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Preface

My principal aim in this book is to bring within the scope of advanced first
degree students and those studying background courses for: the Master’s
degree in mechanical or civil engineering, 2 simple compilation of information
and analytical methods in the subject of Impact Strength of Materials not
otherwise easily available in 4 single textbook.+

Today there is a great need for engineers to be thoroughly familiar with
elementary ideas surrounding stress waves in solids and high speed metal
deformation. because more situations than hitherto now invoive considerations
ol impact loading. In the design of structures and in the study of high speed
metal processing. the necessity to be able to think quantitatively Lo some extent
in discussing these areas of work has been quite evident for some time. To judge
from available textbooks on Strength of Materials or Continuum Mechanics
it is a curious fact however that undergraduate teaching in the U.X. and the
U.8.A. includes little or no exposure to knowledge of the phenomena and the
stress calculations of impact situations: few students graduate thoroughly
familiar with the equations ‘¢ = per” and ‘cq = ./E/p". Another reason for
writing a book of this kind is that | believe present day Materials has become a
dull subject for students. often because it is one that has changed littie. or too
little, in the course of the fast half century; there is a need to inject more interest
into the subject. 1o enlarge its scope beyond conventional preoccupations with
static situations and to introduce students to a wider awareness of some of the
other interesting facets of the mechanics of solids under stress. Also. it will be
clear. my concern has been not to emphasise analytical treatments. | have done
this in order not to put off the mass of studen1s or practising engineers who have
little facility in mathemalics and in order that simple useful ideas should not be
obscured by having 1o attend 1o mathematical derivations. The engineers’
world is full of difficult boundary value problems of one sort or another and it is
therefore important for the student that he should learn to undersiand certain
clementary ideas + ery well indeed so that they can easily be adapted or manipu-
lated in dealing with new, complex situations. The simple model, and relatively
simple mathematics, can long be remembered after formal teaching has ceased
and can rapidly be called up to furnish terms in which a new situation can be
discussed and for which ‘numbers’ can be obtained often with sufficient pre-
cision, Thus, because 1 have adopted a distinctly technological approach, the

1 The book by Goldsmith (ref, 1.2} is intes .A“s.x" g‘:‘:h‘ On“' :at by Kolsky

ref. 113 for physicists, 8 e alling
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book is in the tradition of ‘strength of materials’ rather than “the mechanics of a
continuous medium’ and hence the choice of title,

On two especial counts can the material in this book be criticised. First,
thatitis pedagogically wrong ta separate impact from static strength of materials
and second. that the contents are ill-chosen. To the first criticism [ can anly
repiy by saying that 1 shall welcome the all-embracing book on strength of
materials when it is published. In respect of the second. the choice of material
reflects my own experience and interests in this subject: I came to it mainty
through the study of high velocity metal forming operations and large plastic
deformartion. not from the end of structural engineering. [t has, however. become
clear to me ovar the vears that a common approach for both these facets of the
subject is desirable and possible,

The classification of the material presented. together with the subjects |
have nor treated. e.g. many of the structural aspects of impact as in the book
by Kornhauser iref. 9.14), may also be a matter of dispute and objection by
some : in this case [ hope that subsequent writers on this topic will correct what-
ever shortcomings become clear.

I have tried to make this book largely self-contained. but it can only be
introduced properly to students already reasonably well versed in clementary
strength of materials: in the U.K. this applies to undergraduates towards the
end of the second of their three vear course. as far as Chapters 1 and 2 are
concerned. Some of the other material can only be presented 1o students in
their third and final year. The whole of the material in the book (together with
laboratory demanstrations) has at one time or another comprised one of a group
of options taken by students in partial fulfilment of the requirements for the
Master’s degree in mechanical engineering at UM.LS.T.

Chapters I and 2 are deliberately efementary in mathematical terms because
my experience is that students find the ideas surrounding stress waves less than
straightforward and easy to appreciate. 1 have found too that the average
engineering student shows facility with the one-dimensional wave equation,
Le. Eu'cr® = ¢ PujEx?, but has little physical feel for what it represents.
The intention in these two chapters is to present and to re-present primitive
ideas and to develop a confident facility with them. There are also a number of
features to the two chapters introduced in order to familiarise students with
possibly new terms, e.g. the Hopkinson bar. As remarked earlier, these two
chapters contain material especially suitable for undergraduates; where it
appears in small type this indicates that it is of lesser importance than other
material or is intended by way of exemplification.

The third chapter has two aims; these are to present more general ideas
concerning elastic stress waves and at the same time to emphasise the com-
plexity of the subject so that the student will gain an appreciation of the
limitations of elementary theory.

Chapter 4 reviews elementary plasticity theory and endeavours to employ
it in solving a number of siow speed impact problems. Some of the
material it contains is incinded asg being indispensable for the reading of
latter chapters.

RN v

Chapter 5 introduces elementary concepts conce}'ning unc-di‘mens%opai
elastic-plastic stress waves—a complex subject at any time and cfpe n_oFtt)etlnlng
topics about which there is still disagree.ment. My aim here has am_lply ecn Lo
familiarise the reader with some new ideas and to encourage hlm‘to go to
more advanced texts for further study, e.g. rafl 4.40. N

For each of the remaining chapters [ have tak;n specific elemen_ts and
brought together a coliection of straightforward pieces of work whu:fl are
generaily mutually supporting. [t is my hope that in these ch;_lptersl red:ders
new 10 this field of study will find descriptions of phenomena which will sumu-
late them to further and deeper study. '

I have tried to acknowledge all the sources I have used, but up[orlunat.e]y
I have been unable to identify them all : to authors not ackn'owicdgea‘l apologlsg.
I have also given references to help readers interested in a particular topic

S eir interest in more detail.
pu];?g.t'}ll'. S. Al-Hassani. Dr. N. R. Chitkara. Dr. 8. R, Reid,lDr. L B: Hawk;.'a'rd.
Mr. E. Appleton and Mr. Md. Hashmi have read parts gf this book in Ty peseript
and helped to clarify it at numerous points, and for thls_I am grateful. _

I would like to thank Mrs. S. Moss for her careful typing of my manuscript.
task which has not always beer easy. . ‘ _

My thanks are also due to Mr. C.J. Johnson and Miss S. Johnson for preparing

the Index.

W. Johnson
December 1970
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1: Elementary one-dimensional elastic siress waves in
long uniform bars due to impact

The study of the theory and phenomena of elementary one-dimensional elastic
waves or pulses is of value to engineers,

(i) beeause there are many occasions in engineering design when it is useful
to be abie to estimate the magnitude of the elastic stress created by the impact or
collision of two bodies, and

(if) because a sound knowledge of elementary clustic wave theory is indis-
pensable for an understanding of the phenomena of impact behaviour, e.g.
spalling or scabbing, and because explanations in terms of static stress znalysis
may be misleading.

Definitions

A stress ware or pulse is transmitted through a body when the different

parts of it are not in equilibrium. as is the case when one solid impinges on

another; and because of the material properties of the body. a finite time is
s required for this disequilibrium to be felt by other parts of the body. The lack
of local equilibrium manifests itself by specific particles moving and adjusting
themselves to the instantaneous stress distribution and this ability to adjust is
propagaied and takes place at certain definite spesds—characteristic speeds of
wave propagation. Note throughout this work that the particle displacement,
Or particle speed, is one thing and that the wave speed is another.

Waves which travel through the mass of a body are called body waves, and
those which travel over its surface are referred to as surface waves. Bodies
may convey both body waves and surface waves at the same time. see Chapter 3.
There are, however, at an elementary level (see p. 101), two basic kinds of elastic
Stress waves, or pulses, which are propagated through leng uniform bars.
These dre

p—"

;. ;

i () longitudinal waves, and

4 i) rorsional waves.

5:5_‘, = For the time being we do not consider bending waves.

¢ «.In the term bar we understand that the length is at least one magnitude
= Breater than any cross-sectional dimension.

.~ 'In thinking of these waves when they are transmitted in relation to a long

- $tationary bar, it will be recognised that in category (i) there will be longitudinal

. .7 ¢ompression waves and lon gitudinal tensile waves. If we consider a stationary bar,

s5 + .. then, for longitudinal compression waves (neglecting the Poisson’s ratio effect),

oy
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the individual particles of the bar are displaced, or move, in the same direction
as that in which the wave travels; and in the case of longitudinal tensile waves
the particles move in the opposite direction to that in which the wave travels,
In the case of torsional waves Tn Category (1), the individual particles of the $olid
are displaced, or move, or escillate entirely in a plane which is transverse or at
right angles to the direction of wave travel.

Propagation of a compressive pulse

Figure L1.I. shows a stationary uniferm isotropic rod which is to transmit a
longitudinal compressive pulse. Let & denote the displacement undergone by
a plane AB in the rod which is originally distance x from O. The origin of
coordinaies O, is fixed in space; the end of the bar is also at O at time t = 0,
ie. when the bar is unstressed. O may be referred 1o as the origin of a
system of fixed coordinates. Then [u + (éu/éx). 5x] denotes the displacement
of plane 4'B’ which is parallel to AB but initially distant (x + éx} from O
in the unstrained state. A modest force applied rapidly from time r = 0, over
the end plane at x = 0, will cause a disturbance to be propagated elastically
along the bar so that over typical plane AB at, sav. time ¢ therz will be a com-
pressive rominal stress, —ay,.

.V
i
;
!
! x Oy
! o
E [
! Al )
1
P ]
_ - _ . S
L/ £ | o
1 ot Tor
; VWAVE 5 iB
. w
2,9 l
3 e .
BIE UNSTRAINED CONTIBURATION

Fig. 1.1.

The effucts of transverse strain and inertia will be neglected in the following
analysis (but see p. 101), as are also gravitational and all dissipative forces, e.g.
damping. For the elementary theory now being developed to apply with the
prospect of reasonable success. it may be shown that the pulse length should be
several. say at least six, times that of & typical cross-sectional dimension of the
bar. see p 101.

The net force on element ABB'A". shown in Fig. 1.2 in its unstrained state.
causes it 1o accelerate so that the equation of motion for an element of the rod of
initial cross-sectional area A4, is,

™y
1~

—_an dx.d, = A 3
—.0x . 4, =
&x o oPo 0N

hJ|

j=7]
-y
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Al 1A
Ason - A G+ da,/0x .0x)
B B
Fig 1.2,
and thus,
&6q & .
= —p e 1.1
éx Po g (.19

where Po s the density of the material in its unstrained state. The negative sign

lies because the acceleration of the element for the compressxve stress Systeri

shown is in the direction ol x decreasing. ™ = ; D
The strain in an slement of lem] gth ¢xis éu/éx. Thus,

7
fuféx T
where E is Young's Modulus.
Differentiating.
(-?Go EZH .
&x ox
and using this in (1.1i).
~2 a2
&u &y
—=E
Pozp &x?
or
R A Y n
3 a3 = LT3 {1.21)
&t py 6x Cx
where
[E .
€, = — (LEII’
V Pfo
\_\"_\-._——h o

Solution to the wave equation

In the one-dimensional wave equation

. put

u=f(x — &) + Fix + ci), L14)
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where f and F are independent arbitrary functions, so that

tu .

Fri —¢f'lx —e0) + eF(x + cf) (L350
and

Y@ e (L3580

Also.

= v b
= Sl —en)+ Flx + en) (L.61)
and thus
o = f"lx — 1) + F'{x + 1) (L.6ii)

Henee from (1.3ii) and (1.6ii) we have,

equat'ion (14) is the general soiution to equarion (1.3). For J{x —ct) or F(x + ct) we could have
functions such as sin w, exp w. w”, etc, where w is (x — ct) or (x + ct). ‘

Suppose in the solution {1.4i) that one of the functions is zero, and we have simply,

u= fix —cp {L.i)
Thenifu = :sr:henz =fandx=1x,,andalsou = swhent = r, and x = x,. see Fig. .3, the rate
of pro?aga_uon of the disturbance with respect to the axis of coordinates Ox which are presumed
to be fixed in space, is then ¢ = (x, — X, ¥tz — £); et using u = f{x — ¢f) we have
§=flx, ~et)) = fix, — e1y)
and thus,
Xy —chy =X, ~ chy

Hence,

Thus in equt'mon (L2 ¢, f:le:.wt_cs_ the speed of prapagation of the elastic disturbance through the
space occupied by the bar in its initial or unstressed state ; or ¢y, is the speed of elastic wave propaga-
tion along the fixed axis of the bar Ox.

I\f ote too that equar.f'on (1.4ii) implies that the wave travels in the direction of increasing x.

Slmllarly_ after gonstder‘n}g W= F(x + cty we should have x, + ¢t, = x, + ¢cta0rc = (x; —x. ¥
(e, = t;); since ¢ is a positive quantity and Xx; > x,and {; > ¢, this implies that this wave is one
which moves in the direction of x decreasing.

Thus the wave f(x — ct).is a forward travelling wave whilst F(x + ¢f) is a backward moving
wave of different shape and size, in as far as_fand F are diffecent.

At At "
“I; tat; t=4
S — e e— T S L — S —
2 e N W WA
T X Xy _,rt
Fig. 1.3
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Both of the waves f{x — ct) and F(x - ct} in relation to (1.3) advance without chunging their
shape or amplitude and with constant speed c, i.e. they are non-dispersive.

That u = f{x — ct)and w = F(x + ct}are separately solutions to (1.1) and also that combined as
in {1.4i). they still constitute a solution. i.<. the two separate solutions may be taken together to give
another solution. means that (1.3} is a simple partial linear differential equation, The implication
of zhis is that at a given section of a bar at a given instant, the separate effects of the two solutions,
i.e. as regards displacement or stress, may simply be added together to give the 1otal displacement
of total stress at that section. ’

Qbserve that the equations relate 10 plane wares since the displacement u has the same value
at =l points in the plane x = constant. at the same instant.

Flastic longitudinat wave speed

Following the solution for the simple wave equation given above. it is evident
that in equation (1.2}, ¢, is the speed of a longitudinal elastic pulse of tension
or compression in the unstrained bar and that ¢; =, E p,.

Note incidentally that the speed of propagation ¢; is independent of cu;ét.
or the local velocity, or speed of shift. of the elements transmitting the wave: ¢
depends only on the elastic properties of the transmitting medium and its
density and ¢u,'Gt on the form of the disturbing force, ie. the function f and F.

In Table 1.1 some typical values for common materials at 0 °C are given, Note
also that ¢, varies with temperature because E especially is a function of tem-
perature, Further, ¢, in grained materials varies with direction (i.e. in aelotropic
or non-isotropic materials); in substances such as concrete. unexpected effects
may arise because E has different values in tension and compression.

TABLE 1.1 ELASTIC LONGITUDINAL AND TORSIONAL WAVE SPEEDS

\/f : G
Cp = -—  an Ur = —
£ o T V Pa

Cast Curbon ‘ Alum-
[ron Steel Brass Copper Lead | inium Glass
E 1blfin? 16:5.10° | 20.5.10° | 13:5.10° | 163,10 2.5, 10" ; 10.10° S.on
po=lojin® | 026 028 030 032 | oo | 06 | oom
.= /Elp,
{;’ZCJM 13025 16 900 [1000 12 100 35900 16 700 17300
infsec/sec)
;’};c‘/a_/;’; 8100 | 10600 | 6700 | 7500 | 2300 | 1020 | 0700
Eip"ﬂsion for the intensity of stress propagated
“The strain in an element of the bar is du/éx and therefore 6y = — Eduféx =

(E/c,_) . 8u/dt using (1.5i} and {1.6i) but neglecting the second term on the right
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hand side. The speed of movement of a particle at iocation x, is du/5t, and
denoting this by .

0o = Evg/e,, (1.73)

or substituting for ¢,
o = Pofile (1-?ii)

(Note that unless specifically stated. buckling or instability is not a considera-
tion here).

The expression (1.7i) also applies for the propagation of a tensile wave.

Since £y, = g4/ Ep,. then for steel if the stress is 16 tonf/in?, the particle
speed would be

_ 16 x 2240 in/sec ~ 20 fi/sec

Ln =
° T /301107, 0-28/384

For pure lead. at its yield stress of about 1 tonffin®, v, is only about 4 firsec.
The quantity pee; is often referred to as the mechanical impedance of the
bar.

Propagation of a torsional pulse alcng a circular prismatic bar

Let a torque T, which varies with time. be suddenly applied at the left hand end
of a long bar at time ¢ = 0 and take the origin for an axis along the shaft tc be
in this end section which. of course, does not move. At distance x from the origin,
se¢ F1g. 1.4, assume that a iransverse plane section has rotated through angie ¢
relative 10 the original position at time ¢ = 0, of the section containing the
origin; suppose also that e is the angular velocity at this section. Then an
element of the bar of length éx, sustains a relative rotation of one end wiih
respect o the other of dx . 78/6x. Let 7.7 x denote the rate of change in torque
along the rod with distance x. The net torque on the element is éx. #T;éx and
this produces an anguiar acceleration of #28°¢1%. so that

T o ,
E{.OA = U().X'Fr“i [18)

/. dx is the moment of inertia of the element of length éx about the axis of the
bar. Now. using elementary torsion theory,
B6x . bx &t
f_—_ =JG—

T=JG (1.9
J is a constant depending on the shape and size of the section of the bar. and
in the case of a circular section bar is the second moment of area about the bar
axis ; G is the torsion modulus. From (1.9) we have,

¢T ] ha)
_—= JG-:“"Z- = Iﬁ.
¢xX ¢X [#3

R

L B Bt

g

T R

il

Ry

rd.

LA ATT DIKESD W AVLY LN DAk

Fig 1.4
using (1.8). Thus
&2 1 &2
ex? JG el
or
&8 JG &%
e 7 A2 (1.101)

Equation (1.10i} is identical in form with the simple one-dimensional equation
(1.3} and for comparison is written as.

] L, 16
ar T TaE (1.101h

where
2 =JGH (1.11)

Obviously ¢ is the speed of propagation of an elastic torsional pulse along the
bar.

Now, I = na*p,, "2 per unit length of the bar and J = na*/2 for a solid cylinder
of circular section. so that.
_ . :ta"',:’2 G

- pona*;2 a Po

Some typical values for c; are given in Table 1.1. Observe that a torsional
pulse is transmitted through a circular bar without dispersion especially
Pccause the various expressions and derivations employed are exact and have
Involved no approximations such as the neglect of radial inertia effects, etc.,
as was the case for longitudinal waves.

s

¢
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\/Note.c,_/cr = V’EE =./21 + v)andsince0 < v < 0-5then ;2 < ¢, fer <
gt

If we allow the use of {I.11) for a bar of square cross-section of side 2a the
value of c7 would be 0919(G/pg) /%, because J = 2.254*

To calculate the torsional stress at a point, the torgue at the section must be
evaluated. Following the same procedures as before, put 8 = glx — cqi). ik
the angle of rotation of 2 section of the bar is some function gofi{x — ¢p). Then,

¢ .
2= = glx — ¢qp)

cx
and,
¢ = e crt)
i gerlx T
and hence
__1
ix o 8t
But,
co
T =462
éx
and thus
JG o8
T=—— " i (Gh,. . (1.12i)
¢y ot
w = —f/¢t is the angular velocity of a section which may be supposed to be
given.

For a uniform thin-walled tube, J ~ 2zajt,, where a, is the mean tube radius
and t, the tube wall thickness. And if 7 is the mean shear stress,

T.27at, . @y = 2manty ./ Gpow
or

T = pocrl{aw) (1.12ii)

Equation for the propagation of flexural pulses in beams of arbitrary but
uniform cross-section

The speed of bending or flexural waves is found to depend on their wavelength
and therefore simple results as for compressive longitudinal waves are not
available. Assume that the motion of each element of the bar in pure bending is
purely translatory and perpendicular to the bar axis. Ay is the cross-sectional
area of the beam and py, is the density, see Fig. 1.5a. The equation of motion in

*.
=%
S
dw
iy
&y
s
“F
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oF
F+5—0x
Ox

ELEMENT -t-—Bx—-h-
4

the Oz-direction where w is ihe vertical deflection. is
-3 -
étw oF -
—1pgdy dX)—5 = — .dx ¢t1.13)
Pada dX) &t ox

where F is the shear force across a section at lecanon x. But

and hence putting (1.14) into i1.13)

«1 -
<w [

Agy = —El—
Fo 03 it
or
~2 ol SO
w fiatt B
LIPS ¥ Rkl (1.151
it éx

k denotes the radius of gyration of the cross-section about an axis in 'thc
neutral surface, perpendicular to the bar axis, or f = Apk®. 1f we try a solution
of the form w = f(x — ¢t} or w = f(x + ct) the equation is found not to
be satisfied. Thus flexural disturbances of arbitrary form are not propagated
without dispersion. For further discussion, see the books of Kolsky!! and
Goldsmith'-2 and p. 103 below.

Alternative approaches for finding the expressions concerning longitudinal and
torsional wave propagation

Many of the above equations may be obtained more simply and directly by
momentum considerations and it is instructive to do this.

() Longitudinal waves

i In Fig, 1.6, after time t, where ¢, denotes the compressive wave front speed
.. through the space occupied by the bar at time t = 0, the compressed zone
* length is ¢, ¢, If the bar is originally stationary and the end face is caused to move
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| ! —_—
,,i T et VYR STATIONARY
) :,l i A PEC A ST ]_\
. Vor !
cid
T ! SITUATION AT TIME £
Fig 1.6,

with and maintains uniform kpeed by, then the whole length will be moving with
uniform speed v, at time 7. fyuating the change in momentum of this length 1

to the impulse, we have
(Agtitpolvg = lagde). ¢

Thus. B
Og = Polriy (1.711)
Because the end at which impact occurs will have moved through distance tol.
the strain in the compressed zoneis val ¢;7and thus 6, = Evo/e, . Substituting in
e . . B
{L.71i) for @, gives

EX = b, and hence ¢, = v Elpy (1.21i)
‘L
The total encrgy acquircd by the rod at time 1 is made vp of
i 2
(@) kinetic energy = LA (e, )pot¢ angl
ib) stored strain energy = Aglert). 65/2E
Now the latter,

‘ pZCZ [.2 1
Aptert). O-JE ¢ = 5 - Aofert)pers

Gi
ADC‘LI 2—1. e

and thus the total energy acquired by the bar at time 7 is composed equally of
strain energy and kinetic cnergy.

tii} Torsional wave
A uniform thin hollow tube of radius @ and cross-sectional area Ap 1s rotating
at angular speed , when at time ¢ = 0 the end DD is suddenly brought to rest,
see Fig. 1.7. A wave of torsional stress is then propagated parallel 10 the axis
of the bar with speed ¢, so that at time 1. a length ¢,z will have been brought to
rest and the remainder of the tube will still be rotating a1 speed w,. The mean
shear stress T which prevails in length ¢71 is arrived at by equating the impulsive
torque, 1. (447 . @), to the loss in angular momentum of the tube in time 1. Le,
(iter - Agdpg . a*) . tag. Thus.

tAdgta = 1.cr . Agapow,
or

T= Pofr(ﬂﬂ)o) (1.12]1}

P g
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B D

Cp ~—

1
Gt
AREA Aa—i-j !

Cr 4——
B D

Fig. 1.7.

This is identical with (1.12ii) on p. 8. However, the torsional strain ¢ acquired
by ¢t is wqgtaicyt, ie. the angular rotation of section BB at time ¢. with respect
to the end DD. divided by length crl. Hence.

wea

T=Gb=¢G {(1.120i)
€r
Substituting for 7 in (1.12ij) using (1.124ij}
G .% = peCrac
r
or
cr=+Gp, (1.11)

A thick-walled tube can be considered as composed of a number of thin tubes for
cach of which ¢ = |, G/p,.

Wave transmission along 2 bar constrained to deform under conditions of
plane strain

Figure 1.8a) shows a bar whose width perpendicular to the plane of the paper
is w and whose length parallel to axis Ox is much greater than its thickness, 7

w7
‘ !

3 A' B]
] I
A B H !
G o' =—jc]
-~ -
- -7 A0
1 Ot 5—"83'
-~ [~ x
D C
T ¥ 8 H
WAVE DIRECTION H X
i

Fig. 1.8a).
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o PRINCIPAL

ne” TENSILE
X\ STRESS FIRE—

AT

DEVELOPED
TUBE

Cr= Y, G-”p-;‘
Fig. L.5(b).

As before origin O and axis Ox are fixed in space and the compressive pulse
length which is applied at x = 0 and ¢ = 0 is also much greater than T. As
before. the equation of motion for an element of the bar ABCD. A'B'C'D’, at time
ris

Za .
—Aq ;.éx = Appg . 0x.

2

]
i~

a 2

(3%

t

where A, is its original cross-sectional area and o, is the normal stress on a
section.
Thus,

- Flz
do, &t .
— = —pp= (1.1ii
cx Pe )

where u is the displacement of a particle originally distance x from the fixed
origin O. ¢,, ¢, and o, refer to the stresses on an element whose dimensions are
those possessed in the unstrained state, i.e. they are nominal stresses. Now this
element is, by definition, elastically stressed under conditions of plane strain. i.e,
there is no expansion or contraction in the Oz-direction, and thus we have strain
e, = (—o6. — vo lfE = 0, where v is Poisson’s ratio.

Thus g, = —ve,. Also,

-0, — V¢, — VO, -6, —v.0+ v.vg
x ¥ T _ x X

e = (1.16)

e, =

IMPACT STRESS WAVES IN BARS i3

Hence, writing éu/éx for e, in (1.16),

Cu (1 —vh
—m g = el 1.17
KT % (1.17)
and thus,
£2u {1 =) do, )
TTE (119

Hence using (1.18) in (1.111) above,

- .
O E &y

o foll — v%) 6x? t.19)

The longitudinal wave speed ¢} is.
i E cr 1

! or — = ===
A

= j——:. (1.20)
UV petl — v

Wave transmission along a uniform bar constrained to have zero transverse
deformation

The analysis betow foilows that of the preceding section and arrives at an equa-
tion similar to (1.19), for the propagation of a plane compressive wave,

IFe, and e denote the ransverse strains, and g, and o, the corresponding nominal stresses, then
from symmetry ¢, = ¢. and g, = 7, so that

Ee,=0,—vo.—-a,)

=gfl —v) +v.o,

Also for zero transverse strain, ¢, = 0 and thus

g, = —vo /(1 —v) (1.20)

Further,

fu —a, — g,

e T E
and using (1.21}

Bu {1 —v—2%

& T ETW

do, 1—wv &u

A+ =29 e (122
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Substituting (1.22) in (1.1ii),

and thus the speed of elastic longitudinal wave propagation ¢j is,

"

L

or

"
CL
€y

We may also write

where

MATERIALS

T pe (1 (1~ 2v) Bx?

_JE (1 —v)
TV po 1+ vHE — 2)

{1 — v}
(1 + v)(F — 2v)

¢ = /G + 2GL.po

i=vEAL + v)(3 ~ 2v),

7 is known as Lamé's constant.

TABLE 1.2

LATERAL RESTRAINT AND WAVE
PROPAGATION SPEED

v : I
4 = -
vy Uy . 3\ 24 2'\ 33
N R
tirom (1.20)) ~ 103 =~ 1-06 ~1.15
B TE |«
(from (1.24)} =11 ~1.22

(1.23)

(1.24)
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\ ‘ui.:r;.g an obvious natibian
flodglay m—— = Ay dt

traf

:

and substituting this in the equation above,

' ‘ &%, E & *uy

T il +1) ¢ ix?

Thus the speed of longitudinal v.ave pmpagatlon is

. £
h WAl = ¥
the speed of the compressive wave along the other principal axis at right angles 1o the latter one,
in the tube wall. is of course identical.
The speed of the wav parallel 1o the axis of the tube which is just the torsional wave speed ¢,
| is e, cos45°,
Thus,
i, /7 E \/’6
ty = =

T2 VA =¥ Vo

Coaxial collision of two bars of identical cross-sectiona) area but anequal
impedance: the change in particle speed

Before impact let the 1wo square-ended bars which have different mechanical
impedances (pq¢) possess speeds v, and v,. where b, < p,, see Fig. 1.9(a). After
Impact. see Fig. 1.9(b) (in which ¢y and ¢, refer to wave speed in the bars),
compressive longitudinal waves will propagate from the impact interface into
each bar; the impact interface and the material engulfed by each wave will all
have the same speed v, Since the action and reaction across the interface are
equal and because the cross-sectional area of each bar is the same. therefore the
stress created in each bar is the same,

Earlier, we derived the expression (1.7i) as Ty = PoCily. relating stress
intensity, mechanical impedance and particle speed. in respect of a stationary

QT ek

A —_—, —_ v,
. G I e
Torsional wave transmission approached via longirudinal wave transmission &
I
Another interesting vileulion concerning wave speed in a long bar subject 1o certain lateral stress = c
restraints is thai of the cuse already dealt with on p. 11; this deals with the torsional wave speed in a *’3 ¢
long thin-walled tube which mauy be appreached as follows. o e R e
. A . . . i g 2 —
Note first that i the transverse shear stress in the tebe wall s 7. the principal stresses in a long f;:‘ 52 - \ RS B 1 (b)
uniform helizal fibre at 45 (o the tube axis are +7 and — . see Fig. 1.Bib). Now this fibre lving & =
aloug a principal axis may be considered simply as a bar, so that the initiation of a torsional 4 INTERFACE
wave ai the end of the b can be identified with the propagation of a longiludinal wave along f&" Fi 1.9
the fibre. The equation ol motion of 2n element of the fibre, along the principal rensile stress axis, is, L BES

%
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bar. The expression to be applied in respect of a bar which has an initial speed
of translation ¢, is poep . (v — v;) where v is the new particle speed after the
wave has travelled through it. Thus, v, of equation (1.7ii) is properly to be
understood as a change in particle speed due to the passage of a wave or the
magnitude of the velocity discontinuity across a wave front. The quantity (v’ — ©,)
in respect of the initially translating bar and ¢ for the stationary bar are therefore
identical quantities {or the purpose of calculation. Henceforth, when we use the
expression o = pgcoty it must be remembered that v, refers to a change in
particle speed.
Thus. bearing in mind the precise meanings to be given to py and ¢, or ¢

0 = pacy(vy = &'} = pyoy(c” — vy)

Thus.
v o= Piity + pacats (1.25)
P10y + paca
and
Uy =— Iy .
-2 1.26
o= 7 {1.26)
+
ey pals )
(As found later on p. 20, if p,¢; = pyc, and ¢, = —v, then v = 0 and ¢ =
2icty )

Impact of a square-ended solid cylinder with a sheet of water

This section is an example of the use of (1.7ii) or (1.26) and really repeats the last section. Consider a
square-ended cylindrical metallic projectile of initial density p, impinging normally upon a plane
sheet of water. Let the elastic compressive stress generated in the cylinder, which is initiaily moving
with speed vy, be o, Then the particle speed in that part of the cylinder traversed by the stress wave
is reduced 1o ¢ = vy ~ ay(pgc,) Now, at the instant of impact, ¢ is also the particle speed of the
contiguous water surface (neglecting effects about the perimeter of the rod) and if we assume that the
compressive stress immediately created in the water g,,, can in this compiicated situation be related
to particle speed through (1.7ii),

@y
T = Pylo¥ = Pulul o — ;

Suffix 0 refers to the cylinder and w 1o the water. Now, g,, = 0, as in the previous section and hence,
P i S (1.27)
Pl L 1
L+ —

Pofo  Pwfw  Fota

According to(1.27) a square-ended steel bullet moving at 2500 ft/sec. would give rise to an elastic
stress o of 283000 Ibf/in? ~ (26 tonfin?, on hitting the water.

The wave speed through siressed material and the wave speed through the space
occupied by the material in the unstressed state

Refer to Fig. 1.10 and let the right hand end of the stationary rod be given a speed
of v which is maintained until the whole of the bar has the same speed ; this
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Fig. L10.

movement of the whole bar is brought about by a lefiwards moving wave,
initiated on first moving the end of the bar. The length of the bar will have then
become (1 + &o/E} i ¢ denotes the tensile stress throughout the length of the
bar. Denote the wave speed through the space occupied by the bar in its iinal
stressed state by Cp, then

because the right hand end of the bar will have moved a distance lo,/E in the
same time. Hence.

using (1.7i} or.
Cg=¢CpT ¥ {1.28)

using the more conventional symbol ¢, for ¢, ; ¢, is the speed of the wave through
the space originally occupied by the unstressed bar, or against a background of
fixed laboratory coordinates. If the bar had been put into compression instead of
tension. as above. then instead of (1.25) we should have,

Cg=¢p— (1.29)

Again, since an element initiaily of unit length when stressed by a tension
wave becomes (1 + &), then

ce=1rco(l + e =co+v

cg'co = 1 + viey -(1.30)

Smcé speed, v, for elastic behaviour is of the order of 10 fi/sec (see page 6)
?Fd <o 15 of the order of 10000 ft/sec (see Table 1.1), then v/c,, or indeed v/cy are
=171000. Thus for cases of elastic impact. for all practical purposes, we need not

- distinguish between co.and cg.
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Reflection and superposition of waves

Recall that in a tensile pulse, the direction of wave propagation and the direction
of particle movement are opposite, whilst in a compressive pulse the direction
of wave propagation and the direction of particle movement are the same. Also,
rernember that the basic wave equation 6%uf6t* = ¢*¢*u/¢x? is linear and there-
fore that solutions may be superimposed ; further, that ¢, ¢, or ¢, are henceforth
considered identical.

{a) (i) Let the end A of an unstrained stationary bar S. see Fig. 1.11(a), be
moved with constant speed b to the right for a time £, 50 that A moves to 4" and
AA" = vyt. At the same time a compressive wave ¢ = pqcolg is caused to travel
zlong the bar from 4 to the right as far as B, as shown in the Figure, with speed
Co. 50 that 48 = cgt. :

A -
vod SMIVATDNS @i T> ¢

Fig. 111,

tiit Consider a bar identical wuh § the end .4 of which is caused tomove to the
left to A" with speed vy, but only commencing at a time r = T. see Fig. 1L1lb):
the magnitude of the induced (ensile stress is 6 = pocet o and the wave travels
to the right so that at time 1 > 7, 4D = off — T):also A4” = go(t — T

(it Suppose now that the ivlt hand end of unstrained stationary bar . at
t = 0 is moved to the right as 11 (i} above and that this is maintained for all r;
also. suppose that time t = 7. there is imposed on this the situation as in (i) and
to the end of the bar is added o speed 1o the left of s,. The ner effect of these twa
superimposed situations i.e. {) and (i), at time 1 > T, is as shown in Fig. 1.11{¢).
Length 4D is stationary and unstressed having undergone a rigid body move-
ment to the right of AA™ or t,1'; DB which has an unstrained length ¢, T is
subject to compressive stress @, is uctnally compressed amount ¢, 7 {so that the
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stram i it is 5, T/eT = v/c, and as a whole has a speed to the right of v5. The
‘portion of bar to the right of B is of course stationary and unstressed.’

L
K

& .. A rectangular pulse of length T can thus be considered in itself, and the
'-;z .. properties associated with it are as just described and as shown in Fig. 1.11(c).
£ ) _Assum.e an elastic, rectangular pulse of zension to be moving along a
# . opniform rod in the positive x-direction and that we wish to know what happens
£ when it is reflected at its free end AB. Introduce a hypothetical rectangular
#  compressive wave of the same pulse length and stress magnitude moving in the
{v: opposite dlr_ectlon, see Fig. 1.12(a). A1 AB the two wave fronts first meet and
% after some time have moved through one another completely, see Fig. 1.12(d)
= i .
i
¥
i (3}
{.
: A
:
?-: ! —
O — e —0PULSES OVERLAF
€, -—t—0 !
T e (t)
i 1l
i [ -
] B
£
k | PARTICLE SPEED DOUBLED
| IN REAL 2AR IN THIS ZONE
AND STRESS REDUCED
| A 10 26RO
It .
: N
B e s o ;
, o -ﬂi‘a‘_-l_hﬁ.am}‘r-'_ ! —o NET STRESSES
c r
;] — !
| ()
u.v .
B
A iV
i F "
& ; .
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& . - i 2
j ';,? Fig. 1.12,
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At AB. when the pulses overlap, the stresses in these waves annul one another
so that across 4 8 especially the stress is zero: at all times whilst the two waves
overlap. see Figs. 1.12(b) and (c), 4B carries zero stress and is, in effect, a free
end. As far as the bar is concerned. the pulse moving from the right after it has
crossed A8 may be viewed simply as the front part of the original rightward
moving pulse reflected from the end; the total pulse length in the real bar Te-
mains constant. Hence. for a free-ended bar. i.c. one on the end of which there is
no stress, & lensile wave is reflecred as a compressive wave ; similarly, a wave of
compression is retlected as a tensile wave at the free end of a rod. Observe in this
instance that in the portion of the bar where the two pulses overlap the total
stress is sero and the particle speed is rwice what it was vhen covered by the
incident tensile wave alone,

(¢} 1na similar way. if we consider two identical tensile waves moving towards
one another. see Fig, 1.13(a). at CD, where the heads of the two pulses first meet,
the stress is doubled and the particle speed is =ero; this is so over any commaon
length shared by both pulses and thus CD may be regarded as the fixed end of
2 bar, see Fig. 1.13(c). Hence. an elastic wave reflected from a fixed-ended bar
is entirely unchanged in shape or intensity.

Of course. when the two waves can no longer be superimposed at any section,
they continue to be propagated without alteration.

{d) lt should now be evident that the net stress on. or the speed of particles
in.a given plane are easily obtained by adding together the separate effects of the
operative waves at that plane, e.g. the incident and reflected waves, provided, of
course, that the waves arc elastic.

It is often difficult to obtain a fixed end which does not move; an artifice
that might be wsed to do this is to arrange for the normal impact of identical
bars travelling in opposite directions. However. even this situation demands
that the end of each bar is perfectly square,

IMPACT STRENGTH OF MATERIALS

The normal collinear impact of identical bars

When two identical bars travelling in opposite directions with the same speed,
vy, undergo normal impact, see Fig. 1.14(a}, with the help of (b) and (c) above
we can describe the sequence of events. Immediately after impact a compressive
wave of intensity, poroc, . moves into each bar from the common plane of im-
pact; for 0 < ¢ < l/c, the situation is as shown in Fig. 1.14(b). The particles
encompassed by the wave are brought to rest and at the end of time ¢t = ¢,
each bar will be completely stationary but stressed in compression ; the whole
of the kinetic energy, K, of a bar will have been changed to strain energy, E. We
shall have,

K = {{mass of bar). v = 4. 4,l. py .03
and

a’ Aol (potocy)®  Aolpovl
E = volume ‘3= 3E =3
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Fig. 1.13.

-immt:diately after t = /¢, , the compressive wave will be reflected from the free
£nd.of the bar as a tensile wave which is, in effect, an unloading wave, see Fig.
L14(c). and the reflected tensile wave gradually cancels the incident compressive
wave. At the end of time ¢ = 2l/c, , the bars will be completely stress-free. The
‘Feficcted tensile wave will confer a speed v, on the particles, whose direction is
Oppasite to-that of the bars at incidence, see Fig. 1.14(d).
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(@) CC———— I T 0=t
Yo }'=olv=° Vg
(b) | — ]IEi ;|..I - ] 0<f<I/CL
" Yo v=0 § ¥v=0 , W
{c) e >} b, <t <2,

I>2%L

Fig 114

Thus at ¢ = 2lfc, the particles in the common plane of impact will move
away from one another with equal but opposite speeds. The bars will thus
rebound as unstressed bodies at a time ¢ = 2//e, after impact first took place.
The coafficient of restituwiion ¢ = 1 in this case.

Exact solutions for the case of the collinear impact of two identical semi-
infinite circular-section bars, which take into account the effects of radial
inertia. are discussed by Goldsmith*-* but at length especially by Redwood!-?
who also describes experimental and theoretical results for non-circular bars.

See also p. 102,

Normal impact of two bars of identical material and of unequal length moving
at equal speeds

The situation envisaged is that shown in Fig. 1.15: the length of two originally
stress free bars S, and 8, is !, and 1, J, < I, . both moving with speed v, but in
opposite directions. Soon after impact, see Fig. 1.16. equal lengths of each bar
will have been brought to rest because the elastic wave speed in both is the same.
A compressive stress ¢ = pycoby Will have been propagated away from the
common piane of impact. The compressive pulse is reflected as a wave of tension
from the free end of each bar. so that for the period of time I,/¢, < 1 < 21,/c,. S,

A
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will be being unloaded. When ¢ = 21,,'c, S, is just completely stress free and the
particle speed in it will everywhere have been exactly reversed ;note that contact
between the bars does not then cease; at this instant an unloading wave travels
into §, from S, so that the particles at the right hand end of §, move to the right
with speed vy. Contact ceases at.t = 2I,/c, when the wave reflected from the Jeft
hand end of S, reaches the right hand end of S, and so cancels the speed there
of £y, If S, was infinitely long contact would be maintained for all time.
T At this instant, fe.t = 26, /ey, let us ascertain how the energy is distributed
in §; and S, if 21, > /. see Fig. 1.17. We note that unless I; = I, only part of §,
will be stress free.

We have:

{2) the kinetic energy of $, which is unstressed is equal to

1Aopolat} (1.31)
and that of S,
Fope(2, — el {1.32)
A
2(l-1,)
—J—_ T .
= ¥ [T 70
1 | S 8, |
0 I } |
[ ! Iy |
- —
- (2!'2‘-[',) r* B! ‘
-_-LFE-& I Pt [l ! I =
NET $TRESS AT 1IME
R t=2 /¢,
Fig 1.17.
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{b) the elastic strain energy in S is zero and that in 5,

2
=1a . — %
IAOE‘-Ul I:)] E

LE
= L4000, — JEJ]:;;,—EE.

because o = tov Epg.

$odard(2e, ~ 20,) {1.33)

Adding together (1.31), {1.32)and (1.33) the total energy of the bars is found to be
telopolatd + 3dopard(2ls — ) + $Aopord(d, — 3)

Hopotdll, + 21, — 1, + 2 - 21

14opordlly + 1] (1.34)

which is just the kinetic energy of /, and I, before impact took place.

Note that in the elastic impact situation discussed there will appear to be a
loss of translational kinetic energy ; the ‘loss’ is, of course, conserved as elastic
strain energy in the longer bar.

If w2 consider the case of l{ =2,  thenatt = '1/Co. the whole of 5, will be
compressed and stationary. At t = L3l feq, 8, will be compietely unstrained
because a tensile stress wave will have moved into the bar from both ends ni § -
The left hand half ef § 1 will be moving to the left with speed v, and the right
hand half to the right with speed r;. The centre of gravity of Syat 21 -
Pocolo/E) from the plane of impact is always stationary. At time t — 2ly0e,,
cach half of the bar will be in t2nsion iatr = 2-31 /¢, the halves will be unloaded H
and at t = 3! ‘cy they wiil again be entirely in compression. Thus the centre
plane of S, , after the unloading of S, , is always at rest and the two halves of §,
behave symmetrically about it, going alternately into compression and tension.

The coefficient of restitution e at the impact of 8, and 8,, when I =21,,
calculated by reference to the centre of gruvity of each, is

I

ft

velocity of separation of bar = —e (velocity of approach of bars)
fo = (—to)= —el0—1,) or e=4%.

If the two bars had been treated as rigid bodies (ot as if there was no elastic
strain energy absorption), the equation of linear momentum would have applied
and if the impact was noa-dissipative and therefore e = 1, it would be predicted
that after impact S, would move to the left with speed vy and S, to the right
with speed u,. )

The treatment of situations in which impact between two elastic bodies
occurs, as if the bodies were rigid, using the simple laws of linear momentum js
Justified as long as only a small fraction of the total kinetic energy available at
impact, is converted into vibrational energy. This usually requires the time of
contact to be greatly in excess of the period of lowest natural frequency of either

s .

TIPS
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body, so that several wave reflections in_th-: bodies w.ill have occmjn?d durmg
the time of contact (compare the situation of a relatwe_l_\' hezl‘vy l"l_'__‘.ld .~',t1 }i]ker:jr
impinging on a long bar, see p. 51)anda state of nearly umfol:m stress is rf,:d‘f ed.

In the case just discussed the assumption that the two 1rnpmg_mg_b41.'s are
rigid leads to unacceptable results, but in the case of t.wo spheres impinging at.
moderate speed p,. it may be shown that the ratio _t)f v1brat10n-al tobtf)talﬂtim‘::'fg
is sltg/co—certainly small cnou%h for all v:bratao_nal effects to be neglected.
This latter imporiant case is therefore analvzed statically as follows.

Central elastic impact of spheres

When two dissimilar solid spheres undergo simpie c.?mr_al_ e_iastit: i_mpac:. (i'ﬂ',“:“.hn?[ ‘rma::.a:r:
and such that the velocity of each is along the straight lu.:c soining t‘alﬂlr cc‘mres}. tm.]tum of cogi&.‘:}
of the spheres may be shown te be so great by comparison v 1.r.h the pcn_c?d_ ‘ohh‘el ‘U\l\;r.‘.s.t mo o
vibration of the spheres that wave efacts can be nls:glcctef:l. and bacause t'hu 1; prq.LllL:l. y 1mpolnm
and in sharp contrast with the case of two leng thin clas_nc rods unt‘iergo_mg ‘e.:nd 1-rup.l:,it G:Ls J:s :..:;
cussed, this situation and its consequences are now outlme:d fc.)lim.vmg T:mosngnko an x_)u Flt.;‘. N
The details of the motion of the spheres and the stress dlstl:!bullt)n over tl-w{r colmn?:'n\au: dt:_ L
contact, may be satisfactorily accounteu for by using thc:. stam‘: stress nnai_\'SI_s for curved. con ‘..u.. f
soiid bodies or spaaeres as originally nresented by Hertz in l.S-S 1. |§ce also refs. mentio 1ed‘fm‘ p: ‘“:.n
Attime ¢ after impact commences. see Fig. 15(ay, the equation of motion for each sphare is given .

- dr,
ml%= —P and !"::Il’:= - P

(L35

where m denoies mass. and ¢ current velocity and P is the reactive compressi .'e-l'on:e batween the
spheres. Denote by x the distance through which the two spheres approach by virtue of local co:a-
pression, see Fig. 18(b), so that

dx Ex_dry dry L6t
ZohTn and ETETL
Thus from (1.35).
P - _p my oy —pm, .37
el ©omgm, .

denoting {m, + m,)/m m, by u.

i
POINTS A ano A
TOUCH IN )l/ \

COMPRESSION / I

(3) )
Fig. 1.18.
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The force-displacement relation for static conditions is given by ref. 1.4 as
P = kx? (1.38)
where ‘
4 ( R.R; \”1
2 — 2] )

v and E have their usual meanings and R denotes the radius of a sphere. Substituting {(1.38) in (1.37),

k=

(1.3%

3

d*x

= = —kpx® (1.40)
Integrating {1441,
(%% - od) = —dkux®? (1s1)

where 1y denates the value of (¢, + ©,) when ¢ = 0. Putting & = 0 in {1.41), the maximum com-
pression x; is found to be
fo= {
From (1.41). v.e have.
dx I’ 4 kﬂxs-: iz X 52712
f= ==l — g =lg|l = [—
di L 3o Xg

angd hence the tine 10 maximum compression. T is

.ol . .
Xp et _Xg
T=— P = 1.47 — 1.43

Iy _ib (-5t T (1.43)

21205
= (1.42)
kit

£aln

The radius of the circle of contact. 4. is given by

. _ . 13
d=[3P(] By ) L
L E, E, 4R, + R,}

The normal stress distribution is hemispherical over the contact circle and is greatest a1 the
centre. where it is g, : this iz obwviously greates: when the compressive force, P, . is greatest.
For & spherical body, or a spherical-nosed projectile. radius R,, impinging against & plane surface.
i.e, for a sphere of infinite rzdius,

4. R A el

Prw s bel? = e (1.44)
'm'( zE,  #E,
and
3n + —=—=]nty
PR TEY E, £, (1.45)
mas 2 L. 16 .
Also,
3P
e A i
S o} 1.46
el B (1.46)

SR R e

chai

=
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i fm- ;de'n.iieal materials. The maximum approach distance lor identical spheres is given by,

g x 5 /2mp 12 P
el T f=|: 4'0- 3 -ﬂé} (147

E wi:e; p denotes the density of a sphere.

Energy and momentum transmission through three identical bars

. Two identical bars, 4 and B, of mass m, length ! and cross-sectional area A4,.
are placed end-to-end touching one another, and one of them is hit on one end
by a third identical bar, C, moving with speed vy, The axes of all the bars are
collinear. Let us describe the stress state and the particle speed in each bar at
times ¢t = 0, lfe,, 21/cq and 3l/c, and show how at these instants momentum and
energy are wholly conserved.

(i) The initial momentum is mt, and the initial kinetic energy is 3msd, sec
Fig. 1.19(a).

(i} Refer to Fig. 1.19(b}; the momentum of B and C are each equal to mm,/2
and therefore the total is mr, . The kinetic energy of each of B and C is 4m{v,/2)*.
The strain energy in each is equal to

,02(121'2 4

volume of a bar . 62/2E = Apl. [pocqlte/AF/2E, or Agl. -‘i% = mui/8

Thus, the kinetic energy plus the strain energy of both B and C

8
(iii} See Fig. 1.19(c). Bars A4 and B have identical kinetic energy and the same

amount of sirain energy; bar C will have come to rest. Momentum and energy
remain equal to that originally supplied.

,
vg . I
=2 x %mz + 2 x m—- = 4mr} = original kinetic energy

o e -
Ar 10 O S - N —— (a)
¥ ¥q
y [ 0 o2 < 'a/2
tt=1;
t=1li C= 1T ®F T ¢ ] n 1 (5)
‘GP?c‘C ¥ STRESS
ERLES:
Voo v,
! 02 2 Y
ST S S St m———c— ()

T

. Va
Fetoy
A " L 0 4]
te=3, AT _® 17T (d)
Fig. 1.19.
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(iv) Afterstressreliefas between Band Catf = 2lfeyanunloading wave moves
into B from its right hand end and an equally intense unloading wave moves
into A from its ieft hand end. At time ¢ = 3ly/e, B will have come to rest since
the unloading tensile wave nullifies the compression in B and at the same time
cancels the velocity. vo/2, of particles in B. Likewise the compressive stress in A
is removed. 4 becomes stress free but each particle of it will continue moving to
the left with speed v,.

Thus. at t = 3i/cy, B and C are stress free and stationary whilst A4 is stress
free but moving to the left, every particle having the same speed v, : thus the
initial momentum and kinetic cnergy of C is wholly transferred to A.

Impact between three bars of unequal impedance: an example of energy and
momentum transmission

Let us review this latter situation when the mechanical impedance (pgc,) of each of the three burs
is different. but subject to the condition that /e, = lyje, = I,’c; = 7. where | denotes the length
of a bar and ¢ the speed of a longitudinal steess wave in it; suffices {, 2 and 3 refer to the individual
bars; all bars have the same cross-cectional ared, A,. On the assumption that the second and third
bars are initially stationury and in contact, and that the fiest bar impinges collinearly on the second
with an initial speed of #,. we proceed to find the intensity of the stress and the particle speed, or
change in speed. in each of the bars at times after impact first aceurs of T, 2T and 3T We shall
also show how the initial kinetic energy and momentum originally possessed by the first bar is
distributed at time 37, (This given condition is identical to saying that the ratios of the bar masses are
as the ratios of the mechanical impedances.)

Figs. 1.20ta) and (b} shov: the stress and speed situation at time ¢ = Gand t = T The compressive
force and hence stress at the interface betweea the first and second bar during the period 0 2t < T
is the same in both bars; thus,

oy = py€(5y — v3)
0y = pyea.1,
and

gy =0,.

t is the particle speed in the second bar when supporting the stress ¢,. Hence,

=0 (1.48)
Ay + pae;
and
gy =g, = Bils - P20y (1.49)

A
/ey +pacs.

The head of the stress wave in each of the first and second bars reaches the end of the bar opposite
to that at which impact took place, at the same instant and after time T.

. For the period 7 < ¢ < 2T we have:

! (i) The compressive wave in the ficst bar reficcted from its free end after ¢ = T, ag an unloading
wave of tension : the first bar is completely stress free at ¢ = 27, But each particle of the bar will have
a speed to the left, see Fig. 1.20(c), of

Bl —m) =20, ~yy = (ic1 = paealvoilp e, + P1c2)
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- vy 21,‘:—1‘c
' {c)
r=2T | ! ! !
]
T I L
= Z V=1 15—y
2¥; 1¥3-17} IS -
rsT % [ ! '

Fig 1.20.

(i) Because the stress at the interface between the second and ihird bars is the same and if ¢,
denotes the particle speed in the third bar when stressed to the level a5,

Gy = f3Cals
and

gy = pycalty — 73)
But,

Gy =03 + 0%
and thus

a0

I

PUpaty st
L — s — e

And using {148},
L 2p.Cy - Pacy o
" ey pata(per + Paca)

2p4Cy 2 Pafa-Pals Yo
0y = '
3 (preg + pre(pats + £363)

2pe, - pPaes . Tp
- (picy + pacadlpzey + P3€3)

oy — vy

A;.llme t = 2T, the speed of the whole of the second and third bars is v,. If there is no force between

* the first and second bars after ¢ > 27, then

2oy =2, > 20—y
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ie.
Uy > H2py — ;)
or

(1 + pﬁ”l + p—-’c’) > ¢85 B (1.50)

Pacy PacCa Fac; 'chz

{iii} At time ¢ = 3T, assuming the first bar to be completely unloaded, its kinetic energy £, will

be, .
1 iy -1 2
E = EAuhP:[[.; < [.j-”o:'

where i, = pyc, and iy = p,e, and its momentum M, is

My = Aglypyrolfy — iajity + iy)
The second bar will also be compiletely unloaded at 1 = 37 its speed as a whole is then
vy = (26, — £3) = 2(v, — vy} = 2§{iy — istugflf; + iy + Iy);
its kinetic energy, E,, is
20.0is — ) z
E, =14, [-——'——— [ jl
R (i, — iy = 4)" "

and its momentum, M,. is

2,0~ e
M= A"zﬁz[&}
fi; = 12 )iy + i3}

The third bar is stress-free bui the linzar speed of the whole bar is 2r4: thus fts kinetic energy, £,, is

4. §yisE 2
Ey = dd lypy| —1F0 }
T “3”3[(5:—5;(:2“3)

and its linear momentum, My, is
divia g
st ]
. JPBLU‘; — izhi; + iy}
The kinetic energy total. E| + E; + E;,
. iy (fy —iy) 42

H &) ] 4f 1- (0 3) )
EE !

Vi, + 123t + 13
o8 ]
Iy iy =33

= -;!rm;ﬁ[[f, — iy 4 i) = 4'—
1

i — iy

+ 16.:_—“.1'} X fg]fgf, LLF P
1
gl = 0¥+ )%+ Skl + P — 160,35, + 167, . i3i)
e U, + 2 d; + 5P

= imij = the original kinetic energy of the fitst bar whose mass m = Aglyp1-
The momentum total is (M, + M, + M),

fo~iy  hpy i, —iy) o, 4iyiz ]

= A p,r [ + . + =
M E A WA TR I S A A

(i = D iy + i3) + 2igliz — i) + 4iyiy
= mvy = T )
Gy + )0 +0y)
(iz + B30 + ig) = 20,00y + I3} + 2i{iy + i)
= My N = :
(i + ip)(iy + iy)
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[

" = miy = the original momentum of the first bar,

- Space-time diagram for the collinear impact of bars

The impact of collinear rods may be simply treated by using a space-time
diagram—or as it is alternatively called a Lagrange diagram—or the character-
istic plane. The latter term arises from the name of the formal solution to the
one-dimensional wave equation ; the characteristics x + ¢t = constant, are the
solutions to this equation. The characteristic defines a line across which there is
a possibility of a jump in some quantity or other. In ocur simple problems above,
at a given time, the wave front will usually have reached a particular Jocation
and on cither side of it there will be a finite difference in the particle speed.

The space-time representation of longitudinal wave propagation is especially
useful for examining problems where there is collinear impact of several bars,
and we now illustrate its application to some very simple examples.

{i) Two identical bars

If two bars. I and IL. have the same speed at impact. i.e. at t = Q. the progress
of the waves in the bars may be represented as in the x, distance — ¢, time plotas
in Fig. 1.21(a).

04, shows the progression of the compression wave in bar 1. with time, and
04, that in bar IL. At lime t, = ljz,, the waves will have reached points 4,
and 4, and at 1, = 2l/c, the reflected unloading, tensile waves will meet at B,
when the two bars will separate with their initial speed.

Note that in this x-r diagram the slope of the line represenis the wavespeed ina
bar, ¢,.

(i) Three identical bars

Two identical bars, | and 11, placed end-to-end touch one another and one of

=5 . them is hit on one end by a third identical bar, I11. The x-t diagram for this
- tase, previously treated as in Fig. 1.19, is shown in Fig. 1.21(b). 04, and 04,

tepresent the compressive waves after impact for 0 <1 < legifor liey, <1 <
Aley loading wave 04, continues through the third bar to give 4,4, whilst
A,B is an unloading tensile wave, For 3fey <t < 3liey. the unloading wave

continues from B to C whilst another unloading wave is initiated from A, to

giverise to 4,C. At time 1 3 = 3lfcy, bar Il is stationary. Bar 11 is also stationary

e baving b-een compressed as a whole for a time l/cy. whilst bar [ separates from
; bar 11 with the same speed as that injtially possessed by II1.
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(ili) Four bars
Three identical bars are subject to the impact of a bar twice the length of either,

but otherwise of identical properties, and moving with unit speed. It is easy to
draw the space-time diagram shown in F ig. 1.21{c); the magnitudes entered in

A'HME
Bl4 i
? 0
A, _ A,
»- ¥, DISTANCE
BAR T I
A
INIVAL CONDITION , . S e (a)
. (1] (4]
[ 1
- g ! -
Al, TIME
C Iy
-1
31B :
Ay

|

! A, %
INITIAL CONDITION 0 0 hd 1 f”n -
BAR | il P |
Y
d
5 |
1 ! o o |
0 i
& ‘ f
1 1 :
h kR ‘o0
Z 2 0 T
3 ' c
b n f \ i . ( )
2 2 2 H 2
0 \ | 1 .
T El T L
i ;
0 o |7 o
C; el Ly
INITIAL CONDITION 0 0 0 1 1 %
BAR v I 11 -~
Fig. 1.21.
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ch square show the speed of a rod, or for each haif of the long roc!. at the end of
i intervals of time l/e,. Bar 1 is stationary as a whole afr.f:r tirne 4l/c,, bar
11111‘:&:; :1 time of 5lf¢s-—but fully compressed as a whole for a ume of 3![co—l$a_r
111 is fully compressed as a whole for a time of 21,’%? but toge}k'u;r‘w'ltl; bz;row::l
moves as a rigid body with unit speed, bar 111 following bar IV aftera tim A

Impact stress and uniform stress in a bar loaded by a falling weight

It is common in courses in Strength of Mfitérials to estin_late l:.hfaigffe.a-tes&str:::
in 2 long uniform vertical rod due lo 1}_16 impact of a fa‘lh‘ng_ r:i:zdrmasr;if S,:mlv
Fie. 1.22, by assuming that all the kinetic energy of M, 1s.ab:ior g:_‘ 35 x;n formk
digtributed strain energy in the rod. Then the stress attained. .13 21v )

a1 5
."lz[;_ . SE. = E."VIILD
or
M g Mg (1.51)
Myp, M,

A,y ps. Ey and vy denoie the cross-sectional ared of the bar. 1§ lengl:t}. ;S

NN 1 1 act of T
deznsizty its Young's Modufus and v, is the speed of impact of M, on the weight
less collar at the bottem of the rod. M, is the mass of the rod.

.

|

>

~—A

=

o,
-
K

WEIGHT

—
n

=

o e i

COLLAR

Fig 1.22,

Now, the dynamic stress initiated at impact, a4, 1s really given by

g = Pz”o‘f‘% or a3 = Ptk (L52)
2

.+ 6y is independent of M. :

Using (1.51) and (1.52), we have

G M, Striker mass
s M, V Struck rod mass
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When M, /M, is very small, 6> « a4 it would then be quite inaccurate to use
{1.51), or the resilience type of analysis common in elementary Strength of
Materials.

No matler how small M, . for a given v, the stress o, would be generated at
impact. The situation is, however, more complex than appears at first sight
since at the first reflection of the wave at, say, the perfectly fixed end at the topof
the rod, the stress would instantly become 2g,. The subject of further stress
intensification due to refiection is discussed on p. 51, from which it becomes
apparent that the resilience approach is valid when M, » M,.

It is sometimes asserted that the stress wave approach “breaks down’, or
fails to give a result, if the mass is initially in contact with the collar. That this
is not so will be evident from the cases discussed on p. §7.

Stress generated in two uniform bars of unequal cross-sectional area and
dissimilar material when undergoing coaxial impact

Figure 1.23 shows bar §, moving with speed v, Impinging on bar S, which
moves in the same direction at speed v, . where #, >- r,. Clearly this situation
has much in commeon with that on p. 15. Let Hg be the speed common to both
bars after impact at time 0 < r < ,.¢,.1,/c,. The force acting on both bars
at the common interface is the same and if o, and ¢, denote the stresses gener-
ated. then
Ay, = Ay0,

and

Aipralty — ug) = Aypse;(ue — )
50 that.
Arpyey

s + .
A2p02C3

ry
[+ Aipy
Azpacs
It is now straightforward 1o calculate ¢, and ¢ and find
er ts
6, = Pty B
( A, picl) vy
Rt
Aapac,
and (1.54)

o. = P2Cats (1_1 _ 1) Ay
i 1+ Aoy ta Axpacy
Azpar,

If pye, = pac, and writing 4,/4, = y, then

Uy + upg

55
T+, (1.55)

lty =

= WP

S

L2 _‘-‘9'+ﬂ-:7§-.-‘f~:9w§; BLRL
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—P —1
8, A 14 5,
P—— R ——
Fig 1.23.
Suppose that uy = 0, then v, = —pur,. Let I, = 2L and p, = p,, so that

when §, is completely unloaded at time r = 2h/e,, 8, is wholly stationary
and compressed. Thence fort > 2/,¢,. S, will be moving as a wholly unstressed
bar having a translational speed of (2u, — v,) whilst the centroid of S , will
henceforth atways remain stationary, If the coefiicient of restitution in this
circumstance, defined with respect to the centroids of the two bars, is e then

g vy = —efv, — vy)

T i)
_2(7-'21 " H‘)J_i_ -
Tl LT
o (1 +u __H
r; —~ 1, I+ u

When u = 1. e = 4, as already seen and discussed on p- 24.
Stress ttansmission in shafts having a discontinuity in cross-sectional area and
for bars composed of different materials

Consider an incident elastic wave of compressive stress of intensity &, moving
to the right, see Fig. 1.24. through a stationary bar of material S, of cross-sec-
tional area 4, . This is partly reflected and partly transmitted at the surface of

!

a5~ —>07 .1
4 A 4
pi S; 82 P;
B ;
¢ ¢y
—_—
0
Fig. 1.24,
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discontinuity AB where another bar of material. S, . of cross-sectional area A,
is perfectly attached to S, . Note that if .4, was zero the wave would be wholly
reflected whilstif §, and §, were identical the wave would be wholly transmitted.
Since §, and 8, are of different areas and materials, then. at A8, the incident
wave must be both reflected and transmitted.

The stress wave transmitted through S, of intensity o, and that reflected
back through S, . o, may be found with the aid of equations (1.7ii) after appreci-
ating that the conditions to be satisfied at 48 are:

{i) the forces on plane AB acting from 5, and 3, are at all times equal, and
tii) the particte velocity in plane AB. in the material. for §  and S, are equal.

Now. if both o, and ¢, are taken to be compressive then

Ao, + 6g) = Asor (1.56)

and. noting that , and o, are associated with waves travelling in opposite
directions. therefore, (ii) gives
(1.37)

bp—tg=rr Of 0;—0g=0r./

¢ denotes particle spued and subscripts /. R and T refer to incidence, reflection
and transmission.

Hence. r 5 Ee
[ T fim
g~ 24,014 5 e TF )
iR Ir = oy o) = ETE. (L3Y)
e Aapa¢s + Aoy ;
wd o o
R T - - —
Alpae; — Aypie ’ . i
g = 2726, 1P1 g, - foo e (1.59)
Aapats + Arpycy Sl o S

From (1.39) note that for a simple change in cross-sectional ares, i.e. when S 5
and S; are of the same material and p, = p, and ¢y = ¢,, the incident and
reflected waves have the same or opposite signs according to the increase or
decrease in size of the cross-sectional area ; and at the same time the intensity of
the transmitted stress falls below or exveeds the intensity of the incident stress.

Equations (1.58) and (1.39} are. of course, approximate since the derivations
included all the reservations made on p- 2; and at the discontinuity AB,
condition {ii) is true only inside the material; not at the end surfaces Compli-
cated local stress wave interactions occur in the vicinity of AB and for a length
equal to about the first diameter.

inherent in equations (1.58) and (1.59) are the results of p- 20, because with
py=p;and E, = E; ie ¢, = ¢,,

(a) if A5/4, — 0,the end of the rod is effectively free and (1.59) givesag — —a,
and 6y — 2¢,, and
(b) if 4,74, — oo, the end of the rod is effectively fixed, o, — ¢y and o — 0.

e

]
2
ey

g
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These results, ie. (1.38) and {1.539) show that a small shaft on the end of one
larger in cross-sectional area can act as a wave trap to a pulse or biow on the far
end of the large shaft, ‘

The stress magnification, for a single solid stepped shaft, can, us ) above
shows, amount to a factor of 2. N o

For the same amount of total reduction of area, however, this intensification
factor is nor reduced by using a solid two-step shaft but. on the comtrary. is
increased. This may be proved generally. but an example will suffice. tn Fig, 1.25

e
[
(%]

S

Fig, 1.25.

let 4,/4; =4 and A4,/4. = 4.°4; = 2; then for an incident compressive
stress wave ¢, the transmitted stress -, in the section of area 4. is given by

ar, 24, 2] x o _i
g A +4s 2+1 3
And thetransmitted stress in S;.1.¢. 6, is
24 2w 2 d
24, 2
g .G, = .-ap = 1-78q,
BT A, T 2413

If the step A, was omitted, so that the change in area from 4, to 4, occurred at
ofce, then

24, 2 x4

= . = .o; = 160
ety g !

ar

Thus the transmitted stress is increased by about 10 % because of the i:}clusion

of the extra step.!® It is evident then that an abrupt change of section is better

than a gradual one where shock loads have to be transmitted. o
A result worth noting is that for no wave to be refiected from the discontinuity

~. In the bar we require o, = 0 and then A,p,c; = 4,p,c, so that

or = 0/ E202/Esp1;

“, ensurng that 4,p,¢c, = A,p,c, is known as impedance matching.
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An example of the history of longitudinal stress wave changes due to 2
discontinuity in shaft cross-sectional area

As an example of the complexity of wave transmission and reflection due 10 an abrupt area change
in a shaft, consider an infinitely long longitudinal eompressive siress wave of unit intensity trans-
mitted along a uniform shaft whose cross-sectiona! irea is two units. Ler it encounter an abrupt
change in cross-sectional area at the end of the shaft to one unit, for a length . We now endeavour
to describe the early part of the subsequen: history of the wave, in brie, using Fig. 1.26, which is
largely self-explanatory, Two diagrams are given for each time range: the one on the left for the
passage of the wave through each portion of the bar and the one on the right giving the net stress in
each portion,

(i) + < U: Fig. 1.26(a)

The initiai situation is shown at time 1 < O where ¢ is measured from the instant the wave reaches
§S.

(i) 0 < < Yeo: Fig. 1.26(b}

After encountering S5, the discontinuity. the wave divides: part is transmined at intensity of
and proceeds down the end portion of the shaft whilsi part is reflccted, a%. Thus, using equations
{1.58) and (1.59),

and

{The —ve sign means that the wa. ¢ ic one of tension).

i) Feg <t < 2eg: Fig 12610}

o is reflected with a sign change ar .= ! ¢, and a1 1 = 2lic,. the end portion is compietely un-
loaded and stress free.

i) 20y < ¢ < ey Fig. 1.26(d)

When 1 > 2i-¢y, the tension wave js parthy redected back into the reduced section at the right hand
end of the shaft and bas an intensity

[
It

whiist Lhe transmitted wave has an intensity
. 2.1 j—4 -8
e

i 3wy 1 < A ey: Fig. 1.286(e)

The wave of intensity ¢ is reflected with a sign change atr = 3L ¢,

ivi] Alicg < 1 < S,

The compressive wave of intensity 3 encounters $§ and again divides to give rise 10 a reflected
portien of intensity

2o 4) 4
REITTE T

and a transmitied portion of intensity
.2 (4] 3
Fr = ——  [=}] = omm
T T 7
This process muty be continued ad infinirum.
The end of the rod of reduced section was in tension, the stress magnitude being 3. during the

period 2ifcy < 1 < 4i’c, and when o is reflected is of magnitude of 5% (compressive} during diiey <
t < blfe,.

S e
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TOTAL STRESS
l COMPRESSION .8

STRESS HISTORY
'8

COMPRESSION

! TENSION 8 TENSION
fe
8 I<0

-

Y .- N— g
ﬁ:mwﬁiﬁmmm .' byt 457 T e
S iimma % (©)

e )

- ME % Lts OF [4e,
SHOWING VARIATION OF STRESS WITH TIMz

A1 I'=lf3 FROM END OF Bar

TENSIOn TME N UNIES @ [,
SHOWING VARIATION OF STRESS WHH IiME

ar {"=l/3 70 1err oF 88
Fig. 1.26.
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e "CONICAL" END ——
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i et o

Any section in this end distant T from the far right hand side, Fig. 1.26(a). is under a com-

Pt

pressive stress of 3 for time 2F ‘e, and then zero stress for the next period of time 2] ~ I/, : next, a f 35
tension of § ensues for the fucther time 2te,. followed by zero stress for 2(1 — )¢y and later by a : 25
compression of & for 2/c, and then zero stress for a period of time 3(! — )fcy. A graph of stress ' A B

intensity against time for this section may be obtained, assuming ' = [/3. CIRCULAR
Obviously the “steps’ in Fig. 1.26if) decrease in magnitude to + of their value at each successive BAR

“step”. Correspondingly. in the section of cross-sectional area equal to two units, at a distance ¥ to

the left of 55, we have, [or the stresses reflected. the following :

For, t> =g o=1,
- CCMPRISRION
[V R i AT r=], |

“a Ar t=37

Peg<tall + Wiy, o=1-4=3} L {bi

W+ <r < +4ive,, o=%—§= -2 o=
i

and
W+ ey 27+ 6hfeg. o= —F+ 2 =4, A r=s

ete. Assuming [ = I3, the above information may be represented as in Fig. 1.26(g).

Longitudinal waves in an approximated conical bar

In this Section we look for indications as to how a unit compressive pulse inci- ’1’. P =
dent on the end of a conical bar is transmitted. The purpose of the approach o
adopted here is to make it easier for the reader to appreciate the mathematical .
results from an analysis of the conical bar which follows afterwards. The method
now used is elementary and approximate.

Figure 1.27(2) shows a conical-ended bar which has been approximated as a
stepped shaft ; the axial length of all the segments is equal and the cross-sectional
area of cach is proportional to the square of the distance of the end section of Fig. L.
the segment from the end of the bar; each segment is to be supposed long by |
comparison with a diameter,

Let a stress pulse of unit intensity and of length equal to that of a segment,
impinge on section 5; T denotes the length of time taken by the pulse to traverse 2
a segment of the shaft. I, 16 + 25

We make continual use of equations {1.58) and (1.39),

(i) At ¢ =0, immediately the pulse impinges on section 5, two waves are and
generated, one a reflected wave whose intensity is designated oy _and the othera ]
transmitted wave, ar,. Thus,

Op,- We have

5 3 R T 1625

%rs = 33 + 36" b=1I8 % {iii) Attimet = 2T, when the transmitted pulse o, has just reached section 3,
as before, we have
and _ i p
y 2.1
25 — 36 - Gy, = e [ = 1-84
=, —0-18. *9+16

Tgy TN 0-18

(More directly, using (1.57), bg=0;—d;=1—118 = —=0-18)
(ii) At timet = T, when the transmitted pulse oy, has just reached section 4, g, = 9_'_;1,?, 1.44 = —0.403

it generates a transmitted pulse of intensity o, and a reflected pulse of intensity 9+16
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Also at ¢t = 2T, the pulse reflected from section 4 at t = T, ie. og.» will have
reached section 5 where it will be transmitted and reflected ; we are primarily
interested in the reflected pulse moving towards the apex of the bar, Og,,. 50 that,

—25
GRes= 36 5 35 (—0-26) —?0-047

{iv) At t = 37, following the same notation as before, when section ? is
reached by ar,,

Oz, Will &t this instant have reached section 4, and the transmitted pulse
intensity is 6y, , ..
23

2. .
ORipeg = m-(—om'f} = —00574

To this latter stress must be added the effect of the pulse reflected from section 4.
Le. 6, ,, which arose from reflection at section 3 as Og,. Thus,

23—-16

= ——  (=0403) = — (-
Cres = 35 7g- (—0403) = — 00885

and the total intensity of stress proceeding across section 4 towards the apex
of the bar is (—00374) + (—0-08851 = --0-146. Also.

