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TRANSLATORS' PREFACE
When Schmid and Boas decided to publish in book form the

results of their widespread investigations into the mechanism of the
deformation of metals, they rendered a great service to all those in
science and industry interested in studying the same problem.

This book, with its lucid exposition and wide range, is cited as the
first reference in innumerable metallurgical papers, and became a
classic within a year or two of its pu blication.

The major problems resulting from the complex deformation
behaviour of magnesium led the scientists concerned with that metal
to welcome the concentrated knowledge on the subject contained
in Schmid and Boas' publication.

In accordance with our resolve to make available to the magne-
sium and other industries new publications of value to their research
and development, we decided to add the translation of this book to
our previous publications of Beck and of Bulian and Fahrenhorst.

Since the appearance of Schmid and Boas' book there has been a
great development in the field treated, and many aspects of strength
and plasticity have changed considerably. However, no text-book
has appeared that could replace Schmid-Boas in every respect,
and it has remained as indispensable to the research worker as it
was when first published. Information about the most important
changes that have taken place in the meantime can be obtained
from a less detailed treatment of the subject in the book An Intro-
duction to the Physics of Metals and Alloys, by Dr. W. Boas (Melbourne
University Press), while the structural aspects of plastic deforma-
tion are dealt with in C. S. Barrett's book, Structure of Metals
(McGraw-Hill Book Company, Inc.).

The translation of K ristallplastizitaet has taken a long time, but we
believe its contents to be of great value, and it is our hope that the pro-
vision of an English text will materially assist all those researchers
who are interested in the deformation and plasticity of crystals.

In conclusion we wish to express our thanks to Dr. W. H. Taylor,
Dr. E. Orowan and Mr. R. W. K. Honeycombe of the Cavendish
Laboratory, Cambridge, for revising the translation and aiding us
to prepare it for the press, and to Mr. L. H. Tripp (the translator),
who has carried the main burden.

F. A. HUCHES & Co. LIMITED.
January 1950. ,.



VI Translators' Preface
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FOREWORD

Plasticity is that propcrty of solids by virtue of which thcy change
their shape permanently under the influence of external forces.
Although this property has been exploited since the earliest days
of human history-an exploitation which, thanks to modern tech-
nical methods, has now reached a very high level of perfection-
and although unceasing efforts have been made to obtain a clear
picture and a scientific explanation of the processes involved in the
phenomenon of deformation, so far neither a full description nor an
entirely adequate theoretical interpretation has been possible.

In the present work, which is based on lectures which I delivered
in 1930-31 at the Technical High School in Berlin, we describe what
is known about the plastic behaviour of a specially important class
of solids-crystals. Since the deformation of crystal aggregates is
mainly governed by the deformation of the individual grain, the
latter provides the foundation for our knowledge of the plasticity
of crystalline materials in gcneral. In the last twenty years we
have learnt a great deal about crystal plasticity, in the first place,
owing to the development of methods for growing crystals, which
have enormously increased the experimental material available,
and secondly, as a result of the application of X-ray diffraction
methods to the investigation of solids.

This book is addressed to a large circle of readers. Thc cxperi-
mental data which it presents in classified form, and which it
attempts to interprct, should assist the physicist to evolve a theory
of plasticity. It brings to the notice of the crystallographer and
mineralogist those researches into metal crystals which have for
their particular object the dynamics of crystal deformation. The
geologist will discover, in the development of textures in cast and
wrought metals, analogies with similar phenomena in his own field
of enquiry, and he should therefore find our tentative explanations
instructive. Workers in the field of metals research and technology
will find in this book the crystallographic and physical principles
underlying the plastic behaviour of their material, and they will be
shown by examples how 0UI' knowledge of the polycrystalline state
can be both increased and applied. Technologist and designer will
become familiar with that mass of data from which the technological
characteristics of metals are derived. In this way the fundamental
significance of the constants employed, and, in particular, the

VII



VJll Foreword

possibility of changing them during operations, will be made clear.
Last but not least, it is hoped that all those who themselves are
studying the plasticity of crystall ine materials will be helped by
this book in their choice of experimental technique and methods of
research.

I wish to express my gratitude to Mr. M. Polanyi, who introduceJ
me to this subject many years ago, who has since been of great
assistance to me, and to whose inspiration this book is due. Sincere
thanks are also extended to all my collaborators during the happy
years of work at the Kaiser Wilhelm Institute for Fibre Chemistry
and Metal Research in Berlin, and especially to Messrs. S. Wasser-
mann, W. Boas (co-author of this book), ''\T. Fahrenhorst and
G. Siebel (Bitterfeld). I am also grateful to the Notgemeinschaft
Jer Deutschen Wissenschaft for their continued assistance.

I should like to thank numerous colleagues for permission to
reproduce illustrations and diagrams from their works; and I am
also indebted to the publishers for their co-operation, and for the
very helpful way in which they have met my wishes.

Fribourg, Switzerland.
Jamtary 1935.

ERrOR SOHMlD
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INTRODUCTION

Recent achievements in the field of crystal plasticity receive
considerable prominence in the present work. This is largely due
to the extension of researches on plasticity to include metal crystals.
Methods of producing such crystals and the determination of their
orientation are therefore described in detail in Chapters III and IV.
On the other hand, in view of the excellent treatises which already
exist on the subjects of crystallography and crystal elasticity, the
two introductory chapters under these headings have been severely
limited. A description of the mechanisms of deformation, the
geometry of which is expounded in Chapter V, is followed, in
Chapter VI, by a fully detailed account of the application of these
principles to metal crystals. Metal crystals have been accorded
this preferential treatment on account of their usefulness in the
cxperimental investigation of plasticity, and because much of our
recent knowledge on the subject has been obtained with them.
With the aid of the general principles which have been developed
in this chapter the behaviour of ionic crystals is briefly treated in
Chapter VII. The amount of experimental data collected in each
of these chapters is certainly large, but, in view of the present
unsatisfactory nature of the theories of crystal plasticity, this seemed
unavoidable if the available matcrial was to be adequately surveyed.
Chapter VIII discusses a number of modern hypotheses, which it
is hoped will soon be replaccd by a single comprehensive theory.
In the final chaptcr thc knowledge acquired in our study of the
single crystal is applied to clucidate the behaviour of polycrystalline
material. Unfortunately the practical significance of this under-
taking is still imperfectly realized by the technician.

The bracketed figures interspersed throughout the text refer to
the list of publications at the end of the book, where the material
has been classified by chapters to enable students who desire further
information on ccrtain aspects of the subject to find the appropriate
references. It is, of course, inevitable that by this method the same
work should sometimes appear under different numbers. Equations
in the text bear first the number of the section in which they appear,
and are then numbered consecutively.

Readers are referred to the following general treatises on crystal
plasticity:

xv



XVI Introduction

G. Sachs, "Plastic Deformation ", Handbuch der Expe1'i-
mental-physik, Vol. 5/1, 1930.

A. Smekal, " Cohesion of Solids", Handb1lch der physikalischen
1tnd technischen Mechanik, Vol. 4/2, 19:U, and "Structure
Sensitive Properties of Crystals", H andbuch der Physik, 2nd
Edition, Vol. 24/2.

W. D. Kusnetzow, 'l'he Physics of Solids, Tomsk, 1932 (in
R.ussian).

]. C1'yst!L!line and Amorphous Solids

Primarily, solids are commonly contrasted with liquids and gases,
and are then divided into two fundamentally distinct groups: on
the one hand, solids characterized by regular atomic arrangement
(crystals), and on the other, amorphous materials of completely
irregular structure. It has been found that a regular structure is by
no means confined to those solids which, owing to their delimitation
by plane surfaces, had already been recognized as crystals, but that
it is, in fact, of very general occurrence throughout Nature.

The nature of the structure is of prime importance for the proper-
ties of a material, and the distinction between crystalline and
amorphous states is revealed especially in plastic behaviour. With
amorphous solids, deformation appears to occur by a mcchanism
of atomic migration under the influence of thermal movement, in
the course of which the external forces merely bring about a pre-
ferential selection of those migrations which contribute to the relief
of the imposed stresses. On the other hand, with crystals (which
are the most important tYl)e of solids) the properties peculiar to a
regular structure are also revealed in their plastic behaviour.



CHAPTER I

SOME FUNDAMENTALS OF CRYSTALLOGRAPHY

2. Lattice Structure of Crystals
Direct experimental proof of the lattice structure of crystals was

made possible by von Laue's discovery of X-ray diffraction in
crystals. To-day the regular arrangement of atoms (ions, mole-
cules) in a three-dimensional" space-lattice" is considered character-
istic of the crystalline state (Fig. 1). The shape and dimensions
of the space-lattice are an expression of the forccs prevailing between
these smallest units of
structure; they represent
characteristic properties of
the material, and they can-
not be influenced by ex-
ternal agencies (e.g., con-
ditions of production).

According to present
conceptions, plane surfaces
are no longer regardcd as a FIG. I.-General Triclinic Space-lattice.
characteristic property of
crystals. The" habit" ofthe crystals, i.e., the external appearance
implicit in the number and size of their faces, is thus shown to be an
incidental and therefore unimportant feature. A sphere cut from a
cube of rock salt, a grain of metal-these are as much crystals,
exhibiting anisotropic properties, as the most perfect polyhedron of
quartz.

3. C1'ystal Symmetry

By contrast with the case of amorphous (vitreous) substances,
different directions in crystalline material are, in general, no longer
equivalent, owing to the lattice structure. Consequently the
properties of crystals are usually different in different directions
(" Anisotropy ", cf. Section 58). It has been observed, however,
that there are nearly always certain directions in which the geo-
metrical and physical properties of the crystal are absolutely
identical. It is the existence of this set of equivalent directions
which imparts symmetry to the crystal. These observed symmetries
must be regarded in terms of the space-lattice theory as lattice

B 1



2 Some Fundamentals of Crystallography

symmetries. In any particular case the symmetry is represented by
a so-called identity operation (or symmetry-group), a geometrical
operation which, when applied to the lattice, brings equivalent
directions and planes into self-coincidence.

The symmetry operations which are possible with a solid are
rotations, reflexions and translations. A space-lattice, however,
is severely limited in respect of rotations. An n-fold axis of rotation
converts the lattice points, by rotation through angles 360°In, into
n equivalent positions, and so covers the plane at right angles to
the axis with an unbroken series of points which form regular
polygons of order n. But in accordance with our conception of the
lattice, all points on a plane must also appear as the corners of a net
of parallelograms. The only angles of rotation which fulfil both
conditions are 360° (or 0°), 180°, 120°, 90° and 60°, corresponding to
one-, two-, three-, four- and six-fold axes of rotation. These are,
in fact, the only multiplicities observed in the symmetry axes of
crystals.

All possible lattice configurations are obtained by combining the
three elementary symmetry operations. The systematic develop.
ment of these concepts, which is a purely mathematical operation,
leads to the derivation of the 230 space·groups (Sch6nfliess (1891),
Fedorow (1894)J.

The lattice-translations leading to identity correspond to the
distance between the smallest units of structure; they are of the
order of 10-8 cm. and can be directly determined by measuring the
crystal.lattice dimensions with the aid of X-rays. They represent
a microscopic element of symmetry in contrast to the rotations and
reflexions which can be observed macroscopically.

A combination of the macroscopic elements of symmetry alone
results in a much more general division of observed forms into
thirty-two crystal classes (Hessel (1830), Bravais (1849)J.

Whereas previous classifications of the lattice shapes according
to their symmetry properties proceeded along natural and obvious
lines, further arrangement of the crystal classes into still larger
groups was undertaken as a matter of convenience, the crystal
classes being combined into crystal systems, based on the suitability
of the co-ordinate system for defining the crystal. Fig. 2 shows the
axes of co-ordinates corresponding to the six crystal systems.

The hexagonal-crystal system, which includes twelve crystal
classes, is further subdivided into two groups. This is done either
on the basis of the multiplicity of the principal axis in such a way
that those crystal classes which have principal axes with only three-



3. Crystal Symmetry 3

fold (trigonal) symmetry are included in the trigonal subdivision;
or alternatively, those crystal classes which are best described in

-(;'

+1:

c

'I: +1:

-a -a

-0
-J

~a ~a

it b
-c -c
+1: +1:

-- -.•..
~;,;. ••. -- - 4" -0;-

d e f-(;' -c
FIG. 2.-Axes of Co-ordinates for the Six Crystal Systems.

(a) triclinic; (b) monoclinic; (c) orthorhombic; (d) tetragonal;
(e) hexagonal; (1) cubic.

FIG. 3.-Rhombo-
hedral Axis of Co-

ordinates.

a
a

(J'

terms of rhombohedral co-ordinate axes (Fig. 3) are included in the
rhombohedral subdivision.

Finally, mention must be made of two terms in frequent use;
the unit cell and the Bravais lattice. The unit
cell is that parallelopiped from which the whole
crystal can be built up merely by parallel
displacements (P1P2 to Ps of Fig. 1). Bravais
determined the number of different kinds of unit
cell (described by specifying the unit-cell edges
and angles) from which the space-lattice can be
built up, by repetition of (parallel) translations in
three dimensions. There are fourteen different
translation groups, distributed in varying pro-
portions among the individual crystal systems.
Although, in general, the lattices encountered are not simple "Bravais
lattices", they can always be regarded as resulting from the inter-
penetration of such simple translation lattices. Therefore, whereas
space groups and crystal classes are classifications based on
symmetry properties, the translation groups represent a system of



4 Some Fundamentals of Crystallography

three-dimensional translations leading to the space-lattices; they
afford no indication of the arrangement of the lattice units within
the cell.

