 61. o al
Ky=[ (aﬁ Q5+ 2 QZJ) dxdy

A; s
K;*ja=/ (’/’M + ¢M61+¢.Q1,) dxdy

Oz 0

o O i
K = / ) (aimMsj a’/’ M3; +¢,Q2,) dxdy

The coefficients N7, Mf;, and Q?j fora =1,2,...,

Ny = A11%¢1 + Ase 681,[; , lej -_-Alzaa_”le_i_Als%
Ny = Bnif +Ble"6a£; , N3 = B12%¢ + B %ﬁj
Nj = A12%¢ + Aze %? , N3 = A2266¢ + A3 %¢J
Nz, = B12%¢ + Bag %d;’ , sz —Bzz?;b + Bag %T/)J
Nsl,' = A1e%ﬁ+A55%i; , stj = A%%_i_A“%
Ns, = Bma(,;’éy + BGG‘?;ZJ , Ns] = By a¢': + Bas %’/’;

) 5)

(3.4 — 4a)
(3.4 — 4b)
(3.4 —5)

5and I =1,2,6 are given by
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Mj; = Bu{?’ + Bus 61/)] » M{; = By, i;ﬁj + Bis %¢J
Ml; =Dy (?;b + D¢ at’ M1J = Dna‘;/’J + Dyg aa'/’y
M;; = By 6% + Bag %1/;‘7 M-fj = Bn%’é’—' + st%
Mz, = Dy2 %@b + D (?;i’ sz = Dzza:-" + Dsg a¢:i
M;g; = B 6¢J + Bes 315, ME; = By 6;/’1 + Bes 3¢;
Me, = Dqs ag” + Dgg 66? Ms; = Dog :J + Ds 6‘?;!’1
Q%j = Assj, Q25 = Ass, Q?,’ = Agsj, Q3; = Asath;

- /l:ewﬁ.-Nnds | F? =/I‘=1/;.-N,,,dsF,-3 = /n e d:cdy+/re $iQnds

Ft= /r $iMyds , Ff = /r iMyyds (34-7)

All other coefficients are zero.

When the four-node rectangular element is used, the element stiffness matrices
are of the order 20 X 20; and for the nine-node element they are 45 x 45 (see Figure
3.4-1). If the inplane degrees of freedom (u,v) are omitted (for the uncoupled
case), the stiffness matrices will be of orders 12 x 12 and 27 x 27 for the linear
and quadratic rectangular elements, respectively (see [1,8-13]). The coefficients in
Eq. (3.4-5)-(3.4-T) are evaluated, in general, using numerical integration methods
(see Section 3.5-1).

Once the finite element equations of all elements are available, they are put
together by using the continuity of the nodal displacements and the balance of
nodal forces. Then the boundary conditions on displacements and/or forces are
applied on the assembled system of equations, and the equations are solved for the
nodal values of the displacements. Equations (3.4-2) can be used to determine
the displacements, strains, and stresses at any point inside the element ¢, as
discussed in more detail in Section 3.5-2.
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(u,v,w,61,62)
Ean

Figure 8.4-1 The C° plate bending elements of the first-order shear deforma-
tion plate theory. Each node has the following degrees of freedom:

('“',v,wa é1, ¢2)

The geometric nonlinearity (in the von Kdrman sense) can be included in the
same manner as was done for the classical laminate theory. In fact, the nonlinear
coefficients in Eqs. (3.3-15) are also valid for the first-order shear deformation
theory.

3.4-3 The dynamic case

In developing the finite element models (3.3-10) and (3.4-4) of the classical
and first-order shear theories, we considered only the static case. For the dynamic
case, we should consider the equations of motion (2.4-26)—(2.4-28) and (2.5-12)-
(2.5-16) to develop the finite element models. For time dependent problemsit is of-
ten assumed that the variables [u(z,y,t),v(z,y,t),w(z,y,t), ¢1(z,¥,1), d2(,¥,1)]
each can be represented as a product of a function of time ¢ and a function of
coordinates (z,y):

n

= S i v = Y i), w= 3 wii(e)

j=1 j=1 j=1
$1="3 S}(tyi(z,y) , b2 =Y S}(t)$;(2,v) (3.4 - 8)
i=1 j=1

where the nodal values of the generalized displacements are now treated as func-
tions of time ¢. In developing the finite element equations, we first approximate the
spatial variation of (u,v,w, $1,$2) for an arbitrarily fixed time ¢ > 0. This step is
called the semidiscretization. This leads to a set of ordinary differential equations
in time, which are then further approximated to obtain algebraic equations for the
nodal values at a fixed time. The approximation of the time derivatives is known



Analysis of Composite Laminates 58

as the temporal approzimation. These two stages of approximation are discussed
below.

Semidiscretization (spatial approzimation)

Substitution of Eq. (3.4-8) into the weak form of Egs. (2.5-12)-(2.5-16) results
in a set of 5n ordinary differential equations in time for (uj,vj, w;, S},Sf)z

[K°){A®} + [M®){A°} = {F°}, in Q° for t>0 (3.4-9)

where [K*¢] is the element stiffness matrix and F* is the force vector in Eq. (3.4-
4b), and [M*] is the mass matrix whose coefficients are given below:

[MII] [M12] [M13] [M14] [MIS]
[M22] [MZS] [M24] [M25]

[M¢] = [M33] (M%) [M3] (3.4 — 10a)
[M“] [M45]
sym. [M55]

and [see the right-hand sides of Eqs. (2.5-12)—(2.5-16)]

MY = /n Lpipydady , M¥ =0, MF =0, M} =0,

MY = /n Ipipjdzdy , MP = MY, M¥ =0, M} =0,

MZP =M, MP =My, M} =0,M} =0, M} =M},
Mg =M, M7 =M (3.4 —100)

Equation (3.4-9) can be reduced to appropriate form depending on the type

of analysis. For static analysis, we set the acceleration vector, {A} to zero and
obtain the problem [see Eq. (3.4-4)],

[K°{A%} = {F°}. (3.4-11)

For natural vibration problems, we assume periodic motion and replace the
acceleration vector by,

{A%) = —u?{A2} (or {A%) = {A%}e™Y) (3.4-12)
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Then Eq. (3.4-9) takes the form of an eigenvalue problem,

([K°] - w?[M°]){AG} = {F} (3.4-13)

For buckling analysis (i.e., to determine the value of inplane compressive force
at which the plate buckles), we replace the mass matrix in Eq. (3.4-13) with the
stability matrix [$°] and w? with the buckling load X. The stability matrix comes
from the geometric nonlinearity of Eq. (2.5-14):

0 [-0w - Ow 0 [-0w _ Ow
5;<Nla—z+N6‘5:‘7) +@<N66—E+N2E) (3.4-14)

where (N1, Ny, Ng) are applied inplane forces (see Figure 3.4-2). For the first order
theory, the stability (or geometric stiffness) matrix [S¢] is given by

(0] [o] [o] [o] [0]
[0}  [o] [o] [0]

(5%] [0] [0]

(0] [0]

(0] [0]

sym. (0]

[S¢] = (3.4 — 15q)

where

o OOy - O0%iOY; o (O%iOy; OOy
3 _ ovj ovi Ovi 0%; | O%i OYj
5 /ne [Nl Oz Oz + N 0y Oy +N6(6:c Oy + Oy Oz dady
(3.4 — 15b)

The eigenvalue A in this case represents the ratio of actual buckling load to the
applied inplane forces:

MM _ N (3.4 — 16)

A= === =
Ni N; Ng

Temporal (time) approzimation

For the transient response, the time derivatives of the solution in Eq. (3.4-9)
should be represented in terms of the solution itself to obtain algebraic equations
relating the solution {A} at time (¢ + 6t) to the solution at time ¢, where 6t is the
time step. In the Newmark integration scheme, the solution vectors {A} and {A}
at time ¢t = (s + 1)6t are approximated by the expressions,
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{AYst1 = {A}s +[(1 - @)}{A}s + a{A}usa]6t

(Asr = {8} + (ALt + (- B +riBhal B a1

where s denotes the time step number, a and 4 are parameters that control the
accuracy and stability of the scheme, and the subscript s indicates that the vectors
are evaluated at the s—th time step (i.e., at time, t = s6t).

|

a— e e e e
on
]

—_— — — > —» —
Z|

ﬁ/

Figure 3.4-2 A rectangular plate element with applied inplane compressive
and shear forces.

Using Eqs. (3.4-9) and (3.4-17), we obtain the following algebraic equations
for an element (see Reddy [6]),

[Kls41{A}ss1 = {F}apt1 (3.4 — 18a)

where {A},+1 denotes the value of {A} at time t = (s + 1)ét, and

[K]s41 = (K41 + as[M] 41,

{F}a,n+1 ={F}st1+ [M]s41(as{A}s + a4{A}, + ‘15{A}s)
2
v(6t)?

asz = asg = a,35t , a5 = l -1 (34 - 186)
2
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Once the solution {A} is known at time ¢,41 = (s + 1)6t, the first and second
derivatives of {A} (velocity and accelerations) at ¢,41 can be computed from

{A}l+1 = a3({A},+1 -{A},) - a.;{A}, - %{A},
{AYss1 = {A}s + a2{A}, + ar{A}sa (3.4 19)

where a; = aét, and a3 = (1 — a)ét.

Note that Eq. (3.4-18a) is valid for an element. Therefore, operations in-
dicated in Eq. (3.4-18b) are carried out for an element, and [K®] = {F*} are
assembled as in a static analysis. They are solved, after imposing the boundary
conditions, for the solution at time ¢,4;. This procedure is repeated until for any
number of time steps. Thus, Eq. (3.4-18) represents a time-marching scheme.

For the first time step, the initial conditions on {A(t)} and {A(t)} are used
to compute {A}o and {A}o for each element of the entire mesh. The acceleration
vector {A}¢ is computed from Eq. (3.4-9) at t =0:

{A}o = [M]7}({F}o — [K]{A}o) (3.4 - 20)

Often it is assumed that {F}o = {0}. If the initial conditions are zero, {A}o = {0}.
and the applied force is assumed to be zero at ¢ = 0, we then take {A}o = {0}.

Since Eqs. (3.4-17) represent approximations of the actual solution vectors
{A} and {A}, error is introduced into the solution {A},4+1. This error can grow
from one time step to the next, as we solve Eq. (3.4-18a) for different times. If the
error grows unboundedly with time, such time-approximation schemes are said to
be unstable. If the error is bounded for all times, the scheme is said to be stable.
For some schemes, the error is bounded only if certain restrictions on the time
step are met. Such schemes are called conditionally stable schemes. Of course, we
use only either stable or conditionally stable schemes.

The numerical stability of the Newmark scheme depends on the choice of the
values for a and 4. Only when a = 4 = 1/2, is the scheme unconditionally stable.
For other choices of these parameters, the time increment §¢ must be chosen such
that the following stability criterion is met:

1 Tz 1
6t < bter = Ew,zn&x(a—'y)] , foraz-z— y7<a (3.4-21)

where wpax denotes maximum natural frequency of the structure being analyzed,
obtained with the same finite element mesh as that used for the transient analysis.
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The parameters a and v in the Newmark time approximation scheme (3.4-17)
can be chosen to yield several well-known finite difference schemes. Some of them
are listed here:

1. Constant-average acceleration method (stable scheme): a =, y=}
2. Linear acceleration method (conditionally stable): a =}, y =1

3. Central difference method (conditionally stable): a =1, y=0

3.4—4 Shear locking

The displacement-based C°-plate elements (i.e., those with no derivatives in-
cluded as generalized displacements) of the first-order shear deformation plate
theory are among the simplest available in the literature. Unfortunately, the ac-
curacy of the low-order elements of this type (i.e., those with nine or fewer nodes)
is not satisfactory when the span-to-thickness ratio of the elements is large (i.e.,
thin plates). For thin plates, the shearing strains e; and €5 are required to vanish,
and the plate elements based on the first-order theory become excessively stiff,
yielding displacements that are too small compared to the true solution. This
type of behavior, known as shear locking, has plagued shear deformable elements
since their inception (see [16]).

Shear locking is due to the inability of shear deformable elements to accurately
model the curvatures within an element under a state of zero transverse shearing
strain. The various means employed to alleviate shear locking in plate elements
include reduced integration [17-19], mixed formulations [20,21], hybrid formula-
tions [22], assumed strain techniques [23], and discrete Kirchhoff methods [24], to
name only a few. Of the large number of new displacement-based finite elements
for the first-order shear deformation theory, in the literature, only a few have been
reasonably successful [19-21], and there is still much room for improvement in
terms of accuracy, ease of implementation, and computational efficiency.

A better understanding of locking phenomena is necessary in order to give
guidelines for the development of new elements and to allow a more complete
analysis of existing elements. When thin plates are modeled by plate finite ele-
ments with shear deformation, the energy due to transverse shear strains must
vanish. Numerically this is equivalent to a constraint condition which requires
that the product of the shear stiffness matrix and the displacement vector be zero.
Therefore, in order to obtain a non-trivial solution, the shear stiffness matrix must
be singular. One way to achieve the singularity of the shear stiffness matrix is to
use an order of numerical integration lower than is necessary to evaluate the in-
tegrals exactly. Thus, reduced integration of shear stiffnesses is necessary. These
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observations led to explanations of locking behavior based upon measures of sin-
gularity of the shear stiffness matrix [25,26], the number of independent shear
constraints imposed on an element in the thin plate limit, and other criteria.

Recently, Averill and Reddy [16] presented a new simple analytical technique
for identifying the exact form of the shear constraints that are imposed on an
element when its side-to-thickness ratio is very large. If the form of the shear
constraints in an element are known, then by applying the technique to several
popular plate elements based on the first-order theory, we can determine their per-
formance a-priori when used to model thin structures. Furthermore, by studying
the form of the constraints, we can gain a more complete understanding of the lock-
ing behavior of plate elements leading to new insights and definitive conclusions
regarding the origin of locking phenomena and the effects of reduced integration.
For additional details, the reader may consult Reference 16.

3.5 Computational aspects
3.5-1 Evaluation of element matrices and numerical integration

The evaluation of element coefficients, for example the stiffness and mass ma-
trices, require the evaluation of integrals. The integrands of these integrals are
often complicated and the domains on which they are defined are irregular (i.e.
not rectangular), precluding the evaluation by analytical means. Numerical inte-
gration, called quadrature, is employed to evaluate such integrals.

There are several numerical methods of evaluating the integrals. All such
methods seek to find a polynomial approximation of the integrand because poly-
nomials can be integrated exactly. The Gauss-Legendre quadrature is most com-
monly used due to the fact that it gives good accuracy with less computational
time when compared to other methods (see Reddy [6]). This method is briefly
described here to familiarize the reader with the concept of numerical integration.

We begin, for illustrative purposes, with the evaluation of a one dimensional
integral. Consider an integral expression of the form,

/b O(z)dz (3.5-1)

where G(z) is a function defined in @ < z < b. Evaluation of the integral (3.5-1)
amounts to determining the area under the curve G(z). In all numerical integration
methods, the area under the curve is approximated as the weighted sum,

N
/b G(z)dz = w1G(21) + waG(z2) + ... + wNG(zn) = Y wiG(zr) (3.5-2)
a I=1

where wy (I = 1,2,...,,N) are called the weights and 2 are referred to as the
sampling points or base points.
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In the Gauss quadrature, the base points z; and the weights wj are chosen such
that the sum of the N appropriately weighted values of the function G(z) yields
the exact value of the integral when G(z) is a polynomial of degree p = (2N — 1)
or less. The Gauss quadrature is given by

/ab G(z)dz = / G(r)dr = w1G(r1) + waG(rg) + ... + wyG(ry) = E wiG(ry)
I=1
(3.5-3)

where G(r) is the transformed integrand,

G(r) = G(a(r)).J(r) (3.5 - 4)

J(r) is the Jacobian of the transformation and N is the number of Gauss points.
The coordinate transformation between z and » should be such that the interval
(a,b) is mapped into the interval (—1,1). The new coordinate r, —1 < r < 1, is
called a natural or normalized coordinate, and it is defined locally in an element.

In order to integrate a polynomial of degree p exactly, the number of Gauss
points NV should be taken as equal to the smallest integer greater than (p+1)/2. The
Gauss points and weights can be found in tabular form in any book on numerical
analysis (see Reddy [6]).

To numerically evaluate the area integrals that arise in the finite element anal-
ysis, such as those found in the element matrices of Eq. (3.3-12) and (3.4-5),
the element domains must be transformed to the square domain —1 < (r,s) <1,
where (r,8) is the natural coordinate system, so that the Gauss quadrature can
be used. The transformation of an element domain Q¢ to the square domain Q¥
called the master element, requires approximation of the geometry. The approx-
imation of the geometry is accomplished, in much the same way as the solution,
by interpolating the geometry of the element domain Q¢:

m

Z ]1/;:,1'.9 ,y—Zyﬂb, "',3) (3.5—4)

j=1 J =1

where (z,y) are the global coordinates used in the formulation of the finite ele-
ment equations. The interpolation functions 1[;_,' used in the approximation of the
geometry are, in general, not the same as those %; used in the approximation of
the dependent variables (i.e., the solution to the problem). When 1/;]- = 95 (i.e.,
m = n), the formulation is called an isoparametric formulation. If m < n, it is
known as a subparametric formulation.
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The transformation (3.5-4) allows us to transform integral expressions involv-
ing the global coordinates and defined over the element domain ¢ as those in
terms of the local coordinates (r,s) defined over the master element QM:

/ne G(z,y)dzdy = /nM G(r, s)drds (3.5-15)

which can be approximated by the Gauss quadrature formula:

1 1, N R
/ / G(r,8)drds = Y wrwsG(rr,s5) (3.5 —6)
-1J-1 IJ=1

If G(r,s) is a polynomial of highest degree p in r or s, then N = [’;’—1] to
evaluate the integral exactly. When p + 1 is not an even number, then N should
be equal to the nearest integer value greater than (p + 1)/2. For example, a
2 x 2 Gaussian quadrature (i.e., N = 2) exactly integrates a polynomial of third
order and 3 x 3 quadrature exactly integrates a polynomial of fifth order. Before
selecting an integration order, one must examine each term in the expression for
the integrand (which includes the Jacobian of the transformation) and determine
the polynomial order.

3.5—2 Computation of strains and stresses

Once the nodal values of generalized displacements have been obtained by
solving the assembled equations of a problem, the strains are evaluated in each
element by differentiating the displacements (3.4-2). Since, in the displacement
finite element models, only the displacements are continuous across the element
boundaries, strain continuity across the element boundaries is not ensured. That
is, along a boundary common to two elements, the strains and hence stresses take
different values on the two sides of the interface. However, strains and hence
stresses are continuous within an element. Here, a brief discussion on the compu-
tation of strains and stresses is presented.

Although the strains can be computed at any point in the element, including
the nodes, Barlow [37,38] showed that the strains and stresses are the most accu-
rate if they are computed at the (N —1) x (N — 1) Gauss points, where N x N is
the Gauss quadrature rule used to evaluate the stiffness coefficients. This reduced
order integration rule is termed as the reduced integration, and the reduced inte-
gration points are called the Barlow points. For example, the linear rectangular
plate bending element of the first-order theory requires 2 x 2 integration to evaluate
the bending stiffnesses exactly. Then the one—point integration (or 1 x 1) should
be used to evaluate the strains and stresses. Similarly, for a quadratic rectangular
element the Barlow points are at the Gauss points of the 2 x 2 Gauss rule.
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Note that the displacements in the finite element models are referred to the
global coordinates (z,y,2). Differentiation of these values at the Barlow points
yields the strains there in the global coordinates. However, the failure criteria used
in laminate analysis (see Chapter 5) require stresses and strains in the lamina (or
principal material) coordinates. In order to obtain strains and stresses in the
material coordinates, we need to transform the strains and stresses to material
coordinates associated with each layer. First the global strains ¢; in Egs. (2.4-10)
or (2.5-5) are transformed to the lamina strains €; using the strain transformation
equations similar to Eq. (2.3-3):

€ cos? 6 sin @ cosfsinf €
& = sin? § cos? § — cos 0sin 0 ) (3.5 —T7a)
€ —2cosfsinf 2cosfsinf 2(cos’?d —sin?8) | | €

{64}=[cos9 —sinf {64} (3.5 — 7b)

€ sinf cosé €5

Then the lamina constitutive equations are used to compute the stresses, referred
to the material coordinates, at the Barlow points:

o1 Qu Qi Q| (&

o2 p= | Q12 Qa2 Q2| & (3.5 — 8a)
o6 Qe Q2 Qss| | &
og) _ Q44 Qf;s €4 _
{55 } B [Q45 st] {Es } (3.5 - 8b)

Note that [@] matrix represents the matrix of material stiffnesses along the prin-
cipal coordinates of the layer (lamina) as discussed in Section 2.3-3.

While the inplane stresses (022, 0yy, 0zy) can be computed only through stress—
strain (i.e., constitutive) relations, the transverse stresses (oz;,0yz,0,;) can be
computed through either the constitutive equations (3.5-13) or the equilibrium
equations of 3-D elasticity,

00zz  Oozy N 0oz,

e L (3.5 — 9a)
Ooyy  Ooyy  Ooy,

Sk + il + et =0 (3.5 — 9b)
8o, N 0oy, + 0o _0 (3.5 — 10)

Oz Oy 0z
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Integration of Eqgs. (3.5-9) with respect to z gives (0zz,0y;), which can be
substituted into Eq. (3.5-10) to determine o, (see Reddy [2]). It is found that for
homogeneous plates and thin laminates the stresses computed from the equilibrium
equations (3.5-9) are found to be very accurate.

3.5-3 Solution methods for nonlinear algebraic equations

Note that the element stiffness matrix in Eqs. (3.3-12) (or 3.4-4) is nonlinear
and unsymmetric when the nonlinear (von Kdrmaén ) strains are included [see Eq.
(3.3-15)]. Therefore, the assembled equations will be nonlinear and unsymmet-
ric. The assembled nonlinear equations must be solved, after imposing boundary
conditions, by an iterative method, which seeks an approximate solution to the
algebraic equations by linearization. Here we discuss two iterative methods that
are commonly used.

Suppose that the assembled nonlinear finite element equations are of the form,

[K({aD{A} = {F} (3.5 —11)

The stiffness matrix [K] cannot be evaluated because it depends on the unknown
solution {A}. Therefore, we evaluate [K] using an assumed solution vector {A}
and iteratively solve Eq. (3.5-11) for the solution.

Direct iteration method

In the direct iteration method, also known as the Picard method, the solution
vector from the previous iteration r is used to evaluate the stiffness matrix, and
the solution at the (r + 1)-st iteration is determined by solving the equation (see
Reddy [6] and Zienkiewicz and Taylor [39]),

[K({A}){Ay ! = {F} (3.5 —12)

where {A}" denotes the solution at r—th iteration. Thus, in the direct iteration
method, the coefficients K;; (hence Kf‘jﬂ) are evaluated using the solution {A}"
from the previous iteration, and the solution at (r + 1) — st iteration is obtained

by solving Eq. (3.5-12):

{ay* = [K{AY)7H{F} (3.5-13)

At the beginning of the iteration (i.e., 7 = 0), we assume a solution {A}?, based on
our qualitative understanding of the solution behavior. For example, {A}° = {0}
for the large-deflection bending would reduce the nonlinear stiffness matrix to a
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linear one, and (3.5-13) would yield the linear solution of the problem at the
end of the first iteration, {A}!. The iteration is continued [i.e., Eq. (3.5-13) is
solved in each iteration] until the difference between {A}" and {A}**! reduces
to a preselected error tolerance. The error criterion is of the form (other error
criteria can also be used):

u 1
2 IATT - AYP
I=1

o < e (say 107%) (3.5 —14)
Yo lAFH?
I=1

where N is the total number of primary unknowns (i.e., generalized displacements)
in the finite element mesh.