4-9
R = 357G 184 = —0-71
(v} Att = 4T at section 1.
2.4
- 255 = A4
or, T3 2.55 08
1
on = 255 = —153
LRI )
At section 3.
16 -0
23 = —— . (=07) = —0-
23 ]6+9[0 ) 0-199
and
R _ 218 0-1461) = —0.187
543_9+l6( )_—
Thus the total intensity of stress two segment lengths behind the head of the
successively transmitted initial unit pulse is (—0-199) + (—0187) = —0-386.

e e S il P B SR

il e e
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The composite pictures of the wave shape with corresponding intensities at
different successive times may now be arrived at. For ¢ = 37, see Fig 1.27(b),
for t = 4T, see Fig. 1.27(c) and for t = 5T, when the pulse has Jjust reached the
end of the bar. see Fig. 1.27(d). (Information contained in Fig, 1.28(a) concerning
the pulse tail has been added to the Jast two Figures.)

-~ It should be noted particularly that as the pulse travels towards the end of the

bar, the stress intensity at the head increases, whilst a tail to the pulse is developed
which has a smaller intensity but one of opposite sign. Intuitively, we might
expect that the intensity at the head of a puise which reached the apex of a
conical bar would become infinite. However, in a bar which possesses an end
scgment, F, of constant length, a high compressive stress will be attained and,

5 4 3 2 1 0
B 1 i ! £ 1 -
DISTANCE ALONG BAR
. Fig. 1.28(a),
S5y _or ~ i .
Bk



45

IMPACT STRESS WAVES IN BAR

IMPACT STRENGTH OF MATERIALS

44

! 9T r— HT6E - oTLr FA R SLO01 65 €E
Lost 19T 1RGO 6 #1+0 IRFTIEE ST E0ro L8
. 9T r- T Towe- P 001 65 1¥
oot I trr - P i 6 SHn- YRR §7° $00r0 Le
£60-0— PLED - RO Citre LEYY S{RT
frot-16T0+
20-9¢ 9¢ " et7-p+ (£f9
it Prboactt I frel-olro- Fregto0on - 9t " F17-0+
[T T b et i 7oty Frgzssro 9€ " R1F0
. 80 RES b - 1L 0zl - SLR-R TIeL
66-5€ [ /0t voLET 6" 60RO 91 0L1-0- €T $5E0 ead
fork 98L0 FoR| o SLg Tifz
609t P sofd [ RS B i 6 6080+ f-91°L10- §rgrreseot FA13
1ot [ 2| §6 9800 fro1 o FreTgsoo-
0¥ e - 5L SLE - TreT
' 9€ " 6FT-0
10-0¢ ‘ ot ~ergo+ |L*
17 ROE FoEsl 6 ORE (- 9 1F0 §T° §50-0— of ' 810
oT-0r 609 FET— 0L S1-Fl
00-9¢ 9L EIZ0+ |Z¥
v 6140 91 9Fl-0- §T H0E0 9 " RI-0
9691 sty cLll- S1¥1
REST 9¢ 1T 0+ |
6 PRI 91" {of-0 5T LYO0 9¢ " 81-0
, ST 8ty ’t-9 -
ooae 91"t ST 6570 9 g0 | 4T
) 0367 29
gl §TRIN ofgrg |
00 9¢ '
00°9¢ oi1 9 auny,
Moy, A kil a b) fl v wones
WmuatIraw . i "

1= 2 NOLLASIALSIO WALNTNOW £ 16V

SPp— - L I e e moy el
= = = =
= = = 2 ) . =)
. 3 . 2 g N g 5 g .
o ] 3 < z £ z =
a f] 7 o ©
& = w = i % z
%X © Lo ¥ & & N
F g ¥ b E g 2 g &
~ ~ 0 & § & ~ b O 5z : 0z
st b~ g = s v 8 & G
- Bl = o & 8 =
w T T oI 3 SRRV h S — s
- s d G M
S fgeef- - == e s SR S P
2 ‘.M. Ty m o] el o _——— hul .
3 ¥ :
B Bl.oBL N
Wy &
: 5
—fp—— . - —— am . - !
N N .
3 by m [~
e i
;
o bl . S S . - I g -
- by N w
g s " e i A - 5]
Tk 7 ) - : ~
i b\ - | E
- _ 3 > o
= SR - . - = B T ™ - Y= j°
! R | b
7 2
m g ﬂ..u : m.l -m_u N
=] [ %=1 =] e
1 T J
[0 AN MU S [UP O M. P e I N8
& —— e — Mt S T NI e —— S ey
27 ﬁ °
gl ) @ -
o A s R
' 2 a5 / | o P i .s;,
5 41 aT 3 T "
" R Y-SV AN A el v : N3 2
S U o DA VA% AN - R M I | S g
O . B~k 9 Fo 4C
L S & b 55 F RS =
[Po N Y e %
u n o oL ] iy o0
v - — - n
-
-
= = <
= ~ = < <
< =



46 IMPACT STRENGTH OF MATERIALS

after reaching the end of the bar, it will be reflected as a tensile stress pulse of
equal intensity.

The stress wave intensity in other portions of the bar and at later times may be
determined as above, but it becomes progressively more difficult to keep account
of the wave interactions. The characteristic diagram becomes very helpful in
this situation and Fig. 1.28(a) shows such a diagram for this problem for.the
pericd t = 0to t = 8T. The reader should have little difficulty in corroborating
the values of the stress intensilies inserted in the diagram.

Att = 53T, the state of stress in each section of the bar is found by considering
the time band between 43 Tand 51 T in the characteristic diagram of Fig, 1.28(a).
At each cross-section in the bar the total stress on it is found by summing the
operative stresses, e.g. in the smallesi section F, the right-hand half is subject
to zero stress because the equal intensity incident and reflected waves cancel,
whilst in the left hand half there is also zero stress, but because no stress waves
are passing through it at time ¢ = 547 The siress wave intensity, whether it be
compressive (counted positive) or tensile {counted negative), and the wave
direction in each portion of the bar in the period 417 to 54T is shown in Fig.
1.28(b)i; the corresponding stress distribution at r = 53T is shown in Fig.
1.28(b)il. Wave transmission and stress distribution dizgrams pertaining to
t = 67,637, 7T and 8T are given also in Fig. 1.28(b). The momentum distribu-
tion aninteger vaiues of T, 54 Tand 63T {assuming T = [}, are tabulated below so
that the details may be checked ; the main purpose of the caiculations is to show
how momentum is conserved ar all times. (In verifving the entries in Table 1.3
note that with rightward moving compressive waves and lefiward moving tensile
wates, positive momentum is associated whilst negative momentum is associated
with leftward moving compression waves and righrward moving tensile waves.)

Torsional stress transmission in bars composed of different materials and/or
having a discontinuity in cross-sectional area

Consider two long circuiar shafts of different diameters and of difierent marerials firmly fastened
end-10-end 50 as 10 form a single shalt and let a torque T; be suddenl; cppled ard then maintained
at the free end of one of them which is. say. of material 1. Presignate quentities referring 1o the second
pari of the shaft by suffix 2 and let all local effects due 1o fastening of the 1wo materials be neglected.

Then. when the impulsive torque reaches the area disconunuity. a torque T, is refiecied and a
torque Ty is transmitted. We have

L+T=T, {1.60}

since the torque on either side of 1he area change must be the same for equilibrium. The angular
velocity of each part of the shaft must be the same for there 1o be continuity through the section
discontinuity, s0 that

Oy — Qg = dg, (1.61)

toy i§ negative because T, acts in a direction opposile 1o that of T, and T.
Using equation {1.121) in {1.&1),
T, — T T
'—,_‘-_R— = —L: (1.62)
S Gy i Gy

. 2 gt ot T e

L LA e At
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Hence, from {1.60) and {1.62}, we obtain

\. Ty = L N {1.63)
= = = .
L+ IR T Jipyer, 1+4n
r Gy Japacr,
and
1 =D vGip
I, [e] i-n
Ty=-T ===t K (1.64)
1471 /Gt '
Js \/Gzpz T T Y1
f" N & y“
where n = J picp Mapacy,. = +1

Ha circular shaft was composed of two portions but such that the diameter of one portion is twice
the diameter of the other, then using {1.63). we have either

o 0 _ 2 2
o, T A

ITJ_-. 1+ﬁ

or

2 32

L=t .2,
117
l+=

4ecording as there is a decrezse or an increase in diameter acrass the shaft discontinuity respectively,

Propagation of torsional waves through a bar baving a length of reduced
cross-sectional area, The pulse smoother

Consider a sinusoidil train of torsional waves of amplitude 7, and wave length % incident on a
circular ba: of material which consists of twa identical portions A and A’ separated by a circuiar
bar. 8, of different material. of length /,; the middle bar is assurmed to be perfectly joined to the
other two portions. see Fig. 1.29(al. and constitutes the pulse smoother. We shall now deduce the
effect of the length of the bar B on the transmitied wave train.

Concentrate on the progress of the greatest positive torque in the fizst wave of the train ; this wiil be
transmitted through the middie bar as a torque of iniensity,

>

T=—"_7, 1.65
P+n? ( )

using the notation of the previous section. After passing into the portion of the bar 4', through
the second change in area Y'Y, T wilt be transmitted and refiected as T, and T, respectively. We have

2n 2 2
Ti=—.T= —. T 1.66
Voatd A+l a4+t " (166)
and
a—1 n—1 2
T) = ———rr =—  —T 1.67
! +1 n+ilin+1""° 1.67)

Measure time ¢ from the instant at which T, first penetrates into A" and consider the effect of Two
different specific lenpths of Iy as follows. Bear in mind throughout this work that becanse we are
discussing torsional modes of wave propagation, there is no dispersion as there would be if fongi-
tudinal waves were propagated aliong similar bars,
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() When ly = (i/2)cpic,)
The length [, in the above equation is such that Ty will be able to travel from Y¥ to XX and

return to reach Y'Y at the precise moment that the greatest positive torque in the second wa.e ol the
train also arrives at Y'Y,

When t = ly/ey, T will have returned to XX there to be reflected as a torque,

-1 2 -
"__1) _T=—~.(ﬂ_]76
w+ 1 41 \n+1

At tite r = 24, vy, T reaches Y'Y and is both transmitted, as torque,

_oom—=1

n+ 1

2 . hl - 2
R _~'_.(" 1) T

. - {1.68)
i+ n+1 n+ n+ 1
and reflected as torque,
n—1 n—-1}* 2
To=— Ty = — —. T 1.6
o n+ 1 (u+l)n+l ° (169

Thus, when ¢ = 2i,/c,, the magnitude of the pulse just leaving ¥ ¥ and entering A’ is the sum of 7},

due to the second wave and T, due to the reflection of Tyinthefirst pulseat ¥¥at: = 0.
It now follows easily, by extending the above consideration for a further period of time 2ip/e,,
that at ¢ = 4,/c, the torque just entering 4’ from ¥Yis M+ T

- + T3 T, is due to T, in the third
wave arriving at Y'Y, T; to the first passage up and down 5 due to the reflection wt ¥ ¥ of Ty from
the second wavs, and T,

to the second passage up and down  of the reflected portion of T, from tie
first wave. Obviously, following (1.66) and {1.68).,

T_Zn 2 (n—i"r 46
e e o} ey IR 11.70)
Thus at time m(2l, ¢

s} Where m is an integer, the maximum torque, Ty, wili be being transmitted
from ¥Y and

2n 2 jm - 1Y° r— I+

Ir= —. T, 1+( ) (__)
T il ntl { raeary Bl vy B
4n T 1

LTI T n—l)l

n+1

If then Iy = (4/2)(cy/c ) it will be seen that the argument above which applies to T, can be identic-
ally applied to the current torque at any location in the wave length. so that generally it is not difficuit
to se¢ that the transmitted torsional wave train in A’ will be almost identical with that transmitted

through A initially. That the length Iy = (i/2(cy/c,) is of course a condition for resonange in this
system.

hence as m — =

=T,

(ii) When [ = (49 (cp/c,)

The length [, in the above equation is chosen such that the reflected portion of the maximum positive
torque in the first wave at ¢ = 0 will have been able 10 travel from Y'Y to XX and retyrn 1o YY
at the precise moment that the following maximum negative torque in the first wave arrives at YV,
The amplitude of the torque just being transmitted in A" at ¢ = 2pfey = (4jZ)(1/e 1} is thus (— T+
Ty). After further time 21,/c,, the amplitude of the torque just entering into A'is(7, = T, + T,). Thus
at the end of time 2m{2l,/c,), where mis an intcger, the total torque T being passed into A™is

r=N-N+Tho +T,,

_2n 2 T[l (n—l)z+{n—l)‘ n— 12
Thattm+1 Py PR RS v
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Asm— X,
dn [ In
. = LT
TT_.[n+U:'n (n—l)l L
n+1

Asn > 1, therefore T/ T, is always <. The degree to whic.h T is a!tenuat.ed is s}-u?wn in :l'al:fle ]i4
for some 1ypical values of 2. Abave, we have in effect uons:dclrcd the consequences fo.r l'm:fs:rnp ».;
wave trains whose wavelengths /4, and 2, and circular l're‘quenc’les wp and @, ar2 11.1‘ the ratic ¢ 23 :)

inrroducing. in the form of portion: Bof Fig. 1.29(), a device which {a) does not at aii affect the passage
from A to A" of the first and (b) adtenuates the other.

TABLE 14
! :
" I A 5 B i
1
T, 0 ! -8 06 j 038 02

For the first wave train the device aclays ail components reflected and contibuted to TT by
exactly a multipie of / or by ms where m is an integer. or in time by amount m. 2neg) = MAg €

For‘ the second wave trzin the device delays reflected components contribu=d to T4 by time

Fpp 2 e

milriw,) = m. A, = mL 2k ey, ) ' o

The components of Trare all in phase (or out of phase by 2mmn) whilst the cemponents of Ty are
out of phase by =m. ) - . N ~

For wave trains where the wave length lies between A, and 4. the ampl.uude of_the wtal trans
mitted wave form will lic between T and T:.:and ind:ed the same observation applies regardless of
initial wavs length. . . o

The work above finds application in the "pulse smoother™ used in connecuop with mcasur:a:n‘ems
of torsional impact stresses. A pulse smoother was used by Duffy, Cumpp;h und Ha\»le;.r ina
torsional split Hopkinson bar (see p. 39) to study strain rate effects in aluminium and consta?ed ofa
short 0-1 in length of fubing, 0030 in thick, placed berween the impeet end of a record{ng bar
and the specimen. Fluctuations in the magnitude of a torsional input pulse g?neraled using ex-
plosives were reduced by the tube and the transmitted pulse was found to be of a lower but more
nearly constant amplitude so that the specimen was thus subjecttoa lo?ver bu_t more nearly cot_!st_ant
strain rate. A diagram of the set-up is as shown in Fig. 1.29(byand it is obviously formally similar
to Fig. £.24(a).

INCIDENT WAVE

A [y & <
If-}—_j— B _ X - B - 'y

T . i TRANSMITTED WAVE
. —h—{ y 5

Xi I, Lt o

[ 30" L 30" it 30—
i Il =X X= J
$  INCIDENT TRANSMITTER
| GAUGES GAUGES b
PULSE SPECIMEN {b)
SMOOTHER

Fig. 1.29.
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- Stress changes in a bar due to lateral restraint over a finite length

Stress wave reflections and transmissions in a bar, due to changes in area or
tmpedance, have been treated above and in conclusion we indicate that they
may be induced similarly by changes in the degree of lateral restraint. Reference
10.21 describes attempts to make practical use of this behaviour.

Consider a long prismatic bar most of which is without any degree of laterat
restraint and a finite length of which is wholly restrained against any lateral
expansion whatsoever. A rectangular compressive stress wave of intensity o, is
then reflected, intensity op, and transmitted, intensity o, at the boundary
between the two regions. It is easily shown that,

o cfe—1
g, cfe+1

or _ 2c'fe)

and = —
6y Cle+1

(1.71)
where c 1s the wave speed in the free portion of the bar, ¢’ the wave speed in the
restricted portion and (¢'/e) is given by (1.24),

On both sides of the plane at which the restriction is introduced the stress thus
rises 10 the same value, i.e. o7 and {6y + &) which equal to or.

fv=13, then 6p = (5 — \,‘[2_4)0’0 2 64'10 and 6y = (6 — V/ﬁ)ao ~ l1gy.

If the restraint applies over a finite length of bar, then on emerging from the
restraint zone, reflected and transmitted waves will again be generated, of
magnitude ¢ and o7 respectively. We have, using {1.71) above with {1.24),

6g ol —1 ax _ —2ce)c’fe = 1)

and thus

oy e +1 7y cic+ 1P
Also
: 2.¢kc o 2efe’)  2Acfe 4" e
ar _ X nd thus T = '(',’).'(II} _ ”(;)1
6r e+ 1 g cic+1 e +1 (cje+ 17

Again on both sides of the plane at the end of the restriction the stress is ¢

REFERENCES

.1 ROLSKY. H. Siress Wares in Safids, Clarendon Press. Oxford, pp. 211 (1953),

1.2 GOLDSMITH, W. fmnacr, Edward Arnotd. London. pp. 379 (1960,

1.3 REDWOOD. M. Mectanical 3 aveguides. Pergamon Press. London. pp. 300 (1960},

1.4 TIMOSHENKO, §. AND GOODIER, J. N, Theory of Elusticity. McGraw-Hill, New York. pp. 506
(1951).

L3 DAVIDS, K. AND KESTL. X. E. Stress wave effects in the design of long bars and stepped shafts.
L2.M.5., 7. 759-769 (1963).

1.6 DUFFY. J.. CAMPBELL, J. D, AND HAWLEY. R. H. O the Use of a Torsional Split Hopkinson Bar
1o Study Rate Effects on 11000 Alwminum. Brown Univ. Rep. (Jan. 1970).

T e i T v o i i s o P e

R WU
[

L]

e T T

W o e, < B e

2: Applications of elementa one-dimensi
wave thenry ry 1onal stress

In Chapter 1 the basic, si{nple equations of elementary one-dimensional stress
wave theory were established and in this Chapter they are applied to the
discussion of some engineering problems,

Longitudinal impact of a rigid mass on one end of a | i
e at it o e ong uniform bar perfectly

:I'he.situatiqn envisaged is shown in Fig. 2.1 in which a rigid striker of mass M,
impinges wich speed v on the end of 2 long bar which is perfectly fixed ar its
dista] end. The equation of motion for M,is ’

Aat L1
where 4, is the stress Intensity at the interfice between the rod and the mass

M, at ume r after first contact; &, is the speed of the interface, A, is the cross-
sectional area of the bar and 2 its density. As previously. from equations (1.7)

0z =ty Eap, (2.2)
and substituting inte (2.1},
M, dv E
K ~ Eppa dt
Integrating and noting that ¢, = vy at+ = 0.
M;J“’dr, T rd
S| = 202 4
or A2 Je, * Yo
Uy, = vy ex 4
1 n CXp _E- N Eap ot (23)
M
! M, . 4;. Caf;
RGID [ [ e
T ; FiXED
_— 2
Vo
Fig. 2.1
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Alternatively,
2 AZ g
03 = g . CXP ‘—E.\,E:pz.f 7
{24)
= dg.ex My
= lor SR M, e,
where

oo = bo/ Eap,

Now. the compressive exponential stress wave, which passes up the bar, is
reflected from the fixed end also as a compressive wave, Thus the stress
immediately after reflection at the fixed end. i.e. of the head of the wave. is just
20g. Also. after time 1 = [;/c,. the stress at the striker ¢, given by (2.4). will
have failen to.

. Ay s l
< 3= O SRR TRy N R .
. , {2.5)
T e = g exp(—M./M,)

At the end of time 2{,/c,. i.e. when the head of the reflected wave has arrived
back at the striker and is just reflected to provide a compressive stress of 2g,.
the total compressive stress on the striker will be {2a, + 6, exp{—2M, M),
Now the striker will be subject to an increased resistance (or zompressive
force), fort > 21,/c,, due to the continuous arrival of the reflected wave from the
fixed end of the bar. i.e. ;. and hence it will suffer an abrupt change in speed ;
this in turn will alter the initiating stress. Thus the differential equation (2.1)
and expression {2.3) only apply for 0 < t < 2/,/c,. The expression for the stress
which is thereafter to replace (2.4) has now to be sought ; let it be o°(t') where o'
applies only for 2Iy/c <t < d,/e, or 0 < t' < 2,c. The new equation of
motion for the striker is,

i, .
M2 = — 4,20(0) + ()
or
My A7 g e(e) + e ()] (2.6)
Pats dt

using 6" = pac,t’; and where o(t') = a,(2),” -
Simplifying equation (2.6).
M, do

A, :
it e A —-= JEps.¥] + &,
Aopae, a7 aoexp( M, 2Pz ) o

or
Az N do’ Ay Eqp Az
exp (E-.\/Ezpz-!) “dr + M—J-“P M, N E2p t 0"
_ _2‘42.020200
M,

|
|
|
'_l
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d A, T o ]
;;[ Xp (;1—\ Ezpz-f)ﬂ':l = -

Hence, integrating,

and thus,

3"!2!)2'1'26
M, "

, Ay = 2dapae
G.exp = Eypyur| = T2 20 0L L

P (Ml v B I) M, oo T
Now.when ' = Ofort = 2, v.1 0" = g, exXpl—2M,;iM |} = ¢. Thus

[ Asy Eaps ML tapaes
Ty ] GeRxpy ] - — s e 12T

6 = exp
M, M, M,

(i) Reduction to zero of the stress between the striker and the bar

The total compressive stress sop. acting on the striker during the second
traversal of the bar by the strass wava, is

sFr = Qatt) + ¢}

Hence combining (2.4} and (2.7). we have

Adx - i Ay {2\
Or =2GgeXp | == Eapa 1| +exp|{ =2 Eun | & S
A, i ."{-,01(‘1
—exp | ——==. S Esp-r | g, . 12222
€ p( jﬁ[} N _“’J_fJ Go. L 4\/[1

J PR— M, 2 M,
sGT = 69 exp( M—l\ E;pzt)[E + exp (-— W, ) - RWJ 12.3)
Att =050, =(2 + exp(~2M,'M ). ay.

If the stress between the striker and the rod falis to zero then g7y = 0: and
this can, of course, occur in the second wave cycle enly for certain values of
M /M| Ifthe stress falls to zero during the second wave cvcle, after the grearest
permissible time, Le. 1 = 2lje,, then we have, by substituting in (2.8).

2+ eI < gar M,

Solving this last equation we find My/M | ~ 0:58. Of course, for all values of
M,/M, > 0-58, the stress fails to zero for /e, < ¥ < 20y/c,. That the stress
falls to zero does not imply that contact then ceases.

(if) Stress between striker and rod for A,/M, = 1
Let Us examine the case in which M,/M 1 = L. Then putting sor = 0 in (2.8),
i

24+e7i= "
lafe,
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Hence,
1 1 -2
= | +-¢7%=1-068
lyje. 2
or IR ':":’\:'.;_
'y
L T YUY
2./, 2y/e,

Table 2.1 shows specific values of gorfo,, ie. the stress acting on the
striker/a , at specific times when M,/M, = 1,

TABLE 2.1 VALUYS OF gsyfe, FOR M,'M, = 1

] , L 1 3 34
tily €2) 0 = I 13 2= | 2+ = 2 i 068
Oocr <l e, Polaeo Joar fo22 o1 | — | - | - | — 1 -
i :
{{' <r<ilc _ L= | - | - tzims {127 |oess {ooso I 0
Uyey <1< 4y e- i !

Figure 2.2{a} shows how (5,76, 1.¢. the non-(’ilmen‘smnal t_ota] stress intensity
acting on the striker. varier with a non-dimensional time r,{{;sc,) when

My/M, = 1.

__b [
e,

— — o FIXED END
STRUCK END

Fig. 2.2(x),

L
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{b)

(ifi) The stress at the fixed end of the rod when M M =1

The total stress po; at the fixed end of the rod is,
(i) zero until ¢ = Iy/e,. when it suddenly becomes 2g,
(i) it falls to 26, e™¥2M: < 25 =1 — (.74 Go at time 7 = 2/,/c,
(i) At ¢ = 3l./c;. the stress at the fixed end due to reflection of the second
wave cycle stress front, originally initiated at the siriker at t' = G, is

-~

S #Or =20, + 60" % = 2.27 o,

Note that for M, /M, =1, though the maximum stress at the striker end is
002 + e7%) = 2.135 4, the greaiest stress in the rod is created at the fixed end
immediately after the second reflection. Figure 2.2(a) shows how FOT{Gq Varies
with a non-dimensional 1ime for this case. i.e. when M WM, = 1.

For small A ,/M, ratios. ie. for M 2/M; less than about 0-58. there will be
more than two complete passages up and down the rod; thus whilst above
o'(t'} was calculated for the first refiection at the striker of the initially created
wave, in cases when M,/M, < 0.58 there will be a need to recalculate ¢ at
each subsequent refiection there. This is dealt with in ref. 2.1. The smaller is
M1/M | theslower the rate of decay of stress intensity. The maximum stress at the
fixed end of a rod. impinged upon by a striker at the other end, has been shown

- to be well summarised by.

y M, 3

ik My L

— =1+ /4 2.
Go \,/ M, * 3 (2.10)

equation (2.10) is shown as Fig, 2.2(b).

Rigid striker impinging on one end of a free rod

A‘:i above {see D. 51). when a rigid striker impinges on one end of a long free rod
with speed 1. a compressive siress o is propagated alon £ it where at time ¢
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after impact, the stress at the striker-rod interface is

A, Ca
o-=aoexp(——:Tf;?—".t) (2.11)
b |

The symbols have the same meaning as before.

{i) The situation at r = 2L /e,

Equation(2.11)appliesuntil f = [3/c,.when the head or front of the compressive
wave in the rod is reflected from its frec end as a wave of tension. At time 2/,/¢,
the stress at the striker-rod interface is Og-exp({—2M./M,). and the part_iclé
speed at the struck end of the rod is g . eXp {—=2M ;- M ). Thus the to1al stress
and particte speed near the interface after including the arriving reflected wave is,
(i) a tensile stress ¢,[1 — exp(—2M,/A )] and
(i) a speed of vg[1 + exp{—2M,/M )
Thus separatien of the striker and the rod occurs at ¢ = 2[,/¢, ; at this instant
also. the free end of the struck rod has a speed of 2z, . exEJ{_—}L M. ). (This
speed consists equally of incident and reflected components.) S

(if) The distribution of energy in the bar when /)¢, < 1 < 2sfe,

The speed of a particle, v, in a section at distance - from the striker during this inter-al of time, see

Fig. 2.3. is given by
M x—X) Myl x4+ X
P gl exp | -—= . — + -—2|2 -
°[ "( M, ""”( .m( L ) =S

where X is the distance of the head of the wave from the striker. The normal stress across the same

section o7 is
My, x - X M, x+ X
dr =op|exp| — . —exp{——{2 — (2.13)
M, L h I

Thus the kinetic energy £, in the bar between X and {3, where X < x, s,

N
. =1
a;g=f Az . gy dxp?
¥ 2
_J‘"l [ex [ sz—x'+ ( MJ{, x+ X zd
= e - Xp|——|2 — .
v 2 Plmw, 0 ) P T, i "

[ N M M, X X M X
=-Mui 1 +4-2 _2___-(1._._)}_{ 2 - —g 2y 2
ri o[ T M, exp{ M, [ ! I e 4M| ! L @19

The strain energy U in the bar between X and Lis

1‘|rfll.iﬁ
L

"t A0t

U=
x 2E;

dx,

and using (2.13)

1 M M X -4 A X
U=-Mp=[1-4——’ {—2—31——}.( ——]—- -2 -2
rcEL M, exp o i 1 7 EXp M, 1 T (2.15)
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. REFLECTED WAVC

| "IF IENSIGH
pe————X =
M', = _Jé T o
v = = ESD
RIGID \\
—_— =
sxronENTaL wavE Aol py B -
OF CIMPRESSIDN
o T
‘ i
Hence the total energy in the length of bar between X and 1y is.
G By b L P T 12.18)
- =My b —expy —d==[ 1 - - ald
R Rk R 1:)JJ

When X1 = 0 Le. when the head of the stress wave bas just rerurned 1o the striker.

r 4_113) e
- \_!!_ 12,07

1 5
U+ E = ;_.\Il:“;Ll — exp
and the kinetic energy in the striker at this instant E, is, directly. M, . 5 exp —dAF, M and
obviously UF + E. — Ey 1otals LM 05, The energy 1M sl — expi—+M, M ) is the kinetic
energy lost by tae hammer which. bz definition is rigid and thus contains na strain energy.

Pile driver and the weight falling vertically onto 2 collar at the end of a long thin
bar

A practical situation which is often discussed is that of the rigid stee! monkey of 2 pile driver. of
mass M, . impinging on the square end of a vertical timber nike. It is required 1o find. sy, the initial
retardetion of the monke: assuming conditions of simpie elastic impact and that no frictional
forces are present along the sides of the pile.

Alternatively, if a weight of mass M, slides down a long thin rod to impinge on a collar a1 the
bottom end, and induces a tensiie stress vave (recall p. 33) then formalty the situation is the same
as that of the pile driver except that in the latter, a compressive wave is set up in the pile.

The difference between these two cazes and that Jiscussed in the previous few pages is minor and
only consists in the weight of the monkey. or the falling weight, being taken into account,

The equation of motion of the monkey is

el 4 g
Mi— = M,z — A,pger 12.18)
dr

where v denotes the vertical downward speed of M, so that
dv M, ¢

o, _Mac BNERL
Gt TM T {

The pile mass is M, = 4,lp,. ! is the length of the pite, p, its density und A, its cross-sectional
area; the Limber is considered isotropic. Integrating (2.19) and assuming v = g ats =,

Mgt ‘ My c ) My e )]
= - - -t 2.20
N~ M;c[[ Mg 1T P\ T T (20}

Using (2.20) in (2.18), the required retardation of the monkey follows.
[fthe monkey is considered to be elastic and stress wave propagution in it is to be entertained then
the total problem is complicated and reference should be made to Fischer's work®2.
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The situation of the mass sliding down a rod is the same: as that of the pile driver except that M,
and M, refer to the mass of the falling weight and the rod respectively.
Reverting to the question raised on p. 33, for which case #, = 0, equation (2.20) gives

o IS
b= 1 =—exp|——=—1]|.
Mye . Ml
the stress in the rod is o and

[ M'g[l C ( M, ¢ [):|
=pote = ——| 1 — —-— -
7 et =T WM, T

which upplies for 0 < r < 2fjc. Thus aL ¢ = 0, the stress is zero but rises 1o a value of M,g(l —
e IMAMy 4. in time 2ive.

Momentum traps
Figure 2.4 shows a uniform cyclindrical bar X, of cross-sectional arca Ay.10the
end of which is lightly anached a bar ¥ of length [ of identical material of cross-
sectional area A,, with 4, > A4,: also I < I,. To tha end of X is applied a
constant intensity compressive stress puise of magnitude o. the pulse length p
of which is. say. equal to 2/, The incident compressive stress is transmitted by the
attached bar as # compressive wave, and later reflected from its free end as a
tensile wave. It then reaches the plane common to X and ¥ and immediately
contact ceases: ¥ moves off possessing 2 certain kinetic energy and having
trapped some of the momentum in the incident puise.

Let usfind what fraction of the original impulse delivered to X is carried away
by ¥. We have. from (1.58) and (1.39).
24 Ay = Ay
T AL+ A A, + 4,

The total reflected impulse is — .4, . 2I. p{ag/pc) and the transmitted impulse is
A 21 playipe). The initial impulse delivered is A, . 2Ip(o/pc); this is. of course,
just the sum of the last two momenta. i.e.

—A;. 26 plogpe) H{A,2Meipc)

ar ¢ and &y =

=:—l£(—-‘415;e + A:o7)
pr
R Az — A, 24,
=—t—A,. = * 4+ A,
c{ A, T A2+_41}“
2
=—.4d,.¢
P
— 0
X A y 4,
== 1 >

Fig. 2.4,
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Hence the fraction of the original impuie, £, trapped in the end bar is,

o Aalp 2aq/pe _A0r 4. 24,
A2lp.g/pc ~ Ao AL Ay + A,

s - 2
P TS e ="
T e ' {1+ A,/4,)

In particular, if 4, = A,, f = 1.
The addition of a bar lightly attached, as described above, is often used to
trap transmitted momentum for either of two Teasons:
(i) In order to mitigate the deleterious effects of impact, and
(ii) for use in experimental work for measuring pulse length and applied
stress. ‘
To exemplify (ii), we now describe the Hopkinson pressure bar.

Hopkinson pressure bar

In a paper delivered in November 1913, Bertram Hopkinson described a
simple technique whereby *it is possible 10 measure both the duration of (a)
}J]ow and .th_e maximum pressure developed by it”. Hopkinson was interested
m ascerialning the pressure-time relationship when a “rifle bullet be fired
agatnst the end of a cylindrical steel rod or some gun cotton be detonated in its
neighborhood™. He described his method as follows. “If the {long cylindrical)
rod be divided at a point a few inches from the far end. the opposed surfaces
of the cut being in firm contact and carefully faced, the wave of pressure travels
practically unchanged throy gh thejoint. ... Atthe joint the pressure continues to
act until the head of the reflected tension wave arrives there. If the 1ai] of the
Pressure wave has then passed the joint the end-piece flies off. having trapped
within it the whole of the momentum of the blow, and the rest of the rod is left
completely at rest. The length of end-piece which is Just sufficient completely
to stop the rod is half the length of the pressure wave. and the duration of the
blow 15 twice the time taken by the pressure wave 1o travel the length of the
end—Plecc, .-+ themomentum trapped in quite short end-pieces will beequal to the
maxnnum‘ pressure multiplied by twice the time taken by the wave in traversing
the end_-;?:ece. Thus by experimenting with different lengths of end-pieces and
detemfm.m_sr_. the momentum with which each flies off the rod as the result of the
blow, it is possible to measure both the duration of the blow and maximum
Pressurcdeveloped byit. ... Asteelrodis hungup asa ballistic pendulum and the
Piece 1s held on 1o the end by magnetic attraction. A bullet is fired gt the other
end and the end-piece is caught in a ballistic pendulum and its momentum
measure_d. The momentum of the rod is also measured.”

HOPklnson'§ Set-up used a bar several feet long and about an inch diameter
_;l;ipzlrllged‘hon.zontal]y by threads which allowed it 1o swing in a vertical plane,
measure;jp:v:e«ls of!cn .cu'lled 4 nm_e-f)r'ecv and. besides its momentum being
found fors | :dptunpg itin the llaalhsnc pendulum, the momentum in the bar is

¢ amplitude of swing of the bar.
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The momentum, m, trapped in a time-piece is, m = AfT oft). dr. where 4 is
the bar cross-sectional area, ¢ is time and /2 is the time it takes the stress wave to
pass through the time-piece. Experimentally. the time-piece is first made short
and its length is increased in steps up to and beyond the point where its momen-
tum reaches a constant value, Alternatively. the shortest time-picce which
attaing the greatest velocity is sought and any method of velocity measurement
can be used,

For 1 triangular or ramp-type pressure-time wave, such as would be 4 first
approximation for an explosive charge detonated on the end of 2 bar. a time-
piece just long enough would contain the wave as shown in Fig. 2.3a ; the pulse
length is just twice the time-piece length. The situation for a slightly shorter
time piece is as shown in Fig. 2.5b. The difference in the momenta of the wo
pieces divided by the bar cross-sectional area times the difference in length of the
two time-pieces divided by the wave speed ¢ {which is known, or easily found),
gives the mean stress in the tail of the pulsc. It is easy to imagine how the
préssure wave-time curve may now be built up.

1 1Mz
[ L e PIECE [

—
{a) (o)
Fig. 2.5.

By using several time-picces fora sharp fronted pulse it is possibte to build up,
from a single test, data sufficiznt for the construction of a complete pressure-
lime curve, see p. 68 below,

This form of Hopkinson pressure bar is limited (i) because longitudinal
elastic waves are distorted to some extent when propagated, (ii) because the
stress intensity must not become too large. since the time-picce itself may then
scab (or fracture) and (jif) because the decdy may be too rapid to provide very
useful pressure-time results.

Because torsional waves in circular cyclinders do notdistort when propagated,
similar methods have been devised to faithfully record torsional pulses of small
duration.

Propagation of compressive stress waves in a conical bar
(i) The coned bar

Landon and Quinney** remark that Hopkinson caused “the firing-end of
{a cylindrical) rod to be coned-down to a smaller diameter” in the belief that
“average maximum pressure could be determined for different areas of Cross-
section of the end receiving the blow, without having to use bars of small
diameter which would have lacked the necessary lateral stiffness. ... When using
a long time-piece it was observed that the bar instead of moving forward after
the time-piece was thrown-off, it actually moved backwards, thus having a
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negative momentum, The true significance of this does not appear to have been
realised....”

In the paper by Landon and Quinney the analysis of pulse propagation
down a conical bar is given inan Appendix and in six other sections ; they discuss

(2) the effect of coning the firing end of the bar,

{b) the effect of bar length on the distortion of the pressure wave,

(¢) the variation of mean pressure with the bar diameter.

(d) the variation of mean pressure with the distance of the charge from the

end of the bar.

(2) the maximum pressure produced by the detonation of a charge of gun

cotton, and

{F} experiments with a bar of concrerc,

“The theoretical investigation of the propagation of a pressure wave along a
coned bar shows that. although the pressure apptied at the end may be entirely
positive, a5 the wave travels dlong the bar the rate at which the momentum is
iransmitted forward graduully increases, and since the total momentum has o
remain constant a particle momenium of the opposite direction develops us a
negative tait to the wave, ... In comparing the theory with experiment the muin
difficulty lies in the fact that the exact shape of the pressure-time curve produced
by the detonation is not accurateiv known.”

The authors in their investigations of charges detonated at the end of a bar
Justify “neglect(ing) the portion of the compressive wave which occurs before
the instant of maximum pressure™. and then assumne that “the pressure on the
end of the bar is of the form 6 = A exp {Ro — atik where ¢ starts at the instani
given by R.’a, a being the velocity of propagation of the wave and Ry the
distance of the apex of the cone from the end of the bar. ...

This exponential form for the applied pressure prompts the form of solution
in the analysis given below.

Recently Sub™® has used the stress-amplification whicly accompanies the
passage of a pulse along a coned bar. to investigate the dynamic behaviour of
an annealed low carbon steel,

(i} Analysis

As remarked above the analysis of how longitudinal puises are propagated
axially down a conical bar was initially carried out by Landon and Quinney?+
but is given here in a slightly adapted form following Kolsky**. To a large
extent the results we shall derive have already been foreshadowed by our
consideration of the behaviour of an approximated conical bar on p. 40.
Two assumptions are made. (i) that the pulse length is large compared with the
diameter of the cone in the region of the bar where the wave is being propagated,
and {ii} that the angle of the cone is small,

The equation of motion of an element, see Fig. 2.6 parallel to the axis of the
cone of solid angie «, is

3

2

u
I:

part dr . — = dur’a,), {2.21)

Cu
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tes displacement parallel to the cone axis; r and u are measured
wards from the apex. Tensile siresses are positive and

a, = E dufér (2.221)
1y gives.
2 T
prc—l, =26, + r—2 (2.23)
&t r
n12.23) from (2.22i)
a2 ~2
&2 Su &u
—(ur) = E{2— + r—
p&rl(“} ( & ért
- - -2
£ “?] == —{ur) = " —ur} (2.24i)
T ¢ are

12tion for & spherical wave and obviously its solution is.

{2.25)

wr = f(r — eth+ Fir + et}

- before. represent wave

respectively, UL io this

- bars. 1 having been substituied for x,

DT
[P

" e E T
o, = Eg= E.F'(r+ ct) — . F(r + er).
' ar r r

and the particle speed is given by,

v ¢,
r=—=-.F{r+¢f
[ ¥

bt e B T, o i -

covoon EDE Jength of the voribression portion 5 the' Wave is i - lerfYand we may judge
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- Evidently there is no simple relationship between stress and particle speed—
except when r is large, for then the second term on the right of equation (2.27)
is negligible and we recover the equation which is already familiar, i.e. g. = pecv,
where ¢? = E’p; this is Just the expression we derived in connection with plane
wave propagation.

For F(r + ct}in{2.26) we choose C exp {—lr+ )} ~ 1;0isa characteristic
length of the pulse which determines its ‘sharpness’. This choice is satisfactory
because it ensures that, (i) at the pulse head where y = 0, r = —ct, which is
entirely consistent with, (ii), measuring ¢ negatively and taking r = 0 to be the
instant at which the head of the pulse reaches the apex of the cone. Observe
(iii), that when » < let| the undisplaced part of the cone is referred to. Thus,

specifically in place of (2.26) we write,

where denc
positively out

i

: C S :
LB lene D ) (2.29) Equation (2.2
——r T
where C necessarily has the dimensions of area.
Using (2.29)
o, = E@ = —Eg[exp (—M) - 1] - E—q.exp (_(r'!i _)) Substituting i
or . .. Ar

{2.30;

The pressure at the head of the wave is —EC/ir, which is obvious] lv the greater
the nearer the pulse head to the cone apex, In regions well behind the head of the O
pulse.ie. whenr et exp { — (- + )iy — 0and m, — EC/#%, ie. the stress is
_tensile. I
Equation (2.30)is seen to consist of two terms of opposite sign and the change
from compressive to tensile stress occurs whew g,:= 0, Thus.

This is theequ

expl—(r + erjial. [l H ]J =1 s
rs

-2

[ ]
vy
M

fur—enand
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stmilar t¢ the
“untform secti
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apesof the o

how it changes as the pulse approaches the cone dpex. by comparing ir ~ ctifi
 with letl/4, where ez is the distance of the phise head from tha cone apex which
For values of -» g -mads o -dimensjg
£2.31) may. be $olved and {r ==} determi Al
0 =10-6: 1-15 and 119, Fvidentiy she length '
the puise headsis-to-the cone apex =nd ks

shacemon of tension. I the Hgriivwhien ¢4 U] the whols naf is i

" Thus.

116:1$ldr'?!—+‘51‘1t *his situation COES_Net Subsciipe.to Nt HIE e o praviia,
Ao e 2 o gL,
2y .
3 Spalling or scabbing in bars and fat plates
Spalling or scabbingis a form of fracture jn a plate of material which occurs near
a free surface remote from the area to which the causative impulsive Toad is
(2.28) 1 applied; an example is shown in Plate 1.
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Perhaps the carliest and first reported work on scabbing and crack formation
in plates and cylinders is that of B. Hopkinson?® in his paper of 1912 entitled
“The Pressure of a Blow". A small quantity of gun cotton was detonated by a
small quantity of fulminate’ after placing it on a }in (127 mm) plate; it
punched out a hole of its own diameter. but placed on a 1 in (19 mm) thick
plate it caused scabbing, see Plate 1. Experimenting with a still thicker plate, its
effect was only to cuuse an internal crack. ses Plate 2.

If the incident impulse applied is generaied by an explosive or by high speed
impact. it may be assumed 1o be a saw-toothed compressive pulse. see Fig. 2.7,
and to pass through the plate without changeinshape orintensity. Hits maximum
intensity is MM, or a,,, then as it is reflected at the rear surface of the plate A4,
its sign is changed to become tensile, Fig. 2.8 shows the individual incident
compressive and reflected tensile waves and their net effect at times. ¢ = 0,
1Pie.dPfc.4Pic and P/c where P is the length of the pulse. as thev approach the
bottom surface of the plate.

As belore, the total stress or particle speed in any plane is the sum of that due
to the incident compressive pulse and that due to the reflected tensile pulse.
Of especial interest is the instant when Jjust one half of the pulse has reached,
and been reflected from, the rear face, Figure 2.8fiv) shows that the greatest
tensile stress first arises at this instant ; this greatest tensile stress is ¢, and first
occurs at one half the pulse length from the rear face. All the particles in this
zone of one half of the pulse length {between the first plane of maximum tensile
stress and the rear face) have the same speed. zy. We have in the usual notation.

Uy =1 + Up

=2+ (O-m "'0_!)=&
P pc pc

Generaily, a greatest stress arises on each plane parallel to the bottom face:
if a length x of the saw-toothed pulse has reached the bottom face and been
reflected, then at a distance x into the plate from the rear face, e.g. see Fig.
2.8(ii1), tensile stress ¢’ in a typical plane, is

P— 2x) 2x
—— | =—.d,
P

P
Equation (2.32) is valid for x < F;2 and as we have already seen is greatest
when x = P/2. The particle speed associated with ¢ and applying for ali
parallel planes between it and the bottom face is ', and

¢ = o',,,( 1 — (2.32)

., 2x
per’ = 5 Om (2.33)

Again, v’ is greatest when x = P{2 and then v" = a,/pc.

If a material undergoes fracture when the tensile stress reaches some critical
value o, then fracture will occur in a plate in a layer where ¢, is first reached,
ie. where ¢’ = g,. According to the intensity of the input pulse so will fracture
occur at a distance of /2 from the rear face, or less, or not at all. If the generated
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If fracture occurs, then the material below the fracture surface will have
trapped in it an amount of downward momentum equal to the spall mass
times ¢’ as given by (2.33); it is this momentum which causes the material to
‘fly off* or ‘spall’ and to do damage.

* It is straightforward to work out how the stress and particle speed are
distributed on reflection from a free surface once the pulse shape is given,

Note that in general then, to predict spalling phenomena the two important
requirements are

K .
We have discussed spalling in terms of a saw-toothed pulse but it is not 1} (i) the shape of the stress pulse, and
indissolubly associated with it. Pulses of other shape may equally well cause : (i) the critical tensile stress, o, required to cause fracture.
the same phenomenon. For instance. the ‘reversed’ saw tooth pulse of Fig. 2.9 on i Typical values for oy as given by Pearson and Rinehart? 7 are as follows:
reflection from a stress-free rear surface is observed first to start to give rise to i
tension at a distance P/2 from the back face ; thereafter the greatest tension on TABLE 2.2
parallel planes increases with the passage of time and reaches 2 maximum : )
adjacent to the rear surface itself after time P/e. Dlﬂ'cn.:ntlal
particle
. 2
) INCIDENT PULSE or. Ibfin speed, ft/sec
: A Copper 410000 264
. é’" FREE Brass 310000 216
(i) 7 SURFACE 4130 Steel 440 000 235
o et A . 1020 Steel 160 000 84
c INC.OENT COMPRL_SS\QN
F
=2 a, 0, In the plane in which fracture occurs there will be a theoretical and instanta-
(i 3] neous change in particle speed across it of vy = o, pe. Thus in the Table for the
~—h —] 4130 steel. if we assume
0-285.1728
. — cowissyou pe = (-——,7 )16 800 = 2.56 x 10° Ibf-fr units
73 O .
.7 \‘v\ then
[
P 440000

- . — " i
| M Iy = 356 10°° 144 = 248 fi/sec
L._ ip - When the shape of the compressive pulse and the fracture stress ¢, are known,
— COMPRESSION the thickness of the spalled portion is, as we have seen. easily determined; for a
7, l\ ol 25N, A ramp-shaped pulse. if the stress decay after maximum stress 6,, is lnear. the
. Ty 7 thickness of the spall is one half the distance between ¢ rand o,, in the incident
\ TS ~Jda puise, using (2.32).
- ‘ The account above broadly refers to the case in which the extenl of the impulse
is about the same as the plate depth. If the extent is much iess, see Fig. 2.10,
| the compressive pulse transmitted through the plate from P, will tend to be
) e — spherical, Immediately'bx_zlqw P the pulse will be reflected as a wave of tension
o \ N \ N { but further out where it is mcident on the bottom surface obliquely. it will be
ot m m i reflected both as a wave of dilatation (or tension) and a distortional wave {sec
1

P.111)}. The reflected tension wave will appear to be spreading from virtual

M

-_
1
alr s

rfr‘ers:an centre P’ 5o that once a crack has been formed it will spread rapidly and a nearly
i Sphcr_lcal cap will be flung of. The situation is more complicated than that
SHOWINS INCIDENT AND NET STRESS LEVEL NEAR L described earlier in as far as the stress amplitude in the incident pulse from P,

REFLECTED PULSE BOTIOM SURFACE OF PLATE @ . . .
{ and the reflected one from £, are continuously reduced in severity because the

Fip. 29. Pulses are spherical and radiatin g outwards.
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Multiple scabbing

anel a -fraclure has occurred, the remainder of the incident compressive
impulse in _the mass of the plate will be approaching a fresh. new surface and
correspl(;ndmglybwtll be reflected as a tension wave. Thus further fractures mav
oceur; il no scab is thrown off, the total effect i :
ab . may be a series of 5

parallel cracks®”, see Plate 3, ’ more or e
. 1In & metal plate 4 certaiq amount of plastic deformation is usually found
elow the detonated charge (e 2. see Plates I and 2) and there the material will

..."encrﬂ“y ha\fh' beeﬂ hardened .ln p 14 L
. some 0] MEric mater lals thele Wl]l hrl Ve bee
b i}

Multiple spalling in a concrete bar

Lan.don and Q!.linn:.eyl"L described an experiment in which a concrete bar
resting ona horizontal timber baulk, three feet long and three inches diameter’
was subject to the detonation on one end of an 8 oz primer of gun cotton ’

The experiment, Fig. 2.11, showed five diffarent lengths of the bar to I;ave
been thrown off with different speeds, estimated by measuring the horizontal

L 36 In —»
GER RN i
GUN COTTON F Ai BI C‘ ID IE

PRIMER

g Tan TN ofe
CONCRETE BAR
Fig. 2.11.

Fpa .

BT
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and vertical distances they were projected. By assuming the wave front
generated by the gun cotton to be vertical and that fracture of a piece occurred
when the difference between the propagated pressure wave and the reflected
tension wave was equal to the tensile strength of the concrete, it was found
possible to deduce an approximate curve for the pressure propagated along the
bar. see Fig. 2.12. Piece 5 was scarcely moved and the portion of the bar at the
primer end was pulverised by the detonation.

r : n E— e | i0d2
: V i aco
. [ - ] P
: / 500 . F
: ; PRESSLRE
';]/ 460 L3, N
! N ‘E/
: , ’ . 200
i / ' s}
&3 5¢ 40 3G 24 10 0
. TISTANCE IN N
H i
TR F 191
Fig. 212,

Static test on the concrete established its tensile strength as 200 lbyin?
{1-38.10° N'm?) and its compressive strength as $00 Ib/in®, and with this
latter information we shall now deduce the pressure pulse intensity versus
distance relation, assuming that this is linear between the points at which the
stress may be deduced.

When fracture occurs in plane DD, it will be because the head of the initially
compressive stress wave of intensity ¢, after reflection from free end EE as a
tensile wave, exerts anet tensile siress in plane DD of 200 ib/in®. The compressive
stress in the incident pulse in plane DD at the instant fracture occurs is thus
(g, — 200} and this occurs at distance {2 x 94) in behind the head of the in-
cident pulse. Associated with a distance further back in the pulse of (2 x 3) in
there will have been a further decrease in pulse stress of 200 1b/in”, because a
second fracture, at CC, occurs. Due to the given information about the location
of the further fractures, the diagram in Fig. 2.13 may be constructed. Now, since
fracture a1 FF just occurs, and assuming the compressive stress in the tail of the
pulse at FF is effectively zero, the absolute tensile stress in plane FFis 200 Ib/in?,
This stress must have been present in plane A4 and reflected with a sign change
when fracture in AA occurred. Thus (o7 — 800) = 200, or o = 1000 Ib/in® A
smooth curve which is a close approximation to the input pulse form may thus
be drawn as shown in Fig. 2.12.

Piece 5 will have a forward speed v; = o5,/pc where o5 is 200 lb/in? and pe
is the acoustic impedance of the concrete. If, for concrete E = 10° lb/in®
(6-89.10° N/m?) and its specific weight is 0-03 Ib/in® (830 kg'm?), then
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v = 2 ft/sec (061 m/s). Piece 4 will have a forward speed vy = a,/pc = (200 +
400)/pc = 6 fifsec; and pieces 3, 2 and 1 have speeds of approximately 10, 14
and 18 fi/sec respectively.

PR

C
b 7
a I ;- 200
l -~400 ;
' o-600;
0 - 500 o tsooF l
Y Y ,

i ;o . S |
=9 —r-:~<—8|.-l—+6lhc->i—-—-—-—t9|N —

Fig. 2.13.

Parenthetically. it should be remembered that statically-loaded concrete
structures which ars very rapidly unloaded may fracture due to the unloading
pulse and its reflection.

Scabbing in rocks

Rocks are strong in compression and can therefore transmit potentally
damaging stresses to regions remote from theit source. When compressive
stresses are reflected as tensile siresses particularly desiructive effects can ensue
because the tensile stress of rocks is low—a few hundred 1bfin?, see Table 2.3—
and hence spalling easily 1akes place. Of course, rocks are inhomogeneous,
aclotropic and their stress-strain curves non-linear. so that their stress behaviour
can be exceedingly complex; fractures often take place following planes of
weakness due to statification, duc to heterogeneous structure, and voids or
flaws which arise naturally.

The ideas just presented are not limited to small scale phenomena. Rinehart?-%
has referred to the example of the spalling produced by a 1.7 kilo-ton under-
ground nuclear blast, the ‘Rainier’ shot : one or more slabs of rock above the
blast rose 9 in and then fell, see Fig. 2.14(a). Accelerometers in a vertical hole
directly above the blast led to the belief that the stress wave reaching the
surface was as shown in Fig. 2.14(b).

The maximum stress in the wave for 2 maximum particle speed of 5 fi/sec
is 560 1b/in? and the wave speed 6000 ft/sec. It is then easy to show that if the pulse
length is 780 ft long. a spall of 210 ft thickness would be produced in this
material for a tensile strength of 300 1b/in2. The spall speed is [560 + (560 —
300)pc = %5 x 5= 7.3 fissec. A free spall having this speed would rise
under gravity to a height of t2/2g = 7-3/64 = 10 in.

Rinehart has shown some interesting examples of how stress waves may tear
rocks apart. He considers only longitudinal waves and their reflections, The
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shown®® in Plates 4(a) and 4(b).
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plesin Fig. 2.15 and 2.16 is easy

pies of scabbing in masonrv and brick structures are

TABLE 2.3%#
Compressive Tensile
6. Strength ay, Strength Spetific
Ibjin? Ibsin? [ ¢, ftisec Gravity
Granite 28 000 “a10 Y 10 400 27
Sandstone 18 000 3i0 58 9600 25
Limestone 10000 400 25 16200 26
. I
Rhyolite — — - | & 000 2.7
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EXPLOSIVE
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Fig, 2.1,

Bar fracture: multiple spalling and necking? -0

::; ;dt;;rn;]::::j ;r;lga‘c;l loafjlng, as %n Fig. 2-.3, fractures, or alternatively very

ctively T W ;n some cr1F1caI tensile stress, S, is reached and so thar,

Ty eas{]} e u? e:d to the baf 15 created, th‘e _fraction of the length detached

e Ay Aol I"llr:l[_ ; F’rom Fig. 2.3, %he critical net tensile stress § is firs
-S4y, at a section X, from the striker, and will be given by

Gr=38 = O’o[l —exp(—%.z( _‘IY_Q)J:,
M, 2

{ M, ( 1

—_ = - —nl— 3.
i, M, 1~ S/a, (234)
Writing the fracture stress § = P2€2k: SO that we associate with it 2 criticai

parltcl.cle speed Ve thcg the initial striker impact speed to cause fracture {or
necking) at a section distant X o from the striker is given by

£’=r:,,"! 1-— j—z __X_Uﬂi
1} ; [ eXp L (1 1‘2 )!‘KIL}J (2_35)

!Ewdently t.he least speed to cause {racture, which in the limit is at the striker-rod
mterfac;e, is g (I —e 4 If for 4 hard aluminium § = 20000 Ib/in?
(1138-10 N/m?), then s, = 32 ft/sec(9-77 m/s), and ifMy/M, = land X fly =
7. then vy would be 50 ftfsec (152 m/s}. ' u
Aftcr 'thc far portion of the bar has separated from that contiguous with th
striker, it will carry with it a total energy given by (2.16). Also a new tensiI:

ﬁrsr; 'p[ani of fracti.lre. !t 15 easy to see how successive fractures or spalls, or
io ions etween_ tensile necks’, may be created. Ap indication of how ’the
ecessary calculations may be performed may be had by reference to Fig. 2.17.
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The striker-initiated strass wave is iHustrated as A B, the greatest value of which is
reduced from g, 10 6¢,and {65 — 6¢) = 5. Tuking EF to represent the end of the
bar and B'E {dotted) to represent the rafiected tensile wave—identical with the
incident portion BE—the portion which leaves the original bar on fracture is of
length DF where DF is one half of DG. Similariy a second plane of fractare might
occur at a distance from the new free end of DJ or HJ. The new or sceond length

of fractured rod would be

Generally the atn fracture length is

M, 1
fz el 1 X
M, v 1 — n8fe,

this is only applicable as long as § < 6, 1.

The existence of multiple necking in single bars was appararently first
reported by Thomas in 1943. The formation of several necks in an extruded
lead rod?1?, due to high speed impact, is evident in Plate 6.

Spalling in thin constant eross-section curved bars

Plate 5 shows some of the experimental consequences®!! of detonating a small
charge of explosive at onc end of curved bars of Perspex so that an intense
compressive stress pulse is propagated. At the end at which explosicn occurs
there is always some shattering and comminution of the bar. The three classes
of Perspex bar in Plate 5 are

{a) bars of constant curvature

{b) L-shaped bars and

{c) U-shaped bars.
The -evident stress induced fractures occupy either or both of two specific
locations. Firstly, there are end spall fractures which may be single or multiple
and secondly, fractures in the immediate vicinity of a bend in the case of (b) or
(c); multiple spall fractures are associated with the relatively large radii of
curvature, single spalls with smaller radii and where the radii are small there
may be no spall at all. The reduction in number, or disappearance, of spalls is
accompanied by the appearance and increase in the number of fractures, in
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the case of {b) and (c), the plane of the fracture not often bein g normal to the bar
axis. The results in Plate 5 suggest that it is reasonable to treat acurved barasa
straight one provided the ratio of the radius of curvature to the radial thickness
exceeds about six.

Some fraciure patterns due to impulsive surface loading
(i) Conicai specimens

As we have seen in a previous Section a pulse propagated along the axis of a
cone from its base increases its amplitude and changes its shape. For a cone in
which the longitudinal pulse length is large in comparison with the cross-
section diameter, a compressive pulse develops a tension tail ; the length of the
compression region becomes progressively shorter as the apex is approached
and simultaneously the maximum stress amplitude in the tail increases so that
fracture at the tip of the cone may follow, An axial fracture—more like a series
of bubbles-—occurs due to reflection from the curved surface and there is local
damage where the charge is detonated at the base ; this description is based on
work reported by Kolsky? ¢, see Plate 7.

{ti) Dises or plates

A blow administered at the centre of a loosely supported square plate. e.g., a
ceramic tile, mav cause corner fractures?'2, see Fig. 218, As the radiating
compression wave moves into each of the four corners between a pair of ad-
Jacent sides, it is amplified somewhat as described in (i) with similar conse-
quences. The ampiified stress is much greater than the spalling stress due to
reflection from the sides of the plate.

! '-\

|- CORNER
FRACTURES Dyt
TO SHaRP

BLOW HERZ

» Fig 218,

(iii} Rectancular slabs

The following remarks, again due 1o Kolsky**, are based on observations from
cxperiments carried out on transparent materials, such as Perspex, the explosive
pulse being provided by a2 small live charge of lead azide, P, in Fig. 2.19a which
is asymmetrically sitvated. In this situation the reflected tensile pulse is obtained
from the sides of the block. The bottom face will be responsible for a scab while
the side faces will tend to give rise to surface fractures parallel to the sides at a
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distance less than one half the pulse length. The refiected tensile pulses will also
lnterfere and reinforce one another and cause corner cracks, whose directions
make different angles with the bottom surface. These directions can be estimated

with the help of the charge image points Py, P, and P} as shown.
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(V) Straight-sided, thin, Hut wedge-shuped plates

When a charge is detonated along the whole buse of a flat wedge-shaped plate,
multiple spailing near the apex is conspicuous : this is true even for wedge angles
which are not small, as Plate 8 shows® '3, It is what would be expected by
reference to analysis and experiments on smal| angle cones. It seems that the
first spall to oceur is that which is furthest from the apex ; the tensile tail of the
pulse which grows in intensity the nearer the pulse is to the apex of the plate is
presumably responsible for the first fracture and subsequent fractures develop
from the kottom upwards in the spall tip. This order of development of the
spalls is opposite to that which occurs in a uniform bar.

If a point or concentrated charge is detonated at the centre of the buse of a
flat wedge-shaped plate, the consistent fracture patterns which are deveioped
are different from those just described., as the collection of examples in Plate 9
shows. The fracture pattern may be explained as follows. The compressive
pulse radiated from the centre of the base is reflected from the sloping sides of
the wedgeasa predominantly tensile pulseatthe same time as the pulse proceeds
towards the wedge apex, see Fig. 2.19(b): the reflected waves intersect on the axis
ofthe plate and there tend to tear it apart, see Fig. 2.1%c): this is the reason for the
axial crack. as in the case for the cone. It is not difficult to see that if the strass
pulse is of sufficient intensity. the axial crack should start on the axis at P and
spread upwards and downwards from it, where in Fig. 2.19d), OP = b . sin 23,
Axial cracking due to reflection from the sloping sides is only possibie if
% < 45°; when x = 45°, Pis at the apex.

(v) Cylindrical blocks

B. Hopkinson?* appears first to have dicussed the results of detonating a gun
cotton cylinder on one end of a short, thick solid steel cylinder. He records that
the cylinder was flatiened slightly, that a depression was made under the charge,
and that a slight bulge was created on the opposite end. Sawing through the
cylinder revealed the cracks shown in Plate 10, Evidently, as well as end-spalling
cracks, the applied compression inclined the cylinder to burst on the axis due to
radial displacements from reflection at the curved surface,

According to Koisky6 a charge detonated at the centre of one end of a
cylindrical block of Perspex gives rise to fracture patterns which are very
similar to those already described in (i) above. Features of these are as follows
{see Fig. 2.20).

(a) Compression damage beneath the charge, and

(b} a circular crack on the top surface, S8, just inside the outside curved
surface; this is due to the reflection of the compressive pulse as a tensile
pulse.

{c) Line fracture extending axially downwards from the charge; this is due
to tensile wave refiection, interference and reinforcement from the eurved
sides of the block. The length of PCis proportional to the weight of charge,
and :
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td) with short cylinders. a flat region of fracture. HK. occurs: this is similar
to scab formation. . e

te} A conical corner fracture. L. arises in a manner similar to that descrice
elsewhere. see pp. 72 and 75.

(vit Rectangular blocks®-*

Plates 11(a) and (b), show the resuits of detonating a charge of explosive at the
centre of the top surface of a rectangular block of perspex. The reader should
easily be able to interpret the pattern of fractures which are apparent.

tvil) Fracture in square section thick-walled cylinders internally loaded

As will have become obvious from the last Section, fracture pattems_due to
impulsive load often have little resembtance to fractures due to stat.lc load.
Rinehart and Pearson™” observe that there are two patterns of fracture: _
fa) brittle type fractures which occur perpendicular to the greatest tensile
principal stress, and

(b} shear fractures. - ' '
Consistent fracture patterns are found in the high Lrans:ent.loadmg of cy[md‘:r‘s
and, in particular, corner fractures and spalling are again two of t}{e mc?at
cornmon types of fractures arising from stress wave interference and reinforce-
ment. o _ )

A square cylinder loaded internally is shown in Fig. 2.21 conveyinga dwergenf
compressive sharp fronted wave, This is reflected as a tension wave from the
free surface, see Fig. 2.22, Tension waves meet on the diagonals, Fig. 2.23, and
high tensile stress normal to the diagonals is generated so that_ corner fractures
are caused, see Fig. 2.24. The cylinder fractures through the thickest part of the

ion. )
secStimilarly. fractures through the thickest sections could be expected in the
cylinder whose cross-section is shown in Fig, 2.25.
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(viii} Fractures in holiow circular section cylinders due to internal explosions

Figures 2.26 and 227 respectively show the main fracture features as found by
Rinchart and Pearson™ ™ when a thick cylinder of

(a) annealed mild siee] was subjected to internal explosive loading, and

{b) a 24 ST alumintum alloy was loaded externally using an explosive.
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Figure 2.27 indicates shear fractures at the bore due to pulse intensification
as it converges on the internal surface and is reflected. Figure 2.26 shows
fracture along lines of maximum shear stress near the inner surface and radial
fracture due solely to hoop stress further out.

INTERNAL LOADING

Fig. 226,

EXTERNAL LCADING

Fig. 2.27.

Fracturing in long thin wires due to tensile impact: The Hopkinsons’ early work

B. Hopkinson® in a paper of 1903, remarks that J. Hopkinson published an
account of “An investigation into the effect of a blow by a falling weight on the
lower and free end of a wire, the upper end of which is fixed”, in 1872. It was
stated that when the tension wave is reflected at the fixed end, the stress and
strain there are suddenly doubled. *“Rough™ experiments were carried out by
J. Hopkinson which were said to confirm his expectations “*that the power of a
blow to rupture a wire should be measured rather by the velocity with which it is
delivered than by its energy or its momentum, .. . also ... that the wire was most
likely to break at the upper end”. (In fact, the maximum stress occurs at the
second refiection. see p. 54.)

B. Hopkinson. in describing the experiment he carried out. writes, “The
general result that I have obtained is that iron and copper wires may be stressed
much beyvond the static elastic limit and even beyond their static breaking
loads without the proportionality of stresses and strains being substantiafly
departed from, provided that the time during which the stress exceeds the elastic
limit is of the order of 7y sec or less.™ Thia is an early reference to the effects of
time on the strength properties of meials and is an example of how caution
should be exercised in respect of theoretical prediction.

Fracture patterns in glass

A glass pane firmly held at its periphery, when subject to point impact near its centre and on one
fldt. bends in the direction of the load with the first cracks occurring on the other side and propag:-
ing from the edge of the pane and converging (owards the centre; later, secondary “ring” cracks
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develop. Careful examination of the glass along the cracks shows the existence of striations or haje-

ine patterns through the thickness, For the primary cracks the striations converge on the point of
impact. but for the secondary cracks the striations Fonverge on a point on the rear surface of the
pane, opposite to the impaet point. This knowledge enables one to decide from the examination of
a cracked pane, from which side a blow has been struck, see Fig, 2.28.
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CRACK CRACK
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™
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CAUBA. FRIMARY RACAL IMIACT IhPACT
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BC: SECrwpany
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Fig 2.28.

Glass may Se perforated by a high velocity missile, leaving a clean hole and with only generzi
cracking of the pane. When the force on a pane of glass is not concentraicd as with a bullet, but is
delivered as blast. two main types of failure arise, Severe blast causes circumferensial fracture, the
central portion being displaced, but with litie cracking, see Plate 12(a); less severe blast, see
Plate 12(b), is accompanied by tadial fractures,

Toughened glass is glass whose surfaces are in compression ; it is achieved bya rapid but contralled
chilling vsing air blasts. & fracture at any point in a sheet of toughened gluss leads immediately 1o
shattering since the residuat stress system is radically disturbed.

Fracture once started in 2lass is said to spread very rapidly becauze there are ng Zrain boundaries
to interrupt its progress: in buliet-proof glass, plastic glass boundaries are introduced to interrupt
spreading fractures.

High speed photography has shown that the maximum speed of erack propagation in glass is
less than about 6-4 cr.

Fracture and crack Ppropagation are extensively and clearly discussed in the book by Cottrell. 21+

Water hammer?-13

A much studied example of longitudinal wave Propagation is that which arises when fluid fowing
in a pipe line is brought o test. more or less rapidly by closing a valve; some or all of the momentum

already prevailing in the Anid, which is transmitted from the valve through the column. The effect
of the sudden increase in pressure at & vatve is often heard as a metallic thud and is known as water
hammer,

Analysis of the situation is more complicated than it might seem at first sight since the pressure
intensity created is dependent on the rate of valve closure, the elastic properties of the pipe and
friction between pipe and water.

(i) For a rigid pipe, in which a liquid flows with uniform speed v, instantaneous arrest ag 2 point
by valve closure, gives rise to a pressure in excess of that of the atmosphere of p = pey where
€=/ Kfp; thus for water p = 3.7 Ibjin?, if v is in ft/sec,

(ii) A pressure waveina liquid travels from the valve when closed. see Fig, 2.29(a) and (h) with
speed ¢ towards the openend of the pipe of length /and at time ¢ = Ifc the whole ofthe liquid column
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uppuraius for water-hammer forming.
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is at rest. The wave reflects from the open end of the pipe and at 1ime:j t -t—-.h Afe, t::ee::o; Zf:::: glls:
g i ich will be ¢ towards the ope L
contents will have had their speed reversed whicl el
i i i lumn cannot leave the valve unless
re will have been reduced io aimospheric. The w.%ter.co unless
fl::s::cs..urc there drops to zero (or nearly soj and its metion is consequently (fhecked. Ir t'he w:t;;’:
completely checked, a wave at £ = 2{/¢ moves towards the open end of the pipe so that at ¢ e,
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the pressure is p (or per) betow aimospheric. Reflection at t = 3)/e from the open end ensures that by
t = Aifc, the pressure is restored to just atmospheric and the column is again moving as a whole,
with speed r. lowards the valve. Thus conditions are the same 25 at the beginning of the cycle,
which then proceeds fo repeat iself, The pressure-time graph at the valve and at a point distant /'
from the apen end is given in Fig. 2.29(c).

{iii} The process described in (i} above is, of course, idealised. If the speed of water flow was such
as 10 make p greater than the normal absolule pressure in the pipe. the first reflux wave would tend
10 reduce the pressure below zero and this is improbable, The pressure, we may assume, <an only
fall 1o zere s that the subsequent rise would be correspondingly reduced.

Further. a1 Jow pressure. any air dissolved in the water js liberated and the water motion would
quickly break down.

{iv) Since the effect of friction in a pipe line i 1o cause a steady pressure drop along it. it follows
that in 2oy real situation the graph of Fig. 2.29(a) is likely to be over-idealised. This zubject is dis-
cussed in ref. 2.14.

v) The elasticity of the pipe walls obviously works so as to reduce the water hammer pressure,
and in general to complicate the phenomena encountered by contributing to an increase in the
raiz at which the pressure waves are utienuated. ’

The arrest of the water column by the valve in a pipe free to streich longitudinally may not be
total: if w s the common speed of movement of the end of the pipe and waler column. then the ideal
water hammer wave pressure injtiated will be (¢ — wh, Kip A pulse will however be transmitted
along and in rhe meral pipe a1 o speed much in cxcess of + Kip; after #ts refiection at the free end
of the pipe it will arrive back at the valve and thus allow a rebound of speed w which will praduce
an auxiliary wive of pressure wy - K/p in the liquid : this is superimposed ¢:n the initial pressure, thus
bringing 19¢ total idealised water hammer pressurs to r, K p——exactly as if the pipe was firmly
anchored. Without wishing to pursue this complex topic we note then that a subsidiary wave of

bigh pericsdicity und of magnitude +w./K/p will be superimposed on the normal pressure wave,

(vit Further complications arise due 1o the elasticity of the pipe, Suppose the increuse in pressure
in the portion of pipe through which the pressure wave has travelled is p. then. if the pip=is free 10
expand ax:ally. the increase in hoop znd axial stresses created. o, and G, Fespectively are

0y = pay/ty and @, = pay 'z,
where u,. Znd i, denote the mean pipe radius and thickness resnectively. Now the change in unit
internii v clume of the stressed pipe is ¥,V znd
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The volumerric strain of the liguid under pressure pis p’K : the apparent voluraetric serain may be
depoted however by p K and thus.
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s .The prersure rise due 10 the sudden stoppage of the liquid column js then vpd’ where o' =

o
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For water K =3.10° & s ? w¥in
For water K -1 il_b/in {2:06.10° N:m?) so that ¢ = ' Kip = 4720 Rysec (1438 m/s);
fora 3 in dia pipe, § in thick and with E < 3. 10" Ib/in® (206. 10° N'm?), K’ = 2-68. 105 Ib/iné
(144.10° N/m?}and ¢ = 4460 Njsec (1360 m/s), - S
_' (vii) Valves arc not shut instantaneously but on the assumption Lthat the liquid column is uniformiv
retarded ata ra.ate J then, prqvided the closing-down time of the valve is less than le, the pressur::
generated 15} still poe as for instantaneous stoppage. Let the pressure generated by partial valve
closure be p', when the head of the wave has travelled distanze x from the valve, then

7= pfx
and
13
f=-
xfe
5o that
P=puc

) Using these assymptions thelaw of valve closure is seen to be immaterial. The book by L. Bergeron
WaEer hammer in hydraulics and wave surges in electricity™, John Wiley & Sons ln;:.. NY., 19611
p. 293, should be consulted for many aspects of the treatment of waves in pipes. ' ‘

Water hammer forming

A method of sheet metz] forming introduced in recont years makes constructive use of the phenom-
enon of water hammer as shown in Fig. 2.2%(d). The aim is to form a given thin circular metz] blank
into a die to form say & cone; by allowing a weight to fall onto a metal piston, a pressure pulse

High speed liquid irapact with a solid surface

When_a liquid drop moves at high speed and impinges on a solid surface.
very high pressures are developed for about one microsecond after impact. If
4 square-ended, liquid circular cvlinder having a speed ¢ impinges normally

ona rrgufl anvil, it gives rise 10 a pressure, p. whose value is determined by its
compressible behaviour;

P = prc,.
fo 18 the clastic wave speed in water,

ac]l‘ Impact takes Place compressibly against a solid plane surface whose
Oustic impedance is (pe),, then the pressure created is taken to be

(2.36)

= o leco}-(pd)s
pco + (po)s’

thl_;x}::xpression is idemic?] with (1.27) and neglects all area considerations.
o ac .p_ressure, » applies over the whole area of contact at the instant of
Pact; its duration depends upon the time taken for unloading waves to move

{3.37)



84 IMPACT STRENGTH OF MATER{ALS

inwards to the axis of the cylinder from the curved surface of the cylinder, The
sequence of events is conceived to be as shown in Fig. 2.30; at the moment of
impact the whole of the head of the cylinder rises to pressure p but it is only the
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Fig. 2.30.

liquid at the edges which is free to flow laterally. the portions of the cylinder
near the axis remaining compressed until the pressure release wave from the
cylinder edge encompasses it; after this the pressure on the anvil will fall to the
steady state flow, incompressible pressure of pr?/2. For a jet of diameter 3 mm,
the release wave takes a time t = r/c,, i.e. about L sec (107° secs) to release
the compressible flow pressure over the whole of the end section of the cylinder.
The steady state pressure is usually one or two orders of magnitude less than the
compressible flow pressure. Brunton®!”, by embedding a bar of titanate
crystal in the end of a stee] pressure bar, recorded a decay time of about 2u secs
attributing this length of decay to the fact that the jet was unlikely to have been
square-ended. A jet having a speed of 1700 ft/sec (520 m/s) would, using (2.36),
ca&use a peak pressure of about 50 ton,in? (0-77. 10° N/m?). (This is calculated
by taking ¢; =~ 3000 ft/sec (1500 m/s), but the value of ¢g at the pressure
level created would be about 9400 ft/sec (2870 m/s) so that p > 100 ton/in?
(1-54.10° N/m?).) A typical valuc for the flow stress of mild steel is about
16 ton;in? (0-246. 10° N/m?), so it is evident that stresses due to impact can
easily give rise to stress wave interaction fractures in brittle materials or plastic
deformation in ductile materials. It is especially true that the repeated impact of
liquid drops at speeds of even as low as 100 metres/sec will quickly erode hard
surfaces. Thus the subject of liquid droplet impact takes on great imporiance
such 15 at the low pressure end of a steam turbine where water droplets impinge
on fast moving blading and cause erosion, or in the front regions of a fast
moving aircraft where, for instance, a plastic observation window may be
hit by water droplets as it passes through a rain cloud.