4. The Crystallographic Representation of Planes and Directions
The symmetry relationships of crystals have been described, and

in discussing the crystal systems reference has been made to the
systems of co-ordinate axes which can be conveniently used when
defining crystals. We will now consider the method by which planes
and directions (lattice planes and axes) can be described crystallo-
graphically.

Let us examine Fig. 4, in which a crystal plane AlBlCl is shown
with the corresponding crystal axes XYZ. The plane makes
intercepts alblcl on the three axes; all three intercepts are positive,
since the plane lies entirely on the positive side of the origin. Assum-
ing, as will be our practice in what follows, that the actual dimensions
of the plane can be left out of account and that we are concerned
solely with its orientation, it will suffice to indicate the ratios of the
axial intercepts al: b1 : Cl' Another plane A2B2C2 of the same
crystal makes intercepts a2b2c2, and the crystallographic Law of
Rational Indices, which is based on considerable experimental data,
states that there is invariably a relation of the type:

mlal : nlbl : PlCl = m2a2 : n2b2 : P2C2'

where m, nand P are simple whole numbers. This law becomes
immediately intelligible if we consider the structure of the space-
lattice.

The discussion can be greatly simplified and generalized if a
prominent and specially important crystal plane is selected as
reference or unit plane. Then the intercepts of all other planes are
expressed as multiples of the corresponding intercepts of this unit
plane, and, for instance, in specifying the space-lattice, the three
translations of the lattice are selected as unit measurements on the
respective axes.

If in our example the plane A1BlCl is chosen as unit plane, the

figures m[, nl and El express the multiples of the unit distance cut
m2 n2 P2

off on the three axes by the plane A2B2C2. The reciprocal values
of these figures

h - m2 k = ~ and l = ~- mJ' nJ PI'

reduced to prime whole numbers, represent the Miller indices of the



4. The Grystallographic Representation of Planes and Directions 5

plane A2B2C2 or of other planes parallel to it.! The symbol ofthese
crystallographically equivalent planes is written (hkl). The unit
plane, and the array of planes parallel to it, is designated (Ill). A
plane with a zero index, therefore, is parallel to the corresponding
axis (intercepts it at infinity). Planes of co-ordinates passing
through two axes are designated by two zero indices. When a
plane makes equal intercepts along each of the three axes, the
Miller indices are proportional to the direction-cosines of the plane
normal.

Four axes are used in the hexagonal system, of which three are
equivalent and lie in the basal plane. Since a plane is completely
represented by the ratios of three figures, the four indices of the

Z

l"w. 4.-Diagram showing the
Crystallographic Indexing of

Faces.

a

a

a

li'lG. 5. - Intercepts on the
Secondary Axes of the Hexagonal

System.

hexagonal system are not independent. The relationship between
indices, referred to the three two-fold secondary axes, can be easily
deduced from Fig. 5, which shows the hexagonal basal plane. Let
AB be the trace of the plane the indices of which are required, and
aI' a2 and a3 the intercepts on the digonal axes. Draw through C
a parallel to OB and let it intercept the axis OA at D. We then
obtain OA : AD = OB: CD, or al : (al - a3) = a2 : a3, so that

al X a2a3=---
al+a2

T r· h· d· Z 1 k 1. 1 h 1 1ranslormlng to t e In Ices L = -, = -, L = -, we ave""7= h + k·al a2 a3 ~

1 The reason for adopting these reciprocal intercepts is that they simplify
the formulre when calculating with crystallographic symbols.
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Since the intercept on the a3 axis is negative, we obtain finally
i = (h + k),t i.e., the index applicable to the third axis is always
equal to the negative sum of the first two.2

The crystallographic notation for directions is also based on the
ratios of three figures. The line representing the direction passes
through the origin of co-ordinates, and the co-ordinates are then
determined for a given point lying on the line. These values are
reduced to prime whole numbers, u, v and w, which are distinguished
from the indices of a plane by being placed in square brackets
[uvw]' One zero index indicates that the direction is parallel to one
of the co-ordinate planes. The co-ordinate axes are expressed by
the indices [100], [010] and [001].3

The method of indexing planes and directions can now be described
anew with the aid of the cubic crystal shown in Fig. 6 and the
four-axial hexagonal crystal shown in Fig. 7. The cube faces in Fig. 6,
which are parallel to the axial planes, have indices (100), (010) and
(001). Of the four octahedral planes BDE has the indices (111),
while BDG making an intercept -1 on the Z axis has indices (111).

1 The minus sign is always written above the corresponding index.
• In addition, the following relations hold between the hexagonal indices

(hkiJ) and the rhombohedral indices (pqr) with first-order pyramidal plane
(1011) as rhombohedral plane:

p = 2h + k + l; q = k - h + l; r = - 2k - h + l;

h = P - q; k = q - r; i = (h + k); l = P + q +.-!.
333

3 In order to specify directions in the four-axial hexagonal system of
co-ordinates, assume the direction Z through the origin and a given point P
to be divided into four vector components:

Z = ual + va. + ta3 + wc.
This expression must naturally be identical with one which uses only three
axes, for instance all a., c.

Z = mal + na2 + wc.

For the secondary axes selected it will be true to say that the sum of their
unit vectors, which form an equilateral triangle, disappears:

al + a2 + a3 = O.
If therefore in the above expression for Z, a3 is replaced by - (al + a.), then
by comparing the coefficients we obtain:

u - t = 1n; v - t = n,

u, v and t are still not clearly defined by these two equations (a vector can be
resolved into three co-planar components in an infinite number of ways).
The equation u + v + t = 0 is added as an arbitrary condition in the same
way as when specifying the planes. It is now obvious that

2m - n m - 2n m + n
u = --3-; v = - --3- ; t = - -3-'

At this stage, however, the indices no longer have any obvious geometrical
significance.
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The two remaining octahedral planes are indicated by (Ill) and
(Ill). Of the six dodecahedral planes the plane BDHF is specified
by (1l0), and the plane ACGE, which may be assumed to pass in a
parallel direction through the point B or D, is marked (lIO) or
(110). The two sets of indices become identical on applying the
reduction factor (-1), which, as mentioned above, is always
permissible.

Of the simple directions, reference should be made to AB = [100]
as one of the three edges of the cube, AG = [111] as one of the four
body diagonals, and AF = [lOl] as one of the six face diagonals.

c

z

y

at
FIG. 6.-Method of Indexing the Faces FIG. 7.-Method of Indexing the Faces

and Directions of a Cuhic Crystal. and Directions of a Hexagonal Crystal.

The indices of the other crystallographically identical directions
are obtained by transposing the indices (in cyclic order) and by
using the negative sign. Other crystallographically important
directions are those with indices [112]: these twelve identical
directions connect a corner of the cube with a face centre on the
opposite side.

The indices of some of the important planes of hexagonal crystals
can now be easily stated (Fig. 7). The basal plane ABCDEF is
described by the symbol (0001); while the three prism planes
type I (BCJH, CDKJ, ABHG) parallel to the digonal axes are
indicated by (1010), (0110) and (lIOO). The prism planes type II
perpendicular to the digonal axes are indicated by (1120) for
BDKH, etc. The pyramidal planes type I which pass through the
edges of the basal hexagon are indicated by (lOll), where l denotes



FIG. S.-Spherical Projection of a
Cubic Crystal.

o 0 6: points at which the four-,
three- and two-fold axes intersect

the surface.

8 Some Fundamentals of Crystallography

the ordcr of the pyramid (BCP pyramid type I, order 1; BCQ
pyramid type I, order 2). Pyramidal planes of type II correspond
to the indices (112l). (BDP pyramid type II, order 1; BDQ
pyramid type II, order 2.) Among the directions to be noted are
the hexagonal axis with the symbol [0001], the digonal axes type l-
OB, OD and OF-with indices [2110], [1210] and [1120], and finally
one of the digonal axes type II, ON, with the indices [1010].

5. Crystal Projection
Visual representation of the relationships bctween the angles of

crystals, and simple methods for the performance of crystallographic
calculations, are provided by means
of projections. There are two
principal methods of projection,
spherical and stereographic, both of
which will now be briefly described.

In spherical projection a point
on the crystal is assumed to be at
the centre of an imaginary sphere.
The crystal is then set up in such
a way that a principal crystal
axis emerges at the North and
South poles. The projection of a
direction is the point at which the
line which has been drawn parallel
to that direction and through
the centre of the sphere meets the
surface. The angle between two

directions is therefore given by the angular distance between the
representative points on the reference sphere. Planes, too, are
represented by a point on the reference sphere, known as the" pole"
of the plane, which is the point at which a plane normal drawn from
the centre of the sphere intersects the surface. The angle between
two planes is given by the distance between the two poles. The
sum of all planes passing through one direction (a zone) is shown on
the polar sphere by a great circle perpendicular to the common
direction or zone axis. By representing the principal planes and
directions in this way the symmetry of the crystals is impressed on
the projection sphere (Fig. 8).

Crystallographic problems are solved by connecting the pro-
jection points (of planes and directions) on the polar sphere by great
circles, the required angles being then calculated from convenient
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triangles according to the formulm of spherical trigonometry. The
most commonly used formulm are as follows, where a, band care
the sides, and CI., ~ and y the angles of the triangle (Fig. 9) :

sine relation-
sin a sin b sm c
sin Cl. - sin ~ - silly

cosine relation-

cos a = cos b cos c + sin b sin c cos Cl.

cos Cl. = - cos ~ cos y + sin ~ sin y cos a.

N

c

FIG. 9.-Spherical
Triangle.

For the right-angled triangle (y = 90°)

sin b = sin c sin ~
sin a = sin c sin Cl.

cos c = cos a cos b.

S
FIG. IO.-Spherical
and Stereo graphic Pro-
jection of a Direction.

In stereographic projection the polar sphere used in spherical
projection is projected on to the equatorial plane, the northern
hemisphere being viewed from the South pole, and the southern
from the North pole (cf. Fig. 10).

The picture thus obtained is accurate in regard to angles, but
not in rcgard to planes. Great circles of the polar sphere (crystallo-
graphic zones) project into circular arcs, and, when they pass
through the point of projection, into diameters of the reference
circle. Fig. 11, which should be compared with Fig. 8, contains the
stereographic projection of a cubic crystal.

In this case the required angles are determined graphically with
the aid of a ruled net. This consists of anum ber of equidistant
meridians and parallel circles, with axis lying in the equatorial plane
of the reference sphere (Fig. 12). In order to determine the angle
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between two directions (A and B), the sphere (with ruled net) is
rotated (see the arrow in Fig. 12a) until the points A and Bare

Z

FIG. 11.-Stereographic Projection of a Cubic
Crystal.

W 1 •.• W3: cubic axes; A D: body diagonals;
I ... VI: face diagonals; 1 12: [112] directions.

connected by a great circle; the number of parallel circles between
them gives the required angle. In stereographic representation, the

P b
leIG. 12.-Ruled Net for Use in Stereographic Projection (according to Ewald).

Wulff net shown in Fig. 13 corresponds to the ruled sphere shown
in Fig. 12b. If the Wulff net is placed beneath the transparent
paper on which the projection has been traced and then turned
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about its centre, this will correspond to rotation of the ruled sphere.
Angles can be measured in this way to within about iO, the accuracy
attained depending on the distance between the circles on the net.

6. Simple Crystallographic Theorems

The use of crystallographic indices in calculations is illustrated
below, by examples in common use.

FIG. 13.-Wulff's Net.

(a) The direction [uvw] lies in the plane (hkl); the plane (hkl)
belongs to the zone [uvw]'

It follows from the analytical representation of planes and
directions that the relation 1which must be satisfied for coincidence
is hu + kv + lw = O.

Thus, for example, the plane (Il2) belongs to the zone with axis
in the direction [Ill] and not to that with direction [100].

(b) The intersection [uvw] of two planes (hI kIll) and (h2k2l2).

1 For the four-figure indices of the hexagonal axis the analogous relation is

hu + kv + it + lw = O.
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h1u + le1v + llW = 0
h2u + le2v + l2W = 0

12

From
and
it follows that

. . _I leIlI I· III hI 1·1hI lel IU.V.W- lel . lh . hle I
22 22 22

= (le1l2 - llle2) : (llh2 - h1l2) : (h1le2 - le1h2)·

The planes (310) and (111) intersect in the direction [132].
(c) Plane (hlel) through the two directions [U1V1W1] and [u2v2w2].
From the conditions of coincidence

[123] and [311] determine the plane (185).
(d) Transformation of indices to new axes.
It may sometimes be necessary to describe a crystal with reference

to some axis other than the natural crystallographic axis. Examples
of this are encountered in the indexing of layer-line diagrams. If,
with reference to the original axes [100], [010] and [001], the new
axes have indices [U1V1W1], [u2v2w2] and [U3V3W3], then a plane with
indices (hlel) in the original system has indices (h'le'l') in the new
system, and the transformation formuJ::eare:

h' = u1h + vIle + w1l
le' = u2h + v2le + w2l
l' = ~l3h + v3le + w3l.

If a crystal is to be described, for instance, with the aid of the
new axes [lOO], [010] and [112], then the following values are
obtained for the new indices (h'le'l') of a plane (hlel) :

h' = h, le' = le, l' = h + le + 2l.

(e) Spacing of lattice planes.
In view of the fundamental importance of the distance between

equivalent lattice planes for the diffraction of X-rays in crystals,
the general expression for this distance d may be given here. It is a
function of the indices (hlel) of the plane: the coefficients are
functions of the axial intercepts a, b, c and the axial angles ex, ~, y.

