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Preface

We intend this book as preparation for senior undergraduate or frsi-year
graduate students in the fundamental knowledge (mechanics, materials, basic
numerical methods) needed to understand the analysis of metal-forming opera-
tions. It spans the considerable gap between traditional materials approaches
{centering on material properties and structure) and purely mechanical ones
(centering on force balances, and numerical methods}). While seeking simplicity
and comprehension, we do not avoid complex issues or mathematics {such as
tensors) needed as preparation for further study leading to high-level modeling
capability. In view of the progress in numerical methods and computation, these
techniques are now so widespread as to be essential for many applications in the
mechanics of materials.

The breadth of the intended audience (four distinct groups depending
on educational discipline and rank} requires that various parts of the book
be emphasized for a given course. For more than ten years, the first author
has taught a senior undergraduate course in metal forming to metallurgical
engineering students, in which certain parts of this book are used thor-
oughly while other parts are omitted. For example, such a course may
consist of the following:

S

Senior-level course on Metal Forming
(For materials or mechanical engineering students)

Chapter 1 Complete

Chapter 2-4 Very briefly, little tensor manipulation
 Chapter 7 von Mises and Hill's normal quadratic yield

Chapter ¢ Complete

Chapter 10 Complete

The first author has also used the material in this book to teach a first-year
graduate course to materials and mechanical engineering students on the
subjects of elasticity and plasticity, where the emphasis has been different:

Graduate course on Elasticity and Plasticity
{For materials or mechanical engineering students)

Chapter 1 Second part, analysis of tensile test

Chapter 2-4 Covered moderately, very brief on large-strain measures
Chapter 5 Vefy brief, to introduce work methods {(more for ME)
Chapter 6 Complete

Chapter?7  Complete

Chaptér 8 Complete (less for ME)}

Colleagues have used early versions of the material in this book fo-teach
graduate courses on the subject of continuum mechanics to engineering me-
chanics students, with good results.

ATILIM UNIVERSITY



Graduate course in Continuum Mechanics
{For engineering mechanics or mechanical engineering students)

Chapter 2 Complete, brief review

Chapter 3 Complete

Chapter 4 Complete

Chapter 5 Complete

Chapter 6 Continuum aspects, omit crystal symmetry
Chapter 7 von Mises isotropic plasticity

The second author has taught the techniques and material in this book ina
variety of settings, including: undergraduate courses in several French engi-
neering schools, one-week training courses for engineers in industry, and
graduate courses in the Ecole des Mines and French universities,

The background of the siudents and the disciplines in which these courses
were offered included continuum mechanics, plasticity and viscoplasticity, and
general numerical methods and finite elements.

We are convinced that students learn by doing, not by reading, and thus
have included numerous problems in each chapter, ranging in difficulty from
using equations and derivations presented in the text (Proficiency Problems) to
ones requiring creative and original thought (Depth Problems). Solutions for all
of these problems are available in a Solutions Manual for this volume. We have
added a third class of problems, Numerical Problemns, requiring students to write
and use their own computer programs. We believe that this appreach, while
frequently slow and painful, encourages greater understanding and mastery of
the material.

This book is limited to a presentation of the fundamental mechanics,
materials, and basic numerical concepts used in metal forming analysis. An
advanced treatment that starts from this basis and develops the finite element
method and illustrates its use in actual analysis, is nearing completion. There-
fore, concepts particular to finite element analysis and complex forming appli-
cation have been deferred to that volume.

Robert H.Wagoner, Columbus, Ohio
Jean-Loup Chenot, Sophia-Antipolis, France

February 1996
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H note about notation

There are nearly as many kinds of notations for the various symbols
representing mathematical quantities as there are authors in the field. We have
attempted to follow a pattern that is intuitively consistent without striving for
complete mathematical precision in each and every usage. In fact, no set of
symbols, no matter how carefully defined, can replace understanding of the
physical conicepts and the underlying meaning of the equations and operations.
We shall not attempt to cover every exception or eventuality in this note, but
rather hope to provide a guide to our concept of the notation. In the first few
chapters, we will provide examples of alternate notation while in later ones we
will use the most convenient form.

We will not refer to curvilinear coordinates. Thus, all indices refer to
physical axes or componenis and are placed in the subscript position. Also,
vectors and tensors refer only to physically real quantities, rather than the
generalized usage commonly found in the finite element community. Here are
examples of the notation guidelines we follow.

SCALARS (a, A, o, t, T, ay, ay,...)
Scalar quantities are physical quantities represented by a simple number,
upper case or lower case and in any style (italics, Latin, Greek, etc.}.

VECTORS {a, b, ¢...)

Physical vectors {as opposed to generalized 1-D arrays of numbers} will be
represented by lower case bold letters® , with several subsidiary technigues for
emphasizing the components rather than the entire vector quantity:

: 2
a=a;8; +aq8y +agéy =[al§ ¢2a5,a9,a;3 ¢+ |ay [=[a;]=[a] < a;
a3

The vector a is shown as the sum of three scalar components multiplied by
three base vectors (€}. Since base vectors are the same as any other vector except
for their intended use, any lower-case bold letter can represent them. We use é
specifically to emphasize the use of the vectors to represent other vectors (i.e. as
base vectors). (In some cases, we will use X;,%;,%2 to emphasize that the base
vectors form a Cartesian set.) The superposed carat emphasizes that the vector
is of unit length. The third representation emphasizes that the vector a can be
decomposed into a magnitudela| {or sometimes simply “a”) and a direction
represented by a unit vector i.

* We will on cocasion use capital letters for vectors or their components to indicate some special
quality or connection with another vector. An example is the expression of a given vector's
components in an glternate coordinate system, or the same material vector at different times.



The symbol “<3"” means that we will treat the other notations as equivalent
even though they are not precisely equal. The right-hand side therefore empha-
sizes the components of 2 while ignoring the base vectors, which presumably

-have been defined elsewhere and are unchanged throughout the problem of
interest. The brackets indicate an emphasis on ali components, either in matrix
or indicial form. (Note that the vector nature of a is not shown on the bracketed
form, since the components need not apply to a physical vector.) The second
“&3” indicates that a; can be used to indicate a single component of a (the it one),
or in the general sense, all of the components (i.e. for i=1,2,3 for 3-D space).

We will occasionally use a similar notation to denote numerical “vectors”
such as those encountered in E.E.M. and other applications. In these cases, the
range on the subscripts will be determined by the problem itself, rather than
being limited to 3, as for usual 3-D space.

A few other vector notations are useful:

x indicates the vector cross product
. indicates the vector or tensor dot product

TENSORS OF RANK GREATER THAN 1 (A, B, C...}

Cur tensor notation follows precisely the vecior usage except we shall
attempt to use upper case lefters to represent tensors of rank greater than one.
{Exceptions will apply to tensors which have almost ubiquitous usage, such as
o for the stress tensor or ¢ for the infinitesimal strain tensor.) Therefore, our
tensor notation closely follows our vector notation:

ApApAg
A AZEA;&A% = [A];] = [A] hd Aij
Az1AzAss

-MATRICES ([A] {a], [a]....}

QOur matrix notation follows the bracketed forms introduced for physical
vectors and tensors, without regard to whether the components represent
physical quantities:

ApApAss
AnAnAy |=lAz]=[A]e Ay
AgtAgpAg

Asbefore, the right-most form can be interpreted as a single component (the i
one) orasall of thecomponents (i=1,2,3;j=1,2,3 for general 3-Dspace). The bracketed
forms emphasize all of the components, in the order shown by the first matrix.

We will tend to use lower case letters for column matrices, which corre-
spond closely to vectors, but this may not always be possible while preserving
clarity. Several other common usages for matrices:



(Al «» transposeof[A]

[AT? o inverseof[A]

Al «» determinantof[A]
[A}{Bl[Cl¢> matrixmultiplication
M «» identity matrix

Each form can also include subscript indices to emphasize the components.

INDICIAL FORM (Ajj, By C;.)

The indicial forms of vectors, {ensors, and matrices have been introduced
above by the loose equivalence with other notations. Thus, for example the
multiplication of matrices {A] and {B] can be represented by A, B = Cyo which
can be interpreted for any one component {the itk one}, or forall components
{wherei=12.3 k=123 for 3-D space, for example). However, the subscript j
is a dummy index because we follow Einstein’s summation convention where
any repeated index is surnmed over to obtain the result. [i and k, conversely, are
free indices because we are free to choose their values].

A few symbols are useful for representing matrix and tensor operations:

= Kronecker delta, with th hat 8=
8y = Kronecker delta, with the property that ;= 1ifi]

€3k = Permutation operator,

0 i i =jizkij=k

with the property that &jjk = 1 4f §k =1,2,3;23%Lor3,12
- -1 ¥ ik =3,2,112,3;0r2,13

FUNCTIONS AND OPERATORS (LFK..}

We will denote functions and operators with script symbols without regard
to the domain or range of the operation. These spaces will be clarified when the
operator is first introduced. For example, x = L{A) indicates that L is an operator
which operates on a tensor and results in a vector. 2nd ranked tensors are often
defined, for example, as linear vector operators [i.e. a linear operator that
operates on a vector and has a vector result].



The Tensile Test and Basic Material Behavior

Fundamental and practical studies of metal mechanical behavior usually
originate with the uniaxial tension test. Apparently simple and one-dimen-
sional, a great deal of hidden information may be obtained by careful observa-
tion and measurements of the tensile test. On the other hand, the underlying
physical complexity means that inteérpretation must be quite careful {along
with the procedure followed to conduct the test) if meaningful results are to be
realized.

Inthis chapter, we presentarange of concepts at the sxmplest mostintuitive
level. Many of these concepis will be expounded and presented in more math-
ematical form in subsequent chapters. This approach has the advantage of
introducing basic mathematical and numerical ideas without the formalisms
that are a source of confusion to many students when first encountered. How-
ever, the downside is that some of the introductions and treatments in this
chapter are not precise and cannot be extended to more general situations
without additional information.

Structurally, this chapter is divided into two parts: the first mtroduces the
tensile test and the standard measures of material response. In the second
section, we introduce all of the techniques necessary foranalyzing a nonuniform
tensile test. This analysis is not of great research interest because this 1-D form
omits important aspects of the physical problem that can now be simulated
using more powerful numerical methods. By omitting multi-axial complexity,
however, we lose Hittle of qualitative importance, and are able to illustrate the
use of several numerical methods that will be needed in subsequent chapters,
especially Chapter 10,



2 Chapter 1 The Tensile Test and Mater_z’él Behavior

1.1

1.2

. TENSILE-TEST GEOMETRY

Standard tensile test analysis is based on an ideal view of the physical problem.
A long, thinrod is subjected to an extension (usually at a constant extension rate)
and the corresponding load is measured.! The basic assumptions are that the
loading is purely axial and the deformation takes place uniformly, both along
the length of the specimen and throughout the cross-section. Under these
conditions; it is sufficient to measure just two macroscopic quantities for much
of the desired information: extension and load. .

Two kinds of tensile specimens are used for standard tests: a round bar for
bulk material (plates, beams, etc.), and a flat specimen for sheet products. Each
is subject to ASTM specifications and has a nominal gage length of 2 inches. The
gage length refers to the distance between ends of an extension gage put on the
specimen to measure extension between these points. The deforming length is
the length of the specimen that undergoes plastic deformation during the test.
This length may change but should always be significantly longer than the gage
length in order to ensure that the stress state is uniaxial and deformation is
quasi-uniform over the gage length. Figure 1.1 shows the general geometry.

Gtip Kegion

ASTM round bar

Grig Region Thickness
Figure 1.1 Standard tensile specimen shapes,

MEASURED VARIABLES

A standard tensile test is carried out by moving one end of the specimen (via
a machine crosshead) at a constant speed, v, while holding the other end fixed.
The primary variables recorded are load (P} and extension (Al}), Note that the
extension could be obtained by multiplying v times { (time). This is done in
some cases, but usnally the “lash” {looseness) in the system necessitates use of
an extension gage for accuracy. A typical load-extension curve appears in
Figure 1.2.

! Vartations on the basic method include imposing a certain load and measuring the extension or
extension rate, or imposing jumps in rates or loads. These tests will not be considered in detait
here, although they are very useful for materials research and for high~temperature deformation
investigations.



1.3

1.3 Engineering Variables

tozd, P 4

Fracture

H
H
—3 § % Elastic

Extension, A

Figure 1.2 Typical response of a metal under uniaxial tension.

Note that the load-extension variables depend on specimen size. If, for
example, the specimen were twice as large in each direction, the load would be
four times as great, and the extension would be twice as great. Since we want to
measure material properties, we normalize the measured variables to account
for specimen size. The simplest way to do this is to normalize to the original

specimen geometry.

ENGINEERING VARIABLES (NORMALIZED TO ORIGINAL
SPECIMEN SIZE)

The variables may be defined as follows:
6= P/A, = engineering stress,

e=  Al/l = engineering strain (sometimes called elongation)
{Note: 1 is usually equated to the gage length, L, Fig. 1.1.)

where the following notation is used:

A = initial cross-sectional area
li= G =initial gage length

Al=  1-1=change in gage length, extension

Engineering stress, o,

Engineering strain, e
(a}

Figure 1.3 Points of special interest in a tensile test.



& Chapter 1 The Tensile Test and Material Behavior

Engineering stress has units of force per area, and engineering strain is
dimensionless {mm/mm, for example). Engineering strain is often presented as
a percentage by multiplying by 100.

Other basic engineering guantities may be derived from the other ones as
follows. The point at A{e,, 0,) is of great interest and it may be used to define

E= Young's modulus = ¢/e in the elastic region

o,= 1}:.181'(: point, yield stress, yield strength, elastic limit, or proportional
imit.

When finer resolution is available (Figure 1.3b), the apparent point A is seen
as part of a smooth curve. This smoothness leads to ambiguity in defining A, so
several other points are used:

o, = proporiional limit, or stress at which the stress-strain curve ceases
to be linear. (This is rather subjective and depends on the resolution
and magnification of the curve.)

o,-= elasticlimitor yield stress, the minimum stress required to produce
a permanent, plastic deformation, It can be found only by repeated

loadings and unloadings. ¢, may be less than or greater than 6,.
and ..

Op = 0.2% offset strength, often called the yield strength, is obtained by
drawing a line parallel to the elastic line but displaced by Ae = 0.002
{0.2%) and noting the intersection with the stress-strain curve.

The point Ble,, 6,,), at the maximum load sustainable by the specimen,
defines

e, = uniform elongation {(elongation before necking begins)

Oy, = ultimate tensile strength
The point C (e, o,) defines the limit of the tensile ductibilty or formability.
e,= total elongation

= - s " .
e, = {e,-e0 = post-uniform elongation



1.4

1.4 True Variables (Normalized to Current Configuration) 5

The engineering-strain rate, ¢, is defined as de/dt, and is the rate at which
strain increases. This quantity can be obtained simply by noting that all the
strain takes place in the deforming length, D, so that the crosshead speed, v, is
the same as the extension rate of D {See Fig. 1.1). That is,

de dDd/B, _ dI/D, v crosshead speed

e = —— m = R (11)

dt dt dt D, B deforming length

The third equality is correct because the region outside of D is rigid; that is
it does not deform, so that the velocity of all points outside of D is the same, and
D = dT (T = total length, Figure 1.1}.

TRUE VARIABLES (NORMALIZED TO CURRENT
CONFIGURATION)

Assume the original tensile test shown in Figure 1.4z is stopped at point X, and
the.specimen is unloaded to point Y. If the tensile test is then restarted, the
dashed line will be foliowed approximately, and the specimen will behave as i
no interruption occurred, If, instead, we remove the specimen and hand it to a
new person to test, as in Figure 1.4b, the result will be quite different. The
second personwill measure the cross-sectional area and find a new number, Ay,
because the previous deformation reduced the width and thickness while
increasing the length.

PiA,
Pib,

Enginesring stress, o,
Engineering stress, o,

Y‘"

Engineering sirain, e = Alfl, Engineering strair, &= Al

‘ ) i
Figure 1.4 Interrupted tensile test

The same load will be required to deform the specimen, but the engineer-
ing stress will be different: o, =P/A;. Obviously, if yield stress is t0 have a
real material meaning, oy =o'y, independent of who fests it. Bimilarly, a small

extension at point X will produce different measured engineering strains for
the same reason:



6 Chapter 1 The Tensile Test and Material Behavior

eazi—leb:#- (1.2)
0 <3

To take care of this problem, we introduce real or “true” strain, an incre-
ment of which refers to an infinitesimal extension per unit of current length. We
limit purselves to a small exiension to insure that the current length is constant
and well known. By assuming that the incremental strain over the current gage
length is uniform, we can write mathematically that the true strain increment is
de = d1/1 (not dI/lo). We can express the total true strain as a simple integral:

1
£ = rt de = a = g = 1n—-- (1.3)
2

+=0 io 1 10

Similarly, the real or true stress refers to the load divided by the current
cross-sectional area:  °

o = —  (not-—) (1.4)

Exactly analogous fo-the definition of engheeriﬁg«strain rate, the true-
- strain rate is defined as de/dt. As in Section 1.3, this rate is simply related to the

crosshead speed:
_de _ dD/D _dT/D _ v _ crosshead speed _
et dt dt D current deforming length (1.5)

1.5  RELATIONSHIP AMONG TRUE AND ENGINEERING

VARIABLES
Definitions Engineering True
. le~1,
Strain - e=Inly/l, (1.6)
(]
Stress ) S, =P/A, oy =P/A (1.7)

Equation 1.6 yields the relationship between the two strain representations
with only simple manipulation:

e=exp(e)-1 e=n{l+e) (1.8)

Equation 1.7 cannot be solved simultaneously until a relationship be-
© tween the original and current cross-sectional area (A, A) is known. A



1.5 Relationship Among True and Engineering Variables 7

material assumption is required, namely that plastic deformation produces
no net change in volume. This condition is called plastic incompressibility
and is a very accurate assumption for metals and for most other liguids and
dense solids.

Consider a small right parallelepiped of material in a tensile specimen, as
shown in Figure 1.5,

Figure 1.5 Dimensional changes of a volume element.

AV=0=14"1" 13"~ I, 13, so Wbl g
i

For each direction we can substitute true or engineering strains for the
corresponding dimensional changes using Equations 1.6 and 1.8:

Eii— = explg;) = 1+ e, such that (1.9}
i

expley) exples) exples) = 1, ' (1.10a)
or, by taking logarithms of both sides,

g+ 8 +E3=0 (1.10b)

{leey) (0 +ep J(A + ey) =1 (1.10¢)
Consider now the cross-sectional area:
HL=A  L'L’'=A
AV =0= Aly'— A,l; (13 = axial length)

Solving this, we obtain a relationship for the current cross-sectional area in
terms of the original one and the strain:

et

3:
3

R .
.ﬁzo_ =exple) or A=A exp(-g) {1.11)

pave



§ Chapter 1 The Tensile Test and Material Behavior

1.6

We can now solve for the relationship between ¢, and ¢ by substituting
Equation 1.11 into Equation 1.7:

O =— o= ~P—exp(e),
AD AO

from which we can obtain the following relationships in terms of the strains:

G, = oexp(-e)

1.12
=G, exple) (112)
or the equivalent relationships in terms of engineering strains:
G = —
£ (1+e) : (1.13)
c=6.(1+e)

ANALYSIS OF WORK HARDENING

. H. Hollomon? discovered in 1945 that many engineering alloys, particularly
ferrous alloys, obey a simple true stress-strain relationship in the plastic regime.
His equation states that:

o =ke" (Hollomon equation) (1.14)

where k and n are constants known as the strength coefficient and work-
hardening rate, or work-hardening exponent, respectively.

The constanis k and nt are determined from the true stress-strain curve by
taking logarithms of both sides of Equation 1.13:

{(no)=n{neg)+ Ink

1.15
00 =AC0+ B 19
Note that Equation 1.15 is the equation of a line whose slope is n and whose
y-interceptis (Ink). By taking logarithms of experimental true stress-strain pairs
and plotting as a straight line, k and n can be obtained. If the logarithmic plot is
net linear, it shows that the material does not truly obey Equation 1.14, and n is

 J.H. Hollomon, A.LM.E. Trans. 162 (1945): 268 O. Hoffman and G. Sachs, Infroductian to the Theory
of Plasticity for Engineers (New York, McGraw-Hill, 1953),P. 45.



1.7

1.7 Necking, Uniform Elongation 9

not a constant. In this case, the work-hardening rate has meaning only as a
function of strain and is defined as

diing)
din £)

nfg) =

It is often useful to think of n at a grain strain, even though Equation 1.14 is
not obeyed.

NECKING, UNIFORM ELONGATION

Necking is the localization of strain that occurs near the end of a tensile test.
Once it has begun, none of the equations we have developed is applicable
because the sirains and stresses are no longer uniform over our length of
measurement, the gage length. That is, the current deforming length D is less
than our gage length, G. It is therefore necessary to know the limit of uniform
elongation. This limit is also a measure of formability, because it approximates
the end of the tensile test for most metals at room temperature.

The most widely used estimate of the uniform elongation is attributed to
Considere®. The onset of necking occurs at the point of maximum load (or
engineering stress) according to this view. Note that the necking phenomenon
is a result of the competition between work hardening (o increases with increas-
ing £ and the reduction of cross-sectional area because of continuing extension.
At the start of a tensile test, the strain hardening dominates the geometric
softening and the load increases. Eventually, the reduction of cross-section
dominates and the load decreases. These effects are just balanced when dP=0.

The maximum load point is readily available on load-elongation curves or
engineering stress-strain curves, but also may be found purely by knowing the
true work-hardening law. For a2 Hollomon material, we can use Equahons 1.14
and 1.11 to find the load:

P:ks“Aoexp(—s), or InP=lnk+nlne+ln A, -2
We can now set the slope to zero to obtain the desired expressions:
=———= - 1= n=g at uniform elongation (1.16)

This surprising result, known as the Considere criterion, says that the onset
of necking and the end of uniform elongation occur when the true work-
hardening rate (expressed as d In 6/d In £) exactly equals the true strain. Equa-
tion 1.16 is valid even if the Hollomon equation (Equation 1.14} is not obeyed,

3 A. Considere: Ann. Ponts Chaussess 9 (1885); 574-775.

# Nearly all metals exhibit work hardening or strain hardening, up {0 very large strains. Other
materials or some metals under special circumsiances can strain soften, but we ignore these
cases here.
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1.8

but n must be interpreted as the quantity (d In ¢/d In &), a quantity that may
vary with strain. In fact, the general form of Considere’s criterion states that

do dlino) _
e =G  or oo =g (1.16a}

at the onset of instability (at the limit of uniform elongation).

Note that dP = 0 is not in general the proper condition for plastic instability,
although this condition yields an identical result for rate-sensitive materials
{See Bxercise 1.1). For this reason, and because of the simplicity of the derivation
based on dp = 0, most standard texts present the derivation as shown above.

STRAIN-RATE SENSITIVITY

Suppose that we perform two tensile tests on identical specimens but at two
different crosshead velocities, v, and v, where v, > v;. Many materials are more
difficult to deform at higher rates, so that the superimposed tensile tests will

- look like the one in Figure 1.6.
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Figure 1.6 Superimposed results from two tensile tests conducted at different rates.

This effect, strain-rate sensitivity, is often described by a power law exactly
analogous to the Hollomon equation for strain hardening:

o=k@&" 1.17)

The strain-rate sensitivity index, m, may be a constant as implied by
Equation 1.17, or inay depend on strain rate (and strain}. In a general treatment,

1 may be defined as dlno/dIné.
In order to analyze tensile data to obtain m values, we examine Equation

1.17 for two true strain rates (corresponding to two crosshead velocities):
Gy =olatvod =k (E)™, op=0cfat vi)=k )™

which can be arranged to yield

92 (8] 41O 2 o RO /) (1.18)
Gy é:{ s34 él ln(éz /él) ’
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Equation 1.18 shows how 1o obtain m from two tensile tests conducted at
different extension rates. Since only the ratio of the true strain rates is required,
the ratio of known crosshead velocities will suffice: vo/vy = €5/€4, provided
D, = D,. The same is true for the stresses:

Oy % D
g3 Gg PI

The strain-rate-sensitivity index may therefore be obtained very simply,
without reference to stresses or strains:

- 1!\((52 /G) - In(g.0 /6e1) = in{Py /P;)
h‘l(éz /E'i) 1n(é2 /é‘q) IH(VZ /V})

(1.19)

PHYSICAL SIGNIFICANCE OF n AND m

As asimple rule, the work-hardening rate affects the stress-strain curve prima-
rily up to the uniform strain, and the strain-rate-sensitivity index affects behav-
ior primarily in the post-uniform or necking region. Increasing nand m increases
the total strain to failure and therefore increases the formability of the material.

Increasing n from 0.3 to 0.4, for example, increases the uniform true strain
by 0.1. A similar increase occurs in the posi-uniform region when m is increased
by a much smaller amount, say from 0.010 to 6.030.

Uniform strain

Figure 1.7 Tensile test of a superplastic material.

A special class of materials, called superplastic alloys, have very highm
values, in the range of 0.2 to 0.4. The post-uniform elongation in these

-materials is enormous, up to thousands of percent. These alloys generally hdve

low n and are not very strong, but are used for forming very complex shapes
that would normally need to be constructed of many parts and then joined. A
typical superplastic engmeermg stress-strain would look hke the one shown
in Figure 1.7.
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Derive the plastic instability point (limit of uniform elongation) for a
material with power-law hardening and strain-rate sensitivity:

o=ket &M

Consider two separate criteria: Comsider {dP = 0) and an alternative approach
iniroduced by Hart. In the Hart approach, one introduces a small variation in cross
sectional areain a small region along the specimen length and observes whether this
perturbation shrinks er grows. Which of the criteria is more realistic physically?

For either criterion, we need to relate specimen length, area, strain and their
corresponding strain rates:

} A di -dA
=h-—=-In—, or dg =wm=—w— _
i T 1nAo or de ; e {1.1-1}
. de 1A
£ 2 e I e 1
dt 1 A 112

- a2 " .82
é=i._ .;; ;:_.1}..4. .'é_ 1.1-3
17118 TTa A 1.1-3)

in2 282
-- " A .
but, for a constant velocity tensiletest, 1 =0,s0 £ = [EJ = {w} s Then, we write
in & general way: 1 A

o=0{g,&) {1.1-4)

o(29) ¢4 [30) £(29) ¢_[20) 2 _
c—(aale+[aé):—(ae}ee (aé}a(s) {L.1-5)

where the quantities inparentheses are material properties at an instant in time, whether
the function in Eq. 1.1-4 is known explicitly or not.

For the Considere Criterion, we find the point at which P =0

0=P=cA+A6= E=:é-, or
o A

ala

=£ (1.1-6)
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Eq. 1.1-6is the same as Bq. 1.16a, except that the differentials have been replaced by
time derivatives (with no change of meaning). For a rate-sensitive material, we then
substitute Bg. 1.1-5 for &

E__; ding e ding 2ep
s 8e G A 1.1-7)

d
where we have used the standard relationship % =d (ln X). Rearranging yields the

Considere condition (i.e. where P =0) for a strain-rate sensitive material:

dlng - ain.c =1 {ConsidereCriterion) (1.1-8)
dg ). o0& .

For the particular case of a power-law material (for strain and strain-rate harden-

) ne dine andm = dinc
ingle M7 Gime ), O T Ging ), ®°

n

n
—=m=1, 0 EConsidere = (1.1-9)

€ 1+m

For the second criterion, we imagine that in a smali region along the specimen
length, a fluctuation in cross-section is introduced, AA , with corresponding fluctua-
tions of AAandAl. In order to maintain equilibrium, the load transmitted throughout
the specimen length is equal in the uniform area and small perturbed region:

P=cA=(c+A40)(A+AA), or (1.1-19)
O=0AG+AAC+ACAA. (1.1-11)

For an infinitesimally small variation (i.e. AA— dA), the third term is second-order
such that we obtain:

odA+Ado=0, or %?—z—-dTA=d£ (1.1-12)
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We can rewrite do in terms of de and d£;

d6=(9—9~} dae+| 291 as (11-13)
de s I3 .

where de and dé refer to the difference in strain increment and strain rate increment
between the section with area fluctuation and the remainder of the specimen.
The corresponding differences in £ and £may be found directly:

d dA
de o — = — e 1.1-14
=1 A ¢ )
.1 A .odld dA A
=rmai dimre e dl = e i 20 dA 1.
£ 1 A so de N lzdl A»{»AZ (1.1-15)

With these relationships, we can rewrite the stress difference:

do) dA {ao|( dA A
do ":_(E}é T-!‘(EEJ (-—T%’X{dA) (1.1"16)
£

Eq. 1.1-16 may be substituted into Eq. 1.1-12 to obtain:

do_dh_ () dA (dino)( dh A .,
c A de ), A e )i A A2 {1.1-17)

where the substitutions 1 9—?— = Qj{\_ff_ ,and-“lm -EJ-S.{ = -a-}—z—l_-?- have been
i os c de : ol dE A aé A

made. Eq. 1.1-17 is then solved to obtain an expression for %:

- dlng) (9o :
dA de ) 08 )

dA JInG ’ (1.1-18)
ding A

where Eq. 1.1-2 has been used to obtain € in place of -—-g» on the right-hand side.
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The criterion may be completed by physical reasoning. If a fluctuation of dA
(negative) leads to a larger difference in strain rate (dA negative), then the plastic
deformation is unstable to small fluctuations along the specimen length and necking
proceeds. If, on the other hand, a negative dA produces a tendency to reduce the area
difference (dA positive), then deformation is stable to such small fluctuations and any
incipient neck will die out. The critical condition between these two regimes, or the
bifurcation point, is reached when dA = 0. Thus, the condition reached at the point
when necking begins (plastic instability point) is

é—A-—O—i- dlne) [dlng

dA e ), (omt (1.1-19)

£ €
For the particular case of a power-law material (for strain and strain-rate harden-

a1
ing},n= ( 3 ;1 G) = aconstant, and m= (%iig-) = a constant, and Eq. 1.1-19 becomes:
ne ). Ing ),

0=1-2-m, or &, =-— (1.1-20)

£ 1-m

{Onset of necking for a power-law, rate-sensitive material)

Compare Eq. 1.1-20 with Eq. 1.1-9, which is based on the simple but physically-
irrelevant condition dP = 0. Eq. 1.1-20 shows that deformation is stabilized for a rate-
sensitive material, in agreement with experimental evidence. Note, also, that Eq. 1.1-20
and Eq. 1.1-9 reduce fo the standard result for a rate-insensitive material (for which m=0):

gy =n (1-1-21)
{Onset of necking for a rate-insensitive power-law matetial)

As a final note, Eq. 1.1-20 is valid for any material for which the flow stress
depends on strain and strain rate as long as the quantities n and m are interpreted as
instantaneous values of the material hardening properties:

Also, the instability analysis and criterion presented are the same for other kinds of
linear perturbations along the specimen length.

NUMERICAL TENSILE-TEST ANALYSIS

In the second part of this chapter, we introduce the basic concepts of
numerical simulation by considering a nonuniform tensile test carried out
for materials of known constitutive equation. (That is, we will assume that
we know the precise relationship between stress and kinematic variables
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such as strain and strain rate.} We will use this knowledge of the material and
of the specimen geomeiry to predict the engineering stress-strain curve
{equivalent to the load-elongation curve), which represents the macroscopic
behavior observed.

In order fo illustrate the various numerical principles, we consider a
nonuniform tensile bar made of a strain-hardening and strain-rate-sensitive
material. The procedure for analyzing this problem in 1-D is outlined below.

Problem

Calculate the engineering stress-sirain curve and total elongation for the tensile
test of a strain-hardening, strain-rate-sensitive material.

Approach

1. Set up a time-discretized version of the 1-D differential equation for a
segmented tensile specimen (i.e., a space-discretized one} with a taper
ignoring biaxial effects and temperature changes.

2. Use time discretization to transform the time part of the governing
differential equation into a series of regular equations.

3. Apply boundary conditions and solve the regular equations at each
time, and move forward sequentially and re-solve for all times.
We now proceed in sequence according to this approach. Derive the

governing differential equation. Consider 1/ 2 of a tensile specimen as
shown in Figure 1.8.

Figure 1.8 One half of tensile test specimen, reduced by symmetry.

Break the gage length into a finite number of elements (10 shown) to obtain
a spatial discretization, as shown in Figure 1.9. The center is optionally labeled
C or 1, where the C has a special significance because of boundary conditions.

C = Center element = Element #1

Figure 1.9 One half of tensaie test specimen, as divided into elements for numerical
analysis. .
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Hach element has an original and current length and cross-sectional area as
shown:

1, A; = original length, area i, a, = Current length, area (1.20)

We can note that by the definition of true strain (Equation 1.3} that

InF-=g; (1.21)

aj=L;Ajor “L=-3 (1.22)

Thus we obtain an expression for the current cross-sectional area of each
element in terms of its original area and its strain.

a; = A;exp(-£;) (1.23)

Applying the equilibrium, just as in a chain or rope, the force on each
element is equal toF, =¥ =F,, and so forth.

This discrete expression is equivalent to a continuous differential equation
of the form dF/dx = 0. By the definition of true stress, however, F=ga. There-
fore, we can write the equilibrium equation in ferms of stresses and strains:

Oca, =0C;a; (forall elements, i=1,N) {1.24)

where subscript ¢ refers to the center or boundary element and i is any element;
or, in terms of original element cross-sectional areas,

OcA expl-e.r=0;A; expl-g;) {1.25)

We assume that the flow stress of the material is some function of strain and
strain rate— o = f(g, £,}. Then the equilibrium condition becomes

equilibrium equation A fle;, £.) exp(wsc) = Ayfle;, &;) expl-g;) {1.26)

For a particular hardening law—say, o=ke"e™,—we obtain an explicit
expression of the equilibrium equation in terms of elemental strains and strain rates:
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o m
equilibrium equation  §; = %9 exple; —£, )(—25] £, 127

1 1

-where Equation 1.27 represents N equations corresponding to the numberx of
spatial elements of our spatial discretization. Note that the equilibrium equa-
tion relates the strain rate in any element to the strain rate in any other element
depending on the total strain each element has undergone. We have chosen to
waich the center element arbitrarily, since it will undergo the highest strains
and strain rates as necking proceeds. Note also that the equation does not care
what happens in other elements—it can be applied between elements i and j
without considering k. This is an unusual simplification that arises in the 1-D
case because all elements are connected in series,

The problem now is that we have one equation and four unknowns—

£;, €., &, €.,—although two of these will be determined by boundary condi-
tions. For example, we can apply fixed values of £, and g, and simply watch
what happens elsewhere. This still leavese; and ; to be related to cach other.

Time Discretization

 The real relationship betweeng; and £; is as follows:

‘ t
g £ .
g;=—h or £;= ) & dt .
1575 i J; 1 {1.28)
- To write the true differential equation, we would have to substitute these
quantities in Equation 1.27.
For a numerical sclution, an approximate relationship between € and £is
_required. Note that the equilibrium equation may be satisfied at a given time, but

we do not know how to move forward. The usual approximation is Ae=£At, or

e? =@ iae=eWagat (1.29)

where superscript (j} means at the jth time increment . The problem is that € is
changing in a time interval, and we do not know which value to use: £ at the
startor end of the time interval, or some intermediate value.

, (a} ®
Figure 1L.10 Variation of £and € with time and approximate relationships.
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Figure 1.10 illustrates that there are alternative ways to choose #2) , even

ife, 6%, and & are known. If we really knew &(t) and could integrate (Equa-
tion 1.28}, we would have no need to solve the problem numerically. In fact, &(t)
is the solution we seek approximately. )

The usual ways to time discretize are shown below. In a given application,
any one approach may be better than another, butin all cases, as At >0, theresult
must reproduce the true differential relationship. That is, any method will givea
good answer if At — 0, but the methods will differ in accuracy forlarger At. (Note:
Usually any nurmerical result is tested by letting At, Ax, etc., get smaller until the
result does not change more than a certain desired tolerance.)

The simplest discretization relies only on known quantities, and is thus
explicit:

Ar=#Par, @ =M pMae (explicit time discretization) (1.30)

where ¢ at the end of the step is immediately available frome and £at the
beginning of the step. This method has a big advantage, as we will see, because

¢ depends only on known values.
The implicit method is conceptually more consistent because the current
strain depends on the current-strain rate (and previous sirain):

Ae=PAt, e =gl 2@ {implicit time discretization) {1.31)

The equation at each time will be more difficult to solve because £2 and 2

are both unknowns, although they are related by Equation 1.31.
A more general method can be constructed thatincorporates aspects of both
the explicit and implicit methods. LetAe be a linear combination of

#Uat and é(Z)Af, as follows:

B=0, explicit

: (2) _ B 5 (1} +(Z) i -
ie., g ="+ (1-B)V At+BEV AR B=1, implicit
: P {1.32)

B=1, semi-implicit

Note: There is really no advantage, in terms of computational ease, of any
particular B value except for § =0, in which case all of the coefficients at a
given time are known from the previous time. The real advantages become
apparent whenever larger time steps can be used without reducing the
aceuracy of the solution. However, while the optimum value for B will
depend on the nature of the solution, if would appear that the semi-implicit
scheme, = ":Ig is likely to be better than either fully explicit or fully implicit.
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In order to solve the discrete equations (discrete in space and time) we have
generated, we must simply substitute one of Equations 1.30, 1.31, or 1.32 {in our
time discretizations) into Equation 1.27 to apply initial or boundary conditions,
and then move forward in time, solving as we go.

There is one trivial choice that must be made; that is, whether to eliminate
the current £ or £ from the resulting equations. Put another way, do we wish to
treat current strain rates or strains as our primary variables? Once we have
chosen an assumed relationship between the two (Equations 1.30, 1.31, and
1.32), there is no real distinction between the two approaches. For our fllustra-
tion, we choose to watch € at each time step and thus eliminate the current strain
from consideration. After solving to find £at each time step, we will find £ from
the time discretization used.

Let’s first approach the problem using the explicit time scheme. Equation
1.30 applies to each element i under consideration over the jth time interval:

£ P =070 4 g G0 peD (133)

This applies to the first (i= 1) element, also called the ¢ element. Equations
1.33 and 1.27, taken together, show how to proceed forward in time for each
element, given the strains at the end of the last step and some condition
expressing the current strain rate.

Let's sumimarize our equations for the explicit casein general form and then
proceed to apply boundary conditions. Our discretizations give us the following
form:

g9 = f[giﬁ), g P ] IR {1.34)

whereel? and acﬁ) are known from the solution at the previous time step via

Equation 1.33. The specific case we are considering can be written from Equa-
tions 1.30 and 1.27 directly:

() 1/ m
. y] N . +
2 (| B arnfe ) e G 2 G e o Gp G
£; A, exp[ £, ] . ~w €. f[:—:1 Eo }sc (1.35)
where:  &W =g 04 500 oD {1.35a)
g P =g 005 ¢ 6D A0 {1.35b)

Equations 1.35 represent the entire explicit discretization.
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Now, in order to solve Equations 1.35, we must start with boundary
conditions. Let’s choose the simplest ones, as follows:

g, =0 at t=0 (1.36)

g; =k (constant for all t). (1.37}

With the help of these boundary conditions, which correspond to a con-
stant-frue-strain-rate tensile test (nof a constant crosshead speed, which is
standard but more difficult io simulate), we can fill in a table to show how the
calculation proceeds. Table 1.1 uses constant time steps of At.

Table 1.1 Explicit Numerical Solution of Equations 1.35

Step - . .
Number £ Ec Ee &
1
0 0 0 0 k A \m
(bdy. cond.) (bdy. (:ond.) (bdy. cond,) [f] k
H
1
D w (AFe w x4
Aj
2 248 sgl) + é?)At 2kbt k f[£1(2)’ EC(Z)lk
n nAt ai(““l) + éi(“‘l)m nkaAt k f[ﬁz(n)l Ec{ﬂ}] k

Now that we have sclved the explicit form of the problem, let’s consider the
implicit form. The only change appears in the assumed relationship which gives
the current strains. For the implicit case, the governing equations equivalent to
Equations 1.35 are

. i/m
. () { A M _ .4 €c(j) " . Bl G
€; ) »Tl 7\;— EXP[Ei —E¢ J ] 3(5) £, Y= g {Eg ]EC (1.38)

1 1

where g, = g;0-D 4 4,0 A {1.38a)
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e =g 0D 43 O At {1.38b)

Equations 1.38 cannot be solved algebraically at each time step because &
appears on both sides of the equality in transcendental form. Therefore, at each
time, we will need to solve the eguation using a trial-and-error or iterative
method. While trial-and-error and direct substitution methods can be used, they
have little generality and are mainly curiosities applicable to very small prob-
lems today. Instead of spending time on these {(but see Problem 27), we prefer to
introduce avery powerful and general method, the Newton or Newton-Raphson
method®, _

Consider a general function, {, of a single variable, x, for which we seek the
x value that satisfies

fx)=0 (1.39)

Figure 1.11 Graphical interpretation of Newton method.

The solution method is shown graphically in Figure 1.11, or it may be
understood readily in terms of a Taylor expansion of f(x} about some trial
solution x;

£(xq) = £(xg)+ {x7 —Xp) £ (xg) + higher order terms =0 {1.40)

£(xg)+{x1 — xg) £ (xp) =0 (1.41)

Equation 1.41 can'be used to provide a recursive formula for finding a new
{(and hopefully better} trial solution given a starting point x;:

_ fxp) - fixp)
X1 =Xg ff(-xo) ’ X2 =Xq ff{xl} (1.42)

¢ The Newton method is strictly applicable only to one-variable equations, such as Equation
1.38, while the Newton-Raphson method is a straightforward generalization to functions of
many variables.
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Equation 1.42 and so on is the basis of the Newton method, which is used
repeatedly until the solution is known to a given tolerance. The tolerance is
usually expressed in one of two ways:

(¢, ) < tolerance {1.43)

[Xq - Xp.1| £ tolerance (1.44)

The first of these states a tolerance for the equation, while the second is an
approximate measure of the uncertainty of the value of the variable that has
been found.

Find the solution of the following equation using Newton’s method
within a tolerance of 102 of £ or 107 of x, whichever oceurs first. Start with a rial
solution of x,=1.

0=f()=e"Inx~x

_ We must first compute the derivative of f(x) and then proceed to apply Equation 1.42
sequentially until Equation 1.43 or 1.44 is satisfied:

fx)=e*In x-}%?——z 12-1
{flxy) I%i41 - i1
Iteration number X {tol. = 107) f'(x) X1 (tol. = 107
0 1 -1 1.718 1.582 0.582
1 1.582 0.649 9.771 1.516 0.066
2 1.516 (.379 3.899 1.419 0.098
3 1.419 0.027 3.359 1.411 0.008
4 1.411 0.0006 3317 141082 2x10*
5 1.41082 - 4 x10°% 3.3165 1.41081 1x 0%
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The results for the Newton iteration shown in the table are typical. The
desired tolerances {in bold) were reached at the fourth iteration, for x , = 1.411.
It is interesting to note a couple of other things from this example:

= Oncetheprocedurebegins to converge, itconverges very rapidly. However,there
may be oscillations if the trial solution is too far away from the actual one.

# The exact tolerance is not critical because convergence proceeds very rapidly
for x values close to the solution.

Let’'s now use Newton’s method to solve the first step or two of our problem,
as presented in Equations 1.38 with the boundary conditions in Equations 1.36
and 1.37. At each time step we must solve

1/m

v A ) orlelT TS
0=F(50)= fexpl%‘”wec"’][ ﬂ e -0 )
i g
where &0 = g{éi(j}} =g 00 4 éi(}) At (1.45a)
9= gt 9= eIV 4k, (1.45b)

In order to apply Newton’s method, we must find F'[‘éi(i)], which involves
applying the chain rule:

' Ap o
2 ) - of dEl
F [E! ] asi(]') déi(i} * aéi{j) (1.46)
where we equate the terms related to £;0} and £’ because each is known

explicitly from our boundary conditions. Using either the chain rule or direct
substitution obtains

' : G
Yo Lo L olBe TG, 0] & i
F(al ) m[l Ei(j) Ee e exp{.s1 £, } N Ar-1

: i

where g® =g Dag At (1.47)
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The reader should verify that Equation 1.47 does represent the correct
derivative for the Newton procedure.

Using Equation 1.47, we could construct a table for the implicit proce-
dure like the one presented in Table 1.1 for the explicit procedure. At each
time step, we would need a table like the one presented in Exercise 1.1 in
order to solve the implicit equation at that instant. As can be easily
imagined, such computations are much more effectively carried out by
digital computer; however, it may be instructive to carry out the first step
or two by hand in order to verify and understand the procedure better. See
Problem 19.

Ongce a numerical solution has been obtained, two tasks remain:

1. To verify that the solution is not very sensitive to the arbitrary choice of
numerical parameters. For our sample calculation, the purely numerical
parameters consist of

¢ number of spatial elements or, equivalently, the element size
* aumber of time steps or, equivaiently, the time-step size

o the tolerance allowed in solving the equilibrium equation at each
time step {implicit solution only)

While there are various procedures available to test these numerical
sensitivities, the best and simplest lies in choosing combinations of smaller

Al and At{1/2x) (often reducing each by a factor of 2), and the conver-

gence tolerance, then verifying that the new solution is within the desired
accuracy.

2. To relate the numerical solution variables to external ones important
for engineering insight into the problem. For the case we have chosen, .
it may be desirable to calculate and present the following kinds of
results:

* engineering strain e= Al/l, for a given gage length of the original
specimen)

» engineering stress G, =F/ A,

¢ uniform elongation (e = e at the point of maximum force or engineer-
ing stress)

¢ total elongation (g; = e when failure occurs) (This will require the use
of a simple failure criterion because the numerical procedure does
not contain information about failure.)

In order not to lose sight of the overall procedure, we close this chapter with
a summary of the numerical procedure presented for analyzing a tensile test.
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Summary: Numerical Tensile Test Annlysis

1.

Derive a differential equation satisfying equilibrium everywhere, atany
given time. '

. ili _ .é__ FTaRY ) . _
Result: - {a(x)Ke.(x) £00™ exp| a(x}]}-{} (1.48)

Construct finite elements and convert Equation 1.48 to a series of regular
equations at any given time {assume that stress, strain, and area are
uniform in each element at a given time).

A;exp(—Kel'e™ = A expl-e KeleD (1.49)

Construct a time-discretization scheme to relate the time derivatives to
integral quantities.

(tz} (1) L (1) _{t2}
£ =g +(1-B)¢ 1At+ﬁa > at

where the choice of B determines whether the time-integration scheme
is explicit, implicit, or semi-implicit.

Solve the regular equations at time t; given the solution t;; and subject
to certain boundary condition and initial conditions.

a. Start from boundary conditions for a true constant strain-rate test.

att=0; g =0,

att=t; g.=k

b. Use any solving method—algebraic (explicit only) trial and error,
direct, Newton-Raphson— to solve for £; at each time.

¢. Update theintegral variables (g} according to the time-discrefization
scheme and move forward.
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4. a. Calculate external quantities (e.g., engineering stress-strain curve,
uniform elongation, total elongation).

b. Check the sensitivity of your solution to mesh size (number of
elements) and time-step size (At) to insure that they are sufficiently
small to obtain the accuracy desired.

CHAPTER 1 PROBLEMS

A. Proficiency Problems

1.

Load {pounds)

The following plot of load versus extension was obtained using a specimen
{shown in the figure) of an alloy remarkably similar to the aluminum-
killed steel found in automotive fenders, hoods, and so forth. The cross-
head speed, v, was 3.3 x 10-¢ inch/second. The extension was measured
using an extensometer with a gage length of two inches, as shown (G).
Eight points on the plastic part of the curve have been digitized for you.
Use these points to help answer the following questions.

a. Determine the following quantities. Do not neglect to include proper
units in your answer.

yield stress Young's modulus
ultimate tensile strength total elongation
uniform elongation post-uniform elongation

engineering strain rate

aQ0 T T T T T T T ¥

800+ (0.30, 729) (0.40, 741.5) - {0.50, 745} |
s
7001 .
{0.20, 699}
500+ {0.10, 630} -

500

{0.02, 458}
0,80, 440}

400 B (00018, 405} : -
306 -
200% .
1c0}- i
0 ! I i i . i 1 ;
o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 08 0.9

Extension {inches}
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b.

Construct a table with the following headings, left-to-right: extension,
load, engineering strain, engineering stress, true strain, true stress. Fill
in for the eight points on graph. What is the percentage difference
between true and engineering strains for the first point? (Le., %=

x 100} What is the percentage difference between true and engineering
strains for the last point?

. Plot the engineering and true stress-strain curves on a single graph

using the same units,

. Calculate the work-hardening rate graphically and provide the In-In

plot along with the value of n. How does n compare with the uniform
elongation in part a? Why?

. A second tensile fest was carried out on an identical specimen of this

material, this time using a crosshead speed of 3.3 x 102 inch/second.
The load atanextension of 0.30 inch was 763.41b. What is the strain-rate-
sensitivity index, m, for this material?

2. Starting from the basic idea that tensile necking begins at the maximum
toad point, find the frue strain and engineering strain where necking
begins for the following material laws. Derive a general expression for the
form and find the actual strains.

o=k{ere,)" & = 500(¢ +0.05)%% Swifté
=6, +kie+e,)" & =100+ 500(z +0.05)>% Ludwik
6=0,(1-A, Be) o =500[1~0.6exp(-3e)] Voce”
C=0, o =500 ideal

O =0, +ke o =250 +350e linear
o=k sin(Bg) 6 =500 sin(2ne) trig

3.  Whateffect does a multiplicative strength coefficient {for example, kin the
Hollomon law, k in Problem 2a, or 6,in Problem 2c) have on the uniform
elongation?

4.  Foreach of the explicit hardening laws presented in Problem 2, calculate
the true stress at £=0.05, 0.10, 0.15, 0.20, 0.25 and plot the results on a

& H. W. Swift, J. Mech. Phys. Solids 1 (1922):1.

7 E. Voce, . Inst. Met 74 (1948): 537, 562, 760.
E. Voce, The Engineer 195{1953): 23.
E. Voce, Metallurgic: 51 (1953} 219.
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ins~1Ine figure. Use the figure to calculate a best-fit n value for each
material and compare this with the uniform strain calculated in Problem
2. Why are they different, in view of Equation 1.167

For each of the explicit hardening laws presented in Problem 2, plot the
engineering stress-strain curves and defermine the maximum load point
graphically. How do the results from this procedure compare with those
obtained in Problems 2 and 47

Tensile tests at two crosshead speeds (1 mm/sec and 10 mm/sec) can be
fit to the following hardening laws:

at Vi =1mim/sec, o =500+ 0’05)0.25
atVy,=10mm/sec,  ©=520(+0.05)°%

What is the strain-rate-sensiiivity index for these two materials? Does it
vary with strain? What is the uniform strain of each, according to the
Considere criterion? :

Repeat Problem 6 with two other stress-strain curves:
atVi= lmm/sec, o= 550£%2

atV, =10mm/sec, o&=500e"%

Plot the stress-strain curves and find the strain-rate-sensitivity index at
strains of 0.05, 0.15, and 0.25. In view of these results, does Equation 1.17
apply to this material?

Consider the engineering stress-strain curves for three materials labeled
A, B, and Cin the following illustration. Qualitatively, puf the materials in
order in terms of largest-to-smaliest strain hardening (n-value}, strain-
rate sensitivity (m-value), and total ductility (formability).

GE

e

It is very difficult to match tensile specimens precisely. For sheet materials,
the thickness, width, and strength may vary to cause a combined uncertainty
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10.

11

of about+1% in stress. Considering this uncertainty of K's in Problem 6,
calculate the range of n values that one might obtain if the tests were
conducted at both rates several times.

Considering the specimen-to-specimen variation meniioned in Problem 9,
it would be very desirable to fest strain-rate sensitivity using a single
specimen. Typically, “jump-rate tests” are conducted by abruptly chang-
ing the crosshead velocity during the test. Find the strain-rate sensitivity
for the idealized result shown.

4 %
UE

v, = 167 misec

b))
148 e

The procedure outlined in Problem 10, while being convenient and attractive,
has its own difficuliies. In order to obtain sufficient resclution of stress, it is
necessary to expand the range and move the zero point. Some equipment does
nothave this capability. More importantly, the response shown in Problem 10
is not usual. For the two more realistic jump-rate tests reproduced in the
following illustration, find m values using the various points marked.

Uil
<

345 MPa

A v, extrapolated

A 300 MPa /ﬂD
290 MPa
¢ e
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B. Depth Problems

12. If a tensile-test specimen was not exactly uniform in cross section—for
example, if there were initial tapers as shown in the following illustra-
tion—how would you -expect the measured true siress-strain curves to
appear relative to one generated from a uniform specimen? Sketch the
stress-strain curves you would expect.

13. What is the relevance of the 0.2% offset in determining the engineering
yield stress?

14. Some low-cost steels exhibit tensile stress-strain curves as shown here.
What would you expect to happen with regard to necking?

(3

15. 1t has been proposed that some materials follow a tensile constitutive
equation that has additive effects of strain hardening and strain-rate
hardening rather than multiplicative ones:

multiplicative: o=} glé)

additive: o= Hg)+g(@)

In the first case, one investigates G(£) at constant £ by examining
o(Va)/ 6(Vy), as we have done so far. In the second case, one would watch
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o(Vo) - a(Vy). Assume that an additive law of the following type was
followed by a material

. A\8.03
6=500£%% 425 (—S—}
EO

where £, is the base strain-rate where the strain-hardening law is dei:er-
mined (i.e., atensile test conducted at a strainrate of £ exhibits o = 500¢ 25)

Given this law, determine the usual multiplicative m value at various
strains from two tensile tests, one conducted at€, and one at 10&,,.

16. Use Eq. 1.1-19 {or, equivalently, Egs. 1.1-20 and 1.1-22) to find the plastic
instability for the strain hardening [f(e)] and strain-rate hardening [g(g)]
forms specified. In each case m = 0.02 and & = 1/sec.

B

o = {(g) g{¢), f(e) from Problem 2a, g( &) = [*5’"]
O
é m
b. o =1f{g) g{£), f{e) from Problem 2c, g(&) = [“g")
0

N m
e o=1He) g(2), fe) from Problem 24, g(&) = (f»)

Lo
d. o= f(e) g{¢). f(e) from Problem 2e, g(&) = (fmJ
]

PR

e. o=£¢) g(s), Ke) from Problem 2f, g(§) = (f—}

f. o =1f(e) + g( &), fl&) and g( &) from Problem 15. (Leave Part f in
equation form.}

C. Numerical Problems

17. Repeat Exercise 1.2 using a trial-and-error method. Start with x,=1 and
x; = 2 and proceed by intuition in choosing x,,%;,..-x, until the specified
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tolerance is attained. How many steps were required relative to Exercise
1.27 How would you automate such a procedure for digital computation?

Repeat Exercise 1.1 using a direct-solving method, as follows:
Procedure: Choose trial solution, #,.
Calculate: f{xg ) = x;{if X, = xq, then this is the solution).

Next try: {(x))={x;}and
f(x2) =Xz

f(x3)=xy4, etc, until fx;) = x;+Tand x; =x; +1.

To check: f(x;) — x;, = error, and can solve to given tolerance; e.g.,

Xpeal =X; & 10_6 .

Perform a manual implicit analysis of a tensile test with only two elements
and two time increments to get a “feel” for how the computation proceeds.
Set up tables like Table 1.1 and the one in Exercise 1.2 (at each time step) to
carry out the calculation.

s .05
c=5005°-25(—-—f—) MPa
0.1/sec

At =2 sec, g, =(1/sec

Find & and e, at 2 sec, 4 sec, 6 sec.
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- 20,

21,

Note: The remaining numerical problems involve writing, modifying,
and executing a short computer program in order to accomplish several
objectives:

o understand how material behavior affects tensile-test results
» understand the role of specimen geometry in tensile testing

« understand and compare the asdvantages of different numerical
approaches

* understand measures of error

Problems 20 to 23 focus on the first two objectives, which are related to
understanding physical effects, while the remaining problems focus on
numerical aspects. The reader may choose to write a general program capable
of handling all the variations we propose, or may wish to write shorter, more
specialized programs for each problem. In either case, the procedures should
be as consistent as possible so that meaningful comparisons among the
numerical procedures can be made,

~ Write a computer program to carry out the explicif analysis of a tensile test,

as outlined in this chapter. Test your programming by simulating the 2-
element, 3-time test presented in Problem 19 and comparing your results
to the manually calculated ones.

Use your program (Problem 20} to investigate the rule of material strength,
strain hardening, strain-rate sensitivity, and the test shape and testing rate

- on the shape of the engineering stress-strain curve for a slightly tapered

tension test conducted at constan! true- strain rate at the center. Consider
the following geometry and perform the following calculations:

Al = % =254mm A =0.990+(0.00Di (mm?)

Stop your calculations wherr e, = 2.0, at which point we will assume that
fracture takes place and the total elongation has been reached. Choose a
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reasonable time-step size of 0.2 sec, so that there will be 100 steps
até=0.1/sec to the final center strain of 2.

a. Compare stress-strain curves (plot), uniform elongations (e.), and
total elongations (er) for materials with different work-hardening
rates at a constant true-strain rate of 0.1/sec, as follows#

n i 0.05
c=ke! El—/—sg”c” . n=005, (.1, {).2, 0.4, 0.6

100
©.on®

Does n have a larger effect on the uniform elongation (e )or on the post-
uniform elongation (e, =e;—e,)? (Plote, e, and e, as functions of n to
demonstrate.)

b. Compare stress-strain curves {plot), uniform elongations (e}, total
elongations (e, and post-uniform elongations (e, = e ~&,) ata con-
stant true strain rate of 0.1/sec, as follows:

N m
o:ke"ﬁ(a%-s-) . m=002, 005 01,03, 05

_ 100MPa

= W =316.2 MPa

Does m have a larger effect on e,, e, or e, ;7 [Plot these quantities as
functions of m.]

¢. Compare stress-strain curves (plot), uniform elongations (e}, total
elongations (gy), and post-uniform elongations (e,, = &- e,) at several
cons{ant true strain rates:

. 0.05
= kaﬂ-zs[wmﬁmj k= i(3@31 6.2 MPa
0.1/ sec (0.0%

? ks chosen such that the stress will be the same at e = 0.01 in each case,
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22,

g, = 107 /sec, 107 /sec, 107% /sec, 107 /sec, 10% / sec

Use a time step such that each calculation will consist of 100 steps {e.g., at

b = 107 /sec, At =g¢ / NE, = 2000 sec. What effect does the strain rate
have one,, &, and e,,?

d. Repeat partc, except scale the material strength coefficients so that the
flow stress is the same at & = 0.01 for each of the sirain rates. How do
the engineering stress-strain curves compare now?

- 0.05
K =(0.01)%% (—f&m
0.1/sec

e. Investigate the role of the taper in determining the engineering stress-
strain. Consider one material law and one test rate (€, = 0.1/sec) and
several linear tapers:

. 005
100
—xedB|__Ee k=il 3162 MP
o=ke ({3.1 / sec 001" a

Ai =(1"N:;;f_%} (i“l)‘f‘*fo

f, =0.999, 0.99, 0.9, 0.7, 0.5

The quantity {, is called the flow strength or weakness factor, equalto A /A,

Compare the engineering stress-strain curves to failure (g, = 2) for two
materials that have sirain-hardening laws almost indistinguishable up to
the uniform limit. Use (€, = 0.1/sec} and the following laws:

o =600 eﬂ-m(—ém)m (MPa)
0.1/sec

_ 3 qaze)_ £
o=430(1-051e )(-0.1 /Sec)(]fvﬁ’a)

withm = 0.0, 0.1, 0.5
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Modify your program (Problem 20) to handle general kinds of strain-
hardening laws and strain-rate-sensitivity laws via subroutines that return
the required values and derivatives. Test your program using one of the
laws presented in Problem 2 in conjunction with multiplicative or additive
gtrain-rate sensitivity (See Problem 15).

Write a computer program to carry ouf the implicit analysis (using general
formulation with P} of a tensile test, as outlined in this chapter. As was
done in Problem 20, test your program against the 2-element, 3-time
problem posed in Problem 19. You may wish to write a new program
starting from your explicit one, or you may wish to introduce the implicit
option info your existing program.

In order to compare the advantages of various choices among numerical
procedures and parameters, it is necessary to establish a measure of
numerical error, and to compare the various choices at approximately the
same level of uncertainty. For our purposes, consider the following mea-
sure of error:

, Perror=

where g; is the most accurate estimate available for the strain in the ith
element, and N is the number of elements. Since in general there willbeno
analytical result giving e*<t, we will use the most precise numerical result
we have available and will compare other results with this.

In performing the following comparisons, consider the following geomet-
ric and material descriptions:

a. Find theg; ate, =2 for a 10-element model by simulating the tensile
test using a series of At's that get smaller until no appreciable differ-
ence in the solution is found, and record the £,* in that range of At. Note:
you must always compare solutions under exactly the same boundary
conditions, so choose your At’s by letting

. & 20sec

Ab == - 2
ENy N
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where N, is the integral number of time steps to load precisely at g, = 2.
Compare solutions for N, = 50, 100, 200, 300, and so on, until little additional
accuracy is achieved.

where £, =090, £.= 0.1/sec

. 0.05
c=3162 8% (w—-gm-—)
0.1/sec

b. Carry out part a with explicit and implicit programs to verify that they
give the same result for IV, 1arge enough. Use a tolerance of 106 on the
functional iteration.

¢. Plot the exrror as a function of Af or N for various values of § corre-
sponding to explicit, implicit, and partially implicit numerical schemes:
B=0, 1 ; i 1. Which value of B minimizes the number of time steps
needed to achieve an error of 1%? Compare computation times to
achieve 1% exror for the various values of B. Which value of § mini-
mizes computer time?

26. Carry out Problem 22 with your implicit program.

27. Modify your program to handle the realistic boundary conditions for a
standard tensile test; that is, that the right boundary moves at a constant
speed, V. Carry out the simulations requested in Problems 21 and 22 using

- crosshead velocities that correspond to €, at the beginning of each test.
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Tensors, Matrices. flotation

This chapter has three goals: (1) to generalize the physical and mathematical
concept of a vector to higher order tensors, (2) to review the formal mathemati-
cal manipulations for matrices and tensors, and (3) to introduce the various
kinds of notation to be used throughout this book. For ease of understanding the
physical nature of all such quantities, we shall avoid extensive use of curvilinear
coordinate systems (but will introduce elementary concepts), instead relying on
other texts to provide the detailed procedures for transforming physical laws to
dynamic coordinate systems. '

In fact, we view this chapter as a necessary evil. Perhaps the material could
have been relegated to the appendices, with items consulted as necessary. On
the other hand, it is often convenient to have all such mathematical preliminar-
ies in one place, for easier reference. In any case, the reader should try to aveid
becoming entangled in the formal manipulations—it is much more fun and
rewarding, in an engineering sense, to become entangled in the physical aspects
of the problems represented by the mathematics!

Although the chapter hasbeen arranged in a text format, with problems and
exercises, some readers (especially those with strong backgrounds in tensor
algebra} may wish to skip this chapter entirely, referring to it only as necessary.
For completeness then, we introduce the mathematical notation and manipula-
tions in one place, while continuing to believe that this chapter can be ireated as
a reference, as necessary, when studying the other chapters.

VECTORS: PHYSICAL PICTURE AND NOTATION

We assume that the reader is familiar with vectors and vector notation. There-
fore, we start with this familiar application to introduce the basic notions and
notation from a physical perspective. In subsequent sections, we concentrate on
mathematical manipulations and alternate notations.

39
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Physically, a vector is best conceptualized as an arrow with a certain
direction (“tail-to-head”) and a length, or magnitude.’ Because this is a com-
pletely physical picture, we are not concerned with how we describe the arrow
(vector) on paper. We can easily see that the arrow {vector) exists independently
of our means to observe it, describeit, rotate it, operate on it, or categorizeit. This
physical reality is crucial to understanding physical vectors and vector nota-
tion, which emphasizes that coordinate systems, observers, and so on are
unimportant. Furthermore, a vector may be translated (but not rotated or
stretched!) freely, without changing its meaning. Thus only the relative posi-
tions of the arrow’s head and tail are important, not the position of either one
independently. The vector notation (usually a bold letter or an underlined letter
if bold is not available) specifies the physical nature of a vector, without regard
to the observer:

a=lal- i—:‘fial &, (2.1)

where Ja| means the length of the arrow, and A is an arrow of length 1 in the
direction of a (i.e., & is a unit vector), While this notation carries the clearest
physical picture of a vector, it is rather inconvenient for carrying out mathemati-
cal manipulations.

Addition

We start from physical vectors and later deduce the formal mathematical rules.
For example, consider the vectors representing the displacements of an insect
walking on this paper. If it walks one unit length in the a direction and one unit
in the b direction, its total displacement from the beginning of its travel to the
end, is shown in Figure 2.1

A4

¥z o Fiaish

Displacement

walk total = ¢ & = Displacement — second walk

a = Displacement - first walk
Start

Length units {cm, inches, ete.)

-
*1

tength units {em, inches, atg.}
Figure 2.1 Adding two displacement vectors to obtain total displacement.

Note that the resultant displacement vector is not the total distance trav-
eled but corresponds to the movement between the start and finish of the travel.

' The arrow itself can represent many physical quantities. As a common example, a velocity
vector has its direction aimed in the direction of the motion, and its length equal to the speed
of the motion.
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Therefore, we can say that displacement is a two-point vector, which does not
depend on the path or the period of time between the beginning and end of the
observation. The vector addition of the two vector legs of the travel, aand b, is
physically defined by the parallelogram rule, as shown in Figure 2.1, by placing
the tail of one arrow on the tip of the other one. [t can be easily seen, by a simple
drawing, that the operation is commutative,

a+b=b+a=c, (2.2)
and associative,
atb+d=(a+b)+c=a+b+c {2.3)

Multiplication of a vector by a positive scalar changes only its magnitude,
not direction. That is, in Equation 2.1, the multiplication of the vector a by A
becomesAla|4, with unchanged direction of 4 and magnitude of A |a|. Of
course, the operation is distributive: Ala+b)=%a+ib. Multiplication by a
negative scalar reverses the sense of the arrow (Aa=-Aja|d=-L[a|(~a)) and
multiplication by zero results in a zero vector, with no magnitnde and undefined
direction. The use of these definitions leads to definition of vector subtraction:

c~a=c+{-lJasc+{-a}=b (2.4}

Thus the negative of a vector is defined as one with the same magnitude but
opposite sense, or direction.

There are three other ways to combine two vectors using vector opera-
tions, similar to the scalar operation of multiplication; hence the use of the
word “product.” Two of these operations will be defined from the physical
picture in this section, and the remaining operation will be presented in the
section on tensors.

Dot Product

There are two principal kinds of information that are of interest in vector
operations. First, it is often necessary to know the length of a vector, as
expressed along another line; that is, the orthogonal “projection” of the vector.
For example, to return to the idea of an insect traveling on this page
(imagine this page to be a plane), one might ask how far did the insect appear to
trevel? along an arbitrary direction. Figure 2.2 illustrates the guestion.
This operation may be accomptlished with the use of the vector operation

? The appear fo fravel phrase is quite revealing of the purpose of the dot product. It is typically
employed to relate a vector action to a given observer’s reference frame; that is, to relate a vector
action o the way it appears to a given observer. In Figure 2.2, the observer sees only the motion
marked by length 4 along the shown arbitrary direction, d.



4y Chapter 2 Tensors, Matrices, Notation

called the dot product, the inner produet, or the scalar product. Where disa
unit vector along the projection line and ¢ is an arbitrary vector (perhaps the

resulting vector in Figure 2.1), the projection of ¢ onto the line of d is denoted
a-c=| ¢ |cos {2.5)

where @ is the angle between d and &, andl | means the length of vector ¢. The-
more general definition of the dot product (which is not used as often) may be

obtained by multiplying the unit vector d {e.g., to obtain a) by an arbitrary
length, [a], thereby generalizing both vectors completely:

a-b=|a||blcosd (2.6)
where we have used a and b to represent any two arbitrary vectors.

Ak

Total dispiacement = ¢

Distant observer

Length units {cm, inches, elc.}

x
1
Length units (e, inches, efe.)

Figure 2.2 An insect’s total displacement appears different to an observer at an angle
to the motion. This problem defines the dot product.

Either Equation 2.5 or Equation 2.6 may be considered the vector definition
of the dot product. Bquation 2.6 shows that the length of a vector can be found

with the aid of the dot product, since 8 = 0 and cos 8 = 1; thus a-a=} alz or

a-a= l a]. Equation 2.6 also shows most simply that the scalar product operation
is commutative: '
a-b=b-a=[a| [blcos®=|b| jajcos8, (2.7
Tt may also be shown that vector addition is distributive over addition:
d-fa+b)={d-a)+(d-b}, (2.8)

while multiplication by a scalar may be deconvoluted as shown:

Aa-B)=(a)-b=a-(Ab). 2.9)
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Equation 2.9 may be deduced physically by looking at a figure combined of
Figures 2.1 and 2.2. Clearly, no matter how the insect fraveled, the combination
of displacement vectors, when added, must appear the same to the far-off
observer. Figure 2.3 shows the physical reality of the distributive principle,
Equation 2.8.

It is convenient to treat one of the vectors as a unit vector; without altering
the meaning of the equations. The equivalent to Equation 2.8 is obtained

formally by writing d as| dl d and dividing both sides of the equation by the
scalar length ] d |:

d-(a+by=d-c=(d-2)+(d-b) (2.8a)

Then, Figure 2.3 illustrates the geometric equality.

b

Length enits om, inches, ete.)

Lengtn units (e, inches, elc.)

Figure 2.3 Geometric demonstration that the dot product is distributive over vector
addition.

Cross Product

The other information of greatinterest in combining two vectors is the definition
of an area in space: that is, the size and orientation of a planar region. Returning
again to our friend the insect, his travels along two vectors define an area in
space on a certain plane; specifically, the plane of the page. We would therefore
like to define a vector operator that results in a vector representing the orienta-
tion and size of the planar region. This result will be another vector because it
contains size (area) and direction information.

" Therefore, we define the vector product, or cross product, to producea third
vector normal to the first two (and thus normal to the plane defined by the two)
with a length equal to the area of the enclosed parallelogram, Figure 2.4

c=axb=|a|bfsinB & where(@La, 2.1b), (2.10)

" i.e., the direction of ¢ is normal to both a and b. By convention, we choose the
sense of ¢ by the right-hand rule: when the fingers of the right hand lie parallel
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2.2

to a and curl up (make a fist} toward b, the thumb lies along the positive sense
of c. Because of the sign convention, the cross product is not commutative;
rather, it is anti-commutative:

a x b=—(bxa). @11

Figure 2.4 Geometric definition of the cross product.

However, it can be shown that the cross product is distributive over vector
addition:

ax(b+cy=(axb)+{axe), (2.12)

and, similar to the dot product, it may be simply deconvoluted for multiplica-
tion by a scalar:

Maxb)=(a)xb=ax{(Ab} (2.13}

Equation 2.13 is very useful when evaluating the cross product in terms of
component vectors.

BASE VECTORS

it is often convenient to decompose vectors into a linear combination of other
vectors oriented along prescribed directions. This procedure makes clear the
physical connection between vectors (physical “arrows”) and their components
{numbers describing the arrow to a given observer). While the physical vector
inno way depends on any coordinate system, the components that describe it to
a given observer very clearly depend on the observer’s reference.

Any set of three non-coplanar {i.e., 3-D space filling) base vectors can be
used to express all other vectors. Notice that although a special term is given to
these constituent vectors, it applies only to their intended use and does not

- denote any difference in their physical reality. That is, base vectors are simply
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vectors, with the added intention that we make use of them for expressing other
vectors in the system. (The set of three perpendicular unit vectors used with a
Cartesian coordinate system is called an orthonoermal basis.)

Note: A Cartesian coordinate system is one based on Hiree mutually
perpendicular axes with the same unit of measure along each axis. The
corresponding orthonormal basis set is the three unit vectors direcied
along these three axes.

Let us decompose two arbitrary vectors (for example, our insect displace-
ments, as in Figure 2.1) inic components {(a;, b;) and base vectors {e;):

a= a]é; + azéz +a3é3 (2 14)
b= b1é1 +b2§2 +b3é3. ’

Clearly, the components representing the fixed vectors aand b (a; and b;)
depend on the choice of base vectors (or observers, as we have said), and,
therefors, the generality of vector rules is obscured when written in component
form. Although we have shown the base vectors as having unit length (and this
is a convenient way to define them), there is no necessity to do so. Furthermore,
it is often convenient to take the base vectors as an orthogonal set, thus forming
a Cartesian coordinate system and orthonormal basis set. When we wish to
emphasize that the base vectors represent an orthonormal set, we will use the
labels %;,%,, %3 in place of &;,&,,85 for the base vectors.