A thin plate of hard polymer when subject to normal impact by ajet undergoes
compression and causes radial tension outside the peripheral compressed
zone, which can promote ring fractures. Liquid flowing radially outwards

removes projecting material from the zone of ring fracture. Ring fracture and -

spalling are clear from a section of 2 damaged plate, see Plate 13,

In metals which can deform plastically, at speeds of about 2000 ftfsec,
shallow craters are formed with wavy elevations and depressions at the peri-
phery. At speeds of about 7000 ft/sec in low flow stress metals, features peculiar
to hypervelocity impact arise, see p. 321.
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The shape of the leading region of an impinging jet governs the pressure-
time history at an interface with other bodies. In the very early stages of the
impact of a spherical drop with a rigid plane surface, outward flow is prevented.
see Fig. 2.31a. Point P at the junction of the curved surface of the sphere and the
anvil is moving radially outwards with speed £, Now

{
Y= (rsind) =r.cosd.0
dr
and
o . .
t=—ircos) =—rsinf. 0
ot
so that
S= —r.cotd (2.35)

The compressible flow pressure can only begin to decay if ¥ < ¢,. The limiting
case, as defined by a radius of contact x, is, using (2.38).

;
X=vy=rvcotfd ~p.—

or
Xg=t. (2.39)
Co
For a sphere of radius 2mm and with » = 607 mss {2000 ft/sez). Xp =
0-8 mm.
If a liquid cylinder made dynamic contact with a plane along a line parallel
to a generator, see Fig. 2.31(b), the width of contact would be 2x,.
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Fig. 2.31.

Expression (2.39) is not exact, but it shows the importance of the curvature
of a drop or jet at first impact and that when v is small, x, is infinitesimal.

In summary, when a jet or drop collides with a solid surface the sequence
of events is usually assumed to be as follows:

First there is the formation of a small central area of first contact, under
uniform pressure p given by (2.37). This initial point. or line, or area of contact
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grows as jmpact continues with little or no reduction in pressure until appreciable
outward flow begins at some critical extent, e.g. as given by equation (2.39) or
when Lhe liquid/solid interface angle attains a certain value §. At. this stagef a
rapid fall in pressure ensues starting from the periphery of thcf mterface,’ and
outward flow follows. As outward flow continues the compression is progressively
relieved across the interface until the maximum pressure acting on the surface
is only the stagnation pressure for incompressible flow, i.e. pr2/2,

A quantity of water having a concave surface, S, contained in a steel nozzlic
and suddenly subject to a blow delivered through a plug, P, see Plate 14a, wil]
be ejected in the first piace as a very fast moving jet. followed by a slower
main jet or slug of water?é, see Plate 14(b). (Compare the phenomenology of
lined charges in Chapter 9). The micro-jet shown in Plate 14 was fo_und to have
a speed of about 6000 ft/sec (1830 m/s) and would give rise on impact 10 a
pressure of over 500 ton/in? (7.7.10° N/m?), so that it would be expecied to,
and indeed can, punch a smali deep hole or crater in very hard materials. This
deep micro-penetration is usually surrounded by a much larger but shallower
diameter crater. due to the late arrival of the main jet. It is not difficult to
appreciate that if two spheres collide, that when their angle of contact is small,
micro-jets may be formed and a very fast radially outward moving ring of tiny
droplets is created.

Brittle fracture in the tensile test: Miklowitz’ observation®18

An interesting investigation reported by Mikiowitz concerns the tensile testing of britile materisls
in which il was noted that fractures were produced at 1w difierent cross-sections of the specimen
when the rupture load was recched. Experiments were conducted on plexi-glass at a loading rate of
300 Tb-min t136 kg/min) and on high speed sicel at 2000 Ib min (905 kg'min). The siluation was
analysed by considering that two types of waves emanite from the initial ruptured section. On. iz 2
Iong.itudinal compression wave which is, in fact. @n unloading wave associated with the decrease in
load in the fracture pracess. The other is 4 group of flexural strain waves produced by the momeat
that develops as the cruck propagates across the bar from its origin a1 a surface discontinuity,
Ii was found that the second fracture usuvally occurred at @ gauge cross-section adjacenm 1o the
spueimen head farthest from the initicl fractare surface. It v as shown in the analysis that this second
fuiture is due to the superposition of the longitudinal strain from the unloading wave. which through
refiections becomes iersion. and the resulting fizxural sirain, which logether total more than the
orizinal static temsile fraciore zirain

Elastic impact of a short square-ended solid cviinder with a plane elastic semi-
infinite medium
(i) Tho rigid cylinder

The equation of motion for a rigid square-ended solid cvlinder of eircular
cross-section. whosc height is equal 10 its diamerer and which impinges normaily
on a semi-infinite medium so that the response of the latter is wholly elastic, is

4 x
de?

+ Experiments show the angle ¢ as calcuiated using (2.39) to be 100 small by almost an order of
magnitude.

(2.40)

= —m.
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P is the total elastic resisting force which, in reference 2.1 is shown to be
given by

P = 2aEx{(1 — v¥) (2.41)

where a iIs the radius and m the mass of the striking cylinder, E is Young’s
modulus and v Poisson’s ratio for the semi-infinjte mass ; x denotes the current
amount of indentation measured from the undisturbed surface and is small by
comparison with a.

Equation (2.41) of course implies the existence of a zone of plastic deformation
at the periphery of the cvlinder; the effect of this quickly reduces to zero with
distance [rom the periphery.

Thus

d*x 2aE

at T Ao =0

X
vi)m

Substitute 2wa’p; for m where ps denotes the density of the striker and
equation (2.41) becomes

d*x + E
drt " poll — V)ma®

x=0

Thus the total time of clastic contact between the striker and the medium is
T ="ma./[ps(l — v*jz/EL.

This assumes that the time of contact during rebound is the same as for
penetration, i.e. as long as x > Q.

Ifasteelstriker impinges against a steel largetps = 028 lb/in®(0.775.10* kg’
m*), v = 0.3 and for ¢ = 0.5 in (127 mm) T is approximately = 10™% secs.

(i) The elastic cylinder

It is reasonable o assume that the order of the time of contact berween the
elastic cylinder and a relatively hard semi-infinite medium is given by the time
taken for the compression wave initiated in the cylinder, to travel up 1o the far
end and to be reflected back to its region of origin,

This is just T = 2(2as¢,), which, for the same material circumstances as
in (i), gives T > 10”9 secs,

Simple elastic wave propagation in helical springs

The impact loading of helical springs is a frequent occurrence in many engineer-
Ing elements such as vehicle buflers, gan recuperation and vaive springs. We
shali therefore briefly discuss wave propagation in springs due o impact. first,
for close-coiled helical springs and second, for open-coiled helical springs. In
the first case we shall find that an axial spring force gives rise to extensional ar
compressional waves and a 1orque applicd aboul the axis 1o 4 wave of rotation,
The second case is more complicated and involves the propagation of cenipled
waves for either axial force or torque,
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Throughout the analysis below, we shail procesd by assuming that the
helical spring can be replaced by an equivalent elastic rod having the same
unloaded or initial axial length [, as the spring, the same weight W, and the
same moment of inertia about its axis of WR?*/g; R denotes the mean spring
radius. The approach presented in this Section largely follows that given in a
paper by Wittrick®!?.

The close-coiled helical spring
i) Extensional waves

By definition, a close-coiled spring has a helix angle. x. which is vanishingly
small. If 4 denotes the axial displacement of an element of the spring at initial
distance x from the end of the spring to which the impact load is applied at time
t = 0, the other end of the spring being fixed, and if F is the actual tensile force
in the spring at x. then

fa) the force-displacement relationship relating to an element of length dx is

3 G.Il £
T LRT%x

where GJ is the torsional stiffness of the spring and R its mean radius; and
{b) the axial equation of motion of an element is

F {(2.44)

W dx &4
iF =—— . —— 243
a PN (2.45)
Combining equations (2.44) and (2.45) and eliminating F, we have
dF W 1 63A_ GJ 163;_!
dx g Iy 87 LR ¢l
or
A2 2 2
844 JGI3S &4 (2.46)

o7 T LRY Wjg ox®

Thus, as would have been expected, we have derived the usual simple one-
dimensional wave equation and hence the axial speed of an extensional wave is

b JG |\
€=z (L_W_/g) (247)

The surge time, ¢,, which is the time taken for the wave to traverse the length
of the spring is,
Lw/g) /2
t. = — 2.
. =R TG ) . (2.48)

Alternatively, putting W = wL, where L is the helical length of the spring,

:‘_
§
|
|
i
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w its weight per unit length, p the density and 4 the cross-sectional area.

Ap\ ' .
= RL|— {2.49)
=
The wave concerned actually travels along the helix with, say, speed ¥y, so that
1:2
1, = L_1J¢ 12.50)
" e RlAdp

Recalling from 11.101) that the torsional wave speed in a straight rod is
GJ)l S (G.l) 112

g = | — = —f——
! I kplAp
where k; is the polar radius of gyration of the cross-section of the spring wire,
Va _ ks
Cp R
in the particular case of a circular section wire of radius a.
Ya__a_
. 3
tr  Ry2
. . T
and for a square section wire of side 25, for which ky = 25343
- 172
Yu _b 2
cr R\3

(ii) Rotational waves

The sudden application of a twisting moment about the axis of a_close-coiled
spring causes a rotational wave to be propagated along it. P?m_:eedmg as before
and denoting by  and T respectively, the rotation and twisting moment at a
section distance x from the end of application of the torque at time t = 0, we have

at time ¢, _ o
(a) the torque-rotation equation for an element of initial length dx, as

T=EI. 7" 7y
where EI is the flexural rigidity of the wire, and
(b} the rotational equation of motion of the element as

ar=Y g &2V 2.52)
g [

Eliminating T from equations {2.51) and (2.52)
&y EIlj 3y
2 T LRWg ax?
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Thus the axial speed of a rotational wave is

- 112
cp = E.‘Z _IZI_ (253)
R \LWig
and the surge time f; is
figh 172 ’
= b =R. (L—-li’i% (2.54)
Ca El
Alternatively,
Apit? .
= L] 7 2.55
.= RL ( i [) {2.55)
The speed VY of a rotational wave along the helix itself is
L 1 [EN' Y e
g == 2.56
Vi = i, R'(,-fp) ( )

Now I = Ak®and wig = 4p where k is the radivs of gvration of the section for
bending about the verticai axis of symmetry of the section of the wire. Thus.

kK (E\Y? s
0z 2.57
Vi=x- (p) (2.57)

In the particular case of 1) a circular section wire of radius a. k = a/2. so that

a (B} o Yu_ 2
“TaR \p ¢o 2R
and (b) for a squar: section wire of side 2h.
T and iy b1
=h, 3 and —=5.—&
" N v R,3

p—
where ¢ = [ E p.

(iii) Piston effect

The analyses above {and below) and extensions of it 1o take account of wave
reflections. etc., apply as long as any compression undergone by the spring is
not such as to bring individual adjacent coils into contact. If a local force
greater than some critical force necessary to bring a pair of adjacent coils
together is operative, then a “shock’ effect is produced. see Fig. 2.32. According
10 Dick?2° the length of spring in which adjacent cails are in contact forms a
‘miston” in which the coils all move with the same speed and there is a “shock”
wave front at one end and in some cases at both ends of the piston. The speeds
of propagation of these shock wave fronts are greater than the wave speed
given by equation (247} and the force-displacement relationships are also
different.

2 g e et 0l

S T
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PISTON

A“PISTON" OF

Fig 2.32, CLOSED COILS

Open-coiled helical springs

Consider an axial force F and a torque T acting about the spring axis. see Fig, 2.33(a) 1o be simulta-
neously and suddenly applied to an open-coiled spring of helix angle x. We proceed as before, by
assumning that the spring cun be replaccd by an equivalent elastic rod.

The equations of motion for an element of axial Jength I, are given by equations (2.45) and (2.52).

The equations connecting force F, or torque T, with the axial displacement 4 and section rotation
i, are now derived from first principles.

Referring to Fig. 2.33(b) at any cross-section of the vrire there is a bending moment M, cnd a
torque Mz, We have

M, =FRcosa + Teinz

]
and IL (2.58)
My = Teosa — FRsin ::J

Neglecting the contributions to the totul sirain energy of the wire, L. of the normai force across.
and the shear force on each section, we have

U“IL M; X M3
“2%VEr Yo
The extension of the spring due to F and T is 4 and

4 _U My EM. My eM;
TeF C\EIEF T Gr :F}

The extension of the spring par unit lenpth is

4 84 (Tcosz — FRsinz) (FRcos x = Tsina}

s (—Rsi . )
1T = 7 ( sin x} + T {R cos %)
FR.,(sin ¥ costa TR( 1 1 ) . 2.59)
= FRY[— + = 5o B
El ' GI GJ ~ Er) ST
The rotation of the spring per unit tength is
ooap 1 AU My éM, My, &M,
L ox Lér EIPT | GI T
Hence,
M (Tcosx — FRsin a) +(F.Rcoszx+ Tsinxl )
e T s B e
2% ] (eas ) 6J fein o
1 1 sin? ¢ &
= FR sin a cos a[—m - ——J (L_f + il (2.60}
GJ EI GJ El
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A

Fi

23

G

&

From simultaneous equations {2.59) and (2.60), we find

(:in:x ~ cos? x]f'_'l i1l [
. & " & ,5“”5‘3)3'51““’“
] £ o7 | oy _E}:_- — 3in LCDS'I(a—E“)]

The denominator of the abave equation reduces to 1/ET . GJ . R? so that.

3 A . od Cw
FR* = (EFsin®z + GJ cos? xji- + R sin xcos 2(GJ — E!]Eg {2.61)
Sy ix -
Similarly. using equations (2.59) and (2.600,
- cd o g
TR = sin3¢c08 UGJ — EN-= + R(GJT sin® 7 + Ef cos® x;ﬂ {2.62
= F 2.02)

Substituting for F in equilibrivm equati i i
: quation {2.45) using (2.61), and noting that x = 5. i ¢
1s measured along the helix from one end of the spring, BIMETS s s awhere s

P4l EF
&t Wiy ix

L ¢ c

- ¢4 K
= ———{E[ sin? 05 022 4 i )
WR2/g,: m= 2 + GF cos® x) = + sinxcos UGS — Efy ps ;1;: 2.63)
and using (2.52) and {2.62),

EZ(RW) L 52 [/

- : -2 R . &
v hWRz,-’g[(El cos®a + GJsin’ x) e + (GJ — E)sin 2 cos 26—33]5 (2.64)

Equations (2,63} and (2.64) represent 4 pair of coupled waves but they may be reduced to two

uncoupled wave equations after multiplyin, i i
g it 42 G e e plying both sides of equation (2.64) by some constant ¢ and

. a* L
sin . —(d __ L ' N
(’3;2( + &R} W [{Efsuﬁu + GJcos?x + 6GJ — El)sin xcos a} '%
. i
sinacosa 2 (2.65)
* {_'E-_(GJ — Ef} + (El cos® 2 + GJ sin? 1)}5 (HTH]
ds

PRE 2 S

f

[T
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IT we now choose = 5o that the coefficients of 724/%% and F(cRYY7s? in the above equation are
cqual, we shall have arrived at u simple uncoupled one-dimensional wave equation. Thus,
\EI'sin® £ + GJ . cos™ ake + sinxcos x(GJ — ENe? = sin xcos H(GJ — EI)
+ ofEl cos® 2 + GJ sir? 2}

The roots of this equation are,

c=tany and £ = -colz 12.66)
Substituting in equation (2.63). '-’;. N
(1) 1an z tor &, vields ..
T & G.J .
~=ld +wnz. Ru) = — 12.67)
Ham e [ pR?
or |i} —vor x for 5, yiekds
. e - s I s
——{d — ot 2. R} = —5 (4§ —cot z. Re) 11,631
{ pR-

The wave speed indicated by equation (2.67) is ¥, ns in equation 12.50) and by equation 168} iz
Fy s in equation (2.56).
Refer to Fig. 2.33(b) and note that

S =dcosz+ Risinz 1

and N . 12.69)
= Rweosr — Jdsin x:)
fand " are 2 pair of orthogonal displacements alternative to 4 and Rir. and st angle « to them.
Now reverting to equation (2.38) and evaluating
Mpr=FRcosz + Tsin~
usiag equations (2.61) and (2.62). it will be found that
Gr @ GI i
My = ———|=(dc + R si =-— i2.70
i Ron 1[65( Cos & W sin a}:l Rona I i )
and similagiy.
M L I:E{J i Ri ) B_& {270
A = ————| —{& 5 ¥ — I COS X B B — -
? Rsinz| Ay Rsinx ¢s
Now equations (2.67) and {2.58) are.
- v R s G o2
i o ot - - - % = Ei &f 12.77)
e ot
and ° “
o {273
T pRY &S 273)

Differentiating (2.70} twice with respect to ¢ we have
FM; Gl ¥ Gl @ (elf
22 Rsinx &rfds Rsina oy

i
[

61 3(G) 2

= Rsina s pR? 35?

using (2.72},
GJ GJ &f
Rsinx pR?'ds’
6] GJ (R sin ﬂ’M,-)

GJ s

_ Rsinz pR?



94 IMPACT STRENGTH OF MATERIALS

using (2.70),
k4 -
e L vi My (2.74)
aq2 pRY & és®
Similarly, it can be shown that,
FMy L BM,
i Ry i (275)
&t és

Now when /=0, Ry cos x = 4 sin 2 and afier substituting in {2.61) and (2.62). or otherwise. we
find

FR =GJcota. 2
éx
and
&y FR
T=0GJ.— or ——=cotz
X T
Further. now substituting for F and T in (2.58) it follows that My = 0. Simitarly when M =0,
J = 0. Thus if an open-coiled helical spring has applied to it a Joad M, only, then the displacement
of zach section of the spring wire takes placein the direction of f only, and is propagate{ according
1o equation (1.74), with speed I, along,the helix. And correspondingly an applied load My only.
is accompanied by a displacement f* only and is propapated with speed 1}, along the helix.

When the ¢pplied touds pive rise 1o displacements in both the J~ and f’-direction. then boti:
extencional waves of speed ¥y and rotational waves of speec Vi are generated. For a circular
section wire Fy/Fy = (1 + ' = 1.14if+ = 0.3. For 4 wire of rectangular cross-section of sices
" 2a and 2b. where 2b is 1he side normal 1o the surface of th base cvlinder of the helix. then V), 17,
depends on the ratie b o,

Some typical vatues itre, for » = 0.3,
bia Ll 0-667 1.0 20 2.5
Ve Ty 0500 105 123 1945 235

The practical range of springs is theraiore such that,
08 7 byidTy < 23

As developed and discussed abave all the waves are considered to be non-dispersive ; strictly this is
true only for 1orsionat waves propagatzd zlong circular section wire for otherwise the theory is
subject 10 the various shoricomings and limitations referred 1o on p. 2

It is worthwhile recapimnlating the essential points of this analysis for the case in which an axial
tension F, only. is suddenty applied at time 1 = 0 21 the ¢nd 5 = 0. assuming say that Iy > I}, A
wave of constant bendwag moment M, = — FRsin x is initiated and travels along the helix at
lineas speed 1y together with a wave of constant torque My = FR cos . moving with & linea-
speec of 1. The M y-wave which moves the fasier. eauses displacements in the f'-direction only,
whilst the following A/ - wave praduces displacements in the fdirection only, At a particular section
in the helix the Vi, or M wave arrives first and. refections excepled, is subiject therealter to this
constant bending mement and a velocity of FR(pEIN ™', sinx in the f'-direction. This situstion
prevails until the slower moving wave of torque arrives when it stperimposes on the section bath
the torque FR 705 x:md u component of speed in the /~direction of magnitude, —FR(pGJY " cos o

The compenent speeds ol the wirc are arrived at by noting that the solutions to the wave equations
(2:74) and (2.72), {recall p ). may be written using functiens F, and F, as,

f=Fis—iyn
and {2.76)
P Fils - 10

e dmcn e

ek a
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Then, the speeds in the j= and f*-directions are respectively,

G e/

B—{ = = "B_{ (277
and

Y, L 278)

ét &3

But from equations (2.70) and ¢2,71),

and
' ViR =My
& T ED YT pEIRE

In the case where F only is applied,

af _FReosz
&t {pGJ)b?
and

¢f" FRsinx

& (pEN'?

The buckling of rods and tubes due to impact

Slender copper rods when dropped on to a rigid anvil buckle; the length of the
waves created are the shorter the higher the speed of impact and the deformation
is concentrated near to the impact end of the rod. The siress to which such a rod
is subjected at impact with speed vis o = pct and recalling the Euler buckling
stress formula for a pin-ended strut of length 1 ie. o = n2Ek/;2, by eliminat-
ing 6, we have

i (4
P :z\/; (2.79)
where & is the radius of gyration of the section.

Figure 2.34 shows a comparison of some experimental results with equation
(2.79). Generally. we might expect the impact buckling load to exceed the static
buckling load because it requires a finite time for buckling to occur and hence
the inertia of the bar contributes to the bar's strength. (Compare p. 105.)

Plate 15 shows a circular tube afier being statically compressed between
parallel plates. As each new row of buckles forms the axial load rises 10 a
maximum and as the buckles fold flat the load falls to a minimum, both loads
oscillating about a mean value, see Fig. 2.35.

When circular tubes are impact loaded on their ends, the ratio of the dynamic
10 the static crumpling load increases with speed. Macaulay and Redwood™-",
on whose article this section is based, state that this ratio is a reflection of changes
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in bugkling mode due to inertia and a consequence of strain rate effect in the
material. With mild steel tubes a linear increase in the ratio from ! to 2.5, as
speed.s increase from 0 to 125 ft/sec, is reported. ,
.Thls wqu was preliminary to studying the design of railway coaches to
withstand impact, see Plate 16 for instance ; note how the plastic deformation is

concenirated in the first diameter of the coach as i ing i
' s mushroomi
impact, see p. 237. g in bullet

Impact crushing of vehicles

- . U
A moving unlfqrn} tabular structure colliding with a flat, stationary body will
eXperience a resisting force F = g4 where o is the mean crushing stress for the
structure and A its cross-sectional area, The mass of the structure is p AL where

At kot e 7
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p is its netional density and L is length. The uniform retardation f is thus
gA/pAL = o/pl and if structures differ only in length, the retardation arising
in collisions would, by this idealised approach, be inversely proportional
to their length. If passenger injury is assumed to arise from too rapid retardation
then this last expression shows that ocean liners are refatively safe, railway
coiaches somewhat less so and that motor cars are dangerous! This argument
has been presented by Pugsley®*2.

The subject of car collisions as it touches on car and occupant movement, has
been discussed by Grime and Jones®*2. but catirely in terms of rigid body
mechanics. Head-on collisions with barriers, or between cars moving with the
same speed. in the range 25 to 45 mph. for many British cars shows a time for
retardation of about 0-1 see. with an approximately linear rise to. and fall from
a greatest retardation of about 40 g, which occurs after about :03 sce. and
involves a crushing distance of about 2 it for each car. Tue mean crushing
strength of a car is probably 30 1b/in? of its maximum cross-sectional area (say
16 sq ft).

Some information on ship collisions is given in ref. 2.2

Dynamic thermal stress

A long, uniform prismatic rod of length [, fixed at one end and subjected to a
high time rate of temperature rise # will have a free end speed of movement of
v = xfl where z is the coefficient of linear expansion. At time l:¢. the eflect of
the rapid expansion will be felt at the fixed end as a normal stress of ¢ = per =
pezfil; the rapidity with which the thermal expansion vocurs gives rise to
inertia, wavelike effects. To arrive at stresses equal to a typical vield stress for a
typical metal, # ~ 10* to 10® K/sec. These rates of heating are uncommon:
they are very much larger than those normally associated with the “thermal
shock™ of, for example, rapid turbine blade heating or cooling, and are en-
countered when, for example, large electric currents pass through conductors.
or due to impulsive electro-magnetic radiation. A further example arises as
when fissile materials are under neutron bombardment and in this connection
the development of dynamic thermal stresses in cylinders and slender cones
has recently been studied®®. The basic equation requiring solution, which
pertains to a cone, is easily arrived at. The fundamental equation of motion
of an element is specified by (2.21) or (2.23) except that stress-strain equation
(2.22i) is now superseded by

€= r_z +aT

- (2.22i)

where T denotes temperature rise in excess of some initial arbitrary zero. After
using (2.22ii) to substitute for ¢ and do/¢x in (2.23) and simplifying, we arrive at,

*(ur)  E ur) Ea( 5T)

e ol Gl DY LS
PP = S R

Solutions of (2.24ii) for certain specific cases are given in ref. (2.25).

(2.24ii)
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Elastic wave propagation in a thin plate

In anticipation of the subject matter of Chapier 3, we consider the propagayio.n
of elastic waves in a thin, flat, uniform plate and show that two characteristic
waves arise. Figure 2.36 shows the stresses on an element of the plate which

4 5, + 20 8¢
oy g
Ty
T Tep* 'E_;'a Oy
—
o
L Tt b
v
- 3,1' ‘d'—b, o _— b o
Oex f (x) Tox+ Lo SX
- — B
G;‘,U l
Py o
o X
Fue. 2.36,

exiends in the Qxy plane and we denote by u and v the displacements of a
particle initially a1 x. y. in the Ox and Oy directions respectively. The equations
of motion for an element are.

212 : o .
py = lxy (u (2.80i)
¢t cx ¢y
and
R S N
poe =2 4 o - (2.804)
ce- ‘x y
The stress strain relationships for the element are.
Cu ;
Ee. = EE = Oy — VO, (2.815)
v ..
Ee,, = E&-_y = Oy — VO, (2.811i)
and
ou v
=06l + | = 2.811i
G?z}' (ay ax) Xy ( }

-

B GCE
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e and 7 refer to direct and shear sirain respeciively. We may combine (2.81 1) and
(2.81ii) to write,

E du v
= — —_— 2 i
Tyx = vﬂ(é’x + vEy) (2.82i)
and
E du  fv ..
Oyp = (1—_"‘7}(15 + _C';) (28211}

Differentiating in {2.81iii) and (2.821) as appropriate and inserting in (2.80i),

&u E [é&u % w7 g
'ﬁ=——2‘:_1+\'__:—_ +G-_;+.—.‘~_ (~831)
ct (1 — v ix (X &y cy cy ox

Similarly instead of (2.80ii) we may obiain

& fu E u &
Po==z= G[ﬁ— + _—2:, - —-T[\‘:—, + ,—2] (2.83i)
ot exdy éx (I - cyex &y
For a general disturbance which causss a plane wave 1o be propagared along
the Ox-axis so that the displacement is dependent on x and ¢ only, i.e. &uf
&yt =0, ¢*u/éx éy = 0, E%/F)* = 0 and &r/¢x &y = 0, equations {2.53i) and
(2.83ii) become respectively,

Faad] B E & (2841

G2 pil — 21 At o
and,

cv_G & (2.84ii)

P ix
Thus there are in general two wave speeds in the plane of the piate ; one causes

displacements parallel 1o Ox and has a value of € = Eipll — ) and the
other which causes displacements transverse 1o Ox, has a speed ¢, = ,/G/p.
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3: Elastic stress waves: more general considerations

For interpreting many aspects of elastic impaet behaviour the printitive type
of analysis developed in Chapter 1. and used in Chapter 2. is entirely adequate.
However. the assumptions made. the limitations imposed and the weaknesses
passed over need now to be exposed o some degree. By doing this the engineer
will thus be prepared to encounter situations which do not always subscribe
to his expectations and, contrariwise. the efficiency of the early work lor most
practical circumstances will be underscored.

It is also necessary in this Chapter to enlarge the reader's background
knowledze of general elastic stress wave behaviour.

Some remarks on the validity of approximate theories
() Longituding! wares

The elementary theory described and used above in Chapters | and 2 is validated
by exact theory only over a limited frequency range--usually the region of very
long wavelengths. When a wide band or collection of various frequencies is
present in a pulse, approximate theories can be misleading. For fongitudinal
wave propagation in a circular bar the elementary formulae are valid if the
ratio of the diameter of the bar to the wavelength transmitzed is small; only by
neglecting the radial motion which accompanies longitudinal wave motion can
the analysis of reflection at the end of a bar and at discontinuities be treated
simply.

An approximate equation, which in fact improves upon equation (1.3j) to
allow for transverse radial motion of the elements is due to Love and Rayleigh.
If the axial strain in the bar is fu/Cx, the lateral strain is — v cu:¢x and if the
time rate of change of the axial strain is &*ufét . éx, then the time rate of change
of the lateral strain is —v &2u/éx . ér. Thus at radius r, the radial speed of a
particle is vr ¢%u/dx . 5t and hence the kinetic energy in an element of radial
thickness r and length ox is ¥(2xr. or. 6x)p . (vr %u/éx é1)°. Hence the total
kinetic energy due to radial motion for a cylinder of radius «, is

o Pul? agt & |2
Loonrdxp.rtdr (v—n) =220, 00807
J;i e d v&x ot 4 r "axar ax

The energy contained then, in a length of shaft §x, is

1 dul? na* TR u\?
= 2 — —.0x. = =] .& 3.1
5Pna Jx(&r) +p 7 ox (véxc'?t) + 2E7ra = X {3.1i)

5 -t N e
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The first term is the kinetic energy of the element in the axial direction and the
third term is its stored sirain energy. The equation of motion for the element
may now be derived from (3.1i) using Hamilton’s Principle, and is®'

&u via® *u .
P i vwl cT3 (3.111)
6t 2 ox*dt ox
An approximate solution of (3.1ii) due to Rayleigh, yields
oy a2, (3)2, (3.2)
o A

where ¢, = ./E/p, and / is the wavelength. When (3.2) is employed in examin-
ing wave propagation in a long bar it transpires that the predicied speed at which
wares dre propagated depends on their frequency; each frequency has its own
phase velocity. c,. A pulse of given initial length which contains a mixture of
frequencies will, in view of((3.2), therefore be dispersed. The approximate solution
(5.2). shows that the elementary theory is reliable for waves whose length is
several times greater than the bar radius. Analyses®2->® more rigorous than
thosz embodied in (3.11i) show (3.2) io be reliable for 0 < ¢/~ £ 0-7. but quite
discrepant for short wavelengths, ‘

An exaci solution for determining how elastic strain waves are propagated
in bars of infinite length undergoing coaxial impact, has been given by Skalak®2.
but it 15 100 comptlicated for use in connection with finire length bars. However,
using Love’s approximate theory. Conway and Jakubowski®* have given an
analysis of the co-axial impact of neariy perfect square-ended finite length bars
and compared their theoretical results with experimental resulis obtained on
4 inlong. 0-3 in diameter bars. With the help of semi-conductor strain gauges
fixed on the curved surface | in from the impact end. records of how the axial
sirain varies with time following the moment of first impact were obtained.
Figure 3.1 shows one of their results where the axial strain recording is compared

o |
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f Fig.3.1 Experimenialaxial strains
: in impacted bar. 4in long A 0-31

L1l i iy 1in from impacted end.
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with the lrcsu]t which wouid be expected using the ¢lementary wave theory;
thekexpenmental curve is characrerised by a rapid rise time and an osciIIaling,
wake.

The time of impact was found to be slightly greater than 2i/c,, the disparity
(of order 17) increasing with the length of a bar: some decrease in duration
of impact with increase in 1mpact velocity was aliso found but was attributed to
the t_:ushloning effect of air entrapped between the colliding end faces of the bars.

P.‘ngl'e 3.2 shows a theoretical result given by these authors: it shows an
oscillating corve with many well-defined peaks and troughs and a faster rise
time than does the curve in Fig. 3.1.
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2. 3.2 Theoretical axial strains in impacted bar. 4in long » 0-5in dia. 1in from impacied end.

Th§§e results emphasise that within about one diameter of a region of impact.
conditions arc always less uniform than further along the bar.
(ii) Torsional waves
The equations and results regarding torsional waves given on p- 7 are exact
for the first mode of vibration.
(iii) Flexural waves

It was shown on p. 9 that the elastic wave equation for 4 beam in flexure is

A _EI &w

;nd 1t was noted that no simple expression for the speed of propagation of
exural waves could be derived as for a longitudinal pulse.
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Considering a circular bar of radius a, then (3.31) becomes,

Pw , at Jtw
= —Ch.—.— 4
P R B30
where ¢ = |/ E/p. Try as a solution
, 2m
w = Asin -—l,—(x ~ c.i) (3.5

where .4 denotes the wave amplitude, 4 the wavelength and ¢, the phase speed.
It is found 1o be a solution to (3.4), if
) .
= {A/ma) 136)
Clearly the wave speed is inversely proportional to the wavelength and infinitely
shnrt waves should travel at infinite speed ; this is physically unaceeptable. of
course. Equation (3.4} is only valid as long as the wavelength Is much greater
than any lateral dimension of the beam: when this is not so it is necessary 1o
include in (3.4). a term allowing for the rotary motion about the neutral axis of
elements of the bar. This was first carried out by Rayleigh.
The equation of motion of an element of the beam, see Fig. 1.3a. when its
rolary inertia is included is,

M 2

&éx

<
L]

5 (3.70)

T

(- +
¢

) dx = I, .dx.
where [, .dx is the moment of inertia of length dx of the beam about an axis
through its centroid parallel to Qyand 20/t its angular acceleration about the
sarmne axis.

Bur

c8 dfow 36 Dw
—=—|—]| and
it dtléx

so that (3.71) becomes, on differentiating with respect to x.

GF M & .
—— ==+l (3.7i1)
& ax* &% 6x
Again, since
ar 32w
Lo 5.4l
ex Pt
and
9°M Iw

where Ak is the second moment of area of the cross-section about an axis
parallel to Oy. Equation (3.7ii) becomes, for a circular section beam, with
1, = Apa?/4,
o2 a dw_ ad w . &w 0 3 7ii
R I R T . (3.7iti)

PEE R
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A solution to (3.7iii) is again given by (3.5) except that,

¢
Cp = ———*ﬁ {:‘71\")
1+ (—)
Ta-

This expression for ¢, represents a better solution than does (3.6); for very short
wavelengths as4 — ¢ and (3.7iv) shows that ¢pfc, — 1, not infinity. as daes (3.6).

A feature still unaccounted for in the above analysis is the distortion of
cross-sections {or elements) Jug to the presence of shear force. Inclusion of a
term 10 accommodate this feature was tirst made by Timoshenko and results in
‘exact’ expressions for ¢pres versus a2 L There is very considerable discrepuney
between (3.6). (3.7iv} und Timoshenko's results. when wi > 0-1.

{iv) Elastic columns under impace comprzssion

An infinite. straight. uniform. elastic columa subjzct to a compressive thrust P
instantaneously applied and mainiained constant has an equation of motion
similar to (1.15) or (3.31). Le.

P P PO
UTH W ¢ CH R

pd.— = —Elﬁ'—_\— P— ton)
oL cxToooxl ox

The second term on the right hand side of the equativn is the net transverse
force due to P, fwy(x being the local slope of the column centre line; thus.

e =) 1)

LW Cow W -
EI“:—'.*"?' PT—,+PA‘7=O i3.30

[ cxX~ e

Sraall disturbances may be represented by
w = g.exp [2rilux — vi)j

where the wavelength 4 = I/u. Substitution of the above equation imo (3.3i0)
vields, for v which has the dimension {time) !,

,  AafElt — Pu?
V= —_—
pA

For sufficiently small values of »~ (or large values of u) disturbarces are
propagated with speed v/u but a critical situation is reached when g2 = P/4n Ef
or A, = 2n./ EI/P, which critical wavelength is not propagated. Perturbations
where 1 > 1 are not propagated and amplitude is increased without limit. For
a solid circular shaft of diameter d, /. = n d,/E/2¢ where o is the compressive
stress; this is the wave length of the most unstable wave so that at the onset of
instability, waves of [ength 4, are to be expected.

The impulsive compression end-on of two identical elastic columns each
moving with speed v, gives for the instability wave length 4, = nd,/c/2v.

[Ifo > Y/pe, elastic-plastic waves are propagated along 2 column and in this
case the most unstable wave length is given by i, = nd\/};[za' where E, is
the Karman reduced modulus given by E, = 4EE'/(\/E + /E')*. E', being the
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slope of the non-linear stress-strain curve of the material of the column at stress
level g. (See p. 174, ref. 4.10.))

Elastic waves in an isotropic extended medium: body waves

In examining stress wave propagation in previous sections, the body or bar
through which the waves pass has usually had one dimension very much
Jarger than the other two, and the wave has been transmitted entirely in the
extended” dimension. In this section the propagation of a disturbance is
considered where the body concerned is extended to the same degree in all
directions. The treatment and analysis leading to the basic wave equation is of
course fundamentally the same as hitherto, ie. the equations of motion of a
small element are established and then related to the stress and strains in the
bady through Hooke's law: the sirains, as before, are small and are easily
related to particle displacement.

Equations of motion in Cartesian coordinates

The equation of motion for an element of a body in the Ox direction, where X
is the component body force per unit mass acting in the Oux direction, p is the
density and u. r. and w the displacements parallel to Ox. Oy, and Or at time 1,
is, see Fig. 3.3,

- - - -2
fo., (1. 01, . & -
__-‘_d\—:‘%—‘.—_j‘_—x‘!“;\[):ﬂ?"f 13-8)
£x ) s ét
Now

E(’.\w Gy. — \.(Uyy + G = (1= \'Jax.\' - \‘{Gx.* + Ty + U::J “) ]

Eey.= G — Vo + 6. V=11 + V)6, — WG, + 6, + a.) (i) (5.9)

Ee:: =G0 — VG + Oy )= (1 - \'}G:: - \(G.\'x i Oy + 6.2} UHJ
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Adding the above three equations,

Ee = (0., + a,, + o )1 — 2v), (3.10)
where
e=e,+te, +¢ =6_u+fg+§_1_4_: 311
XX ¥ zz Ex E_V 52 ( . )

¢ is called the dilatation, i.e. the change in volume of a unit volume of material.
Hence from (3.9) introducing (o, + Fyy + 0..) from {3.10

Ee,, v E
T+vi—a®

Oxx =

I +v

or

)
oy = 2G. - i N
p + le (3.12)

denoting vE/1 + v)(l ~ 2v) by A

~and G (often designatcd as u in this part of the subject) are known as Lamé’s
constanis. The shear stresses are related 1o the shear strains through the dis-
placements. thus

TX.\‘ = G:"x)' = G(g + g)

T = Gy, = G(ﬁ_‘* + ﬂ) (3.13)

Now substitute from (3.12) and (3.13) in equation (3.8) to find,

¢ T élon v éfew  fu &=
St L Rl Rt i Loy cu
‘('Gfx”'eJ+G'"(“ - )+G (—+—)-rkp=p.

cx eyley  ox cz\dx - é- ér?
Simplifying.
~ - - -
&u e &u S ghw P ;e
- . . [T
G =i+ Gz +——| + G| — + — +Xp=p.L“
éx cx &yt ey éx fzéx  @° e
or
Fu & 5w Fe é
N v 1
. —l+i—+G.Vu+ Xp=p— 3
éx? " fyéx 6:(.\') &x T G
where
-3 -3 ~3
Ll 3
Ve S+ —+ .‘—5
&5 0yt Bz
Differentiating in (3.1 1) with respect to x.
= ~3 ) -2
¢ (£ T} [ o [0 1Y
mET =t/ ——=
cx &  Gxdy Bxi:
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and hence (3.14) becomes

de At
G+ nle - _ Mu _
{ +A)0x+G.V u-i-‘\’,u—-,o——(,‘r_2 (3.15)

Similar expressions can be obtained for the Oy- and Oz-directions.

Application to wave propagation

F_or the work which follows it is assumed that no body forces are operative, ie.
A=Y= Z = Q. and we remember that only small strains are considered ;
thus equation (3.13) becomes

-7

[ 1

.. fe N )
(G + A)C?_\,: - G. Vu= 0—— [3:\6)

EYE]

Equivolunmtinal waves

Assume that the cql_mtion (3.16) involves deformation in which there is no
change o_f volume w1_th x so that straining therefore involves only distortion
and rotation. Thus with ée/éx = 0 in (3.16} we have

2

G,
?=F.V'!l f317)

3

o

Foran arbitrary plane wave to be propagated with a speed ¢, write
U= fillx + my + nz — er):

where I i and # are the direction cosines of the normal to the plane. Then,

-3 ~2
fu . &*u )
= = = ¢ fY
A A% ark ¢ fi
and also
cu 32
——=1f1 and —; = Bf"
ox? 7
Similarly,
2 e ]
*u
2 .
sz =mf] and — =an.f]
az*
Hence adding,
Pu
Vi P 0 _ 0.
TG G T

F—rm . .
and‘ thus &=y G/p. Equation (3.17) is then a wave equation and represents an
equivoluminal body wave propagated with a speed of ¢, = |,'G/p.
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Irrotational or dilatational waves

Consider the formal modification to equation (3.15) when the straining propa-
gated is irrotational. i.e. when w, = w, = @, = O or

~ = - 2 - =
cr (413 oW [ vu cw

—mm =, 220 and LT (3.18)
éx Oy Sy gz z

Now from (3.14.

—_—= + — 4+ =--

[ Sidu o . cw
cx  Jxléx &y (s

and using (3.18).

& fu P 5
=— +
éx* @y

Hernce substituting in {3.16) gives.

a2
[Fha ¥4
P —2G).Viu = p—s
[ ) U pf‘tz

or

-z c
Cu (’- * —G)Vzu (3.19)

This is a wave equation ; the waves transmitted are irrotational or dilatational
waves and their speed is, ¢; = |, (4 + 2G)/p.

Thus only two types of body waves are propagated in an isotropic elastic
solid and any general disturbance is evaluated by their superposition. Each of
these two types, equivoluminal and irro}2_111]:')_11@_1l propagates with its own
characteristic velocity. Note that ¢yc, = 2 + A/G so that ¢, > ¢,.

These two kinds of waves once in the interior of an infinite body, remain
separate and distinct for all time and they not only have distinctly different
velocities of propagation but also have distinctly different particle motions
associated with them.

In seismology, equivoluminal waves are referzed to as S or shake waves, and
irrotational waves as P or push waves.

For a fluid medium G = 0 and thus ¢, = 0; obviously an inviscid fluid cannot
transmit § or shear waves, and only P, ot dilatational waves at a speed
€q = ./ A/p.

Lord Kelvin in 1899 apparently first applied the terms irrotational and
equivoluminal to describe these kinds of waves; knowledge that two kinds of
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waves each moving with a different speed dates back to Poisson. The recognition
of the different characters of the two waves is attributed to Stokes.

The above remarks apply to isotropic materials and for a given direction there
are just the wave speeds ¢, and ¢,; but for a general aclotropic material, i.c. 2
material like wood whose propertics depend on a selected direction, there are
three distinet wave speeds associated with any given direction.

Surface waves: Rayleigh waves

Whilst the waves discussed immediately above are body waves, there are well
investigated surface waves; a simple example is a surface sea wave, It was shown
by Rayleigh in 1887 that waves may propagate along the surface of an unbounded
or semi-infinite solid at a speed. for v = 1, of 0-92 ¢, or for v = . 096 ¢,. The
waves rapidly decrease, exponentially, in amplitude with depth below the surface
and their speed is always slightly less than ¢,. The motion of a particle in the
surface of the body, is elliptical, the ratio of the horizontal to the vertical dis-
placement being 0-681, when v = %; thc amplitude of vibration increases and
reaches a maximum at a depth of 0-076 4 and thereafier decreases: / is the wave
length. At a depth of 0-19 /. below the surface the horizontal displacement
changes sign. or, at this depth there is no motion parallel to the surface. At a
depth of / the amplitude is 0-19 of that at the surface. Rayleigh wares of high
frequency are attenuated more rapidly with depth than low frequency waves—a
kind of skin effect.

The normal stress (perpendicular to the surface) is greatest at a depth 0-32/
(for v = 0-29) whilst the normal stress parallel to the surface changes sign at a
depth = of about 0232 ;.

Earthquake wave sequence: Love waves

Broadly. it is found that P-waves are first recorded by a seismograph. followed
by S-waves: later Rayleigh waves arrive. Since from a given initiating source.
Rayieigh waves trevel only in two dimensions, their intensity falls off more
slowly than either the P- or S-waves and thus they tend to be of considerable
importance in an earthquake. The Ravleigh waves are not ‘pure” because
their vertical component is often absent; also the horizontal component tends
to be parallel to the wave front and not parallel to the direction of wave move-
ment. Love showed that these phenomena can be accounted for by properly
assuming that the elasticity and density of the earth’s crust varies with depth.
An analysis based on this assumption leads to Love waves—another kind of
surface wave.

Interesting photographs®-* showing the plastic deformation which occurred
due to strong shaking by earthquakes together with roof gravity effects are
shown in Plates 17 and 18. Reference 3.6 may be consulted for a short account of
seismology.
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Reflection and refraction of waves at an interface

Stress waves propagated through any real body must at sometime encounter
free surfaces or interfacial boundaries. Their behaviour thereafter is relatively
complex and we shall thus confine our attention simply to describing how they
are reflected and refracted. Detailed mathematical treatment necessary for
analysing these situations can be found in refs. 3.2 and 3.3. The results outlined
below apply for plane waves and plane surfaces.

(1} Fluid-vacuum interfaces

The stress boundary or interfacial condition to be fulfilled in this circumstance
is obviously that of zero normal stress at all times. Since wave propagation in
a fluid is considered, only a plane dilatational wave may be propagated into it
and a plane dilatational wave reflected, see Fig. 3.4a; the wave speed is fixed at
= ﬁ and the angle of incidence is equal Lo the angle of reflection. The
(incident) disturbing wave initiates the reflected wave and since it also has a
speed of ¢, . this implies that the angle of reflection must be the same as that of
incidence. Therc is also a change of phase of = radians on refiection for sinusoidai
waves, L.e. the amplitude or intensity of the incident wave is reversed in sign on
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FLUID
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A Lo
T
!
|
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|
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reflection. (Recall the “sign change’ when a longitudinai pulse is reflected from
the tree end of a long rod). Together the incident and reflected plane waves give
the propagated wavefront and an ‘interference’ or ‘standing wave™ pattern is
found for the direction normal to the plane of Fig. 3.4(a), of periodicity w/c, sec e,
where w is 27 . frequency of the incident wave and x the angle of incidence.

Phase velocity. The phase speed at a boundary is the rate at which a point of
constant phase travels along the interface, e.g. from A to B in Fig. 3.4(b) and (c),
and an analogy is that of sea waves striking a straight wall at an angle. The rate
at which the point of intersection of, say, a crest of a wave and the wall, moves
along the wall is the boundary phase velocity. alp: Obviously yo, = ¢sin o

12} Solid-vacuum interfaces

A vacuum may here be taken to include the case of a gas. say air, at low
(atmospheric) pressure, into which any energy radiated is negligibly small.

The stress conditions to be fulfilled at the interface are that both normal and
shear siresses on the boundary are everywhere zero.

(i) Reflection of a dilatation wave. A plane P-wave incident on a plane boundary
proSiuces both reflected plane P-waves and plane S-waves, see Fig. 3.5{a). Since
a disturbance at the interface is propagated with speed ¢, sin«, due to the
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incident P-wave and since. as in (1) above, the angle of reflection of the refiected
wave must equal that of the angle of incidence of the incident P-wave. and
because both of the reflected waves, i.e. S and P, are initiated concurrently from
the surface. then see Fig. 3.5(b)
__fa _ G 3.2
EC_,, = m_i = m {.).-0}
In general the energy of the incident wave is distributed between the reflected
5- and P-waves. Further, using (3.20). note that if = = 90°, a condition of grazing
incidence is arrived at. and sin # = ¢/c.; certainly if x = 0° therz can obviously
be no reflected S-wave. For further detailed discussion of the many curious
cases which can arise. the reader is referred to refs. 3.2 and 3.3

(ii) Reflection of an equivoluminal or S-ware, The discussion of S-wave reflection
follows the detailed treatment given in (3iir below.,

{3) Interfaces berween rwo semi-infinit: solids

In Fig. 3.6 two semi-infinite homogeneous media A and B are shown possessing
a plane interface. We suppose 4 and B to be ‘welded’ together at the iaterface
5o that on either side of the boundary the following four conditions must be
satisfied :
(i) equality of normal displacements,

(it} idenrical tangential displacements,

{iii) equality of for continuity in} normal stresses. and

{iv} equality of (or continuity in} shear or tangential stresses.

REFRAZTED
S-vave

| REFPACTED
! Powave
|ﬂs

REFLECTED
Povave

IMCIDENT
Pwave
(or §-V wave) REFLECTED
§.wave
Fig. 3.6.
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atational or P-waves: see Fig. 3.6. - |
incidence is «,, incident dilatational waves give rise to reflected
vaves in both 4 and B; also the following set of relations holds

sina; sing, sinfl, sino, _sin fly

Caa Cq, ¢ Ca €

A

> the P- and S-wave speeds and suffices 4 and B the corresponding
irst three equations are eflectually the same as those in {3.20) and :

the same reason as there; by allowing for different ¢, and ¢, - !
wum B and using the same argument as before—that only one

" e . It is convenient to recognise a stressed body as being subject to one of three
! loading conditions, because, when loaded, various elements of it accommodate
" themselves slowly or rapidly, according to the loading rate.

" {ii) Vibrational, and

i14 IMPAC)
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Other cases such as behaviour at a solid-liquid interface can easily be deduced  If the angle of
as special cases of the solid—solid interface instance discussed above,

and refracted

Vibrations in cylindrical bars
321

cyand ¢, refer t¢
mediam. The fi
apply here for
values in ‘medi

. (iii) Impac speed-of distur
. T S T P : W) Impact o e e )
. . B inte —angles o and f, follow. Again . N , S . . the relations &
Sy _l_rtl}t]brfa§e—a;i§ afzr 'l.:_!eoﬁ:s:etrical dp%ics. ‘ We have not concerned ourselves at'all with, (), 4nd.as.calier stated mtend - Expressiors ¢4
‘I‘?B‘?].@?{];X.,;?‘;l?;l?{ﬁ-,‘-9;;;;915::: g;::‘fé-f- 'fhi"'réﬂéété'd"ziﬁ d ‘refracted ..--{-. .. Mainly to-discuss (iii}.’ Statement (ii) enters into our' considerations ‘because
in oe ioun or € -ampiityu

of the incident dilatation wave amplitude. >33

wivoluminal or S-waves.

along with (i} it is concerned. among other things with the propagation of
Stress waves. For (i), we usually have in mind cyclical non-destructive loading; -
cyclical, repetitive deformation and consequently cyclical stressing is undergone

waves in terms

(ii) Incident-eq
The behaviour

of:plane S:waves at:a boundary. can.be resolved i terms of .77, BY.structucal elétmenits which Nave generally, a very irequently and idetitically 5 waves which

are horizontally polarised or verti¢ally polarised with respect to
Jary;theformer are referred to as SH-.and the latter as $V-waves.

or propagated throughout the body. For this reason some small attentjon is
.. given to'the vibratienal aspects-of the beha

repeated. history of loading. Impact, by contrast, focuses attention on' the
transient aspects of material behaviour ; usually one pattern of loading is once
: - : o - . imposed on 1 structure and we seek 10 analvse the consequences. Obviously

motion occurs parallel to Oy only: ie.u  Qand. ... = D i e . e e
ve. particle m F : there are common features in (ji) and (iii). since in both cases stress is conducted
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Fig, 3.7.

Since there is only motion parallel to Oy. there is thus no particle motion
normal to the interface and hence no P-waves can result,

Alternatively, in S¥-waves, particle movement occurs parallel 1o the Oxz
plane only, i.e. v = 0 and Fig. 3.6 applies in this instance: the same relation
between the various angles and speeds applies as before.

i % U1 (OENI IN Ihemselves, becayse they illustrate how
difficult it can be to find mathematically rigorous solutions for relatively prac-
tical problems. Also they introduce concepts not encountered in the elementary
approaches already presented at length above and enlarge our appreciations of
the complexity of the problems met. It is essential, too, that in applications of
our elementary approaches we should constantly have in mind an awareness of
the approximate nature of our formulae and of their limitations.

With a view 1o determining the speeds of wave propagation along a cylin-
drical bar associated with various frequencies subject to differcat modes of
vibration, the equations of motion for an element of elastic solid obviously
require to be available in cylindrical co-ordinates ; the equations of motion in
Cartesian co-ordinates have been obtained on p. 108 and equation (3.15) was
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derived in particular for the Ox-direction. The three equations for the cylindrical
situation are, see Fig. 3.8,

pﬁ“u -l 2G)— _ 2G o 46 cw,,
cr ro&g z

&% faw.

—— . | " ) ]
¢ (T'fz ( ZG) (, (J ¢z G H‘ > ‘3'-3)

and,

Owo ‘e & 26 fo,

S = A4 26).— =2
PoE ~ et 20). = G o

where u, v and w denote the displacement of a particie in the r-, ¢- and =-direct-
ions; the axis of the bar is designated Oxz. The symbol e is the dilatation and.
compare {3.11). in cvlindrical co-ordinates.

(r) + — — + —. (3.24)

I ¢ L g  fw .
i T

Fig 3.8.

@,. wy and ¢, are the rotations about the three orthogonal axes, and

1{cu oEw
Wy =5z — = (3.25)

and

o, = 1[élrr) cu
=2 ar o8| |

On the surface of the bar, supposediy located in vacuum, all three components
of the stress are zero, i.e.

Oy =Ty =T,, =0 (3.26)

gy,
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These stresses are related through Hooke’s Law to the displacements—
compare (3.12) and (3.13}—thus

o, = ie + 20 Lﬂ—u
ar
=3 2
= G[l Sy ,i(fﬂ (3.27)
r oy ortr \

and

The equations above can be satisfied by using displacement eguations due w
Pochhammer (1876) and Chree {1589} which represent an infinite train of waves
thus.

-
n ! . =Tk . .
U.exp [:.:—(; - LPI]

-
.

= ¥.exp |:1.—_(: + 4l o
Fa

and

) I 2z
w = W, axp Ll.f(: + ¢l
I

/4 and ¢, denote wavelength and phase speed respectively. and U. 12 W are
functions of r and & only. By choosing an appropriats form of L', ¥ and W the
equations of motion (3.23)and the surface stress conditions (3.26) may be satisfied.
1o represent longitudinal, transverse and torsional wave propagation in the
cylinder.

(i) Longitudinal waves

To investigate longitudinal waves, t.e. periodic extensions and contractions of
parts of the bar, it is assumed that particles of the cylinder move in an rO:z
plane only, i.e. ¥ = 0, and also that functions U/ and VW are independent of 8.
introducing these conditions into the various equations of the previous section,
a very complex equation for the frequency of wave transmissions which includes
wavelength, cylinder radius and £, G and p, is arrived at: this equation is long
and is written in terms of Bessel functions J, and J,. By expanding the latter
for the case when the bar radius to wavelength ratio is relatively small, Rayleigh
arrived at the equation, u’ e

SR E
fi= {1 "';;“"Z“JLE az) -=g,

’ (3.29)
c fep =1 — viaHafi)?

where again ¢, is the phase speed.

or
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In a bar which propagates very long waves, a/A - 0and ¢, — ¢, = \/’E/p;
this is the condition we have repeatedly stated must apply if the elementary
theory is to be applicable. )

The second termin (3.29) shows that a band of waves propagated in accordance
with the assumptions choscn is, in fact, dispersed; shorl wavelength waves
travel slower than long wavelength waves and hence, as time passes, the extent
of a wave train is progressively increased. _

The results quoted only apply for a cylinder of infinite lepgth; any specific
requirements that the ends of « cylinder should satisfy prescribed displacernent
or stress boundary conditions al the end of infinite or semi-infinite bars cannot
be fulfilled by the solutions described. However, for a cylinder whose length is
very large compared with jis rudius we may assume that the end effects are
negligible. )

The solution given by (3.29) is only adequate approximately for 0 < 4/Z <
0-7, see ref. 3.3.

(ii} Torsional waves
To transmit torsional waves. longitudinal and lateral displacements must be
zero. Le. # = w = 0, and motion about the ¢vlinder axis must be symmetrical

so that ¥ must be independent ol (. _ _

The principal result which lramspires is that ¢, = \/G'p as arrived at by
elementary theory: in this fundwmentai mods dispersion is absent. Other more
complex modes of torsional vibrational. involving ‘nodal” cylinders®?, may
occur however.

{itl) Flexural waves

The displacemen! functions (3.28). acapted for flexure. with the axis of the
cvlinder having a purely lateral motion. ¢, where there is periodic bending and
stretching of parts of the centre line are.

w="L . cosd.exp [-i.:fz(: +
| S
= . -

r=V.sinf.exp {i.T(: + _m:l (3.30)

- »

and

w= W.cosf.exp |:i ._—_'—i(: + ﬁ)jl

‘,‘ 4

where U, V and W are functions of r only. Since any account of the treatment
for this case is lengihy we shall not pursue discussion but simply refer 10 Love’s
treatment®', obs;rvi.ng that results for this case sufficient for many purposes
have already been presented in pp. 103-i03.

e e Pt et e . i g
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(iv) General remarks

Starting from the Pochhammer-Chree equations, for each of the three cases or
modes of vibration discussed, a frequency equation is arrived at and each of
them has an infinite number of roots; each root corresponds to a particular
mode of vibration (or deformation pattern) referred toas a first, second, third. ...
mode, and for each mode there is a particular relation between cpfep and as.

The inability of the Pochhammer—Chree type solutions to admit realistic
end conditions for stress and displacement, and the complicated frequency
equations to which they give rise, augurs ill for the analysis of impact problems.
For these reasons less rigorous theories have to be admitted for simplifying
mathematical solutions and facilitating a realistic analysis of engineering or
physical problems.

The simplest form of approximate wave transmission theory which envisages
only 4 single mode of propagaiion for each kind of vibration is really only
acceptable for Jong waves and when short wavelengths are considered “cor-
rection factors” are best introduced. Fortupately it transpires that experimental
evidence shows approximate theories to provide a reasonably valid description
of the principal stress and displacement features frequently encountered,

Pulse distortion due io dispersion in a solid cylinder

A single pulse propagated along a bar cannot generaliy be accommodated by
‘exact’ theory (Pochhammer—Chree solutions). To analyse a pulse it requires
1o be analysed into sinusoidal components in terms of a Fouricr integral which
is generally intractable.

However. it has been shown?-* that a trapezoidal pulse. e.g. Fig. 3.9. disperses
with time or distance from the source : ie. sudden changes of shape are smoothed.
linear parts of the original pulse become oscillatory and slope changes are
modified so that pulse rises are slowed.

a

Y

Fig. 3.9,

Propagation of a short pulse through a short cylinder

Kolsky®* has demonstrated that the propagation of a pulse through a short
solid cylinder is complex. A small cxplosive charge was used 1o produce a pulse
al the centre of onc end face of a short steel cylinder, the puise duration being
about 2 pusec,

Both P-and S-waves were created by the explosive and spread out spherically
from it. Wuves arriving at a detector at the centre of the lower face can travel by
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a- number of paths of different length. so that the detected signal has many
components corresponding to the different routes through the cylinder.

The first signal to arrive is a P-wave following route 1 and then the same
P-wave is refiected from the sides of the cylinder, ie. via route 2. The reader
should easily be able to appreciate the routes followed in Fig. 3.10. The observed
signals were found to correspond somewhat to the theory; only the first few
pulses of the explosive are clearly recognisable and separate. A propagated
pulse obviously is ditficult to interpret for there are then many paths producing
similar time delays.

EXPLOSIVE

DETECTOR

P .wave

— 8 wave
Fig. 3.10.
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4: Plasticity theory and some quasi-static analyses

This chapter reviews many of the basic ideas of plasticity theery and emphasises
those parts of it which are later 1o be used. The principal terms and concepts
are indispensible for the proper study of processes which involve plastic deforma-
tion. Most of the applications presented are gquasi-static, Le. are statical trzat-
ments of dynamic problems; they are however chosen both for their own
intrinsic and novel interest and in order to exemplify the use of some cf the
methods of plasticity theory.

A short bibliography of books likely 1o be of use (o stadents of engineering
plasticity is given at the end of this chapter.* 2

Tensile stress, strain and strain-rate

A portion of a uniform homogeneous bar of metal of length I, and cross-
sectional area A4, in the unloaded state is subjected to a slowly applied axial
force F which increases its length to [ and reduces its cross-sectional area to
current value 4, sce Fig. 4.1, Over a cross-section of the bar transverse to the
direction of F. the true stress, o, is uniformand ¢ = F/4. The quantity g, = F/d,
is defined as the nominal or engineering stress on the section. The engineering
tensile strain is ’

e = -1l =1

L WA

Fig. 4.1.
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and an increment of tensile strain is

de = difl, (4.2)
Ifin place of I, in equation (4.2) we write [, then
de = difi (4.3)

and de is defined as an increment in natural or logarithmic strain. The natural
strain g imposed on the bar is

I3 I ) .
&= f de = J- difl =Inlily = In(l + e) {4.41)
0 tu
or
de = 2 (4.4ii)
I +e

In dealing with large deformations there are advantages in working in terms
of natural strain and these will become apparent as we proceed. Note that for

small strains & = e. . . '
Tensile engineering strain rate ¢ is the time rate of increase n tensile strain,

50 that {rom (4.2)
. we dlidt
a1,
where 1 denotes time and v is the speed of separation of the poinis 4 and B

at the ends of the chosen portion of the bar of length {,. The tensile natural
strain rate is. using (4.3).

A

4,

)

. we dlde v (+6)

STa 1
In the conventional engineering laboratory tension lest. an & in length of
bar may typically be streiched at a rate of between (05 and 5 in per minute
so that by reference to equation (4,3). & lies between 107 %/sec and 107% sec.
In disn:'ussing the quasi-siatic tension 1est it shooid aiways be kept in mind
that the iensile strain rate is pf order 107 sec. -
Engineers are familiar with creep sirain rates which usually Jie in the region
batween 10 /sec and 10 *“ssec. For very fast impact loaded bars £ mav be
about 10%sec. In discussions on sirain-raze it is uswally only the order of mug-
nitude which carries importance.

The tension test: yield stress, flow stress, tensile strength

A conventional slowly applied load, F—extension. 4, curve for a relatively long.
uniform non-ferrous metal bar is shown diagrammatically in Fig. 4.2{z). 'I:he
curve is convex towards the extension axis and displays a maximum Af, ie.
shows a greatest load which can be withstood ; fracture of the bar occurs at T,
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[

EXTENSION, A

Fig. 4.2(a).

Point M serves to distinguish between two distinet classes of bar behaviour;
from O to M the bar extends uniformly under tension, but after M a distinct
single neck forms which, with continued extension at reducing load, is accen-
tuated until fracture occurs. Examples of the kind of neck formed in circular and
non-circular section bars when fracture oceurs are shown ju Plate i9.

The carly part of the curve in Fig. 4.2(a} shows a linear, elastic relation
between load and extension extending as far as load F,. point A'; unloading.
Le. removal of the extending force F, when it has any value less than F,. allows
the bar to completely elastically recover its original length. If the bar was
extended significantly, i.e. beyond point 4’ to say. B', and then fully unloaded,
it would be found to have acquired a permanent increase in length; the bar
would have suffered plastic deformation. A plot of load versus extension during
unloading appears as a substantially straight line B'C . which is parallel 10
the elastic line OA'. At B the total extension is 4y, bui compiete unloading
reduces the extension to 4,, i.e. length 4, is recovered.

If an axial tensile force was re-applisd to the specimen, so that the load
became F', then the total extension would become A & it would consist of 4,
and Ag; removing load F’ would enable the bar to elastically recover the
amount of extension Az. Reloading to any degree takes place first along CB’
and then along B'M: if unloading occurs along B'C then reloading along
substantially the same curve, i.e. CB', takes place and both are associated with
linear elastic behaviour.

Thus at any load Fy, the extension undergone by a tension specimen consists
of permanent plastic extension 4 r and recoverable elastic extension 4 g. The
further is B’ along the load extension curve, the greater is Ap in relation to 4,
In particular, F, for which 4, first becomes sensibly positive as measured
using conventional engineering instruments, is referred to as the vield load for
the material; this load divided by the cross-sectional area of the bar Ay 18
designated Y and is the rensile vield stress of the material, For all points on the
curve beyond A'. the load divided by the current cross-sectional area is known
as a tensile flow stress.

Load-extension curves may easily be converted to stress-strain curves.
9o/e, afe or g/t. The slope of these curves in the elastic region is Young's
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Modulus, E. and E = Fi/4,4. The material ceases to be completely elastic at
stress level Y and is substantially uniformly elastic-plastic until the tensile
strength oy = Fi; 4y 13 attained. For most metals at about room temperature
E is of order 107 b in® and ¥ of order 10* Ibjin® so that Y E is of the order
of 1ghg. The tensile strain at the onset of vield is given by o/E = ¢ or Y E
50 that plastic deformation begins for many metals when the tensile strain
exceeds about ggy. Tvpical strains at the tensile strength are 025, so that in
Fig. 4 2(a) the horizonial scale is heavily distorted.

In the region of the curve from A’ to M. the material is said to strain-hurden
because increasing siress or load is required to enforce further strain.

A load-extension curve for annealed mild ste=l bar appears as in Fig. 4.2t5):
it ditfers from Fig. 4.2(a) in that it possesses an upper, ¥,. and a lower Y. vizid
stress. In fact. over a small region before Y, is reached the material may have a
slightly non-linear elastic behaviour. When stress ¥, is attained. the tensile
load on a specimen suddenly reduces and the operative stress becomes Y ;
the bar continues to extend at ¢onstant load and this prevails until the strain
is about g, after which the material strain-hardens. If instead of a cylindrical
bar & thin uniform strip of annealed mild steel which has been polished is pulled
in simple tension. it will show dark bands of plastically-yielded material at
about 55° tnor 45°: see p. 127) to the tension axis, intermingled with lighter
zones of unyieided or elastic material. As the extension continues the proportion
of vielded material increases until, when strain-hardening begins, the whole
strip has assumed a dark colour. Other features of the load-extension curve
for annea! mild steel are as described in connection with Fig. 4.2(al

[t’ 4, Cl Ar EXTENSION, ]
| Ay
. “ar

Fig. 4.2(b).

The tensile stress-strain curve

That there is no volume change during plastic deformation is made use of in
relating tensile stress-strain curves through A = 4,/,/l. Then

F F F |
== —.,— = 0gy{l + ¢} (4.7

O AT M ATy
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The relative position of the ¢. ¢ and the g,/e curves in Fig. 4.2(c) is therefore
cleir; the ordinate ¢ for a given value of e, is casily obtained by multiplying
the corresponding urdinate o, by (1 + ¢) and evidently the disparity between o
and g, is the greater the greater is e.

Fig. =.2ic1,

In engineering tensile tests on uniform bars the transverse strains . and &;
are equal and if 5, is the uniaxial tvnsile strain. then anticipating {4+ 101 because

Gy T L3 T ey &

thercfora

€ (.33

e

cx =&y =

Metals are said 1o be isotropic if the stress-strain propertizs of test spacimens
are independent of the direction [rom which they are cut from the original
biock of material. If they show direction dependent properties they are said
to be anisorropic. Some strip specimens when pulled in tension undergoe differant
transverse strains; this is often due to the maanner in which the strip wits pro-
cessed. e.g.. by rolling.

Logarithmic or natural strain: Equations for a no-volume change

A unit cube of material subject 1o principal stress ¢, which causes only clastic
behaviour, gives rise to three principal strains e,, e and e; where ¢, = o /E
and e, = ¢y = —v6,/E and v is Poisson’s ratio.

The new volume of the cube becomes (1 + e )1 + ¢,}(1 + #;) and since
€, e, and e, are each very small. the volume alteration 4V is, approximately,

1V =g +e +e =0l —2)/E (+9)

Taking v = 4 and putting ¢, = ¥, AV = Y/3E; thus for typical elastic stress
conditions, changes in volume are certainly very small—less than 1547. Measure-
ments show that in the tensile test, the more plastic does the specimen become
the more nearly does v approach 1. Putting this value into equation (4.9),
4V =0, ie. there is no volume change.

Frequently, in calculations concerning extensive plastic deformation, it is
assumed that there is no change in volume of the material. For no change in
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volume of 2 unit cube,
L =(1 4 e)(1 + e;)(1 + e3),

In(l +e))+1n(l +e}+1In(l J;_es) =0
or
g +e+e3=0 (4.10i}

where &, . €4 and &, are the three natural strains imposcc!‘ Alternativcly, instead
of a cube, a cylindrical block of initial length L, and diameter D, might have
been considered to be uniformty extended by principal stress o, to become a
cylinder whose dimensions are L and D. The equation for no volume change
is then,

ie.
2lnD Dy +In LiLy=0
or
2+ =0 (4.11)

The expression &, = In D/D, denotes the natural or logarithmic hoop strain
and ¢, the natural or logarithmic axial strain. Equation (4.11) merf:ly states v..*hal
Is intuitively obvious, namely that the strains in orthogona} dlrectlgns. in a
plane perpendicular to the uniaxial stress axis are equal and in magnitude arc
one half of the natural axial tensile strain.

Alernatively. for an annulus of a circular block.

7Dy . 1iDo)hy = =D .(dD}. k

where h, and h are the origina: and current height of a block in. say. simple
compression. Then,
InD/ Dy ~ in(dD)y(dDy) + Inhihy = 0.
or
Gt g+ e. =0 (4.101i)
¢, denotes natural radial sirain and &, natural compressive strain.

Equation {4.10ii) is of conrse similar to (4.10i) and taken together with (4.11)
we find. for the particular case considered,

= 4.10if1)

Applied to a thin circular ring of mean radius r, radial width dr_' and thickness
I, when strained so that it hus 3 mean radius (r + ») & radial width dr + d{dr)
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and a thickness t + dt, the equation for no volume change is,

2rr . dr 1= 2=(r + u)(dr + d(dn)(t + di)

ie.
r+u dr+ddr) 1+ dr
r ' dr ¢ T
or
miPY g dd) e
r dr t
ie.
&+ & + ¢ =0 (4.12)

& is the logarithmic circumferential strain, &, the Jogarithmic radial strain and
&, the logarithmic thickness strain.

Equivalent expressions {4.10), (4.11) and (4.12) are extremely important in
plasticity calculations and represent nearly precise behaviour for plastically
deformed metals subject to ordinary engineering levels of stress.

Upper vield point: Liider's bands*

If annealed mild steel strip as referred to above is strained just to the upper
yield point, D, see Fig. 4.2(b), and a further strain increment applied, then
across particular sections yielding will occur and Lider’s bands appear. These
are visible as grev-black bands inclined at a particular angle to the direction
of the tensile stress. The material inside a Liider’s band is plastic and that on
either side of it. elastic. The plastic flow is constrained b ¥ the two elastic regions
and does not allow plastic strain in the direction of the length of the band. Thus
the direction along which bands lie is that of zero extension in the plane of
the strip, see Fig. 4.3(al.