The formula applicable to the general case (triclinic crystal) is

~ = t2 {!ll1h2 + !l22le2 + !l33l2 + 2!l12hle + 2!l23lcl + 2!l13hl}
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where Yn = b2c2 sin2 a Y12 = abc2(cos a . cos ~ - cos y)
Y22 = a2c2 sin2 ~ Y23 = a2bc(cos ~ . cos y - cos a)
Y33 = a2b2 sin2y Y13 = ab2c(cos y. cos a - cos~)
V2 = a2b2c2 (1 - cos2a - COS2~ - cos2y + 2 cos a cos ~ cos y)

V represents the volume of the elementary parallelopiped.
Special cases of higher symmetry:

1 (h)2 (ki2 (l)2Orthorhombic (i2 = a + b) + c.
~ _ h2 + k2 .7!..
d2 - a2 + c2

1 h2 + k2 + l2
(l2 = a2

1 4 h2 + k2 + hk l2Hexagonal - - - ------ +- (valid for four-numberd2 - 3' a2 c2

indices with i = h + k).
It may be said in general that the simpler the indices of a plane

the greater is the interplanar spacing, and consequently the greater
the number of lattice points per unit area of the plane (density of
distribution). Thus, for example, for the cube face (100) of a cubic
crystal, d = a, for the dodecahedral face (llO),

d =av2,
2

while for the octahedral face (Ill),

d =av3.
3



CHAPTER II

ELASTICITY OF CRYSTALS

7. Hooke's Law
If a solid body is subjected to mechanical stresses, elastic deforma-

tions will both precede and accompany plastic strain, i.e., there will
be changes in shape which disappear when the state of stress ceases.
In this reversible process the deforrP.ation (which in any ca~e is
usually only very small) is determined solely by the prevailing
stress, from which it can be calculated. The relationship between
stress and strain is linear. This linear characteristic (Hooke's law),
which is based on a wide experience, can now be deduced theoretically
from Born's lattice theory, by assuming that the atoms in the
crystal lattice are in positions of stable equilibrium relative to the
lattice forces. The assumption is justified in so far as it has hitherto
proved impossible to destroy, or even deform to any perceptible
extent, a crystal by the application of infinitesimally small forces.
It is assumed that the forces acting between the particles of the
lattice are central forces; no assumptions are necessary regarding
the law of inter-atomic forces itself when studying elastic behaviour.
The distortion of a lattice has two components: the lattice is
deformed as a whole; and, in addition, the simple lattices of which
a crystal is generally composed can, as a whole, be displaced with
reference to each other. This latter type of macroscopically invisible
distortion is a peculiarity of the lattice structure of crystals.

The effect of external forces on a lattice is to displace the lattice
points from equilibrium until the opposing forces set up by distortion
re-establish equilibrium with the external forces. In order to
calculate this behaviour we develop the energy density, whose
derivatives with respect to the strain components are the stresses,
in a power series of the strain components. The linear terms dis-
appear owing to the assumption of the stability of the initial posi-
tion : the components of a third and higher order are neglected. In
this way the six equations of Hooke's generalized law are obtained:

o"x = cll "x + C12"y + C13"z + cu'Yyz + CI5'Yz:c + CI6'YXlJ 1
0"1' = C12"x + C22"y + C23"z + C24'Yyz + C25'Yzx + C26'Yxy

0". = C13"x + C23"y + C33". + C34'YYZ + C35'Yz.c + C36'Yxy J
'ry• = CI4 "x + C24 "I' + C34"z + C44'Yyz + C45'Yz,c +.C46'Yxy (7/1)
'r.x = C15"x + c2.,"y + C35"z + C45'YY' + C55'Yzx + C56'Yxy

"yx = c16"x + C26"y + C36". + C46'Yyz + c56'Yu -+- C66'Yxy
14
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In these equations a..{ ay,az) is the normal stress acting on a plane
perpendicular to the x-(y-,z-) axis, E.c is the normal dilatation in the
direction of x, i.e., the change of the spacing of two planes per-
pendicular to the x-axis, initially of unit spacing. "yz is the shear
stress in the direction of y in a plane perpendicular to the z axis; it
is equal to the shear stress in the z direction in a plane perpendicular
to the y-axis ("YZ = "Zy). Yyz is the displacement in the direction
of y of two planes of unit distance normal to the z-axis; it is equal
to the (relative) displacement in the z direction of two planes
perpendicular to the y-axis (YYZ = YZy)·

If the equations are resolved with respect to the strain components
E and y, six corresponding equations are obtained:

E:: = Sl1 ax + SI.2ay + Sl3az + s14"Yz + SI5"zX + S16"XY }

. (7/2)
Yyz = S14ax + S24ay + S34az + S44"yz + S45"zx + S46".ry

The parameters Cik are designated as moduli, the parameters Sik

as coefficients of elasticity.

8. Simplification of the Equations of Hooke's Law as a Consequence
of Crystal Symmetry

The equations expressing Hooke's law can be greatly simplified
if the symmetry of crystals is taken into account. Nine different
groups are obtained, for which the matrices of the moduli of
elasticity are shown in Table 1. The table also indicates the
distribution of the thirty-two crystal classes over these nine groups.

TABLE I
Matrices of the M od1~liof Elasticity of Crystals Corresponding

to Symmetry
Group 1. Class * Cl' 8 •• triclinic system (twenty-one constants).

Cll Cl' C'3 Cl4 Cl. C,.

Cl' C •• C'3 C •• C •• C ••

C13 C'3 C33 C3• C3• C3•

Cl4 C24 C34 C •• C •• C ••

C,. C25 C3• C45 C •• C ••

C,. C •• C3• C •• C •• C ••

Group 2. Class Cn C., C.,,, monoclinic system (thirteen constants).
Cll c" C'3 0 0 c,.
c" C2• c'3 0 0 c••
C'3 c'3 C33 0 0 c3•

o 0 0 c.. c.. 0
o 0 0 c.. c.. 0
Cl. C.. c3• 0 0 c••

* For the symbols of the various crystal classes cf. detailed treatises on
crystallography .
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TABLE I-continued
Croup 3. Class C2., V, V., rhombic system (nine constants).

ClI Cl2 cl3 0 0 0
C12 C22 C23 0 0 0
C13 C23 C33 0 0 0
0 0 0 C•• 0 0
0 0 0 0 C55 0
0 0 0 0 0 CGG

Group 4. Class C3, C3.,. hexagonal system (trigonal sub-group) (seven
constants)_

Cll Cl2 C'3 C" -C25 0
c12 cll C'3 -C14 C25 0
C'3 C'3 C33 0 0 0
c14 -c14 0 Ca 0 C25

-C25 °25 0 0 C•• C14
0 0 0 C25 CH HCll - cl2)

Group 5. Class C3" D3• D3d, hexagonal system (trigonal sub-group)
(six constants).

Cll C'2 C'3 C14 0 0
Cl2 Cll C'3 -0[4 0 0
C13 C13 C33 0 0 0
C14 -Ct4 0 °4'1 0 0
0 0 0 0 C44 CH

0 0 0 0 C14 HCll - cl2)

Group 6. Class 03/1' D3/j, Co, C6Jh Gov, Do, DOh; hexagonal system
(five constants).

ClI Cl2 C13 0 0 0
C12 Cll C'3 0 0 0
C'3 C'3 °33 0 0 0
0 0 0 C44- 0 0
0 0 0 0 C44 0
0 0 0 0 0 HCll - C,2)

Group 7. Class C•• 8 •• C.h, tetragonal system (seven constants).
Cll C'2 C'3 0 0 c'G
e12 Cll C'3 0 0 -C16

C'3 C'3 C33 0 0 0
0 0 0 C•• 0 0
0 0 0 0 c•• 0
C'G -C16 0 0 0 CGG

Group 8. Class C••• Vd. D., D.h• tetragonal system (six constants).

Cll C'2 C'3 0 0 0
Cl2 Cll C'3 0 0 0
C'3 C'3 C33 0 0 0
0 0 0 C44 0 0
0 0 0 0 C•• 0
0 0 0 0 0 C6G

Group 9. Class T, T,,, Td• 0, 0,,, regular system (three constants).

Cll C'2 C12 0 0 0
C

'
2 Cll Cl2 0 0 0

C'2 C'2 ell 0 0 0
0 0 0 C44 0 0
0 0 0 0 c•• 0
0 0 0 0 0 c••
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This arrangement can also be applied to 8i1e with the following
slight modifications:

In the Groups 4, 5 and 6 the relationship 866 = 2(811 - 812)

replaces C66 = ~(C11 - C12); in Group 4, 846 = 2825 replaccs C46 =
C25; in Groups 4 and 5, 856 = 2814 replaces C56 = Cu-

In each case the crystal is set up in such a way that any single
axis of highest symmetry is the z axis, and a digonal axis, if any,
the y axis of the system of co-ordinatcs. From the elastic para-
meters relative to this co-ordinate system it is possible to calculate
directly the stresses (or deformations) in the co-ordinate axes and
planes. If, on the other hand, it is desired to calculate thc deforma-
tions from the stresses (or the rcvcrse) for any directions or planes,
then a new system of co-ordinates is based on these directions or
planes, and the elastic parametcrs with reference to the principal
system of co-ordinates must be transformed to this new system.
The transformation formulre are generally complex, and for further
particulars the reader is advised to consult the detailed discussions
of the subject referred to in the bibliography.

The following table of moduli of elasticity is obtained for an
isotropic solid:

Cn c12 C12 0 0 0
C12 cn C12 0 0 0
c12 C12 cll 0 0 0
0 0 0 C44 0 0
0 0 0 0 C40l 0
0 0 0 0 0 C44

in which C44 = t(c11 - C12). The same arrangenwnt is also valid for
the coefficients 8ik with 844 = 2(811 - 812),

This matrix, which is independent of the choice of the co-ordinate
systcm, contains only two independent parametcrs. The relation-
ship between these quantities and the constants used in the litera-
ture of the strength of materials, namely, Young's modulus E,
modulus of shcar G, and Poisson's ratio [1, is given by the equations

E=J:., G =l:.. [1 =812•
8n 844 811

From this it follows that [1 = :a - 1.

D. Cauchy' 8 Relation8
The equations of Hooke's law for the triclinic crystal contain

twenty-one constants. The number is reduced to fifteen, however,
c



18 Elasticity of Crystals

if the internal displacements of the constituent simple lattices are
disregarded. This introduces six new relationships, known as the
Cauchy relations, which formerly were obtained on the assumption
that the central forces depended solely on the distance between the
particles. The six equations are as follows:

According to Born's theory these equations are valid if a crystal is
so constituted that each particle is a centre of symmetry. Since
this condition must persist for any distortion, relative displacements
of the constituent simple lattices are excluded by virtue of the
structure of the crystal.

Tables Il and III contain the moduli of elasticity of various
materials. It will be seen that the behaviour of the ionic crystals
is in accordance with what would have been expected from their
structure.

TABLE Il

Validity of the Cauchy Relations for the Cubic Ionic Crystals

Materia!'

:Moduli of elasticity
in lO" dyn/cm.2.

References.

(a) Cauchy relation C" = c•• demanded by theory.
Sodium chloride 4·94 1·37 1·28 (2)

3·30 1·31 1·33 (2)
Potassium chloride· {3·70 {0.81 {0.79 (2)

3·88 0·64 0·65 (3)
bromide 3·33 0·58 0·62 (2)
iodide 2·67 0·43 0·42 (2)

(b) Cauchy relation C" = c•• not demanded by theory.

Fluorspar. ': I 16·4 4·48 3·38 (4)
Sodium chlorate 6·5 -2·10 1·20 (5)
Pyrite. 36·1 -4·74 10·55 (4)

With metals, on the other hand, there is a very marked discrepancy
between C12 and C44 even in cases where the validity of the Cauchy
relation is demanded (Table IlIa) [cf. especially (1)]. Particular
attention is drawn to this failure of the lattice theory in the case of
metals. It may be that, owing to the ease with which they can be
displaced, the valency electrons should be regarded as independent
constituents of the lattice, since it is difficult to doubt Born's second
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assumption relating to the stability of the lattice when deriving the
Cauchy relations.1

Fm isotropic solids the six Cauchy equations are reduced to one:
Poisson's equation cn = 3C12, so that in this case only a single
constant survives. For Poisson's ratio the general value obtained

TABLE III
Validity of the Cauchy Relations for Metal Crystals

Material.

Moduli of elasticity
in 1011 dyn/cm_2•

References. I Poisson's
I ratlO,l'-.

,

Material.

(a) Cubic metals. Cauchy relation CI2 = c•• demanded if central forces
assumed.

Copper 17·0 12·3 7·52 (7) 0·34
Silver 12·0 8·97 4·36 (8) 0·37
Gold p9'4 { 16·6 { 4-00 (6) } 0'42018-7 15-7 4·36 (8)
Aluminium 10-82 6.22 2'8. (6) 0'343
a-Brass (72% Cui 14·7 11·1 7·2 (9)
a-Iron 23·7 14·1 11·6 (10) 0·280
Tungsten. {51'3 {20'6 { 15·3 (11) } 0·1750·1 19'8 15·1 (12)

J\foduli of elasticity in 1011
dyn/cm.2• Refer- Poisson's

1------,------,-----,---,----1 ences. ratio, 1'-.

------~-I~~I~I~I~----,----
(b) Hexagonal metals. Cauchy relations Cll = 3c12; C•• = C13not

demanded.

Magnesium {5'65. 1011 {6.96 { 1·68 { 1·81 {5·87 (13)
5-94 6-09 1·14 2·03 5·94 (14)

Zinc { 16·3 C'65 {3.79 {5·08 {6-23 (15) } 0-3315-9 9·69 4·00 4·82 6·21 (11)

Cadmium. { 12-1 {14-43 p.85 { 4-42 {5'13 (15) } 0·3010·9 11·94 1·56 3·75 4'60 (11)
- ---

is then I.l. = t. With certain plausible assumptions, however, the
constants of a quasi-isotropic crystal aggregate can be derived as
mean values from the elastic parameters of the single crystal (cf.