Newton-Raphson iteration method

The Newton—-Raphson iterative method is based on the Taylor series expansion
of the algebraic equations (3.5-11) about the known solution {A}". To describe
the method, we rewrite Eq. (3.5-11) in the form,

{R} = [K)[{A}-{F} =0 (3.5 — 15)

where { R} denotes the residual. Expanding { R} about {A}", we obtain

{0} = {R} = {BY + [%] {AY+ - {a))
2 T
+ % [g{{A}g] {Aay+ —{ay)? + ... (3.5 — 16a)
- 0~ {R} + [KT)"{6A} + O({6A})* (3.5 — 16b)

where [K|T is the tangent stiffness matriz (or geometric stiffness matrix),

O{R}
o{A}

{6a} = {Ay+ - {a}, (3.5-18)

(KT = [ ] evaluated at{A} = {A}" (3.5-17)
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For structural problems formulated with variational principles, it can be shown
that [KT] is symmetric even if [K] is not symmetric. From Eq. (3.5-16b), we have

{6A} = —[KT|"Y{R}"
= [KT{AY) 1 ({F} - [K{AY)H{AY) (3.5 — 19a)

and the total solution at (r + 1)-st iteration is given by

{AY* = {A) + {6A} (3.5 — 19b)

The iterative solution of Eq. (3.5-19a) is continued until the convergence cri-
teria in Eq. (8.5-14) is satisfied or the residual { R} [measured in the same way as
the solution error in Eq. (3.5-14)] in Eq. (3.5-19) is less than a certain preselected
value. Note that at the beginning of each iteration the tangent stiffness matrix
and residual vector must be updated using the latest available solution {A}. If the
tangent stiffness matrix is kept constant (for a preselected number of iterations)
but the residual vector is updated during the iteration, there can be a computa-
tional saving. Such an approach is called modified Newton-Raphson method. For
additional details on iterative methods, (especially for the Riks method) the reader
is asked to consult References 15 and 39-41.

3.6 Continuum formulation

In linear analysis, the displacements and rotations are assumed to be small,
and the material is treated as linearly elastic. In the nonlinear formulation based
on a laminate theory with the von Kdrman strains, the geometry of the continuum
[structure] is assumed to remain unchanged during the loading. For small strains
and moderately large deflections and rotations, these assumptions yield good re-
sults. In this study, we shall term the elements based on such assumptions as
laminated elements.

However, in problems with large displacements and strains, the geometry of the
structure changes during the loading. In such problems, the geometrical changes
must be taken into account before next increment of load is applied. Thus, the total
load on the structure must be applied incrementally, and the geometry updated
between load increments. Finite elements based on these considerations will be
called continuum elements.

There are two incremental formulations that are used to determine the defor-
mation and stress states in continuum problems (see [15]): (1) Total Lagrangian
formulation and (2) Updated Lagrangian formulation. In these formulations, the
configuration (i.e., geometry) of the structure for the current load increment is
determined from a previously known configuration. In the Total Lagrangian for-
mulation, all of the quantities are referred to a fixed configuration, and changes
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in the displacement and stress fields are determined with respect to the refer-
ence configuration. In the Updated Lagrangian formulation, the geometry of the
structure from the previous increment is updated using the solution of the current
increment, and the updated configuration is used as the reference configuration for
the next increment. The general form of the incremental equations of equilibrium
in these two formulations is given by

(KL + Kni){6U;} = {R*%} — {F}*{%} (3.6-1)

where i refers to the current iteration number, {AU} is the incremental displace-
ment vector, { R} is the residual force vector, {F'} is the external load vector, and
(K1) and [Kny] are the linear and nonlinear stiffness matrices, respectively.

In the Total Lagrangian formulation, the strain displacement relations are
written in terms of the Green-Lagrange strain tensor and 2nd Piola-Kirchhoff
stress tensor, S. The nonlinear stiffness matrix and nodal point stresses at time
t are expressed by the following equations over an element Q¢ in the original
(undeformed) configuration:

(K1) = [ [Bu(CliB1ldv
(Knz) = [ [Bri)"(S)[Byzldv

{Fy = [ [B"{S}av (3.6-2)

where [By] and [By)] are linear and nonlinear strain-displacement transformation
matrices, [C] is the constitutive elasticity matrix, [S] is the matrix of 2nd Piola-
Kirchhoff stress components, and {S} is the vector of these stresses.

In the Updated Lagrangian formulation, the latest known deformed config-
uration is used as the reference state to determine the next configuration. The
nodal coordinates are updated using the incremental solution to generate the new
reference state. Therefore the stresses used in the nonlinear stiffness expression,
as well as the nodal stress values, are the Cauchy stresses, 7. The element stiffness
and force vectors are defined by

(K1) = [ [BUFC)BLaV
(Kni]l = /W[BNL]T[T][BNL]dV

{F}= [ [Bi{r}av (36-3)
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A specific example of the continuum formulation is provided by the Ahmed-
Zienkiewicz degenerated shell element (see [44,48]), which is obtained from 3-D
elasticity equations by invoking the same assumptions as those used in the first-
order shear deformation plate/shell theory (see Sec. 2.5-2). The degenerate 3-D
shell element (see Figure 3.6-1) can admit moderately large displacements and
rotations. For additional details on the formulation of the element, the reader is
referred to [44,47,48]. Applications of the element are included in Section 3.7-3. .

Figure 3.6—1 The degenerated 3-D shell element

Next, we present a continuum element formulation of a second-order plate
theory with an eight-noded quadrilateral plate element. The following expressions
are assumed for the displacement field of the element (see Ochoa [49]):

ul(m,yaz) = u(:z:,y) + zel(zay) + 22¢1(2,y)
uz(zayaz) = v(m,y) + 202(27'!/) + 22¢2($,y)
U3(:l:,y,l) = w(:z:,y) (36 - 4)

The in-plane displacements (u,v) and the coefficients (¢1, ¢2) are expanded with
a bilinear polynomial with the coefficients,

{1l zyazy} (3.6 —5)

where as w and the rotations (6;,0;) are interpolated with polynomials containing
the following coefficients

{12y 2® ey y? 2%y z9*} (3.6 —6)

The corner nodes are assigned seven degrees of freedom (u,v,w, 01,02, ¢1, ¢2) and
the midside nodes are assigned (w, 61,8;). The element has 40 degrees of freedom.
Therefore, the element will be referred to as QHDA40.
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To evaluate the volume integrals in the element matrices of Eqs. (3.6-2) and
(3.6-3), we employ the Gauss quadrature described earlier. Since we are dealing
with laminated composite plate element, the integration through the thickness
involves individual lamina. Note that the constitutive matrix [C] varies from
layer to layer and is not a continuous function in the thickness direction, and
the integration should be performed separately for each layer. This increases the
computation time as the number of layers is increased. An alternative is to perform
explicit integration through the thickness and reduce the problem to a 2-D one.
The Jacobian matrix, in general, is a function of the local coordinates (¢, 7, ¢),
¢ being the thickness coordinate. The terms in { may be neglected, provided the
thickness to curvature ratios are small. Then the Jacobian matrix [J] becomes
independent of { and explicit integration can be employed. If { terms are retained
in [J], Gaussian points through the thickness should be added. In the present
study we assume that the Jacobian matrix is independent of { in the evaluation
of element matrices and the internal nodal force vector.

The displacement field (3.6-4) of the QHD40 element is selected so that a good
representation of interlaminar stresses is possible. In this formulation, the inplane
stresses (032, 0yy,0zy) are computed from the constitutive equations (3.5-8a), and
they are of the form,

o2z = fi(2%,2%,9%) (3.6 — Ta)
oyy = fo(2%,2%,%) (3.6 — 7b)
o2y = f3(2%,2%,9%) (3.6 — Tc)

The interlaminar stresses (0zz,0yz,0;;) are computed from the equilibrium
equations (3.5-9) and (3.5-10), and are of the form,

02z = fa(2,2,7) (3.6 —8a)
Oyz = f5(zaamvy) (3'6 - Sb)
Ozz = fﬁ(za) (36 - 86)

In order to avoid ’element locking’ for thin shell structures, we use reduced
inegration in evaluating the stiffness coefficients associated with the transverse
shear deformation (i.e., terms involving Cy4, Cyss and Css). Hence we split the
constitutive matrix [C] into two parts, one without transverse shear moduli [C];,
and the other with only transverse shear moduli [C],. Full integration is used to
evaluate the stiffness coefficients containing [C]s, and reduced integration is used
for those containing [C], (see [44,48]).
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Even though selective reduced integration is used to prevent shear locking in
static and dynamic problems, this should not be practiced as a ‘blanket rule’.
In nonlinear problems, it may be necessary to use higher order quadrature in
order to accurately evaluate the nonlinear stiffness coeficients. It is recommended
that one should use integration schemes with increasing order until an efficient
yet adequate one is selected. Naturally, this is not possible with some of the
commercial computer programs that do not give the user any options on integration

rules.
3.7 Numerical examples
3.7-1 Preliminary comments

The finite element models reviewed in Sections 3.3 and 3.4 are used to: ana-
lyze laminated composite plates; assess the accuracy of various single-layer theo-
ries; bring out certain modeling aspects; and assess the importance of geometric
nonlinearity. The present discussion is focused on illustrating certain interesting
features characteristic of composite laminates. These include: the use of symmetry
boundary conditions in quarter plate models, the effect of geometric nonlinearity
on deflections, and the determination of critical buckling loads. Two examples of
the application of the continuum shell elements [44,48] are included.

The following two sets of material properties, typical of a high-modulus graphite-
epoxy are used in the first few examples:

1. E1/E; =25, Gi1a = G13 = 0.5 E3, G23 = 0.2 E3, v12 = 0.25
2. E1/E; =40, G2 = G13 = 0.6 E3, G23 = 0.5 E3, v12 = 0.25. (8.7-1)

All layers are assumed to have the same thickness and orthotropic material proper-
ties in the material principal directions. The shear correction factors (K3, = KZ%)
for the first-order shear deformation theory (FSDT) are taken to be 5/6 [see Eq.
(2.5-10)].

We note that for antisymmetric cross-ply laminates, (0°/90°/0°/90°/...)even,
the following laminate stiffnesses are identically zero:

Aig, Ase, Ags, B12, Big, B2g, D1s, D2 = 0, (3.7-2)

and for antisymmetric angle-ply laminates, (—6/6...)even, the following laminate
stiffnesses are zero:

Ayg, Agg, Ass, B11, B12, Baa, Beg, D16, Dag, Dys = 0. (3.7-13)
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3.7-2 Linear bending and vibration analysis
Ezamples with laminate elements

The maximum bending deflections and stresses of antisymmetric cross-ply
square laminates with different boundary conditions and subjected to transverse
distributed sinusoidal load of intensity g, are presented in Table 3.7-1. In all
cases, the edges parallel to the x—axis are simply supported (SS). Other two edges
are subjected to various types of boundary conditions: S-simply supported; C-
clamped; and F—free. In the clamped case, all generalized displacements are set to
zero; no generalized displacements are specified on a free edge. The finite element
solutions were obtained using a 4 X 4 mesh of CLPT and 2 X 2 mesh of nine-node
quadratic FSDT elements in the quarter plate (see Figure 3.7-1 for boundary
conditions). The analytical solutions were obtained using the Lévy type solution
procedure (see [3,4]). The finite element results are in good agreement with the
analytical solutions. In general, the classical plate theory underpredicts deflections
and stresses.

Table 3.7—1 Comparison of the finite element and analytical solutions of various
theories for antisymmetric cross-ply (0/90/...) laminated square
plates with various boundary conditions and transverse sinusoidal
load (a/h = 10; material 1; N = No. of layers).

N | Solution** | Theory SSSS SSCcC SSFF
B FSDT | 1.238(1.237) | 0.657(0.656) | 2.027(2.028)
CPT | 1.043(1.064) | 0.417(0.429) | 1.786(1.777)
2 &1 FSDT | 6.948(7.157) | 4.232(4.450) | 2.331(2.442)
CPT | 6.659(7.157) | 4.348(4.800) | 2.034(2.403)
54 FSDT | 2.652(2.729) | 1.459(1.523) | 3.814(3.882)
o FSDT | 0.616(0.615) | 0.386(0.385) | 0.914(0.915)
CPT | 0.444(0.442) | 0.169(0.167) | 0.686(0.665)
20 &1 FSDT | 4.863(5.009) | 2.550(2.692) | 1.648(1.723)
CPT | 4.611(5.009) | 2.798(3.167) | 1.324(1.725)
09 FSDT | 4.863(5.009) | 3.031(3.135) | 7.384(7.533)
CPT | 4.611(5.009) | 1.694(1.911) | 7.395(7.480)
74 FSDT | 2.652(2.729) | 1.648(1.708) | 3.782(3.853)

o = (wEh*)10%/(a*g.), &1 =015, 5

h?. 10/(0'2%) y 04 = 04(0,0,0)h - 10/(ago)

gy = 0'2(

a b h
2733

a

b

h
Py _'2_)"'2 ' 10/(‘12‘10) )
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Figure 3.7-1 Boundary conditions for simply-supported cross—ply and anti-
symmetric angle-ply laminates. (a) SS-1: Cross—ply laminates.
(b) SS-2: Angle-ply laminates.

Because of the bending-stretching coupling (B1; # 0 for antisymmetric cross-
ply and Bjs # 0 for antisymmetric angle-ply laminates), use of proper ‘simply-
supported’ boundary conditions is important (see Reddy [50]). The ‘simply-
supported’ boundary conditions are different for different lamination schemes.
They can be deduced from the exact (i.e., the Navier) solutions (see Fig. 3.7-
1). If the SS-1 boundary conditions are used to analyze the angle-ply laminates,
or the SS-2 boundary conditions are used to analyze antisymmetric cross-ply lami-
nates the resulting solutions will be different, as can be seen from Table 3.7-2. The
bending-stretching coupling coefficients (i.e., B;;) become smaller as the number
of layers is increased, and both SS-1 and SS-2 yield almost the same solution.
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Table 3.7-2 Effect of boundary conditions on the bending response of two-
layer antisymmetric cross-ply and angle-ply square laminates un-

2
der uniform transverse load (@ = % , a/h =10).

Cross-Ply Angle-Ply
SS1* | SS2 | SS2* | SS1
0.0 [1.950 | 1.648 |1.281 | 1.127
0.125 | 1.813 | 1.531 | 1.196 | 1.059
2 | 0.25 | 1.416 | 1.189 | 0.948 | 0.845
0.375 | 0.787 | 0.654 | 0.536 | 0.4800
0.50 | 0.000 | 0.000 | 0.000 | 0.0000
0.0 |0.958 | 0.955 | 0.632 | 0.631
0.125 | 0.893 | 0.890 | 0.592 | 0.591
10 | 0.25 | 0.703 | 0.701 | 0.475 | 0.474
0.375 | 0.397 | 0.396 | 0.274 | 0.274
0.50 | 0.000 | 0.000 | 0.000 | 0.000

Z
L

*The first-order theory is used with 2 X 2 mesh of nine-node quadratic elements
in a quarter plate (N = No. of layers).

Table 3.7-3 Nondimensionalized fundamental frequencies ( @ = ‘-"-h“—z,/p/E) of
simply-supported, cross-ply square plates according to the shear
deformation theory (material 2).

No. Quarter Plate Models Full
of la/h Plate | Analytical
layers 1x1 | 2x2 | 4x4 |(4x4)| solution

100 | 45.318 | 14.350 | 11.537 | 14.358 11.300
2 10 |12.119 | 10.717 | 10.594 | 10.777 10.568
5 9.676 | 9.136 | 9.103 | 9.210 9.087
100 | 47.462 | 19.643 | 17.490 | 19.647 17.278
4 10 |16.112 | 14.943 | 14.859 | 15.033 14.846
5 |11.495 | 11.172 | 11.176 | 11.247 11.172
100 | 48.034 | 20.877 | 18.817 | 20.880 18.610
10 10 | 16.897 | 15.782 | 15.758 | 15.911 15.770
5 |11.848 | 11.614 | 11.664 | 11.716 11.673
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Table 8.7-4 First four nondimensionalized frequencies, @ = wa?(y/p/E)/h, of
simply-supported, antisymmetric, cross-ply, square laminates, ac-
cording to the shear deformation theory (material 2).

N a/h Source* w11 w12 = Wy [nLy)
4 x4 |14.358 45.669 89.269
100 8 x8 11.538 32.656 48.185
Exact | 11.300 31.447 45.100
2
4x4 10.777 27.582 38.361
10 8 x8 10.610 26.561 36.748
Exact | 10.568 25.301 36.348
4 x4 19.647 61.602 105.313
100 8x8 17.493 50.553 71.650
Exact | 17.278 49.122 68.740
4
4 x4 15.033 33.927 45.803
10 8 x8 14.883 33.326 44.913
Exact | 14.846 33.171 44.686
4 x4 |20.880 65.310 109.267
100 8 x8 18.821 54.478 76.883
Exact | 18.610 53.007 73.994
10
4x4 |15.911 35.229 47.393
10 8 x 8 15.793 34.819 46.798
Exact | 15.770 34.747 46.692

*Mesh used in the full plate; exact solutions are from [4].

It should be noted that the full plate and quarter plate models with associated
symmetry boundary conditions give identical results for linear analysis. It will be
shown later in this section that the quarter plate model is not acceptable, even with
proper symmetry conditions, in the geometrically nonlinear analysis of two-layer
antisymmetric angle-ply laminates.
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Table 3.7-3 contains the finite element results for free vibrations of simply-
supported (SS-1), antisymmetric cross-ply square plates for the three values of the
side-to-thickness ratio, representative of thin, moderately thick and thick plates.
The finite element solution converges to the analytical solution [4] as the mesh is
refined. It is noted that the full plate model and quarter plate model with proper
symmetry conditions (see Fig. 3.7-1) give the same results. A 4 x 4 mesh in a
full plate is equivalent to 2 x 2 mesh in the quarter plate. Since a larger system of
equations is solved in a 4 x 4 mesh compared to a 2 x 2 mesh, some small difference
is expected in the two sets of values.

Table 3.7-4 contains the first four modes for the same case. It is clear that
the finite element model does not predict the higher modes as accurately as the
first mode. A refined mesh would increase the accuracy of the higher modes
considerably more than the fundamental mode.

Table 3.7-5 contains the fundamental natural frequencies of simply-supported
(SS-2), antisymmetric angle-ply (—45°/45°/...) square laminates as predicted by
the three single-layer theories. The finite element solutions were obtained using a
4 x 4 mesh in a quarter plate. The results obtained using full plate models agreed
with those obtained by quarter plate models (with SS-2 boundary conditions),
indicating that a quarter plate symmetry exists for antisymmetric angle-ply lami-
nates for the free vibration case. In all cases the classical plate theory overpredicts
the frequencies compared to the first-order shear deformation theory (i.e., FSDT).

Table 3.7-5 Nondimensionalized fundamental frequencies, @ = %‘-‘;,/ﬁ;, for

simply supported antisymmetric angle-ply (—45/45/...), square lam-
inates (material 2; *exact solutions are from [4]).

N | a/h | Source* | CLPT | FSDT | HSDT
10 FEM | 14.731 | 13.217 | 13.287
Exact | 14.439 | 13.044 | 13.263

2
100 | FEM | 14.811 | 14.863 | 14.800
Exact | 14.636 | 14.618 | 14.621
10 FEM | 25.297 | 19.471 | 19.273
Exact | 25.052 | 19.289 | 19.266

10

100 | FEM | 25.305 | 25.584 | 25.318
Exact | 25.264 | 25.176 | 25.174
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Ezamples with continuum element QHD40

Next, the performance of the QHD40 continuum element (see Sec. 3.6) is
demonstrated by comparing results to those obtained by classical laminated plate
theory (CLPT), the first-order shear deformaton theory (FSDT), and 3-D elas-
ticity. The material properties (of a lamina) used throughout are those of a high
modulus graphite /epozy material:

E G
295, 212925, Gy3 = Gua; viz = v13 = 0.25 (3.7-14)
E, Gaa

All layers are of equal thickness. Cylindrical bending of a plate, and bending of
simply-supported square and rectangular plates are considered, with a sinusoidally
distributed transverse load. For cylindrical bending the plate is modeled with a
row of 20 elements (i.e., 20 x 1 mesh). For the simply-supported plates, the biaxial
symmetry is used and only a quadrant of the plate is modeled. The mesh is re-
fined to demonstrate solution convergence. Additionally, the influence of distorted
elements on the solution accuracy is demonstrated. For symmetric laminates, the
quadratic terms are restrained; therefore, 32 degree-of-freedom elements are used
to obtain these solutions. This is allowable in these particular cases because the
quadratic terms do not significantly affect the results. This is not true in the first
example considered.

g 2
7 W = with
6 ] W/0= without

_ 5 W Z2TERMS (0/90)
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Figure 3.7-2 Normalized transverse displacement versus side-to-thickness ra-

tio for cylindrical bending of (0/90) and (0/90/0) laminates.

Ezample 1: Cylindrical bending

First consider the cylindrical bending of a (0/90) laminate. In Figure 3.7-2,
the calculated maximum normalized (transverse) displacement 0 is presented as a
function of the ratio of length to thickness () of the plate. Results demonstrate
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Figure 3.7-3 Normalized inplane stress (¢,;) for cylindrical bending of a (0/90)
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differences obtained with and without gquadratic terms. The 3-D elasticity solu-
tion of Pagano [51] gives a nearly quadratic variation of the normalized inplane
displacement, i, with respect to z. The difference is greatest for the lower values
of S. For example, for § = 4 a difference of 12 per cent is noted. In Figure 3.7-3,
the calculated normalized in-plane stress variation is presented for S = 4. Note
that maximum stresses differ by 35 per cent when computed with, and without,
the 22 terms. The effect of including quadratic terms in the finite element solution
is, therefore, much more pronounced in stresses than in displacements.

Next, we consider cylindrical bending of a square (0/90/0) laminate. Once
again, the stresses are compared to the elasticity solution of Pagano [51]. Figure
3.7-4 illustrates through the thickness variation of the normalized transverse shear
stress (0z;) at the simply-supported boundary for § = 4 and 10. Figure 3.7-
5 contains the normalized in-plane stress variation through the thickness at the
centre of the laminate. Note that as the side-to-thickness ratio is varied from 4
to 10, the correlation between the finite element and elasticity solution is greatly
improved. The lower aspect ratio represents a thick plate and, consequently, does
not fall within the range of application of the current formulation, which is based
on a Cl-continuous displacement field through the thickness. Thick laminated
plates are better modeled by thick plate theories, such as the first order shear
deformation theory discussed in Section 3.4.

Ezample 2: Simply-supported plate under sinusoidal loading

This example deals with a simply-supported, rectangular (0/90/0) laminate.
Solutions are obtained for side-to-thickness ratios, S = 4 to 100. Transverse
shear stress variation oz, at (z,y) = (0,a/2) and in-plane shear stress variation
ozy at (z,y) = (0,0) are presented in Figures 3.7-6a and 3.7-6b for a square
laminate with § = 4. The present finite element results are compared with those
obtained by Pagano [52] and the classical plate theory. The correlation between
the finite element and elasticity results improves when the plate represents thin to
moderately thick geometries. The transverse normal stress variation o, through
the thickness is presented in Figures 3.7-7a and 3.7-7b for square laminates. The
stresses are normalized as &,; = 0,,1072 at the center of the plate and as &,, =
100, at the edge of the plate. The present results are compared with the elasticity
solution in Table 3.7-6.

The effect of distorted elements is also studied. Results are obtained for the
relatively coarse meshes shown in Figure 3.7-8. The stresses and displacements
are presented as a function of side-to-thickness ratio for square laminates, and
compared to the elasticity solutions in Table 3.7-7. As expected, the values are
not as accurately determined as those obtained with the regular meshes. A mesh
of distorted elements has a much more adverse effect on the calculated transverse
shear stresses than on the calculated inplane stresses and displacements. Since the
transverse stresses are based on equilibrium considerations, it seems the mesh
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of Pagano [52]EL

10 12 |'4{|'s I8 2022 Gx

st FEM (QHD40)
.~
~
(b) S =10 B -

3

2| .
__________________________ s

T

i INTERFACE7

60 80 g,

Figure 3.7-5 Normalized inplane stress (o) for cylindrical bending of sym-
metric cross—ply laminates. (a) S =4. (b) § = 10.
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Normalized transverse and inplane shear stresses (Gg;,8zy) of

a simply-supported square (0/90/0) laminate. (a) Transverse
shear stress, 5,,(0,a/2,z). (b) Inplane shear stress ,4(0,0, 2).
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Figure 3.7-7 Normalized transverse normal stress, &, , for simply-supported
square cross-ply laminate. (a) ; (%,%,2). (b) & (%,0,2).
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Table 3.7—6 Normalized stresses and displacements for simply-supported square
(0/90/0) laminate under transverse sinusoidal load.