I
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Fig. 43,
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Recall that in the plastic range, if the principal strain in the direction of the
tensile stress is ¢, that —¢ 2 is the strain in each of the transverse directions.
Thus. if in an element of the strip as in Fig. 4.3{b), OP. is of unit length. then
in straining P moves to P'. and the condition for zero extension is OP" = OP,
50 that we have,

REE N N
L+ e).cos® 0+ (1 —¢/2).sin* 00 =1 (4.13)
Neglecting terms in 7, equation (4.13) reducss to
wn® =2 or J =344
The Liider bands thus form at ~ +55° to the specimen axis,

As the amount of tensile extension is increased more and more Lider bands
appeur. Material inside the bands undergoes a finite amount of strain of about
o5 whilst neighbouring material remains elastic; this phenomenon is dis-
continuous vielding. The mixture of elastic and plastic zones alters with increase
in extension untilf eventually the whole specimen becomes plastic. When il
the material is elastic, the total extension is that prevailing at point D. see
Fig. 4.2(b). As more and more Liider bands form. cach to have a strain of
abour t5p. the total measured extension of the strip increases. which quantity is
recorded by progression from C to S. At § all the malerial is plastic and the
total impressed strain is about 13g.

On either side of an individual Liider’s band is a very thin wave-front of
thickness s which advances at an extremely low speed r. and as material is
encompassed by i1. an increment of strain de is undergune. Effectively there is
a strain discontinuity at the wave-front or at the head of this plastic wave.
The strain rate é is given by

(414)

de is imposed in time s5/c. If ¢ = 1 cm/sec. de = 0-01 and s = 0-0lcm (ie a
magnitude typically a grain size in diameter) then the strain rate ¢ = 1/sec—
which is relatively high for a standard tensile test.

When the bulk of the material has attained a strain of about i it may then
harden. The difference in magnitude between the upper and lower yield point
stress is sensitive to the rate of loading and depends on moving dislocations
from ‘pinning’ nitrogen atoms.

The form of the decrease from D to € depends on the testing machine stiffness.

Ductile and brittle metals

The behaviour of metals is generally classified as ductile or brittle according
to their performance in the simple slow speed tensile test. A metal which
fractures after only a few per cent elongation with little change in cross-sectional
arca would be classified as brittle and the fracture as a cleavage fracture. A
specimen which can be drawn out to have, say, more than 10% extension is
ductile; the final stage of deformation would be concentrated in a neck and the
final fracture would be typically ‘cup and cone’.
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Brittleness can often be removed and ductility substituted by applying a
sufiicient increase in temperature or by the imposition of equal “ail-round’
hydrostatic stress™ 2 material behaviour also depends on strain raie and the
method of testing.

Stress-strain-strain-rate temperature

How stress and strainare related thoroughout a body during dynamic situations
is obviously a matter of considerable importance especially in the contest of
the title of this book. The behaviour of metals which is dependent on their rate
of loading and the testing temperature level in a complex way is determined
by metallurgical factors as much as by the principles of mechanics. For over
half a century these four factors have been studied without any very clear
guantitative perception nf their inter-relationship having been established. [t
requires a book in itself to aiterpt 1o discuss this confusing and controversial
subject, see for instance. " Physics of Large Deformation of Crystalline Solids™
by J. F. Bell (Springer-Verlag. New York Inc.. 19681 In view of the state of this
freld it is intended below only to Jescribe in broad cutline some of the principal
features concerning these factors which the author believes will help students
orient themselves. To the writer it appears that there is little to indicate that
any considerable simplification will emerge in this field in the course of the
next few years. The effort is madc in the next few pages. however. to provide
the background for some systemisation of the major ideas which are presently
evident. It is well to keep in mind that knowledge of the phenomena in this
field is called for by engineers for use in two particular fields. These are,

{i} In designing structures. where concern is often with yield stress at room
temperature since, generally. plastic deformation must not oceur. ie. concern
is with strains of the order of [N~ 10 107 % at most. and

(i) In metal processing where concern is with flow stress often at high
temperatures and strains of order unity.

‘Strain-rate effect’ to workers in these iwo fields often implies different
things. Alterations in vield stress of a few per cent may be imporiant to structural
designers but are hardly worth noting by those engaged in practical metal
deformation. The latter would tend only to become interested and to regard
strain rate as seriously deserving of attention when alterations of say 50%;
and more begin to become apparent.

There are {our aspects of strain-rate which should always be kept in mind
when discussing its effect. To do this reduces the possibility of misunderstanding
and to some extent aids clarification and classification of results. These are,

(i}-Define clearly the amount of strain over which any stress alteration
occurs.,

(i1} Identify the temperaturz level of the experimental process in terms of
homologous temperature, see below.

{iii) Tend to discuss strain rate in order of magnitude terms.

{iv) Bear in mind that, strictly, the behaviour of material in plasticity is
dependent on its history and not on its momentary or final state.
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Cold working: hot working

Metals are said to be cold worked if they become permanently harder during
the working process, €.g. as in the common tensile test, though conventionally,
cold working refers to Toom temperature working. Strain-hardening occurs
at room lemperature with most metals but pure lead, tin and cadmium only
permanently strain-harden below typical room temperature. If these latter
melals are strained and left at room temperature they become softer, or self-
anneal with the passage of time.

During plastic deformation there is a generation. movement and interlocking
of dislocation. The greater the degree of deformation the larger the number of
dislocations produged, and due to their mutual interaction larger stresses are
required to enforce their movement and hence cause furiher plastic flow;
broadly. this explains strain-hardening.

Recrystallisation

Above a somewhat indefinite temperature called the recrystallisation tempera-
ture T,. a metal may be worked and after a certain small strain, cease to harden
with increasing strain. A balance would have been established between the
tendency to strain-harden and the tendency to sofien due to thermal activation.
These two competing tendencies are first seriously concurrent over a narrow
range of temperature near T.: below this range the material perceptibly hardens
during straining, but above it the vield stress is constant, though highly strain-
rate dependent. The softening processes are recovery, recrystallisation and
grain growth, and they are all thermally activated.

Figure 4.4(2) and (b} shows curves for metals compressed at slow strain-
rate®***2* in 3 compression testing machine, {~ 10~ 3/sec} and at high strain
rates™ 7, Fig. 4.4(cL in 2 cam-plastometer (~ 10° — 1(#/sec) at temperatures
above and below the recrystaliisation temperature.

Recrystallisation and homologous temperature

A very useful means of facilitating the interpretation of the stress-strain-strain-
rate temperature behaviour in metals is via the homologous temperature, T
this is defined as

- Testing temperature T (K)
Melling point temperature T, (K)

Ty #.15)

Comparisons between metals which have different melling point tempera-
tures are by this measure reduced to a common scale.

The recrystallisation temperature expressed in this non-dimensionalised way
is usually found to be between 0-4 and 0-55 but is dependent on the strain and
strain-rate imposed and the above figures are only given as a guide,

Hardness testing is fundamentally related to the stress-strain properties of
4 material, and thus indentation tests may be conducted for the purpese of
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illuminating material behaviour generally. Indentation pressure is, in eflect,
a mean yield stress for a given mean strain. In Figs. 4.5(a)and 4.5(b) the logarithm
of the siatic indentation pressure, using a lubricated cone of 90° angle. is plotted
against temperature and it is observed that in (a) there is a discontinuity of
stope. or as in (b) a hiatus at about the recrystallisation temperature. The
pivotal role thus played by the recrystallisation temperature is clearly evident.

The compressive stress afier various amounts of compressive strain at
different absolute temperatures is shown in Fig. 4.5(c) and again the recrystailisa-
tion temperature region is well defined by the discontinuity.

A distinction between cold and hot working can be usefully based on the
recrystallisation temperature, T,, cold working occurring if the temperature
at which it starts is jess than T, but if the temperature of working exceeds 7,
it is hot working. The term ‘warm working’ is sometimes vsed to refer to
working at a temperature which is intermediate between rypical room tempera-
tures and a recrystallisation lemperature.

An account of the mechanical behaviour of metals at less than room tempera-
ture will be found in the paper by Conrad*2¢,
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The ratio of dynamic to static flow stress

It is very useful 1o consider how the ratio of the dynamic, & p, to the stalic, g5,
simple compressive flow stress of a metal at a specified strain varies with
temperature. Static flow stress is referred to the strain rate 1073 /sec—a typical
slow speed compression test—and dynamic flow stress is associated with an
impact test, e.g. that due to a falling hammer. which is likely to be about 107 /sec,
Thus op/05 refers to a strain-rate ratio of about 165, F igures 4.6(a) and 4.6{b)
show how /a5 varies with temperature and homologous temperature for two
steels and copper*27 and is very typical of the behaviour of most metais,
When strains imposed are large, say between 0-05 and 0-5,
(i) strain-rate effects below the recrystallisation temperature are not pro-
nounced and approximately, | < opfog < 2;
(it} above T;, a5/ is very sensitive to strain rate; when T ~ 0-6 or 0-7. for
many metals the ratio is 10, more or less.
These simple facts are not widely recognised. Point (i} is important because
it implies that when deforming hot metal at temperatures exceeding T;, at a
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fast rate, its *stiftness’ is, vis-4-vis &g, greatly increased. As Figs. 4.6(a’ and (tj)
show, fast worked mild steel at temperatures slightly in excess of Ty = 0-3,
are nearly as strong as they would be if slowly worked at room temperature.

The yield stress' of steel! at about 15 °C

An extensive summary of work on this topic will be found in the book by
Goldsmith'-?; this is worthy of special mention as it bears heavily on the
design of structures to withstand impact loading at everyday temperature levels.

t See the recent extensive experimental results of Cl. Leblois and Ch. Massonet, £.J.M.5., 14, 72,
1972,
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(i) Yield stress: rension and compression

From the work of Hopkinson® in 1905 to that by Taylor, Campbell and others
in the 1950°s, and including the findings of Russian workers, the conclusion
which seems to emerge fairly clearly from quasi-static and impact tension tests
(strain rates 107 to [10* or 10%/sec) is, that the ratio of dynamic to static vield
stress in mild steel is in excess of unity, is usually about two and sometimes
as high as three. If instead of yield stress, flow stress is considered, this ratio
is the smaller, the larger the piastic strain at which the comparison is made.
Flow stress for a given strain is, generally, the larger the more rapid is the load
application. The above ratio concerning vield in mild steel can fail from about
2-510 1.3 when the time available for loading increases from 10~ % 1o 1072 secs ;
also this ratio is the smaller the higher the absolute value of the static yield stress.

(ii) Delay times

There is a clear delay in time between load application and the onset of plastic
flow in low carbon steels; it is associated wiih the existence of a distinct vield
point and vield mechanism.

‘The time to yield is the shorter the higher the load; the maximum delay
period at 25°C is of order 1 sec: for a delay period of only 10~ ¢ sec the vield
stress may have to be 2.5 times as great as its normal value. At —60°C, with
this ratio unaltered, the delay time may increase to more than 10 scc: however.
at 121 °C, the time may be reduced to between 10~ % and 10~ 3 sec. At high
temperatures. e.g. 1600 °F (872 °C), the delay time does not decrease rapidly
with necessary tensile stress.

Some proposed formulae for correlating stress. strain, strain-rate and
temperature’

() Ludwik™** (1909} proposed a semi-logarithmic dependence of tensile vield
strength on strain-rate, and subsequent work for certain metals in certain
ranges of strain have satisfied it. The form of the equation is.

6 =0, +6glnéig, (4.16)

Symbols 5. ¢; and &, are constants, Consiant strain-rate tests were used to
give ¢;¢ carves for given cand T,

Equation (4.16) seems to be generally satisfactorv provided & does not
increase rapidly with £, )

Manjoine and Nadai®?® (1940) found that tensile strength at elevated
temperature varied nearly linearly with the logarithm of strain-rate.

(iir Alder and Phillips*3° (1954) in work on coppar at up to 600°C. on
aluminiurm at up to 500 °C and on steel at up 1o 930 to 1200 °C. were best able
to summarise their results in the strain-rate range 1 1o 40/sec by

g = 6g.E". (4.17)

¥ See,"On relating the flow stress of aluminium and copper to strain, strain-rate and lemperature,”
by 8. K. Samanta, J.1.A1.S., 11, 433 {1969). ’
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where o, and n are constants. These authors found that the power law provided
“a slightly better interpretation™ of their data than did the Ludwik type of
equation. Sokolov, from earfier tests in compression over the range 20 °C to
melting temperature, has advanced the same opinion as Alder and Phillips.

Note that equation (4.17i) is dimensionally invalid; & is not non-dimensional
but has dimensions (time}~ !, Properly then, (4.17i) should be replaced by

LA (i) (4.17i)
o ]

where 6, is the flow stress at strain rate &,.
(iif) Macgregor and Fisher**! (1946) introduced the idea of a “velocity
modified temperature”, T, , so that

Tn =T ~ mlnéfe,) (4.18)

T is the test temperature (absolute) and m and &, are constants. This form
gives the expected qualitative result that an increase in strain-rate is equivalent
to a decrease in temperature. Equation (4.18) is only acceptable as an approxima-
tion at less than the recrystallisation temperature,

(iv) Inouye has used the expression

0 = 0o". £ exp (A/Tk) (4.19)

where 6. n, m. A4 and k are constants.
{v) Malvern**? (1965) introduced an equation of the form

é= % + Flo — ayle)) (4.20}

Ha > gyle}; oole) is the static stress at strain & Special forms of (4.20) are

I o r
i = -+ D|— — 421
E+ {‘70 1) ( )
and
5 q
é=E+A[exp(£-—l) - 1:' . {4.22
E L)

where 4. D, p and g are empirical constants and a,, is the static vield stress.

Equation (4.20) is satisfactory in that it gives an apparent increase in initial
yield stress at high rates of strain and it allows plastic strain increments 10 be
propagated at elastic wave speeds along bars initially stressed into the plastic
range, see p. 218. Both these features are experimental facts.

(vi) Ripperberger*-** (1965) has maintained and shown that his experimental
data in plastic wave propagation work can be best summarised by adapting
Malvern's equation to

i = 1[5—_"—_“(“)}“ (4.23)
T ao)
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T is the relaxation time of the material, aple) the static stress at strain & and
thus {o — ggle)} is the over stress’, or the “excess stress’ to which the material
is subject at the given strain-rate. For Armeo iron t ~ 1.2 m sec and m ~ -8,

(vii) Other formulae will be found and are discussed in the book by Thomsen.
Yang and Kobayashi* !+,

(viii) From dynamic wave propagation studies Bell** claims to have
demonstrated the “wide and remarkable generality” of the lollowing stress-
strain function,

2';2 0 1 T 12 19
G = (3-) - uf ).B[,( _?‘;) ¢ 424

where p(0} is the zero-point isotropic linear elastic shear modulus: B, is a
dimensioniess universal constant having the value By = 00280 and r is an
integral index, 1.2... e Equation (4.24) is said to be "‘applicable over the
entire temperature scale from 4 °K to within 20° of the melting point of crystal-
line solids and is known experimentally to apply for strain rates ¢ = [0~ %/sec
0 & = 10%/sec™,

Bell determines the stress-strain function from

re

o= J Po. ). de {4.25)
0

where p, denotes density and ¢,(e)is the plastic wave speed, see Chap. 3. Records
of the non-linear wave front generated in uniaxial impact experiments afier
the front is more than one specimen diameter from the tmpact face are used.

Bell uscs a diffraction grating technique to determine “large strain in micro-
second time".

To emphasise that flow stress is history-dependent it is necessary to point
out that experiments relating strain and How stress are normally carried out at
constant rate of strain. However, tests carried out in which, after a given amount
of strain ¢ at a rate of &y, there is a sudden change in rate of sirain 1o £;, show
the flow siress to be immediately changed also. The tendency is for the Gfc
curve to shift significantly from the constant €, curve towards the constant ¢,
curve, see Fig. 4.7; but it does not proceed along the &, curve which originates
ate = (.

Strzig-rate in relation to recrystallisation temperature

As remarked above, Alder and Phillips*3° particularly, have shown that the
logarithm of compressive stress for up to 50%; compression in the range 1 to
40)/sec varies with logarithmicstrain-rate at specific temperatures, for aluminium,
copper and mild steel.

Using the equation

¢ =0,.¢" (4.26)
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g is the compressive stress. which is equal 1o oy At a iogarilh‘mic strum-_l:z-ulc
of unity and n is 4 constant. In summary, the exper_xmn‘amal data for compreaalf :e
slrains'up to 0-3. shows the exponeni # to vary with homotogous temperature.
thus,

() for Ty < 0-55. 7 = 0:03% and
(i) for Ty > 0-55. 1 = 043,

A point of reversal in compression: strain-softening

During the working of a metal. work is done on the ;pecimen wl_nch manifests
itself abs a temperature increase and over a substantial range of te::nlperft:ure:
any temperature increase, and hence softempg tendency. dufa o \Yorhng:\,im;_
not to be too influentive: however it is evident that a point x\-}ll be r“lf:_t?a
when the contribution of the latter to the softenin.g terl_der}cy Wllll be decns:\:e.
It may be expected that a region of behaviour will exist in which th.e cﬂ'c::.ts
of the softening rate will predominate over the effects of ~tl.1€ har.dcnmg rate.
Experiments using a cam plastometer show that after sufficient hlg}} constarﬁ
rate of strain, at a sufficiently elevated temperature. t-hi Zﬁ;)w stress of meta
may indeed be found to decrease with increasing strain™ 7, see Fig. 4.4c). .

As the temperatures of testing move closn_er to the melting temperature 0,
a metal, resistance to deformation—a quantity that would be n!easu-red as a
muan flow siress-—also becomes increasingly dependent on the inertia of the

metal which is being deformed.

Idealised stress-strain, strain-rate independent behaviour

To facilitate analysis and understanding in many cases, it is usual to cqnceive

of model materials which possess idealised stress-strain curves and which are

independent of any rate of strain effects. The six most common ones are shown

in Fi ively in simple tension terms:

in Fig. 4.8 and they represent respectively _ e '
{a) the linear elastic material of Strength of Mal_:enals w1th. a modulus E; »
(b) the rigid-perfectly plastic or non-hardening material: the materia
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suffers no clastic strain, i.c. is rigid {or E — oo} until the yield stress Y is
rcached when plastic flow takes place without any hardening;

{¢) the rigid-linear strain hardening material which has a vield stréss ¥ and
a plastic modulus P;

{d} the linear elastic-perfecily plastic or non-hardening material ;

(e) the linear elastic-linear strain hardening material with yvield stress ¥;

(I} the idealised bi-linear locking material which is concave 1o the strain
axis. This finds especial use in stress wave propagation work because it
implies that true shock waves can be generated.

Perforation of a thin plate

Figure 4.9 shows a conical-ended drift which completely perforates a thin
plate to create a lip of height H and leave behind a hole of its own diameter,
Neglecting all elastic and {rictionai effects. the height of the lip may be estimated
by a method due to Taylor**® in which each element of the lip attains its final
position by the simple process of *hoop’ stretching and rotation from its initial
position in the plate; all bending and shear force cffects are neglected. The
solution is an example of the use of the equation for no change in the volume
of the metal involved in the process. Each element in the plate at initial radius
r, is conceived as being subject to circumferential stress only—as in a tensile
test—whilst being stretched to final radius R,, and the element thickness
changes from 1 to h and the radial length from dr to d=. For the volume of the
element to remain constant,

2nr.dr.tg = 2nRy.dz b

PLASTICITY THEORY AND ANALYSES 139

|
DRIFT OR i

MANDREL _ ]
~ H k-
Fig. 4.9.
or
Ry dz i
— .- — =] .2
rodroag (+.2%)

Equation (4.27) in terms of natural strain is similar 1o equation {4.12}and is just,
&+ & + o =

Since only hoop stress prevails, then the thinning strains in the two transverse
directions are equal, i.c. ¢, = &, and following (4.8} each is equal to one half
ol &, in magnitude. Particularly then.

Ry (ch)'
= =28 or — =[-
r \dz
Thus,
oo it
f \'Rn-d:—f N
0
and
H=13R, {4.28)

If the drift creates a lip siarting from a hole in the plate of radius R . it may
be shown as above that,

__E L 3.’2“ 5’—3‘1
(A B

and thus that the lip height is

1 312
HzgRD[I (&) } 4.30)
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Also, that.
3z R, ? 4
h = f[,[; Ro + (Ro) :l (4.301)

An assumption on which this analysis is based is that the plate material is
sutficiently ductile for the mode of deformation assumed to be possible. In
fact, cold-formed plate gencrally shows several axial fractures, see Plate 20,
We assume in the analysis, in effect, that plate material initially located along
the drift axis undergoes infinite heop strain, or if perforation starts from a hole
of radius Ry, that the maximum hoop strain is In R, R,. Punch-displace-
ment/punch load diagrams for a perforation arz nearly trianguiar in shape, see
the experimentally obtained diagrams*37 in Fig. 4.10. Note in Plate 20 that
there is considerable evidence of bending even some distance away from the
lip and out into the plate .
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Empirical equations for uniaxial stress-strain curves

Many authors have given equations relating uniaxial stress and strain for a
strain-hardening material, but only a small number of these will be referred
to here

(i} g=DBg" or o=H8B¢" (4.32)

t See, *Penetration and perforation processes in metal targets at and above ballistic velocities®,
by W. Goldsmith and 5. A. Finnegan, [.J.M.S, 13, 843 (1971).
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(11) c=Y+ Ps (+.33
{111) g = B(C + &)" (4.34)
(iv) a = Yytanh™ Y{Es'Yy) (435}

B.B',m. Y, P and C are empirically determined constants. The most frequently
used form is (4.32).

Empirical equations can only be made to describe the real stress-strain
curve of a material over a limited range of strain and whilst they are frequently
used for deriving simple analyticai results, the latter should always be regarded
wiih circumspection. A plot of In # versus In ¢ following equation (4.32) would
appear as a straight line. but experiments provide curves slightly concave 1o
the axis of In &.

B is typically of the order of 107 Ib/in® (10° N/m® *tand # and m about 3:23;
n = 03 for stainless stcel und this is unusually large.

Tensile instability

Al the maximum load when a prismatic bar is subject to an axial force F. see
Fig. 4.2. dF = 0. so that because ¢ = F(1 + e)' 4o, using equation (4.7),

[ A,
77 -
1+ e
Le.
do o.de —0
l+e (L4er
or
do 7
——— = 4.3
de | +e %o 14.36)
using (4.7), or, alternatively,
EIE =0 {+.37)
dg

using  (4.4).
[fempirical equation (4.32) is given, then, in conjunction with equation (4.37),

t—;%: Bn.g"" ' =0=8"
Thus; at the maximum load, the strain

e=n or e={expln)— 1]
correspondingly, using equations {4.32) and (4.36) or {(4.37),

e=—"_ or g=1In(l/(1 —m) (4.38)
1—m
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In physical terms, as extension of a bar proceeds, its capacity to carry load
is reduced in as far as its cross-section reduces. However, the act of stretching
the bar strengihens or harden it. so that up the maximum load an equilibrium
is maintained, the two competing factors being a geometrical one—the reducing
area, a feature which depends on the specimen shape and how it is loaded—and
a metallurgical one, the multiplication of interacting dislocations, due to the
applied stress and a basic factor disclosed by the form of the true stress-strain
curve. Al maximum load. a further slight extension causes a reduction in area
and henee a reduced capacity to carry load, which cannot be sufficiently offset
by a furiner increment in hardness. Thus, equilibrivm is not maintained and
depending upon the manner of loading or unloading the specimen, a con-
centrated or localised straining occurs, soon followed by fracture.

The aryument just presented applies qualitatively to the radial expansion of
spheres and cylinders. and to sheet metal in equal biaxial tension. Continued
and increasing tensile siress in material, due to increasing Joad {e.g. the internal
pressure in a spherical shell), causes expansion. area reduction and an increase
in the hardness of the material. Equilibrium between these two factors persists
only unltil a critical ioad” is reached. after which the rate of the increase in
strengih of the material can no longer compensate for the reduction in area
suffered. These maximum loads are often referred to as loads causing tensile
instabiliy,

When . thin ring is expanded with a sufficiently high radial speed, e.g. by
explosives**¥ or 3 puised-magnetic field. a neck will form somewhere around
the circumference. so that the hoop force there then begins to fall and in the
unnecked portion of the ring the stress bogins to decrease: this reduction is
communicated circumferentially in opposite directions from the neck at the
elastic wave speed. see Fig. 4.11. It is possible. if the radial speed is large enough
for usecond jor third. etc.) neck to form (as indeed is found in some experiments).
in the unnecked portion of the ring. because the release wave from the first
neck hus not yei passed through it. From the second neck. new elastic release
waves are propagaied. Reductions in area in necks. impart both circumferential
speed und aceeleration to the material at each side of the neck and thus give
rise Lo ineriia forces. with a conscquent true stress reduction. Inertia thus
provides . stabilising influence and hence in the high speed expansion of a
ring there is regson 10 expect multiple necks and stable straining (0 a higher
degrec than in the corresponding quasi-static process. Most of these points
were mude by Mott®4°,

Fig. 4.11.
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Homogeneous compression

IT & stress-free cylindrical block of metal is compressed so that every small
element of it is deformed to the same degree at the same instant, it is said to
be homogeneously compressed, see Fig. 4.12. A cylindrical block whose height
1s less than about twice its diameter if plastically compressed between rigid,
parallel and substantially frictionless plates is a case of homogeneous com-
pression. Buckling becomes a feature when the block height is about three
time the diameter. As the plates approach one another, €very Lransverse cross-
section of the block remains circular and increases in diameter at the same rate
as every other cross-section; the block remains prismatic. No bulging of the
cylindrical vertical sides occurs—these remain straight and vertical.
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Recall that homogeneous extension has. in fact. already been described in
connection with the simpie tension test conducted until the tensile load is a
maximum.

Ifa cylindrical block of non-hardening material of yield siress ¥, see Fig. 4.12.
initial height ho and cross-sectional area A, is homogeneousiy compressed,
the force recessary te initiate plastic compression is 4, Y. When the height of
the block is reduced to k. the cross-sectional area is Ayhy/h and the force to
cause furiber deformation js 4/, ¥/h: this compressive force thus increases
hyperbolically,

If the current height of the block is 4 and it is compressed a further amount

~dk. then the axial compressive logarithmic strain increment e, 1s
de. = —dh'h 439

c

The toial compressive strain in reducing the height of the block from fig 10

I is (s,
* dh hy
o= —_—— = —_ {=h.hhTH
e f R "

Since the block is isotropic. the two transverse strains must be equal and
the magnitude of each is 7,2,
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To compress the block an amount —dh, an amount of plastic work d W must
be performed and

Aghy
R

AW = F . (~dh) = Y. (~dh)

Thus the total work done in compressing the block from ho to h is Wand

o di h
W= Aghy¥ { — 22 AghyYIn 2, (441)
i h h
The work done per unit volume of the material is
W= i =Y[nh—° or w=1Y.g 2
Aghg h e 142)

As no energy is used in overcoming friction between the compressing platens
and the metal, and since every element is identically strained. it follows that
the alteration in shape of the block is achieved with maximum efficiency :
homc?geneous straining, or shape-changing, is the most efficient method of
securing deformation and is the critericn by which all other methods of securing
the same final shape are judged. Homogeneous deformation is an idex o:f
great value in the study of metal deformation processes.

A_ bar of non-hardening material of length I, homogeneously stretched in
tension to length [, ie. on which a logarithmic strain g = In Ifly is impused
has an amount of work done on it per unit volume of ,

w= YInkl, = Yg (4.43)

Sirnilar!y, for a thin ri.ng of non-hardening material given a simple principal
hoop strain ¢, the plastic energy required is w = Y. &y per unit volume,

Temperature rise in the adiabatic compression or stretching of a
strain-hardening material

The work don.e in frictionlessly and homogeneously compressing a cylindrical
block from height h, to A, when its true stress-natural strain curve s = Be", is
h

L]

W= -Aa.dh:J. —thﬂa.gﬁ.

ho ko h

But dh/h = de, and thus,
W= —J. Aghp .o de
0
— | Aghy.Be" . ds,
L oo g (4.44)

or

w Eu+1 £
W= = B| —
Aoho [’1 + ljlo
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el
w= g, Ao ($.450)
n+1
The right hand side of the last expression is just the area under the appropriate
true stress-logarithmic strain curve from zero to the imposed final strain. &
Experimentally it is found that about 90°, of the energy supplied to effect
plastic compression reappears as heat and causes a rise in temperature of the
material. An estimate of the greatest possible temperature rise may be arrived
at if adiabatic compression is assumed with complete conversion of plastic
work to heat. If there is no change in the material propertizs of the metal with
inceease in temperature, if p denotes density. ¢ specific heat. J the mechanicai
equivalent of heat and A8 the wniforsm temperature risc in unit mass of the
metal, then
pe.df . J =w

where w is the plastic work done on a unit volume of the metal: or
W

- Joo

wis given by equations (4.43), (.451) or (4.45ii). A bar of miid steel{ <0-33", Q),

which. at an ultimate strength of about 43 ton in® (0-692.10° Nym?). had a

strain of 0-3 would, if adiabaticaily stretched. undergo a uniform temperature

rise of about 57 °C. An alternative approach is given on p. 208.

18 144340

Energy calculations in the penetration of a plate by a drift

Refer to the analysis of this problem on p. 138. The work done in creating the
lip is the sum of the work done on each element. Each element of circumfer-
ential length 2nr and cross-sectional area to.dr. is subject to hoop strain
& = In Ryj7 so that, if the plate is of non-hardening material. the work done
on it is, using equation (4.43), (2artgdr). Y. In Re,'r. The total work done W
in creating the lip is,

Ra
W= J. 25ty ¥rln Ro/r . dr = 2R3, Y (4.46)
0

If the material of the plate is linear strain-hardening. then the work required
to be done in order to form the lip is. using equations (4.33) and adapting
equation (4.44)

W R
J dW = j (2nrty). o . In Ryfr . dr
0 0 -

Ro
W=2ﬂtoj r(Y+ &Iﬂﬁ) ln&-d’
o 9 r r

= InR3t,(Y, + 2 (447)
7
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If, instead of a drift we consider a projectile, and assume that zil dynamical
effects may be neglected. we may estimate the change in speed of the projectile
in order to achieve penetration by equating the kinetic energy loss of the
projectile to the plastic work done in perforating the plate. Thus, if the projectile
weight is W, if its initial speed is v, and its speed on emerging from the plate
is v, then

E=1H]

w
—{r
g

—~ 1} =4n . Rit,. Y (4.48)

P =

Reference 4.40 discusses the incorporation of ‘dynamical work’, or allowing
for the inertia of plate material in equation (4.48) : this term is the more important
the closer is #/r, to unity,

The explosive forming of thin rings

By detonating 2 charge of explosive in a tank of water®*! as shown in Fig. 4,13,
a radially moving pressure wave is generated which. with various reflections.
acts on a given circular ring causing cach element of it to acquire a radial speed
vy. H the stress-strain curve for the ring material is known. e.g. as in equation
(4.32). and assuming that strain rate effects are negligible. the magnitude of
te in order that the ring be expanded from diameter Dy to D is easily
estimated by assuming that all the plastic work which is required to be done
on the ring is acquired initially as kinelic energy. The work to be done per
unit voiume of the ring is

ol 3

0
B:" de=Bel lin + 13
Ja

where . = In DDy and the kinetic energy acquired per unit veleme is ord/2.

EXPLOSIVE
CHARGE

CARDBOARD TANK

Fig 4.13.

Thus.

B ﬁlﬂ D/Do}n-e»:l 1
" “pn + 1} - (+.49)
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Plate [ Section of a mild steel plate, § in thick, after* the detonation of gun-cotton in contact
with the side 4. Scab torn off from B.
Plate 2 A section of a mild steel plate, 1} in thick, after®* the detonation of gun-cotton in contact
with the side 4, Crack formed at a
Cross-section of mild steel plate showing multiple*# scabbing (6 in dia by 3 in thick
plate, 3 in diameter by 2 in explosive).
Plate 4 (a) Scabbing from the soffit of a brick arch.>1?
{b) Scabbing from the inside face of a 39 in thick reinforced concrete wall caused by a
- bomb exploded in contact with outer face.
Plate 5 Fractures in curved Perspex bars affer detonator explosion at one end. i
Plate 6 Extruded rod showing necks due to impact.™'*
Plate 7 Fractures in a Perspex cone produced by -4 g of lead azide .2
Plate 8 Plaster of Paris wedge-shaped plates explostvely loaded along the whole of the base.*'?
Plate & Plaster of Paris wedge-shaped plates explosivety loaded at the centre of the base.>!?
Plate 10 Axial sections of steel cylinders, after the detonation?-? of gun-cotton in contact with
one end.

Plate 3
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Plate 11 A rectangular block of Perspex after detonation of an explosive™!? charge.
(8) View on to top of block.
(b} Side view.
Plate 12 Fracture patterns in glass,
(a) Severe blast causing circumierential fracture.
(b} Less severe biast: radial fracture.
Plaie 13 Cross section through a 3Smm thick polymethylmethacrylate plate.>'®
A shear fractures
B: due to tangential shear stresses
‘ C, D: scabbing [ractures,
4 Plate 14 (ale) Crater formation by liquid impact op stainless steel, 21
! (f) Near its centre a second smali but deep crater (3 mm dia) has been formed by the
i micrajet.
I Plate 15 Crumpled circular tube due to end mpact 221

Plate 16  Damaged coach model due 1o end impagt. 221

: Plaiz 17 Garage structure afier Alaska earthquake®-*: column heads displaced 107 in.
Plate 18 Canopy damaged in July 1967 Caracas earthquake 3-%
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Plate 19 Bars of super-pure aluminium of. (a) and (b} circulzr, {c) to {e) square and (g; Yo (j} rec-

tangular cross-section, which have necked-down in tension. Note. in transverse views {cl, {e), (g)

and (i}, how the centre of each plane face of the bar is drawn-in whilst the corners or edges are

relatively little displaced. Views (a), (c) and (g) are taken a little to one side of the imminent fracture
section: (e) and (i) are taken in the fracture plane.

Plate 20 Showing the perforation of some copper plates by a conical drift passing into a hole in
the plate, sec caption to Fig. 4.10. Note the lip fractures and that plate bending extends beyond the
lip deformation.*37
Platc 21 A sequence of photographs showing an exploding tubular bomb; detonation from left
hand end*4*. Framing speed, 200 000;s<c.

Plate 22 Showing plastic hinges at the quarter poinis in rings under diametral loed.**?
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Plate 25 () A staric test o sigsay member® ™
{b) Typicul Irimies ufer lestimg ==
Plate 24 Showing ihe plasuc hmges at the plastic collapse of
(1} a thin walled. square tube foaded by internal pressure.*-5®
(b) an elliptical ring compressed along a vertical diameter.
ic) un elliptical shackle compressed along 2 vertical dizmetes.d 57
Plate 23 A simplified model coach with windows, doors and wheel arches:
(i) original spectmen.
(b) static ccumpling.
(¢) dynamic crumpling,
Plate 26 () and (b) Sectioned invertubes shown on their respective dies:
{Left) External, inside-ont, inversion.
(Right) Internal, outside-in. inversion.
{c) Hall hard aluminium tube : concetting coliapse mode.
(d) Thin stee! tube - static diamond mode type buckling.
(¢) Tearing failure in a mild steel invertube. i
Plate 27 (a) Showing the shape of solid sieel cylinders afier impact at various speeds ™2
(b Showing ‘mushrooming’ when hot bullews are fired against a tigid awil a1 about
600 15,5
Plate 28 Showing the movemen( with time of o plustic hinge generated at the tip of a vertical
cantilever (Irapezoidal in plan). loaded with a transverse impulsive point (magnelo-
motive} toad " *¥
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Plate 29 High speed photographs of the instantaneous profile of a cantilever subjected w0 a
magneto-motive impulse along its length,™*

Plate 30 High speed photographs of the instantapeaus profile of a cantilever subjected {0 u
magneto-motive impulse along 0-58 of its length and having attached to it a tip mass.*** (Ratio of
cantilever mass to twice tip mass is 0-131
Plate 31  Photograph of terminal shapes of specimens subject to 2 full length beum loading (same
in all cases) but with various attached tip masses.”™'?

Specimen No, 13 14 135 16 [E 18
Cantilever mass 0065 0074 0120 0x22 0238 o

Twice tip mass

Pizte 32 A typical terminal profile of a 50 in o.d., 0-473 in radial thickness lead ring which has
fallen freely on to a sharp indenzer.™*

Plate 33 Typical terminal profiles of (top) Copper. {middle) Aluminium, and Miid Steel stationary
rings struck by a freely falling sharp indenter. all having the same input kinetic energs.” -
Plate 34 A photograph of the profiles of three 50 in o.d., 0-25 in radial thickness lead rings after
the top ring has been ailowed to impinge upon the other two stationary rings.™*

Plate 35 The tinal profiles of two lead rings subjected to the same kinetic energy input; (i) Left:

freely falling on a flat anvil and (i1} Right: struck by a freety falling Aat hammer.

Plale 36 Showing the tinal profile of 2 5-0 in 0.d.. { in radial thickness copper ring, subjected to
the impact of a 0-370 in diameter and 0-75 in long mild steel bullet moving with a speed of 695 fi/
sec. The ring was freely supported.™?

Plate 37 The final profiles of 50 in o.d. § in radial thickness and § in width annealed copper
rings subjected to: {a) Top: three point explosive loading. {b) Middle: two point explosive loading

and (c) Botiom: one point explosive loading. All rings were freely supported.’-

Plate 38 Showing the final profiles of 65 in o.d, § in radial thickness and % in width aluminium
rings explosively [oaded at one point. Each ring had two } 1b weights attached at the locations
marked in black. All rings were subjected to the same explosive charge.’-2
Plate 39 Perspex rings: (i) Right : 5:5 in 0.d, } in radial thickness and § in width loaded explosively,
fii) Left: 5-0 in 0.d, v in radial thickness and } in width loaded under a drop hammer with a freety
falling sharp indenter.”-2
Plate 40 (a} Magnetomotive loading’-? of square [rames by applying 2 uniform impulse to the 1op
side. {b) Showing the final profile of a 50 x 50 in square frame Toaded as shown with a discharge
energ; of 144102 J. (e} As for {b) but a discharge encrgy of 2.55-10° 1.
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Plate 41

Plate 32
Plate 43
Plate 34

Plaie 4%

Plate 46
Plaae 47

Plate 43
Plate 49
Plate 50
Plate 51
ahour
Plate 32

ALUMINIM

Showing™? the fina) profile of a square, 0-5 in wide thin aluminium frame loaded
magneto-metively (asymmetrically) at a discharge energy of 2.558-10° I,
Constrained and free deformation ™ to form an impeler (mild sieel. original diameter =
160 mm, height H = 160 mm)
The deformation process in a circular blank fixed to a central hoss and freely lormed by
an impulsive transverse pressure®-, Time interval between frames. 0-118 m sec.
Silhouettz high speed photographs of a thin lead®? plate undergoing explosive deforma-
tion: note the emergence of a frustum shape leading to a cone.
Thin copper plates free-formed®® through a 2:1 aspect 1anio rectangular die. by
(4} mignetic [orming.
(b} hydrostatic forming.
Deformation modes— hemispherical shell®? under static rests ttop) and dynamic
{ests (bottom).
Showing the cavity shape created when a small fast-moving spherical ball projectile
penetraies a block of elay®®. (a) aluminium {b) steel,
A madel of the sequence of events when a lined cavity collapses.”
Penetrations into various metals achieved by lined cuvily charges®*
Penetration by u hollow charge.®-®
Showing the damage to a staintess steel plate cavsed by a micro-metcorite weighing
1077 g and iravelting at 1040 km second. Plate was exposed by the Gemini § crew,
Barringer crater, Arizona,
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1. TRIAL GF HADRIELD'S "ERA~ STEEL HARD-FACE ARMOUR PLATE, 41t 3 41X &iins.
Z. TRIAL OF HADFIELD'S “HEGLON" 18-5 cm. (4 in.) ARMOUR-PIERCING SHELL OF 32! 1BS.

TEST OF PLATE TEST OF PROJECTILE
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Plate 53
Plate 54
Plate 55

Plate 56
Plate 57
Plaie 58
Plate 59
Plate &0
Plate 61
Plate 62

Plate 63

Permanent “splashes” left where a projectile has entered an armour-plate.®'®
The splash of a globule,®-'¢
Showing armour plate which has shattered a projectile on impact. Note the net of white
lines beneath the cavity.
Showing incomplete penetration by a bullet. Note the white lines and the perforated spall.
Swelling produced during penetration.
Projectile fracture which occurred after penetration.
A plate of wrought iron after penstration by an armour-piercing shell.®°-!
Showing the change in behaviour in a plate which is very hard on its front face and tough
and ductile at the rear, when the projectile tip is capped.’®!
Scaie blown off rear side of a steel plate to show logarithmic spirai nature and extent of
deformation.
Liider lines in a plate around a penetration, as found some distance below the plate
surface.
White martensitic spirals in a plate, radiating from the bullet-plate interface.
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Plate 64 Plugging: 1p, the formed crack und white shear lines: below, the perforated plate.

Plate 65 A sectioned plate clearly showing the white shear line developed ahead of a projectile.

Plate 66 Lenticular-shaped shear zones. (a) slow and (b) fast blanking !9¥

Plate 67 High speed blanking'®'° at various speeds {fi/scc.).

Plate 65 Photomicrographs of specimens partially blanked dynamically, where I2ft and right the

i stock hardness and penetraiion were 315 and 425 Vickers, and 0036 and 0012 in respectively.

The etching reagent used was § per cent Nital, 1912

Plate 69 Showing progression from cavity formation to perforation and spulling. Speed T4 km/sec.
Plate thicknesses*- (A} 20 (B) 14 (C) 1-3 (D} 10 em.

Plate 70 Hypervelocity impact with spalling. The diagram shows the stiess wave propagation

through the plate. its reﬁcctit.;m and spall formation,0-#

Plate 71 Showing a spallation cone or balleon .

i Plaic 72 Photomicrographs!®!8 of mild steel welded to a semi-cylindrical mild steel parent plate
i (A) & = 0°(x 300 (B) & = 6°(::300)

¢ € =9"(x1100 (D) = 12°(x110)

i (E} = 12°(x30) (F)  =15°(x30)

i (G =17(x37 H} =21°(x37).

i

=T~
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It 1s of course possible to make calculations allowing for elastic recovery or
springback but the value of this is questionable in view of the many other
assumptions made.

If Dy =36 in and D =42 in, then for a ring of killed stee! for which
B =91000 % and pg = 0283 Ib/in", it is found that vy =~ 500 fi/sec. The
maximum engineering hoop strain rate occurs at the beginning of the process
and is é, = 5p/(Dgf2) = 500/1% = 333/sec; thus if the given equation lor the
stress-strain properties is based on srazic tests (say ~ 10~ ?/sec) then very likely
some adjustment would be needed to account for this, though this is only
likely to be of the order of 15° , increase in stzess for a given strain in aluminium.
The ring would contract in length as well as thin, the strains in the radial and
axjal directions being equai to about one half the final hoop strain.

Yield criterion

The yielding, or the onset of plastic d2formation, in uniaxiul tension, compres-
sion or torsion is easily understood. It is less obvious to appreciate how a
criterion for plastic flow may be arrived at in the case of multi-axial stross
systems. Beating in mind that in the plastic range we shall cssume no changs
in volume, then whartever criterion is used, it is evident that (i) it must show
itself to be independent of equal ‘all-round’ tension or compression (i.. hydro-
static tension or compression), for a cube subject only to equal normal stresses
ont each of its faces is then clearly under no tendency to deform or change
shape, and {ii) no work can be done in compressing the cube. Any test for
yielding, assuming that it is only to be formulated in terms of stresscs, must
therefore be expressed as a function of principal stress differences, e.g. (6, — 7.),
for the addition or subtraction of equal ‘all-round” pressures, p. then leaves
this term unaltered, Le. (o, + p} — (6 + pfl = {5, — 7J).

There are two criteria for the onset of plastic flow in ductife metals and in
terms of principal stresses these appear as follows,

(i) The Tresca vield criterion

If each of the principal stresses is known, then when the greatest difference
between any pair of them reaches a specific quantity, yield oceurs. If, for instance.
gy > 0, > o3 then, when (g, — ;) attains a certain fixed magnitude, plastic
flow is possible,

In simple tension, plastic flow starts when ¢, = ¥ and ¢; = ¢; = (. Thus
the fixed magnitude referred to, is just ¥ and we have

(6, —a3)=Y (4.50)

Hence, to use this criterion in any complex stress situation, the greatest
principal stress difference is determined and if this set equal to Y, the condition
for plastic fiow is met.
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(i) The Mises yield criterion
This condition for plastic yield is,
(o, — ¢2)® + (6, — 53 + {64 — 0;)* = constant. {4.51)

This yield criterion is everywhere discussed below in terms of principa] stress
systems. But systems of normal stresses ., a, and o, and shear stresses 1,,,
1, and 1, could equally well be employed, since

(o, — @2 + (62 — 63)* + (03 — &)
= (g, — 6,)* + {6, = 6.} + (0. — o F + 6td + T + 13-

see refs. 4.2, 4.4, 410 and 4.16.

By reference to the state of simple tension, as above. the constant is deter-

mined as 2YZ,
If a thin wall tube of mean radius a and thickness 1, is loaded by an axial

force P and a torque T. the mean axial stress ¢ = P/2nat and the mean shear
stress T = T72ng’1, see Fig. 4.14. The principal stresses are, g, =06 +
(c* + 41312, 26, = 6 — (6° + 47%)' ? and ¢, = U, which when inserted int?

equation (+.50) gives.
62 +4r = Y2 or @*P:+ 477 = (2na®t). Y2 (4.532}
as the criterion for vielding following Tresca : and when inserted into (4.51) gives.

¢? 432 =12 or &P +37% =2, Y? 4.53)

as'the criterion for yielding following Miser.

Fig. 4.14.

If in equations (4.52) and (4.53) we put o = O then the yield shear stress
according to the Tresea criterion is ¥/2, whilst according to the Mises criterion
it is Y’-@ There is a 15%, difference betweer the two predictions: this is the
greatest difference that can be predicted by use of the two criteria.
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{7 In choosing the two yield criteria above we accepted that equal all-round
.. normal stress does not incline an element to deform or change shape, and

therefore undergo plastic deformation. We implied that shape changes depend

- on the degree to which & given stress system deviates from the state of equal

‘all-round’ normal stress. This is clearly brought out by plotting the eguatio

for the Mises yield criterion in principal stress space. If Og, , Og anclq O¢ iI:
a system of three orthogonal Cariesian axes, then the polix;t ¢ ’ g and36

represents a stress state. The space in this Cartesian system is c;'a:]!ezl ‘stress::
spaoe"‘m: The Mises criterion when plotted appears as a right circular cylinder
whose axis, OM. see Fig. 4.15(a) is equally inclined to all three coc;rdina[;
axes and whose radius is Y\/g. A stress state which plots as a point inside th;
cylinder denotes an elastic siate; a point which falls on the cylinder surface
represents a siate of plastic yield. Because the cylinder axis is equaily inclined
to all the coordinate axes. it is therefore a line of equal all-round pressxvxr-= states
Nearness to the cylinder surface thus indicates *nearness’ to yield ; the ‘di'slance. :
of a stress point from the cylinder axis is a measure of the degree‘ of *deviation
frorn_anl equilibrium all-round uniform stress state. The Tresca vield criteric;1
in Prmmpal stress space is 2 regular hexagonal cvlinder coaxial with the Miszs
cylinder and having contact with it along six lines parallel to the axis. -

AT M VEW ALONG MO
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) ©
Fig. 4.15.

Yj%l.ﬁ'tehg;r:;ltuai{ 3;::Id su.'css' Y implies a cylinder whose initial radius is
oV e ork- ar'demng is }'eprcsented by a nest of cvlinders of radius
tﬁc}ugl.u ;} 610 ; c. se'.c Fig, 4.]5_1f1deed the radius of the cylinders can be

g as being simply a function of plastic strain, . Each increment of

tensi an i i i
sile stress leads to an increase in the size of the yield evlinder.

Lévy-Mises equations

In elastici a given s istributj
o :]:;ts{,‘ fora given stress distribution there coiresponds just ome distribu-
1¢ strain; there is a one-to-one correspondence of elastic stress and
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elastic strain. The strain system prevailing is simply a function of the stress
system applying at an instant. no matter how that final stress (supposing it
has always been elastic) has been arrived at. This is not the case in situations
where there has been plastic deformation : whilst in elasticity the strain is only
dependent on state. in plasticity it is dependent on stress history For this
reason in the plastic range. stress is related to strain increment: the final or
total strain undergone by a body which has been plastic is found by summing
the increments of strain in accordance with change, or history. of stress develop-
mer.t. When circumstances are such that the elastic components of strain are
negligible by comparison with plastic components. it is usual to employ the
L3vy-Mises equation,

dey _des _dis _ (4.54)

oy oy 0

The symbols dz, . ds; and dc, are total prineipal strain increments. Symbols
gy. ™ and ¢ are known as reduced principal stresses, or the prineipal stress
deviators. and ¢} = ¢, — & etc with 3¢ = ¢, + 65 + 6,. d/ is just a constant
of proportionality which may change as o,, ¢, and g, change.

Exquation (4.54) only informs us about the ratio of the strain increments for
a small increment in stress at the stress level 6, 6, 4 it is a ‘fow’ law. not a
“state” law.

Instead of (434), we may write, de, :de, dey = 6 :0%:05. This form is
intirnately™? related to the Mises’ yield criterion in conjunction with which it
should be used. The corresponding form for the Tresca vield criterion is

de, ides:de; = 1:0: -1, (4.33)

when yield is defined by (¢, — ¢;) = ¥ and 5, is the intermediate stress.

Plane-strain bending

As an example of the direct use of the Lévy-Mises equations, we anticipate
later sections and consider a plate bent by end couples which render it plastic
through its entire thickness, see Fig. 4.16. Away {rom the plate edges 4B, and
in towards the middle of the plate, particies in a given vertical plane before
bencing will still be in the same plane after bending, i.e. strain in the O2-direc-
tion will be zero; this is a state of plane-strain. Suppose we wish to determine
the tensile yield stress parallel to the plane of bending, ie. ¢, using the Mises’
yield criterion; the stress through the thickness of the plate, ¢, is clearly zero
and we let the remaining principal stress be a,. As remarked, there is plane-
strain bending, so that de, = 0 and since de, + dg; + dey = 0, then

de, +dey =0 L (4.56)

However, using the Lévy-Mises equation (4.54), we have de,:dsy = o) :05
so that, with equation (4.56), (o) + ¢3) = 0. Now, 0}, = (g, — &),0% = {53 — &)
and 3¢ = {6, + 0, + 0), and thus ¢} = (26, — 0,)/3 and 65 = —{g, + 0,)/3.

Lemi e
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Hence (), + o3) = 0 gives ¢, = ¢, 2. Substituting in the equation for the
Mises vield eriterion it is found that,

Uat

v, = :_Y\j

Quasi-static compression of a short cylinder of perfectly plastic material

We consider a short circular cylinder of rigid-perfectly plastic material whose
height to radius ratio. /r:a is less than about 3, compressad between rigid parailel
dies at a relatively constant slow speed—for most metals at room temperature
this would be less than about 30 ft-sec, so that all inertia and wave effects
may be neglected. Let the coefficient of friction between the flat cnd faces of
the cylinder and the dies be u; this interfacial friction is usually detected as a
barrelling of the cylinder. Let the three normal stresses be o,, ¢, and o, and
assume that they may be considered to be independent of = and to be principal
stresses also. Then the equation of equilibrium for an element of the cylinder,
see Fig. 4.17, is

o =0 Cor _ _ uo, (4.58)
r cr h

SMALL ELEMENT
Fig. 4.17.
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Using equation (4.10iii) which can apply in this s_ituation, in differential forr'n
as dg, = de,, then through the Lévy—Mises equation therefore., Op = G- This
last equation depends on the assumption that g, and o, are principal stresses.
Thus, (4.58) becomes,

do, 2u

{4.59}

dr n

Using Tresea’s yield criterion, where ¢,,0y > ., We ha\{e {c, — a'z) = Y oor

de, = do.. where Y is the uniaxial yield stress of the material. Substituting for
r e N

do, in (4.59) and integrating,

2
Ing. = _ +¢c (4.60)
: h

At r=a. ¢, =0and 6. = —Y, so that equation (4.60) becomes. il we write
pfor —o_.

p = Yexp(2ula — r)/h) {4.61)
and if g Is small,

p=Y {1 + '—“m];")} (4.62)
The total force over 4 compression die is P. and

P = qa’¥ [1 -+ ;,uf] {<.63)

[

Figure 4.1% shows how p varies with radius across the die: this pressure distribu-
tien is known as & friction-hill. Y a'h =3 and = 0-12, then thae‘ load to
effect compression of the cvlinder follnwing (.63 is increased by 247 because
of end interfacial friction.

?P 2pfa-r)
P= Yo k
N FORM OF
o Y i i i_o FRICT: DN FiLL
L : g
! ?\ SHEAR STRESS
ot . O DISTRIEUTION

}(ﬁ_ \I

Fig. .18,

Fast compression of a short cylinder

When 2 short, uniform circular cylinder is rapidly compressed bet_ween rig.id
parallel plates or dies, inertia stresses and forces are generated Whl(:‘.h rrfodlfy
those ordinarily required 1o bring about plastic vield and compression in the

Yo
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quasi-static process. Rapid compression here refers to the regime in which the
constant speed of compression for most metals is in the range of about 100 (o
1000 ft/sec (30 to 300 m/s). For speeds in excess of about 1000 ft/sec (300m/s),
stress wave effects will assume importance, In the range of speeds quoted, it
will be possible for any elastic or plastic stress waves initiated to travel up and
down any cylindrical block many times during the course of compression.

It may be anticipated that the load-upper die travel diagram in a simple
drop hammer forging operation will be modified as against that in a simple
compression operation as follows.

First, the load ‘felt’ by each of the upper and lower dies will be different ;
the upper die is subject to a load in excess of the quasi-static load in the early
part of the compressive process whilst it is accelerating material, And corre-
spondingly, having enforced a high speed on the metal, the load will be reduced
in the last stages of the compression since the inertia so acts as to assist the
compression sought. The sequence of events and consequences will tend to be
reversed in the case of the lower die.+

However, to assess the influence of speed in simple compression we confine
attention to the simplest case of the frictionless compression of a short circular
cylinder by an upper die moving at constant speed . the Jower die being at
rest. This is the case when compression is carried out in a cam-plastometer.
see ref. 4.25.

Figure 4.19 shows an upper die descending with speed v », and f, denote
radial speed and acceleration. which are assumed 10 be independent of = a1 a
given time. Then the equation for constancy of volume is.

tomr? = 2nrh g,
or

,
W =gp.t (4.64)

L.V

. | 5

/ T

L-//jrf;‘ g, hdr

: e
T “'—J; s )‘\\ /rdeha;f';
I it d(rdOha:
IJ -y i
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Sl e oS / \xde""#' N
f S, Fidbig, gt
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. t8ee also, ‘Influence of Billet | iz
11th Machine Too seare

Fig. 4.19.

| and Die Friction in Forging Processes” by T. H. Dean,
1 Design and Research Conf. Pergamon Press. 1970, ’
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Also.
y du,  &r v r &y rv-ch
= Sy T A T5rT o
Toodt &M Zhae 2T e

U r. o
T Tttty
and using (+.64).
R L
Pt T
3ret i
=T + 3% (4.65)

Thus the radial acceleration f, is just 3re?/4h* for a constant speed upper die.
The equation of radial motion of an element, se2 Fig. 4.19. is

dird@ . he,) — oghdrdf = rdf . hdrof, (.66)
where p is the density of the cylinder,
Equation (4.66) reduces to,
Lo h L e (4.67)
r or

Assuming o, = g4, a5 0n p. 152, and recalling that f;, = 3rv?/4h%, equation (4.67)
becomes

do, 3pe?

FTE L

or
3pe? °
U,—Eh—l.?-i-(, (468)

Noting that o, = 0 when r = a it follows from equation (4.68) that,

_ 3pp?

2 2
o =gz - @)

In the absence of acceleration parallel to the axis of the cylinder (if 6 # 0, then
equation (4.68) should be modified) and using the Tresca yield criterion as

o, -0, =Y (4.69)
we have, for the compressive stress on the dies p,
Ipr?
p=—o-,=Y—a',=Y+%.(a2 ) {4.70)

AES WA v et B
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PLASTICITY THEQRY AND ANALYSES 155

The load on the dies is P and

3 pr? [a)?
_— 1 — — —
P = na Y.[l+16. ¥ (h) ]

where ¢ and h are current dimensions of the cylinder. The second term on the
right hand side of (+.71). for steel. and with a/h = 1/2 and using ¥ = 16 ton/in’
(0-246. 10° N/m Ywould only contribute 1 % of the total load if the velocity was
100 ft/sec. This topic is discussed at much greater length in references 4.42 and
443 and the influence of friction at the die-material interfaces is also examined.
In the latter two papers the circumstance in which § # 01s discussed and in the
first paper the intluence of viscosity is considered also.

(4.71)

Elastic-plastic stress distribution in thick-walled c¢ylinders

It may be shown that for a thick-wall uniform cylinder of inner radius a and

outer radius b, subjected to an internal pressure —p; and an cxternal pressure

—7,. under conditions of plane strain. ie. in Fig. 4.20, ¢, = 0, the elastic hoop.
radial and axial siresses set up are, respectively, g4, 5, and 7., and

@*b*py — p) 1 | pia® — pob®

P e - . L L AR

r bz _ az rz bl _ a:!

_ _:i"‘bz(po —-p) 1 + pa’ — pob?
s = PERE S R

2 _ 2
6. = pia Pob v,

z bl — al
and v is Poisson’s ratio.

CYLINDRICAL TUBE

Fig. 4.20.
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For py = 0, the greatest principal stress difference is (5, — 0,) and this occurs
at the inner surface of the cylinder, so that
Pi 2b?

m—1 % 4.73)

Og — 0, =

where m = b/a. Thus. plastic yield first occurs at the bore if we assume the
Tresca yield criterion to apply, i.e. (o, — 6,) = Y. Hence, substituting in equa-
tion {4.73},

o om =1

p? is the pressure necessary for the onset of plastic yield. Evidently 0 < p}/Y < i

since 1 < m < o,
If the Mises’ criterion is used, plastic vield still occurs first at the bore but

now.
rEomt -1 1

?= 2m® (3 . Q_i\.]l)u- (4.75)

37 an?

When the applied pressure exceeds p¥. a cylindrically symmetric zone of
plasticaliy vielded material extends outwards from the bore. part way through
the cvlinder wall. see Fig. 4.20. Now the radial equilibrium eguation for an
element of the cyvlinder wall is.

do, 6. =9 _ (4.76)
dr r

and if the Tresca criterion applies. squation (4.76) becomes.

do, Y

ar T @71
Hence.
6, =YInr+e¢ (4.78)
Alr = a.0, = —p,and if the zone of plastic vield extends out 10 radius ¢ where
the radial stress is ¢,. then after substitution.
o.= Yin(cia) - p; (4.79)

For r > ¢. the cvlinder is elastic but at r = c. ie. the elastic-plastic interface.
it is just on the point of yield so that reculling (4.74)

o, e
e (4.80)

:‘»'A_‘.i-ﬂ. £
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and eliminaling o as between (4.79) and (4.80), we have

5 2
%=ln£+%(l —%) (4.81)
When e = b, .
pt* b
v =lIn- (4.82)

Thus t_hc pressure to bring the whole cylinder up to a state of futl plasticity is
YIn bfa. S‘trictly, when equation (4.82) applies the radius ratic m = b’a, is
that prgvalling at total yield which is certainly different from what it is blefzar-e
the cylinder is loaded ; the current ratio b/a is only significantly different from
the unloaded ratio for large initial radius ratios.

Elastic-plastic stress distribution in thick spherical shells

It may be shown that for a spherical shell of inner radius a and outer radius b,
subjected to an internal pressure —p, and an external pressure —pg. see Fig.
4.21. that the hoop and radial stresses &y and o, are given by,

(P = po)lb* = e

Mo= — 1"3([[3 _ b3) (4.83]

and

P — pa)2r* + b¥)a°
Zr"‘(bs — {13)

(4.84)

SPHERICAL SHELL

Fig. 4.21.

For pg = 0, the principal stress difference is everywhere
path?
a — al’ [ ) e ——
¢ 2P @) (4:85)

and this is greatest when r = a.i.¢. at the inner surface of the spherical shell,
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Thus, plastic yielding commences at the inner surface of a spherical shell
at pressure pf, and for either a Tresca or a Mises criterion, is given by

_ 3prb’ pt_ A’ - 1)
gy — g, =YY= —___2(]33 — ) or S e (4.86}

where m = b/a. Since p*/¥Y = {1 — 1/m?) then for all values of 1 < m < o,
0 < p*/Y < %; or, in particular, when m — oc. p*/Y — 3

When the applied pressure exceeds —pf. a spherically symmetric zone of
plastically-yielded material surrounds the inner surface out to radius ¢. which
locates the elastic-plastic interface, see Fig. 4.21. Now. for the plastic spherical
shell, the equation of radial equilibrium is

o, 2o, -
_ﬂ+ (G" 0-8)=

dr r

and putting (s, — 0,) = Y, equation (4.87) becomes

0 (4.87)

do, = 2Y, d_r
r
or
g,=2Y¥Inr + ¢ (4.88)
Atr = a,0, = —p, and equation (4.88) becomes
o, = —p;+ 2YInr/a 4.89)

Atr = c, the outer elastic shell is on the point of yielding and hence the radial
pressure, o, is, using equation (4.36)

—36..5°
Y= W= {4.50)
But using equation (4.89)
c.= —p;+ 2YInc/a 4.91)
and kence eliminating ¢, from equations (4.90) and {4.91} it is found that,
i el 1 ¢!
c=hi-|+-. 1l - 4.92
. m(a)+3 (1 53) 492)
Whern ¢ = b, the shell is wholly plastic and the internal pressure is given by,
pi* b 3
L E, 493
27~ G2

The radial expansion 4b** when pressure p** is reached is obtained by realising

that the outermost element of the shell is stressed just to the point of yielding.

We have at r = b, Eey = 0y — v(gy + 0,), but g, = 0 and since e, = Ab**/b,

then

boo(l —v)  bY(l =)
E = E

Ab** = (4.94)
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Similarly. the radial expansion da* at the inner surface for pressure pf is

Aa*
E-%=ﬂ'e— va, — ph)

or

Aa* = ‘;_g. [(l + )+ n%(l - 2v):| {4.95)

If the marterial of the sphere is incompressible, i.e. v = £, it follows from equa-
tions (4.94) and (4.95) that.
Y bY
da* = ‘;—E and  dp** = (496)
Also for the incompressible material, since
B - = b*& — g*3

then

I’ Y i71/3
3 R
m “H"(H'EEH b([ 1 Y) (4.97)

N ~ — . —
b*=b m mi 2E

because Y E is small. Further, with
prxd _ g3 B3 g3

then,

¥ 3 13 .
a¥s = a[ma(l + E) —m* + l] (4.981)

4

143
a(l + %m"’) . (4.98ii)
when m is large.

Qualifications concerning spherical shell plastic expansion calculations

The analyses above, especially of the spherical shell, are not accurate for large
radius ratios. The calculations took no account of geometry changes or the
expansion of the shell during the application of the pressure; it was assumed
for instance that at the moment the whole shell became plastic that the internal
and external radii had exactly the same values as they did when there was no
pressure at all applied. The results from equations {4.98ii) and (4.96) indicate
that when the pressure p** is reached,
1/3
a** = a(l + %m:‘) and b** = b(‘t + Z_Y-E)
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Typically, Y/E = vdgg 50 that for say m = 10, m** = b**/a** = 7.37 which is
very significantly different from the initial ratio.

Thus if account is taken of the radial displacements undergone by the
spherical shell wall in the act of straining and becoming fully plastic, then for
the elastic-perfectly plastic incompressible material

yi13 arye
[ b(] + %) /a(l + nt:".%) ~ [ma,l (1 + ms'E_E.)]

and hence

m3

n ( Im- Y)
1+
2E

{4.93ii)

where m = b/a. Clearly. for large values of m, p**/¥ — 21In (2E.3Y). Table 4.1
shows values calculated following equation (4.931) and that for p**, Y sbove,

TABLE 4.1 ASSUMING, Y E = g

m = bfa i3 . L3 6 ! 10 o0
pE g i-3 199 | 3&7 | 345 ?.3?| —
pE2Y

. . 04C | 069 133 0170 199
{using equation (4.93ji) g i i

(]
—
-1

0-41 0-69 1-3% + 1.79

(=}
fad
o

(using equation (4.93i)

Pressure to expand a spherical shelt of work-hardening material of infinite
radius ratio

The analysis®? of the infinite radius ratio spherical shell allowing for geometry
changes of the shell and possessing a lincar strain-hardening. stress-strain
law of the form, ¢ = Y + P.¢, leads to a pressure for p** to bring the whole
shell to a plastic state, of

If E/Y = g and P/Y = 1, p**/Y = 4.58.

T SR L S
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Work to expand a spherical shell

The work required to plastically expand a spherical shell of incompressible
non-hardening material from internal initial radius &, to some current radius
a by quasi-static internal pressure, is given by

W=f 4na® . p;. da
an

Neglecting the work required to be done in order to bring the shell up to
full plastic yield and using only equation (4.931),

. 2y B
W= -J;, 4naz.—3-—lnp.da
8zY o

=——1| a*ln

g

since (b§ — ad) = (b* ~ a®), where by, in the initial external radjus,

by — a3

1+ = ) da (4.99)

Radial speed of inner surface to achieve a given expansion in a thick
sphberical shell

A spherical shell when packed with explosive and detonated, causes the shell
to rapidly expand, the inner surface acquiring some initial radial speed vy,
If this speed is acquired in a much shorter time than it takes the shell to expand,
then the kinetic energy of the shell may be taken to be dissipated as the plastic
work of expansion. If all stress wave effects are neglected. then the speed 10
achieve a specified expansion to radius a, or b which is considerably in excess
of b** may be estimated for the incompressible material as follows.

The speed of an element of the shell at radius r i age,/r? and hence, the total
kinetic energy of the shell wall is,

by 1 . I,z
[. 5-darp. {a:; D) -dr = 2mpaglby ~ agledib, (4.100)
By equating (4.99) and (4.100). rg may be found.

In ref. 449 these equations were used with moderate success to calculate

the form assumed by the surface of a scmi-infinite mass due to a slightly sub-
surface explosive charge.

Expanding an infinitely small cavity by internal pressure, in an infinite elastic-
perfectly plastic spherical shell when the external pressure js zero

In Fig. 422 application of internal pressure, p*** over the inner surface of
radius a creates (i) a spherically symmetric, fully plastic shell of radius a**,
out to radius ¢*¥, and (ji) from ¢** to the outer radius b*, an outer shell which

Is entirely elastic apart from being in a state of plastic yield on its inner surface of
radius ¢**. If symbols 4. b and ¢ denote the original values of the internal and
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— i
a—a S e—c"hb—b"
(a—0) (b— o0}
Fig. 432,

external radius and the elastic-plactic interface, then a**, b¥ and ¢** denote
the values to which the latter are increased when the pressure to be found is
attained.

The spherical shell in its expanded state may thus be considered as consisting
of two concentric spherical shells and hence for the incompressible, elastic-
perfectly plastic shell we can use equations (4.91) and (4.86), thus

¥ &k 2 %3} 3
(i) b o tmfE) 4 T
7 3 n a + 5 {4.101)
6. denotes the radial pressure at radius c**,
N e 2 .
{ii} ¥ = STY’ since  b¥*/e** - o (4.102)
Hence,

P*::.".:.' _ 2 ZE

The elastic-plastic interface extends to c** and c**fa** - (AE/3YP? using
equation (4.96). I Y/E = b, c**  (200)32** = 58, a**_(And if Y/E = 1oy,
c** = B Ta**)

Dynamic expansion of a small cavity in an infinite elastic-perfectly plastic solid
using a quasi-static approach

Let a pressure p', which is a function of time and radius be applied to the inside
surface of a cavity such that initially, i.e. at £ = 0, the cavity radius is infinitely
small. If p" > p*** then each element of the expanding infinitely-extensive
spherical shell will accelerate radiaily. When the current cavity radius is @ and

oo 75 IR
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its radial speed .. the kingtic energy £ of the whole shell is given by.

E- f Y drp) . (+.103)

‘where r is the current radius and F the radial speed of an element. and p is the

density. The incompressibility condition gives 4aa?.d = 4rr°. ¢ so that,
substituting in {4.103). we have

E= J. 7 Errprl(

- = .-
E ZEpa"‘.{r'[—-w = 2rpu’ 0°
p

a

u?.al’?
| dr
-

Al time ¢. pressure p’ is doing work at a rate p'. Jau’ . & s0 that

PoAre® do=p™ daet L d + £ i+.104)

Now. E = 2zp(347. 4%+ 2a* . 4 .4i). and hence substituting in i4.104).

pr=p L pidd? + u. iy i£.103)

2E
+1
Y|:l n3Y

There are serious shortcomings pertaining to the analysis just deseribed ; these
are.

(i) that, following p. 162. for E'Y = 300, supersonic values of ¢** are implied
for &** in excess of /3-8 or 0-17 of the velocity of small amplitude plastic
waves,

(i) theincompressible model implies the unrealistic instantaneous transmission
of energy to the most remote regions of the body.

If when d = 0, & = ¥, then

gl = :I + ;p V% {4.106)

(VRN v

Bombs: the very high speed expansion of cylinders and spherical shells

Bombs are usually constructed from suitably corrugated iron or steel casings
packed with high explosive. At detonation the high pressure of the explosion
products drives the wall of the bomb outwards at high speed such that multi-
fractures are initiated, and as expansion proceeds further, complete fragmenta-
tion occurs. The onset of the latter is detected from the appearance of smoke
when high speed cine-films are taken of bomb explosions. The most frequently
used shape of bomb casing is tubular which is usually detonated axially from
one end. Plate 21 shows such a casing in process of expansion ; see also Fig. 4.23.
Such tubes are known to expand to more than twice their original radius
before fragmentation takes place.

The prediction of the radius at which fragmentation starts has long been
the subject of empirical intensive examination, but Taylor**® in a paper in
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Fig. 4.23,

1948 presented a simple and elegant analysis that. with the help of a few assump-
tions, accounted for the radius of fraciure at complete fragmentation in the
expiosion of a thin tubular bomb. This analysis makes use of the fact that when
ver: high pressure acts on the inside of the cusing, compressive hoop stresses
exist over an inner region of the casing, and the depth of this region is governed
predominantly by the magnitnde of this applied pressure. Taylor's assumption
is that radial cracks are initiated only in the region of tensile stress and cannot
propagate through and into the compressive zone. Tavior concluded thai
complete fragmentation lakes place only when the compressive region com-
pletely disappears. hence allowing cracks to propagate right up to the inside
surface. see Fig. 4.24. His analysis predicis that the depth, ». 10 which the tensile
hoop stress region sxtends al any tme during the expansion process. measurad
from the outside surface is upproximately Yk p,. where I is the curren: cvlinder
wall thickness. ¥ is the uniaxial vield stress of the material and p, is the current

O TENSLE

CRA’:K_.S &

5

Fig. 424,

e
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internal radial pressure, Thus, if the condition for complete fragmentation is

givcn. by y = h', this occurs when p, = Y. Hence if P, can be calculated as a
function of radius a. the fracture radius may be deduced.

The approach below®* is essentially the same as that of Taylor: it is however
more c_ompl'ele and pe_rtains more generally to thick-walled cylinders.
The idealised equation of radial motion of an element, see Fig. 4.25, is

o, — 6, Lo, d*r
—_— — = —
e pdlz (4.107)

STRESSES ON
ELEMENT

Fig. 4.5,

NP B :
where d°rjdr® is the total acceleration of the element, Now for there to be no
change in volume.

- ] A
—at =i — al

(4.108)

"l_"he symbol r denotes the current radial distance of the element from the centre
line of the bomb. ry is its original location and dg and ¢ are its original and the

current internal radius; by, is the original exiernal radius of the bomb,
Hence, from (4.108;,

Differentiating again. but writing fa. & = r

a

dr v oa ir, a

Using the Tresca vield criterion as.
Ty — a‘r = Y (4.[]0}

1 v oo fr wr?
-:--=_,+p_“+_._:_"'__..._“.
r r roodt r
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which after integration gives,

. ™ [ ) 3
a,=[Y+p(u;+a‘—f—ﬂim+—p“—f’—+c (4.111)
cr 25 e
Now g, = —p, at r = g, so that from {4.111),
—p. = [Y’+ p(vj + a%]jl Ina +4pel +C {4.112)
=
and hence eliminating C from (4.111) and (4.1123.
i P P
. o, rooL Ll |
rt =Y T T ad— -t spri|l—=— || 4,
g, + p [ +p(t + Irr‘l]inaﬁ_zm"(r- II {4.113)

Now using (4.110) and (4.113)
A T I T S P )
op=Y—p, + [Y+ p(ua + a?}] 111; TEPL“(r_z_ 1) (4114
Two dilferent regions of stress distribution may be distinguished within the
tube wall as indicated in Figs. 4.24 and 4.26, the boundary between them being
defined by o, = 0, L. at the depth y = b — r. Using this definition in eguation
(4.114), the value of y is given by,

' iv b—yl 1 a’ _
= Y=Y+ ple2+a—==]|In +opet ——— | {4.115)
ct a B -y
e TME
\"\
7 SN
= , Y S ~INCREASING
. \EXPANSION
: _ A
- H Y Al
\ ‘-‘-\\
I INITIALLY y
COMPRESSIVE
CIRCUMFERENTAL STRESS
ZERO CIRCUMFERENTIAL STRESS
TENSILE CIRCUMFERENTIAL STRESS
Fig 4.26.
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The region of compressive stress i.e. g, < 0and o, < 0, will just disappeur when
y =b — a = hand equation (4.115) then shows that

=Y (4.116)
This is the same condition as that originally obtained by Taylor and completes
the Strength of Materials aspect of this situation.