The formal connection between a set of base vectors and the correspond-
ing components facilitates deriving and remembering of the component math-
ematical operations from the vector definitions. (In the next section, we will
show the vector operations in component form for Cartesian coordinate
systems.)

Vector operations can often be carried out most clearly by resorting to the
base vector /component form. We illustrate this usage below without regard to
the specific basis, which we denote by the base vectors &;,é,,&;. For example,
vector addition becomes a simple matter of multiple scalar addition when
carried out in component form:

a= alé] +a2é2 -+ a3é3 > ag
+b= b-lé} +b2é2 + b3é3 — bi

_ (2.15)
c= (31 +b1)é} +(32 *I*bz)éz +(33 +b3)é3 > a; +bi =¢;

(any coordinate system)
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The dot and cross products can be similarly constructed in terms of components
and base vectors, by making use of their respective distributive properties over
addition, Equations 2.8 and 2.12.

7 a-b= (a1é1_ + a2é2 + a3é3}-(blé1 +b2é2 +b3é3)

= albie] eyt albzé; ~ey +a1b3ei '63 (2 6a)
+32b1é2 . é;_ + azbzéz ‘éz +azb3éz -63 ’
+ a3blé3 'él 4*33}32@3 . é2 +a3b36.3 'ég

{any coordinate system)

The cross product may be similarly expanded, because itis also distributive over
vector addition, and the resulting indicial form 1llustrates the definition and use
of the permutation operator:

axb=(ajd) +asey +azls)x (D18 + by, +baés)
= azblél Xél +a3b261 X éz +aib361Xé3 @ 10&)
+ azbléz X él -+ azbzéz X éz 4 a2b3éz Xé_3 ’

+a3b1§3 Xé] +a3b263 Xéz + a3b3é3 X é3

{any coordinate system)

23  VECTOR ALGEBRA - MATHEMATICAL APPROACH

With the introduction of base vectors and corresponding components in the
previous section, if is useful to define notation representing a given vector and
its components (defined in a certain basis). For this putpose, we define and use
two closely related notations for vectors, which we shall call the matrix form and
the indicial form:

4
aesfal=jay joa;- (2.16)
a3

The matrix and indicial forms make explicit use of the components of the
vector, that is, the individual numbers that describe its direction and length.
Unfortunately, the values of the individual components depend on the choice of
coprdinate system, or observer, so the physical, invariant nature of the vector
itself is obscured. That is, [a] or a, may or may not represent the components of
a physical vector,

Equation 2.16 requires a bit more explanation for clarity. The matrix form of

- representation is intermediate, with the first form, {a], emphasizing the connection
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with the vector label, and the columnar representation emphasizing the connec-
tion with the individual components. The indicial notation assumes that the
subscript, or index (hence “indicial”}, i, can take any of the values up to the
dimension of the space, usually three. Therefore, a; signifies one of three
ordered values corresponding to directions in space and suggests that the other
subscript values exist and play the same role. Thus the assembly of a,s may be
visualized as a matrix. The double arrows replace equal signs in Equation 2.16
to emphasize that a vector is not simply a set of components, but rather that the
components are an alternate representation of the physical entity.

Each of the forms of notation has distinct advantages. The vector form has
meaning independent of coordinate system and clearly identifies the symbol as
a vector. The matrix notation is most convenient for visualizing the mathemati-
cal manipulations, but there is no assurance that the components represent a
vector at all, or what coordinate system is used to define the components. The
indicial notation is clearly the most compact and carries the least physical
information. Unless stated elsewhere, the indicial notation does not distinguish
among vectors and nonphysical quantities, and does not specify to the ocbserver,
the coordinate system upon which the components depend, or the dimension-
ality of the space, As we shall see later in this chapter, however, the indicial form
is very convenient for computer programming because of the simple and rigid
rules for manipulation of the indices. Throughout this book, we will use the
form that is most convenient for a given application and will often show the
alternate forms for comparison.

Addition, in Indicial and Matrix Notation

Toillustrate the use of the alternate notations, we recail sample vector equations
from Section 2.1: :

atb=bta=c {commutative law) ' (2.2)
a+{b+c)=la+b)+e=a+b+e {associative law) 2.3}
c—a=c+(-Da=cr(-a)=b {vector subtraction} 2.4)

It can easily be verified that Equations 2.2, 2.3, and 2.4 can be rewritten in
matrix and indicial form by defining base vectors and looking at the physical
~addition process embodied in the parallelogram rule:

aq b'i 10
ay |+ bz =0y P agt bi = (2,23'b)
agl {ba] {cs
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ag byl e ar| |b; cp| jary |by] |
as |+ bz +iCy =&z |+ bz +[Cy i=| a8y [+ bz +iCz | OF
a3 by | |3 ag| b3 c3| jasz) tha] [cs

a +(bi +Ci)=(a§ +bi)+ci =a; +bi+Ci

i a1 (o a| |
Cy {—iag =<y +{~1} an |= bz or
C3 az C3 dy b3

Cjwa; =¢ +(—1) a; =L —a; =bi

(2.3a)

(2.3b)

(2.4a)

(2.4b)

Comparison of the indicial forms with matrix forms illustrates the relative

compactness and obscurity of the former.

Show that the numerical definition of vector addition in a Cartesian

coordinate system, Equation 2.2a, agrees with the physical definitien of vector addi-

tion shown in Figure 2.1.

h

A
XZ‘

~
xi.

By decomposing each of the vectors to be added into components and arranging the

vectors tip-to-tail, we can easily illustrate the process of vector addition:

cza+b<—>{6]=[a}“’“[b}=[a”b1 ]{m]

ay *?*bz Cy

(2.1-1)

This operation also demonstrates that vector definitions are independent of translation.

Note: Equations writien in matrix and indicial form (e.g., Equations 2.2
through 2.4b) ave valid only when the components of all vectors are defined
in the same coordinate system. Again, Equations 2.2, 2.3, and 2.4 are always
true because they are independent of the observer, while the forms involving

components have the stated restriction.
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Manipulations to illustrate the commutative and distributive properties of
the dot product and vector addition could have been performed much more
succinctly using indicial or matrix notation. However, without checking, one
cannot be certain that the indicial result, for example, will be valid for every
coordinate system, mixed coordinate systems, and so on. Therefore, it is best to
rely on frame-invariant resulis and to generalize subsequently.

Products: Summation Convention, Kronecker Delta, Permutation Operator

Intreduction of a Cartesian coordinate system provides many simplifications,
especially for multiplicative operations. Some new symbols and conventions
make this representation even more compact. With the help of the vector
definition of the dot product, the base vector dot products can easily be
evaiuated for a Cartesian coordinate system, because the angle between any
nonidentical base vectors is B = 90°, and between identical base vectors § = {e,
Further, since unit base vectors are chosen, the results are particularly simple:

o fLFi=] o)
XX Oifiwj[ 9 i

(Cartesian coordinate system)

and with this additional notation, Equation 2.17 may be evaluated for a Carte-
sian system:

by
a b= a1b1 +a2b2 + a3b3 = [a]azae,] bz = aibi = aibjﬁij (2_6b}
bs

The new symbol, 8;, is called the Kronecker deltaand has the property and

definition shown in Equation 2.17. Its use is shown in Equation 2.6b, where only
the nonzero ferms of Equation 2.6a, which have indices i =}, are retained.
Equation 2.6b embodies several conventions that must be understood in
order to carry out the necessary arithmetic. The matrix notation shown implies
that each element in the row of [a] is multiplied by the corresponding element
in the column of [b] and the resulting terms are summed to obtain a single
quantity. This is implied by the writing of the a-mafrix and b-matrix adjacent
o one another, without an intervening symbol. The same operation is implied
in the indicial form by the ab;. Because the index i is repeated in a single term,
a summation over the index is implied. This rule is often called the Einstein
summation convention, and it allows a wide range of systems of equations to
be written clearly and compactly. An index such as i, which is repeated in a
term, is called a dummy index because the result does not contain it. The other
kind of index is called a free index because it may be chosen arbitrarily and
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appears in the result of the equation. Usuaﬂy, both kinds of indices have
ranges of 1 to 3 for 3-D space, but the notation is general and may be used for
other kinds of sums.

Show that Equation 2.6b (Cartesian coordinates} follows directly from
‘the physical definition of the dot product, Equations 2.5 or 2.6.

"~
et

To assist in the geomeiry, we arrange the two 2-D vectors with the tails in common
and assume that one is a unit vector {times its magnitude):

a-b=j4-b @.2-1)

Then we find the projection of b onto the line containing & by applying trigonomet-

tic rules (see figure). B
The five line lengths (numbered Jare found by noting that

triangles BOA, and BDC are similar to the unit vector triangle with sides shownas 1, a4,
and a9, where &; and #; are the Cartesian components of the unit vecto-r a. The result
of 3-b is, physically, the projection of b onto the line containing a; that is, line segment
OB. The length is simply the sum of the two line lengths E] {segment BD) and B
{segment OB): T

ip=t1 =L +dy(by by 7—) (2.2-2)
1
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, 8,2
= 31— + azbz -— bl ";2'-— {2.2-3)
ay ay
by by
= —-"i- 82b2 M—-—-"l‘bl — & - {2.2-4}
a1 a1 )
é - b = ﬁlbl -+ éEbZ (2‘2-5)

To find the general result, when a is not a unit vector, we need only to scale up the
components of 2 to a (i.e., to multiply each component by the magnitude of a). Thus &,
becomes ay, &, becomes a,, and the general resuit is obtained:

a-b= a1b1 +a2b2. {2.2—6)

The cross-product expression, Equation 2,10, can be similarly simplified by
adopting a Cartesian coordinate system and noting the following:

% X% =58, ' (2.18)
wherei#j=k and the plus sign is used if (i}k) takes an even permutation—
(1,2,3), (2,3,1), or (3,1,2}—and the minus sign is used if (ijk) is an odd permu-
tation—(1,3,2),(2,1,3), or (3,2,1). Fori =, i =k, orj =k, the resultis a null vector.

With this simplification {arising from the orthonormal basis), we can write

¢=axb= dp dg &3 | = (a2b3 - a3b2 )321 - {a;b‘g - a3b1 ))'&2 + (a1b2 - a2b1 );(3, (210]3}
by by by

where | | indicates the standard determinant, which is used here in an unusual
form involving vectors as a memory device for the expanded form of Equation
2.10b. The determinant is introduced more formally in Section 2.5.

‘The matrix form is shown as the resulf of a determinant operation—a very
strange one, though, contrived of mixed components and vectors that serves as
a simple guide to remember the procedure. The indicial notation relies on
introducing the symbol gy, , known as the permutation operator, specifically
for this purpose (i.e., it alfows writing of determinants indicially). £;; has the
following definition:

o unless i#j%k
ey =4 1for1,2,3; 2,3,1; 3,1,2 {(2.1%a)
-l1for3,2,1; 1,3,2; 2,1,3
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so that the cross product of orthonormal base vectors can be expressed as

}A(iX)"Cj =£ijk ii( - (2.19b)
{Cartesian coordinate system)

With the introduction of the permutation operator, Equation 2.19, the indicial
form of the cross product may be writien compactly:

G = Eijkajbk - (ZIGC)
{Cartesian coordinate system)

Reference to Equations 2.6a and b and 2.10a, b, and c illustrates the natural
definitions of the Kronecker delta, permutation operator, and summation con-
vention when performing vector algebra in a Cartesian coordinate system. The
summation convention allows one to consider all combinations of repeated
indices while §;and g,y “weed out” (and assign the proper sign to} the terms that
are zero in an orthonormal basis set, Note that when using a nonorthenormal
basis set, the simplifications cannot be made indicially, and the complete form
of the vector operations must be retained—for example, Equations 2.6 and 2.10.

%

To simplify the geomeiric representation of the problem, let's first restrict our
attention to two vectors lying in the %, ~¥, plane such that the resultant vector lies along
the X, axis (see figure). Using the same geometric construction as in Exercise 2.2, we find
the altitude (normal to a), and thus the area of the parallelogram (base times altitude):

Area =|a| (81bg ~bydig) =ajbg —byag @3-1

The direction is known to be +%3 by the right-hand rule and the orthogonality
condition. Therefore, for this limited case, the determinant formula does indeed provide
the correct result:

Ry Xz %3
a ay 0 ={a;b2 —blﬁa) ;(3

{2.3-2)
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To generalize this result to arbitrary vectors, it is necessary only fo consider the
2-D case as a projection of 3-D vectors onto the X) —%, plane. The pro;ected area is
therefore the length along X3 . Sindlarly, the 3-D vectors could be pro;ecteé tothe xl —~Xg
and Xy —X3 planes to obtain the resulting vector components along the X, and X; axes.
Thus the full result is found by summing the three components of the resultant vector:

X1 %p %3
ay 8 ag | = (aghg —azba )k +(~1Magbs —aszbp)xy +{aghy ~asby i3 (2.3-3)
by bz by

ROTATION OF CARTESIAN AXES (CHANGE OF
ORTHONORMAL BASIS)

We have emphasized the physical nature of vectors and vector operations,
noting that the vectors and operations do nof depend on the observer in any way.
For mathematical manipulations, however, the numbers representing a particu-
lar vector depend on both the vector and the observer’s coordinate system.
Therefore, it is necessary to know how to relate the mathematical deseription of
a given physical vector expressed in one coordinate system to the mathematical
description of the same vector expressed in a second coordinate system.?

Note: In the developments that follow, we consider only Cartesian coordi-
nate systems, for simplicity. However, the relationships between vector
coordinate systems are much more general and can be extended fo any sort
of space-filling coordinate systen.

The problem may be stated more precisely: For a given physical vector, a,
what is the relationship between the components of a in two coordinate systems,
labeled by their base vectors (%, X3, k3) and (1", &2’, X3"}7 We label the respec-
tive components a,, as ,az in the original coordinate system anday’, a3/, ag’ in
the prime {second} coordinate system. In base-vector form, we can write

a= ap'&l 'i'aziz +a3§(3 - al’i]’+a2’§(2’+a3’§3 (220)

{any coordinate systems})

where all of the unprimed quantities and the primed base vectors are known,
and only the primed components a;", a5 *, a3” are unknown. Note that Equa-
tion 2.20 is a pure expression of our physical requirement that a is unchanged
even though our coordinate system is changed.

* Since a vector represents only the difference in position between its head and tail {0z, alterna-
tively, its length and direction), the translation of a coordinate system does not affect a vector's
mathematical description.
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There are many formal ways to approach this problem using vector forms,
regular equations, or matrices. Let’s approach it in a piecemeal vector fashion,
which seems to make the most physical sense, and then rewrite the solution in
various notations. First, let’s seek a single unknown coefficient, a;’, for ex-
ample, while restricting our attention to Cartesian coordinate systems.* We
know that a;’ is the length of the orthogonal projection of a onto X;’. Therefore,
we can make use of the dot product to find a;":

ay’ =a %' magky’-Ry vag¥y  Kg +agky Ky {2.20a)

{Cartesian coordinate system)

Similarly, fora;” and a;’, following the same procedure:

ag’ =a-Xo'=ayRy - Xy +agky’-Xg +agky X3 : (2.20b)
ag’ =a-Xg =ayX’ Xy +apky’-Xg +agks’ X3 (2.20¢)

Because Equation 2.20 is written in vector form, it is independent of the
choice of Cartesian coordinate system. Unit vectors are indicated; thus we can
easily apply the definition of the dot product to evaluate the new Cartesian
components of a. '

ay’ =ay cosfRy’, X +ay cos(Xy’, ko) +ag cos(ky’, Xa)
ap’ =gy cos(Xy', %) +ay cos(Xy’,%y)+a; cos(Ry’,X3) (2.21)
a3'=a1 COS(is',f(g)“i“az COS(iar,iz}'Fas COS(;(:;',SE_?,)

By defining the angles between the various pairs of base vectors in simpler
notation, Equation 2.21 can be simptified in appearance:

a;’ =Rpjaz +Rppap +Ryzay
az’= Rma; +Raas +Rogag
a3’ =Rgsa;+Rapap +Razag

or

a1"{ R Rpp Rp |y
&2’ = Rz; Rzz st ay (222)
a3’} {Ra1 Rayz Razjias

4 The use of s Cartesian coordinate system allows us to make use of the dot product, which gives
the erthogonal properties-of a vector onto a given unit vector.
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or

or
a;’= Rijaj

where Ryrepresents the cosine of the angle between the ith base vector in the
primed system and the j* base vector in the original (unprimed) system.
Although, as usual, some physical insight is lost in proceeding from vector form
to matrix form to indicial form, a simple rule to remember is that the subscripts
{or matrix position} must agree with the base vector subscript (or matrix
position}. The aids are shown below:

old —

n , n
ay o Ryi3 Ryz Rpg il 1
a’|= Ry Ry Rpgilay 4
112 LRa Ryz Ragjlas],

~

ai’ = Rij a]- (2.23)

The arrows shown serve to remind the user of the connection between R;;
and two sets of vector components g, and a,”. By using the arrows, one can
remember that R, must be the cosine of the angle between %;" and X, {rather
than X; and X, ). There is nothing magic about the designations of the unprimed
coordinate system as old and the primed one as new. One must only remember
that the row number of [R] corresponds to the resulting vector components,
while the column marker refers to the given vector components.

Note: Equation 2.23 is the general form of transformation for the compo-
nents of a vector between two coordinate systems. (Even more generally,
Equations 2.22 and 2.23 are known as linear iransformations.) The use of R
{rather than T, for example) is meant to signify a rotation rather than a
general linear transformation bekween non-orthogonal systems, or between
systems having different length units (Le., non-unitary base vectors).

[R] has a special symmetry when both coordinate systems(%;, and &;")
are orthogonal; namely, that [R] is said to be an orthogonal matrix. We will
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present in the next section the definition of an orthogonal matrix and show that
IRl must be of this type. This property greatly simplifies calculations with
orthogonal systems.

! Using the definition of an orthogonal matrix provided in the next

section, along with the physical situation leading to Eguation 2.23, show that {R]
must be orthogonal.

We approach the problem in two ways. For 2-D, the geometry of the problem can be
solved using trigonometric identities. For the 3-D) generalizations, it is much easier to
rely on indicial operations to demonstrate the orthogonality.

For a simple rotation of a Cartesian coordinate system by angle 8 (counter-clock-
wise when looking along the Mi3 axis) about 523, the rotation matrix can be found
simply. Using the cosine definition of the rotation matrix (Equations 2.22 and 2.23) and
the figure showing all of the important angles in terms of 8, one obtains

cosX; Xy co8Xy"%y COsKy 'Ky cos8 cos(90-8) 0
R =] cosXp'Xy €o8Xa Xy COSXy %3 |=| cos(90+8) cos8 0
cosX3 %y cosXg'Ry cosky Xy 0 0 1

cosf  sin® 0
=1l-sin8 cos@ O (2.4-1)
] 0 1

The last represeniation of the rotation matrix should be remembered — it is useful
for many changes of coordinate systems (as long as the X3 axis is chosen as invariant and

the axis rotation angle is counter-clockwise when viewed along the ~%3 axis). The
orthogonality of this form is easily demonstrated:

[RIR]" =[1] (2.4-2)
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c0s8 sin@ Ojlcos6 -—-sin6 © 100
~sin® cosh Of|sin®@ cosf O|={010 {2.4-3)
0 0 1 0 it 1 001

For the general rotation about two axes (fwo rotations are sufficient to define a
general Cartesian coordinate system), we follow a more mathematical approach. The
physical situation is that [R] operates as follows:

Xi’ = RI] Xi (24“4)

such that the vector X is unchanged. (Its components, x;, and X;, depend, of course, on
the chosen coordinate system.) Since [R] is a pure rotation, the new basis vectors
(%;Yhave the same unitary length as the original ones(X;) and the length of x is
unchanged. Furthermore, since both %; and X;"are orthogonal basis sets, the squared
length of X is given in both coordinate systems by

xox=l =% % =% &7 or W =% % 85 =% %" 8y (2.4-5)

Substituting Equation 2.4-3 into 2.4-4, we obtain a necessary condition on [R] to
ensure thaf the vector length of x doesn’t change:

Eij Xi Xj - (Ril}?]) (Rﬂch}
8;} Xi X} =Ri§ ng )2] Xy

S =Ry Ry (2.4-6)

Equation 2.4-5 may be written in matrix or component form to further illustrate the
connection with the definition of an orthogonal matrix:

85 =RyRy o[R][R] =[1] (2.4-7)

Rpy? +Ryg” +Ryz* =1 RiiRo1 +R1pRop + RyaRps =0
or RnRsz +R12R32 + R13R33 = Rﬂz +R222 +R232 =0
RoiRa; +RogRap +RogRyy =0 Ry® +Rap® +Rg3? =0

Thus [R] must be orthogonal by the usual definition.

ATILIM UNIVERSITY
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2.5

MATRIX OPERATIONS

We have “secretly” introduced matrices into the notation of this chapter in a
natural manner, to emphasize the use of the particular notation. For example,
Equation 2.22 used the correspondence among systems of equations, matrices,
and indices to present a change of orthonormal basis.

Instead of trying to develop all matrix rules by such correspondences, we
review below the structure and uses of the basic notation. We have found linear
algebra to be one of the most easily learned subjects in mathematics, and .
therefore present the principal results briefly. For those readers who have not
been exposed to linear algebra, reference to any of the standard texts on the
subject is recommended.® '

A matrix is an array of numbers, often two-dimensional (nx m, e.g.}, but
having any number of dimensions greater than zero.® Two-dimensional matri-
ces are the most popular because they are the largest ones simply written on
paper and because one-dimensional matrices can usually be replaced by a more
convenient notation, such as vectors, to advantage. By convention (amazingly,
this is one convention that is often obeyed), the elements of a 2-I) mairix are
labeled with the first subscript corresponding to the row number and the second
corresponding to the column number:

Ayt A Bam
[Al=| AR by (2.24)
Ant Ang e Apm

One-dimensional matrices are called column matrices or row matrices,
depending on their orientation.

Thus Equation 2.24 illustrates various ways to write an array of axm
numbers in 2-1. (Note: We use the brackets shown to emphasize the matrix form
of the array. A single letter may also be occasionally used for compaciness).

5 For example, we find the book by 1.5, Sokolnikoff and R.M. Redheffer, Mathematics of Physics and
Modern Engineering (New York, McGraw-Hill, 1958, 1966), presents the principles of a wide range
of engineering mathematics in compact form. )

¢ The dimensions of a matrix should not be confused with spatial dimensions. Some authors prefer
the word “rank” to dimension, but in any case we refer to the number of subscripts needed to
represent & general element. Matrices of dimension larger than two are usually modified for
representation on paper (fwo mathematical dimensions), but the n-dimensional representation

" Is often more convenient for writing computer programs.
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Matrices may be added or subtracted if they are of the same size:
A By Ap B Ay EBim

[A] i[B} = : - > Aij * Bi; {2.25)

AmEBr App £Bpo - Ay 2By

or, in a more general procedure, by filling out the smaller matrix with zeroes to
create the same size artificially. Clearly, matrix addition is commutative, because
each element is generated by real addition.

Matrix multiplication by a scalar is performed element by element
{(odfAl=[cAl < ()'.Aij), while multiplication of two matrices can be performed
only when the matrices are said to conform, or to be conformable. That is,
the number of rows in the pre-multiplication matrix must equal the number of
columns in the post-multiplication matrix. The multiplication convention is:

TAn Ap Ag 1 By B Bz ...l [Cir G Gy
Azl Azz Asy ... Bzg Bzz Bza fee- C.'Zl C22 ng
Az Az Asy ....{iBy By B ....| |Gy Gy Cs

- . © Apm]| . © Bup| | - . - Cyp]

m .
where: Ci‘ = Aik' By = Axk Bk' (226}
j X j
k=1

e.8., ng = AZ‘E 813 + A.'ZZ 323 ‘4‘A23 B33 PP Azm Bmg

As introduced earlier, it is unnecessary to show the summation explicitly
because of the Einstein summation convention, It can easily be seen that matrix
multiplication is not commutative, For example, unless the matrices are square
{nxn), multiplication is pessible only in one order {and even then is not
commutative).

Note: Although not formally correct, it is possible to enlarge nonconform-
ing matrices (by introducing additional elements equal to zero) to allow
them to conform. This procedure, while appearing strange, and disallowed
by mathematical purists, is sometimes convenient in representing an opera-
tion. For example, two 1-D matrices could be “multiplied” in two ways,
obtaining quite different results (and further demonstrating the lack of a
commutation property):
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by
[ag a5 a3]! by | = c (ascalar) = a;b; +azby +agbs (2.27)
by

or using generalized multiptication:

a, ay g ¢ b} bz bg a1b1 ale a1b3
as [blb2b3] =»| &3 g 0 0 & 0 = azbg 32b2 a2b3 {228)
ag as g0 0 0 0 a3b1 a3b2 a3b3

(2 3 x 3 matrix)

(Equation 2.28 is the component form of the generalized fensor product of
two vectors, a®b. .

[} Three mutually orthogonal unit vectors are expressed below in a

sy

standard Cartesian coordinate system X;.

X'= 0707, 0.707, 0.0
%y = 0707, 0.707, 0.0 {2.5-1)
X3'= 0000, 0.000, 1.0

Using simple matrix manipulations, find the rotation matrix, {R], which transforms
components from the original coordinate system to the primed coordinate system based
on the three X;” Also, find the transformation of components from theX;’ system to
the X; system.

Without thinking too deeply about the problem, let's just remember the purpose of
[R] and what it accomplishes. For example, if we would like the vector X;” to become the
new X; coordinate axis (there is no necessity to do this; any of the X;” could become the
first coordinate axis}, then our [R] must transform components as follows:

1.0] JRy; Ry Rz }[0.707 :
001= Rg; R22 R23 0.707 (25-2)
00| |Rs; Rayp Ra 0000

because we want the components of X;” expressed in the original coordinate system
(0.707, 8.707, 0.0 to become the X, axis (i.e., 1, 8, 0) in the new coordinate system we are
constructing. Similarly, X;' and X3’ will become the ¥, and %5 axes in the new coordi-
nate system. {Again, the choice is arbitrary, with the only restriction that the new order
of coordinate axes represent a right-handed system.)

[ 0.0] Ry Rip Ryy}[-0707
Lo.oj Rs; Rz Rag | 0.000
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007 [Ryy Ry Rygf00
00/=|Ry; Ry Rozi|00 (2.5-4)
10] |Rzy Ry Raz|i10

Equations 2.5-2 through 2.5-4 can be combined into a single system of equations as
folows:
1.0 00 00] IRy; Ry Ry |i0707 0767 0.0
0.0 10 00i{=|Ry Royy RKog 0.767 0707 00 (2.5-5)
0.0 00 1.0 [Rs Rz Ra3i|0.000 0000 1.0

or [[J=[R}{A]

where we have simply noted that [R] is the same in each equation, and each
column vector is operated on independently, with an independent resuit.
Therefore, combining Equations 2.5-2 to 2.5-4 lost no information and did not
specialize the representation in any way.

Note: We could have selected the three equations corresponding to the three
column vectors in any order, but the way we've done it is particularly
convenient because the leff-hand side of Equation 2.5-5 becornes the identity
matrix.

To find [R], we simply note that the last matrix in Equation 2.5-5 ([A]) is orthogonal,
such that the inverse is equal to the transpose. We then perform simple matrix manipu-
lations and use the identity property of [i}:

or [1=[x][A]
[0 [A]" =[R}[A] [A]F =[R][1] (256)

0707 0707 0.0
[R]=[A]" =|~0707 0707 0.0 (2.5-7)
0.000 0.000 1.0

and thus the original problem is solved. In order to find the inverse transformation (from
components expressed in the primed system to ones in the unprimed system), we simply
invert [R]; that is, take its transpose, since it is orthogonal:

0.707 -0.707 0.0
[R]F ={0707 0707 0.0 (25-8)
0.000 0.000 1.0 :
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Matrix multiplication introduces the possibility of one of the most impor-
tant uses for matrices: representing sets of linear equations. For example, if x;,
Xy, ...X, are r unknowns, and there are n equations of the form,

A;X'[ +A2X2 +A3X3 .. .A_“Xn +=1,

(2.29)

the set of equations can be written more compactly using matrix notation (and
mich more compactly using indicial notation):

A7 A A ... Ayifx] [n
Azt Azn Ap .. Apilxal Im

- ' =| (2.292)
LAnI An2 AnS e Ann_ {*n | _rnJ

[Allx]=[]

Ai} Xj =1

It can be shown that such a set of equations has a solution only if each one is
independent of all the others. This condition may be checked by evaluating the

determinant? of the matrix, written |A]. If the determinant is zero, the equations

are not linearly independent, the matrix {A] is said to be singular, and a unique
solution cannot be found. The determinant is evaluated by summing a series of
cofactors {the rule for a 3x3 matrix is shown below), but the procedure is
complex and cumbersome for large matrices:

An Ap Ap
Ao Az Aypl=
Azt Ap Az

AnlApAgs ~ ApAp)—AplAgAg - AxnAs)+ AplAnAgy —AnAy) (2.30)
7 Qur discussion of deferminants is by necessity brief. Far further information on the properties

and evaluation of determinants see, for example, L. 8. Sokolnikoff and R. M. Redheffer, Mathemat~
fes of Physics and Modern Engincering, 7th ed. (New York: McGraw-Hill), 702-707 (Appendix A).



2.5 Matrix Operations 63
21
or, _ A= 7 M Amn i Ejin

where, as before, g, is the permutation operator, as defined in connection with
the determinant form of the vector cross product, Equation 2.10b. The quantities
inside the parentheses in Equation 2.30 are called the cofactors of the elements
multiplying them. There is no escaping the “ngly” appearance of equations
involving determinants or permutation operators — they work and are concep-
tually the simplest route to accomplishing the goal, but they do not have the
elegant appearance of much of linear algebra.

Note: Equation 2.30 clearly shows that only the determinant of square
matrices can be nonzero, and therefore only equations with a square coeffi-
cient matrix (e.g., Equation 2.29a) can be solved for a unique set of x;, the
unknowns. Therefore, even by using our proposed method for “filling out”
matrices, the determinant will be zero (because at least one row or column
in [A] will be zero) and the set of equations will be insoluble.

Show that the determinant of a 3 X3 matrix must be non-zero if the
three equations represented by the rows of the matrix are linearly independent.

. Assume that the three equations represented by the rows of [A] are notindependent;
that is:

A= Ohy + BAy
Ap= Az + BAn 2.6-1)
Ap=0An+ PAn

Simply insert this assumption into the definition of the determinant [Equation
2.33} and simplify:

|al=tatn +PALY (AnAy - AnAyp) oAy +BAN) (AnAsy - AndAa ) F oAy +BAHARAR —AgAy)=
oAy AnAy ~tAnAnAs tBAGARAL —BARARAS
~GAp Ay T 0AR AL Ay ~BARARAy +BARAyAy
+oAnAnAn tthpAniy ~PAsAnAy +BAnAnAn =0 (2.6-2)

Therefore, since Equation 2.6-1 represents the most general linear dependence, the
determinant of [A] is shown to be zero for all singular sets of equations. 8imilarly, itis
easy to prove that the value of the determinant of the [A] matrix is not changed when a
row is transformed by adding a linear combination ¢f the other rows, and only the sign
could be changed when the order of rows or columns is changed.

Now if the determinant of [A] is different from zero we have to prove that
necessarily the rows are linearly independent. To obtain this result, the [A] matrix is
transformed into matrice with the same determinant, according to our previous results.
The algorithm is the Gaussian elimination which can be used for soiving linear systems.

If A, # 0, then replace rows 2 and 3 by

By > Ay~ Aq Aoy / Agy
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and
Ay > Az~ Ay Az /Ay

If A, =0 and A, # 0, then permute columns 1 and 2 and perform the same
transformation as previously on the new matrix.

I A =0= Ay, then permute columns 1 and 3 and perform the same transformation
as previously on the new matrix, #

Ay = Ap = Ay = 0 is not possible, as the determinant would be equal to zero.
Call {A’] the new matrix, the determinant of which is the same {except a possible
change of sign due to column permusation). It is easy to verify that the structure of [A ] is:

Ay A'p Al
. [A)} = 0 A’zz A’zs
0 Ay Ay

If A’y # 0, then replace row 3 by
Algy = Alg - A A'p /A'n

If A’y, = 0, then permute colums 2 and 3 and perform the same transformation as
previously on the new matrix.

A’y = A’y = 0 is not possible as the determinant would be equal to zero,
Call [A”] the new matrix. We observe that:

Ay ATy Ay
det {A”} = def 0 A”zz A”23 = A”n A”zz A”33 = Zdet {A}
0 0 A"y

We must have A™y; #0, A", # 0and A"y, 0 so that we see that the rows of [A"} are
linearly independent. But it is obvious that the rows of [A”] are linear combinations of
rows of [A] so that we can conclude that the rows of [A] are linearly independent. The
same method is easily generalized to n X n matrice.

With reference to Equation 2.29 {a general linear system of equations), we
have now demonstrated the condition for the system to be soluble. The method of

solution of the system is another matter. The formal method depends on finding
the inverse of [A], which we define as

[Al[A]" =[AT" [A]=]1]

Ay A]k = A}k = By {2.31)
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where[A] (with components A, ) is the inverse matrix {or the indexed compo-
nents), and {I} (with §, i} is the 1dent1ty matrix, which has all diagonal elements
equal to 1 and all nond;agona} elements equal fo zero. [1] is called the identity
matrix because it exhibits the identity property for matrix multiplication (just as
1 does for real arithmetic):

Al =[g[A]=]A] {2.32)

Equation 2.31 may be solved to find the inverse of [A], with the result as
ugly as the determinant. The result for the inverse matrix is

HAp2Azs - AzpAg) —(AppAzz-AzzAgz) HAnAszz-AzzAlz)
—1 ~{Az1A33 ~As1Ag3) +H(AnAss -AziAis) —(AriAzs—A21AL)

Au A A HAx Az ~Az1A) ~(A13Ag —AgtArr) HApAg -A21A1) )
Azt A Az ] :
A3l A3z Azz
signed
cofactor
-1 | matrix (2.33)
[A]7 =kt
|A

Al . 232 A S &l
V= Al

The superscript T on the matrix indicates the transpose, where rows and
columns have been exchanged, equivalent to reflecting the matrix elements
across the diagonal. Each element of the inverse matrix is thus the signed
transpose cofactor of the original element, divided by the original determinant.
As with the determinant, the inverse for large mairices becomes complex and
inefficient for computation. Numerical methods more suited to digital compu-
tation will be presented in later sections on numerical methods.

MNow that we have defined the inverse (and determinant) of a matrix, we are
in a position to accomplish our original goal of solving Equation 2.29, shown
below in compact matrix form. Remember that the matrices [A] and [1] are
known constants, and the column matrix [x] represents the unknowns. We use
the properties of the inverse matrix of [A] (known, in principle, via Equation
2.32) to solve this problem:

[A]llx}=r | (2.34)

{Original Equation}
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(AT [AlK=[A]7 ) (2.342)

{Pre-multiplication by the inverse of [A])
[t} (x]=A] 1] (234)
(Replacement of [A}A] by [1])

(=[A]" [ (2340

Thus the elements of the unknown column matrix [x] are found by a purely
formal process, the only restriction being the equivalent conditions that the
inverse of [A] exist, the determinant of [A] be nonzero (i.e., that [A] be
nonsingular), or that the system of equations be linearly independent. In such
cases {i.e., when these conditions are violated), there is no unique solution for
the x values, or no selution at all.

) ! Solve Equation 2.29 in 3 X3 form by obtaining [A] in upper triangular
form using Gaussian reduction.

Note: Gaussian reduction involves transforming a set of equations by sequential
matrix operations to a form where all elements below the diagonal are zero. Then,
starting from the last equation, the set of equations is solved by substituting the
known values of the variables info higher equations. The method is iliustrated as
follows:

A A Aplix| |5 -
An An An(lix|=|n (2.7-1)
Az An Agplixs] (%

The first row stands as shown, and we use it to reduce the first column (beneath the
diagonal) to zero. To accomplish this, we multiply the first row by a coefficient and
subtract from all lines below. For example, to reduce the second row, we multiply the
first row by Ay / Aqq (if Ag7 #0) and subtract, For the third line, we use a factor of
Agy / Ayy. The system row appears as follows:’

An App Ay X, )
A X,
¢ Azz'"fi Ap Azs‘Aﬂ A=l in-—F g
1 1
2.7-2)
X3 33
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or

Ay Ap Apiix| |n
,

] Azz’ A23’ Xo =k | (2.7_3)
0 Ap’ Ax'|ixs] |z

We continue the same procedure, now operating on the second row, to eliminate the
second column below the diagonal:

An Ap Az % 5
0 Azz' AQS’ Xz = I'z’
0 4] A ——'—32’ A23 I'3”*"*-"'“-"'A32‘ 1'2’ 2‘74)
22 %3 Az

or

An Ap A |[x| | n
0 Azg’ A23' X3 [= rz’ 3 (2.7—5}
14 Q A33 “ X3 I3 -

) Tosolve for the values of x, one simply bepins with the last row and back substitutes
to sequentially solve for x;, x;, %,

" 1'3'— 32f rE'
X5= L 22 =
A A 2.7-6)
A
Az Ay (Aﬁ“ﬁAm)
Bt )
A‘I‘! .
A
Asy Ay~ Ai Aqgs} (2.7-7)
Agz——Agp -

AT Ay SR Ap)
11
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_ rz"*‘A23ll X3 .
X9 "‘_'—"”—"""'Azz, (2.7’-8)

n -y’ Xo 1" X5

Xy = AL (2.7-9)

Wehave shown only x, in terms of the original coefficients, Ay, to illustrate the rapid
growth in the number of terms in a closed-form, explicit solution. Fortunately, such a
procedure is not necessary because only the final coefficients are needed to obtain the
solution for x;, and they have already been obtained as part of the reduction process.

The Gaussian reduction method is immediately useful for larger systems of equa-
tions by following the procedure given. Compare this with the determination of an
inverse for a matrix larger than 3 % 3 {(which follows the spirit of Equation 2.7-7 rather
than Equation 2.7-6) and one can readily see why reduction methods are used almost
exclusively for solving large systems of equations with digital computers.

Another class of important problems involves finding column vectors that
are changed only in magnitude, but not in direction?, when multiplied by a
given matrix. In fact, it can be easily seen that this property is a function only of
the matrix itself. The basic equation for this problem is as follows:

[A]{x]=2]x] {2.35)

where [x] is the unknown column vector and A is an unknown scalar ratio of
vector lengths between the x vector on the left-hand side and the result of the
transformation (right-hand side). Since X is an unknown, arbitrary constant,
the condition that [x] be parallel to A[x] is applied without concern about
the lengths.

Equation 2.35 is called the characteristic equation, and [x] and A are called
the eigenvector and eigenvalue, respectively.

The selution of Equation 2.35 usually proceeds in two steps. Before begin-
ning the solutions, let’s write it in simpler form:

[A] [x]-Alx}=0 (2.352)
[A][]~[A1] [x]=0 (2.35b)
[A-a][x]=0 (2.35¢)

8 Formally, the column matrix has the same ratios among all elements, but the magnitude of any
element is unknown. This procedure is almost always performed for veciors, lines, and similar
spatial guantities, hence our use of the term “vector.” Formally, there is no need for [x] to be a
physical vector,
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We introduced the identity matrix {I] in Equation 2.35b to bring the second
term: in the equation up to the same measure as the first term, so that the two
expressions could be subtracted. The only interesting solution to Equation 2.35¢

requires that { A-AIl=0. Otherwise, [x} = [0] {where [0] = the null matrix), and
only the null vector satisfies the equation. Therefore, Equation 2.35¢ can first be
approached by using that condition:

|A~2l=0

or, for a 3 x3 matrix,

A—A Ap Ass
Ayt Ap—h  Ag =0

(2.36)
Az Azy  Azz— N

By using the expressions for the determinant of a 3x3 symmetric matrix®,
Equation 2.30, we find the equation for A:

ENSYS JAnn+Ax +A33]+?{—A1; Ao —Agy Azz—~Aj1 Aag +A%3 +A§3 %A%z]-zn
[An(An Az~ Az An)-AplAn Ay~ Ag; Ax)+ Ars(Ag Agp—Ag Ap)] or, (2.37)
212~ T —]3 =0,

where J;, T, I3 are conventionally called the invariants of matrix [AL In par-
ticular, the invariants are

]1 = Aij 51} = trace {A} = AH +A22 +A33 (238)
1 , .
In= E[Aiinj ~(Ay Sij)z] = second invariant of [A]=
~Aq1 Ay —Ax Az~ Ay Agy +Ady+ ATz + A

Ja =|Al=determinant [A]=
An(Ap Agy~ Az Axa) -~ Ara(Agy Agy —Agy Agg)+ Apa(Ay; Agy —Ag; Agy)

¢ The expressions given in Eqs. 2.37-2.38 assume a symmetric matrix, but the corresponding non—~
syminetric case may easily be writien following Eq. 2.36.
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For a diagonal matrix (defined later in this section), the invariants take a
simpler form:

5} = An B A22 +A33 (same) )
Fo=r(A1An + AxAgs + Aj1Ass)
h=AnAndy

Equation 2.37 is a normal cubic equation in A, and therefore must have three
roots that satisfy it; say, A1, Ay, and A3 (in any order). It may easily be shown!?
that these roots will be real if [A] is real and symmetric, the case of most interest
in mechanics. Once A, A5, and A3 are known, they may be substituted into the

original equation (Equation 2.35c} individually to obtain the conditions leading
io the three corresponding vectors x, x’, x™:

Ap~dr  Ap A |lxl |An-h  Ape A x
An Ap—h Ax (D= An Anchr Ax 10| g3g)
Ay Ap  Ax-Mlixs Az Ap  An-hy|[xs

Ap-hy Ag A {Xl” 0
Aap Aoy ~hs Ag 0
Az An  An-is [x_,, “1 10

Because each set of equations is not sufficient to find a unique [x] (because the
equations are equally valid for any length of x), we can complete the set by
specifying that ;% + ;% + %32 =1. That s, that{x] is a unit vector. There are then -
sufficient equations to find the three sets of eigenvalue-eigenvector pairs:

g & Xy, X2, X3, €3 X,
Ao &%, %5 , %", 62 X, (2.40)

7\,3 L Xl”,}(zf’,x‘g”,(—) X",

and the original problem is solved. A is the ratio of length between the vectors
on the left and right sides of Equation 2.35, while the three sets of (x,, x,, x,) are
the particular directions of the three lines that do not change direction when
multiplied by [Al The physical consequences and use of eigenvector-eigen-
value equations will be made clear in the next chapter, when we approach the
physical problem of principal stresses,

¢ Ses, for example, L. E. Malvern: Introduction to the Mechanics of « Continous Medium, (Englewood
. Cliffs, NL.J., 1969}, Prentice-Hall, Inc., p. 45.
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Note, however, that symmetric matrices can be shown always to possess
three real eigenvalues and three mutually perpendicular eigenvectors.

Find the eigenvalues and eigenvectors of the matrix shown below.

1312 0341 0217
JA]=10541 1940 0.375
0217 0375 2748

Note: [A] has been chosen symmetric so that the eigenvectors will be real
and orthogonal.

An Ap Apix| [
Axy Agp Agg Xy lw|Axy {(2.8-1)
Ay Ay Apixs] M

Physical
Requirement

A-x=Xx or [A-Al]x=0

13124 0541 0217
‘Avmﬁp 0541 1940-A 0375 | =0 (2.8-2)
0217 0375 2748-%

Characteristic
Equation

ic Pol ial :
Cubie Polynomial, 31201940~ W2748 - 1)~ 0.375)7]
Form
~0.541[¢0.541)2.748 — M) — (0.217)0.375) (2.8-3)
+0.217}(0.541)(0.375) ~ (0.217)(1.940 - 1)]
=0
In terms of invariants:
I =6
260 +110-6=0 where J, = ~11 (2.8-4)
;3 = 6

To avoid introducing 2 numerical technigue yet, we try the root A =1 and discover
that Equation 2.8-3 can be factored:

(A~D02 -5 A+6)=(h~THA-2HA—3) =0 (2.8-5)

S0 the three eigenvalues have been formed equal tod; =1, Ao =2, andAy = 3. In
order to find the eigenvectors, we must return to the physical requiremnent of [x} {Equation
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2.8-1). Remember, the characteristic equation, Equation 2.2-2, only assures that the
problems have a nontrivial soluifon. Now, substitute one of the required X values into
Equation 2.8-1 and solve for the corresponding eigenvector:

0312 0541 021710% 7 [o
fork,=1: 10541 0940 0375||x, |=i0 (2.8-6)
0217 0375 17481lx4| 16

We require that x be a unit vector such that
Xjz + Xy #Xgp =1or, X-x=1. (2.8-7}

(This condition, or a similar one, is necessary because Equation 2.8-6 is a require-
ment ondy on the directidn of x, not its length. Mathernatically, this condition is
obviously necessary because the determinant of the matrix on the left side of Equation
2.8-6 is singular. In fact, this is the condition we used to find this matrixf)

Equations 2.8-6 and 2.8-7 can be solved in a variety of ways. Let's eliminate the third
equation {since it depends on the first two anyway) and assume!! for the moment that
%y =1 After we have found x, and x,, we will impose the unit vector condition, Equation
2.8-7, by scaling the three components. Equation 2.8-6 then becomes

0940 0375:{xy| |-0.541

0.375 1748 |{x, | |-0.217 (2.8-8)
where we have assumed that x, = 1 and moved the A, and A, coefficients to the right
side of the equation. { If this is difficult to visualize, write out Equation 2.8-6 in equation

form, assume x,= 1, and subtract the constants from both sides of each equation.)
The soluiion for Equation 2.8-8 is found using simple aigebra:

x; =1.00 (given) x5 =-0.57 x3 =00
or, after scaling to form a unit vector,
% (g =D =(0.87, ~0.50, 0.0).

Following the same procedure for the other two eigenvalues (A =2, Ay =3), we
find that the corresponding results are

%(hy =2)=(- 043, ~0.75, 0.50)
%"(hg =3)=(0.25, 0.43, 0.87)

Y Equation 2.8-2 is homogeneous and therefore unchanged by multiplication by an arbitrary scalar.
The only exception is that multiplication by zero or infinity is not allowed, so one must always
check the validity of the results to determine that the component sat equal to one should notbe
zero, I it-s, another component of x should be chosen for elimination.
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The signs of the components of the eigenvectors is arbitrary because the line
direction can be represented equally well by + X or ~%. However, the %% and
%", should form a right-handed set, so we verify that X=X" x ":

£ % x| R[(-75)(87-{45)50)] [-087
~0.43 -0.75 0.50|= —&' [(-43).87)~(25)50)] =] 0.50 (2.8-9)
025 043 087 +X"[(-43)(43)-(250-7B)} | 0.00

So, in order to form a right-handed system, the signs for %’ should be reversed,
with the final result that

M =1 &= (-0.87, +0.50, 0.00)
hp=2: X = (-043, —0.75, +0.50) (2.8-10)
Ag=3: ¥7= (4025, +0.43, +0.87)

The most important operations and nomenclature for matrices have
now been presented. There are, however, many additional descriptive words
involving matrices and matrix operations, a few of which are as follows:

A symmeiric matrix is one for which A;j. = Aﬁ, that is, that a line drawn

through the diagonal elements (A;) is a mirror plane of symmetry.

The transpdse [A]Y of a matrix [A} is obtained by exchanging the rows and
columns of the matrix (Le., AT = Ag).

A diagonal matrix is one for which all elements not on the diagonal (i.e., not
A,) are zero. The identity matrix, [I}, is one example.

A triangular matrix is one that has nonzero elements appearing only in the
diagonal positions, and either above or below {but not both) the diago-
nal positions. The following matrix is upper triangular, for example:

Ay Ap Ay
0 Ap An
0 0 A

Two matrices [A] and [B] are said to be similar if [B] = [TTHA][T] where [T]
is any nonsingular matrix. The transformation shown is calied a simjlar-
ity transformation.

An orthogonal matrix is one for which its inverse and transpose are identi-
cal. The condition may be expressed as follows:
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2.6

[A] orthogonal if [A] [A]T =[AT[A]=[1], (2.41a)

such that
Aik A}k = Ai{l Akj = 511 (24113)

" TENSORS

In order to introduce the idea of tensors, we will once again resort to physical
reasoning and logical extension of the concepts introduced above. The reader is
referred to the excellent book by Nye®?, especially the first two chapters, in which
the physical basis of tensors is discussed in detail. Much of our presentation
follows these ideas, with updated notation to follow current usage.

Tensor is a general word, referring to any physical quantity. Familiar
examples of tensors include scalars and vectors, which we have already dis-
cussed in some detail. Scalars are represented by a single number that is
independent of the coordinate system chosen by an observer. For example, the
temperature at a point in space (in particular, the number assigned to the
measurement) does not depend on the direction from which one observes it
Scalars are fensors of rank zero, '

Vectors, as introduced above, consist of a set of three quantities describ-
ing a length and orientation which exist independently of the observer, but
which have a numerical representation that depends on the observer and
coordinate system. Thus the usual physical concept of an arrow with length
and direction will ook different to each observer (in a completely determined
way) although it retains the same orientation and length in space. Familiar
vector quantities include displacement, velocity, force, and gradients of scalar
fields (for example, the thermal gradient down which heat flows). Vectors are
tensors of rank one.

Tensors of order higher than one do nothave special names, but are referred
to as tensors of the second rank, tensors of the third rank, etc. For simplicity,
we will concentrate on fensors of the second rank in this introduction, but the
principles are general and apply to all orders. We shall provide more discussion
of the various tensors useful in continuum mechanics as we use them later in the
book, but will concentrate on the principles for now. Second-rank tensors are
quantities that connect two vectors, such as stress {force and area), strain
{displacement and length), electrical conductivity (voltage and current), and so
on. Tensors of the second rank contain nine components in 3-D space, to account

_ forall of the cross terms between the components of the two constituent vectors.

For example, one can see that the general relationship between two vectors
(voltage and current density, for example} must contain nine components:

| [Su 51z Siziiwn
i21=[81 Sy Suilva (2.42)
jal {531 Sz Saaj|vas]

- B} B. Nye, Physical Properties of Crystals {Oxford: Clarendon Press, 1957).
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j=8v

where [S}is the conductivity, v the applied voltage (the electric field), and § the
current density.

where 8 is the conductivity, v the applied voltage (the electric field), and § the
current density.

‘Higher-order tensors follow the same pattern, with the connection among
other vectors and tensors apparent. Table 2.1 lists examples of tensors of various
ranks, their related tensor quantities, and the rules for transforming their
Components.

Equation 2.42 illustrates the connection between a second-rank tensor and
a linear vector operator. To test for tensor character of an arbitrary 3 X3 matrix,
one must check only whether the argument and resultant are truly vectors (i.e.,
that their meanings are independent of the observer). This is done by testing that
the orientation and length of the vectors are independent of the choice of
coordinate system. Using Equation 2.22—the vector component transformation
for a rotation of orthonormal basis—the vector components for an unchanged

vector may be found in a new (primed} coordinate system (X;",%3”,%3"). Then,
in the new coordinate system, we can rewrite Equation 2.42:

'] [S1” Sn’ Si7}[v1’]
=187 Sm’ Su’||va|e[if =[SIv}
i3’ 153" 53" Sa’ilvaj

W 1R Rz Rk
where: |}2"|=1Ryy Ray Ros|}iz [« [i} =IR] [} (2.43)
ja’l [Rst Raz Razjlis

vi'] IRy Ry Ryzifwy
V2’ B Rz—i Rzz R23 \#] > Vi’ = Ri}vj ¥ {V]' = [R} [‘V}
vs'] [Rar Ry Rasjivs

With the use of Equation 2.43, the direct transformation of tensor compo-
nents from 5; to 5;' (expressed in the new coordinate system) can be found:

[i} =[81TvY (2.432)
[R] [i]=[s}[R] [v] (2.43b)

[RI*R] [i]=[R]"[s} [R] [v] (2430)



TABLE 2.1 Typical Tensor Notation and Component Transformations®

Rank  Name Exgmple Component Lise Examples
Transformations
. 3 - . ;
¢ Scalar t trat IV temperature (T), time (t), distance

{x),speed {v), mass (m), pressure (p),
density (r}, area (a)

1 Vector  x, X, x =Ry, X = XXy +Xpko +x3Xy  position {x}, displacement (u), velocity

{v), force (f), area (a), temperature
gradient (~—t), eleciric field(v), electric
current density (j}

2 . Tensor S, Sij S’”= R.RS, j=8v, Sy, electrical conductivity {8), stress {c),

strain (E, ), deformation gradient (¥),
thermal conductivity (K}

3 Tensor D, D, DW=RR R.D P+Do, P=D,0o, piezoelectric moduli (D)

i jnT ko™ ip T mnop

4 Tensor C, C;gk} C’W=R. R R R C GS=C-e, °“a;=cr;m€kz elastic constants (C), elastic compliances

*Cartesian coordinate systems are assumed throughout.

94
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so: []=[RI'[ST [R][v] (2.43d)

{because [R]TIR] = {I] for orthogonal [R])

so: [S]=[RI*[s} [R] ,or (2.43¢)

sy =[r}[8][R]" (2.44)

Therefore, Equation 2.44 shows how the components of a tensor are related
in the two coordinate systems. Note that we made use of the fact that [R] is
orthogonal in Equation 2.43c, such that {R]T {R] = [1]. Equations 2.44 and 2.43e
represent the transformation of tensor components back and forth between the
original and primed ceordinate systern in terms of the rotation matrix, [R]
defined as in Equation 2.43. That is, [R] is the cosine matrix that transforms
vector components in the original coordinate system to those in the primed
coordinate system. These component fransformations are most easily remem-
bered in indicial form:

Sij’ = le RJ; Ski (2453)
S5 =Ru Ry’ Sy (2.45b}

where [R}’ transforms components from the primed coordinate system to the
original one, and is therefore the 1nverse (and transpose) of [R]. Here, [R]’ is the
transpose of [R], so, for example, R;;" = R,,.)

Note: Equations 2.43¢ through 2.45b represent a specific example of simi-
larity transformations (this name is used mainly in matrix algebra, where
mairices [S] and [S]' are known as similar matrices). In general, a
similarity transformation has the form [S)'=[TF[SIT]. In our example, T
is orthogonal, so [TI=[TI'. The usefulness of similarity transformations is
shown precisely by the tensor transformation problem.

Equation 2.45 represents one formal mathematical definition of a tensor.
That is, any 3 X3 matrix of numbers that obeys these transformation rules is a
second-rank tensor. The physical perspective on this definition states that a
tensor is a physical relationship between two vectors and therefore exists
independent of the observer. Thus a tensor’s components must follow Equa-
tion 2.43 in order for the tensor itself to be independent of the coordinate
system. The physical picture insists on the basic, physical nature of the tensor
independent of observer, exactly following the physical deseription of a vector
{a first-rank tensor). ’

An alternative and equivalent definition of a second-rank tensor can be
based on its use as a linear vector operator—an operator that operates on: a
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27

vector and has a vector result [y = L{x)], and that satisfies the following two
properties:

1. L{Aa} = AL(a)
2. L{a+b) = L{a) + L{b)
for any real vectors a, b; and real number X. The linearity ensures that L is, in fact,

a tensor whose components transform according to Equations 2.42-2.43.

TENSOR OPERATIONS AND TERMINOLOGY

The language of tensors follows precisely the matrix notation we introduced in

. Section 2.5. This makes sense, because a second-rank tensor is simply a 3x3

matrix that obeys the component transformations shown in Equation 2.42.
Therefore, second-rank tensors are a subset of 3 X 3 matrices, symmetric tensors
are a subset of symmetric matrices, and so on.

:| Demonstrate that [R], the rotation matrix, is nat a tensor.

This is a difficuit question, which may nonetheless illuminate the meaning of tensors.
The standard textbook answer is, for example, that {R] cannot be a tensor because its role
is in relating two sets of components (expressed in two Cartesian coordinate systems) for
the same vector. For example, Nye says (using [T;] to denote a tensor)

[Ri;‘] is an array of coefficients relating two sets of axes; {T;j] is a physical
quantity that, for one given sel of axes, is represented by nine numbers. [Rij]

straddles, as it were, two sets of axes; [‘I‘i-] is tied to one set at g time. One cannot

speak, for instance, of fransforming R {to another set of axes, for it would not
P . 8 1N

mean anyihing. 13

‘This reply relies on the conceptdf a tensor as a physical reality, probably the clearest
way to approach the gquestion. (Mathematical tests of “tensorness” perform the same
function but more obscurely, still relying on the user’s knowledge of whether the tensor
transformation rules can be utilized in a meaningful way.) X we can assign an appropri-

ate meaning to {Rﬁ] thatcan be transformed from one coordinate system to another, then

in fact [Ri;] could be considered a tensor.

It is easily shown that there are four closely related matrices:

[R], which transforms componenis of a given vector or tensor from one coordinate
system to another (let's say original to primed system).

. BY R Nye, Physical Properties of Crystals {Oxford: Clarendon Press, 1957),p. 15.
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{R}T, the transpose and inverse of [R], which therefore transforms components of a
vector expressed in the primed coordinate system to those exposed in the unprimed
one.

{r] = [R]JT which rotates a veclor or tensor to a new position in space. The vector
rotation is carried out such that it is by the two angles specified for the coordinate
system transformation [R].

[} = {R], which rotates a vector to a new positien in space by angles exactly

equivalent to the coordinate system transformation [R]" .

The meaning of these quantities is as follows: The linear vector operator 1] is
defined such that its resultant vector components, expressed in the primed coordinate

systein, are the same as those for the original vector expressed in the original coordinate
system. That is,

a

F=r-% (2.9-1)

x; =Ry y; {2.9-2)

in matrix form:

() ={r] R [x]=[R] [] {x] (2.9-3)

Although the foregoing may seem obvious to anyone who has used matrix algebra
" to f@idié’iféc’:tors, the conclusion is that [R] could easily be defined by [r}T . Furthermore,
.. Since [r]?is clearly a linear vector operator, relating two physically meaningful vec-

tors, [r}T' must be a tensor. Thus [R] can be considered a tensor without trying to ascribe

- @ special meaning 1o it in terms of the component transformation definition.

Similarly, tensor operations follow matrix algebra precisely. Tensor multi-
plication follows matrix multiplication:
U=8T =85-T > Uy =5 Ty, (2.46)
{Cartesian coordinate systems)

hereas the inner product of two tensors follows the definition of the dot
it for vectors:

Uda scalar}=5-T= Si_i Tij' (2.47)
{Cartesian coordinate systems)
atively, we can represent other possible forms of tensor multiplica-

ng the basic ones defined in Equations 2.47 ‘and 2.48 and the
n for transposes:
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U =8TT =8TT Uy’ =Sy T (2.48)

Alternative tensor multiplications

U"=8IT & Ug” =85 T (249)
U” = STTT &3 U;k e 81] Tiu (250)
V=51 08Ty (251)

As with first-rank tensors (vectors), the physical operations of tensor
product and inner product are defined without regard to coordinate systems,
but the mathematical manipulations take on simple forms, Equation 2.46 and
2.47, when carried out for Cartesian coordinate systems. However, unlike the
situation with vectors, it is difficult to draw the tensors and visualize the
geometric operation.

The dot product is also defined between vectors and tensors, with a simpler
physical significance. Equation 2.42, which we used to define a tensor, is an
example of this kind of dot product. As with the vector dot product, itis simpler
to visualize the operation for a unit vector:

t=SH (2.52)

In this case, t represents the projection of § along a line whose direction is
represented by the unit vector a. This projection contains three components
and is therefore a vector, contrary to the vector dot product, which yields a
scalar projection. The physical significance of tensors and tensor operations is
better explained by examples of specific physical tensors, introduced in the
next two chapters.

Because tensor algebra follows matrix algebra so closely, we reproduce only
a few common tensor properties here, without amplification:

TI=IT=T {2.53}
(identity tenser)
T8#8T (2.54)
(not commutative)
(TSHU = §(TH) (2.55)
{associative)
TS+ =TS+TU {2.56)

{distributive over addition)

T-U=U-T (2.57)
{commuiative)
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T-(U+S)=(T-N+{T-8) (2.58)
{distributive over addition)

T+0=T (2.59)
{(identity element = null tensor)

Other definitions follow directly from matrix algebra. For example, the
transpose of a tensor is one that has its rows and columns interchanged:

TV =T, (2.60)
The use of tensors will be illustrated more precisely in the following three
chapters,
CHAPTER 2 PROBLEMS

A, Proficiency Problems

1. Perform the indicated vector operations using the vector components
provided:

ae(L 1LY be{l, 2,3 ce(~1, 1,-D

a'b axb a-(bxe)
a-¢ axe faxb)-{axc}
b-¢ bxe a-{b+tc
a+b bxa a-b+a-c
a+c cxa ax{b+c)
b+c cxb {axb)+{axc)

2. Perform the indicated vector operations.

a. Write the given vectors in terms of the base vectors provided:

%" & (0.866, 0.500,0.000)
%y” > (~0.500, 0.866,0.000),
%3* > (0.000, 0.000,1.000)

where the components of these base vectors are expressed in the
original coordinate system: ‘

ae(L L, Dbe(l, 2,3 e (-1, 1L,-D
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as expressed in the original orthonormal bases set X3, X, X3

ie, a=Ky+Rotky Db=R 42X, 43Ry e=m-R Xy~

Perform the following operations using the components of a, b, ¢
expressed in the new (primed) basis:

a-b a-(bx¢) ax{b+c)
axb (axb)(axc} {axb)+{axe)
at+hb

Construct the rotation mairix [R] to transform components from the
original coordinate system to the primed coordinate system. Is [R]
orthogonal? Find the inverse of [R] in order to fransform components
expressed in the primed coordinate system back to the original,
unprimed coordinate system.

Transform the components of theresults found in partb to the unprimed
coordinate system and compare the results with the equivalent opera-
tions carried out in part 2 {using components expressed in the original
coordinate system).

_ 3. Find the rotation matrices for the following operations:

a.

d.

Rotation of axes (i.e., component transformation} 45° aboutx; in a
right-handed sense {counterclockwise whenlooking anti-parallel along
X3).

Rotation of a physical vector 45° about %3 in a right-handed sense
{i.e., the vecfor moves counterclockwise when looking antiparallel
along ¥3).

Rotation of axes {i.e., component transformation) 30° aboutX, in a
right-handed sense (i.e,, counterclockwise when viewed antiparailel
to iz).

Rotation of a physical vector 30° about X, in a right-handed sense (i.e.,
the vector moves counterclockwise when looking antiparallel along X5).

4. Perform the matrix manipulations shown.

&,

Find the determinants and inverses of the following matrices:

123 7 89 11 1
[al=]4 5 6| [Bl=|1 2 3|[C]=|-1 2 3
7 89 456 |3 14
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b, Muttipty[A] [A]™, [B][B]™", and[C}[C]™ to verify that the inverse
has been correctly obtained.

The following sets of basis vectors are presented in a standard Cartesian

- coordinate system (X, X, X3).

xWe 0707, 0707, 0.000
Set{D %Y & -0500, 0500, 0707
%,Wes 0500, —0.500, 0707

5P es 0750, 0433, 0500
Set(2) %' > -0500, 0866, 0.000

%@ & -0433, 0250, 0.866

¥ e 0866, 0500, 0354
Set(3) %P ¢ 0500, 0.866, 0.354

%5 s 0000, 0000, 0.866

a. Using vector operations, determine which of the basis sets are orthogonal.

b. Determine the transformation matrices to transform components pre-
senfed in the original coordinate system (%1, X5, X3) to those in each of
the other basis systems.

c.  Which of the transformation matrices in part b are orthogonal? Does
this agree with part a?

d. Find the transformation matrix to transform components provided in
coordinate system (1) to components expressed in coordinate system
{2). Is the transformation mairix orthogonal?

Solve the sets of equations presented below by finding the inverse of the
coefficient matrix. {Note that part b will require extension of the inversion
formula to matrices of size greater than 3x3.)
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X1+ 2X2+ 3X3 =10
Xi+ 5Xp— X3 =12
Xl‘i‘ 3){2'?‘ X3 =14

X+ 2X,+ 3X5+ 4X, =10
Xy+ 5Xg— X3+ 14X, =12
X+ 3+ Xg+ Xy =14
X+ 4Xo— ZX3~ Xy =16

7. Perform the following operations related to eigenvector-eigenvalue problems.

a. Pind the eigenvalues and the associated eigenvectors for the following
matrices:

07 laas |a2 -
31 B "
3 5 6 2 -3 3

b. Find the transformation matrices which change components expressed
in the original coordinate system to ones expressed using the eigenvec-
tors as base vectors. Choose the direction associated with the maxi-
mum eigenvalue to be the new X,", the second one X;’, and the third
one X3'.

¢, Treating the columns of the matrices in part a as vectors, find the
equivalent components expressed in the eigenvector bases from partb
[i.e., use the transformation matrices found in part ¢ to find the new
components of the tensors in part a, expressed in the principal coordi-
nate system.]

8. Find the new components of the tensors provided below if the cecordinate
system change corresponds to a rotation of 30° about %3

0.866 0500 0.000
[R]=} -0.500 0.866 0.000
0.000 0.000 1.000
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i1 23 12 3
Tl «i2 4 5 =[T1L TZ 14 5 6 :{Tz}
3 56 7 8§ 9

9. Incalculating contact conditions at an interface, itis often necessary to find
the unit vecior that represents the projection of a given vector (usually the
displacement of a material point) onto a plane tangent to the interface. If
the ngrmal to the tangent plane is denoted A, and the arbitrary vectoris a,
find t, the unit tangent vector corresponding to the material displacement.
{(Express the result in terms of a,fi, and simple vector operations.)

B. DEFTH PROBLEMS

10. Perform the following operations related to component transformations.

a.

Find the transformation for components from basis set (2) to basis set
(3) in Problem 5.

Find the inverse transformation; that is, one that expresses compo-~
nents in basis set {2} if they are given in basis set (3).

Using the approach shown in Exercise 2.5, verify that transformation
matrices found in parts a and b do, indeed, perform the indicated
transformations.

Show the matrix form of the tensor transformation for components
given in basis set (2) to those in basis set (3).

11. Find the rotation mafrix for the double rotation of coordinate axes: rotate
90° about X;, and then 90° about X3.

12. A cylindrical coordinate system is one that rotates according to the coordi-
nates of the point in question. Typically, r, 8, z represent the coordinates of

a point, with the base vectors given as ¥, 8,2, for example, The diagram
shows such a coordinate system and a superimposed Cartesian coordinate
system that coincides when 6 = 0.

Find the transformation matrix to change components expressed

inky, %, X3 to ones expressed in £,8,2

Find the cylindrical components of the following vectors expressed in
the%;, X3 X3 system:
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a <« (10.000, 0.000, 0.000}
b ¢ (0.866, 0.500, 0.000)
¢ « {1.000, 1.000, 0.000)
d < (1.000, 1.000, 1.000)
e ¢ (0.000, 1.000, 0.000)
f < (-1.000, 1.000, 1.000)

~
%

3
~
/\Xk/r
. . 4
9 - X
s Fa)

c. Find the magnitudes of the vectors given in part b, first using the
Cartesian coordinate system components, then using the cylindrical
coordinate system. Mow is the magnitude of a vector computed in
cylindrical coordinates?

d. Is[R] orthogonal for this transformation? Physically, why or why not?

13. Perform the indicated operations related to equation solving.

a. Solve the equations given in Problem 6 by using Gaussian reduction
instead of by finding the inverse. Which do you prefer for large
matrices?

b. Given the soclutions obtamed in part a, find the inverse of the coeffi-
cient matrix.

c. For larger sets of equatxons, why is it easier to solve by a reduction
method?

C. NUMERICAL AND COMPUTATIONAL PROBLEMS

14, Write a main program for handling input and output and subroutines to
perform the following basic vector and matrix operations (for dimensions
up to 10 x 10, for example). Use Problems 1, 2, and 3 io test the validity of
your progran.



15.

16.

17.

18.
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a. Adding and subtracting vectors and matrices
b. Dot preduct

¢.  Cross product (3-D only)

d. Multiplication of two matrices

e. Multiplication of a matrix and vector

f. Test for the orthogonality of a 3x 3 matrix

Using your subroutines from Problem 1, construct a program for rotating
the components of a second-rank tensor.

Create and test a subroutine.

a. Writeasubroutine for solving a system of linear equations based on the
Gaussian reduction method. Verify your program by comparing with
the manual operation requested in Problem 12, or the inverse method
requested in Problem 6.

b. Use your subroutine from part a to find the inverse of a given matrix.
Compare restlts with Problems 4 and 6 to verify your method.

Use the Newton-Raphson method (see Chapter 1) to solve a general cubic 7
polynomial equation with real roots. Write a subroutine to solve this
problem. Verify your program by comparing with Problem 7.

Write a program to find the eigenvalues and eigenvectors for a 3x3
symmetric matrix. Use the subroutine constructed in Problem 17 to find the
eigenvalues from the cubic equation. Use the method presented in Exercise
2.8 to find the eigenvectors, but check to make certain that the component
eliminated in the method is not equal to zero. Verify your program by
comparison with Problem 7.
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gtress

We choose to consider the description of forces acting in and on a body before
discussing deformation of the body. We adopt this approach because the
concept of force is usually easier to understand than the concept of deformation.
Forces are used directly in all mechanical branches of physics; that is, those
utilizing Newton's laws. We begin with simple physical concepts and then goon
to develop a more precise mathematical approach to the definitions. Along the
way, we find the need to discuss and define the continuum {which few discus-
sions of continuum mechanics actually do}). We note in passing that the funda-
mental concepts in continnum mechanics often cause the most trouble and
should not be aveided simply because they are not purely mathematical.

PHYSICAL MOTIVATION FOR STRESS DEFINITIONS (1-D)

Let’s start the discussion by considering a long, slender body loaded axially
{picture, for example, a wire or standard tensile specimeny}, as in Figure 3.1,

(a)
(b}

5]

~

LT @

Pe) o~
_xaé "X

Figure 3.1 The force transmitted by a long, slender rod.
88
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For equilibrium (i.e., so the rod doesn’t accelerate), the external forces
acting on each end of the rod must be equal. To probe the internal forces acting
through the material rod, we conceptually “cut” the material of the rod into two
pieces! and then apply a fictitious force on each part such that the remaining
bodies do not accelerate. Of course, there is no reason that we could not do this
operation in reality, but it is obvious that the resul§ would be the same, if weare
to believe Newton. By physically or conceptually cutting the specimen, we can
convert the existing internal forces to external, observable forces, so we should
realize that we need not be overly concerned about the distinction between the
two terms.?

By comparing the perpendicular cut, Figure 3.1(b), with a cut ai an arbitrary
angle, Figure 3.1{c), one can easily see that the force passing through the cut
surfaces does not depend on the cut orientation.?

Similarly, by comparing Figures 3.1(c) and {d), it is clear that the force
passing through the cut plane does not depend on the size of the body, either.
In Figure 3.1{d), we see that four rods like the one in Figure 3.1(a-c) could be put
together (eachloaded with £/4) without changing the external or internal forces.

To generalize our limited observations from the slender rod, we can state
the following, for cuts separating a body into two distinci pieces:

1. Internal forces can be examined by making mathematical or physical
cuts through a body, thereby converting the internal forces to external,
observable ones.

2. Theinternal forces are independent of the size and orientation of the cut
through the body used to probe them as long as the reorientation of the
cut does not include any additional boundary forces.

These two general observations simply mean that the internal forces trans-
mitted across internal surfaces are as real and physical as the external ones, and
that they are unrelated to the structure and properties of the body, or to the
technique we use to reveal them.

Let’s now compare Figures 3.1{c) and (d) in more detail. Figure 3.1(d)
represents 2 bar with dimensions double that of the others shown. If we make
the frivial cuts shown by dashed lines (trivial because no forces pass through
those surfaces since the force vector lies in those planes), we can see that the
larger bar is equivalent to four of the smaller ones, each loaded with a force of

1 Werestrict our discussion to cuis that separate the body into twe pieces. Other cuts do not clearly
make the distinction between internal and external parts of the body. In addition, we assume that
anarrow cut indeed separates the two halves completely, in thai there are no long-range forces
from regians remote from the cut, nor are there local couples operating across surface regions.

z There are exceptions to this, depending on how the cut is taken. The force will depend on the cut
orientation if, by rotating the cut, additional external forces are added to the body. Equivalently,
any forces acting in the cut plane are not “seen” until the cut plane is rotated, because these forces
are not fransmitted by the cut surface. This is important because it implies that we must always
examine three non-coplanar planes to reveal the full range of forces in a body. In the rod
geometry, we avoid these difficulties because only a single external force acte along the axis, and
we exciude cuts that contain this axis.
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£/4. Therefore, from a material point of view,* bar (4) is loaded only one-quarter

" -as heavily as the bars in {#-c), although the same force is transmitted through
it. That is, the loading felt by the material is reduced proportionally as the area
of the surface (at a fixed orientation) carrying a fixed load is increased. For
material purposes, then, it is more useful o think about the average intensity
of the force transmitted by the area, that is, the force fransmitted through a
surface divided by the area of that surface. While this definition solves the
problem of different-size bars, it introduces a further complication because
the orientation of the cut plane, while not influencing the transmitted force,
does influence the magnitude of computed force intensity. Therefore, the
vector force intensity, usually called the stress vector or traction vector,
depends on the orientation of the surface across which itis transmitted. For a
given surface, the transmitted force vector, £, is found by multiplying the
stress vector, t, by the scalar surface area a:

ftmnsmmed =ta {3‘1)

Equation 3.1 shows that the idea of internal force per unit area must be
linked to both the force and the area used to probe it. This is a simple
consequence of this geometry, because the force transmitted by the plane is
independent of orientation while the area of the plane varies with orientation.’
Equation 3.1 also shows in a simple way that the maximum force per unit area
will be found on planes normal to the force passing through them. These
particular directions {parallel to force direction, normal to the plane) are

_called the principal stress directions, and the values of the force area intensity
{2 maximum} on these planes are called the principal stresses. (Since the force
vector lies normal to the plane, only a scalar length is needed to describe a
principal stress.} '

The direction of the stress vector lies in the direction of the force passing
through the plane, and its magnitude is equal to the magnitude of the force
divided by the area of the cut plane used to measure the force. The magnitude
is a scalar measure of the stress acting on the plane.