Fa Gy Fay Foz Fyz
5 | Approach | (5,5%h) | (5524 (0,025 (0,30 [ (30,0
FEM (2 X 2 mesh) 0414 0.598 0.0465 0.296 0.238
4 | FEM (6 x 6 mesh) 0.391 0.572 0.0448 0.308 0.251
Elasticity 0.755 0.556 0.0505 0.282 0.217
FEM (2 x 2 mesh) 0.529 0.292 0.0289 0.352 0.123
10 | FEM (6 x 6 mesh) 0.500 0.279 0.0280 0.369 0.130
Elasticity 0.590 0.288 0.0289 0.357 0.123
FEM (2 X 2 mesh) 0.560 0.206 0.0240 0.367 0.0910
20 | FEM (6 x 6 mesh) 0.531 0.189 0.0233 0.387 0.0954
Elasticity 0.552 0.210 0.0234 0.385 0.0938
FEM (2 x 2 mesh) 0.567 0.178 0.0226 0.374 0.0812
50 | FEM (6 x 6 mesh) 0.541 0.164 0.0217 0.392 0.0843
Elasticity 0.541 0.185 0.0216 0.393 0.0842
FEM (2 X 2 mesh) 0.566 0.174 0.0224 0.375 0.0803
100 | FEM (6 x 6 mesh) 0.542 0.167 0.0215 0.393 0.0827
Elasticity 0.539 0.181 0.0213 0.395 0.0828
CLPT 0.539 0.180 0.0213 0.395 0.0823
MESH A MESH B MESH C

Figure 3.7-8 FEM meshes of distorted elements.
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Table 3.7-7 Normalized stresses and displacements for simply-supported square
(0/90/0) laminates with various side-to-thickness ratios (S) and
sinusoidal transverseload (distorted meshes).

Oz oy Ozy Ozz Oyz w
5| Approach | (3,3,+%) | (5,5,£5) | (0,0,%4) | (0,5,0) | (5,0,0) | (5,5,0)

Mesh A 0.409 0.620 0.0525 0.128 0.122 2.709

Mesh B 0.393 0.573 0.0485 0.254 0.206 2.473

4 Mesh C 0.402 0.596 0.0472 0.290 0.229 2.473
Elasticity 0.755 0.556 0.0505 0.282 0.217 -

Mesh A 0.539 0.292 0.0344 0.141 0.0686 0.866

Mesh B 0.502 0.279 0.0300 0.293 0.107 0.812

10 Mesh C 0.530 0.286 0.0290 0.357 0.114 0.839
Elasticity 0.590 0.288 0.0289 0.357 0.123 -

Mesh A 0.574 0.198 0.0297 0.153 0.0552 0.545

Mesh B 0.531 0.199 0.0248 0.303 0.0792 0.529

20 Mesh C 0.571 0.198 0.0239 0.378 0.0880 0.539
Elasticity 0.552 0.210 0.0234 0.385 0.0938 -

Mesh A 0.585 0.174 0.0300 0.180 0.0516 0.443

Mesh B 0.533 0.178 0.0226 0.304 0.0701 0.445

50 Mesh C 0.587 0.177 0.0221 0.378 0.0055 0.449
Elasticity 0.541 0.185 0.0216 0.393 0.0842 -

Mesh A 0.591 0.190 0.0312 0.200 0.0363 0.418

Mesh B 0.531 0.176 0.0215 0.302 0.0689 0.432

100 | Mesh C 0.596 0.180 0.0212 0.359 0.112 0.433
Elasticity 0.539 0.181 0.0213 0.395 0.0828 -
CLPT 0.539 0.180 0.0213 0.395 0.0823 -

must be refined enough to approximate equilibrium conditions. This is especially
apparent in comparing results obtained for mesh A to those obtained for mesh C.
In each of these cases, elements having a taper ratio of 2 to 1 are used. Mesh C
gives significantly improved transverse stresses, because the mesh is fine enough to
represent the load distribution as well as the kinematics of deformation accurately.
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Table 3.7—8 Normalized stresses and displacements for simply supported rect-
angular (0/90/0) laminates with various side-to-thickness ratios
(S) and sinusoidal transverse load.

o y Gy G2z Gya D
s Approach | (%,%.%%) | ($.%.£5) [ (0,0,£3) | (0,%,0) | (5:0,0) | (5:5,0)

FEM (2 x 2 mesh) 0.657 0.130 0.0296 0.410 0.0357 3.55
FEM (6 x 6 mesh) 0.612 0.126 0.0284 0.431 0.0391 3.58

4 FEM (Reddy) - - - - - -
Elasticity 0.726 0.119 0.0281 0.420 0.0334 2.82
FEM (2 x 2 mesh) 0.669 0.0431 0.0125 0.414 0.0143 0.995
FEM (6 x 6 mesh) 0.625 0.0421 0.0121 0.436 0.0160 1.00
10 FEM (Reddy) 0.603 0.0364 0.0102 - - 0.802
Elasticity 0.725 0.0435 .0123 0.420 0.0152 0.919
FEM (2 x 2 mesh) 0.666 0.0286 0.00959 0.415 0.0112 0.625
FEM (6 x 6 mesh) 0.628 0.0278 0.00928 0.437 0.0121 0.629
20 FEM (Reddy) 0.605 0.0276 0.0086 - - 0.578
Elasticity 0.650 0.0299 0.0093 0.434 0.0119 0.610
FEM (2 x 2 mesh) 0.659 0.0252 0.00878 0.416 0.0113 0.521
FEM (6 x 6 mesh) 0.629 0.0237 0.00848 0.437 0.0110 0.524
50 FEM (Reddy) 0.604 0.0251 0.0081 - - 0.515
Elasticity 0.628 0.0259 0.0084 0.439 0.0110 0.520
FEM (2 x 2 mesh) 0.657 0.0259 0.00856 0.416 0.0127 0.507
FEM (6 x 6 mesh) 0.628 0.0231 0.00837 0.437 0.0108 0.509
100 FEM (Reddy) 0.603 0.0253 0.0080 - - 0.506
Elasticity 0.624 0.0253 0.0083 0.439 0.0108 0.508
CLPT 0.623 0.0252 0.0083 0.440 0.0108 0.503

Transverse shear stress variation oy, with respect to z at the point (z,y) =
(a/2,0) is presented in Figure 3.7-9 for a rectangular laminate (a X b) with b = 3a
and S = 4. A full range of results is presented in Table 3.7-8. The present method
is compared to those obtained using elasticity solution [53], and to those obtained
by Reddy [10] using the first-order shear deformation bending element (see Sec.
3.4). Correlation with elasticity is quite good, particularly for ratios of S > 10.
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NI

FEM (QHD40)

Figure 3.7-9 Normalized transverse shear stress, oy, (%,0, z), for simply-supported
cross—ply (0/90/0) rectangular laminate (b = 3a,S = 4).
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Figure 3.7-10 Error in normalized transverse displacement and inplane stresses

vs. side-to-thickness ratio for simply-supported cross—ply (0/90/0)
laminates.
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As a final consideration, solutions have been obtained for the present geometry
using reduced integration and full integration. The results are compared in Figures
3.7-10 and 3.7-11 by giving percentage error in calculated values of displacements
and stresses vs. side-to-thickness ratio, S. It is apparent that element locking
is not a problem; however, reduced integration is needed to minimize errors in
calculated transverse stresses.

40 -
35 ,
///

30 1 //
@ -
e 251 ,
L - i 5 ®
W 59l F = Full integration s Syz
S R = Reduced integration

Ve
15 7
|0 h // ’/,/'
/// ’///LEXZ(F)
° d -5, R -
S; d T g% —Fu®
1 = = T T T T T T )

10 20 30 40 50 60 70 80 9SO 100
S

Figure 3.7-11 Errorin normalized transverse shear stresses vs. side-to—thickness
ratio for simply—supported cross—ply laminates.

An ezample with layerwise elements

Consider a simply supported, square, cross-ply (0/90/0) laminated plate, sub-
jected to sinusoidally distributed transverse load. For this particular problem,
exact solutions exist for the following three theories: 1) 3-D elasticity theory [52],
2) classical laminate theory (denoted CLPT), and 3) first order shear deformation
theory (denoted FSDT) [2]. The exact solutions from these three theories will be
compared with the layerwise finite element solution of this problem (see [36]). A
thick plate (L/H = 4) is modeled using two finite element meshes that differ only
in the refinement through the thickness. Full integration is used for both meshes
(see Fig. 3.7-12):
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Mesh 1: A 2 x 2 uniform 2-D mesh of eight-node quadratic elements in
the xy-plane and 3 quadratic line elements through the thickness
(one quadratic subdivision for each material layer); a total of 441
global degrees of freedom.

Mesh 2: A 2x2 uniform 2-D mesh of eight-node quadratic elements in the
xy-plane and six quadratic line elements through the thickness
(two quadratic subdivisions for each material layer); a total of
969 global degrees of freedom. .

/

y
X ~
Z
A
One 2-D quadratic Lagrangian - -
element with three quadratic . | ( l
layers through the thickness )
=g
e 3
‘, L

Figure 3.7-12 Finite element meshes of layerwise elements used for the analysis
of a simply-supported, square, cross—ply (0/90/0) laminate under
sinusoidal transverse load. The finite element mesh shown here
is Mesh 1; Mesh 2 differs from Mesh 1 in only in doubling the

number of through-thickness elements.

The stresses are computed via the constitutive relations at the reduced Gauss
points for each finite element. The reduced Gauss points correspond to the 2x2x2
integration points within the domain of each layer of each element. Figures 3.7-13
through 3.7-16 show the distribution of various stresses (&;,;,5yz,0z;) through
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Figure 3.7—-13 Distribution of inplane normal stress (&;) through the thickness
of a simply-supported, square (0/90/0) laminate under sinusoidal

transverse load (L/H = 4).
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Figure 3.7-14 Distribution of transverse normal stress (o) through the thick-
ness of a simply-supported, square (0/90/0) laminate under si-
nusoidal transverse load (L/H = 4).
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Figure 3.7-15 Distribution of transverse shear stress (oy,) through the thickness
of a simply-supported, square (0/90/0) laminate under sinusoidal

transverse load (L/H = 4).
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Figure 3.7-16 Distribution of transverse shear stress (0. ) through the thickness
of a simply-supported, square (0/90/0) laminate under sinusoidal

transverse load (L/H = 4).
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the thickness of the plate at the reduced Gauss points closest to the position where
each stress is maximum. Thus for mesh 1, the stresses are computed at six different
points through the thickness, while for mesh 2, the stresses are computed at 12
different points through the thickness. The nondimensionalized stresses, along
with the corresponding reduced Gauss points, are given by

H?
G, = 02(4, A, z) 77 o, =0z(A,A, z)—

H
&yz = o'yz(A,B,z)_

qoL y Ozgz = o’zz(B,A,Z);a—Z

L
A= 1.105662(%) , B =1.894338(3) (3.7—5)

where H is the total thickness and L is the length of the laminate, and g, is the
intensity of the sinusoidally distributed transverse load. The material properties
used here are the same as those listed in Eq. (3.7-4):

E G
R 25, E3 = Es, hl R =25 Gi3 = Gig; viz = v93 = v13 = 0.25
E, Gas

Excellent agreement between the layerwise finite element solution and the exact
three-dimensional elasticity solution is found as shown in Figures 3.7-13 through
3.7-16. All stress distributions predicted by the single-layer theories (CLPT and
FSDT) show considerable error for this thick plate. Note that the transverse
shear stresses in CLPT and FSDT are computed via integration of the equilibrium
equations. The equilibrium shear stresses can also be computed for the layerwise
model, thus yielding continuous, layerwise smooth shear stresses using relatively
coarse refinement through the thickness; however, only the constitutive transverse
shear stresses are shown here.

3.7-83 Geometric nonlinear analyses
Ezamples with the laminate elements

Unlike isotropic metallic plates, composite plates exhibit quite different non-
linear behavior. For example, the geometric nonlinear effects could be very sig-
nificant even at small loads and deflections, depending on the lamination scheme
and boundary conditions (see [53,35]). To illustrate the point we analyze an anti-
symmetric cross-ply square laminate (90°/0°) with two opposite edges pinned or
hinged and the other two edges free, and subjected to uniformly distributed trans-
verse load. The geometry and boundary conditions for the pinned and hinged
cases are shown in Fig. 3.7-17. The material properites used are the same as
those used by Sun and Chin [53]:
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LT, O
h}_ Pinned A Hinged
\ ,$5=0 3150
5 =
é w=

Figure 3.7-17 Geometry and boundary conditions for a (90/0) laminated plate
strip under uniformly distributed transverse load.

E; =20 Msi, E; =1.4 Msi, v =0.3
G12 = G13 = G23 = 0.7 Msi
a=9in., b=1.5in.,, h =0.41in. (3.7~ 6)

The results of the nonlinear bending analysis using the first-order shear de-
formable elements are presented in Table 3.7-9. For hinged cases, the plate strip
is essentially in pure bending and the axial force N is approximately equal to
zero. Therefore, the solution is independent of the sign of the applied load. For a
pinned plate strip, the axial force Nj is not zero; it is given by

du 1 (dw\’ d
Ny =Ap [E*E(ZE) } +Bu-(%-,311 <0 (8.7-7)

For small values of the positive load, the expression containing Aj; coefficient is
small compared to the expression containing Bj; coefficient, which is negative for
0 < z < 4.5. Hence, N; is compressive and increases the transverse deflection —
analogous to the transverse deflection of a plate strip under an axial compressive
load and a transverse load. Thus, the nonlinear solution is larger than the linear
solution for small values of the load. As the load is increased, the A;;-expression
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becomes larger than the Bjj-expression, and N; becomes positive. This stiffens
the structure and the nonlinear solution becomes smaller than the linear solution.
The load deflection curves for the first few load steps are shown in Fig. 3.7-18.
For a negative load, By %%1 is positive, and the two terms in N; add; this yields a
larger axial force and therefore a stiffer structure than for the positive load case.
Therefore the deflection is lower than that for the case of positive load.

Table 3.7—9 Nonlinear cylindrical bending of a (90/0) laminate under uni-
formly distributed transverse load.

w=w/h

Load | Pinned Pinned Pinned Hinged

P, | Linear* | Nonlinear* | Nonlinear} | Case 1* | Case 2}
0.005 | -0.235 -0.159 0.475 -0.429 0.429
0.01 | -0.470 -0.255 0.673 -0.858 0.858
0.02 | -0.940 -0.386 0.847 -1.710 1,710
0.03 | -1.41 -0.480 0.954 -2.550 2.550
0.04 | -1.88 -0.555 1.034 -3.370 3.370
0.05 | -2.35 -0.618 1.100 -4.190 4.190
0.10 | -4.70 -0.845 1.327 -7.920 7.920
0.25 | -11.75 -1.233 1.705 -16.16 16.16
0.50 | -23.50 -1.609 2.075 -24.82 24.82
0.75 | -35.25 -1.870 2.332 -30.87 30.87
1.0 | -47.00 -2.078 2.532 -35.69 35.69
2.0 | -94.00 -2.665 3.117 -49.56 49.56
3.0 | -141.00 -3.075 3.525 -59.65 59.65
4.0 | -188.00 -3.402 3.850 -68.00 68.00
5.0 | -235.00 -3.675 4.125 -75.33 75.33

*For negative load values; } For positive load values.

The behavior described above does not occur for simply supported (on all
edges) laminates with SS-1 or SS-2 boundary conditions or for laminates without
bending-stretching coupling.

As noted earlier, the SS-2 boundary conditions must be used to analyze anti-
symmetric angle-ply laminates. The quarter plate symmetry associated with SS-2
holds for linear analysis but does not hold for geometrically nonlinear analysis. To
illustrate this point, a two-layer (45/ — 45) square plate (¢ = 1000 mm, h = 2
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mm), with uniform transverse load and the following layer properties is analyzed:

E1 = 250 GPa, E2 =20 GPa, G12 = G13 =10 GP&,
G23 =4 GPa, vi2 = v13 = 193 = 0.25 (3.7 - 8)

The load-deflection curves obtained from the quarter-plate and full-plate anal-
yses are shown in Fig. 3.7-19. Meshes of 2 X 2 and 4 X 4 nine-node quadratic
elements based on the first-order shear deformation plate theory are used to model
the quarter and full plates, respectively. It is clear from the results that the use
of quarter plate model with the symmetry conditions of SS-2 (see Fig. 3.7-1)
yields larger deflections than those obtained from the full plate model. The dis-
crepancy increases with the intensity of the transverse load. This discrepancy can
be explained (see [53]) in the light of the symmetry conditions used to model the
quarter plate. As noted earlier, the symmetry conditions are derived from the
Navier solution for the linear theory. For the angle-ply case, the assumed solution
is of the form

u=U s1nEcos%
a
v=V cosw—sm%
a
w=W smw—smWy
a b
¢ =51 cos o gsin 7Y
a b
¢z = §? smEcosty, (3.7-9)

where the coordinate system is fixed at the lower left corner of the laminate (see
Fig. 3.7-1). The solution in Eq. (3.7-9) implies the following conditions along the
symmetry lines (i.e., z =3,y = %) for the linear problem:

v(a/2,y) = ¢1(a/2,y) = 0; Ni(a/2,y) = Ma(a/2,y) =0 (3.7 — 10a)

u(z,b/2) = ¢2(z,b/2) = 0 ; No(z,b/2) = My(z,b/2) =0 (3.7 —100)

However, the boundary conditions on N; and Nj for the nonlinear theory indicate
that
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Figure 3.7-18 Load-deflection curves for the bending of an antisymmetric cross—
ply laminated plate strip with pinned edges.
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Figure 3.7-19 Effect of full and quarter plate modeling on the nonlinear re-

sponse of a simply-supported square laminate under uniformly
distributed transverse load.
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2W2
Ni(a/2,y) = A127r27c0s2(y7r/b) #0
21172
Ny(z,b/2) = Ay, ”23‘2’ cos?(zm/a) # 0 (3.7 -11)

When a quarter plate model is used without specifying N1 and N; on the z = §
and y = % lines, it is implied in the finite-element analysis that they are (being
the natural boundary conditions) specified to be zero because u(%,y) and v(z, )
are not specified. The quarter plate with zero inplane forces N; and N3 is more
flexible than the one with nonzero inplane forces N; and N3. It should be noted
that this phenomenon is not observed in cross-ply laminates, i.e., the quarter
and full plate models give the same results for the cross-ply laminates (with SS-1
boundary conditions).

In the above examples, we considered the nonlinear bending of rectangular
laminated plates with two opposite edges supported and other two edges free.
The next two examples deal with the nonlinear bending of square plates with all
four edges either simply supported or clamped.

Figures 3.7-20 and 3.7-21 contain the load-deflection curves obtained by ap-
plying the nonlinear laminate element to a simply-supported orthotropic plate and
a clamped cross-ply (0/90/90/0) laminate, respectively. In both plates a uniform
transverse load is used. The geometry and material properties used are given
below.

Orthotropic plate:

a=5b=12in., h =0.138 in.
E; = 3 x 108 psi, B3 = 1.28 x 10° psi,
G1z = Ga3 = G13 = 0.37 x 10° psi,
vig = Vo3 = vy3 = 0.32 (3.7-12)

Cross-ply laminate:

a=b=12in., h = 0.096 in.
E; =1.8282 x 10° psi, E; = 1.8315 x 10° psi,
G12 = G13 = Ga3 = 0.3125 x 10° psi,
vig = vg3 = vy3 = 0.2395. (3.7 -13)
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Figure 3.7-20 Load-deflection curves for the bending of a simply-supported,
square, orthotropic plate under uniform transverse load.

For the simply supported orthotropic plate, the shear deformation element
yields results that are in excellent agreement with the experimental data of Za-
ghloul and Kennedy [54], while the classical plate bending element underpredicts
deflections even for this thin plate (S is about 120). For the clamped, cross—ply
laminate, the finite element results are not in as good agreement with the ex-
perimental data. This is attributed to inaccuracies in the representation of the
material stiffnesses as well as the actual boundary conditions of the experiment.

Ezamples with continuum elements

The isotropic spherical shell panel shown in Fig. 3.7-22 was analyzed for its
large displacement response with four 9-node elements and sixteen 4-node ele-
ments, in one-quarter of the shell (see [47]). The following geometric and material
parameters are used:
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R =100 in., a = 30.9017 in., h = 3.9154 in.
E =10* psi, v =0.3. (3.7 —14)
The boundary conditions used are:
u=¢;=0onz;=0;u=v=w=¢;=0o0nz;=a (3.7 — 15a)

v=¢3=0onzs=0;u=v=w=¢;=0onzz=a (3.7 — 150)

Figure 3.7-22 contains plots of the load-deflection curves obtained using the shell
element. The modified Riks method, which automatically determines the load
increments, is used. Figure 3.7-22 also includes the results of Bathe and Ho [53].

0.5 T T T T T T T T T
- Experimental (Ref. 54) A
----cLpT (Ref.54) e
041~ -o--FSDT (Ref. 31) ,’ 4
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00 L | 1 1 n | 1 1 "

00 0.4 0.8 1.2 1.6 2.0

Pressure (psi)

Figure 3.7-21 Load-deflection curves for the bending of a clamped, square,
symmetric cross—ply (0/90/90/0) plate under uniform transverse

load.
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Figure 3.7-22 Load-deflection curve for the bending of a simply-supported,
isotropic, spherical shell panel subjected to a point load at the

center.

Next, we consider a two-layer (—45/45°) laminated spherical shell panel, sim-
ply supported at its edges and subjected to uniform internal pressure (see [47]).

The material and geometric parameters used are:

E1/E; =25, E3 = 10° psi, v12 = 0.25, G13/Ez = 0.5,
Gi13 =Gz, Ga3/E2 =02, vi3 =vp3 = vp2
R =1000in., A =1 in., a = 50 in. (3.7—16)

One quarter of the shell panel was modelled with four 9-node shell elements. The
geometric nonlinear response of the shell panel is shown in Fig. 3.7-23.
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Figure 3.7-23 Load-deflection curve for the bending of a simply-supported,
angle-ply (—45/45) spherical shell panel under transverse pres-
sure load.

3.7—4 Buckling analysis

Another interesting characteristic of composite laminates is their behavior
under compressive loads. Most often the critical buckling loads are determined
through an eigenvalue analysis. The critical buckling loads can also be determined
from geometric nonlinear analysis, where the critical buckling load is taken to be
the limit load.

The effect of orthotropy and number of layers on the nondimensional buckling
loads of simply-supported square laminates (0°/90°/0°/...) is investigated using
the finite element model based on the first-order theory (FSDT). The results are
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compared in Table 3.7-10 with the analytical solutions [4]. The following notation
is used: S = simply supported; F = free; C = clamped. The first two letters in
the label denote the boundary conditions on the edges, y = 0, b, the third letter on
the edge ¢ = a/2 and the fourth on the edge ¢ = —a/2). The agreement between
the analytical and finite element results is excellent.

Table 3.7-10 The effect of side to thickness ratio on the dimensionless critical
buckling loads (N2 = N3b%/(E2h®, Ny = Ng = 0) of antisymmet-
ric cross-ply square laminates including various boundary condi-
tions.

No. of | b/h | Theory | SSFF | SSFS | SSFC | SSSS | SSSC | SSCC
layers
5 | FSDT | 3.719 | 4.094 | 4.667 | 8.328 | 9.650 | 9.949
CLPT | 5.616 | 6.292 | 7.203 | 14.520 | 23.869 | 37.106
2
10 | FSDT | 4.916 | 5.420 | 6.234 | 11.485 | 18.338 | 21.916
CLPT | 5.616 | 6.292 | 7.203 | 14.520 | 23.869 | 37.106
5 | FSDT | 6.791 | 7.064 | 8.174 |11.172 | 11.181 | 11.216
CLPT | 16.457 | 17.141 | 19.422 | 36.384 | 60.406 | 90.833
10
10 | FSDT | 12.226 | 12.661 | 14.480 | 25.647 | 33.970 | 36.129
CLPT | 16.457 | 17.141 | 19.422 | 36.384 | 60.406 | 90.833

The same geometry as in the example of the nonlinear analysis (Sec. 3.7-3)
(e = b = 1000 mm, b = 2 mm) is used to analyze a simply-supported laminate
(45/ — 45) under uniform inplane load Nz = 10.85 A (N/m), where A is the nondi-
mensional load. Both the eigenvalue and nonlinear equilibrium approaches are
used. The material properties used are:

Ey/E, =40 ; E; =6.25 GPa; G12/E; = 0.82; G13 = Giz;
Go3/E2 = 0.52 ; v13 = v13 = 0.24 ; vo3 = 0.49 (3.7-117)
Although a closed-form solution of the buckling equations exists [4] for this case,

the SS-2 boundary conditions [see Eq. (3.7-10)] used to obtain that solution
cannot be used for the nonlinear analysis without modification. For the nonlinear
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analysis, the boundary conditions have to allow for the applied loads, Ny = 0
and N2 = N. Both the eigenvalue analysis and nonlinear analysis are performed
using 4 X 4 mesh of nine node elements in full plate models, and the results are
presented in Fig. 3.7-24. In the full plate model, © and v must be constrained at
two points to remove the rigid body modes in the nonlinear analysis. The critical
buckling loads predicted by both the nonlinear and eigenvalue analyses agree with
each other.