However, 1o determine when complete fracture takes place, an expression
for the pressure exerted by the gaseous explosion products on the inner wall
of the casing as a function of internal wall radius is required. This expression
can be approximated reasonably well by assuming an isentropic expansion
of the explosion products. Thus,

[} =%
Py = Pn(—) (4117}
Uy

where py is the effective detonation pressure acting on the inside surface when
a = dq and 7 is the adiabatic exponent. Aside from the assumption of a homo-
geneous thermodynamic state throughout the fully detonated explosive
within the bomb, the isentropic equation of state of the gaseous explosion
products is very complex for a number of chemical and physical reasons. and
in particular ; is not constant during the expansion. Typically. however, for
TNT. ;7 has an initial value of about 3-4 when the pressure », is about 2.3 10°
lb;in® (158 . 10° N,m?) and, when the density is reduced 10 about one quarter
of its initial value, y is about 1-9. For 2 moderate expansion to fracture. the
fixed value 7 = 3 is a satisfactory approximation.

The criterion for complete fracture of the casing i.e. equation (4.1 16) i.e. when
p. = Y.Inserted into equation (4,117) gives

i B Po 12w
g Y
{2 16
1y
If then we put py = 23. 10® Ib/in® and assume a representative figure for ¥
of say 69.10% Ib/in (about 30 ton/in?), then a/a, = (10%/3)"/% =~ 1.8. Note
that the higher the vield stress, ¥, of the casing material, the smaller the resistance
to crack propagation as measured by the expansion radius at complete fracture.
Hoggatt and Recht**? have proposed a model of fracturing. similar to that
of Taylor but based on the assumption that the fractures take place along
planes of maximum shear stress; their idea is indicated in Fig. 4.26.
The procedure for analysing the fragmentation of spherical bombs may be
carried out in a similar manner to that used above for cylindrical shells, to
arrive at the same result, i.e. complete fracture occurs when the internal radial

pressure has fallen to the uniaxial yield stress (or strength) of the casing. The
casing radius of fracture is now given by,

a (b L
@ ( Y) {(4.118)
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For the same values of p,. ¥, and 7y as earlier, we find a/a, = 1.5. The speed
of casings at fracture, 5000 to 15 000 fi/sec(1520t0 4550 m/s), may be calculated
using the approach above, and the increase in radius with time. The subject is
dealt with at length in ref. 4.48.

IMPACT STRENGTH OF MATERIALS

Indentation and hardness

Static hardness testing or the study of the static indentation of surfaces by
rigid indenters has been the subject of many books*'* and papers and we shall
only summarise some of the principal features here. The usual concern is to
be able to estimate how indentation load or pressure varies with penetration
depth and to describe the flow of material beneath and in the vicinity of the
indenter, The mechanical properties of the iniented material which are used
to predict or interpret results are E. ¥ and its strain hardening exponent;
friction between the indenter and the maierial also affects the flow of metal,

Two categories of indentation should be distinguished : those in which there
is geomerric similarity and those in which there is not. Wedges and cones give
rise to & pattern of material displacement which i5 constant and depth of pene-
tration affects only the seulz of the pautern. The pressure to indent is constant
and the load varies as the nrst or second powsr of the depth of penetration
according 10 whether the indenter is a straighi sided wedge or a cone. When the
indenter is, sav. 2 ball. the ratio of the contacting spherical surface 10 penetra-
tion depth aiters with depth of penetration sa that the pressure and flow change
continuoeusly. Consteni indentation pressure and flow pattern are consequences
of an indentation process in which there is geometrical similarity whilst varying
prassurc and changing flow pattern are associated with the circumstances of
the tack of ceometric similarity.

Ii is usual to distinguish two kinds of indenter—blunt and sharp. The rigid
flat {blunt) indenter, when applying a peessure of approximately §-1Y where ¥
1s the yield stress of the indented material. causes vielding to start at about
one half the indenter width below its mid-point in the material. As the indenta-
iion pressure increases, the extent of the zone of plastic deformation increases
but is entirely contained by surrounding eiastic material; when the pressure
attains a value of about 3Y, the maiterial 1s plastic across the whole of the
indenter and may flow grossly. or unconstrainediy. along the sides of the indenter
thus causing the original surfuce 10 be raised. When a cone indents a surfuce
the severity of surfuce displacemeni depends heavily on the work hardening
characteristic of the material. If It is a work-nardened material a more-or-less
clear "coronet” or ‘elevated ridge” will be developead. Fig. 4.27(a). but in the case
of annealed material a ‘sinking-in" type of hmpression is found. Fig. 4.27(b).
Experimeni shows that indentation pressure increases with cone angle and lies
between about 2-3Y and 3Y. With sharp angle indenters cones. wedges and
pyramidal indenters. interfacial friction can increase the indentation pressure
significantly but its other effect is to premote the possibility of a ‘false’ cap of
‘dead” metal, see Fig. 4.27(¢). being formed over the apex of a large angle
indenter; a new "natural’ cone ungle may thus be acquired by the indenter so
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that as indeniation proceeds a region of strong internal shearing is likely: 1he
valug of the indentation pressure is then about 3Y, ) )

) “lu’nh- a rounded indenter—a ball for instance—where there is no seometrical
stmilarity and a false cap over the indenter is created, the zone of plast.}c deforma-
non' extends as the load increases; initially. material is displaced approximat:ly
radially from the point where contact is first made but when the pr'essure-i;
about 3Y1't_is able to flow in order to pile-up at the sides of the intenter. )

A shar_p Indenter acts 50 as 1o “cut’ matertal and to compel upwards flow,

Blunt indenters tend 10 give rise to predominantly radial compression and
10 a general stress and strain distribution which in some ways is not unlike
t!lal_ created by high internal pressurc in a very thick cylinder or sphere: the
s_lmllarlty between the latter, see F ig. 4.27(d). ang the b[;ml indentation sitva-
ton see Fig. 4.27(c} will be obvious.
The value of Y for calculating pressure can be found from a simple compres-
on test and i.s the value of the compressive flow stress after about 8 % engineer-
Ng compressive sirain. The hardness of a material is thus just a prop:’rt_v of

si
i
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the stress-strain curve of the material indented. the geometry of the indenter
and of the interfacial friction which prevails.

Dynamic indentation may be wholly elastic or elastic-plastic. For say, a
noun-plastically deforming ball impinging against a typical flat metal surface
at a speed of order 1 cmysec. clastic stresses are set up and may be calculated
using Hertz theory. The kinetic energy at impact will first be wholly converted
into elastic strain energy in the balf and the indented material. and elastic
stress waves will be radiated into the lartter. Elastic recovery occurs especially
in the region between and neur the interface. so that the ball rebounds; some
small percentage of the initial energy is “lost’ as elastic waves. If the mean
maximum stress at impact exceeds 1-1 ¥, due to higher impact speeds. plastic
deformation occurs and thus some of the initial kinctic energy will be irre-
coverable. Elastic recovery and rebound occurs, but lo a proportionately
lesser degree than for purely elastic impact. The higher the impact speed the
greater is the energy loss due to plastic deformation and the greater the ditfer-
ence between rebound and initial impact speed. This subject has been discussed
at length by Tabor*® and we shall therefore not pursue it except to note Martel’s
equation which can be of use in some situations.

If the penetration at an instant is & then the increment in work to enforce
a further penetration dh is =3Y..4.dh where A4 is the contact area. The
total plastic work done in achieving a penetration H is then ~3 Y I:' Adh =
3Y times the volume of the “plastic’ cavity created. The final cavity as seen is,
however, the ‘plastic’ cavity after elastic rebound has occnrred and this may be
significantly different from the ‘plastic” cavity before rebound starts. In any
energy balance performed then. the three major factors are plastic work dissipa-
tion, elastic recovery near the surface of the material and the rebound kinetic
eneryy in the indenter.

Representative stress and representative strain

A single magnitude chosen to characterise the stress state of a plastically

deforming element in the strain-hardened state when subject to three principal
stresses, 6, 6, and o5 is

g [{a, —63)* + oy — 63)* + (63 0'1)2} b

= 5 .

(4.119)

¢ is called a representative or generalised stress. [n general form, & is evidently
similar to the Mises” yield criterion expression. The constant § is inserted in
order that & shall be equal to a uniaxial Row stress, i.e. 7 = g,.

By analogy with &, a representative or generalised strain increment is defined
such that,

de = [§{ide, — de;)* + (ds, — dey)* + (dey — de )} (4.120)

The constant § is introduced so that d& shall be equal to the strain increment
in the direction of the applied stress in uniaxial loading say de, . Clearly in this
case de; = de, and since de, + dey + dey = 0 then de; = —ds, /2 and hence

T A 5 R s
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de = de. In all the analyses in which we are interested below, d:,, deg, and
dey are principal plastic strain increments and all elastic components of the
strain are neglected.

If a plastic straining process proceeds such that the proportionality between
the three operative principal stresses remains lixed. then the total strains.
e.g ¢, . may be used in place of strain increments, i.e. ds,. in equation (4.120};
this is clearly the case for simple tension and compression. It is alsv usual to
work with total strains when considering a process where it is believed that
there 1s little deviation of proportionality as between the principal siresses at
all stages. especially if rigorous calculations appear likely to be dificult. For
many engineering sitnations the use of total strain is often justified when
regard is had to the imprecision attaching to data available, ez nebulous
coetficients of friction and strain rate effects, etc.

spresentative stress and strain are empirically connected by equations of
the kind given by (4.32) and (4.33) for many metals. The most frequently used

form is.
G = Bg” 14121

Since & and  were 50 deilned in equations (4.119) and {4.120) as to coincide
with the uniaxial stress and strain measures. it follows that the empirical
constants B and n of equation (4.121) could be determined from a simple tensile
test. For much sheet metal work, it is better to use a test method in which a
circular specimen is ¢clamped at its periphery and then subjected to a lateral
hydrostatic pressure, causing it to bulge. Near the pole of the bulge the form is
spherical and the material thickness nearly constant, so that by measuring simple
total extension and curvature over the pole. the equal biaxial stresses in the
sheet and the rtotal strains there may be found. Compounding these quantities
according to equations (4.119) and (4.120), a graph of & versus Z may be arrived
at and thence constants B and n deduced empirically. Details of this and other
methods for determining &/2 curves may be found in ref. 4.10.

Equation (4.121) may be thought ofin terms of a Mises cylinder, see Fig. 4.15,
of radius &\/%_ ; the cylinder radius is then a function of Z.

Initial speed required to expand a thin spherical shell or a thin cylindrical shell to a
given radius: speeds required to attain static instability straias

The permanent plastic straining of a spherical or cylindrical shell of initial
radius ry of strain-hardening material by imparting a radially cutward initial
velocity, vq, simultaneously to all parts of it, to give a radius of 7, is considered
in order to find the radius to which the sphere or cylinder is expanded. For
both kinds of shell all efastic strains are neglected as being small in comparison
with the plastic strain. For an element of the spherical shell the equation of
radial motion is, assuming the stress distribution through the shell wall is
uniform,

2

20,hr d0 . dp + phr’dﬂ.dcp.% =0
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ar

d*  2g,
A iied Y ¢ 4.122
dr*  pr ! ( )

the meaning of the symbols will be clear from Fig. 4.28 and r and k denote
current values of radius and thickness. )

ACCELERATION

Fig.

i
N
[
o

Now throughout the expansion process 6, = ¢, and ¢, = 0 so that sub-
stituting in equation (4.119), & = ¢ : and since in this circumstance of uniform
expansion it is permissibie 1o use total strains. for which gy = ¢, = —¢,/2 then
¢ = 2¢., using equation (4.120}.

Adapting equation (4.34) and writing it in terms of & and & we have
& = B{C + &), so that ¢, = B{C — Z¢,)". Hence from (4122} and putting
d?ridi? = v dvidr.

3l

! 7
iy £y

Q : | | 2'\”
f r.dr = ——B [. —-C—-.L—mda

and thus

=10

2BC! 20 i
2 £Zmi] o~ 1, 4.123
v pln + I)[(l Clnro) } ( )

where & = Inr/rg
For the element of the cylindrical shell shown in Fig. 4.29 the equation of
radial motion is

d*r  a,

i (4.124)

s s R
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Proceeding as previously, it is easily shown then that for plane strain

expansion,
Uz_ZBCn+l (]+ 1] PRLAS! }
° T o+ 1) C n; - 1} (4.123)

2
1 phdirds-St
®
IR
Y N "rV
r/,-'_dg"‘ ‘:;dj, hd!
g
YiE
tdf
Fig. 4.29.

Expressions for ¢, 10 cause the shells to reach the tensile instability strain
may now easily be arrived at; these strains are those prevailing when some
internal, slowly applied hydrostatic pressure reaches its greatest value, see ref.
4.10. Values of ¢, for real materials, on this basis, can be taken to indicate the
speeds that couid reasonably be tolerated in any high speed expansion (or
explosive) situation. in ordar to obtain significant amounts of straining, before
difficultics due to local thinning and fracture arise. For the spherical shell at
instability. the hoop strain, In r/r, is equal to {2rn — 3C)/6. The initial velocity
vy required to produce strain equal to the instability strain is theretore

2 2BC" ! H?_n a1 3 l:l

~pn + 1 3
The initial velocity t}* required to produce strains equal to the static in-
stability strain in & long cylindrical shell is found to be given by

0 - =
pin + IR C 3

Some representative values of vf and r§*, given in Table 4.2, can be arrived
at for stainiess steel, half-hard copper and half-hard brass by selecting suitable
values of B. C and r. The values chosen were statically determined and are taken
from ref. 4.10: they are likely to be sufficiently accurate lor exploratory purposes.

{4.126)

4.127)
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TABLE 4.2
fticee
Instability
* Xk o Py "
Density B e C " Yo i aoplimain. &
Material | {Slugs i b/t sphere jeylinder [sphere | c¥linder
Copper
{{-hard) 171 0-805 grd | 03 27 186 | 0043 | 0031
Brass
{4-hard) 16:6 138 0127 048 | 414 337 | 0177 5 0130
Stainless
steel 131 320 0016 | 030 | 734 6358 10220 | 0236

Elastic response of a thin spherical shell to symmetric internal blast loading

For contrast with the previous section, consider a thin spherical shell of radius a
subjected to an internal blast load which evokes only an elastic response, or
vibration of the shell. If p(r) denotes the variation of pulse pressure with time, t,
and u, is the (small} radial displacement of the shell of thickness k it is straight-
forward to adapt equation (4.122) to this situation, as

20,

Py, 26, _p)
dr T pa ph
Using the elastic stress-strain equation g, = Ee,{(l — v}, where e, = u,,a, and
substituting in (4.128), we find
d*u,
dr®

(4.123)

28w _pln)

T
The simple fundamental radial mode of vibration found by letting p(t) = 0
shows the shell to have a period of vibration of ma{2p(1 — v)/E]'%.

Suppose the blast pulse is defined by p(t) = P(1 — ¢/Thfor 0 <t < T and
that p(t) = 0 for t > T, see Fig. 430. Then substituting in (4.129) and solving

P (4.129)

we have
P [ sin ot
u,=—5—| 1= = —coswt + y O0<r=T
w*phy T wT 4130
and (4.130)
u, = Acosw(t — T) + Bsinw(t — T, t=>T
(1)
P
T (UM  Fig430.
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where
\ 2E
o= —
pa-{l —v)
P sinwT T
| =——- — COS €
W phy T e
and
. cos T |
—— | sinwT + ———
w”hy wT wT

This theory is approximate and according to it the shell possesses only a
single radial mode of vibration. Together with the exact theory forthin vessels,
it was given by Baker and Allen.**¢

These authors described experiments carried out on a hollow cast aluminium
bronze sphere for which h =} in and a = 11} in, which was blast loaded
by detonating !0 gm of Tetryl pellets at the sphere centre. A piezo-electric
air blast gauge flush with the inner surface of the sphere measured the blast
pressure—time history and wire strain gauges the sphere strain-time history,
see the diagram in Fig. 4.31. Single frequency, quickly damped oscillations were
recorded.

DETONATION LEADS

SUPPORT RINGS

SPHERICAL

, EXPOSIVE
J1 =0-5in /Q CHARGE

STRAIN
GAUGES

PEZO-ELECTRIC
Q AR 8LAST GAUGE

Fig. 4.31.

With the constants v = (-3, pg = 0321 lbi/in® (2:21.10° N/m%, E =
12.10° 1bfin® (82:5.10° N/m?) and h/a = 0:0435, the computed value of the
frequency w is 2680 cycles/second ; the maximum displacement (42 + B?)'/?
is 1.475.107?% in, and e, = 1-23.10*. The experimental resufts were as
given in Table 4.3.
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TABLE 43 EXPERIMENTAL RESULTS

Loading Response
Vibration Strain
P Impulse T frequency, amplitude
Ibffin? Ibf/in? ms ms cvcles/sec eg. 10% -
528 10:5 (040 2190 1-68
467 79 0034 2260 1-87

Technological calculations to determine a typical initial speed of movement in
the underwater explosive forming of thin circular sheet metal blanks

A common explosive sheet metal forming operation is that in which a thin air-
backed circular blank is clamped around its circumierence, immersed in water
and subject to the shock wave generated by a detonated underwater explosive
charge made up in the shape of a sphere and stood-off from the blank at a
distance about equal to the biank radius. see Fig. 4.32(a). The action of the
shock wave on the blank is to give the blank a certain initial speed, and thus
kinetic energy, which is then dissipated in doing plastic work : the simple circular
shezt may become a part-spherical shell, see Fig. 4.32(b). The work below is
carried vut to demonstrate the use of some of the equations introduced above
and 1o show how an approximate iechnological czlculation can be made which
predicts speeds of about the same magnitude as those actually measured in
experiment™®’: it assumes stretching of the biank and neglects bending,
Plasiic work done on the blank
The plastic work done, AW, on an annulus of volume 4V in increasing its
representative strain from & 10 {0 — a3 is
4B, = (G.div.dV {4.131)

Using equation {4.121), which may be presumed to be known from a biaxial

bulge test®!” (all strair rate efects are neglected). equation (4.131) becomes

R ] Rn=1
W, = (| B.E”.a':) Al =
wo n+1

~dV (4.132)

Thus the total plastic work done on the blank #7, is, assuming that the principal
stress ratios have remained constant throughout the deformation and thus that
the stress—total strain form for the representative strain may be used, see Fig.

4.32(c),
{4.133)

Bén‘ 1
W, = r T 2axghy dxg.

r :
Jan -+

IR
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Fig 4.32.

ais _the radius of t.he blank at the periphery where it is clamped, x, is the
ongma]_ l'i-ldl‘d] position of a particle in the blank measured from its centre
and k, is its originat thickness.
hExpe!'lmcms. on explosively loaded blanks show the final hoop strain ¢, and
the _radlzfl Strain ¢, to be nearly equal. see Fig. 4.32(d). so that the thickness
strain ¢, is twice £, in magnitude. Hence,

Bt o= 2 el 2 2

E=lleg~ e + (6, - 6) + (g - tll =45 or i=2, (4134)

] Experiment also shows that blanks which are clamped around their circum-
erence deform under *point’ explosive attack so that approximately the hoop
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strain (or the thickness strain) varies linearly with the radius, and hence that

£y = g,(1 — xg/a): (4135}
¢, is the hoop strain at the pole of the blank,
Thus equation (4.133) becomes, using (4.134) and (4.139),
o B X At 1
v, = J; i [Zsm(l - ?D ] - 2mxghy dxg
B . (2
=2 nhy. ) (4.136)

n+ 1 (n+ 2}n + 3)

If the blank is subject to one impulsive loading (this is only partly true in
urderwater forming) and acquires an initial speed, r,. which is such that its
kinetic energy E = na’hypug/2, to accomplish the necessary work of plastic
deformation, #,, where p denotes the density of the blank material, then

PAREI :
pln + Din + 2)(n < 3)
If the blank was of killed steel*'? for which & = 91000.5%2 where 7 is

given in Ibsin®, then to attain a hoop strain of, say, 0-2 or a thickness strain
of 0-4, equation (4.137) predicts that an initial velocity of 244 ft/sec is requirzd.

5
ty =

{4.137)

Elementary theory of plastic bending

A straight beam of rectangular cross-section b x h, Fig. 4.33(a), of clastic—
perfectly plastic material, when subjected to an elastic bending moment M, is
bent into the arc of a circle of radius R, see Fig. 4.33(b}: it also acquires an
anti-clastic curvature of v/R, see Fig. 433(c). On the assumption that sections
which are plane before bending are plane afterwards, the stress distribution
across the section is linear and elastic for M < M, = bh*Y/6; when M = M,
the normal stress on o section in the extreme fibres is just the vield stress, Fig.
4.33(d), the two principal stresses in the transverse direction being either zero
or negligibly small. For M; < M < M, = bh*¥/4, the stress distribution is
elestic-plastic, see Fig. 4.33(e); the central portion of the beam on either side
of the neutral axis is elastically stressed, the whole of the remaining two outer
portions being plastic. In the limit, the whole section becomes plastic, see Fig.
4.33(f), and then M = M, = [bh/2. Y]. /2 = bR*Y,4: M, is called the full
plastic bending moment for the section.

The ratio M /My is called the shape fuctor for the section and for the
rectangle it is 1-5. For a circular section it is 16/3x and for an isosceles triangle
it is 4(2 — 2), if the two equal sides of the triangle are equally inclined
to the neutral plane of the triangle. In this latter case the neutral axis, which in
elastic bending is at 4’3 above the base, moves in to (ﬁ - I)h/\/f for the
fully plastic case;  is the height of the triangle.

If b > h the rectangular bar or beam of Fig. 4.33(a) is better described as a
plate, see Fig. 4.16, and then at the edges of the plate bending is predominantly

2 e Y
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Fig. 433,

plane stress bending, ie. the principal stress in the breadth direction is zero,
and plane strain bending prevails over the mid portion of the plate. Anti-clastic
curvature tends to be suppressed in this mid region and because there is no
strain in the breadth direction. a transverse bending moment arises. For a wide
plate the plane strain region greatly exceeds in extent the plane stress region
so that for material following the Tresca yield criterion the normal stress on a
section at yield may be taken to be ¥, but for the Mises™ criterion it is 2Y\/§_./3
following (4.57). In the latter case, thén, M = {bh? Kf'4)[2\/§/3).

If the beam considered has an initial curvature then, provided this is not
substantially altered during loading, M » 15 the same as it is for a straight beam
of the same section. .

For the purpose of some analyses it is usual to think of the beam as being
made of rigid-perfectly plastic material. In this case it undergoes no deflection
at all until it is fully plastic, when it is said to reach its collapse load ; as long
asthereis a rigid core to the beam, its behaviour is entirely rigid. More generally
and in reality, the collapse load (elastic buckling neglected) is simply that
load for which a metal structure starts to undergo large deflection; modest
increments in load after the collapse toad is reached, cause relatively large
increments in deformation.

After a load causing plastic collapse is removed, a real beam or structure
usually recovers or springs back elastically by a small amount and develops
residual stresses . ref. 4.10 gives detailed calculations concerning elastic spring-
back and residual stresses.
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The stress distribution across the section of a fully plastic rectangular beam
which is subject to an axial force, F, and a bending moment, M, appears as in
Fig. 4.34. The force, F, obviousiy affects the distribution of normal stress in a
section and it may easily be verified that, if F, = bhY, then

M\ (F\?
) + () = e

T”/z

: .
[ hfy

A

+Y

i

T
-y
Fig. 4.34.

Equation (4.138) is useful for considering the transverse load necessary to
cause plastic collapse in a bar carrying an in-plane tension, as on p. 283.

Plastic hinges in beams
Figure £.35 shows a rectanguiar beam of length L of rigid-perfectly plastic
material built-in at one end—<alled the root—and loaded at the otherend by a
concentrated transverse force P. The maximum bending moment occurs at the
built-in end and when plastic collapse occurs, the tendency is for the beam to
rotate about its root as a rigid body. The whole section at the root is plastic and
the moment prevailing is M. At the instant collapse occurs, work will be done
by load P moving downwards with speed L, where ¢ is the angular speed of
the beam about the root; all this work is dissipated plastically at the root at a
rate of M w. Hence, the collapse load is given by,

PLwo=Myum or P=M,L

The fuliv plastic section at the root of the beam 1s called a plastic hinge.

i L 1P

1

— = TP
PLASTIC
HIMNGE

Fig 4,35,

For a simply supported beam, see Fig. 4.36, P = M /L. For a beam built-in
at both ends, see Fig. 4.37, four hinges arise, and P = 4M /L.
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If a mass‘M moving with speed v, impinges on the end of a rigid-perfect!
plasm? cantilever of mass m, then it may be supposed that He end deflection j
may simply be t::stimated by equating the plastic work d'c;he in the hinge at the
root, to the initial kinetic energy of M, all inertia effects being neglected, and jt
}lzemg suppos;d that the cantilever rotates about the root as a rigid boéy Wle
" ;alser,nnacsgs],ectmg losses due to impact and losses in potential energy of both beam

M2 = M,,.%
ie.
A= MuiL
= oM, (4.139;

_ A ‘ml-lch more thorough investigation of this situation which allows for beam
mertia 1s given m Chapter 6; the case just referred to emerges as being reliable
only for 1h.c condition, M » m. the mass of the cantilever ‘ )

Ifa canule‘ver rotates as a rigid bar about its root, the tip having a dowrward
speed of_ g, its total kinetic energy is 1/cu? where [ is the moment of inertia of
the cantilever about the root, ie. bL3hp/3 and angular velocity w = u,/L. Th
end deflection 4 for deflections which are not too large is given by, o

%[(.:Jz = z\[., . é
- L
or
4 = bLhpub6M, {4.140)

Plastic hinges in circular rings

A C{rcular ring‘which is neither too thin nor too flexible, of mean radius R when
liub_letl:)led to diametrai loac!s P can only collapse plastically when four hinges
?Ve_ een formed to permit it 1o behave as a mechanism, see Fig. 4.38. The
Eeis;;;ghglgl;seaic assumeq to arise at the l_ocar.ions where miaximum elastic
slationesy lhe: s ?cctjﬁ Itiseasytosee .thlat, if thle centre of the ring, O, remains
N rot; i wit; co alpse the four rigid portions of the ring between the
fores B angular speed, £, abgut Instantaneous centre, f, and the
» move towards the centre of the ring with speed R. Q. The work irput

rate is therefo i issipati
Thos re 2P.R.Q and the plastic work dissipation rate js 8M .2

2P.RQ = 8M,.Q and hence P = 4M /R (4.141)
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FLASTIC
HINGES
fp

Fig. 4.38.

Plate 22 shows a thin and a thick ring after diametral compression ; by use
of an etching technique the four plastic hinges, evident at the four quarter
points of each ring, can be made to stand out dark against a light background. ™32

When a large mass, M, impinges with low speed, r;;, ou a supported, circular
ring of diameter D and small mass, see Fig. 4.39, then if all inertia effects in the
ring can be neglected, and all the kinetic energy in the mass is used up in en-
forcing plastic deformation on the ring, the diametral compression 4D, pro-
vided AD/D is small, is very approximately ziven by,

aM, MeiD
D/2 16M,°
using (4.141) and assuming that the force resisting M is constant.

4D =

4D =iMej or (4.142)

S e -

Fig. 4.39.

Plate 35 shows a lead ring after impact in this situation. The retardation of M
is just P/M so that the time for plastic impact is Mog/P = Mo R/4M p and the
variation of amount of ring compression with time will be quadratic.

Experiments show that in order to allow for stress wave transmission and
other forms of energy loss it is useful to assume that about 85 % of the kinetic
energy available is used in doing plastic work.

When continued quasi-static crushing of a ring occurs between rigid, paralle
surfaces**3, it is evident that the crushing force increases with reduction in

P
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vertical diameter of the ring. An indication of the force—vertical deflection
characteristic Lo be expected is to be had by conceiving the deformation to
proceed as indicated in Fig. 4.40. The original four plastic hinges are maintained
but the point(s) of application of the compressing force(s) moves away the centre
line. splitting into two equal components, P/2. Each quadrant of the ring may
be supposed to rotate though remaining rigid. Applying the same work approach
as above. for one quadrant, we have,

P
;.:\U.Q = 2“”1"9

P =AM, NI (4.143)
If & denotes the roral ring deflection NI? = (D* — 3%)/4 and thus
P ! (4.144)

aMR 1 — (5/D)]*

The form of this P/(3/D) curve is shown in Fig. 4.41; this solution holds for
0 < B < n/4. A frictional force of ;P/2 would modify (4.143) and (4.144} to read

P
_ g.-NI.Q+,u5.MI.Q=2MF.Q

" and

P 1 ,
AMJR 1 — /D)1 + u(l —cosp)

(4.145)
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Fig. 4.41.

in gencral the efiect of friction will be small and for any real material, strain
hardening in the hinges will be much more significant. The solution outlined
above presumes that two kinks will be formed in the ring, one at the top and the
other at the bottom near the crushing platens: this is observed experimentally.

Ziz-zag structure

As an example of the value of quasi-static analvses using the idea of plastic
hinges, we refer to the simple zig-zag structure shown in Fig. 442 which was
used by Rawlings™** to evaluate its capacity to dissipate energy for use in crash
barriers.

C

\Y4
8
Fig

4,42  Startic test resulis.

If the member carries end loads applied along the line AE. it will first deform
clastically. The bending moment distribution. ignoring inertia loading due to
the mass of the material itself. is as shown in Fig. 4.43. Provided the ductility
of the material is sufficiently high. specimens of the form shown should fold up,
concertina fashion, to a locking configuration. with a considerable absorption
and dissipation of energy, see Plate 23.

Records of a test on a specimen of § in square mild steel due to an impinging
body gave a dynamic force-deflection curve substantially the same as the
static force-deflection curve shown in Fig. 444 which was obtained on an
identical specimen.

The specimen deforms elastically at first and after considerable deformation
2 plastic hinge forms at C, Fig. 4.42. As this joint closes, the lever arm increases

A
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Fig. 443 Bending moment diagram.
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Fig. 4.44.

and the load decreases correspondingly. When points B and D come into con-
:jact. the load suddenly increases to the value associated with plastic hinge
evelopment at these latter points, after which the load falls off again as before.

Porta! frames

Figure 4435 shows a portal frame subject to a vertical load P and a horizontal
load Q, all members of the frame being of the same material and cross-sectional
area am_i shape. If the mode of deformation shown in Fig. 445 is assumed to
eccur with plastic hinges at A, C, D and E, it is easily con.f-irmed that,

Q.20 + P.AC.w.cos § = oM, + 20M, + oM, + oM,
4 (© ) (E}
or

Q.a+P.b=6M, (4.146)
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Many different deformation modes may be postuiated but the simple example
above is sufficient to illustrate an approach in respect of frames. The reader
should consult reference 4.19 for a detailed discussion of this kind of problem.

Rawlings**® has studied how the mode of plastic deformation alters in
portal frames when concentrated masses are attached to the structural elements
and whose inertia predominates over that of the members of the frame. Impulses
are applied to one element of the structure, but not af a corner. Typical frames
after testing are shown in Plate 24 ; the impulse was applied at the middle of the
right hand vertical strut. Rawlings analysed the behaviour of the frames using a
rigid-plastic analysis which is usually found to be reliable if the energy dis-
sipated is an order of magnitude greater than the possible elastic resilience of the
frame. Plastic hinges at comers or near the attached masses only were con-
sidered but some allowance for rate effects has to be made in mild steel frames.

Thin wall pressure vessel subjected to internal pressure

When a long, square section pressure vessel of side length 2a and uniform thick-
ness 2k is subject to an internal pressure p, hfa being small, see Fig. 4.46, the
magnitude of p to cause plastic collapse may be estimated using the idea of
plastic hinges, sce Fig. 447, assuming that membrane stresses are negligible.

T F===-2h ==
P ) 3
| o= -] | I y
2 I Y N {e u’\
4Ly A /
A S ’r\' w - /
be— 20—+ L
Fig. 446 Fig. 447,

Equating the work done by the internal pressure to the plastic work dissipated
in the sixteen plastic hinges indicated in Fig. 4.47, in tending to move to the
configuration shown, we have, if the angular speed of edch portion of the vessel
is w,

e

-
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or
p = 4M [

=4(ﬁ)'.Y
[4]

4.147)

using the Tresca yield criterion.

Experiment reveals hinges as shown in Plate 23(a). see ref. 4.36. If plastic
failure had been assumed to be due purely to tension in the <essel wails. then
p = 2T{h «): this is an order of magnitude larger than 4(h, a)* ¥

The detailed shape of plastic hinges in the situation described above can

-~

often be determined using the theory of slip lines. see refs. 422 and 4.56.

Plastic hinges in non-circular rings

Plates 24(bYand (¢} show an elliptical ring and an clliptical shackle piasticalty**”?

compressed between parallel rigid plates. Substantiai plastic deformation ag
each of the four hinges has occurred in the case of the elliptical ring : in the case
of the shackle the etch pattern indicates that at least seven plastic hinges have
formed—sufficient for an asymmetrical plastic deformation mechanism. In
ref. 4.10 a simple analysis of the shackle is made which assumes eight sym-
metrically disposed hinges.

Crushing a thin cylinder by axial loading

The following simple analysis has been given by Alexander*** for estabiishing
the basis of an empirical relationship, concerning design against the accidental
dropping of components in nuclear reactor fuel channels. It is arranged that
the dropped component falls on to a thin, uniform cylinder that will buckle
lengthwise ; it is necessary to be able to estimate the energy absorbing capacity
of the cylinder. On the assumption that a ‘concertina’ type mode of collapse
ensues when an axial load is applied, see Fig. 4.48, the energy absorption may be
calculated after summing that due to (i) the energy dissipated due 1o plastic
bending, W}, in the four circular hinges and (i) the energy dissipated in stretch-
ing, W;, under substantially uniform tensile yield hoop stress in the metal
between the hinges.

Assuming the material of the cylinder is rigid-perfectly plastic, then using the
notatien obvicus from Fig. 4.48, to attain complete collapse of one hinge
system (Le. 6 increasing from zero to x/2),

w2
M, Wy =2M,.7D.5 + 2M,,_[ (D + 2hsin 0) dO
. - o .

= M, n*D + 2M n{Dn/2 + 2h}

= 2M,n(xD + 2h) (4.148)
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where, using the Mises criterion, M, = 2¥r3'4,/3 and

i}, W,=2 [0 Y.rDtydx . In (D + 2x sin §)/D

it 2_\_ . .
Y ‘. 7Dty— . dx. when 0 is 90°.
o D

= 2Ymigh* {4.149)

Expressions (4.148) and (4.149) assume no interaction betw‘een_the bcndir'] g and
heop stresses, and that in collapsing the length ht an.d ﬂ?e f:llstjancv?: of its e_le—
ments from a hinge remain fixed. The energy for plastic dissipation is supplied
by the axial compressive force. P, and is P. 2k Thus.

P 2h= 2(-—2=—1j—6-] mizD — 2Ry + 2Ymih?
N3 4]
or
POl ) s o, (4.150)
¥ V3 2h

The value of k is now determined by minimising (P, Y} with respect to hand thus

d{P\ mg{ =D\
Tluwi=—t —7=] *+ 7”0 =0
Y] = A\ T

1 Following the method on p. 139, the imitinl k.. to final lengih, k. is related hy
DD + 3hg) = (D + 2h).

gy e
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or
n 1/2
b= (ﬁ) {D1o)'? ~ 095 . (Dio)'12 (4.151)
Substituting h from (4.151) in {4.150), we find
FIY = 610(Dtg)'? + 1.8 .12 14.152i)

If the buckling convolutions had been entirely internal, rather than wholly
external as treated above, it would be found that

PIY = 6to(Dto)'? — 1.8 .42 (.152if)

Since the ‘concertina-ing’ which actually occurs is likely to fall between the
extremes discussed, a mean value for P/Y can reasonably be taken to be
61o(Drg) 2.

As noted on p. 96, in dynamic axial impact situations involving plastic
deformation, only the front part of a structure near to the area of impact
will be subject to damage or be crushed. For a simple tubular shell structuret
this may be estimated as follows. Denoting the crushed length by x, then if a
steady force P applies during the process and assuming all the initial kinetic
energy is dissipated in plastic deformation, we have

Mop?

Px=4Muv? or x=——"""___
i 12¥15. /Dty

where M is the mass of the structure, Putting M = pnDt,L where L is the struc-

ture length
=7 /B (pr) {4.153)

L 12V \y
Equation (4.153) could be useful in connection with vehicle design.
The reader interested in motor car safety design is referred to Vol. 183,
Part 3A of the Proceedings of the Symposium on this subject held by the
Institution of Mechanical Engineers in London, 1968-69. On p. 25 the following
experimental facts are noted,

(i} that front and rear ends, in the case of frontal or rear collision respec-
tively, “collapse and absorb energy before the centre portion deforms
Permanently”,

(il) “approximately 90 per cent of the energy goes into permanent and 10

per cent into elastic deformation™.

These simple facts are implicit in many topics discussed above and bzlow.

Model motor coaches have been tested, see ref. 4.59, and Plate 25(a) shows
one such before testing. Plate 25(b) shows a distributed crumpling when such
a coach is axially loaded by a steadily increasing static load, whilst Plate 25(c)
shows a coach after being impact loaded on the ieft hand end, the more con-
centrated deformation at that end being clearly evident.

1 Sec, “Use of collapsible structural elements as impact isolators with special reference to auto-

' motive applications®, by H. E Postlethwaite and B. Mills, J. Strain Analysis, 5, 58, 1970,
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Tnversion tubes

A simple expendable energy absorber which possesses a rectangular force-
displacement characteristic and a high energy absorption capacity is the
‘Inver’ tube device. Basically this is a process which allows a thin-walled ductile
metal tube to be turned inside-out or outside-in. If the tube shown in Fig. 4.49(a)
is pushed against the supporting anvil which contains an appropriate tillet
radius, it may then of its own accord be inverted as shown in Fig. 4.49(h).
Figare 4.49(c) and {d) shows the arrangement for turning a tube outside-in.
Plaze 26(a) and (b) shows partially inverted tubes and their dies.

Fig. 4.49,

Of course inversion is not the only mode of deformation possible for an inver-
tube device ; alternative modes are
{i) column or Euler buckling
(ii) concertina-ing or axisymmetric buckling, see Plate 26(c)
(iii) diamond buckling, see Plate 26(d)
(iv) tearing of the tube, see Plate 26fe)
{v) brittle fracture, or shattering, and

(v} uniform compression.

The mode of failure which prevails depends on the tube dimensions and the
material characteristics. The mean load for {i), (ii}, (iif) and sometimes {iv) above
may be less than the constant inverting load but their initiating buckling loads
tend, in most cases, to be much higher. The examples shown are taken from
ref. 4.60.

Figure 4.50 shows diagrammatically,*! more positive arrangements made
up by General Motors Corporation for effecting the inversion of aluminium
tubes. Capsules are preformed by first flaring one end of a tube and then clamp-
ing the periphery ; the intention will be clear from the figure. Note that the dis-
placement of the top of a tube is about twice its original length.

Inversion tubes have been considered in relation to the design of force
attenuating collapsible steering wheels, for facilitating lunar and planetary soft
landings of spacecraft, for cushioning air drop cargo, as overload protectors for
railway rolling stock, as a safety device for elevators, as buffer elements for

2
]
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(@)

(®) f
OUTSICE-IN INVERSICN
Fig. 4.50.

nuclear reactor control rods and as yieldable aircraft seat anchors. The
rectangular force-displacement characteristic ensures substantially uniform
tetardation.

The process of outside-in tube inversion is somewhat similar to that of the
re-drawing of a cup (see ref. 4.10, p. 220) and involves, therefore, the plastic
bending and unbending of the tube with concurrent circumferential contraction
(or extension). Typical experimental slow-speed force-displacement diagrams
show a build-up to a steady or constant force of resistance to inversion after
end-effects and inversion initiating forces have been applied. The final tube
diameter has an equilibrium value depending upon its initial diameter and
thickness.

An approximate analytical expression*®? for the steady compressive load
necessary to maintain an inside-out inversion is easily arrived at by assuming
that the tube material is perfectly plastic, that no tube length or thickness
changes occur during bending, that the energy dissipation consists solely in
{i) bending and unbending the tube and (ji} in increasing its radius; any inter-
action between bending and other imposed stresses is neglected and buckling



192 IMPACT STRENGTH OF MATERIALS

or instability is not envisaged. Il the radius of inversion igc and the_ tube thickness
is tg, see Fig. 4.31, the work done per unit time in l?endnng a stralg}}t element of
tube W, (neglecting interaction with hoop extension and Bauschinger effects)
at the entrance to the bending zone is

1,2 Dtz
Wy =~ 2j * D dyw)y . (i—g} =Ty 4.159)
0
i
Fr 02—

__l “

|
f
¢
\c'.\@/; '

1%
F
o

ELEMENT

Fig 4.51.
The amount of work done per unit time in extending tube elements W is,

compare (4.43).
-
W = rDiu¥ In (1 - I;—C;} = dxraeYu (4.155)

! -

when 2c¢, D is small. The rate at which work is dune by the compressing force P
is thus found as

3 (Drg )
Pou=2We + W = m1,} "—ETC - 4::}:; (4.156)

The work done in unbending at exit from the curved zone is assumgd egual
to that done in bending at the entrance o it. ¢ is found by supposing it to

acquire a value which makes Fa minimum. Hence. for dPjdc = 0. we have

Dlo _4 or c= 2o
2 8

{The same result for ¢ may be shown™*® to hold for a strain-hardening material
described by equation (4.32})

T s L Ce) R R
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Putting this value of ¢ into (4.156)
P = nt,Y(8D1,)' 12 (4.157)

If the system shown in Fig. 4.50 is considered, then the compressive force is
just P/2. Experiment shows calculated loadsto be underestimated by about 25°;.
The energy, E, dissipated by plastically inverting the tube, per unit weight, w,

of the tube, is
E__PL Y [
B aDtolw  wy D

The mean strain ¢,, imparted to each element of the tube following equation
(4.157) is the work done on the tube per unit time, divided by the volume de-
formed times Y. Hence,

_ P.L _\/E{;
=¥ abuL VD

Thus, for a strain hardening material the appropriate value to use for Y in
(4.157), is the mean value of & over the range of strain 0 to ¢,,, say ¥, as taken
from, say. a tensile stress, e-natural strain, ¢, curve of the tube material obtained
at a rate of stirain which corresponds to that at which the inversion test is carried
out.

For a material deseribed by ¢ = B:" ic. equation (4.32),

_ S B! "
Y'£m=f cde =" and ¥= Bem

0 n+l n+ 1

A tube pushed at a speed w, has an approximate mean strain rate of
€ = Equfnc = v/nD. Fora 3in dia tube, ify = 30 mph (44 ftysec), 4, ~ 600 sec,
and at this rate of strain for aluminium the mean vield stress is likely to be
between about 20 and 802, greater than the quasi-static vield stress (ie. at
167 ¥ sec).

Tubes with low strain hardening rates buckle rather than invert. It may be
shown from ref. 4.63 that the axisymmetric buckling load P, for a tube whose
reduced modulus is E, is approximately P, = 4nt3E,/3. Thus. calling on
equation (4.157), inversion would accur onlyif P < Pyor E,'Y > 3(D{21)'2.

'Plastic bending of thin flat plates

The method used above for calculating the plastic collapse load for a rigid-
perfectly plastic beam and generally of structures, by using the idea of a plastic
hinge in conjunction with the choice of a satisfactory mechanism, is now ex-
tended 1o analyse thin, flat, circular plates and rectangular plates when sub-
jected to a transverse load. Strictly, it may be shown that any calculated load
will be in excess of the actual load required (o cause plastic deformation when
We assume that a certain mechanism obtains at the instant collapse oceurs ; but
for many engineerin g purposes the load magnitude calculated is not likely to be
greatly overestimated. (In any case with any real material differential strain-
hardening will occur and increase the load carrying capacity).
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In all the cases examined the applied loads are perpendicular to the plane of
a plate. Usually, bending action in a plate only is considered and ail membrage
stresses and local shear stress distributions are neglected. Deflections undergone
by a plate for the loads calculated below are thought of as being large by com-
parison with possible elastic deflections.

Recall that for a plate. the magnitude of the fully plastic bending moment
per unit width, is M, = aphg’d. IF Y is the uniagial yield stress of the material
then, for a Tresca material. ¢y = Y and for 2 Mises’ material ¢, = 2YJ§,/3
and h, is the plate thickness.

The early plastic collapse cases investigated below are treated as ones of
incipient deformation: the deformation which starts to occur is related to the
rate at which the initial configuration is changing so that no difficultics about
the amount of deflection need arise.

Annular plate clamped at its outer boundary

An annulus of uniform thickness f,, of outer radius @ and inner radius b, is
supposed firmly clamped at its outside and free along the inner circumference
where, say, a uniformly distributed line load is applied of intensity P per unit
length.

Because of symmetry, assume the plaze to be divided into a very large number
of identical sectors 1, 2. 3,4, 5,.._, each of which subtends a very small angle
40 at the centrg 3{{ _the plate. ses Fig. 4.52(a). Let the inner circumference
A, B, C, D.. .. descend with speed uy, the outer circumference «, §, 7,5 .. . being
stationary, and let each sectional element of the annulus 1, 2,3, 4, ..., rotate as
a rigid body with angular speed u,/{a — b) about af, By, 76 etc., Fig. 4.52(b).

At the boundary x§ there is fullplastic bending—a plastic hinge—whilst
additional plastic hinges are conceived to exist where the separate sectors are
joined along radii. The rotation of each sector may be represented by a vector
@ of magnitude ugfia ~ b), drawn in a clockwise direction parallel to its
boundary, in accordance with the conventional right hand screw rule, see
Fig. 4.52(b). In a separate diagram concerned only with representing the angular
velocity of all parts of the plate, the vector for sector 1 is represented by 61
and that for section 2 by 02 etc. The diagram which shows the angular velocity
of all parts of the annulus is called a hodograph and Fig. 4.52(c) shows the
hodograph for the sectorially divided annulus. Note, in the hodograph, that
12, 23, 34, etc., represent the rate of rotation between one sector and the next.
To see this, in Fig. 4.52(c), first joint 12 and then resolve 02 into Oa and #2, and
01 into On and #l. Since O# is the same for sectors 1 and 2, therefore both of them
rotate at the same rate and in the same direction about an axis perpendicular
to the common radial hinge BA. The total rate of change of angle, between sector
1 and sector 2, in radial hinge Bf, is the difference between nl and n2, ie. is of
magnitude {12]. Thus the work done in the plastic bending of the sector 1 is
the sum of (i) the length «f.w .M, and (ii) length Bf . [12].M,. The fully
plastic bending moment per unit length is M. Hence the total work dissipated
in the annulus is the sum of (i) and (ii}, multiplied by the number of sectors.

PLASTICITY THEQRY AND ANALYSES 195

Fig. 4.52.

Now, in the limit 66 — 0, each sector becomes infinitely small and the hodo-
graph becomes a circle of radius «, Fig. 4.52(d).

The rate of dissipation of energy in the outer circumferential plastic hinge,
Le. the sum of (i) for each sector, is {2ra). w . M, and in the radial hinges, ie.
the sum of (ii) for each sector, is (a — b}. 2mw}. M.

The rate at which work is done by the externally applied load is 2rb . P. u,
and hence,

nh . P.uy = 2mawM, + (a — b2nwM, (4.158)
or
a~-b M,

- R 4.159
Pe—ep— {4.159)

The total applied load, Py, is

2a-b

Py=27b.P =2r. a"* .M, (4.160)

For a solid circular plate for which & = 0, the concentrated load required to
cause colilapse is

Po=4n. M, {4.161)
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If the same frustum type mode of deformation was assumed when the annulus
was carrying & uniform transverse pressure, p, then, by the same approach as
above, the rate at which work is done by the pressure, W, is

W= f p.27zr.dr.uo.a —r
N -
= m;u"(a — bjla + 2b) (4.162)
and thus using the right hand side of (4.160),
npig . _ 2mMp.ug .
3 {a — b)(a + 2b) == (2a — b)
or
_ 6M2a - b) e
“{@a—bF.a=< 2b) (4.163)
For the solid circular disc, b = 0 and thus,
12M
p=—"3% (4.164)

Annular plate position fixed (zero fixing moment) at its outer periphery and free
at its inner boundary

The condition investigated is shown in Fig. 4.53. The approach. the method
of analysis and the angular velocity field assumed are identical with those
investigated for the clamped plate above. We may easily arrive at an expression
similar 10 equation (4.160}; the first term on the right hand side would be
omitted since the outer edge of the plate is free. Thus,

Zb. P.up = (@ — b). 2500 M, (4.165)
or
M
P==t (4.166)
SIMALY
f\ SUPPORTED
ANNLULUS
5 4
Fig. 4.53.
The total applied load is;
Po=2nb.P=2x. M, (4.167)
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I.f the :.mnulu; was subjected to a uniformly distributed pressure, p, it is
easily verified, with the help of equations (4.162) and (4.165) that

6M

= ———L.
P=a=bG+ 2 (4.168)
For the circular disc, b = 0, and
6M,
P=— (4.169)

Obviously, this situation is basically similar to that in which the initial condition
pres.cnbed fpr the piate is, that it is position-fixed at its jnner radius, b. If it
carries a uniform load P’ at its outer edge, then P' = P . tb/a).

Annulus clamped along its inner boundary

In ?ﬁnciplc, t_he analysis of this-case is the same as that on p- 195. It mav be
verified, see Fig. 4.54, that if the annulus is line-loaded alongits outer bound'ary

M
_ P
=t (4.170)
and

Py=2n.— "~
b=21.——. M, (4.171)

1 |P

W; —BLATE CLAMPED
_’ AT INNER
BGUNDARY

Fig. 4.54.

If the annulus is Joaded with a uniform transverse pressure, p, then the plastic
collapse pressure is,

6M,.a

P @ —bF.(a b (4.172)

Dynamic loading of an annular Dlate perfectly clamped along its inner boundary

The pre:vious Case may be re-considered in the following form which is a useful
?Erpmma.te approach for certain situations which arise in dynamic plasticity.
Investigate here the homologue of the case of the dv i i Y
cantilever of p, 181, namieally loaded
toA ﬂ'at, uni!‘orm]y fhick annular plate. clamped at its inner edge, is subjected
oan lmpulsay'e vertical load which causes the outer boundary to start to move
wnward with speed u, and the speed to decrease linearly with radius and
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10 zero, where the plate is clamped. This initial kinetic energy is dissipated by
enforcing full plastic bending throughout the annulus—the possibility of
buckling is neglected—and we require to estimate the plate deflection, pre-
suming that the deflections are not too large for the approximations used. We
may approach it in the same way as before.

The initial kinetic energy of the plate, E, is

E=,-’t--[. Iordr.p byt (4.173)
b
where u is the plate speed at radius r, hq is the plate thickness and p the plate
density. Now u/ug = (r — b)/(a — b), and after substituting in equation (4.173),
integrating and simplifying,

h 2
E= 3‘;—;0_ n(3a* — 2ab - b @.174)

Instead of referring to e, the angular velocity of sectors, refer to ¢, the angular
rotation of an annular radial element about the inner plate boundary. Then
& = wt/2 where 1 denotes time; sectors will be retarded at a uniform rate since
the cpposing bending moments are nearly canstant in magnitude for the small
deflections envisaged.

Following (4.158) the total plastic work done on the plate, W, is given by

W= 2mbM,b + (a — b)M,. 22 (4.175)

(This neglects the increase in plate stiffness as deflection increases, such as is
indicated through pp. 201 to 204.)
Equating (4.174} and (4.175), we find

pho(3a® — 2ab — b?)

. X
¢ =u3 WM (4.176)
Thus the peripheral deflection 4 is simply
pughgla — b)*(3a + b)
4 =(a~- = 4.
(@ — b)p 240, 4.177)
The deflection, equation (4.177), may be re-written as
2 g2
pughol?y  [(bja) + 3
= ] 4178
- ][ (7

where [ = (a - b). As bfa— 1, then A — pu3hol*/6M,, as given by equation
{4.14C) for the simple cantilever. Obviously this should be so, since the closer
b/a — 1, the less influence do radial hinges possess and the more important is
the root circumferential hinge.

Expression (4.177) for 4 also applies for a uniformly thick annulus which is
a regular polygon, when its outer edge is projected downwards with speed u,,
the inner circumference being securely clamped, see Fig. 4.55. (Compare the
treatment of this problem with that on p, 204

P e U S-S, U
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Fig. 4.55,

We may consider in the same way a square plate of side 2u, claraped around
its outside but caused to move downwards at its centre with speed u, In the
first place, see Fig. 4.56a). Incipient deformation may be imagined, the plate
diagonals being conceived as hinge lines; the hodograph is shown in Fig.
4.56(b). The plastic work done in causing a body rotation ¢ of each quarter Qf
the plate of moment of inertia. [, about the side where it is clamped. is 16aM ,¢.

c
d b
a (b
Fig. 4.36.

The kinetic energy of the whole plate is 4 x $I(uy/a)*, so thal equating the
latter two quantities, we have

_ Hup/a)*
¢= 8aM,

and hence the deflection 4 is given by

Tu§ _ pushod® (@.179)
820, 48M,

4=ap=

noting that [ = phya*/é. _ )
Note that the assumed modes of deformation in the plate problems just dis-
cussed strictly apply only at the instant deflection starts. In the case of the
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annular square plate, clamped over the inner zerzphery, there must be a kl'ﬂd of
buckling near the corners of the plate after & ¢igwre*szemt amount of dgformatlon—
in effect there is ‘too much’ material at the aemer. By lnt_roducmg two more
hinge lines at each corner a mode of deformzawn that }vzll allow for corner
‘folds® or finite deflection is as shown in Fiz. £27(a}; thl‘s mcu_ie accounts .for
bringing about the square box shape of Fig. £ 7. Assuming this mode persists
during the whole deformation, i.e. from fz: zizzr= "0 box, it is easily shown that

-e-h—l'-‘-l—— 20-—!-;
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the work done to achieve a box of depth h and base 2a is,

K1 +2
4mM,[1+E( +2 ‘/5)] (4.180)

Thus if the plate periphery had a downward speed of g to begin with, see
Fig. 4.57(c), then the annulus has a kinetic energy equal to that dissipated
plastically and as given by (4.180) if,

2 2
ughptida + 3k _ Mp[] . 5(1 +22\_ﬁ)]
a

3
or
1

=M
’h 2. , (.181)
P I+

h1+2/32
D i A,
a 2

up =

o )3
B

where ! is the plate thickness.
An alternative system of plastic hinge lines for bringing about a box-like
form but with more “open’ corner folds is shown in Fig. 4.57(d) and (e).

Plastic collapse load at large defiection
{1} Simply-supported plate

Experiment shows that cven for circular piates of rigid perfectly plastic matzrial,
when once the initial collapse load P, is reached, then to cause further plastic
deformation or to continue increasing the central deflection, increasing loads
P > P,. must be applied. If we consider a stmply supported thin flat nlate
carrying a concentrated load at its centre, then when P > P, it will have
developed into a shallow conical shell. The plate is shown supported on rcllers
in Fig. 458(a) at A4, so that as the defiection develops these are able to move
horizontally. In the defiected position. for small plastic deflections there will be
a thin horizontal elemental disc of the plate at some height, z, above A, which is
not strajned in bending.

For a mode of deformatjon in which a developing conical shell is assumed,
Totation of elements in the horizontal plane through I shows them not to be
extending or contracting but for an element distant ¥ above II', il y is positive
the element will be subject to compressive hoop vield stress aq, and if it is
negative to tensile hoop yield siress, By considering the stress distribution »n a
diametral plane, see Fig. 4.58(b) it is evident that for equilibrium the com-
Pressive force above I1' must equal the tensile force below it and hence that
1" must divide the plate section into equal trapezoidal areas. If § denotes the
current central deflection and kg the plate thickness, see Fig. 4.58(c). then
clearly (hy — z) = (z + &) and z = (ko — &)/2. The plastic hoop moment M,
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Fig. 4.58.

for a whole radial section created by the yield stresses acting above IT’ is,
My, = moment of stresses over rectangles II'BE’ and II'CA about 1T’

+ moment of stresses in triangles BB' D and CA £ about 1)

z 1 -
= I:%RZ'E + ER"O(ho _ 22)(z + ho . ZZ)J

R
= 2037 + (ho — 22)(ho + 2)]

Roghl 1 {8\%
M,=_2% .|
Sk s Bed ol

Substituting for =,

{4.182)

- —-m‘\.‘

S . 35, et 1
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Thus the collapse load after deflection § following the method on p. 196, 15
P.Rw=Myg. 2nw or P=2aMyR
and hence substituting for My from (4.182),

P 1(5r
— =4 =-[=

1,183
P, 3\ 13.183)

where P, is the initial collapse load when § = 0. Equation {4.183) hoids for
0 < hy. Whend > hy. thesame approach as above may still be used. Fig. 4.38(d)
applying instead of Fig. 4.58(b). Considering the moment of the stresses about
i

Mz 2 = Moment of stresses in triangie [17D about [T

— moment of stresses in triangle 114 about I’

Re e 3 S 2
My = 33U + ho) ~ (3 — ho)]
_ Roghof & 1 fhs 4 1844)
4 |k, 313

Now from (4.182), P, = Ragh.4 and thus for é:hy > |
P s 1
d

h
=t i4.185)
b

(i) Peripherally clamped circular plate

When the plate is built-in at its circumference, the horizontal circle in which
there is zero rate of extension or contraction is not obvious ; on a radial section,
see Fig. 4.59. the area above the line where the circle cuts the section is not
necessarily equal to that below it. We therefore follow the previous procedure
but add a term—moment 2zRM —for the rate at which work in plastic bend-
ing is done at the periphery of the ring, and then minimise the rate at which the
external load does work in order to find the optimum value of . We have,

P.Ro=Mz.2no + 22R . Mo
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where
5 o (hg—z—8F 22 & b
MR/RD'O=§(PID—Z—5+§) +"“—‘—2'—+ 2 +EZ+§
2 .2 5 £2 _
3k — 6hoz + 62° + 625 + 26 36k, (4.184ii)
6
and
Moy ={thy — 2)* + 22)/2 = (hE ~ 2hgz + 222)/2 {4.186)
Thus,
P 2z M,
6_0 ‘MR . E; + ?0- .27
or
—PT = [6h3 — 12hyz + 1222 4 267 + 625 — 36h4) {4.187)
nay/3
Then,
if P
—_— = 12 ¢ L A4 =
d:(ﬂao 3) 12k, + 24z + 66 =0
whence
= (2h, — )4 {<£.18%)
Substituting (4,188} in (4.187), we find
P = mo i3l + i i)h
12 1 h,)
[ 5 fa\°
=Pl + =.|— .
D (hu) } .189)

(iii) Peripherally clamped polygonal platc

A uniformly thick clamped plate which is a regular polyzon of r sides becomes
a shallow conical shell when deflected by amount 6. When a concentrated load.
P, is applied along the axis of the cone, see Fig. 4.60, it is easy to show, following
the methods outlined above. that for small values of 8/h,.

P.R.wcosrn = nMy. 2wsin n/n + nwM 2R sin z/n
or

P 2ntanx/n

[Mp + RM ] (4.190)

Mg is given by (4.184ii), Af, by (4.186) and R is the radius of the circumcircle
of the pelygon. Clearly when n — co, expression (4.190) becomes (4.189). The
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SHALLOW POLYGONAL
CONICAL SHEEL

Fig. 4.60.
procedure, ie. of minimising P with respect to z, in order to determine the
least value for P follows as before.
The approach used in this section is prompted by that of Calladine in ref. 4.64.

Elastic-plastic bending of circular plates by transverse pressure in experiment

In a number of papers, Ohashi and Murakami*®* presented the results of
theoretical calculations for the elastic-plastic deflections undergone by solid
and annular plates when transversely loaded by a uniform hydrostatic pressure.
They investigated simply supported and clamped mild steel plates and compared
their results with those found by experiments. These authors found that at a
circumferential strain of about 0-1 at the plate centre, the simple limit Joad was
attained. Generally, however, it transpired that as distance from the plate centre
increased it became increasingly difficult to identify a collapse load by reference
to a deflection or a strain which increases rapidly with pressure, see Fig. 4.61.
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Plastic collapse loads, such as those given by Onat and Haythornthwaite,*56
and e.g. (4.183) which take deflection into account give greatly improved
correlation with experiment. A general conclusion is, that after about 85 % of
the limit load is reached, membrane forces become significant or, alternatively,
when the central plane deflection is equal to about one balf the plate thickness.
The regions and the extent in plates in which material has become plastic due
to transverse loud, were calculated by Ohashi et al. and then observed by
sectioning and etching: the general shape of the yielded zones are sketched in
Fig. 4.62. Note that the extert of the region of plasticity is unsymmetrical due
to the membrane tension imposed on the bending stresses: the theory and
experiment reported by these workers were in good agreement. The theoretical
results of most of this work were numerically evaluated.

-
e——
I "/ P AT G ——
J ELASTIC- PLASTIC REGIONS
Fig. 4.02.

Recent experimental work has been carried out by Hooke*57 to determine the
applicability of rigid-perfectly plastic bending theory for predicting collapse
loads for circular mild steel plates of diameter-thickness ratio between 124 and
213, by more or less concentrated loads applied through a central boss or uni-
form transverse pressure, for a variety of edge conditions. He found that con-
sideration of membrane action was vitai for predicting load—deflexion relation-
ships where the deflexion extends to more than ten times the plate thickness.
Hooke notes that simple collapse loads, of the kind derived above, satis-
factorily predict experimental “first yvield pressure” and are a guide to per-
manent set behaviour,

Plastic collapse of a circular pressure vessel

In Fig. 4.63(a} a thin wall cylindrical vessel is shown subject to an internal pres-
sure p; plastic collapse may be assumed to occur by the formation of ‘ring’
plastic hinges at the top, the bottom and in the centre and by hoop stretching
everywhere between the top and the bottom, An estimate of the value of p may
be found by proceeding as in the previous sections. If the sides of the vessel at the
instant of collapse rotate with angular speed e and # is the vessel thickness, then,

(i) the rate of energy dissipation in all the hinges is 4nDoM and  (4.191)
{ii} the rate of energy dissipation in hoop stretching is
L2 5 L2
ZJ.O nDh dxagIn (1 + D_,"E) ~ 4rrhaowJ; xdx
= dnha,wl?/8 (4.192)
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Fiz. 4.63.

The rate at which work is done by the pressure is

L2

EJ prD dx . xm = prDwi’id {+.193)
U
Thus. after adding (4.191) and (4.192) and equating it to [4.193),
. .v:Dw%i = 4nDoM, + dnhoqwl?/8
_ 4xw[D6°hl + hrr;Lz}
and
i=%;z|i(%+ l)l— 1]- (4.194)

when ¢, = 2?’-\,‘3 or Y according to how closely the shell material follows a
Mises or Tresca vield criterion.
If the wall of the shell was to collapse by extending, see Fig. 4.63(b), we should
have,
rRp = InRhe,
or

I z_ﬁ
Og R

(4.195)

Yet a third mode of collapse is that in which the end plates only collapse,
see Fig. 4.63(c). In this case, adapting and using (4.163),

Row .nR?
P

8 = 2rRwM_, + R. 2z . M,

and thus,

{4.196)
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Besides the three distinct modes of plastic deformation described, some of
them may obtain simultaneously, see for instance Fig. 4.64.

The most appropriate mode to choose is cleatly that for which p is least, so
that for specified values of L/R and /R, the least value of p/oy is sought as
between (4.194), (4.195) and (4.196) or some combination of them.

Heat lines

When a block of metal is rapidly compressed under conditions of piane-strain
between parallel rigid platens, the plastic work done is dissipated as heat in a
particular manner. However. for the geometry indicated in Fig. 4.65, the plastic
work done is concentrated in a fairly well-defined cross; the work, and hence
the heat production, is nor generated more-or-less uniformly throughout the
block between the platens. Experiment gives evidence of the concentration of
energy dissipation in the cross, especially if the forging is carried out in mild
steel at the dull red heat of about 700°C; the piastic energy appears as con-
centrated thermal energy and a thermal cross, or a pair of *heat lines’, becomes
visible having a temperature of about 800 °C, The existence of heat lines in this
and in other circumstances of plastic deformation is important because the
temperature that may be reached in the body of the metal is much greater than
may otherwise be expected. The consequences of this temperature jump are that
unlooked for metallurgical phase changes may occur.

In Fig. 4.65, if A8 is the adiabaric temperature rise, then the rate at which the
platens do plastic work, i.e. Y. 2a .. is equal to the gain in thermal energy.
ie. Jpe . 2au, . 48, by the material which traverses the cross, t.e., in passing
from region 1 to region 2. Thus

Y

Al = —
Jpe

(4.197)

More complex examples of lines of thermal discontinuity are discussed in
rel. 4.10; see also ref. 10.13.

This subject is especially important in refation to high speed plate penetration
by projectiles and in metal working impact operations, see Chapter 10,
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5: One-dimensional elastic-plastic stress waves in bars

Elastic-plastic waves in a long uniform bar

The first portion of this chapter can be considered essentially as an extension of
Chapter 1 in which we dealt with elastic pulse propagation for small strain,
linear, elastic materials; many of the same notions are used but developed to
take account of the elastic-plastic behaviour of materials. This is currently an
area in which much research work is proceeding and in some respects one in
which there are still major disagreements between workers. The aim below is,
however, to introduce a sufficiency of working notions for the engineer to be
able 1o engage in intelligent discussions on this subject and to facilitate his
understanding and appreciation of the phenomena he may encounter when
impulsive, elastic-plastic loadings are possible. The book by Cristescu**C is
essential reading for comprehensive studies in this area.

We consider the dynamic loading in tension of a long thin bar, the loaded
end of which moves in some prescribed way so as 1o initiate elastic and plastic
longitudinal waves; the bar is said to be long so that there are no wave reflection
eficcts. We assume throughout that the tensile stress-tensile strain relation for
monotonic loading is at all times independent of the rate of strain and s with
previous cases that radial inertia effects are negligible.

{i) The bilinear 6o — e curre: Donnell's approach

Donneli®! apparently first investizated longitudinal plastic wave propagation
in a paper published in 1930 though major contributjons to the theory of plastic
wave propagation in long bars were made known™*° after the Second World
War in the papers of Taylor in 1946, Rakhmatulin in 19435 and Karman and
Duwez in 1950. The approach taken below. though not rigorous, is presented
becaunse of its attractive simplicity and because it provides insight and under-
standing of the situation and makes no call on mathematical expertise.

Consider a bar of idealised material possessing a bilinear reminal stress-
engineering strain curve, see Fig. 5.1, such that the two gradients of the curve
are E and P where E is the elastic Young's modulus, P the plastic modulus and
Y is the yield stress. If the nominal stress suddenly reached at the end of the bar
isgo < Y, it will be propagated through the unstrained bar at a speed of Eipo-
Further, if a stress a4 is applied where oo > Y so that the nominal stress incre-
ment {g, — ¥)and strain increment (¢, — vy) are related through the modulus
P, then intuitively it seems obvious that this excess stress should be propagated
with a speed of \,%0 through the bar in its unstrained configuration.
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!f.the speed at which the free end of the bar is moved at an instant resultsina
ten§1le stress oy > ¥, this stress may be expected to be transmitted by two waves
v»;h:ch start at the same instant from the loaded end of the bar but move at thé
different .speeds_ g = \/ Ejpy and ¢, = ,/P/p,. These speeds refer to an origin
of c_oordmates in a fixed space which coincides with the impact end of the Ear
at time ¢ = 0. The stress and strain distribution at time 7 after loading will, by
refert:i.'lce to these fixed laboratory coordinates or to the unstrcsscdhmale‘ria"l
coordinates, be as shown in Fig. 5.2. As ¢ increases the distance between the head
of each of the two waves increases. ‘Thus elastic stress Yand corresponding elastic

strain ey are propagated at speed ¢, whi i i
. 1 o whilst the plastic wave following
CpIncreases ¥ 1o g and ey 1o g, Bupatspeed

g >V €p o
—_—
TENSILE STRESS WAVE MOVING INTO BAR

Fig. 5.2,

(i) Gereral nomingl Stress-engineering sirain curve

;: l?ll:gtf:l‘gem:ralis:altia:)n may now be arrived at for the speed of propagation of a
o rf;t inal stress wave through a bar of material which has a coﬁtinuous!v
oy Ng 0y — e curve, concave to the strain axis. The equation of motion for aﬁ
ment whose unstressed Jength is dx at time 1 = 0. see Fig. 5.3, is
N d(Ae) = podg dx . Fufer {5.1i)
where u i ispl: .
oy oriuilns ;ihe gl§placcment undergone by an element originally distant x from
o eleﬁ; : txe" In space, at time ¢ = 0. ¢ is the true longitudinal stress across
e n ‘:1:10(‘58 current cross-sectional area is 4. However, as Ag6, = Ao
o 18 the initial cross-sectional area of the b: quati i) i
e ar, th :
equally well weits 1. en equation (5.1i) is

d{Agaq) = poAg dx . Fuer
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Fig. 3.3,

and hence,

Y]

=

doy dx &

T P

|

. (3.1
Pa is the density of the unstressed bar, assumed constant throughout. Since

e = ¢u/@x then defdx = é*u/éx* so that equation (3.11i) becomes

e doy'de @
L el

& Bo Toxt )

(5.2)

thus the speed of wave propagation along the x-axis is, by comparison with
{1.21),

¢, = \ (day/delp, {5.3)

Note that day/de is just the slope of the nominal stress-engineering strain curve
at ag. For elastic wave propagation, ie. 5, < Y, see Fig. 5.4, dag/de = E and
{5.3) gives ¢ = V/EE ; for the bilinear stress-strain curve of the previous
section, Fig. 5.1, doo/de = P for a4 > Y and thus ¢, = /P/p,.

1 %ﬂo/de

A
7

|
|
!

a¥

. G
Fig. 5.4. g e

To utilise the equation (5.3), there should be available a nominal stress-
engineering strain curve, or a load extension curve for the material concerned,
precisely appropriate to the physical conditions of the wave propagation, and
in particular to the local strain rate. This is never known ab initio and it is usual
to employ the ‘static’ load-extension curve : however see p. 136 concerning the
work of J. F. Bell and reference 4.35.

B [ R W
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{iti) Strain distribution in @ bar propagating an elastic-pluastic stress wave

If the long bar is loaded to a nominal stress level of g, instantancously, with
whichis associated a strain e, then over the elastic range of'stress the wave speed
isconstantatcy = ./ E'py, whilst for every stress level ¢, > Y, the wave speed is
less, at |- (doy/de)/py, being the smaller, the greater is gy,
Three distinct regions at given time r may be identified by reference to the
position of the unstressed bar, see Fig. 5.5.
(i) Between x = Dand.x = cpt, thestrain is constantat e, e, = /(doy/delp,
where o, is the greatest nominal stress imposed,
(ii) Between x = cpt and x = ¢4, there is a variable distribution of strain
between ¢, and ¢y,
(iiiy For x > rytie ahead of the clastic wave. the bar is physically unstressed.
It is not difficult to see that the curve in Fig. 3.3 is concave upwards for a
typical stress-strain curve which is concave downwards : the particular case of a
trilinear stress-strain curve needs only to be considered.

(i) —

Ly]

i -

P

q NON-UNIFCRM

CONSTANT | ELASTIC-PLASTC _,_l
STRAIN = = o N

Fig 5.5.

=Y

{iv) Particle speed required to attain a given stress level

A simple and direct derivation of the speed of movement at the end of a bar in
order to produce a strain of e, is obtained after considering 2 small element
of the bar in its unstretched state of length dx, and nuting that the time, dt, taken
for it to propagate a force increment d(A,0,) at stress level oy is dxfcp; we
emphasise that the speed here has reference to the unstretched length of the
element or the space occupied by it

dt = __dx (5.4)

V/(doo/de)py

However, applying the momentum equation to the element of the bar
(podp dx). dv = d(Ayz,) dt {(5.5)
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where dv is the increment in speed of the element due to excess force d(4,04)
or d(Ac). Hence, eliminating dt between (5.4} and (5.5)

d
do= —2°__. (56)

\/daﬁ,/de
Fo
Po

thus the total speed acquired by the element—relative to a fixed background
of coordinates specified at time 1 = 0—is, in order to atitain nominal stress

level ag,
Yp B Ly I
1-=f /’M.de= f'co [doolde 4, (5.7)
o ¥V Pe do E

For the bilinear nominal stress-engineering curve of Fig. 5.1, equation (3.7)
gives,

U= e]-\,’AE o -+ (EP - e}’]\/P/pD
. {5.8)
v = €yCy + {gp — Uy,

where ey = Y/E.