As a final note in this thought experiment, let’s consider what we have
neglected so far. We know, for example, that all planes containing the vector
f—that is, all those containing the axis of the rod, like the cuts shown in Pigure

* The material in each bar is presumed to have identical properties, independent of the number of
bars selected or their sizes. Thus we are able to assign the force f equally to the four bars, A more
precise statement of this appears in the next section.

* Again, this applies to cuts made across the whole body and whose reorientation doesn't pass
through additionat external forces.

5 Anequivalent, and more usual, way tolook at stress is to choose a unit area {internal) of arbitrary
orientation and to ask what force is transmitted by this trial area. This procedure will be followed
in subsequent, more formal sections. In either case, three non‘coplana: planes are required to
probe all of the possible transmitted forces.
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3.1{d}—are unaffected by £. Similarly, all forceslying in our chosen mathemati-
cal (or real} cut plane will be unobservable. Therefore, with a little geometric
visualization, it should be clear that we must make at least three arbitrary {not
coplanar) cuts in order to probe all of the possible forces passing through the
body. This can be easily seen by considering two arbitrary planes. They
intersect in a line that is contained in both planes. Therefore, forces transmit-
ted in this Jine’s direction are invisible on both of the two planes. The third
plane, being noncoplanar, will have a nonzero projected area normal to the
intersection line and will therefore “feel” the remaining force direction. As
usual, the argument can be simplified if we think of orthogonal cuts. In Figure
3.1(b), for example, the first cut can be taken normal to ¥; and the second might
be normal to X, . Then, forces acting along the x5 direction are untested, so we
choose our third cut normal to X5. (This system has a further advantage for the
rod geometry-—the area of the cross-sectional cut is minimum, and the stress
vector magnitude is maximum. The two normal cuts experience no transmit-
ted forces. That is, the principal stresses are obtained on the three surfaces
chosen, two of which are zero.)

The remaining limitation to our thought experiment lies in our assump-
tion that the material of the bar(s) is uniform. We used this assumption when
we assigned a force of £/4 to each quarter of the bar in Figure 3.1(d}. For
example, when we cut the bar into quarters, we could have found that one
piece was made of steel, one of mercury, one of butter, and one of air! In this
case, nearly all of f would be transmitted through the steel guarter while the
other parts would be nearly unloaded. Thus, it would make no sense to
assume that the maferial in Figure 3.1(d) was loaded one-guarter as heavily as
that in Figure 3.1(c}. Three-quarters would be nearly load-free, and one
quarter would be nearly the same as the bar in Figure 3.1(¢); thus any attempt
to describe the force intensity by a single quantity would be meaningless.
The transmitted force across the cut is, of course, the same because Newton
can’t be cheated, but the idea of a force-per-area intensity would require a
more careful approach. In the next section, we discuss the basic assumptions
in defining limitations on our picture of the material {or on our way of
looking at it) in order to resolve this problem with our physically motivated
definitions of stress.

GLIMPSE OF A CONTINUUM

The problem raised at the end of the last section is central to the field of
continuum mechanics; namely, what assumptions do we require about our
material behavior® such that we can define materially useful quantities such as
stress? In the discussion of Figure 3.1, we avoided the problem by quietly
assuming that the force on the rod was transmitted uniformly through the rod
for purpeses of defining an intensity of force, a reasonable assumption for a

¢ Material is defined generally here to include solids, liquids and gases.
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long, slender geometry of homogeneous material (which we sneakily intro-
duced without comment). We later showed that the idea of a single intensity
on the cut surface was meaningless unless the bar could be subdivided and a
part of the transmitted force assigned according to the cross-sectional area of
the part.

In fact, the problem is much more serious for a generally loaded body
because the forces are varying with position on each internal and external
surface, with the stress varying from point to point and orientation to orienta-
tion. Therefore, to talk about a materially meaningful force/area in the general
case, we need to restrict our attention to a surface area thatis much smaller and/
or much larger than the scales of variation for the stress itself. In the case of the
long, slender rod with constant cross-section (Figure 3.1), we can see intuitively
that the transmitted force/area will be nearly uniform for any area far removed
from the ends of the rod, as long as the material itself is homogeneous.

The idea of length scales mentioned in the preceding paragraph pervades
the fields of continuum mechanics and materials science. We use the idea
withoutreal precision, much like an order-of-magnitude estimate. Inhomogeneities
in mechanical field variables (stress or strain, e.g.} arise not only because of
external loading, but also from internal variations in material properties. It is
necessary to distinguish which variations are of important length scales and
which can safely be ignored, For example, if the length scale of interest for a
given problem is d ~ 10-%m, one can often safely average over variations over
a scale of d ~ 16*m or 10%m and neglect far-removed sources of variation
(10-tm, e.g.), by replacing the actual distribution of forces with a statically
equivalent set with the characteristics sought. The principle does not apply
to the directional dependence induced by structures of various length
scales, which persists at much greater length scales via long-range symme-
try. For example, the atomic (d ~ 10-¥m) arrangements in a crystal deter-
mine its elastic symmetry, up to any size single crystal (d ~ 10-°m)}. Con-
versely, a random assortment of such crystals in a polycrystal can have
isotropic elastic properties because the local atomic symmetry islost at large
length scales.

In order to provide a crude but instructive example of typical length scales,
we consider alarge siructure, a bridge, from the perspective of several mechanical
scales. At the largest scale, the bridge might be considered as a unit (d ~ 102-103m)
to assess relative movements of the ends by seismic activity. For structural
analysis, each member is often modeled by considering statically equivalent
pin-on-rod assemblies such as the I-beam shown in Figure 3.2 {(d ~ 10! m in
length). The structural analysis for such a structure prior to construction would
normally be carried out at this scale. Separately, the use of I-beams would be
justified by more detailed structural analysis based on their actual shape, on a
length scale corresponding to parts of the smallest dimension {d ~ 10-210-3m).
At this length scale, the continuum approximation is quite good because the
internal material inhomogeneities are usuaily much smaller and may be treated
inan average way. At d ~ 10m, the typical grains of the steel represent marked
inhomogeneities, and there may be second-phase particles (precipitates) of d ~10%m
inside the grains. Inside the grains and between the precipitates, the material
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Figure 3.2 Length scales for a typical siructural material spanning thirteen orders of
magnitude,

can be treated homogeneously until a length scale of d ~ 103 m is approached,
where the stress fields of dislocations are resolvable. Again, between disloca-
tion cores {and not crossing phase or grain boundaries), the continuum model
is very accurate. Finally, the continuum idea breaks down conceptually (along
with the idea of a material} at the atomic level, d ~ 10 m, where many-body
interactions occur via the complexities of atomic bonding.

Summary: A confinuum is a smoothly behaving mass of material thai
exhibits no “lumps,” “folds,” or “holes,” such that the limit defined in
Equation 3.1 exists. The connection fo real materials involves the choice of
length scale (d} such that a modified limit Iike Equation 3.1 exists for surface
areas of a scale of approximately d - d.

With this melange of material and loading inhomogeneities, how do we go
about defining a useful force intensity? The usual procedure is to invoke,
arbitrarily, the idea of a continuum (hence continuum mechanics). A continuum
" is an idealized sort of material where, at a sufficiently small length scale, the
material behaves snroothiy;” that is, all of the field variables change much more
slowly (i.e., on a much larger length scale) than the material properties. For

7 In this general discussion, we will avoid defining smooth in 2 precise mathematical way but will
defer that to subsequent sections.
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3.3

example, we restrict our attention to sufficiently small regions so that we can
avoid boundaries between crystals and dissimilar phases. As a corollary of this
intuitive idea of smoothness, we will not allow holes to open up or material to
overlap. That is, two bits of material can never occupy the same point in space
(or conversely, one bit occupy two points in space), for these actions would
certainly result in some abruptand nonsmooth changes in infensities, and so on.

With our definition of a continuum, we are free to define a meaningful force
intensity (or siress) by considering an infinitesimal area of surface (internal or
external), which mustbe at a much smaller scale than the variations in field quantity:

Force transmitfed through area a
-0 Areaofa (3.2}
{For a specified orientation of 5)

stress =
a

This one-dimensiohal view of stress corresponds to the discussion of the
slender rod, Figure 3.1. Equation 3.2 must exist without regard to how the limit
is taken if we want a good definition of stress at a point, hence the need to
disaltow veids or folds.

How useful is this idea of a continuum? It is extremely useful (although
some of the mosf interesting research focuses on regions where the idea breaks
down). Virtually all structural analysis and design relies completely on the
continuum concept. The most serious deficiency occurs at the smallest length
scales, approaching the interatomic distances {109 m}. A Hmit like the one
shown in Equation 3.2 has no meaning when the limiting procedure involves
passing through periodic arrays of nuclei and eleciron clouds that can affect the
result significantly. Therefore, we should think of the limit of Equation 3.2 as
being one where “a” becomes very small relative to some variations {those from
external loading, second-phase particles, etc.} Whﬂe remaining very large rela-
tive to others (the interatomic distance}.

DEFINITION OF STRESS: INTUITIVE APPROACH

We now proceed fo generalize the idea of stress {(force intensity) introduced
conceptually in Section 3.1. In order to do this formally, we rely on the concept
of a continuum discussed in Section 3.2.

For a general 3-D definition, let’s consider cutting out a small® piece of
material from a statically loaded body. (Note that we now do notrequire that the
cuts extend across the whole body, and thus we cannot know, a priori, the force
transmitied across the plane.) In order to keep the element from accelerating or
deforming after the connections fo the adjoining material are cut, we must
impose forces equivalent fo thase imposed by the rest of the body on each cut

¥ The use of the word small refers o its dimensions relative to variations of force intensity, For the
formal continuum, of course, we can ensure this condition by making the piece infinitesimal.
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surface. The small piece may be cut out in any shape; however, it is convenient
to use a right parallelepiped such that the edges Lie along the axes of a Cartesian
coordinate system. {The directions of these axes are chosen arbitrarily aslong as
they form an orthogonal set).

Therefore, let’s consider the parallelepiped and the general set of forces that
pass through its surfaces, Figure 3.3.

Figure 3.3 The forces acting on an element of material cut from a loaded body.

Welabel the forces acting on the material by the plane normal to that surface
{i.e., £ is the force acting on the plane whose outward normalis —X; ). Following
our 1-D example, we define the average force intensity on each face by dividing
by the surface area:

force intensities : L= = (3.3)
A4q Ax ]'AX k

where Ax; and Ax, are the lengths of the two sides defining a,. In order to define
stress vectors more precisely, we take the limit of Equation 3.3 as a, approaches
zero (while the orientation of the plane remains fixed), a limit that we know
must exist because of our continuum assumption:

b= Bm Ho Hm —H_ (3.4)

Where t, represents the six stress vectors (i = 1, 2, 3) operating on an
infinitesimal element of material via the six faces.
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With our knowledge of a continuum’s properties, itis easy to show thatonly
three of the t,; are independent. Since the limit in Equation 3.4 must exist indepen-
dently of the path taken as a;— 0, we can consider a parallelepiped of the
proportions shownin Figure 3.4 as we carry out the limit. Thatis, because we are
dealing with a continuum, we are free to consider a, and a, second order relative
to a,. Then, by summing forces on the element, we find that §,{= t,a,} and {;
{= tya;) are second order and therefore do not contribute. Thus,

t, = - t; {for equilibrium).

By taking the shape of the parallelepiped differently, such that other pairs
of faces do not contribute to the equilibrium, we can obtain similar relations for
the other forces:

such that it is shown that only three stress vectors are needed to describe the
entire area-intensity of forces passing through a continuum material point.

"~
%2

Figure 3.4 Stress vectorsacting on the faces of right parallelepiped for Axy << Axy, Ax,.

1t is convenient to arrange the components of the remaining stress vectors
in & matrix for further manipulation, by making t;, t,, and t;into three column
vectors, part of a 3% 3 matrix:

t{x1) b tafx1) § ota(xg)| [our on o3
tifxa) i tofx) 1 talxp)}j=|om oz O i=[c] (3.5)
tixs) i talxs) I ta(xs)| lom om o

where we have labeled the components of the stress vectors ¢y as follows: § refers
to the component divection %; of the force acting on the plane normal to X;. Thus, the

‘components of the stress vectors t,, t,, and t, arethecolumns of | o). Figure 8.5 shows
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the locations and directions in which each of the components of [ o] operates (three
faces only are shown).

Figure 3.5 Stress vector components acting on the front of a cube (rear faces are not shown).

Although we considered the linear equilibritm of the element of materialin
reducing from six to three independent stress vectors, we have not yet consid-
ered the rotary equilibrium of the element. As an example, consider the view of
the element along —%y Figure 3.6, and sum the moments about thex; axisin a
right-handed sense:

Ax Ax
Zan = 2012A)(2AX3(”:2"1J - 20'21 Axq AX3{'T2} ={ (36)

Thus 645 = 6y; {by removing a common factor of AxAx;Axy). Similarly, by
considering rotary equilibrium about the %, and %, axes, one finds that 6,5 = 6,
and G, = 0y,. Therefore, the matrix representation introduced in Equation 3.5 is
symmetric, and the distinction about whether the stress vectors are arranged as
columns or rows is lost:

G131 O O3
[o]={c12 o022 om (3.7)
O13 Op3 Os3

G 8%p 8%

Gy X, A%

Figure 3.6 Moments acting about the X5 axis through a material element (the element
has thickness Axy into the page).
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Therefore, using Newton’s laws, we have demonstrated that only six of the
components of the stress tensor (Eq. 3.7) are independent {(although we havenot
yet demonstrated that [ o ] represent the components of a tensor). The existence
of only six independent components is obvious for the Cartesian coordinate
system and the definition of siress presented here (following the original
development of Cauchy and Buler), because { o] is symmetric. However, there
are other possible definitions of stress for which the independence of only six
components will not be so apparent.

Show that [c], as defined in Equation 3.7, is a tensor.

We make a cut through the corners of the parallelepiped that we used to define o,
thus forming a tetrahedron (this procedure follows Cauchy’s original). We denote the

cut surface area by a and its outward normal @i, as shown in the figure below.

L = A
area, = an

Since the new element is required fo be in equilibrium, we can find the forces
transmitted by the cut plane. We sum the forces on the tetrahedron in one coordinate
direction at a time, noting the necessary signs to foliow our outward-normal sign
convention on the cut surface:

~
X

wx>

Yt =0 fonthe cut plane)= oy (i -%y Ja+opp(fi- Xy Ja+ ora(fi-R3)a (311

where the area of each coordinate-plane face is simply equal to (fi-;)a, obtained by

projecting fia along the three coordinate axes. Of course, fi-Xpis simply n,, the ith
component of fi, so that Equation 3.1-1 can be rewritten as follows (dividing by a):

E_
=1 m-—é—: Cyfly b Gyplty + 0303 (3.1“13)

Similarly, for equilibrizm in the other two directions,

t:..fg.
a

= gyl + Ggplly + Cuglig (3‘1'1}3)
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f
ty= wj 5 GagTy + Gaglp +Gagila (3.1-1¢)

where ty, t,, and t, are the components of the stress vector acting on the cut plane with
planenormal & . By combining Eqs. 3.1-1 and by noting that tand fi are physical vectors,
we can write:

B 100 Op O

ty =10y O On 5n2 ¢rt=0-1 > m(}'ﬁl‘li {3.1-2)

t3] |Oa1 C32 Omfng

Thus ¢is shown to be a linear vector operator (and thus a tensor) associated with the
two vectors fiand s for a given plane. With a simple change to represent the cut-plane

orientation and area by a single vector a {a = aﬁ} . Equation 3.1-2 becomes:

] {0u O Smixy
fz =iGay Ty Goz fag (& f=o-aes fi = ci? a; {3.1"‘3)
f5] |9 Sam Omjas

Show what happens te the properties of the stress tensor if body
body torgues are allowed in the material element,

Body forces and torques may be caused by forces that operate throughout a
material because of its volume or mass. Examples include gravitational and electro-
magnetic forces.

Body forces can be shown not to affect the reduction of 18 possible stress compo-
nents to 9 by again considering Figure 3.4. As Ax; approaches zero (while Axyand
Axgremain constant), the volume of material upon which a body force can operate
approaches zero. Therefore, along this limiting path (remember, all limiting paths are
allowed by our definition of a continuum), the body force is second order to the surface
force, and the opposite sides of an infinitesimal element must exhibit equal and opposite
stress vectors. Thus the 18 possible components of [o] become 9. Moreover, [o] is still
symmetric, 50 only 6 components are independent.

Body torgues, conversely, are not second order to the torques introduced by the
surface forces. Figure 3.6 shows that the volume of material in the element cannot
approach zero in such a way that body torques become second order. Therefore, the
existence of body torques destroys the symmetry of the stress tensor:

oy # 6;{with body torques)
CONCISE DEFINITION OF THE STRESS TENSOR

We have concentrated so far on presenting a physical interpretation of stress.
However, it is simpler and more concise to define the stress tensor as a vector
operator, to show that the operator is linear (and thus a tensor), and to proceed
from this vantage point.
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To perform this definition, we consider an element of planar surface inside
a loaded, continuum body.” The normal to the surface is defined by the unit
vector fi, and the average stress vector acting through this surface is t. (Equiva-
lently, we could multiply t by the area of the surface, a, to obtain the total force
acting on the surface.) Then, to obtain the value of t at a point, we perform a limit
as the area a approaches zero, while keeping the normal {1} constant:

t(atapoint}= lim t(average) = Hm f (3.8)
a—0 a—{

This limit must exist because of our assumption of a continuum. The value
of t becomes independent of the size of the test area, but does depend, in general,
on the position in the body and the direction of fi. Therefore, at a single point,
we can write that t {or f) is a vector function of ii:

t=rc (i} or df= £ (f) da (3.9)

where, by the limit shown in Equation 3.8, t = df/da (which is evaluated at
constant n). Considering Equation 3.9, it is convenient to define an area vector;
that is, one that has a direction normal to the surface area and a magnitude equat
to the area itself:

a=an, da=rnda (3.10)

Note that we defined da to conform with the lmiting procedure of Equation 3.8.
With this understanding of the limiting procedure (which shows thatf is a
constant for a given it), we can rewrite Equation 3.2 more simply:

t=£{f), df = £{da) (3.11)

Therefore, one of the tests that £ be a linear vector operator {and thus a tensor)
is satisfied:

Adf = £(@)Ada = £(A)da = AL(da) (3.12)

* We zestrict ourselves to an internal, planar surface to avoid ambiguities of the normal direction,
and to eliminate surface-induced siresses such ag occur at interfaces between dissimilar media,
and which can depend on material properties and surface curvature, independent of the stresses
transmitted through internal, imaginary surfaces.
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The other, vector test has already been established in Exercise 3.1 using
Cauchy’s tetrahedron. For a more intuitive picture, we consider here a 2-D
development in order to demonstrate that equilibrium requires that L{a+b) =
£{a} + L{b). Consider an infinitesimal element of rectangular cross-section {for
simplicity!) with unit thickness along X3 (Figure 3.7) with lengths of sides dx,
and dx,. Also consider a cut along the diagonal (which is in an arbiirary
direction because dx; and dx, are arbitrary} and the equilibrium of one of the
remaining triangles.

of \ da E
e ey
;‘\2 . dfy da,
e o
;1

2 da,

@) (6}

Figure 3.7 Force and area vector for a triangular element of material {unit thickness
into the page).

Because the triangular element must be in equilibrium, the forces df,, di,
and df are related:

—df = +(df, + df,) (3.13)

or, using our definition of the vector operator £ (Equation 3.11),
—L{da) = +{L(da;)+L{da,}] (3.14)

But da; and da, are just the components (with a sign change because of the
cutward normal convention) of da. That is, da = -(da;+ day)
and da; ={da %)%, da, =~{da-%,)%y. Therefore, with the help of Equation 3.12, we
can write

L{day -!-da;,_)w@(daﬂ-i—ﬁ(daﬂ (3.15)

and L has been shown to be a linear operator, and therefore a tensor, that we
conventionally call the Cauchy stress tensor, 0. Following the arguments in the
previous section, the Cartesian components of O can be shown to be symmetric.

Naote: The foregoing development and the Couchy tetrahedron of Exercise
3.1 depend on three assumptions thaf are usually observed to be true in
common materials:

1. The force acting through an internal surface is very short range in nature
so that the entire interaction can be considered mechanically at the
surface, without long-range, multi-body inferaction.
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3.5

2. The forces needed to maintain equilibrium on each side of the math-
ematical cut are equal and opposite,

3. The force acting through an internal surface depends only on the area
enclosed and the surface orientation. Higher-order dependencies, cur-
vatures, couple stresses, and chemical effects are neglected.

MANIPULATION OF THE STRESS TENSOR

Now that we have established that U is a second-rank, symmetric tensor, we can
use all the formalisms introduced in the second chapter. For example, the
change of components upon a rotation of Cartesian coordinate system is

o5 =RuRyou e [o] =[R]"[][R] " (3.16)

By the definition of ¢, we understand that the force acting on any planeis simply
the projection of O onto da, the vector representing the area in question:

1dfy O31 Opp O3 liday
df=g.daes|dfy [={01n Oon O3 |ldas (3.17)
dfy| {013 ©3 Oz f|das’

In a homogeneous stress field, there is no need to be concerned about the
absolute size of a, and the differentials in Equation 3.17 can be dropped.
There is a particular orientation of coordinate axes for which the stress
tensor becomes diagonal; that is, no shear stresses appear. The physical picture
is that there are three orthogonal planes for which the siress vectors {or force
vectors) are normal to these surfaces. In order to find these directions, we write
the mathematical condition that the stress vector operating on an area da (with

normal #i;i.e. A is a unit vector paraliel to da) is parailel to i

s=An<e (3.18)

G oa=iney (3.19)
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O1p Op Op(nhi| |Any
Oz Oxn O jifp |=|Anp (3.20)
Gz Uz OCazjing 7&113

Gi1~A  oOp O3 jing
Gy Gzz”l T3 Ny ={) {3‘21)
Gia Gay Og3—Ajjng

As we showed in Chapter 2, Egs. 3.20 and 3.21 are examples of standard
eigenvalue and eigenvector problems. The problem has a nontrivial solution
only when

51 ~A Op2 C13
61 Om~h O [=0 (3.22)
O13 O3 Oz~

which yields a cubic equation in A:
R Y Py PR (3.23)
where

J4 = First Stress Invariant (trace) =y + 0 + 033
J» = Second Stress Invariant (quadratic invariant) =
2 V3 2
~(611022 + 020033 + 033071 )+ 0723 + 0 31 +07y,

Js = Third Stress Invariant = det ¢ =

Tz Oz Op3

Giz U222 Opg

013 J23 Om

Equation 3.23 has real roots only when [ ¢ } is symmetric, as we have shown
for the stress tensor. Therefore, Equation 3.23 will yield three values of A,
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which, according to Equation 3.18, represent the magnitudes of the stress
vectors operating on the three orthogonal planes where no shear components

operate. That is, the three values of —say, Ay, Ahq, Az—represent the three
principal stresses (03, G4, 63}, without regard to the orientation of the special
directions fij, fiy, and fiy along which they are oriented. Thus Equation 3.23 is
independent of the orientation of the coordinate system, hence the name
“invariants” for the coefficients J;, }, and [;. To put it another way, either set—
(Js+ Jr T3) ox (O, Oa, O3 }—describes the state of stress, without reference to its
orientation. These representations are convenient when dealing with isotro-
pic materials, where the orientation does not influence the material re-
sponse. The seto; is convenient for describing the state of stress in the
principal coordinate system, while J;(i=1, 2, 3}is convenient for understand-
ing which parts of the arbitrary siress tensor components, { ¢}, don’t change
upon coordinate system rotation,

Once Equation 3.23 is solved and ¢, 05, and 63 are obtained, it remains

necessary only to find the principal directions fi;, iy, and fi3 using the same
methods introduced in Chapter 2 for eigenvalue/eigenvector problems. The
principal directions are parallel to the three principal stress vectors, normal to
the three prmcapal planes that fransmit the principal stresses.

As outlined in Chapter 2, it is frequently convenient to know the rotatton
matrix to change components from an arbitrary coordinate system to the
principal coordinate system, or vice versa. If n, m, and p are the respective base
vectors of the principal coordinate system , (ie, i=fy, h=h,, p=Hs), thenit
is easily shown that the transformation must perform the following:

14 |Ris Ryp Ryzijng

ES R21 RZZ R23 iy (3243)
0] |Ray Raz Rasling
0! IRy Ryp Rygilm
1§= R.21 R22 R23 Ity (324b)

0{=|Rx Ry Rasijlpz {3.24¢)
1] [Ra1 Ry Rasjips
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such that, by arranging the three equations as columns, we arrive at a matrix of
principal unit vectors and the identity mairix:

1 0 0¢ {Ryy Ryp Roajlmg my; py
0 1 0l={Ry Ry Roziiny my py[«[=[R]P] (3.25)
G 6 1] |[Ry Rz Razling my ps

Since we know that both coordinate systems are orthogonal (and right-
handed), [R] must be an orthogonal matrix that is easily found from Equation
3.25, because [R]1= [R]T:

mel" =RIPHPY, so [R]=[P]" (3.26)
Rip Ryp Rpgj my my nmg
Ry Ry Ryz|=imy mp mg (3.27)

Rs1 Raz Rz |[p1 P2 P2

where n;, my, and p; are the components of the principal directions &, 1, p (or
fig, Ty, Az) expressed in the same coordinate system as the stress tensor ©.

i Find the stress invariants, the principal stresses, the principal directions,

and the component rotation matrix to the principal coordinate system for the follow-
ing stress tenson:

G
1
WO
W N
Wk W

In finding the component rotation matrix, choose %;’,%,’,%;" along with principal
axes having the maximum, medium, and minimum principal stresses, respectively.

With reference to Chapter 2 (eigenvalue and eigenvector problems), we write the
characteristic equation {jo~IA|=0} in terms of the stress invariants:

W2 - Jph-Ja=0 (3.3-1)
where

=6
Jo=18
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To sclve for the roots of Eq. 3.3-1, we resort to a Newton-Raphson procedure for the
first root and then use the quadratic formula fo find the other two. Following Appendix
4, we seek a numerical solution within an approximate accuracy of £0.05 for the root, and

we choose a starting, trial value for the root equal to ], =(6; + 65 +033):

Iteration Trial

number A () ¢ (A AR
g 6.0000 -116.0000 18.0000
1 12.4400 765.0000 297.0000 +2.5800
2 9.8600 190.0000 155.0000 -1.2200
3 3.6400 34.6000 102.0000 -0.3300
4 $.3100 1.9000 89.4000 -0.0200
5 8.2880 -0.0200 88.60000 0.0002

«

After five iterations, we find that one root is approximately A = 8.288, with an estimated
uncertainty of 0.0002 {AX), and an estimated errvor of the characteristic equation [$(A)] of
approximately 0.02.

We now need to find the other two roots of the characteristic equation. It would be
possible to continue with the Newton-Raphson procedure, starting from different trial
roots, until all three are found. This procedure is cumbersome (because the first root may
be obtained repeatedly) and unnecessary (because the quadratic formutais available and
convenient for quadratic equations). Therefore, we perform synthetic long division of

the original equation by the known root to obtain the quadratic equation (and verify our
Newton-Raphson solution).®

32 2288% +0.963

(x«s.zss)jk” —6X2  -18% —8.000
A —gassa?
2.288)2 ~18%
228832 -18.9634
0.963% - 8.00
0.963)% —7.98

~0.02 (remainder / error)

0 For programming purposes, the long division may be carried out symbolically, with the result
that the residual quadratic equation (a?@ +DhHe =0) has coefficients a, b, ¢ as follows:
a=1,b=k—f, c=bh T =47 = - Ty
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Thus we have verified that 1 = 8.288 is a root within the functional error specified, and
that the remaining quadratic equation is

A% +2.2880+0.963 =0 (3.3-2a}
(a2 +bh+c=0) (3.3-2b)

with solutions obtained by the guadratic formula

5 bEVb? dac (-2.288) £ /(2.288)" - (4)(1)(0.963)
2 o
Ao, ha =-0.55-173, so
o =829, 0,=-055 03=-173{roots)

We find the principal stress directions (the eigenvectors) following the procedure in
Exercise 2.8:

-720 200 3.00%m] [0] {ny] 0441
oy =8.288, 200 -62% 4000, |=10|—=In, |=i0577

(3.3-3a)
300 400 -529)insi |0] |ng| |0687
(155 200 3007 my] [0 [oy] [o0816

O, =~0.550, 1200 255 4.00|m;|=|C|-—s|myi={—0577 (3.3-3b)
1300 400 355)|{ms| |0 [ms} {0039
[273 200 3.00([py] [0] {p¢; {-0374

6;=-1730, [200 373 4.00|ip;i=|0{—]|p,|=|-0578 (53-30)
1300 400 473|lps| |0] |ps] | 0726

where 1, m;, and p; are the components of unit vectors fi, &, and plying along the
principal directions, which have principal normal stresses Gy, 6,, and 83, respectively.
Finally, we follow Exercise 2.5 in finding [R], the rotation matrix to transform
components fo a coordinate system based on the principal axes. We are generally free to
choose the order of the axes, except that we require a right-handed system. In this case,
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3.6

the order has been specified in the problem, so we seek [R] such that the new coordinate
axes lie parallel as follows:

4/ 1A
%7/
X3 Fp

However, we must be certain that we choose %', %p’,X3" in a right-handed sense,
Therefore, we choose

=1 & {0.441, 0577, 0.687} {3.3-4a)
%y =10 ¢ {0.816, ~0.577, —0.039) (3.3-4b)
%3 =+p > H{- 0.374, 0577, D.726) {3.3-4c)

(depending on the sense needed}

We check X5 XXy and find that %5 =0.374, 0.577, -0.726 for a right-handed orthogo-

nal system, Therefore, we choose the minus sign in Eq. 3.3-4¢. Then, as in Exercise 2.5, the
required rotation matrix is

n; np Ay 0.441 0577 0.687
[Rl=|mymomg |=| 0816 -0577 -0.039 {3.3-5)
P1 P2 Ps 0374 0577 -0.726

SPECIAL AND DEVIATGRIC STRESS COMPONENTS

Some materials are virtually insensitive to pressure relative to their response to
stresses that tend to promote shape distortion.! Examples include nearly all
liquids and most solids undergoing plastic deformation. The distinction be-
tween the two kinds of stress is not of great interest for elastic solids, while gases
are virtually insensitive (statically) to deviatoric stresses.

In cases where the hydrostatic pressure is not of great interest, we would like
to define a different stress tensor that is unique for all states of stress that differ
only by the applied pressure. To do this, we define a mean normal stress from the
siress fensor:

1 This qualitative statement appiies strictly only to isotropic materials, because anisotropic mate-
rials may (or may not) undergo distortion as a response to applied pressure.
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p= (011 + o +033) I
P 3 3

I

(3.28}

where p has the opposite sign from o because tensile stresses are conventionally
positive. We write the stress tensor as the sum of two fensors, a hydrostatic
pressure corresponding to p,and the remaining part corresponding to distortion

{in the isotropic case):

S11 G2 S13; Op O 0 loy—0p Gy o13
Ggp Opp  Ony|= 0 GP 0i+ Toy 622_6;) Gz i
031 Oxn O 0 0 o 31 012 O33-0Cp
stress hydrostatic stress deviatoric stress
(3.29)
or tensor
spherical stress
tensor

[o]= cp[lj+[cd] x[css]+[cd] 0+,

where ¢ are the principal values of the deviatoric stress tensor, 6,12 Since the
hydrostatic stress tensor is the same after a rotation of coordinate axes,’® and,
therefore, can never contribute to a shear component, the existence of 6, does not
alter the principal directions. That is, the principal directions of ¢ are the same
as ¢4, The principal values are easily found by

G; = oid +0, (3.30)
in fact, it is often numerically easier to find the roots of the cubic characteristic

equation for ¢4 than for ¢ because the squared term disappears when the

determinant lo‘i —-I?s.! is expanded:

22 19 -9 =0 (3.31)

We will frequently denote deviatoric stress components by o”,, when theze is no confusion with the
similar niotation for transformed components.

¥This can easily be seen in a variety of ways. Physically, a hydrostatic pressure has no identifiable
directionality. Mathematically, a rotation of coordinate system shows that o° be-

comes ¢ = (Rzﬂ +R%, +RY, )c? = Op, and 64" =0 because [R] is orthogonal.
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where, here, ]9, and J4, are the invariants of 6% This equation can be solved!*
without numerical trial and erron:

4, )2
A 12(1—3?—} £08 0 . (3.32)

3
d ) '
where: g, = -:;—.cos_l }Ts(iJ , 0<ao <}

Oy =0y + "%;‘“t‘ (3.32a)
oy = oty -
3 i1 3

Thus the principal stresses (i.e., the roots of the cubic equation) can be found by
a simple evaluation of trigonemetric functions, and the corresponding principal
stresses of the stress tensor are given by Eq. 3.30.

For application of plasticity equations, itis often convenient to write the deviatoric
invariants explicitly in terms of the principal total stress components:

J§=0f +0f +o§ =0 (3.33)
1$= (cfo-g +6568 + G%cg)
1 2 2 2
= "g[(ﬁz ~02)" +(01~03)" +(02~03) ] , (3.34)
= %(012 0,2 403 ) ~{01G +6103 + GZU;;})
i
K +ofoiod +§(2 -0, —03) (26, -6, -05;) (203 - 67 ~53)

(3.35)

2

= -227(012 +6,7 +032)— %(01522 +0,0,

+ 63032 4030, 462057 +63022}+-9-0‘;6263

Y% See, for example, L. . Malvern, Introduction fo the Mechanics of a Continuous Medium (New York
Prentice-Hall, 1969), 91-93.
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Note: We have used the superscript “d” to dencte deviatoric
representation, but will generally follow the more com-
mon wnctation of a prime for this purpose, whenever
there is no confusion with alternate coordinate system
notation.

Find the spherical and deviatoric parts of ¢ given below, and find the
principal components of 6, and ¢.

12 3
G2 2 4
3 4 3
(3.41)
1+2+3
PT g =2
200 -1 2 3
So: [cp}= 020 {sd]= 2 0 4 (3.4-2)
00 2 34 1
The principal stresses are found by substitution in Eq. 3.32:
192 =—(-D(O) - (0D~ {-D(1)+22 +3% +4¥ =30 (3.4-3)

¥ ==1{(0)(1) - (4)(4)] - 2f(2)1) - (3)(4)] + 3[(2)(4)~(3)(0)] = 60 (3.4-4)

£

o =;;—cos"1 62—9(3%)2 =0.10725

@9 = 010725+ 20844 = 2.20165
oy =0.10725~2.0944 == -1 9872

30 (3.4-5)
o =h = 2(—3—) o5 0y =629 — 0y =629+ 2=8.29

1
cl=dy = 2(?)2 €os g =-B.73 = G = -3.73+2 =173
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1
oyl = hg 2(—359]2 Cos Oy = —2.56 = 04 = ~2.56+2=—-0.56 (3.4-6)

Compare the ease with which the principal stresses were found in this case with the
procedure followed in Exercise 3.3, for the same stress tensor.

For application of plasticity equations, it is often convenient to write the deviatoric
invariants explicitly in terms of the principal total stress components:

d 4

=04 40,8 46,59 =0

1%, = (0,90, + 0,30, + 6, 80,4) =

%[{ci ~0, Y +{g) - 030 +(o, vcss)z]

145 = 6,80, 30,8
1
= E(ch 0y — 03 )20, — 6y — 63 ){263 ~ O - O3)

2

2 1
= 5%‘(613 + 023 + 633) - 6((5;622 -+ 0'2632 o103 + 530'12 + 02632 + 0'3522>

4
+§<510203

3.7 AFINAL NOTE

We have followed precisely the approach taken by Cauchy in defining the stress
tensor and assigning a physical meaning to it. In fact, the stress tensor so defined
is often calied the Cauchy stress fensor. There are variations on the definition
presented here, with slightly different and more abstract physical interpreta-
tions. For material considerations, the Cauchy siress tensor always has a better
physical interpretation whereas other forms may provide more mathematical
convenience in solving certain boundary-value problems. The precise alternate
definitions do not make a great deal of sense until the concept of deformation is
introduced. Therefore, we shall defer alternate stress-tensor definitions until the
end of Chapter 4.
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CHAPTER 3 - PROBLEMS
A. Proficiency Problems
1. Calculate the 3-D siress-tensor components for the rectangular material

shown in the figure, first in the coordmate system xl, X5, and X3, and then
in the coordinate system %;’, X5/, and X3,

=3 205

The angle between X’ and %; is 30°, and the X3” and X5 axes are parallel.

2. Given the following siress tensor, find the stress vector acting on planes
normal to the unit vectors R, m, and p, also given.

n 1
ner—(1,1,1
12 3 v‘l?a( )
coi2 2 4 M oed w1, 2,1
0.2
3 4 3 1 110
o —=(11,
el

3. Find the principal stresses, the principal directions, and the rotation matrix for
transforming coordinates to the principal coordinate system
{%;” corresponds t0 G, X3’ correspondsio o, Yor thestress tensors given,

3 10 30 0 0w -5 5
a |-1 3 0, bl0 3 -1, c]-5 0 5
g 01 0 -1 1 5 5 18
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4.  Pind the invariants for the following stress tensors:

144 022 -076 1L75 035 -0.75 194 0638 ~054
al 022 225 -038}b.] 035 250 -035,c}| 038 275 022
-076 -038 231 075 035 1.75 -054 -022 131

5. Find and solve the characteristic equations for the stress tensors shown in

Problem 4. Use the method followed in Exercise 3.3. (A numerical proce-
dure is required.) R :

6.  Find the principal directions for the stress tensors shown in Problem 4, and
find the rotation matrix that transforms components given in the original
coordinate system to ones in a principal coordinate system. {Assume that
the minimum principal stress acts on a plane with normal %, and the
maximum principal stress acts on a plane with normal %;°.)

7. Find the spherical and deviatoric components of the stress tensors given in
Problem 4. Find the principal stresses and directions of the deviatoric
tensors following the method outlined in Section 3.6. How do these com-
pare with the values for the stress tensor obtained in Problems 5 and 67

8. Find the spherical, deviatoric, and principal deviatoric components, and
principal directions of stress for the following cases:
a. Uniaxial tension: 61y =0, other 6;;=0
b. Simple shear: Oy =07y =0, other o5 =0
c¢. Balanced biaxial tension: 013 =0y =0, other oy =0
d. Biaxial shear: 013 =03 =0p, Oy =03 =0p, other oy =0
e. Tension and shear: 613 =06y, O3 =03 =0y, other oy =0

B. Depth Problems

9. The reciprocal theorem of Cauchy states that the stress vectors acting on
two intersecting planes have the following property:

51-fiy =55 -1t
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11,
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where s;is the stress vector acting on a plane with normal ;. Show thatthis
principle follows from the symmetry of the stress tensor, or from the
equilibrium condition directly.

Octahedral planes are ones that have normals forming equal angles with
the three principal axes. Show that the normal stress vector is minimized on
these planes. (Hinkt: Consider only the deviatoric stress tensor, s, such that
841+ Syt Sy3 = 0. Then show that the normal component of the deviatoric
vector disappears on these planes.}

Show that the tangential component of the stress vector on the octahedral
planes {i.e., the shear component} is equal to

2., 1/2
3 s
where J,” is the second invariant of the deviatoric siress tensor.

Problems involving cylindrical symmetry often use cylindrical coordinates
r, 8, z where

1
r= (x12 -i«x%)z and B=tan"! %‘I-
{Conversely, x; =rcos, x; =rsin8, x3 =2.) For example, consider pure
torsion of an elastic, long bar with axis parallel to £, where 6, is a constant
on the outside of the bar and other o= 0. Find the stress tensor in two
alternate Cartesian coordinate systems

7 One that has X; normal to the cylinder axis and tangent to the cylinder
‘surface,xz normal to the cyhnder surface, and X3 the cylinder axis,
"suph that x, is parallel to £.

One thatis fixed in space (i.e., independent of 8), with X3 // £ ; % lying
inthe 8= 0, z= 0 direction; and X, lying in the 8=xr/2, z=0 direction.

.~ Show that:
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14.

15,

16.

17.

a. If two roots of the characteristic equation are identical (i.e., degener-
ate), then any direction normal to the other principal direction {i.e., the
one cotresponding to the unique root) is a principal direction.

b, If all three roots are identical, all directions are principal.

it is often convenient o replace one set of forces with another, stati-
cally equivalent set. For example, consider a triangular element of
material (assume unit depth normal to the triangle) which is assumed
to be a small enough piece of a body to feel only a homogeneous
stress, Gy (1,j=1,2, assuming that 6j3 =0, where X3 is normal to the tri-
angle). Use a simple, physically motivated procedure to replace o, by
three forces, f,, £, f,, acting at the three corners of the triangle.
Consider the force transmitted by each face,

Physically, why can the entire material loading at a point be reduced to
three orthogonal force intensities passing through the point? Why do the
shear components disappear along these directions?

The following two sets of components correspond to the identical stress
tensor, as measured intwo coordinate systems, X1, X, X3, and X", X5', x3".
Find the rotation matrix to transform components from the X; system to
the %;’ system, and vice versa. (Hint: First find the rotations to the common,
principal coordinate systems.)

1.000 1.730 1.000 0.500 1.414 0.500
[ol=11730 0750 0433| [o"]=|1414 1.000 1414
1.000 0433 0.250 0500 1.414 0500

a. What would happen if we defined a stress mairix 1° as a linear operator
relating components of the area vector defined in one coordinate system
(say, X;) to the force passing through this area in another coordinate system
(say, %;")? {Assume that the two coordinate systems are linked by another
linear operator.) How would the components of the stress matrix transform
under these conditions?

¥ We will defer until the end of the next chapter whether such a definition is a tensor. However, note
that the distinction is very similar to the argument presented in connection with Exercise 2.9.
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As an alternative definition to part a, define a new stress measure as that
relating the force vector to a different area vector: for example, one which
is a rotation of the real area vector by a fixed amount.

C. Numerical Problems

18.

19.

20.

Write a program to find the roots of a cubic equation based on the proce-
dure presented in Exercise 3.3. Note that the general result from the long

division gives the quadratic coefficients in terms of the first root found
numerically (a=1, b=24;-Jy, ¢= A% —T1hy ~J2) Make sure your program
identifies degenerate roots.

Write a program to find the principal directions and the rotation matrix to
change components to a standard principal coordinate system. {For ex-
ample, choose X;” = the maximum principal stress direction, and X3"= the
minimum principal stress direction. Make sure the degenerate root case is
handled consistently, without stoppage. (Follows Problem 18, Chapter 2.)

Write a program to find the components of tensors with ranks 1 to 4 in the
principal coordinate system using the rotation matrix found in Problem 2.
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When a real material is loaded, it changes shape, either permanently or tempo-
rarily (while the load is present). In a one-dimensional loading, like that
pictured in Figure 4.1, the material is elongated along the load axis, and the other
two orthogonal directions generally undergo a coniraction. In order to under-
stand and model material behavior of this kind, it is necessary to quantify and
represent precisely the shape change, or deformation, of the body as a response

-t0 a load. Then one can proceed to perform experiments and represent the

mathematical relationships between material loading (i.e., stress) and its shape
change. These constitutive equations embody the mathematical form of the
material response needed to solve mechanical-deformation problems.

In this chapter, we will proceed very much as in the previous one. First, we
shall try to perform an intuitive analysis of deformation in one or two dimen-
sions, and then will proceed to define terms more generally and precisely.

Perhaps one clarification should be made. Except for the necessary idea of
acontinuwam (such that geometrical qualities approach definite limits ata point),
kinematics, the study of material motion, does not rely on material properties.
Instead, the subject is closely related to mathematics and geometry. Therefore,
although we shall use material ideas to introduce deformation, they are for-
mally unnecessary. When material behavior and other material laws are in-
volved, the more general field is known as mechanics or continuum mechanics

- {for a continuum).

PHYSICAL IDEAS OF DEFORMATION

Let's again consider a long, slender rod, such as a wire or tensile specimen, that
is loaded axially (Figure 4.1). This is a convenient geometry because we can
safely assume that for a homogeneous material, the loading and deformation
throughout the body is uniform and easily calculated. Furthermore, it is easy to

118
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identify the material directions that extend without rotation relative o one
another. The rod’s response to the applied load will generally be to elongate
axially and contract in cross section. If the material is isotropic (direction-
independent), we expect the contractions to be the same in all directions
perpendicular to the tensile axis. Thus the deformation pattern is three-dimen-
sional even though the loading is one-dimensional.

Unloaded

Figure 4.1 Elongation of a long rod under tensile loading.

Specifically, the rod elongates by an amount Al, as shown in Figure 4.1.
Since a bar of twice the length would elongate twice as much (2A1), we normalize
the elongation by the original length in order to obtain the engineering strain
in the axial direction:

=4} =%i—11’ or All = Liq (4.1&)

and similarly in the x, and x; direction:

&2
e L, ( )
and
e AI; {4.10)

where, for anisotropic material, e, = e;. The symbol g, is usually reserved for the
so-called “engineering strains” in a tensile test as defined by Eqs. 4.1. We can see
immediately that the idea of strain relates the change of length of a material ling!
to its original divection and length.

In order to generalize our idea of strain, we consider an arbitrary material

line segment (i.e., one not specifically oriented parallel to %, X,, or X3),0r,

! ‘The idea of a material line is conceptually simple. Imagine embedding a straight-line segment in
a material and then watching it as the material deforms.
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equivalently, a wmaterial vector with arbitrary components:2
AX =8 &y + AXy Rp + AX;3 X3 Since we must find the length of initial and final
vectors, the change of length is most simaply investigated in squared form:

P12 = (Axg? + Axp? + Axg2)— (AX4? + AX + AX5D) (4.2)

Because Dx; = DX, {I + ¢} from Eq. 4.1, AX; corresponds to L, and Ax; corre-
sponds to 1, we can rewrite Eq. 4.2 in matrix form in terms of original compo-
nents and the three values ¢,, e,, and ey

Q+e)r 0 0 AXy A%,
P2 ={aX, A% AX]] 0 (ve* 0 AX, |-[aX; AX, AX5]] AX; [(430)
0 0 Greg* {lax, ‘ AXy

where we have written the matrix form so as to keep the vector components
separate. Eq. 4.3a can be written in simpler form by noting that second term on
the right side may be considered the product of the identity matrix, which is then
combined with the [e] matrix:

(A+e) 0 0 AX
P =M A a%) 0 (+ey)? 0 AXy
0 0 U+en)*|]AXy
1 0 0}fax
~[aX{ AXp AX3]10 1 0| AXy {4.3b)
0 0 1}{aXs
281*!“612 0 0 AX;
PP =[aX A A]E 0 2ep+es? 0 AX, (4.4a)
0 0 Des +e3” || AXg

* We have broken our rule of using only lowercase letters for vectors in order to distinguish
between a material vector before’ deformation (AX) and the same material vector after deforma-
tion (Ax). That is, AX and Ax are spatial vectors, with components AX, and Ax, expressed in regular
Cartesian coordinates, for the same line segment of material before and after deformation. (This
segment remains linear because of our imposed homogeneous deformation and by the geometry
of the long, siender bar and the homogeneous material.) '
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26] 0 0 AX}
P = A A AG] 0 26, 0 1A (4.4b)
4] 0 283 A.X3

Equation 4.4a relates the squared-length changes of a material vector with
original spatial coordinates DX, DX, DX;, when the coordinates are given in a
Cartesian coordinate system with axes in the directions of the engineering strains
€;, &, and e,. Equation 4.4b is an approximate version, accurate when e; << 1.

In order to make the expression general for any Cartesian ccordinate
system, we consider that the arbitrary material vector AX is expressed in any
nonspecial coordinate system AX;'(i.e., AX = A%+ A%,y "+ AXy X3 Y where
the components of AXin the new coordinate system (AX;") are related in the usual
way by a standard rotation operation to the components in the special coordi-
nate system {see Section 2.5}

AXy"T [Rep Ryp Rys|[aXg
AXp"|=|Rayy Raa Rgg |jaXpand
AX3"] [Rs1 Rap Rag||4X3

[AXy" AXy" AX3]=[AXg AXy AX3]| Ry Rz Ros (4.5)

Now, Eq. 4.4 can be written in terms of the nonspecial coordinate system by
substituting for the special vector components:

Ry RppRyg i 2eve” 0 0 Ry Ryg Ryg |1 8%,
Poif = [aX) 8%, 06G] iRy Ry Rys 0 2e,4e° D Ray By Ry || 4%,
RaRap Rys 0 U Reg+es” || Ray Ry Ry A%y

[ax, 4%, 4%}

By grouping the three 3x3 matrices, we arrive at the general Cartesian
expression that is the squared-length change that we sought:

817 By Oy3 |1 AXY
P12 =[AXy 8y AX37] |81 B 633 || AXy’ “.7)
B3; 63 63 (]AXy
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where: {6]=[R]T[2ei+eiz] [R], or
eij = le R;l {ZEkr + (E;q)z} 31.1

[Zei +ei2} = the matrix shown in Eqs. 4.4 and4.6

© Thus 8;; are the components of a symmetric tensor, 8, since 65 clearly trans-
form according to the tensor fransformation rule that serves to define tensors

(see Section 2.8). Furthermore, [8] and [e2-1] are shown to be alternate compo-
nents of the same tensor, with the latter taking the simpler form because the
components are expressed in & special coordinate system where the axes lie
along directions that extend without rotation relative to each other. In the
subsequent sections we shall see that 8 is, in fact, just two times the conventional
definition for the large strain tensor, E.

There is one last generalization that must be made in our physical picture
of strain. So far, we have focused on a finite material ine (which we represented
by a vector). While it is always possible fo define such a line in the undeformed
state, for example, the line willin general be curved after deformation except for
the case of homogeneous deformation already considered. In such

cases, (Axy? +Axy? + Ax5?)? does not represent the real length of the deformed
line. To handle this difficulty, we resort once again to our idea of a continuum
and presume the existence of continuous line segments in the deformed and
undeformed states, such that AX — dX, Ax—»dx in the infinitesimal limit. With
this continuum picture, which we shall mention again in the next section, the
strain is defined at a point, exactly as the stress was defined at a point. Thus Eq.
4.7 becomes, in the non-homogeneous (i.e., general) case,

811 812 O3 }[dXy
@D? (LY =[dXy’ dXy’ dXa’ ] 8y Bx 8 ||aXy’ 4.8)
B3 B3 O3} 1dX3”

where dX, are understood to be the components of a vector of infinitesimal length
dL before deformation. The corresponding length in the final configuration is dl.

GENERAL INTRODUCTION TO KINEMATICS

Evolving from the physical picture presented in the previous section, there are
many alternate formulations for the geometry of deformation. In this section, we
shall attempt to introduce the basic ideas without amplification. In subsequent
sections, we shall restrict our attention to the most important formulations and
quantities used to represent metal deformation. Since metals usually undergo
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only nearly infinitesimal elastic deformation {sirains of the order of 1/1000),
and since the material properties of an element depend on its deformation
history, certain forms of kinematic variables are preferred. Quite different
choices are made for representing fluids and large-strain elastic materials. Also,
metals are usually subject to strain hardening and, to a lesser extent (at low
temperatures), strain-rate sensitivity. Therefore, we will concentrate on kine~
matic variables that focus on these aspects.

The two basic approaches usually followed in solid mechanics are called
the material description {or Lagrangian description) and spatial description
{or Eulerian description). For nuances of the differences in these approaches
and the names associated with them, see standard continuum mechanics texts
on the subject.?

In the material description, one supposes that the current position of 2
materigl point is related to the original (or some other reference) position of the
same material point through smooth, differentiable functions of the form

x=L (X, th (4.9)

The original position (or reference position of the particle) is given in
material coordinates, while the final position is given in the particle’s spatial
coordinates. The material coordinates may be considered simply as a mecha-
nism for labeling the same material point for all time.

In fact, in addition to differentiability, our picture of a continuum also
requires that Eq. 4.9 is invertible; that is, that there is a precise one-to-one
correspondence between positions of each material element at any two times*
{one can be called the reference time and one the current time without loss of
generality). Then Eq. 4.9 implies the existence of the inverse function:

X=X{xt (4.10)

where the original position of the material point is a function of its current position.
In fact, Eq. 4.10 can be considered the basis of the spatial or Eulerian descrip-
tion, where one considers the current time and spatial positions as independent

3 For example: C. Truesdell, Elements of Continunm Mechanics, (New York: Springer-Verlag, 1965) or
L. E. Malvern, Introduction to the Mechanics of a Continuous Medium, (New York: Prentice-Hall, 1269).

4 I, for example, X in Bq. 4.9 15 a function but X in Eq. 4£.10 is not, then one value of x could map to
multiple values of X. That is, two material points labeled originally X, and X, could occupy cne
spatial point (x) at some later time . Conversely, if X in Bq. 4.10 s a function but L in Bq. 4.9 is
not, then one material point labeled X can cecupy two distinct spatial positions (x,, x,) at some
later time £. In the first case, material overlaps into itself and interpenetrates; in the second case,
a crack is allowed to open in the material. Both possibilities are outlawed by our picture of a
contingum. This discussion applies to interior points of a contintsum. It may be permissible to
have two surface points join (overiap) or separate (forming new surface) in general metal forming
and machining problems.



12¢ Chapter 4 Strain

variables. Such a picture is useful in fluid mechanics, where the material proper-
ties do not depend on the material history, and in steady-state problems, where
each spatial point is associated with a constant material velocity.

Although a function such as X {Eq. 4.10} exists in principle, and defines the
smooth functions that represent the continuum motion, actuaily less informa-
tion is usually available. Consider the flow of a fluid (air, watez, etc.} in a vessel,
around an airplane, or near other moving boundaries.® We can imagine that it
might be possible to measure the ftuid velocity (i.e., the rate of material motion
at a spatial point) at each point in space:

v =1 (x t)
R .S =2 9x '
where: v= ( % )X or vt == [X, 0] ( > )x (4.11)

The constraint X indicates that we must follow a single material particle’s
motion in order to define the material velocity. For example, one can see the
difference in the two kinds of the derivatives available from the inverse func-
tions in Eqs. 4.9 and 4.10: (0x/9t)y ignifies the change of position per unit time of
material particle (labeled X) that happens to appear currenily at spatial point x,
while {0X/ 81}, signifies the rate of change of the material label corresponding to
current spatial position x. (This latter concept has little or no application in
considering material deformation.} Similarly,

(9}1) = material acceleration of X (4.12)

ot X .

(%{-) = local rate of change of v at the spatial point x 4.13)
x

where v is the material velocity defined in BEq. 4.11.

In summary, these are two basic approaches that we will employ in metal
deformation. In the Lagrangian approach, we concentrate on functions relating
the spatial positions of a matexial point labeled by its position at some standard
time, perhaps t = 0. In the Eulerian approach, we will assume the existence of
exactly the same functions, but we will rely on a current knowledge of material
velocities throughout a spatial region at the current time. Both approaches have

5 In these examples, it should be obvieus that we do not usually need to know where each particle
of air or water came from in the problem. On the other hand, we need to know that, in principle,
one could know this, and that one particle of fluid can not split info two, nor can two particles
oceupy the same spatial point at some other time, Therefore, the existence of differentiable
functions such as X or X can be important while the exact form is not.
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advantages, depending on the application.

There are many variations on these two approaches depending on the
choice of coordinate system({s) and reference states. All of these are for
mathematical convenience and add no new fundamental understanding of
the problem. For example, it is possible o hold the relative coordinates of
each pair of neighboring material points constant by allowing the local
coordinate system to deform along with the material. Then, the material
deformation is explored by considering the changing coordinate system for
a particle having constant coordinates at each time. Since we wish to avoid
the use of curvilinear coordinates as much as possible, we shall defer
discussion of these mathematical variations.

DEFORMATION: FORMAL DESCRIPTION

We shall now proceed to introduce, in concise fashion, the standard measures
of material deformation, without regard to the size of the deformation or the
time scale. Therefore, we will not make a distinction about the reference and
current configurations, how close they are together, which occurred first in
time, and so forth. Under these conditions, the quantities derived are applicable
to either Lagrangian or Eulerian descriptions of deformation with only a simple
change of reference state. In subsequent sections, we will consider the addi-
tional topics of infinitesimal strain specializations, rate of material deformation
measures, and compatibility requirements for the continuum approach.

Consider an infinitesimal line” or vector embedded in a material element
undergoing deformation between two states, A and B. Figure 4.2 shows the
graphical situation. As the material deforms, the infinitesimal element of mate-
rial containing our tagged line is carried from a spatial point in space X to a
spatial point x, by a displacement of u. The continuum equations of motion for
the particle at X are

x=x(X,t) or usvX)=x()-X {4.14}

The infinitesimal vector is transformed by defining the deformation gradient, F

dx=FdX ¢» dXZ = Fz] Pzz FZB dXZ deiﬁ
dXs| |Fs1 Fap FaglldXs

dX; | |[Fn Fi2 FlS] dX, I =
O | g, e dx =] X

(axj] jerex {ax)dx

(4.15}

while a similar transformation is made for the relative displacements of the

¢ The important distinctions between kinds of kinematic description become clear only upon
introducing constitutive equations and energy principles, which must be complementary.

7 Conversely, one could consider 2 finite line in a region of homogeneous deformation with the
same result.
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State A

Figure 4.2 Motion of a material vector during deformation from state A to state B.

head and tail of material vector dX:

dup} I iz Je||dX e
du = de Axd du2 = IZI }22 ]23 dXz L34 dui = (—a—-x—l] dX] (416)
dug | iJar o Jas||dXs ’

where du = dx — dX. Therefore J, the Jacobian matrix or displacement gradient
tensor, can be defined in terms of F, or vice versa:

du=dx—-dX=JdX
dx=JdX+dX =] dX+TdX
dx=(J+I)dX
Thus: F=J+1, J=F-I

(4.17)

If F or } is known throughout a body for all times, a complete picture of the
local deformation is available for each material point. Excluded from this
description are translations of points and relationships of nonadjacent material
points, which we assume do not affect the material response.f On the other hand,
F and } do include rigid-body rotations that do not contribute to shape change
and internal stress, Therefore, for formulating material constitutive equations,
it is better to define a measure of deformation that ignores such non-shape-
changing rotations.

In order to ignore rotations, we focus on the stretch of a material element®
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and in the process define deformation and strain tensors. Starting from the
definition of F, we find the required representation:

By By By 1B By Fgl|dX
ds? =dx" dx =dX" FT FaX & [dX; dX dXs] [ Ry By BBy Bn BlldXp |&
Fi3 Fpn Fag|Fy Fy FugjidXs

3 % oy
ds* = 'és(‘zl—gi-::dxjdxk {4-18}
X dx
ds? =ax* cax” h CrFlFeCpaTkk (499
or ds where 3%, an (4.19)

where ds? is the squared final length of the original material vector dX, and Cis
called the deformation tensor or Green deformation tensor or Cauchy defor-
mation tensor (depending on how the reference state is chosen).

By referring to Section 4.1 and Eqs. 4.2 through 4.7, we can see that the
generalization of strain in a tensile test involves the change of length of an
arbitrary material line segment. Therefore, we modify the foregoing equations
toarrive at a general definition of strain consistent with the definition motivated
by the tensile test:

ds? —ds? =dXTe dx-dxT ax =
Xt cdxX~dxTrdx =ax¥ (c-pndx (4.20)
ds? ~ds? =axT 2B dX

1 1.7 1! dxg O%g ‘
=(C—-T)== D¢ By | ok B2 5 .
where E 2(C I} 2(F F-T) ¢ Ey 2[8 ;o 85 (4.21)

8 Jf, for example, material elements could interact at long distances, the idea of stress (force exerted
across an interface area) would be far less useful. Instead, we would be required fo consider
interacting volumes of material, as for the case of long-range internal gravitational, or electro-
static/magnetic interactions, Fortunately, such interactions are very short range or of negligible
magnitudes in materials, at roughly the length scale where the continuum assumptions break
dows,

©

It is always necessary fo assume that we follow the deformation, stretch, etc., of a single material
element, rather than some nonphysical distortion involving different material elements. The
Iatter do not involve deformation, but rather some quantity that has oniy mathematical signifi-
cance. See, for example, the discussion following Eq. 4.11.
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where dS? is the original material line length squared, equal to dxT- dX. Bis the
strain tensor. The factor%— enters conventionally, such that the conventional
infinitesimal sirain components {next section) are the small limit of E. Note
that E behaves consistently with our view of tensile strain (and all components
are zero for no deformation) , whereas the deformation tensor becomes the

- identity tensor for no deformations. Otherwise, both Cand E remove the rigid-
body rotation that appears in F or J and can be used equally for formulating
constitutive equations, Cand Eare both symmetric by definition (Egs. 4.19and
4.21}) and thus will have three real eigenvalues corresponding to orthogonal
eigendirections {principal directions of strain). Since C and E differ mainly by
a constant added to the diagonal elements, the principal directions are iden-
tical. (That is, when a rotation of coordinate system is found such that the non-
diagonal components are zero for one of the tensors, the rotation is identical
for the other. This can easily be seen by examining the forms of the irivariants
J; and T;, Eqgs. 2.40 or 3.22).

As shown below, the three orthogonal principal strain directions are mate-
rial lines, specified in the original spatial directions, which retain the same
directions relative to each other before and after the deformation. The principal
values correspond to the extension of these material lines, Thus in Figure 4.1 we
were “lucky” enough to choose the principal coordinate system for the long rod
so that the the nine tensor components were reduced to the principal values:

Eii =g Or Ch z1+2ei . (4'22)

The interpretation for principal sirain directions is a bit more difficult
to show than for stress because E and C are defined quadratically in dX. The
mathematical basis for the computation is, of course, the same. Any real,
symmetric matrix has three orthogonal directions with the desired prop-
erty: [E} {dX] = MdX]. Because a rigid rotation or translation of material
produces no strain ({E] = [0}, or {C] = [I}), 2 combined deformation and
rotation appears only as a deformation in {E] and [C].

i Show that the principal directions of E or C are material directions
that do not change their relative orientations before and after the deformation.

To show that the principal directions of strain represent fixed relative directions
before and after deformation, we simply start with the fixed angle requirement and
derive the characteristicequation. Assume that we choose two-unit vectors, d}"(] and d}h(z
in the undeformed, reference state which correspond to the same material vectors in the
deformed state, dx; =2;dX; and dx; = A,d%,;, where we have assigned the arbitrary

vector magnitudes A, and A,. Before the deformation, the cosine of the angle between the
unit vectors is given simply by

08 Bponre = [d)"q]T{dﬁz} (4.1-1)

A similar expression can be written in the deformed configuration:
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[df(l]T[df(z]

08840 =
Ak

(4.1-2)

and can be rewritten using the definition of the deformation gradient, ¥ (Eq. 4.15):

{df{i]T [F]T [P] {dj‘{zl

cos0, =
after :)“1 }*2

T [dxg] [c] [ak,}. (4.1-3)
Next, we enforce the requirement that Bpepore = Baprer:

€08 Bpefore = 005060,

[d)‘(lf [df(z] = -;: [d)”(;]T [ {d>‘<2] (4.1-4)
0=[ax, ]T [c] [a%, - l[dilr [}[d%,] wheren=nsa, (2.1-5)
0= [d)‘(,f [c-a1] [k, | (4.1-6)

Equation 4.1-6 only has nontrivial solutions if
jc-a=0, (4.1-7)

which is exactly the characteristic equation, In terms of E, Bq. 4.17 can be rewritten to
emphasize that the solutions are the same:
A1
{1 4.1-8
(2] * (41-8)

Thus the principal values of £ and C differ: 1 = 21, + 1, while the principal directions
are the same.

[C- At = RE~ G- Dl=2° [E

Consider three modes of in-plane deformation: balanced biaxial

stretch {BB), plane strain deformation (P8), and simple shear (S8). Find F, R, u, C,
and E for a given 3 specified over a unit square, as shown:
We can write the deformation gradient for each case by noting that

dx; = Fd5(1 and dx; = dFiz in each case and by expressing the orientation of these same
material vectors after the deformation. For exaraple, for the balanced biaxial case,

[HG 5}“{3’3 m and [lzs]={F] [é] (4.2-1)
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SRR RTINS e

Similarly, for the other two cases,

”1&514[‘;8 SR 29

el ieat M5 (2]

The stretch and rotation matrices are very simple for the first two cases because
¥ =uand Q=L That is, F is symmetric and positive-definite, and thus there are no
rigid-body rotations.

Simple shear, however, includes a systematic rofation of the material lines
corresponding to the principal directions. F in this case is no longer symmetric or
positive-definite. In order to find R u, we simply solve for C1/2, substitute for u, and
then solve for R:

[Css]=[FI"{F] =E 1 f 32} (4.2-4)

The principal values of C_ are

12 1.1 )
=C 1+ -8+ —Bvd+ .2+5
=G +25 e 9 (4.2-5a)

A =Cy mu»%az »%8 4+ (4.2-5b)

2
ot, in terms of b=[ (52+28+3) —4],

C1=%{b+«!(b+2)(b—2)] (4.2-63)
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C :%{b-—«f{b+2)(b-—2)} (4.2-6b)

So that in the principal axes, U takes the form

[u]= H;: J;’—J (4.2-6¢)

SMALL STRAIN

In the previous section, we introduced the basic concepts used often in solid
kinematics. Within the framework of a continuum, there were no approxima-
tions made, and we were able to relate infinitesimal material vectors, their
orientations and lengths, before and after deformation. When the material
deformation is very small {infinitesimal), one can use a limiting procedure to
arrive at a mathematically simple (but perhaps conceptually more difficult)
picture of strain. Historically, such a measure has been used successfully for the
elastic response of metals. Furthermore, such measures are alse useful as
infinitesimal steps in a large deformation, always with a need to be careful to
account for additive errors and reference configurations.

For comparison with the previous section, it is most convenient to start with
the kinematic variables based on relative displacements of a material line or
vector, because these displacements may be considered vanishingly small

relative to the material line consideration. Thus, when|du|<<|dx], the displace-

ment gradient [J} approaches zero (see Eq. 4.16, for exampie) and allows the
Snnphfmatlons in strain.
Recall the general definitions of strain, and the alternate forms

AE] = [FIT[F]~ 1=+ 1)1 [T +1]--1 (4.23)

E]= 1T 3+17 +3+1)-
or

}T +J1 4T
[E}= L.,iml s léi @.24)
and introduce a new tensor,

Ty
[5]:[}Y 5 j} . {4.25}

where we have dropped the terms J7J in Eqg. 4.25 because it is second order
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refative to J¥ and J whenever 1J1<< 1 (equivalent tojdu|<<|dx]). We use the
common notation of £ {o represent the small-strain tensor and E for the large-
strain tensor.

[e] is clearly the symmetric part of [J] formed by linearly averaging the off-
diagonal elements across the diagonal. It is convenient to relate this back to the
original picture of [f] (Eq. 4.16) and to define the antisymmetric part of [J]

similarly:
T
{aﬂ:[} ] ] (4.26)
2
such that
N=[e]+[o] (4.27)

where [g] is identified as the strain {or shape-change part) of the small displace-
ment deformation, and [@] is the rigid-body rotational part. Thus the relative
displacements of each material line consist of a strain part and a rotational part:

|duf=[e] {dx|+{eo] [dxq (4.28)

il Show that {£] does in fact represent a rigid rotation through a small

Using the rotation matrix [R] to rotate a vector abount 5(3, find the new coordinate

of the tip of material vectors originally lying along 5(1 and X;.
dx=R.-dX (4.3'}.)

dx;: |cosB ~sin® Q0itdXy| {dXjcos®

0 i=;sin® cosB 0] 0 ]=|dX;sin® (4.3-1a)
0 0 0 10 0
0 cos® ~sin® O] O =Xy siné
dxy je | sin®  cos®  O[dX; l=]| dX;cos0 {4.3-1b)
0 it 0 16 0

The relative displacement of the tips of these material vectors {dx - dX)} is related to their
initial coordinates via the displacement gradient:

du = (R-1) * dX (4.3-2)
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dug| fcos®~1 -sin® 0}[dX
duy |=| sin6 cosf~1 0|idX, (4.3-2a)
dus 0 0 G de

We make the usual substitutions for small angles, namely thatcos@=1 and sin@=6.
Now the displacement gradient matrix becomes

0 -8 0
J=6 0 0 (4.3-3)
0 0 1

which is the form (antisymmetric, with zero diagonal elements) of [«], the small
deformation rotation.

Derive the definition of the small-strain tensor directly in 2-D by

considering the infinitesimal displacements of a square material element.
Although the rigid-body displacements might be large,® we ignore them by
choosing a translated coordinate system at the same material origin. At this site, we
picture the undeformed element of material and compare with the deformed shape to
obtain the deformation. Since the relative displacements are second order, we make no
distinction between the O and O’ coordinate systems. Then, using our intuitive
understanding of strain {the change of relative position per unit length of material

line), we can evaluate the quantities.

1% But note that the rigid-body dispiacements cannot have a large rotation because this would
violate the requirement that jdu| << |dxf. We have drawn large displacements in the figure for
clarity ondy.
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£131 0B — O'B’, with an extensional strain of w
‘ OBl (441
(Auy/AL)
OB=dx; (4.4-2)
OB =dx; + g—::l—dxl +(higher order terms in x; and x3} (4.4-3)
1
dixy +§u—1 dxy ~dxy
11 = ____E.’f,},..._._.___ = ﬂ. {4.4-4)
i C{XI 3x1 :
£t OCA -2 OA’, with én extensional strain of LO__A_[—!&X_}
0A]  (4.4-5)
(Auz / Aiz)
OC=dx, (4.4-6)
O'A =dx, +~ia}—:—2~»dx2 +{higher order terms) (4.4-7)
: 2
dxy +—11—1.dx2 - dXy
By = 2 L ) (4.4-8)
z dX2 sz ’
gzt OB — OB, witharotation of &
{Auy /Aly) or (4.4-9)
(At.‘l ¥) / A}‘l )
KB’ %E% g
where tan8 == =L - 2 4 (higher order terms) {4.4-10)

KO Xm B le
and OA — OA” with a rotation of @ {4.4-11)
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Bui dx
S 2
where tang =~ ¢ = Eg, - a—xér—— - %;El (4.4-12)
2 2

To remove the possibility of rigid-body rotation, we are interested only in

8+f= au] +§22 50
1
o du
Y2 = 3:1 *5 a2 (4.413)
L ou  duy }
oré&y; = 2{83:2 + 3% ) (4.4-14)

1, s
The factor of - is employed so that the strains £,,, &,,, and &,, are the components of
a tensor. In non-tensor engineering mechanics, one often encounters £,,, which is the
total angle change between the sides of & square element.

Because
dug _1fow  dwy
aX] 2 Bxl aX]

it is easily seen that the components derived from the small-strain geometry are exactly
the same as the ones taken from the limit of the large-strain tensor:

&= (31:’ 3‘;‘ } e le]= %[J]T +[1] (4.4-15)

4.5 RATE OF DEFORMATION

In the foregoing, we used the basic Lagrangian method of following a material
element from one time to another. This is the usual approach for solid
mechanics when the material properties depend on the material history, and -
a steady state is not established. However, when considering rates of deforma-
tion, it is usually more convenient to adopt the Eulerian approach, where a
velocity field is considered the principal information available. Then, using
proper geometrical constructions, it is possible to compute the rates from the
nearby velocity field.

Consideramaterial vector dxat fime t,, Ifv{x)is the material velocity field specified
in terms of spatial position, then the relative velocity of the head to the tail is

dv; = (g;’} dx;. (4.29)

or
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{dv]=iL] [dx] ¢+ dv=L-dx {4.30)
where
avi
Ly = [XJ (4.31)

and L is called the velocity gradient or the spatial gradient of velocity.