1 T1'anslat01"s footnote.-According to the modern theory of metals (cf.,
e.g., Mott and Jones, 'Theory of Metals and Alloys, or A. H. Wilson, Theory of
Metals), the cohesive forces in metals are far from being central forces, and
there is no reason to expect the va.lidity of the Cauchy relations.
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Section 81). If the Cauchy relations apply in this case, Poisson's
equation is applicable to the crystal aggregate as a first approxi-
mation. Consequently, when measuring quasi-isotropic fine crystal-
line material, the deviation which is observed from the value for
Poisson's ratio p. 1/4, provides a criterion for the validity of the
Cauchy relations in the case of the single crystal. For this reason
Table III contains the values for Poisson's ratio, determined on
polycrystals, together with the parameters of the single crystal; the
parallelism between deviation from Poisson's ratio of 1/4, and non-
validity of the Cauchy relations, will be immediately apparent.

10. Determination of the Elastic Parameters

The elastic parameters are determined with the aid of the elastic
constants of single crystals of various orientations. These elastic
constants are, as for any solid: Young's modulus (E) and the
modulus of shear (C), the definition of which applies without
modification to crystals. [E = the tensile stress that would be
necessary to double the length of the specimen, C = the shear stress
that would develop on the periphery of a cylindrical specimen
having a length and diameter = 1 when twisted round an angle of
1 radian (57'3°).] The elastic moduli of single-crystal specimens
are obtained experimentally by the same methods as are used for
testing isotropic solids. The determination of characteristic acoustic
frequencies-a method of testing which recently has been much in
use-offers particular advantages [transverse, longitudinal, torsional
vibrations (16), (17); cf. (18) and (19) for the corrections which have
to be applied in this case).

The theory of crystal elasticity yields two equations for j and ~

as functions of the angles formed by the axis of the bar with the
axes of the crystal (orientation); the coefficients of these equations
are the elastic constants Sik. The problem consists in representing,

as far as possible, the observed dependence of ~ and b upon the

orientation by a suitable choice of the Sik. A check for the resulting
Sik values is provided by their connection with compressibility.
For the cubic compressibility K, which is independent of orienta-
tion, this relationship is as follows for the trielinic crystal:
K = S11 + S22 + S33 + 2(S12 + S23 + S31)' It is customary, how-
ever, to measure the linear comprcssibility S (the change of length
in certain directions under hydrostatic pressure), which is usually
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dependent on direction. Only in the case of cubic crystals does a
crystal sphere remain a sphere under hydrostatic pressure.

The following expressions give the theoretical dependence of E,
G and S upon the orientation for cylindrical specimens of cubic and
hexagonal crystals:

Oubic crystals :

it = 8'33 = 811 - 2[(811 - 812) - t844] }

(Y1
2
Y2

2 + Y2
2
Y3

2 + Y3
2
Y1

2

b = t (8'44 + 8' 55) = 844 + 4[(811 - 812) - ~844] }

(Y1
2
Y2

2 + Y2
2
Y3

2 + Y3
2
y]2)

S = 811 + 2812

Hexagonal crystals:

it = 8'33 = 811(1 - Y3
2
)2 + 833Y34 + (2813 + ,

844)Y32(l - Y32)Jb = t (8'44 + 8'55) = 844 + [(811 - 812) - t844](l - }

- Y32) + 2(811 + 833 - 2813 - 844)Y32(l - Y32)

S = 811 + 812 + 813 - Y32(811 - 833 + 812 - 8d

In the case of the cubic crystals, YIY2Y3 represent the cosines of
the angles formed by the axis of the specimen with the three edges
of the cube (Y12 + Y22 + Y32 = 1); in the case of the hexagonal
crystal only the direction-cosine Y3 of the angle formed with the
hexagonal axis appears, since the elastic properties have rotational
symmetry with respect to the six-fold axis.



CHAPTER III

PRODUCTION OF CRYSTALS

Methods of obtaining large crystals have been greatly improved
in the past twcnty years, and we are to-day in a position to produce
crystals of many metals and alloys i.nalmost any size and form by a
great variety of methods. In the following discussion of the new
methods of growing crystals the processes have been grouped accord-
ing to the state of aggregation from which crystallization takes place.

A. PRODUCTIO OF CRYSTALS FROM: THE SOLID STATE:
THE RECRYSTALLIZATION METHOD

The term recrystaIIization usually means the renewed forma-
tion, generally at elevated temperatures, of the crystal structure
of crystalline materials. Numerous experiments have shown that
this renewal of the crystal structure does not occur with cast metals
that are completely free from internal stresses (20, 21). If, however,
a specimen which cannot recrystallize is plastically deformed, it
acquires the capacity for renewing its texture. This recurs as a
result of nucleus formation followed by the consumption of the old
grains by the new ones.

In additi.on to this recrystallization due to deformation (" work
recrystallization "), there is a phenomenon known as" grain growth"
which leads to renewal of the texture, and which is exhibited by
fine-grained recrystallization-structures or by finely powdered metal
compressed at high temperatures. This process is not initiated by
the formation of new crystal nuclei, but consists instead of the
preferential growth of individual grains, in certain directions, at
the expense of the others. It results from the instability caused by
the higller surface energy of the polycrystal as compared with the
single crystal.

As regards their structural mechanisms, both types of recrystal-
lization are phenomena of atomic rearrangement.

11. Recrystallization after Critical Plastic Deformation

If recrystallization, after cold working, is used as a method for the
production of large crystals, it will, of course, be necessary to ensure
that the number of nuclei is kept to a minimum. Since this number

22
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increases with the degree of strain, only small percentages of cold
work should precede the annealing. A further necessary condition
is that the deformation should be as homogeneous as possible so
that a uniform capacity for recrystallization will result. To achieve
this, a uniformly fine-grained structure is indispensable.

In order, therefore, to produce single crystals by recrystallization
after cold working, it is necessary initially to obtain in the specimen,
whether sheet, wire or tensile test bar, as fine and uniform a grain
size as possible. If the required texture is not present in the initial
material, it must be produced by previous recrystallization. A short
annealing for about t- hour at a fairly low temperature after sub-
stantial cold working, or heating above a transformation tempera-
ture usually suffices for this purpose. Mter the specimens have
been prepared in this way the most suitable percentage of working
must be determined by subjecting them to small deformations of
varying magnitude (usually elongations between t and 4 per cent.
are necessary), the utmost care being taken to exclude any additional
strain, such as bending. The ensuing annealing treatment must
also be carried out under very careful control with a view to reducing
the number of nuclei to a minimum. For instance, annealing should
begin at temperatures below that at which recrystallization starts,
although for solid solutions they should be above the solubility limit.
Metals that tend to oxidize easily should be annealed in a current
of H2 or in t·acuo. By increasing the temperature very slowly
(20-50° per day) one of the first nuclei formed may be induced to
grow through the entire specimen, at the same time avoiding the
formation of further nuclei. It is good practice to maintain a
slight temperature gradient in the furnace (eccentric location of
the specimens; if heating takes place under a strcam of gas, the
resultant temperature gradient suffices), since in this way the forma-
tion of further nuclei is avoided. Towards the end of the annealing
period, which usually lasts for several days, the temperature can be
increased more rapidly, and the operation is concluded by heating
for a brief period just below the melting point (or a transformation
temperature, a solidus line or a eutectic temperature) in order that
small grains which generally are still present may be consumed by
grain growth. Cooling should usually take place inside the furnace
in order not to damage the crystals, which are particularly sensitive
at high temperatures. Subsequent etching develops the boundaries
of the newly formed crystals and ensures the removal of any small
grains that may still be present on the surface. By comparing the
specimens which have been subjected to varying degrees of working,
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the critical working percentage at which crystals of maximum size
can be obtained is determined (see Fig. 14).

In general, little of a positive nature can be said regarding the

1"10. 14.-H.ecrystallizatjon of Aluminium; }{elationship between Grain.
Size and Plastic Strain.

(From top to bottom: 0, 2, 4, 6, 8 and 10% extension.) (22.)

yield of this process, since the growth of the crystals depends to a
very large extent upon the composition and purity of the material
used. In the most favourable cases, however, it may amount to
almost 100 per cent. Arbitrary control of the orientation of the
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crystals, i.e., of the position of the lattice in the specimens, is
impossible. As a rule the whole field of orientation can only be

TABLE IV
Crystal Production by Recrystallization aftel' Critical Cold

Working

Metal or
alloy.

Mg

l\Jg-solid solu-
tions with
AI, Zn, Mn,
Al and Zn

AI~(99·5) *

AI-solid solu-
tions with
Zn (up to
18·6% Zn)
and Cu

Fe~0·13% C
0·4% :\In
0·02% Si
0·03% S
0·02% P

Fe~0'10% C
0'4% 1\ln
traces Si
0·021% S
0·021% P

Fe (Armco)
0·03% C
0·025% :\In
traces Si
0·025% S
0·01% P
0·06% Cll

Pre- treatment,
initial

grain size.

~120 grains/mm.'

Lengthy annealing
just below eutec-
tic temperature;
7-10% stmin,
followed by brief
annealing

I I
I ~100 grains/mm.' I

Pre-heat for pro-
tracted period at I
9500 C in H,.
About 120 grains/
mn'l.2: _ I

Critical
,vorking,
% elonga-

tion.

0·2

0·2-0·3

1·6

1-2

1·5

3·25

2·75

2·75

Annealing
conditions.

From 3000 to 6000

C. in 6 days
Anneal only in the

range of homo-
geneous solid
solution; daily
increase in tem-
perature 20-500

C.
Start at 4500 C. ;

increase temper-
ature by 250 fday
to 5000 C. Then
1 hour at 6000 C.

500-5500 C.

In 6 clays from
4500 to 5150 C.

A few days at
8800 C.

4 clays at 8800 C.

I
I
I Increase from 5300

to 8800 in 4 days,
then 2 days at
8800 C.

Refer.
ences.

(28)

(29)

(22), (23)

(30), (31)

(32)

(33)

(3.,1,)

(35)
cf. also

(36)

•

* The production of crystals of very pure aluminium (99'99 per cent.) has
hitherto been attended by difficulties.

covered by increasing the number of specimens. In certain cases,
however, this method fails, and the crystals obtained have similar
orientations. This is due to the difficulty, and sometimes even the
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impossibility, of obtaining a jine-grainecl stn~ctt~t'e of random orienta-
tion before the start of critical straining, and so avoiding the con-
sequences of a preferred orientation.

The quality ofthe crystals obtained in this way is greatly influenced
by that of the original material. Since all stresses are removed by
the protracted anneal, it should be possible to satisfy requirements
in regard to physical perfection. Owing to lack of experimental
data it is not yet feasible to compare such crystals with those
obtained by other methods.

The difficulties due to segregation, which occurs when crystals of
solid solutions with a wide melting range are produced from the
molten state, do not arise in the recrystallization method. Finally,
the freedom which this method allows in the shaping of the specimen
can be ofgreat advantage in certain cases. It is a fundamental disad-
vantage of the work-recrystallization method that it involves plastic
deformation, since brittle material is excluded from such treatment.

The main development of this method of growing crystals
originates from (23) and (22) (cf. also 24). Details of the conditions
employed by various authors will be found in Table IV. Apart
from the metals mentioned in the table, the method has been
adopted also with copper (25, 26) and ~.brass; howcver, large
crystals completely free from twins could not be produced in copper.

Using the same treatment it is possible to obtain from drawn
tungsten wire those industrially important lamp filaments which
consist of large crystals whose grain boundaries lie at small angles
to the wire axis (27). The same texture can also be achieved without
straining before the final anneal, if certain small additions are made
to the base material. This method, however, should not be included
among those described in the present section. It represents the
transition to the methods of grain growth discussed in the following
section.

12. Crystal Prodnction by Grain Growth
The method of producing crystals by grain growth has been

employed mainly in the case of tungsten. The so·called "Pintsch
wires" are produced from a uniform and fine-grained tungsten
powder which has been mixed with thorium oxide (approximately
2 per cent.) of maximum fineness; a bonding substance is added,
and the mixture is then extruded through diamond dies to fine
threads [(37), (38)]. Mter drying, these are moved at the rate of
up to 1 mm. per second through a very hot and narrow zone (2500°C.)
as a result of which the crystal growth starts at the end of the wire
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and then proceeds continuously. The furnace consists of a few
coils of a spiral of tungsten wire, heated electrically in a hydrogen
atmosphere. A second method of effecting continuous local heating
consists in passing a current through the sintered wire which is to
be transformed into a crystal by moving it slowly over two adjacent
contacts. There is still some doubt as to the function of the thorium
oxide which must be added if the method is to succeed. The thickness
of the crystals obtained in this way amounts to as much as 0·1 mm.

By another method (39), which can also be regarded as a typical
grain-growth process, tungsten powder is pressed into bars at a
pressure of 4000 kg.jcm.2, sintered and then heated for about an
hour just below the melting point (3268° C.) in a moist hydrogen
atmosphere. By this method it is sometimes possible to convert
the entire bar into a single crystal. Although thermal instability is
the cause of crystal growth, the water-vapour content of the pro-
tective gas also performs a very important function, the significance
of which, however, is not yet fully understood. Grain growth can
also be materially assisted by additions to the base material (e.g.,
Th02) [(40), (41)].

B. PRODUCTION OF CRYSTALS FROM THE MOLTEN STATE
For the purpose of description, methods of growing large crystals

from the molten state will be divided into two groups: processes in
which solidification of the whole melt is suitably induced in the
melting crucible, and those in which parts of the melt are made to
solidify outside the crucible.