{v) Critical impact speed

The statical uitimate strength of 2 stressed bar occurs when do,‘de = 0; it
marks the end of the ability of the bar to carry a uniform strain and stresses {or
strains) in excess of the ultimate stress will cause necking and subsequently
fracture. Now under dvnamic loading we may assume that fracture occurs at the
ultimaie strength: this is easily seen from (3.5) above, because at the ultimate
strength, ie. where day/de = O. the speed of plastic ware propagation is zero. The
speed of the loaded end of the bar is given by (3.7), where the limits of integration
for strain will be zero and the tensiie instability strain e, . At this critical speed of
movement, the end of the bar will be moving as fast as the bar can pass on, or
propagate. information about its own particle movements, ie. from the loaded
end to further up the bar. The eritical impact speed for a bar, ¢, is then the speed
of the loaded end which will cause fracture in the bar under tension. Generaily.
the strength of the bar will be reached at a critical section where the plastic wave

therefrom is zero.
T fdayide
= | \/“"“.de (5.9)
<o Po

We have,
Figures 5.6 and 5.7 are taken from the papers by Karman and Duwez and
White and Griffis, see ref. 1.2, In the case of Fig. 5.6 from the stress-sirain curve
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given, the computed value of v, was 150 ft/sec and rupture of the specimen
actually occurred at an impact speed of 171 ft/sec.

WAVE SPEED
- ftfsec 4
75.10 smsss—l
Ibfin? 72408
Ib/in? |
/
!
!
1 - 0
009 ¢ IMPACT SPEED ft/sec
Fig. 5.6
WAVE SPEED A
13 104
ft/sec [ '\
AN
. STRESS ANy
50-10°3 : - — = D - 50107 lbyin’
I 'in2 >
q ! P S
iI - ~ WAVE
i SPEED
i ~STRESS |
& ! e |
. 1 i1 =
o171 ¢ 0 200 400
IMPACT SPEED ft/sec
Fig 5.7
:.:,- R f'"l'""‘-.‘-_-"" . o h
O U L
{vi) Shock waves and the locking medium T [

Inall the cases so far considered the stress-strain curve has been concave towards
the strain axis, but in a few cases (e.g. nickel-chrome steel and polverystalline
_material behaviour is shown.in Fig. 5.9 and this is a locking medium - using
relati\*e‘ly large strains are concerned. In this case because the slope of the gy — e
curves increases with strain, the speed of propagation of a stress wave in a long
rqd increases with increase in stress intensity. Curves of the form shown in
Fig. 5:8 are representative of some soils and rubbers. One form of idealised
mater}al behaviour is shown in Fig. 5.9 and this is a locking medium; using
equation (5.3), clearly there are only two wave speeds associated with this
curve, 1e. \/Efp, and an infinite speed. Equation (5.3} shows that, when the
end of a bas is loaded, the latest and therefore largest stress or strain imposed is
propagated at a faster rate than the early or lower stresses and strains so that,
i the bar is sufficiently long, following waves will overtake early waves and
eventuaily all should coalesce to give one strong wave front, a shock wave,
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Fig. 53.

wn

Fig. 5.9,
probably first predicted by White and Griffis in 1942.1 Ig any case, the distance
between any last-to-be-propagated and most intense stress wave, and the first
and least intense stress wave, will be steadily reduced. Further discussion of this
topic will be found in refs. 1.2 and 4.40,

(vil) Stresswaves in bars preloaded into the plastic range : the elastic precursor

[t would be expected that if a bar or rod is preloaded and carries a static load of
amount P or stress aq. see Fig. 5.10, which is sufficient to induce some degree of
plastic deformation, then the sudden addition of a small load, the stress incre-
ment (doy) or the increment of strain, would be propagated at a speed of
[(doy/de,)/po]'* . the common expectation is that information about a small
additional load having been added would be conveyed along the bar ar the
plastic wave speed appropriate to the point o, on the stress-strain curve.
Experiment shows however that both elastic and plastic waves are propagated
by the extra load. The elastic wave is commonly referred to as the “precursor’;
it is of course the precursor of the plastic waves of stress and strain. In fact, as
Fig 5.10 shows, imposing stress increment da causes a total strain increment
de, which is made up of elastic de,, and plastic dep, strain increments; the
elastic strain increment must be propagated at the clastic wave speed.

Y

: ; ; d GB’
05 -'i'i L T
N EASTIC

~| de; [ component
OF de,

Fig. 3.10.

- -~

. e
(viti) Unloading waves

Reverting to a consideration of the bilinear Fo/€ CUrve, it is easy to see how the
elastic and plastic waves generated in loading such a bar of materiai to level
6q for interval 0 < 1 < ¢, may be represented in a location diagram, see Fig.
5.11. if the load is now completely and instantaneously removed, this will take
place as an unloading elastic wave, see p- 123 -effectively as an elastic compressive
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Fig 5.11.

wave; it will be propagate& into the bar and at time ¢, will hf?.v.e overtaken the
slower moving loading plastic wave at distance x, from the original loaded epd.
When the two waves meet, depending upon the original intensity of t}_le applied
stress g, the plastic wave may propagate further into thﬁt bar or it may be
arrested and an elastic wave only, continue. Also, an elastic wave is reflected
from z section distance x , into the bar, back towards the now frqe end, there to
be reflected vet again up the bar. Details of this case are fully dtscusse.:d in ref.
4.40. But after practising in the use of the location diagram for the load.mg ofan
elastic-plastic material on p. 228 below, the nature })f the calculatlops and
"book-keeping’ regarding stress and particle speed, which has to be carried out
in unloading problems, will be well appreciated.

Impact of a finite length uniform bar of elastic-linear strain-hardening material
with a rigid lat anvil: the use of the location diagram

The work below is mainly attributable to Lensky deriving from .his work
published in the U.S.S.R. in 1949 It is presented here as an introduction to the
treatment of one dimensional elastic and plastic waves in finite length baljs (and
therefore so that reflections are treated) as an example of how elastic and
plastic waves may be simultaneously generated at a section inside a bar, and_of
how elastic unloading waves arise and are treated. Let a uniform bar of_ e%asnc-
linear strain-hardening material, see Fig. 5.1, impinge normally on a rigid flat
anvil and the nominal stress rise to o, > Y, the yield stress. Only two wave
speeds are possible, i.e. th_ee[astic wave speed ¢, = ./ E/py and the plastic
wave speed ¢, = ¢, = /P/p,. )
When impact with plastic deformation occurs, thej two waves are simul-
taneously propagated from the interface between the impinging bar and the

* anvil; they travel outwards along the bar at speeds c, and ¢, see Fig. 5.12(a)

and (b). There are. for 0 < < lfey, three distinct regions in the bar; region [
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which is that traversed by both the elastic and the plastic waves, region I1 which
15 traversed thus far only by elastic waves, and region 1IT which is undisturbed.
The material in region I will have been brought to rest ; clearly, for it to exist and
to have been plastically strained, the strain there must have exceeded e, the
simple compressive vield strain. The minimum velocity necessary to initiate
plastic strains is just ¥/pcy = ¢gey. The speed of particles in region 11 is,

v =V — coey (5.10)
and since this speed is reduced to zero when the plastic “shock’ front passes, the
compressive stress jump, {6 — Y), is

oo — Y = poc(V — cpey)

so that, the compressive stress in region [ is

ag = Y + poc(V ~ coeyd (5.11)
Also the total compressive strain is,
6g— Y ¥V — cyey
e, =ey+ OP =gy + ——Cl—r-}— {5.12)

Iftherc is no further plastic strain in this region, then the residual plastic strain
ep, see Fig. 3.1, is given by,
e, = €, + ep
where e, is the elastic strain component. Hence,
V — coey

ep= |y + ———| — =
¢y E

V—ceey Y+ oty [V~ coey)
E

= ey +
¢y

1 e,
= (I — _—
( CoeY)(Cl C(ZJ)
s -2
= (V= coeyd (5.13)

N
Cot'y

Just after time 1 = I'¢, the elastic wave will be refiected from the free end of
the bar and the slower moving plastic wave front will have advanced further to
the right; the situation is shown as Fig. 5.12(c). The effect of reflecting the
elastic stress wave will be to progressively and completely unload the right hand
end of the bar or much of region II1: the velocity of region ITI will be decreased
to (¥ — 2cpey). The approaching reflected elastic wave and the advancing
plastic stress wave eventually meet at time T, after it has advanced x, from the
end of the bar at which impact first took place, see Fig. 5.12(d). We have,

x, 22— x

'T]=—=
¢y Co
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so that,
X, 2e,/¢q 2
— = ————— and T, =
! 1+ e)/cy Y et e, (5.14)

Since ¢, /e, is often about 5 for many materials, x,/1 =~ 0-18. The actual length
of the plastically deformed region is x,(1 — ¢,). When the reflected unloading
wave and the outward going plastic wave meet, at some section S 18y attime T;,
itwillbeasifthelength ofbar(! — x,}havinga speed (¥ — 2epey}or(2coey — V),
suddenly impinges on a stationary bar of length x,, which is already subjected
to a compressive stress g,. The result of this impact is that just after tine T7,
waves will be reflected back into each part of the bar, see Fig. 5.12(e). lf it is
assumed that both the reflected waves are elastic, then immediatel y after impact
the particle speed must be the same on both sides of S, 3, . Let this speed be v
to theright. The change in speed of that part of region I embraced by the reflected
elastic wave from S, ie. region V, is then Just v; since this particle spzed is
oppositely directed to that of the wave it implies the propagation of a tensile
stress wave and the imposition of tensile strain. And because region V is already
loaded in compression and has zero speed, therefore the tensile wave elasticall 'y
unloads region V by amount pecqt, to [Ple, — ey) + Eey — pocovi.

}; .‘L.
@ 4 ] t<0
L N
K ! —
A
¢ ¢
% S
ON S 1 s o<t<l/e
P _bi —‘-»—-bk
2 & Cy
P & Lo (REFLECTED
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(<) i il TIT ] ELASTIC t>1/e,
4 WAVE)
- —_ -——
“ € Co
¢ S (V-2¢ge)
d) 7 i :
(&) A4 1 —3 — (=T,
= P ——
i X 7 (£ -x )™
STRESSED TO S
LEVEL &
[ S &5
(& 7 RAITE
) 7 T —0 _\:w!-—uﬂ t>T
2 :

- _(I;i"zc e,)
l *, 44 ll$‘ D&y

Fig. 5.12.
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At the same time, the stress in that part of region 11 which is traversed by the
rightward moving reflected elastic stress wave, ie. region IV of Fig. 5.12e),
becomes [poco(V — 2cgey + v)]; the change in particle speed in this region is
the term in brackets above. However, the forces at the interface S.5 ; must be
the same for both region V and 1V, 50 that )

Ple, — ey) + Eey — poegv = pocylV — 2ec0ey + 1) (3.15)
Substituting for e, from (5.12) in (3.1 3),
V — coey
P T ter—er |+ Eey = 2pyeot + pocolV — 2ehey)
1
This equation may be reduced to,

(er — e}V — cpey) + Vv
2¢,

=

(3.16)

The elastic strain ¢, engendered in region IV is, using (5.16),

_ Pocor(c1 = 3eg)(V — coey)
TUE | 2¢,

+ 2V — 2..‘021,}

_ {e) + co)(V ~ eqey)
2ct

Now the greatest value which ¢, can take and region IV still remain elastic, is
ey, so thatif e, = ¢, then

Vo= cpepfl + (3.17)

2cq
Cg + €
The compressive strain ¢’ remaining in regions I and V, after traversai by the

elastic wave reflected from 5,5, results from a change in compressive strain
ey + (V — coey)/cy, by an amount of tensile strain pe,v/E and is just

o= (Ev + ¥V — egey _ Potol
¢y E
= (er + V — coey _ Potol (€1 — 3cq)(V — coey) v
¢ E 2e,
—ci + ¢y + 262
=(V — ¢c,e ¢ T tito T <o
( 0 y)[ %z, ] {5.18)

Provided that only elastic waves leave section S, S, , elastic waves will travel
up and down the bar after contact with the anvil ceases and the total strain at
any section will vary; but the plastic strains—particularly in region [—will
remain constant. Thus provided that,

2c
coty < V < cpey| 1 B
o-y DY( +CU+C1)
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or

v b
I« 3 =% (5.19)
Coly 1+ ¢ /ey

there will only be one region embracing an original length of bar of extent ¢, in
which plastic deformation occurs.

§,5, is known as a stationary front af second order discontinuity in strain;
usually on either side of an elastic or plastic wave {ront, there is a iirst order
discontinuity in strain—which is not of course stationary.

Forsay,steel, ¢y = 2. 10° in/secor [7000 ft/sec(3.10° m/s)ande,= 1077
ie. Y = 13 tonfin® (0-2.10° N/m>), so that the inequality {5.19) becomes,

-

I 2¢,ie
[ <2c<3 Lt

_ e 520
200 T+ cco -20)

where V' is given in inssec.

Since ¢,/¢, is usually small, say = 5. the range for ¥ is between 17 and
30 ft/sec.

When ¥ is just sufficient to initiate further plastic deformation, i.e. beyond
$8,. using (5.17), we find

®
I

€y

B E(Cofcﬁl :|’

. ¢
e =cy| 222 — ] > (5.21)

and e, = ey = 1}

/
IV > cpeell + 2¢4/(co + €1)), then a further plastic wave propagates to

the right from §,S, as well as elastic waves in both directions. Either of these
latter elastic waves after reflection from the ends of the bar, may later intercept
the plastic wave and cause a second stationary front of second order strain
discontinuity S,5,.

The bar, if only one stationary front arises, will appear, when exaggerated,
as in Fig. 5.13(a) and if two are created as in Fig. 5.13(b).

The sequence of events and the interaction of the wave motions may be well
represented in the characteristic (x, t) plane as shown in Fig. 5.14. Fig. 5.14 is
drawn for z case in which a second stationary front of second order in strain
discontinuity arises at 5,35,.

Which of the two elastic waves from §,8, first meets the plastic wave
depends on the ratio ¢gfc,. The critical case arises when both elastic waves
meet the plastic wave simultaneously. Let this happen after further time T,
at a further distance along the unstrained bar from §,S, of x,, i.e. at section
8,8, For the elastic wave which travels to the left of the plastic wave, i.e. that
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passes through region V, i.e. §,4S, in Fig. 5.14,
X X+ x
="ty 2
o Co
For the other elastic wave, i.e. §, BS,

n=2(l—-x1}—.\'2
Co

and for the plastic wave,
=2

From (5.23) and (5.24) and using (5.14),

X3 _ 2edeo ~¢) 21 — e, fegde, feq)
' {eg + ¢, (1 + ¢1/co)?
t?
Cy ’
g |
______ 82: >B
Cy ‘
I & ,
A : ,
b ; |
o !
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! ; ELASTIC |
i i i .
. i { x
Fig. 5.14. |3, —afucxxp]

(5.22)

(5.23)
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and
<y
X; + x5 4epc, Co
= =4, : (5.26)
! 2 H
(co + ¢4) 1:1 + ¢
Co

and using (5.22) and (5.24) or (5.25) with (5.14),

e I - D

{
“ [l—z—z—‘Jl “COIH_% C°l[1+(ﬂ)2
o 0

which reduces to,
€ — depe, ~ ¢2 =0,
so that,
cofcy =2 + /5 ~ 424 (5.27)

Thus if ¢pfe, > 4-24, then the leftward moving elastic wave from section S,
first intercepts the plastic wave.

Analysis of the dynamic compression of 2 short cylinder between a constant speed
fiat rigid die and a stationary die using the characteristic diagram

We consider a shoit eylindrical block of elastic-linear strain-hardening material,
situated on a frictionless flat rigid bottom die, which is compressed by an
identical upper die moving with a speed ¥ which remains constant for a
period of time 6/y/c, , where ¢, = (Pip,)"'* is the plastic wave speed and I, is the
original height of the cylinder, see Fig. 5.15(=),

To examine the distribution of strain and speed throughout the cylinder
during this period we again use the characteristic or location plane diagram;
this will also show the progress of the glastic and the plastic waves through the
cylinder. Atatime0 < 7 < lyfe,. where ¢o = (E/p,}'/?, the situation is as shown
in Fig. 5.15(b) and when r = lofcp asin Fig. 5.15(c) and (d). All material engulfed
by the plastic wave will be moving at speed I, L.e. the die speed, and that through
which the clastic wave only has passed will have a speed u where

. Y Y E 1
Y=peeou or u=

U= Coly (5.28)

denoting Y/E by ey,

Since the particles in contact with the fower dic are at rest, then the wave
refiected from it must be such as 1o change the incident elastic wave particle
speed from cyey to zero. Further, since the material is already stressed to the
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compressive yield stress, the reflected wave must bea plastic wave. The situation
is now as shown in Fig. 5.15(e) and the material encompassed by the reflected
plastic wave is under, say, a stress of intensity 5. We have

a—Y=p . AV {3.29)

where 117 is the change in particle speed that the plastic wave brings about,
Now 4V = ¢yey, and thus

c=Y+ pou,y.coey = Y(l + c;cDEEE)

= Y(I + ﬂ) (5.30)
Co

‘The plastic wave from the lower die and the injtiated plastic wave meet at
4, distant X, from the bottom die. From this meeting of the two plastic waves.
only two identical (or continuing) plastic waves can be produced : no elastic
effects intervene since the cylinder is still being compressively loaded by the top
die moving with speed V.

Attime ¢ = ly/c,, the location diagram appears as shown in Fig. 5.15(f). The
stress level in zone [2] is,

4 - _
Y+ (V- Co€y)PeCy = Y(] - “‘-1') + poc, ¥ (3.31)
Co
v
S . \\
S N DA T NN v
x PLASTIC
ly < (€ ll/ |
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c, ic, Cry L"aey cy
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Let the particle speed in zone [I1] be w. then from a consideration of Zones
[!1]and [II], the stress in zone {I[] is

e
Y(l + _1) + pacw
Cp
From a consideration of zones {2] and {11}, the stress in zone (1] is

- [ . L .
}(1 —ET:) + oo b+ ppe (1= w)

However,
] c i I
Y(I =+ —1) + pelw = Y{ | - -—l) = poc V' + poc (V= w)
Co Cp
so that
w= I — o, - {3.32)

Thus the stress in zone {17 is.

T

¢
Y(l + —!) + Pac [V — coey)
cy

[¥5)

=Y+ poc, ¥V (5.33)

Itis straightforward to arrive at the strain and stress levels in each region from
observations about the particle speed : the completed location diagram which
is Fig. 3.16, should be checked. Note that when the upper die is arrested at
!t = 6ly'c,, an uniloading wave of intensity (¥ + 6pye, V) is propagated into the
cylinder and results in it springing away from the bottom die to some extent
in due course.

Some typical figures for steel might be as follows,

Put ¥ =25.10° ib/in® (172.10° N/m?), €10 = 75 and take V == 60 ft/sec
(18-3 m/sec)

Then, if ¢q = (E/pg)** = 2.10° infsec (5. 10 m/sec), so that

poc, V = c_ﬁ_c[ ¥ = 10,800 Ibjin® (75. 105 N/m?).
a

Y(l + ?) =251 + #5).10% = 275,103 Ibfin? (190. 10° N/m?3)
0
and

22:5.10° Ibfin? (155. 10° N/m?)

Y(l - El) =25(1 — 4).10°
b

25.10°

AISO, Coly = 2.10%. "5‘-'6'-1—06=

167 infsec >~ 14 ft/sec (4-3 m/sec)
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Ve épcy 4

Co Ey

ELASTIC

% 1
}’(1+05;)+53’c1lf

Y(1+§—l)+4%c, 4 G

. Q
Y(H(%)*'}‘%C,Vl
v |
— —— ¢
Yi14§{)+2p_(“v 1
— ,-_'O—“ﬁ

}’{1+ac-:))+pac$_l/i
A

Stres, in the zones identified in Fig. 5.16 in 000s Ib/in? (or 7. 10° N/m?) are,

o275 [2] 225 + 108 = 333
11225 = 216 = 44.] [4] 275 + 108 = 383
(50 275 + 216 = 491 [6] 225 + 324 = 549
(70225 + 432 = 65.7 [8] 275 + 324 = 599
9; 275 + 432 = 707 [10] 275 + 540 = 765
(11225 + 648 = 873 [12] 27-5 + 540 = 815

4, -~ 2 in(~5 cm) then l/c, = 2/2.10* = 107 sec and the time of the
operation is 6ly/e, = 6. 107, The amount of compression in th_ls t.1n1e_1-5
Al = 6, 107% 720 = 0432 in (II mm) and the engineering strain is e=
0-432/2 = (0:216. The stress on the upper die at the close of the operation 1§
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. given by,

(e-TP=e¢

lor

a=FPe+Y
=3.10°.0216 + 25.10%
= 89:8.10° Ib/in? (618. 10° N/m?)

High speed normal impact of short rigid-perfectly plastic solid cylindrical blocks
with a flat rigid anvil

() Taylor's momentum approach

In this section we consider the normal, high speed impact with consequent
plastic deformation of a short, solid cylindrical bar with a rigid anvil. The end
at which impact takes place ‘mushrooms’, see Plate 272, and this shape is
characteristic of this type of process™. For stee! bars, by ‘high speed” we mean
a few hundred feet or metres‘second ; the bar is said to be short because for
length to diameter ratios of greater than three, buckiing would be expected
as opposed to compression.

The analysis which follows is originally due to Taylor®-* and though not
entirely successful in accounting for the mode of deformation revealed by experi-
ment, it is highly instructive and suggestive.

The approach is applicable in cases where povy = Y where v, is the initial
bar or projectile speed and for a typical mild steel, ¢y =~ 1000 ft/sec (~ 300
m/sec): p, denotes the density of the material and ¥ the vield stress (or alterna-
tively is interpreted as the tensile stren gth, and therefore takes strain-hardening
into account to some degree). The sim is 10 account for the ‘mushrooming’ of
bullets or projectiles during the impact process.

The discussion in the first place considers the projectile as made of
elastic/perfectly-plastic material but subsequently considers the analvsis in
terms of the rigid/perfectly-plastic material. At impact with the rigid anvil. see
Fig. 5.17, two waves are initiated and move out from the anvil: one travels with
the elastic wave speed ¢p and the other—a plastic wave—at a much slower speed
which is to be determined. The stress in the bar immediately rises 10 the elastic

AO
Yo
-—
UNSTRESSED
] 4 Fig 517 Elastic and plastic waves are hoth initiated at
ELASTIC fo- ﬁ(}o moment of impact.
)
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limit and particulurly the elastic compressive stress, travels to the free end of the
bar. giving rise to a change in particle speed of Y/pgc, to the right: if the initial
speed of the bar was v, the speed of the particles in the bar through which this
wave has travelled relative 1o the fixed anvil, is reduced to (v, — Y pyc), see
Fig. 5.18{a). At the free end of the bar the compressive elastic wave is retlected
as a wave of tension whose intensity 18 equal to that of the compressive wave; it
travels to the left and is superimposed on the compressive wave 50 progressively
unloading the bar. i.e. reducing the stress in it to zero, starting from the free end,
see Fig. 5.18(b). There arc three regions in the bar throughout this sequence;
one which is plastically strained, ie. through which the plastic wave has
advanced, a second which is not strained at all and a third —between the plastic
wavelTont and the elastic wavefront in which elastic strains of magnitude
Y/E are imposed.

vo=Y'0e
Fo=7. Ace .
5 I3 Ry REFLECTED
/ L = WAVE; TEN
ANVIL X R ANVIL VE; TENSILE
; f p
¥ b | zeR0
-~ o] comprRessiVE | 4T saess
= LA smess. ¥
STATIGNARY Y2 ¥ - N
- "
INGIDENT -~ N
COMPRESSIVE b i—- w2
COMPRESSIVE ~ ELASTIC WAVE .— Cp a c,
PLASTIC WAVE 0

FRONT

(@) (®)

Fig. .15 Stress waves initiated zt impact. indicating zong of plastic deformation and the first
reflection of the elastic wave.

The head of the tensile wave, moving with speed \,/E'T['-‘—o to the left, eventually
encounters the compressive, slow moving plastic wave which is advancing along
the bar tothe right behind the compressive elastic wave. The refiected wave of
tension moving to the left, of itself causes a change in particle speed of magnitude
Y/pyto to the right, so that the speed of the unloaded rear end of the barisas a
whole (vq — 2Y/pgce). Thus, when the rightward-moving compressive plastic
wave and the leftward-moving, unloading, tensile elastic wave meet, the whole
of the bar to the right of the plastic wave front has the speed {r, — 2Y/pycq)-
This sequence of events is described in different terms elsewhere. If representa-
tive figures, say for mild steel where Y = 30000 Ib/in? (207.10° N/m?).
pog = 0.28 1b/in® (8000 kg/m>3)and ¢y = 2. 10° in/sec (5. 10° mysec)are used
to culculate 2Y/pqe4, then it appears as only about 30 ft/sec {~9 m/sec).

The continuous passage of the elastic wave up and down the rear portion of
the bar, which is teflected from the slowly advancing plastic wavefront and the
free and of the bar, feeds energy forward for its subsequent dissipation plastically,
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and slowly, after many traversals of the rear part of the bar. brings it to rest.
This rear portion, i.e. that which is not plastically deformed at a given time, may
thus reasonably be treated as a continuously retarded rigid body whose motion
is determined by events at the plastic wavefront. The momentum {Tux at the
plastic waveiront decreases with time and hence the plastic strain developed
also decreases with time ; thus a mushroom shape is expected. As our concern is
with plastic deformation we now confine attention to behaviour at the plastic
wavefront. Gy

A simple theoretical model may now be conceived in which the portion of
the bar moving through the plastic wavelront {or shock) is brought to rest and,
in doing so. the material spreads out laterally undergoing compressive nlastic
deformation. the necessary compressive force being derived from the change
of momentun: undergone by the rigid oncoming portion of the bar whose speed,
o, is steadily reduced. The ‘mushroomed” projectile as finaliv secn. Is the terminal
state of a deformation history which at a moment in the period of deformation
appears as in Fig. 5.18; note that this simple model requires a discontinuity in
cross-sectional area at the plastic wavefront.

(ii) Basic equations

In Fig. 5.19(a) for simplicity, bring the plastic wave front, PF. which has an
absolute speed of ¢, to relative rest, so that rigid material from the right moves
across it with speed (¢ + ¢,); v is the instantaneous absolute speed of the end of
the bar of initial cross-sectional area A4,, see Fig. 5.19(b). We denote by A4 the

. [ P
.‘: —> he— x—
A A P - T*_P P
v; rl CROSS b ERI5INAL
1317 - Ay | SECTONALL - —— - 1 CROSS-SECRONAL
i AREA V+Cr | AREA 4
. F A ~3-45 RN
‘ i i
: %;— FR\STF.TIO_NARY :
h}-‘— PLAST.C “VAVE "'."lo!"_ X —

DURING DEFORMATION TERMINAL STATE
(a) (b) (c)

Fig. 5.19.

current cross-sectional area of the bar when brought to rest, it having been
plastically deformed after moving through plane PF. Thus, the equation for
no change in volume gives

Aolv + ¢,) = Ac, (5.34)

Also at PF, the net force is Y(A — Ag);the pressure in the 'shock” is everywhere
the same at magnitude ¥; this is equal to the rate of change of momentum
across the shock plane, ie. the mass arriving per unit time is podq(v + ¢,) and
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its change in velocity is from (v + ¢,)} to ¢,. Hence % : n
poold + ¢) (e + ¢) — ¢} = Y(4 — 4g) ok 1oL~
or [ {
Uk c8
PoAqlv + v = Y(4 — Ag). (835 % o v?
po assumes an unchanging density. (Compare equations (5.41i) and {5.41ii)) © } Y 06 -
below.) If the longitudinal compressive engineering strain in any element of i
original length dl, which has been plastically compressed to length d! is e, h T
then i 04
1 i
i | :
dlg—dl Ay A _A—4 A ’ ox
=0 " _ 0 W I 0 20
e a, G y - (5.36) . | | |
Ay 025 050 075 e Fig520

where V is the volume of the eiement.

Now from {5.34) Further, for the undeformed portion of the rod, applying Newton’s Second Law,

v o d
€= 1 (5.37) Vg = —podyy -a‘f(b' T €p)
Aq — pd Ydr < e
and thus substituting for ¢, in (3.35), Pode’ dt (5411)
or
f v ] A
Podolt + i »=7Y r 14, o ¥
2 ) ° il (5.41ii)
Ag Ho¥
which on simplifying reduces to [Note incidentally that,
( A 1)“ ( ! 1)2 : d
pn;‘: _ e - 1~ 01 - ¢ 538 VoA = —podo. (Mt + ¢)) (5.41ii)
i : -0 .
= 1 so that together (5.4)i) and (5.415i) give (5.35).]
A — ¢
Eliminating dr betw 5.40)
This relationship is shown in Fig, 5.20. & di between (5.40) and {S41f)
dx _r+e¢,
_ . _ . == (5.42)
(i1i) Current deformed and undeformed length during deformation £ PoX
From Fig. 5.19{b} for the two principal portions of the bar which are of current But from (5.37) and (5.36)
increasing length h and decreasing length x, we have " - f—e
€p = = = S {543}
dh P4 1 ¢
—= 5.39 ———1 —
dr €r (539 Ay I —e !
and and putting this into (5.42)
dx
e+ (5.40) dx _ vpex dx _ por.dr
dr ’ dr eY i x  eY (5.44)
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The term ».dv in (5.44) can be eliminated after differentiating (5.38) thus,

2ppt.dr e — &°

= . 545
¥ L de (545
so that (5.44) becomes,
. 1
:—‘1'_‘ = 2T de (5.46)

x (1l —e

We may now integrate (3.46). noting that when x = L, i.c. at the beginning of
the plastic deformation, ¢ = ¢,,. Hence.

. ) LT
[ln.\ :f:. = ’:—lntl —'g) -|—U _e):lm

Xt = e e — e, .
ln(L) _1n([_e)+“_em_e°) (547)

Also at the end of plastic deformatione = Oand we may denote the remaining
undeformed length of bar by X so that from equation (5.47)

X\ 2y o
n{=] =ln{i —e;) — —2 5.43
n(L) A T (480
or
L 1 € 1 ..
ln—)-(- = E,:H e +In (I — eo):l (5.48i1)

Figure 3.21 shows how X/L varies with €y.
The procedure for determining all the various quantities is now clear, but as
an example we shall work through a series of calculations. Consider eq =035,

|
Fig. 5.21. 0€ 02 o4 06 08 g
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then from equation (5.38),

Poty €} 0.5

Y 1-e 1-05

Using (5.481)
X 2
In ‘E) =ln(l — 05 — 0-5/{1 -~ 05 = —1.69

and X/L = 043,

During this process, the plastic deformation as reflected through e, or loosely,
the spread at the head of the advancing plastic wave—the plane across which
the discontinuity occurs—is determined through equation (5.47). The values
of x/L for each value of ¢ are given in Table 5.1

TABLE 3.1
e 0 01 02 03 0-4 05
x/L 0-43 0-43 0-34 0633 07 I-0
h/L sce 038 0-34 0-28 0-21 0-12 00
(5.30) below |
did, | 100 1-03 112 120 1.29 141
pat/ L 0-34 029 0-24 018 10 00

To facilitate depicting the sequence of states of deformation, the correspond-
ing values of  are required. These are found with the aid of (5.39) and (5.40)
from which,

dh
R 7 S QI (5.49)
dx c,+ v

introducing equation (5.37), and
h }
- = (1 — e)d(x/L) {3.50)
L X/L

The integral (5.50) can be graphically interpreted after plotting x/L versus
{1 — &), as in Fig. 5.22, using the entries in Table 5.1.

1-0 &,

T{i-et " E

¢G5 & T

0 o 1 1 L 1 1 L P

304 0506 07 08 09 10 X/

Fig. 5.22.
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If the final height of the mushroom head is H and the undeformed length X
then Fig. 5.26 shows how H/L and X/L vary with pou3/Y.

(iv} Profile shape

The profile of the ‘mushroom’ for each valve of e or at each section x/L, is given
by the ratic of plastically deformed diameter asit becomes stationary on crossing
the plastic wave front 4, to the original bar diameter dy, and

d A I I
15511

hoNA, - T

"

Values of d/d, corresponding to values of ¢ appear in Table 5.1.

(v) Time-wave position expressions

Finally, the time ¢ which elapses since impact first occurred, for the plastic wave
front to reach distance h from the anvil, is calculated using equation (5.41i),

fdz =[- %fh‘ (5.52)

But from (5.38),

Ye? 1 —¢f /
0= —; sothat dr = —32 —Y- . de
poll — @) 0 —ey Po

and puiting this into (5.52),

' foo [ [x) (1= e
di=—-L i—| |+ =
Js VT L L T =
or
ol e l"“ (\‘) 1—e/2 o
= —i. e 5.53)
L V= eg)de AL {1 — ey (

with the help of (3.38) where porall’ = e5.(1 = ¢,).
The function (x/L){1 — &/2)/{1 = e)*? versus ¢. 1s plotted in Fig. 5.23 for the
case considered. i.e. pra’Y = 0-5. and the values of vyt/L appear in Table 5.1,
In Fig. 5.24 three terminal profiles for po5/Y = 0-5, 1-63 und 3-2 are shown as
calculated by Tayler®?; Fig. 5.24(b) indicates an envisaged instantaneous
condition.

{vi) An alternative simplified calculation

Fig. 5.24(c) and (d) shows, for porg/Y = 0-5, and 1-63 that the ‘'mushroomed’
end appears as an almost straight-sided conical frustrum.

For each particular value of prg/Y. the final depth of the mushroomed head,
H, requires to be numerically calculated as above. However, the amount of
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Fig. 5.24.

labour involved in calculating H/L may be avoided without 100 great an error.
The volume of the deformed head, see Fig. 5.25, is expressed as,

(L - X)AO = %(AlHl — AOHD)
and thus

T —

X ! d dg \ H
L L

MNl—eo'dy —dy d, ~dy

"3

Hence,

H 30 = X/L)(1 = eg)(1 — /T — ¢q)
L 1— (1 < e~ 559

) Figure 5.26 shpws how H/L varies with ¢q or p,i/Y, following (5.54): X /L
1s of course obtained from (5.48). It is interesting to note that H/L has a maxi-
mum of about 0-43 when pgv3/Y ~ 1. The values of H{L obtained with (5.54)
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appear to be about the same as those given by Taylor and significant curvature

of the sides of the mushroom, see Fig. 5.24{e), is evidently only taken on when

pove/Y > 1-63, a feature of no great importance since the solution is obviously
in error at this level of pgv3/Y.

(vil) Plastic wave speed

Plots of A/L against vot/L show that the plastic wave speed is nearly constant.
For the particular case considered, ie. pov/Y = 0-5, if this is denoted by <.
then & ¢, is the slope of the line made by plotting h/L by #,t/L from Table 3.1;
inthiscase ¢, > I-12ry. Reverting to equation (5.42) but treating C,asconstant,

1 dx _{z+e) A
Fig. 5.25 po x ¥ 7
OF integrating,
Y i s < 2s
4 —Inx=%4*+cp.0+ ¢ {3.33)
10 !_ Po
| When ¢ = 5, x = L and thus
E- |_ &= --%Ug — Cplg + (Yln L) 2o
|
f ez
3 H Hencag(3.55) becomes
:‘l II c?{ ) ) o
Sl —tn (2| + Hed — o)+ cploy = o) =D (5.56}
yo il ik L g II'._l
ik |
F 4 P SinceEr = Qwhenx = X
Y, (X
o e —In|=} + L .U = .
| N 3 pon(L)+zbo+Cp 2o =0 (5.57)
Nt
| ;;{’_'L — or
i 7N CETRSREL - | ¢, In(L/X _
LN =i = ol X) ; Y) - 05 (5.58)
03— .r'f . 2 0 Polo,
o2}/ — .
XL (vit)) Whiffen’s experimental resulis
0-1 In a paper by Whiffen®-2, a room temperature steel projectile fired at 810 ft/sec
{~246 m,sec) is identified with pavd/Y = 0-5 and, accordingly, for various
B | I | values of pov/Y, using (5.58), corresponding values of b, c,/v and hence ¢,
1 2 3 may be found. In order to give an impression of the magnitudes involved these
Po v / Y — are presented in Table $.2.

Fig 526 Showing how H/L varies with p,V3/¥ as °

{1) calculated by Taylor®3,
(2) following equation (5.54) and
{3} following equation (5.65).

S - 4.3 e AT KR g i

Pt

The duration of impact is H/c, and thus this quantity in Table 5.2 is calculated
using L == 1 in together with appropriate values of v,.

Evidently for values of pyv/Y > 0-267, the duration of impact is nearly
constant at about 5:107 3 secs. In the experiments carried out by Whiffen at
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TABLE 5.2
pot3/Y 0011 0050 028 0267 0500 0900 1633 3.200
€4t 473 4.27 257 1.71 119 084 0575 040
Bo. ft/seC 120 256 505 590 810 1085 1460 2040
¢, Ttjsec 508 1094 1300 1010 965 912 840 816
HiL — — 0.19 0.34 0.38 0425 0409 0310
Hie, .vg'l | — — 0074 0199 0319 0503 0712 OIS
10° Hye, secs | — — 144 41 47 55 59 47

1580 and 2045 ft/sec (or 480 and 622 m/sec), the measured impact durations
were 68.107% and 6-4. 107 % seconds and thus strain rates of the order of
10*/sec were attained.

Strain rate effects in deforming cylinders due to high speed impact at high tem-
perature with a rigid anvil

Many of the above results originally derived by Taylor were utilised by Whiffen
for trying to determine the yield stress of certain mild steels ai room temperature
at high rates of strain. Strain rate eflects are the more pronounced the higher the
homologous temperature at which a test is conducted and Fig. 5.27 shows how

? ‘, T
8~ _
7L . _
i L—AHNEALED MiLD STEE.
ér T, -1800K ]
L’,_: -
g s- i
’ [ BRIGHT DRAWN MILD STZEL
e T, =1800K i
\ L o
I n
COPEER
ik T, =1356K i
= i
0 i i ! ] ] ] i 3 i
[ 01 02 03 04 05 06 07 08 0-9 1-0
HOMOLOGOUS TEMPERATURE T/T,
Fig. 527 Showing variation of dynamic/static mean yield stress ratios with homologous tem-

perature (T/T,).
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the ratio of the yield stress op, obtained in high speed impact tests, to quasi-

static yield stress g, varies with homologous temperature®4, The cansiderable
rate of increase in op/o5 at about half the absolute melting temperature of the

3 ) steel should be noted.

Plate 27 shows the mushroom shapes obtained by firin g, in effect hot bullets,
at a nominally flat rigid target; note the deformation indicated in Plate 27(m),
where straight wires inserted originally at right angles to the cylinder axis are
deformed and appear curved after impact.

Energy method based on deformation into a frustum
(i) Non-hardening material

Without making any call at alt on previous work, as on p. 237, e.g. taking J(/L
from (5.54), we may calculate H/L directly by an energy approach. If the final
‘mushroomed” head of the projectile is assumed to be frustum-shaped, the
compressive strain distribution may be presumed to be implicitly specifiec. as
proportional to distance from the anvil and thus the plastic work done in arriv-
ing at this state may be found.

From Fig. 5.25,

a—da H—}
—— 0 _ ! and thus da

dh
bo — tg H '

= (5.59)

- Fora transverse clement of height dh at k from the anvil, the plastic work done
in expanding its radius from ay, to 2 is, using (4.41),

d}
dW =Y .In (d—;:') - volume of element,

dhg is the original thickness of dh. For the whole frustum.

W

dhg 5
v . D(E .na© . dh.

(5.60)

i

Now, dodhy = Adh, where A and Agp denote initial and final cross-sectional
areas and hence

fﬂlo
dh A,

thus (5.60) becomes,
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and using (3.59),

_ 2nHd} bo\? . [bg by ?
' 9(bo—ao)'[3(£) l“(%) - (T) ' l]

W 2nHa} b,
Y 9(by — ag)

or

— (5.61)
do

Now the energy for doing the plastic work is derived from the kinetic energy
of the projectile and thus

W1 (onail) , _nail poad

¥y = (5.62)
Equating (5.61) and (5.62) and simplifying,
H _ by — ag) ] Pt/ Y ] (5.63
Co Dl e R ]
ag ap g ‘
However, from previous work,
=
Po¥o _ ¢ B =1 .
Y -, (x2 - 1) T (5:64)
1- 2
X
where x = by/a,. Putting (5.64) into (3.63), we have
H 9 (x-Dx-12
L™ 4 x[3xnx~x + 1] (5:63)
A Table of values derived using (3.65) is given below:
TABLE 5.3
x i2 1414 16 1.7 20 25
2y 0-305 0-5 061 0-65 0-75 0-84
poviY 0-135 05 0975 124 2.25 4.42
H/L 0-29 0-42 0-505 0-51 0-515 0-52

A curve showing how H/L varies with p3/Y, following equation 5.65, is
given in Fig. 5.26. Evidently the outcome of the assumption on which (5.65) is

AT b e e T i S a T Ty b
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based is only moderately in agreement with the predictions of the previous
section over a narrow range of values of p,03/Y. Clearly small shape changes in
the mushroom head have a relatively large influence:; referring to Fig. 5.26, for
values of pov3/Y greater than about 1.5, the final predicted shape is significantly
different from that of the frustum.

{ii} Linear strain-hardening material

By following a similar approach to that just presented, it may be shown for a
material which is rigid/linear strain-hardening, ie. ¢ = ¥ + Pe. where P is the
plastic modulus, that the plastic work required to be dona to attain the frustum
shape of Fig. 5.25, determined on the same assumptions as before, is:

[ bl ()
} AHby — agh| \ag dg] ag

- ol 1] o

Calculations of K'Y for non-linear strain-hardening curves are given in
ref. 5.4

{tii) Mean strain ufter impact

~ The mean strain ., imparted, for the non-hardening material, reverting to

equation {4.42) is,

~ 3 3 T
3(% In @ - lﬁ + 1
_ W _ 1y lag dy do
"™ Y. volume of frustum 3 bl ? |
g
3
>l =
_ g g _g
CiE.
dy -

For (bp/ay) = 1-5,2 and 3, the corresponding values of &, are 0-48,0.92 and 1-63
respectively.

Hawkyard’s energy method
(i) Energy balance equation

In the previous section the fundamental principle employed was to use a
momentum balance across the plastic wavefront (discontinuity) in order to
determine the shape of the ‘mushroom’ head and other details when a short
circular cylinder impinged against a rigid anvil. In this section, with all the same
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assumptions as before, the consequences of establishing an energy balance
across the discontinuity at the plastic wavefront are examined—an investigation
originally made by Hawkyard?-4,

Figure 5.28 shows the events at an intermediate stage of deformation, which
takes place in time dt. An elemental cylindrical length, dx, passes through the
plastic wavefront and is so deformed as to acquire an area 4, and height dy; the
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Fig. 5.28.

plastic wave speed is thus c, = dy/dr. In the same time the rear portion of the
cylinder moves forward a distance ds so that v = ds/dt. The rate at which plastic
vork is dissipated in crossing the wavefront is

aw 4

2 = Z(Ao dxYin A/Ao)
nr
aw . <
d_f = Aqv + C‘.,). YinA/4, (5.67)

since, wx = ds + dy Le.
dx/dt = ds/dt +dyfdi =v + ¢,

The loss of kinetic energy in the undeformed rear portion in decreasing in
speed from r to (v — dr} is equal to the arresting force times the distance it
moves. i.e. Y4, ds and the deformed element loses its entire kinetic energy, ie.
Appg dxr?/2. Thus the rate of loss of energy of the projectile is

dE d
7 E[%Aopo dxv? + YA, ds] = Agrfpatie + ¢,) = Y] (3.68)
]

Since dE/fdt = dWd1, using (5.67) and (5.68),

A <
Agl + ¢,)Y In = Agt[3petiv + ¢+ 13 {(5.69)
L}

Combining equations (5.69) and {5.34), gives

1pgv? = Y[lni - ( — ﬂ” (5.70)

i

'
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{ii) Velocity-strain equation
Re-writing equation (5.70) using (5.36), we have

oo = Y[ln( ! ) — e:I ; (5.71)
1—e
With the initial condition v = vy, the initial strain e, is given by
Lpove? = Yl:ln( ! ) - eo:l ) (5.72)
1 —e,

(ili) Relation between current undeformed length and strain

The equation of metion for the rear undeformed portion of the cylinder is,

dv
YAy = —pvox(u.d—s) . {5.73)
But by differentiating with respect to s in equation (5.71), we have
dr e \de
—~ =Y e .
=SS 579
Hence from (5.73} and (5.74),
d
e A (5.75)
X I—¢
But ds = —e dx, so that (5.75) becomes
dy_ _de (5.76)
X 1—e
Integrating (5.76) and noting that x = L when e = ¢,
L l—e
- = 5.77
ln_\_ ln(l—eo) (5.77)
or
1 —eg
X = L( ) . (5.78)
l1—e¢
When ¢ = 0. the remaining undeformed iength X is
X=L(1-ey (5.79)

(iv} Relation between current deformed length and strain
We have for the element which crosses the plastic wavefront,
Ag.dx = Ady
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or _'~..~-1-‘"
e 1'.-

dy = E{f—u’x = ;(l —¢)dx

and using (5.76),
dr = —{1 ~ ¢)x. de = —x.de 581
) T X.de. (5.81)
Substituting for x from (5.7%)
dr = —L(1 — eg)—% 5
: . (552
Integrating (5.82) and putting y = Date = 2,
Y=Ll —e)In[{I ~ e)(l — 2g)]. (3.8
The final deformed length is & and
H=Li P!
= — g5)in - | ; 3.
o L(I — CDJ (5.84)

and the final length L, = X + H.

(V) Terminal profile of the deformed cylinder

The ﬁ_na[ profile of the deformed end of the cylinder can be obtained by using
equation {3.83), after finding ¢, from (5.72). Terminal protile shapes for various
values of poug/Y as caleulated by Hawkyard®- are given in Fig, 5.29.

All profiles are of concave form and have the shape given by experimental
results; the profiles differ significantly from those siven by Taylor particularly
for the larger values of pod/ Y. ’ ’

2
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Fig. 5.29.
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Comparisons between the results of Taylor and those of Hawkyard are made
through Figs. 5.24 and 5.29,

{vi} Plasric ware speed

From equations (5.37) and (3.36),

and using (3.71) for v, (3.83) becomes

() Tl A 5

The momentum balance theory gives, by combining (5.85) and (3.38).

_ ,2 Lz P12
e, = Loef| Yo 3 _ (l Al —et? (5.87)
¢ poll — €) \Po

For a given value of ¢, the ¢, of (3.87) is greater than that of (5.56) and the
difference increases as ¢ increases,

Wark-hardening and work-softening materials

Work-hardening may easily be introduced into the above analysis, in which case
the terminal profile shape depends on it and indeed deformation of the whole
projectile length is predicted,

For small degrees of strain hardening the terminal shape is concave out-
wards. but for large degrees of hardening it becomes convex outwards. Work-
softening materials provide a projectile profile which is exagueratedly concave
outwards.

Rigid striker impinging on a specimen of rigid linear work-hardening material
supparted by a rigid anvil

Figure 5.30 shows a short cylindrical specimen supported on a rigid anvil, and
against which a rigid striker of mass M, moving with initial speed vy, impinges

RIGID
STRIKER

lM’ Yo

SPECIMEN

Fig 530,
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normajly. The compression is supposed to take place frictionlessly so that the
stress across each section is uniform; the material of the work-piece is rigid
linear work-hardening.

At the instant of impact elastic and plastic waves are generated, 50 that at
time 7 later, when the plastic wave moving with speed ¢ » has advanced through
a length of cylinder c,i, the equation of motion for this quantity of material is,

dn
(M + poAgc,,r)d—T; = —dyo; (5.88)

o is the stress just behind the plastic wave front and v is the speed to which the
striker and the material between it and the plastic wave has been reduced.
The stress just ahead of the plastic wave is the yield stress ¥ and the particle
speed ¥/pgc, is zero since ¢ is infinite, The particle speed is given by

-Y
r=2 (5.89)
pUCp
Substituting in (5.88) using (5.89), gives
dr
{M + poAucpt)I = —AU(Y - pQC’,UJ’
or
dr _ Ag dr
Y + poer M + poc Ayl
Thus.
"lr 1 H
IniY + pacyr =l
[ frots ’Jn [ af = Po-‘lo"p”]o
Le.
Y + pge,r _ M _ M (5.90)
Vo patgte M= podot s (.\! + m.C_P{)
! o
where m is the cylinder mass.
From (5.89) and (3.90),
= 2 F Pofyto (591)

nocr
14— O
( T, )
if ¢ > Y. Equation (5.91) holds until & reduces to ¥ and then,

=X =Mcyrod,Y.

Ubviously the maximum value of x is the height of the cylinder, /. If plastic
deformation does not cease during the first passage of the plastic wave through
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the cylinder, reflection of it at the anvil results in an enhanced compressive stress
on the anvil and the material through which it has passed since leaving the anvil
will have become stationary.

This topic and the approach in this Section is discussed at greater length in
ref. 5.6.
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6: Impulsive loading of beams

introduction and historical note

Rawlings®! identified four principal areas of interest to the engineer concerning
the behaviour of steel structures under dynamic loading.

“Firstly, there are dvnamic effects on stationary structures such as bridges,
railway tracks and cranes, supporting moving loads which may cause
impact conditions. This, of course, has been in the minds of designers for
many decades. Secondly, the permanent damage and decelerations associated
with the inelastic collisions of moving vehicles are of significance to mechan-
ical, civil and aeronautical engineers. Then there are the problems associated
with the design of building frames to resist the ground accelerations of
earthquakes, and lastly the recent and very real challenge to the engineer in
the design of buildings to resist bomb blasts,”

Rather than collisions only, the mechanical engineer is interested in structural
response to high rates of loading such as some of ks structures undergo when
an unintentional explosion takes place in a piece of equipment he has designed,
A fifth category to be added to Rawlings' four, is the intentional dynamic
loading of plates and shells and the like, in order to deliberately secure a specific
atnount of plastic deformation : this is the aim in high-rate sheet metal forming
where explosive charges, and pulsed electro-magnetic fields, are used, see
ref. 6.2.

Without doubt 2 great impetus was given to the study of the impulsive
loading of structures, by the necessity to design structures which would stand
up to blasts from bombs of all descriptions, during the Second World War as
th: following two extracts show. The first is taken from an American book
“Aerial Bombardment Protection”, by W. E. Wessman and W. A, Rose,
published in 1942 by Whalley and Chapman. It referred to the existence of then
unexplained behaviour and explicitly indicated useful areas of research, which
were of course soon after considered. The whole of this chapter, in a sense, is
concerned with the working out of the area of behaviour it identifies and the
following quotation could weil be re-read after this chapter has been covered.

“Not much is known about the phenomenon of localized bending which
presumably accompanies the impact of a projectile travelling at a high
velocity. There is considerable evidence based on observations of points
which have been hit by bullets, shells, or bombs to indicate that dominant
effects are localized, that structures as a whole because of their inertia do
not have time to react to the sudden blow.

o e Tl NN
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=A beam such as that in Fig. 6.1 would pend initially only over 'ulsmlei
portion of its span length owing to Lhe: f'u:gh energy load. Orlg(ljnd tspdg
fength has no significance in calculating 1m_t|al bending momen;s ue to z;d
eqtﬁvalent static load based on initial deflection. Pre-sumably. the‘ e?rtn (\jva:;th
eventually vibrate as a whole and assume a deﬂecnop curve assf)f:la f: t
the fundamental mode . . . but it is the initial effects which are ot'_ n:i.tjgr Lc[’;:'ti::;gh
to the engineer. The following f?rmcxlll]a h;’t; l;een proposed by :

ities for calculating the locahized length. o.. ... ' _ _

AI}‘I\I."::EES of & calculated by this formula are very small in compz;lrllsobn‘:f):g
aceual span lengths. Just what signiﬁ.canf:e may be attachcd. to Er;::me,is nd
emphasizing the initial localized action is a matter for debatt_:. There s o
discussion of the derivation of the foqula in the :"efe_renc?. cll:b. { would
seem as though the weight and velocity of the projectile would be a
; i localized length. ‘ '
Jﬂ"e‘('i't;llget::ent of localized action might be dct_ermm?d by c;scnll:)gréllli’ht
records giving simultaneous readings from electnc. strain gages lﬂt.dft}l‘:‘.l‘“ }?-
intervals along a span which is subjected to sudde.:n impact. T'hﬁ use 0 a:’:m
soeed photography, involving stroboscgplc polarized 1‘1ght wit transhpe prent
rakelite model beams subjected to weights d_ropped'!‘rom c!u‘{.eren‘: heig
or even the penetration of a bullet, may also give additional information.

This is a fascinating field for research .. ..

5

'

(3

_L Fig 6.1 {a) Localised bending. (b) General bending.

In the second quotation, the importance of studying dynamic piasu:l dt;:f'mim:-
tion during the Second World War was more’ general{y‘ mstance yt v\.{arl
Baker in “The Design of War-time Structures™ (The lel Engtne:r a mus;
Instn of Civ. Engrs, Vol. 3, 1948) who wrote ... protective sltrqc ures st
withstand severe impact loads or the effects of blast.from exp omt;ns . .écit
critical factor is not the stress distribution in the elastic range, but t'l? cap < Z
of the structure to absorb energy without col_lapse. The_ proof .l‘;SI ;:ance o
ductile continuous structure is -insignii‘icant in co:npanson with the energy

ed in the elastic-plastic range...”. )
thal‘:a‘:\;‘ﬁ:gz?s:g;l:'s' ! should be refe?red to for an account of the early contribu-
tions to the study of impulsive structural behaviour. :
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Early investigations

Seeming to follow on from the first quotation above, the first theoretical and
experimental consideration of the behaviour of a long beam due to transverse
impact by a concentrated load which induces plastic deformation, is that by
Duwez, Clark and Bohnenblust®? reported in 1950, They extended a classical
analysis of nearly a century earlier due to Boussinesq and discussed the case
of an infinitely long beam, which after impact moved with constant speed at
its centre. They showed that strain is not propagated along a beam at a uniform
speed. as is the case for longitudinal impact ; bending only was shown to be of
primary importance and shear and tension secondary. The strain was shown
to depend on the ratio of the square of the distance from the point of impact
to the time {rom first contact.

The experimental work was carried out on 10 ft (305 m) long beams of
1in x § in(19 mm x 95 mm)and ! in x § in {254 mm x 9-5 mm) cross-
section, struck centrally by 53 1b (2-6 kg) weights moving at speeds between
25 and 150 fr'sec (7-6 and 45-5 m/s) at impact.
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Fig. 6.2 (21 Deflection curves for eold-rolled sieel
beam ; Impacet specd 100 ft sec: dura-
tion of impuct 0-87 m see,
Expurimental curve
Theoretical curves

(i) ussuming wholly elastic behaviour

(1) using the real moment-—<curviture
relationship —-—-—-—-—-—

(b} Deflection curves for annealed copper
heam: Impact speed 97 fisec: aura-
tion of impact 344 mfsec, »:. T 0 L

Photographs were taken of each test, from which the degree of deflection
and its mode of deformation were apparent. Typical experimental results
shown in Figs. 6.2(a) and (b) are compared with predicted curves when (i)
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elastic behaviour is assumed and (ii) the real moment-curvature relationship
of the material of each beam is used.

Some assumptions

In the sections below and in Chapters 7 and 8, the fast loading of rigid-perfectly
plastic beams, rings and flat plates is analysed, introducing the concept of a
travelling plastic hinge. The beam, ring or plate is subjected to a dynamic
load which is so large and sudden that the inertia of the structure governs
the manner of its deformation. A plastic hinge occurs at a section of a beam or
ring, or 2t a location in a plate where the bending moment is equal to the full
plastic bending moment at, usually, the position where the shear force is zero.
An abrupt change in the shape of a beam, or a kink, often occurs at a hinge,
and due to the change in angular speed of elements of the structure the location
of this hinge, in accordance with the requirements of classical dynamics, will
move. In dynamically loaded structures it is common to recognise three or
four phases, or modes, of deformation. Several cases are treated below and in
subsequent Chapters, and an understanding of these will familiarise the reader
with the ideas of plastic hinges, their mobility, and their subsequent stationary
location and behaviour. The plastic work done in these hinges derives, of
course, from the original kinetic energy delivered to or possessed by the system.

Several considerations need to be kept in mind when judging the accuracy

and the likely realistic applicability of the work described.

{i) Nearly all the analyses are restricted to consideration of bending stress
only: plastic failure or yielding which includes shear and/or direct stress
is usually negiected.

(ii} The material is taken to be rigid-perfectly plastic and all elastic strains
are omitted.

{iii} Local eflects, i.e. the local deformation surrounding the region where a
striker impingss on a siruciure. are neglected.

(iv) All analyses proceed on the assumption that the initial or given con-
figuration is unchanged throughout the period of impact.

(v) Strain-rate effects and strain-hardening do not enter into the analyses
directly. It is often claimed that these two are likely to increase the
static room temperature yield stress in mild steel by a factor of as much
as 2 10 3, and because some experimental and theoretical results only
agree when a strain-rate factor (of say 2 or 3) has been used, and, having
been derived for other experimental work. it follows that there may
naturally be some reluctance to accept this work as of great value and
reliability.

(vi) Experimental investigations in this_field are not plentiful and where
reported seldom match theoretical predictions to any high degree. The
use of high speed photography and short time measurements are seldom
used and much reliance is placed on terminal results.

There is a need for more experimental work to ascertain the limitations and

to test the validity of the theory of the rigid-perfectly plastic solid when applied
to the study of the kinematic behaviour of simple structures.
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Central impact of free-ended beams of finite length "'?\_"i PHYSICAL DIAGRAM

The work of Duwez. Clark and Bohnenblust wits continued for different (2) CJ‘PJB ; I

boundary conditions and generzlly developed by Conroy, Bleich and Salvadori,

Thomson, Alverson, Sciler, Cotter and Symonds, and Honkins®®. (Sce Rawl-

ings™* {1963}, for detailed references.) It came to be appreciated that when the (6)

energy available for dissipation as plastic work on a beam—and usually

presented as kinetic energy—exceeded by an order of magnitude the elastic

strain energy it was possible to store in the beam, then it was reasonable to

start from an assumption that the material of the beam was rigid-perfectly

plastic. This also made the analysis tractable and meant that ne complicating

elastic vibration would need to be considered. Concurrently, it came to be (c)

appreciated that more than one single central hinge couid be formed in a beam, )

and that under certain circumstances shear force effects could predominate. [ )M
Omne of the earliest and most elementary analyses is that of Lee and

Symonds®* which considers a petfectly free uniform beam 4B—not simply

SHEAR FORCE
C'AGRAM

| 1
M (E:: BENDING MOENT
| OIAGRAM

supported or clamped at its ends but free at both of them—subjected to a (d) . 6;@:8
transverse force, P, applied at C, the centre of its length. We endeavour to m D
predict the behaviour of the beam according to the intensity of P. If m denotes Tni ? Tf'

the mass per unit length of the beam, then in the first place, with the application
of P—which we repeat is of rigid-perfectly plastic material—the beam will

accelerate in the direction of P, as a rigid body ; let its acceleration be Jo then, x
see Fig. 6.3(a), (&) ——_ T ¥ T

P = 2mlf, '
b j SHEAR FORCE
P R CIAGRAM
o= 3 o L R
There is no rotation of the beam since external force P acts at the beam I | . n AT MGHIEHT
centroid and there are no external couples acting on it. () ' L /\YT“_ . -+ e gf:lgR,QM o
Each element of the beam possesses inertia, or reluctance to increase its 3 AREES : \I—/ —Mp
speed, and thus the accelerating beam behaves as if it was carrying a dowmards !
(opposite to the direction of motion} uniformly distribrted load of mf, per C D
unit length. Each section of the accelerating beam thus sustains a shear force, F, (h) A/%\s\fi
and, see Fig. 6.3(b), the magnitude of F at 4 from the centre of the beam is given :
by, . : i
! H
F= J- mfp dx = mfy(l — 2) (6.2 Fig. 6.3 Free-free beam impulsively loaded at its centre,
i
. X \ = mf.2/2.
The bending moment at each section of the beam is M, see Fig. 6.3(c), and M is greatest at the beam centre, C, where 4 = 0 and then M, = mfyl*/2
I ) When M, = M, the full plastic bending moment of the beam,
M= f mfo(l — x)dx = mfy [lx - —:, P P Pl (6.4)
: 24 M, =mfolf2=m.5—.> =7 '
5 £ 2mi 2
bl =4 6 U
- 2 (6.3) and thus when P = 4M /1, the beam will contain a plastic hinge at C,
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The discussion above applies to loads in which 0 < P < 4M o1 The next
portion of our examination concerns the case in which P > 4Mp/l in this
instance the beam will accelerate as a whole, each half also rotating about C
as a rigid body. The free body diagram for the right hand half of the beam is
shown in Fig. 6.3(d); the applied external force is P/2 at the left hand end and
this causes the centroid D, of CB to have an acceleration of Ji; we have,

P

7= mif, (6.5)
On the left hand end of CB there will be an external moment, M, due to the
action of the left hand portion of the beam AC on CB; we assume P is so large
that the limiting bending moment M, is sustained at C. The moment M,
and the moment of force P/2 about D, g:ve rise to an angular acceleration i m
CB of x. so that

- M, = Iu; (6.6)

The acceteration of a point at x from C is

f=f- (XH;I)CL

5l

T 2mi mi*

The shear foree distribution throughout the beam is found using (6.81 and is
given by,
e

F ' my dx

i

|
—
5
[
¥
%

3Pl — 4A I
— \(——H—[-—J (.\' — —):| dx

3Pl — 4] 2 _ 2
2mi mi’

mi? T2 (69)

11 is easily shown that F = 0 at / when

I+ 3PI—4M,) P
7 mf? = 2mi ml?

3P — M)

IJI —

A
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ie.
LT, (6.10)
! k! S 4
MP

Note the change in shape of the shear force diagrams as between Figs. 6.3(b)
and 6.3(f); the angular acceleration is so large that the downward acceleration
of the outer portion of the half beam, exceeds the upward acceleration due to
force P/2. This gives rise to upward acting inertia loading and hence upward
acting shear force. The bending moments in the outer portion of the half beam
will thus act counter-clockwise—opposite to what they were in the case when
P < 4M_/l—compare Figs. 6.3(c) and 6.3(g).

Since we are investigating the situation in which PI/M, > 4, and evidently
4/l < 1, then because the bending moment will be a continucus function
between £ == ( and /. =/, it is clearly a maximum at the location given by
(6.10). (Reczll from elementary bending theory that dM/dl = 0 for a maximum
is the same as F = 0). Equation (6.10) thus defines the position at which another
plastic hinge is to be expected. Writing 21 = -, (6.10) gives,

M, 3z-1

Pl 12z (6.11)

which will be used Jater.
The bending moment at section 4 is,

/]
M= f mfud — x)dx and. using (6.8).

3Pl — 4M,) 1 P Pl — 4MP)
. —x| i D T AT Y o dy 12
mj 4 [ ml® 2 2ml mil? viod (612)
Substituting from (6.10), PP/ for 3(Pl — 4M ) in (6.12),
P
M= J‘ ” — [(— i —.’) Tj‘,’\:l (!.:\
or
M (=4
—b—J-(I—\)(“‘-’\'!"'F/)d\——T (6.13)

The limiting value of M is of course M .. and hence substituting in (6.13),

(-2 = ll.f‘gf.fzi.
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or
M
=P =12 =2 ;
( ) Pl
=8~ 0, (6.14)
using equation (6.11).
Equation [6.14) when expanded provides the cubic equation
. -9 =
z 3t +6:-2=0, 6.15)

which possesses only one real root, which is z ~ 0-404. Hence two further
plastic hinges form
(i) at a distance 0-404/ on either side of the beam cenlre, and

{if} by substituting this value of = in {6.11), Pi/M , is then found to be 22.8.

In Figs. 6.3(f) and 6.3(2), diagrams of the shear force and bending moment
distribution are shown for values of Pl M, at this high level, F igure 6.3(h)
shows diagrammatically the shape of the deformed beam when PI:Mf > 228,
after the hinges have formed; it behaves as a system of four rigid links possessing
three hinges.

If the load exceeds 22.8Af 1 the hinge that was at 0-404! from the mid-point
of the beam is moved; it shifts towards the mid-point and does s0 as a con-
sequence of the dynamical and kinemarical equations which apply to all sections
of the beam. This possible third mode of motion is dealt with at length in the
1952 paper by Lee and Symonds.

The hinge systems will change as PIM, falls from its maximum value of
say greater than 228, to zero, uniil all the four portions of the beam attain the
same angular speed. Firstly, the two outer hinges would disappear and then
bending would continue at the central hinge only. Eventually the angular
speed would fall to such a low level, that bending at the centre ceases, and only
a rigid body uniform transtational motion would persist thereafter.

Position of the plastic hinge for a jet striking the end of a cantilever

If a uniform circular jet of cross-sectional area A, density p, travelling with
speed v, strikes the tip of a cantilever of length |, (\;q « ), and sprays laterally,
then suppose the plastic hinge which forms to be at distance X from the tip,
see Fig. 6.4.
The equation for vertical motion is
F+R=mX.(f12), (6.16)
where f is the acceleration of the tip, m the mass of the beam per unit length,
R the shear force at distance X from the tipand £ = Apw?. (This always assumes
v » 2u, the tip speed. Note that at the moment of impact the force applied by a
square ended jet is Apoc; Ape? is just the steady state force, see p. 83.) The
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equation for rotation of the beam length .X abour the hinge is,

- X -
F.X=M,+| mdi{X—-5.f
v

mfXx?

where M, is the fully plastic bending moment. But at a plastic hinge R =0
and thus from (6.16}

_ 2 (6.18)
/= mX
Putting (6.18) into {(6.17),
2F X*
F X = ;W.P + YT
or,
Yo 3M, _ SMJ: ‘ (6.19)
F Apv*

If a lead bullet, mass M, length & moving with speed v, spreads out la.terally
on impinging with the cantilever tip, it would be necessary to treat the impact
as if the bullet was a jet rather than a rigid body;‘ then, M = Apb am;l 6hence
{6.19) becomes X = 3bM p/uzM, an expression origmfxlly dl_zc to Parkf:s o

This last result could be obtained directly from cons1derf'mons ofthe tm;_:ulswe
force F acting for time ¢, i.e. when an impulse F .t is delivered. If there is zero

shear at the hinge,
F.t =(mXu (6.20)

where u denotes the downward speed of the centroid of length X at the end of
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time t. The rotational equation of motion is,
(Ft).i - M,.t =Iuw, (6.21)
2

where [ denotes the moment of inertia of the length X about its centroid and
w is the angular speed. However, w = u/{X,2), and thus putting (6,20} over
(6.21),

F mXu

& B U
=M Y
Fa=M Txp

vaz_ mX* 6

2] 2lmX3_f

i2
or
FA _FX .
& 2
X =3M,F (6.221)
and
Fr Ft
T omx . M, .
SR
S (6.22i)
3m. M,
The tip acceleration.
ro_ 20 (6.23)
! 3mM

Note that equation (6.19) 1s valid only for X' < . For ¢? = 3M /Alp, the hinge

must always be at the root of the cantilever,

Plastic deflection of a constant width cantilever due to a transverse dynamic load
applied at its end

A cantilever of rigid-perfectly plastic material is subjected to transverse impa_ct
at ils end by a rigid (point) mass M moving at some initial speed v,, see Fig.
6.5(a). and which adheres to the cantilever tip. The cantilever is of length 4

'
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mass m per unit length, and M, denotes the bending moment required to cause
the whole of & section to become fully plastic. The kinetic energy of the imping-
ing mass can only be dissipated by plastic bending and this therefore implies
a plastic hinge. At the instant the mass hits the cantilever a hinge is created in
it at C under the mass, and thereafter moves along the beam towards the built-in
end, A. If the hinge was first created in the cantilever away from C, this would
imply that the rigid portion of the beam between the hinge and C would
instaritly rotate, and for this an impossibly high inertia torque or moment
would be required.

The high speed photographs in Plaie 28 show the initiation of a plastic
hinge, its motion along the cantilever. subsequent root rotation and elastic
vibration when a vertical cantilever. trapezoidal in plan (see below), is end-
loaded by a magneto-motive impulse®-5.

The following analysis is due 10 Parkes®¢. Figure 6.5{b) shows a plastic
hinge, initiated at the cantilever tip, after it has travelled a distance x in time ¢
to reach point B. The portion of the beam of length x at the instant z, rotates
about B; the portion of the beam AB is supposed still to be in an undeflected
state, whilst BC is curved though rotating as a rigid body, the cantilever tip
having a downward speed of v or z Assuming that all deflections are small,
the speed of any point in BC at instant 7 is just proportional to its distance
from B, see Fig. 6.5(c), and at distance . from the end of the cantilever. the
downward speed & = (x — A)¢/x. The downward acceleration. [, is ubtained
by differentiating the last expression. with respect 10 time; thus,

[ S
: X x?

X — A i

(Dots above letters denote differentiation with respect o time.)
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That the plastic hinge moves, is reflected in the second term on the tight
hand side of the last equation and it arises as a Coriolis-like component of the
acceleration.

The impinging mass applies a finite (shear) force at the cantilever tip and 1t
is offset by the inertia of the beam contributing a distributed load as far as x.
The bending moment increases from zero at the end and as far as the section
at x where the hinge lies, where it is a maximum at the full plastic bending
moment M at this [ocation, i.e. x, the shear force is zero. Obviously thereafter,
Le. from B to A, the moment is of constant magnitude, M .

The mechanics of the system is developed after writing down the equation
for vertical force equilibrium and the equation for rotational equilibrium by
considering the inertia force for each element of BC. For the former. add the
applied force and the reversed effective force, where the latter is given by
the time rate of change of momentum of the cantilever length BC, thus,

X d — :.
M2+ ‘- m d/'..a(x x < .é) = (. (6.24)

vo

z is the vertical or transverse displacement undergone by the cantilever end C.
Equation (6.24) provides

M + f m(z _Zy "’f) di=0

o x  x
or.
iz ‘;2)&.; x
Mi+ml 3 -Z2+2221 —¢
( [ 2x x|,
ie.

x.2 Xz
Mz + m(T+L) =0

; (6.25)

For rotational equilibrium, consider moments taken about C, for length BC,
thus,

-M, +f {(m dﬂ.)d_“. A=0 {6.26)
o dt

where d is the transverse speed of mass element m dJ at section 4.
Substituting in (6.26) for i, we have

* Ld{x -4
MP=J;m.dAd—t( .z)l

X

- f m[f—ff+£—:]i.d}.
o x | x

e
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x2.F a2
M,:m % +—3

Two fundamental equations are now obtained by solving (6.25) and (6.27),
using appropriate boundary conditions. From (6.25),

Hence,

(6.27)

mx

miz
AT i =10 {628)
M-(I + l\«I) 3
Write ¢ for Z and (6.28) becomes.
dr mx mdx
— |l +—| +—=. =1
dr( M| 2M i

Hence,
n
J‘" dv o 2M .
= —_— . uX
w m

-0 i
1+ 2Mx

where v, denotes the initial speed at the tip of the cantilever at t = 0 and # is
the speed at time ¢. Hence,

Yo m .
and thus,
p = § =1 (6.29ii)
.om
1 < E:qx
From (6.29ii},
. voX . mi2M
Z =

1+ x.m2MP

and the shear force at the tip of the cantilever is —muot/2(1 + x. m/2M)*;
when x = 0, the shear force is infinite, o

When the plastic hinge reaches the cantilever root, x = I, and the velocity 1s
then,

- 6.29iii)
"R Tk mi2M (

Also, starting with (6.27)

m, 5. ..
E(xzz +2x.x%8) =M,
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or

Inteprating,

2, _ M,
X'z = m .t 4+ constant

As stated above, at t = 0, x = O and therefore the constant is zero. Hence,

mx>2z
= .3
t 63, (6.30)
Substituting in {6.30) for 2 from (6.29ii),
mug x?

= — 6.31
! 6M, - n N (631)

( 2M

The time taken for the hinge to travel from the cantilever tip to the buili-in
end A, designated T is given by putting x = !in (6.31); thus,
1 J’\v{b’o 1
T e 6.32
3 M1 (1 £ 2Mjm) (632
The speed with which the piastic hinge progresses from C to 4 can be deduced

using (6.31), thus
2.2
_ mrgl )

1
B T * . 12
dx X 6A.pi(]+ﬁ_;J (1-!—,3.%)

(6.331)

Hence.
6M i j10)? "
= SM. U+ fur (6.331)
mivy, w2 + fu)

where u = x/l and § = mI/2M. This expression shows thai the hinge speed is
infinite at r = 0 (which. of course, is theoretically admissible ii we recall that
the material is rigid-plastic; elastic wave speeds in a rigid material are infinite).
but by the time it reaches 4 it has slowed down to become,

6M (1 + A mieg(2 + ) (6.33ii)

To find the curve into which the beam deflects when the hinge has just
reached the built-in end, observe from Fig. 6.5 that,

-._ﬂ'_-"—}' 5
YT T T

e

b ey T A R AT S T

o

P e
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and using (6.29ii),
x—4
= f To dr;
x 1+ lx
2M
substituting for dt from (6.33i) gives
m o2

! i v m 2x M
y=f 1-Z) T Mo - dx (6.34)

g XL m 6M, Py oom )2

M FIved B mx)

The limits of integration obviously apply from the time the hinge reaches
the section at 2 until it reaches the built-in end.