Note: The connection with J, the deformation gradient, is clear if one
considers two times separated infinitesimally, say t and § + dt. Then,
du; /dt=dv;, and df /dt =1L, as long as the reference state for [ is chosen
to be the state at £, This is necessary because L is based on the current spatial
positions of a material element, that is, in the usual Eulerian way.

In an infinitesimal time, the relative displacements of material points are
infinitesimal relative to their separation {|du|<<|dx]) so that the small-strain

formulation is exactly satisfied. Thus we follow the procedure of linear separa-
tion of L into symmetric parts, exactly corresponding to the deconvolution of {]
into [E] and ]

[L] = [D]+[W] (4.32)
T 1] dv; aV; i
where 2[D]=[L]+[L]" e Dy = 1 I had rate of deformation tensor (4.33}
j i

T 1{ ov; an . ;.
AW]=[L]-[L] e» Wy =~ «aT‘ =3, | € spin tensor or vorticity tensor {4.34)
joo%

The role of [D] and {W] can be seen by considering the small displacement
counterparts [g] and [®], which have already been discussed:1!

[e} = [Dldt or {¢]=]D] (4.35)

fo] = [W]dt or [&]=[W] (4.36)

 Some authors are careful to point out that [éii] #* [Dij} because[é;i} is based on material deriva-
tives while [D] relies on spatial derivatives. In fact, there is no distinction when the displace-
ments are truly infinitesimal, because %, = X ;- In fact, this is & matter of convention: we

denote £= D in all cases and must remember that £+ de/dt.
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{infinitesimal displacements only)

Thus [D} is shown to be the rate of change of { £ ] {or [E] with the reference state
at the curved stafe} with time, whereas [W] is the rate of change of [w] with
time. It should be noted well that these correspondences are precise only for
vanishingly small displacements. When the small-displacement quantities are
considered to be approximations of the large-strain values, then these equiva-
lenices do not hold.

¢ Show how the Bulerian forms L and D are related to the rate of change |
of the Lagrangxan quantities F and E.

The basic difference between the Eulerian quantities and the Lagrangian quantities
lies in the current basis for the former and the original {undeformed} basis for the latter.
For example, compare:

Bvi

o o e 4.5-1
] ax]_ ( )
i o,
Rt 4.5-2
5= 5% (45:2)

where the definition for F is taken from a iime derivative of Eq. 4.15, and noting that

Xi " s
v; = i,'_, the current velocity of a material particle currently at x and originally at X. The
ot
only difference in the equations is apparent: the denominator of L uses a current spatial
increment dx whereas F is based on the variation with respect to the original increment
corresponding to this current increment. We can relate the two simply:

dx=FdX (4.5-3)
ax -
dv= [ ) =Fdx (4.5-4)
3t
av .
(5
But
v wax ov -1
L=~ Sf'a?“é?(ax} (4.5-6)
S0

L=FF?, r E=LF

and, since
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4.6

et 1] 3%y 3%,

the Lagrangian rate of strain, B, may be found:
B= %[ff F+FT ] (4.5-8)

But, from above R L , and F= LF,.SO

o et Tyt y plo et LT
BefFT R F LE|=F| (L L) [P (4.5-9)
and, since L = D + W where D is symmetric and W is anti-symmetric,

E=FDF (4.5-10)

Following the same procedure as in Exercise 4.4, other useful equations relating various
measures of deformation can be derived:

C=2E ' {4.5-11)
Lef Ft (4.5-12)
B*=D-(E*L-LTE*) (4.5-13)

where E* is the Eulerian strain tensor, referred to the current configuration.
When F is small {infinitesimatl), all of the strain rates become the same:

D=E=E* (infinitesimal deformation)
SOME PRACTICAL ASPECTS OF KINEMATIC FORMULATIONS

In the foregoing sections, we have attempted to outline the basic kinematics
needed for metal-forming analysis without providing a great deal of theory.
Many of the esoteric concepts in general theory are not critical to practical
analysis. However, several abstract concepts do frequently arise in the applica-
tion of metal plasticity and elasto-plasticity that are potential sources of trouble. -
In this section, we comment briefly on some of these points.

One-Dimensional Plasticity: The Tensile Test
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An ideal tensile test is one in which the stresses and strains are evenly
- distributed throughout the specimen and for which the stress state is well
known: s, = 5, other s; = 0. Therefore, the principal stress axes are well known
{and are fixed in space) and for an isotropic material we assume that the
principal axes are identical for strain. Under these conditions, we usually
restrict our atiention to the tensile axis, recording e and s in this direction,
which does not rotate.

In the ime-honored way, we define engineering quantities in terms of the
original specimen:

Ceng = faxal (4.37a)
Apriginal

Ceng = Al (4.37b)
1origirgal

However, both quantities have little material significance when the deformation
is large. For large deformation, the true stress is defined in terms of the current,
material, eross-sectional area:

- f&xial ‘ (4.38)

Acurrent

Ctrue

while the true strain is defined infinitesimally because the current length is
always changing:

€ e = (4.39)

current
Fortunately, because the tensile axis does not rotate and therefore the spatial

and material directions coincide for all times, it is easy to integrate Eq. 4.39
without careful distinctions between these directions:

_ S _ lzg_lm ng
Eire ““-[sl de rue “Ll D= ng (4.40)

We have used S, and §, to refer o “state 1” and “state 2 so as not to confuse the



146 Chapter 4 Strain

“True”

We have used 5, and 5, to refer to “state 1" and “state 2” s0 as not to confuse the
extent of deformation with change of time.2

Thus the true strain relates the length of the same material elementbetween
two states of deformation. It provides a measure of the material lines” stretch
and has the advantage of being additive, such that it serves as a correct indicator
of the material’s stretch throughout the deformation, rather than having an
arbitrary reference (as the engineering strain has):

P ge={"ges Pde=In2 +1n B =
Erota] = jso de= Iso da+jsA de=In o In {=eatep (4.41)

The integrals from Sy to 5, and from 5, to Sgare independent of one another;
that is, they do not require knowledge about the initial specimen’s length for
evaluation. (When the initial specimen’s length is used as a reference—for
example, to compute engineering strains—the strains in the various paths are
not additive and cannot be defined purely internal to that path segment.)

Plasticity laws based on the flow theory involve the use of incremental, -
infinitesimal strain measures { de or £ ), similar fo fluid flow laws. Atany instant
intime, these present no particular conceptual problem because, as shown in the
previous section, Bulerian and Lagrangian descriptions are identical for infini-
tesimal deformation when the current state is adopted as the reference state.
{This is equivalent to equating Egs. 4.37b and 4.40 by substituting dl for Al, and
Liugrent £0T Ligigina) Hlowever, the current material properties can depend in a
complex way on the entire deformation history of a material element. For this
reason, it is necessary to follow the deformation history of each element along
large-deformation paths. For the tensile test, thisis accomplished by the integra-
tion shown in Eq. 4.40, which relates a total strain variable, g, to an incrementally
defined one, de. Such a correspondence becomes much more difficult along
general deformation paths.

Strain in General Deformation

Itis very atiractive to seek a materially relevant large-strain quantity equiva-
lent to the true strain, e, in the tensile test. However, two concepiual
problems enter when general deformation is considered. First, there is an
unknown rigid-body material rotation that must be considered, such that
material directions may not remain identical to fixed spatial directions.
Second, large strain is a two-point tensor, and the path between the two

12 Since a tensile test is usually carried out at constant boundary velocity, the distinction between
time and amount of deformation is unimportant. However, there are some important conceptual
advantages 1o separating time from extent of deformation as variables characterizing the extent
or progress of the deformation.
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points is unknown. However, this path is critical to the material view of the
deformation. {In the tensile test, the path was specified for all time, so this
uncerfainty did not arise.)

One tempting approach is based on the Eulerian view of material flowing
past a fixed spatial point. The rate of deformation, D, has already been equated
with the material strain rate, &, Eq. 4.35. By introducing an infinitesimal time
increment, we can look at our infinitesimal increment of trie strain:

de = Ddt (4.42)

Then, purely formally, we can define the result of an integration as the true
strain;

1 1
Ae= j fde=["Dat (4.43)
h f

Unfortunately, for Eq. 4.43 to have any physical significance, the integra-
tion must be carried out for the same material element, not at a fixed point in
space. The integration of Eq. 4.43 is therefore a material time integral and its
evaluation may be very difficult. In fact, integrals similar to Eq. 4.43 must always
be carried out (usually in some approximate form) in order to evaluate the
plastic strain hardening of a material, but the loss of the twe-point nature of £
means that it is seldom used in this form.

A second approach to approximating the material strains (as opposed to the
geometric strains) for a large path starts with the Lagrangian approach. The total
extensions and rotations of each infinitesimal material line between two times
are completely specified by F, the deformation gradient. However, since the
path between the two states is unknown, this measure has no direct relevance
to the material view of deformation, only the change in geometry between the
two states. The extensions and relative rotations along the path are completely
unknown but may be critical to the state of material.

However, at least some improvement can be made in the kinematic vari-
ables by separating rigid rotation (K}, which doesn’t contribute to strain, and
stretch (U) as follows:

E=R-U (4.44)

This so-called polar decomposition®® (as opposed o the linear decomposition of
Jinto £ and @, or L into I? and W) is required because the R must be orthogonal
to be a true large-rotation tensor. (o + I and WAt + I are orthogonal only for
vanishingly small angles of rotation.) R is called the rotational tensor. It rotates
a vector aligned to the principal material line in the initial configuration into a

# Because the order of polar decomposition is important, one can equally define F = V- R, where
V'is called theleft stretch tensor, The order of operation corresponds to the decomposition of the
deformation path into steps taken in a different order.
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vector aligned fo this same material line in the deformed configuration. How-
ever, all other material lines (except the ones corresponding to the initial
principal directions of C or E) rotate by other amounts that can be found only
from F (or, equivalently, R and U).

U is a symmetric, positive definite tensor called the right siretch tensor
{because of its placement to the right side of R in Eq. 4.44). U operates on any
material vector in the initial configuration to give the length change (stretch) of
all vectors and also gives additional amounts of rotation for all nonprincipal
material vectors. )

The decomposition of Finto R and U corresponds to a sequential three-stage
deformation, Figure 4.3.

1. Siretchby Utox’
2. Rigid rotationby R
3. Apossible translation to X (for curvilinear coordinate applications only)

Figure 4.3 Conceptual decomposition of a general deformation into an initial stretch
step followed by a rigid-body rotation.

The decomposition to obtain U is useful from a material point of view
because the stretch of the material lines in the principal directions is available
from the first step of the deformation (X to x’, Figure 4.3):

dx'=U.dX (4.45)

or

ds? =dx? dx=dXT UTU dx=dxT U2 dx (4.46)
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or

ds? ( dl )2 dX¥ S dX Ly .
— | e | I e ——=n U R 4.46a
ds? idL ]cixT| ldx] o

where % is the stretch ratio for a material line with original length dL and final

length dl, and u? means u’ - u (= u? because u is symmetric). When#; are
principal directions, it js possible to take the square root of U? and thus define
the principal stretch ratios:

Aj=—L=U; (principal components of U), 4.47)

where dl;and dL; are the final and original lengths of a materjal line correspond-
ing to principal direction ii; of U.

Comparison of Eq. 4.47 with Eq. 4.40 illustrates the correspondence
with 1-I2 ideas of true strain. In fact, the {rue extensional strain of a material
line lying in principal direction n, is simply given by!¢

& (true) = In %&:m A (4.48)

However, it should be clearly noted that while the decomposition illus-
trated in Figure 4.2 solves the conceptual difficulty of following the extension of
material lines, the decomposition may be carried cut in alternate ways. It
therefore is an unverified assumption to allow a two-point representation of
strain fo serve as an approximation 1o a possibly path-dependent material strain
measure. Conversely, the proper integration of de, Eq. 443, along a material
trajectory is proper, but is too cumbersome to be used except in numerical
treatments. These limitations should be kept in mind whenever attempting to
apply large-strain measures to material laws written in rate-of-strain quantities,

While the fact that F can be decomposed into a pure rotation (R) and a
positive definite symmetric matrix (1) is theoretically interesting, U is seldom
used because if involves fractional powers of the usual kinematic quantities. In
fact, it may be shown that

U=cY? =[2E+1]2 (4.482)

¥ Some authozs use the notation ¢, , = In U, which carl be defined propezly in terms of principal
values. i .
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4.7

where the fractional power of C signifies a tensor with the same principal
directions as C, but with principal values equal to the square roots of C,. (Thus,
note that U, C, and E have identical principal directions and differ only in the
way the stretch along those three directions is expressed.)

With the aid of the relationship above, Eq. 4.48a, the principal stretch ratios
that correspond to these orthogonal material directions in the initial and final

states, and that play the 3-D role of tensile stretch ratio dl/dL except for the
unknown path between initial and final states, are given by

1 T

A =U;=Ci =8 +12 (4.48b)

where U;, C, and E,; are the principal values corresponding to the principal
material direction in the X, reference system.

COMPATIBILITY CONDITIONS

Compatibility refers to the continuum requirement for deformation that we
have discussed in this and the previous chapter. Ii requires that the kinematic
deformation variables (strain, stretch, deformation gradient, etc.) be compatible
with continuous, single-valued deformation functions as assumed in Section
4.2: x = X (X, t) (Eq. 4.9). Physically, this requires that one material particle
cannot occupy two spatial positions at once (by opening a hole, for example),
and that two material particles cannot occupy one position at an instant (by
folding into itself, for example). But exceptions to these rules can be readily
introduced locally to ireat crack opening or folding,.

Compatibility is automatically satisfied when the mechanical problems are
formulated and solved in terms of displacement functions that are required to
be continuous. Smooth-displacement functions automatically ensure that
Bq. 4.9 is continuous, and physically that no voids or incursions occur.
However, it is usually more convenient to formulate problems for closed-
form solution {classical elasticity problems, for example) in terms of strains.’s
In this case, continuous strain functions do net ensure that the assumption of
material continuity is preserved, and auxiliary conditions must be applied.

As a simple illustration of separate compatibility conditions, we consider
the well-known application to 2-D, small-strain deformation. (It should be
noted that the idea of compatibility, while completely general for 3-D and large
strains, seldom arises in other cases because closed-form sclutions are seldom
possible to find.) Considering X; and X, directions separately, two smooth-
displacement functions are required that satisfy a given material law and
equilibrium condition:

¥ In formulating mechanical problems for numerical solution, compatibility is either relaxed or it
is automatically satisfied by the formulation. Seldom is it convenient to consider both equilib-
rium and compatibility conditions directly in a numerical framework.
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ug =uy Xy, Xo) =uy{xy, %3} {4.49a)

uy =uy {(Xg, Xp) =uy(x, x5) (4.49h)

where U, are continuous and single-valued, and the distinction between X, and
x,; is lost for small displacement.

The material law, however, is written in terms of strains, and thus the
equilibrium equation is also. Assuming infinitesimal components, the strains
are related to spatial variations of the displacement function via

c=fom | ouj
&= 2( axi * axi) {4.50a)
or
oy dus 1(ou;  duy _
= e = 2= | e et |, 4.50b
&1 aX1 22 8x2 f12 2[8){2 * 8x1 { v )

Thus, when solving the mechanical problem in terms of three strain func-
tions, £y (Xyr Xo) Ex {Xy, %5}, and &, (x4, X,), there is no assurance that the two
- displacement functions, Egs. 4.49, are smooth.

We can find a supplementary condition on the variations of strains (the
three strains at any point remain independent} throughout the continuum by
using the well-known property of continuous, smooth functions, namely that
they are differentiable. Thus U, and U, are required to be smooth and continu-
ous, such that

o%u; 2%y Pu, _ du,
dxidxs  Oxg0x) Ox10%y  9X20Xy

{4.51)

Also, we take one more derivative to find a useful expression in terms of strain
variations:

2 3 3

9 8%1 = J s} 5 = d ;:1 (4.513)
3x2 axjaxz aX2 axl
2 3 3

o Eo7 g 2y d tin (4'51’3}

ax? - 020X, 2- axlzaxz
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4.8

Equations 4.51 a and b show how the variation of the normal strain
components in the orthogonal directions are related to the variation of the shear
components. Usually, Egs. 4.51 are summed and the continuity of g, {x,, x,} is
used to arrive at 5t.-Venant's compatibility equations:

32811 - 82822 =9 32812
x5 Ox3 - dxyoxy

(4.52)

" Equations 4.51 and 4.52 ensure that the three smooth-strain functions are
derivable from the two smooth-displacement functions. This can be extended to
3-D calculation; by similar handling it leads to three compatibility equations.

ALTERNATE STRESS MEASURES

Just as there are alternate ways of looking at deformation (Lagrangian vs.
Eulerian, or engineering strain vs. true sirain), it is possible to define alternate
measures of stress. From a material point of view, the Cauchy stress, already
defined in detail, is the physically relevant quantity. The other measures can be
viewed as mathematical permutations of this measure.

The important principle in choosing mechanical variables is that they are
complementary. In particular, the stress and strain measures used must be
work-conjugate; that is, an increment of strain multiplied by the current stress
must be a proper infinitesimal incremental work quantity per volume of mate-
rial. This means that the material volumes, areas, and lengths must be well-
defined and consistent between the two variables.

The Cauchy stress tensor ¢ {(introduced in detail in Chapter 3} arises from
a Eulerian view of the deformation, where all variables are defined at an instant
in time. (In one dimension, it corresponds to the true stress.) Thus ¢ relates the
current force acting on a current material area:

£

current = G-a

current (4.53)
The work-conjugate measure of deformation is D, the deformation rate

tensor, in rate form (i.e, when multiplied ¢-D = power). In incremental form,
Ddt (when interpreted in the material sense) becomes the incremental variable:

Power=¢-D dwork=c-Ddit=0o-de {4.54)

In the Lagrangian point of view, deformation is considered between an
initial state (perhaps undeformed) and a final, deformed one. In one dimen-
sion, the corresponding variables are engineering stress and engineering
strain. There are two stress quantities (sometimes called pseudo-stress ten-
sors) that are typically used. In addition, the Cauchy stress is sometimes
altered by a scalar factor such that the mechanical work is expressed per

volume of original material:
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o=t (4.55)
Po
oWge =P de = OWOK (4.56)
Po original material volume

The first Piola-Kirchoff stress tensor ,I'), gives the actual force df acting
on a deformed area, but it is arranged to operate on the corresponding
undeformed area:

df = MPda {457}

where da_ is the vector quantity representing the infinitesimal area of material
in the original configuration that becomes da in the deformed configuration. It
is not symmetric.

The second Piola-Kirchoff stress tensor yields the current force as trans-
formed back to the original configuration, again related to an area expressed in
the original configuration:

df, = I'Dda, (4.58)

where df, is related to the current force acting on an actual element of area in the
deformed configuration:

af = Fdf,. ' (4.59)

In order to find the relationships among o, I'®), and I'®, we present two
intermediate results without derivation.’® The volume change of a deformed
element is given by the density change (p,— p) or the determinant of F {usually
called the Jacobian):

divol) »p
s 5 shone = | = | 4.60
dlvoll, peo J H ¢ )

} can also be shown equal to the square root of the third invariant of C, the
cl_eformation fensor:

_ dlvol} _
J=Gten, ~VC1 2 Cs (a.61)

1 See any mechanics textbook for the derivations—for example, L.E. Malvern, Intfroduction to the
Mechanics of @ Continuous Medium, (Englewocod Cliffs, N.J.: Prentice-Hall, 1969), 167-170.
However, riote that vectors are often expressed in row form in this reference, whereas we show
vectors in column form whenever possible.
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The other intermediate result relates the size and normal of an element of
area before and after deformation. It may be shown that da, transforms to da
{these are area vectors defined in the usual way, normal to the area element, with
lengths equal to the areas) as follows:

=f;_[rl] da, (4.62)

With these purely geometric results, we can find the relationships among the
Cauchy stress and Piola-Kirchoff stresses. To do so, we simply equate the real
force acting on a current element of material and then compare the descriptions.

df = o-da=T"da, =Fr'%da, {4.63)

where the last tensor arises from a minor rearrangement of Eq. 4.59. From this
equality (Eq. 4.63) and with the use of Eq. 4.62, all of the required relationships
can be formed by simple matrix multiplication:

2 ="_°F‘1{F-1}GT or  o=-Prgt (4.64)
o Po
-_{-(1) =F 1—-(2) or r{Z} = F_lr{l) (4.65)
T
@ Popifp]’ o o= Lprp (4.66)
[ fo

These equations show that the second Piola-Kirchoff stress tensor is sym-
metric, whereas the first Piola-Kirchoff stress tensor isnot. The lack of symmetry
of the latter often makes it inconvenient for manipulation.

Any of the various siress quantities can be used in formulating a mechanical
problem. The only caution that must be followed is that the proper stress- and
sirain-rate quantities must yield a proper mechanical power per unit volume of
material. Such quantities are called work-conjugate variables and are correctly
defined for use with energy principles {(see Chapter 7).

As noted earlier, the Cauchy stress, ¢, and the deformation velocity
tensor, B, are work-conjugate. This is easily demonstrated by considering an
infinitesimal right parallelepiped of material in the current, deformed con-
figuration as in Figures 3.3 and 3.5. The forces acting on each face are f =0 da
(f;= oyda)). Without limiting the generality of the illustration, we can assume that
the ongm of the cube does not translate (a rigid translation does not do internal
work inany case). Then the internal power done by the cube of material is thesum
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Common Work-Conjugate Measures of Stress and Deformation Rate

Stress

Strain Rate Type of Incremental
Motion Power Work Form
o D Fulerian Gc;t%e:l: o-de
Cauchy stress rate of — POWE (de=Ddt)
. current volume
df=ocda deformation
oy
ox
1
G( ) D 0'(}) ‘D= U(l) -dg
volume = rate of Eulerian, _—'—'E—S—I‘EEE_ (de=Ddt)
corrected defcrmaation per original orginal volume
Cauchy stress D=2 aterial volume
_ P sl o
df=—"—0c""/da
Po
1 F mixed : ri. g= rar
first Pipla = rate of Eulerian area, %vwr_l_
i . original volume
Kirchoff stress defor:;ahfn Lagrangian g
T gradien force
df, =T""da CaF 32
dt  gXot
ri? Bor—¢ Lagrangian . £ r@ae
. 2 power
second Piola = rate of T or
X original volume 1.(2)
Kirchoff stress Lagrangian -:-iI"‘ dC
daf, = 'F(z')da strain
f=L¢=FTDF
2
Notes: df = force vector acting on a current element-of area da

df_= df rransformed back fo the original configuration: df = Fdf,
da_ = the original area vector corresponding to the current area:

aa=Lefr ] aa,
p
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of £ . dv for the three moving faces of the cube. (The velocities are differential
because the joint at the origin is stationary and the element is infinitesimal.) The
velocities themselves are dv = Ldx, so the total power is the sum over the three
{moving) faces:

power=0-L (4.67}

However, because ¢ is symmetric, only the symmetric part of L contributes
to the inner product, so Eq. 4.67 reduces to ,

power=0-D (4.68}

where D is the symmelric part of L. Physically, it can easily be seen that the

- velocity of each plane caused by the shear-symmetric part of L { @) lies in the
plane and therefore does no work in conjunction with the force acting on the
plane. For the alternate stress measures, it can be readily shown that the work-
conjugate quantities are those shown in Table 4.1 on page 149. Any of the
power-conjugate quantities can be viewed -in incremental work form by
multiplying the rate term by dt.

CHAPTER 4 - PROBLEMS

A. Proficiency Problems

1. Given: F L2
. ven: Fexy,

a. Find E; and € ;, the components of the large- and small-strain tensors,
respectively.

b. Using E and g directly, find the new length of the vectors OA and AB
shown here. Note that the original vectors are of unit length.
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c. Why are the deformed lengths of O’A’ and OB’ different when calcu-
lated using the two different measures of deformation?

Given this diagram for an assumed homogeneous deformation, write
down the deformation gradient, F:

6.6, 4.6)

A

{6, 3} (81,30

o

01 02 05
Given: F=j03 04 06

0.7 08 09
Find: }, E, and &.

In the following diagram, a pointin a continuum (O) moves to a new point
{0} as shown.

%y
4,2
,,,,,, >e
- 0'
wEeA .
1”’ B
- " Xl

0 1.5

a. Find the new points A" and B’, assuming homogeneous deformation
for the following two cases:

=

b. For each deformation, find E, the large strain tensor.
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5. Imagine that a line segment OP is embedded in a material thatis deformed
toanew state, The line segment becomes O'P’ after deformation, as shown:

N

P2, D)

a. Find the vector componenis of O'F :

= 4

b. Find the length of O'P" if

s 2

c. Find the components of OP if
_|a 2
J=13 3

6. A homogeneous deformation is imposed in the plane of the sheet. Two
lines painted on the surface move as shown, with coordinates measured as
showrn:

a. Find F, the deformation gradient.

b. Starting with F, find C, E, I, and &.

Before After

fald
e

. 31,33
(1.8, 2.1)

(2.0, 1.5} ’ 3,2
4.1,1.9)
an

o
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c. Find the principal strains and axes of E.

7.  Attime {, the posifion of a material particle initially at (X, X5, X,) is

x =X, +aX,
X, =Xy +a X,

Xy = Xy

Obtain the unit elongation (i.e. changein length per unit initial length) of
an element initially in the direction of %;+X;.

8. Take fixed right-handed axes x,, x,, x;. Write down the deformation

Wém)}-:ifor the deformation of a body from x to X for the
j

gradient matrix,
following:
a. Right-handed rotation of 45° about %;.

b. Left-handed rotation of 45¢ about 5.

c. Stretch by a stretch ratio of 2 in the X5 direction.
d. Stretch by a stretch ratio of % in theX, direction.

e. Right-handed rotation of 90° about 3.

Find the total deformation matrix for these motions carried out sequen-
tially. Using this result, check the final volume ratio.

5.  From the following mapping, find C, U, and Rt

X7 20 0 X}_
Xo = 0 3 4 Xz
X3 0 4 3 ,X3

Check whether this is a permissible deformation in a continzous body.
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- 10.

Check the compatibility of the following strain components:

2. 2 2
X1+Xy  Xpax, 0 Xq X1“+X9"  Xoxz
iyt Xp+xy O £ x22+x32 x22 0
0 ¢ X3 X3 ] 0

B. Depth Problems

il

12.

Strain

13.

Consider the extension of an arbitrary small-line element AB. Start by
examining how (A‘B"}is related to (AB)? using the small extensional strain
along that direction, e,. Show that for small strains and displacements,
rotations do not cause extension; that is, if extensions are zero, strains are
zero. :

In sheet forming, one often measures strains from a grid on the sheet
surface. Then one can plot these strains as a function of the original length
along an originally straight line:

E Original line

o] Originat Position

As shown in diagram (b) (for a simple forming operation), this originally
straight line is curved and stretched. If the edges of the sheet do not move
(stretch boundary conditions), develop a rule that the measured strain
distribution must follow. Consider that the original sheet length 1 be-
comes 1 at some later time.

Consider a 1-inch square of material deformed in the following ways:

For each case:
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(212,212}

{1.414, 1.414)

fa) 2] fc} 3]

a. Find P

b. Find Cand E.

c. Find the principal values and directions of E.

d. Find the material principal directions after deformation.

e. Which of these cases {a-d) are mechanically the same under isotropic

conditions? Under general anisotropy?

10
14. Given that [C] *—-[ 0 2], find F when

a. the principal material axes do not rotate, and

b. the principal material axes rotate by 30° counterclockwise, Express
your answers in the original coordinate system.

15. Derive a set of compatibility equations corresponding to Eq. 4.52 for the
three-dimensional case.

C. Computational Problems

16. Consider a triangle of matetial defined by three points: A, B, and C, with
coordinates before and after an in-plane, homogeneous deformation as
follows:

before: (Ay, Ay (B, By) (Cy, Cy)
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17.

alter: (2, ay) (by, by) (cp )
a. PFind F, E, U, R, and C in terms of the original and final coordinates.
b. Find the principal stretch ratios and true principal strains.
¢. Assuming that straiﬁs are small (bui displacements and rigid rotations
may be large), find simplified expressions for principal strains and

smail-sirain components.

d. Assume that all displacements are small, and find simplified expres-
sions for principal strains and small-strain components.

Repeat Problem 16 for the 3-D deformation where point A{A,, A, Aj}
moves to a(a,, a, d,), and so on.



5.1

atandard Mechanical Principles

Many alternate forms of equation can be derived to describe the condition of
mechanical equilibrium, both for continuous bodies or for discrete assem-
blages of finite elements. In the latter case, it is possible to consider local forms
for isolated elements, and global forms describing the body that has been
modeled discretely.

Special mathematical tools are required for transforming one description of
mechanical equilibrium to another. These are described briefly in this chapter
and they are demonstrated by classically establishing the most important laws
of deformable bodies. Integral forms are derived, and, finally, variational
formulations are presented for the most standard classes of mechanical behav-
ior: elasticity, plasticity, and viscoplasticity.

MATHEMATICAL THEOREMS

Throughout this chapter, frequent use will be made of the Green theorem, or one
of its various forms. The most simple expression is analyzed, and the mathemati-
cal proof is given in a simple case, which can be generalized sufficiently to cover
cases of practical interest for applications. As we are not concerned with pure
mathematical issues, we shall make the assumption that the domains of integra-
tion (volume, surface, or curve) and the functions (scalar, vector, or tensor) are
regular enough for all the integrals tobe defined.?A theorem for the necessary and
sufficient condition for an integral to be null is given.

! This chapter is more mathematical than the others. ki develops principles essential for finite
element analysis of forming operations, but-does not contain material needed to understand the
remaining content of this book and thus may be skipped at a first reading if desired.

2 dV is the volume element and dS is the surface element.

ATILIM UNIVERSITY
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The Green Theorem

Let Q be a finite domain with boundary 00, where { and g are two scalar
functions defined on . Then for any set of coordinates x, (k = 1, 2, or 3)
corresponding to a position vector x, we have

.g eag jfg ny dS J 2 gdv 1)
Xk a0 .
{Green's theorem)

when n is the unit outward normal to 8Q with components (n,, n,, n;). Equation
5.11is a generalization of the rule of integration by parts of simple integrals. The
proof is relatively simple if we suppose that a straight line parallel to the % axis

. intersects the boundary 0Q of the domain £ in, at most, two points {see Figure
5.1, which is drawn in three dimensions with k = 3).

Ourhypothesis allows us to define a curve in the %3 plane and to decompose
the boundary 0Q into an upper part 9Q;;and a lower part d$3,. More precisely,
C is defined so that for ariy point M inside C, the straight line containing M and
parallel to Ox, intersects 3Q; at the point Mj;.

5

>
My

Figure 5.1 Proof of the Green theorem.

With these assumptions, the corresponding x, coordinate can be obtained
{at east theoretically) by

X3 = hyy (x5, Xp)
.and similarly for the lower boundary 882,

X5 = hy (%, %))
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With this notation, the left-hand side of Eq. 5.1 can be rewritten as follows:

hylxpxad
.98 g
v & %)
I . —2-d J&l dxzj f e dxs (5.2)

hy (x1.xp)

In Eq. 5.2, the one-dimensional integral can be transformed by integrating
by parts with respect to x; according to

U o U o
J‘ f-é“wdx_g :fU gU—fL gL—j -8 dX3 (5.3)
h X3 hy aX3

where we introduced the notation

fy =f[x1’ Xz, hylxy, xz)]

(Similar notation is introduced for gy, f and g, ).

Now Eq. 5.3 allows the transformation of Eq. 5.2 into

98 s = hu of
J.Qf*a“;;dx:; —JC(fU 44 fL gL) dX} d)(2 jcdxl dXz hL axs g dX3 (54)

We shall focus first on the first integral appearing in the right-hand side of
Eq. 5.4. If the normal to 0Q is oriented outward, we can write on 9Qy,

dxq dxy =cosyy dS=nyy; dS {5.5a)

which means that the projection of the elementary surface dS onto the %3 plane
involves the cosine of the normal n,, with the X3 axis, as pictured in Figure 5.2.
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7, =COS Y,

>

1

Figure 5.2 Projection of the elementary surface on the ox,x, plane.
Similarly, the corresponding equality for the lower surface may be written
dxy dxy = ~cosyy, dS=-np3 dS (5.5b}

With the help of Egs. 5.5a and 5.5b, we can write

j(fU gU WfL gL)dX1 dXz :j‘fU gU nya dS—IfU 81 {—HL:;) as
C aly; a0y

a‘ffgng ds
aaq

The second integral in the right-hand side of Eq. 5.4 is rewritten with the
definition of 3-D integrals and gives ’

(5.6

by

dxg dxy of gdxg= E—g dv (6.7

ox ax
C hi, 3 Q°*3

Finally, if the right-hand side of Eq. 5.4 is transformed with the help of Hgs.
5.6 and 5.7, we see that it is equivalent to Eq 5.1, where k is chosen equal to 3.

To complete the proof, one has to remark that if a straight line, parallel to
%, intersects the boundary in more than two points, the domain can be decom-
posed into several subdomains for which this property holds. Then, in each
subdomain, Eq. 5.1 can be written and one has only to note that for those parts
of the boundary inside £3, and therefore belonging to two adjacent subdomains,
the surface integrals vanish as they correspond to opposite normals.
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The Ostrogradski (Divergence) Theorem

The theorem may be stated as follows: for any vector field w defined in W with
boundary aa,

J‘div{m) dV= fm-v ds (5.8}
Q J:le3

The proof is easily obtained by using the Green theorem. If f =1 and g = wy, are
put into Eq. 5.1, we get

Jf M gy = j winy d S (5.9)
o Pk a0

In Equation 5.9, no summation is made on the k index, but if we sum over

it, we obtain
j Zgaiv”&dvﬁj. Zwk I‘lk d s.
et 30 e (5.10)

(divergence theorem)

Equation 5.10 is the component form of Eq. 5.8, presented with the vector
notation. This is also called the divergence theorem, and it is often used when
the material flow is described by a specified velocity field v.

Time Derivative of an Integral with a Variable Domain

We suppose that the domain is time dependent, denoted by ,, and moves with
a velocity field v.* A time-dependent scalar function f is considered; that is,
= fixy £).2 With these hypotheses it will be shown that

d of
E?( o, deJm Iﬂfé? dv + 0, fv-ndS (5.11)

3 The velocity vecter need not be defined in the whole domain & here; it can be defined only on the
boundary 9.

* The notation x, on Q, {(and x, on Q) is chosen in order to indicate clearly that we are not
concerned with a mechanical problem here, where the coordinates refer to material points which
move as the body is deformed. In other words, the theorem can be established if the velosity field
is defined only on the boundary.
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To give an idea of the proof, the left-hand side of Eq. 5.11 is written
according to the definition of the time derivative:

lim %;U‘f(xl,t«z» AD dV—jf{xO,t) dv} (5.11a)

A—=0 Queat Q

or, in a more convenient but obviously equivalent form,

fxq, t+ A ~f(xq, £
lim j 1 )8 gy
Qreat

At At
(5.12)
m ﬁ{-" f(xl av —.jf{XG LB dV]
At—0 Qppat oy
When At tends to zero, the first integral in Eq. 5.12 tends to the limit
J———-——af(’gf't) av (5.13)

2y

The second term in Eq. 5.12 can be transformed if one recalls that, up to the first
order in Af, 6€2,,,, is obtained from dQ, with the velocity v, according to

Xy =Xp+ALV (5.14a)

If At is small enough, the displacement can be viewed as oriented along the
normal to Q. If x, is on 382, the corresponding point on 88, ., will be x’, with

X =x+(v-n)Atn {5.14b)

The situation is represented in Figure 5.3, where we introduce

@=Q, nQ Q. =QHAQ, Q =0'=AQ (5.15)

AL AL t

In otherwords, W_is the domain between dW,and dW, 5, whenv-n>0;and W,
is the domain between oW and oW, for v-n <. With this notation, the second
‘term of Eq. 5.12 is also equal to
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iUﬁxo,t) d V—If(xl,t) av (5.16)
At Q,

30, =

Figure 5.3 Transformation of the difference of volume integrals (2-D representation).

Now, when At is small, AQ, can be described by
X' =x3+5(Zn) with xpe o0 and OsE<E(von)At

where 90}, corresponds to the boundary 49, with v - »n 2 0, and 9Q,_ to the
boundary 8¢, with v - n < 0. This notation allow us to rewrite Eq. 5.16 as

1 vt wynAb
— f ds | f(xp+&n, O dE~ dSJ'f(xo ~En, 9 dE (5.17)
At 80y, Q a_ Y

If At tends to zero, we have

vnat
Hm —tj fixg +En, thAE =+v-n f{xg, ) {5.18}
At—0 0

so that Eq. 5.17 gives

jv-n fix, 0 dS—J(-v-n) flx, 0 dS=jv-n f(x, 0 ds {5.19)
BQH. B.QQ__ ol

The proof is completed when the limit values given by Eq. 5.14 and Egq.5.19
are substituted for the first and second terms respectively in Eq. 5.13.
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Theorem: A Necessary and Sufficient Condition for an Infegral to be Null

5.2

If a continuous function { is defined in a domain £, and if for ail possible
subdomains w of {2 we have

j fdv=0 (5.20)
]

then the function f must be equal to zero on the whole domain ®.

The proof makes use of the continuity of £. For example, if for a given
geometrical point, with coordinate vector x”, we have £{x”) > 0, then there exists
a subdomain ®” of Q, containing x*, and verifying the condition®

Vxew f(x)z—;— f(x7 (G.21)

By integration of both sides of the previous inequality (Eq. 5.21), we obtain

If(x) dvz jf(x) dv Zv{ é—f(x') dv= —;—f(x')j dv >0 (5.22)
o

@ o o

1t is clear that Eq. 5.22 contradicts the initial hypothesis given by Eq. 5.20 so
that the function f cannot be different from zero on any part of the domain Q.
Finally, it is obvious that if £{x} = 0 in the domain Q, then the integral is null.

THE MATERIAL DERIVATIVE

The material derivative is defined as the “total” time derivative when the
particle is followed in the material flow. It can be applied to a function, a vector,
or a tensor. .

Material Derivative of a Scalar Function

If the scalar function F depends on the initial coordinates X and the time - that
is, when a Lagrangian description is used (see Section 4.2}-the material deriva-
tive is defined by

aF,, .. 9F
S X0=500 (5.23)

*# This property of continuous functions will be used without proof. Standard mathematical texts
may be consulted for proofs.
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When a function f is defined in terms of the present value of the coordinate
x, which corresponds to the Euler description (see also Section 4.2}, and the time
t, it is written f(x, t). In order to define properly the material derivative, the
dependence of the material coordinate vector'in terms of the initial coordinates
X must be recalled by the continuum mapping function x(X, t). Thus the
definition of the material derivative is

1
'&2(" A= lim E{f[x(x,t+At},t+At]—~E[x(X,t),t}} (5.24)
At—0

Egquation 5.24 can be transformed according to

df . 1
{x,)= Hm E{f [xOK £+ A, t+ At~ £{x00 1), t+ At}})

dr
A—0 (5.25)
. 1
+ Hm [E {f[x(x, £), t+At]- f[x(x, 1, t]})
At—0
which gives the result
%ﬁ-(x, ty= (x, £ +2w (x, 202 ax,(x 9 (5.26)

Finally, if the definition of the velocity of the material point with coordinate
vector x is introduced into Eg. 5.26, we obtain the desired result:

df of z : of
= il — (x, v
G (x, ) En (x,8)+ 3% (x, D vilx, B (5.27)

This is often denoted by the more compact form:

df of
Sy v 2
ik grad(f)- {5.28)
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Material Derivative of a Vector or a Tensor Field

The same approach can be carried out for each component separately. The case
of a vector ¥H(X, t) as a function of the Lagrange variables will give

du du
—{X, ) =—(X, .
at X, 0 3 X, 0 {5.29)
with components
_(X t)—— Y (X £) -(5.30)

With the Euler description, the vector field is denoted by u{x, t), and its
material derivative is

du _au . |
praaten +grad(u) v (5.31)

‘where the components are given by

du’ (X, t}= ’ (X, t)+z 9 =L, Ovilx, 9 ' (5.32)

An important material derivative, the acceleration, is obtained from the
velocity field:

dv _dv
a= 50 +grad(v)- v (5.33)

Note that the gradient of a vector is an operator with two indices. Three
indices are necessary for the gradient of a tensor, the analogous of Eq. 5.32 being
for the tensor gt

¢ Note that the material derivative of a tensor is not generally frame invariant—that is, if the basis.
function for the spatiai coordinates is changed, the new material derivative of the same tensor o
will be different,



5.2 The Material Derivative 167

dos: 30'--
w&-‘i{x, D= 1; (x, r)+z§: (x, O vi(x, 9 (5.34a)
X

which can also be written

do do
PTiaiev + gradic)-v (5.34b}

Derivative of an Integral

This topic was already addressed in the previous section (see Eq. 5.11). Another
useful form is obtained by first applying the Green theorem {(Eq. 5.1} with fand
g = v, and summing the contributions for i =1, 2, 3, which gives

J za"* dv= j fzvi n; dS— J' A av (5.35)
20, < ax; -

The surface integral is eliminated between Egs. 5.11 and 5.35, leaving

4 j de:j ﬁf-+ +fzav1 av (5.36)
dt o, o, ot E?x1 dx;

Introducing the material derivative of f, given by Eq. 5.27, and the diver-
gence of the velocity field,

div(v)= Z a"*

we get

4 de:j [«f‘f+f div(v)] av (5.37)
at &
£ £,

which is also often used in the form:

g j fdv = f [§£+ div(f v)]dv (5.38)
dt ot
[+ o
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5.3

SUMMARY OF IMPORTANT MECHANICAL EQUATIONS

In the following section, the general physical principles of conservation will be
applied to any (small) domain, in order to cbiain the local laws for conservation
in the mechanical field theory.

Mass Conservafion: The Equation of Continuity

We assume that the mass density ris a function of position x and time t. The total
mass (M) of the system in the domain 2, is evaluated by

M= ‘gp (x, £} dVv (5.39)
O

if we consider any subdomain w, embedded in 3, the corresponding mass m,
should remain constant during all deformation of the material. This mass
conservation principle is written:

dz@, "”gg plx, B dV =0 (5.40)

®

According to Eq. 5.37, Eq. 5.40 can be rewritten as follows:
dp R
rry +p div(v) |[dV =0 (5.41)
Wi ¢
Because the equality stated by Eq. 5.41 musthold for any subdomain w,of @, the

general mathematical theorem of Section 5.1 states that the integrand must be
equal to zero everywhere in the domain {; that is,

45 diviv) =0 (5.42)
dt
which is equivalent o
dp ., X
3 +divipv)=0 (543)

This is the general form of the mass conservation principle, also called the
continuity equation. If the material is incompressible, then its density is a
constant and Eq. 5.42 reduces to
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diviv)=0 (5.44)

Provide an elementary proof of Eq. 542 by calculating the density
evolution of a small cube during a time increment, and the material flux across the
faces of the cube.

The small cube is represented in the following figure:

During the time increment At, the density increase Ap comes from the sum of material
fluxes across the six faces of the cube with side 2Al, and with center of coordinates (x,,
Xy, Xg}e

‘The mass flux through face number 1 with outward normal is

Amy =plx; +AL X, X3) valxy +AL X5, %3) A% At (5.1-1}
Simflarly, face 1’, with opposite normal, gives
Amy"=-plxg — AL x5, %50 vi (% — Al X, x3) A® At (5.1-2)
and we observe that by combining Egs. 5.1-1 and 5.1-2, we get

Amy +Am1’ua—i~1— {pvy) A% At (5.1-3)

Two other expressions similar to Eq. 5.1-3 can be written by considering the fluxes
across faces 2 and 2’, and across faces 3 and 37, such that the total mass increment is

i

Am = Aty + Amy + Aty +Amy "+ Amg + Amg” = i(pvi) JALRY: (5.1-4)
1 1 3%
1

We remark that the density change is linked to the mass transfer by

Ap AP + Am =0 (5.1-5)

The proof is corapleted by substituting Am between Eqs. 5.1-4 and 5.1-5, dividing the
resulting equation by At Al%, and letting At tend to zero, which obtains
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9

& +d1v(pv)—-—+grad(p} v+pdiv{v}=0 (5.1-6)

which is clearly equal to Eq. 5.42.

The following exercise allows us to give a useful expression for the time
derivative of an integra}. containing the material density p:

—js) fdV= jp —dv {5.45}

Show that for any function {, Eq. 5.45 is verified.

From Eq. 5.37 we have

d _ dipf) _
3 J.p fdv= Li[ a +p fdw(v)] dv {5.2-1)

oy
- but it is easy from the definition of the material derivative to convince oneself that

dipH dp

f+ 5.2-2
ar - dr PG dt 622)
The substitution of Eq. 5.2-2 into Eq. 5.2-1 gives
A loravs= [dpf+p§~£+p fci_w(v)} (5.2-3)
dt 0, - d d

Taking into account Eq. 5.42 allows the transformation of Eq. 5.2-3 into Eq. 5.45.

Linear Momentum Conservation: The Equation of Motion

At time t, to any subdomain w,, by definition we can associate the linear
momentum:

J.p vdV (5.46)
@y

The fundamental law of mechanics states that the Hime derivative of the linear
momentumn is equal to the sum of the applied forces:
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gtjpvdv Jﬁ-nd3+jpgd\/ (5.47)

deyg @

where the contact forces result from the stress tensor O, and the volumic forces
from the vector field g (generally the gravity field). The left-hand side of Eq. 5.47
is transformed with the help of Eq. 5.45: if we putf = v, we get

d dv;
» vl av= J p Ligv (5.48)
dt " dt

The acceleration a = dv/d# is introduced in Eq. 5.48, and the fundamental Jaw
of mechanics (Eq. 5.47) is now written

Jp adeJ‘U-ndS-i-J‘png {5.49)
oY a0y @y

A further transformation can be performed on the first integral of the right hand
side of Bq. 5.49. The component number i is considered, the Ostrogradski
theorem (Eq. 5.11} is applied with k = j and w; = 0y, so that we obtain

i] 14

801]
ey i

Finally, Eq. 5.49 is modified with the help of Eq. 5.50, leading to

JpadV:j
0y [0}

which must be true for any subdomain o, and which gives the equation of
motion:

div(e) dV +J.p gdv (5.51)

t Wy

pa=divio)+pg ‘ (5.52a)
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or the component form,

aG..
pa;= -é-«fh pg (5.52b)
j "]

An important particular case deserves special attention: equilibrium prob-
lems where the acceleration is equal to zero, or quasi-static problems where the
acceleration is considered as negligible.” In this case, the equatfon of motion
reduces to the equilibrium equation:

div(o}+pg=0 (8.52¢)

Conservation of Angular Momentum and Symmetsry of the Stress Tensor

When there is no internal torque, the second equation of motion, involving
the equilibrium of momentum, will be written. Again for any subdomain ®,,

%jxxgvd\f:‘{xxd-nds-&j:{xp gdv (5.53)
3

Wy 5y el

This simply states that the time rate of change of angular momentum is equal to
the sum of moments. The right-hand side of equation of Eq. 5.53 is transformed
with the rule for calculating the material derivative of an expression with the
density (Eq. 5.45), and using the linearity of the cross product:

%fp xxvdej
(&1 i}

In the first term of the right-hand side we note that

pi—’;xvdv+"ﬁ pxx%‘fwdv (5.54)

t t

dx
—xv=vyxXy={
gt

7 This is true in most forming operations, at least as a first approximation. Most often for solid
metals, in cold or hot forming processes, the gravity forces can also be neglected.
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which allows us to rewrite 5.53 as

jxxp adV:jxxc-ndS+Ix><png (5.55)
E

203 iy @

Now we compute the cross product of x with each term of Eq. 5.52, and integrate
over the domain ®, giving

fxxp adV:j x x div(g) dV+j.x><png (5.56)
Wy

©y By
Comparison of Egs. 5.55 and 5.56 allows us to deduce the equality:

J‘xxo‘ndSm‘é‘ xx div(c) dV (5.57)
El o)

oy t

Transformation of the left-hand side of Eq. 5.57 can be made more easily using
the component form presented in Chapter 2:

{(xxa-n); = E gk X; O 1y (5.58)

&

so that the component number i of Eq. 5.57 can be written with the help of the
Ostrogradski Divergence theorem:

o|&g X;j 01
)]
j. E g X; Oy np dV = J’ E w(—wé;’-———l av (5.59)
af;)t ]-ki 1% jki i

The right-hand side integrand of Eq. 5.59 can be written successively:

00y a6y
Z(s,}k X5 v +sqk 5;] le) z’el]% X 3 Zaijk Oik (5.60}

M L ik
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54

_ 50 that we can deduce from Eqgs. 5.59 and 5.60:

j Zaijk X3 O 1y dv= j(deiV((i'))i dV+I E Ejjk Ojk av
o oy

Wy ]i(
(5.61)

where (a); is the component number i of the a vector. The conclusion comes from
the comparison of Egs. 5.57 and 5.61:

-g‘ zsijk ij dv=0 (5.62)
oy

As Eq. 5.62 holds for any subdomain @, a local relation holds in the whole
domain Q,, which corresponds to the integrand. The three components are:

O3 —037 = 0
G531 — 013 =0 (563)
G1p =091 =0

which is only the translation of the symmetry of the Cauchy stress tensor ¢.

THE VIRTUAL WORK PRINCIPLE

Definition of the Mechanical Problem

We shall consider a mechanical problem in a domain Q, with prescribed
boundary conditions on ¢Q. The problem is well-posed if it satisfies the
following constraints on the boundary conditions. For any point lying on the
boundary 8Q, and for any component,® one and only one condition is enforced,
either on the displacement u (or v, if the problem is formulated in terms of the
velocity field), or the stress vector T. This is expressed by the equation

ondQ uw=ufl or T=T% i=123 (5.64)

{where the exclusive “or ” is used here).

A local orthonormal reference system can be defined for each poeint of the boundary. This
definition can be the most convenient one with one axis normal to the boundary, when contact
conditions are to be impaosed.
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A virtual displacement field, 3u, is defined in the domain Q. This displace-
ment is said to be statically admissible if for any point belonging to the
boundary, and for any component, it is null when the velocity component is
prescribed:

ondQ duy=0 if w=uf =123 (5.65)

To the virtual displacement, a virtual strain tensor 8¢ can be associated in
the nsual way:

ax i

98
881';' [asu‘ u ] (5.66)

Now a stress field ¢ is considered, which must be only statically admis-
sible; thatis, it does not necessarily correspond to the solution of our mechanical
problem {(which in fact is not completely defined, as the material mechanical
behavior is not prescribed yet).o is statically admissible if

# it verifies the equilibrium equation (Eq. 5.52¢) in the domain

* it satisfies the stress vector conditions on the boundary:
ondQ Yogm=T' ¥ T=TF i=123 (5.67)
i .

The Virtual Work Principle

With these hypotheses, the virtual work principle states that the virtual
work of the external forces is equal to the virtual work of the internal forces:

jc-n-&ud8+ leg-ﬁudV=J.ﬁ-&—:dV (5.68)
a0 Q Q

To establish the proof of this statement, Eq. 5.52¢ is multiplied by 8u and
integrated over the whole domain, yielding

jdiv(o’)-ﬁu dv+ Ip g-dudvV=0 (5.69}
Q o] .
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The first integral in Eq. 5.69 is transformed using the Green theorem for each

component. We put into Eq. 5.1 the following substitutions: f = du,, g = 0}, and
k =j, and we obtain
3G
uj—=dV = | u; o n;dS- By gy (5.70)
ox; 5 ax;
Q ] a0

A summation on the i and jindices is made, and the symmetry of the ¢ tensor is
taken into account, so that Eq. 5.70 leads to

{5
j E ‘?a pdV= J Ecijnjéuids-j icijasijdv (5.71)
[::%] i Q 5

which is rewritten in the more compact equivalent form:

J‘div(o‘)-ﬁudV=Jj6n-5udV—j‘G -BedV (5.72)
o 902 Q

The right-hand side of Eq. 5.72 is substituted into Eq. 5.69 and, after rearrange-
ment, gives Eq. 5.68, which is the desired result. In this presentation, we should
introduce the virtnal work result as a theorem rather than as a principle, because
it can proved. However, if the virtual work principle is stated first as valid for
any virtual kinematically admissible displacement field, then the equilibrium
equation can be deduced.

Generalization of the Virtual Work Principle

If acceleration is not neglected, an analogous derivation can be made from
Eq. 5.52a, which can be viewed as expressing a dynamic equilibrium. The
mathermatical expression we obtain is simply

on-dudS+ Ip g-SudV:jp a-du* dV»{wfc- dedv (5.73)
o 8] 2] Q

Exactly the same approach can be followed with a virtual velocity field v*,
satisfying similar conditions on the domain boundary. This may be more conve-
nient if the mechanical problem is formulated in term of the velocity field v.
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5.5 VARIATIONAL FORM OF MECHANICAL PRINCIPLES

Introduction to Formal Variational Calculation

Without entering deeply into mathematical issues, for which the interested
reader can refer to specialized books, the objective of this section is to provide
tools that can be used to verify that a variational formulation corresponds to a
given problem expressed in terms of partial differential equations.

We assume firsi that the unknown is the scalar function u,8 which is defined
in a domain Q, and is prescribed (19) on part of the domain boundary (3Q2%). In
order to shorten the notation, we shall make use of the convention

du
uj;

= 5.74
e (5.74)

We suppose here that the variational problem is to find z defined in Q that:

s is equal to ud on o0

* minimizes the functional I ;

I(u):j.F(u, uq,87, ul3)dv+jf(u)d8 (5-75)
0 aQP :

Here gQp is the complementary part of 98 with respect to 6Qv,
We admit that the solution, which minimizes the functional of Eq. 5.75, is
such that, for any variation du of u, we have

51 (u) =0 (5.76)

More generally, if Eq. 5.76 is satisfied, the functional is stationary for the current
value of u (it is not necessarily a minirmum or a maximum), To express this
condition, the functional I is differentiated in the same way as a function of four
independent arguments:

3
8 {u)=f g—Fﬁu-i- oF au,ildv +§ I guds=0 (5.77)
ol 9 o du ; ) hop O

¥ Generalization to vector unknown functions is siraightforward, and is treated in the Problems section.
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In Eq. 5.77, each term of the summation with index i can be transformed
according to the Green theorem (Eq. 5.1}:

j BBF Bu; dV = %ni Suds — j _a_( oF }a av (5.78)
QUi ba @i o 0%i 90U 5

By putting Eq. 5.78 into Eq. 5.77, we obtain

f E ( Ja av+ .[ wﬁuds+j O Buds=0
ax; | du agpau - At OUL
- }

(5.79)

As this equality is valid for any 8u, we can first choose 3u = 0 on 99, with
the consequence that the second integral in Eq. 5.79 vanishes identically. Thus
one can see that the first integral must be null for any du # 0 inside ), so that the
following equation must hold:

F afaF)
é:;"“éz(aj;}“" ©.80)

which is the partial differential equation (PDE) that the function u satisfies in-
€. Now we decide to choose any 8u equal to zero only on the part 3Q* of Q2
where u is prescribed. With Egs. 5.79 and 5.80, it can be concluded that the
following equation must hold:®

of IF
P Za_u_i n; =0 (5.81)

i ¥
This is the natural boundary condition (NBC} thatthe function u raust verify on 8Qp.

Formal Variational Calculation for Mechanical Problems

The mechanical problems are formulated in terms of the displacement
vector field u {or v, the velocity field) and the strain tensor € {or the strain-rate

tensor £). We shall suppose again that the mechanical problem is defined in a

# This is in fact a generalization of the last mathematical theorem of Section 5.1 to surface integral.



5.5 Variationnl Form of Mechanical Principles 179

domain , and the displacement {or some components of the displacement) is
imposed on the part 00 of the boundary, while Q¢ is the part of the boundary
where at least one component of the displacement is not prescribed. Using
analogous notations as in the previous subsection, we define the functional I by

Hu)= jF{u, g) dv +Jf(u) ds (5.82)
2 an°
It is worthy to note that we have considered the case where Fis a function of the

displacement u and of the strain tensor €. After a treatment that is formally
equivalent to'the previous one, we obtain the PDE as

dF{u, &) d | oF(u, €}
- e = 5.83
Ju; 28)(; { dey; } 0 (5.83)
i

Only for the components i, which do not correspond to a prescribed displace-
ment, we have the NBC on 0=

af(u) 2 aFlu,e) ny=0 (5.84)
dey ‘

One can remark that the term involving the partial derivatives of the function F
with respect to the components of the strain tensor can be identified with the
stress tensor, which is plausible for hypo-elastic cases:

OF(u, &)

=0y 5.85
O (5.85)

Bquation 5,83 thus is the equilibrium equation with body forces corresponding
to the derivative of F with respect to the displacement:

oF{u, &)

=& 5.86

Theboundary condition in terms of stress vector is obtained from Eqs. 5.84 and 5.85:

df(u)
Ti = Zﬁié nj =——‘a-—£i-' {587)

Fhe same approach can be followed with the velocity field v as the main unknown.
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5.6

THE WEAK FORM

In continuum mechanics, and in physics, it is often difficult or impossible to
derive a functional formulation, such that the solution satisfies a maximum,
minimum, or stationary principle. However, an integral formulation is highly
desirable in building a finite element approximation. Instead of satisfying
exactly {i. e., point-wise) the partial differential equations arising from a physi-
cal problem, itis often necessary to verify it in an average sense with an integral
form, and to introduce a family of functions that can be considered as weighting
functions. The resulting formulation is called a weak form. We do not necessar-
ily have a strict equivalence with the initial equations; they are satisfied only in
a weaker sense.

The most frequently used of these formulations is the Galerkin approach,
which we will examine briefly for mechanical problems. A family of vector
weight functions (wy; k = 1 to n, ) defined in the domain £ is considered. The
equation of motion (Eq. 5.52a) is satisfied in the weak sense:

Jp'y-w;( dV:}div(G)'wk dV+jpg-wk dv (5.88}
Q Q Q

The first integral of the right-hand side of Eq. 5.88 is transformed in the usual
way with the Green theorem:

J?div(s)-wk dv:jo 1wy dS wj‘ a-%“'—k av (5.89)
I a0 o

Each vector function w, is chosen in such a way that it is equal to zero on
022, where the displacement {or the velocity) is prescribed; and we re-
place 6-n on g£)° where the stress vector is prescribed by its value T4, so that
Eq. 5.88 is rewritten:

Idiv(ts)-wk av =j'r‘f Wy dS—I c-a—;}”—»‘& av {5.90)
o a0 o

Equation 5.90 is substituted in Eq. 5.88 and the weak form is obtained:

. ‘}‘p T Wi dV+j6—~a—:—k dVﬂjpg-wk dV—}.Td-wRdSzﬁ {5.91)
o a o an’

* General conditions for a well-posed mechanical problem can be considered in the same way as
in Eqs. 5.64 and 5.65.
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If the family of weight functions is large enough, by doing the same
transformations in the reverse way, we can guess that the initial PDE, and BC on
the stress, will be satisfied approximately. This approach is analogous to the
virtual work principle: it is obvious if we select a family of virtual displacements
du, = w,. But it is important to note that the same method can be extended to a
much wider class of problems, including thermal analysis.

VARIATIONAL PRINCIPLES FOR SIMPLE
CONSTITUTIVE EQUATIONS

Variational Principié for Elastic Material

The problem is defined in terms of the displacement u, and the associated
strain tensor €, in a domain Q. The material is isotropic and linear-elastic, and
obeys Hooke's law:

o=A01+2ue (5.92)

On a part Qv of the boundary, & of , at least one component of the
displacement is prescribed:

ui=ufE on 0% {5.93)

On 90 at least one component of the stress vector is imposed:

Tichij n=T1 on 20Q° (5.94)
i

For simplicity, we shall assume that no temperature change occurs in the
domain ©, so that the free-energy-state function for an elastic material becomes

pw*—-—;-lezﬂie-a (5.95)
We see immediately that
G= 2 pw) {5.96)
ot )

This is theoretically sufficient to build the variational form according to
Section 5.5, but the following derivation will permit a proof that the functional
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is minimum for the solution. The quadratic form of Eq. 5.95 allows us to write
exactly the second order Taylor expansion for any variation u of the displace-
ment with the associated strain d&:

B P 1 &
p ty(a+8£)-p\!f(e)+~§g(p ‘{J}'SHE[Q@ q:)-&e}-‘o‘s (5.97)

Looking at Eq. 5.95 it is easy to convince oneself that:

g.
gﬁ—z— py)- ﬁs)- fez (5.98)

and that the equality can occur only if de = 0. Equations 5.92 and 5.96 t0 5.98
aliow the transformation of Eq. 5.97 into

p\pr(s+86)Zpw(e)+§£(pv)lae=pw(e}+c-ﬁs (5.99)

By integration over the domain £, it is also

Jup w(e+8£)dvsz yle) dV+Jc-Sst (5.100)
o [3) [¢)

We suppose that u, €, and 0 correspond to the solution, so that ¢ satisfies
the equilibrium equation, which can be written with the integral form:

jc-ﬁ edV=j(0n)~8u ds (5.101)
[¢] aQ®

No variation du of u is allowed on the part Q" of the boundary where the
displacement is prescribed, and O satisfies the boundary condition given by Eq.
5.94, allowing Eq. 5.101 to be rewriften:

[Lo-seav={ 1% 5uds (5.102)

Combining Eqgs. 5.100 and 5.102 leads to

jp w(e+§€) AV - J T (u+8u) dS2 jp ) dvijd udS  (5.103)
93 ans £ 208
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This last equation suggests the introduction of the energy functional It:
i(g) =jp wie) dv ijd adS (5.104)
Q s

with the boundary condition given by Eq. 5.84, in order to rewrite Bq. 593 ina
more compact way:

H(e+d e 2Ie) (5.1053)
Eg. 5.105 shows that, if no rigid body motion is allowed, the energy

functional Il has a strict minimum that corresponds to the solution of the linear
elastic problem.

Plastic or Viscoplastic Materials

A general viscoplastic potential g is introduced as a function of the irrevers-
ible strain rate £, with the following properties:

¢ @ is convex and positive
¢ 90)=0
s the stress tensor is derived from ¢ by

_ap(® _ opléy)
T TONTTE

(5.106}

For analysis of a viscoplastic material deformed in a domain £, the
solution is expressed in terms of a velocity field v. The boundary conditions
are the following:

* Ona part 86" of the boundary, the velocity is prescribed {or some of its
components); i. e, vy =vj.

* On another part 90, the stress vector is imposed {or some of its
components, with the usual condition of a well-posed mechanical prob-

e ed

1811’1). Ti _'Ti .

With these hypotheses, a functional @ can be built by putting

Bv)= j o{&) dV -»j'r_“ -vds (5.107)
o s ,
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The derivation of Section 5.5 (Egs. 5.82 to 5.87), where one has to replace the
displacement by the velocity vector, allows verification that the functional is
stationary for the selution of the viscoplastic problem defined by Eq. 5.106.

For an isotropic material, the plastic potential is a function only of the three
invariants of the strain rate tensor, namely,

I'l = tr(é), 12 = E éijz ’ Is =det(i—:)
i
The third invariant is generally omitted, and for incompressible viscoplasticity,

the first one is equal to zero by definition. In this case, we introduce the
equivalent strain rate:

o

s (2 LT
=l ) Tlz .t {5.108)

and put (using the same function name for simplicity) (&)= ¢(£), so that we can
rewrite Eq. 5.106 in terms of the deviatoric stress tensor s:

G2 J0® % 2

BeE) |
% 9 3 £

o€

) wa

(5.109)

A useful form of the viscoplastic potential is given by the Norton-Hoff law:

mekl

o) z;% (v3€) (5.110)

With Eq. 5.109, the Norton-Hoff viscoplastic potential allows formulation of the
constitutive equation:

s=2K(+3 :é:)m“’é (5.111)

The functional for the Norton-Hoff viscoplastic matexial is a particular case of
Eq. 5.107:

cra(v)zf K (J§ :%’)m”dej'r‘i-vds (5.112)
o m+1

a0®
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The velocity field must satisfy the boundary conditions as usual, but also the
incompressibility constraint div{v) = 0.

Von Mises plasticity can be considered as a limiting case of the Norton-Hoff
viscoplasticity with m = 0 and K=0;/+/3, so that the functional given by Eq.
5.112 also applies to plastic materials.

CHAPTER 5 PROBLEMS

A. TProficiency problems

1. Adapt the demonstration of the Green theorem (Eq. 5.1) to the following:

a. A curve C, and show that

j £98 41 £(B) g(B) - (A) g(A) - o gdl,
A odl

where dl is the curvilinear element and A and B are the extremities of
the curve. Examine the case when the curve is closed (A = B).

b. A surface S defined in the plane (with coordinates x; and x,), so that

i 9% 4 ’
(8. dS =1 f I~
) oy gn;d I gds

wherei=1 or2,d5is the curve limiting the surface S (withno hole}, and
n is the unit riormal vector to 3S.

2. Apply the 2-D form of the Green theorem (see Problem 1} to the functions
f=x; + %, and g = X ~ X, in the square domain [0, 1}% fori=Tandi=2
Compute directly the integrals and verify the Green theorem for this
specific example.

3.. A 2-Dvelocity field is given by these expressions:

=ax%+2 bxy Xy +¢xq x2?

vy =a X3 +2 b %g xg +¢ % x22

depending on the six parameters a, b, ¢,a’, b’, ¢". Determine the relations the
parameters must satisfy in order for the velocity field to be incompressible.
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Keeping these relations in mind, show directly that the material flow
through the hatched unit triangle is equal to zero.

4. A porous material with an initial relative density of p? <1 is densified by
a uniform rate of volume change equal to ¢. Express the law of relative
density p_as a function of time t, the beginning of the process correspond-
ingtot=0." '

5. The plane strain upsetting of a rec:tahgular section with height 2h and
width 2a is shown in the figure.

The velocity field at any moinent is given by

Vy =+Vo o
X 0.]
Vo =y
y 03

where v, is the (constant) upsetting velocity.

Express the kinematic energy K in the section, and the time derivative
dK/dt. Calculate the local acceleration of any material point with
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coordinate {x, v}, and the local density of the time derivative of kine-
matic energy. Verify that the integral of this density gives the previous
vatue for dK/dt.

With the help of the general variational theory outhned in Section 5.5,
verify that the functional Tl defined by

2

n(u)=£f A Zeﬁ +2p§ e dV—J E T u; |dS
G : ans i

i

corresponds to the linear elastic problem for a material obeying Hooke’s
law {see Chapter 6), with a prescribed stress vector T on the boundary 8.

A cylindrical sample is considered with length Land radius R, subjected to
a prescribed tension force F at its right end, while the left one remains fixed
~ (see following figure}.

A linear displacement u is introduced with the form

ﬁUXi
uer Uy =Vxp
=WX3

Compute the energy functional Il (Eq. 5.104) for an elastic material with
Lamé coefficients A and .. The minimization of IT allows explicit determi-
nation of the unknown parameters U, V, W. Show that the usual simple
- formulas are obtained when Young's modulus E and Poisson's ratio v
coefficient are used. Recall that the following equalities hold:

g R BA+2p) A

At V200w
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8.

Find the viscoplastic potential for a material cbeying the following consti-
tutive equation:

m-1

s=2KWB(ef+82) 7 &

where €, is a (small) positive constant, Show that when £ << &; the material

constitutive equation is equivalent to a Newtonian behavior with the
general form

s=2n8&

and thatif & >> ég, then itis equivalent to a Norton-Heff behavior (Eq. 5.110).

B. Depth problems

9.

10.

11.

A poteniial ¢(£) is convex if, for any €; and £;, we have

Ok & + (- W) S A gley) +(1-A) ¢(Ey) for 0<A 51

Apply the above inequality to £; =0 and £ = £, and express the derivative
of each side at A = 0 to show that

ﬁ_‘g ®):&20E)20
o0&

Give the proof for the generalized expression of the variational formuta-
tion to mechanical problems in Section 5.5.

From the variational formulation given by Eq. 5.111, derive the constitu-
tive equation and the equilibrium equation for a Norton-Hoff viscoplastic
material (Eq. 5.112). To obtain the appropriate form, utilize the following
mathematical property of an incompressible vector field v:

if div{v) =0, then a vector potential § exists so that: v =curl(§)
First, verify that

curl {div(s)] =0

where s is the deviatoric stress tensor. With the help of the previous
mathematical result, it is possible to show that div(s) is the gradientof a
scalar field, which is identified with the pressure field p.
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Hastierty

This chapter brings in our first look at a real material response, albeit a very
simple one. The physical picture of linear elasticity we present has changed
little since the time of Fooke, who originally noted that load and extension are
proportionally related in many materials, especially when the extension is not
too large. We will follow this basic concept and frame it a bit more mathemati-
cally, but will avoid the complexities involved in large-strain pictures, and the
difficulties of ensuring objectivity of the various constitutive formulations.

ONE-DIMENSIONAL ELASTICITY

The basic idea of elasticity is simple: the deformation of a body depends only
on its current loading, and is independent of history, rate, time, path, and
other variables. Extensions of the basic idea can be made to include thermal
strains (thermoelasticity) or time-dependent effects (viscoelasticity, anelas-
ticity). That is, an unloaded elastic body always returns to its original shape,
no matter what happens to it between the two unloaded times. in 1-D, we can
write the law simply:

o=fg} or e=f(o) (6.1)

where {1s a single-valued function passing through the point (g =0, ¢ = 0) which
is easily inverted. While we have shown the proper variables as Cauchy stress
and small strain, the distinction among the various measures is lost when the
difference in geometry between the initial or reference state and the deformed
state is vanishingly small. For the elastic response of metals, this assumption is
a very good one, since the elastic strains are usually of the order of 0.001. When

189
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the elastic response is superimposed onto a large deformation, or when the
small elastic strains produce large deflections {for example, during the elastic
bending of a long, slender rod), more care must be taken to account for the
difference between original and current geometry.

Recognizing that the strains and displacements are usually small, Eq. 6.1
can be easily rewritten in terms of external variables, such as load (P} and
extension (Al): )

P=f(Al} or Al=#P) (6.2)

The 1-D force law shownin Eq. 6.2 is a clear example of a conservative force (in
physics terminology), which does work depending only on the starting and
finishing position, independent of the path in between. It follows directly that
the work is zero over a closed path:

dw=Fdl=Vode (6.3a)

b b
W= JFdi = Vj cde (6.3b)
a 2

a a R
, GzJF_dl:Vjcda (6.3¢)
B a . a

where V = volume. Equation, 6.3a is obtained by noting that P = cA and dl = 1de
such that Pdl = Alode = Vode, where V = material volume.

This energy-conserving nature of elastic constitutive laws is the distin-
guishing feature, expressed either in the form of Eq. 6.1, where F is understood
tobea function only of &, or Eqs. 6.3, where the elastic work is path-independent.
(The path independence is often tested by determining that de is an exact
differential.) The path independence of elastic work must be exhibited by any
properly constructed theory of elasticity.

For metals, again because the elastic strains are very small before plastic
deformation intervenes, it is sufficient to consider the function f (Eq. 6.1} as a
simple proportionality, which is Hooke's law: ’

O=CEe Oor E£=s5¢ (64)
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where c and s are constants called the elastic stiffness and the elastic compli-
ance, respectively. Unfortunately, the conventional naming has the letters
reversad:

¢ = elastic stiffness, or elastic constant, or modulus
s = elastic compliance

While it is clear mathematically from the 1-I view of deformation (Eq. 6.4)
thatc =1/s, c and s are not reciprocal in real 1-D tests of materials because ¢ is
determined when there is only strain in one direction (corresponding to several
stress componenis) while s is determined when there is only one stress compo-
nent (as in a tensile test). That is, straining in one dimension is not equivalent to
stressing in one dimension, and it is impossible to accomplish both simulta-
neously in real tests. The reciprocal of s is known as Young's modulus {(see
Chapter 1}.

62  ELASTICITY VS. HYPERELASTICITY VS. HYPOELASTICITY

While not significant for the vanishingly small displacements we assume through-
out this chapter, there can be differences between Egs, 6.1 and 6.3 in the large-
strain case. Equation 6.1 represents the basic form of elasticity, where stress is
related functionally to strain. Equation 6.3 represents a form of hyperelasticity
where w is a potential function of strain that automatically ensures that Egs. 6.3
are followed and that de is exact. Equation 6.1 can also be written in differential

. form (i.e., de = f(do)), which is distinct in the case where strains can be
noninfinitesimal. This last form is known as hypoelasticity, and care must be
taken in formulating the theory to ensure that de is exact. In this book, we will
always assume that a potential function (Eq. 6.3) exists, and that the other forms

- are derived from it. This approach ensures that the constitutive equations meet
the necessary fest of path independence and energy conservation.