2.0
1 (45/-45)
full plate
1.54
Qo i
Q
103
ke)
[4+]
o
—l -
0.5 —— nonlinear analysis
® cigenvalue analysis
0.0

00 20 40 "~ 60

Maximum deflection w (mm)

Figure 3.7—24 The post-buckling response of a simply—supported (SS-2) square,
antisymmetric angle-ply (—45/45) laminate under uniform in-
plane force, p = Nj.

The results of a nonlinear analysis of anti-symmetric cross-ply (0/90/...) lami-
nated plates under inplane load N3 = 6.25 A (N/m) are shown in Fig. 3.7-25. The
geometry and material properties used are the same as in the previous example.
The simply-supported boundary conditions of SS-1 type are used with a 2 x 2 mesh
of nine-node elements in a quarter plate. In this case, the full plate and quarter
plate models give the same results. In order to assess the effect of number of
layers, four laminates are analyzed. The values of the critical buckling load given
by the closed-form solutions based on the eigenvalue analysis are shown on the
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load-deflection curve for comparison. It is clear that in this case the eigenvalues
are not representative of the critical buckling load; in fact, there are no apparent

limit points for the laminates analyzed.

3.0 ,
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i
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Figure 8.7-25 Load-deflection curves for the bending of a simply-supported,
square, antisymmetric cross—ply laminated plate under uniform

compressive inplane force, Na.
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Chapter 4
Failure: Damage Initiation and Progression

4.1 Introduction

Under service conditions, laminated composite structures develop matrix cracks,
fiber-matrix debonds, fiber fractures, and delaminations. These effects, which
cause permanent loss of integrity within the laminate, are termed damage, and
they result in the loss of stiffness and strength of the material. As a result, the
load-carrying capacity and the service life of the structure is reduced. When a
structure or a component ceases to carry out its intended function, it is said to
have ‘failed’. For example, the microcracks observed within a layer constitute
damage. As these microcracks grow in size and number, they coalesce and develop
into debonds, resulting in a reduction of the load-carrying capacity of the laminate.
In order to determine the load carrying capacity and service life of a composite
structure, it is necessary to predict the initiation and evolution of damage.

In the last decade, considerable progress has been made in understanding the
initiation and evolution of various damage modes. But this understanding has
been limited to simple geometry and loading conditions. Besides, much of the
research has been directed towards understanding the effect of an isolated damage
mode such as matrix cracking or delamination on the stiffness, strength and life
of a laminate. A brief review of these developments is presented here.

Masters and Reifsnider [1] and Highsmith and Reifsnider [2] performed both
experimental and analytical work to understand the effect of matrix cracking on
the stiffness reduction of composite laminates. They developed a one dimensional
shear-lag model, which as a first step determines the inplane stress normal to the
cracked surface in the cracked ply of a laminate. Then, the reduction in the load
carrying capacity of the cracked ply is computed and the elastic modulus of the
cracked ply is reduced correspondingly. The classical laminate analysis is used to
calculate overall stiffness properties of the laminate.

111
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Talreja [3,4] used a continuum approach in which the cracks are considered
as microstructural entities with tensorial characteristics. He developed a set of
four equations for the four inplane stiffness coeflicients, i.e., E1, E2, G12, vi2 (after
matrix cracking), in terms of the stiffness coefficients of the un-cracked lamina and
four unknown constants. The unknown constants are determined experimentally.

Hashin [5] used a variational approach to predict the stiffness reduction due to
matrix cracking in a symmetric cross-ply laminate under tensile and inplane shear
loading. Admissible stress systems which satisfy equilibrium and all boundary and
interface conditions are constructed, and the principle of minimum complementary
energy is employed to find an optimal approximation. The stiffness reduction is
computed from the two dimensional stress fields obtained by this procedure.

Daniel et al. [6,7] investigated the progressive matrix caracking of cross ply
composite laminates both analytically and experimentally. They developed closed
form solutions for the matrix crack density, stress distributions and reduced stiff-
nesses of damaged plies, as well as of the entire laminate, as a function of applied
load and lamina properties.

The effect of delamination on stiffness and strength is not as well understood
as the effect of matrix cracking. Most of the effort in the area of delamination
is directed towards predicting the initiation and growth of delamination. O’Brien
[8,9] analyzed local delaminations and studied their influence on tensile stiffness
of composite laminates. He also studied [10] the effect of delamination on the
strength of unnotched quasi-isotropic graphite/epoxy laminates. Chan and Ochoa
[11,12] presented a two-dimensional finite element model to calculate interlaminar
stresses and strain energy release rates for the study of free-edge delamination in
composite laminates subjected to tension, bending and torsional loads. Reifsnider
et al. [13] studied the relationship of delamination to other damage modes such
as matrix cracking and fiber breakage in quasi-isotropic graphite/epoxy laminates.
They found that delamination usually nucleates from the tip of a transverse crack
and spreads along the length in both directions to join an adjacent crack.

Most of the above analyses are based on a two-dimensional state of stress.
However, damage initiation and evolution in composite laminates is governed by
a three dimensional state of stress and complex interaction of various damage
modes. Hence, in order to predict the failure behavior of composite laminates
accurately, we require a failure analysis technique that can capture both inplane
and interlaminar stress components and allow for the interaction of various damage
modes.

However, the present day analytical techniques cannot handle the combined
effect of various damage modes acting concurrently on composite structures with
complex configuration subjected to combined loading conditions. The task be-
comes even more complicated if one has to take into account stresses induced due



113 Failure: Damage Initiation and Progression

to processing, thermal loading and moisture absorption. Therefore, one has to
resort to numerical techniques, such as the finite element method to be able to
predict the failure behavior of composite structures accurately.

Fiber/Matrix Lamina Laminate
. Matrix failure
Matrix crack A at an interface

Transverse

Fiber splitting A
cracking

along length

Delamination

/ Sub-laminate
~ buckling

Fiber-matrix
debond

-7 Compressive
Fiber kinking failure

— —( Tensile failure

Fiber breakage

— =\ Fiber failure
across length

Figure 4.1-1 Various failures at different scales.
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The main difficulty in mathematical modeling of damage is due to the different
geometric scales that are involved in the initiation and progression of damage. At
the micro-level the focus is on the fiber and the matrix and fiber/matrix interface,
at macro-level the focus is on the global response of the structure. Figure 4.1-1
shows various failures at different scales. The first failure always initiates at a
micro-level and gradually evolves into a macro defect or damage mode. However,
when the objective is to predict the failure behavior of a laminate, it becomes pro-
hibitively difficult to focus attention on the events taking place at the micro-level.
Therefore, in the failure analysis of laminated composite structures, attention is
focussed on ply-level failures.

4.2 Damage mechanisms
4.2-1 Intra—ply damage
The common damage modes that one observes within a ply are:

¢ Fiber-matrix debonding (see Fig. 4.2-1)

Fiber fracture (see Fig. 4.2-1)

Fiber pull-out (see Fig. 4.2-1)

Matrix cracks (see Fig. 4.2-2)

Figure 4.2-1 Fiber matrix debonding, fiber pull out, and fiber fracture.
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Figure 4.2—2 Matrix cracks.

Matrix cracks are the most common of these local failures because the strength
of the matrix is considerably lower than that of the reinforcing fibers. The next
common occurrence is the fiber-matrix debond, where a debond parallel to the
direction of the fibers separates the constituents from each other, thus eliminating
the support provided by the matrix to the fibers in that region. The fiber fracture
and pull out modes, as highlighted in Figure 4.2-1, may be localized. However, in
general, they lead to catastrophic failures of the laminate. Figure 4.2-3 illustrates
the simultaneous formation of matrix cracks and fiber-matrix debonding around
a hole drilled in a graphite epoxy coupon. Note that these modes occur simul-
taneously or within seconds of each other. Figures 4.2-1 to 4.2-3 illustrate that
inplane events are not confined to the plane in which they originate. The failure
modes begin at a ply level; however, as they initiate, all the layers in the laminate
readjust the load/strain they carry in order to adequately redistribute the stress
released by the damage modes.
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Figure 4.2-3 Through-the-thickness delaminations (drilled hole cross section).

4.2-2 Interply damage: delaminations

As a layer weakens with the onset of the damage modes discussed earlier, the
adjacent layers take on additional loads and go through damage initiation and
evolution processes. First, matrix cracks form randomly, then they coalesce and
lead to delaminations at an interface between layers (see Fig. 4.2-4). To model
delaminations, one needs to know their geometry (i.e., length and width) which is
usually not known for interior delaminations.

For an edge delamination problem, the width of delamination is given (e.g., the
X — ray diffraction technique combined with an enhancer may give an indication
about the width). The length of the delamination is assumed to be equal to
the dimension of the entire free edge (see Fig. 4.2-5). This assumption is valid
for laminates with straight edges. When a circular free edge is encountered, the
description of the delamination geometry becomes cumbersome. In general, if
multiple delaminations exist, any symmetry present due to the stacking sequence,
loading, and geometry is lost.



117 Failure: Damage Initiation and Progression

Figure 4.2—4 Transverse cracks and delamination.

width

Figure 4.2-5 Edge delamination.
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It is essential to integrate explorative testing with numerical simulation in
these problems. For example, experiments should be designed to observe which
interface fails first and how the progression unfolds. Such an approach may pro-
vide additional understanding about the extent of the delamination zone, and with
such an understanding, a realistic mathematical model may be built for analysis.
Tools such as the scanning electron microscope (SEM) and optical microscope are
invaluable in providing information about damage under applied loads. By using
loading chambers to test in-situ thin laminates with SEM, one can observe and
take photographs of the progression of damage within a ply or through the lami-
nate thickness, as appropriate. Figure 4.2-6 depicts an SEM photograph of woven
carbob-carbon composite subjected to in—situ three point bending load. The mul-
tiple delaminations observed are primarily due to the low interlaminar shear and
normal strengths associated with brittle composites (see [14]). Delaminations also
form in laminates subjected to inplane tensile and compressive loads. Usually, in
these cases Poisson’s ratio mismatch or the presence of a geometric discontinuity
are the culprits.

Figure 4.2-6 In-situ three point bend loading of a carbon—carbon laminate in

SEM chamber.

Extreme care should be exercised in the analytical modeling of the delamina-
tion front. If the number of finite elements used in the vicinity of the delamination
front are inadequate, the predictions of delamination growth will be inaccurate.
The rule of thumb is to keep the element size about a quarter to one-half the thick-
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ness of the layer. Our experience indicates that singularity (i.e., quarter-point)
elements as well as a refined mesh of shear deformable-non-singular elements work
equally well [11]. In the majority of cases, delaminations initiate at a free edge
such as a bolt hole or an unloaded edge and propagate inward. Invariably, most
studies address two dimensional characterization of this growth. However, delam-
inations are usually not self-similar crack growths. In composite materials, they
grow along weakest directions, and the delamination surface is two dimensional.
When a delamination front crosses a ply, delamination geometry becomes three
dimensional. It may be appropriate to look at trends of strain energy release rates
as a function of delamination size when the delamination growth is within a single
interface. However, when the delamination crosses a ply, the strain energy release
rates do not give meaningful trends. It is more meaningful to determine the change
in the strain energy of the total laminate with respect to the load.

00

90°
902\ .
3 : R S m——
go—H — 0o —

0

Figure 4.2—7 Damage accumulation in symmetric cross—ply laminates.

A typical example of damage accumulation is provided by a symmetric cross-
ply laminate. This stacking sequence illustrates brilliantly the transverse crack
formation, although this laminate is not recommended in real structures since its
load carrying capacity is limited under general loading. Figure 4.2-7 depicts a
four-layer (0/90), = (0/90/90/0) laminate pulled along the zero degree laminae.
Since the modulus of the 90°-layer in the load direction is so small that matrix
microcracks form first in the 90° layers. These matrix cracks coalesce, form trans-
verse cracks, and propagate to the (0/90) interface, causing delaminations, which
are the failure modes in tension for these laminates. These observations for the
four-layer (0/90), laminate cannot be generalized to other laminates of arbitrary
orientation. The presence of many 90° layers next to each other, versus 90° layers
separated by 0° layers, has a profound difference on how the damage progresses
and the failure load is reached. For example, a laminate with 90° layers separated
by 0° layers will fail at a higher load than a laminate with 90° layers grouped
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together. In the case where all 90° layers are placed together, the laminate has a
much softer region in the center and cannot carry as much load.

Laminates subjected to inplane compressive loads exhibit further complica-
tions in the form of sublaminate buckling (see Fig. 4.2-8). In this case, a collection
of laminae separate from the laminate and undergo buckling. Eventually, these
layers fracture after buckling (see [15]). This phenomena is also observed in lam-
inates subjected to impact loads. The impact loads usually create a sublaminate
at the opposite side from the load application. An excellent example is the case of
a tube shot with a bullet (see [16]). The side from which the bullet exits always
displays simultaneous presence of sublaminate formation and debonding around
the damaged/penetrated site. In general, panels and tubes do not exhibit typi-
cal structural buckling behavior since they tend to fail at a more localized region
through the initiation of sublaminate failure modes.

Figure 4.2-8 The [04/(0/45/90/ — 45)7,/04) laminate of IM6-3501 under com-
pressive load: sublaminate buckling.
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4.3 Failure criteria
4.3—1 General comments

As discussed in Chapter 2, a lamina is assumed to be homogeneous and the
mechanical behavior is characterized by a set of equivalent or effective moduli and
strength properties. These properties can be obtained either by a micro-mechanics
approach or by a phenomenological approach. In the micro-mechanics approach,
the lamina properties are predicted in terms of the constituent (fiber, matrix)
properties by using a mathematical model; in the phenomenological approach, the
lamina properties are determined experimentally by conducting tests on a single
lamina or a laminate.

Once the mechanical properties of the ply are known the initial failure of the
ply within a laminate or structure can be predicted by applying an appropriate
failure criterion. The subsequent failure prediction requires an understanding of
damage modes and damage accumulation. A brief discussion on various damage
modes, damage accumulation and failure criteria is presented in the sequel.

As discussed in Section 4.2, damage modes are dependent on loading, stacking
sequence, and specimen geometry. There are many proposed theories to predict
the on-set of failures and their progression (see [17-25]). The selection from such
an abundant menu seems impossible, yet there are some salient features that one
may look for rather than treating these options as potential “curve fitting the data”
exercises. Most of the failure criteria are based on the stress state in a lamina.
Hence, an accurate kinematic model of the laminate is necessary to determine
three-dimensional stress/strain fields. Ideally speaking, a 3-D or layerwise model
is desirable.

The failure criteria, for example, the quadratic polynomial criteria consist of
parameters that must be experimentally determined. Often, these parameters are
difficult to determine with certainity. Since the failure criteria are intended to
predict the macroscopic failures, the microscale event of the split of a single fiber
from the surrounding matrix cannot be determined. Rather, at this stage we are
interested in a given layer, if the stress in a loading direction versus the transverse
is substantial enough to exceed the allowable stress. If the allowable stress/strain
is not exceeded, then we proceed to check the other layers. When an allowable is
exceeded in a given layer, the engineering constants responsible for the particular
mode of failure are degraded (i.e., reduced) by a predetermined magnitude.

The reduction of stiffnesses is another area where care and compromise should
support the reality of the situation. When an allowable is exceeded, we do not
know the extent of the damage and exact mode of failure at that stage. Thus
by reducing the material stiffnesses by a certain amount, we account for the loss
of stiffness. The stiffness reduction is carried out within a layer and within a
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single finite element at selected integration points. Thus, stiffness reduction is
made point wise, and it is not as drastic as discarding an entire layer. Additional
discussion of stiffness reduction procedure is given in Chapter 5.

A few comments are in order on strain versus stress based criteria. If experi-
mental data is available, the strain criterion is a more accurate measure since it is
directly obtained from the strain gages. The stress based data is difficult to gener-
ate, due to the statistical variations in obtaining stresses from strains. The major
problem is that the constitutive matrix is not known precisely at the strain level.
Since damage accumulation is cumulative, and failure is usually progressive rather
than catastrophic and instantaneous, error introduced through assumed material
stiffnesses can grow with local steps. Hence, calculation of stresses from strains of
a laminate requires further study.

It should be noted that the failure criterion is used only to check whether
allowables are exceeded. In the case of delaminations, the failure criterion can
only determine the on-set of delaminations. However, the growth of delaminations
cannot be modeled unless the kinematic model is three-dimensional. In addition,
a criterion for the growth of delamination is required. Often such a criterion is
expressed in terms of the strain energy release rates, using fracture mechanics con-
cepts. The fracture mechanics laws to study crack growth are primarily developed
for homogeneous isotropic material systems. Thus the fracture mechanics concepts
without any homogenization do not hold for composite material systems.

Failure criteria for composite materials can be classified into two groups (see
[18]), namely: (i) independent failure criteria, and (ii) polynomial failure criteria.
These are discussed below.

4.3-2 Independent failure criteria

The maximum stress and maximum strain criteria belong to this category. In
the maximum stress criterion, failure is assumed to occur if any one of the following
conditions are satisfied:

UIZXT)O"iZR
02 2Yr, 0528 (4.3-1)
U3ZZT’C76_>_T

where (0, 03, 03) are the normal stress components, (04, 05, 0¢) are shear stress
components, (X7, Y7, Zr) are the lamina normal strengths in tension (T) along
the (1,2,3) directions, and (R, S, T) are the shear strengths in the (23, 13, 12)
planes, respectively. When (o, o3, 03) are of compressive nature, they should
be compared with (X¢, Y¢, Z¢), which are normal strengths in compression (C)
along the (1,2,3) directions, respectively.
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In the maximum strain criterion, failure is assumed to occur if any of the
following conditions are satisfied.

€1 > Xer , €4 2 Re
€2>Yer, €5 2 Se (4.3-2)
€ 2> Zer , €6 2 T

where (€1, €3, €3) are the normal strain components, (es, €5, €) are shear strain
components, (Xer, Yer, Zer) are the lamina normal strain strengths in tension
along the (1,2,3) directions, and (R, Se, T¢) are the shear strain strengths in the
(23, 13, 12) planes, respectively. When (e;, €2, €3) are negative, they should be
compared with (X¢c, Yec, Zec), which are normal strain strengths in compression
along the (1,2,3) directions.

4.3-3 Polynomial failure criteria

The most general polynomial failure criterion for composite materials is the
tensor polynomial criterion proposed by Tsai [21]. All other polynomial failure
criteria are degenerate cases of this criterion. In index notation, the tensor poly-
nomial failure criterion is expressed as:

Fioi + Fijoioj + Fjroiocjor +... 21,
or, in more explicit form,
Fioy + Fyoy + Fyos + 2Fy30109 + 2Fi30103 + 2Fy30203 + Fii0?
+2F5202 + Fi30% + Fyol + Fssol + Fsgog +...> 1 (4.3 -3)

Particular cases of the above criterion are discussed below.

Maximum stress (polynomial) criterion The maximum stress criterion
can also be expressed as a tensor polynomial criterion as:

(61 — XT)(01 + Xc)(02 — Yr)(02 + Yc)(03 — Zr)(03 + ZC)
(04 — R)(04 + R)(05 — S)(05 + S)(06 —T)(06 +T) =0 (4.3-4)

Comparing Eq. (4.3-4) with Eq. (4.3-3) and ignoring the higher order terms in
both the equations, we obtain

R=ee_Lt p-t_1 p_1_1
I—XT XC’ 2 = YT YC’ 3 = Z7 ZC’
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1 1 1
Fn—m,Fzz—m,Faa—ZTZC:
1 1 1
F44=R75;F55—3;§;F66—172,
Fy F: R F: Fy F:
F12=—122;F13=—123;F23=— 223 (43—

The remaining strength constants are zeros.
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Maximum strain (polynomial) criterion The maximum strain criterion

can be expressed as a tensor polynomial criterion:

(&1 — Xer)(e1 + Xec)(e2 — Yer)(e2 + Yec)(e3 — Zer)(e3 + Zec) %

(64 — Rc)(64 + Re)(£5 — Se)(€5 + Ss)(EG — Te)(EG + Tc) =0 (4.3 —

6)

Using the compliance matrix and the constitutive relation, we can be express Eq.

(4.3-6) in the form of equation (4.3-3) as:

F=Ff+ sanA + S—”F{‘

FZ=§—1: 1‘4+F{‘+§—::F54

R = %F{‘ + g—z:FzA + Ff
Ru= s+ (32) 5+ (32) 5. 22 AR~ G~ I RARY
ey () 5 (52 - - Bt St
F33 =5, + <§2 ) (523) Sy - 513F1AF3 - §23F54F3 - gi:g::FlAFi‘

Je = XTXC Sy = YTch i Sz = lezc
F44=%; F55=%;Fee=%
Fua —g_leTlXC i_:zYTch + 51;;:3 ZTIZC - 1 (551252’22 * 1) FlAF.f

(513512) FAFA — (5'12523 S13

FAFA
511533 3 522533 533) 273
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S13 1 S13 1 512523 1 1( S35 ) A A
Fig =222 +28 —Z +1) FAF,
B T8n XrXc | Su ZrZc 5222 YrYe 511533 172
1 (512513 523) A (513523 512) A

S (222218 OB) pAps FAFA

511522 S22 2 S22S33 | Sp2/ 273
Saz 1 Sa3 1 S512813 1 1( S, ) A A
Fpp=B_ 408 -z +1) FAF,
% 522 YrYo = S ZrZc S§? XrXc S22533 172

512523 513) 4 1 (823513 Sz A
+ 28 pApA L ( + ) F{F; 4317
(511522 S11 2 2\81;53 S ( )

In the above expression Si;1, Si2, etc. are the components of compliance matrix;
Xr, Yr, Z7 are the tensile strengths in the 1,2,3 directions; X¢, Yo, Z¢ are the
compressive strengths in the 1,2,3 directions; R,S,T are the shear strengths in
the 23, 13, 12 planes, respectively; and FIA, F-f, F;;4 are the expressions given for
Fy, F3, F3 in the maximum stress criterion. All other strength tensor terms are
zero.

Tsai-Hill’s criterion Hill’s criterion can be expressed as

o1 23 o3\ 2 1 1 1 1 1 1
b )4 (%) - xttyz~72)1% —\y2 T 7z ~ x2) 9298
X Y Z X Y Z Y Z X

JRERS SO AT

Hoffman’s criterion Hoffman’s criterion is expressed as

1 1
E(Sy + S, - S::) (0'2 - 0'3)2 + E(Sz + Sz — Sy) (0'3 - 0'1)2

1 2 1 1 1 1
+5(5:+ 5, = S.) (01 — ) +(X_T_X_c),, +(ﬁ_%)
1 1 os\? (0’5)2 (0'6)2
= o — 3) > 3_
(ZT Zc> 3+(R) ts) *\7) 21 (4.3-9)
where
1 1 1
Se= o Sy =} Sy = ——
XrXc'’ Sy YrYc S ZrZc
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Tsai-Wu’s criterion The Tsai-Wu criterion is given by

Fio; + Fijoi05 > 1

where

ol 1o 1 1 . 1 1
I—XT XC, Z—YT YC, 3—ZT ZC’
1 1 1
Fii=——; Fp=oi; Fiy= o
11 XTXC ) 22 YTYC ) 33 ZTZC )
1 1 1
F44—ﬁ;F55=§;Fss=ﬁ;
1 1
)
2= Ty XrXoYrYs |
1 1
Flag= — oo
B = T/ XrXcZrZc |
P 1 1
BTy V1Yo 2rZc
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(4.3 — 10)
(4.3 —11)

It should be noted that in Hill’s criterion the linear terms in o; do not appear;
therefore, the values of Fy, F, and Fj are zero. The values of X, Y, Z are taken
as either X7, Yp, Z1 or as X¢, Yo, Z¢ depending upon the sign of o1, o3 and o3,

respectively. Strength tensors for this criterion are:

F;=0
F11=%,F22 -;—2;1’33=213;
F44='I%,F55_%;F66—1%;
Fa=3 (3 yi-7)
Fio=—3 (7t 3~ 79)

All other strength tensor terms are zero.