Put (1 + mx2M) = g, so that x = {g — 1)i/, and also pui 2/l = & Hence
(6.34) simplifies to,

‘GM'P ﬁz_ T+ {1 Jifq 1+ f¢
"mvg-F_J‘l-i-ﬁ.f(g_?* g )d
a+5m . 1 1
=1 o+ —
e ﬁ§(1+ﬁ I+ﬁi)

+(1+ﬁc_”}[ 1L
2 T+ pF (1+ﬁ5}3}

This last equation may be rewritten thus,

, 12, B T N S i o)
meg PTG (L H (48 0+ P
o A ﬁ} __ B 8- -9
+8) A+ +pH  q+p°
or, to write it in the form originally given by Parkes, as
. (-’”1'0)2{7 a+Mm lils B3 -2 p( -9
= 21 _ ® n . -
LT Ty T R Ty 7 STy my prs ,6')2] (6.330)
_ (Myg)? ..
=5 I"m .D (6.35ii)

When the travelling hinge reaches the built-in end at f = T both the beam
and the mass M still possess kinetic energy. This residual kinetic energy is
assumed to be dissipated as plastic work by the plastic hinge at A. in rotating
through, say, angle 8: the already deflected beam rotates as a rigid body
about 4 through 8. Thus at section £ the further deflection is.

¥ = (1= A (6.361)
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Now the rotational energy of the beam Eg at time Tis,

I — 3 2
Ex=fé(m.d,z)(’ {A.z'g)
o3

mig P omivg mit; y
=—2 _ = = ___, (6.36ii)
23 6 B
6 ( 1 m!)
M

where suffix R refers to values when the plastic hinge reaches A.

Thus the total energy which remains to be plastically dissipated in the root
hinge is the sum of E, and that still possessed by M, ie (E;x + Mv3/2). Hence,
assuming that all the kinetic energy of M is used in doing plastic work,

M, By = kol S I—{I-J (. 3611
Rewriting (6.36iii), using (6.36i),
m Mg o
y, = (_g + ?)E {I—= 2 (6.36iv)

From (6.36iii) and (6.29ii), the angle turned through by the cantilever where it
is built-in 8, is
ml
34—

miy 2
M,,(Z + ﬁ)

2
bx =5

M2, (6.36v)

We have,
{{ = /)

a+8 M,
| ml +E v {1 — &Ml
M T2+ B 3M,
The final total deflection is,Y = y, + y, and
B+3 Mul (1-¢l
I+ 3 M

1

m M 3
¥, = —6"+3 .

(6.37)

T =

or,

(Mol Tml 28 +3 .

where D is evident from (6.35i) and {6.35ii).
Equation (6.38) simplifies to provide,

T=(Mvu)z B - B
M, m{14+8 14+ p¢

(1+8) .
+ 2ln s Bf)] (6.39i)

Lol BEARE

-

S
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or,

(Y/DM, 1 ¢

_ 1o 0+p
M TN+ R X+ )

: i
3E U+

{6.39ii)

When the ratio of the striking mass to the cantilever mass is, (a), very large,
ie. f — O and, (b), very small, i.e. § -+ o0, (6.3%1) gives,

for (a). (Moy)?
T2 (B — 32+ 21In(l + AL — BN
IMpn
:\’ i} 1_ .
_ e g g aip— gy
M ot
_ (L\JUO]Z 1
als i)
LMl )
=15 T, {1 — %) {6.40G1)
ar
(O™, .. e
Tve 1-¢; (64M1)
and for {b),
Mgy B 1
T = SMPm' 1-1 +21n‘:
1 Mod 1 .
= ﬁ ;WF . IIIE (0411)
or
Y; i
(DM, 1 L (6.41i1)

=—In-—
M} 68 ¢

Figures 6.6 and 6.7 show how T M m/(Mv,)* and (Y/)M /4Mug vary with &
using equations (6.39i) and (6.39ii) respectively; they are, in effect, non-dimen-
sional curves of beams dynamically deformed by a mass striking the tip.
Figure 6.6 (i.e. equation (6.39i}) shows the form taken up when a cantilever
is struck by a relatively light mass ; the extreme case—an infinitely light mass—
is indicated by § — co. Figure 6.7 (i.e. equation {6,39ii)) shows the deflected
form taken up when a cantilever is struck by a relatively heavy mass at its
tip; the straight line 4B represents the extreme case, equation {6.40ii), of an
infinitely heavy striker.

Figure 6.8 shows some of Parkes’ experimental results and these should be
compared with the curves of Fig. 6.7.
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The energy dissipated in the moving plastic hinge is,
IMvE — LM - E,
1
2 _ * 22
Mug 2 M:z 5

1 13  mi vl
Mg I3M m)
% tM+2M @+ 87

il

[T

3 M

2
1 ,2_2(§+ﬂ)(Mv§)
2

My

30+ gL 2
_1g e (1438 .
”5”“3% 57:??} (6.421)

Thus the fraction of the initial energy of the impinging mass which is dissipated
in the travelling hinge, g, is

_¥8+ 3y

HE+ 3, 6.42i
e (64211

where y = 2§ is the ratio of the cantilever mass to the striking mass,

TABLE 6.]

- oiﬁ,glg bzl os ] os |l oas ]

deitni

¢ 0 |U-0(\3 0-138 0-2550-31 041 | 058 | 078 | 085 | 0:90

Dynamic loading of a uniformly thick symmetrical cantilever, triangular in plan

The methods of dealing with the case in the preceding section may easily be used for the considera-
tion of the plastic deflection of & uniformly thick cantilever. which in plan has a symmetrizal tri-
angular form of small apex angle. when dynamically loadad at its end, as shown in Fig. 6.9(a). The
notation js largely the same as that used earlier. but note that

Bx BE® x

b=— and M,=Y.— - {6931

i 4 !
Proceeding as before, the equation for the transverse motion of the beam when the plastic hinge
has reached BB from x = 0 iz,

djr= x—4i
ME + — I-pbhdi‘. i =0

drld, X

(644

where p is the density of the material of the beam, Substituting for b from 16.43), equation {6.44}
reduces 1o,

hB
ME o+ fﬁ— A2xE 4 X2 w0 {6450
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Ta[fing moments about C (this eliminates the moment of the foree applied by M ut the tip) to
derive the cyuation for the rotasion of CBE. Fig. 6.9(b),

*  d\phB )
M =J')..-—-—-.'..:' — —{ di
N . :l’rl 7 i (1 x) d/.}

ehB T [ A s
=7 {.—(1—-)+i,x}.1.2.4;.
X, x-

|-
or ‘
phB | .
M, = F]ﬂ:.\'" + 33x%) (6.46)

The mass of the vantilever. « = B! 2, and on writing = for 2 in (6.4,
MO+ p2xde + 283 =0 (6.47)
The solution 1 (847} with r = rgwhen x =0, is

g

I=¢= i
N = 16.48i)
Ml
The magnitude of ¢ when the hinge just reaches the root of the cantilever is,
o L a
=, ; L+34 (6.48i)

Equation (6.431) confirms what would be expected. namely, that o-v. for given ratios of xI and
a M, and which are the same for a triangulir plan beam and one of constant width—so that the
influence of mass distribution is, to some extent, being vonsidered—that the former gives rise to a
less rapid decay of the velacity than the fatter. )

Equation (6.46) with {6.43) provides,

MRl = 2x? + dixt (6.49)

whep? A'_!;, i_s the fully plastic moment at the root of the cantilever.
Substituting for & and # in 16.49) and {6.481) gives

[R% b il al 3x o
2| dr= [ I <
#0o »Jo Ja I+oax? {1 4o N (6.50)

wiere x = gf3M12, After integrating {6.50)

ERV{N
[ 2 ([ {6.51i)

M

The time for the hinge to reach the cantilever root ufter the mass M first made impact is,

Mo ! 1 2
7o Mugl | ( L) D i
My + M + 3.M 1 (6511

M

For 2 mild steel beam, for which the specific weight is 0-28 Ibffin® (0-77 kg'm*) and which has
_'-'--“ in(0I m),{ =16 in (041 m), h =% in (6-35 mm), ¥ = 20000 1bffin® (13-78.. 10* kN/m?),
= 32 ftysec (97 m/see} and ‘assuming p/M = 3 (so that the striker weight is § 1b (034 kg))
» 14 msec. For a constant width cantilever of otherwise the same dimensions, and for the
s velocity of impact and mass ratio, i.e. 3:1, time T = 5 milliseconds.
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As before, the abeve analysis pertains only to the phase of beam motion during which the plastic

hinge travels from the cantilever tip 1o its root.
The rotational energy of the triangular cantilever when the plastic hinge has just reached the

built-in end is,
*1 Bx . fi—a \*
Ex=[ . .hdf.p.{ ; .:n)

Lo, M

o1+
(*3.\[}

the kinetic energy of the impinging mass. .. which remains at this time is.

Lag.s
oM (6.52i)

1 ul*
(l+§3

Thus the ang'e g through which the cantilever tuens as a wiole at its built-in end is given by,

Mg [ T -
ikl = 16.52ii1)

Inserting the numerical values assumed abova, 0y = 24° whilst for the constant width cantilev.r
0, =~ 38

Whilst the derivation of the form of the deflected beam is straighiforward. as in the nrevious
section, it is too lengthy and tedious to be worth pursuing here.

The amount of work which would be required to be dore in order that this triangular beam
should be elastically stressed but so that the top and bottom surface layers just reach the yield
point Y. is given by BhlY?/12E, where £ is Young's Mcdulus. For the numerical problem discussed
above, the energy stored at this critical stage is ~ ;8 in.ib {2035 J); this is equivalent to the enerpy
that wwould be possessed by the striker, of weight 4 16 (0-340 kg). after falling vertically 2 [t (0-6 m).

O1her plan shapes of cantilever may be analysed as in the two cases above. It may easily be shown,
for instance, that for the trapezoidal plate in Fig. 6.9(c) corresponding to (6.431) and (6.48ii).

o

6.53)

h{B— R
Ll bux" + 3hpx
3M {

Since the principles of the approach are always the same, we shall not proceed further.

Plastic response of a simply supported beam to an impact load at the centre

Two cases immediately above have already been discussed using the concept
of moving yield hinges and in this section we follow a paper of Ezra®?, (1958),
and ¢onsider a uniform simply supported beam dynamically loaded at its
midspan by a rigid striker. The deflections induced are everywhere supposed
small, but the kinetic energy delivered by the striker and dissipated in the plastic
hinges is taken to be an order of magnitude greater than the elastic strain
energy which the beam can store. .

Photographs of one half of a simply supported beam taken very soon after
being struck indicate that the central half of the beam takes up a more-or-less
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(€ 1S SMALL)

Fig. 6.2 Triangular shaped cantilever subject 10 impact alits tip by a mass M moving with speed v,

¢

symmetrical vee-shaped deflection curve about the striker, the other two
portions of the beam remaining essentially undefiected. From the moment of
impact plastic hinges form under the striker; also, two plastic hinges travel
oviwards from it, the portions of the beam between the hinges remaining
rigid. Between the travelling hinges and the supports there are two portions of
undeformed beam, each of which rotates about its support; these rotations
must occur because, as the free body diagram of Fig. 6.11 indicates, the vield
moment only, acts in OB, there being no shear force at B. The bending moment
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is greatest, i.e. is the yield moment, at the plastic hinges B and B', see Fig. 6.10,
and, since there is no concentrated load between O and A, the shear force
diagram is continuous, which implies zero shear force at B and B

It will be shown that the moving plastic hinges only move a little more
than half way towards the supports before they become stationary; at this
moment the first stage of deformation ceases and the second ensues, during
which each ‘bent’ portion of the beam, acting as a rigid body, rotates about
the stationaty hinge below the striker. The unspent kinetic energy of the
striker at midspan and the rotational energy of each half of the beam are then
dissipated in doing plastic work in the stationary hinges. The situation depicted
in Fig. 6.10 applies some short time after the striker impinges on the beam;
the notation is obvious and follows that previously used.

le I i I
] o f* x — |
Al 1 Y A.r
Movine™ B )

PLASTIC ,
HINGE O

Fig. 6.10  Impuisive load applied at centre of a simply supporied beam.

: d{?\
B _—I R—Jl
<., A M

P "O Fig. 6.11 Free body diagram pertaining ta Fig. 6.10.

| MAa
—

The downwards motion of OB
The downwards velocity, v, at a point P between O and B is given by

%, = velocity of B + velocity of P relative 1o B

=(L—-x)0+[z—(L— .\')B}(x — ") (6.54)

X

( 1- 5) +A@ 0 (6.53)
X X
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Thus, the acceleration at P, Jor 18

Cdv, Ay iy A i i
fi=t= 0(1 - E) + ('%‘2) =l = 0 + S(—00 + %(L - )0 (6.56)

The inelt_tia Iforce of O_B is upwards, and this, together with the downwards
force MZ/2 is zero, noting that there is no shear force at B, Hence, if m is the
beam mass per unit length,

M,
S+ J.O mdi. f, =0 (6.57)
and,
%.’:’ + m[f.; + ‘;—t - —-—(L —zx).i'ﬂ - %c—q + __;_x(L : x)5:l 0
This reduces to,
(M + m)Z + mxb(L — x) 4 mi(z — L) = 0 (6.38)

The rotation of OB

The equation of rotation for OB is, taking moments about O, see Fig. 6.11,

x
M, = J. mdld. f2 (6.39)
a
and substituting for f, from (6.56)
I = ol __i; _/‘L_' . oA B%L (L - x)0i%]. .
P mfol:(l x)-+x2.xz+{L—-x)9;—T————?-—f. e
and hence,
12M, = m{x?2 + 2x*(L — x)f + 2x3%(z — L) {6.60)

The rotations of AB

For th.c portion ABE, see Fig. 6.10, rotating about the position-fixed support A,
there is only th.e yield moment applied at B to cause angular acceleration &.
The moment of inertia of ABabout 4is [, = m{L — x)*'3 and since / =M,
then ’

m(L — xp*§ = 3M, (6.61)
The extreme position of the travelling plastic hinge
If (6.58) is multiplied by 2x and subtracted from (6.60), we obtain
f= —12M J2Mx + mx?) (6.62)

P . b AR TR . X e B g s o a3
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Next, substituting in {6.58) for # from (6.62) and for & from {6.61), it is found that,

M, 2 2 X

Wi L = gl = _ .

A 2 el B Y (L — x*
It X

(6.63)

When % is zero, so also is 2 — L# = 0; these two equations both hold simul-
taneously, for if x = 0 then each half of the beam behaves as a rigid body and
thus the second one also holds, The right hand side of (6.63) equated to zero.
gives then the values of x for which the plastic liinge ceases to move and we
have.

2 2 X
=+ =- 3 (6.54)
x o ,M (L — Xy
= X
"
(i} When M/m - oc, {6.64) gives
2 a s_ 3 5
P L= and x =12 - 2L =039L (6.631)
{it) When M/mL — 0, (6.64} gives
22 X 2 6.65ii
e — = — x =% .05
PRy S or X =35 { i)
(iii) When M/mL = 1, x = (0-61L (6.631i1)

For all values of M/mL, the distance from midspan, at which the plastic hinge
becomes stationary, lies between 0-67L and 0-59L.

For small values of t, i.e. for small values of x also, {6.62) shows that £ is
[arge. Also, referring to {6.63), because § = 0 at t = 0, and since x = 0 and 2
is finite and equal to v,, therefore ¥ — 2. From (6.6}), § is seen to have a
finite value when x — 0.

High speed photographs of simply supported beams show that in the early
stages of deformation the two extreme portions rotate about the supports
and remain almost straight and undeflected.

Thus by deleting terms # and & in (6.58), (6.60) and (6.61), we arrive at a set of
differential equations which, if solved, should approximately describe the
motion of the beam in the early stages of motion, i.e. equation (6.58) becomes

(M + mx)f + miz = 0. {6.66)

(6.60) becomes
mix® + 2mxii = 12M,. (6.67)

(6.66) becomes
Mz + mxz)jdt = 0 (6.68)
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and {(6.67) becomes
d(mx*2)jdt = 12M, (6.69)
Hence, integrating and noting that at ¢ = 0, x = 0 and z = ¢, (6.68) gives
i= _Mvo_ 6.70)
M + mx
and (6.69),
mx*i = 12Mt 6.71)

Substituting for 2 in (6.71) from (6.70), and differentiating with respect to t,

12M, (M + mx)?

- . 9
X Mmue x2M X mx) 672
The deflection at midspan
Dividing (6.70) by (6.72), we find
dz _ Meg  Mmz, x(2M + mx)
dx M +mx 12M,° (M + mx)? (673)
Put. M + mx = s and (6.73} becomes,
MR - M J
B ,JO 2Mm & s
Thus.
M} ni m2M + mx)
1=t 1oy B2 T
12M m [ln ( M \) 2M + mx)? (6.74)

Some recent work

Svmonds and Mentel®® in 1958 examined the impulsive loading of beams, the
whole length of which werc subjected to a very short pulse of uniform pressure
which imparts a uniform transverse velocity to them, taking into account the
axial constraint imposed by the fixing of the ends of the beam, in the case of
both pin-ended and built-in beams.t Their solution utilises a vield relation
between the bending moment ar a section and a normal force acting on the
same seclion, e.g. equation (4.138). Their analysis identified three modes of
deformation.
(i) Hinges first formed at the end of a beam move inwards; the two end
portions of the beam rotate as rigid links whilst the centre portion is
subject to tension only and continues to move at its initial speed.

1 See, “Impulsive loading of fully clumped beams with finite plastic deflections and strain rate
sensitivity’, by P. 5. Symonds and N. Jones, 1.J.ALK., 14, 491972,

e —

IMPULSIVE LOADING OF BEAMS 277

(ii) Thetwo hingeseventually meet at the centre of the beam and subsequently
the two halves of the beam rotate about a support, hinges being con-
tiguous with one another at the central plastic hinge, where permanent
curvature change and axial extension occur.

It is shown that after such beams as these are deflected by an amount
greater than their own thickness, axial forces become important and
tend to greatly reduce further deflection.

(iii) In the third phase of loading, which prevails if the intensity of loading
is great enough, the beam behaves as a plastic string; the bending
moments in the beam become unimportant by comparison with the
tensile forces.

in 1955 Symonds®'? had analysed this problem neglecting the effect of
axial restraint. The rotation of the outer portion of the beam, between the
moving hinges and the supports, was considered, the central portion of the
beam not carrying any tension. When the two hinges met at the centre of the
beam, the two halves of the beam then rotated as rigid bodies about the supports
until all the kinetic energy of the system was dissipated as plastic work at the
hinges.

Witmer, Balmer, Leech and Pian®!! have studied the dynamic deformation
of beams, rings and plates and shells. In their paper they present many results
showing how these structural efements deflect with time when subjected to
explosive loading.

A very interesting set of experiments was reported by Boduer and Spiers
in 1963 in which aluminium cantilevers carrying a tip mass were impulsively
loaded by detonating capsules of lead azide powder on the tip mass; the
cantilevers were held at room temperature, 212 °F (100 °C) and 400 “F (204 °C).
It transpired that the strain-rate dependence of the yield stress became in-
creasingly important at elevated temperatures. The usual rigid-plastic theory
neglects this feature, though most experimenters have noted that some atlow-
ance had to be made for it in their room temperature work in order to obtain
good correlation between theory and experiment, The increasingly important
effect of strain rate on yield stress at elevated temperatures is now well known
(se2 Chapter 4).

Ting®'? {1964), more or less re-analysing Parkes’ problem. pp. 260 to 269
above, but introducing a stress-strain rate law, showed that the two uncoupled
phases—the period of the moving hinge and the final phase during which the
hinge is stationary at the cantilever root—are not called for. According to
Ting’s analysis beam deflection is a single, continuous motion with the plastic
region initially extending the full length of the beam and shrinking to zero when
motion ceases.

The effect of geometry changes when a cantilever carrying an end mass
is dvnamically loaded by causing the tip to move off with some mitial speed and
where the kinetic energy acquired by the system greatly exceeds that which
could be elastically sustained in bending the beam, has been rigorously treated
by Ting®'* in a paper in 1965. He has shown that part of the discrepancies

6.12
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between Parkes' theory and experiments can be attributed to the neglect of
changes in geometry.

Humphreys®1? (1965) conducted a series of tests on Aat stesl beams, built-in
at both ends, using sheet explosive to give high uniform impulsive loading
which lasted } msec, sufficient to produce piastic deformation. The beams
were made part of a ballistic pendulum so that the applied impulse could be
measured. A high speed camera, operating at about 10000 frame sec, was used
to photograph the deforming beams, and the deformation mode based on the
rigid-plastic model which includes axial constraint appeared to correspond
well with what was observed, ie. in the first phase hinges are just formed where
the beam is built-in and move in towards the beam centre as the beam moves
downwards; the region between the hinges remained straight. In the second
phase, after the hinges have met, the hinge pattern remained fixed until all the
kinetic energy was dissipated as plastic work. The Anal observed plastic deflec-
tion was found to be consistently lower than that predicted by the Symonds--
Mentel theory by 20% to 50%. It was believed that lack of knowledge of the
effect of strain-rate on vield stress may have been largely responsible for the
discrepancies observed.

An experimental investigation to test the reliabilizy of the rigid-plastic theory,
without axial constraints and as developed for pin-ended and built-in beams,
carrying a uniformly distributed dynamic load, was made by Florence and
Firth®-16 (1965). They found the theory to be good for engineering purposes
for predicted central detiection and for the slope at the supports. Little improve-
ment in predicted deflections occurs when geometry changes are allowed for,
but significant improvements are found when some account of strain-hardening
is taken. High speed photographs of deforming beams well substantiate the
Symonds—Mentel theory, though an interaction of elastic and plastic effects
was observable.

The influence of strain-hardening and strain rate sensitivity in impulsively
loaded rigid-plastic beams has been investigated by Jones™!™ | 1967), and it
shows, as would be expected, that strain-hardening is relatively unimportant
but strain rate much more so.

Cantilevers subject to a uniform blast load

The consequences of applying an impulsive uniform load to a cantilever with
or without a tip mass using a magneto-motive ‘blast’, are seen in Plates 29 and
30. These show high speed photographs of cantilevers in process of deflec-
tion®*8, Plate 31 shows the terminal form of some impulsively loaded canti-
levers carrying different tip masses.

For comparative purposes Figs. 6.12 and 6.13 show, on the same graph.
the deflection curves as taken from Plates 29 and 30 and the position of the
plastic hinge at each stage of deflection.

- Figure 6.14 shows a cantilever blast-loaded along a portion of its length
and carrying a tip mass, so that at the instant of loading, the loaded length
has a uniform downward speed. Immediately, two contiguous plastic hinges
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Fig. 6.13 Instantaneous profile of cantilever as obtained from high speed film.

is dealt with in ref. 6.18.
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develop and commence travelling in opposite c!ircctions. Depending on
the parameters of the situation, any one of ﬁ?fe possx_bi_e modes of deformatgon
may ensue; as a full discussion of this topic is long it is not pursued here but
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IMPULSIVE LOAD " ! 7: Dynamic loading of rings and frames

e

PLASTIC
HINGE

The plastic deformation of circular rings and frames under static l-oad -anc‘. due
hLlﬁtssTElc to low speed impact was discussed on p. 181;in thosle cases the inertia cf the
structure played a negligible role in the mode of plastic deformatlon.enforccd.
In this chapter we consider several examples, theoretically and experimentally.
where the inertia of the material of the structure plays a considerable part.

Fig. 6.14 Indicating plastic hinge movement aftar uniform impulsive loading,
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Fig. 7.1 Thin circular ring loaded at 4 by force P.
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ring is then just due to inertia and acts in the direction oppasite to that of
motion. The equation of translational motion gives,

P = dnrmf (7.1)

where r is the mean radius of the ring.

Taking moments about 4, the normal foree on a section at ¢ = 0and g,
ie. Ng.is
4
Ny . 2r =f m.rdg. f.rsing
0
oar
No =mrf 7.

The plastic moments at 4 and B. because they annul one another. do not
appear in equation (7.2), The bending moment at D is M, and is given by,

el

P _ L.
M, =M, + N1 — cos o) — Frsing, + J mr deyfr(sin oy — sin o)

0

Pr Pr o
M, =M, — . si - 22 ;
M, p{ 1-+2Mp sin ¢, M, sm(po} {1.3)

after introducing (7.1) and (7.2),

Obviously the two further hinges at D and D' will occur where M, is greatest
and thus putting dM ,/de¢, = 0 in (7.3), we find

tan @y = — ¢, (7.41)

Hence on solving {7.4i), the value of $o 1s found to be 1-11 radians or about 64°.
When M, = A, in (7.3), (negative, since the plastic bending moment must
obviously apply in the clockwise sense), by putting ¢, = 1-11,

Pr 4 ..
A_/f; = = 69 (7.31)

(I — 1-11/7) sin 64°
Also,

M
= L
j mr-

and (7.511)

M
Ny=11--2
0 r

In the above analysis it is assumed that the normal force and the shear
force across each section are of negligible importance s regards yield; bending
only is judged important, We now justify this. First, the shear force at a hinge
is, in fact, zero because dM/d¢, = 0. Second, if the normal force on the section

R e e
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at D is N, then strictly, for a rectangular section ring, the yield inequality
(4.138) ’
applies, see p. 180, Ny is the normal force on the section when the whole of it is

subject only to a normal stress cqual to the vield stress ¥,
Now.

P . Lo
N, = Ngcos f-‘,+;_smcp—mrf,a.j.sm 0

‘ . mrf e
=l{e[1-1cosé4°+3-455m64 - .1-1.51n64}
r e
, M, ;
= Mopoag 4 311 - L1 = 23=¢ o
r

Suppose the thin ring under consider_ation is of 1Lmit widtp a_mi ;: _cn;’: };1
which the thickness to diameter ratio, ie. i2r = 1, then Ny = h _:w r,m,
M = hY4 = ¥ri/100 and N, = ¥r/40. Thus N /Ny = 012 and .M?’; dp x
0.9”8_ Hence, since M, =~ 0-98}, at the collapse load, we are well jzslbmed. :1[1
neglecting the effects of direct stress over a section, and considering bending
SU’_T_S}f: Saglr;ll))rilsis by Owens and Symonds shows that aft.er the two hinges at
&4° to the centre line have formed, they move, but depending on how P ch.anges
with time; the calculation of this moverment is fong and tedious and is not
PUIl'tS Lilsede:seiiz. shown that for a ring simultane(_)usly loaQed !Jy glvenbforces P
and Q (P > @), see Fig. 7.2(a), that the initial hinge location is given by

PIg _¢o+tandy

PQ—1 =
Also
PR g+ tan g, (7.4ii)
4M,  sin¢,.tan ¢,
and

QR ¢o ttangg, —n
4M,  sing,.tandg
When P = @, ¢y = 7/2 (as would be expected from symmetry considerations)

and PR/M, = 4, which value is the same as given by (4. lfll). For comparison
with (7.4ii), the static force P to give a plastic hinge at @, is

= COsec (g

o
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OR

le
{ a) (b)

Fig 7.2 A shackle suddenly subject to a load P.

Figure 7.2(b), which shows the centre line of 2 shackle subject lo a dynamic
load. may be treated as for the simple circular ring. and it shows that ¢, the

angle to the centre line at which the two additional plastic hinges occur, is
given by

tan ¢y = e — ¢y (7 4iii)

c=1+ (2zr).

Some experimental results

Below, a coliection of experimental results is presented concerning the impulsive
loading of rings and frames™2,

(tt Lead ring falling on to a sharp indenter

A5in (127 em) od., § in (96 mm) thick and 0-5 in (1-27 cm) wide ring
when allowed 1o fall freely from a height of 9 ft (2.75 m). ie. to impinge at a
spzed of 24 ft/sec (7.3 m/s). on 1o a rigid sharp indenter deforms with time
after the moment of impact as shown in Fig 7.3; these resulis were obtained
using a high speed camera. It was found that the vertical diameter contracted
and the horizontal diameter extended, see Fig. 7.4, at nearly constant rates of
26 fi/sec (793 mssec) and 18 ft/sec (548 m/s). Comparisons with theoretical
esults for force. eic, are difficult in tests on lead because very significant
strain rate effects occur 1o give an inconstant vield stress: in tests such as these

the greatest rate of strain is about 10%/sec. The terminal state of a deformed
ring is seen in Plate 32,

{i) Anwvil-supporied rings hit by a sharp indenter or a fat hanimer

Plate 33 shows the final form taken up by rings of copper. aluminium and
mild steel supported on a rigid anvil after impact at an initial speed of 24 fiisec
{7-3 m/s) by a pointed indenter. The mechanics of this set-up is discussed in
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-7

Fig. 7.7 Showing the instant2neous profile of a lead ring at va{ious tim§§ t aft;rllmhpz;cct. :\s'lhen
.fall'l:ng freelv and encountering a sharp indenter (5.0 in outer diameter: § in radial thickness).

VERTICAL. d,, AND HORIZONTAL, dj,, DIAMETER, m

TIME. [-m sec

i i izonl icul di: L he ring of Fig. 7.3 and Plate 32
Fig. 74 Showing how the horizontal and vertical diameters oi; t g. 7.3 and |
allgt;r with time \xicn freely falling on 16 a sharp indenter of 40° nose angle, with an initial speed
) of 24 fi/sec.
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3
f::d'f;i.[.lg'ls"h:nc:)onseg}mnt‘ defom?at:or_l from having two contiguous supported
e ot \l;v ufh falls an 1denncz_1! ring is seen in Plate 34. The different
ope pﬂ Y Tings, {a) when failing freely onto a flat anvil and (b) wh

p n a flat anvil and then subjected to impacet from a heavy fat rigeig

hamnlel 15 Cvldent h om P[d[e 3 . lit,w the S!lape ()t the de (!]llle([ ng a
5
f Il g ltﬁrs

=60mec

Fig. 7.5 Showing the instantancous

. 3 profiles of a 2.5 i i i i
impact when faling fraste o 3 2-5in radjus lead ring at various times after first

to a flat rigid anvil; initial speed at £ = 0 js 24 ft/sec
(ii}) Ring hit by bullets

Plate 36 shows a freely sus i
- pended copper ring which has be i i
en hit
2fioi‘gs :ml;i_ steel bullet.moymg at about 700 ft/sec (214 mys). Thle ;:d::llytby
plastic hinge formation is well indicated in the Plate: the general );han;z f)}t('

the terminal deformation is simi
_ lon 1s similar however infli
slower moving mass as in Plate 32. "0 that inflicted by 2 feavy but

{iv) Multipoint loading of rings

I a ring i i i
cjrcumffr; (:.;ergl erl?;ldly load;:ld, simultaneously at several points around its
¢ ; orms as shown in Plate 37 arise:

: e; the concent i
in these cases was achieved explosively using dctonaéors e

(v) Impulsive loading of rings to which masses are added

The influence of mass distributj i
tlon on terminal deformation i

:"}'1:;;%11 l;'!l)a[t(e)-13183where to each of four aluminium rings two n:;:sz: ;:.c;e:}
e l: DAoL kg) were symmetrically clamped at the locations indicated
it c[os;r ach ﬁm\;r:; s;;sg:m?ed and then expiosively loaded at the top
[ e l . :
po;!mns’ of e osses mmpact point, the closer they are to the hinge
ccntrl::It:d dc;r::st:s the mass of a ring ans! M, /2 the mass of each of the two con-
es attached at a location where ¢ = 8y, then the side hinge
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initial locations are, if 8 > g, given by
M,
o1+ i -
M, =sinf,
Mg 2

(7.70)

tan g =
1+

When #, = 130°. then if M, "My = 1 or 1 ¢, = 781° and 70° respectively.

1f 0, < ¢o. then
_ij__ (7.7i0)
{ M, msind,

T My 2

tan Qbo =

(vi} Impulsive ipading of Perspex rings

Fast loaded Perspex behaves in a brittle manner. A ring loaded by a detonator
may sufter local fracture as the lower ring in Plate 39 shows; bending appears
negligible by comparison with shear force effects. However, when the Perspex
ring is supported on a flat anvil and subject to a falling pointed indeater. two
fracturcs occur as the upper ring in Plate 39 shows.

(vii) Magnetomotive loading of frames
Simple metal structures, €.g. frames and cantilevers, may be loaded at very
high rates by use of hizh strength transient magnetic fields; the magnetic
field is produced by the discharge of a bank of capacitors through a coil adjacent
to a part of the structure and the deforming force arises from the interaction
of the eddy current induced in the structural member and the magnetic field
produced by the coil; ref. 7.3 describes the details of this technique.

Plate 40 shows two cases of a square frame symmetrically loaded but to
different degrees of intensity and in Plate 41 one frame asymmetrically loaded.

Roots-blower impeller forming

Besides interest in fast ring compressive ‘point loading’ as a structural problem,
ployment as a manufacturing technique,

note may be taken of its potential em
e.g. for the free implosive forming of Roots-blower impellers, see Fig. 7.6.
/"'-.L""-\

rd Ay

g

|
\\___jl__//.

Fig. 7.6 Basic profilc of Roots blower impeller,
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Usually these impellers are made by welding together two halv

plate, but by start_ing with a short Jength of sea%nlcss metaﬁlbﬁi?&fg zi?ﬂ"trxnilf
ar_ld then detonau'ng suitably shaped and located high-explosive charges, soi
Fig. _7.7, the required form may be arrived ‘at, see Plate 42. To achieve the
rcqulred shape ‘constraining’ explosive charges may be used on the horizontal
axis, or some other physical restraint. The distinct hinges or regions of large

plastic bending are evident in Fig 7.6. The shapes i
1 _ ng ar 6. shown 2
given in Blazinski’s original paper’-*, P i Plate 42 are as

FORMING

|
TN CHARGE

CONSTRAINING
| / ' CHARGE

Fig. 7.7 Positioning of explosive
charges to givz impeller shaps.

(b)
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8: Dynamic plastic deformation of plates

We now consider some cases of the impulsive loading of thin metal plates.
First, a simple situation in which an exponential shock wave impinges ¢n a
thin plate, in no way restrained at its boundary or elsewhere. Second. an
annular plate, firmly restrained over an inner circular area by a boss and
subject to a specific peripheral speed; there are three phases of motion here. as
for the cantilever beam, see p. 260. Third, a clamped square plate 18 impulsively
loaded and dished to become a shallow sheil.

In the last two cases, the plastic deformation is supposed brought about by
bending only and combined bending and tension is not analytically considered.
Such analyses a5 exist are usually long. involved and of doubtful practicat
value. Basic data about strain-rate and strain-hardening at appropriate levels
is seldom immediately available. At no point in these analyses are elastic strains
considered, so that it follows that the greater the plastic deflections or strains
in relation to the elastic ones, the more realistic are these approaches likely to be.

Exponential shock wave loading of a free, flat, air-backed thin plate in water

Consider a free, flat. air-backed ecircular plate subject to a plane exponential
shock wave at normal incidence and let our objective be to determine the
maximum speed acquired by the plate. The pressure in the shock wave may be
assumed to be given by,

P = pneip(~1/7) 8.1

where p,, is the peak pressure at a point at the head of the wave, t denotes time
and t is a time constant—the time taken for the pressure 10 fall to p,/e, which
for high explosives is ~30 psees. This situation may arise when an underwater
metal plate is subject to explosive shock from a high explosive charge also
detonated under water; this arises destructively as when a mine is set to attack
an underwater vessel or constructively as in explosive metal forming operations.
compatre p. 177.

It will be observed that the analysis below is basically the same as that on
p. 36.

The incident shock wave will be reflected and we assume that the plate
always takes the speed possessed by the particles of the wave transmitting
medium in contact with it. At time 7 after first falling upon the plate. the pressure
due to the incident compressive wave is p and that due to the reflected wave p”
so that the total plate pressure is {p + p”). Suppose the plate has been moved a
distance x from its initial position at time 1 = 0,and letm denote the mass of the



290 IMPACT STRENGTH OF MATERIALS

plate per unit area, so that the equation of motion per unit area of plate is,
d*x

m,—

de?

Assuming the shock wave is sonic and linear (i.c. that the transmitted pressures
are not too high), we have from elementary theory,

=p+p" (8.2)

P =ypgcet and p" = pycyr” (8.3)
where ¢p denotes the elastic wave speed in the transmitting medium and v and
v” are particle speeds at the plate-medium interface :  and " are measured in the

same direction as that in which the incident and reflected waves travel, so that
the plate speed dx/dt = v — v”. Hence,

dx . o ey
prink i {p = p"Vipoco {8.4)
Adding (8.2) and (8.4), we find
dix dx
Moz Moo = 2P (8.31)
Substituting in (8.51) for p from (8.1), and integrating, we obtain,
dx 2p,, t £ .
&l - B [‘”‘p (_ﬁ r) oo ( _E) ] o
and
T ey Bexp|~p.- 8.6
a=pl© pl—: xp Bl (3.6)

where f = pycat/m. Note that at t =0, p+ p" = 2p,; this is the greatest
pressurc on the plate. The pressure on the plate falls to zero when p+p =0
and ._8.6).then gives the time which has elapsed since the head of the incident
wave arrived at the plate; thus,
;- tinff
c = ﬁ . 1
If negative pressures, or tension, cannot be transmitted to the plate, then the

greatzst speed that can be acquired by the piate is given by substituing (8.7)
in {8.5ii). We have,

) 2p. 8
Vrax = Poca T ﬁ[cxp (l—fﬁ.]n ﬁ) — exp (1 iﬁlnﬁ)]

_ 2 B [BU =Bt == 1it=p) _ )]

(8.7)

Poto 1 — B
_ 2Pn gu-p
=’ (8.8)

A sin.1p1e arrangement for testing the accuracy of the above calculations, is
shown in Fig. 8.1; a metal plate is held in the surface of water contained ina
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tank. and beneath the plate at a specified distance, d, a charge of explosive of
weight ¥ is detonated. Reference 8.1 states that,
13

1-13
P =22 500( ) Ibfin?,

and
=733, W 5+ psec,

when Wis stated in lb and d in ft.

For W = 000055 Ib (0-29 g) of P.ET.N. and 4 = 0-16 ft (48.6 mm), the
above expressions give p, = 10800 lbfin® {(74.10° N/m?* and t=
6.56.107° sec, For 4 and § in {3-18 and 635 mm) thick mild steel plates,
B = pyeotimis 039 and 0-195 respectively so that using (8.7), the time after the
arrival of the shock wave at the plate at which the plate leaves the water is
10-1.107% and 13-3.107% sec respectively. The maximum speed acquired by
the plates using (8.8) is 70:3 and 434 fi/sec (214 and 13-4 m/s). When the charge
is detonated, the plate leaves the water and by having a probe above the plate
at a2 known distance it is possible, with the help of a microsecond counter, to
determine the time to traverse the known distance and hence find the average
speed, The experimental results obtained by Travis®! wereclose to the calculated
omnes.

Annular plate subject to an impulsive load

In this Section we consider the axi-symmetrical dynamic bending of an annulus
of rigid-plastic material clamped along its inner edge r = @ and free along its
outer edge r = R, see Fig. 8.2, following Shapiro®2. The outer periphery is
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Fig. 8.2.

suddenty given a downward speed of W, which persists and is constant for
time ¢ = T. after which time the driving force is removed. Three phases of
motion are 1o be recognised :
(i) First phase: A plastic hinge circle appears at r = R at time ¢ = 0 and
travels radially inward-—a converging circular hinge—until it reaches
the clamped inner periphery at time ¢ = ¢, Assume ¢, < T.

{ii) Second phase: The plate rotates uniformly about the stationary plate
hinge at r = a for period (T — 1,).

{iiiy Third phase: The impulse is removed at t = Tand for a further period t5,
until the plate comes to rest, the inertia of the plate is responsible for
further deflection. The kinetic energy of the annulus is dissipated in
doing plastic work as the plate comes to rest, rotation about the stationary
hinge at r = a persisting as for phase (ii).

The existence of these phases of motion can be inferred from a high speed
photographic record made by Kiyota and Fujita®* and reproduced as Plate 43,
A thin circular plate of lead, firmly clamped over some inner radius by a rigid
boss, was given a certain vertical speed and then suddenly arrested at the
central boss. The figure shows the initiation at the boss and the propagation
outwards of a diverging hinge circle; this is followed by rotation about the

entral boss. In the circumstance analysed below the hinge circle is initiated
at the periphery and converges onto the boss.

The plastic yielding of the plate is supposed te follow Tresca’s yield criterion
and the deflections from the initial position are not large enough to cause
buckling.

For case of understanding {and as far as possible). the comparable situation
regarding beams should be kept in mind.

The situation which it is proposed to analvse. and the mode of deformation
outlined above is analogous to that considered earlier, in which a rigid-
perfectly-plastic cantilever is struck by a mass at its tip.

The moment to secure f{ull plastic bending is Af, per unit length of plate and
this is taken to be strain-rate independent. All defiections are supposed to be
smalk.

(i) First phase

When 0 <t < 1,, the situation is as shown in Fig. 83 and in particular the
plastic hinge has progressed fromr = Rtor = p.
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The velocity ficld for r > p is assumed 10 be given by,

¥ r—p
Y- R—» (8.9)
where w denotes the deflection and W the downward speed at r, at time ¢, and
where W' is the speed of the outer edge of the plate at the same instant. Differenti-
ating with respect 10 time in (8.9) the downward acceleration of a particle at r is

Wom iy T (8.10)

= W, -
R — p)

Ff)r the inner portion of the plate not yet traversed by the travelling plastic
hinge circle, ie. for r < p

w=0 and w=20

Consider an element of the annulus at radius r as shown in Fig. 8.4. On the
boundary there are radial moments, hoop moments and shear forces: M and N
refer to the line intensity of these moments respectively and Q is the shear stress.
The plate thickness is 7 and m denotes plate density. In Fig. 84, M and N
aie moments represented vectorially; @ is the shear stress, also shown as
a vector.

If the material yields. then

(i) M varies from zero at r = Rto M = M, at r = p. see Fig. 8.3(1).
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(i) ¥ = M, for all r. Especially, N = M for R > r > p, otherwise the plate
would not be plastic, because M < M,, in as far as r = p. Also, at the
same time, we may have both N = M, and M = M, forr < p.
The dynamic equation for moment equilibrium in a radial plane, by taking
moments about the centroid of the element, is

(M +dM)r + dr)df ~ Mrdd — Ndr . df — Q. T.r.d0.dr=0 (8.11)
The effects of inertia do not enter into equation ($.11) because the rotatory
inertia of the element, with respect to the centroid, gives rise to a moment which
is negligible in comparison with the other moments. Second order quantities
such as dM . dr and those in dQ are also negligible. Thus (8.11) becomes,

r.dM + M. dr — N, dr — Qrdr=10

or,

d
E(rM) —~ N=0r {8.12)
Now, the shear force @ at radius r, is given by
Q.2ar. T+ J‘ 2ardrTmv =0
I
or,

or= — f " i dr (8.13)
[

Recall that the shear force must be zero at the plastic hinge; thus to find the
total shear force at r we must integrate from p to r, see Fig. 8.3(d).

AT L g,

I~
wh
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Substituting in {8.13) for W, using (8.10) and integrating.

= | mr.pWwy. —dr
o L PR R P

mivi, (Rr* sz o’
o= — o — —— 8.14

(R—p)l( 372 T3 (&.19)
Substituting in (8.12) for @r from (8.14) above, and recalling that throughout

this outer region ¥ = M, (8.12) gives,

*{ T e 2 3 s -}
| ww_¢ tﬂmL@L_;_Rf+a)*MJm
v 5My (R — py 2 - 3
or.
mpva [R* — 6R*p* + §Rp* — Sp*)
—pM_= + MR - g}
P !F {R _ p)z\ 12 v 2 £
ie.
_ _ mig _ : LR 1o
“I; -R = 1?..(R )2{ p [R o= p 20 .}}
and the hinge circle radial speed.
27
= — 1°M, ! (8.15)

migR (1 — &1 + 39)

where ¢ = p/R. ) . )
The time t, for the hinge to reach the clamped radius r = « is. using (8.13),

_ 3 L a/R
.IZJWEJ dr = J (1 + 2¢ = 3¢9 dé

= Rl
migR 1

or
miyR? a al* fa}’ .
B e
. 2 ]
e e R
=M,

The shear force is given by (8.14) after substituting for 5 from (8.15) as,
mg - 2M."R2. 3R — p%) — 27 - pa)] ®.17)
HR — p)* " mwyR (R — p)(R + 3p)
In particular, around the periphery, i.c. at r = R,
—2M, 3R(R* —p?) — 2R* — p¥) _-IM, R+2p
®—pF (R + 3p) R=p R+3p

Note that the shear force is zero at the clamped edge for the whole time, to ¢;.

Q= ~

(8.18)

Q=
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Briefly, recapitulating, because the plate has been given an initial velocity W,
which is maintained up to time T. it [ollows that a finite (shear) force of, as yet,
unknown magnitude must be applied for this time. However, the inertia of the
plate between its circumference and the plastic hinge acts so as to counteract

this shear force and, indeed, at the hinge the shear force is zero. The inertia force

also causes the radial moment M to increase from zero at the outside until it
reaches a maximum value M, at the hinge. ’
We may dutermine the curve of deflection, during this first stage of motion,
between p and r as follows.
From {8.9) we have,
dw = -0 W . dt
R—p

and from (8.13)
12M R

4

" mig (R — p)R + 3p)'df

dp =

so that, eliminating dt.

r—p , milR — pHR + 3p}

= Vg d
==y “12M R :
and hence.
mwa .
= (p =1 (R—r+2 19
T4 R (g — TR —r + 2p) (8.19}

iy Second phas:

In the second phase of motion the annulus rotates uniformly about the clamped
inner radius a for the period of time 7, . so that the deflection added during ¢, is.

r—a
W
"R—ua

Wy =i (8.20)
The shear force and the bending moments are the same as for the limiting
static Joading.

(i11) Third phase

The plate will have acquired a certain kinetic energy by the time the second
phase of motion is complete and this will be dissipated in doing plastic work:
we require to calculate the time of this third phase. i.e. the time during which the
plate is retarded by rotating about the inner radius. We assume that the kinetic
energy is spent entirely in plastic bending: no energy is supposed to be spent
in plastically stretching or compressing elements of the plate. by the membrane
forces. The kinetic energy of the plate at the end of phase two, or the beginning
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of phase three, is

R r—al? mT.wi. n
= - e Rl Rl 2 _ — g2
J; 2.(2nrdrmT).(R_a) L Wh 3 (3R* — 2Ra — a¥) (8.21)

If the tip deflection is w, then lollowing the results on p. 197, because only the
moment M along r = & and N throughout the annulus do work, therefore the
work done in plastic deformation is

W W
(2ma. M")R _3 Pl (R—aM, (27: ‘R _3 a) = 2=RM w, /(R — a} (8.22)
Equating (8.21) and (8.22), we find
mTwiR? a al?  fal?
=—2" [(3-5= -] +|= 2
ot PR ) e
The time of duration of the third phase, 15, is w/(W,2) 16
mTiR? a a\®  fa\?
ty = ———— 3 = 5|= = + =
o Pt F R/ e

The analysis above is not substantially different from that given by Wang®*
(1955) who dealt with the permanent deflection of a plastic plate subjected to
a strong biast.

The dynamic plastic deformation of a position-fixed uniform square plate at
medium load

We may obtain simply, some of the results of Cox and Morland®* (1959). who
theoretically investigated the dvnamic deformation of square plates, side length
2a. position-fixed at their periphery. when subject 1o a uniform constait trans-
verse pressure p for time 1, using the approach described on p. 194, Their
detailed examination showed that two categories of load may be distinguished :
medium load when p, < p < 2p, and high load when 2p, £ p, where p, denotes
the pressure required just to enforce plastic collapse of the plate, statically. For
p, we have, see Fig. 8.5,

4"\:6“’-’\-'5-"”;1 =4.4a% aw. p,

e
p, = 6M ,,m:. (8.25)

For simplicity we deal only with their first case. and for the second. more
complicated one. the reader is referred to the original source. For this medium
range of loading two sub-divisions are required: (i) when 0 < ¢ < 7 and {ii}
when t > 1. Use is made of the results obtained above for static situations using
hinge lines, and we take over whatever results may be useful. As previously, the
analysis pays no special attention to material rate effects. Further, it is implicit
in this approach that the static and dynamic modes of deformation are identical.
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PLASTIC
" HINGE

Fig, 8.5,

(As remarke_d, this is not so for high loadings). We denote by m the mass of the
plate per unit area, and v is the piate speed a its centre at time ¢,

(i) Medium load: 0 <t < ¢

Assume the mode of deformation of the plate is that of Fig. 8.5 and that the
plate diagonals become hinge lines. Since p is constant and greatcr-t'han I

and because the [our equal parts of the plate act as rigid bodies each rotatinsn:
about its boundary or side. they must undergo an angular acceleration, c:
Il changes in plate geometry throughout the deformation are neglected. the
rgsistaqce to deformation, which arises from the yielding taking 51ace in the
hinge lines, will be constant: this resistance is related to Ps» the pressure to
cause static yield. Thus the excess load is constant and hence x must be constant.
The work done by the excess ioad wiil manifest itself as kinetic energy acquired
by the four rigid regions of the plate, i.e. 4 x L{w?, where I is the moment of
incrtia of a triangle about a side of thz plate and e is its current angular velocity.
Because « is constant. at the end of time ¢ the plate centrs will have descended
threugh a distance vz/2, where v is its current speed. Thus, an equation involving

th.e work available for giving rise to rotational kinetic energy of the plate
triangles is,

rei2 i '
=4 1l {(8.26)

{p ~ pMa-. =S
Hence, substituting for p, from (8.25, noting that I = ma*/6 and simplifving,
6M -
(p - ;’)r =mr:2 or v= -(ﬁ-ﬂ (8.27)
u* ) m
or directly by momentum considerations, thus,
a.2a\a  ma* v
—nl.t —_ = — =
{(" pd-t-=5 )3 6 “a
The deflection w, at the end of time 7 is,
wy =vt/2 = (p — pJr¥/m {8.28)

(ii} Medium load: t < ¢

After the remova! of pressure p at £ = 1, further deflection, w,, is added to wy,
becauge thg rotational kinetic energy of the four plate segments must be dissi-
pated in doing plastic work in the hinges. Let the segments rotate through further
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angle + before coming to rest, then,
. 1 ["1' oy Fong
4. EIF = 4a\_’2.Mp((be2)

= 8aM . wy/a

Henace.
matrt omrt o {p — p)icl
Wa = o m i i o Bt P T 5.2
TN T, mp, (3.29)
using (8.27). Thus the total central detlection is,
w=w, +w,=plp— pJii/mp (8.30)

1f the to1al response time of the plate is 7,. note that 1, . p, = pz.

In the originai paper of Cox and Morland it is argued that when p > 2p,.
a mode of deformation prevails which is different from that discussed above.
{See footnote on p. 301.)

Dynamic detormation of thin plates clamped along their outside edges

In the case of thin plates clamped at their outer periphery it is clear that after a
significant amount of deflection there must be stretching. An analysis of the
dishing of peripherally clamped metal plates when given a transverse initial
speed of a few hundred feet per second has been given by Hudson®®. Des-
criptively, Hudson’s model is easily understood by reference to Fig. 8.7. Central
portions of the plate maintain their given transverse speed until overtaken by a
bending wave propagated radially inwards from the clamping ring. Figure 8.7(a)
shows the imagined plate configuration at successive intervals during the
deformation process; Kiyota’s set of high speed photographs of a lead plate
which has been explosively attacked in air and which confirms this model is
shown in Plate 44. Figure 8.7(b) shows the situation at a specific instant and
points out how material in the central region is progressively, radially stretched
and thinned whilst that in the conical region is rigid and stationary. When the
plate deflection is significant, the process is predominantly one of stretching and
{or many practical purposes the technological approach on p. 176 is adequate.

Plate 45(a) shows the terminal state taken up by a thin rectangular copper
plate clamped around its periphery after being subjected to the uniform but
intense impulsive loading, generated electromagnetically by a robust coil close
to, but beneath, the plate®®. The maximum speed of the plate soon after
delivering the impulse was 350 ft/sec (107 my/s). In this instance measurements
of vertical displacement-time showed a more-or-less flat plateau moving
upwards at a few hundred feet per second, but contracting in area with time;
the dynamic situation during deformation, with plastic hinges moving into the
plate from the clamped cdges and intersecting along lines equally inclined to the
sides from the corners, is indicated diagrammatically in Fig. 8.6. For comparison,
Plate 45(b) shows an identical rectangular copper plateafter being deformed due
to steadily increasing lateral hydrostatic pressure. The contrast as between
Plate 45(a} and 45(b) is quite marked.
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Dynamic deformation of thin spherical shells

Plate 46 shows a hemispherical aluminium shell of thickness 0-010 in(0-254 mm)
and radius 2 in {50-8 mm) after being statically loaded by a concentrated force
at the pole; Pian®7, from whose paper this figure is taken. remarks that during

g e
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the deformation the mode gradually developed from a circular to a triangular
shape at large deflections. When the shell is impact loaded, by mounting it as the
bob of a ballistic pendulum, the ‘deformation mode becomes a polygon of five
or more sides at large deflections’. Pian remarks that a specimen may absorb
20 % more energy during dynamic loading than it does under static loading for
the same maximum deflection.
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Lin ] 5
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9: Plastic deformation in a semi-infinite medium due to
impact

Introduction

In this Chapter we discuss some of the aspects of the penetration of relatively
large blocks of materiai—nominally semi-infinite masses—by projectiles. The
possible relative speeds at normal impact extend over the vast range of 0 to
160000 ft'sec(sayQto 10° m/s)so that the phenomena encountered at different
speed levels can be very different. It is not only relative speed of impact that is
important; all the physical properties of both targets and projectiles—Young’s
modulus, strain-hardening or softening behaviour at high and low rates of
strain, density and volumetric compressibility of the materials, specific heat and
conductivity—are important too, as is the shape of the projectile and other
aspects of the geometrical configuration presented {e.g. a pointed projectile
at any impact speed causes plastic deformation). Whilst all these factors play
differently important roles at different levels of speed, there are further complica-
tions introduced because many of them actually change significantly during the
course of an impact—as is conspicuously the case in hypervelocity impact.

At this stage in our treatment of impact problems it will be obvious that it is
not possible to present a simple unified treatment and thus the contents of the
next two Chapters, both of which deal with penetration problems, will emphasise
this.

The material presented below is often only partially quantitative, but the
range of phenomena deseribed is so varied that this wiil not be surprising.
Many of the features described will be new to many students of engineering and
if only for reasons of curiosity therefore, it is hoped that the imperfections
of theories and explanations will not weigh too heavily. The approach adopted
is to briefly discuss facets of the penetration problem, at successively higher
levels of impact speed. Such lacunae 25 manifest themselves can be made up for
by pursuing such refererices as 1.2, 2.8, 4.40, 9.1 and 9.2.

Many attempts have been made to categorise impact behaviour and none
are wholly successful. One criterion which is used, especially when very high
impact speeds are involved, is that of the ratio, the relative impact speed to the
elastic (usually dilatational) wave speed in one or other of the materials.
Obviously conspicuous shock effects must occur when this ratio is of order
unity. The latter criterion is of rather limited value however in that shock effects
must enter when impact speed and plastic wave speed—a [unction of the degree
of strain imposed—are of comparable magnitude. And in the case of fast and
intense loadings, temperature must affect material properties to such a degree
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as to make calculations of the latter wave speeds in the circumstances prevailing,
rather obscure.

= ¥ os an indication of behaviour regime: a damage number

A useful guide for assessing the regime of behaviour of metals in impact situations
is to determine that non-dimensional number pr?/Y, which is the larger as
between target and projectile materials where the relative speed at normal
impact is . the density p and the mean flow stress Y. This number—a damage
number—can be understood as a measure of the order of strain imposed in the
region where severe plastic deformation occurs. For mild steel at room tempera-
ture, if we give Y a typical value of 40000 1b'in® (275.10% N/m?), then by
reference to impact by a square-ended projectile. we may make up Table 9.1
and identify various regimes.

TABLE 9.1
ft/sec oY Regime
- _s quasi-static
>3 10 {elastic
23 1073 plastic behaviour starts
250 107! slow bullet speeds
2500 10? extensive plastic deformation
—ordinary bullet speeds
25000 10° hypervelocity impact

laser. electron beam

The number pu?/¥ facilitates useful comparison as between individual metals
and other materials and helps in the anticipation of the behaviour regime. For
example, for Plasticine (or American play-dough) projegtiles impinging against
Plasticine semi-infinite targets, the specific gravity is 0-+7, and at high speed
¥ = 200 lb/in?, so that when ¢ = 1500 F/sec and pv?/¥ = 400, a form of
hypervelocity impact behaviour may be expected ; that this is so, see ref 9.11.

Correspondingly, for metals both p and ¥ are much larger than for Plasticine
and thus, to arrive at the regime number appropriate to hypervelocity behaviour
of the Plasticine, we would not be surprised to find what is indeed the fact,
namely, that speeds of 10000 ft/sec and over are necessary.

Some weaknesses attaching to the use of this damage number are (i) that no
account is taken of projectile nose shape, (ii) it is not clear what meaning or
valueis to be given to Y when the damage number is large, the pressures extremely
great and strain rates high with consequent temperatures large, and (iii) in
predominantly elastic situations pre,/¥ may provide a more useful number.

The mean adiabatic temperature rise due to the total conversion of an
initial kinetic energy p»?/2 in unit mass of metal is readily calculated as

ipv? = pcgd . AT or AT = v*72cg)
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where ¢ denotes specific heat and J is Joule’s constant. Assuming that ¢ changes
little with temperature, speeds of about 1000 ft/sec (300 m/s} are necessary to
cause 100 *°Ctemperaturerise in metals such as mild steel, copper and aluminium.

Slow speed indentation

We consider the slow speed indentation of a large block by a small indenter
neglecting elastic effects and mainly in anticipation of high speed indentation
work later on. Suppose a rigid conical-ended tool, indenter or projectile of
semi-angle §, impinges normally on the flat surface of a semi-infinite block of
metal with speed v, and mass M and leaves a permanent impression of diameter
d. Let the indenter mass be m and denote by ¥ the mean pressure of resistance of
the metal, {¥ will be nearly 3¥ where ¥ is the uniaxial flow stress of the metal
block after about 10 % extension.)
The equation of motion for the impinging tool is, see Fig, 9.1,

Fig. 9.1.

In ¢9.1) 4 is the current crater diameter in the original plane of the block and v
is the projectile speed after the tip has pencirated a distance x. Substituting in
(9.1), 4/2 = x1an #, and integrating.

g~ )

the final cratcr diameter dg and depth x, are

3ooM R
dO = 2 tan B[E.m} . Ug”

and 9.2)
Xo = dgcot 872

The volume of the crater below the original surface, V, is nd3x,/12 so that
nsing (9.2),

V. = Mc3'T 9.3)
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From equation (9.3), Y is seen 10 be just the work reguired to form unit
volume of the crater and it could well have been written down without any
analysis at all.

The work above has some particular fimitations®3: the height of rebound of
the projectile is neglected, the volume V, may be different from the final
observable volume due to elastic recovery after impact is complete and ¥ is a
dynamic value, somewhat greater than the static value. Energy radiated as
elastic waves can be assumed negligible. Provided the rebound speed is only
a small fraction of the initial speed, the result given in (9.3) is very useful.

If a rigid spherical projectile of diameter D impinges on the semi-infinite block,
see Fig. 9.2, then the equation of motion for the sphere is,

d.
Mtd—:= -¥Y.ar?

~ —¥nx.D: (9.4}
this assumes that ¥2 =~ x. D, which is true only when x/D is small. Hence,
tM(vy — v?) = Y.ar*f2D
and if r, is the final cavity radius measured on the original surface,

Muvgi2 = Y. =rgi2D

.‘_,_ 2r s Fig. 9.2.

The final penetration x, is,

%o = [M/T.aD]"2 .1, (9.5)
or
- DZ 1z pu‘% 12 .
o = {— = .6
Xp (6) ( v 9.6}

where g is the density of the sphere.
If a square-ended rod, of mass M impinges on the bleck. then for plastic
penetration, taking the resistance to be constant at ¥,

de <
Mv—=-Y.4A
Vi
and again the nominal impressed volume ¥, is,

IMPE = T.Axg, or V., =3Mel/Y (9.3)
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If elastic considerations were kept in mind, then an energy balance taken at
the termination of pengtration would give,

Eg+ T.dxg + Eg = iMu, (8.7

where Ey is the energy radiated through the block as stress waves, and Egis
the vibrational energy in the impact body.

The above expressions are useful when impact speeds exceed a few ft/sec and
when 4 significant amount of plastic deformation occurs. It should be remem-
bered however that the critical speed at which plastic deformation is initiated
between. for example, ball bearings and steel specimens is only a few inches, sec,
Also, Hunter®* has shown in this connection that though for impact speeds
small compared with the elastic wave speed, Eg in equation (9.7) is entirely
negligible, relatively high rates of strain do occur in these simple impact situa-
tions and ‘inelastic or viscous damping forces’ are thought to be present to
account for losses of 10°,-20"; of the initial kinetic energy.

The recent paper by Olubode and Crossland®-* describes and shows how
even for static contact loads—a bail pressed into various stecls—the precise
value that may be expeciad for a yield stress is uncertain, The vielding which
starts at about one half a contact diameter below the surface is well known to
be in excess of that measured say in a tensile test—in mild steel by as much as
6074 greater—and the diameter of the impressed ball is itself found to be a
factor, {typically up to 0-75 in. dia.) This size effect is attributed to the necessity
for a sufficiently large or critical velume of material to yield, say, 10 to 17
crystals.

The copious literature on low speed impact is reviewed in refs. 1.2 and 4.3,

Penetration of a homogeneous medium by a tast moving non-deforming projectile

The situation discussed in this Section refers to historical problems which have
occupied the attention of many scientists who have been interested in the
penetrating capabilities of ball ammunition especially with regard to relatively
soft materials such as soils and sands,

(i) Historical®-*

The first penetration equation proposed seems to be due to Robins (c. 1742)
and Euler {c. 1750} ; they assumed that the resistance to penetration is a constant,
ie. is independent of speed and depth of penetration. Their equation is of the

form
do
i 9.8)
where v 2nd 1 denote speed and time respectively and y is a positive constant.
An equation more general than (9.8), continvally used is

dv
— = av? + fio+y (9.9

It is most useful for low impact speeds.
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Poncelet’s equation (c. 182971835), in a form first suggested by Euler, is,

dv

—— =t 4y {9.10)
Resal’s well known equation (c. 1893) is, effectually,
dp s
—_—— S 4+ ] 9,1!
a ™ A G-I

(i) D1namic penctration of sand
A projectile of mass m and presentation areat A passing through a fluid medium
at speed v and of density p is subjected to a drag force and it is usual 1o write

de 1 .
—e = ECD.-lpt‘

{9.12)

Using the same approach to analyse the situation of dry quariz sand penetra-
tion. a method typical of aero-dynamics is followed where Cp s a dimensionless
drag coefficient which is a function of speed ¢ : we may write, using (9.9,

2 s
Cplt) = ;_:—;l(x + {_3+ L—’) (9.13)
noting that Cp(oc) = Zma/pA.

Allen. Mayfield and Morrison®? carried out tests by firing bullets at an
initial speed of about 700 m/sec (2200 fi/sec) from a machine gun into a sand
box containing a copper grid for facilitating time measurement. The total
conical angle of the bullets used, varied between 10° and 180°, but 16 out of the
19 tests applied where the angle was between 60° and 180°: their mass for this
range of angles was between 81and 77 gm (818 and 0-17 1b). The bullet diameter
was 0-51 in (1-3 ¢m) and its length 5-11 in (13 em), 2 hole having been drilled
in the rear portion of the bullet to give it stability in flight. The projectiles were
fired into a long horizontal sand box so that the sand was equalily confined on
all sides. {A top to the box had to be fitted to ensure symmetrical confinement,
for otherwise the flight path of the bullet was curved). From position versus
time measurements of the projectile path, values of , § and  of (9.13i) were
calculated using (9.12).

Projeciiles with nose-cone angles of less than 90° were unstable. Maximum
penetration occurred for the 100° angle cone with a striking speed of 2100 ft/sec
{645 m/sec) and was ~5 ft (156 cm). Each projectile left a trail of powdered
quartz in its wake, thus indicating its trajectory.

Typical values of the constants of equation {9.13i) were found to be

a = 0025, f=23 and y=155x10%

for a test in which the bullet was flat-ended, the mass 0-18 1b(80-3 gm) and the
striking speed 2034 ft/sec (674 m/sec).

+ Presentation area is the cross-sectional area of the projectile orthogonal to its line of Right.
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The Fig. 9.3(a) shows how Cyloo) varies with cone angle using calculated
values of x and shows that C, varies littlc with angle; the dotted portion of the
curve refers to unstabie projectile flight. Figure 9.3(b} is a tvpical space-time
plot for the fiat-ended projectile referred to above when the penctration was
50-4 in (137 e¢m). Figure 9.4 shows the variation of Cy, with v for the flat-ended
round which is said 1o be typical and is intended to show that over most of the
velocity range the drag force is nearly constant; a change in the value of Cj
appears at about 328 ft/sec (100 m/sec} above which speed it is constant at
about 2. but beiow which it increascs rapidly, becoming 4 at 65 firsec (20 m/sec).
Thus. experimental results were best described by two equations. as

2

—dridt = 2'v° for Lg >0 >0,

and by (9.13ii)

J
where rq is the initial bullet speed and z, is the transition speed. The 2'»* and
f'r? terms are associated with the reaction motion of comminuted material as

—drudt = g7+ § for t,>r>0

E H I 1 .
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R e
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Fig. 9+ Drag coefficient of typical round. g
Dashed line corresponds to conventional w - -1
theory. Solid line corresponds 10 proposed
theory. 0 1 ' i ! ; i

1} 100 200 30C 40D EOD 600 7CU
VELOCIT, , m, sec

A

o D AR BT

LR L s

PLASTIC DEFORMATION IN A SEMI-INFINITE MEDIUM 09

it accelerates to the projectile speed; " is associated with the fracturing of the
structural framework of the material. my' is the force required to draw a projzctile
at almost zero speed through the sand and the resistance is due to the binding
of the medium; relief is afforded by the crushing of keystone grains, motion
-and then binding again.

When a sand grain impinges on the projectile nose it is broken-up into small
particles that escape laterally through the interstices between the grains ; these
particles are assumed not to interact appreciably with oncoming flow.

In equation (9.13ii) for a flat nosed projectile for

o = 0025

Do > 1>,
and for

v, >0>0, f'= 00352 and y = 4910°

The transition critical speed, ¢, is associated with the local speed of sound
in the sand. There is a visual change in the powder or crushed sand trail at
about 328 ft/sec (100 m/sec). For ¢ > ¢, the trail is diffuse, and for v < 2, it is
sharp and distinct.

Referring to Fig. 9.5, which it a replot of Fig. 9.3(b) and shows experimsntal
results together with a fitted curve for a typical round, for & > ¢, Cp = 1-83
and for v < v, Cp = 2-61.
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In subsequent work these authors reported the existence of a powder cone
formed on the leading end of a projectile. and this suggested that the m of
equation (9.12} should be modified to take inio account the mass of the powder
cap. Further, the cap alters the blunt end of a projectile towards having a
conical ead.
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{iti) Dynamic penetration of a clay

The analysis below pertains to problems of shell and bomb penetration into
soil and protection against fast moving fragments of a few hundred feet per
szcond. The results described in this Section arose from an attempt to determine
the impact speed of an aircralt into Leda or quick clay, from the depth of buria]
cf wreckage frugments™®,

We consider the normal penetration of a homogeneous plastic mass by a
fust moving sphere or a short stable cylindrical rod. Until 90 v, of its initial
soeed is destroved the dominating force resisting penetration is due to the
inertia of the medium. The static strength of the medium gives rise to a force
only comparable in magnitude with the inertia force towards the end of the
panetration.

{2) Short cylindrical projectiles

Ia analysing penetration by a cylinder, the mass of the blunt-ended cylinder is
increased by a hemipsherical mass of the medium which attaches itself to the
end of the cylinder, see Fig. 9.6. The equation of motion for a cylinder penctrating
a plastic medium end-on and maintaining a stable motion parallet to its axis, is

(M + M’)U.%—g= -D—-F

(9.14)
where x is the penetration. The cylinder mass is M = na’lp,, its current speed is
L, ais cylinder radius, ! length, and p, density; the added mass M’ = ina’p,,
where p, is the target density and x denotes the penetration measured from the
surface. I is the drag on the cylinder, and for a circular cylinder at zero incidence,

(5.15)

D =4C,.p U rd?

HEMISPHERICAL
MASS ATTACHED
TO HEAD OF
CYLINDER

The drag coefficient depends on the Reynolds number if the impact speed is wel!
below the elastic or sonic speed in ciay. [t is made up of two terms, one due to
viscous drag and the other due to form drag; the former depends on body shape
but is negligible in this case because we are dealing with a sharp edge, ic. the
ciccular end of a cylinder, and separation takes place from the sharp edge. All
the drag can be attributed to form drag and for this C, = C,_. F is the force
of resistance due to the plastic medium and we may write, if p, is the compressive
strength of the clay,

F = na’p,

{9.16)

i
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Normally in static indentation, F increases with penetration because of change
in geometry ; however, here ny will tend to decrease with penetration, singe the
rate of strain will fall off as x increases and hence a constant value of F will not be
much in error. Note, that when penetrating a clay, the value of p, will depend on
water content.

Substituting in (9.14) from (9.13) and (9.16),

(ma’lp, + %”“Jf’!)U'F = ~inap, U, Cy — ad®p,

9.17

Simplifving {9.17). and re-writing it in non-dimensional form. putting x = .
and U'? = Udw.

d;‘_--i-cxw:b 19.18)
(Y
where
L
a4 = Co. and b= —L';’—
p, 2a 1p, 2 a)
L ) Lo St
o 31 NRp 31
The solution to (9.18), also satisfving the initial condition that © = 0 when
w= 118
w=é+ (1 —-E) exp{— ad) {9.19)
a a
and
a b
Further, the speed of the cylinder at any time is
b A 2 .
U= Uo[— + (1 - —) exp(—ag‘)i' (9.211}
a a
or
R ( _E) (9.21ii)
o 2

because bfa =~ 0.

(b} épherical projectiles

In adapting the previous analysis for the cylindrical projectile, account needs
to be taken of the fact that at the start of penetration, the surface area in contact
with the clay increases with penetration ; in this first regime this latter feature
can be important because during this stage when the speed is high, the largest
stresses will be set up. However, we consider only the second regime of the
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process when the area of contact does not alter substantially, see Fig. 9.7 (which
is throughout most of the process) and we assume the area of contact is then
always na®. In the original report®®, the force of resistance due to the material
strength, F, is taken to be (p + (n/2)1); pis ‘the contribution due to hydrostatic
pressure” and 1 is ‘the shear stress assumed constant’. As before there is an
entrained mass of hemispherical shape, M', added to that of the M ; M’ =3na’p,.

SPHERT

SURFACE QF
FLOW

Fig. 9.7. SEPARATION

In place of (9.17) above, writing ¢ = x/a, where a is the radius of the sphere, we
have, with u = U/U,,

pp ), 3prme 3
(m+Jw“— iy 2-Co..u (9.22)
Putting
_3 p+I=2):
ic 2 plE
| =o—Pe and ¢, = s
] 2]
/o2 g2
the solution 10 {9.22) is
¢ . € L . .
U= l:b—i + (u; - b—i) expi—bylf ~ 1) } (9.25)

Equation (9.23) is applicable only for £ = I and w = u, &t J = 1. It is stricily

necessary to ascertain how u varies with £ in the first regime beccuse its terminal

conditions. Le. when & = 1, arv the initial conditions for regime two. and it is

necessary to satisfy a continuity condition at £ = 1. The area over which p acts

and which is associated with D. instead of being 7a® would be =nx(2a — x).
From above.

FITIEE LY PO R (9.24)
max b . c.

{c) Experimental results

Using p, = 400 1b.7t?(191.10° N/m?), p, = 100 Ibft* (1600 kg‘m*)and with
I=40 in(1.03 mjand a = 20 in(0-51 m)an approximate curve showing how,
for steel and aluminium cylinders, the maximum predicted depth of penetration
varies with original impact speed is shown in Fig. 9.8. Note that the curves
flatten out with increase in irnpact speed and that penetration changes most
-rapidly at low impact speeds.
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From experiments on Leda clay, C,, was determined to be 0-850 and 0-350
for a cylindrical and a spherical projectile respectively.

With the help of the experimentally found coefficient C,_. the theory gives
good predictions of actual results, though there is room for improvement
concerning the first regime of penetration by spherical projectiles.

The shape of a typical velocity-penetration curve shown in Fig. 9.9 is
substantiated by experiment for initial speeds of about 1000 ftfsec (304 m/s).

=~

b~
€

PENETRATION I/[

Fig. 9.9.

Craters or holes formed by projectiles are shown in Plate 47, and how their
volume varies with the kinctic energy of the projectile is seen in Fig. 9.10.

CRATER VOLUME

KINETIC FNERGY Fig. 9.10.