HOOKE’S LAW IN 3-D

The extension of linear elasticity to three dimensions is straightforward: we
" want stress and strain to be proportional, and recognize that each measure
tepresents a second-ranked tensor:

G=cg (6.5a)

Oy = Cijid 2l {6.5b)

quations 6.5a and 6.5b represent either the tensorial (frame-invariant)
of Hooke's law or the component (frame-dependent) form. c is clearly a
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fourth-ranked tensor with components ¢y, in a specified coordinate system.!

Bguation 6.5a emphasizes that ¢ is mdependent of any coordinate system,

whereas the numbers representing ¢ (i.e., cy) will change as the coordinate

system is altered. Since ¢ is a material proparty (not an applied tensor like 6 or

g}, it is related only to the fixed orientation of the material, not to the applied-
stresses or strains.

Note: As is almost untiversally done in npplied problems for metals, we will
consider only linear elasticity, where ¢ is a constant tensor. However,
there is no conceptual difficulty in defining c (e), where ¢ is a material
property that depends on the state of the material.

Equation 6.5b shows that there are 81 elastic constants {i.e, 3 %3 x3x 3
corresponding to the indices i, j, k, 1) that must be specified for a material in 3-D.
Conceptually, we can think of these arranged in a four-dimensional array where
the first dimension refatesto the stressed plane, the second dimension to the stress
direction (these two corresponding to the indices i and j in 6;), and the third
dimension to the relative displacement of a material vector defined by the fourth
dimension (these corresponding to the indices k and lin g,)).

While the 3 x 3 X 3 x 3 scheme for elastic constants is simplest and most
elegant, it is difficult to represent on a piece of 2-D paper. Thus manual
manipulations (and teaching!) are usually done by writing Hooke’s law on 2-D
paper and assigning single indices corresponding to pairs 11, 22, and so forth.
This change of index is conventionally carried out as follows:

Ix3x3x3 9x9

scheme scheme

11 - 1

22 3 2

33 - 3

23 — 4

13 — 5

12 - = 6 {6.6)

32 - 7

31 - 8

21 — 9
ie, oy — Ty

& —~ £

St Cmn

{based on mapping shown )

! The tensorial nature of ¢ can be conceptually demonstrated with either of two nenrigorous
arguments, In the first, a physical law such as Eq, 6.5a that relates two second-ranked tensor

- guantities must involve a fourth-ranked tensor. Secondly, since ¢ is a material property, it cannot
not depend on some external, arbitrary coordinate system.
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With this substitution, the proper equations for Hooke's law can be easily (but
lengthily) written on 2-D paper:

o] Jen 2 o3 o o5 s iy o e
Oz €1 €37 Ca3 €24 Cp5 Cp6 Coy Cog Caoiien
O3 €31 €3 C33 €34 €35 €36 C37 Cag Cao |83
C4 €41 Ca2 C43 C4q C45 Cap T4y C48 C40 |iB4
Osl={C5 C5z C53 Cs4° Css Csg Csy Csg Csg || &5 (6.7}
Og %61 C62 Ce3 Cot Ces Css Ce7 Ces Ce9 il e
G7] 1C7: Cp C73 Oy Cg5 Cyg Cyy Cyg Cyg | &7
Og Cg1 Cgy Cg3 Css Cgs Cgs Cg7 Csgs Cgo|ifs
iCp| [Co1 Coz Co3 Cgg Cgs Cos Cgy Cog Cog || %9

Using this conventional change of index, Hooke’s law may be written
Gy = Ci}; Sj (6.8)

where i and j take the values 1 to 9, and whose meaning is defined by Eq. 6.6.
Note, however, that the components in this conventional scheme are not tensor
components as usually defined, because ¢ is fourth-ranked in 3-D space instead
of being second-ranked in 9-D space, as Eq. 6.8 implies. Thus ¢ has components
that transform according to the usual tensor transformation:

i = Rim Rin Ryo Rip Cranop (6.9)

REDUCTION OF ELASTIC CONSTANTS FOR A
GENERAL MATERIAL

Equation 6.7 shows that there are 81 elastic constanis in Hooke’slaw. They relate
each component of strain with each component of stress. In fact, any column of
elastic constants represents directly the stress that results when a unit strain is
applied in the corresponding strain component while all other strains are
constrained to be zero. For example, we can define ¢;5, ¢y, Cyy,...Cyy cONCEPLU-
ally as the nine stress components (s, s, 85,...85) that result from the strain
state (e, = 1, other e; = 0).

However, it should be immediately evident that the nine equations in Eq.
6.7 are not independent. In fact, since we know that the stress tensor is symmet-
ric{Chapter 3), the equations represented by the seventh, eighth, and ninth rows
are identical to the ones represented by the fourth, fifth, and sixth rows,
respectively. (If any of these constants were different, o; would not be equal to
o) Therefore, we need not keep the last three rows of the system of equations
and will instead simply remember that 6, = 6,, G, = Gy, and 6, = &,
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Secondly, g; = g; (Chapter 4), so we don't need to retain the independent

multiplications of the final three strain components: £, €, £, Instead, we can
keep all of the same information in Eq. 6.7 while ignoring these repeated strain
components. We could do this in two ways: add the elastic constants that
_multiply the last three strains to the ones that multiply the 4, 5, and 6 compo-
nents. Thatis, ¢;,M% = ¢,%¥+ ¢y =2 ¢, %, This procedure is usually not followed;
instead, the elastic constants are kept the same and the shear strains are
multiplied by two to keep the proper equations. (Note that ¢y, and ¢;;, for
example, have no independent meaning because one relates o; to g, and the
other relates ¢, to g; however, &, and €, are identical, so there is no way to
measure ¢, independently of ¢;,. Thus ¢, = ¢;; and there is no loss of material
information in deleting the last three columns of [c}.)

The doubled shear strains, 2g,, 2&;, 2¢, are usually denoted by the engineer-
ing quantities v,, ¥;, ¥, (corresponding in the 3 X 3 X 3 % 3 scheme {0 ;3. Vi3 T12)-
Thus, Eq. 6.7 canbe rewri}ten in the conventional 6 X 6 scheme to take advantage
of the stress and strain symmetry 2

9 % 9 scheme

Oy €1 C2 €3 €14 G5 G Ciy Cig Cipfi 8
G2 Cap Co2 Ca3 Cpq Cp5 €26 Co7 €28 Caof(€2
O31 1Ca1 Caz ©33 Ca¢ Ca5 ©36 Ca7 Cag Cap |3
Oui 1C41 C42 C43 Cag C45 €46 Ca7 Ca8 C40 (€4
Os |={C5 T3 C53 €5 Cs55 Cog C5y Csg Coo | |85 (6.10)
Gg €51 Ce2z C53 Ce2 Ce5 Ces Co7 Ced C69 ;| Es
a7 €1 €z Cy3 Cy C75 €y Cpp Cya Cp |87
Og gy Cg» Caz Cg4 ©Cg5 Cgg C87 Csy Cso|lEs

0o} |Co1 €92 <€g3 Coyg Co5 Cog Coy Cog Coo || Eo j
6 X 6 scheme
[oy] [ein 2 e cua e crlfen]
Gl |Co1 <oz Cp3 €24 Cpy Cog €2
O3! 1Cs1 €32 C33 C34 Cas C3p|E3 ’ (6.11)
G4l |C41 C42 C43 Cqq C45 Cyp | V4
G5 |C5p €5 Cg53 C5¢ Oz C564|7s
[O6) [C61 C62 €63 Ce4 o5 Ces )l Vel
where ¥ = 2 &5

2 Itis equally possible to retain the tensor strain components in the 6 X 6 scheme by multiplying ¢,
¢,-and ¢, by 2, but this leads to nonsymmetric and nontensor components of matrix [c], which
we wish to avoid. Thus we will retain tenser components of ¢ and multiply strains, losing the
tensor character of strain components, when using the 6 % 6 scheme.
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Finally, we consider the path independence of elasticity to show that some
of the 36 components remaining in Eq. 6.11 are not independent. If W, ... is the
path-independent work done from a stress-free state (0 = g; = 0) to a stressed
state {oy, £;), we can write

€]
Welastic = J. dw = Jcidei (612)
path 0

where we have used the simple index notation of the 6 ¥ 6 scheme for simplicity.
Then, by taking derivatives, we find that

1}’

awW elastic
O ¥V elastic 6.13
= (6.13)
P W atagtic _,a_%zc,, {6.14)

d g dg; de;

The last equality is obtained by the definition of the elastic constant:

O = Cyj&. However, since W ... is a path-independent function of strain,

FW_FPW
6.15
dg; as} " oe; 08, j OF; ©13)
and, therefore
Cij = Cji (6.16)

Thus the 36 elastic constants in the 6 x 6 scheme are reduced fo 21 indepen-
dent numbers that consist of the diagonal constants (c,y, c,,, etc.} and either the
upper or lower triangle, with the other side following.

Note: The symmetry of the stress and strain tensors and the path indepen-
dence of elastic work are frame-independent, so the symmetry of the 9 x §
{and 6 x 6) matrix follows in every coordinate system.
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6.5

REDUCTION OF ELASTIC CONSTANTS BY
MATERIAL SYMMETRY

The reduction of 81 independent elastic constants to 21 reflects the symmetry of
the stress and strain tensors and the path independence of elastic work that
occur because of our definitions of these quantities and our concept of ideal
elasticity. 1t is also possible (and necessary) to reflect the properties of the
specific material in the form of ¢.

I order to further illustrate the concepts of anisotropy and tensor symme-
try, we will develop the rules governing c; in several special cases. We will
assume that the material is in the form of a single crystal, which allows us to use
the well-known crystal symmetry operations which leave ¢ unchanged. Most
real materials are polycrystals (assemblies of single crystals or “grains”), so the
macroscopic properties represent averages of the individual grain properties. In
the polyerystal case, the elastic constants may exhibit symmetry, but this will
depend on the “texture”; that is, the distribution of preferred orientations of the
individual crystals.

Note: For readers without a background in materials, it is essential to know
only the following: Crystals arve periodic arrays of atoms that exhibit certain
kinds of symmetry. That is, certain directions in the crystal are indistin-
guishable from certain other directions. Another way to think about this is
to imagine rotating the crystal from one orientation to another one. If the
rotation is a symmetry operation, the crystal in the fwo orientations will
look identical, as will all of its properties. Therefore, ¢, which is a crystal
property, will be identical after such a rofation. Imagine a square (2-D} array
of afoms:

o 00
o o 0
00

If it is rotated 907 or 1807, it is the same crystal. Any other votation appears
different:

Thusg the square is said to have “four fold” symmetry (because any rotation
by w/2, 31/2 or 2m is a symmetry operation).

While there are several kinds of cxystal symmetry in nature, we will
illustrate the procedure using easily-computed ones. (We will choose conve-
nient coordinate systems? and convenient crystal types to reduce complexity.).

* We will use the short-hand notation “x1” to indicate “crystal” when referring to standard
coordinate axes aligned along certain crystallographic directions.
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By doing this, we will avoid carrying out general, formal rotations of ¢, which
are very time-consuming. However, we will show a formal rotation when
reducing to the isoiropic case.

First consider an orthogonal (ortherhomblc) crystal, one which has a
structural unit cell as shown in Figure 6.1.

Figure 6.1 Orthogonal symmetry.

All three angles are right angles (8, =  =y=90°) and all three sides have different
lengths (2 # b # ¢).* We can capture the full symmetry of the orthogonal crystal

by noting that )A(l, 5(2, and f(g, are twofold axes. That is, the crystal is un-
changed if we rotate it by 180¢ around any one or any combination of these axes,
(Try it using Figure 6.1.) Of course, when we rofate the crystal, the elastic
constant tensor must follow, since it is linked with the crystal itself. (Note: This
application is a real rotation of the tensor itself, not a change of coordinate axes.)

Orthotropic Symmetry Reduction

Let’s start with an example for the orthotropic case and use a semi-intuitive
approach for the rotation in order to save time. Consider a 180° right-hand
rotation of the crystal® about Xp, so that the crystal edges (specified by the
original orientation) exchange as follows:

xl edge directions
original rotated
X1 - X
X = X
X3 -»  —Xg

* This kind of symmetry is called “orthotropic” in general and it is found in polycrystalline sheets
and plates that have been rolled extensively. The three symmetry directions in that case are the
rolling direction (RD), long transverse direction (TD) and the thickness direction {(STD = short
transverse direction). See Chapter 7.

* Because c is 2 tensor property of a material, rotation of the material must rotate the tensor itself.
This is quite different from finding two sets of components for the same tensor, reversed to
different coozdinate systems, although the algebra is identical,
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—_—
[o 0] 20
o % %
. . ) R
n IS . G}
xzcxl} % b . X3

Figure 6.2 Crystal rotation about twofold symmelry axis x,

{The dot is shown in Figure 6.2 so that the crystal rotation can be visualized.
Otherwise, the crystal before and after is mdzstmguishable, as required by
symmetry.) The transformation table (x1 — wxl, Xy 4 Xy, %3 = —X3} canbe used
to find the new elastic constant tensor, ¢’, expressed in the old coordinate
system (X;, X5, X3). To visualize this better, remember that in the component
representation, ¢y, Ij refers to ¢; and ki refers to g,. So we can rotate these
parts to sée what happens to ¢ The transformation of components can be
“summarized as follows:

Rotation of 180° about ¥,

stresses and strains
vectors 9x9 6x6 Elastic constants, all
¥ ——¥x Op-» 63 G1~ o7 al Cj €y

¥ =¥ Xy Tmp—> O Op— Oy excepl ¢y -0y
Rg —F —g O3y — G33 T3 O3 except g4 —» —Cyy
Gng —» U3 T4 —»—Gy4  except Czq — Q34

Gi3— T3 G5~ Os except Cgq = —Cgg

G2 > —O12 O —>—0g except C15 = —Cpq

except Cpg —> —Cag

except ¢z~ —Czg

except C55 > —Csg

" The last column shows how the original elastic constant component is
moved in ¢; when ¢ and the crystal itself are rotated. Note that some simple,
intuitive rules make this transformation easy to remember, When rotating about

. X9, only O, and Oy, {and &, £;,) change signs. This is because the normal
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components (O, ;) always have both axes transforming to + or—of the same axis
and thus the sign of the stress or strain component does not change. Refer to
Chapters 2 and 3 to recall how the components are defined.
Clearly 6{&y, X1) = 0{—X;,—%;) because the force vectors on the opposite faces of
the cube ave opposite, but sois the cutward area normal, so the stress component
is equal, by definition. So the only stress and strain components that are altered
by the 180° rotation are those that contain the 9 x 9 subscripts 1 and 3 once and
only once. These components are O,, G, &, and g Similarly, for ¢;, the only.
components that change are those that have indices 4 and 6 once and only once.
These components of ¢ are ¢y, €y, €4y Cogr Crgr Cogr Cag AN Cyp

Now, consider what we have done physically. The crystal was rotated and
the new elastic constants for this rotated crystal (in the same coordinate system)
have been found. I the rotation was a symmetry operation, then the crystals
before and after rotation must be identical. Thus the elastic constants must not
have changed, that is, ¢ = ¢” if the prime refers to the symmetry-rotated crystal.
Thus we have the following situation:

By tensor By symumetry Conclusion
rotation definition
ey = —Cyg” 14 =g’ cg =0
Cgq =—Cz4’ Cog =<4’ - cy =0
Cag =—Caq’ Caq = Cag’ ¢z =0
C54 =054 C5q = C5q” c5q =0
€15 = C16” 1 =C16” c6 =0
Cag = €5 €26 =C5” 26 =0
Cag = Ca¢’ C36 = C36” c35 =0
C5 = Cpg’ Cpg = C5g” 55 =0
other ¢y = ¢ other ¢j = ¢y no conclusion

So, by a smgie symmetry rotation of an orthogonal crystal about theX,
symmetry axis, we have found that 8 of the 21 independent constants must be
identically zero for this crystal.

A second symmetry rotation—say, about the X3 axis—can be carried outin
precisely the same way with similar results:
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Vectors 2nd-ranked components  4th-ranked components Conclusion

X1—r~%; O3 O G- O all G = g c1q =0%
S'Cz -3 -;(2 Oy =¥ Gy O3~ O3 except €14~ ~C1y®  Cpy =07
k3-> X3 Oy > Gz3 O3~ O3 except Cpq > —Cog * gy =0%
g3 = —Cg3 G4 = —04 except Cgq > ~Cag* Cp =0
Gi3 = ~013 O —~0s except Cpq ~> —~Cga ¢y =0
O = Gn Gg— O except C15 2 ~C35 Cog =0
except Co5 —> ~Cog gz =0
except C35 —> ~Cag Cge =0®

except Cgg —> —Cgp ™

*These components were already found to be zero by the iz crystal rotation.

The final symmetry operation {(about %X1) is redundant, simply reproducing
the information obtained by the first two operations. This result can easily be
anticipated by performing the three rotations on the unit cell in Figure 6.1 and
observing that the crystal is returned to its original position (the dot on one
corner can be used to distinguish the arbitrary orientation).

We are left with the elastic constants for an orthogonal crystal, as expressed
in a conventional coordinate system fixed along the symmetry axes:

€1 €12 i3 9 4] G
Cip Cpo Cog 0 O 0
Ci3 <23 O G ] 0
17
0 0 0 cy 0 O ©.17)
g 0 g g Cry 0
[0 0 0 0 0 cgl

{orthotropic elastic constants referred to symmetry axes)

Cubic Symmetry Reduction

Most metals are cubic, so it is most instructive to find a form of ¢; for this
case. A cubie crystal is clearly a special case of the orthotropic crystal, ‘because
the angles remain 90° but the cell edge lengths have the relationshipa=b =c¢,
Thus all of the previous symumetry is retained and additional kinds will be
found. Therefore, to save time, let’s start from our result for the orthoiropic
crystal and find the additional rules.

We note that the additional symmeiry is represented by fourfold axes along
the cell edges. Since each face is a square, a 90° rotation preserves its appearangce.
Let’s follow our previous procedure for a 90° rotation of the crystal about X3:
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xl edge directions

orig.
X1 -3
X2 -3

X3 -~

rotated

%3
X
iy

‘;Esfxﬁ /JE!{X”
szs ’x\iun ;:‘3(:?) sz
Figure 6.3 Rotation of a cubic crystal by 90" about Xp.
The following transformation is obtained:
Vectors 2nd--ranked components
9x9 6x6
0331 — Oz O1— O3
i'l -3 ;(3 oz~ Opp Gy O9
iz — ;(2 G33 > ¢ Gz — O3
i3 -3 ‘"')A(] Gog —» —0y9 U4 > —0y
G133 ~*—O13 O5 >—0Cp
Cyp —* Uoy Og 3+ Oy

4th-ranked

components
€31 % C33
€33 €11
€32~ 3
Coz —> Cyp
C44 — Cgg
Cop —F Cag

As before, the crystal rotation leaves the physical situation unchanged, so the

following conditions are found:

By tensor By symmetry
rotation definition
op =C33° Ca3 =C33
a3 =cp1’ e =ey’
¢y = 33 _ Co3 = €33
cp3 =cpp’ Cz=cp’
Caq = Cgg” Ces = Cop”
Cep = Caq” Caq=Cyq’

Conclusion
cy1=c33”
ey =cpy’
Cpp = oy’
€y = ¢1p”
Cyq =Cgp”

Cop = Caa’
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By carrying out a second 90° rotation about either of the remaining symme-
try axes (%; or X3}, the following additional conditions are found: ¢,; = ¢y = €53,
Q& Cgp = Cog AN Cpy = €y = Cyy. (As before, the third symmetry operation
reproduces the first two.) Thus, the elastic constant matrix, as expressed in a
coordinate system fixed on the symmetry (cubic edge) axes, is as follows:

[e11 ez e O
cpp c11 ¢z O
cp ¢z ¢p 0

0 08 0 cy
6 0 ¢ 0 c

(6.18})

oo oo
coo oo

e

4

=

{ cubic elastic constants referred to symmetry axes)

Typical elastic constants for a few metal crystals are reproduced in Table 6.1.5

TABLE 6.1 Typical Metal Crysial Elastic Constants and Anisotropy Ratios (A}

¢, (GPa) ¢, {GPa} ¢,, (GPa) A
Fe 242 147 112 2.36
Cu 168 121 75 3.21
Al 108 : 61 29 i.21
Na 6 5 6 8.15
Nb 25 13 29 g.51

Isotropic Symmetry Reduction

There is one final reduction that can be made: When all rotations repro-
duce the same material properties, then the material is said to be isofropic.
As previously, we start from the cubic case and then add the new symmetry
operations needed to reveal the remaining simplifications. Since we have
already enforced all of the 180° and 90° rotations, we will now have to
consider other, not-as-simple rotations. We will perform this reduction more
formally in order to illustrate it. All of the previous rotations could have been-
carried out this way (if we had enough patience), and this method is needed
to investigate general symmetry (three-fold axes, five-fold axes, etc.). How-
ever, we will still make use of some physical reasoning to avoid carrying out

$ Valuesin Table 6.1 are reproduced from J. P. Hirth and J. Lothe, Thepry of Dislocations, (New York:
McGraw-Hiil, 1968), 762.
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the arbitrary rotation of ¢, which would involve 26,244 multiplications? (and
a lof of page space in this book!}.

To limit the calculation, let’s imagine that a cubic crystal is strained in one

direction {say X{) only, such that a,, = ¢ and other g; = 0. Let’s look at the
response before and after a 45° rotation of the material or crystal, Fig. 6.4.

o
)
,
§
3
g £ 00
£t Lo = *
3 1
A
[£::3
X3

Figure 6.4 Rotation of an isotropic material by 45° about X3,

Before the rotation, Hooke’s law (for an assumed cubic crystal) gives us the stresses:
before rotation: &;; = &, other £; = 0, 0, = ¢;48, 6, = 338, O3 = Cy8. (6.19)

After we rotate the crystal, the strain occurs along the diagonal. In order to
find the stresses after the rotation, let’s refer to a new coordinate system, onein
which we know the components of ¢ (i.e., we consider a coordinate system that
rotated with the crystal and tensor ¢ itself, so that the components of the tensor
don’tchange). In the ¥; coordinate system, the components of the applied strain
are found by rotating &,

L a 1
gy =£q; (in ¥;) =Ry Ryzeqg = Tk

11
N . A 1

R= J% Jzi &y =2 (in¥)=RyRpen= -¢ (6.20)
2 2

LA 1
g =gy (in§) =RyRoyyeqy = —5¢

7 Eachnew term of ¢, will require 4 x 81 multiplications, the 4 representing R, R, R, and R,
and the 81 zepzesenting the 81 elastic constants in the 9 x % scheme (including zeros).
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The corresponding stresses, again in the ¥;coordinate system, are found from
Hooke's law:

G](in 9;) =0y £ +C12 En = (Cn +C]2) % (6.21&}

Gg(in Sfi); Cip €1 +C22 Ep = {CIE + sz) ‘Z‘“ (621b)
. 1

06(11’1 Yi) = ZC‘M(— E)E =g € {6.21¢)

To complete the comparison, let’s rotate the stress components back to the
original coordinate system:5

oy (in %) = %61(in iri)-zv-lz—csz(in 5:) - Gglin §;) (6.222)

Com J 1 g (1 i
01'{m Xi) = \:—2':({:;] *i-C;z)'i":‘z‘(Clz "rCn) +2C44 ] -2" = (ECH +EC12 +C44) £ (622b}

Now we can complete the development by noting that o, must be equal
to ¢,’, where ¢, is derived from Hooke’s law in the original coordinate
system (= ¢,4&), and &, is derived from Hooke's law for the rotated material,
in the same coordinate system, for the same applied strain:

oy (in il) = 61’ {in i;} {6.23a)
1
Cig £= E’(Cll + Cia “+ C44) £ (6.23b)

o1, Qg =C11-Cy2 (6.23¢)

® Mote: Care must be taken to earry out the tensor rotations properly, using the 9 x 9 scheme,
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With this additional result, the isotropic elastic constant may be written as
follows, in #ny coordinate system:

€31 €12 C12 G 0 0 A+2u R A 0 0 0

cpp €y €12 0 0 0 A A+2p A ¢c 0 0

Cin €12 41 0 9 Y A A A+20 0 0 O

0 0 D cy-eopm O 0 t] oo 0 ¢ 2u 0 0

0 ¢ 0 0 oy-cp D 0 o 0 0 2 0
0 0 0 0 0 oy-cp 0 0 0 0 0 zaj
(6.24)

where the fraditional isotropic elastic Lame’s constants A and p have been
substituted:

P=cy= ”%”(Cn —¢2) (6.25)
A=y (6.26)
A2 =cpq (6.27)

The anisotropy ratio for anisotropic crystals is defined as

2 Caa
€11~ C12

A= {6.28)

which departs from unity as the crystal becomes more anisotiropic.
Hooke's law for isotropic materials may be written compactly in indicial
notation using Eq. 6.24:

%':[l 8y B +1 (8 By +8y By )] ) (6.29)
where

ey = 85 By + (B 8+ 85 B (6.30)
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or it may be written in conventional nonmatrix form:

oy =(A+2u) e +Ahey +hey (6.31a)
Oy =Ahep H{A+20) €0 + Rz (6.31b)
O3z =Ahep + Ay +(A+20) Exy (6.31c)
Op3 =20 €y 6.31d)
O31 = 2l €q¢ {6.31e)
Oy =2 g1y (6.319H

The isotropic elastic constant matrix may also be inverted readily in order
to find the elastic compliances, Sijr such that:

g = Si; Gj or aii = Sijki Ok : (6.32)

The work is left to the following exercise.

15 Invert the isotropic elastic¢ constant matrix in Eq. 6.24 to obtain the
compliance matrix,

Wenote that [c]is diagonal, in either the 6 X 6 o1 9 x 9 scheme, except for the first three
rows and columns. The inverses of the diagonal elements are simply reciprocals, except

for the 3 x 3 filled matrix. Por the first three rows and columns, we invert using the signed
cofactor method presented in Chapter 2. First, the determinant is found:

A= (C'l?. —Cy1 )2 (2C12 +C31) (6.1'1)

Then we find the cofactors and new elements:

5y = cofactor ¢34 - €11 +C1n
A {er1~c1a) (203 +en)

(6.1-2}
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cofactor ¢y iz
2 = (6.1-3}
4 {cra—cnn) (2ez + o)

and the matrix separately is preserved, so Hooke’s law for an isotropic material may be
written in inverse form:

&ir} |5 Sz Su2 0 0 0 gy
g3 ISz 811 3 0 0 0 £49
£ni 812 S12 Sp 0 6 0 £33
eal [0 0 0 20s-sp) 0 0 £ (6.1-4)
Ei3 9 0 ¢ y 2sy1 ~8y9) 0 €9
en] {0 0 0 o 0 Asyy—512) | e

The elastic compliances for an isotropic material are usually written in terms of
conventional constants:

[1/E -v/E -v/E 0 &
-v/E 1/E -v/E 0 ¢
-v/E —v/E 1/E 0 0

0 0 0 ¥/p 0

0 0 0 0 1/p

0 ¢ 0 ¢ 0 1

55 = (6.1-5)

6.6 TRADITIONAL ISOTROPIC ELASTIC CONSTANTS

A simple way to introduce traditional isotropic elastic constants is to consider

. thebehavior of a simple 1-I» sample subjected to a tension, a test that must give
identical results whatever direction it has in the material. The initial length of
the sample is 1, its initial cross-section area is A) and the traction forceis F, as
shown in Figure 6.5,

%, Au

A 321 A® s I S

o

Figure 6.3 Elastic deformation of a 1-D sample.
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In this case we need only to describe the elongation of the bar and the
variation of its cross section. The first condition is expressed in terms of 1-D
stress and strain by the linear relation

c,=Eeg; or g =—é— oy {6.33)

where the parameter E is called Young's modulus. Taking advantage of the

symmetry around the %; axis for an isotropic material, the second condition will
be written

9 =Eq ==V (6.34:}
so that the new cross- sectional area is
Aj=Ag(0-2vey) (6.35)

where 6rv is the Poisson coefficient, which ranges between § and 0.5, the value
0.5 corresponding to incompressibility, as is easily seen by substitution:

g1 +Ey+E3={1-2vig; =0 {6.36)

Comparison of Egs. 6.27 and 6.1-4 reveals that E is equal to

1 ey —ep) (Gegp +eqy)
811 €1+ €12

(6.37)

The shear modulus, G, is defined in sirhple shear such that
]ij = Gyij =2G sij-(i # j) . Therefore it is clear that G = p. With these few traditional

isotropic definitions, it is possible to rearrange all isotropic elastic expressions
in terms of any two conventional constants {unless they are dependent, such as
p and G). A few simple expressions may prove helpful:

E
=G'*_."——-——~= - 8
b e (6.38)

vE 2vi
A= = .39
I+ (1-2vy 1-2v (6.39)
B = bulk modulus® = A+2G = —Lee_ (6.40)
37 3(1-2v) ’

1

Loy +o,40,)
* The bulk modulus is the ratio of the pressure to the volume confraction: B= B —
where K = compressibility. By FEpy FEy

.
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S8 A B-2w_ cp (641)
2B+ 2Ap+i) 2 cp o '
poBGA+20  9uB =24 (1+v) {6.42)

i ‘BBi—u

Typical traditional elastic constants for polycrystalline metals!® are pre-
sented in Table 6.2.

TABLE 6.2 Typical Polycrystal Elastic Constants for Bulk Metals

E (GPa) G (GPa) v
Steel 200 76 0.3
Copper 110 41 0.35
Aluminum 69 26 0.33

ELASTIC PROBLEMS: AIRY’S STRESS FUNCTION

Solving elasticity problems has little interest for metal forming, except for some
specialized applications combined with large-strain plasticity, such as
springback,!! or deformation of tooling. However, since we will proceed with
a numerical approach throughout the remainder of the book, it is worthwhile
introducing the differential equilibrium and compatibility equations, and their
combination in a form suitable for solving analytically.

In order to simplify the presentation, we will consider only 2-D problems,
that is, ones in which the field variables (g, ¢} depend only on coordinates x; and
X,. For example:

aij ﬁﬁij(xl Xz)

Gij = Uij(xl X2)

Furthermore, we need not consider g, or ¢, explicitly, because we will
assume that one of these two is given by the boundary conditions {e.g., &, = 0 for
plane strain, or 6, =0 for plane stress). The one that is not specified can be found
after solution by substitution into Hooke's law.

1 Values for Table 6.2 are taken from L. E. Malvern, Intreduction to the Mechanics of a Continuons
Medium (New York: Prentice-Hall, 1969p. 203.2

1 Springback is the elastic deflection that occurs after forming when the loads are removed. It
oceuys because of residual stresses introduced during the operation.
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P ] -

We can start with the 2-D equilibrium equations and combine them to make
a single equation (using the notation x, y in place of %y, y,):

2
. a‘Sx anY . azcx d G"Y _
X — + 5y =0 - W + 3y =0 (6.43)
36, do %, o '
L Ty o 9% Xy _
¥ R ey (6.44)
?o 25, o
2 A (6.45)
xdy 24 ax ay

Equation 6.45 is the equilibrium condition for 2-D problems. Note that it
represents a relationship among the derivatives of three functions:
6, (X, ¥}, 04(%,¥), Oy, ¥).

Equations 6.43 and 6.44 can be automatically satisfied by noting that a
certain substitution (“trick”) leads to an identity:

Let: 2y =Gy, Ei‘.?. oty =

) ayz =G,, "é';'('é'y"-"*cxy (6.46)

where ¥ is an arbitrary, differentiable function of x and y. Rewriting Equations
6.43 to 6.45 using these substitutions obtains:

_a_G_x+any _ Xk 4 83\.1!

=0 ‘ (6.472)

ax oy  axdy? - axdy?
oG oo, 33 3

¥ L 82‘1‘ + 32"’ =0 ' (6.47b)
ax 9y "9y oxdy

oty 1{ oty oty
= + 6.47¢
axZay® 2 [ax’*ay2 dyox® 6.47¢)
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which is identically true if ¥ is differentiable:

Py - Fw
oxdy  dyox

(6.48)

Therefore, any ‘¥ continuous and differentiable will satisfy Eq. 6.37, and we need not
concern owrselves with equilibrium. W is called an Airy stress function after Sir
George Airy (1801-1892), a famous English astronomer and mathematician.

COMPATIBILITY CONDITION

Qur original problem statement requires that all motion descriptions be derived
from two displacement functions, u{x, y) and uyx, y). It s0 happens that our
material behavior is expressed in terms of strains:

aux auy 1| su auy
By = Eg moeme gy = | gL 6.49

*ax Y ogy o219y ox (649)
" We must therefore insure that our strains can be derived from just two displace-
ments, This places an additional restriction on the allowable variation of strain
components in space:

9%, _ Pu, Bzay}, _ a3uy 62£xy 1 ?%u, . a3u,,
ay? oyl ax?  oyax®  8x0y 2| axoy?  dyox’

} (6.50)

“But 1, = u,{x,y) must be continuous and differentiable:

P = o%u, (6.51)
xdy?  dyPax
K T‘hat. is, the order of differentiation is not important, such that
2 9% 2%
Jeo Ty, W (6.52)
By sz axay

Equatioi 6.52, the compatibility condition, shows the reguired relation-
ip among derivatives of strain components, but we frequently need to make

connection to stresses to get a single, required relationship. We consider
e two usual choices:
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plane stress plain strain’?
1 1
Byx = 'E"(Gxx ~VOyx) Exx = E{{} - Vz) Oyx ~ V(1+ V)ny]
1 1 2
Eyy —E(Uyymvcxx) Eyy =§[(1-v ) aw—v(l+v)6xx]
_lav : i+v
‘?'Xy ———“E'—ny Sxy :TGXY
(6.53)

Let’s assume plane-stress conditions since they are shorter to write, Rewriting
terms in Eq. 6.52 obtains

Py 18

ay2 "3 5;"2" {Gxx - vc},y) (6.54a)
a%e 1 22

azsxy 1+v 3%
= G
axdy E axdy Y

{6.54c)

Now we can rewrite the compatibility condition in stress-equivalent form:

9% 3? &

gf(cxmeGY}')+-é;f(GYY —VO'XX)::z(I-!“V}&'é-;ny (655)

and we introduce the equilibrivm condition:

52 32 2% a’-ow
e (oxx —vcyy)+-a? (oyy —vor)=-(1+V) (n"éxz-ﬁﬂk 37 (6.56)

2 While the plane-stress relations are obvious from Hqgs. 6.31 by setting 6, = 0, it is necessary in the

Pplane-strain case to substitute £,, = 0 into Eq. 6.31c, find o,,, and then solve for g, in terms of 6,
and o,
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a* 3 ‘
or: 5}? (cxx ~voy, +{1+ v)G},y)+~a—F [GYY -G, +{1+v) Gxx} =0 (657}
a2 aZ
ot {5 Va7 (O rom)=0 (658)

Equation 6.58 made use of both equilibrium and compatibility but did not
ensure that each was satisfied. Let’s go back to the W form, which ensures
equilibrium automatically.

Substituting Egs. 6.46 into Eq. 6.58 obtains

9t [ty v
— by | P =0
(sz ayz ] [ Byz x? (6.59)

oty oty oty Ay
+ T

B a = 0 66@
axoy?  axt oyt oyt (660
o a2 2 32
("5%+"58F) w=0 (6.61)
or: Viy=0 (6.62)

Thus any continuous and differentiable function ¥ that satisfies Eq. 6.62
will also satisfy both equilibrium and compatibility, and Hooke's law for
material behavior. The trick, as always, is locating a differentiable Y that
satisfies the specified boundary values or conditions.

CHAPTER 6 PROBLEMS

A. Proficiency Problems
1. Consider a cubic crystal with e,y =2, ¢y = 1, and ¢y = 1.5,

a. Find ¢y, referred to the new coordinate sysiem, if theX;” axes are
rotated 30° counterclockwise about X3. TheX; axes are aligned along
the crystal axes.
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30°

b. What is the anisotropy parameter for this crystal?

Repeat Problem 1b for ¢;; = 1, ¢ = 2, ¢y = 0.5.

Use symmetry to reduce the general 6 x 6 elastic constant matrix to the
proper form for a tetragonal cell as shown. (Note: All angles are 90°, and
a = b, so there is 90° rotational symumetry about %, and 180° rotational
symmetry about ¥3.).

Isy(x,y)=xt+y¢ - 12x?y? a valid Airy stress function in terms of both
equilibrium and compatibility requirements? Show why or why not.
Assuming that the W (x, y) in part a is correct, find the stress compo-
nents at the point (1, 2).

Find the strain components for the point (1, 2) assuming plane-stress
conditions (o = 0). Leave your answers in terms of general Young's
modulus (B} and Poisson’s ratio {v).

Given: ¢ = 3xy® + 3x°y - 1033

N

o

Verify that y meets the condifion for a proper Airy siress function.
Show your work,

Find the stresses as functions of x and y that correspond to y.

Check to see if the stresses in part b satisfy equilibrium. Show your work.
With a little manipulation using the stresses in part b and Hooke’s law
for plane stress, obtain the strain functions shown below. Verify that
these strain functions satisfy the compatibility conditions for strains.
Show your work.
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7.
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£, =4b (xy3 - x3y)
Byy =4b (xay - xys)
Exy =D (—x4 ~y4 + 6x2y2)

where : balS»{}%ﬁ

Verify that Eqs. 6.38-6.42 follow from the traditional definitions of elastic
constants.

Solve Egs. 6.31 for strains and verify that the result is identical to Egs. 6.1-5.

B. Depth Problems

8.

10.

11,

Discuss any material restrictions that apply to the compatibility conditions
Eqs. 6,52 and 6.55. Consider anisotropy, elasticity vs. plasticity or other
constitutive equations, possible presence of body forces, and the possibil-
ity of voids and cracks developing during deformation.

a. Show that the elastic work done during small straining is given by

1
WSSk & fa

b. Write the elastic work in terms of stresses alone.
c.  Write results for parts a and b for the isotropic case.

a. Show that Hooke's law for an isotropic material may be written in the
following form:

v
Gi} =2].L|:8ij "i“l—_gﬁij 51}]

b. Find the equilibrium equation inindicial form in terms of strains alone.

Consider a plane-strain isotropic linear elastic problem defined in a given
domain. Assume the displacement vector field takes the form

SN 1y m—»ax12+2bx1x2 +CX22
Uy = a’ %% 42D xg%p +¢ Xo?

a. Write the strain tensor as a function of x, and x,.
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b. Compute the stress tensor as a function of x; and x, with the isotropic
Hooke's law.

c.  Write the stress equilibrium equation assuming no body forces, and
determine the relation between the coefficients a, b, c,a”,b", and ¢” that
we must impose.

d. Calculate the stress vector on each side of a square (see following
figure}.

Verify that the external forces on the square are in equilibrium when
the condition defined in part ¢ is fulfilled.

12.  Consider three elastic bars of equal length that are pinned at the ends as
shown in the following illustration, and fo which a vertical force F is
applied.

Each bar has a length i, a section area s, and a Young’s modulus E. We

~ assume the links between the bars do not permit any torque, the bars
remain straight, and the contact with the horizontal plane is frictionless.
Compute the variation of length of each bar, with the hypothesis of smali
displacements. Consider the case where the variation of length is no longer
negligible compared to the initial geometry.

13. Consider a plane-sirain compression test of a sample with height b,
imposing a displacement u at the top as shown in the figure, and assuming
no friction on the plates.



14.

15.
16.

17.

18.
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Write the displacement field using a linear expression and taking into
account the boundary conditions and the symmetry of the problem. An
unknown parameter & should be introduced in the x, component. Calcu-
late the strain tensor, the stress tensor with the isotropic Hooke's law, and
the elastic energy. Show that the solution of the problem can be obtained
by minimizing the elastic energy with respect to the unknown parameter
o. Verify that the stress on the vertical sides is equal to zero.

Repeat Problem 13 for a cubic crystal where x, and x, are oriented along
fourfold symmetry axes.

Repeat Problem 13 with a 3-D sample and an orthotropic material.

Show that the only incompressible isotropic elastic medinm is a liquid by
computing the shear modulus, y.

The Airy stress function for a screw dislocation in an isofropic crystal is
given by
Y= —@— n (x2 + yz)
41t (1~ v)

where b = Burger’s vector, a small constant.

a. Find the stresses and sirains for the screw dislocation.
b. Is compatibility satisfied everywhere? Why or why not?
c. Do plane-strain or plane-stress conditions hold?

The elastic fields of a screw dislocation are most simply derived by
considering the displacements in polar coordinates:

where b = Burger’s vector, a small constant.

#J. P. Hirth and ]. Lothe, Theory of Dislocations (New York: McGraw-Hill, 1968)P. 74,
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a. Find the stresses and strains for the screw dislocation.
b. Is compatibility satisfied everywhere? Why or why not?
c. Do plane-strain or plane-stress conditions hold?

C. Numerical Problems

19

Congsider the material triangle defined in Chapter 4, Problem 16. Find a
matrix expression for the forces applied to each corner of the triangle in
order to deform itelastically such thatsmall displacements Aa, Ab, Ac occur
at each corner. Assume a unit thickness of material. You may wish to use
an equivalent work principle or make other approximations and assump-

tions about how the stress felt by the triangle relates to the forces applied
at the corner. .



Plasticiy

In this chapter, we introduce the most important elements of plassical plasticity,
the main material behavior used in analyzing large-strain forming operations.
Because of its central importance to the field, we develop the ideas in some
detail, starting with the concept of a yield surface, the normality condition, the
flow curve, and strain hardening. We finish this chapter by examining some
classical yield functions, and their advantages and disadvantages, and leave
more complex presentations to the next chapter.

We consider in this chapter only the flow theory of plasticity (also known
as the classical theory); that is, a formutlation in which the current strain rates!
{or infinitesimal increments) depend on the stress. A distinct theory, the so-
called deformation theory (also known as Hencky theory), relates total strain to
stress, and as such represents a version of nonlinear elasticity. Only along
proportional strain and stress paths do the two approaches coincide. When
unloading occurs, the results of the deformation theory are in clear error when
compared with experience (i.e., only elastic materials return to their original
shape when the load is removed.) For this reason, deformation theory is used
only when the convenient mathematical form is required to construct closed-
form solutions to fairly simple problems. This was largely the motivation in
using the theory originally, long before high-speed digital computation allowed
the use of flow theory for realistic problems of interest.

The theory of plasticity is in poor condition relative to linear elasticity. All
existing formulations are approximate at best, and few have any connection to
the fundamental {micromechanical} material mechanisms responsible. For this

* The actual strain rate (i.e., €= D) is not important in time-independent plasticity, but we must
distinguish between large strains and the current infinitesimal increment of strain, de. For
reasons of convenience, this infinitesimal increment is often called the strain rate, with the
understanding that the time scale is not important, only that we watch the current change of
strain over a small increment of displacement, time, loading, or other path-defining parameter,

219
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7.1

reason, all plasticity “theories” must be considered empirical. Even worse,
detailed testing of a plasticity theory requires extensive, careful experimenta-
tion using special machinery and precise interpretation over many paths and
histories. This requirement has slowed development of the field greatly.

The history dependence of plasticity also means that virtually no analytical
solutions exist for real forming problems using realistic materials. Thus analysis
of forming usually proceeds numerically, except for certain steady-state or 1-D
problems with idealized material response. This is in sharp contrast to elasticity
and elastic problems, where most developmentis have been made analytically,
with numerical solutions reserved for complex structures.

We now proceed in an intuitive manner to develop the basic ideas of
plasticity, by considering the simplest model that has a reasonable connection
to the physical reality. We begin from the most basic concepts of flow plasticity:
(1) that stress induces strain rates {analogous to pressure and velocity in
liguids), and (2} that a two-stage behavior (elastic and plastic) is implied. We
develop these ideas by means of thought experiments.

THE YIELD SURFACE

Let’s start by extending our idea of a tensile to two dimensions. Imagine that we
can load and unload a square sheet of material in two directions, in any
proportion that we choose (Figure 7.1}.

111

T

©

Pid

G

TTT

Figure 7.1 Biaxially loaded sheet,

Let's choose a specific stress path: a fixed ¢, = ¢,’ that does not cause plastic
yielding, combined with various s|’s that are applied, as shown in Figure 7.2,
We load to 0,7, &y(1, 2, 3,...}, as shown by the ¢’s and p’s in Figure 7.2z, and
unload each time, looking for permanent deformation remaining in the
unloaded state. Figure 7.2b shows the measured siress and strain along x;. We
can see that plastic deformation began at a stress (or strain) between o,(7} and
0,{8). Before this, the deformation was fully elastic. Thus, within the uncer-
tainty defined by 6,(8) — 6,(7), we have measured one yield siress under
combined o,-5, loading. We can, of course, improve on the accuracy of the
measurement by faking smaller Ag,, as long as we can measure the small
AE,oqy, that results.
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Figure 7.2 Elastic-plastic transition with constant o,

We can continue this procedure for a different value of 0, =6, and identify
another elastic-plastic transition within the accuracy of Ag,. If we repeat the
process for many values, we can obtain a 2-D mapping of the discrete stress
states that first cause plastic deformation (Figure 7.34).
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Figure 7.3 Stress states for first observation of plastic deformation.

When we interpolate between the last stress inducing purely elastic defor-
mation and the first one inducing plastic deformation, we obtain a plot like the
one shown in Figure 7.3b. Finally, by connecting the measured points with a
smoothcurve, we can arrive ata surface that represents, within the experimental
limitations, the loci of all siress combinations that first cause plastic deforma-
tion. This curve or surface is called the yield surface.

There are several questions and criticisms that arise immediately from the
procedure followed. There is limited accuracy unless a great many experiments
are done to reduce Ag; and Ac,. Given the distinct points that are found, it is
impossible to say confidently that the entire locus of such points is smooth. It
could be that the pattern of yield stresses between points is extremely rough, as
shown in Figure 7.4.

if such behavior were discovered, a great many additional experiments
would beneéded. Asitis, the presence of strain hardening requires a new, virgin
specimen for each path locating one yield-stress combination. (Otherwise, the
small plastic deformation induced will cause hardening and will change the
form of the yield surface being sought.) '
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7.2

O

Figure 7.4 Possible shape of yield surface determined from discrete measurements.

The last conceptual drawback to the measurement envisioned is that the
yield surface shape may depend on the direction of the stress or strain path used
to probe.? In this case, we are on firmer ground because any path inside the yield
surface is elastic, and so the response should be path-independent until the
yield surface is reached. In fact, most measurements of yield surfaces are made
with radial paths (also called proportional paths)—Figure 7.5a—but other
paths can be followed, as illustrated in Figure 7.5b.

@ ' »

Figure 7.5 Radial and other stress paths for probing plastic yielding.

A SIMPLE YIELD FUNCTION

Many forms of the yield function (which defines the yield surface) have been
proposed. Many of the older ones are only of historical interest, because they
did not meet the test of reflecting the basic ideas of a simple plastic response.

2 Such a possibility is contrary to our ideal view of elastic material response, but real materials may
behave differently. :
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In order o avoid this pitfall, we construct the simplest yield function that meets
basic criteria; again, we resort to intuition.

We start by assuming that the yield surface is a closed, smooth surface of
nonpathological shape. Ataninstant of time (i.e., at one material state), the yvield
surface is defined in the usual way:

£(0;) = £(61), Oz Gay) Opgr Oy, Oyp) = K {7.1)

The surface is thus represented in 6-D space, where each dimension refers to one
of the stress components.

Let's restrict our attention to an isotropic material; that is, one that has the
same properties in all directions. In this case, we can write everything in terms
of principal stresses® (¢, 0,, 0} and reduce the surface to a three-dimensional
one. Unfortunately, as shown in previous chapters, it is necessary fo solve a
cubic equation to relate the stress components to the principal components, so
it is simpler for purposes of discussion to consider the stress invariants rather
than the principal stresses. (Recall that §;, J,, Js0r Ay, A5, A5 directly represent the
stress state via the cubic equations.)

Rl A -JpA~J3=0 or (6-A){o—-Ay) (6—-A3)=0 (7.2)

The stress invariants are simply related to the principal stresses:

}1 =G1+09+03 {7.3a)
}2 = ‘"“'(5102 +0503 '901(53) . (7.3b)
13 = 31003 (7.3C)

So, to incorporate this material simplification into our yield function under
construction, we write it in terms of either triplet:

isotropic: k=£(J;,],.J3) or k=1§(61,0,,03) (7.4)

3 This is possible because all stress tensors have only three components in the properly chosen,
principal coordinate system. Because in an isotropic material we cannot distinguish one direction
from another, we may freely choose this convenient coordinate system that captures the essence
of the stress state while losing the orientation information, which is irrelevant,
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As a second reduction in complexity, we note that, to a very high accuracy,
plastic deformation is pressure-independent.* We can test this by noting that
the plastic volume change is nearly zero, and that solids under hydrostatic
pressure do not deform plastically. Micromechanically, dislocations are moved
in response to shear stresses, which are not present in a hydrostatic state.

To ensure that our yield function under construction is pressure-indepen-
dent, we can write it in terms of reduced stress variables, which have the
pressure removed. That is, we must map the principal stress components to
three other components that differ only by a pressure term:

0161 =c;+p/3 : {7.5a)
G —¥ 0'2, =0y +p/3 (75b)
63 >G3’ =05+p/3 ' (7.5¢)
Because the hydrostatic pressure is —glf%gwﬁ—(j—?’— (or WW), the
mapping is as follows:
; G1+0y+03 2 1 1
=0y -——2-—3 =25 -0y -0 7.6
61’ =0y 3 30175027393 (7.6a)
. Gy+Gy+0q 2 1 1
G =62“~“"3"—-§2—~m3~*—562—“§61—-503 (76b)
. G +Cr+Gy 2 1 1
=3 -—t2—d = Zgy -0y - 7.6
O3’ =03 3 39373017502 {7.60)

The deviatoric stress invariants follow directly from these results. Clearly,
o, are the deviatoric stress components, as defined in Chapter 3. Thus we can
write our yield function in terms of deviatoric stress to avoid any dependence
on pressure:

isotropic, pressure-independent: £(J,7, 139 (7.7)

;" is identically zero, because 0," + 0, "+ 6, = (. Therefore, we have reduced our
yield surface to a function of two variables: [," and J;".

In addition to isotropy and pressure-independence, the plastic response of
metals is often observed to be nearly the same in tension and compression. That

- % However, at very high pressures, there is some smail effect on the yield surfaces of metals,
presumably related to the effect of pressure on dislocation cores and subsequent mobility.
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is, there is typically no Bauschinger effect, or a very small effect, particularly
after a small transitional strain following the path change?® In the case of no
Bauschinger effect, the sign of the stress is unimportant; that is, o; should be
equivalent to ~ &;. By examining the form of the remaining stress variables, [’
and J;' {(Egs. 7.3b and 7.3¢}, we can make additional reductions:

}2’(6’ij) =]s ’(_Gfgj) (7.8a)

13'(0'15) =—]q ’(—Glij) . (7.8h)

Thus we can see that lack of a Bauschinger effect provides no additional
resfriction on the use of J,', but we must insure that f is an even function of [';
otherwise, there will always be a built-in Bauschinger effect. We could simply
insist that},  enter any yield surface in squared form (J,")%, but this would invelve
powers of 6 of the stress components, which would lead away from the simplic-
ity we seek. Instead, we can eliminate Bauschinger effects simply and effectively
by ignoring J;' altogether. Then the form of our simple, physically realistic yield
function becomes

c=£{1,") (7.9}
{isotropic, pressure-independent, no Bauschinger effect)

Referring still to principal stress axes, we can back-substituie the definition
of the second stress invariant (Eq. 7.3b) and deviatoric stress components {Eqs.
7.6) to obtain the yield function represented in Eq. 7.9 in terms of stress
components:

Jo = (0105’ + 6505 + 67703 (7.10)

= —%[(251 -39 '—(53) (202 -Gy “‘(53)'{‘{262 -0 —63) (263 hd <} —0'2)

(7.11)
+20y - 6y —63) (263 ~ 01 — 63)]
LS U SR S O _ _ ,
—3 G1"+0p” +03 G109 —~ 0103 — 0703 \7.12)
, 1
I =g[{01—02)2+(03~03)2+(02—03}2] (7.13}

¥ The Bauschinger effect loses significance when strain paths are nearly proportional, as they are
for many forming operations. Only when the strains remain near the elastic-plastic Hmit, and
when the sign of the stress reverses sign, are Bauschinger effects dominant. For most forming
analysis, we will assume that there is no Bauschinger effect.
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Thus Eq. 7.9 becomes
¢={0y - 63)* +(061 —03)* +(03-63) = f(oy) (7.142)
or, in a general (not principal) coordinate system:
€=(011 ~0p)? +(O11 —033)% +(Opp ~ 03307 +60% +6073 +66%;  {7.14b)

1
where the factor of— has been incorporated into the arbitrary constant, c.

Equations 7.14 represent the well-known von Mises yield function. By inspec-
tion, we can see that it is isotropic (written in principal stresses, and each
principal stress enters f equivalently}; pressure-independent (adding a constant
to the principal stresses does not change the function); and has no Bauschinger
effect (the sign of the stresses does not alter the function).

For plane-stress plasticity problems, we assume that o, = 0, and the von
Mises yield condition becomes

c={61 - 03)* +0,2 46,7 (7.15a)
or

%=012+622 -GGy (7.15b)

Note: Althoughwe used the ideas of deviatoric stresses and stress invariants
throughout the thought derivation of this yield function, the result can be
expressed in real stress components, without reference to fhese special,
reduced representations. For nearly all applications, it is more logical to deal
with stresses directly, ignoring the special forms.

Theyield surface represented by Eqgs. 7.14 and 7,15 is sketched in Figure 7.6,
Note thatin 2-D (o; = 0, or o, = another constant) the yield surface is a closed
curve (an ellipse with major axis along o, = ¢,), and in 3-D is an infinite cylinder
with generator along the x, = x;= x; axis. The different appearance is related to
the pressure-independence. In"2-1, the specification of g; = 0 means that each
choice of o, and G, has a unique pressure. When all three principal stress
components may vary independently, there are many equivalent stress states,
all of which differ by a fixed addition, that is, 0,,05,03 is equivalent to ¢; - p, 0,
- p, 83~ p, for all p. Thus the o, = 6, = 0, axis must be a symmetry one for
translations along it. As a result, all the hydrostatic stress states (up to any
pressure} are elastic, and must remain inside the yield surface.
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Figure 7.6 Schematic of von Mises yield surface in terms of three principal stresses.

The values of the yield surface points shown Figure 7.6b are easily obtained
by substituting stress ratios in Eqgs. 7.15:

uniaxial tension: 0; = 0, G, = 0;=0 0= \}% (7.16)
balanced biaxial tension: 6, = 0,=6,6;=0 0= J_-;j (7.17)
pure shear:® 6y -3 G =—0 %0, a3=0 C© =\/§ =k (7.18)

Where we have conventionally used k io represent the sheer yie1d stress,
reference to Fig. 7.6b shows that the ellipse has a ratio of major to minor axes of
+2/3, which results from passing a plane through the 3-D cylinder, 45° to the
generator axis.

EQUIVALENT OR EFFECTIVE STRESS

For application of plasticity to real problems, it is necessary to find the value of
the arbitrary constant k, which represents the size of the yield surface, as

5 Because shear stresses are ot shown on our plot, we must first rotate the coordinate system by
45° to find the principal stresses corresponding to pure shear {or, we could simply solve the
eigenvalue problem). The result shows that ¢,, = © is equivalent t0 ¢, = ¢, 5, = ~0. This
transformation is legitimate because the material is isotropic, so the material response will be the
same in every orientation.
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opposed to the shape (which is fixed by the form of the equation}. Physically, k .
represents the hardness’ of the material; its elastic-plastic transition stress.
Because this quantity is unknown and depends on the state of the material
{microstructure, heat freatment, prior processing, chemistry, grain size, etc.),
we must rely on simple experiments to find its value at a given state of the
material.

==

Figure 7.7 Conceptual view of subsequent yield surfaces defined by effective stress.

The tensile test is usually employed for this purpose, although other tests
have advantages in providing data at higher strains. The yield stress in tension
is defined io be G, the equivalent stress, or effective stress. The words
“equivalent” or “effective” refer to the yield surface as an iso-state surface,
representing all of the combinations of stress that represent the elastic-plastic
transition. A single number, §, in conjunction with the form of the yield surface,
provides all such combinations for one state, whereas all values of Grepresent
sets of allowable yield funciions at various states, as in Figure 7.7

To evaluate k from a given test, we simply substitute the measured yield
stresses into the yield function (Eq. 7.14) and solve. For a tensile test
(©6; =38, oy=03=0}, wefind

k=062 +82, so k=20" (7.19)
in terms of the material effective stress (hardness), the von Mises yield function
becomes

&2 &% [(61-062) +(03 - 03)% + (6 ~03)?] (7.20a)
or

7 We use the term “hardness” in a general sense without reference to specific test procedure. We .
mean that a harder material requires larger stresses to undergo first plastic deformation.
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1/2

{7.20b)
In this book, we will always assume a tensile state of stress to define @, but
alternate tests provide similar results (following Eqs. 7.17 and 7.18, e.g.):

balanced biaxial tension: same as uniaxial tension (7.21z)

pure shear: 2 =k /6
50

J68 = l(csl - 6,) + (67 —63)° +(65 ~ 63)2]1/2 (7.21b)

NORMALITY AND CONVEXITY, MATERIAL STABILITY

The yield surface tells us only the combinations of siresses that initiate plastic
flow, analogous in 1-D to the yield stress. In order to build a constitutive
eguation for a material, we must connect the yielding with plastic-strain incre-
ments {or “rates”). The situation i5 analogous to fluid flow. We must find the
velocities {strain rates) knowing the pressures (stresses). Until the 1950s, such
relationships were proposed without theoretical basis. Starting then, however,
Drucker showed that stable plastic materfals require certain relationships
between £and s, which restrict the form of the yield function. We follow
Drucker's approach in the following discussion.

Stability

The idea of first~-order mechanical stability can be understood intuitively.
I we picture a sharp pencil on a table, the three cases of stability can be readily
seen, as illustrated in Figure 7.8.

To probe for stability, we imagine perturbing the position of the pencil by
&x and examining the behavior. In fact, we can look at the work done, 8w, by the
force (f) required to move the pencil by 8x:

! [ f Second prder

stable
Stable Second order
/ neutsal

Neutrai \ Second order
unstable
/ \ Unstable

Stable Neutral  Unstable et X

L ¥

fa) (b} &)

Figure 7.8 Conceptual views of first-order and second-order mechanical stability.
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stable: { parallel to dx, fdx > § (7.22a)
neutral: f =0, fx =0 (7.22b)
unstable: f opposite to 8x, f3x < 0 (7.22¢)

In the stable case, the pencil tends to return to its original position. In the
neuiral case, there is no response, so the pencil will continue to move if moving.
In the unstable case, the pencil will tend to move in the direction of dx. Equations
7.22 define the first order stability of a mechanical system in 1-D. This picture
corresponds to a material’s elastic response, for example, where the forces
(stresses) depend on displacements {strains).

Now, to consider second order stability, imagine that a work absorber
{friction, for example, or any kind of dissipative absorber will do} is added to the
pencil, such that f8x is antomatically positive for any of the three cases in Figure
7.8 The result is automatically stable because the pencil comes to rest at §x. The
question is, can we now distinguish among the three cases? The answer is yes,
but we must ask whether the force applied to move the pencil by 8x increases or
decreases as the distance 8x is moved. That is, does the pencil become more stable
or less stable when the 8x is applied? Clearly, we can check this by asking whether
the force {(work gradient) increases or decreases:

&f 6x > 0 second order stable (7.23a)
8f 8x =0 second order neutral (7.23b)
3f 8x <0 second order unstable (7.23¢).

The second-order situation, where friction automatically absorbs the work
done, is shown in Figure 7.8¢.

We can easily examine material laws with stability in mind by considering
1-D illusirations.

oA
. A \
iy Koo
AR e
: |
A

&

» €

Figure 7.9 Conceptual elastic-piastic response under uniaxial tension.
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For elasticity (Figure 7.9, 6 < ¢,}, we know the fundamental principle is that
no work is done around a 'closeg path; that is, that there exists a potential
function. The work done by a small displacement {3¢) is o8e, where ¢ = c8g, so
w = 1/2 ce?. We require this work to be positive, thus ¢ must be positive. The
second-order stability is irrelevant in this case because no work is dissipated.

For a plastic response, all of the work done is dissipated (or stored, but not
returned as work), so first order stability is automatically satisfied and we must
use the idea of second order stability to distinguish the two plastic cases shown
in Figure 7.9. Clearly, the stress increases in applying 8¢ from A" to B, while the
stress decreases from A 10 B”", (The As and Bs were chosen such that 8e4_,pis
positive, so that we can examine the sign of 3f.) Two cases emerge:

A’ B,  §f8¢>0, second order stable~> strain hardening (7.24a)
A” 5 B”, 8f8<0, second order unstable—> strain softening (7.24b)

AY, 8f de=0, second order neutral—> no strain hardening (7.24c)

We can see that strain hardening is equivalent to second-order material
stability. Without this material property, we cannot solve plasticity problems
that have applied forces for strains, because, for a given loading, the material
continues to deform without stopping. Thus the strains increase fo infinity.
{Creep isa phenomenon with this kind of behavior, but rate effects limit the total
strains at a given time.)

Note: We will restrict our attention to strain-hardening materials only, so
that stable solutions for strains may be obtained when forces are applied.
This restriction is not severe, as most mefals are found to behave in this
manner, except for local exceptions such as Luder's bands.

To complete the 1-D picture a bit more mathematically, consider a closed
deformation path originating at any elastic state (0%}, as in Figure 7.10. We can
easily write the work done along the path (it is simply the area under the c-¢
curve for unit material volume):

w=(oP — o) deP +% do deP = wy +w, )

For a purely elastic response, def = 0, so no net work is done. Since we
started at an elastic siate, (0° — o*) def is strictly positive for the plastic
deformation, so first-order stability is satisfied. If (¢® - ¢*) de? was less than
zero, we could extract plastic work from the material. The second term, 1/2 do
dsP, represents the test for second order stability, and we see that it is positive
for a strain-hardening material.
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- &

Figure 7.10 Work done during an elastic-plastic cycle in one dimension.

Note that the only requirement we imposed on this test was an initial elastic
state and a closed stress path back to this stress. Thus we can consider the two
work terms independently. If we let o# approach oF, the first-order work is zero
and only w, survives. Ingeneral, of course, dode << 6dg, so we can examine only
the first-order work, w,. For the material to follow our ideas of a stable plastic
response, we require that w; > 0 and w, > 0 for a closed plastic path. The
extension of these ideas to three dimensions is straightforward. The work done
around a -general, infinitesimal cycle starting from an elastic state requires
consideration of all the stress terms and all of the resulting strains:

W= (GijB “‘G"ﬂA) dEijP +'§- ddij degip =Wip+ Wo (726)

As in 1-D, we require that both w, and w, be greater than zero for an
arbitrary path starting from an elastic state in order to ensure that the material
response is stable. If we start from the second-order work term (i.e., choose ¢4
= o3 for the path}; we see that doyde,f > Dis required. Geometrically, it is easiest
to think of do and de as vectors (in 6-D or 9-D space). In such a case, the
condlition that

do-de>0 (7.27)

requires that the vectors do and de have a positive projection on one another
(i-e., that the angle between the two be less than 90°).

Furthermore, from the fundamental definition of flow theory plasticity, the
strain increment direction can depend only on the stress ¢, not on the stress
increment do.® Finally, we require do to have a component outward from the
elastic region such that plastic deformation is induced.? A 2-D) representation of
the situation is shown in Figure 7.11.

¢ For example, consider general fiuid flow, which depends on total pressures, not on dp. The
direction of water flowing in a pipe (analogous to dislocations flowing in a metal) depends onp,
not small perturbations of p.

* A stress increment 4¢ oriented inward {i.e., toward the elastic region) represenis an elastic
increment. Similarly, a do tangent to the yield surface induces no hardening and is also elastic.



7.4 Normality and Convexity, Material Stability 233

6, 46 4q
dg
do deP
do
<4 do
/{gent- da
do

Figure 7.11 Geometry of yield surface and material response vectors for elastic-
plastic cycle.

Our idea of stability (based on strain hardening) requires that 8 be Jess than
90°, for any choice of do that produces plastic deformation (see inset, Fig. 7.11).
However, because the direction of de is independent of do (buf does depend on
o, and thus on f), the only choice for de satisfying these two conditions is a vector
normal te the yield surface f. This choice of de is calied the normality rale or
normality condition. It follows directly from the strain-hardening assumption
and the independence of direction of de and do. Mathematically, the notmality
condition is usually written

dej; = dk%— (7.28)

where dAis an arbitrary constant indicating that the size of de is not determined
by the normality condition. It has been assumed throughout that f is differen-
tiable in the vicinity of o, thus ignoring the special case of yield surface virtices)

Now that we have found the required direction of the plastic-strain incre-
ment, we reexamine the first-order stability condition (in vector form):

~c™)-aef >0 Remembering that o4 is any cheice of elastic stress state, we
can see one choice of o4 and o8 in Figure 7.11. Clearly, the vector (6% ¢4} has
a,negative projection onto de. Thus work can be extracted from this system
{w, <0). Since this is forbidden by stability, no elastic states can be available
outside of the tangent line (shown dashed at ¢%). The only way to forbid this
happening is to insure that the surface { = k be convex outward at every point. A
local convexity is not sufficient because the yield surface could pass through the
tangent plane far away from the o8 of interest if convexity were ever violated.

In summazy, it.is important to note the basis for the foregoing arguments
and to recognize under what conditions the two results might be violated. The
normality condition requires a strain-hardening material and a constitutive law
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with do and de independent. Few materials violate the first assumption lo-
cally,'? but the independence of do and de is a relatively untested assumption
arising from the analogy with fluid flow, and our understanding of single
dislocation motion. It is easy to imagine a plasticity law where deis related both
to o and to do. Of course, if a unique normal cannot be defined (at a veriex, e.g.)
then the strain increment may adopt a range of directions. If normality is
violated, then the basis of convexity is destroyed. Instead, the stability of first-

order work would require a kind of combined convexity relative to de and to the
yield surface. .

4 Find the direction of the strain increment for any principal stress state
(o, 0,, 0,} for a von Mises material. Then, find real strain and stress ratios for three
typical states (with o, = 6): uniaxial tension, balanced biaxial tension, and plane-

strain tension. Finally, write the strain increment direction for any arbitrary
coordinate system,

Starting from the von Mises yield function, in principal stress compoenents, BEq 7.14a:
— 1 ]
o= E[(ci ~ Gy +(0y -3 +{0; —63)2] (7.1-1) -

and applying the normality condition (Eq 7.28} yields:

d‘é.-l -—d;u%"“= ‘“—'{2(51 0'2)‘}'2(0'1 —dg )] (251 Oy —Ug}dl (7.1-2)
- ’ ’
de, = dkgwd—;&{—z(ci —63)+2(6, —03)]={20; ~0; ~03)dA (7.1-3)
w2
dgg -dx-gﬂumd—;‘—[ 26, -—03) 2o, —03)}= (203 -6 ~6,)dA (7.1-4)
3

The result clearly shows that the material volume is unchanged during plastic
deformation {(de;+dey+dez=0). For uniaxial tension in the x, direction:
O} =0,0,=03 =0

dal=26d?!..

1 Macroscopic violations usually involve geometric or thermal effects, such as Luder’s bands,
adiabatic shear bands, and so on.
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de, = - odh or g/ 8 /e=2/-1/-1

de, = - od (7.1-5)

For balanced biaxial tension, 6; =6, =06, 0, = 0

de, = od),

de, = odk or g /8 /g=1/1/-12

de, = -2 odh (7.1-6)
Note that except for a sign change and a change of axis label, uniaxial tension represents
the same state as balanced biaxial tension.

For plane-strain tension, de, = de, dg, =0, dg; = -de:

de, = 0= (26,- 6,) d), 30 0, = %‘— (7.1-7)

and the plane-strain stress ratios are found: 1: »% i)

The direction of the strain increment expressed in a general (i.e. not principal)
coordinate system is found by applying the normality condition (Eq. 7.28) to the general
non Mises yield surface (Eq. 7.14b):

de,y = di 20y, - 0y - 633)

dazz_= dk (20, - oy, - Og;)

deg, = dA {264, - Oy, - Oy}
dan = d?& (6 512)

dey; = dh (6 0y)

de,s = dA (6 0y)
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7.5

EFFECTIVE OR EQUIVALENT STRAIN

Now that we have found the direction of plastic-strain increment, we must
consider its magnitude, |def!. None of the stability ideas illuminate this
problem, which is illustrated in Figure 7.12 for the 1-D case.

hie}

l

.
; ;
4 d EP T
/ ;
; /

de de + gk

Figure 7.12 Relationship between plastic-strain increment and stress increment in
one dimension.

We can see that while the direction of strains is determined by the yield
function (i.e., as shown in Exercise 7.1), the size of the strain increment is
related to 1dg i and h{g), the flow curve. {The flow curve specifies how the
flow stress, or current yield stress, varies with total plastic strain in 1-D
tension.) In fact, deP = do/h”.

Similar to the development for effective stress, we need fo relate multiaxial
strain increments to an equivalent increment in a uniaxial tensile test, (The
biaxial situation is illustrated in Fig. 7.13.) To do this, we invoke the principle of
equivalent plastic work, which means that we set the plastic work done in 1-D
equal to the plastic work done in a general state in order to define the equivalent

or effective strain increment, de&:
GdE =0y de;j =0; de; =01 dey +op dey + o3 deg =0 de 7.29)

where the last term refers to principal axes. This leads to an immediate defini-

tion of d€ in terms of the current effective stress, the siress increment, and the
strain increments, ’

- Oy
dg= —E—'dﬁij {7.30)

However, this form is not useful until we can related€to a change in oy
or de;j alone. For this purpose, we use the normality condition again. Combining
Egs. 7.28 and 7.30 provides an equation for finding d€ in terms of 5 and f alone:

of
~ Gij 58:]—6.:‘\.

dE = ———tuer (7.3
(82
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(2 (&}

Figure 7.13 Two-dimensional yielding and plastic work.

Most of the time, d€ is needed in terms of dey, so that the total equivalent
strain can be evaluated directly from the geometric strain path, without refer-
ence to the stresses involved. Finding this form, dg(dgy;), depends on inverting
the normality conditions to obtain oy = f{ dey;} and substituting into Eq. 7.30. In
general, the inverse normality condition cannot be written explicitly, thus
numerical evaluation is required to evaluate d€ in terms of dey;. This difficulty
has favored the use of certain yield funciions that involve easily inverted
normality conditions.! An illustration of the solving procedure to find de(de;)
is presented in Exercise 7.2.

YRR t Find an expression relating d€ to dg, for the von Mises yield function
usmg principal stresses and strains. Also write this quantitiy for arbitrary (not
principle} coordinate systems, and find an expression relating d¢ to o and dé
alone, and o o £ and dE alone.

The basic equations are as follows:

dE= ,,;_(G]dgz +Gqdes +0des) Equivalent plastic work {7.2-1)

dey = (20, -0y —03) dd
de, = (20, -6; —G3) dA Normality (7.2-2)
deg ={20; -0, ~Gp) dA

We note that the three normality equations are not independent, because de; + de,+ dg,
is identically zero.!? So we subtract pairs of equations to arrive at two independent ones
involving all three strains:

" In fact, the normality conditions need not be fully inverted, but a form suitable for substitution
into Eq. 6.30 must be found to have a closed form dé'(dei;).

# Another way of looking at the probiem is to notice that o, can never be found uniquely from de;
because many states of stress (i.e., those that differ oniy by a pressure term,) areidentical in terms
of any pressure-independent yield function. Hence only differences of stresses, o~ o, can he
determined uniquely. :
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(dEz -'d83) = (302 - 30’3)&1 . (7.2-3)

(de; ~deg) = (30; ~30;3)dA

and rewrite the definition of di by substituting for one of the sirains in terms of the
others; say, dg; = - {de, + de,):

s

E[ot dey +0, dey —03(de; +dep)]

1

dE = o
o

{(o) —0a)de; + (63 ~ 63 )de, ] , (7.2-8)

Then we can substitute the inverse normahty conditions, Egs. 7.2-3, into the defmmon
of dg (Eq. 7.2-1) to obtain

(= (e oy + ey = des)ey

1
=55q j\[del +de,? +dey ] . {7.2-5)

We have found the required form except for the term ©dA, which we require in terms
of dE or dg; to complete the formulation in terms of strain alone. To do this, we
substitute the forward normality conditions into the definition of d€ to find a relation-
ship among dE, dX, and G:

dé:%—[ai (201~ 03— 03)dA+0; (205~ 61~ G3)dh+03 (203~ 01— G3)dA]
§dE )
i =(61 -6 +{0y - 63) +{0y - 03)* = 26°
S0
- (7.2-6)
20

Finally, substituting the expression for dA (Eq. 7.2-6) into Eq. 7.2-5 obtains the desired
resulf:

25

dg=
3GdE

[d£1 +deqy +ds.=.3]
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or

; .
dg = {%[6812 +dey®+ dsaz]}z (7.2-7}

S0 a closed-form solution of d€ in terms of dg, does exist for von Mises materials.
For the case of stress components expressed in a general coordinate system, an
expression equivalent to Eq. 7.2-7 may be derived:

1
dém[«g(ds% +ded, +ded; +2ded, +2ded; +2dsd, )}2

or, some authors prefer to use an alternate expression in terms of strain rates (although
we have assumed that the actual plasticity law is independent of the time rate of
straining):

12 . . . . .
e:[—g—(aﬂ 82, +85; + 280, + 268 426X )]

By simple substitution, it is possible to write d€ in termsof ¢ and A& ifthe I-D
flow cuxve is known. Since

G=h(® and E=h"'S) (fow curve), (7.2-8)
%%‘: “W® o N@=wED]=wh1E) (7.2-9)
Then, a substitution for dA is avaiiable:

dE dc

P TG 7-2-10)

and, from normality conditions:

[de]=[K][o] o (7.2-11)
deg a5 2 -1 -ljjo;
d82 =(-‘-«_—<§——} —1 2 —'1 02 72‘12
des| VTN a]|e 7212
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Note that the direction of de depends only on the direction of 6, while the magnitude
of de depends only on the scalar quantities dG and ©.