13. Crystallization in the Crucible
Tammann observed that if a melt of bismuth was cooled slowly

in a glass tube, a single crystal of about 20 cm. length could be
obtained (42). In succeeding years this process was perfected by a
number of investigators. Glass vessels which had been drawn out
at one end to a capillary tube were used. Solidification took place
in the interior of a vertical tubular furnace containing two heating
coils which could be switched on independently, thereby enabling
solidification to start at the thinned-down end of the tube (43) :
see also (44) to (47). The sketch of another melting vessel of glass
which has been frequently used is shown in Fig. 15. The cavity
A is charged with the metal to be melted and then drawn out at its
front end D into a tube to which an air-pump is connected. After
the parts Band C have been heated in an electric furnace to about
50-100° C. above the melting point of the metal, and the air has
been exhausted from the entire vessel, the metal contained in A,
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H,

m

H,

Nz
FIG. 16.-The Growth of Crystals in
Tubes; Selection Based on Speed of

Growth (49).
Kcl(.: variously orientated crystal

nuclei on the surface of the melt.

8 A~~ x ;d=

which projects from the horizontal furnace, IS melted in a gas
flame. The occluded gases are then driven off by shaking the
molten mass, an operation which, for bismuth, must be prolonged

for 1 hour. The furnace is
now brought into a vertical
position so that the metal
flows down to the lower end,

FIG. 15.-Sketch of Vessel for the Pro-
duction of )Ietal Crystals [see (48)]. its quantity being so deter-

mined that finally a small
amount of the melt remains in A, while all impurities, such as oxide
skins, etc., are kept away from the actual melting chamber E. The
vessel is now sealed at D, and crystallization is initiated by slowly
lowering it (rate oflowering 4-60 mm. pCI'hour). The purpose of the
capillary between C and E, as in the case of the melting chamber
mentioned above, is to allow only
one of the initially formed crystals
to penetrate to the chamber E
in which crystallization actually
occurs. The capillary works selec·
tively, so that of the nuclei which
first appear the one which ulti-
mately develops is that for which H,

the di reetion of maximum speed of
growth encloses the smallest angle
with the axis of the tube, as is
shown in Fig. 16. Itis seen clearly
how crystals with small axial rates
of growth are eliminated.

With a view to securing the maxi-
mum liberation ofgas when produc-
ing crystals of metals and alloys of
high melting point (copper, cobalt,
nickel, the precious metals),
vacuum furnaces were used repeat.
edlyin which the melt, contained in
a crucible made of carbon or alu-
mina, was moved slowly through a
graphite heating tube [(50), (51)]. The charge ofthe whole crucible
can solidify in vacuum to large crystals (52) if provision is made for
solidification to begin exclusively at one point, and for the heat to be
withdrawn at a suitable speed mainly from this point, which may be,
e.g., a conical depression in the crucible. In this case the size ofthe
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crystals is limited solely by the quantity of the material (size of the
furnace). A copper crystal weighing 6 kg. was obtained by these
means. Later the process was considerably improved [(53), (54)].
A high-frequency furnace was used, care being taken to avoid
turbulence in the melt; the vacuum was improved to 1/100 mm.
Hg; and, in particular, the orientation of the growing crystal was
influenced. Indeed, whereas control of the orientation of the crystal
is practically impossible with the crucibles already described
(although it might conceivably be effected by tilting, at various
angles, the capillary tubes at the lower end of the melting vessel,
thereby exploiting the selective growth), the crucible design in use
at present is such that the orientation of the crystal can be deter-
mined in advance by inoculation. For this purpose a small hole is
drilled into the base of the graphite crucible, and into this hole a
piece of crystal of the desired orientation is inserted. Heating is so
regulated that only the upper portion of this crystal melts, so that
crystallization proceeds from the seed crystal which serves as an
artificial nucleus. It is, of course, always necessary to adjust the
rate of cooling, or the speed at which the crucible is lowered through
the furnace, to the speed of crystallization.

By this method single crystals have been produced from a large
number of pure metals [Cu, Ni, Ag, Au, Mg, Zn, Cd, Hg (55, 56), Sn,
Sb, Bi, Te] and alloys (ex- and ~-brass, Cu-Al, Cu-Sn, Au-Ag,
Au-Cu, Au-Sn, Fe-Ni, Sb-Bi, Austenite).

If satisfactory crystals are to be obtained by this method care
must be taken, by degassing the melts thoroughly, to avoid micro-
porosity during crystallization. However, the segregation which
occurs when producing the crystals of alloys cannot be avoided
when crystallization proceeds from the melt. The material of the
crucible must be chosen with the utmost care, both with a view to
restricting contamination of the metal, and ensuring that the crystal
will not be damaged when it is removed from the crucible. The
production of completely undamaged, stress-free crystals by this
method is in any case very difficult, and there has been no lack of
experiments to ensure a still more careful handling of the crystal
in the course of its production.

Of the methods evolved with this object in view there are four
types [(57), (58)]. In the first method, the rod of metal which is to
be converted into a single crystal is placed on a copper plate in which
a temperature gradient has been produced by one-sided heating.
First of all the rod is melted by adequate heating of the plate;
owing to its surface tension and the presence of a thin oxide skin it
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will retain its cylindrical shape. Crystallization is initiated at the
cooler end of the plate by gradually decreasing the current. The
orientation of the growing crystal can be influenced at will by
contacting the melt with a " seed crystal" which has been placed
at a swtable angle and which, of course, must not be completely
melted down. By the second method the metal rod, which has
been placed in a wide silica tube, is moved slowly through a narrow
heating coil in a manner similar to that described in Section 12,
melting and crystallization taking place consecutively. According
to the third and simplest method the metal rod is put in a narrow
cylindrical cavity bored into a copper block which is heated on one
side only and which can be cooled under control. In both these
cases it is possible to influence the orientation by the use of a swtable
seed crystal. The fourth variant of the process (58) purports to
improve upon the other three by eliminating also the stresses which
emanate from the oxide skin. To this end the metal is melted
down and solidified in a graphite channel placed in an evacuated
silica tube which is moved slowly through the furnace. A current
of purified hydrogen is passed through the tube. Each specimen is
remelted several times before being brought into contact with the
seed crystal. In this case the shape of the crystal is determined by
the shape of the graphite channel. It is remarkable that hitherto
this treatment should have been used only for bismuth, and (recently)
tin (59).

So far we have described methods employed mainly for producing
crystals from metals. Naturally they can also be adaptcd to the
production of salt crystals. For instance, a furnace has been
described (60) in which the melt is shaped like a pIano-convex lens,
in which the isotherms run parallel to the surface of the melt.
Solidification proceeds uniformly from the bottom of the lens
upwards. Large crystals have been produced in this way from
sodium nitrate, potassium nitratc and sodium chloride, as well as
from bismuth and zinc. By a further development of this method
the internal stresses which lead to a tearing of the crystal can be
eliminated (61). The following particulars are available of a mcthod
which has already been adopted for a large number of ionic crystals
(sodium chloride, sodium bromide, potassium iodide, rubidium
chloride and lithium fluoride) (62). A platinum tube, closed at the
lower end and cooled internally by ail', is immersed in the melt to
the depth of a few millimetres. If the temperature has fallen to
about 70° above the melting point of the salt, intensified cooling
will cause crystallization to start on the platinum tube. When the
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diameter of the hemisphere which has crystallized out (Fig. 17)
amounts to about four times that of the platinum tube, the cooler is
raised with the aid of a micrometer screw until the surface of contact
between the crystallized spherolite (I) and the melt is composed of
one crystal only. Mter this the greater part of the melt is made to
crystallize by increased cooling (Il). The operation is broken off
before the crystal reaches the wall of the crucible. If this method
is to be successful a period of growth of several hours will be needed
for crystals averaging 3 cm. in size, and the temperature of the
furnace (supply by accumulator battery) and of the cooling stream
must be kept constant.

P?·otective tube
Withdrawal rod Z

Cooling with
CO. or N.

S Electric Furnace ~., ~":
FIG. IS.-Diagram showing the Method
of Producing Crystals by Drawing from
the Melt. According to Czochralski

[see (65)].

FIG. I7.-Illustrating
the Production of Salt
Crystals According to
(62). Shape of the
Crystal " Pears"
Obtained in this Way.

T

-~-
Zinc
melt

R

r;
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14. Production of Crystals by Drawing from the Melt

Czochralski (63) initiated a process which, although originally
devised for the determination of the speed at which metals crystal-
lize, was later much used for growing crystals. In this method a
small rod (glass, clay or, better still, a seed crystal), immersed in the
melt and serving as a centre of crystallization, is slowly and steadily
raised. If the temperature of the melt is only slightly above the
melting point, and if the rod is lifted slowly enough, there will
adhere to it a small molten thread which crystallizes above the
surface of the melt. The length of the crystals obtained in this way
is limited by the dimensions of the apparatus: in shape they are
approximately cylindrical.

Fig. 18 illustrates the type of equipment subsequently used
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[(64), (65)] for producing crystal wires of a number of metals of low
melting point. Through a small disc of mica (G'), perforated in
the centre and weighted, a thread of molten metal is drawn, which
is cooled just above the disc by a current of inert gas. In order to
obtain crystals of maximum uniformity great care must be taken
not only to maintain a constant melt temperature and constant
speed of drawing and cooling but also to avoid vibrations. The
diameter of crystal wires so obtained can be varied between about
0·2 and 5 mm., according to the conditions of heat removal. The
requisite crystal orientations are obtained by using seed crystals
with suitable lattice orientations. If intimate contact is main-
tained between melt and seed crystal (removal of the oxide skin),
then the seed crystal will in most cases continue to grow. The role
of the speed of drawing is still not fully explained. A specd of
about 1 cm. per minute would appear to be smaller than the mini-
mum rate of crystallization of the metals employcd. This repre-
sents, of course, the natural upper limit of the speed of drawing.

By this method abundant material has been obtained for experi-
ments, including crystals of Zn, Cd, Sn, Bi, Zn-Cd and Zn-Sn alloys.

The orientation of crystals produced in this way is always subject
to slight but constant variations along the wire (66), caused, it is
believed, by variations in the temperature gradient above the melt
[cf. also (67)]. The maximum differences in orientation observed
in zinc crystals 30 cm. long amounted to approximately 10°; how-
ever, if the experimental conditions were held constant they did not
exceed about 2°.

The drawing method is also frequently used to-day for the pro-
duction of salt crystals (68). In their case special cooling is usually
unnecessary. The orientation of the growing crystal bars or
" pears" can be materially influenced by inoculation.

The drawing process as described above cannot be used for
reactive melts. For magnesium crystals, therefore, it is customary
to employ a carbon tube which is immersed deep in the metal (the
surface of which is covered with a protective layer) and is then slowly
withdrawn (69). For protective purposes, this tube is enclosed in
an iron tube, open at the bottom. This is provided at the top end
with a cock which must be closed bcforc withdrawal from the melt.

C.OTHER METHODS OF GROvVING CRYSTALS
15. Crystal Growth by Precipitation from Vapour

When producing crystals from vapour it is customary to start
with an existing seed crystal upon which the material is deposited.
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In the case of tungsten the decomposition of the WC16 vapour is
used. By one process (70) the tungsten hexachloride is reduced by
hydrogen according to the equation

WCl6 + 3H2 = W + 6HCl.

Another method (71) makes use of the thermal decomposition of
WCl6 into its two components, which takes place at temperatures
above 1500° C. In both cases a thin tungsten crystal (Pints ch wire)
is used as a seed crystal, which, according to its orientation, grows
into a 4-, 6- or many-sided crystal bar with a thickness of up to
about 10 rum. By this method it is possible to deposit alternating
layers of tungsten and molybdenum. In a similar manner crystals
of Ta, Fe, Zr and Ti have also been precipitated from vapour (72).

The production of zinc and cadmium crystals by sublimation is
described in (73). By this method six-cornered crystals with regular
faces can be obtained without the use of seed crystals.

16. Crystal Growth by Electrolytic Deposition
This process, which is applied to tungsten (74), is similarly based

on the use of a " Pintsch " wire as a seed crystal, the wire serving as
a cathode in the axis of the cylindrical sheet of tungsten which
constitutes the anode. Sodium tungstate forms the electrolyte, its
decomposition being effected at 900° C. with a current density of 150
mA/cm.2.

This concludes the description of methods for the production of
crystals. Processes for growing salt crystals from the solution have
not been included in this review; for information on this subject
see the summary given in (75).

D



CHAPTER IV

DETERMINATION OF THE ORIENTATION OF
CRYSTALS

The orientation of a crystal is the position of the lattice with
reference to directions conveniently defined by the form of the
crystal specimen. Whereas with crystals bounded by natural
faces the position of the lattice is immediately obvious £i'omthe face
angles (goniometrically measurable), with crystals of irregular shape
it must be determined by special methods. Often it is only a ques-
tion of determining the orientation of the lattice with reference to a
single prominent direction of the crystal specimen (e.g., the longi-
tudinal direction of a cylindrical crystal rod) which is fixed by
the angle it makes with the principal crystallographic axes. In
the following pages we shall describe methods for determining the
orientation of opaque crystals, with special reference to the
investigation of metal crystals.

A. MECHANICAL AND OPTICAL }IETHODS

17. Symmetry of Pet'Cussion-fig~lres. Investigation of Light
Reflected ft'om Ct'ystal Sutfaces

Orientation can be determined by mechanical tests only if a plane
face is present on the specimen under investigation. The percussion-
figure resulting from plastic deformation reveals the crystallographie
nature of the plane normal (76).