(4.3 —12)
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Hoffman’s criterion is a special case of the tensor polynomial criterion for the
following choice of the parameters F; and Fj; :

Fotr_ 1 . p_1 1 p,_1_1
YW Xy T X' T Y Yo! )T Zr Zo
1 1 1
FII—J-Q-_XC:’F”_}_’;}_’E’F”_ZTZC
1 1 1
F44—ﬁ;F55=§;F66=1T2;
1/ 1 1 1
Flz__E(XTXC+YTYc—ZTZc)

P __1( S 1)
B="9\XrXc | Z72c  YrYo

1/ 1 1 1
Fps = — = _ 43-1
23 2(ZTZC+YTYC XTXC) (4.3 -13)

Other strength tensor terms are zero.

Hashin’s criteria The criteria reviewed above were originally developed
to predict initial failures, without regard to the mode of failure. However, in
recent years these criteria have been also used to identify damage modes (see
[20]). Hashin [23] suggested a set of failure criteria that have the ability to predict
modes of failures. These are reviewed here.

Fiber failure
Tensile: , ,
2
o\, ddtd _
(XT) + T (4.3-14)
Compressive:
o1 = G, (4.3 — 15)
YT1% '

where G, is resin modulus and k is volume fraction ratio.
Matriz failure

Tensile:
(o2 + 03)2
R?

(a’Z + ag + ag — 0903) _
T? B

i 1 (4.3 - 16)
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Compressive:

Yo |\2T 4T?

n (02 + o} + o} — 0303) _

T? 1

Delamination [through-the-thickness]

(@) s
Zr R?

L[(Y—c)z “‘1](02 vog) 4 Qo)
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(4.3 —17)

(4.3 —18)

Recently, Reddy and his colleagues [17-19] studied first-ply failures in com-
posite laminates using the first order shear deformation theory with von Kirman
nonlinearity [18]. The results of these studies will be discussed in the sequel. Ap-
plication of the failure criteria described here for the prediction of first-ply-failure

and progressive failure loads are presented in Chapter 5.
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Chapter 5
Case Studies

5.1 Introduction

In this chapter we discuss the results of specific composite structural problems
that are analyzed using the theories and computational models developed in the
previous chapters. The objective of these case studies is to bring out certain phys-
ical features that influence design of composite structures. While the conclusions
drawn in each case apply to that particular problem, they are valuable in the
design of similar laminates.

5.2 Modeling of delaminations around loaded holes
5.2—1 Preliminary comments

Advanced composite materials are prone to delamination during manufactur-
ing operations such as drilling. Quite often drilling causes delaminated regions
around the circumference of the hole. A typical form of these defects is interlam-
inar delamination, as shown in Figure 5.2-1. These delaminations are generally
worse on the drill exit side of the laminate, and the damage often extends into
many layers of the laminate. The propagation of these delaminations is one of the
most serious problems in failure of composite parts [1].

Here we illustrate a simple simulation of this practically important problem
with two selected laminates, as shown in Table 5.2-1. The laminates are man-
ufactured from different types of prepregs, i.e., from a tape and fabric. This
difference in the lamina architecture influences failure progression and therefore
the load varying ability of the laminate. A single 3/16 in (4.76 mm) diameter hole
is drilled in each of the 9 in x 1.5 in (22.86 cm x 3.81 c¢m) test coupons. In some
specimens the holes are drilled to perfection and they are referred to as “control”
holes. The holes in the remaining specimens exhibited induced backside delami-
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nations. The average size is the delaminations are controlled to be twice the hole
diameter (2D) and one and half times the hole diameter (1.5D), where D denotes

the diameter of the hole.

Drill Entrance Side

Drill Exit Side

Figure 5.2—1 Drilling induced fastener hole delamination.

Table 5.2—1 Laminates used in the drilling study.

Properties 18 Ply Tape 10 Ply Fabric
[0/45/0/ —45/0/45/90/ — 45/90], [0/(£45)2],
E, 24 Msi (165.5 GPa) 5.14 Msi (35.4 GPa)
E, 1.38 Msi (35.4 GPa) 5.14 Msi (35.4 GPa)
G12 0.80 Msi (5.5 GPa) 0.8 Msi (5.5 GPa)
V12 0.3 0.03
thickness 0.0055 in (.139 mm) 0.007 in (.178 mm)

Table 5.2—-2 Pin Bearing Static Test Results for Control Coupons.

Configuration | Load at Bearing Maximum Fatigue
Failure | Stress in Pin Load
18 Ply Tape | 5300 lbs 268 Ksi 3500 1bs
(23.6 kN) | (185 MPa) (15.6 kN)
10 Ply Fabric | 6380 lbs 245 Ksi 4200 1lbs
(28.4 kN) | (169 MPa) (18.7 kN)
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5.2—2 Loading

The pin loaded coupon under tension is simulated with a finite element model.
A photograph of the loading mechanism (tension-bearing) is presented in Figure
5.2-2. As the testing frame pulls the coupon and frame assembly in tension, the
pin applies a compressive force on the coupon. At higher loads, the pin penetrates
into the coupon, compressing the material along its path. Experimentally obtained
loads for a pin loaded coupon are presented in Table 5.2-2. The results reported
are an average of nine tests for each configuration with a control hole.

Figure 5.2—2 Bearing-tension fatigue test frame.

There are several options in modeling the load transfer between the pin and
hole. Some of the more elaborate methods include physically modeling the actual
pin, in addition to the coupon, and others replace the pin with various load dis-
tributions, such as a sinusoidal one, around the circumference of the hole [2,3].
The action of the pin is simulated by a distributed load applied to its contact
surface. Thus, rather than modeling the pin itself, the effects of the pin contact
are represented as an evenly distributed pressure, as shown in Figure 5.2-3. This
assumption of half pin contact leads to a uniform pressure distribution in front of
the pin and no load behind the pin. In the testing configuration, the test frame
exerts 30% of the total tension load at the pin. Thus nodal loads that represent
70% tension load are applied along the right end of the coupon to represent the
top grip of the testing frame. A schematic of the test coupon and its loads is
shown in Fig. 5.2-4.
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Figure 5.2-3 Actual pin loading and its numerical simulation.
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Figure 5.2—4 A schematic of loads on test coupon.
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5.2-8 Computational models

Finite element analysis is performed on a microcomputer with a MS DOS-
based program, Algor [4]. A four node composite plate element based on the
assumptions of classical plate theory is used (see Sec. 3.3-2). Each node has
five degrees of freedom (see Fig. 3.3-1a): two in-plane displacements (u,v); one
out-of-plane displacement (w); and two rotations, (dw/8z, dw/0y), about the y
and z axes, respectively. The element formulation is based on the classical plate
theory assumptions: (1) thickness is small in comparison to plane dimensions; (2)
all displacements are small in comparison to the plate thickness; (3) a straight line
normal to surface remains straight after deformation; (4) interlaminar transverse
normal and shear stresses are neglected; (5) each material layer is linearly elastic.

Since the coupon geometry, assumed load distribution, and assumed delami-
nation shape are symmetric about the long axis of the specimen, a half symmetry
model, as shown in Figure 5.2-5, is used as the computational domain. The model
has 378 elements, 430 nodes and 2150 degrees of freedom before the application
of boundary conditions. Displacements v and v are constrained at the fixed end
of the model. Symmetry boundary conditions (SS-1; see Fig. 3.7-1) are applied
along the bottom line of the computational domain (i.e., ¥y = 0 line). To remove
the rigid body modes, a single node on the left end is fully constrained (i.e., all
five degrees of freedom are set to zero).
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Figure 5.2-5 The finite element mesh used in the study.
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5.2—4 Simulation of damage sites

The actual damage zones caused by drilling have been documented through the
use of both X — ray and ultrasonic C-scans, and they are found to be of different
size, shape and length. This creates complications in the development of numerical
models. As an approximation, the damage region at an interface is assumed to be
annular, with the inner diameter being the diameter D of the hole. Two effective
delamination zone diameters of 1.5D and 2D are studied. From the study of
optical micrographs, it is observed that 30% to 40% of the coupon thickness from
the drill exit side contained delaminated layers. In the numerical model, the
damaged region on the bottom side, or drill exit side, of the coupon are given
reduced properties. Under the assumption that a delaminated layer is much less
stiffer than a bonded or undamaged layer, the moduli E;, E;, and G in damaged
layers are reduced to low values. Since the actual magnitudes of the moduli of the
damaged material are not known, a value of 1000 psi (6.89 x 108 N/m?) is used
to approximate zero stiffness. As shown in Figure 5.2-6, zone C represents the
1.5D diameter region, while zone B represents the 2.0D region. Zone A represents
the region of the coupon which, in this ideal case, remains unchanged for all
magnitudes of delamination. Thus by varying the properties in these three zones,
we can use one mesh to represent the damaged and undamaged coupons. Zones
A, B, and C are given undamaged material properties in the models representing
coupons with control holes. Models that represent 1.5D delamination regions are
created by assigning undamaged material properties to zones 4 and B and reduced
material properties to zone C. Similarly, the 2.0D delamination region is created
by assigning undamaged material properties to zone A and reduced properties to

zones B and C.

Figure 5.2—8 Definition of delamination zones.
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5.2-5 Results and discussion

The models presented above are two-dimensional linear approximations of the
states of stress in the coupons. It is noted that the inhomogeneity of the delami-
nated material in the damaged zones around the hole is not accurately represented
by an element under the assumption of linear elastic behavior. Secondly, the
through-the-thickness transverse stresses, which could be critical near the holes
edge, are not included in this planar model. Despite these shortcomings, these
two-dimensional models give insight into the conditions surrounding the hole.
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Figure 5.2—7 Inplane normal stress,o1;, contours through the thickness for 18
ply tape laminate (evaluated in element 2 located at 0° around
the hole).

Figure 5.2-7 illustrates the through-the-thickness variations of the inplane nor-
mal stress o1;. The corresponding stress contour plots for the element located
on the hole boundary directly in front of the pin in the 18-ply-tape (0/45/0/ —
45/0/45/90/ — 45/90), specimen are shown in Figs. 5.2-8 and 5.2-9. The four
curves of Figure 5.2-7 show the stress distributions of coupons with control hole
and, 1.5D and 2.0D delaminations during fatigue load. The stress distribution
of a control coupon subjected to static failure load is also shown. Note that the
stress is zero in laminae 12-18 for 1.5D and 2.0D holes. This location is asso-
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ciated with the drill exit side with delaminations where very low moduli values
are used. An increase in the magnitudes of the compressive and tensile stresses is
observed in laminae 5, 7 and 11 in coupons with delamination. Figures 5.2-8 and
5.2-9 illustrate the distribution of stress around the hole for a specimen with con-
trol hole and 1.5D delaminated zone, respectively. The difference in the contour
plots are attributed to the influence of the simulated backside damage. Similar
results are presented in Figure 5.2-10 for the 10-ply-fabric (0/(+45);), coupons.
Note that the inplane stresses are much smaller in the fabric coupons versus the
tape coupons. This confirms the experimentally observed phenomena that fabric
configuration provides more resistance to delamination (see Table 5.2-2).
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Figure 5.2-8 Control hole: stress (o11) contours in the top layer (0°) of 18 ply
tape laminate.

5.3 Cutouts in composites
5.3-1 Introduction

An area of critical stress fields for load-carrying members is near cutouts. A
cutout may provide a passage for hydraulic lines, avionic harnesses, and on a larger
scale, an access door in an aircraft fuselage. The presence of multiple layers as
well as the anisotropy of the material system establishes a new challenge in terms
of optimizing the cutout goemetry. The earlier research activities evaluated the
effects of single circular and elliptical cutouts [5-11].
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The present discussion will focus on the study of flat tensile coupons with
multiple cutouts and a hat stiffened panel with a cutout in the web section [12,13].
The material system used is IM7/977-2, with the following properties:

E, =160.6 GPa, E; = 8.48 GPa, vi3 = 0.325, G12 = 4.69 GPa.
The selected stacking sequences for the 9 in x 1in coupons are:

(0/45/ — 45/90)2,, (0/45/ —45/90)2,, (45/ — 45/0/90)25.

5.3—2 Computational models

Parametric studies are undertaken to reflect the differences in the selection of
stacking sequences, cutout size, and geometry (see [12,13]). Primary emphasis is
on the identification of localized high stress and strain regions in order to warn the
designer of potential hazards. Patran II software [14] is used to develop the nodal
and element geometry, then converted to a neutral file. The neutral file is used as
input to ABAQUS, a general purpose FEM code for structural analysis (see [15]).

Degrees of Freedom: bk £hd
0 x,0y,92
shell brick
element |

Figure 5.3—1 The eight-noded shell and twenty-noded brick elements.

Eight-noded shell elements with reduced integration, S8R5, and solid elements
with twenty nodes, C3D20R, are used from the ABAQUS element library. The
shell element has five degrees of freedom per node, namely, three displacements and
two rotations as presented in Figure 5.3-1 (also see Fig. 3.6-1). The isoparametric
interpolation function used for the displacements is based on the corner and mid-
side nodes. Reduced integration is used with 2 x 2 Gaussian quadrature points.
The values of stress and strain are extrapolated from the integration points to the
nodes. Effects of transverse shear are included in the formulation in the same way
as in the first order shear deformation plate theory. The solid element presented
in Figure 5.3-1 is a quadratic isoparametric serendipity element. Once again,
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reduced integration is employed, and thus, only eight integration points for the
element are used.

U =Uo + Z(8y)

Figure 5.3—2 Global to local transformation.

Two-dimensional, eight-noded elements with reduced integration are used to
evaluate the in-plane stress and strain response of the test coupons with three
aligned cutouts that are subjected to axial tension loads. Due to the biaxial
symmetry of the problem, only one quarter of the specimen is modeled. Symmetry
boundary conditions are imposed along the z and y axes. The tensile load is
simulated as a distributed load applied along the z-axis at the edge of the specimen.
The distributed edge load is then translated to consistent nodal loads using Eq.
(3.3-14):

b
F} = /0 q¥idy

where ¢ is the distributed edge load, b is the length of the element side along
the y-axis, and 9; is the interpolation function at element node i. Evaluating the
integral for a uniformly distributed load along the width of a quadratic element,
we obtain (963, 4—?, 963 ). That is, the corner nodes carry ¢gb/6 and the midside
nodes take on 4qb/6, where g is the magnitude of the uniformly distributed load
and b is the width of the element.
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When high stress regions are identified at a particularlocation, then that region
is remodeled with three-dimensional twenty-noded brick elements for further study.
This approach increases the efficiency of the simulation since only a part of the two
dimensional model is considered for the three dimensional analysis. The refinement
allows the calculation of both the inplane and interlaminar stress fields, which may
help interpret potential failure modes. Figure 5.3-2 illustrates the global-to-local
remodeling schematically.

The boundary conditions for the three dimensional region are obtained from
the displacements of the two-dimensional global model. However, one should use
caution in converting the shell displacement field to boundary conditions for the
solid model. In a first-order shell kinematics, a straight line before deformation
remains straight after deformation. If the laminate is modeled with a solid element
per lamina, then the constraints imposed by shell kinematics are no longer valid.

Figure 5.3—3 Hat stiffened panel.

Next we consider the response of a hat—stiffened panel of Figure 5.3-3 with a
cutout in the web section subjected to bending loads. This loading is representative
of the in-flight loading incurred by a stiffenned wing skin. Shell elements are
used in the modeling throughout the structure. The skin configuration is a
(45/ — 45/90/ — 45/0/45/0/ — 45/0/45/0), laminate. The stiffener web is three
layers of +£45° fabric, with a 12.7 mm diameter cutout through each web center.
The cutout is positioned 79.4 mm from each panel edge, and is located 25.4 mm
vertical from the panel. The flange is reinforced with 0° plies; in other words, a
layup of (45/06/45/06/45) is used.
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5.3—-3 Results

The following observations are based on investigation of flat coupons with
cutouts. The in-plane stress fields are altered by varying the stacking sequence
of a laminate. For example, the magnitudes of oy; in the 0° layer in different
laminates are illustrated in Figure 5.3-4 as a function of the angular position, 6 ,
around the cutout. The angular position is measured counter-clockwise from the
loading axis. In analyzing the specimens with circular cutouts and subjected to a
inplane tensile load, it is observed that the layup (0/45/ — 45/90)2, results in a
decrease of 011 by 7.2% for the 0° ply. Similarly, the transverse stress, 022, shows
a decrease of peak value by 10% in the 90° ply for both the (0/45/ —45/90)2, and
the (45/ — 45/0/90)3, layups.
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Figure 5.3—4 Variation of stress 013 around the cutout on 0° ply for various
laminates and 0.25¢n. circular cutout.

It is observed that the stress intensity around the cutout within each ply
increases with the size of the cutout. For the 50% cutout size (increase from 6.35
mm to 9.5 mm diameter), the stress increase is 27.9% for o1 in the 0° ply and
17.3% for o23 in the 90° ply. This response is due to the fact that the cutouts are
closer to each other as well as to the edges of the specimen. Stress contour plots
in Figs. 5.3-5a and 5.3-5b indicate the influence of the diameter change.
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Figure 5.3—-5 Stress (o13) contours for circular cutouts in (0/45/ — 45/90)2,
laminates under tensile load. (a) 0.25in. cutout. (b) 0.375in.
cutout.
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The peak o011 levels in the 0°, 45°, —45° plies and o3z levels in the 90° ply
are normalized by their respective far field values to represent a global stress
concentration factor, K7, by which a comparison of the various geometries is
made. The stress concentration results are tabulated for the 0°, 45°, —45°, and
90° plies in Table 5.3-1. It is interesting to note the K values in the £45° plies are
significantly higher. The peak o1; stresses in the £45° plies are actually one-half
the values of o3; in the 0° ply. Therefore, even though the stress concentration
factor is higher, the critical design criterion is still based on the oy; stresses in 0°
ply and o9 stresses in the 90° ply. In all plies, it is apparent that the best choice
for a cutout shape would be a square.

Table 5.3—1 Values of (011/0;;) in 0°,45°, and —45° layers and (033/0y,) in
90° layer of the (0/45/ — 45/90),, laminate.

Cutout Shape | 0 45 | -45 | 90
Circular 2.5 | 4.08 | 4.34 | 2.56
Square 2.15]2.92 | 3.21 | 2.22
Diamond 3.15 | 7.53 | 8.99 | 3.26

Figure 5.3-6 Stress (o11) contours of 0.25 in. square cutout for (0/45/ —
45/90),, laminate under tensile load.
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The fact that stresses at the corners of the square are not a major concern
is apparent when studying the stress contours around the square cutout shown
in Figure 5.3-6. Rather than giving rise to dominant stress singularities at the
corners of the cutout, stress is distributed between the singularities along the
0° ply. There are still concentrations of stresses at the corners, but the 0° ply
redistributes the stress such that these singularities are reduced.

Another failure mode of interest is delamination caused by interlaminar shear
stresses, 0z, and oy, and normal stress, o,,. For the specimen geometry and
loading, the shear stresses are an order of magnitude less than the normal stress.
Therefore, o,, is of primary concern. In analyzing o, near the free edge of the
cutout, one should note that it has a singularity there. Therefore, stress levels of
0., are reported at one ply thickness (187 p m) and two ply thicknesses (374 p
m). Peak values of o, near the free edge are evaluated in each of the four layups
with 6.35 mm circular cutout. Unique to each stacking sequence is the angle
a, shown in Figure 5.3-7, at which the peak interlaminar normal stress occurs.
For the (0/45/ — 45/90);, laminate, peak o, occurs at a = 45°. However, for
(45/ — 45/0/90)2, and (45/0/ — 45/90)2, laminates, peak o, occurs at a = 74°,
while the angle for (90/ —45/45/0)2, is 90°. These peak values are plotted through
the thickness for each stacking sequence and respective angle a in Figures 5.3-8.
It is interesting to note that the (0/45/ —45/90);, laminate has an overall reduced
stress o, through the thickness, while the (90/ — 45/45/0);, laminate has o,
stress that is large.

LOADING AXIS

Figure 5.3-7 Cutout reference angle.

In the hat stiffened panel, the cutouts are located in the web section which
contains three layers of +45° cloth. The web section mostly carries shear stresses
throughout. Stress contours in the 45° ply are shown in Figure 5.3-9 and 5.3-10
for the circular and diamond cutout, respectively. Although stress levels are low
due to low input loads, the evidence supports the use of diamond shaped cutouts in
regions of a structure which are primarily in shear loading, and contain primarily

+45° fibers.
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Figure 5.3—8 Peak (033) stresses at one ply thickness from cutout edge for
various laminates.

Figure 5.3-9 Stress (011) contours in 45° ply of 0.5 in. circular cutout in hat
stiffener web.
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Figure 5.3-10 Stress (011) contours in 45° ply of 0.5 in. diamond cutout in hat
stiffener web.

5.3—4 Observations

It can be deduced that in a composite structure, it is not always best to choose
a circular cutout. For an effective composite design, a dominant percentage of
fibers should be aligned with the principal stress directions. In addition, if a
cutout is required in the design, it is most desirable to use a rectangular geometry
with sides parallel and perpendicular to the principal stress directions. For the
demonstrated case of tensile loading, this corresponds to a square cutout oriented
0° from the material axis. As illustrated in the specific case of a panel with an
attached stiffener to sustain out-of-plane loads, the stress in the web is predomi-
nantly shear. For this scenario, the £45° fiber orientation with a diamond cutout
(a square oriented 45° to the material axis) proves to be an efficient cutout.

5.4 Woven prepregs
5.4-1 Preliminary comments

In brittle material systems, such as 2-D woven carbon-carbon composites,
parameters of importance in modeling constitutive behavior are largely dictated
by processing methods. In general, the processing of carbon-carbon composites
starts with a regular cure cycle of graphite reinforced thermoset matrix, called a
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prepreg. Then the laminate is heated (pyrolysis) to high temperatures of about
2800° F at which the matrix material converts to char. In order to increase the
density, further infiltration with resin is required. This process is repeated until a
desired density of the structural component is achieved. Shrinkage observed during
carbonization of the matrix, and residual stresses produced during several cycles
of infiltration and heating result in a laminate which exhibits both matrix cracks
and weak interfacial bonds. There are many interfaces in a woven composite that
are affected, namely, between the fiber and matrix in a bundle, between bundles,
and between layers, and the presence of an oxidation protection coating adds an
additional interface (see [16,17]). Therefore, it is important to assess the status of
a laminate before mechanical and thermal service loads are applied. It is improper
to assume that the above cited features are all detrimental. In fact, weak bonds
may be beneficial because they resist crack propagation and thus delay fracture.
On the other hand, these weak bonds result in a low shear modulus of the laminate.

For brittle material systems, strong emphasis should be placed on obtaining
statistical data to support the numerical modeling of possible defects within a
unit cell (or a representative volume) of the laminate. Since the experimental
observations using microscopy are restricted to one plane at a time, many details
through the depth cannot be observed. Therefore a two-dimensional unit cell may
be developed based on SEM observations in two orthogonal planes, the plane of
and the plane through the thickness (see [18,19]) of the laminate.

The two-dimensional unit cell used here reflects the results of substantial sta-
tistical data obtained from scanning electron microscope (SEM) observations to
generate realistic dimensions for voids, debonds and weave misalignment, as illus-
trated in Figure 5.4-1. Note that these architectural defects were briefly discussed
in Chapter 4. Since these anomalies affect the mechanical and material response,
we will use numerical simulations of the unit cell to illustrate the changes in the
moduli in the presence of these defects.

5.4—2 Numerical models and discussion of the results

The analytical techniques presented here address the constituent interactions,
in an average sense, in the presence of cross-over debonds and crimp angles within
a unit cell. The defect features, which are observed experimentally and interpreted
statistically, are accommodated in the computational models of the unit cell.