However, most finite element programs use displacements or strains as the princi-
pal variables, such that the inverse of Eq.7.2-12 is wanted. Forall incompressible plastic

laws {such as von Mises, Hill, and many others), dg; +de, +de; =0, such that [K] is not

invertible (check that |K|=0). It is sometimes possible to take advantage of some
natural problem condition to invert Eq. 7.2-12. In the case of thin-sheet forming, the
stress normal to the sheet plane is nearly zerc { 55 =0). With this additional condition,
the inverse of Bqs. 7.2-11 and 7.2-12 may be uniquely determined.

‘dey =(20, -6, ) dh (7.2-13a)
dey = (205 ~ oy ) dA {7.2-13b)
OF,
6y =——(2de, +de,) (7.2-142)
3dh
5 = (2de, +de,) (7.2-14b)
2734

which is obtained by solving Eqs. 7.2-13 for ¢, and ¢,. d\ may be rewritten in terms of
£ and dE: ‘

dg  dE

5t m— 2 7.2
TN (7.219)

to complete the desired inversion:

Ty _ Zh(E) 2 1 dt—:l
a1 | 3dE J{1 2] de, (7.2-16)
fos=0, deg=—(de; +dey)|

Egs. 7.2-12 and 7.2-16 are the most convenient forms for interpretation in finite
element programs. Similar forms may be formed for other yield functions.

Equation 7.2-7 shows that the determination of the total effective strain
requires evaluation of a path or line integral:

= 1
B = Y
Aé:j dgﬁ(?_)i’ { (de,? +dey? +d;-:32)2 {7.32)
strain path,

3
&§n from 1 to 2



7.6

7.6 Strain Hardening, Evolution of Yield Surface 241

The plastic of the equation, with strain increments squared, indicates that
all changes of strain cause an increase in £. Thus, for example, two paths
originating and terminating at the same geometries can cause different changes
in g, and a strain path originating and terminating at the same geometry will not
produce a zero change in €. The behavior of E (or G, which is directly related to

Ghy G =h(E}, as measured in a tensile test) follows observation: the hardness of
material increases with all straining, even for a stretch and compression back to
the original geometry.

. Find the effective strain for a general proportional stress path where
gy =og;andey =P eq.

We substitute the known path into Eq. 7.32 to obtain the immediate resuit:

i 1

=.(2 R S ST INAT) -
Aam(3) J’D (cj.c_E +o2de? +de?) (7.3-1)
1
=2 5{1+a2+§32)§"j“§‘§de| (7.3-2)
3 o 1 '
1
AE= [%(Aa,z +ae,? + Ae32)]2 {Proportional path) (7.3-3)

STRAIN HARDENING, EVOLUTION OF YIELD SURFACE

Qur discussion of plasticity, in particular the von Mises yield function, has not
explicitly mentioned models of strain hardening, or how the yield surface
evolves with straining. In fact, the foregoing discussion presumed that the yield
function was of the same form except for its size, which increased correspond-
ingly to the flow stress in a tension test. This idea, known as isetropic harden-
ing,® was implicit in our definitions of effective stress and effective sirain,
where we assumed the basic form of the yield function wasidentical at each time
except for the parameter G, which set its size, The conceptual view of isotropic
hardening is presented in Figure 7.14a. Only a single parameter ( §, for example)
is needed to describe the yield surface completely.

The other standard and simple concept of hardening, called kinematic
hardening, is illustrated in Figure 7.14b. In kinematic hardening, the yield

i The term sotropic hardening is a poor one because it suggests a connection with isotropy, which
is not the case. Instead, isotropic hardening means that the yield surface remains the same shape
and has the same origin during hardening, with only the size changing. In a general sense, this
involves an isofropic expansion of the yield surface.
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surface size and shape remain constant, but the location translates according to
the current stress vector, ¢.14 Basic kinematic hardening also requires only a
single parameter, in this case a tensor, that describes the current origin of the
yield surface. Kinematic hardening is mainly of interest in cases where a

{a} Isotropic hardening b Ki tic b ing {zJ Combired hardening {4} General hardening

Figure 7.14 Various conqeptual maodels of strain hardening where £, {,, and {, are
sequential yield surfaces as straining progresses.

Bauschinger effect is important; for example, when abrupt reversals of strain
path take place, and one wishes to simulate the small-strain behavior (¢ = 0.07)
immediately following such a change. Since this is not the usual situation in
metal-forming analysis, where the strain paths are generally monotonic and
we are concerned with large strains, kinematic hardening is seldom used for
this application.

Figure 7.14c shows schematically a combination of isotropic and kinematic
hardening that has been proposed by several authors. Itis possible to make such
hardening laws guite general by various kinds of scaling between the two
components of hardening and the relationship to applied stress and strain.

Figure 7.14d illustrates the most general case of hardening, where the yield
surface evolyes in a general way. In this general case, the current yield surface
could depend on the entire strain and stress history starting from an initial yield
function. Experimental measurement of such general hardening is clearly a task
of astronomical proportions given the range of strain and stress paths that would
require probing {each with a new, identical specimen!). However, crystal-based
plasticity calculations lead to general kinds of evolutions that can then be tested
against a limited number of experiments for calibration and verification.

Note: Unless otherwise specified explicitly, we shall always assume that
_ materials harden isotropically, and thus that a single hardness parameter
() is sufficient to describe the evolution (size} of the yield surface.

" However, more complicated versions of fhe general kinematic hardening approach have been,
propased. In these cases, the yield surface may translate-according to a complicated function of
siress and strain, the only requirement being consistency; that is, that a hardening increment of
stress lies at some location on the new yield surface,
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7.7 PLASTIC ANISOTROPY

A discussion of the most general forms of plastic anisotropy is beyond the
scope of this book because these general forms have seldom found practical
application or verification under forming conditions. (See, however, Chap-
ter 8, which provides an introduction to general forms of anisotropy based
on crystal plasticity.) A few particularly simple yield surfaces have been
used widely, mainly in sheet-forming analysis, where a natural set of mate-
rial axes exist in which to express anisotropy. Figure 7.15 shows the conven-
tional sheet material axes, related to the rolling process used in making the
sheets, The rolling direction (RD) is often taken as x,, the transverse direction
{TD) is taken as x,, and, conventionally, the through-thickness direction of
the sheet is x;

b!x >

Roll

Figure 7.15 Sheet rolling and conventional material directions.

Hili’é Quadratic Yield Criterion

The most widely used anisotropic yield surface is known as Hill's qua-
dratic yield function, or Hill's 1948 yield criterion,s which may be expressed
as follows:

£{6) = F(o, - 03)% + G(o; -63)% + Hloy —0g)° {7.33)

where F, G, and H are constants and the subscripts 1, 2, and 3 serve two
purposes: o, are the three principal stresses, whose vectors are supposed to be
parallel to x;, where x, = RD, x, = TD, and x; = thickness direction (as shown in
Figure 7.15).

** R. Hill, Mathematical Theory of Plasticity, (London, Oxford University Press, 1950) Chapter 12.

ATILIM UNIVERSITY
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This means that Eq. 7.33 can be used only for problems where the principal
stress axes are always parallel to the material anisotropy axes.1® Equation 7.33
was constructed primarily to account for the fact that sheet tensile tests are
known to exhibit anisotropy such that the lateral strains are not equal. We will
show how the constants F, G, and H are fit to such data. Note that Hill's
quadratic yield function is pressure-independent and does not allow for a
Bauschinger effect.

We proceed to derive the necessary equations for Hill’s quadratic yield
function following the procedures introduced for the von Mises yield criterion.
Let’s first define the effective siress in terms of a tensile test along the RD (x,)

direction, such that 61 =8, ¢, =03 =0:
f=EO-07+G(E-07 +HE -0 =(G+H) §° (7.34)
such that the yield condition becomes

522653(52"“3)2‘“

(0q ~03) + (0, - 0y)* {7.35)

G H
G+H G+H
The choice of tensile axis will change the definition of ©.

Using the normality condition (Eq. 7.28), we can solve for the strain ratios
in two equivalent ways. In the first approach, proceeding as we did for von
Mises yield, we consider the yield function in arbitrary form (Eq. 7.33) and find
the normality condition with arbitrary dh:

de; = di[G(o) —03) + H(o; ~03)} (7.36a)
de, = dA[F(op —03) - Filo; - 03)] (7.36b)
dE3 = dl[—F(G‘Z "G3)‘G(G’j -“03)] {7.36¢)

In this approach, we calibrate for dA by consideration of the equivalent
work definition of effective strain increment, d€, using Eq. 7.2%:

1t is possible to use Eq. 7.33 in approximate form by ignoring the dual nature of the subscripts,
instead only originally orienting these directions approximately paraliel and then following the
principal stress directions wherever they may lie. Alternatively, it is possible to construct
generalizations of Eq. 7.33 in terms of arbiltrary ¢, expressed in x, (anisotropy axes) such that
when the principal axes coincide, the original form is recovered. Hill's original form includes six
constants when the principal directions are not coincident with symmetry axes x, y, and 2:

£(0) =Flo, 6,0 +Glo, -0, + Hlg, — 6, + 2Ly, + 2Mt,, 7 + 2Nt 2
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Gd-ﬁ-:(ﬁi d‘&l +G dﬁz +0y d€3
and substitute Eqgs. 7.36 for the strain increments:

GdE
da

=061[G(o; ~03)+ H{o; —6,)] + 6,[F (03 — 63) - Hlo — o)+

O3 ["'F(G‘g - 0'3) - G(G; ~ 03 }] {737}
The right-hand side of Bq. 7.37 can be rearranged algebraically to obtain

GdE

o= Flop -03) +Gloy —o3) + Hio; - 0,) (7.38)

which is simpilified using the definition of equivalent siress, Bq. 7.35, to find d:

-‘g—e =(G+H)E? (7.39)
1 dg of
di = m%‘ (fOE' dEi’- = Ed?\‘, Eqs. 7‘37} . {7‘49}

The specific normality conditions can then be rewritten without the undeter-
mined constant di:

_ 1 dg :
T [Gloy ~03)+H(s; - 0,)] (7.41a)
— 1 de
g8, = s [F(oz~03)-H(o1 - 0,)] (7.41b)
_ 1 dE

Equations 7.41 can be obtained more elegantly by starting from the yield
function written in terms of the effective stress such as Eq. 7.35. In general terms,
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G =0(0y) (7.42)
Then the normality conditions are derived using equations of this form:
96

dﬁij = “aB—l}—dl (7.43}

and the definite form of di can be found by considering the stress state that

defines @ uniaxial tension in our case. For x, tension,o; = §, other o; = 0.
Then the equivalent plastic work definition of d€ is used to find di:

JG

Gde = G d By = O 5 3o, d?» (Eq. 7.29)
e w00 — . .
GdE = G-éma—dl =8dM\ (uniaxial tension) (7.44)
dh=dF (for dey=—2-dh) (7.45)
3Gij

Note thatin deriving Eq. 7.45, we did not consider any particular form of the
vield function. In fact, it is true for any yield function written in terms of

G E(Gij). Equation 7.45 lets us express the normality condition without arbi-
trary constants:

a6

oy

de ij =
iy

de ' (7.46)

Eguation 7.46 may be used directly to define the normality conditions
without an arbitrary constant for Hill's quadratic yield function, as illustrated
in the following exercise.

Find the nonarbitrary form of normality conditions for Hill’s

quadrat:c yield function directly from the yield function written in terms of
effective stress.

To derive the required result, we could rewrite Eq. 7.35 in order to find the desired
form, E:ﬁ(c;j): '
1
2 12
o1 — O 74-1
o1-0%] 7.4-1)

(0'1 —63)2 +

- [ F e, G
G—[G+H(0'7_ Gy) +G+H
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and then differentiate according to Eq. 7.46. However, it is more elegant (and much
shorter in writing) to do the first manipulation symbolically:

§” =floy), where fis the RIS of Bq. 7.35 (7.4-2)
535
Bc;j aﬁij (74'3)
a5 _ 1 o
50, —— =z 7.4-4
© aGij 26 805]- ( )

Now, we can obtain the desired form simply:

1

T E[6(01-09)+Her -0y)] (7.4-52)

dey = e LG, - 655) - Higy ~ )] (7.4-5b)
PTG 3 1

des == - F(o; ~03)~G(0; - 63)] (7.4-5¢)
PTG © 2703 1

- Inspection shows that this result is identical to Egs. 7.41, which were derived from
. the general form of f and then calibrated to uniaxial tension.

"To complete the derivation of the general expressions needed for Hill's
-quadratic yield function, we obtain the associated flow law form from the
normality conditions:

dﬁ-i dﬁz d£3
G(61m03)+H(61w62) Floy—~03)~H(o;—0,) ~Floy—03)-Glo;—63) (7.47)

by equatmg di among the three expressions in Eqs. 7.36, or equating d among
‘three expressions in Eqs. 7.41.

The final, and usually most difficult, stép in applying a vield criterion lies
iving an expression for dt in terms of de;. We begin by rearranging the
ifi¢ normality conditions (Egs. 7.41) to find stress differences. To do this, we
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simply multiply each of Egs. 7.41 by the constant that does not appear in the
brackets and then subtract, obtaining

I A

%270 = Ee s T s G dE ooz~ Hdes) (7.482)
_ (G+H)T

01708 T G R £ Gip s o~ Fldea) (7.48b)
N (G+H)o _

0152 = GG P+ GEydE L e~ e {7.48¢)

We then substitute these into the yield condition in terms of &, Eq. 7.35:

2. [ ©mE §
(FG+FH+GH)dz

H
G+H

[L (Gde, - Hdeg)? + G

Fde, — Hdes) +
G+H S Tae - Hdes)

(Fde, —Gdéz)z] (7.49)

which reduces to the desired form:

Ge2 = {G+H)

= NG Teicde, —Hde,)? + G(Fds, ~ Hde,)? + H(Fde, — Gde,)?
(FG + Fii+ GH) [FGae 3" +GlFdey a)” + e, 2]

(7.50a)

or

- (G+H) 2 0 2 el ,
a7 =—— 2t TR2AG+H)de,? + GHF + Hde,? + HE(F+ G)de

(FG + FH + GH)* [ L 2 3 ] (7.50b)
Fitting Hill’s Quadiatic Yield Funciion to Experimental Data

In the foregoing, we derived the most important equations related to Hill’s
quadratic yield function, as expressed in principal stress axes lying on the
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material anisotropy axes, Eqs. 7.35, 7.41, and 7.50. However, it remains to find
a connection between the undetermined constants F, G, and H, and measured
material behavior. {Or, for the more general form where principal axes do not
coincide with material symmetry axes, it is necessary to find six constants: F, G,
H, 1, M, and N.)

While this fitting could take place by measuring yield stresses in various
directions and under various states of stress,l” this procedure is seldom fol-
lowed. Instead, F, G, and H are usually found indirectly, via the normality
condition, by measuring strain ratios in tensile tests.

Consider first an RD (x,) tensile test, as shown in Figure 7.16. We introduce
the conventional plastic anisotropy parameter, 7, for characterizing strain
ratios in sheet tensile tests:

_ buewidthstrain _ Eiqm (7.51a)
true thickness strain  €y0pess -

(Sheet)

Tensite axis

Thickness direction ~dee Width direction

¥D tensile test

Figure 7.16 Orientation of conventional sheet tensile tests

Note that r is equal to 1 for an isotropic material {(von Mises or otherwise)
because the width and thickness directions are unloaded and are thus equiva-
lent. The strain ratios for the two tensile tests shown in Figure 7.16 are distin-
guished by the direction of the test:

IRD =1 = (7.51b)

Tp = 1y =Ty (7.51c)

where subscripts 1 and 2 refer to the conventional axes x, and x, (Fig. 7.15), and
" @ and 90 refer to the angle (in degrees) that the tensile axis makes with the RD.

¥ See, for example, W. F. Hosford and R. M. Caddell; Metal Forming Mechanics and Metillyrgy,
{Englewood Cliffs, NJ: Prentice-flall, 1983), pp. 266-269.
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We can find the relationship between the plastic anisotropy parameters
{(rpos Typ) and Hill's constants (F, G, and H} by considering the normality
condition, Eqs. 7.41, of standard tensile (or compression) tests in RD and TD:

RD: ’ 01 =0, 0’220’350

pp =00 o2 o (7.52)

T - Go =0, 01”—=Ua=0

rpp=——widh .. (7.53)

Substitution of these relationships (F = rpp, G = 1, H = ryptyp) into Eq. 7.35
obtains Hill's quadratic yield function in terms of the plastic anisotropy ratios:

32_

~ rrpfl+mp) [!RD(GQ ~o3)" +rip(0y ”“3)2 +rgprrp{o] ~ 52)2] (7.54)

This is the form most frequently used with this theory. The other important
equations for Hill's quadratic yield function may be written directly by substitution:

Normality:
de xéim—l—-—-[%(cl—os)mm(oi—sz)] (7.55a)
S rp(1+ o)
de, = g——iw[ram(oz ~03)~Ixpt(0: ~ 02| (7.55b)
8 rep(1+1Rp)

deg = é?. 1 )(—rm;(cz ~63)~rrp(o; ~03)) (7.55¢)

§ rp(l+iRp

de?= [ rrp(1+ 2xp) .
| (oD +2w0rrp + 1RDPID?)
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3 2 2
{TRD(TTDdﬁz —rpptpdes)” + trp{mrpde; —Irprrpdes) +rprep{trpde; —rrpdes) ]
(7.56)

Normal Anisotropy and Plane Stress

It is frequently convenient to analyze sheet-forming operations under the
assumption that all directions lying in the plane are equivalent, whereas the
through-thickness direction has different properties. For example, in mem-
brane- and shell-finite elements, the through-thickness direction is treated
specially anyway, while the in-plane directions are indistinguishable except by
material properties. This is a special case of orthotropic symmetry known as
normal anisotropy, where “normal” refers to the direction perpendicular to, or
normal to, the sheet plane.® )

In terms of Hill’s quadratic yield function, this assumption is equivalent to
setting ryp = Ipp = 1, where 1 need not be equal to 1 because of the different
properiies through the thickness. In fact, nearly all sheet materials exhibit some
anisotropy in the sheet plane, so some kind of averaging is needed to find a value
of r typical of all sheet directions. Exact averaging would involve an infinite
number of tensile tests, equally weighted by tensile direction:

9 = 360°
T J. 1, 40 (7.57)
8=

which is, of course, impractical. Usually three directions are probed within a 90°
arc (if orthotropy is accurate, this range represents 360° by symmetry) to obtain
Yppe Type and 1. In order to weigh these results equally by the angle repre-
sented,!® the average plastic anisotropy ratio is

- I+ 21’45 +Igg
4

43

(7.58)

A second parameter indicative of the degree of planar anisotropy is also
frequently quoted:

Yol 25
2

Ar (7.59)

which isa measure of how different the 45° directions are from the symmetry axes.

# Anisotropy in the plane of the sheet is sometimes called planar anisotropy.

19 The 45° tests represent an angular range of 45° whereas the RD and TD fests represent 22.5° each
because these ditections le on the symmetry lines. Consider a full range of 360" to convince
yourself that this is the case.
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Hill’s quadratic yield function is most often used in normal anisotropic
form because of the convenience it introduces in the analytical procedures. The
important relationships are easily derived by setting xppy =1 =1

Yield:
— 1 2 2 2
G = ) [(02 -03) +{o1~ 03} +r{o; - 53) ] (7.60)
Normality:
dg 1
dgl :.—g—m[(ﬁ] —0'3)'!'!'(61 "52)} (7.618)
de 1
deg = %—m[(csz -63)~r{oy mcz)] {7.61b)
dge 1
deg = e e (G — Ty I~ (65 —
875 (l+r)[ (52-03)~ (0105 7.61¢)
Effective strain increment:
- 1+71) 2 2 2
dg? =t dey —rdes)” +{dey —rdes)” +r(de; -de _
piYD [(de —retes ) +(dey - rdes)? +r(des ~dey)’] (7.62)

While some sheet-forming operations rely on compression through the
sheet thickness {rolling and ironing are common examples), press forming of
sheet metal parts is conducted by tension in the sheet plane and virtually no
loading through the thickness. Therefore, Hill’s quadratic yield function (and
many others for sheet metal forming) are often written under the assumption
that o, = 0; that is., that a condition of plane stress exists throughout. Similarly,
it is convenient to eliminate de; from the equations by the plastic volume
constraint {de; = — dg, — ds,) for press-forming applications because the strains
in such operations are measured from grids printed onto the sheet surface. See
Chapter 17, for example.

Under plane-stress conditions and normal anisotropy, the important equa-
tions for Hill's quadratic yield function are as follows:

Yield:

=2 2 2 2r
G Gt + 0 [o IS 3 7.63
( 1 2 1 1 2] { )
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Normality:
dg T
dey =——| Gy — v 7.63
1 0[3 Hrﬁz) (7.63a)
dg
dE‘.z = "%"“(02 —ﬁ 0'1) (7.63b)
48
degg = m——r{~0; ~ 7.63
3 3(1“1"1")( O3 62) ( C)

Effective strain increment;

2
di? = g : 2) [dalz +dey? + }_i{_ deq daz} (7.64)
¥

Nonguadratic Yield Functions

It is possible to generalize Hill's quadratic yield criterion to general expo-
nents:

F102—03|M+GIG'1—G’glM'l'HiG;—Gle (7.65)

where the absolute values are necessary for definition of the quantities for
noninteger M when 03 <63, 01<03, 6;<03. The motivation for making
such a generalization arose from numerous experiments that showed that the
quadratic form often did not fit yielding in plane strain or balanced biaxial
tension. As shown schematically in Figure 7.17, fitting the yield stresses and the
strain ratios from tensile tests often did not assure a fit away from these strain
states. By adjusting the exponent in Eq. 7.65, it is possible to fit a wider range of
experimental data.

At least three authors seem to have pmposed yield functions of the general
type of Eq. 7.65, either motivated by experimental results like those shown in
Figure 7,17, or by crystallographic calculations that produced yield loci differ-
ent from quadratic representations. We will mention all three briefly, eachin the
normal anisotropic form that has been most tested.

. Hill introduced several plane-stress variants of nonquadratic vield, only
one of which, case IV,?® has received much attention:

® Hill’s nonguadratic yield function, case IV, was first presented by Melier and Parmer:
P. B. Metior and A. Parmer, Mechanics of Sheet Metal Farmmg, {New York, Plenum Press, 1978):
p-53.
A. Parmer and P. B. Mellor, Int. [. Mech. 5¢i. 20 (1978): 385.
A. Parmer and P. B. Mellor, Inf. J. Mech. Sci. 20 (1978): 707 and was later presented in more
general form by Hill directly in R. Hill, Math Proc. Camb. Phil. Soc. 85 (1979} 179-151.
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£=kiog —opfM +]oy + o™ (7.66)

Following the procedures outlined for quadratic yvield functions, and
restricting our attention to the first octant,” where 6y 26, 20 the follow-

ing important equations can be derived (see also problems at the end of
this chapter):

Effective stress:
M 25tT1 e M 1 M
g 20T (o1 -02) +—-—»~»2(}+r) {o1+03) (7.67)
Normulity:
dg | 2r+1 M-1 1 M1
dey =~ -
D e L e CRER i IS
de, 2e+) (o102 M4 =L (0 40 7.68b
"M‘ (1+r) L 2(r+1) _1 z (7.68b)
o, 4 .,
0té @ 4

.
Quadratic L 4 / Nonguadratic
Yield Fenction L] ° Yietd Function
|
®
Experimentat —< Experimental
Data Data
~ » . <,
-t -r
1+r 147
¥

{a) b
Figure 7.17 Schematic representation of quadratic and nonquadratic yield functions

fit to experimental data.

# Other cctants can be considered separately to construct the full range of application, thus
avoiding difficulties in handling the absolute values of Eq. 7.66.
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d€ 1 M1
den =t |1
€3 BV [ Tor (51 +63) ] {7.68¢)

Effective strain increment:

M-1

. M

A1+ )M 1 o |

12( 21’)] ; )_1__ (&1 —&g) M1 4 (g +ey) M- (7.69)
+ 1M1

. Hosford® introduced a plane-stress yield function inspired by crystallo-
graphic calculations of polycrystalline yield functions, which showed varia-
tions similar to those depicted in Pigure 7.17. The vield function has the form

= 1 M M M
M e (]cll +loaf " +rloy ~ o ) 7.70)

where the recommendation is to use M = 6 for metals with body-centered cubic
crystal structures, and M = 8 for metals with face-centered cubic erystal structures.
Conveniently enough, use of these even, integer powers for M allows the elimi-
nation of the absolute value signs. As with Hill's nonguadratic yield criterion, it
is convenient to consider only the first octant 64>065 >0 and to extend the
computations to other octants as necessary. The normality equations are

dg _ M-1
de, = W [GIM Lir{o;—o,) ] (7.71a)
dg - M-1
ey =S o247 -x(0r - 02" (7.71b)
_ dé M-1_ . M-1
d£3 = m i“‘ﬁi -y } (7.71(.')

and there is no closed-form expression for d€ in terms of de; and de,. The lack
of an explicit function for dg (d&) may impede the testing and acceptance of

W, F. Hosford, 7t Int. North Amer. Metalworking Res. Conf. Proc. (Dearborn, Mich., SMFE, 1979}
191, and R. Logan and W. F. Hosford, Ink. [. Mech. Sci., 22 {1980): 419430,
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yield functions such as Eg. 7.70, but simulations have shown that there is
virtually no computational penalty for finding d€ numerically.

The last nonquadratic yield function to be mentioned here is attributed to
Bassani:»

f=loy+ 0o +klog ~ oM 7.72)
Equation 7.72 can be written in terms of effective stress as follows:
N ek gM =loy + dth +kjoy ~02{M {(7.73)

and the normality conditions can be derived directly, again assuming that
o1 >a, > 0:

de =g [NV kM 3“‘1]'1 {N (o146, T+ MK (0, ~ GZ)M*] (7.74a)

-1 - "
dey =dE [N AR EM"I] [N (o1 +02)N " Mk (67 - 0™ "] (7.74b)

deg =-dg [NV mk M| [ZN(01+02)N"1] (7.74¢)

Consideration of the strain ratios in a sheet tensile test reveals that k must take
a particular value in Eqs. 7.72-7.74:

N--1

N2e+1) 55 (7.75)

M

k=

s0, either k or r must depend on effective stress or strain for this function to
have meaning,.

CHAPTER 7 - PROBLEMS

A. Proficiency Problems

1. What is the meaning of stress states lying outside of the yield surface?

1. L. Bassani, Int. . Mech. 5¢i.19 (1977): 651.
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2. Aresearcher has found a way to measure the yield surface of sheet metal
rapidly and automatically. He inserts a sheet into a biaxial testing machine
and loads along proportional paths until, while he measures sirains in the
two directions, he obtains the 0.2% offset strength. Then he unloads,
chooses a slightly different ratio and does the same thing, until he has
generated many yield points. Criticize this procedure.

3. Critically evaluate the yield functions presented below in terms of
isotropy, pressure-dependence, and existence of a Bauschinger effect.
Demonstrate your results. Why would you choose to use each yield
function?

a. Hill’s quadratic yield function (1948)%:
f=F (o, —03)° +G{o; —03)% + H oy —0y)*
b. Hill’s non quadratic yield function {1979):
M M 114
fz}*‘loz —G3| +G iG'l "-Ggl +H|Gl ’“52'
¢. Bourne and Hili% {g; = 0, not principal axes):
f=30,% ~ 60,70, ~60,0y% +40,° +(40x +2lcy)oxy2
d. Drucker?
f={],)-c{J;'¥, ¢=constant

e. FEdelman and Drucker?®
1 s P F P . M . .
f= 3 G (0"~ Mej Moy —Mey ), Cijkt, M = constants;

g;" = plastic strain

f. Gotoh® (o;=0):

f=Ay (o, +0,)t +A1 0,1+ Ay 0,00y + A3 6,70, + A4 6,0,° + A5 6!

+{Ag 0,2 + Ay 06,0, +Ag 6,2) 05" + Ag o, A = constants

# R Hill, The Mathematical Theary of Plasticity, (Clarendon Press, 1950), 318,
R. Hill, Proc. Roy. Soc. 198 (1949): 428,

B R, Hill, Math. Proc. Camb. Philos. Soc. 85 (1979), 179.
P.B. Mellor and A. Parmar, in D.P. Koistinen and N.M. Wang, eds,, Mechanics of Sheet Metal
Forming (New York: Plenum Press, 1978}, p. 67.

# L. Bourne and R. Hill, Philos. Mag. 41 {1950): 671.

7D, C, Drucker, . Appl. Mech., Trans. ASME 16 {1949): 349.

B Y Rdelman and D.C. Drucker, J. Franklin Inst.251 (1951): 581,

2 M. Gotoh, Int, [. Mech. 5ci. 19 (1977): 505.
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g. DBassani® (o, = 0):

f=|o, +csz +(1+20k|oy —_GﬁM',

1, k, M = constants

h. Jones & Gillis® (o; = 0):
2
f=050 64"ty 0xOy +013 Ox Oxy + 22 Gyz 23 OyOxy +c33c$xy2,

¢, = constants

i Gupta® f=.],’ —ofy,
o = constant
4. Write the yield fiinctions in Problem 3 in terms of the following definitions
of effective stress: -
a. tensile test in the x, direction, G =0,
b. tensile test in the x, direction, =0,
¢. balanced biaxial test, 6; =05 =G
d. shear test, same principal axes, o1 =8,0,=0

5. Derive the normality condition for each of the yield functions in Problem
3. For parts d, e, and i, assume the axes are orientedd for principal stress.

6.  Assume that 6;;=0and that we are working in principal axes for each yield
functions a-d and g in Problem 3. Letting & = 65 / 63 and B =de, /dey, find
expressions for a(p) and for B{a).

7. Construct a full set of useful equations for the following plane-stress yield
functions (assume o, = 0). Useful equations include the yield function in
terms of &, the associated flow rule, the normality equations (forward and
inverse), definition of dX in terms of Gand dE, d€ in terms of de,, de,, and
de,, o), and B(c); where =05 /o and B=de; /de;, o=0.

a. von Mises:
f=(o] - 6)* +(01 — 63)* +{0y — 530
b. Hill quadratic:
f=F (05 ~03)2 + G (07— 03)° + H (o ~05)
21 L. Bassani, al. ]. Mech. Sci. 19 (1977) 6'51.

* Jones and Gillis, unpublished.
Y M. Gupta, Acta Metall, 25 (1977): 1509,
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¢. Hill normal anisotropic: modify function b such that the %3 and X,
axes are equivalent, and the strain ratio de,/de, in an & tensile testis
r (X3 is the sheet-thickness direction).

d. Hill nonqguadratic (case IV):

f=0+2nlo; ~ GziM +loy + 0'2}M

(You may restrict your attention to one octant, where 6,> 6,> (.}
e. Bassani 2-Ix

f=los+ GZIN +(1+2r0klo; ~ GZIM

Verify that Egs. 7.21 represent the von Mises vield function when balanced
biaxial tension and pure shear are used to define the effective stress.

Consider the strain paths A, B, and C shown in the following figure. Each
path begins at £,= £,=0 and ends at = 2, £,=1

£
2 22
¢,
¥
2.1
fo0
©,0 8 w2 L.

Find the effective strain for each path using the following yield functions:

von Mises

Hill : orthotropic, quadratic  ({rgy, = 2, 1 = 1.5)
Hill : normal quadratic (r = 1.75)

d. Hill: nonguadratic  {r=1.75, M = 2.5}

nowow

Assume that the tensile siress-strain curve for a standard material is
known to be

& = 500802 (MPa)

Consider a plane-strain tension test where x; = RD = principal tensile axis,
x; = TD = zero strain direction, and ¢; = 0. Use the yield functions in
Problem 9 and find G, as a function of e, for this fest. (First find the ratio
o,/ 0, for plane strain tension.) Does the work-hardening exponent de-
pend on the form of anisotropy?



260 Chapier 7 Plasticity

11.

12,

i3.

14.

15,

Repeat Problem 9 for a balanced biaxial test where 6, = 6,, and 6, =8. Also
find the strain ratios for each case,

Plot the first quadrant of the yield functions in Problem 9.

By plotting, show how r affects Hill's normal quadratic yield function.
Take valuesof r = }2-—, r= 1 {von Mises), r = 2, 1 = 4 for illustration.

By plotting, show how M affects Hill's normal nonguadratic yield func-
tion. Forr = 1, take values of M= 1.5, M =2 {(von Mises), M =4, and M = 10.

Compare the form of Hill's normal nonquadratic vield function and
Fosford’s yield function by assuming that r = 2 and finding M in each case

such that o, (balanced biaxial tension) is equal to 1.1 G (uniaxial tension).

B. DEPTH PROBLEMS

16.

17,

or

Ithasbeen proposed that the direction of the plastic-strainincrement, g, isnot
always normat to the yield surface. Instead, the proposer suggests that dg is
intermediate in direction between d&™, thenormal direction, and d&, the stress-
increment direction [ie., d&= 0 d™ +(1-0) d6, where o = 0—1]. Criticize
this model in terms of stability arguments.

It is convenient to introduce factors that can be used to multiply the

effective stress or strain to obtain the stress or strain in a given state. For
example,

6,58 = F_BB) 5

ElBB . FE(BB) g

might be used to find the in-plane strains and stresses in balanced biaxial
tension {BB) for a given vield function at a given hardness of E, ©.

a. Show that F_ and F are constants with respect to strain for a given yield
function when isotropic hardening is obeyed.

b. Find the specific values of F ™ and F 8 in terms of r that relate plane-
strain tension to uniaxial tension using Hill’s normal quadratic yield
criterion.

¢. Repeat partb for Hill's normal nonquadratic yield function, finding F
and F, in terms of r and M.

d. Whatis the special relationship between F_Ptand F 9?7 Why does this
relationship always hold?
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In view of results from Problem 17, what can you say about the complexity
of yield function that would be required to account for the following
observations? (Assume only normal anisotropy.)

a. In uniaxial tension, o, = 500 ¢,0%
In plane-strain tension, o, = 600 £,9%
b. Same as part a, but r = 2 from the tensile test

In uniaxial tension, o, = 500 g%
In plane-strain tension, o, = 600 9%
r=2

Various authors have attempted to introduce work-hardening parameters,
particularly to compare various sirain states, or to compare material
hardness when true strain is unknown. Here are three such gquantities:

(ga;) d6 |  dng £d5) _ dIng
g 6dE dg ’ 5dE)  dinE

Based on your knowledge of isotropic hardening and results from Prob-
lems 17 and 18, which of these do you think is most suitable for comparing
hardening in various strain states?

C. NUMERICAL PROBLEMS

20.

Consider several closed strain paths represented in the foliowing figure
and find the effective strain at the end of each path by numerical integra-
tion of each law:

a. von Mises
b. Hill : orthotropic, quadratic (rgp = 2, trp = 1.5)
¢. Hill : normal quadratic {r = 1.75)

d. Hill : nonquadratic (r = 1.75, M = 2.5)
Assume that all the strain is plastic.

Z
2 .
2,1 A A 210
o ) /
o
- yal .

H \‘_‘V/
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2%,

22,

Repeat Problem 20 for the following yield functions, for which no explicit
function of d€ in terms of de, exists.

a. Hosford (r=175M=¢6)
b. Bassani (r=175,N=2 M = 4}

Consider the material triangle defined in Chapter 4, Problem 16. Find a
matrix expression for the forces applied to each corner of the triangle in
order to deform it plastically such that small displacements Aa, Ab, and Ac
occur at each corner. Assume a unit thickness of material and start in terms
of principal true strains £, and &, {In A, and In A,}. You may wish {o use an
equivalent work principle or make other approximations and assumptions
about how the stress felt by the triangle relates to the forces applied at the
corners. Consider the yield functions in Problem 9.



8.3

- Lrystal-Based Plasticity

In this chapter, we provide the basic framework necessary for deriving plasticity

‘laws from crystallographic slip in metals. The ideas are by no means new, but

recent advances in digital computation and automated texture analysis have
made it possible to test predictions of these models against experiments that
measure the evolution of texture and yield surface. Continuum plasticity mea-
surements require unmanageable numbers of experiments in order to derive
closed-form treatments, with the result that hardening was usually treated with
very simple ideas such as isotropic hardening or kinematic hardening. More
general evolutions simply could not be tested adequately.

The first sections of this chapter serve another purpose: to introduce upper
and lower bound methods in plasticity. Like the slip-line field method outlined
in Chapter 10, simple appiications of upper and lower bound methods are
usually limited to very simple geometries and thus must be implemented in a
more elaborate numerical scheme for exact analysis of general forming opera-
tions. On the other hand, simple applications of these methods can provide
physical insight that more elaborate numerical methods sometimes lack, and

- they provide a historical perspective of how many problems were solved before

the advent of high-speed computation. In fact, the upper and lower bound
methods will be used later in this chapter to develop important elementary
concepts about erystal slip.

BOUNDS IN PLASTICITY

The upper and lower bound theorems in plasticity permit estimates of the
criticalload to plastically deform material. Bach requires some estimate of either
the deformation mode or stress state associated with the yield state, and each
assumes that the material is rigid-perfectly plastic, has a convex yield surface,

! Chapter 8 was contributed by Peter M. Anderson, The Ohio State University.
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and obeys normality. Despite the material restrictions, these theorems provide
a powerful analytic tool on which numerical methods in plasticity are based.
They will form the basis for estimates of macroscopic stresses required to yield
crystals and polycrystals, as discussed in Sections 8.3 and 8.4 The bounds
presented in this section are discussed in more detail by Calladine.?

According to the lower bound theorem, if one finds a distribution of stress
that

1. satisfies the equations of equilibrium,
2. balances known external loads, and
3. does not violate the yield condition anywhere,

then the external loads required by the proposed stress field will be carried
safely by the material. Equivalently, any stress field that meets the above
conditions provides alower bound to the actual collapse loads. Clearly, the best
lower bound is produced by the actual stress field. Typically, that field is
difficult to find because it not only must satisfy the three conditions above, it
also must be related to a compatible deformation field. The utility of the lower
bound theorem is that reasonable estimates of loads to yield a material or
structure (i.e., collapse loads) can be determined from relatively simple, ap-
proximate stress fields that do not satisfy compatibility.

The lower bound theorem can be proven by considering a volume, V, of
material with a surface, 5, on which a distribution of force per area, or traction
T, is acting. The actual collapse stress field, ¢, and traction, T, must satisfy
conditions (1) and (2) above, so that Gy = 0 everywhere in the volume; and the
stress state just under any surface location mustbe related to the traction by o.n,
= T, where n is the outward normal to the surface. (Note: Unless noted
otherwise, repeated indices imply summation over that index, from 1 te 3. For
example, Tdu, = T,du, + T,du, + T,du, Further, T, = oT./ axj.) Purther, the
incremental strain, de, must be compatible, and this requires that de, = = (du,,
+ dy, ) must hold at every point in the volume, where the displacement incre-

ment du is single-valued and has well-defined derivatives with respect to
position. Under such conditions, the principle of virtual work states that the
incremental work that is either dissipated plastically or stored elastically inside
the body {the internal work increment, IW) must egual the external work
increment (EW} done by tractions on the surface of the body:?

foydeyav = [Tdu; ds 3.1)
v B

? See C.R. Calladine, Plasticity for Engineers (Chichester, England: Halsted Press; 1985).
* See J. Chakrabarty, Theory of Plasticity (New York: McGraw-Hill, 1987} p. 40.
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1f we propose a trial collapse stress field, o¥, and surface loading distribu-
tion, T*, which satisfy conditions (1) and (2) above, then the principle of virtual
work also applies, where de¢ and du remain the actual collapse values:

Joide; dv = [T du; s 62)
v 5

1f the difference between Eq. 8.1 and Eq. 8.2 is taken, then

i{f(cij ~o})degdV = E[(Ti ~TH)du; dS 3

As long as ¢* does not violate yield, and the material is rigid-plastic and
obeys convexity and normality, the volume integral in Eq. 8.3 cannot be nega-
tive. This feature is frequently called the principle of maximum plastic work,’
and a motivation for it from descriptions of crystalline slip wiil be made in
Section 8.3. However, on the continuum level, the yield surface geomeiry in
Figure 8.1 shows that as long as 6,* lies on or inside of the yield surface, the
product g de, is always greater than or equal to ¢,*de; at each location in the
body. According to Eq. 8.3, the corresponding external work increment must
also be nonnegative. In the simple case where work is done through one load
point displacement increment, du, on the body, the nonnegative condition
becomes ¥* < F, where F* and F are the lower bound and actual collapse load
magnitudes in the direction du. The proof that an equilibrium trial stress
distribution produces a lower bound to the actual collapse load is complete.

yield surface

s tangent Lo yield
! surface at o

+
[
'

stress axes

Figure 8.1 Section of a convex yield surface showing the principle of maximum
plastic work.

According to the upper bound theorem, if a single-valued and differen-
tiable trial displacement field, u*, is proposed that meets any imposed displace-
ment boundary conditions, then a collapse load that is computed by equating
the internal and external plastic work increments will be sufficiently large to

+ R. Hill, The Mathematical Theory of Plasticity {Oxford: Oxford University Press, 1886): p. 66.
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plastically deform the material. The upper bound theorem is proven by first
using the principle of virtual work,

[oyde}av = [ Tdu} ds @4
v 5

where the proposed compatible strain increment is defined by de*= {du * g

du,*), and, as before, 6 and T are the actual equilibrium fields durmg collapse
Agam if the material is rigid-perfectly piastm and the principle of maximum
plastic work holds, then the stress field, 0,7, which would be produced if de.*
were applied, does the maximum plastic work

[ohaesave foydetdv ©5)
v v

When Egs. 8.4 and 8.5 are combined, i is clear that

fojdsiav = [Tdufas ©6)
v S '

The lefi-hand side of Eq. 8.6 is the internal work rate predicted by the proposed
deformation field, and some examples to follow demonstrate that this is a
straightforward quantity to calculate. Although de* is a compatible strain field,
the corresponding stress field does not satisfy the equilibrium condition in
general, so that ¢, *# 0. Further, we choose nof to define the proposed tractions
by the equilibrium condition, ¢,'n, = T*, but rather they are defined by setting
the external plastic work mcrement equal to the internal work increment,

j T du, ds = jo def dV 8.7

As long as the proposed tractions are defined in this way, the combination of
Egs. 8.6 and 8.7 indicates that

friduids = [} ds 88)
s s )

In the case of a single imposed load point displacement, the condition
becomes F* 2 F, where F* and Fare the upper bound and actual collapseload acting
in the same direction as du*. The proof that a compatible trial displacement field
produces an upper bound to a collapse load is complete.
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8.2 APPLICATION OF BOUNDS

Biaxial Loading with a Single Slip Plane

The concept that crystals deform plastically by relative slip on erystallographic
planes often provides trial deformation fields that make the upper bound
approach simple fo use. For example, Figure 8.2 shows a block of crystal
containing a slip plane with a unit normal m and unit slip direction s.

T
2.3k5 =
" 8% 45°
. ~2.3k,»"/ 2
741( / 2.3k
- s

S1-2.3k

() 4]

Figure 8.2 (2} A cube of material under applied stress o, * and ©,.*, confaining a slip
system oriented at angle 8 and defined by a slip plane normal m and slip direction s.
(b) Corresponding prediction of the yield surface, as a function of orientation angle 8.

The yield condition for this slip plane is that the resolved shear stress acting on
the slip plane in the s-direction reaches a critical magnitude of k. The internal
work increment is therefore IW = kAb, where A is the area of slipped plane and
b is the magnitude of slip in the s direction. The external work increment is EW
= ¢, *Abm,s, + 0,,"Abm,s,. When the condition in Eq. 8.7, that EW = [W, is
imposed, the collapse condition becomes

+k +2k

symy  sin28 8.9)

&= *®
G113 —Oxp =

and the result is plotted in Figure 8.2b for § = 45° and 60°,

In this simple example, the lower bound theorem is easily applied also, The
trial stress field, ¢*, is uniform and has ¢,* and ©,,* as the only nonzero
components. Because the stress state is uniform, it satisfies equitibrium, and,
further, it balances known external loads because 0,,* = 6,7 = 6,,* = 0. The final
requirement for the lower bound is that the field not violate yield anywhere. To
meet this, the magnitude of the resolved shear stress must not exceed k.
Obviously, the best lower bound is produced when the magnitude just equals k,
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ogm;s; =k (8.10}

and this may be rearranged to give Eq. §.9. In fortunate situations such as this,
where the upper and lower bound predictions coincide, the trial fields used
correspond to the actual fields. In general, the trial fields are approximations to
sufficiently complicated actual fields, so that the two types of bounds usunally do
not coincide.

Indentation

When a rigid, rectangular punch is pushed into a crystal as shown in Figure
8.3a, one imagines diffuse plasticity to occur, with strain concentrations near
the edges of the indenter, and an uplifting of material at the free surfaces near
the indenter. An increment, 3, in downward displacement of the punch

8, S\ 4%, By

UBS

(d)

Figure 8.3 (a) Indenter geometry and proposed deformation field for an upper bound
approach. {b) Corresponding hodograph for.{s). (¢} Proposed stress field for a lower
bound approach to the indentation load. {d) Mohr's circle construction associated
with (o).
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requires a force, P, per unit depth, which can be estimated using simple upper
and lower bound approaches. A simple deformation pattern of concentrated
relative slip lines and rigid triangular sections is proposed in Figure 8.34. Each
type of slip line—i = 1, 2, or 3 here—is specified by an orientation angle, 8, and
slip direction, s, Each slip line in the pattern may correspond to operation of
either a single-crystal slip system or a linear combination of slip systems.
Using the upper bound approach, an estimate, P*, of the collapse load is made
by equating the external work increment, BW = +P*§, to the internal work
increment, IW. The internal work increment is determined by adding the work
contributions from every sliding internal interface. For notation, the station-
ary part of the half space is labeled o, and the indenter and rigid triangular
blocks are assigned other letters. The length of the sliding interface between
blocks i and j is denoted by 1, and the relative slip distance between the blocks
is 5“ Accordingly,

W= kuboébc) + 1},36;% + 1008(:0 “+ 1Cd8cd

+14eBde +leoBeo + legef + loBro) (8.11)

The gecmetry in Figure 8.3a clearly indicates that

Lo =1y =l = _wsinB;
bo ed ef sin (61 +82)
wsing
b=l =1 e Y1
be de — ifo sin (91 - 92)
and
leo =leg=w

However, the corresponding relative displacements, Si]., in Bq. 8.11 must be
determined. This is accomplished by ensuring that the proposed displacement
field is single-valued. A hodograph as shown in Figure 8.3b is a convenient
geometric way to impose this condition. Points labeled a, b, ¢, and 50 on in the
hodegraph are positioned so that, for example, the vector v from o to ais the
displacement of block a relative to block o. Clearly, v_, is a downward vector
of length 8, and since d does not move relative o a, points a and d in the
hodograph coincide. Bach subsequent point in the hodograph is determined
by applying two relative displacement conditions. For example, point e is
determined by noting that v, must be parallel to 1, and v_ must be parallet
to 1. The intersection of the two parallel lines constructed determines the
position of point e. The 8, required in Eq. 8.11 are simply the lengths of vectors
v, in the hodograph.
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Por the simplé case where 8, = 8, = 60°,

- 10kwd

W
V3

and the resulting estimate for the collapse load per unitdepthis P* =5.77 kw. In
closing, the upperbound estimate was based on a compatible displacement field
involving localized slip planes between rigid blocks; however, the field isnotan
equilibrium one in that the sum of forces on each rigid block is not equal to zero.

A corresponding lower bound estimate of the indentation load is based on
the stress state shown in Figure 8.3c.2 In this case, the stress field consists of five
sectors (A, B, C, D, E), each of which has a uniform stress state within it. The
boundaries across which the stress statechanges are labeled a, b, ¢, d, e, £, g. Since
equilibrivm must be satisfied in the lower bound approach, both normal and
shear components of stress must be continuous across each boundary. Further,
the yield condition cannot be violated anywhere. A convenient way to impose -
these conditions is invoke a Tresca yield criterion, and assume that the maxi-
mum and minimum principal stresses lie in the plane of the diagram. Therefore,
the in-plane stress state in each sector can be described by a Mohu’s circle with
a radius that cannot exceed k, the shear stress required for yield. Further, the
continuity of shear and normal components of stress across the boundaries will
determine the relative positions of each Mohr's circle, producing the result
shown in Figure 8.34.

The most convenient coordinate system in which to express stress compo-
nents is the ¢ylindrical (r, §) one shown in Figure 8.3¢, so that ¢, and ¢, must
be continuous across boundaries, as § is increased from 0 to 180°. The corre-
sponding estimate, P*, of indentation load per unit depth is then —c,(r, 0 =
180%}w. It is clear that the best lower bound is produced from an equilibrium
stress field that makes o,,(r, © = 180°) as negative as possible without violating
yield anywhere. To accomplish this, propose that the stress state along bound-
ary ais 6, =0, 0, = 0, and g, = -2k The first two conditions are imposed by
the free surface. Thus sector A is at yield in compression, and o, and ¢, along
boundary a are given by the projections of point a in Figure 8.3d onto the
horizontal and vertical axes, respectively. The corresponding values of 6, and
o, along boundary b are given by point b, which was obtained from a
counterclockwise rotation, 2a. In order for o,, and o, to be continuous across
boundary b, Mohr's circle B for sector B must pass through point b. Continuity
of 6,, and 6, across boundary c is satisfied by the appropriate counterclock-
wise rotation, 2(180°~0~f), to produce point ¢, and then ensuring that Mohr's
circle C passes through point c. Finally, o,,(r, 0 = 180°} is simply the horizontal
distance of point d from the origin.

The largest negative value, opg{r,8=180°)= “-2(1 + wf-Z_)k occurs when all

sectors are assumed to be yielding {the radius of each Mohr’s circle is then k),
and, further, o. = B = 67.5°. The lower bound for P is then about 4.83kw, which
is 6% below the exact answer of 5.14kw. The upper bound for P discussed
previously is 5.77kw, which is about 12% above the exact answer.
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Provide an upper bound to the density, p, that a vertical embankment of

height h can sustain without yielding. The yield stress in shear of the embankment
material is k.

Solution: A proposed collapse mechanism is shown above, in which a triangular
section shears away from the embankment along a line |, oriented at angle 8 from the
horizontal surface. The internal work associated with a relative displacement, §, across
fine ] is IW = 8k, The corresponding external work is provided by the gravitational force
on the triangular block of material. In particular, EW = pgi®8 cos 6 sin’8 /2. When EW is
equated to IW, the resulting expression is p = 4k/(gh sin®). This represents an upper
pound to the actual p that may be sustained. The minimum upper bound, p = 4k/gh, for
this collapse mechanism occurs when € = 45°.

H A two-phase sample of width | and height | is deformed in compression
as shown in the following figure. Provide an upper bound to the collapse pressure, p,
on the sample. The yield stress in shear for phase 1 is k,, the corresponding value for
phase 2 is k,, and the interface between the crystals ylelds at a shear stress k,

Ez o
Q?‘..;.ﬁ';’g?a"

i o
TR J]

Solution: The external work per unit depth is EW = pl8, where 8 is an increment in
downward displacement of the top surface. Each of the rigid triangular sections in the
proposed deformation mechanism is labeled as shown above. The corresponding inter-
nal work per unit depth is
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.
W= Z[Ia{.‘aacki +('§’)5cfki + 1ef5efk2}

A factor of 2 is used because a mode of deformation that is symmetric about the vertical
axis through the center of the specimen is postulated. The geometry above indicates that

1
1, =1 m e
ac = tef xE

The corresponding hodograph follows. It indicates that

Bo+ 85 =2 B 8.11-A

Bt~ Bac =2 Bt 511-B
Theabove two relations may be used toreplace §_and 4, in the expression for IW, so that
TW = 18— Borfkq + 1B ¢Jk; + Y3 +8]ka 8.11-C

Accordingly, EW is set equal to IW. The corresponding estimate for p is a function
of 8, and the optimal cheice of §  is that which renders p a minimum. There are three
possible minima corresponding to 8 = -§, 0, o1 +8, depending on the values of k, k, and
k. Accordingly, the best upper bound is given by

p=min[2ky =k, ky +k =2k; = k;] 8.11-D

In the case of a homogeneous material for which k| =k, = k; = k, the standard answer of
p = 2k is recovered,

CRYSTALLINE DEFORMATION

Slip Systems

The concept that some crystals deform at room temperature by incremental
shearing on certain crystallographic planes has been recognized for almost 100
years, In particular, Ewing and Rosenhain® deformed polycrystalline lead samples
and made several observations that demonstrate remarkable insight. The au-
thors noted that there were slip bands throughout the material which, withina
local region, appeared to be parallel and associated with the crystal structure.
They noted that the amount of slip must be in multiples of lattice spacings in
order for them to be observed. The implications were that deformation was
inhomogeneous and concentrated on only certain crysiallographic planes. They
reasoned that existing slip made it harder for imperfections to activate further
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slip. Clearly, many qualitative, more macroscopic features of crystalline slip
had been observed.

Dislocation theory has provided information about e¢rystal slip that is
centered on nucleation and incremential advance of crystal line defects that
separate slipped from unslipped regions on crystal planes. From this theory
have emerged estimates of the critical stress state to nucleate such defects, called
dislocations, and the continued stress to move them across a slip plane past
other crystal defects.® The relation between crystal structure and preferred slip
planes and slip directions has also been examined, most notably by Peierls via
analysis of two elastic half spaces joined by a nonlinear-shear force-shear-
displacement relation.” In that analysis, the mean energy per unit length of
distocation line is proportional to ub? where b is the slip distance required to
shift the lattice by a periodic unit and y is the elastic shear modulus. The result
suggests that the lowest energy dislocations have a small repeat distance b. The
analysis also predicis that as the dislocation moves by a repeat distance, the
energy fluctuates with position, so that a peak resolved shear stress of magni-
tude 7= jLexp(-d/b) is required for motion, where d is the spacing between slip
planes.® The analysis predicts dense-packed planes to be favored, as they have
the largest interplanar spacing and smallest repeat distance. These results arein
qualitative agreement with observed slip systems in several common crystals,
an excellent summary of which is given by Hirth.? Essentially, the {111}/ <110>1
slip plane/slip direction is the principal operative system in face-centered
cubie structures, while for body-centered cubic structures such as iron, tung-
sten, vanadium, and molybdenum, {110}/ <131> and {3112}/<111> are predomi-
nant at room temperature, with some observations of {123}/<111>. For hexago-
nal close-packed structures such as zinc and magnesium, the predominant
system is [0001}/<11-20>, For rock-salt type crystals, the predominant system
is {110}/ <110>.

Yield Surfaces Based on Critical Resolved Shear Stress

When a stress, G, is apiolied to a crystal, a virtnal force, f, to move a unit length
of dislocation across the slip plane is produced. Peach and Koehler'! developed
the expression,

* A. Bwing and W. Rosenhain, Philos. Trans. Roy. Soc, A193 {1899): 353.

¢ Fora comprehensive review, see L.P. Hirth, Theory of Dislocations, 2nd ed. (New York, John Wiley
& Sons,1982).

7 R.E. Peierls, Proc. Roy. Soc. 52 (1940): 23.

¢ [See Ref. [6], pp. 235-237.]

¢ {See Ref, [6], Tables 8-1 to 9-5.

BWe use standard Miller index notation for slip planes and directions. A discussion of this
convention is beyond the scope of this book. i is sufficient to note that in a cubic crystal, <abe>

is equivalent to vector components a, b, c expressed in units of the unit cell edge dimensions, and
fabe} is a plane normat to the same vector.

b M.O. Peach and |.5. Koehler, Phys. Rev. 80 {1950): 436.
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f= b‘f.’, T= Siﬁ'j}mj (812)

where the unit slip direction is s, the slip magnitude is b, and the slip plane
normalis m. The glide force, {, is proportional to the resolved shear stress, 1, that
acts on the slip plane in the direction of b. Further, f acts normal to the
dislocation line, and always acts to move the dislocation in the slip plane, so that
arelative shear deformation of the same sign as 7is produced. In a more general
sense, t1s the net shear sivess at the dislocation, and it can be affected by nearby
defects as well as the applied loading. In order for an existing dislocation to
move a periodic distance, f must equal or exceed T b, the Peierls remstance
caused by fHuctuation in dislocation energy.

Most pelycrystals contain dislocation densities that can range from 10¢to 10
crn of dislocation line in a cubic cm volume,* so that plasticity may not be limited
by dislocation nucleation, but rather by the ability of existing dislocations to
overcome obstacles that inhibit their motion, such as grain boundaries, impuri-
ties, and other dislocations. Inany event, analyses to nucleate dislocations depend
on more subtle details involving the shape of the nucleating loop and stress
concentrations provided by defects such as cracks, grain boundaries, or other
dislocations. Regardless of the critical event for onset of plasticity, the condition
for yield of the crystal is that f in Eq. 8.12 reaches a critical value; or, equivalently,
the resolved shear stress, 1, reaches a critical value, 7

The concept of a critical resolved shear stress was proposed by Schmid®
Iong before the Peierls model was developed. Schmid asserted that the resolved
shear stress reaches a critical value, 1, for slip to occur. From experiments of
tensile loading of zinc wires, Schmid reported a substantial variation with
orientation of T_, the average values of which are 36 g/mm?® at room tempera-
ture, and 126 g/mm? at —185°C. Given the concept of a critical resolved shear
stress, a simple application is to calculate the yield surface of a f.c.c, crystal that
isloaded with an arbitrary stress, 0. There are 12 possible slip systems, (m®), s},
2 =1 to 12, to consider, so that 12 separate yield conditions follow:

1 = xsi¥om® 21, a=1,12 (8.13)

Forthe {111}/ <110> class of m/s directions in f.¢.c. materials, the 12 possible slip
systems are listed in Table 8.1. The # notation for s is inchided since slip oneach
system can occur in either of two opposing directions.

~ Since there are six independent components of stress, the yield surface can
be expressed in six-dimensional stress space, where the components of the stress
vector are defined as

2 M.F. Ashby. In Strengthening Methods in Crystals A, Kelly ami R.B. Nicholson, eds., (New York:
Halsted, 1971).

3 £, Schinid: Proc. fui. Congr. Appl. Mech. (Delft) {1924} 342.
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(8.14)

(8.15)

(8.16)

Bor application to the f.c.c. slip systems listed in Table 8.1, Egs. 8.15 and 8.16 may
be applied to each slip system, o = 1 to 12. The yield condition then becomes
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1 0
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v

(8.17)

where for now, all slip systems are assumed to operate at the same critical
resolved shear stress. Therefore, Eq. 8.17 represents 12 conditions in which the
components n?are simply the components of row o of the 6 x 12 matrix in Eq.



276 Chapter 8 Crystal-Based Plasticity

TABLE 8.1 The twelve {111}/ <110> {.c.c. slip systems

slip system s, 5, 8} [m,, z.nz, m,]
1 [1-10}/42
2 [10-1)/42 t11)/43
3 [01-1/42
4 f1o1)/42
5 [01-1/v2 [111)/43
6 . Lio}/42
7 [-1013/v2
8 [p11)/+2 [1-11)/43
9 [110]/42
10 [1-10}/42 |
1 [1o1)/+2 [11-1j/43
12 [0 11]/42

8.17, including the 1/ /6 factor. Rach yield condition for a slip plane generates
two yield surface planes with outward normals + 1/, and each plane is located
a distance+/3/2 1, along that normal. Thus, the yield surface is the inner locus
of the 24 planes. However, the surface is not closed, since all n® have zero dot
product with the hydrostatic direction, [;] = [111000). The f.c.c. yield surface,
like the von Mises yield surface, is a hypercylinder with the generator along the
hydrostatic axis, so that hydrostatic loading cannot cause yield.

Unfortunately, six-dimensional plots cannot be displayed easily, but two-
dimensional ones can. Figure 8.4 shows the resulting yield surface when all
stress components but ¢,, and g,, are set to zero in Eq. 8.17. Equivalently, this
projection is produced by slicing the complete yield surface along the plane
containing the 0,, and 0,, axes. In this particular projection, there is a redun-
dancy, in that each line of the yield surface is duplicated by four slip systems.
For example, slip systems 6, 9, and 10 produce the same yield lines as slip
system 1.
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Figure 8.4 Yield surface for an f.c.c. crystal, projected onto the ¢ -G, stress plane.
The critical shear stress on {111}/{110]} slip systems is 7_, and the numbers next to
each facet of the surface indicate which slip systems in Table 8.1 are critically
stressed.

Asaro and Rice* note that deviations to the Schmid concept of critical
resolved shear stress can occur because of cross slip, where the resistance to slip
may be a function of other stress components than 1. Thus the Schmid concept
is regarded as an approximation.

Local and Macroscopic Strain Produced by Crystal Slip

When a slip plane with normal m produces a relative shear, such that the
material on the positive m side has displaced by bs, (see Figure 8.2), then the
resulting displacement field is

u(x) = bs H{x,m,) (8.18)
where the position, x, is measured from an origin located on the slip plane, and

H is the Heaviside step function, which equals one when x,m, > 0 and equals
zero otherwise. The corresponding displacement gradient is given by

Ix; dlxgmg) Ix; 5

du; _, dHOgmy) 0xpmy)

{8.19)
= bS(kak )Simj

% R.J. Asaro and LK. Rice, J. Mech. Phys. Solids 25 (1977): 309.
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The deformation gradient is Dirac singular on the slip plane, and only contrib-
utes components that are defined by m and s.

On a continuum level, oneis not concerned about the local fluctuations from
one slip plane to another, but rather, is concerned about the average deforma-
tion gradient over a representative volume. If the area of the slipped portion of
the planeis A , and the volume of the crystal is V, then the average deformation
gradient is

ax; T (8.20)

This relation is particularly useful to understand how discrete slip on planes
contributes io the average displacement gradient. To compute the average value
ofu  (=su mJ}, we typically divide theamount of slip, b, by some characteristic
dxstance, d, normal to the plane. In this case, Eq. 8.20 indicates that the appro-
priate distance is d = V/A_, where V is the volume over which the deformation

gradient is to be averaged. In this sense, a shear strain,

Agb

= P“ = 8.21
LR ®21)
is defined to describe the amount of shear contributed by a slip plane.
The corresponding average strain is defined by
ey =1/ 2)(T,; + ;)
= %(m;si E misj) . (8'22)

Equation 8.22 provides a useful measure of how discrete slip on a single plane
contributes to the average strain of the crystal. During deformation, the average
strain may increase by the incremental glide of existing dislocations, so that dA_
on a slip plane is increased while b remains fixed. On a more macroscopic level,
one may not monitor the incremental slip of dislocations, but measure the
accumulation of slip from b to 2b, and so forth, on an entire plane. In that case,
the average strain increases by incrementing b while A_remains fixed. In either
case, an increment, dy, is produced, and

&
dey = ?Y(m}-s; +1;s;) (8.23)

Animportant concept is that crystal slip does not produce any distortion or
rotation of m and s relative to the crystal basis. As long as the components de,
are referred to a coordinate system that is attached to the crystal basis, the
components of m and s are treated as constant. Using Eq. 8.23 and the yield
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condition Eq. 8.13, it is straightforward to show that the macroscopic measure
of plastic work increment equals the local plastic work done on the slip plane:

(5i]-d£ij'v' = ’I:Cd‘y v {824)

When more than one slip system operates, the average strain increment is
computed by the linear superposition of average strain increment from each
system:

oyl
dEi} = Z{‘YT'(IH;SI +I‘1‘ii8§)(a)} (825}

o

Idealize slip in a crystal in texms of the shearing of a deck of 101 cards.
The 1- and 2-directions are along the edges of the cards, and the 3-direction is normal
to the deck. Assume that the deck measures 9 em x 6.5 cn X 1.5 em in the 1-, 2~, and
3-directions, respectively, and that the cards are numbered from bottom te top from
1to 101, Apply two types of relative slip. Displace all cards above each odd-numbered
card by 0.01 cm in the 1-direction and displace all cards above each even-numbered
card by 0.01 cm in the 2-direction. Therefore, a relative slip of 0.01 cm is imposed
across each interface, but the direction of slip alternates between the 1 and 2-
directions, depending on the interface. What is the average sirain state produced?

Solution: There are two slip systems present. There are 50 occurrences in which a
slip of 0.01 cm in the 1-direction is activated on an area A = 9 cm X 6.5 cm {slip system
1), and 50 occurrences in which a slip 0f 0.01 cm in the 2-direction js activated on the same
area A {slip system 2). Accordingly, if the volume V=9 cm x 6.5 Icm % 1.5 ¢m, then dy™
=50x 0.0l cmx A/V = 3 and dy® =50x 0.0 cmn x A/V = 3 Using Eq. 8.25, de,
g lms4ms)V + (ms+ms)®], where the only nonzero components are m,” = m,® =

1, and 5, = 5% = 1, The resulting components of strain are

0
[d"‘ii]% ‘; (8.25-A)

- O
Fon S RN

A Plastic Potential for Crystals

The yield condition {(Eq. 8.13) for a slip system {o) can be cast into the form,
&2 = 0, where

2
1 .
¢(°‘) = [—i(sim}- + sjmi)(“)cij] - 1:3 [= Oat yzeid] {8.26})
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The term, (sm.+sm.) /2, was included to acknowledge that ¢, always equals ...

. B, T : . : #
As discussed, the condition ¢™ = 0 simply describes two paraﬁel planes in stress
space. When ¢ is used as a plastic potential, the increment in strain during
yield is assumed to be normal to the yield surface, so that

deﬁl} = dl(a) a¢(a)
B aﬁij

= gl 1, (mjsi + misj)(a} {when ¢(a} _ (31 (8.27)

The construction for de, using the plastic potential yields the same plastic strain
increment direction as the kinematic definition for de, in Eq. 8.23. The symmetric
feature, de, = de ®in Eq. 8.27 occurs since the components of 6, are symmetric,
and hence 0%/ 00, = 09/ do,. The scalar, dA* represents the magnitude of slip
to occur, and at the end of Section 8.3, a prescription to determine dA® will be
given (see Eq. 8.57).

Maximum Plastic Work Due to Slip

The concept that plastic work is dissipated through discrete slip on critically
stressed crystallographic planes can be used as the basis for a maximum plastic
work principle. This principle states that for a given macroscopic strain incre-
ment, de,, the corresponding actual stress state, o, produces the maximum
possible plastic work increment, 6,de,. Any other stress state, o, which loads
an arbifrary number of slip planes up to but not exceeding the critical resolved
shear stress, produces an amount of plastic work that is equal or smaller.
Equivalently, the work to deform a crystal by a certain amount will be as large
as physically possible.

To prove this, Bishop and Hill"® first noted that 6, and 6" are two possible
equilibrium siress fields, and the actual strain increment, de,, is compatible and
involves activation of some subset, B, of the total available slip systems. Accord-
ingly, the principle of virtual work applies, so that

oydey = 3 1P ay®
. " 8.28
G‘isdai} = Z‘E(B) d’Y(B) ¢ )

Each of the conditions is an extension of Eq. 8.24 to multiple slip planes, and each
states that the macroscopic plastic work is equal to the cumulative work on aii
of the active slip planes, The actual stress state loads each active slip plane to the

required critical shear, so that ® :‘E{cﬂ). However, for the other equilibrium

¥ 1B W. Bishop and R. Hill, Philos. Mag, Ser. 7 42 (1957): 414.
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stress state, one can ensure only that L st(cﬁ) if it does not exceed yield.
Consequently, of all equilibrium stress states that do not violate yield, the actual
stress state produces the maximum internal work, When Eqgs. 8.28 are invoked,
the same condition holds for the external work increments:

Gijdsij 2 U’%dﬁi; (8.29)

The upper and lower bound constructions discussed at the outset of this
chapter depend on the existence of the maximum work principle, and Fq. 8.26
provides an interpretation of it based on simple ideas about how plastic work is
done through crystal slip.

Six-Dimensional Representation for Strain

Since there are only six independent components of siress, a convenient six-
dimensional representation for stress state was introduced in Eq. 8.14. The
representation provides a correspondence between components, g, described
in six-dimensional space and the real space components, o, representing the
second rank tensor. In a similar manner, components of strain may be repre-
sented in six-dimensional space. The alternate representation for strain has the
important feature that increments of work in each representation must be equal,

oxdey = 0ydey 8.30

Equivalently, g is defined to be the work conjugate of 0. The resulting
correspondence between components in six-dimensional space and reai space is

given by the identity
*deiﬁ(&) " deyy Ao
des dggy
deg| | dess
deg| — |2deg 8.31
deg 2deqg
| deg |  2deq |

The factor of two associated with each component of shear strain occurs since
each component of shear work (e.g., 6,deg,) represenis two terms,{e.g.,
o,,de, +0,,de, ) in real space.

All corresponding relations associated with stress and strain components
can be cast into the convenient six-dimensional form. In particular, Eq. 8.23
between the strain increment and the local slip on a crystal plane may be
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expressed as
dsga) — d}r(“)nﬁa) 8.32

The components n” depend on the components of slip direction and slip plane
normal as defined in Eq. 8.16. Thus, n' has several interpretations. According
to Eq. 8.15, nfe) is the direction in stress space associated with reaching a critical
resolved shearstress on slip system (). According to Eq. 8.32,n* is the direction
of the strain increment contributed by operation of slip system (o). Finally, Eq.
8.27 may be expressed in six-dimensional space, to confirm that when a critical
resolved shear stress on slip system (u) is reached, the normal o the yield surface
at that point is given by n®. In particular, Eq. 8.17 indicates that for the f.c.c. slip
systems discussed earlier, all of the n are perpendicular to the [1 11 6 0 0]
direction. Therefore, hydrostatic siress will not contribute to the resolved shear
stress on any slip system, nor will it produce any dilatation. Equivalently, all
portions of the yield surface are parallel to the [1 11 00 8] direction.

Determining Active Slip Systems and the Principle of Minimum Shear

. For some crystals, there may be several possible combinations of slip systems
that can be used to accomplish a certain macroscopic strain increment. This is
generally the case for f.c.c. materials, in which there are 12 slip systems, or
equivalently, fwelve vectors n .,

For crystals with more than five distinct strain directions n®, there is more
than one combination of the v to produce some arbitrary strain increment, de.
Taylor' proposed that the actual combination of slip, dy®, to occur produces the
minimum amount of slip, compared to other combinations dy®*

3]s 3

To prove Tayloxr's assertion, Bishop and Hill® observed that the actual
combination dy® and any other kinematically equivalent combination dy®*
produce the same deg, i and therefore the same external work increment, o de,.. I
o, is the actual equilibrium stress state and t® is the corresponding resolved
shear stress on slip system B, then according o the principle of virtual work, the
internal work increments must also be equal:

¥ Oy )= 3Oy (8.34)

(8.33)

The left-hand sum over § involves only critically stressed planes on which

1® = ), but the right-hand sum over B may involve noncritically stressed -

¥ G.Y Taylor, [. Inst. Metals 62 (19383: 307P.
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planes on which ®) < t(?). It follows that

Z"{B}F’Y(ﬁ)l - zf(ﬁ)'d}.{ﬁ) 5

< ztgs)}dyﬁs} .

(8.35)

For the simple case where 7, is uniform on each slip plane, the minimum slip
principle Eq. 8.33 follows.

Consider a f.c.c. crystal in which the incremental deformation is plane

strain cempression, [dg] = dell -1 0 0 0 8], and in which all slip planes operate at a
critical resolved shear siress, t. Show that the minimum slip principle does not
uniguely specify the magnitude of slip on each system.