Orien~ation can be determined much more precisely by inyestigat-
ing a crystal surface which, by etching, has been covered with
crystallographically regular etch pits. These pits can also be
replaced by a surface relief, consisting of microscopic or submicro-
scopic negative crystals, such as occurs, for instance, when metal
crystals solidify from the melt. The first method of examining
such a surface, i.e., the determination by microscopical means of the
shape of the etch pits on plane surfaces (77), is no more powerful
than the percussion-figure method. The same if;true of the "maxi·
mum lustre" method (78, 79), which uses the intensity of the light
reflected from the etched surface. The specimen under investiga.
tion, exposed to oblique parallel light, is rotated around the axis of
the microscope. From the number of alternations in intensity in
the course of a complete revolution, the sym metry properties of the
plane normal are deduced.

34
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Whereas the above methods are restricted to certain simple cases
and are dependent for their success on the presence of plane faces
on the crystals, orientation can also be determined by investigating
reflected light in the more general case [(80), (81)]. Since the
principle is the same for both methods, the variant referred to in (81),
which is the simpler and more commonly used of the two, will be
described in detail. The crystal under investigation (we assume
this to be a cylindrical rod) is placed in a hole drilled radially in a
wooden sphere, and illuminated with parallel light (sunlight). The
crystal is turned, together with the sphere, until a reflexion of
maximum intensity is obtained. This direction is indicated by
means of an adjustable mirror which is placed tangentially on the
sphere, and which is also brought into the reflecting position, its
point of contact with the sphere being marked. As a result of
reflexions from several different faces a pole figure is obtained on the
sphere, from which, assuming the interfacial angles of the crystal
to be known, the position of the lattice in relation to the longi-
tudinal axis of the crystal can be deduced. The only precaution
needed is in regard to double reflexions, which, however, can be
easily recognized. Direct readings of the desired angles can be
obtained if the surface of the sphere bears a suitable network of
meridians and parallel circles. It is obvious that this method can
also be used to determine the crystallographic orientation of a
polished surface; in this case the specimen must be attached
tangentially to a pole of the sphcre. A small systematic error arises
in using this method owing to the fact that the normal of the
reflecting crystal face does not pass through the centre of the sphere.
The correction to be applied is discussed in (82), where particulars
are also given of an extension of the method, using polarized light.

B. X-RAY METHODS

Very great possibilities for the investigation of orientation arc
opened up by the use of X-rays.

18. The Diffraction of X-rays by Crystal Lattices
A detailed account of the diffraction of X-rays by crystal lattices

will be found in the relevant literature. Here we shall deal only
with the features important to our special application-the deter- .
mination of crystal orientations. The main progress which has
resulted from the application of X-ray methods to the examination
of solids has been in thc determination of their internal structure.
The distribution of the various structurcs among the elements of
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the periodic system, together with numerical values of the lattice
dimensions of the more important metals and of some ionic crystals,

(a) Cubic face-centred_ (b) Cubic body-centred.

I
I
I
I•.,..J""

(c) Hexagonal
close-packed.

(d) ~-Tin.
FIG. 19 (a)-(d).-Principal :Metallic Lattices.

b J 1 j ~ J J ONa @CZ
a b

FIG. 20.-Lattices of (a) Sodium Chloride and (b) C::esium Chloride.

will be found in Tables XL-XLII at the end of the book. A few
of the principal lattice types are shown in Figs. 19 and 20.

The diffraction of a beam of X-rays in a crystal can be regarded,
according to Bragg, as refiexion of the rays from the different lattice
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planes of the crystal. The reflexion of X-rays differs from ordinary
optical reflexion (in which the angles of incidence and of reflexion
are the same and lie in the same plane) in that it does not occur at
all angles of incidence. It can occur only when the wavelength (A)
of the incident beam, the spacing (d) of the reflecting lattice plane,
and the glancing angle 1 (6/2) satisfy the condition.

n. A = 2d . sin 6/2 (Bragg's equation; n = 1, 2, 3 ... )

Consequently a crystal at rest, if exposed to X-rays of a single
wavelength, will not normally yield any reflexion, since none of the
lattice planes will be at an angle to the ray which corresponds to d.
There are two ways by which the requirements of Bragg's equation
can be satisfied. (1) By using "white" X-rays the wavelength
can be varied (Laue photographs); and (2) where monochromatic
radiation is employed, by rotating the crystal (Bragg) the lattice
planes can be made to pass through the reflecting position (rotation
photographs). On the other hand, on irradiating a fine-grained
crystal powder (polycrystalline ma.terial) the conditions for reflexion
are satisfied even when the specimen is at rest, owing to the com-
pletely random orientation of the individual grains (Debye-
Scherrer, Hull photographs).

(a) THE ROTATING-CRYSTAL METHOD

19. Basic Form~tlce
The use of the rotating-crystal method for determining orientation

is illustrated in Fig. 21 in terms of the geometry of the reference
sphere [(83), (84) and (85)]. We observe the reflexion of the
incident beam by the lattice plane (hkl) from which it is reflected
at the glancing angle 6/2. The plane normal, therefore, makes an
angle of (90-6/2) with the incident beam at the moment ofreflexion,
and the geometrical locus of the normal for all possible reflecting
positions of the plane (hkl) is the circle of reflexion which is shown
in the illustration as Rk• In the course of the rotation of the crystal
about a geometrically important direction (longitudinal axis), which
in Fig. 21 is chosen at right angles to the incident beam, the normal
describes about the axis of rotation a double cone, whose inter-
section with the reference sphere is represented by the two parallel
circles at polar distance p. The points at which the circle of reflexion
intersects these two circles indicate the positions of the plane normal

1 The glancing angle is the angle between the incident beam and the
reflecting plane; consequently it is complementary to the angle of incidence
of 900 used in optics.



38 Determination of the Orientation of Crystals

at the moment of reflexion. Since the plane normal bisects the
angle between reflected and incident beams, and is co-planar with
them, the positions of the reflected rays are unequivocally deter-
mined. They make with the incident beam the angle of deviation 0,
and therefore lie on a cone with vertical angle 28, having the incident
beam as axis. The intersection of this cone with the photographic
film gives the" Debye-Scberrer ring" of this plane, which represents
the geometrical locus of the reflexion for all possible positions of the
plane. This takes the form of a circle if a plate is used at right
angles to the incident beam. However, if a cylindrical film is

FIG. 21.-Determination of O,.iontation by :V[eansof the Rotating-crystal
Method.

employed, the axis of which would normally also be placed at right
angles to the incident beam, then a curve of the fourth order is
obtained. When the axis of the cylinder and the incident beam
coincide, the curve degenerates into a circle; this in turn becomes a
straight line when the film is laid out flat. Corresponding to the
rcflexion positions (1-4) of the reflecting plane, the reflected beams
are also symmetrical in relation to the plane of the incident beam
and axis of rotation, and to the "equatorial plane ", which is
perpendicular to the plane of incidence.

If the film cylinder is perpendicular to the beam, the diagram
contains the Debye-Scherrer rings of all the reflecting planes. The
magnitude of the angle of deviation of X-rays on reflex ion at a
plane (hkl) is found by inserting the lattice-plane spacing (d) into
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Bragg's equation (Section 6). The higher the indices and, con-
sequently, the smaller the spacing of the lattice plane, the greater
is the angle of deviation (6) of the beam, which may be as much as
180°.

The intensity of the Debye-Scherrer rings depends on many
factors, including primarily the structure-factor, which, however,
will not be further discussed. Table V contains the indices of the
lattice planes of the more important lattice typcs, arranged in order
of increasing 6 angles of the corresponding Debye-Scherrer rings.

TABLE V
Sequence of Debye-Scherrer Rings for some of the Metallic

Lattices

Cubic. Close-packed hexagonal.

Face-centred. Body-centred. cIa = 1·633 cIa = 1·86 (Zn).
(=2 V}).

111 110 1010 0002
200 200 0002 1010
022 112 1011 1011
113 022 1012 1012
222 013 1120 1013
004 222 1013 1120
313 213 2020 0004
024 004 1122 1122

-

The problem of orientation now consists in determining, by
measurement of the positions of the reflexions on the diagram, the
angle between the normal to the reflecting planes and the axis of
rotation.

From the triangle E1D (Fig. 21) we obtain first for the unknown
angle p between face normal and axis of rotation the equation

cos p = cos 6/2 cos () (19/1)

in which ()represents the angle between the plane of the incident
beam and the axis of rotation, and that of the incident beam,
normal, and reflected beam. The angle () can be determined in
various ways, according to whether the photograph has been
recorded on a plate or cylindrical film. In the case of the plane
shown in Fig. 21, the determination is very easy. ()can be measured
either directly with a protractor, or calculated by measuring the
distance between diffraction spots (reflexions). Let P be the distance
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of the plate from the specimen, and n and m the rectangular co-
ordinates of a refiexion (diffraction spot) with reference to the
vertical and horizontal lines of symmetry of the diagram; it then

follows that tg'S = ~n or, if the radius r (= Ptg8) of the Debye-;:.m
Scherrer ring is introduced, on which the four refiexions lie, then

mcos 'S = - and finallyr
_ cos 8/2

cos p - 2P. tg8· 2m (19/2)

Consequently, if the distance of the plate and the indices of the
refiecting lattice plane (8) are known, measurement of the distance
2m between two refiexions parallel to the axis of rotation will give
the desired angle between plane normal and axis of rotation.
Should it be necessary to determine orientations in large numbers,
it is recommended that the relationship between p and 2m be repre-
sented in graphic or tabular form.

If the photograph is recorded on a cylindrical film of radius R,
the axis of which is parallel to the axis of rotation of the crystal
(perpendicular to the incident beam), then, if 2m represents the
distance between refiexions (parallel to the axis of the cylinder), the
following equation is obtained:

1 m
cos p = 2 sin 8/2· vm~ (19/3)

Before we proceed to illustrate, by means of examples, the
practical application of X-ray technique to the determination of
orientation, it will be useful to offer some further observations on
the method under discussion.

20. Oblique Photographs
In the first place, as may be seen from Fig. 21, it may happen that

the plane normal no longer intersects the refiexion circle when the
crystal is rotated. This will occur when the angle p is smaller than
8/2. For p = 8/2 the two parallel circles make contact with the
refiexion circle at two points, and two refiexions are obtained on the
vertical axis of the diffraction pattern, lying symmetrically above
and below the equator. In the most frequent case of 8/2 < p < 90°,
the four refiexions referred to above will appear. As p increases,
they will approach the equator ofthe Debye-Scherrer ring belonging
to the plane, where ultimately for p = 90°, each pair of refiexions
combines to form a single reflexion. Consequently the refiexions
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for all those planes which belong to the zone of the axis of rotation
will lie on the equator. In order to ensure that reflexions shall
occur in all cases (including cases where p < fJ /2) the axis of rotation
of the crystal is fixed at an angle (900

- fJ/2) to the incident beam
(Fig. 22). Symmetry relative to the equator disappears in these
"oblique photographs" (83). The required angle p is obtained
from the triangle E1D by means of the relation

cos p = sin2 fJ/2+ cos2 fJ/2cos 0 (20/1)
o can again be measured directly on the plate, or it can be calculated,

FIG. 22.-Determination of Orientation with the Aid of " Oblique"
Photographs.

with the aid of the formula sin 0 = P ~tgfJ' from the distance 2n

between the reflexions and the plate distance P.
If the angle between the axis of rotation and the incident beam is

not (90 - fJ/2), but ~, then the equation which determines p is as
follows:

cos p = cos ~ sin fJ/2+ sin ~ cos 0/2 cos 0 (20/2)
Oblique photographs are mainly important for use with crystals
with unique planes (e.g., hexagonal and tetragonal) whose position
is important for the determination of the orientation of the crystal.

21. Layer-line Diagrams
A further observation conceI'llSthe special case in which the axis

of rotation coincides with a crystal direction defined by simple
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indices. The diagrams then possess certain specially simple features
[namely, the arrangement ofthe reflexions on Polanyi " layer lines",

FIG. 23.-KBr Crystal: Layer.line Diagram Recorded on Cylindrical Film.

which appear as parallel straight lines when photographed on a
cylindrical film, and as a set of hyperbolffi on a plate (Figs. 23 and
24)]. In discussing these diagrams we refer again to Fig. 21, in

FIG. 24.-The Same Crystal: Layer-line Diagram Recorded on
Flat Plate.

which the polar distance of the reflected beam is the angle fl-. From
the triangle FID we first obtain

cos fl- = sin 8 cos Il

from which, by substituting for cos Il from equation 19/1, the
following equation is obtained:

cos fl- = 2 sin 8/2 cos p • (21/1)



FIG. 25.-:Uethod of
Indexing Layer-line

Diagrams (84).

(21/2). / l'd l'n),
cos [L= 2 sm El2J = J

It then follows that for cos [Lthe equation is

l'd
cos P = J'

It will be seen from this equation that for
a given value of l' all reflected rays intersect
the reference sphere at points on a parallel
circle, at a distance [Lfrom the pole, and
that consequently the reflected rays lie on
the surface ofa cone with semi-vertical angle[L
about the axis of rotation. The parallel circles
corresponding to successive values of l' make
equal intercepts on the axis of rotation
so that the surface of the reference sphere carries a series of equi-
distant parallel circles. The index l' remains constant along each
circle and increases by 1 on passing from one circle to the next.1

The maximum index l'max. is derived from the condition l'max. :s;:~

since cos [L:s;:1. The index 0 corresponds to the equator of the
reference sphere.