Lined-cavity' or hollow charges

A given mass of explosive detonated in comact with a block of metal succeeds in
causing a greater crater in the block if a hollow is first made in the explosive.
see Fig. 9.11. To increase the depth of the cavity and the effectiveness of the
explosive, the hollow may be lined with sheet metal. The penetrating power of
lined-cavity charges is very great when optimised proportions are determined.

T Also known as hayrick charges.
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| EXPLOSIVE

CRATER

(2) (b)

Fig. .11

Figure 9.12{a) shows in section a plane wedge of two relatively thin sheets of
metal which are backed-up on the outside with explosive; the figure could also
be taken to refer 1o a cone of sheet metal. When the explosive is detonated the
walls of the wedge or cone are caused to collapse so that the metal is forced to
concentrate on the axis and to give rise to a slug and jet, see Fig. 9.12(b). If the
angle of the wedge. or cone, and the explosives are correctly chosen, the jet
ejected. though of small mass, may be caused to move at speeds of up to about
30000 ft/sec (~Y000 m/s). This set-up is a lined-cavity or hollow charge (also
a shaped charge) and its effect is known as the Munroe effect in the UK and the
USA, or as the Neumann effect in Germany : the phenomenon has been known
for more than a century. There are very close similarities between the behaviour
of lined-cavity charges and those of explosive-welding or cladding set-ups, see
below.

CETONATGR
\ M METAL
= EXF.QSIVE WEDGE LINER
==
@ CHARGE
L [~+]
(a)
SLUG
TTTTTTTTR T T . UNCOLLAPSED
=+ —
— _
N N~ JET
by “roamms
LINER DETONATION WAVE
Fig. 9.12,
Fluid jet theory

The mechanism of wedge collapse described below is known from high speed
radiographs and can be analysed following the method of Birkhoff, MacDougall,
Pugh and Taylor®". The initial apex angle of the wedge is « but that part of it
which has been traversed by the detonation wave, see Fig. 9.12(b), takes up an
angle B and § > «. A model of the progressive collapse of a liner due to
Cousins® 8, is seen in Plate 48. The pressure on the liner due to the explosive
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is very large and by comparison the yield strength of the metal is negligible ; it is
therefore proposed to analyse the system hydrodynamically assuming the metal
to flow as a non-viscous fluid ; this is not to say that the metal is in a fluid state
when moving and deforming.

The pressure on the collapsing liner is assumed to act so that it does not
increase the length of any portion of the liner. The consequences of this is clear
from Fig. 9.13(a}; if the head of the detonation wave has reached P in travelling
along the sheet from A to B, then 4P would have been moved to position A'P
and A'P = AP; all particles of AP after traversal by the detonation wave are
impelled to move with the same velacity, say V;, in an, as vet. unspecitied
direction. The direction taken by a particle at P, say PN, is as explained,
parallel 1o A4"; now, obviously BPN = PA4" and NPA' = PA’A, but because
P4 = PA' then P44 = PAA’ and hence BN = NPA". Thus P moves along
the bisector of angle BP.A’ with speed ¥,. and every other particle in the moving
wall PM has an identical motion. In the wedge in Fig. 9.13(a), let the current
collision point A move 1o the right with speed V. Now Fig. 9.13(b) is a velocity
diagram showing ¥, and ¥V, and if we now bring the coilision point to rest by
imposing a uniform translational motion of V] to the loft. all the particles of
PM—velocity Vy—then have the velocity V, and move along the line PM. Thus
in this stationary collision-point picture, at M. two streams or jets collide and

ARRANGEMENT
SYMIMETRICAL
AJOUT

CENTRE UNE

(b)
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then bifurcate, the one which moves to the left being known as the ‘s.Iug’ and
that to the right as the ‘jet’. Applying the sine rule to the velocity triangle of
Fig. 9.13(b). we have

W |1 _ v
sinﬁ__ ] ﬁ—gg Sinf—ﬁ_’-g
N PR 27 2
or
- +
cos — B ccns16 3 z
= - = Vye—— 9.25
Vi=W} S f and V, =1, ey (9.25)

The collision of two fluid jets. as in Fig. 9.14, is familiar to engineers, e.g. see
ref. 2.14. In this stationary system the speed of particles in the slug or jet will
be unchanged from what they were before collision: they will recede from M
with identical speeds ¥;.

Fig. 9.14.

Reverting to the real system it follows that the absolute speed of the slug is
{¥, — 1.1 and that of the jet {1 + T3 Let the mass of the wedge material
approaching point M be m per unit lenglh and let m, of this enter the stug and
n; enter the jet. Applying the principle of linear momentum.

miycos f =mls —ml; (5.26)

But
m=m, +m; 9.27)

and thus
nt; = dm{l — cos f)
and (9.28)

m, = tm(t + cos ff)

o+ i R
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( ﬂ) {9.29)

so that if, as is usually the case, § is small, m/m, ~ g*/4; for =~ 14°, m;/m, =~
0-016. Evidently for small values of w and f§ only a very small fraction of the mass
of the liner becomes jet material. The ratio of the speed of the jet V; to the speed
of the slug V is W/¥, = (V| + W)V, — I,) = cota/2cot §/2 using (9.25);
apain, if « and § are small, say 14°, then V/V, =~ 16.

The jet and slug speeds may be expressed in terms of the forward detonation
speed Up: in the time that a particle moves from P to N, Fig. 9.13(a), the detona-
tion wave advances from P to @, i.e. embraces length PB, Thus using Fig.
9.13(b), we have

Hence,

l—cosﬁ

m_
m, l+cos[i

W _ ¥y
Lfm f—u sinff — =
sin 3773
Hence,
-
cosl8 v
Up = weosa = V— ~cosy = o fO8 Y (9.30)
sinf—a - o
A 2sin
Thus,
— 2 +
(cos'u 5 +cosﬁ : )
Vo= ¥ 4+ V=¥, - . using (9.25
1 o o Snf ! ing ( }
:sin'g : J(Cosﬁ : x + cos'ﬁ x I]
U = - . usi 3
P cosa sin B jo using (9:30)
b - o
sin 3 .cosi
QUD—._.J {9.31)
5111§.cos x
and also,
- | w
sin 5 .smi
¥ e=2U 19.32)

D . ot
cosa, cos /2

V; increases as x decreases, since f also decreases. ¥ is greatest when o — 0
and using (9.31), V; — 2Up. Thus the jet speed cannot be greater than 2U,
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and since high explosives usually have detonation speeds in the range 13000
t0 25000 ft/scc, the maximum jet speeds usually lie in the 30 000 to 50 000 ft/sec
range.

Penetration of a semi-infinite medium by a jet

The length of jet. L which would be produced by the lined-cavity charge shown
in Fig. 9.15 is.

:

Wi
= h+h'=h(l+ﬂj'}1’) =h(1 +tanz.tanﬁ+x
?

{9.33)

3
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Fig. 9.15

Ifthis charge is stood-off al a distance § [rom a semi-infinite block and if § < &',
thzn maximum penetration would not be expected : greatest penetration will
only occur when the whole of the collapsed liner is concentrated as z line jet
along the axis of the wedge. Maximum penetration for a given liner would be
expected for a stand-off distance of #’or htan «. tan (§ + «/2. Since f > =« the
least value which A can have is /1, tan? &,

An expression for the penetration at normal incidence and speed V that a
given length of jet ! of density p, can achieve in a semi-infinite target of density
p, is easily found by again using a hydrodynamic model. The process may be
imagined to be similar to that of the penetration of a quasi-solid (say soil) by a
high speed easily-deformed material or, say, a water jet. Figure 9.16 shows an
idealised penetration process when the bottom of the hole being made by the
jet is brought to rest. U denotes the absolute speed of penetration of the jet
relative to the stationary target. With both jet and target conceived as fAluids-—
agiin the pressures created during the impact are assumed so high that by
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comparison static yield strength is altogether negligible—the pressure on
both sides of the stationary interface. », using Bernouilli’s theorem. must be
equal and hence,

2 =4 = Uy = ip,U? (9.34
This steady state is assumed to be reached almost instantancously. and

penetration is only considered to cease when the tail end of the jet has entered
the target. The total penetration. P. is thus given by,

F

L'¥time of penetration

T
Uk

or

L 9.35)

1 2,
using (9.34) above. Note that in this expression, P is independent of V. Also,
no indication of the diameter of the hole formed is derived. The derivation
{9.35) assumes steady state conditions, which is only true for a cavity being
made deep in the target and remote from the surface: also because there is
reduced constraint to flow at the surface it is therefore to be expected that
penetrations predicted by (9.35) would be slightly underestimated. Experiments
show that (9.35) makes reasonably good predictions. For the set-up shown in
Fig. 9.15,a graph of penetration, P, against stand-off, 5, should show P increasing
fromhatS=0to(h + K)at S =k ;for§ > k' P declines due to break-up of
the jet and the onset of instabilities and waver in it. Thus the shape of the S-P
curve might be expected to be as shown in Fig. 9.17; the shape of a typical
experimental curve®® is shown in Fig 9.18. Cross-sectional views of cavities
made in various metals by lined-cavity charges appear in Plate 49,
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PENETRATION , P

i

!

: s
Fig. 9.17. ~k stanp off, S

The infiuence of stand-off distance is, in fact. more complicated than that
suggested which is really only a first approximation theory.

With conical lined-cavity charges, because of the manner in which the
thickness of the explosive is distributed, the metal lining is moved the slower
the further away it is initially from the axis: this leads to a lengthening jet
which, if jet instabilities do not intervene and provided the jet speed is large
enough. may result in deeper penetration though a smaller diameter cavity.
However if the speed is too low penetration will be reduced.

PENETRATION, in

STAND OFF, in
Fig. 9.13.

Extra terms may be added &s in for example.
Jopll = U = dpelU? + k (9.36)

1o allow for the influence of the projectile and target hardness and when the
jet speed is not relatively large. Also (9.34) may be adapted to aliow for the
possibility of a non-coherent jet as in.

LipV — UP? = $p U (9.37)

where 4 = 1 for a continuous jet and £ = 2 for a fragmented one, Lead liners
are known to move 4s a Spray, copper 4s a more-or-les: contiauous jetr. znd
steel as a particuiated jet* . Other adaptations to (9.34) to allow for departure
from steady motion and the effects of the slug or rigid budy impact have been
made. More detailed considerations of this topic have recently been given by
Tate®!®,
Other observations concerning hollow charge penetrations are that.
(i} for conical charges, maximum penetration occurs when the stand-off
is between two and six diameters:
(i1} copper and steel make the best liners and copper is better for penetraring
steel. probably due to its greater density:
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(iii) the optimum thickness of liners is about ; of the diameter of the bzse of
the cone;

(iv) penetration is fairly insensitive to liner shape, i.e. hemispheres, parabo-
loids, pear shapes and trumpet shapes do almost as well as conical
configurations.

Plate 50 shows the hole made in a mild steei block by filling a brandy bottle
with explosive to some distance above the apex of its re-entrant base and by
standing it off by one diameter.

In hollow charge very high speed impact the minimum crater radius possible
I8 7, = r,./2 where r is the radius of the impinging jet ; this relation holds when
the projectile (jet) is just turned back on itself so that

nr? = 2nr}

It is interesting to note that the pressure, p, at impact, crealed when similar
materials encounter one another, using {9.34) is p = p¥?/8. For a copper
jet moving at a speed of 10000 fi/sec (3040 m/s), p = 1500000 lb/in?
(10.35.10° N/m?); this pressure is nearly two orders of magnitude greater
than the vield stress of the material.

Shaped charges are now used in the following ways:

(i} for cutting cables, plates and beams etc.,
(i) as anti-tank missiles,
(ili) 1o perforate oil-well casings, i.e. used to produce radial holes to induce
seepage,
(iv) to facilitate blast furnace tapping.
(v) in geophysical prospecting,
(vi) mining and quarrying. and
(vii) in salvige operations.

Hypervelocity impact

In the last section we saw how jets of metal having a speed of up to twice the
explesive detonation speed—about 40 000 ft/sec (12 200 m/sl—may be created,
and it was demonstrated how at normal impact against a deep target, they
create a characteristic cavity which is deep and trumpet-shaped. Since the jet
speed created may well exceed elastic wave speeds in the materials used. such
Jet speeds are said to be hyperveiocity.

Hypervelocity impacts are not confined to artificially created lined cavity
charges. Meteoric particles for instance may well possess speeds of up to
200000 fissec(60 700 m,s). Projectiles of various shapes which possess speeds in
excess of elastic wave speeds give rise. at impact, to characteristic craters and
we now discuss these.

The sequence of events leading up to the creation of 2 hypervelocity crater
are:

(i) At the moment of impact. shock waves are propagated into both the
target and the projectile: they are so intense that the material which
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they traverse becomes highly compressed, heated to a high temperature
and the target material is accelerated. The pressures senerated are so
large that by comparison the yield stress of projectile and target materials
is negligible. Thus the materials can be treated as fAuids and gases. A
fash of tight sometimes takes place when metals impinge on one another,
and this is probably associated with the intense deformation. heating,
melting, vaporisation and perhaps ionisation.

(i) Some target material is displaced by the projectile and appears as an
annular curtain of spray; the tiny particles in it may be ¢jected with a
speed several times as great as the projectile impact speed. As the
compressive wave travels into the target from beneath the projectile, a
relief wave also travels into it {from the periphery of the projectile.
Release of this pressure gives rise to the high speed of the annuiar particles
—compare the splash and fragmentation of a water drop, see p. 325. In
water, this gjection speed is twice the projectile speed, but in metals it is
reported up to ten times as great.

{iii} The projectile mushrooms on impact and as this tendency continues it
becomes in effect a fluid jer forcing itself deeply into the target, the
material of which moves away, more or less radially, from the region of
impact. This expanding crater follows the shock wave which is attenuated
as the crater size grows, being also overtaken by unloading tension
waves from the free surface.

(iv) Some target and projectile materials are ejected completelv from the
crater;a sizeable coronet to the crater is formed and some target material
remains to line the inside of the crater,

Hypervelecity cavities

{i} At one extreme is the typical micro-meteorite weighing 10~7 gm and
impinging on plates at a relative speed of about 25 (+ 15) km/sec, as seen in
Plate 51. The upper limit of speed for meteorites is said to be about 70 km/sec
and micro-meteorite crater dimensions have been recorded in the range
290/180 microns across and 32 microns deep, to 17 microns across to oaly
7 microns deep. And, at the other extreme, is the Barringer or Meteor crater of
Winslow, Arizona, which today is ¥ mile in diameter, has a rim 1307160 feet
high and is more than 350 feet deep, see Plate 52; the meteor which formed this
crater is variously estimated as having been between 80 and 500 ft diameter
travelling at 10 and 5 miles/sec respectively.

Jeffreys®*? states that the relative velocity of a meteor in a highly eccentric
orbit about the sun and striking the moon would be about 40 km/sec. At
1 kmy/sec the kinetic energy possessed by an asteroid is 5 x 10° ergs/gm and,
with a specific heat of 0.3, dissipation of this energy would lead to a rise in
temperature of about 400 °C. Thus dissipation of planetary velocities by impact
would lead to complete volatilisation: as there would be some penetration
before vaporisation, etc., was compiete, the effect would be indistinguishable
from that of a sub-surface explosion.

e
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(i) At another extreme. Plate 50 shows a 144 in penetration through a
cylindrical steel block ; notice of its similarity to those in Plate 47 cannot be
avoided.

(iti) A four-coloured Plasticine projectile, or short jet, was fired from a gun
at about 2000 ft/sec into a semi-infinite mass of white Plasticine which was then
sectioned. It was observed that the coloured bands in the cavity, taken from
the surface, appeared in the order in which the projectile impinged on the
target; evidently the projectile behaved as a fluid jet because it turned itself
inside out®-!. Solid copper cylinders can be turned inside out to form tubes by
projecting them at sufficiently high speeds. A medium may d_elaminate at its
surface and also material will become deformed below the cavity. _

{iv) Obliquity of incident jets leads to cavities which in section are 9»'0_1d
(biuater in the direction of travel) and their volume is proportional to projectile
momentum normal to the surface® 1. '

(v) The volume of a crater may be up to 1000 times as large as the volume
of the projectile. The final volume may be 13 %, less in volume than the maximum
reached before restitution occurs: recall p. 305 and Plate 34.

9.11

Influence of fineness ratio

The two features of great interest in hypervelocity impact work are

(i) crater volume, and \ii) crater shape, . .
and, for axially symmetric situations, penetration and crater diameter mainly
define these.

Fineness ratio for cvlindrical projectiles is the ratio of cylinder length. /. to
diameter, d. Supposing that the density and hardness for projectile and target
are of the same order, then for i/d ~ 1 (which can be taken to include spheres},
the crater is nearly hemisphericai and the greater is l/d, the grcgtcr is the
penetration depth to diameter ratio P/d. Correspondingly, the more is (d) < 1,
the smaller (shallower) is P/d. Writing,

Pid = k(ifd)"

where k and n are constants, then,

(i) the more (l/d) exceeds unity, the more nearly n — 1:
this is in agreement with jet penetration outlined above.

(i) ford < ifd < L,n~%tol.

For spherical projectiles (or I/d ~ 1) many investigators have assvl.lmc?d that
the crater volume, V,, is proportional to the kinetic energy of the projectile and
(speed v and mass m,), this gives,

V.ocp? and V,ocm,
or, if the crater is assumed to be nearly hemispherical of diameter D,

D’xv?® ie. Do«v?? (9.38)
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Craters due to the hypervelocity impact of stocky projectiles are somewha
similar to those of surface explosions of corresponding energy; the depth o
such craters is usually found te be 0-4D to 0-3D.

Expression (9.38) is similar to (4.98ii) or (9.3), wherein the work done to form
a cavity isequal to kY. ¥, k being a constant. Some researchers have associatec
¥, with the momentum of the projectile rather than the energy.

Reflection leads one to appreciate that no simple all-embracing formnla s
likely to emerge and those referred to are at best likely to be crude first approxi-
mations. Problems and situations are ones in solid and fluid mechanics together
with thermodynamics, the appropriate material data and its method of anaivtical
treatment perhaps not being known. For specific problems it is clear that the
use of computer codes and computer modelling are likely to be the future lines
of development.

We shall not therefore catalogue the various relationhips which have been
proposed or try to summarise the reported findings which are many and
confiicting. but the interested reader may refer especially to the extensive
article by Kornhauser®'* and those by Riney and Gehring in ref, 9.2.

Water cannons

The water cannon, developed mainlyv in the USSR for boring subway tunnels,
coal and ice breaking and tree cutting. is a device for imparting a speed of a few
thousand ft/sec to a jet of water usually with the object of directing it on to 2
target. which it crushes and fractures. or cuts, or erodes and penetrates. Figure
9.19 shows the essential details of such a cannon. The piston, P, is held oif by
high pressure water. W, and compresses gas. G. Quick opening valves, V.
release the water pressure and P is driven forward at high speed. Water wrapped
in the recess, in R. is expelled through the nozzle. N, against a target, T. Pressures
of 10* 1b/in® (0-689 . 10* Ny/m?) are easily produced by this technique using
& driving pump of 100 hp(74-5.10° W)and expulsions occurring in 10 m sec
work atarateof 10* hp{74-5. 10° W)against targetfaces. Thespeed ofexpulsion
of a jet is approximately given. using Bernouilli's theorem. by,
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Fig. 9.19.
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where p,, V; and p,, V, refer to the pressure and speed of the water at the
entrance and exit from the nozzle respectively. Since ¥, =~ 0 and atmospheric
pressure p, ~ 0 by comparison with p, , we have

V, = \/2gp,/w (9.39}

where w = pg is the weight per unit volume of the water. Hence V, = 12\/';:
if ¥, is in ft/sec and p, is in Ib/in?; for a pressure of 10° 1b/in®, a jet speed of
3700 ft/sec would be expected.

Water cannons have been used repetitively to cut rock under water. In a
water environment, using equation (9.35), the expelled jet should penetrate a
distance equal to jts own length-—a 10 m sec pulse for a pressure of 10° Ib/in?
produces a jet 37 It in length. Thus for small stand-off distances, results for
cutting in air and in water should be little different. As noted on p. 320, there is
an optimum stand-off distance; at less than this distance water returning from
a crater spoils the jet flow and reduces its penetrating ability, whilst at distances
in excess of the optimum, energy is dissipated by turbulent mixing with the
surrounding medium.

Cooley and Clipp®!? state that it is advantageous to use jel pressures at
least ten times the rock strength. i.e. p¥2/Y > 10. For this, pressures in excess
of 3-10% Ibjin® (2-06.10% N/m?) are necessary to cut into granite and they
describe an “‘annular cumulation technique” for attaining this magnitude of
pressure, see Fig. 9.20. The piston impinges on a liquid annulus—presumably
achieved by injecting the water tangentially and causing it to spin—which
flows as a conical jet towards the apex on the centre line of the apparatus.

LiQUIS ANNULUS SHOCK WAVE

PISTON BISTON
— ] AR

' -

ANNULAR CUMULATION DEVICE
Fig. 9.20.

Using this shaped-charge principle a small very high speed jet is formed
which emerges through the centre of the device. The very high pressure needed
for this system is internally generated : for jet speeds of 23 000 {t-sec (760K} m:s).
stagnation jet pressures are about 510" ib.in® (344 .10° N/m?*). A jet 4 in
in diameter and a few inches long easily penetrates 1 inch of aluminium.

Ultra hypervelocity impact

For machining very high strength materials, optical and electrical energy
sources are employed®'®. The former is typified by the laser (see details on
p- 347t and the Jatter by electrical discharge machines, the electron beam
and plasma jet machining.
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The ‘erosion process’ in all these processes has features in common with
hypervelocity impact phenomena, though the two are seldom thought of ag
b_ein_g related——the formation of a crater, with attendant melting, jonisation and
gjection. But. in the last analysis, it is likely that uitra hypervelocity impact can
be thought of in terms of a study of a liquid drop splashing into the horizontal
surface of a mass of liquid; certainly therc are many apparently similar charac-
teristics. The book, “A study of splashes™ by A. M. Worthington® ', can
be re_commendcd for its fascinating collection of high speed }hotographs
showing the details of splash impact. Plate 33 contrasts the penetration of a
liquid.drop into a horizontal liquid surface with that of a bullet into a plate,
attention to the similarity being drawn by Worthington in the following words:

“To take a single illustration of a possible application in an unexpected
quarter, [ would invite the attention of the reader to the two photographs . ..
which exhibit the splash of a projectiie on striking the steel airmour-hptate ofa
battleship. These are ordinary photographs taken afier the plate had been
used as a target. They represent the side on which the projectile has 2ntzred.
In one picture the projectile is still seen embedded in the plate.

~No one tooking at these photographs can fail to be struck with the close
resemblance to some of the splashes that we have studied. There is the same
slight upheaval of the neighbouring surface. the same crater, with the same
curled lip, leading to the inference that, under the immense and suddenly
applied pressure, the steel behaved like a liquid. )

"_Such flow of metals under great pressure is familiar enough to mechanical
engineers, but what I desire to suggest is that, from a study of the moticns
set up in a liquid in an analogous case, it may be possible to deduce informa-
tion about the distribution of internal stress, which may apply also to a solid.
and may thus lead to improvements in the construction of a plate that is
intended to resist penetration.”

Of special interest is Worthington's sequence of photographs shown in Plate 54.
A small globule of water impinging on a water surface creates 4 hemispherical
cavity which has a volume two orders of magnitude greater than the globule.
The coronet should be noted and how the globule tendency is to become
gradually smeared, thin, and to have a shape which is shallow U.

Surface explosions, camouflet and earth shifting

A projectile impinging at very high speed against a semi-infinite mass forms a
crater much larger than the original projectile size, because much energy is
concentrated on a very small area; this incident may well be described as a
surface explosion. There is this much in common between a hypervelocity
surface impact—say, against the earth’s surface by a meteorite—and the effect
o.f detonating a charge of high explosive placed on a surface. Both are of small
size initially but cause large cavities.

If an explosive charge tamped into direct contact with surrounding earth is
detonated deep inside a semi-infinite mass it will form a near spherical or ovoid
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cavity and this is known as a camoufler. Large man-made craters and camouflet
are projected for use as reservoirs.

When there is actual contact between the explosive and the medium being
deliberately deformed as in the two circumstances described above, the process
is referred to as & contact encration. If the explosive and the medium are sep-
arated and some other medium is interposed. e.g. water as in Fig. 4.32, the
circumstance is described as a stand-off eperarion and the explosive and the
medium are therefore 10 some exient decoupled.

Explosives are used in earth-moving operations™!7 to break-up rock and
other hard material to a size which can be handled by mechanical carth-moving
equipment as in road building and quarrying. Rock blasting is dealt with at
length by Langefors and Kihlstrom® 3.

The availability of nuclear explosives has aroused interest in the possibility
of using explosives to move quantities of earth with little or no assistance
from mechanical equipment. Basically this is done by burying an explosive
a small distance underground and detonating i1 to form a crater. A large
proportion of the ¢jected material rises neatly vertically. and tends to fall
back into the newly formed crater so that the efficiency of the process is tow.
One can distinguish between the true crater, which includes all the ruptured
material, and the apparent crater after fail-back ; the apparent crater in many
cases is only a fraction of the size of the true crater®'°.

The efiectiveness of an explosive varies greatly with the material in which it
is exploded, but if we consider a single known material, explosives of different
magnitude exploded at different depths obey quite well-defined laws. The size of
the apparent crater is strongly influenced by the depth of the explosive charge.
If the charge is exploded on the surface a relatively small crater results and as the
depth of the charge is increased the crater size rises to an optimum at a critical
depth. Beyond this depth the size of the apparent crater falls as an increasing
volume of material is merely loosened to fall back into the crater. On increasing
the depth still further a containment depth is reached when the apparent crater
size falls to zero. Tvpical curves showing how crater dimensions and charge
depth are related are shown in Fig. 9.21. References 4.49 and 9.25 are useful for
detailed results in model experiments.

RADIUS

DEPTH

CRATER DIMENSIONS

DEPTH OF CHARGE Fig. 9.21.
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Charges of differing sizes are correlated by cube-root scaling. The critical
depth and the containment depth are proportional 1o the cube root of the weight
of the charge. If charges of different weights are exploded at depths proportional
to the cube root of the weight of the charge, then all crater dimensions are
propertional to the cube root of the weight of the charge. This behaviour is
expected from energy considerations and holds well for all but the highest yield
chemical explosives and some nuclear explosives. For these very large explosions
the extreme temperatures and plastic deformation cause some small departure
from cube-root scaling and a theory to explain these departures has been
developed by Chadwick, Cox and Hopkins®-2°,

A single crater is useful for investigating the eflfects of an underground
explosion, but practical applications involve the creation of channels. Simul-
taneously detonated single charges 1 or 13 crater radii apart create a continuous
channel ; material is mainly ejected at the sides but little at the ends. This appears
to be due to the underground gas cavities merging and then behaving as an
exploding cylinder; linear charges can be used to give the same result but
the channel dimensions are then proportional to the square root of charge
weight®?!. Soviet engineers®*? used a giant explosion to dam a river and raise
its level 50 m; they have recently made artificial lakes in this way. The pos-
sibility of cutting a sea-level Panama Canal by the use of nuclear explosives
has been responsible for recent interest and research work on the effectiveness of
underground explosives. The book. ref. 9.22 should be consulted for information
about the constructive uses of nuclear explosives.

When a 100 kton (110.10% kg) nuclear explosion takes place underground,
10'* cal (419. 10" J) of energy are released in 1 millionth of a sec giving rise
10 a local pressure of 107 atm at a temperature of 10” °C; strong shock waves
mave outward cracking. crushing and vaporising evervthing in their path fora
considerable distance around.

Decoupling has assumed importance because a nuclear explosion occurring
inside a very large cavity gives rise to weak and hardly detectable seismic
signals. The implication of this for disarmament purposes®?* is clear. Some
discussion of the mechanics of decoupling is to be found in ref. 9.24 where it is
aiso stuted that the pressure P in lb/in® generated by a nuclear devoupled charge
is given by,

W’

P=10°"—. {9.40)
ar

where Wis the yieldt in kilotons and & cavity radius in feet.
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10: Plastic deformation in plates due to impact
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it can be partial or complete penetration. This is done largely in terms of clearly
visible and characteristic rerminal damage; this is not entirely satisfactory
because the sequence of modes of deformation and energy dissipation can then
only be conjectured. Observational difficulties in these circumstances clearly
incline us to depend on a study of terminal states.

Some of the factors on which plate damage behaviour depends are,

(i) speed and angle of impact
{1} ductility and/or brittleness of plate and projectile
(i) elasticity of the materials
{iv} shape of projectile nose
(v) projectile diameter to plate thickness ratio
{vi) average flow siress, and
(vii) material density.

There are two aspects to the impact process, whether it be in respect of
plales or semi-infinite media, and these are near contact phenomena and distant
phenomena. The former is concerned with deformation immediately around the
region in which contact occurs and the latter with elastic stress waves at more
than an order of magnitude greater than the plate thickness from the deforma-
tion zone ; our concern will be with the gross plastic deformation of the former.

Penetration behaviour depends on the speed of the projectile and its nose
form. We have in mind here, metal projectiles moving at speeds of several
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hundreds of ft/sec and up to, say, conventionai bullets speeds of less than 3000
ft/sec penetrating platés at room temperature.
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tendency is to encounter brittle behaviour. If penetration is only
crater is formed ; with hard materials there may be scabbing from the rear face
of the plate (refer to pp. 63--68) but this depends much on the defects. inclusions
and heat treatment the plate has received. Cracks or fractures are initiated in
plates ahead ofa projectile and in mild steel targets nets of white linesmay appear.
These are martensitic and are due to the steel having been worked. heated
above its transformation temperature (over 700 °C) and swiftly quenched, see
Plate 35 and recall the remarks on heat lines on p. 208 ; the material in these
lines is extremely hard.

As the ogival head of a projectile progressively pierces a plate, the deformation
mode changes from one of indentation to one in which metal is pushed radially
outwards so that much of the material goes into radial compression. Finally,
whether ot not spalling cracks or fissures have occurred, the bottom layers are
bulged or dished, stretched, fractured and bent downwards in a characteristic
fashion; if the plate is sufficiently thin and ductile, a distinctive group of ‘petals’
is left after the projectile has perforated the plate which points in the direction
ol projectile travel. Plate 56 shows a bullet which has perforated a plate but not
passed through it completely; a spall from the bottom surface is also seen
perforated. The shape of a projectile nose particularly may be altered due to the
plastic deformation brought about by the high compressive pressures created
during penetration, see Plate 57. Very intense elastic compression waves
generated in an ogival- or conical-ended projectile may, when unloading is
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possible after perforating a plate, cause fracturing of the ogival end, see Plate 58;
passage back and forth of the longitudinal waves with attendant pulse shape
changes, with especially the development of tensile tails, should be recalled
from the discussion on pp. 60-63.

Some of the most interesting work on plate penetration is that described in
1912 by Hopkinson' %!, Plate 59, taken from his paper, shows a plate of wrought
iron after penetration by an armour-piercing shell: the shell had a hardened
point achieved by thermal treatment, the rest of the body being soft and ductile:
note here the fractured corenet or lip to the shell hole, which in the case of hard
armour plate is found not to be present. Presumably the radial fractures in the
coronet are due to the hoop tension in the (st} ductile material forced out.
Hopkinson describes how the performance of this plate was altered by making
its face (to the shell) very hard and its rear tough and ductile ; Plate 60 shows the
new behaviour of the plate. Both the shell (R 583 and 588) and the hardened
face were shattercd : cracks are only apparent on the rear face of the plate and
the shefl did not come close to penetrating the plate. Hopkinson reports that a
soft steel cap affixed to the hardened shell {R 587) enabled the shell to pass
ciean threugh the plate. The cap does not pass through the plate; the shell
punches a hele in it and thus passes through a metal ring, the pieces of which,
when recovered and assembled as a ring, disclose an outer diameter as great as
that of the shell bul whose internal diameter was very considerably less. The
effectiveness of the cap is presumably to alter significantly the pressure-time
effect on the shell tip and the plate, and to reduce the magnitude of the impulsive
force but extend the time of its operation.

The predominantly radial expansion of perforated steel plate is evident in
Plates 61, 62 and 65. Plates 61 and 62 refer 10 ball perforating low carbon steel
plate: as Plate 62 shows. Liider lines may be found in the plate belov its
surface—testimony to radial stress at the inside of the hole—whilst the rear
plate surface, Plate 61, also impiies Liidar’s bands by the manmer in which scale
is biown off ; this also reveals the extent of the plastic deformation in the plate.

In hard plate, by sectioning some depth below the surface after penetration,
a few white lines in the direction of lines of maximum shear stress, which are
logarithmic spirals (i.e. along a trajectory which is always at —45° to a radius)
may be detected. see Plate 63. and sometimes they occur in the projectile itself.
Cracks arise inside the while iines and facilitate break-up or shattering of both
projectiles and plates.

Miller'®* has described some of the unusual features he found in studving the
adhesion which arises when a hardened conical-ended pin is explosively driven
at an initial speed of about 1500 ft, sec into mild steel plate. Given a merallo-
graphic polishing treatment the adhesion is so great that fasteners fracture in
tension before being pulied out successfully. As the initial surface treatment
becomes coarser. the withdrawal load decreases because the true area of contact
between plate hole and fastener reduces. The withdrawal load is low when
fasteners are lubricated with molybdenum disulphide. Residual radial compres-
sive stresses are farge and heat and high temperature are generated during
penetration. These, together with thermal expansion of both metals, the contact
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area established and their shear strength, control the withdrawal force. With
very smooth pins wilding with the plate can be complete. The surface of pins
may melt; with copper electro-plated pins droplets of molten copper may be
collected below the tip of the pin.

In some cartridge operated tools!®3, hardened steel shafts are shot into
steel plate, concrete slabs or bricks. the retention force being derived from the
radial compression exerted on the shafts by surrounding compressed material,
see Fig. 10.1{a).

SPALLING AT
INTERFACE
CERAMIC

PRCJECTILE
(~v 2 800 ft/sec)

CONOIDAL
FRACTURE

HiGHLY COMPRESSED MATERIAL [V1S TO
DiSPLACEMENT BY BCLT SHAFT

{e} {b}
Fig. 10.1.

An interesting phenomenon is that in which an ogival projectile of relatively
low tensile strength may be defeated or caused to break up, as intimated in the
references to Plate 58 above, by using ‘spaced armour’. A given projectile may
penetrate a sofid plate, of say, 6 in thickness. but be defeated if instead an
equal total thickness of plate is used as a skirting plate one inch thick above a
five-inch main plate. If the spacing between the plates. the speed and the length
of the projectile are such that after penetrating the skirting piece there is a
sufficient time delay before striking the main plate, for tensile stresses to be built
up which exceed the critical tensile stress for the projectile material, then a
premature failure of the projectile prior to impact with the main plate may
occur. If the spacing between the two plates is ill-chosen it may be that the time
after penetration of the first plate and before impact with the second plate is
insufficient to allow a build-up of tensile stress in the projectile to the critical
level: in this case impact with the main plate while still intact may well enhance
the likelihood of penetration.

Perioration of plates: square-ended projectiles

When a square-ended, and in some instances, 2 ball projectilc impinges on a
plate a number of phenomena different from those found with ogival-ended
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projectiles arise. The tendency is for a plug to be punched out of the plate, cracks
being formed parallel to and ahead of the line of advance of the projectile, see
Plate 64. The plug diameter is usually about the same diameter as that of the
projectife; a lip is left behind after perforation and with steel the cylindrical
crack may well be a thin white surface of the kind already described. sce p. 331.
Plate 65 shows an example of the white adiabatic shear line cracks, ahead of the
projectile!%+19-3,

The plug ejected is usually ‘dished” in the direction of motion. It tends to be
forced out with some high residual speed. v, but being anchored around the
edges it is therefore held back there, the centre portion moving ahead somewhat.

Throughout ballistic perforation or penetration. the inertia of the plug plays
a very significant role as well as do the strength properties of the plate. Experi-
ments'%® show the plug and projectile to have nearly the same speed at the
instant of release. If v, denotes the residual plug and projectile speed, then

Imyed — me? + dngl) = W+ Eg (10.1)

where m, denotes the mass of the projectile, m,, that of the slug and v, is the
initial projectile speed; W denotes the work done in overcoming the shear
forces in generating a free plug, and E, is the energy lost in other ways such as
elastic wave propagation, sound and elastic strain energy in projectile end plug.

The *ballistic limit’ is that projectile speed v* just sufficient to cause ejection
of the slug and then v, = 0, so that

=W+ E,
Assuming (W + E,) to alter little with speed, equation (10.1) becomes,
m.(vd —v™?) = vilm, + my)

or

. i —
v = ——— {102

1+ mgm,

Typical plots!®® showing that impact speed and projectile residual speed are
more or less parabolically related according to the ratio, m/m, ie., plate
thickness/projectile length, are given in Fig. 10.2.

It is unlikely that momentum considerations will lead to a more reliable
equation than {10.2) because the momentum delivered to the plate in the form
of stress waves is difficult to measure. Paul and Zaid'®” state that for thin plate-
perforation the speed with which the punched slug emerges is K times v, and is
a constant depending on v, and the plate thickness. Typical results by these
authors are given in Table 10.1.

A graph showing how speed of penetration falls off with penetration distance
is given in Fig. 10.3 for a brittle plate'®®. After penetrating about one third of
the plate thickness the resistance has fallen to nearly zero, the crack having
been formed through the entire plate.
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Recent results
(i) Ceramic-aluminium plate subject to normal projectile impact

A protection against small arms fire using armour which is light in weight is
obtained today by a combination of about equal thicknesses of ceramic and
aluminium. The ceramic. which has a much higher compressive strength than
any metal but possesses little ductility, first receives the projectile and, if it is
fractured, reveals a conoid, see Fig. 10.1(b). The ogival end of impinging steel
projectiles is squashed and undergoes large lateral expansion, which effectively
converts it to a square-ended form, assuming that normal impact (the worst
case) occurs. The {ractured conoid of ceramic is effective in ‘defeating’ bullets
{atuptosay 2800 ft/sec) because of thealuminium backing plate which possesses
ductility enough to accommodate deflection under impact, yet restrains znd
holds the conoid in place so that even when fractured its peneiration resistance
islittle impaired. More effective in penetrating armour of the ceramic-aluminium
type is the square-ended steel projectile which is likely to cause a plugging type
of failure. Thus the capacity of typical ogival-ended and square-ended projectiles
are reversed in their ability to defeat duplex plate of the kind just described as
compared with normal sieel plate. Before the ogival-ended bullet can start 1o
penetrate, much kinetic energy is dissipated in eroding the impacting end and
thus reducing its speed before, as a square-ended projectile, it can begin to
seriously penetrate the plate. The normal penetration behaviour of ogival-ended
projectiles even against lightweight armour is recovered if the projectile is of
say boron nitride which is harder than ceramic.

(i} Some sheet penerration resultst

Results of the normal impact, at speeds of up to 1000 fi/sec. of ball and conical-
ended projectiles with relatively thin plate (0050 in thick) have recentiy heen
described by Calder and Goldsmith'®'#, plugging resulting from batl {4 in dia)
and petalling from the cone. It was noted that the larger the speed of penetration
of a projectile. the more concentrated is the zone of intense plastic deformation—
a fearurs 10 be expected by reference ta Parkes work. see p. 265, The perforation
region is surrounded by # portion of plate which has undergone plastic deforma-
tion—out to a radius of about 3 in; the plastic hinge at this latter radius was
found to be propagated at a speed of about 750 ft-sec. a tvpical plastic wave
speed.

High speed blanking

A process related to that of ‘free’ perforation is blanking which consists in
shearing a piece of desired shape from a sheet material using a punch and die
assembly, between which there is an operating clearance. Figure 10.4 shows a
typical set-up for the axisymmetric blanking of a circular disc. References 6.2
and 10.25 survey the blanking of many different metals in detail but point out
such features of special interesi 1o us here as.

1 See also footnate ref. on p. 140,
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Fig. 104 Diagrammatic arrangement for axi-syrmmetric blanking.

(i} the concentration of the shearing deformation in the clearance zone
{this may be several times as wide as the actual clearance), see Plate 66,
noting that it reduces as the speed of blanking increases,

{ii) the production of a blank whose sheared edge is made up of three
principal zoncs, see Fig, 10.5,

(iii) that in general the greater the speed of movement of the blanking tool
the greater is the energy required to effect physical separation of blank
and stock: this effect is the greater the higher the initial work-piece

temperature.
[ONE 3 ULAK SUR-ACE OF
7 £0 FRACILE
IONE 2 § TH TURFACE DUE 10
_ FLAITIC FLOW WAHICH .5 BURMISHED
e

y THROAT OF T
TUSIONE | EOTIOM; RCUNDED
Fig. 105 Zones at the sheared edge of a hlank.

The non-uniform condition of the sheared edge is of major manufacturing
concern because i1 represents poor dimensional accuracy and the presence of
ill-disposed peripheral surface cracks: also another costly operation may well
be necessary in order te bring the surface to the sort of uniform. smooth
condition required for subsequent operations. Mild steel however has tended
to show anomalous but beneficial behaviour in that, generally. the higher the
speed of blanking the better the surface finish and claims that a smaller amount
of energy is required are made. Effort has therefore been devoted to studying
this phenomenon.

Reference 10.10 shows a photographic sequence in which blanks were punched
out of a copper plaie at increasing punch speeds, see Plate 67. The interesting
features 1o observe are,

_ {11 the increased diameter on the top of the plate at 793 {t.sec,
{n) the emergence of a distinct coronet on the top of the plate at 930 ft/sec,
- (iii) the onset of punch {steel) break-up at 1500 ft/scc,



338 IMPACT STRENGTH OF MATGRIALS

{iv) the diameter of the punched hole which is considerably greater than
that of the punch and the distinctive shape of the hole at 2100 It/sec,

(v} the very considerable amount of petalling and the hole diameter increase
in ‘free’ perforation at 2350 [t/sec.

Dowling, Harding and Campbell!®-'! recently have measured the force to
dynamically punch metals (speed range 5 x 1073 in/sec to 900 in/sec) and
found generally that no, or some, increase in energy with speed is required with
annealed {ductile) materials and less for hard-drawn brass and high tensile
steel. As with other authors, they attributed alteration in energy requirements
to strain rate effects.

A paper of special interest is that by Balendra and Travis'® ' * who dynamically
punched steel plate (300 ft/sec) ofconstant composition but different hardnesses.
They usefully distinguish between ‘metalturgical separation’ of blank and stock
and ‘blanking'—physical separation—in the conventional sense. The former
term is identical with the notion of adiabatic shear lines—white lines of
martensite¥ as previously discussed on p. 331—which these authors found to
oceur after very small degrees of punch penetration at small clearances ; Plate 63
convincingly shows this phenomenon and it is phenomenologicaily identical
with that in Plate 65. This behaviour absorbs smaller amounts of energy and
requires a smaller punch force than does conventional *physical blanking’.

The faster a punching opertation is, the higher the strain rate and the larger
the fiow stress but the narrower the shear zone. Thus the greater the blanking
speed the more concentrated is the energy dissipated and hence the larger the
resulting temperature rise; hence thermal softening occurs. The interplay of
these various factors appears to result in a critical speed or rate of energy input
when the resistance to and energy for penetration decreases. This is referred to
by some authors as a thermal instability. When a sufficiently high temperature®
is reached and after a small time austenite is formed when blanking mild steel.
Rapid coeling or quenching of the latter by conduction to the surrounding
mass of relatively low temperature metal results in martensite formation.

Stock®? and his co-workers have recently provided results on this subject
and have also reported aluminium alloys which show adiabatic shear bands
associated with a lowering of energy during projectile penetration. Adiabatic
shear zones in explosively loaded thick-wall cylinders have also been reported by
Thornton and Heiser!-2%,

Ultra-high speed machining

Material can be machined at high cutting speeds by projecting the workpiece
from a cannon past a suitable tool and experiments by this method have been

t The existence of “white lines’ of martensite which are hard and were found to be a source of
frac:ure by Morden in certain engine components during the Second World War is referred to by
Slater'®43; they were associated with localised regions of plastic deformation in which high
temperature and rapid quenching occurred, In a private communication of June 1967, R. C. Gilkins
remarked that around ‘shot holes’ he had observed “martensitic and even ausienitic zones. ..
In the latter, the material has been formed into globules, thus indicaling temperatures near to

melting.” This work was earried out in the NPL, UK. in the Second World War.
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carried out by Vaughn at the Lockheed Co., USA®17, All the cuts were made
parallel to the axis of a round test piece. The experiments were prompied by a
belief that if cutting speeds increased sufficiently, initial rapid deterioration in
tool performance would be’ followed by an improvement when the cutting
speed became so high that there was insufficient time for extensive plastic
deformation to develop. Failure mechanisms were found to be largely brittle
in character causing a sudden drop in power consumption and tool wear.

To obtain cutting speeds 15 000-180 000 ft/min {4550-54 600 m/mun) a tool
holder was attached to the end of a 28 in long smooth bore cannon out of
which the workpiece was fired, the speed being varied by varying the size of the
propelling charge. Blocks of steel in various conditions of heat treatment from
fuliv annealed to fully hardened (UTS 280000 1b‘in?)were used in combination
with 90° vee-tools of positive and negative rake angles and broad-nosed tools
with a negative rake angle. In all cases there was a definite cutting action with a
surface finish as fine as 13 pin.

Catastrophic shear occurs when the local rate of change of temperature due
to external work done, detracts from the strength of a material which generally
tends to progressively strain-harden. See remarks on perforating or blanking
steel above.

Siekmann has machined mild steel at 20000 {t/min and according to
Rech10-1* there was evidence of catastiophic thermoplastic shear; Recht aiso
reports that titanium and its alloys are very susceptible to catastrophic shear
(at 1 '10001h of the strain-rate for mild steel). He gives a criterion for predicting
this to happen in a given machining operation. The existence of a plane of
intense shear in machining is obviously comparable with that in blanking.

It is likely that for very high speeds of machining, a hydrodynamic type-of
analysis or model will be appropriate.f

Bar fracture: contact demolition charges®’

Charges of this type are used mainly for military demolition, marine salvage
and commercial metal salvage, information on their use can be found in
unclassified military and commercial handbooks. For maximum effectiveness
two charges are used, one on each side of the workpiece and slightly offset to
obtain a shearing action. This is illustrated for an I-beam in Fig. 10.6. With
curved sections such as bars, cables and chains good contact cannot be obtained
so readily and the process is less efficient. An example of the quantity of TNT
recommended for marine salvage purposes per square inch of cross-section to
be cut is,

In air kn water
Structural steel sections tlb ilb
Rods, cables, chains 11b 21ib

+ Machining at 1770 to 5200 ft/sec, taking cuts 0.005 to 0-088 in. depth and with rake angles
+10° to —20° on aluminium, lend and steel, Arndt obtained chip thickness ratios between 1and3
and shear plane angles as high as 75°; increases in chip ool interfacial length to depth of cut ratio
increased with speed to about 6. (G. Arndt, Ph.D. Thesis, University of Monash, Melbourne,

-
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Fig. 10.6. CONTACT EXPLOSIVE CHARGES

Successful cutting with much smaller quantities of explosives is possible:
ref. 9.17 quotes (135 1b/sq in of metal section cut but with the help of notches
made in bars this figure was reduced to 0-06 1b.

Bars can be fractured using the spalling phenomenon constructjvely!10-21:
transverse shallow sav: cuts made at one end of a bar, to the opposite end of
which is administered a sufficiently sharp blow, may be made to give pre-
determined spalls due to reflection of the longitudinal compression pulse as a
tensile one. helped by the area change effects of the cut.

Lateral restraint of a bar performs the same function as a transverse cut,
see p. 50.

Transvelocity and hypervelocity penetration of plate

When a penetration prucess between more or less equal strength materials
occurs at a speed in excess of elastic wave speeds it may be referred (o as taking
place in the hypervelocity regime. The [argest value of the local wave speed is ¢,
the elastic ditatational wave speed, which is 10000-20000 ft sec (3040
6070 m s) for most metals. However, local plastic wave speed. which depends
on the degree of strain impressed is typically about ¢,/10 i.e. 10002000 ft sec.
Thus metal projectile speeds at impact. exceeding say 10000 ft sec may be
expecicd 1o give risz 1o unexpected phenomena: speeds in the region 1000-
10000 ft sec (304-3040 m/s) can reasonably be referred to as transvelocity
bucause they presage total hypervelocity effects.

The principal feature indicative of transvelocity behaviour is & perforation
diameter in excess ol that of the projectile; with increase in speed the disparity
between thuse two quantities increases. This is well exemplified in ref. 10.15
and in Fig. 10.7: the latter shows scctions of the cavities made in Plasticine
plates by firing Plasticine bullets at increasing spezd into the same thickness of
plate. There is a substantially linear relationship between initial impact speed
and plate cavity diameter: this has been observed by others. e.g. see ref. 9.2.
Usually m such circumstances there is an increasing tendency for the projectile
to undergo immense plastic deformation or to disintegrate. The plastic deforma-
tion could be such that a metal projectile is heated to such a degree that it
melts and vapourises and for part of it to be smeared inside the caviiy it creates.
An interesting sequence of photographs ts shown in Plate 69 taken fromref. 9.2;
the effect of constant speed of attack against reducing thicknesses of plate shows
how perforation is achieved. At first. a nearly hemispherical cavity results when
hypervelocity impact takes place against the surluce of a semi-infinite medium:
the same impact against a target of modest thickness causes a similar cavity
and, if the material is prone to it, a spull also, because the impact is so strong as
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10 initiate a very strong compressive puise. At a sufficiently high speed the
cavity developed on the front face connects with the spalt on the rear face. It is
likely that a1 the instant the spall detaches itseli. because the plate thickness is
suddenly reduced. the pressure which can be withstood by the bottom of the
cavity suddenly is also reduced ; it therefore collapses and allows a hemispherical
cavity to become concentrated into a conica one. Such a final situation is wzll
shown in Plate 70.

An understanding of the perforation of rinite-thickness plates is essent:al
10 the proper design of spacecraft 10 ensure protection from meteoroid impact.
One method of arranging for the impact of small masses on thin aluminium
plates at meteoric speeds is 1o use an exploding foil gun facility ; this can fire a
large number of shots in a relatively short time with a range of projectle
velocities from 110 8 km's. In this gun a foil exploded from a capacitor bank
shears a disc-like projectile from, for instance, 2 0-25 mm plastic film diaphragm
1o cause a 64 mm dia projectile to be projected down an evacuated 6-4 mm
barrel at the end of which it impinges on a target in a high vacuum chamber:
such a facility is used to determune the ballistic limits of aluminium plates
of varying thickness. A criterion used by many investigators for predicting



342 IMPACT STRENGTIF OF MATERIALS

b:.llllS[lC limits is to multiply the crater depth caused in a semi-infinite target at a
given speed by 2 numerical factor ranging in value from 1 to 2.5.

The mechanism by which a perforation is made whose diameter is much in
excess of _that of the original diameter of an impinging cylindrical projectile
when tl:lC tmpact speed is very large. is explained®* as follows, see Fig. 10.8 The:
area of the interfuce between the end of the projectile and the tu-rsr.e; ialate
rapidly assumes a shallow U-shape of increasing extent—the pcrforati:m bein
f:reatedw-wand from which two shock waves emanate simultaneously, one, § ¢
into the projectile and the other, S.. into the target plate. As in t-l{c ca;e cl)r
Fugh speed liquid impact, see p. 84, relief waves‘-Rl and R, move radially
11‘1wards embracing the highly compressed zone between §, and $,, from the
circumference of the interface where the stress is obviously zero._:l'his relief
causes both the projectile and plate material to be gjected backwards violently,
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{This explanation is identical with that which would prevail for impact against a
semi-infinite “solid” body. In the latter case however. $; is progressively
attenuated since it is a diverging compressive shock.) Buck-splash is common
with the Hquid splash phenomena discussed on p. 326. However, in the case of a
phate of finite thickness. 3, is reflected from the rear face of the target plate as an
umlcading tensile wave, with the result that the particles of the plate assume a
very high forward speed: this is tantamount to a spalling situation. I the
intensity of the impact and the consequent strenath of the shock waves is high
enteugh, then for some materials a ballosning etfect, or a spallation cone oceurs.
as s revealed by X-ray photographs. see Plate 71. Clearly the marterial of the
balioon will consist of comminued and high temperature plate and projectile
maicrial which is of much reduced density.

Knowledge of these facts may be used in designing proteciive. complex
shieids: if the principal skin or plate of a structure is idenrified with a secomd
plate, if it is of the proper material judiciously placed hehind a first or bumper
shest which takes the hypervelocity impact initially, then the system can give
sound protection. This subject is discussed at length by Gehring and Riney in
ref. 9.2,

Curting plate using shaped charges

A eraphic diagram showing the sequence ofeventsat the perforation of plate'®"°

is zgiven in Fig. 10.9. Reference 10.17 gives detailed results regarding plate cutting
using wedge-shaped lined-cavity charges.

Explosive cladding and welding

Explosive cladding is the bonding together of a relatively thick parent plate
and a thin plate of another metal—the flyer plate—using high explosives, s2¢
Fig. 10.10(a): explosive welding is the fastening together of two more-or-less
equal thickness plates also with the help of high explosivzs. Fig. 10.10(b).

The fortuitous bonding of one metal to another foliowing high speed impact
seems to have long been known. but the first publication to mention expiosive
welding as such appears to have been that by Pearson in a US Naval Report of
1958 : since 1960 many papers have appeared on this subject.

Wave formation at a bonding interface is a very characteristic feature of high
explosive welding and some understanding of it may be sought in the mechanics
of the fluid jet approach to the lined-cavity charge of pp. 313-318.

There are two principal arrangements for securing an explosive weld. In one,
the two plates to be joined together are inclined to one another, see Fig. 10.10{b}.
covered first with a thin layer of rubber and then a layer of high explosive. The
rubber acts as a buffer to prevent stress wave induced fractures of the metal
sheets. The explosive layers on the outer surfaces of the plates are simultaneously
detonated at the apex, with the result that the plates collapse on to one another
in a progressive manner as detonation proceeds.
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Fig. 10.9.
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A slightly different, parallel arrangement is shown in Fig. 10.11(a). The two
plates are set at a small distance apart so that when detonation occurs and
travels from one end of the top plate, it is forced downward at high speed and
the point of high speed impact travels rapidly along the lower piate, see Fig,
10.11{b). The two plales at impact contain a small angle so that as with the
first explosive forming arrangement. the situation is very similar to that
prevailing with a wedge-shaped lincd-cavity charge, see Fig. 9.15, In effect, the
very high speed impact of a pair of metal jets is secured ; in consequence, when
the acute angle between the jets is in the correct range, there is the production
of a rippled or wavy interface. They bring to mind hydrodynamic phenomena
and underline the fluid jet treatment previously referred to; they suggest that
the pressures at impact are such as make the metals behave as if they were
fluids, i.e. that the pressures are vastly greater than the yield strength of either
material.

DETONATOR EXPLOSYE
i i
M — S— PLATES
~ ¥ E_/ v .J/TE'_‘!BE:
(@) - i — | WELDED
. ///
s /// Arwl_ v /f i,//,,//

STORATION
COLLASSNG - Tm Al
FLATE 1

JET

When the impact point of the two plates is brought to a relative standstill.
Fig. 9.14. two typical plates will appear to be colliding at a speed of about
4000 metres/sec and one part of each plate will appear to move 1o the left and
the other to the right, so that two streams are formed. The Iefi-hand one has
previously been identified as the siug of the lined-cavity charge and the right-
hand one as the jet.

When two fluid streams collide at an appropriate angle and divide into
two, a hydrodynamic shear or Helmholtz 1ype of instability is realised in the
region of the stagnation poini or at the boundary where the bilurcation occurs.
It will be observed from Fig. 9.14 that the internal surface of the metal which
passes through the stagnation point is a dividing plane {rom which part goes to
the left and part to the right; this ensures that clean and unoxidised surfaces
are brought together under very high pressure and thus that there should be
excellent bonding ; the material which is the jet is ejected as spray so that a kind
of surface cleaning precedes welding. Waves er ripples also give rise to good
interlocking of the surfaces of the plates.
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Very many combinations of different metals can now be welded or cladded
and areas of 200 sq ft (18-6 m?) and over are reported as capable of being
bonded together at one shot.

There are many features of explosive welding which are at present still not
understood and the collection of photographs® 2 in Plate 72 underlines this.
This collection may be anulysed as follows.

{i) Mtwo typical thin metal plates are inclined 2t an initial angle of o between
0 and 4°, with most sheet explosives the two metals are usually caused to collide
at supersonic speeds. Le. speeds in excess of the velocity of elastic waves in the
two metals concerned ; there is sometimes a satisfactory bond but no ripples are
formed.

{ii} Ifthe platesaresetatanangle of more than about 4° and up toabout 174°,
on impact the two metals will cause a jet to be emitted. on to which the two
plates do not succeed in collapsing; the waves are fewer and larger as the initiai
angle between the piates increases,

(iii) If the angle of the plates is more than about 174° the interface is more-or-
less flat but a kind of bonding may take place ; the limiting plate angle is about
30°,

With each of these three groups a different type of weld formation is associated.
In the first case there is no evident wave formation: there is some degree of
bonding. In the second there is a continuous wave formation. and in the third
there are intermittent waves with pockets of trapped intermetallic compound.

Other notable features in explosive welding are that

(1) there is a slight increase in wavelength and amplitude in the direction
of welding, see Fig. 10.12(a);

(i1) there is sinusoidal symmetry in wave pattern about the plane of contact
when welding ideniical metals:

(iii) there is asymmetry when the metals are dissimilar, the waves possessing
crests which are somewhat more pointed than the troughs, the crests
pointing towards the less dense metal, see Fig. 10.12(bj;

(iv) associated with large amplitude waves the crests appear to be uniformly
‘damaged’, see Fig. 10.12(c).

(a) /\/\/—\

(b) W\

p, (Pr < P2

Fig 1012,
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{Note.incidentally, a resemblance between the uniform wave pattern of explosive
welding and that of a typical ‘frozen’ Karman vortex street.) )
However, despite the lack of a mechanism or model for explaining explosive
welding and cladding, for facilitating the calculation of wavelength A and wave
speed ¢. Hunt'%-22, using shear or Helmholtz hydrodynamic instability thef)ry,
hus derived equations for these two quantities which, for identical materials,
may be reduced by making use of smail angle formulae. ie. sinff ~ § and
cos g =~1-p%2to
i = whyf? (10.30)
and .
c= ¥l — e_l)’fﬁ {10.311)

where h, is the flyer plate thickness, see Fig. 10.10(a) and 8 the impact ang]e,
se2 Fig. 9.14. Following reference 10.23. an equation due to Tate®!° \fvhu:l‘-x
predicts the speed of penetration of a stagnation point into a target material U,
see Fig. 9.16 and p. 319, is
$pU% + R, = 1p(V, — UY + ¥ {10.3iii)
compare equation (9.36) where V; ~ /8 and see equation (9.25). g is the
density of the material, ¥, is the pressure above which a flver plate behaves
hydrodynamically and R, is a stress reflecting the resistance of the parent plate
to penetration. From (10.31ii) we have,
U= Yo R -Y) 8,
28 %

so that the time for penetration is t = A/4c. Hence using (10.31) and (10.3i),
the penetration or amplitude is,

o Who 2 Z(Rt _ Yp) d-] 10.4
Vr =g —e")[ﬂ Pz (104

This amplitude is greatest when
B = Bux = [PVS/HR, — T

(10.3iv)

10.3
and is zero when (10.5)

B =[pVE2AR, — Y]

References 9.10 and 10.22 give the following values, (R, — Y} = 25 k l?ar,
1pV2 = 0.36.10'° dynejem® and h, = 0-08 in. Substitu.ting in equation
(10.3) it is found that f_,, = 13° and the corresponding maximum amplitude is
~1-8.107% in, both values being typical of many experimental resuits en-
countered.

Laser cutting?-2*

The effect of lasers are in many ways similar to those of hypervelocity impact,
e.g. in similarity of crater shapes and melting and vapourisation phenomena.
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Laser emission is an intense beam of light or infra-red radiation which is
parallel, coherent and of a single wavelength so that it can be focused with a
simple lens to concentrate on a small area to give an extremely high energy
density which makes cutting possible.

Two types of laser are used for cutting,

(i} there is the CO, gas laser in which power of up to about I kilowatt is
produced in a beam of several mm diameter and which can be focused to
a fraction of a sq mm (say 0-04); the beam is of 106  wavelength in the
far infra-red region of the spectrum. CO, lasers can be run de orelectrically
pulsed to give pulses of 300 us to several ms duration with peak power
of upto 2 kW. Some applications use pulses as short as 0-3 us with peak
powers of many kW generated by ‘Q’ switching.

(i) The second kind of laser suited to industrial cutting applications derives
from a crysial of yttrium aluminium garnet doped with neodymium, as a
beam of 1.06 u wavelength.

Lasers can be used for cutting both metals and non-metals (e.g. ceramics).
The unaided beam cuts by removing as a process of vapourisation or, in the
case of metals, by 4 combination of vapourisation and liguid phase ejection.
Cutting is generally confined to thin materials and micro-size components and
may use either of the laser types described above.

For macro cutting applications a CO, laser with a power output of 200 W
or more is used with the beam usually aided by a jet of high speed gas.

For cutting non-metals up to about 50 mm thick the gas, which is usually
air. serves to cool the upper surface of the material and aiso to rapidly eject hot
vapour generated within the cut and prevent general damage to vertical faces.

TABLE 102 FOCUSED BEAM DIAMETER 035 mm

Cutting gas: for metals—oxygen
for non-metals—argon
Typical conditions for cutting with an 850 watt CO, laser for
which 70¢, of the power output reaches the work-piece

: Thickness Speed
Material i mm mMm/sec
Mild steel 2-3 30-0
Austenitic stainless steel 32 12.7
Nimonic 73 0-7 344
Titanium alioy 0.5 55.0
Perspex 320 50
Softwood 140 250
Hardwood 530 760
Plywood 65 89.0
Ceramic tile 6-5 10:3

L il
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For metal cuiting, commercial purity oxygen is used, which oxidises the surface
of the metal. This greatly increases absorption of the laser energy, 95 % of which
is typically reflected from a clean, cold metal surface. The heat produced by the
oxidation reaction helps that from the laser to produce a molten oxide which is
blown out of the bottom of the cut by the momentum of the gas stream. Use of
the gas jet enables many metals to be cut in thicknesses of up to 6 mm or more
with a kilowat Jaser. Width of cut is generally about 0-5 10 1.0 mm. The unaided
beam from a continuous CO, laser, because of the high reflecti vity of the material,
is penerally of too low power density to cut metals by vapourisation and is
limited to cutting by melting very thin metals at low speeds.

Some typical figures concerning the cutting power of a CO,, laser are given
in Table 10.2.
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Length
] in = 234 mm
| mile = 1.609 km

Area

1 in? = 645 mm?

I

Yolume
] in® = 16 387 mm*
l ft® = 00283 m?
Velocity
1 ftjs = 0-305 m/s
i 1 mile/h = 0-447 mys
Mass
1 Ib = 0434 kg
Density
1 Ib/ft? = 160 kg'm?

Force
1 Ibf = 445 N

Pressure
1 Ibf;in® = 6-895 kN/m?

Energy
1 ft Ibf = 1.356 ]
1 cal =419 1]
Power

1 hp = 7457 W

Temperature
1 Rankine unit = £ of kelvin unit



APPENDIX 2: Test Tables in ST Units

TABLE 1.1

ELASTIC LONGITUDINAL AND TORSIONAL WAVE SPEEDS

[E ana
Cp = — 2 Cp =
PV g, V5

G

(]

] T
Cast J Carbon i Alurmi-
tron i Steel Brass  Copper Lead nium Glass
0 T T
ENm 114.10°" 204.10° ! 933.10°} 114.10°| 176.10°| 69.10° | 55.10°
po = kgm? 072 10% i 0775, JO“I 0-83.10°% 0-887.10% 1.15.10%{ 0-266. 10*} v-187. 10*
= \"‘E’:Pu ;
e o 3980 1 510 3360 | 3690 1190 3100 5340
m 'se¢ 'sect i
G |
ToalPOp MmO A | a0 0 20 | A0 | 300 | 320
3 ! i
13
TABLE 2.2
Differential
Particle
Speed
o Nym? m/s
Copper 2.82.10* 804
Brass 213.10° 657
4130 Sieel 3.03.10° 71-5
1020 Steel 1-16.10° 2540
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TABLE?® 23
oo Compressive  orTensile
Strength Strength Specific
N/m? N/m? gc/or ¢, mfs Gravity
Granite 193.10% 2.83.109 68 3120 2.7
‘Szndstone 124.10¢ 2-14., 108 58 2930 25
Limestone 69.10° 2-76.10° 25 4920 2.6
Rhyolite — — —_ 1830 2.7
TABLE 4.2
[ :
! m/s
Instability
[N oy Hoop Strain, &
Density B
Material kem? |[(N'm¥) + 107 C n sphere |vylinder | sphere |[cylinder
Copper N - - 2 y
fi-hard) 1 B30 427 0-itd 03 7040 57.3 004, 0051
Brass $30 755 0127 L ods | 126 |19 | o077 | 0130
(3-hard)
Stainless 755 153 o016 | 050 | 224 | 2010 | 0240 0-236
Steel |
TABLE 43 EXPERTMENTAL RESULTS
Leading Response
Vibration Strain
P Impuise T Frequency Amplitude
Nm? N/m? ms ms Cycles/s g x 10*
364100 722,103 0-040 2190 1.68
322,107 34.4.10% 0034 2260 1.87

Tabulation appearing on page 228.

Stress in the zones identified in Fig. 5.16 in MN/m? are,
[2) 155 + 744 = 2294

[1] 189

(3] 155 + 149 = 304
[5] 189 + 149 = 33§
[7] 155 + 297 = 452
(9] 189 + 297 = 486
[11] 155 + 440 = 595

(4] 189 + 744 = 2634

[6] 155 + 223 = 378

[8] 189 + 223 = 412
[10] 189 + 372 = 361
[12) 189 + 372 = 561
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TABLE 5.2
pobil ¥ 00l | o050 | 0128 | 0267 | 0500 | 0900 [ 1633
o 0 0 ! - . 3-200
€,it'y 423 427 2.57 171 119 084 0.575 | 040
to m.f? 363 78 152 180 246 356 445 620
€ s 152 363 96 307 294 276 255 249
:’,Ll.: — -— 3-19 034 0-33 0425 0409 0310
;; T — - 0-074 0199 0-319 0-303 0712 0-775
H
3
10 . — — 1-44 41 47 55 5.9 47
TABLE 9.1
my/s pti/Y Regime
0-722 10: 3 quasi-static elastic
762 10_ 3 plastic behaviour starts
76-2 10l t slow bullet speeds
762 16 extensive plastic deformation—
ordinary bullet speeds
7620 102 hypervelocity impact
— — laser, electron beam
TABLE 10.
Plate
Thickness Ty
mm m/s K
1-00 766 1-33
1.00 275 1-16
3.18 790 1.23
318 275 1.12
Table appearing on page 339.
In air In water
Structural steel sections 017 kg 0.34 kg
Rods, cables, chains 045 kg 091 kg
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pressure for static expansion. 161

dvnamic expansion, 167
Ceramic-aluminium plate impact, 336
Coaxial collision of bars, 13, 34
Cold working, 130
Cotlinear impact of bars, 20, 22, 105
Compression of short cylinder

fast, 152

slow, 151
Compression

pulse propagation, 2

wave, L
Conical bar, compressive stress, 60
Contact explosive operation, 327
Craters

impact, 322

true and apparent, 327
Critical tensile stress, 67, 72
Cylinder

speed and instability strain, 171

stress distribution due to internal pressure,

155
thin, crushing, 187

Damage number. 303
Decoupling. 327
Delay times, 134
Demolition contact charges, 339
Dilatation. 107
Dilatational wave, 109
Discontinuity in a shaft
longitudinal stress transmission. 33. 38
torsional stress transmission, 6. 47
Dispersion. 3
Donnell's appioach. 212
Drag force. 307
Dynamic loads on plates. 197, 297, 259
Dynamic to static flow stress ratio, 122

Earth, shifting, 326
Elastic longitudinal wave speed. 5, 14
Elastic-plastic

experimental bending of plates. 205

waves, 212
Energy transmission, 27, 23
Equations of motion in extended medium. 106
Equivoluminal waves. 103
Explosive forming of

thin rings, 146

a sheet. 176
Explosive welding and cladding, 343
Exponeatial shock wave lozding of a plate, 289

Fasteners, 331
Fineness ratio. 323
Flexural pulse, 8
Flexural waves, %, 103, 113
Fracture
in glass. 79
patterns, 74-79
of thin wires, 79
Frequency and wave speed, 102
Friction hill, 152

Hardness, 168
Hawkyard's energy approach to bullet impact,
243

Heat lines, 208
Helical springs, wave propagation, 37-95
Helmholtz instability, 345 ’
Hinges, plastic

in beams, 180

non-circular rings, 187

plates, 194

rings, 181

shacklies, 284
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Hollow charges, 313
Homogeneous compression, 143
Homologous temperature, 130
Hopkinson bar, 49, 59
Hot working, 130
Hydrodynamic chear, 345
Hypervelocity

cavity, 122

oblique impact, 323

penctration, 321, 340

Impact
of a rigid mass on end of a bar, 51-57
strecs due to a falling weight, 33
Impedznce
matching. 37
mechanical. &
Indentation. 168. 304
inversion tubes, 190
Irrotational wave, 109

Jets. 86. 314, 320
Jut striking cantilever, 258

Lamé’s constants. 107
Laser cutting, 347

L.teral restraint and wave speed, i1, 12, 30

Lévy-Mises equations. 149
Lined cavity charge, 313
Liquid impact with solid surface, £3
Localised beading, 251
Locking medium, 217
Logarithmic strain. 122
Longitudinal

wave, 1, 9. 14, 101, 117

wave speed, 3

in conical burs, 40
Love waves, 110

Machining. higk speed, 338
Martensite. 331
Mechanic impedance. &
Metallurgiea} separatien. 335
Meteoric impact, 322
Micro jets, 86
Momentum

transmissinn, 27. 25

traps. 58
Muttiple

scabbing, 68

spalling in concrete bur. 68

in long bars., 72

Natural strain, 122

Necks in bar fracture, 72, 73
Nominal stress, [21

Nuclear explosiens, 328

Ogivul projectiies, 331
Particle

displacément, 1
speed, |

Perforation, of a thin plate
with a drift, 138, 145
by ogival projectile, 333
Penctration of
clay, 310
sand, 306
semi-infinite medium by a jet, 318
sheet, 336
Phase velocity, 112
Piie driver, 57
Piston effect, 90
Plane wave, §
Plastic wave speed, 239
Plates
bending, 19. 30
cutting using shaped charges, 343
elastic—plastic, experimental, 205
hypervelocity and transvelocity, 340
Jarge defiections. 201
Pochhammer—Chree equations, 115
Polarised waves, 114
Poncelet equation, 307
Portal frame, 185 -
Precursor, elastic, 218
Presgure vesszl
thin walled, i86
circular, 206
Projectiles
circular ended, 310, 333
ugival, 331, 336
spherical, 311, 336
Puise
distortion. 119
smoother, 47
Push waves, 109

Rayleigh wave. 110
Recrystallisation, 130, 136
Reficction of waves, 15, 11
Refraction of waves, 11
Representative stress and strain. 170
Resal's equation, 307

Rigid strikers, 41-57

Ronar Point coliapze. 301

Reat’s blower impeller forming. 287

Scabbing, 63
Scabbing
in concrete, 68
in masoney, 71
in rock, 70
Shake waves, 109
Shear waves. S-waves, 109
Space-time diagram for bars, 31
Spalling
in bars and flat plates, 63
in curved bars, 73
Spheres. elastic impact, 25
Spherical projectiles, 311

Spherical sheli
dynamic loading, 300
clastic response, 174
internal pressure, 157
qualifying remarks, 159
radial speed for expansion, 161
spesd for instability strain, 171
stress distribution due to intense pressure, 157
work for expansion, 161
work hardening material, 160
Splashes, wuater, 326
Stationary front, 223
Strain rate, 122, 129, 134, 136
Strain softening, 137, 247
Stress intensity, 5
Stress-strain curves, empirical equation, 140
Strikers against 2 cantilever, light and heavy, 267
Superposition of waves, 18
Surface explosion, 324
Surfice waves, 1, 110

Taylor’s momentum approach to bullet impact,

224
Tensiie instabilizy, 141
Tensite strength, 122
Tenaile test, 121, 122
Tensile test, Miklowiiz observation, 36
Thermal stress, dynamic. 97
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Thin plates, ¢lastic waves, 98
Torsional

pulse, 6

waves, 1, 10, 14, 118

wave speed, 5
Transvelocity penetration, 340

Upper yield point, 127
Vehiclzs, impact crushing, 96

Water cannon, 324
Water hammer, 80
Water hammer ferming. 83

Wave, 1

Wave
equation, one dimension, 3
speed, 1, 14

transmission
plane strain, 11
zero transverse deformation, 13
trop, 37
White adiabatic shear lines, 332, 334

Yield
initiation, 306
Mises criterion, 140
stress, 122
Tresca criterion, 147

Zig-zag structure, 184
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