Solution: One possible construction is to have equal operation of slip systems (1) and
{10), as listed in Table 8.1. According to Eq. 8.32,

1de 1= dyPn M =@yt - 10 ~110/46
[de 1= dy"Vn 1 = ay%1 —201 -1 01/45,

where the components, n®, are provided by entries in the corresponding rows 1 and 10

of the 12 x 6 matrix in Eq. 8.17. If dyP = dy*9 =+/3/2 dg, then the total strain increment
in the crystal is

[de]=de[1-10000]

The cumulative slip = Zd'y(“) w6 .

The combination, dv% = —~dy® = +/3/2 de, also produces the same total sirain
increment with the same cumulative slip. Accordingly, any linear combination of the
two pairs (1, 10) and (6, 9) will accomplish the same. Thus the principle of minimum slip
does not uniquely specify the linear combination of slip systems to operate. The portions
of the yield surface labeled with the notation (1, 6, 9, 10) also indicate a degree of
nonuniqueness among these siip systems.

In general, the deformation of individual crystals is constrained sufficiently so
that more than one slip system is operative. Even in less-constrained situations,
different slip systems will be activated during the course of deformation. To
describe hardening behavior in a more quantitative way, an increment, dy®, in
strain on slip system B is assumed to produce an increase in the critical shear
stress for all slip systems according to
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(&) _ ®
drl %huﬁdy (8.36)

where h , with equal indices (e.g., h,,} is called the self-hardening coefficient.
With different indices, it is called the latent-hardening coefficient. Asaro?
summarizes particalar dislocation configurations that contribute to each type of
hardening. For example, it is clear that continued operation of Orowan sources
can contribute to self hardening, while cross slipping provides an important
contribution to latent hardening.

Investigations of self-hardening and latent-hardening effects, beginning
with early work by Taylor and Elam * generally show that the latent-harden-
ing coefficients are comparable in value to self-hardening coefficients. In fact,
more recent investigations, summarized by Asaro,® suggest that latent-harden-
ing coefficients relating non-coplanar systems may be larger, particularly for
materials with higher stacking-faultenergies. The results of Taylor and Elam are
discussed in more detail later.

Lattice Retation and Geometric Seftening Under Uniaxial Loading

When crystal slip occurs, the lattice structure is generally maintained and m® and
s remain orthogonal to within elastic distortions. However, a material line
scribed on the crystal, such as the one connecting the load poinis A and B of the
tensile specimen shown in Figure 8.54, does rotate with respect to the crystal basis.
Using the expression for average deformation gradient, Egs. 8.20 and 8.21, the
change, dT, in a unit vector T along the tensile axis of the specimen is

dTi = d‘ﬁL]T] 8
=dy{m-T)s; (8.37)

That is, the increment in T must be parallel to the slip vector s. The amount, d8,
and unit axis r about which T rotates is

d8r=TxdT
= chy{m-THT x3) (8.38)

The change in angle P shown in Figure 8.5z is found by projecting the
rotation in Eq. 8.38 onto the axis, s x T)/ s x T1,

Y R.J. Asaro, Advances in Appl. Mech. 23 (1983): 1.
® G.1 Taylor and C.F. Blam, Proc. Roy Soc. London Ser A, 108 {1925): 28,
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T

dB=dfr S5t

p=dor lsx'T)|
(8.39}

=~dy(m-Ths x T|

In the special case where T lies in the s-m plane, thenm - T = ls x Tl =sin B, so
that from Eq. 8.39, dp = -dysin®f. Integration from some starting orientation B
yields

B = cot ™ [cotB, + 7} (8.40;

When the loading is tensile, so that y is increasing, Eq. 8.40 shows that
the s and T axes approach one another and eventually coincide when y - o,
For compressive deformation, so that ¥ is negative, Eq. 8.40 indicates that T
rotates away from s in Figure 8.54, along a path of increasing 8. In fact, under
compressive loading, T is again rotating foward the direction of slip, which
in this case is the minus-s direction in Figure 8.54.

A more standard measure of strain during the testis e, the tensile strain
along the loading direction. The incremental strain, dg,, along the current
tensile axis equals the incremental change, dT = dT - T, in the length of the
unit vector T. Using Eq. 8.37 and specializing fo the case wherem, s, and T
are coplanar, de =~cot B dP. This incremental relation may be integrated to
give

err =In(sinf, /sinB) (8.41)

Figure 8.5¢c shows how B depends on ¢, Here, B decreases with ¢, as for v. In
the limit of large tensile strain, B approaches zero, so that the tensile axis and slip
direction coincide.

The observation that § changes with strain is important for two reasons.
First, the result suggests that any single active slip system will eventually rotate
to decrease the reselved shear stress, and thus require higher applied stress to
operate it. For the applied uniaxial stress along T considered here, the condition
for yield Eq. 8.13 becomes

6 =1 f[(m-THs-T}]

=2, fein2f whenm,s, T are coplanar. (8.42)

This result is.also plotted in Figure 8 5c. Clearly, the applied stress is minimum
at = 45°, and it increases as B approaches 0° or 90°. Accordingly, if B, £45° and
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tensile loading is applied, or if B = 45° and compression is applied, then the
magnitude of applied ¢ must increase monotonically with deformation, even
when there is no hardening. Conversely, if B, > 45° and tension is applied, or if
B,<45° and compression is applied, odecreases with deformation until § = 45°.

1 { ! H 1 !

20 30 60 w " ? ‘ ! 0 30 60 30 P
fc} {d}

Figure 8.5 (s} Undeformed geometry of a cylindrical crystal loaded in tension along
the A-B axis. (b) Deformed geometry where r = T x s is the axis of rotation of tensile
axis T relative to the crystal. {c) Prediction of tensile strain, e, and Schmid factor,
©/2%, as a furction of orientation angle B. ¢ is the applied tensile stress and tis the
resolved shear stress on the slip plane.
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The geometrical hardening and softening caused by changes in B are
important in initiating instability in crystal deformation. When self hardening
of the form Eq. 8.36 is considered, the initial slope, do/ de,,, of the stress-strain
curve is obtained by differentiating Eq. 8.42:

dery sin?‘2B coszﬂ (8.43)

do { 2h + (SCOSZ{S}
The first term is positive when self hardening is present (h > 0}, and the second
term produces geometric softening when g cos 2B < . Asaro® and Harren and
colleagues? emphasize thatinstability can occur even when hardening is present
(h > 0}, because geometric softening may be present.

Observations of Latent and Self Hardening (Taylor}

An important issue is the amount of hardening induced on one system due to
slip on ancther system. Taylor and Elam'® performed an elegant series of tests
in which alumininn crystals were elongated in tension, and the rotation of the
tensile axis relative to the crystal basis was recorded as a function of strain, The
authors presented their resulis in the form of a stereographic diagram as shown
in Figure 8.6. In this figure, the origin of the f.c.c. crystallographic basis is
imagined to be at the center of a sphere, and the points at which various
crystallographic axes pierce through the sphere are projected onto the circle
shown. In this case, the orientation normal to the plane of the figureis [10 0}, and
the other two cube directions, [0 1 0] and [0 0 1}, are oriented at 45°. The 45°
lines are traces of directions that are normal to either [0 1 0] or {0 0 1}; the
horizontal and vertical lines are fraces of directions that are normal to {1 -1} and
[0 1 1], respectively. . .

In the experiments conducted, the tensile axis T was oriented in the [0 1 1]-
[1 0 0§-[0 1 0] stereographic triangle, as shown in Figure 8.72. According to Eq.
8.13, the resolved shear stress on any slip system due to a direct tensile stress ¢
along the T-axis is o{s - T)(m  T). The quantity (s - T)(m - T} measures the ratio,
1/06, and is called the Schimid factor for this geometry. I T is in the [0 1 0}-
{111}-{01 1] stereographic triangle, the (~111)/[11 0] slip system has the largest
resolved shear stress, and this system was observed to be the first to operate. As
such, it is called the primary slip system. According to Eq. 8.38, T will rotate
toward s about the axis r = T x 5, and the trajectory is indicated by the dashed
arc C. In the process of rotation toward [1 1 0], the Schmid factor on the primary
system will decrease. In fact, if T rotates close enough to {1 1 0], the slip system
with the largest Schimid factor changes to (11-1)/{01 1}. This slip system, which
eventually becomes favored due to rotation, is called the conjugate system.

¥ R]. Asaro, Acts Metall 27 (1979): 445,
8.V, Harren, ILE. Deve, and R.1. Asaro, Acta Metall. 36(9) (1988): 2435.
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Figure 8.6 Stereographic triangle produced from Figure 1 of Taylor and Elam."

The value of T for which the primary and conjugate systems have equal
Schmid factors is found by satisfying (m®- T){(s®- T} = (m®- T)(s*?- T}, where
p and c denote primary and conjugate, respectively. One solution of this
equation is that T mustbe normal to [1 0~1], and the arc D shows values of T that
satisfy this. The simplicity of the result is that if T moves along arc C into the
conjugate slip region, then operation of the primary system has apparently
caused more hardening in the conjugate than the primary system. Conversely,
if T begins to deviate from arc C before reaching the conjugate region, then the
conjugate system has not hardened as much as the primary system. Two types
of deviations are obvious. If T begins to move toward {0 1 1], then the conjugate
system has become dominant. In comparison, if both systems operate equally,
then T rotates toward the new slip direction, s = s® + s@. This is simply the [1
2 1] direction located along arc .

Figures 8.7a-c show Figures 3,4, and 5from Taylor and Elam.’* The numbers
above the trajectory and associated tick marks display the tensile strain and
location of T, as predicted by Eq. 8.39 with (-1 1 1}/{1 1 0] as the only operating
slip system. The numbers below the trajectory and corresponding points show
the measured values from X-ray crystallography. In Figure 8.7a, predictions and
measurements agree remarkably well until a strain of 0.56. At larger strain,
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010

31t 01l 111
{121} axis {121) exis (121} axis

{a) &) (c)
Figure 8.7 Annotated Figures 3, 4, and 5 from Taylor and Elam.” The dark solid line
is the arc along which the tensile axis T rotates, and the boundary befween stereo-

graphic triengles A and B is the arc along which the Schmid factor for the primary
and conjugate slip systems are equal.

conjugate slip appears to intervene where the conjugate Schmid factor is largest.
However, T continues into the conjugate region, apparently due o substantial
hardening of the conjugate system by primary slip. Figure 8.7b shows a repre-
sentative case where equal slip intervenes and T rotates along the equal Schmid
arc toward [1 2 1]. Figure 8.7c displays an intermediate case where there is a
modest deviation from the primary trajectory in the vicinity of [1 2 1}. The
authors comment that trajectories associated with double slip could not be
studied extensively, because fracture soon followed the initiation of double slip.
However, these experiments provide evidence that latent hardening can be
comparable or greater than self hardening.

Material Rotation Relative to the Crystal Basis

In a previous section, we considered the rotation of a tensile axis relative to the
crystal basis, due to cperation of a slip system. The resulting expression Eq. 8.3¢
for rotation depends on the particular axis, T, chosen. This definition becomes
ambiguous for multiple-axis loading. A unigue, more objective measure of
rotation is to express the increment, dT, due to slip as

dT; =[dey+doy|T . (8.44)

where dg, is recognized as an increment in strain due to crystal slip, and its
connection to crystal slip is given in Eq. 8.25. The quantity dw, is defined by

dv
dmij = Z[——%m(mjsi —misj}{a):l (8.45)

o

and is recognized as an increment in material rotation, as observed in a coordi-
nate system attached to the crystal basis. In particular, Figure 8.8 shows two
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orthogonal material axes, T and Q, the ends of which displace relative to point
O by the same amounts, dT = dQ, by activation of the m/s slip system, The
displacements dT and dQ are decomposed into the components dT*=T -de - T,
dQe = Q - de - Q associated with elongation of T and Q, the components dT¢ =
Q-de-T, d(F = T-de-Q associated with shear deformation, and the components
dT* = Q-do-T, dQ" = T-de-Q associated with material rotation. Since dg_ is
syminetric and de, is antisymmetric, it follows that dT* = dQF and that dT7 = -
d(Qr. The first condition imposes that T and Q shear to equally increase or
decrease the right angle initially made by T and Q. The second condition
imposes that the sense and magnitude of rotation of T and Q are equal.

In coniparison, the prescription for rotation in Eq. 8.39 does not satisfy these
conditions. In particular, Eq. 8.39 is based on atiributing the entire displace-
ment, dT*+ dT% to rotation of T. The prescription Eq. 8.45 for rotation is adopted
in most current work, because it does not depend on the choice of a particular
axis, T or Q. As shown in Pigure 8.8, a simple interpretation of d@ is that the
product P- de - Q gives the incremental material rotation about the axis Px Q.

Implementing the Crystal-Constitutive Relation

The implementation of the crystal-constitutive relation is straightforward when
a hardening slip process such as Eq. 8.36 is used. Integration of the constitutive
relation will furnish a macroscopic stress-strain relation. For notation, a reference
basis (e, e®@°, ¢®") is chosen to rotate with the material, as do vectors Tand Q@

in Figure 8.8. The basis (™, e®, e®) is attached to the [attice of slip planes and
directions, as are m and s in Figure 8.8. For example, if (e, @, e!¥) are chosen
to correspond to the cube directions of a f.c.c. lattice, then the components m(?)
and s(?) take on values as shown in Table 8.1 and do not change with plastic

deformation. However, the components m;{“) and sji("'}, referred to the refer-

" encebasis, do evolve with plastic deformation. Regardless, m and s mustalways
remain orthogonal and not change length to within elastic deformation, so that

() (%) = 1, (O 5, <.

a
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Figure 8.8 Schematic of the symmetric and antisymmelric partitions of the deforma-
tion gradient, as measured by the displacements of vectors T and Q due to slip in the
direction s.
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‘The orientation of the reference basis relative to the lattice basis is defined by
Ay =e® el (8.46)

(o) (e0)®

s0 that the components m; "~ ands;™ of each potentially active slip system,

as referred to the reference (*} basxs, are

m® (e

= Aqm

mvaﬁmy (8.47)

If a macroscopic stress with components o, as measured in the reference
basis, is applied, the resolved shear stress on each slip system is calculated as

U = g (8.48)

and initially, it is assumed that 7 < 1 @ for all slip systems. Accordingly, if the
yield condition is not met, dy®™ =0 for all slip systems, and, from Eq. 8.36, there
is no hardening of any slip system. The behavior is purely elastic.

Yield occurs when ¢.” is sufficiently high so thatt® = ™ occurs on one or
more slip systems. Under such conditions, the hardening, dt*9, on those slip
systems must equal any subsequent increment, dt®, in order to ensure that the
stress state remains on or inside the yield surface. On those slip systems for
which +(%) < %, the strain increment, dy'®, is set to zero. Thus either dz / or
d9? is known on each slip system, and Eq. 8.36 permits the remaining dt ® and

dy® to be determined. In some cases, the solution is not unique, and in Section
8.4., a rate-dependent formulation is discussed that removes ambiguities in the
solution of dy &,

A change in resolved shear stress on slip system (o) is given by differenti-
ating Eqg. 8.48,

d,t(oc) -ds o) "’] ;(a) +5; {&)do. m( ) (u) ‘d "(GL) 8.40

where the quantities ds™ and dm, ™ indicate that during plastic deformation,
slip planes change orientation with respect to directions along which loading is
prescribed, such as T in Fig. 8.8, In general, the increment in slip direction and
slip plane normal for slip system (¢} is described by
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ds; = doys;®

| .S
dmi( )=awijm-( @ 850

where dcu describes the incremental rotation of the lattice basis, relative to the
reference basis.

There are several possible definitions for the reference basis. A common
convention is to attach the reference basis to the material, as are P and Q in Fig.
8.8. Accordingly, the rotation of the lattice basis relative to the reference basis
is given by an expression opposite in sign to Eq. 8.45, and with components (}'
referred to the reference basis,

. ) 4, (R)
dmij_%wij dy® 851

where
‘(13) ‘(Si) L Y
J

Wb o LIS 8.52
Wy 2

The summation is over all active slip systems (8}, for which 10 = T B,
The condition that permits the dy® to be determined is that dr® in Eqg.8.49
must equal the change in critical shear siress due to slip,

dar® “Zhﬁ dy™
n
5 8.53

This condition provides n equations to determine the dy" on the n active slip
systems. I d1® in-Egs. 8.53 and 8.49 are set equal, and if Eqs. 8.50-8.52 are used
to replace ds™ and dm,*, then

ay® = 31 (Si*(n)dcg mi*(n}) 8.54
where
Kgy =Ry — (Skm(’ ™M ® s (5)6%111}((;&))%;“) 8.55

If k,, is not positive definite, then it cannot be inverted, indicating that there is
more than one possible combination of dy®. Clearly, the positive definite
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requiremeent depends sensitively on the hardening matrix, h,,, and orientation
of the applied stress state to the lattice.

Once the dy® are determined for a given increment, dcss;, the increment in
slip plane (lattice) orientation, dwii', may be updated according to Eq. 8.51, and
the strain increment is computed according to

+my

HB) K (3B
5 . s S.
dﬁiﬁi‘i?(m( e ) 8.56
B

This definition of & may be derived from the Principle of Virtual Work
statement that ¢, 'dg,” = Zz(g)dy(ﬁ}.

The increments, ds;* and dm_"®, in slip directions and slip plane normals
are given by Eq. 8.50, and Eq. 8.36 provides the increase in 1, for all slip
systems (o), regardless of whether active or not during the stress increment. All

- slip systems should satisfy 1 <7, with all active slip systems satisying t% =1 =,
The process may be continued by applying repeated increments in stress.

In some cases, itis more realisticand convenient to apply an increment, dg,’,
in deformation, and determine the corresponding increment, da, in stress. In
such cases, d¥™ in Eq. 8.56 may be replaced by the expression for dy®in Eq. 8.54.
The result is a set of equations that permit the dg; to be determined,

% 1 | *B} # EY - #, % #|
defy = = {m P 4+ ;s il (51 Vetoymy ) 8.57

where B and 1 sum over the active slip systems. In general, one prescribes five
components of de,’, and inversion of Eq. 8.57 permits five components of stress
increment, dcii', to be determined. Equivalently, conditions on a mixed combi-
nation of components of de;’ and do.’ may be specified , and the unknown
counterparts may then be determined using Eq. 8.57. In general, k, must be
invertable, in order for a unique relation between stress and strain increments
to exist. More elaborate treatments which include the effect of elastic distortion
of the lattice are summarized, for example, by Asaro?.

In some cases, it is useful to measure or prescribe the applied stress or
deformation relative to a basis that is different than the material basis depicted
in Fig. 8.8. For example, the simple tension test depicted in Fig. 8.5(a, b) is
described most simply by applying successive increments, do, along the T axis,
and measuring the corresponding increment, dz,,, along the T axis. Thus, the
most convenient reference basis is one which contains the axis T. Earlier, we
obtained the rotation of T relative to the lattice, found in Eq. 8.38. Therefore, the
rotation of the lattice relative to a reference basis containing T is the negative of
that in Eq. 8.38. The prescription for do,” in Eq. 8.51 still holds, but instead,
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Thus, the formulation, Egs. 8.46 to 8.57, described above is still applicable,
but the prescription for W/ % is specified by Eq. 8.58 rather £q. 8.52. Clearly, the
reference basis in which apphed stress and strain components are measured
may be arbitrarily changed, with the result that W,® must also be changed.

ik Consider a single crystal with tensile axis along the T-direction as
depicted in Fig. 8.5 (a,b). Assume that only ene slip system with normal m and slip
direction s is activated, and that T lies m-s plane. Use the implementation of the
crystal constitutive relation abeve to determine the slope, do/ds, of the tensile
stress-sirain relation.

Solution: For convenience, we choose a Cartesian reference (*) basis in which T
corresponds to ¢, and @ lies in the m®-st* plane of slip system (1), which is assumed
to be the only active slip system. Accordingly, {17, T, T} = {1, 0,0}, Is', 5", &",} = {cos§,
sinf, 0}, and {m’,, m",, m",} = {sinf, -cosf, 0}. The applied stress corresponds to 67, and
the corresponding tensile strain is £, Accordingly,iand jare both set equalto 1in Eq.
8.57, and further, the only contribution from the internal sum over indices k and 1 occurs

- when k and 1 are both equal to 1. The result is

de =(m’,s", )k, do
oY 7

dG kn . kn
de (mis1)? cos*Psin’f

From Eq. 8.55,
k,, =h, (5" m’48",m’ JoW' ) = h, 40 cos 2B sin?f.

When k , is substituted into the expression for do/de, the result is identical to the
independent derivation, Eq. 8.43, of the slope of the stress-strain curve.

do 4:1'11'1 GCOSZB
e mmian T ced?
de’ sin“2B cos"B

84  POLYCRYSTALLINE DEFORMATION
Constraints Due to Neighboring Grains

From a macroscopic point of view, grain boundaries are modeled as generally
planar regions acxoss which there is a change in crystal orientation so that the
5, m'? change orientation. Typically, the displacements across the boundary
are modeled as continuous, so that the distributions of incremental displace-
ment du{(x) and du®(x} in the adjoining crystals 1 and 2 have a commeon
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distribution du®™in theplane of the boundary. If $ and T are two orthogonal unit
vectors in the plane of the boundary, and N is a unit normai to the boundary,
then the quantities

a(dUg)
S) aXJ
' (8.59)
T, dldu;)
aX:;

must be continuous. Therefore, when an arbitrary deformation gradient is
imposed on one side of the boundary, the continuity relations Eq. 8.59 impose
six condifions in the adjoining grain.

Equilibrium conditions also impose that the increment in force per area, or
traction, exerted by grain 1 on grain 2 is equal and opposite to that exerted by 2
on 1. Therefore, the quantity

must be continuous across the boundary where N is a unit vector normal to the
boundary. This type of continuity condition was imposed across constant stress
sectors, using a Mohr's circle approach, in the construction of a lower bound for
indentation in Section 8.2. If increments in stress state and slip configuration are
imposed on one side of a boundary, then Egs. 8.59 and 8.60 impose continuity
of six components of deformation gradient and three components of siress
increment, Thus, if is clear that deformation in neighboring grains imposes
several constraints. A particular example of slip in one crystal inducing slip in
an adjoining crystal is discussed by Hirth?, and criteria for such activation have
been discussed by Shen and colleagues.®

Maximum Work and Minimum Slip Principles for Polycrystals

- Bishop and Hill® also demonstrated that the maximum work and minimum slip
principles are valid for pelycrystals, provided that the macroscopic stress and
strain increments are properly defined. In particular, consider a polycrystal in
which the local strain increment, de, varies with position throughout the
volume V. The macroscopic strain increment is defined as the average of the
local strain increment,

¥ Gee, for example, Ref [6], Figure 9-19 and related discussion.
2 Z. Shen, R. H. Wagoner, and W. A. T. Clark, Acte Melzil. 36 (1988): 3231-3242.
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1
dEy = ‘f! deydV (8.61)

Since the strain increment is compatible with a single-valued displacement
increment,

B 3(duy) , o(du)
dEi}*“*\[ ( e dv (8.62)

Provided that du, and the spatial derivatives of it are defined throughout the cell,
the Green-Gauss theorem may be used to change the volume integral in Eq. 8.62
to an infegral over the su:face S that encloses V, where n is the outward normal
to S

dEy = —*Lj(duinj +dujn;)d8

8.63
2vy (8.63)

This definition of average strain increment is appropriate even when there are
cavities within the polycrystal, provided that no work is done on the surfaces of
those cavities.

In order to define the macroscopic stress, the macroscopic work increment
on the polycrystal is calculated by integrating the internal work increment over
V, noting that ¢, is symmetric and that local equilibrium must be satisfied, and
then convertmg the volume integral to a suzface integral by the Green-Gauss
theorem:

1 Aduy) a(du;)
=2 \
dw 2-\{5“( 9% Bxi d

_ Hogdny)

™ ———dV (since 0 = oy and 5, = 0)

v (8.64)

= I oyn;dudS  (Green-Gauss theorem).
5

The above relations hold even when there are deforming internal surfaces or
sliding boundaries, as long as the interna} surfaces are traction-free and no
internal work is dissipated inside the boundary thatis notalready accounted for
by the internal work product, o,de..

To develop a maximum worfc principle on the macroscopic level, the
macroscopic stress, L, must be defined as a work conjugate to dE,, so that dW
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= Z,dE, . Also, to define macroscopic quantities in an unambiguocus way, Bishop
and Hill discuss the concept that a local quantity such as stress or displacement
increment should not have a value that is correlated with position. As 2
particular example, consider a polycrystal that is large enough so that when
deformed, the surface, S, of the polycrystal deforms according to a homoge-
neous macroscopic deformation:

B(dui}
T X
)

du;(x} = j on8 (8.65)

i

even though the local internal displacement increment is quite inhomogeneous.
When Eq. 8.65 is used to replace du, in the last relation in Eq. 8.64, and dW is
equated to Z,dE,, then the definition of macroscopic stress becomes

3 1
Z}-J- £ Visgkx}-nkdv = Viﬂ;}dv (8.66)

Bishop and Hill make two important peints from this development. First,
suppose that X, and dE, are the actual macroscopic stress and increment in
strain, and o, and de, are the corresponding distributions in the polycrystal. If

¥ iand of correspond to some other equilibrium distribution that does not
jj i P q
violate yield, then

(2525 )8y = [(o5 - o Jaey dv 20

J (8.67)

The equality holds because internal and external work incremenis must be
equal, and the inequality holds because the maximum work principle Eq. 8.29
~ holds on the microscopiclevel. Therefore, the parallel yield surface construction
in macroscopic variables can be made where, for example, o and dsﬁ.i in Figure
8.1 are replaced by Z, and dE,, respectively.

Thesecond point concerns two continuous displacementincrements, where
one is the actual increment, du,, corresponding to a local stress distribution Oy

and the other, du \ , produces the same surface displacements and thus the same

macroscopic strainincrement according to Eq. 8.63. The macroscopic stress does
the same amount of work increment through each of these displacement fields.
Therefore, the internal work increments must be equal:

‘j, Ei;-(dEij md*ﬂg) dv = { oy (daij —cia;i] dv=0 (©.68)
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Accordingly, the same argument to demonstrate the principie of minimum
~ slip on the individual crystal level, Eq. 8.35, can be used to show that

Jrclayav < frjayav (8.69)
v v

where the integrals represent the incremental work due to slip over all crystals
and slip systems. In general, ©, can vary from one slip system and crystal to
another, but in the limit of uniform 1, for all slip systems, Eq. 8.69 shows that of
all the combinations of slip that preduce the macrostrain increment dE,, the
actual one produces the minimum amount of internal slip.

* Estimates of Polycrystalline Yield

In 1928, Sachs investigated the validity of the Schmid concept of critical resolved
shear stress to activate slip, by comparing critical values yield of copper, nickel,
and iron polycrystals loaded in either pure tension or torsion.® In particular, the
geometric factor, S, for pure tension was defined as (¢/2) = 5 7, where cis the
applied tension and T is the resolved shear stress on a (1 1 1)/[1 -1 0] type slip
system. Although a valid lower bound for a polycrystal would be to compute &
= § 21, where the minimum value of §_ over all orientations is used, Sachs
computed the average§; =1.11 over various orientations to produce the esti-
mate, Tyjag = 1.11(2t ). The corresponding procedure for pure torsion produced

Tyitd ~1.297,. I 7, remained the same in tension and torsion, then
2%gie1a/ Oyigta =129 / 1.11=1.15. Sachs noted that the measured value,
27 ic1a/ Oyieta = 1-12, was in acceptable agreement with the predicted value of
1.15. However, this averaging technigue does not meet the criteria for a lower
bound to pelycrystalline yield. In particular, an applied tension 0f 1.11{27 } oran
applied shear of 1.29t, would violate the condition that the proposed equilib~
rium stress field not exceed yield anywhere in the polycrystal.

In his May 1938 Institute of Metals lecture, Taylor provided a simple
description of the principle of virtual work, and proposed an upper bound
procedure to determine the yield locus of an f.c.c. polycrystal.™ He noted that
earlier work by Cox and Sopwith estimated polycrystalline yield based on a
collection of single crystals of different orientation, each of which was con-
strained to elongate by the same amount in the tensile direction. However,
compatibility was not satisfied in the transverse directions. Based on his obser-
vations of aluminum polyerystals icaded in compression, Taylor asserted that,
qualitatively, individual grains deformed in a self-similar manner to the macro-
scopic polycrystal. Therefore, the macroscopic deformationincrement, de, = de,
de,,=de,, =-de/2, was imposed, and the tensile direction was varied w;thm the
{1 1331 01} 1 0 0] stereographic triangle to ensure a uniform sampling of

2@, Bachs, Z. d. Vereines Deut. Ing. 72 (1928} 734
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crystal orientation. To calculate the tensile yield stress, a, for a given orienta-
tion, the fractions of slip, £ = dy"/de, on 5 of the 12 slip systems were chosen
to produce the strain increment (de, - de/2, - de/2). Anupper bound, ¢.*, to the
actual yield stress was determined by equating the external work, 6 *dg, to the
internal work, so that

5 5
U;. = %(éldy{&)i o TC{%‘E(Q}! (8.70)

The combination of 5 slip systems was varied to render the cumulative shear a
minimum, or, equivalently, to render Gy* & minimum,

Figure 8.9 shows a stereographic triangle from that work, in which the
number reported next to each (+) location is the minimum 2} dy®} necessary to
produce a strain de =272, in arbitrary units. Based on theseresuls, 6,*/_ranges
from 667 /272 = 2,45 when the tensile axis isnear [ 10 0}, 0 1000/272=3.68 when
the tensile axis is near [1 0 1]. The average ¢,*/¢_over all orientations is = 3.06.

In subsequent work, Bishop and Hili* used an upper bound approach that
yields approximately the same average, ¢,*/7, = 3.06. The upper bound ap-
proach is stated as

}:;]-dEf;_ | ojdefdV 2 o jcudszqdv 2dEj (8.71)

where the imposed macroscopicstrainincrement, dEg, hasamore general form,
[de, -Ade, (1-A)de], than used by Taylor. The yield surface of the polycrystal is
acknowledged to be isotropic, and the range 0.5 £ A <1 is imposed in order to
determine a 60° sector of the polycrystal yield surface, as projected in the
deviatoric stress plane. Like Taylor, the proposed local deformation, de; i 18
taken to be uniform and equal to dE The internal work is computed by
considering among twelve f.c.c. slip systems, the various combinations, dy'®,

that will accomplish the strain increment, dE:}, and setting the corresponding

_ internal work equal to £,'dE."." According to Eq. 8.71, this approach provides an
upper bound, ¥, to the perpendtcuiar distance from the origin to the portion of

the yield surface with normal dEij ,

*B)
* # z TCd’y
EI]dEIJ _ ’3 -
- 172 8.72

(dEi;dEi;)Hz (aBkaB, )

*—

#F.W. Bishop and R. Hill, Phifos. Mag Ser. 7 42 (1951): 1298,
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Figure 8.9 Stereographic triangle projection showing, for discrete positions of the
tensile axis, the cumulative slip required on f.c.c. slip systems to produce a tensile strain
of 272 (in arbitrary units). Taken from Pigure 13 of Taylor.”®

Clearly, of all the combinations of dy® which produce the strain increment dE,
that which has the minimum internal work increment furnishes the mmlmum,
or best, upper bound.

Figure 8.10 shows the predicied yield surface, as projected in the deviatoric
plane, It is based on an average of I* in Eqg. 8.72 over all possible crystal
orientations. The surface is positioned beiween the corresponding Tresca and
von Mises surfaces, and passes through the values for pure tension predicted by
Taylor. Although the predicted surface is an upper bound, it appears to predict
yield values that are lower than those measured experimenially. A possible
source of discrepancy stems from the accuracy with which polycrystalline yield
can be determined experimentally, given that yield occurs incrementally, from
one crystal to another.

Assessment of the Taylor Model

The implementation of crystal-constitutive relations into polycrystalline geom-
etries via a finite element scheme is an important application of crystal-based
plasticity. In particular, such approaches predict the evolution of crystallo-
graphic texture, or preferred crystal orientation, during polycrystalline defor-
mation. The general outcame is that polycrystalline models that adopt the
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Figure 8,10 Comparison of the predicted yield locus in the deviatoric piané with
corresponding Tresca and von Mises predictions. Taken from Bishop and Hill.®

Taylor assumption are quite successful in predicting the average texture evolu-
tion in a polycrystal. Of course, the onsetf of inhomogeneous deformation and
shear instability in polycrystals is a striking deviation from the Taylor assump-,
" tion, and the chapter will conclude with a summary of such observations.

The minimum slip calculations performed by Taylor provide predictions of
the crystal rotation under simple tension, because for each crystal orientation,
those calculations furnished a combination of dy®. Figure 8.11 is the projection of
the (111)-(101)-(100) triangle as shown earlier, and the vector at each nodal point
indicates the displacement of a tensile axis initially situated at that nodal point,
aftera tensile strain of 0.0237. Two vectors emanating from the node indicate that
the minimum slip criterion did not furnish a unique combination of dy*, and that
any linear combination of the two vectors is suitable. However, the texture
developmentis evident, in that tensile axes in region G and many positions within
region EC will rotate toward (111), those in the vicinity of {100} will rotate toward
a cube axis, and those near (101} will rotate to either (111) or (101).

Figure 8.12d, left-hand side, shows a stereographic projection, in which
darker shaded regions indicate more frequently observed orientations of the
tensile axis after tensile straining to 0.37.% The crystallographic axis normal to

¥ C.A. Bronkhorst, S.R. Kalidindi, and L. Anand, Modeling the Deformation of Crystalline Solids
(Warrendale, PA: 1991), TMS, T.C. Lowe, A.D. Rollett, P.8. Follansbee, and G.5. Dachn, eds., p. 211
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. Figure 8.11 Predicted rotation of the tensile axis as a function of tensile axis orienta-
tion in a stereographic triangle. Taken from Taylor.”

‘the diagram is [1 1 1}, and the X, and X, directions in the figure are of [1 0 - 1]
and {12 1} type. The [1 1 1] orientation is represented by the dark-centered
dot, while the more diffuse dark ring includes the cube axis directions. The [1
0 - 1] directions are located on the outer edge of the projection, where the
density is low. Taylor noted that in compression, the vectors drawn in Fig. 8.11
would reverse, so that the compression axis rotated away from [11 1]and {1 00}, but
toward {1 ¢ 1] directions. The corresponding measurements for simple compres-

" sion, shown in Figure 8,125, left-hand side, confirm the predictions. The results
for tension and compression discussed here are representative of aluminum,
copper, and nickel textures, for example, but differ from textures observed in
brass, austenitic stainless steel, and silver. Hosford® provides a good sum-
mary of observed textures in these systems, and reviews rolling textures for

% W.F. Hosford, The Mechanics of Crystals and Textured Polycrystals {Oxford: Oxford University
Press, 1993). -
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b.c.c. and h.c.p. polycrystals. Havner also provides an extensive description of
experimental observations, coupled with analysis of those results.®
A more recent modification to the Taylor model by Asaro and Needleman®

is to include strain-rate hardening effects by adopting a slip system constitutive

relation in which the slip rate, ?(a}, depends on the current resolved shear
stress, T, according to:

ey
79 = 4 }( {a}} 8.73
0

In this constitutive relation, £ ¥ is defined as a reference shear stress at which the
slip rate on slip system (@) is equal to y®. The strain rate sensitivity is
represented by m. For example, values of m on the order of 10% are typical of a
pure f.c.c. metal, and indicate that 1™ approximately equals t ! for plastic slip,
independent of the slip rate. Conversely, relatively low values of m on the order
of 10t imply that 1 to produce plastic slip depends more sensitively on the slip

rate, In principle, the reference quantities, 'y(‘;} and 1, depend on temperature

and evolve with deformation. One possible prescription is that v ¥ evolves with
slip according to

(@) ®
drg* -%haﬁ‘h’ﬁ 8.74

where again, the matrix h ¢ denotes the amount of self and latent hardemng
present. A more extensive diSCUSSiOI‘l of rate-dependent slip relations is pre-
sented by Asaro'.

Animportant featu € is that rate-independent formulations aveid ambigu-
ities in determining ¥'*, as present in a rate-independent constitutive relation
such as Eqg. 8.36. In partacular, the 1* are computed according to Eq. 8.48, and
the slip rate is computed according to Eq. 8.73. In this sense, all of the dy* are
nonzero, indicating that all slip systems contribute to the deformation. How-

“ever, the dy® may vary by orders of magnitude, particularly in the rate-
independent limit of large m. Accordingly, Eq. 8.56 provides the correspondmg
increment, de1 , strain, and Eq. 8.50 provides the corresponding increment in
slip system dII‘EChens m.® and s, measured in the reference basis. This
simplicity is very attractive compared to a rate-independent formulation.

5. Havner, Finite Plastic Deformation of Crystailine Splids (Cambridge: Cambridge University
Press, 1992},

ZR.J. Asaro and A. Needleman, Acta metall. 33(6) (1985): 923.

%8, Harren, T.C. Lowe, R.J. Asaro, and A. Needleman, Phil Trans, R. Soc. Lond. A 328 (1989): 443.
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The observation from rate-dependent work is that increasing either
strain hardening or strain-rate hardening generally increases the strain to
fracture. Further, increased strain rate sensitivity is observed to decrease the
amount of crystal lattice rotation, relative fo a material reference frame,® and
presumably, this decreases the geometric instabilities attributed to lattice
rotation. In summary, Harren and Asaro® comment that the Taylor model
shows modest overestimates of yield compared to more exact finite element
calculations that permit inhomogeneous deformation of individual crystals.
In particular, the differences in tension/compression curves predicted by
Taylor and finite element approaches are about 2%, and for shear deforma-
tion, the predictions differ by about 4%. The Taylor model also appears to
overestimate the axial extension under torsional loading.*

A comparison of texture predictions for aluminum, copper, and nickel
show that the Taylor model predictions are generally reasonable; but the
texture bands, for example, as shown on the right-hand side of Figure 8.12,
appear to be too sharp. Harren and Asaro® offer the explanation that localized
deformation, which the Taylor model cannot admit as a deformation field, is
the source of the discrepancy. More exact finite element studies™** * demon-
sirate that although the Taylor model predictions are good for average grain
orientation at lower strains, large local grain interaction and localized shear
bands can produce dominant modes of deformation at larger strains, so that
the Taylor model provides poor predictions of individual grain orientations.
Nevertheless, the Taylor approach appears to have utility in modeling texture
evolution in multipass rolling simulations,” for example, as well as offering a
more efficient numerical treatment of texture evolution. Recent hybrid finite
element formulations such as this now model considerably larger polyerystals
asa continuum in which the deformation isinhomogenous on the macroscopic
level, but with a local {pointwise) constitutive relation that is determined by
a Taylor model.

CHAPTER 8- PROBLEMS

A. Proficency Problems

1. Inaneffort to refine the upper bound estimate to density, p, that a vertical
embankment of heighth can sustain, you propose a trial displacement field
that is different than shown in Exercise 8.1. The field is shown below,
where the boundary between the slipping and stationary parts of the

8.V, Harren and R.J. Asaro, J. Mech. Phys. Solids 37(2) (1989} 191.

B R. Beckex, Medeling the Deformation of Crystailine Solids (Warrendale, PA: 1991), TMS, T.C. Lowe,
A.D. Rollett, P.5. Follansbee, and G.S. Daehn, eds., p. 249.

3 R. Becker and S. Panchanadecswaran, Alcoa Technical Report, Aprit, 1994.
2 K.K. Mathur and P-R. Dawson, International Journal Plasticity, 5 (1989): 67.
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Figure 8,12 Experimentally determined (left-hand side) and computed (right-hand
side) {111} pole figures showing texture development as a function of type of loading.
The predicted pole figures are based on a Taylor model of a polycrystal. Reproduced
from Bronkhorst et al.®
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erabankment is a quarter circle of radius R, from 8 =0to /2. Calculate the
new upper bound to the density.

2.  Draw afree-body diagram of the triangularblock d in Fig. 8.3(a). Show that
the forces that act on the block, corresponding to the assumed displace-
ment field, do not satisfy equilibrium for general 8, 8,.

3. Construct a lower bound for the indentationhload, P, per unit depth, based
on a three-sector stress field. Vary the angle 8 to obtain the best lower
bound. L

4. Usingthe yield condition, Eq. 8,13, show why hydrostaticloading, 0,, = ¢,
=0, = 0, cannot cause yield on any slip system, regardless of the orienta-
tion of the slip system to the loading axes.

5. Experiments that apply hydrostatic loading to engineering materials have
shown that materials such as steel, aluminum, copper, or silicon will yield,
although the magnitude of hydrostatic loading to cause yield is many
times that required for simple tension or compression. Discuss why mate-
rials yield in hydrostatic loading.
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A single crystal is indented with a square knife edge as shown in the
following diagram. The candidate slip systems are oriented at discrete
angles 8,0, and 6, )

a.

Construct a deformation field out of rigid, sliding triangles, produce
the corresponding hodograph, and determine an upper bound to the
indentation load. '

if the crystal had only two slip planes, could you construct a deforma-
tion field? Support your answer with some sketches. What would the
indentation load P be under such a case?

F

in the upper bound analysis of a block of dimensions 1, L, and 1, which is
sheared by an amount b along a direction s, on a plane with normal m (see
Fig. 8.2}, the internal dissipation is

IW* =k Ab

and the external dissipation is

* * *
EW* = ¢ * Abm,s, + G,,* Abm.s,

where 0,,* and 0,,* are uniform stresses, and A is the area of slipped plane.

a.

Sketch the resulting upper bound load to the collapse surfaces in ¢, %~
0,,* space, assuming the inclination angle, 8, shown in Figure 8.2
equals 30°.

Although the internal strain is concentrated at the slip plane, define an
appropriate average, or macroscopic strain state for the block, after a
slip of b has occurred on the plane.
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16.

11.

12

13.

¢. Do your macroscopic strains in Part b satisfy normality with the
collapse surface in Part 2? Explain why. If they do not, propose a
definition of macroscopic strain that will satisfy normality.

Construct the projection of the f.c.c. yleld surface onto the 0,0, stress
plane. Compare your answer io the prediction based on a Tresca yield
criterion, o, -0, = £2k, where o, and 0, are the maximum and minimum
principal stresses, respectively.

Imagine that you can load a f.c.c. crystal along any crystallographic
direction. Assume that the potential slip systems are of the type {111}/
<110, as listed in Table 8.1. Find a crystallographic direction along which
the tensile stress to yield is a minimum, and report the minimum value of
tensile stress in terms of 1, the critical resolved shear stress fo activate slip.

A biaxial stress state is applied to a single crystal of f.c.c.” material.
However, the crystal is oriented so that one applied stress, 6y, is along the
[111} erystallographic direction, and the other applied stress, ¢, is along
the [1-1 0] crystallographic direction. Assume that all slip planes of the
type {111}/ <110> (see Table 8.1) slip when the critical resolved shear siress
reaches 1. Construct a projection of the yield surface onto the 6;,-G,,
stress plane. Comment on the difference between this projection and the
one shown in Fig. 8.4.

A sphere with radius r = 1 cm is a single f.c.c. crystal. Slip systems 1, 6, and
12 listed in Table 8.1 are activated, so that a slip of 1 pm in the correspond-
ing +s directions listed occurs on slip planes that pass right through the
center of the sphere. Calculate the resulting macroscopic strain in the
crystal.

Consider the portion of the yield surface in Figure 8.4 that is contributed
by slip systems 2, 4, 7, and 11. Using Eq. 8.25, show that operation of any
individual or linear combination of these slip systems produces a strain
increment that is perpendicular to the portion of the yield surface shown
in the figure.

Equation 8.24 states that external and internal plastic work increments are
equal. Show that this equation may be converted to the notation

oyde; = Z(Tcdy)(a)

where the components [g] are defined by Eq. 8.14, and the components
[de]) are defined by the left-hand identity in Eq. 8.31,
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Use Eq. 8.25 to show that no combination of slip systems can produce
dilatation.

Of the 12 slip systems listed in Table 8.1, choose slip systems 1, 2, and 6.
Determine whether these 3 slip systems are independent.

Suppose you load in tension along the [3 8 6] direction in a f.c.c. material
in which the candidate slip systems are of the type listed in Table 8.1. The
crystal begins to yield at a tensile stress of 10MPa. Assume that all slip
systems require the same critical resolved shear stress, 7, for activation.
What slip system will be activated first? What is the value of 1.7 To what
crystallographic direction will the tensile axis rotate? What is the axis
about which the tensile axis rotates?

Derive the results

u 9
B= H(,sinﬁosm P
‘_"_.'. sm@
B= ETI‘cc)sﬁ

‘by analyzing the 2-D slip-plane geometry in the following diagram, and

where band Epr are the increment in slip on the plane and average strain
increment parallel o the current tensile axis, respectively. The other
parameters are labeled in the sketch. Do nof use the general formulation

associated with the discussion of Figure 8.52 and b, but derive the expres-
sion from a trigonometric analysis of the 2-D geometry shown.

’
. '
P
]




310 Chapier 8 Crystal-Based Plasticity

18.

19,

20.

21.

Eq. 8.56 defines the increment, dgy’, in components of strain that are
expressed in the reference coordinate system. Derive this relation, begin-
ning with a statement of the Principle of Virtual Work that o;'dey’ =

3 Blay ),

Suppose you have a geometry similar to that shown in Problem 17, but with
two competing slip systems, (m™, s%} and (m®, s%). §_is the initial angle
between s and the initial tensile axis direction, T, and v is the corre-
sponding initial angle for slip system {2). Suppose you have documented
the angle f as a function of macroscopic strain, £, along the T {not T ) axis.
Explain how you could determine the relative amount of slip, b* and b™®,
on each system. Do you have enough information?

Consider a mateyial in which the critical resolved shear stress to shear a
plane with normal m( depends on the stress normal to the plane, accord-
ing to
1 g “}lf(m§a}°i}'m§a3)

where 1, is the critical resolved shear with zero normal load, and |t;is a
coefficient of friction. Such behavior is consistent with a hard sphere
atomic picture of materials, in which the activation barrier to slide particles
past one another increases with confining pressure on the material. Show
that when a macroscopic siress with nonzero components ¢,; and o,, is
applied, the yield condition for a slip system (o) with slip direction s and
slip plane normal m{® js

(£ + peml® oy + (265 + e o, 21

where + must be interpreted as either + for both terms (+5, and +s,/) or
- for both terms (-5, and -s,f9).

Further, produce a projection of the yield surface onto the 6,-0,, plane,
assuming that ¢, and 6,, are applied along the cube directions of a f.c.c.
single c:rystal and that ;= 0.1. Compare your result to the yield surface
projection in Fig. 8.4,

Consider the previous example where the critical resolved shear stress for
a slip plane depends on the stress normal to the plane. Construct a yield
function for this case that reduces to Eqg. 8.26 when ;= 0. Find the normal
to the yield surface. Compare your result to de;® predicted by Eq. 8.23. Is
the strain increment parallel to the normal to the yield surface?
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Assume that you have a polycrystalline wire with a bamboo-type struc-
ture, in which each grain o occupies a slice of the wire as shown in the
following diagram. Also, each grain has a single slip systemn described by
slip-plane normal m™ and slip direction ™. The critical resolved shear
stress to operate any slip system is 10 MPa, and the amount of slip on any
plane is assumed to be negligible compared to the diameter, D, of the wire.
A single angle B = T - s describes the orientation of the slip system
relative to the wire axis T, along which there is an applied stress, ¢.
Initially, the probability, P, of finding a grain with angle B = vis the same,
regardless of the value of v, which ranges from 0 to 90°. Sketch the
probability of finding a grain with angle B®= v, as a function of v, after
loading the wire to four different values of tension: ¢ = §, 20, 30, and 40
MPa. To obtain your result, use a lower bound approach and make the
approximation that the stress state in each grain is one of simple tension,
o. What aspect of compatibility is not satisfied here?

Outline the components of a computer program which will calculate the
uniaxial stress-strain response of a f.c.c. single crystal loaded in tension.
The tensile axis T is a material one, similar to the case depicted in Fig. 8.5,
and initially, T is parallel to [1 12 11]. The sample is loaded from 0 to
40MFPa overa period of 300s, so that the stress rate, do,y/ dtis constant. Use
a rate-dependent constitutive relation as described in Eqs. 8.73 and 8.74
with the following parameters:
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24,

Yga) - 30“3 /S

m =20

tg’) =10MPa (initially, prior to any slip)
OMPaifa=8

Case A hop = {SMPa Hoxp
SMPaif o=

Case B hop =\ompaif axp

Note that Case A simulates a larger latent hardening situation, and Case B
simulates a larger self hardening situation.

Produce for each case the tensile stress-tensile strain curves along T, from
€= 0 to approximately 0.8. Note the direction of T in each case when g1
= (.8, For each case, discuss the dominant slip system(s) when e, = 0 and
when g = 0.8.

Consider a polycrystal with a random orientation of crystals. Produce a
lower bound to yield in tension.
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Friction between a workpiece and tools or dies dominates the strain patterns
and performance of many forming operations, and yet is often the least
quantified of all phenomena involved in forming. This status is a result of
two conditions:

¢ Friction laws depend sensitively on a host of variables that are not
themselves usually well characterized, and are quite diverse for various
forming operations.

e Uniil recently, forming analysis was qualitative, and there was little
motivation to derive quantitative laws for friction under large-strain
forming conditions.

These two conditions interact because friction conditions depend on the
forming operation characteristics itself (and vice-versa), so it is very difficult to
separate the effects into two classes of behavior.

In this chapter, we will briefly review the principal empirical laws of
friction usually appliéd to forming operations, and their application to analyti-
cal models. A taste of the complexity of these laws will be presented along with
a few examples of tests to measure friction. While the field of friction and
tubrication is an active one that holds great promise for metal-forming analysis,
we will not devote time to fundamental studies of the phenomenon itself.

BASIC CONCEPTS OF FRICTION

The basic idea of friction, presented in most undergraduate courses in physics,
is shown in Figure 9.1a. A block of a given mass sifs on a flat table such that a
normal force of £y is felt between the table and the block. (i is simply the weight
of the block in the simplest case, or an additional external normal force may be
applied). A rising tangential force, fy, is applied until the block starts to move.

313
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The tangential force is taken to be the friction force, f;, which initiates
motion. This limiting reaction force is assumed to be a properfy of the
particular block and table.

Figure 9.1b is identical to Figure 9.1z except that the table is inclined by an
angle 8 to horizontal, which automatically decomposes the weight of the block,
w, into fy;and £, w = fy + £, where Hfyl = [wl cos@and [£;i = {w| sin®. The
angle of the table can be changed until the block just begins to move, thus
establishing the friction force and normal force applicable to the critical friction
condition,

Therefore, in the simplest picture of friction, we observe that for a given
table and block (for a given fy), we can find two friction conditions:

for £ 1 < i £;], thereaction forceis equal to £ (characteristic of applied force)
for 1£.] = { £, ], thereaction forceisequal to f; {characteristic of block and table)

Figure 9.1 Conception of friction forces.

A few other observations may be made using the simple block-and-table
experiment:
» As f goes up, so does fy (f;is zero for f; equal to zero).
¢ Once f;reaches fr, the block accelerates.

* TFor the same block and table, the surface conditions (roughness, lubri-
cation) have a major contribution to determining £,

* If we were to look carefully at the contact between the block and table,

we would find that only local areas actuially come info contact.
Now, let’s extend our consideration to more general contact, Figure 9.1c,
using the lessons learned from the block and table. The situation is the same
once contact normal and contact tangent directions (N and T, e.g.) have been

defined. The general contact force, f., may be decomposed into normal and
tangential compenents in the usuat way:

fo_ £y +Ep=fy N+ £, (©.1)

where fi;= | £.] and f1= | £;}, and, as before, £y may be less than or equal
- to some limiting value f,, depending on the normal force, the surfaces, and the
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materials. In three dimensions, it is necessary to be more precise about the
direction T because the two bodies make contact at a tangent plane, and thus

any direction lying in the plane could be considered a tangent direction. In fact,
the resisting frictional force always opposes either (a) the applied tangential
force at the point (in the case of no relative motion), or (b} the relative motion of
one contacting body relative to the other. Forexample, if we wish to calculate the
friction force restraining the motion of body A relative to body B (imagine body
B fixed in space for convenience), the friction force is applied opposite to the
component of the relative motion, which lies in the tangent plane:

'i" Nx(duA ”duB}XN (92}

W—I&X(dllA —dug)xﬁl

where N is a normal to the contact plane oriented away from body B and into
body A.

Itis possible to define average macroscopic contact stress o, normal stress
oy tangential stress 1, and friction stress T; by normalizing the forces to the
apparent contact area, A:

GCEfC/Af GNEfN/Ar TTEfT/A, TFEfF/A, (9'3)

The negative Qf the normal stress, 6, is aiso called the contact pressure.
Analogous to the continuum approach to material behavior, we can consider an
ideal definition of these contact stresses in terms of a limiting procedure:

oo=lim f-/A
A0

(2.4)

However, note that the limit in Eq. 9.3, will notexist for A less thansome size
thiat corresponds approximately to the spacing of the true contact regions. This
limitation is similar to the continuum limitation in real materials, as the length
scale approaches the important physical length scale (e.g., atomic spacing,
dislocation spacing, or grain size).

As shown in Figure 9.2, the actual contact area may be much less than the
apparent contact area, perhaps only 5% to 10%, so the true local stresses at local
areas of contact may be much greater than the macroscopic ones that appear in
Eq. 9.2. In standard friction terminologies, the high points of surface rough-
ness—ihose most likely to come in contact with the other surface—are called
asperities. Adjacent regions that are not in contact may have virtually no true
contact stress. However, we shall restrict our attention to the apparent contact
area and apparent stresses because these are the ones that are used in phenom-
enological measurements and macroscopic simulations of metal forming. The
microscopic picture is more suitable for fundamental studies of friction.
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9.2

Figure 9.2 Macroscopic and microscopic views of contact areas.

PARAMETERS AFFECTING FRICTION FORCES

It is instructive to consider the kinds of variables that can affect friction forces,
even though we will focus only on a phenomenoclogical approach to friction in
which friction forces are measured under conditions close to those in forming
operations of interest.

From our simple picture of friction from a physics textbook, itis possible to
identify immediately some of the effects.

Contact pressure. Simple experiments show that the friction force in-
creases as the contact pressure or normal force increases, at least at low
pressures.

Sliding speed. Most simple experiments show that the dynamic friction
force (i.e., the dissipative force opposing sliding motion) is less than the
static friction force (j.e., the critical force to start sliding).

Materials. The elastic and plastic properties of the materials in contact
will certainly affect how difficult it is to slide the two materials across
oneanother. Atlow true contact pressures, the asperities are more likely
to interact elastically. Also, the materials may have different fracture
characteristics that tead to changes in the surface topology and debris
{from spalling) on the friction surface.

Surface roughness. The shape and density of asperities may have a major
effect on friction, whether lubricated or dry. However, even the mea-
surement of surface roughness is difficult and its quantification is not
standard, except for a few simple parameters.

Lubrication and debris. The presence of other material at the contact
surfaces is important. The properties of the lubricant (rheslogy, com-
pressibility, temperature sensitivity, and so on} enter into consider-
ation. The distribution of lubricant depends intimately on surface con-
ditions, pressure, and sliding speed, and knowledge of all of these
depends on the forming operation analysis.

Temperature. The local temperature at contact points and in lubricants
will depend on thermal conductivity and plastic work dissipation.
Concurrent deformation. This effect is particularly germane for metal

forming because the workpiece is usually deforming plastically while
the friction forces are operating. The deformation changes the surface
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roughness, eliminates most elastic effects in the workpiece, and opens
up new surface by the action of dislocation slip.

With all of these variables influencing friction, it is apparent why it is
necessary to make measurements under conditions as close as possible to the
real ones in the forming operations. For purposes of simulation, it is necessary
to adopt simple laws that allow measurement of a limited number of coeffi-
cients. These two principles, simplicity and similitude, are sometimes contrary,
but they guide the design of most applied friction tests.

COULOMB’S LAW

The most common form of friction law is known variously as Coulomb’s law,
or Amonton’s law. Simply put, it states that the magnitude of the friction force
is proportional to the magnitude of the normal force, or, equivalently, that the
friction stress is proportional to the normal stress {or pressure):

fr=pfy oF Tp =l Oy (9.5}

where, as before, the friction force or friction stress are simply limiting values of
the tangential force or stress that may be present because of frictional
effects. [ is called the friction coefficient, or Coulomb constant, with the
basic idea that it is a constant with respect to contact pressure or stress for a
given situation.

Coulomb’s law, Eq. 9.5, is conceptually correct at very small pressures, in
that the limiting tangential force approaches zero as the pressure tends toward
zero. In fact, this law is usually found applicable at low contact pressures
relative to material strength, before there is a great deal of deformation.
However, at higher contatt pressures, material properties should enter into
consideration. '

STICKING FRICTION AND MODIFIED STICKING FRICTION
While Coulomb’s law has the proper form suggested by simple friction experi-

- ments for nondeforming bodies {which are by definition lightly loaded), it

drastically overestimates friction at high contact pressures. A simple thought
experiment shows that friction at the interface cannot exceed the shear strength
of the material, because the material can slide at this shear strength even if the
interface is bound tightly (welded). This extreme condition is called sticking
friction, and may be represented generally as

TR = Tynax {9.6)

where 17, is a property of the softer material alone. Figure 9.3 illustrates
conceptually the transition from very Jow contact pressure to pressures near the
shear strength of the material. The term 7, in Eq. 9.6 is the shear strength of the
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Figure 9.3 Conceptual view of friction as a function of contact pressure.

softer material. For a Tresca materizl, the shear strength is equal to one-half of
the material strength in uniaxial tension:

’ 5
Tresca yield criterion: Tmax =3 5.7}
whereas for a von Mises material the shear strength can easily be found:
[+
von Mises yield criterion: Tmax = ey (9.8}

See, for example, Exercise 8.1 for derivation of Ty, for von Mises or other yield
criteria.

A modification to sticking friction is often introduced to account for the fact
that frictional forces are seldom as high as the shear strength of a material, but
are in a high-contact-pressure regime where they are only weakly dependenton
pressure. This generalization may be written as follows: ‘

Modified sticking friction: Tp =M Tpax 2.9}

where m is a constant known as the friction factor.! As before, Tmax can be
determined from Tresca or von Mises yield functions, or from other descriptions
of the plastic flow stress in shear. Eq. 9.9 defines what is sometimes refered to
as the Tresca friction law.

A family of friction laws can be constructed based on the idea presented in
Figure 9.3, where the friction force depends on contact pressure in an arbitrary
way, such that the slope is nearly constant at small pressures, and that it
approaches a constant force (4 or perhaps m ;) at high pressures:

1p =£(P)=f (o) (9.10)

¢ mistypically used for both the friction factor and the material strain-rate sensitivity, so the usage
must be determined by context.
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| Find the shear flow siress of a material that obeys either the von Mises

yield criterion or Hill gquadratic nermal anisotropic yield criterion.

Assume that a state of pure shear stress producing plastic deformation exists, so that
Ty = Tpax = T with all other stress components equal to zero:

O [0’} = (9.1-1)

e B R o
Lo B B
Lo T v S e

In order to find the tensile equivalent stress, §, we must transform the components
of © to the principal coordinate system, and then substitute into the yield function an -
expression written in terms of ©. The required rotation is by 90° about x,, which may be
seen most simply by inspection or by reference to Mohr's circle. The principal stress
components {the eigenvalues) may also be obtained as shown in Chapter 2:

fo-Al=0 9.1-2)

-3 =0, My, Ay =—1 (9.1-3}

Thus the stress components in the principal axes are

T {0
[¢}=[0 -z © (©.1-9)
Sl 0 o

By substitution into the appropriate yield functions written in principal compo-
nents (see Chapter 7}, we obtain the desired shear flow stress in terms of the tensile
equivalent stress:

26%m [{¢+ P+ (1)2] (9.1-5)

(9.1-6)

p
&lai
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2.5

as shown in Eq. 9.8. For Hiil's quadratic normal anisotropic yield {(Eq. 7.63), the
equivalent relationships are

o [12 st 12) 8.1-7)
T+r

where we have assumed that %3 is normal to the sheet, but that we seek 1,,. Solving Eq.

9.1-7 obtains
l-H'W_M
2 frmroeem 2.1-8
oo =103 © 618

If r = 1, we recover the isotropic result, Eq. 9.8

T :% (9.1-9)

The foregoing solution can be simplified considerably by starting from the general form
of the von Mises yield function, Eq. 7.14b.

VISCOPLASTIC FRICTION LAW

1t is often convenient for modeling purposes to consider friction in terms of the
refative velocity between two surfaces; for example, a tool and workpiece in
forming operations. The basic idea arises from consideration of two rigid,
smooth surfaces separated by a layer of viscoplastic lubricant, as shown in
Figure 9.4.

—nee— .
VWoﬂwsece

iscaplastic Lubricant

27N

Vtumicam

VToo!

Figure 9.4 Conceptual view of viscoplastic friction condition.

The friction law may be written following simple viscoplastic behavior:

Tp=0 ]VWP - VTOOle (911)

where m can be viewed as the strain-rate sensitivity index of the intermedi-
ate material.
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When the normal stress (or contact pressure) is small, the friction stress
will again be overestimated by Eq, 8.11. A possible modification to improve
the fit at low contact pressures based on the Coulomb approach can be made:

5 = ot [on| v wp ~vrooL| ™ 8.12)

REGULARIZATION OF FRICTION LAWS FOR NUMERICAL
APPLICATION '

Contact and friction conditions introduce several very nonlinear behaviors that
make life difficult for numerical modelers. For example, a surface point on a
workpiece experiences no boundary condition as long as it is infinitesimally
removed from the tool surface, but once it makes contact, its position is subject
to a unilateral contact condition. Put simply, the point may lie on the surface or
outsideit, but may not penetrate into the tool. This abrupt change makes smooth
convergence of solutions difficult and time-consuming.

= wPormt

= P or R

Figure 9.5 Friction force as a function of slip distance, u,.

Friction introduces 4 similar problem. Consider the metion of a material
point in contact with a tool surface as shown in Figure 9.5, Whether the friction
law is Coulomb or sticking, a zero displacement gives an indeterminate reaction
force between -7; and 'ty To understand the problem, it is enough to know that
most finite element analyses are based on formulating ali forces {internal and
external, the latter of which include contact and friction) at nodes in terms of
nodal displacements (analogous to u, in Figure 9.5). The resulting set of equa-
tions is solved using the derivatives of these forces with respect to nodail
displacements. However, Figure 9.5 shows thatatu, = 0, neither the force norits
derivative are known, so there will in general be no solution. It is possible to
overcome this difficulty ina way inspired by the physical situation: that is, when
the external force demanded at a node is less that 1, then a true sticking
boundary condition is applied to the node (i.e., u, is set identically to zero).
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However, this change of boundary conditions {so-called stick-slip condition)
can introduce instabilities, particularly when the procedure is coupled with
contact pressure (which depends on internal forces) via a Coulomb law, and
coupled with the unilateral contact condition, which is usually present. The
result, at best, is greatly increased computation times, and, at worst, instability
and nonconvergence, or errors in accuracy.
In order to avoid these numerical difficulties, an ever-slipping condition
is introduced by regularizing the friction law. Under these conditions, a
contact point (or contact node in finite element analysis) is always considered
to slip relative to the tool surface, except at zero applied tangential force. For
reasonable accuracy, it is necessary to insure that the slippage for 7 less than
T, is very small, less than some constant § , for example.
' Figure 9.6 shows two typical forms used to regularize the friction law for
use in numerical analysis. (We have shown both nodal displacement magni-
tude u, and nodal speed v,, which are roughly equivalent in a small time step,

where u, =v,At. The choice depends on the formulation used in the numerical
analysis.) In the first approach? a linear relationship between u, and 1, is
employed. This has the benefit of simplicity, but there are two small draw-
backs, not usually serious: the slope of the curve changes abruptly at u, = §,
which may cause convergence difficulties in some programs; and the friction
function must be written for two domains, such that a logical check is required
ateach node at each time to decide which domain the nodal displacement fallg
into. Figure 9.6b shows an alternative approach® that has a much smoother
relationship for all nodal displacements. The conceptual disadvantages to this
method are the need to evaluate hyperbolic tangent when the nodal displace-
ment is less than 6, and the very high slope near u, = §, which may make
convergence difficult.
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Figure 9.6 Regularization of friction forces bsf imposition of ever-slipping condition.

* See, for example, ¥, Germain, K. Chung, and R. H. Wagoner, Int. |. Mech. Sci., 31, 1989: 1-24.
* M. J. Saran and R. H. Wagoner: ASME Trans. — [. Appl. Mech., 58, 1991: 499-506.



9.7

9.7 The Rope Formula 323

As long as 8 is chosen sufficiently small relative to the average tangential
displacements in each time step, the error introduced by these approximations
is not significant. However, care must be taken that errors are not introduced for
small time steps, especially in programs that have automatic time step selection.

THE ROPE FORMULA

Whereas the classic test defining ideas of friction is shown in Figures 9.1a and b,
the sliding block is not very similar to the situation in many forming operations,
For example, the sliding block does not involve the macroscopic deformation
inherent to forming,

1:2 = 02A

po, 6 o, 4B

{o +dct A

faj 1 (e}

Figure 9.7 Derivation of differential equation leading to the rope formula.

For generally curved contact and friction, like that shown in Bigure 9.1c,
different approaches are preferred. The basic tool for use with friction of thin
deforming sheets is known as the rope formula because the conditions and
results are characteristic of a flexible rope sliding over a fixed surface. The
situation is shown in Figure 9.7a, where the {ollowing assumptions are made.

» The sheet or rope has no significant bending strength; ie., it is a
membrane.

¢ All points on the rope or sheet are sliding relative to the fixed surface
according to the Coulomb friction law.

o The cross-sectional area is assumed to remain constant.?

With these assumptions, we consider a differential element of the rope or

sheet, Figure 9.75, and perform force balances in the normal N and tangential T
directions as shown in Figure 9.7c:

0=XZF;=cA-(c+do)A+poyndp (9.13)

* This assumption affects only the relationship between membrane stress and force, but the
formala may be derived in terms of force without reference to cross-sectional area.
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0=2Fy=0N dﬁwcA%ﬁm(c+dc)A%ﬁ (9.14)

Selving Egs. 9.13 and 9.14 obtains

up=39 (9.15)
G

which may be integrated over the entire contact angle:

i (0140 (9.16
“J‘Odgw oy & )

and the standard rope formula is obtained:

pe—in % or p==In-% {9.17)
B ooy U U}

The shape of the tool surface does not affect the calculation of friction coefficient,
only the contact angle, also known as the wrap angle or angle of wrap.

Note: Equation 9.17 is often used in the reverse sense in sheet-forming
analysis. That is, a standard friction coefficient may be used in conjunction
with a known geometry to estimate the forces (and thus the stresses and
strains via the constitutive equation) in terms of the wrap angle:

F, = F; exp(BiL) (2.18)

EXAMPLES OF SHEET FRICTION TESTS

As mentioned earlier, the basic principles guiding the selection of a friction
test are simplicity (to separate frictional effects from others) and similitude
(to assure that the many variables are similar to the actual operation of
interest}. In addition, there are many practical considerations involving
tooling cost, complexity of the machinery needed, size of the specimens, and
so on. In order to illustrate the trade-offs, we consider a few typical tests that
have been proposed and used to determine the friction in sheet metal
pressing or forming operations.

Figure 9.8 shows several typical geometries for pinch-type friction tests
of sheet metal. These tests may be one-sided (Figure 9.82) or two-sided?
{Figures 9.8b and ¢}, and may have flat, cylindrical, or inclined contact
geometries. A back force may be applied to introduce a degree of tensile

> 8. Nakamura, M.Yoshida, A. Nishimoto, Proc. 15ih Biennial Congr. Internationg! Deep Drawing
Research Group (May 1998): 77-83.
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{a) (b {c)

Figure 9.8 Pinch-type friction tests for metal sheets.

deformation that can be controlled independently from the normal force, fy,.
Pinch-type devices have the advantage of simple interpretation:$

LY SN S - T 9.19)
2 2 T

However, the sticking case is complicated by the unknown contact area if
curved dies are used. The disadvantages of such tests are serious. The geometry
and deformation patterns induced in a pinch-type apparatus are not similar to
the tensile deformation and sliding in press dies, where through-thickness
compression is nearly always absent. Pinch-type tests are much more similar to
conditions in rolling, drawing, or extrusion operations.

Tests with the most similitude to sheet forming are based on tensile
deformation around a radius, and these make use of the rope formula or direct
measurement of normal forces. The device most immediately suggested from
the rope formula involves drawing over a single radius, as shown in Figure 9.9,
In the simplest case, a back force, F,, is applied, and F, is measured to move the
sheet. In more complicated arrangements, the wrap angle may be varied as
shown in Figure 9.95, and computer control may be used to vary Fy, Fyand 6
throughout the test to obtain combinations of stretch and wrap and their
histories. In addition, the-radius of the tool can be changed and a roller may be
substituted to investigate bending and other non-friction effects.

Devices based on Figure 9.9 offer a greatf deal of flexibility at the expense of
very complicated and specialized equipment. Because of the number of vari-
ables present, it is necessary to have a good characterization of the forming
operation of inferest. However, interpolation is simple in view of the direct
measurement of F; and F,, and use of the rope formula.

S The factor of * is required because the friction force is generated by two contact surfaces.
z
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Figure 9.9 Single-bead sheet friction tesis.

The strip friction test, Figure 9.10, is similar to the single-bead tests except
that it may be performed using a standard tensile testing machine. The analysis
of the data available is more complicated because the force acting on the center
leg is unknown and must be inferred from the strain measure there, e,. In fact,
once the constitutive equation is known (from separate tensile tests, for ex-
ample}, the two strain measurements (e, is assumed to be equal on the two
vestical legs} are used to obtain the corresponding forces, and the rope formula
is then used to obtain £

Engineering stress

1 1
e, e,
Engineering stress

@ ‘ )

Figure 9.10 {n)Strip friction test and (b)data interpretation.

While eliminating the need for expensive, complex, and specialized ma-~
chinery, the strip test has several undesirable characteristics. In terms of simili-
tude, the most serious is the fixed wrap angle, which must be established by
arbitrary bending of the flat sheet during installation. Perhaps more serious is
the need to know the constitutive equation well (including strain and strain-rate
effects) in order to obtain accurate forces. Finally, multichannel data acquisition
is needed to record the various strains and forces.
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Fig. 9.11 OSU Friction Test and proposed modification

Modifications of the strip friction test address some of these issues while
retaining the use of standard tensile testing machinery. The OSU friction test,
Figure 9.11q, used swiveling grips with embedded load cells to allow starting
the test from a flat strip and developing the wrap angle in a manner similar to
that experienced in a press-forming operation. The data analysis is similar to
that for the strip friction test, and the need to know the constitutive equation
accurately is. the same. The cylindrical tools may be replaced by rollers to
investigate the nonfrictional contributions to differences between F, and E,.7

Figure 9.11b shows a modified OSU friction test that incorporates a load cell
between the rollers in order to measure F, directly. With this added capability,
the data interpretation is direct, and the need for extensometer and measured
constitutive equations is eliminated..

The rope formuta may be used directly with production testing to estimate
the friction coefficient. For example, consider a cross section through a long side
of sheet- forming dies, as shown in Figure 9.124. After a part is formed ? the
strains in the sidewall and bottom may be used with the constitutive equations
to obtain an apparent friction coefficient in the usual way. In this case, the
similitude is ideal—the real forming operation is used to measure friction. The
disadvantages He in the expense and size of production tools and uncertainties
introduced by bending, constitutive equation, and sirain state,® none of which

7 For example, our results show that bending is a significard factor in the apparent friction
coefficient for r/t ratios less than 5 or 6, where r = radius of curvature and t = sheet thickness.

® It may also be possible and desirable to stop the forming operation at intermediate punch heights
to evaluate friction.

¢ Variation in strain state is quite significant when trying to evaluate forces from strains. For
example, if the sidewall is in plane strain while the bottom section is uniaxial tension, the ratio
of forces determined by assuming uniaxial tension will be in error by alarge factor, a factor which
may be larger than that corresponding to the effect of friction. See Exercise 9.2 for details.
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can be completely controlled in production. These problems may be safely
ignored if only an apparent friction coefficient is needed--for example, if the
purpose is to rank several lubricants for use with a given sheet metal. Since the
geometry and sheet metal are the same, the rankings by apparent friction
coefficient should be consistent with a ranking by absolute coefficient.

Figure 9.12b shows a simplified friction test used at The Ohio State Univer-
sity based on a small set of dies to simulate production press forming. A small
press or double-action testing machine may be used. Besides the use of cheaper
tooling and equipment, the test offers several advantages. If very narrow or very
wide specimens are used, consistent plane strain or uniaxial tension may be
obtained, thus eliminating the large uncertainties atiributable to strain state.?-
Different tools may be produced cheaply in order to vary the punch radius so as
to reduce bending uncerfainties to insignificance.

: Qinde'r.'