The intercepts of the cones of reflected rays belonging to the
individual parallel circles with the film constitute the characteristic
" layer lines". If the photograph is recorded on a cylindrical film
with an axis which coincides with the axis of rotation, the film will
be divided by the cones into circles, which will appear as straight
lines when the film is laid out flat. If a plate is used, a set of
hyperbola) will appear with vertices on the axis of symmetry of the
diagram parallel to the axis of rotation. Finally, if a cylindrical

21. Layer-line Diagrams 43

We next assume that the co-ordinates have been so transformed
that the axis of rotation coincides with the new c-axis. The trans-
formed index l' of the plane in question, relative to the new c-axis,

indicates that the intercept on the axis amounts to ~, on this axis.

Consequently l' equivalent lattice planes lie on the c-axis (axis of
rotation) between two successive lattice
points with the identity period J. For cos
p Fig. 25 gives the expression

1 Provided that all refiexions on a layer line are not absent .

•
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film is used with axis along the incident beam, the layer lines will
be represented by an array of curves of the fourth order. This last
type of photograph contains all the possible layer lines.

The significance of layer-line diagrams for the determination of
crystal orientation lies in the fact that, from the spacing between
the layer lines, or the vertices of the hyperbolae, the identity period
parallel to the axis of rotation, and hence its crystallographic nature
(when the lattice dimensions are known), can be readily ascertained
(84). If for instance 2et is the space between the ltll layer lines, or
between their vertices, then if R is again the radius of the cylinder
of the film (or P the distance of the plate) :

2et ( 2et)cot [Lt= 2R = 2P

from which [Lt is calculated and can be inserted in

(21/3)

(21/2a)J=~
cos [Lt

The shortest identity period is obtained according to this formula
if the order ofthe reflexion (n) in the Bragg equation is put equal to 1.

On the other hand, should the axis of rotation, as is more usual,
not be a simple lattice direction, and thus be characterized by a
large identity period, then the layer lines will fall so close together
that it will no longer be possible to assign individual reflexions to
separate layer lines.

22. X-Ray Goniometer
We conclude with a final observation on the subject of the com-

plete determination of the orientation of the lattice in the specimen.
The methods hitherto described yield the orientation in relation to
one direction only. If the lattice orientation of the specimen is to
be fully known, then either two such photographs must be obtained
in different directions, or a photograph must be taken in an " X-ray
goniometer" [(86), (87), (88)]. In this case rotation of the crystal
is synchronized with movement of the film holder so that for each
reflexion obtained the position of the specimen is known.

23. Examples of the Determination of Orientation by the
Rotating-crystal Method

As a first example of the determination of orientation by X-ray
methods we will work out the orientation of the axis of a rod·
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shaped, cubic face-centred crystal with reference to the three axes
of the cube. Fig. 26a shows the rotation photograph (flat plate,
copper radiation AKa = 1·54 A.) of an aluminium crystal, rotated

about its longitudinal axis
which is perpendicular to
the beam. Owing to the
distance from the plate (45·8
mm.) only the two inner-
most Debye-Scherrer rings
({Ill} and {200}) with the e
angles 38° 30' and 44° 50'
are present. With the aid
of the formula (19/2) or the

(a) Rotation photograph recorded
on plate.

(b) Plotting of the arcs in the
stereographic diagram.

FIG. 26.-Determination of the Orientation of an Aluminium Crystal.

equivalent graphical representation the corresponding p angles are
now determined from the measured distances (2m) between reflexions.
The above diagram gives:

2mUlll = 2·9, 21·0, 52·0 and 70·0 mm.

from which it follows that

PUlll = 87° 45',74° 15', 47° 45' and 24° 45'

and 2m(200l= 20·2 and M·O mm.
i.e., P(200l = 78° 15' and 56° 45'.

Although two angles suffice to determine the orientation of the
longitudinal axis, there is close agreement (between the different
values), and, as will be apparent from the stereographic diagram

•
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shown in Fig. 26b, this increases the degree of accuracy of the final
result. The arcs in Fig. 26b are plotted in the first place with refcr-
ence to the normals of two reflecting planes (e.g., in the present case
two cubic axes); arcs having the known p angles are then described
round these. The crystallograph ically equivalent normals from
which the remaining angles are to be plotted (cf. Fig. H)-in this
case the four angles with the cube body diagonals-will appear from
the initial rough determination of orientation (intersection of the
first two circles to be described). By taking advantage of the known
symmetry ofthe crystal it is always possible to completc the plotting
of the orientation in the same basic triangle. The mean values for

.:1 lr\'~2mrV
•

FIG. 27.-Rotation Photograph of a Zn Crystal (Cylindrical Film).

the angles between the axis of the rod and the cubic main axes in
the present example are found ultimately to be 78°, 56° 30' and 36°.

In our next example wewill determ ine the orientation of a hexagonal
crystal (zinc) in the form of a wire with the aid of a rotating-crystal
photograph on a cylindrical film perpendicular to the beam (Fig. 27).
In this case the orientation will be specified by the angle y. between
the wire axis and basal plane, and the angle A between wire axis and
the nearest digonal axis type I. The refiexion from the basal plane
appears in the case of zinc on the innermost Debye-Scherrer ring,
that of the prism planes of type I on the next ring (Table V); the
corresponding 0 angles are 36° 20' and 39° 10' for copper radiation.

It follows from 2mW002) = 36·4 mm., with the aid of equation
(19/3) (2R = 57·3 mm.) that the angle between wire axis and
hexagonal axis is Pmoo21 = 30° 40'. From 2m(lOlO)= 9·4 and
19·8 mm. for the reflexions from the prism planes type I we obtain
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the two angles P(lOIO) = 76° and 60° 20' between wire axis and two
digonal axes type II (normals to the prism planes type I). Once
again there is agreement between the different values of the orienta-
tion deduced from these figures. By forming an average in the
stereographic net we find that

X = 60°
A = 63° 30'.

Finally, from the two layer-line diagrams in Figs. 23 and 24 we
will determine the crystallographic nature of the axis of rotation
of a rod of potassium bromide.

From the distances between the layer lines

2e1 = 13·7 and 2e2 = 30·0 mm.

the diameter of the camera being 57·3 mm., it follows from the
formula (21/3) that the angles

[1.1 = 76° 30' and [1.2 = 62° 20'.

Further, we obtain from (21/2a), with n = 1, a value of 6·63 for J
from the first layer line, and of 6·65 for J from the second layer
line; giving a mean value for J = 6·64 A. Comparison with the
measurements for the KBr lattice (Table XLII) shows that the
rotation axis was parallel to the cubic axis of the crystal.

The same result is arrived at from an evaluation of Fig. 24. The
distances between the vertices of pairs of hyperbolae are 2e1 = 7·8
and 2e2 = 16·6 mm., which, for a plate distance of P = 16·0 mm.,
gives a value of 76° 20' for [1.1 and of 62° 30' for [1.2' and so similarly
indicates the cubic axis as the axis of rotation.

(b) LAUE METHOD

Compared with the methods described above for determining
the orientation of crystals by the use of monochromatic radiation,
the method based on Laue photographs is relatively unimportant.
It can, however, be used with advantage to determine the crystallo-
graphic orientation of the face normals of plate-shaped crystals.

There is a general similarity in the appearance of Laue photo-
graphs, in so far as the individual reflexions corresponding to the
different wavelengths lie on curves which are conic sections, and
always include, as vertex, the point of incidence of the direct beam,
which is perpendicular to the plate. All beams reflected from the
planes of a zone constitute the generators of a circular cone about
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the zone axis, whose intercept with the photographic plate gives
the conic sections known as " zone circles".

As a rule the specimen is held between the plate, which is per-
pendicular to the incident beam, and the X-ray tube. So long as
the angle between the zone axis and the direct beam is less than 450

the zone circles appear on this plate as ellipses, which become para-
bolas when the zone axis is inclined at 45°. If the axis of the zone
is more steeply inclined to the incident beam, then the zone circle
becomes one branch of a hyperbola. In this case the zone also
appears as one branch of a hyperbola on a photographic plate
placed between X-ray tube and specimen, but the vertex does not
coincide with the point of incidence of the direct bcam, as in the
case of the fil'st plate. Finally, if the zone axis is perpendicular to
the incident beam, the cone degenerates into a plane which inter-
sects both plates in straight lines passing through the point of
incidence of the direct beam. Both transmission (89) and back-
reflexion Laue photographs can now be used to determine crystal
orientation. As already mentioned, by this method (in which the
specimen is not rotated), the position of the lattice is determined
in relation to a system of co-ordinates in space and not in relation to
a direction only (namely the direction of rotation) as is the case
when using the rotating-crystal method.

24. Example of the Determination of Orientation by Laue
Photographs

The method can be illustrated by two examples, the examination
of a magnesium crystal by means of a transmission photograph
[according to (90)] and of an aluminium crystal by means of a back-
reflexion photograph. The two diagrams are shown in Figs. 28a
and 29a. The zone circles are easily recognized in both pictures.
Since the individual reflexions are due to various unknown wave-
lengths, it is not at first possible to assign them to definite lattice
planes. On the other hand, it is easy to ascertain the position of the
reflecting lattice plane with reference to the direction of the incident
beam (i.e., the direction of the normal to the crystal plate).

Let SI or S2 be the distance of each reflection from the point of
incidence of the primary beam, then the angle of deviation ()1 of the
X-ray beam is obtained for the transmission photograph from

tg()1 = ~1, the deviation 02 for the back-reflexion photograph from
1

tg (1800
- 82) = ~2, which in PI or P2 represent the distances from

2
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(b) Pole figure of the reflecting lattice planes (in stereographic projection).

FIG. 28 (a) and (b).-Determination of the Orientation ofa Magnesium Crystal.
E
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crystal to plates (Fig. 30). The normal NI or N2 to the reflecting
lattice planes lies in each case in the plane defined by the incident

•1
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(I •

j
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(a) Laue back·reflexion photograph.

FIG. 29 (Ct) and (b).-Detel'.
mination of the Orientation

of an Aluminium Crystal.

(b) Pole figut'e of the reflecting lattice
planes (in stereographic projection).

and diffracted beams and makes with the direct beam the angle
(900

- 0d2) or (900
- °2/2). If now the position of the plane of



•

24. Determination of Orientation by Laue Photographs 51

the two beams is defined by the angle, <PI or <P2' which it makes with
an arbitrarily selected plane of reference, then the pole of the

FIG. 30.-Analysis of Laue Photographs.

reflecting plane can be shown on a stereographic projection whose
equatorial plane is the plane of the crystal plate.

FIG. 3l.-Polar Reflexion Chart for Use with Laue Photographs.

In order to simplify the determination of the 8-angles for the
various reflexions it is convenient to employ a polar reflexion chart
(Fig. 31) which indicates the 8-angles corresponding to the various
S-values for a given plate distance (91). By superimposing Laue
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photograph and chart, the e and cP angles for all reflexions can be
read off directly. If these are plotted in the stereographic pro-
jection, then the pole figure for all reflecting-lattice planes is
obtained (Figs. 28b and 29b). As will be seen from Fig. 30 the angle
(900

- eJ2) from the centre must be plotted in the direction of the
corresponding reflexion for back-reflexion photographs, and in the
opposite direction for transmission photographs.

The orientation can now be determined from these pole figures in
two ways. By the first method the pole figure, in which the zones

90° '.f .
AX~8 OJ rotatwn

FIG. 32.-Determination of the Orientation of a
Magnesium Crystal. Pole Figure of Fig. 28b, Rotated

through 14°.

appear clearly as great circles passing through the reflexions, can
be transformed into a pole figure corresponding to a simple setting
of the crystal by rotation about an axis lying in the equatorial plane
(the rotation method). By the second method the crystallographic
description of the zones and plane normals can be derived directly
from the relationship between the angles which appear on the
stereographic pole figure.

For the first method we employ the pole figure of the transmission
photograph (Fig. 28b) in which the intensity of the reflexions is also
indicated. By rotating in such a way that the zone 1, 2 ... 14
comes into coincidence with the basic circle, a pole figure (Fig. 32)
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is obtained which coincides with the pole figure of the magnesium
crystal about the hexagonal axis (Fig. 33).1 As a consequence of
this rotation the plate normal moves to X; its orientation, i.e., the
angles which it makes with the hexagonal and digonal axes, can be
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FIG. 33.-Pole Figure of Magnesium about the Hexagonal Axis (90).

seen from Fig. 32; they are p = 14° with the hexagonal axis, and
77° and 76° with the nearest digonal axes of types I or H. If the
longitudinal and transverse directions were also entered on the pole
figure, the crystallographic orientations of these two directions
would be immediately apparent.

1 In this case the zone 1, 2 ... 14 is seen to be a zone of the hexagonal
axis from the fact that it exhibits reflex ion angles of 30°.

•
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Applying the second method to the stereographic figure in Fig.
29b we obtain the following angles between the important zones:

(I-Il) = 90°; (I-Ill) = 60°; (I-IV) = 60°
(Il-IIl) = 45°; (Il-IV) = 45°; (Ill-IV) = 60°.

From this it follows that I, Ill, IV are zones of cube-face diagonals,
while Il is a cubic-axis zone. Zone intersections are represented by
a cube edge (Il-IlI), a face diagonal (I-Il) and a body diagonal
(I-Ill-IV). In this way the orientation of the normal (N) of the
specimen which emerges from the centre of the net is fixed. It
makes the angles 34°,61 ° and 74° with the three cubic axes.

If the direction of incidence of the X-ray beam coincides with a
symmetry axis of the crystal, the Laue photograph will exhibit a
correspondingly symmetrical pattern. As a rule the nature of the
symmetry of the Laue photograph suffices in this case to determ ine
the crystallographic direction of the incident beam. Photographs
obtained by the back-reflexion method are specially suitable for this
purpose, besides having the additional advantage of being practicable
with thick specimens [cf., e.g., (92)].