The ingenuity of the project lies in the idealization of the geometry and the
constituent behavior of a repetitive unit cell of an eight harness satin weave. The
statistical characteristics generated through images taken from SEM, and pro-
cessed through an image analyzer, are built into the finite element model of the
unit cell, which has a thickness of a single layer (see [20]). The unit cell is ap-
proximated by a square with a side of 2300 p m. A quarter model of the cell is
presented in Figure 5.4-2. As can be seen, a bundle crossover region of 800 4 m
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is modeled with an adjacent debond of length 240 p m.

Figure 5.4-1 Woven lamina parameters.
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Figure 5.4—2 Finite element mesh of the unit cell.

Since the material near the crossover region consists of warp and fill yarns, it is
treated as a homogeneous, specially orthotropic material. The material properties
of the bundle crossover section are taken to be those of a specially orthotropic
material. However, these values account for the influence of the crimp angle (see
[21]). The debond in the initial calculations is treated as an isotropic material
with a very low elastic modulus. The material properties used in the analysis are
given in Table 5.4-1.

Table 5.4—1 Material properties used in the unit cell.

Eq1,Msi | E,Msi | Gi12,Msi | vy2
Cell 14.1 14.1 1.3 .01
Debond | 0.001 0.001 0.0006 | 0.2
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The four-node transverse shear deformation shell element, S4R of ABAQUS
program library, is selected for the models. The element has six degrees of free-
dom, three displacements and three rotations, per node. Bilinear interpolation
functions are used for the displacements. Reduced integration (i.e., one point
rule) is employed to compute the strains and stresses. The nonlinear geometric
option with a special user-developed material subroutine is used. This subroutine
enables the incremental analysis to check for failure strain in each element, at each
integration point and at each load level. The failure criterion based on allowable
strain is used. In the event of failure, appropriate material coefficients are reduced
and residual stresses are calculated. Equilibrium iteration at each load increment
is carried out prior to load incrementation.

For tensile loads, the biaxial symmetry is used to model a quarter of the unit
cell with 196 elements and 225 nodes. Uniform displacements in the z-direction
are used to simulate tensile loads at the right edge. The stress-strain curves
are presented in Figure 5.4-3. As can be observed, the load carrying ability is
significantly reduced due to the presence of a debond for strains greater than
0.002 in/in.
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Figure 5.4-3 Global stress—strain response at different strain allowables in the
unit cell.
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Figure 5.4-5 Stress (o ) in unit cell subjected to tension.
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Figure 5.4-6 Stress (0;y) in unit cell subjected to tension.
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Figure 5.4—7 Shear stress—strain response with and without void.
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Since the actual laminate consists of many layers of the woven fabric with
random defects, it is appropriate to calculate an effective elastic modulus that can
be used as a layer modulus for laminate analysis. Thus, the effective modulus from
Figure 5.4-3 can be interpreted as 10 Msi. Typical stress contours of ¢11, 012 and
03y are presented in Figures 5.4—4 through 5.4-6. For the in-plane normal stresses,
the influence of the debond on the stress distribution is easily observed. Note that
the inplane shear stress distribution around the debond is antisymmetric.

In order to capture the response under shear load, the full unit cell is modeled.
The shear load is simulated by applying displacements in the z-direction to the
top surface and fixing the bottom surface. Multipoint constraints are used on the
remaining sides so that they deform as a straight line. The shear stress-strain
response to the pure shear loading condition is shown in Figure 5.4-7. Similarly,
the reduction in stress magnitudes in the presence of a debond is quite prevalent.
Once again, the use of an effective shear moduli of 1.16 Msi is recommended (see
Figure 5.4-7).

The significance of processing related defects is illustrated clearly in the eval-
uation of elastic moduli for the unit cell. The approach brings out the importance
of “scaling” in composite structures. The processing anomalies, which are mea-
sured in microns, have significant impact on the lamina properties, which in turn
will affect the structural response of a component. Extreme care should be taken
to understand a prepreg architecture and processing quality before any structural
modeling is attempted.

5.5 Environmental effects
5.5—1 Introduction

Here we review some results for unsymmetric composite laminates subjected
to mechanical, thermal, and hygroscopic loads (see [22]). The ambient (room)
conditions consist of a temperature of 22° C and 70% relative humidity (RH). The
hot/wet (service) conditions are 82° C and 90% relative humidity. An unsymmetric
(04/454)r laminate is considered, and the symmetric (02/452), laminate is used
as the baseline. In order to observe the effects of hygrothermal gradients on the
deformed shape, failure modes, and moduli of laminates, tension and torsion tests
were performed under different environmental conditions.

5.5—2 Numerical models

A quasi-three dimensional finite element model developed by Chan and Ochoa
[23] is used to calculate interlaminar stresses. In this work, a rectangular lami-
nate, long in the z-direction (see Figure 5.5-1 ) is used. Hence, the displacement
gradients are neglected with respect to the z-direction. The cross-section of the
laminate in the y — z plane is modeled using an eight-node isoparametric, quadri-
lateral element with three degrees of freedom (u,v,w) per node. A uniform strain
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in the z-direction is applied to simulate the tension load. Torsion loads are applied
as a constant twisting curvature, Kzy.
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Figure 5.5—1 Schematic of the finite element model of a rectangular laminate.

4.0 ¢4 - - T - v vs yi
b © ] ¢ o
3.04m ° @ . °0e .
3 '] @ s o o |
2.0H8 ® o ——— ¢ o 9o 00 "
b ' ® e o @
Il
1.0M . . o Yy -
{ b ® ° o ¢ somm
™~ 0.0 E ® * ® L o 2 "
3 . [ ® o 0 ”l I
—1.0—e— o 5 e se -
b [ L] ® ¢ 9o
—2.0H . 3 o 9o -
b [} @ ® 9 90
-30M o e o o oeeoe -
3 * . ® o o0 »
_40 3 " -l L I - I - P
0.0 0.1 0.2 0.3 0.4 0.5
L Constrained in X, Y, & Z direction Y/2b

A Constrained in X and Y direction

Figure 5.5-2 Finite element mesh for tension model (see Fig. 5.5-1).
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When simulating a tension load on symmetric laminates, we assume that the
stress distributions are symmetric about the midplane. Therefore, a quarter of the
laminate can be modeled. However, for unsymmetric laminates, the symmetric half
of the y — z section should be modeled. Regardless of laminate symmetry, the full
cross-section should be modeled for torsion loads. The mesh used to model the
unsymmetric laminate subjected to tension is presented in Figure 5.5-2. It should
be noted that unsymmetric laminates are not straight along the length (i.e., they
have initial curvature). Each layer is modeled with a single element through its
thickness. Note that the origin is located at the center. In all cases, the mesh
is refined at the free edge where delamination is most likely to start. The finite
element mesh used in the quarter model consists of 44 elements with 156 nodes.
The finite element meshes used for the half and full models consist of 88 elements
with 303 nodes and 176 elements with 589 nodes, respectively. The boundary
conditions for the three models are shown in Fig. 5.5-2.

The following material properties for the IM7/977-2 graphite epoxy are used
in the analysis.

E; = 3.38 x 105GPa E; = 1.78 x 10°GPa
Gi2 = Ga23 = G13 = 9.86 x 10°GPa w3 = vy = v13 = 0.325
a1 =9.52 x 107 "(m/m)/°C, @z = a3 = 1.4392 x 10~*
B1 = 0.00(m/m)/%M, Bz = B3 = 0.146 x 1072 (5.5-1)
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Figure 5.5-3 Interlaminar stress distribution for (03/45;), laminate subjected
to a tension load.
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5.5—3 Discussion of the results
Tension

The interlaminar stresses for the symmetric laminate are presented in Figure
5.5-3. The largest interlaminar normal stress occurs at the 45/0 interface under
ambient conditions. Under hot/wet conditions, the largest tensile interlaminar
stress is observed at 0/0 interface and the largest compressive interlaminar stress
occurs at 45/0. The highest interlaminar shear stress occurs at the 0/45 interface
for both ambient and hot/wet conditions.

Figures 5.5-4 and 5.5-5 present the stress distributions for the unsymmetric
laminate subjected to an applied strain of 0.0001 in/in. At this strain level, the
laminate is nearly straight. The laminate is predicted to be completely straight
at a strain level of 0.000123 in/in. Note that unlike the previous stress distri-
butions, these stress distributions are not symmetric. Under hot/wet conditions,
the normal stress of largest magnitude occurs at the 45/45 interface nearest the
center of the cross-section (see Fig. 5.5-4). At the 0/0 interface nearest to the
center of the cross-section, there is a positive o, which identifies this region as a
possible delamination site. Under hot/wet conditions, the maximum interlaminar
shear occurs at the 0/45 interface (see Fig. 5.5-5). Note that the magnitudes of
the interlaminar stresses are greatly increased when the hygrothermal effects are
included.
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Figure 5.5—4 Interlaminar normal stress distribution for (04/454)7 laminate
subjected to a tension load.
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Torsion

Figures 5.5-6 and 5.5-7 contain plots of the interlaminar transverse normal
and shear stress distributions for the unsymmetric laminate. The highest positive
interlaminar normal stress occurs at the 0/0 interface nearest to the top surface.
Under the hot/wet conditions there is a general increase in this stress. The highest
interlaminar shear stress occurs at the 0/45 interface. A significant increase in this
stress is observed upon addition of the hygrothermal gradients. These interlaminar
stresses can cause delamination and fiber-matrix interface damage. Therefore, the
decrease in the torsional resistance, observed during testing, when the hygrother-
mal gradients are applied, can be attributed to this increase in interlaminar stress.
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Figure 5.5—7 Interlaminar shear stress distribution for (04/454)7 laminate sub-
jected to a torsion load.

Figure 5.5-8 presents the interlaminar stresses for the symmetric laminate.
The largest interlaminar normal stress occurs at the 45/45 interface away from
the midplane. Addition of the hot/wet condition results in an upward shift of
the curve. The maximum interlaminar shear occurs at the 45/0 interfaces. This
stress is increased at one of these 45/0 interfaces and decreased at the other 45/0
interface when the hygrothermal gradients are applied. Note that these stress
distributions are symmetric for the interlaminar shear stress and antisymmetric for
the interlaminar normal stress. This symmetry is lost when the hot/wet conditions
are applied.
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Figure 5.5-8 Interlaminar stress distribution for (03/45;)r laminate subjected
to a torsion load.

From these finite element results we can observe several trends. For a symmet-
ric laminate subjected to either tension or torsion, the stress distributions are either
symmetric or antisymmetric; for an unsymmetric laminate they are unsymmetric.
Under tension, the hygrothermal loads cause an increase in the interlaminar shear
stress. The high interlaminar normal stress in the unsymmetric laminates subject
to tension leads to catastrophic brittle failure. Under torsion, the hygrothermal
loads cause an increase in the interlaminar normal stresses for the symmetric and
unsymmetric laminates. Note that these trends focus on the material system and
loading selected in the present examples.

5.8 First-ply failure analysis of composite laminates
5.6—1 Introduction

The design of composite structures requires prediction of the maximum load
that a laminate can withstand before it fails. Although the literature is rich
in linear elastic analysis of composite structures, not much progress has been
reported on analytical or numerical techniques for the failure analysis of composite
structures while accounting for geometric nonlinearity. In this section, we present
the first-ply failure analysis results of composite laminates subjected to inplane
and bending loads. The geometric nonlinearity in the sense of von Kdrman [see
Sec. 2.4, Egs. (2.4-9)] and transverse shear deformation effect in the sense of the
first order kinematics are included. The literature reviewed in the next paragraph
provides a background for this study.
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The first series of analytical solutions for first ply failure loads were presented
by Turvey [24-29] for symmetric and antisymmetric composite laminates with
simply supported boundary conditions. The analytical solutions are based on
Reddy’s third-order small deflection laminated plate theory [30]. The first finite
element procedure for the prediction of first ply failure loads of composite laminates
subjected to transverse and in plane (tensile) loading was presented by Reddy and
Pandey [31]. In that study, the effect of geometric nonlinearity was not considered.
Turvey and Osman [32] presented results for the first-ply failure loads of composite
laminates subjected to uniform transverse load, including geometric nonlinearity.
In their analysis, they have made use of the Dynamic Relaxation (DR) technique.

A first-ply failure analysis is carried out by Reddy and Reddy [33] and the
displacements and stresses are computed using the finite element method. The
results of this study are discussed here.

5.6—2 Problem description

Flat rectangular laminates of dimensions 9 in. X5 in. and made of T300/5208
graphite epoxy material are analyzed for first-ply failure loads. A total of four lam-
inates with different lamination schemes are analyzed for three different types of
loads, namely: (1) uniformly distributed transverse load, (2) concentrated trans-
verse load acting at the center of the plate, and (3) in plane tensile load acting
on the shorter edge of the laminate. Both simply supported and clamped bound-
ary conditions are used for the failure analysis. In addition to the failure criteria
presented in Chapter 4 (Sec. 4.3), the following three failure criteria, namely
(1) maximum 2-D strain (independent) (2) maximum strain (polynomial) with
3—dimensional state of strain, and (3) maximum strain (independent) with 3-
dimensional state of strain are used (see [33]). The 3-dimensional state of strain is
achieved by relaxing the condition of inextensibility of transverse normals, which
was assumed in deriving the first order shear deformation theory [34] (see Sec.
2.4-3). The present discussion is based on the work reported in [33].

The displacement finite element model of the first order shear deformation
plate theory developed in Chapter 3 (also see [34-37)), is used in the analysis. It
consists of Lagrange isoparametric rectangular elements with five degrees of free-
dom (u,v,w, ¢1, ¢2) per node. Reduced integration is used for the shear stiffnesses
to avoid shear locking. The Newton-Raphson iteration procedure is used to solve
the nonlinear algebraic equations.

5.6—3 Procedure for first ply failure analysis

The first-ply failure analysis is based on the assumption that a given ply will
fail if the failure index, F, at any point within the ply reaches a value of unity.
The failure index is defined as F = Fjo; + Fjjoi0; (see Sec. 4.3-2). The first-ply
failure load computation in the linear formulation does not require an iterative
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procedure. In the nonlinear failure analysis, equilibrium iteration is required. The
steps used in the iterative procedure are listed here:

Step 1 Find the displacement field (u,v,w, ¢1,$2) for a small initial load
Step 2 Find the stresses in the global coordinates (0%, 0y,0yz,0z2,0zy)

Step 3 Transform the global stresses to the stresses &;; in material coordinates
[see Eq. (2.3-2)]

Step 4 Find the maximum failure index, F
Step 5 Check whether the laminate has failed or not (i.e., F > 1)

Step 6 If F < 1, increase the load; and if F > 1, decrease the load proportionately,
to make F =1

Step 7 Repeat Steps 1 to 6 until the laminate fails

The maximum failure index is determined by carrying out a sequential search
at certain chosen points within the laminate. The search sequence is as follows:

(1) Consider the first element of the finite element mesh

(2) Consider the first Gauss point within the element

(3) Consider the first ply (from bottom to top) of the laminate
(4) Consider the bottom of the current ply

(5) Find the failure index at that location

(6) Check whether this is greater than the previous value

(7) If yes, then store the element number, Gauss point number, ply number, lo-
cation in the ply and the failure index, and go to the next location (middle of
the ply, top of the ply, so on.)

(8) If answer in (6) is no, then do not store the failure data, but go to the next
location and repeat (5) to (8)

(9) Go to the next ply
(10) Go to the next Gauss point
(11) Go to the next element

(12) Continue the search among all the elements in the finite element mesh for the
maximum failure index.
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5.6—4 Numerical models and discussion of results

The laminates considered for first ply failure analysis are made of T300/5208
graphite-epoxy (pre-preg) material, whose properties are taken as follows:

E; =19.20 x 10% psi, E; =1.56 x 10® psi, E3 =1.56 x 10° psi,

G1z = 0.82 x 10° psi, G135 =0.82 x 10° psi, Gy3 =0.49 x 10° psi,
viz = 0.24, w13 =0.24, vy3 = 0.49,
Xr =219.50 x 10® psi, X¢ = 246.00 x 103 psi, Y7 = Z7 = 6.35 x 10® psi,
Yo =Zc =6.35 x 10® psi, R=9.80x10% psi, § =T =12.60 x 10® psi,
Ply thickness, h = 0.005 in. (5.6 —1)
Four lamination schemes are used in the present first ply failure analysis. The

individual laminates are labelled A — D for future reference in this section. The
following four laminated plates from [33] are selected for discussion:

symmetric angle-ply laminate, (45/ — 45/45)p
symmetric quasi-isotropic laminate, (45/ — 45/90/0/45/90/ — 45/0),
symmetric cross—ply laminate, (0/90/90/0)r

QW

antisymmetric cross—ply laminate, (0/90/0/90)r

where ¢ denotes total laminate and s denotes symmetric laminate. The geometry,
coordinate system, and the ply numbering scheme within the laminate are shown
in Figure 5.6-1a. Two types of finite element meshes are used in the analysis: (i)
6 x 3 (Figure 5.6-1b) and (ii) 9 x 5 (Figure 5.6-1c). The first mesh is used in a
quarter of the plate for the failure analysis of cross—ply laminates C and D. The
second mesh is for a full plate and is used for the failure analysis of laminates A
and B.

Laminates with all edges simply supported or all edges clamped are used:
SS1:u=w=¢1=0 aty=0,b; v=w=¢=0 at z=0,a (5.6 -2)

CCliu=v=w=¢1=¢2=0 at z=0,a andy =0,b (5.6 —3)

For quarter symmetry, the following boundary conditions along the lines of sym-
metry are used (see Fig. 5.6-2):

'U=¢2=0 aty:%; u=¢1=0 atm:x:% (56—4)
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Figure 5.6—1 The geometry, coordinate system and ply numbering scheme used.
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Figure 5.6—2 Boundary conditions for full and quarter plates subjected to
transverse load. (a) SS1; (b) CC1.

For the in-plane loading case, two types of boundary conditions are used: (1)
hinged and (2) clamped on the left edge. The other edge is on a roller support in
both cases. The details of these support conditions are shown in Figure 5.6-3.
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Figure 5.6—3 Boundary conditions for full and quarter plates subjected to in-
plane (tensile) loading. (a) Hinged—end boundary conditions. (b)

Clamped-end boundary conditions.
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Table 5.6—1 Linear and nonlinear first ply failure loads for laminates A and B
under uniformly distributed transverse load with $S1 boundary

condition.
Failure criterion | FLD [ CDF [FEL | FGP [ FPL [FL
Laminate A (45/-45/45
Maximum stress (p) 24158.1(a) | 57.307 | 45 4 1 1
2690141.4(b) | 14.187 | 35 3 3 3
Maximum strain (p) 21660.4 51.382 | 45 4 1 1
3418133.4 15.366 | 11 2 3 3
Tsai-Hill 24285.3 57.609 | 45 4 1 1
2742860.1 14.279 | 11 2 3 3
Hoffman 24131 57.245 | 45 4 1 1
2695775.0 14,196 | 11 2 3 4
Tsai-Wu 23248.9 55.151 | 45 4 1 1
2915620.3 14572 | 11 2 3 3
Maximum stress (i) 24719.1 58.638 | 45 4 3 3
3045155.7 14,785 | 39 2 3 3
Maximum strain(i) 22108.6 52.446 | 45 4 1 1
3835494.7 15.968 7 1 3 3
Maximum strain(p3D) 19800.5 46.971 | 45 4 1 1
2764268.8 14.316 | 11 2 3 3
Maximum strain(i3D) 22108.6 52.446 | 45 4 1 1
3835494.7 15.968 7 1 3 3
Laminate B (45/-45/90/0/45/90/-45/0)
Maximum stress(p) 2182.3 4.020 | 23 1 16 3
9689.1 1.956 7 4 16 3
Maximum strain(p) 1974.1 3.636 | 45 4 1 1
9952.8 1.974 1 4 16 3
Tsai-Hill 2212.8 4.076 23 1 16 3
9883.7 1.969 7 1 16 3
Hoffman 2185.7 4.026 23 1 16 3
9710.8 1.957 39 1 16 3
Tsai-Wu 2245.2 4.135 45 4 1 1
10047.3 1.980 45 1 16 3
Maximum stress(i) 2352.5 4.333 | 28 2 1 1
9897.6 1.970 7 1 16 3
Maximum strain(i) 2083.7 3.838 | 45 4 1 1
9885.4 1.969 1 4 16 3
Maximum strain(p3D) 1820.1 3.352 | 45 4 1 1
8251.8 1.850 45 1 16 3
Maximum strain(i3D) 2083.7 3.838 45 4 1 1
9885.4 1.969 1 4 16 3
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Table 5.6—2 Linear and nonlinear first ply failure loads for laminates C' and
D uniformly distributed transverse load with §S1 boundary con-

dition.
Failure criterion | FLD | CDF | FEL | FGP | FPL | FL
Laminate C (0/90/90/0

Maximum stress(p) 11363.3 49.710 | 1 1 4 3
948395.9 8.558 1 1 4 3

Maximum strain(p) 12212.6 53.425 | 1 1 4 3
1051787.7 8.858 3 1 4 3

Tsai-Hill 11436.8 50.031 1 1 4 3
961543.7 8.597 1 1 4 3

Hoffman 11370.8 49.742 | 1 1 4 3
949771.2 8.562 1 1 4 3

Tsai-Wu 11646.5 50.948 1 1 4 3
1001900.2 8.716 1 1 4 3

Maximum stress(i) 11480.6 50.223 | 1 1 1 1
964904.2 8.608 1 1 4 3

Maximum strain(i) 12339.1 53.978 | 1 1 1 1
1058146.3 8.875 3 1 4 3

Maximum strain(p3D) 10800.4 47.247 | 1 1 4 3
871633.2 8.321 3 1 4 3

Maximum strain(i3D) 12339.1 53.978 | 1 1 1 1
1058146.3 8.875 3 1 4 3

Laminate D (90/0/90/0)

Maximum stress(p) 19834.3 45.730 | 1 1 4 3
789853.1 8.155 3 2 4 3

Maximum strain(p) 18592.9 42.868 | 1 1 4 3
671425.5 7.732 3 2 4 3

Tsai-Hill 19932.9 45.958 1 1 4 3
791457.2 8.160 3 2 4 3

Hoffman 19844.1 45.753 1 1 4 3
790006.5 8.156 3 2 4 3

Tsai-Wu 20204.0 46.583 1 1 4 3
795511.8 8.174 3 2 4 3

Maximum stress(i) 19970.4 46.044 | 1 1 4 3
791487.4 8.161 3 2 4 3

Maximum strain(i) 210715 48.583 | 1 1 4 3
807807.4 8.216 3 2 4 3

Maximum strain(p3D) 18592.9 42.868 | 1 1 4 3
21071.5 48.583 1 1 4 3

Maximum strain (i3D) 21071.5 48.583 1 1 4 3
807807.4 8.216 3 2 4 3
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The results for the linear and nonlinear first ply failure analysis of laminates
A — D are presented for three different kinds of loads: (1) uniformly distributed
transverse load; (2) concentrated transverse load acting at the center of the lami-
nate; (3) uniformly distributed in plane (tensile) load acting on the shorter edge of
the laminate. Two different kinds of boundary conditions are used. The significant
features of the results specific to the type of loading and boundary conditions are
discussed here.

Uniformly distributed transverse load with 5S1 boundary condition

The results for the uniformly distributed transverse load with SS1 boundary
condition are shown in Tables 5.6-1 and 5.6-2. In these tables the following
notation is used:

CDF = Non-dimensionalized center deflection (CDF = w/h)

F = First-ply failure load (psi)

FEL = Failed element

FL = Failed location (see Fig. 5.6-1a)

FLD = Non-dimensionalized first-ply failure load [FLD = (F/E;)(a/h)%]
FGP = Failed gauss point

FPL = Failed ply

w = Center deflection (in.)

(a) = Linear failure load

(b) = Nonlinear failure load

(p) = Polynomial criterion

(i) = Independent criterion

(p3D) = Polynomial criterion with 3-Dimensional state of strain
(i3D) = Independent criterion with 3-Dimensional state of strain

The nonlinear failure load is found to be 173 times the linear failure load for
laminate A (3 layers), 85 times for laminate C (4 layers), 40 times for laminate
D (4 layers), and only 4.7 times for laminate B (16 layers). This shows that the
difference between the linear and nonlinear failure loads decreases sharply as the
thickness of the laminate is increased. However, it should be noted here that the
non-dimensionalized center deflection of thin laminates (3, 4 layers) is so large (see
Tables 5.6-1 and 5.6-2) that the large deflection formulation is no longer valid in
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this regime. A formulation based on large deflection-large rotation theory might
describe the failure behavior of such thin laminates more accurately.