(b}

Figure 9.12 Fricticn measurement from production tools and similar testing device.

¥ Conceptually, the plane-strain condition is <loser to most forming operations, but very wide
specimens are required in order to ignore edge effects, and wide specimens require expensive
tooling and machinery, and careful alignment.
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5 Lstimate the magnitude of the error in applying the rope formula to

measured strains in a deformed sirip if the strain state varies along the length.

Let's assume a von Mises material and take an exireme case, where the bottom of the
punch is in uniaxial tension and the sidewall is in the plane-strain tension, as shown.
We'll take the wall angle to be r/4.

Z"{erﬁsiie Tegion

Ity is the distance into the paper, then this approximation would hold for X, <<y << X,
For the purposes of this calculation, we'll assume that the friction coefficient is zero,
such that B, = Fg ., and we'll compute the strains (along directions X, and Xg)
required for equilibrium. Then we'll compute the apparent friction coefficient calcu-
lated from these strains, assuming a uniaxial tensile state using a tensile constitutive
equation such as the foliowing:

=K EM (9.2-1)

First, we compute the axial strains for equilibrium. For the bottom section in
uniaxial tension the result is obtained directly from Eq. 9.2-1, because 65 =8, eg=¢:

op = K EBl’J.25 {9.2-2)

For the sidewall section in plane-strain tension, we use our knowiledge of the
normality condition (see Chapter 7} to find that 6, = 20, (0, = 0} for the plane-sirain state
where &; = —£,, €, = 0. We substitute these expressions into equations of von Mises
effective stress and strain to obtain

8:—};{(0‘& ~%Gw)2+(§—cw)2 -i-{cw)z} {8.2-3)

R

or
ow=—§_é-3 {9.2-4)
2 1 ©.2-5)
B 2.02.00202 2-5
&-3[51 +0 +s1]



330 Chapter 9 Friction

Or
.2
E=Ze (9.2-6)
such that
23
cw=—?§1<[% EW}Q (9.2

The equilibrium condition requires that &, = Gy, {assuming constant thickness
and width), from which we obtain the ratio of the strains in the two sections:

o 0.25
e, )= 72?3_ K[ 325,” sw] (9.2-8)
£ 2 q
or B - =205 (9.2-9)
Eo (7;)
or g =28, (9.2-10)

Because these are the strains that will be measured, we can now substifute into the
tensile constitutive equation to find the apparent friction coefficient caused by failing to
take into account the difference in strain state:

0.25
T 0, ()
PTB oyPP  x (25w)025 (9.2-11)
G52PP
RS (3 PN (9.2-12)
i-’vapp_';t' 5 )5 .

This is not only in error, it has a physically impossible sign. To put the magnitude
of this error into perspective, we note that a typical range of friction coefficients for sheet
forming i50.1t00.3. Therefore, the uncertainty introduced by unknown strain state must
be avoided if any significant result is to be obtained.

9.9 EXAMPLES OF BULK FRICTION TESTS

Bulk forming usually requires large compressive loads and may involve large
sliding distances (extrusion, drawing} or only minimal sliding distances (upset-
ting, heading). While sheet forming is usually carried out at room temperature,
bulk forming may be done over a wide range of temperatures, sometimes -
approaching the melting point of the alloy. Because the conditions are diverse
and can be quite different from those found in sheet-forming applications,
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different tests are generally used. As in sheet-forming tests, the main aspect to
look for is how well the test simulates the forming condition in production, and
whether the test is easily interpreted.

Ring Compression Test ™

This test is widely used for evalnating the friction coefficient for forging
operations. In this test, a flat ring is compressed plastically between dies. If
friction af the interface is zero, both the inner and outer diameters expand. With
increasing friction, the rate of increase of the internal diameter decreases, and
for high values of friction, the internal diameter actually decreases. The change
in the internal diameter as a function of the change in thickness of the specimen
has been theoretically calculated for a variety of friction conditions.

Several theoretical analyses have been performed.'213% In one of these, a
computer program has been developed for mathematically simulating the metal
flow in ring compression with bulging.? Thus ring dimensions for various
reductions in height and shear factors, m, can be determined. The shear factor,
m, can be determined by comparing the measured dimensions of the specimen
to the values in the calibrating figure. Figure 9.13 shows the geometry of the test,
and Figure 9.14 shows the computed curves against which the experimental
results are compared.

The advantages of the ring test are:

1. No load or strain measurements are needed to evaluate the friction
coefficient, so standard presses may be used.

2. The test is simulative, easy to perform, and can be used for a variety of
strain rates and temperatures.

; |
|

Good lubrcation Poor lubrication

|
|
!
Figure 9.13 Geometry of the ring test.!*

1 8, Kalpakjian, Manufacturing Processes for Engineering Materials {Reading, Mass: Addison-Wesley,
1984) pp. 203-205,

¥ C. H. leeand T. Altan Trans. ASME. |. Engr. Indusiry 94(1972):775.
3 B. Avitzur, Metalforming: Processes and Anglyses (New York:McGraw-Hill) 1988.
* }. B. Hawkyard and W. Johnsoen, Int. . Mech. Sci. 1967:9-163.
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Reduction in internal diameter (%)
Reduction in internal diameter (%)

-50 i 1 i i _50 1 ] L i
o 10 20 30 40 8O ’ 0 10 20 30 40 &0

Reduction in height {%} Reduction in height (%}

Figure 9.14 Calibration curves used for evaluating the friction coefficient from ring
compression test.”

The disadvantages are:

1. Because of possible anisotropy introduced by machining or pre-pro-
cessing, the specimen can acquire an oval shape, in which case an
average diameter has to be used.

2. This test is not applicable for operations involving substantial relative

motion between the workpiece and the dies under high contact pres-
sures, such as an extrusion operation.

Combined Forward and Backward Flow Extrusion Geometry™

This test was developed to study friction conditions for extrusion
operations. The geometry of the test is shown in Figure 9.15. The test is used
to quantifatively estimate a global friction factor for the test system, by
measuring the length of the extruded rod. This length is compared with
theoretically computed lengths for a given punch travel to estimate the
friction factor. The process was analyzed using an upper bound approach,
and the calibration curves for different friction factors were determined by
analyzing the flow characteristics of the extruded material. Figure 9.16
shows the results of such comparisons.

31, R. Sanchez, K. Jeinmann, and J. M. Story, Procs. 13th NorFh American Manufacturing Research
Conference, Society of Manufacturing Engineers, Dearborn, Michigan), {May 1985): 110-117.
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R

Figure 9.15 Geometry of the backward-and-forward extrusion test.’
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Figure 9.16 Comparisorn of experimental results with computations for the backward

The advantages of this test are:

1. Tt closely simulates a production extrusion operation.

2. Noload measurements or strain measurements are required to evaluate
the friction coefficient.

The disadvantages are:

1. Accuracy of the comparisons depends on the simplifying assumptions
used in the upper bound analysis.

2. This testis not very sensitive to small changes in Iubricating conditions,
and thus is not very useful to rank lubricants.
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Double-Backward-Extrusion Geometry for Friction Evaluation *

The geometry of this test is shown in Figure 9.17. A billet is forced against
a stationary lower punch by a moving upper punch in a stationary die to
produce two cups as shown. This test was optimized using the finite element
method to design a test geometry (billet diameter, billet height, punch diameter)
such that maximum sensitivity in test results was obtained for small changes in
lubricating conditions. The ratio of the two cup heights was used as 2 measure
of the friction existing in the system. The difference in the cup heights arises
from thedifferencein relativemotion between the two punches and the workpiece
and is a measure of lubrication. Figure 9.18 shows the plots of predicted ratios
as a function of the punch height for some friction conditions.

To find the calibration curves, an FEM analysis using the program DE-
FORMY18 was carried out. The experimental value of the cup height ratio can
then be compared to the predicted ratios to yield the friction coefficient.

The advantages of this test are:

1. The geometry is very sensitive to small changes in lubricating condi-
tions, thereby making the test a good tool to compare lubricant quality.

2. The test is simulative and does not require the use of loads and strains
o calculate the friction coefficient.

Initial Stage Deformation Stage

UpRer punch -
uppsar punch

. / tmaving)

die (stationary) lower punch {stationary)

Figure 9.17 Double-backward extrusion geofnetry.“

is A, Buschhausen, K. . Weinmann, Y. Lee, and T. Altan, [, Mat. Proc. Technol., 33, 1992: 95-108,

73, Kobayashi, 5.-1. Oh, and T. Altan, Metslforming and the Finite Element Methed, (New York and
Oxford, Oxford University Press, 1989).

#¥5.-L. Oh, W. Wy, ]. Tang, and A. Vedhanayagam, J. Mater. Process. Technol., 27, 1991: 25-42.
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Figure 9.18 Predicted ratios of cup heights versus punch strokes for various values
of the friction factor m.%

CHAPTER 9 - PROBLEMS

A. Proficiency Problems

1. For the geometry shown in Figure 9.1b, find the relationship between the
friction coefficient and the ramp angle at which sliding begins.

2. Usethe rope formula to obtain the unknown forces in each of the following
cases, assuring a friction coefficient of m = 0.2,

N3
100 N Meotion

) {c}

100N

{d}
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3.

4,

Motion -
= o

Use the geometries presented in Problem 2 and the following information
{o find the true strains in the region where F is applied:

A, =original cross-sectional area of sheet=1 mm?

5=2005"2 (MPa)

Which geometry cannot be deformed as shown?

a. A ring compression test is carried out using a standard forging press.
The original and final ring dimensions are shown below. Find the value
of m or i from these data using figure 9.14,

Height (original} = 100 mm Height (final) = 60 mm
Inside radius (original) = 200 mm  Inside radius (final) = 160 mm

b. Given the purpose and use of the ring compression test, which limiting
form of friction (Coulomb or sticking) is likely to be the more accurate?

What are the friction factors determined for solid soap, graphite in
heavy way oil, and way oil from Figure 9.16? What difficulty do you
see in applying this test to differentiate lubricant properties for pro-
duction applications?
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a. For the double-backward extrusion test, the test is stopped at two

punch strokes and the cups removed. Given the foliowing experimen-
tal results and using Figure 9.18, determine the friction coefficients and
friction factors for this case.
Punch stroke = 100 mum, hy = 80 mm, h, = 30 mm
Punch stroke = 200 mm, h; =120 mm, h, =90 mm

What can you say about the role of sliding distance in determining
friction for this configuration, lubricant, and material combination?

B. Depth Problems

7.

Derive an equation or equations that could be solved numerically to find
g, org;las a function of H for the test shown in the figure. Assume Coulomb
friction, Hollomon hardening (o = k &9, and uniform tensile strain (and
tensile stress) in each leg. For simplicity, assume that the pins have
negligible diameter, so that the geometry can be computer simply.

Consider now a real test like the one shown in Problem 7,

a.

Why would you expect to see a difference between e, and e, even for
very narrow strips {to insure uniaxial tension) and with nearly perfect
lubrication (by using rollers, Teflon, and oil, for example}? How would
this effect depend on bend radius and sheet thickness?

Given results from the test described in part a, how would you find the
true friction coefficient from a similar test with fixed pins, normal
lubrication, and the same material?

Use the rope formula and the geometry shown below to determine appar-
ent friction coefficient from ¥, and F, for the modified OSU Friction Test
{see Fig. 9.11b and dimensions below).
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10.

il

a.

b.

50 mm 1

100 mm

L
F

Explain qualitatively why and how the friction factor or friction coef-
ficient affects the shape change in the ring compression test.

Could you design a plane-strain compression test similar to the ring
compression test simply by putting a long square rod between flat
platens? 7

How would you carry out a slab analysis of the ring compression test
to generate curves like those shown in Figure 9.14 ?

Given the curves shown in Figure 9.14 in terms of m and p, could you
determine a relationship between the normal stress and effective stress for -
the material used in generating these curves?

C. Numerical Problems

iz

13.

Using the formulas derived in Problem 7, plot the relationship between
stroke (H) and e, or e,in the test for m = 0.0, 0.1, 0.2, and 0.3, and n = 0.20
and 0.40.

a.

Starting from the result and specifications in Problem 4, find the strain
rates g, and g, as a function of stroke, assuming that stroke rate is a
constant 10 mm/sec.

b. Find the apparent friction coefficient for a frictionless case where a

strain-rate-sensitive material is tested, e.g. m = 0.020, m = 0.10, or m =
0.30. That is, assume that a rate-sensitive constitutive equation is used
{from Problem 4) to find u from measured strains, but that ini fact those
strains were established by a material exhibiting strain-rate sensitivity.
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Itis instructive and useful to consider a few examples of older, simpler methods

-of analysis. Until the advent of large-scale digital computation, only these

methods were suitable. Today, they are useful for visualizing the physical
picture in forming, and are still used for a variety of purposes where computa-
tion speed and simplicity are more important than the ability to handle very
complex geometries accurately. For example, most real-time control is based on
such closed-form solutions.

The examples in this chapter are chosen to be illustrative and informative
of the more advanced numerical procedures available today. In particular, a
great deal of ime is spent on slab analysis of extrusion and drawing, which is
very similar in concept to finite element analysis. The results are compared with
the simplest computations of ideal work in order to show the additional
accuracy and insight provided by even one-dimensional analysis. We include a
very brief introduction to the method of slip line fields because this method is
occasionally used for plane-strain problems where the expense and time of large
computations are not desired. Weleave introductions to upper bound and lower
bound methods to Chapter 8. We ignore some classical analysis, such as that for
deep drawing of a cup, which has little generality and which relies on many
unrealistic assumptions in any closed-form treatment.

IDEAL WORK METHOD

The ideal work method is based on calculating the ideal plastic work required
to change-the shape of a part during a given forming operation, then using an
efficiency factor gained by experience to modify this result to include nonideal
contributions to the work. As such, it is partially predictive and partially
empirical in nature. The method can be used to estimate the power and force
requirements for a given forming operation when similar operations have been
studied previously.

335
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Ideal Work in Simple Tension

To illustrate the method, let’s calculate the ideal work done during the tensile
deformation of a rod. For the rod shown in Figure 10.1, we can compute the total
plastic work! of deformation either internaily or externally, as follows:

=l A\ em=E o (dVE e -
r= P g =0 — sdes = 101
aws=, Fdl n(z) 1), BdE :fn( 2) '[Ei;"g oj;de;; =vol L:G ode  (10.1)
external infernal internal internal
worlk plastic plastic tensile
work work work

Figure 10.1 Exftension of a rod under uniaxial tension.

Mechanical principles (see Chapter 5) tell us that the internal and external
work are equal, while the definitions of effective stress and strain satisfy the
second equality in Eq. 10.1. The third equality simply recognizes that only the
axial stress in an ideal tensile test is non-zero. The connection between internal
work and effective stress and strain requires a volume correction because stress
and strain are normalized quantities. The total work, however, depends on
specimen size, Thus the volume enters the formulation as follows:

Aw = Fdl (definition of work)
but

F=0a(a=current areayand di = Ide
then

Aw=Fdl=ca-lde =V .ode (10.20)

! We wiil not make any distinctions between plastic work and plastic plus elastic work using this
approximate method. For all practical forming operations involving large plastic stzains, the
error in neglecting the elastic component of strain and work will be negligible.
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To compute the ideal work for the tensile deformation shown in Figure 10.1
from the material behavior, we must quantify the material response. Assuming
a Hollomon-type law (¢ =ke™), we can find the ideal work:

2 € wn+]
Awi=ﬁ[i) Hrerde =5 wheres=tn (10.3)
2} o n+1i 1

Q

Thus the ideal work for a tensile test is readily computed. Note that the ideal
work depends only on the starting and final configurations, whereas the real
work depends on how the forces were applied (Fdl in Eq. 10.2). The external
work includes ideal work, redundant work (i.e., work done by deformation that
is unnecessary to achieve the final shape), and frictional work (which is
dissipated at the surface of the workpiece and tools and does not contribute to
deformation).

i Find the ideal work, redundant work, and actual work done in a {wo-step
orming operation of a square rod 10 mm X 10 mm x 200 mm:

1. Uniaxial tension to a length of 110 mm, followed by

2. Uniaxial compression to a length of 105 mm
Assume that there is no friction work and that the material obeys Hollomon's
equalion:

&=5008%% (MPa)

First, let's comptte the actual work done by considering the operation in two steps.
The change in effective strain up to the end of the first step is

- 116
Afy =lAe, o= 1In — = 0.095 (10.1-1)
£1 l axxali i) 100

because the AE is defined by a proportional, tensile path. The change for the second step
is also proportional and compressive {negative tensile), so we get

£y =Mt prial] = I % =0.049 (10.1:2)

where we note that it is impossible to do negative work or have a negative changein A£,
s0 in this case the signs of AE and Ag, ;) are opposite, (Remember, the work done in each
case is positive because the compression work requires negative forces and negative
length changes.} Then the actual work done (there is no siiding, so the frictional work is
zero) over the entire deformation is computed from the total change in effective strain:

A e = 8y + A2y = 0.095 70049 =014 (10.1-3)
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AWactual _ (M¥5005025 gz = X0 (0144925 = 35.5 MPa (10.1-4)
volume 0 1.25
W sctuat = 35.5 MPa x 10 mm x 10 mm > 100 ma = 355 N m (10.1-5)

The ideal work calculation for the entize operation ignores what happens during the

cycle and is based only on original and final shapes. The ideal change of AE expected on
this basis is simply: :

105

f%"éovmu =In = =0.049 (10.1-6)
and the overall ideal work is
0.049
Aviged _ | 50080% G =2k (0,049 =9.25 MPa (10.1-7)
voluine A ] 125
AWjgesr = 9.2 MPa X 10mm x 10mm x 100mm = 92 N-m (10.1-8)

The redundant work in the operation is simply the actual work less the ideal work:

AW odundant = AWactua) — AWigdeqy =263 N-m (16.1-9)

because no friction work was done. Note that if this forming operation had a third step
added thatbrought the length of the rod back to 100 mm, then no ideal work would have
been done and instead all the work would have been redundant.

Wire Drawing or Round Extrusion

The ideal work done during a uniform tensile test is, in fact, the entire work
done; at least while the deformation is uniform. Because there is no contact or
friction, there is no surface work done and the assumed uniform, proportional
strain is correct. '

For real forming operations {(such as wire drawing or extrusion, for ex-
ample-~Figure 18.2), contact, friction, and redundant deformation are always
present, thus affecting the actual work of deformation. Although the division is
a bit arbitrary, we can picture the actual work as composed of the three
components shown in Figure 10.3.
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Figure 10.2 Schematic of a wire-drawing or extrusion operation.

1. ideal work — minimum fo accotnplish the specified shape change: W,

3. Friction work — at too! surfaces: W

1
\!\’a:Wi+wr+iu‘v.'f

Figure 10.3 Classification of mechanical work dissipated during forming.

Furthermore, we define a useful quantity, the efficiency of the process, as
follows:

ideal work (10.4)

£fici =1 = ———
eiciency =1 actual work
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The efficiency of a given process, die material, machine, and so forth, must
be known from prior experience in order to apply the ideal work method.
Typical values of efficiency are shown in Table 10.1.

TABLE 10.1 Typical Efficiencies for Various Metal-forming Operations

Uniaxial tension ~1.0

Forging? 0.20-0.95
Flat rolling 0.80-0.90
Deep drawing 0.75-0.80
Wire drawing 0.55-0.70
Extrusion 0.5-0.65

Note: It is interesting to consider what happens to the deformation work
done during a forming operation. In fact, 90%-95% of the plastic work done
is dissipated as heat to the surroundings during cold forming and close to
100% during hot forming. In cold forming, the remaining 5%-10% of the
deformation work goes to change the metallurgical structure of the material
in the form of more dislocations, grain boundary area, cell bounduries, and
so on. During annealing, this stored energy can be recovered in the form of
heat when the structure reverts to a lower-energy form.

To illustrate the application of the ideal work method to a nonideal process
such as wire drawing or extrusion {(Figure 10.2), we ask what are the power and
force requirements for a drawing machine (“draw bench”) or extrusion ma-
chine, given the following information:

d, = 0.25" o =ke®
d, = 0.157 n=0.25
7 =0.75 k = 50,000 psi.

We consider a volume element of material, ®{d,/2)2d],, on the inlet side
of the dies, corresponding to a volume element ={d /2}%dl, on the outlet
side of the dies. Since the volume does not change during plastic deforma-
tion, dl, d 2 = dl; 42 For this volume element of material, we can calculate
the ideal and actual work done:

=l opmIoomuen=1.02
ii d()

2 The very low efficiency for forging occurs in thin parts, where the dissipation is by friction over
the large surfaces. Simple upsetting, on the other hand, approaches uniaxial tension except for
small friction at the contact areas.
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per unit volume of material:

K™ 50,000 psi (1.0 in.—
= £ psi(1.02} = 41,100 in.—lb
n+1 125 in3
AW, in, -
Aw, = wi 41,1{30 ~ 54,8002 31b
U! 0.75 in.

: 2 2
work per volume element: 54,800 Jt(%*—) dl; = 54,800- 1:(-2123) dl, (10.5)

In order to calculate the external load required, we equate the external work
with the calculated internal work for a given material volume. For the case of
extrusion, a pressure is applied on the inlet side of the material. The pressure
acts on an area w({d,/2)? through a distance of dl; , such that the external work
done is P uei0q Bld/ 202d). We equate this work to the internal work for this
volume and find that the extrusion pressure is simply equal to the actual work
per unit volume (P =W._):

axtrusion

d; ¥ d; .
Poxtrusion by dl; = 54,800 & 5 dl; {in b}

- (external work) (internal work)

Pextrusion = 541800 PSl (10-6)

The method consists of finding the ideal work based on original and final
shapes, applying an efficiency factor to find the actual work, then finding
external quantities such as force or pressure by equating material work to
external work for a given volume element.

A similar result is obtained for the drawing case, where a force or traciion
(external force per unit area) is applied on the outlet side of the workpiece in
order to draw the material through the dies. In this case, the same volume
element is considered, but in terms of the material after deformation:

2
Giravy Ti["%o-) -dly = fyrgu - Al = 54,800 1{[%2) di, (in.— b}

(external work]} (internal work)

2
Garaw = W, =54,800 psi, OF fimw ™ Odraw - Ao = 54,800%(%9) in?  (10.7)
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Plane-Strain Extrusion or Drawing

The wire-drawing or extrusion case has one simplification because of the
similarity to a tensile test, namely, that the ideal effective strain is equal to the
axial strain. For other geometries, we must find the effective strain based on a
given yield surface for the ideal deformation in order to compute the ideal work.

Figure 10.4 Schematic of plane-strain drawing operation.

Congsider a plane-strain exfiusion or drawing operation, as shown in Figure
10.4. The only difference between this geometry and the wire-draw or extrusion
one is the material constraint; that is, there is no deformation in the x; direction.
Then, because the volume is constant, €, = —g,, we can calculate the three
principal strains and the effective strain (as always, assuming a proportional
path to obtain the ideal work, and a von Mises material):

t.
&y =—¢ =In (f—]
. . O

1/2 1/2

2 2 2
ge %m({m} Hrl(t‘_i} woll = im[*i) ;J-_mf‘_i] 1038)

o o 3 Lty N3t

Using the same parameters as for the wire-drawing/extrusion problem
posed above, we obtain a different answer:
t=0.25" o=ke®
t, = 0.15" n=025
1 =075 k = 50,000 psi
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- 2 0.25
= —= Iy —— | =0.59
T “(0.15)
antl s 1.25 I
n+l 125 in.

However, the equivalence of internal and external work is the same, such that
P =W, and 64,, = W,.

extrusion

Limiting Draw Reduction

One of the most classical calculations prior to large-scale computation involves
the limiting draw reduction for wire drawing or other shape drawing. The idea
behind it is very simple, although the calculation based on the ideal work
method is not conceptually consistent.

Consider, for example, the wire-drawing operation in Figure 10.2. We can
see that the operation will be impossible if the stress required to draw material
through the dies {the drawing stress, o,} is greater than the stress to deform or
break® the material (0, already through the dies. By estimating the flow stress
of the material outside of the dies using the hardening law, and by estimating
the drawing stress using the ideal work method, we can find the critical draw
reduction, when the two forces are just equal:

Ogef = Odrayw Uimiting draw reduction) (10.10)
d it ) .
Oger =G = K" =K{Zln (-l—ﬂ ' {10.11}
do
. kswn'f'}
e W, = : (10.12)
S draw a nm+ L )
so,
*n E*rd-% . 10.13
E M el E = +1 134
e or £ =n(n+D { )
4) . mfiﬂ] ' (10.13b)
(&) ool

# Swrictly speaking, it might be possible to deform the material already through the dies in tension
by a certain amount and thus harden i, raise the load-carrying capability of the sed, and then
continue to pull material through the dies. In fact, this is undesirable in practice because it would
lead to anonuniform wire, and it usually is not possible because the deformation through the dies
generally is beyond the uniform tensile strain, such that further deformation produces a
continuously dropping force. Thus, practicaily, the material coming out of the die cannot deform
further in any successful forming operation.
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where the * indicates the maximum draw ratio or ideal effective strain
attainable.

Equation 10.13 is interesting because it shows that the largest reduction
depends on the efficlency of the process and the work hardening of the material,
However, there are some concepiual difficulties with this classical result. The
main problem lies in the approximate equality shown in Eq. 10.11. The result is
approximate because the ideal strain is used fo estimate the material flow stress
outside of the die, although we know that redundant deformation (related ton)
will produce additional hardening. In Eq. 10.13 the drawing stress is corrected
for friction and redundant deformation by use of the efficiency factor, but the
flow stress is uncorrected. Ignoring this inconsistency induces only a siall error
because the hardening is not large near the limit strains in any case. See Exercise
10.2 and Table 10.2 for verification of this statement.

Derive 2 more realistic expression for the limiting draw ratio by
assuming that the redundant work is equal to the frictional work.

With the improved assumption, the redundant work may be computed in terms of
the ideal work:

W, = yni S W, W, + W, but W, =W, (10.2-1)
50,
2w, (10.2-2)
n
1~
W, =(—2~$]W; (10.2-3)

The part of the work that contributes to deformation and hardening is W, + W,
because frictional work is dissipated as heat at the surface. The deformation work is

1o T
Wi+ W, = Waee = W +(—E?‘) W, *(*‘i";]ﬂ} Ww;

We now find the final effective strain of the material by equating the deformation
work as computed by the efficiency factor to that determined by integration of the
hardening curve (using Eq. 10.3):

1+ I+ K ). -
Wy (from known 1) = -E;:l W, = (E?—) (E{Z] gt (10.2-4)
Ea K\
Wer (in terms of ”éa)mn[]ﬁdé ‘"’"‘(Tﬂ Jéa““ (10.2-5)
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which obtains:

- 1+ AL -
:, {Rﬂ : (10.2-6)
=
8, =K K[H n)nﬂ & (10.2-7)
2

The limiting draw reduction is thern determined as before, by comparing the

strength of the material leaving the die, G,, with the draw stress required to pull the
material through the die, o

A ) . 1( K )E*M (10.2-8)
G, =Kj-—| E'=—|—r =04 e
2n nin+l
such that
B
— T+7 |l y
E =T}(n+l)(—2}?] (10.2-9)

ox, written in terms of the geometry of the drawing operation:

n
d | N+ {1+ Yarl .
(do) = exp 5 ( o0 ) (30.2-10)

where the * indicates the maximum draw reduction or maximum ideal effective strain
attainable.

Table 10.2 compares computed limiting draw reductions from the standard
expression (Eq. 10.13) and more realistic one (Eqgs. 10.2-10). The table shows that
both the strain hardening exponent (n) and efficiency {n) have large influences
on the draw reduction that is possibie, but the choice of expressions is not very
significant. In either case, we can expect to achieve draw reductions in the range
of 1.4 to 1.8 under normal conditions.
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FABLE 10.2 Computed Limiting Draw Reductions

o a Y d; ¥ .

Efficiency, | n L = Dijference
dy std dy improved

material (Eq. 10.13) (Egs. 10.2-10) (%)
Ideal,

brass 1.00 o 0.50 242 212 ]
Ideal,

steel 1.00 0.25 1.87 1.87 0
Medium,

steel 0.70 " 0.25 1.55 1.58 2
Low,

steel 050 0.25 . 137 1.40 2
Low,

aluminum 0.50 - 0.15 1.33 1.41 6
Very. low,

zine (.25 0.00 1.15 117 2

SLAB CALCULATIONS (1-D VARIATIONS)

The ideal work method is often unsatisfactory because it relies on a completely
empirical value of the efficiency, which takes into account friction, redundant
deformation, and any other errors in computation. In essence, the ideal work
method resembles a scaling factor that depends on the volume of the part and
on the overall shape change, which enter through the uniform strain ratios.

To extend this analysis in the simplest possible way, we consider a one-
dimensional variation in stress and strain, while assuming a homogeneous state
within a thin slice, or slab, normal to this direction. In fact, we have already
performed such a calculation? in Chapter 1, in order to analyze the tensiie test
in 1-D. In general, we make the following inherent assumptions in setting up a
slab analysis:

» 1-D variation in field quantities only (assume the x; direction)
» principal directions are constant, known, and include x,

* The caleulation for & tensile test is pariicalarly simple because no friction enters the analysis.
Howevers, the basic assumptions and approach are the same,
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In addition, other assumptions can be used to simplify the numerical result,
but are not required by the basic method:

s fully plastic material (yield criterion is met throughout the part)
¢ constant flow stress (no sirain hardening)

» geometric simplifications (vanishingly small angles, for example)
e certain material and friction models

e simplified boundary conditions

The basic steps in applying the slab method are as follows:

1. Tdentify the direction with the most significant variation in stress and
strain.

[

Consider the equilibrium of a slab of material normal to this direction,
including stresses caused by contact and friction.

Derive a differential equation relating for the 1-D variation of stress.
Use plasticity to reduce fo one unknown function.
Apply initial and boundary conditions.

AN S

Solve the single ordinary differential equation to obtain ¢,{x,).

fane-Strain Drawing: Closed-Form Solutions

Let's solve a typical problem using the slab method. A plane-strain drawing
operation (for example, the drawing of a thin sheet) with straight, funnel-
shaped dies is shown in Figure 10.4. Also shown is a general slab of material
within the die region. The direction of most significant variation is along the
direction of material motion, along which we expect a variation of stress from
- zero (inlet side) to g, the drawing stress, on the outlet side. Because there is
- no strain or variation of any kind in the x, direction, we will take this
dimension to be unity in order to simplify the appearance of our force balance
and areas.
We will make the following assumptions in order to find a simple, closed-
form solution:

* the angle is very small relative to unity
e the material deforms throughout at a constant flow stréss, G
¢ always-slipping Coulomb friction is present at the boundaries (t;= pP}

Figure 10.5 illustrates the core of the problem statement. Figure 10.54
shows the general slab and the forces acting on it: drawing stress and its
variation across the slab, the contact pressure, and the die friction. Figure 10.56
shows the differential geometry of the contact region for resolution of forces
in the x, direction, while Figures 10.5¢ and 10.5d are force resolution diagrams
used to find equilibrivm relationships in the x; and x, directions. Starting with
X;, we obtain:
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ot + do,t) ot
1 1 ) (= 1
o
Pt
sin o
—Eg—t— sita
Sin ¢

o}

Figure 10.5 Differential slab geometry and force balance for plane-strain drawing.

sx, = 0=ypdt__Pdt dt

kS (10.14)
2 Ztano 622tana

80,

oy =Pptana—1) =P (smalle) (10.15)

In order to set up the governing differential equation, we consider the equilib-
rium of the slab in the direction of variation, x;, again using Figure 10.5, in
particular the foree resolution diagram for the entire slab in this direction,
Figure 10.5d:

Iy =0201f—01tmd(01t}u9-?—(—i-5~1>dt (10.16)
tano

Substituting for P (= 0,, small « approximation), combining terms, and noting
that d{o,t) = ¢,dt + tdoy:

aydi+tdo; =0 (T+p cot o dt (10.17}
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or

do; =6, (1+B)-ay] %E, (10.18)

where Bz cot o

Note, however, that Equation 10.18 involves one differential equation and
two unknown functions, o,(t} and G,(1). But &, and ¢, cannot be independent
because the siress state must lie on the yield surface for continued plastic
deformation, and the strain ratios in the slab must satisfy the assumed symme-
try of the problem, namely plane strain. We must therefore use knowledge of the
material response to find 0,{o}), so that there remains one differential equation
and one unknown.

For plane strain {(and proportional straining) as shown in Figure 10.4,
£, = -&,, and g; = §. Assuming an effective stress of G, and applying the
normality condition for a von Mises material, we can solve for ¢, in terms of
Gyl

deg =0 =dA (203 —6; — 065} (normality condition) {10.1%
50,
O3 = 5’%«?& (10.20)

1/2
= “}5[(51 "('52)2 +{o} —0'3)2 +{oy —53)2]

(definition of von Mises effective stress) (10.21)

Substituting Eq. 10.20 into Eq, 10.21 obtains

V3

G = —E— iﬁ] ““02! = izwg' (G; e 0'2) {because o1 > 62} {10'22)

or,

Gy =0y~ H,
2 (10.23)
where H = —5 G, a constant for this problem
A

We can now remove 6,(t) in Eq. 10.18, replacing it by the function (%), which
is known from the material constitutive equation, & = f(§). In this example, we
have assumed that the material does not strain harden, so Hand G are constants,
independent of {. This substitution yields our final differential equation for 5,(t),
ready for application of boundary conditions and solution:
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C{Gi = [{1 + B) (01 - H) el (51]% {10°24)

oF

_ dop _dt (10.25)
Bo;-H+B) ¢

Because B and H are constants {straight dies and no work hardening), we
are able fo separate the variables as shown in Eq. 10.25 and may therefore solve
the problem by direct integration, once the boundary conditions are known. The
boundary conditions are simply that when t = {;, 6, = 0 (because there is no force
restraining the flow of material on the inlet side of the dies), and att={, ¢, = g,
the unknown draw stress. Applying these conditions, we can solve the definite
integral suggested by Eq. 10.25;

jm:cd do; . t=t, gg (10.26)

g1=0 Bo;-H@+B) J=t; t

1 Gt

Em[Bcl-_H(u B /5 =nt/p (10.27)
1 In Boy -~ H(1+ B} =ln ty (10.28)
B ~H{1+B) t

By exponentiating each side and rearranging, we obtain the slab result for the
plane-strain drawing siress using straight dies, constant hardness material, and

Coulomb friction:
H(+B) ( t, )B_
G a= -1
B et (10.29)

2 _
where H=-~G and B=y cot o are constant
B #

Thus we have calculated the drawing stress without the need for empirical

knowledge about similar operations, as was required for the ideal work method.

In addition, we have calculated the variation of o,, 6, and die pressure (P}
- throughout the dies as part of the same result:>

® Thiscan be easily seen by integrating Eq. 10.26 from £ to some general thickness ¢, during which
the stress along x, will vary from zero to some value o,
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B
oyt =0T 1,—[1) (16.302)
B t;
H(O+B) It
O30 =0y (0~ H= -2 1-&} -H (10.300)
H(1+B) B
P{t}z—az(t)=wﬁ*;m ;_{{_) “H (10.30c)
i

Derive the axisymmetric-slab-drawing equation comparable to Eq. 10.25,
e drawing stress for a wire-drawing operation using the slab method.
Assume thaf o can be of any size and that the contact follows sticking friction, such
that 7, =5/43.

We proceed precisely as before, with the only differences lying in the geometry, the
friction law, the smal-angle approximation, and the strain state. We proceed in this
order to re-derive briefly the governing slab equations.

The basic geometry is defined by the truncated conic section taken from it. The
area of the conical face, dA, is equal t0 2rrdr/sin o, where 2ur is the circumference,
and dr/sin o is the width along the surface corresponding to the section width of
dx; (=dr/tan o), as shown in the figure below. {d 0 is the differential angle about X,
corresponding to a small element of contact area.)

PdA
\I
Truncated T .
conic section g

amrt+ d(clnrz) £
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Starting with modification of the geometry, and with reference to this general
geometry, we are able to draw the x,-force-balance diagram, as shown in the
following figure:

T 2rrdecol o
7 2?(rd.'
SR ¢
- )

e =
o,nr? + dlomr) a,nr?

&y
b

2y

P 21_=:rdr
sin «

L e——
P Zrrdr

v x, force balance

We enforce equilibrium to obtain

IFxq = 0= oy mr’ —[61 nr? +d{oy ne?)| =15 2mrdr cot P2 nrdr (10.3-1)

or,
G=d (5 r¥)+ 2z cot o+ Phrdr (10.3-2)

or,
0= rdo; +2(o; +Tpcoto+Pidr (10.3-3)

Note that Eqs. 10.3-1 to 10.3-3 are general, applicable to all sleb calculations for
axisymmetric drawing or extrusion.

The sticking friction law is now easily incorporated by substituting t, =3/ V3 (see
Chapter 9) into Eq. 10.3-3:

(4]
0=140; + 2(0; + —=—cote+Pdr (10.3-4)
1 EH _\[‘é

In order to find a necessary velationship among %, P, and the internal stresses, we
consider equilibrivum in the radial direction at a small element of surface area, as shown
in the following figure and companior force-balance diagram. With the aid of these
diagrams, we obtain

ZF =0=1;1drd8-Prdrdbcota—o, rdrdfcot (10.3-5)



10.2 Slgb Calculations (1-D Varintions) 357

such that
P=1tant—o, {=-8&,, small o) (10.3-6)
i1 r v
74
¢ rdrde
fsina
FTR. SR 1rdrdg
cos ¢ sine
dr .
o
dx = taf\ra P rdrdg cot o Yo, rdrdcot o
prardd
sin o
Contact-section geometry r farce balance

While Eqs. 10.3-5 and 10.3-6 are genera] for axisymmetric cases, we specialize to the
sticking friction case by substituting &/ 3 forz,:

P= m%tanotwct, (10.3-7)

We can substitute Hg. 10.3-7 into Eq. 10.3-4 in order to remove P froim the governing
equation {while introducing the corresponding internal stress, 6.

I [+
0 =1d 61 +2(0] + ~p=cOt 0L~ —=tan o+ ¢, }dr (310.3-8)
1 1 J‘é‘ ";,? T

The last remaining consideration is the assumed plastic yielding of the material,
which we use to obtain a relationship among ¢y, 0;, and T

We could use the axisymmetric symmetry in several ways to find the desired
relationship. In terms of strain increments, dg, = de, = de,. For an assumed isotropic

material, 0, =G =03 is sufficient to substitute in the von Mises yield condition:

28% =(0; -0, +(6, ~ 6,0 +(0, -, (10.3-9)

to obtain
G, =0~ (10.3-10)
A more general method, which makes no assﬁmpiions about the yield surface, is to

enforce the strain symmetry: £, = g, =&, and to work back through the normality to obtain
the stress condition. (For von Mises yield, the same result is obtained.}
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We then substitute Eq. 10.3-10 info Eq. 10.3-8 to obtain the final governing slab
equation for the case of axisymmetric draw of a von Mises material with sticking friction:

0=rdes; +z[z«1 +—(cota~ tanamq}'g)]dr (10.3-11)
N
or
———iig—l—@:-«m where B =43 (cotoi - tan o —+/3) (10.3-12)
40;+Bc ¢

Once the governing differential equation has been obtained, Eq. 10.3-12, we simply
apply boundary conditions and integrate to obtain the wire-drawing stress following the
procedure presented for plane-strain drawing:

G =0y d'gl Y dr
—_— et 10.3~
L:“{’ 40, +B6 jr- r ¢ 13)
Lim 20arBS % o (10.3-14)
4 BG b
4
B_ilx
Gqm—a)] -2 -1 3
d n {( X ) ] {11.3-15)

Piane-Strain Compressicn

Let’s use the slab method to investigate another forming operation, plane-strain
compression, or upsetting, of a long bar. Much of the construction will be
similar to the plane-strain drawing or extrusion problem, with the exception
that this is not a steady state problem. (This can easily be seen because a fixed
quantity of material must be considered, one that changes shape throughout the
entire operation. This is quite different from extrusion, where the “action” is
only in a small region of the die contact even though material flows continuously
through the region.)

‘What do we hope to accomplish by a slab analysis of this operation? We
should be able to estimate the overzll loads required o forge the bar, and o
estimate the pressure distribution acting on the die faces. Such information is
necessary in the design of sufficiently strong dies and in choosing a press of
sufficient force and power to complete the forging operation without failure.

Figure 10.6 illustrates what happens in the real upsetting ofa long bar, along
with the idealization assumed in the slab method. In the real operation (Figure
10.6a), the unconstrained sides bulge out because friction consirains the ends in

~ contact with the upper and lower dies. As better lubrication is applied, this
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deE
O B8 es
3.&6%‘?&0?
. PRI

{a} [}

Figure 10.6 Real (2) and slab {b) visualization of upsetting of a long bar.

bulging is reduced, but it can never be eliminated unless frictional forces are
eliminated. However, in the slab approach we assume that the principal directions
are constant and known, with the result that we do not allow the characteristic
bulging {(also called barreling). Instead, we assume that the intermediate
workpiece shapes are those for the zero-friction case (Figure 10.6D).

Note: We made the same implicit assumption in the extrusion case. In fact,
straight vertical lines in the origingl material are curved toward the inlet
side in the final part because of friction acting on the surfaces of the malerial
in contact with the dies. Rolling, which we will consider next, has similar
frictional effects that are integral to the operation itself: without friction, no
rolling could take place.

With our idealized deformation geometry, we can easily choose the impor-
tant direction for analysis, x,. The frictional forces will build up as we move
aleng x, toward the center of the bar, because progressively more surface area
is subjected to the friction restraint opposing outward motion. With the most
important direction identified for our 1-D slab analysis, we proceed as for the
extrusion/drawing case. We will assume sticking friction, with the frictional

stress equal to G /+/3 (see Chapter 9).

Figure 10.7 shows the relevant slab geometry, which differs from the
extrusion/drawing case in detail only. For example, the die half-angle (¢) is
zero, and we choose a coordinate system af the symmetry line of the bar in order
to define clearly the friction force direction operating on the bar surface, which
is always toward the center (i.e., resisting the outward sliding direction).

Figure 10.7c defines the equilibrium equation for this case:

T, =0=(0; +dcl)h—clh—%dxl (10.31)

Using the plane-sirain relationship for von Mises flow (Eq. 10.23), we can
substitute '
2
P=wgy=-0;+-—=GC 10.32
2=-01t (10.32)
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lo, +da
SRR
X3 *
A
o {o, +do))h

g P
— g = dx
3 2w

o)

Figure 10.7 Slab geometry and force balance for plane-strain compression.

For the constant T case (non~woric—hardening), dP = -do,, and Bq. 10.31
reduces to

26

25 4
b3

Inorder to find the real pressure distribution acting on the die and workpiece,
we must integrate Eq. 10.33 subject to known boundary conditions. In this case,
we know that o, = @ at the outer surface of the workpiece {at x =b /2) because this
is a “free” surface~—that is, there are no forces transmitted through it. Equation
10.32 gives the pressure acting on the die at the outside edge:

dP=-- {10.33)

at x=§~, P=-M2~—Es‘ {10.34)

We can now perform the definite integration of Eq. 10.33 to find the pressure

distribution:

P=P X=X

26
dP == dx
j;_za el (1039)

-5 1=
or

e 53)
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Hq. 10.36 is plotted in Figure 10.8, and the characteristic pressuve distribu-
tion is known as the friction hill because of its origin in the die friction. (Under
frictionless conditions, the hill is flat, as demonstrated in Exercise 10.4.)

As shown in Figure 10.8a, the maximum pressure is easily calculated using
Eq. 10.36 and by noting that the maximum always occurs af the centerline. In
order to find the total load needed to forge the bar, we simply integrate the die
pressure over the contact area:

load 28 x1=b/2 b 25 h
O3 (s X (4]
[ Rt 1 — 2= e D —_ i
3 j; N [ * Zh h )dxl 3 (1+ 4}1) (10.37)

: /

-bh o

length

]
|
pjor f--

fa) {b)

the case of Coulomb friction. Show that the frictionless case can be obtained from
either Coulomb- or sticking-friction calculations,

The only difference between Figure 10.6a and b is the form of the frictional forces
acting on the ends of the slab, as shown, which leads to an equilibrium equation of

- SIS, udei

e P,
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5Fx, =0=(c, +doyh~o;h~2uPdx; {10.4-1)
or

d?:i%‘ﬁ y (10.4-2)

where the same substitutions have been made for P in terms of 6, (because plane strain
is still assured;. The boundary conditions are the same, so integrating yields

LN 5 P (10.4-3)
P exp[ . ( 5 x)}

5

on the RHS of the forging, with the LHS following by symmetry.
“The maximum and minimum pressures and the total foad are obtained as before:

Pix=0= P x%exp[ub)

n {10.4-4)

b 25
P(x = —2_)2 Poin = ._3_ | (10.4-5)
load L2%h by 10.4-6
length ﬁn[m{ h } 1] (104-6)

and the friction hill is illustrated in the figure below.

The frictionless pressure distribution can be obtained by direct substitution in either
the sticking-friction case (& =0 in the frictional component,® Eq. 10.31) or the Coulomb-
friction case {m = 0 in Eq. 10.4-3), with the following result:

Pe %a ' (10.4-7)

5 Note that the frictioniess case does not imply a strength-free material, 50 a nonzero integration
lirait of 25 /3 remains in Eq. 10.3-5.
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Pressure, P

Frictionless case 2ﬁ/

-, ¢ +,
Distance

Plane-Strain Compression: Work-Hardening Case

We have assumed so far that the material does not work harden—that
@= constant. In fact, § will change as the bar is forged, but at any instant we
maintain the assumption that it will remain uniform for all x;. Thus, the only
adjustment needed to our derivations is for the change of G as the forging
height changes from some initial h, to some general height h.

Equations 10.31 to 10.36 are unchanged because they express the equilibrium
condition among the slabs at one time, when G is constant. However, it remains
necessary to express all variables in terms of one, let's say the die closure height, h.
Clearly, b changes as h does, and we can find the relationship by noting that the
volume of the bar does not change during plastic deformation:

hyb,l, = hbi (10.38)

SO

b= Fobo (10.39)

because | = 1, for plane strain.
If we know the tensile-test siress-strain curve for the material, we can
express O in ferms of h. Given:

F=1@) (1940)

we need only o relate £ to h. For plane-strain deformation (proportional at ail
times), we have £, = ~&, =g, and g,;(along 1)} = 0. Thus, for this proportional path
we have

iz
- |2 2
€ 1"[—3"(8% +8§ +32)} = ﬁlﬁh' (1041)
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and le]=In 22 (10.42)
h
g=-Znle (10.43)
3 h _
_ (2 R
=] I -2 (10.44)
¢ [Jg " h)

With these two substitutions—Eqs. 10.3% and 10.44 into Egs. 10.36 and
10.4-3—we can cbtain the pressure distribution for the plane-strain forging
of a bar throughout the forging cycle, as a function of x, and h:

2 2. h h,b, x
Pzt f| In=2 || 14222 L
3 (J3 h }( 2h? h}

(sticking friction) (10.45)
2 (2 h 2u{b,h
Pz e f) e In—2 o
73 (ﬁnh]exP{h(Zh "1”
{Coulomb friction) (10.46)

A schematic representation of the progression of the friction hill in time,
Figure 10.85, illustrates how rapidly the peak pressure increases because of the
combination of increasing width b and increasing edge hardness.

Wire Drawing: Numerical Solution

S0 far, we have chosen conditions in our slab analyses such that a simple
integration could be used to solve the differential equations. In more general
cases, it may be impossible or impractical to solve the equation in this manner,
and a numerical method may be desirable. Furthermore, the numerical solution
of simple slab problems iliustrates many of the methods that are applied to
more complex situations.

As an example, let’s consider the wire drawing of a metal which exhibits
von Mises yield, power-law hardening (6 =K&"), and Coulomb friction. The
wire-drawing derivation preserited in Exercise 10.1 can easily be extended to
this case by realizing that § is no longer constant, and by noting that the friction
stress, 1, is equal to 4P. We makeuse of Eq. 10.3-3, which is unchanged because
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the cylindrical cross-sectional geometry is the same, Bq. 10.3-6, which is the
same force balance in the r direction with the substitution that ;= mP; and
Eq. 10.3-10, which is the same because the yield surface is unchanged.
Combining these and rearranging obtains

0=rdoy +2[(1+B)o; ~pF|dr

where

B Cosa-sing (1047}
I—utanc

We cannot integrate Eq. 10.47 directly because @ is a function of £, whichisa
function of r. For axisymmetric geometry and proportional straining,

£y =28y =2, (10.48)
and
1

§ﬁ[-§(ﬁ]z +ey° +£—:32)]2 =gy =2, =2ln (10.49)
r

Thus we write Eg. 10.47 to emphasize that @ is a function of r and to relate the
two differential variables, 6, and r, to one another:

do; =2[(1+Bla, —BE(r)]% (10.50)

Note that Eg. 10.50 holds for generally-shaped dies; that is, B may depend
on r via afr). This does not introduce any additional complexity because the
term BT (x) is already an arbitrary function of r.

Inorder tosolve Eq. 10.50 to obtain ¢ as a function of r [and finally to obtain
G yeaws Which is o (r )], we introduce a simple, explicit numerical integration
scheme” that is easily followed. To illustrate the method, let’s rewrite Eq. 10.50
to again emphasize the functional dependencies:

doy =[Flop)+ G{r)]%r— ' {10.51)

where F(o1)=2(1+B)o; Glx)=~B&(x) an arbitrary hardening law.

* See Chapter 1 for similar numerical procedures.
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TABLE 10.3 Numerical Integration of Equation 10.50

Step T F(Gli‘l) G(ri) T :_f _ &
number
o +© - . - 0
: A ) n_ o0 ) ol =
F(0) = o G(r ) By 1 13 (o +Bo)mn
Glz =
2 2 F 2 2% _ 1”2 ~rt 2 Gl +
7 (c )-0,2 G(r )—Bz = = ( 15 )
' G +h2 Y2
oo =
n__n-i -1
G R e
n n n

Now, we transform the differential equation to a finite-increment form:
A6y =[Flop+Gm] = (10.52)
T
- and we choose an explicit update method for simplicity:

of =oy"+ {F[ﬁ{i‘“] + GG )} Q’_i_";f_ill

(10.53)
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Note that we use the current radius, rt, which is known explicitly for
our update procedure, but we use the stress from the previous position (i-1,
at 11} because we know it explicitly. If we had chosen to use the current stress,
which is more consistent mathematically, Eq. 10.53 would need to be soived
iteratively at each value of r.

To begin the numerical integration, we apply the initial conditions, or
starting boundary conditions at

P (10.54)

Next we begin to calculate the updated stress as we move toward reduced
v's (Table 10.3).
Note that the procedure would be identical for any kind of functional

variation of r and 6. So, varying wall angle— for “streamlined” dies, for
example—could be handled similarly.

Find the wire-drawing stress for a work-hardening material that

ebeys 5 =500 MPa %%, Assume that the wire-drawing operation reduces the wire
radius from 1 min to 0.6 mm using dies with a constant half-angle of 30° (o = 30°.

We start from Eq. 10.53 but must make explicit the various terms in the equation.

Floy) =201+ oy =2| 1+ K8 3030 1 10 6, {10.5-1)
1-ptan30

and

Gy =B o) = | L0530 TS0 | 24020 145 (010 Ty0W0 (MPa) (30.5-2)
1-51tan 30° ¥

We now carry out the numerical procedure, in four steps as presented in Table 10.3.

i-1 H i-1

Step number r Fla, i1 ol r! il A
(Gl ) {r ) r (F+G)ar
{mem} (MPa) {(MPa) {mm) {MPa)
0 1 - - - 0
1 0.9 0 -106 -0.111 11.7

2 0.8 17 -124 ~0.125 25.1
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3 0.7 36 ' ~136 ~03.142 39.4

4 0.6 56 -146 -0.167 544

Thus, G4, = 54 MPa.

Flat Rolling: Slab Equations

The slab method may also be applied to the rolling of flat sheet or plate. The set-
up of the differential equations, which we will present, is straightforward and
follows the previous examples closely. The solution of the equations, even for
simple material models {(such as no work hardening), has an additional com-
plexity that requires numerical treatment. We will leave such solutions to
exercises for the interested reader.

A flat-rolling arrangement is shown in Figure 10.9. In fact, this figure is
exaggerated to illustrate the method better because changes in sheet thickness
in typical rolling operations are relatively small.

The sheet, which is assumed to be quite wide relative to the length of the
contact zone (Ra), enters the roll gap with a thickness of t; and exits with a
thickness of t,. This geometry requires that the deformation be near plane

Figure 10.9 Definition of the slab geometry for flat rolling.
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strain, which is commonly observed. Note that all the power required for this
forming operation is supplied by the rotation of the rolls. No other external
work is done.

For the slab calculation, we proceed as before, keeping in mind what we
wish to accomplish with a 1-D analysis, By considering a variation in stress
along x;, we can calculate the pressure distribution acting on the rolis. Figure
10.10 illustrates the slab arrangement for rolling, along with the vector face
diagram needed to establish the basic equilibrium equation. For this example,
we assure Coulomb friction and we choose a unit width normal to the paper in
order to eliminate this variable from our equations.

We derive the equations by starting with equilibrium along the principal
direction of variation, x;. It is possible to express the resulting equation in any
combination of t, x;, and a (and their differentials), as shown in the inset to
Figure 10.10, but we keep all three variables to obtain a typical form:

L E, =0=d(o3t)+2 PR sino do -2 PR cose dot (10.55)
but
_ o
Rceosa
50
0=d{o)~2P (u—tan o) dx; (10.56)
Rde
%E = Rsin ado ’
PRde
uPRdo s dx, = Reos ada
{0, + doy)it + b ot +dis,) : ot
& S *g e %
TN wPRsin ede
Z uPRda
1PReos pda

PRsin ado §

Figure 10.10 Slab equilibrium in flat rolling.
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Note that Eq. 10.56 was derived by assuming a direction of the friction force
with a positive x, component. This is clearly the case as the sheet enters the rolls
because the rolls pull it in. However, a simple analysis of the velocities of the
sheet surface relative to the velocities of the rolls (which are constant} shows
that the friction must reverse sign so that the rolls tend to impede the progress
of the sheetas it leaves the rolls. (The velocity of the sheet surface varies because
the sheet elongates in the roll contact zone and the velocity thus increases.}
Figure 10.11 shows schematically the variation of the relative velocity of a roll
(1.e., Vi oVaneo at the contact surface. At the point marked N, the roll velocity
just matches the sheet velocity, hence this is called the neutral point.

With the addition of this physical insight, Eq. 10.56 splits into two equa-
tions, depending on which side of the neutral point is considered:

O=d{o;0)+ 2 P(tan o.— pidx,

(before N) (10.572)

O =d (o11)+ 2 Pltan o+ pddx;

{afterN) (10.57b)

Equations 10.57 are forms of the well-known von Karman equations of rolling.

In general, Egs. 10.57 require considerable approximation and manipula-
tion to solve. Examples are deferred to the Problems for this chapter, but a brief
discussion may be helpful.

The first step in any analysis requires finding the position of the neutral
point, N. However, in the case of Coulomb friction, whose f{riction force
depends on contact pressure, the position of N depends on P(} or P(x), which
in turn depends on N. To approach the problem in a general way, we can write
the governing equations as follows:

Figure 10.11 Definition of the neutral point.
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doy =Flog,x)dx; I<x;<N (10.58a)

d Gy = G(G] ,}(]) dxl N« xq <1i (10-58b)

The points N, I, and Il are shown on Figure 10.11. In order to find N, we note
that the boundary conditions are as follows:

op=0 atxy=I, oy=0 atxy=ID
because the only forces applied to the sheet are by the rollers, which are not in

contact outside the region I < X; < II. Furthermore, the stress o, at the neutral
point must be single-valued, so the following equality must hotd:

oy (N)Eeft ) (N)righl‘ (1059)
N N
j Floy, 0 dxy nj Glop, Bdxy (10.60)
xy=I xg =11

Eqg. 10.60 shows that the maximum value of s, oceurs at theneutral point for
cases where F and G are monotonic functions of x; or t. To solve Eq. 10.60
numerically, the two sides may be integrated mumerically forall possible values
of N, and the point may be located that satisfies the equality.

THE SLIP-LINE FIELD METHOD FOR PLANE-STRAIN
ANALYSIS

Slip-line field theory can cope with rather complicated two-dimensional geom-
etries, but cannot be extended easily to elastoplastic or viscoplastic analysis, or
to complicated boundary conditions. The complete theory of slip-line fields
will not be described in detail here; for a comprehensive mathematical presen-
tation the reader is referred to Hill?, or to Hosford and Caddell®. The basic idea
is to use the Tresca yield criterion for rigid plastic materials, and to express the
equilibrium equations in a reference system where it takes a much simpler
form, For plane-strain rigid plastic deformation, the basic equations were
outlined in Chapter 8. The stress equations are: .~ :

8 R. Hill, The Mathematical Theory of Plrtsficii_lj {Oxford: Clarendon Press, 1989; 1950).

# W. R Hosford and R. M. Caddell, Metal forming: Mechanics and Metallurgy: (Bnglewood Cliffs:
Prentice-Hali, Inc., 1983). .
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equilibrium equations, when inertia and gravity are neglected:

do
90, %% _g (10.61a)
ax oy
9G,, oC
R At ) A (10.61b)
ox ay '
von Mises yield criterion:
465
(O~ Oyy) + 405y :mg‘l=41<2 (10.62)

the plane sirain condition on stress for plastic zone:
1
P=—(0x + Oyy) =0z, (10.63)

where P is the hydrostatic pressure.

These equations are transformed according to a change of coordinates and
of unknown stress functions. At any point M where plastic deformation takes
place, we denote by Ml the first principal axis, corresponding to the maximum
principal stress o; and by MII the second principal axis, corresponding to oy
Ml is referred by its angle & with the x axis. A new reference system (M, a, b) is
defined locally: its unitary vectors a and b make, respectively, angles of —45°
and 45° with MI {Figure 10.12). _

Two families of curves can be defined: an ¢ curve is tangential to a, and a
B curve is tangential to b in M. The transformed equilibrium equations can be
more easily solved on ccand B lines, called slip lines, in terms of the hydrostatic

Figure 10.12 Representation of the local reference system for the slip lines ¢z and §.
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pressure P and the angle 8. To prove this statement, Eqs. 10.61 to 10.63 will be
rewritten in terms of P and 8, on the o and § lines, First it is easy to verify that
in the {MI, MH) reference system, the unit vectors i and j, on Ox and Oy
respectively, have components so that

cos@ sinf
= S (10.64)
[ [— sin 6] and []] [cos B}

The stress components in the initial reference system can now be expressed in
terms of the principal stresses o, and 6y, 50 we have:

Cxx Oxy | | cosb-sinb oy O cosG  sin®
Oxy Gyy | | sin® cosB 0 oy li ~sin® cos@
N {O‘I cos? B + oy sin? @ 2oy —oysind cosa} (20.65)

2(o; —op)sin® cos® o sin 8+0y cos? 6

The plastic yield criterion is written for the principal stresses, taking into
account that o1 > oy, and we obtain for the plastic regiomn:

(o) ~o P =4k% &3 5y ~op =2k (10.66)

We are now able to make the change of unknown functions: Egs. 10.65 to
10.67 take the simpler form:

- =ﬁ¥§l+mcos2ezwl’+kcosza (10.67)
Gow w0V OH T e90 = Pk cos28 (10.68)

¥y¥ 2 b
Gyy = (07 —Op)sin 20 = k sin 26 (10.69)

Using Eqgs. 10,67 to 10.69 to rewrite the equilibrium equations (Egs. 10.61a
and 10.61b), we get:

o sin20 28 4+ 2k cos20 22 =0 (10.70a)
ax ax .oy
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_% 2k cos28 2 s ok sin20 2= 0 (10.70b)
oy ox 3y

We still have to rewrite these two equations in the SLF (local} reference
system (0} and (B): To do this transformation, a change of orthonormal basis
must be done (see Section 2.5), The R matrix is defined in the usual way (see

Section 2.5)
cos(e - —TE) sin(@ - E)
4 4

] - - {10.71)
—-sm(e - Z) cos(e - Z)

which allows expression of the {infinitesimal} components:

[R]=

ax _ T do _ oo BB _(_12',_ 16.72
o g2 o 5 o
' ' oo, off

If Egs. 10.11 and 10.12 are combined, we observe that

x 9y cos(e—ﬁ) sin(em’f)
do. Jot 4 4

= g—; g—g ) -—sin(@ - -E—) cos(e - g—) 107%)

Itis now possible to consider Egs. 10.70a and 10.70b as a column vector and
multiply it by the [R] matrix; the first component of the resulting vector will be

(-g—i gz» + %?g—&z) 2 k(— 5in 20 cos(e - Z)+ cos 26 sm(e - —-))

00
ox

a0 (10.74)
+2 k(cos 28 cos(e - ~—) +3in208 su{e - —)] — =0
4 oy
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After some handling of trigonometric functions, Eq. 10.74 becomes

oP a6 a8
42k B——|— -— 10.75
aa+ cos( GJB +2ksm(9 )ay 0 { )

Using Eq. 10.73 again allows us to further transform Eq. 10.75 into

ar ox o6 dy 98 _oP 98
—+2 +2 = 10.71
Jo. ™ o 9% an 8 o taksy oo =0 (10.76)

The second component of the equilibrium equations is calculated in a
similar way so that

aP a8
i, § ¥kl 16.77
3 2k8ﬁ 0 ( }

Egs. 10.76 and 10.77 are generally written as

P +2 k 6= constant on an () line (10.78a)

P-2k 6= constant on a {B} line (10.78b)

and are called the Hencky eguations.

The same approach can be followed for the components v, and v, of the
velocity field in the local SLF reference system. The resulting Geringer equa-
tions are

dvy, ~vp d8=0 onan (o) line {10.79a)
dvp +Vy d8=0 ona (f§) line (10.79b)

" The method of practical resolution will be outlined only when P and 8 are
known on a curve I'. As pictured in Figure 10.13, a small part AA” of an (ot} line
is to be calculated together with a small part BA” of a (B) line.
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Figure 10.13 Construction of the SLF from a curve (I').

The Hencky equat-ions on the (o) line AA” and the (§) line BA~ give,
respectively,

PA+2kﬁA=PA’+2k8A’ (10.893.)

PB—ZI(BB :.:PA) —wszA; (10.83‘3}

This is a linear system where the unknowns are P, - and €, ., the solution of
which allows the determination of the position of the geometrical point A" if a
hypothesis is made on the approximation of the siip lines: linear segments, arcs
of circle, and so forth. In the same manner, from B and C, point B* can be
determined; then from C and D point C7 is calcalated; and so on. A new
discretized carve (I} is obtained (A°B"C"...}, which is used to compute the next
series of geometrical points.

The analysis can be extended to axisymmetrical problems, provided suit-
able hypotheses are selected.

CHAPTER 10 - PROBLEMS

A. PROFICIENCY PROBLEMS

1. Calculate theideal work to sirain a unit volume of material under uniaxial
tension from (£ =0} to (£ = &) for each of the following hardening laws:

a. 6=KEsg )" {Ludwik law)
b. G=0,+K{E+e,)" (Swift law)
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- ~BE
c. G=06,1-Ae ) (Vocelaw)
c=K (ideal plastic)
€ F=g,+KE {linear hardening)

o]

Calculate the drawing stress and force using the ideal work method for a
wire-drawing operation from 2 mm to 1 mm diameter of a Voce material
where o, = 500 MPa, A = 0.5, § = 0.2 and where the efficiency factor is
assumed fo be 0.5,

Calculate the extrusion force for the same conditions as Problem 2.

Calculate the plane-strain-drawing stress and force from 2 mm to 1 mm
thickness for the material and eefficiency defined in Preblem 2, How does
the drawing stress compare to the wire drawing stress computed in
Problem 27

Repeat Problem 4 for plane-strain extension.

F= 500 [1 - 0.6 exp (~38)] MPa

Frsmd

Calculate the total ideal work done for the operation diagrammed
below, given the hardening law shown, Assume the material obeys von
Mises yield.

A steel deforms at high temperature at a constant stress of 100 MPa. For
a given forming operation, the strain path may be approximated by two
proportional paths, the first from (g, =0, & =0} to (g, = 0.5, £, = 0.25), and
the second from (g, = 0.5, £, = 0.25) to (&, = 0.6, &, = 0.5).

a. What is the ideal work per volume of material?

b. What is the tensile strain equivalent to this forming deformation?

¢. Assume thata single proportional path was followed from the start to
{inish. How would the answers to a and b change?

Repeat Problem 7 for a different forming operation for which the initial,
intermediate, and final geometric strains are as follows:
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. initial; (g,=0,g,=0)
intermediate: {e, = 0.5, g, = 0.25)
final: (e, =0, &,=0)

8. a. Use L'Haspital's rule to find the plane-strain-drawing stress for a
frictionless case starting from Eq. 10.29. Note that as 5 —0, f 0.
L'Hospital's rule states that the limit of a composite function

f(x)

lim ~——|incases where[
2{x)

limflx) -0, lmg()— 0]
or
X—a . ;

X—a X—>a

M E(x) - =, Hmgho — es
X—>a X—a

} may be found by the ratio of the

fx)

derivatives:  Hm kel

X—>a gx) N gt

if these limits exist.

b. Compare the frictionless result obtained in part a with the drawing
_ stress obtained from the ideal work method.

10. Foellowing the procedure of Exercise 10.3, derive an expression of the
wire-drawing stress for the Coulomb-friction case. Show all of your
-steps clearly.

11. Pollowing derivations in the text and in Problems 9 and 10, complete the
following table assuming constant material hardness, ©:
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Calculation type Wire draw Round Sheet draw Sheet extrusion
g, extrusion G, P,
P

exd

Slab (general o, W)

Slab (any i, small o)

Slab (0 =0}

Ideal Work

12.

13.

14.

For each forming operation in Problem 11, show how much the external
stress or pressure changes by using the small-angle approximation.

a. Use “typical values”: 1, t, = 30 mm; 1, to t = 20 mm; o = 20°,
=025

b. Use “extreme values”: r,, t;, = 40 mm; 1, t,., t = 20 mm; o = 45°,
=105

Perform a slab calculation for plane-strain compressibn of a Hollomon

material & = 600 MPa 0% subject to Coulomb friction {1 = 0.3). Assuming
an initial geometry of h, = 100 mm and b, = 50 mm, piot the friction hill at
several values of h/h, {(0.75, 0.5, 0.25) and find P, and P, a5 2
function of h/hy. <

Consider the forging operation shown here. If the die material can
withstand a contact pressure of 1500 MPa and the workpiece exhibits a
constant effective stress of 500 MPa, what is the minimum height to
which the billet can be forged? Assume two cases: {a) g = 0.25, and (b)
sticking friction?
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15.  Consider the drawing of a sheet that reduces both of its dimensions in the
cross sections as shown.

Top view P, acts on dA,
Side view By acts on dAy
End view 30 mm

a. Setup and derive the differential equation that governs the drawing
operation. Show all of your work and leave the resulting equation in
the form of the following variables:

P, Paf dA,, dAy o Bt G,

b. Considering the symmetry of the operation and, assuming a von
Mises material, find the ratio of the stresses 6,/6,/0,.

B. DEPTH PROBLEMS

16. Find the efficiency of a wire-drawing operation, as estimated by a slab
caleulation, assuming the following parameters:



17.

18.

19.

20.
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G =1000 MPa, 6 = 10°, 1y, = 50mm, 7,y = 40mm, L = 0.25

For the conditions presented in Problem 16, what is the maximum fia_
that can be performed? fout

a.

Repeat Exercise 10.2 for the most general assumption that the redun-
dant work is a fixed fraction of the friction work: .

w
o=t
Wy

0=sqast.

Show that your general expression reduces to the standard expression
(Eg. 10.13) when a = 0.

Show that your general expression reduces to the improved expres-
sion (BEq. 10.2-10) when e = 1.

Compute (¢;/dg)* for the cases in Table 10.2 using your general
expression with o -3« (i.e., all nonidéal work is redundant work).
What are the differences cﬂmpared w1th standard expression for these
cases?

Use your result and your khowledge of scéiing of W, and W, with
respect to size to predict whether (d;/ dy)* would go up or down as the
size of the drawing operatlon mcreases (Hmt How doesatdepend on
size?) O

Derive equations similar to Eqs.f 10_,5? fg')‘f_:i:'l}'e case of sticking friction.
Assuming plane-strain condifiqns,' eliminate P from your equations.
By making appropriate geometric substitutions, write your equations
in terms of o and da alone, and t and dt alone.

Real rolimg operations exhibit several characteristics that are not easily
seen in simple slab analysis. What do you thank is the origin of the effects?

Plzne sections de

not remain planar Internal cracking
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Crowning

Before

Widening

Side cracking
s L) A B

) {d} {e;

21, Consider a sheet-drawing operation (plane strain) that uses streamlined
dies, as shown. '

& = 100 ksi

dajr

£ 183 (t in mm, o in degrees)

a. Usea simple five-step numerical procedure based on the small-angle
formula to find o, at £ = 28 mm, 26 mm, 24 mm, 22 mm, and 20 mm.

b.” What is the limiting Yn ratio that can be attained with these dies, for
out
t; = 40mm, based on your numerical procedure?

22.  Using a slab analysis similar to the one for the plane-strain-compression
case, derive an expression for pressure as a function of radial position for
_the compression of a cylinder. Consider cases with (a} Coulomb friction

and (b} sticking friction.

23. How would the sheet-drawing siresses depend on normal plastic
anisotropy (r) based on Hill’s theory?
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C. NUMERICAL AND COMPUTATIONAL PROBLEMS

23.

24,

25.

Write a program to carry out the numerical integration of general slab
equations for drawing and extrusion as ountlined in this chapter. Check
your program for the special cases derived in closed form to make certain
that the correct answers are obtained, How many steps are required in
order to obtain a result within 0.1% for the cases presented in Problem 12?7
Use at least this many steps in subsequent simulations.

a. Using the straight-sided geometry of Problem 12 and the program you
wrotein Problem 23, find the drawing (extrusion) stresses (pressures}
for a power-law hardening material and compare these with the
closed-form solutions using G = constant. (Find the appropriate con-
stant by using the flow stress of the hardening material strained to a
strain intermediate between the original state, € = (1, and final state g

& =500 MPa g™

b. Compare your results for the typical values of Problem 12, but using
a range of die half-angles: a = 10¢, 200, 309, 40°, 509, 60°, 70°, and 80e.
What effect does o have on the result and on the accuracy of the
constant @ assumption?

¢, Repeat the simulation of part a for materials with several hardening

laws. In each case, compare the results with the equivalent closed-
form solution for constant §. Material laws are:

& =500 (£ +0.05)"% (Ludwik)
T =100+500(E+0.05)°%  (Swift)
§=500(1~0.6¢"%) - (Voce}

0 =250+350E {linear)

How does the choice of hardening law affect the numerical result
relative to the closed-form one?

d. - For parts b and ¢, plot the die contact pressure as a function of x;,and
comment on which designs are likely to be best for die wear.

e. For parts a, b, and ¢, compute the efficiency of the process and
comment on how it relates to material law and friction.

Performn a slab analysis for the die geometries shown. Use various combi-
nations of friction and geometry as shown in the following diagram, and
consider which kind of die shape is best in terms of drawing/extrusions
stress and die pressure.
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26.

27.

28.

2
. 10 mm
S S H O, S

1
- 283 memmyf

friction: (a) m = 0.3; (b) sticking
material: choices in Problem 24
geometry: plane-strain or wire in die shapes as shown

For the various conditions presented in Problem 24, find the limiting draw
ratio for each case by comparing @ and o, as the material moves through
various positions in the dies. (Modify your program, written in Problem
23, to make this comparison and return the limifing draw reduction.) How
does this ratio depend on die angle?

For the various material laws presented in Problem 24, derive a closed
form equation simnilar to Eq. 10.13b. How do these results compare with
those obtained in Problem 267

r

Modify your program, written in Problem 23, to use an implicit update
scheme. Thatis, write F(o,) in terms of the current stress rather than the stress
obtained at the end of the last step. it will then be necessary to solve the
equation at each time step iteratively, using a Newton-Raphson procedure.



29.

36.

31

385

See Chapter 1 for guidance. How many time steps are required to obtain the
accuracy demanded of your explicit program? What is the relative computa-
tion time for the two approaches to obiain similar accuracy?

Write a computer program to integrate and solve the von Karman rolling
equations, Egs. 10.57. You may wish to start with the program written for
Problem 23 and modify it accordingly.

Using the rolling program written in Problem 29,

a. Plot how the position of the neutral point varies with ¢ {Coulomb
coefficient) and n (work-hardening exponent}.

b. Plot the pressure profiles as a function of g and n.
Use your rolling program written in Problem 29 to analyze the second die

geometry {piane-strain only), now treated as a rolling operation. How do
the die pressures and efficiencies compare for the two processes?
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