As far as the thicker laminates (16 layers) are concerned, the difference between
the linear and non-linear failure loads stems from the fact that the non-linear
formulation accounts for the actual stiffening of the plate as it deflects. Hence,
for a given load the non-linear model predicts much smaller deflections than the
linear model, and smaller deflections in turn give rise to less severe stress fields
and large first ply failure loads.

The failure locations do not show any definite trend, but the most frequently
occurring locations are: (1) the center of the plate and (2) the corners of the plate.
For thin laminates and linear analysis, the failure takes place mostly at the bottom
of the laminate; and for thick and nonlinear analysis it is within the laminate, or
at the top of the laminate where the external load is applied.

Uniformly distributed transverse load with CC1 boundary condition

The results for the uniformly distributed transverse load with CC1 boundary
condition are shown in Table 5.6-3 and 5.6-4. The nonlinear failure load is found
to be 18 times the linear failure load for laminate A (symmetric angle-ply), 15
times for laminate C' (symmetric cross—ply), 10 times for laminate D (antisym-
metric cross—ply), and only 1.4 times for laminate B (symmetric quasi-isotropic),
which are small compared to the SS1 boundary condition. This shows that the
difference between the linear and nonlinear failure loads is smaller for clamped
boundary conditions than for the simply supported boundary conditions. The
most frequently occurring failure locations are the midpoint of the longer side of
the laminate, at the bottom of the laminate, or within the laminate.

Uniformly distributed inplane tensile edge load

The results for the uniformly distributed in plane (tensile) load acting on the
smaller edge of the laminated with hinged end boundary condition are shown in
Tables 5.6-5 and 5.6-6. The nonlinear failure load is found to be 1.5 times the
linear failure load for laminate D. The linear and nonlinear failure loads are
exactly the same for laminates B and C, and they differ slightly for laminate A.
This indicates the difference between the linear and the nonlinear failure loads is
small for inplane tensile load. The failure locations are at the corners for all types
of laminates, mostly at the bottom for thin (3 or 4 layer) laminates, and within
the laminate for thick (16 layer) laminates, for both linear and nonlinear failure
analysis. The results for the uniformly distributed in plane tensile load acting on
the smaller edge of the laminate with clamped—end boundary condition show that
(the results are not included here; see [33]) the linear and nonlinear failure loads
are found to be almost the same for all laminates. The failure location follows the
same trend as for hinged-end boundary conditions.
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Table 5.6—3 Linear and nonlinear first ply failure loads for laminates A and B
under uniformly distributed transverse load with CC1 boundary

condition.

Feilure criterion | FLD | CDF | FEL | FGP | FPL | FL
Laminate C (0/90/90/0)
Maximum stress(p) 75488.5(a) | 51.175 | 30 2 1 1
1361521.2(b) | 11.034 | 1 4 3 |3
Maximum strain(p) 88692.5 60.126 | 30 2 1 1
1741423.3 11.981 1 4 3 3
Tsai-Hill 76509.7 51.867 | 30 2 1 1
1388666.1 11.107 1 4 3 3
Hoffman 75597.4 51.249 | 30 2 1 1
1364452.0 11.042 | 45 1 3 3
Tsai-Wu 79809.2 54.104 | 30 2 1 1
1478786.2 11.344 1 4 3 3
Maximum stress(i) 85507.9 |57.967 | 30 | 2 | 1 |1
1426237.2 11.207 1 4 3 3
Maximum strain(i) 101374.6 68.723 | 45 1 3 3
1845059.2 12.215 | 45 1 3 3
Maximum strain(p3D) T77741.0 52.702 | 30 2 1 1
1346536.2 10.993 | 45 1 3 3
Maximum strain(i3D) 101374.6 68.723 | 45 1 3 3
1845059.2 12.215 | 45 1 3 3
Laminate B (45/-45/90/0/45/90/-45/0)

Maximum stress(p) 3576.2 1.836 | 21 3 1 1
5144.9 1.283 21 3 1 1
Maximum strain(p) 3630.1 1.863 | 21 1 13 3
4554.6 1.209 21 1 4 1
Tsai-Hill 3611.8 1.854 21 3 1 1
5248.4 1.296 21 3 1 1
Hoffman 3581.5 1.838 21 3 1 1
5155.9 1.285 21 3 1 1
Tsai-Wu 3766.0 1.933 21 3 1 1
5291.2 1.301 21 1 4 1
Maximum stress(i) 4048.1 2.078 | 21 1 4 1
5307.7 1.303 21 1 4 1
Maximum strain(i) 4064.1 2.086 | 21 1 4 1
5336.0 1.306 21 1 4 1
Maximum strain(p3D) 3630.1 1.863 | 21 1 13 |3
4554.6 1.209 21 1 4 1
Maximum strain(i3D) 4064.1 2.086 | 21 1 4 1
5336.0 1.306 21 1 4 1
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Table 5.6—4 Linear and nonlinear first ply failure loads for laminates C and D
uniformly distributed transverse load with CC1 boundary con-

dition.
Failure criterion | FLD | CDF | FEL [ FGP | FPL | FL
Laminate C (0/90/90/0

Maximum stress(p) 19025.1 19.314 | 3 2 1 1
283271.8 5.636 3 2 1 1

Maximum strain(p) 19103.7 19.394 | 3 2 4 3
287298.2 5.663 3 2 1 1

Tsai-Hill 19032.2 19.321 3 2 4 3
283649.3 5.638 3 2 1 1

Hoffman 19025.8 19.315 3 2 1 1
283307.7 5.636 3 2 1 1

Tsai-Wu 19050.9 19.340 3 2 1 1
284591.0 5.645 3 2 1 1

Maximum stress(i) 19031.8 19.321 | 3 2 1 1
281201.0 5.622 3 2 1 1

Maximum strain(i) 19105.5 19.396 | 3 2 1 1
284937.7 5.647 3 2 1 1

Maximum strain(p3D) 17142.2 17.403 3 2 4 3
231578.3 5.261 3 2 1 1

Maximum strain(i3D) 19105.5 19.396 | 3 2 1 1
284937.7 5.647 3 2 1 1

Laminate D (90/0/90/0)

Maximum stress(p) 30366.5 16.433 | 3 2 4 3
312154.2 5.739 16 3 1 1

Maximum strain(p) 27354.2 14.803 | 3 2 4 3
256184.1 5.357 16 3 1 1

Tsai-Hill 30358.4 16.428 3 2 4 3
312428.6 5.740 16 3 1 1

Hoffman 30367.8 16.433 3 2 4 3
312180.2 5.739 16 3 1 1

Tsai-Wu 30412.3 16.457 3 2 4 3
313110.2 5.745 16 3 1 1

Maximum stress(i) 30359.2 16.429 3 2 4 3
311331.7 5.731 16 3 1 1

Maximum strain(i) 30490.3 16.500 | 3 2 4 3
314040.5 5.749 16 3 1 1

Maximum strain(p3D) 27354.2 14.803 | 3 2 4 3
256184.1 5.357 16 3 1 1

Maximum strain(i3D) 30490.3 16.500 | 3 2 4 3
314040.5 5.749 16 3 1 1
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Table 5.6—5 Linear and nonlinear first ply failure loads for laminates 4 and
B under inplane tensile load with hinged boundary condition.

Feilure criterion |  FLD | CDF | FEL | FGP | FPL | FL
Laminate A (45/-45/45)

Maximum stress(p) | 91705025.8(a) | 2.954 5 2 1 1
91705025.8(b) | 2.95¢ | 5 | 2 | 1 |1

Maximum strain(p) 94086883.6 | 3.031 5 2 1 1
94086883.6 3.031 5 2 1 1

Tsai-Hill 91954605.1 2.962 5 2 1 1
91954605.1 2.962 5 2 1 1

Hoffman 91726868.1 2.955 5 2 1 1
91726868.1 2.955 5 2 1 1

Tsai-Wu 92514644.4 2.980 5 2 1 1
92514644.4 2.980 5 2 1 1

Maximum stress(i) 105177573.7 | 3.388 5 2 1 1
105177573.7 3.388 5 2 1 1

Maximum strain(i) 108726302.2 | 3.502 5 2 1 1
108726302.2 3.502 5 2 1 1

Maximum strain(p3D) | 86127951.1 2.775 5 2 1 1
86127951.1 2.775 5 2 1 1

Maximum strain(i3D) | 108726302.2 | 3.502 5 2 1 1
108726302.2 3.502 5 2 1 1

Laminate B (45/-45/90/0/45/90/-45/0)

Maximum stress(p) 1179619.2 0.427 1 1 3 1
1179619.2 0.427 1 1 3 1

Maximum strain(p) 1145218.3 0.414 1 1 3 1
1145218.3 0.414 1 1 3 1

Tsai-Hill 1176280.9 0.426 1 1 3 1
1176280.9 0.426 1 1 3 1

Hoffman 1179279.2 0.427 1 1 3 1
1179279.2 0.427 1 1 3 1

Tsai-Wu 1167367.2 0.422 1 1 3 1
1167367.2 0.422 1 1 3 1

Maximum stress(i) 1185182.2 0.429 1 1 3 1
1185182.2 0.429 1 1 3 1

Maximum strain(i) 1150134.5 0.416 1 1 3 1
1150134.5 0.416 1 1 3 1

Maximum strain(p3D) 1034938.0 0.375 1 1 3 1
1034938.0 0.375 1 1 3 1

Maximum strain(i3D) 1150134.5 0.416 | 1 1 3 1
1150134.5 0.416 1 1 3 1
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Table 5.6—6 Linear and nonlinear first ply failure loads for laminates C' and
D under inplane tensile load with hinged boundary condition.

Failure criterion | FLD | CDF | FEL | FGP | FPL [ FL
Laminate C (0/90/90/0

Maximum stress(p) 111920523.5 | 1.840 | 18 3 2 1
111920523.5 | 1.840 18 3 2 1

Maximum strain(p) 111508402.3 | 1.833 18 3 2 1
111508402.3 | 1.833 18 3 2 1

Tsai-Hill 111877188.5 | 1.839 18 3 2 1
111877188.5 | 1.839 18 3 2 1

Hoffman 111916225.3 | 1.840 18 3 2 1
111916225.3 | 1.840 18 3 2 1

Tsai-Wu 111763556.2 | 1.837 18 3 2 1
111763556.2 | 1.837 18 3 2 1

Maximum stress(i) 111886430.3 | 1.839 18 3 2 1
111886430.3 | 1.839 18 3 2 1

Maximum strain(i) 111439506.6 | 1.832 18 3 2 1
111439506.6 | 1.832 18 3 2 1

Maximum strain(p3D) | 100204590.9 | 1.647 | 18 3 2 1
100204590.9 | 1.647 18 3 2 1

Maximum strain(i3D) | 111439506.6 | 1.832 18 3 2 1
111439506.6 | 1.832 18 3 2 1

Laminate D (90/0/90/0)

Maximum stress(p) 58876296.1 1.119 18 3 1 1
85868715.5 1.415 18 3 1 1

Maximum strain(p) 58860816.4 | 1.119 | 18 3 1 1
85704764.0 1.412 18 3 1 1

Tsai-Hill 58872816.4 1.119 18 3 1 1
85849814.9 1.415 18 3 1 1

Hoffman 58875952.3 1.119 18 3 1 1
85866845.4 1.415 18 3 1 1

Tsai-Wu 58863722.0 1.119 18 3 1 1
85800367.9 1.414 18 3 1 1

Maximum stress(i) 58873448.9 | 1.119 | 18 3 1 1
85874167.6 1.415 18 3 1 1

Maximum sttain(i) 58837572.2 | 1.119 | 18 3 1 1
85679276.1 1.412 18 3 1 1

Maximum strain(p3D) | 52860675.0 1.005 18 3 1 1
76301306.0 1.258 18 3 1 1

Maximum strain(i3D) | 58837572.2 | 1.119 | 18 3 1 1
85679276.1 1.412 18 3 1 1
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5.6—5 Summary and conclusions

The results discussed in the previous section show that different failure criteria
may predict different failure loads for a given laminate. This is in part due to the
difference in the formulation of the criteria, which are purely phenomenlogical in
nature. The difference between the linear and the nonlinear failure loads is found
to be large for transverse loading, considerably less for inplane loading with hinged
end, and negligible for inplane loading with clamped end. It is also found that the
difference is large for thin (3 or 4 layer) laminates and simply supported bound-
ary conditions and small for thick (16 layer) laminates and clamped boundary
conditions.

5.7 Postbuckling response and progressive failure
5.7-1 Introduction

The classical lamination theory, in which the transverse shear effects are ne-
glected, is often used to analyze laminated composite structures. Because of low
transverse moduli and strengths relative to inplane ones, composite laminates may
fail due to transverse stresses. Indeed, it is found that (see [38,39]) composite lam-
inates loaded in compression fail due to high interlaminar stresses. Therefore,
shear deformation plate and shell formulations are needed to provide information
regarding the through-thickness strength of composite structures. Various shear
deformation theories and their computational models have been discussed in Chap-
ter 3. Insight gained by using these formulations may aid in the characterization
of failure modes of composite panels.

In this section, we discuss a recent study by Engelstad, Reddy and Knight
[39,41] of the postbuckling response of several graphite-epoxy panels loaded in
axial compression. The study makes comparisons between the experimentally-
obtained and analytically-determined postbuckling response of composite panels.

5.7-2 Experimental study

The postbuckling and failure characteristics of flat, rectangular graphite-epoxy
panels, with and without holes, and loaded in axial compression have been exam-
ined in an experimental study by Starnes and Rouse [38]. The panels were fabri-
cated from commercially available unidirectional Thornel 300 graphite-fiber tapes
pre-impregnated with 450° K cure Narmco 5208 thermosetting epoxy resin. Typi-
cal lamina properties for this graphite-epoxy system are 131.0 GPa (19,000 ksi) for
the longitudinal Young’s modulus, 13.0 GPa (1,890 ksi) for the transverse Young’s
modulus, 6.4 GPa (930 ksi) for the in-plane shear modulus, 0.38 for the major
Poisson’s ratio, and 0.14 mm (0.0055 in.) for the lamina thickness. Each panel
was loaded in axial compression using a 1.33 MN (300 kips) capacity hydraulic
testing machine. The loaded ends of the panels were clamped by fixtures during
testing and the unloaded edges were simply supported by knife-edge restraints to
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prevent the panels from buckling as wide columns. Most panels exhibited post-
buckling strength and failed along a nodal line of the buckling mode in a transverse
shear failure mode (see [38]). However, a different failure mode was observed for
some of the 24-ply panels with holes. These panels failed along a transverse line
passing through the hole, and failed soon after buckling.

The following three panels, denoted C4, C10 and H4 in Reference 38, are an-
alyzed, and the present analytical results compared with the experimental results
of Reference 38. Panel C4 is 50.8 cm by 17.8 cm (20.0 in. long and 7.0 in. wide),
24-ply orthotropic laminate, (£45/03/ + 45/03/ £+ 45/0/90),. Panel C4 was ob-
served in the test to buckle into two longitudinal half-waves and one transverse
half-wave. Panel C10 is 50.8 cm by 14.0 cm (20.0 in. long by 5.5 in. wide), 24-ply
quasi-isotropic laminate, (£45/0/90)3,. Panel C10 was observed in the test to
buckle into four longitudinal half-waves and one transverse half-wave. The third
panel, Panel H4 is identical to Panel C10 except for a 1.91 cm diameter (0.75 in.
diameter) hole located 19.1 cm (7.5 in.) from one of the loaded edges and along
the panel centerline. Panel H4 was observed in the test to buckle into four lon-
gitudinal half-waves and one transverse half-wave with the hole located near the
buckle crest of the second longitudinal half-wave.

5.7-3 Numerical models

Finite element models of these panels were developed using 9-node quadrilat-
eral shell elements. The finite element model used in [39] is a continuum-based
formulation of a laminated 3-D degenerated shell element, 9CR, of Chao and
Reddy [40]. The incremental equations of a continuous medium are formulated
on the principle of virtual displacements and the total Lagrangian description (see
Sec. 3.6). The shell element is obtained from the three-dimensional solid element
by imposing two constraints: (1) straight lines normal to the midsurface before
deformation remain straight, but not normal, after deformation; (2) the transverse
normal components of strain, and hence stress, are ignored in the development.
These assumptions turn a 3-D theory into a 2-D theory, and the resulting shell
element is called a 3-D degenerated shell element. The nonlinear formulation ad-
mits large displacements and rotations of the shell element and small strains since
the thickness does not change and the normal does not distort.

The final incremental equilibrium equations for an element are of the form [cf.

Eq. (3.6-1)]

((Kz]+ [Knz){8U} = {R} - {F} (5.7-1)

where {§U} is the vector of nodal incremental displacements in an element, and

(K], [KnL], and {F} are defined by Eqgs. (3.6-2)-(3.6-4):
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(K1) = [ [BuI"(CI[BLlav
[Knz] = ./‘;G[BNL][O][BNL]dV

{F}y = [ [Bi{S}av (5.7-2)

In these equations, [Br] and [Byj] are linear and nonlinear strain-displacement
transformation matrices, [C] is the constitutive elasticity matrix, {$} is a vector
of 2nd Piola-Kirchhoff stresses, and {R} is the external load vector. All matrix
elements refer to the deformed state and are measured with respect to the original
undeformed configuration.

In the process of evaluating the integrals in equation (5.7-1) (e.g., [K1], [KnL],
{F}), we use Gauss quadrature is used in the membrane directions of the shell,
but explicit integration in the thickness direction. Thus the thickness direction

integration for matrices (K] and [Kng] gives the following laminate stiffnesses
[see Eq. (2.4-24)],

P !
[A] = E[C ]k(Cl:+1 - Ck)
k=1
1&
[B] = 5 31006, ~ )
k=1

D] =

W=

P 1}
kE[C (€2, — ) (5.7-3)
=1

Here (, is the thickness coordinate of the bottom of the kth lamina, P is the

number of laminae, [C’]k is the constitutive matrix for the kth lamina in the
principal material coordinates, which has the form,

[C] = £(1Q),6), (5.7 4)

Q'.j are the plane stress-reduced elastic coefficients in the material coordinates,
and 6 is the lamina orientation angle (see Fig. 2.4-1). For an orthotropic lamina,

Q,; can be expressed as [see Eq. (2.3-2)]

- E ~ vioE ~ E
On 1 _ 1282 2

=—, Qu= y Qo= ———
1 —wviav9 1 —wviav9 1 —vyav9;
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Qas = (G13)K , Q55 = (G23)K , Qos = G12 (5.7 - 5)

where Ej, vi3, va1, E32, G13, G23, G12 are the engineering lamina properties and
K is the shear correction factor taken to be 5/6.

The modeling approach is based on using six elements per buckle half-wave in
each direction. Hence, the finite element model of Panel C4 consists of 12 nine-
node quadrilateral elements along the panel length, while that of Panel C10 has 24
along the length. Thus both panels have 6 elements across the panel width. Figure
5.7-1a shows the model used for the C4 specimen. The finite element model of
Panel H4 is different, due to the presence of the hole. This model has four “rings”
of elements around the hole with each “ring” subdivided into 16 elements, as shown
in Figure 5.7-1b. The total numbers of 9-node quadrilateral elements in the finite
element models of Panels C4, C10, and H4 are 72, 144, and 124, respectively.

C4 specimen
model

-

H4 specimen_|
model

Figure 5.7-1 Finite element meshes used for panels C4 and H4.

In order to proceed beyond the critical buckling point in the analysis of each
panel, we assumed an initial geometric imperfection, typically the same shape as
the first linear buckling mode. The amplitude of each mode was selected to be
1-5% of the total laminate thickness. This allows efficient progress past the critical
buckling point, but does not affect the results in the postbuckling range.

5.7—4 Failure analysis

Two failure criteria, the maximum stress and Tsai-Wu, are used [see Egs.
(4.3-1) and (4.3-10)]. Any other closed form criteria could have been used.
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In reality, laminate failure occurs due to propagation of damage as the load
is increased. To model this effect, an analytical progressive failure technique is
included in the nonlinear analysis. At each load step, Gauss point stresses are used
in the selected failure criterion. If failure occurred at a Gauss point, a reduction
in lamina stiffness was applied to that point which changed the resultant A —
B — D laminate stiffnesses of equation (5.7-3). For example, for the maximum
stress criterion, if the o; stress exceeds the longitudinal tensile strength X7, then
the longitudinal modulus E; at that point is reduced to zero. For the Tsai-Wu
criterion, if failure occurs, then the following expressions are used to determine
the failure mode:

Hy, = Fio1 + Fyy0?
Hy = F09 + Fy0?

Hy = F44o':, Hs = Fsso':, Hg = FssU: (5.7 — 6)

The largest H; term is selected as the dominant failure mode and the corresponding
modulus is reduced to zero. Thus H; corresponds to the modulus Eq, Hj to E;, Hy
to G23, Hs to G13, and Hg to Ga3. As a consequence of this reduction, engineering
material properties are updated as failure progresses. An outline of the steps used
is given below:

1. After nonlineariterative displacement convergence is achieved, calculate stresses
in the global (z,y,2) coordinates at the middle of each layer at each Gauss
point.

2. Transform the stresses to the material coordinates.
3. Compute the failure index, F (see Sec. 5.6).

4. If failure occurs (i.e., F 2> 1), identify the maximum H;, reduce the appropriate
lamina moduli at that Gauss point, recompute laminate stiffnesses, and restart
the nonlinear analysis at the same load step.

5. If no failure occurs, proceed to the next load step.

The end shortening of the panel is monitored as in a compression test. The
failure load is defined to be that load for which the panel undergoes large end
shortening for small increments of load.

5.7-5 Results for C4 panel

Comparison between test results from Reference 38 and finite element results
for Panel C4 are shown in Figure 5.7-2. The figure shown end shortening u,
normalized by the analytical end shortening u., at buckling (Fig. 5.7-2a); out-of-
plane deflection w near a point of maximum deflection, normalized by the panel
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thickness ¢ (Fig. 5.7-2b); the longitudinal surface strains e near a point of maxi-
mum out-of-plane deflection, normalized by the analytical buckling strain e., (Fig.
5.7-2c). These are all shown as a functions of the applied load P, normalized by
the analytical buckling load P,. The circles in the figure represent test data,
and the curves denote the results of the nonlinear finite element analyses. These
experimental and finite element results agree well up to failure of the panel. The
postbuckling response exhibits large out-of-plane deflections (nearly three times
the panel thickness, see Fig. 5.7-2b) and high longitudinal strains from front and
back surfaces (nearly three times the analytical buckling strain, see Fig. 5.7-2c).
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(c) Surface strains.

Figure 5.7—-2 Postbuckling response characteristics of specimen C4.
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Figure 5.7-3a shows a contour plot of the out-of-plane deflections generated
from the nonlinear analysis at an applied load of 2.1F,,. Figure 5.7-3b shows a
photograph of the Moiré-fringe pattern from Reference 38 corresponding to the
out-of-plane deflections observed during the testing of Panel C4 at the same load.
These results indicate that the out-of-plane deflections from both test and analysis
have the same pattern over the entire panel. Both patterns indicate two longitu-
dinal half-waves with a buckling-mode nodal line at panel midlength.

Stress distributions in each layer of the laminate are analytically evaluated
using the nonlinear results in order to determine the failure loads. The stresses
are determined using the constitutive relations for both the in-plane and transverse
components. In addition, the transverse shear stress distributions are obtained by
integrating the equilibrium equations and using the in-plane stresses from the
constitutive relations.

:/(u) Contour
plot of the

analytical
results
(b) Photograph
of Moire |

fringes

from |38}

Figure 5.7-3 Comparison of experimental (Moiré) and analytical out—of-plane
deflection patterns for specimen C4.

Figure 5.7-4 shows the distribution of the peak o, stress through the thickness
direction z, normalized by the laminate thickness h for P = 2.1 P,,. It is clear
that the 0° layers carry the highest transverse shear load. Figure 5.7-5a shows
the distribution axial stress o, over the entire panel in the third layer of the
laminate (a 0° ply) for an applied load of 2.1P,,. This distribution indicates that



Analysis of Composite Laminates 182

high compressive axial stresses occur along the longitudinal edges of the panel.
Figure 5.7-5b indicates the redistribution of the axial stress in this 0° ply at panel
midlength for three values of the applied load. At the buckling load, the axial
stress is nearly uniform across the panel. Although the axial stress is large, the
values are well below the material allowable values [X7 = 1400 MPa (203 ksi) in
tension; X¢ = 1138 MPa (165 ksi) in compression].
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Figure 5.7-4 Transverse shear stress, 0;;, distribution through the thickness
of specimen C4.
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(a) Contour plot of axial stress (b) Stress distributions across panel
distributions. midlength.

Figure 5.7-5 Axial stress, o, , distributions in the third layer from the surface
(0° ply) of the C4 specimen.
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Figure 5.7-6a shows the distribution of the transverse shear stress o, over
the entire panel in the third layer of the laminate (a 0° ply) for an applied load of
2.1P,,. This distribution indicates that high transverse shear stresses occur along
the buckling-mode nodal line. Figure 5.7-6b indicates the redistribution of this
transverse shear stress in this 0° ply at panel midlength for three values of the
applied load. The solid curves represent the transverse shear stress distributions
obtained using the constitutive relations, and the dashed curves denote the trans-
verse shearing stress distributions obtained from the equilibrium equations. Both
methods give very similar results. At the buckling load, the peak transverse shear
stress occurs near the center of the panel. After buckling, the transverse shear
stresses o, redistribute towards the edges of the panel. The peak values of the
transverse shear stress o,, approach the material allowable value of S = T = 62
MPa (9ksi) for P = 2.1 P, indicating the panel fails due to transverse shear
stress.
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(a) Contour plot (b) Stress distributions across panel
midlength.

Figure 5.7—6 Transverse shear stress, o, distributions in the third layer from
the surface (0° ply) of the C4 specimen.

This failure mode can be further explained through a close examination of the
Green-Lagrange strain component €,

(5.7 17)

_ L0 Bus  BuiBus  BusBu; | BusBug
2= 5\ 8z " 8z ' 0z 0z ' Oz 0z ' 0z 0z
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in conjunction with the displacement field of the first-order shear deformation

theory [cf. Eq. (2.5-1)]

ul(zsyaz) = u(zay) + z¢1 ’ uz(fv,y,z) = v(”:'y) + z¢2 ) '”'3(31'.'/’2) = 'w(:c,y)
(5.7-8)

Substituting equations (5.7-8) into equation (5.7-7) and noting that ¢, = 0 along
a buckling-mode nodal line, we obtain

€z = (¢1 + 5 Ow + 5= ¢1) (57 - 9)

The quantity 22 9o (out-of-plane deflection gradient) is largest along a buckling-mode
nodal line and the quantity a" (related to the membrane strain) is largest along
the panel edges. A similar examination of the other transverse shearing strain €,
leads to the conclusion that the transverse shearing strain €;, is the dominant one.

Figures 5.7-7a and 5.7-7b present the progressive failure results for Panel C4,
using the maximum stress and Tsai-Wu failure criteria, respectively. In addition
to the strengths already mentioned, the other allowables are as follows: transverse
tensile strength of X7 = 80.9 MPa (11.7 ksi), transverse compressive strength of
Xc = 189.0 MPa (27.4 ksi), and in-plane shear strength of T' = 69.0 MPa (10.0
ksi). At some point in the analysis a dramatic change in slope indicates an inability
to support additional load. This location is identified as the failure load. Figures
5.7-7a and 5.7-Tb show that the Tsai-Wu criterion estimates the experimental
failure more closely than the maximum stress criterion. This is attributed to the
presence of stress interaction terms in the Tsai-Wu criterion failure index.
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WU U/lgr
(a) Maximum stress failure criterion. (b) Tsai—Wu failure criterion.

Figure 5.7—7 Progressive failure results of specimen C4.
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5.7-6 Results for C10 panel

Figures 5.7-8a and 5.7-8b present comparisons of numerical and experimental
values of end shortening u and out-of-plane deflection w. In these figures, E is the
laminate longitudinal modulus, A is the cross-sectional area, and L is the specimen
length. Agreement is not as good as in the C4 specimen because extracting non-
normalized experimental data from Reference 38 was difficult. A linear buckling
analysis shows that the first mode has three longitudinal half-waves and the second
mode four. The Moiré fringe results from Reference 38 in the postbuckling range
exhibited four half-waves. Thus a linear combination of 1.5% panel thickness times
mode 1 and mode 2 eigenvectors was used to assist in the change that occurs at
the critical buckling load from the three half-wave to the four half wave mode.
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(a)  End shortening. (b) Out—of-plane deflection.

Figure 5.7—-8 Postbuckling response characteristics of specimen C10.

A transverse shear failure mechanism develops for this panel, as for Panel C4.
Each nodal line in the buckling mode develops the high transverse shear stresses,
with the peak at the midlength of the panel. Figure 5.7-9a shows the distribution
of 0, in layer 22 (a 0° ply), where the three peak o, nodal line concentrations can
be seen. Figure 5.7-9b illustrates the o, distribution at the experimental failure
load (1.44P..) across the panel width. The results are similar to those obtained
for Panel C4.

The progressive failure results for Panel C10 are shown in Figures 5.7-10a
and 5.7-10b. For this panel the Tsai-Wu results agree extremely well with the
experimental results. However, as seen previously for Panel C4, the maximum
stress criterion results do not agree as well.
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Figure 5.7-9 Transverse shear stress, o;,, distributions in the twenty-second
layer from the surface (0° ply) of the C10 specimen.
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Figure 5.7-10 Progressive failure results of specimen C10.
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5.7-7 Results for H4 panel

The H4 specimen was analyzed to investigate deformation and failure of a panel
with a hole. Figure 5.7-11a contains a comparison of end shortening obtained nu-
merically and experimentally. Figures 5.7-11b and 5.7-11c show the longitudinal
surface strains e (both top and bottom surfaces) across the panel at the hole for
a load of 0.90P,, and 1.39F,,, respectively. These results are in good agreement
with experimental results from Reference 38. Linear buckling and postbuckling
out-of-plane deflection mode shapes for this panel are shown in Figures 5.7-12a
and 5.7-12b. An imperfection of 1% of panel thickness times mode 1 was used to
proceed into the postbuckling range. One can see that four longitudinal half-waves
develop in the postbuckled range.
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Figure 5.7—11 Postbuckling response characterstics of specimen H4.

Analysts should note that if uniformly reduced or selective reduced integration
were used in the analysis of this panel, it would predict spurious modes. These
occur because of zero energy modes, and lack of restraint of the model around the
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hole. Element distortion around the hole could be another contributing factor. It
is necessary to use full integration to alleviate this problem, and the mesh should
be sufficiently refined so that locking effects are negligible.

(a) Linear buckling mode 1.

(b) Postbuckling mode
at P/P¢ = 1.39.

Figure 5.7-12 Out-of-plane deflection patterns of specimen H4.

For the H4 panel, once again, a transverse shear mechanism develops along
nodal lines away from the hole. However, the peak stress only approaches 48.3 MPa
(7.0 ksi) at the experimental failure load. At this load the in-plane shear stress
approaches its allowable around the hole. Simultaneous first-ply failure occurs due
to 0zy and 0z; components around the hole edge. Thus the failure mode is not a
dominant transverse shear mode as for Panels C4 and C10, but a more complex
interacting mode with a dominant in-plane shear component. Progressive failure
results are shown in Figures 5.7-13a and 5.7-13b. The Tsai-Wu criterion is, once
again, in better agreement with experimental results.

5.8. Progressive failure of laminates in bending
5.8-1 Background

The eight-noded quadrilateral plate element, QHDA40 (see Sec. 3.6), based on a
second-order plate theory is to demonstrate the use of the quadratic failure criteria
[42-44] (see Sec. 4.3). The problem selected here is a unidirectional laminate sub-
jected to four-point bending. For a given load, the total and incremental stresses
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are calculated at each Gauss point in each element. In-plane stresses are obtained
from the constitutive equations; the interlaminar normal and shear stresses are
calculated from the equilibrium equations, as discussed in Chapter 3. The stresses
are transformed to the material coordinates and the failure criteria of Hashin [42]
are used. When failure is detected, the material properties corresponding to that
failure mode are reduced (to a small value) at that location. Equilibrium iterations
are performed before incrementing the load.

0.006

0.006

........ - 0.004
0.004 - Analysis | T rmeesms == Analyss

P/EA failure P/EA failure

-----

0.002 F failure Prog Failure 0.002 - Prog Failure
Analysis Analysis
Test O Test
e  TestFailure ®  Test Failure
O - e o 'l Il
0 0.006 0.012 0.018 0 0.006 0.012 0.018
u/L u/L

Maximum stress failure criterion. Tsai—Wu failure criterion.

(a) (b)

Figure 5.7—13 Progressive failure results of specimen H4.

5.8—2 Computational model

A laminate with twenty four layers is modeled. The elastic constants and
strengths used are:

En =190 GPa, E22 = E33 =11 GPa, G12 = G13 =1T7.2 GPa
v = vi3 = vo3 = 0.38
Xt = X¢ = 1502 MPa, Yr = 41 MPa, Yo = 250 MPa

R=S=T =675 MPa and Zy = Z¢ = 41 MPa (5.8 1)

The criteria of Hashin [42] are selected for their ability to distinguish between
fiber, matrix, and through-the-thickness failure modes [see Eqs. (4.3-14)-(4.3-
18)]. Furthermore, they can identify whether failure occured in tension or in
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compression. These criteria are repeated here for the reader’s convenience [see

Eqgs. (4.3-14)-(4.3-18)]:

Fiber failure
Tensile: 2 (o2 2)
o\, (Bt _
( XT) + Tz (5.8-2)
Compressive:
=G (5.8-3)
o] = 1—k .

where G, is resin modulus and k is volume fraction ratio.

Matriz failure

Tensile: ) . . )
(o2 ;;’3) 4o _T;T”"') + (”";2”5) =1 (5.8 —4)
Compressive:
1 [(Yo\? 1 2
Yo (ﬁ) —1| (o2 +03)+ @(02 + 03)
o2 — 0903 1
+(4T—2)+-ﬁ(a§+o§)=1 (5.8 —5)

Delamination [through-the-thickness]

2 2, .2
o3 (0§ +05) _ _
(ZT> + A =1 (5.8 —6)

The stresses in material coordinates (1,2,3) are computed from the relations
[see Eq. (2.3-3)]

01 =05cos 0 + oy sin 9 + 0zysin 20
09 = 0z sin 0 + oy cos? § — Ozy 5in 26
o3 =0,

04 = —0z;5inf + oy, cosd



191 Case Studies

05 = 0z, cosf + oy, sinb

og = (0y — 07)sin 6 cos 6 + oy cos 20 (5.8-17)

where (0z,0y,0zy,0zz,0yz,0;) are the stresses in the global coordinates. The
stresses (5.8-7), referred to the material coordinates, are used when checking the
failure criteria presented in this section. When fiber failure occurs, (o1, s, 075) are
assumed to be zero. Thus the only nonzero terms of the constitutive matrix are

Ci2, C33, C33 and Cyy :

o1 Cu Ciz2 Cis 0 0 O €1

) Ca Caz Coi3 0 0 O €

o3| _|Cs1 Csz Csz 0 0 O €3 _
(=] 0 0 0 Cu 0 0]e (5.8-8)
os 0 0 0 0 GCss O €5

o6 0 0 0 0 0 Ces €6

After checking for all the possible failures, we use the modified form of the material
matrix, [C*], to calculate the new total stresses in the lamina:

{o} = {o}0D) + [C*{Ae} (5.8 -9)

After the stresses are updated, the failure criteria are checked once again to
ensure that no further failure has occured in that load increment. Only after this,
is the load incremented and the entire procedure repeated until final failure is
reached. Usually, the user defines what constitutes a final failure.

5.8—3 Results and discussion

Tables 5.8-1 and 5.8-2 illustrate the type and sequence of damage that has
occurred in thin and moderately thick unidirectional laminates under four-point-
bending loads. As shown in Table 5.8-1, at load increment 13, tensile fiber failure
is observed in layers 21-24, and this mode was accompanied by tensile matrix
failure at the same load level in layers 19-23. Furthermore, compression fiber
failure mode is observed in layers 1-4 for the same load increment. Note that the
fiber failure at the outermost laminate proceeds rapidly toward the center and the
ultimate failure occurs within 4% of the initiation load. Table 5.8-2 illustrates the
damage progression in a thicker laminate (side-to-thickness ratio is 8). Note that
the progression is from the center toward the outer layers of the laminate. Figure
5.8-1 is quite revealing. For the same configuration of Table 5.8-1, the total strain
energy of an element is displayed as a function of load increments throughout the
laminate. Note the discontinuity in the curve, which is due to the damage observed
in the layers within a given increment. The damaged layers are the ones with the
very low strain energy magnitudes, as illustrated in this figure.
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Table 5.8—1 Damage progression* in a 24-ply laminate [0]4 with side-to-
thickness ratio S = 100 under four-point bending load (Py4/ P13 =

1.04).

Ply No. | TF | CF | TM | CM | DL
1 013|000
2 0|13 0|0 [0
3 013|000
4 013|000
5 014|000
6 0 |14|0 |0 |0
7 0 |14|0 |0 |0
8 014|010 |0
9 0|14 0|0 |0
10 |[0o|0o|o oo
11 0|00 |00
12 0|0 |0 |00
13 oo |0 |00
14 | 0|0 |00 |0
15 | 0|0 | 0|00
16 |14|0 |14 ] 0 |0
17 |14 0 |14] 0 |0
18 |14 0 |14 ] 0 |0
19 |14|0|13]0 |0
20 |14|0 13| 0 |0
21 |13 /0 [13]| 0 |0
22 |13/ 0 [13] 0 |0
23 |13 |0 [13] 0 |0
24 13|00 |0 |0

*The numbers in the table denote the load increment number for various
failures. TF = Tensile fiber failure; CF = Compressive fiber failure; TM = Tensile
matrix failure; CM = Compressive matrix failure; DL = Delamination.
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Table 5.8-2 Damage progression* in a 24-ply laminate [0];4 with side-to-
thickness ratio § = 8 under four-point bending load (Py;/Ps =

1.20).

Ply No. | TF | CF | TM | CM | DL
1 00|00 |0
2 0o |o |0 |o
3 oo 0|00
4 00|00 |0
5 0|00 |0 o0
6 oo |o oo
7 0o |o | o0 |11
8 0|0 /| 0 |10]10
9 0|0 |0 | 9|38
10 00| o0 | 7|6
11 0o/o0|o0 |6 |6
12 0|0 |0 |6 |6
13 6 | 0| 6 | 6 |6
4 [ 60| 6 | 6|6
15 6 |0 |6 | 6 |6
16 71006 |7 |7
7 |70 7|88
18 8 0|8 |9 |09
19 (100 | 9 |10 |10
20 0|0 /11| 0|0
21 0|00 |0 |0
22 |00 |0 |00
23 0|00 ]| 0o
24 0|0 o000

*see the foot note of Table 5.8-1.
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Figure 5.8—1 Failure progression of four—point bend test (S = 100).
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Allowables, 13,121,122,182
Anisotropic material, 1,2,5-10

Base points, 63

Barlow points, 66

Bending, 73-76, 80-103,188-191

Bending stiffnesses, 21

Bending-extensional coupling stiffnesses, 21
Boundary conditions, clamped, 75,166

Boundary conditions, essential (or geometric), 19,28
Boundary conditions, for angle—ply laminates, 74,75
Boundary conditions, for cross—ply laminates, 74,75
Boundary conditions, imposition of, 44

Boundary conditions, for inplane loads, 166
Boundary conditions, natural (or force), 19,28
Boundary conditions, simply supported, 74,75,164,166
Buckling analysis, 59,102-105

Buckling loads, 59,60,180-184

Buckling modes, 181

C° Elements, 48,54

C™ Elements, 48

Carbon—Carbon composites, 118,148

Classical laminated plate theory, see: Plate theory
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Compatible element, 43

Composite material, 1

Composite structures, 1

Computation of strains, 65
Computation of stresses, 65
Conforming elements, 49,50
Constitutive equations, 6-12,21,191
Constitutive equations, laminate, 21,22
Continuum approach, 112

Continuum elements, 69-72,99
Continuum formulation, 69-72
Coordinate transformation, 12
Coordinates, material, see: Material coordinates
Curvatures, 17

Cut outs, 138

Cylindrical bending, 79

Damage, 111-121

Damage mechanisms, 114

Degenerated 3-D element, 71
Delamination, 111,116-120,122,127,131-138,146,157
Direct iteration, 67

Direction cosines, 20

Displacement field, classical theory, 14
Displacement field, first-order, 24,26,184
Displacement field, layerwise, 31
Displacement field, second-order, 26
Displacement field, third-order, 25,26
Displacements, generalized, 48,68
Distorted elements, 81,85

Eigenvalue analysis, 104
Elastic coefficients, 6
Elements, brick, 140,142
Elements, compatible, 43
Elements, C°, 48,54
Elements, C1, 48
Elements, shell, 71,140,176

Equilibrium equations, see: Equations of equilibrium
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Equations of equilibrium, 3-D elasticity, 66
Equations of equilibrium, first-order theory, 53
Equations of equilibrium, layerwise theory, 33
Equations of motion, classical theory, 18,19,22,23
Equations of motion, 3-D elasticity, 20,21
Equations of motion, first—order theory, 27,28-30
Energy principle, 18

Engineering constants, 9,11

Environmental effects, 155-161

Error criterion, 68

Extensional stiffnesses, 21

Failures, 111,127,161-193

Failures, fiber, 127,190

Failures, first ply, 161-174

Failures, matrix, 127

Failures, progressive, 131,175,178,179,188-194
Failure criteria, 121-127,152,162

Failure criteria, Hashin’s, 127,189,190

Failure criteria, independent, 122

Failure criteria, polynomial, 123

Failure criterion, maximum stress, 123,179,184,186,189
Failure criterion, maximum strain, 124,152,162
Failure criterion, Tsai—Hill, 125,186

Failure criterion, T'sai-Wu, 125,184,186,189
Failure index, 162,179

Fiber breakage, 111,112,114

Fiber fracture: see Fiber breakage
Fiber-matrix debond, 111,114

Finite element method, 38-45

Finite element model, 39,46,54

Finite element model, classical plate theory, 48-52
Finite element model, dynamic case, 57

Finite element model, first order theory, 54-56
Finite element model, layerwise theory, 34
Finite element model, nonlinear case, 52
Finite elements, brick, 140

Finite elements, Hermite family of, 48,50
Finite elements, Lagrange family of, 48,50
Finite elements, shell, 71,140,176

Subject Indez
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First order shear deformation theory, see: Laminated plate theory
First—ply failure load, 169,171-174

Force computation, see: Nodal forces

Force resultants, 19,28,46

Four-point bend test, 188,194

Free edge, 146,157

Fundamental frequency, 76-78

Gauss points, 64,72,90

Gauss weights, 63

Gauss quadrature, 65,72,177; als see: Numerical integration
Generalized displacements, 48

Generalized Hooke’s law, 6

Geometric nonlinearity, 52,57,69,93-98,102-105

Geometric stiffness matrix, 59

Global to local transformation, 141,142

Hat-stiffened panel, 142

Hashin’s failure criteria, see: Failure criteria

Hermite interpolation functions, see: Interpolation functions
Heterogeneous material, 5,6

Homogeneous material, 5,6

Hot/wet conditions, 158

Hooke’s law, generalized, 6

Hygrothermal effects, 158,160

Incremental formulations, 69-73

Inplane stresses, 6

Interlaminar stresses, 16,72,155,161,175
Integration, see: Numerical integration
Interply damage, 116

Interpolation, C°, 48

Interpolation, C?, 48

Interpolation functions, 31,39,48-50,54,57,71
Interpolation functions, global, 30
Interpolation functions, Hermite, 48,50
Interpolation functions, Lagrange, 30,48,50,54
Intra—ply damage, 114,115
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Isoparametric formulation, 64
Isotropic material, 1,6,10
Iterative schemes, 67,68

Jacobian, 64

Kirchhoff-Love hypothesis, 13-15
Kinematics of, first order theory, 27
Kinematics of, layerwise theory, 32

Lagrange interpolation functions, see: Interpolation functions
Lamina, 113,114

Laminate constitutive equations, 21
Laminate coordinates, 21,22

Laminate stiffnesses, 21,22,28,29,73,177
Laminates, antisymmetric, 73-75,93,104,164
Laminates, angle-ply, 73,164

Laminates, cross-ply, 73-75,119,164
Laminates, quasi-isotropic, 112
Laminates, symmetric, 75,119,157,161,164
Laminates, uncoupled, 29

Laminates, unsymmetric, 155,161
Lamination angle, 12,22

Lamination scheme, 12, 143

Laminated plate theory, classical, 12-20
Laminated plate theory, first-order, 24-29
Laminated plate theory, layerwise, 30-32
Laminated plate theory, second-order, 25
Laminated plate theory, third—order, 24-26
Layerwise elements, 89-94

Layerwise theory, 31-32

Lévy’s solutions, 37

Mass inertias, 19

Mass matrices, 58

Material coordinates, 8,21,28,179,190

Material properties, 73,93-95,98,100,103,132,140,151,157,164,175,189
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Material stiffnesses, 6,21,22,28

Material stiffnesses, transformed, 21,22

Matrix cracks, 111,112,114,115

Matrix material, 1,149

Maximum strain criterion, see: Failure criterion
Maximum stress criterion, see: Failure criterion
Membrane strains, 17

Mesh generation, 40

Mesh refinement, 40,41

Mindlin’s plate theory, see: First-order shear deformation theory
Mode of failure, 127

Moment resultants, 18,46

Monoclinic material, 8

Natural coordinates, 64

Natural vibration, 58,74-78

Navier’s solutions, 37,96

Newmark integration scheme, §9-61; see also: Time approzimation
Newton-Raphson iteration, 68,69,162
Non-conforming elements, 49,50

Nodal forces, 43,44,141

Nonlinearity, see: Geometric nonlinearity

Nonlinear models, see: Geometric nonlinearity
Normalized coordinates, see: Natural coordinates
Numerical integration, 63-65,72,177

Numerical integration, reduced, 62,63,65,140,152,162

Orthotropic material, 9,11,151
Out—of-plane stresses, 6

Picard’s method, see: Direct iteration
Plane of elastic symmetry, 8,10

Plane stress-reduced stiffnesses, 12,177
Plate theory: see Laminated plate theory
Ply, see: Lamina

Postbuckling, 105,175-189

Principal material directions, 12
Principle of virtual displacements, 18
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Progressive failure, 175,188

Quadrature, see: Numerical integration

Reddy’s layerwise theory, 31-34

Reddy’s third-order theory, 25,26

Reduced integration, see Numerical integration
Resultants, see: Stress resultants

Rotary inertia, 19-21

Sampling points, see: Base points
Semidiscretization, 57,58

Shear correction factors, 24,28,73

Shear deformation, 24

Shear locking, 62,162

Shear-lag model, 111

Sinusoidal load, 81,85,90-94

Stability analysis: see buckling analysis
Stability criterion, 61

Stability matrix, see: Geometric stiffness matric
Stability of a numerical scheme, 61
Stacking sequence: see Lamination scheme
Stiffness reduction, 111,112,121,179
Stiffnesses, see: Laminate stiffnesses
Strain—displacement relations, 16,17,27,32
Strain energy density, 8

Strain energy release rates, 112,122
Strengths, 122-127,192

Stress concentration, 145

Stress resultants, 18,20,28,32

Stress-Strain equations, see: Constitutive equations
Sublaminate buckling, 120

Tangent stiffness matrix, 68

Temporal approximation, see: Time approzimation
Thickness coordinates, 22

Time approximation, 60-62
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Total Lagrangian formulation, 69,70
Transformation equations, for strains, 66
Transformation equations, for coordinates, 12
Transformation equations, for stiffnesses, 22
Transformation equations, for strains, 66
Transformation equations, for stresses, 12
Transformation equations, of material stiffnesses, 21
Transition elements, 42,43

Transversely isotropic, 10

Tsai-Wu failure criterion, see: Failure criterion
Tsai-Hill failure criterion, see: Failure criterion

Unit cell, 149-154
Updated Lagrangian formulation, 69,70

Vibration: see Natural vibration
Voids, 151
von Karmaén strains, 16,17,25,32,57,67

Weak form, 46,47,54

Weight functions, 47

Weights, 63

Weighted-integral form, see: Weak form
Woven composites, 148-155
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