Finally, it should be mentioned that atlases of the Laue photo-
graphs, obtained with face-centred cubic and body-centred cubic
crystals by systematically varying the orientation, have been
prepared (93).
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CHAPTER V

GEOMETRY OF THE MECHANISMS OF CRYSTAL
DEFORMATION

Before discussing in the second part of this book the results of in-
vestigations into crystal plasticity, we propose in the present chapter
to examine the geometry of the various mechanisms of deformation
in so far as it serves to explain the processes to be described.

It has long been knpwn that crystals can be plastically deformed.
The mechanisms which accompany plastic flow are based on the
phenomena of glide (translation) and mechanical twinning (simple
shear), which were discovered by Reusch on rock salt and calcite
(1867). In both cases the deformation is plane and homogeneous,
straight lines and planes remaining straight and plane; a sphere is
transformed into an ellipsoid. The crystalline structure is also
retained in the deformed part, the lattice being transformed into
itself by the deformation.

A. GLIDE 1

25. Model of Gliding

Glide consists in the slipping of portions of the crystal along
crystallographic planes of low indices in the direction of densely
packed atomic rows. Consequently neither the plane nor the direc-
tion of slip is determincd by the loading (for instance, by a maximum
of the shear stress); both these lattice elements are fixed by the
structure of the lattice.

Fig. 34 shows the model of a cylindrical crystal which has been
extended by glide (94). The model represents the basal glide of a
hexagonal crystal under uni-axial tension. The upper and lower
boundaries of the cylindrical specimen are made up of basal planes.
The direction of glide is chosen to be a digonal axis of type I, and
the hexagon sketched on the basal plane indicates that in general
this glide direction does not coincide with the large elliptical axis.
Glide along the crystallographically preferred glide system 2 leads

1 Throughout this book the word" glide" has been used in preference to
"slip". The terms are, however, synonymous and in the literature either
may be used.

2 The glide system that is mechanically preferred by a maximum of the
shear stress consists, for uni-axial tension, of the plane that makes 45° with
the axis of tension, and the major axis of the ellipse as the glide direction
[cf., e.g. (40/1)].

55
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to the configuration shown in Fig. 34, c and d. It is obvious that
the change in shape produced in this way is quite specific (band
formation): the originally cylindrical crystal contracts considerably
in one direction, while it expands somewhat in the direction perpen-
dicular to it, owing to the divergence of the glide direction from
the major axis of the translation ellipses. A comparison between
Fig. 34, band d, shows also that the extension has been accompanied

a bed

FIG. 34 (a)-(d).-Models of Gliding.

(a) and (b), initial state; (c) and (d), after extension.

by a very marked rotation of the lattice with respect to the longi-
tudinal direction (direction of tension).

How closely this model corresponds to reality is shown by the
photographs of elongated metal crystals reproduced in Fig. 35.1
The traces of the glide planes appear as sharply defined elliptical
bands on the surface of the strip. The position of the apex of the
ellipses outside the central plane of the crystal band reveals clearly
the divergence between glide direction and the major axis of the
ellipses.

1 For very early observations of glide bands and band formation resulting
from the elongation of metal crystals see (95) and (96).
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26. Geometrical Treatment of Simple Glide
The formul::e expressing the relationship between deformation

and lattice rotation when a single-glide system is operative will be
examined in the first place for extension with the aid of Fig. 36.
The initially cylindrical crystal will be extended between the two
glide planes that go through the points A and B respectively. Glide

Zn

Cd

f3-Sn

Bi

FIG. 35.-Glide of Metal Crystals, Viewed Perpendicularly to the
Plane of the Band.

takes place parallel to the glide plane T in the glide direction t.
The resultant configuration is drawn with thick lines; it has a
double kink. It will again be seen from the diagram that the glide
has been accompanied by lattice rotation relative to the longi-
tudinal axis, although in this case it is the lattice position (position
of the glide elements) and not, as in Fig. 34, the longitudinal axis
which has been kept fixed. The angle between longitudinal axis
and glide direction diminishes with increasing extension. It will
now be seen from Fig. 36 that the lattice rotation consists in a
movement of the longitudinal axis towards the glide direction,
during which the longitudinal axis always remains in the plane



FIG. 36.-Diagram Illustrat-
ing the Formula for Extension

by Gliding.
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determined by its original position and the direction of glide. The

relationship between the amount of extension: (il = II [lo; lo and
o

II representing the length before and after extension) and the rota-
tion of the lattice is obtained directly from the triangles ABB', ABN

and AB'N (94). The triangleABB' gives

~= 1 + il=s~~O (26/1)
lo sm Al

where Ao and Al represent the angles
between the direction of tension and
the glide directions before and after
extension.

From the two right-angled triangles
ABN and AB' N (AN is the normal on
the glide plane) we obtain for the small
side AN common to both triangles the
expressions

AN = lo sin Xo = II sin Xl
and further

~ = 1 + il = s~n Xo (26/2)
lo Sill Xl

in which Xo and Xl are the angles between
glide plane and directions of tension
before and after extension. . It is seen
from these formuhe that the amount of
extension by glide can be very consider-
able; as a rule it will increase with the

original obliquity ofthe glide elements to the direction of deformation.
The introduction of the plastic shear strain instead of the tensile

strain has proved very convenient in the crystallographic analysis
of stress-strain curves of crystals. This quantity, also known as
the crystallographic glide strain (a), is the relative displ~cement of
two glide planes of unit distance from each other [(97), (98)). It is

therefore given by the quotient ~~; in which the numerator

represents the total amount of slip and the denominator the thick-
ness of the deformed glide packet. The connection between glide
strain and extension can be easily derived hom Fig. 36. For BB'
we obtain from the triangle ABB'

BB' = II sin ~Ao - AI).
sm Ao



(26/3)
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Using the first of the above expressions for AN, it follows that

_ BB' _ II sin p·o - AI)a-- - --- -----
AN lo sin Xo. sin Ao

In order to simplify the formulro we de~ote ? = 1 + Il by d, and
o

after eliminating AI' we finally obtain, with the aid of the extension
formula (26/1)

1 ./----a = ~.-- (v d2 - sin2Ao - cos Ao)
sm Xo

In this formula the glide strain is expressed by the initial position
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FIG. 37.-Glide Strain as a Function of Extension for Various Initial

Angles of the Glide Plane.

of the glide elements and by the amount of extension. If, instead
of the extension, the final position of the glide elements is introduced,
the following formuhe, which are particularly convenient for
numerical calculations, are obtained:

a = C?S A _ C?S Ao (26/4)
smx slnXo

or
sin Aa = (cot A - cot Ao) _._0 (26/4a)
sm Xo

The formula (26/3) shows that equal extensions may be accom-
panied by different amounts of glide strain, dependent upon the
initial position of the glide elements. How strong the effect of the
orientation is, can be seen from Fig. 37, in which the glide strain is
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expressed as a function of the extension for various initial angles
ofthe glide plane (for the sake of simplicity )'0 = 1'.0 has been chosen).
For every position of the glide elements the glide strain corresponding
to a small extension can be calculated according to the formula

6.d
6.a = -.----

Sill 1'.0cos ),

y(-t)

Z(lT)

which is obtained by differentiation from the equation (26/3).
Another formal description of glide (by means of a transformation

of co-ordinates) which we shall use in what follows, is contained in
Fig. 38. The xy plane repre-
sents the glide plane and the
y axis the glide direction_
Let OPo be the length of the
crystal to be stretched; the
direction of tension is given
with reference to the glide
elements by the co-ordinates
(xoYozo)' When glide occurs
there is a gliding parallel
to T in the direction t,
as a result of which Po

FIG. 38.-Diagl'am to Illustrate Glide by
Means of a Transfol'mation ofCo-ol'dinates. arrives at PI- Let a repre-

sent the crystallographic
glide strain, the glide displacement is then given by the product
a _zo- Hence, the transformation of the co-ordinates is:

Xl = Xo
Yl = Yo + zo' a
Zl = Zo

and for

we obtain

~= Jl + 2aYozQ+ a2z0
2

l1 l02-

Further, since Yo = lo cos AO and Zo = lo sin 1'.0

we have

(26/5)
l .f ----t = d = 1 + /)= v 1 + 2a sin 1'.0 cos AO + a2 sin2 1'.0
o

In this formula the extension is expressed by the glide strain and
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the initial orientation of the glide elements; it is also obtained
directly by solving, e.g., (26/3), with respect to d.

By means of this representation of glide it is now quite easy to
follow the change of the cross-section which occurs during extension
of cylindrical crystals. It has already been pointed out that the
elliptical cylinder (the ribbon), which develops during glide, is
usually broader than the original crystal. In what follows, the
expressions for the two semi-axes of the elliptic cross-section will be
given as functions of the original orientatioll and the orientation at
any given moment in the course of extension (99). These formuhe
are obtained as follows:

We start by finding the equation of the original cylinder in the
co-ordinate system shown in Fig. 38. By introducing the trans-
formed co-ordinates which correspond to the glide we obtain the
equation of an elliptical cylinder, which is compared with the normal
form. In this way the following expression is obtained:

')+ 2 • 2 2· R2 (1 1 )~ a sm Ao + a sm 1.0 cos Ao = . A 2 + B2 '
in which R denotes the radius of the initial circular section, A and B
the half-axes of the sectional ellipse after extension. If now we bear
in mind that the volume remains constant during extension by
glide 1 (R27Tlo = AB7Tl1) it follows that after some calculation

4 _ 2(2 cos (Ao.- A) . sin ),+ sin2 (~'o - A)) +
P P sm A sm2 .,o ~o . 2

sm ), = 0 (26/6)
sin2 Ao

The four roots Pi of this equation, of which two each differ only

by the sign, are the desired ratios ~ and ~.

Two special cases must be briefly mentioned. For Ao = 1.0' i.e.,
for glide along the great axis of the translation ellipses, there are two
roots of the equation equal to 1. The width of the band always
coincides with the diameter of the initial section. The second
special case relates to the maximum width at infinite extension (94).
This case corresponds to thc convergence of the longitudinal direc-
tion towards the operative glide direction. A = 0 must therefore
be inserted in the above formula, and the limiting value for increase
in width by simple glide is then found to be

(-'i) = s~n Ao (26/6a)
R max. sm 1.0

1 How exactly this condition is fulfilled will be shown in Section 60.
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If for 1.0 we substitute the angle KO between the direction of glide
and the great axis of the glide ellipses, the maximum increase in
width can also be expressed by the formula

(26/6b)

"~t
FIG. 39.-0rientation of the Glide
Elements in the Crystal. Diagram
Illustrating an Analysis of the

Components of Tensile Stress.

(AR-) = Js~n: :<0 + cos2 KO
max sIn Xo

since XO' 1.0 and KO are connected by the relationship cos 1.0 =
cos Xo . cos KO (cf. Fig. 39).

Simple glide in compression can be described much more briefly
[(lOO), (101)]. Fig. 40 shows dia-
grammatically a crystal specimen
before and after compression.

'A Contrary to expectation the lattice
rotation which accompanies com-
pression is not simply the opposite
of that which occurs in tension.

If, in the compression test, thc
longitudinal direction is regarded
as that of the normal to the com-

pression plates, then on the great circle this will not move away
from the operative glide direction. Lattice rotation takes the form
rather of an approach of the longitudinal direction to the pole ofthe

1
r:h 8,/~~4\Vt Z\
A/At
/
FIG. 40.-Diagram Illustrating Glide in Compression.

glide plane, which follows directly from the fact that the line of
intersection of the glide plane with the compression plates retains
the same inclination to the crystal axes throughout the test.

The formula connecting compression with glide strain can also
be found directly from Fig. 40. Let Xo and Xl be again the angles
between the glide plane and the longitudinal direction before and
after compression; then

(26/7)
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and since the eccentricity (K) of the glide direction, corresponding to
the rotation of the lattice, remains constant, this formula can be
extended to include also 1.0 and Al'

The relationship between glide strain and compression is then

1 _ (lO)2 _ 1 2 . , 2 2e2 -- r - + a sm Xo cos 1.0 + a cos 1.0 .
1

(26/8)

In the case of plastic bending by glide, the exact geometrical treat-
ment of which has still to be formulated, parallel epipedic plates
acquire as a rule a saddle shape [aluminium crystals (102)]. When
the operative glide elements are in a certain special position relative
to thc axis of bending, cylindrical bending can also occur.

27. Transformation of Indices in Glide
In Section 26 we discussed the relation of glide to lattice rotation

and deformation. In the present section we will deal briefly with
its effect on the crystalIographic symbols of directions and planes.
From the rotation during glide of the longitudinal axis of the speci-
men relative to the crystallographic axes, it is apparent that the
indices are not retained. In general, the atomic array constituting
a direction or a plane changes its crystallographic nature continuously
during glide.

Let (HKL) be the indices of the glide plane, [UVW] tho~e of the
glide direction, then the following transformation formulre will
apply according to (103) :

The direction [uvw] is transformed into [u'v'w'] by

u' = ~t + U(uH + vK + wL)N }
v' = v + V(uH + vK + wL)N
w' = w + TJT(uH+ vK + wL)N

The plane (hkl) is transformed into (h'k'l') by

h' = h + V(hK - kH)N + W(hL - lH)N }
k' = k + U(kH - hK)N + W(kL - lK)N
l '= l + U(lH - hL)N + V(lK - kL)N

(27/1)

(27/2)

in which N is a whole number and signifies the number of inter-
atomic distances by which two neighbouring glide planes are
displaced relative to one another.

The directions and planes for which the indices are retained
during glide can be readily recognized from these equations. The
glide plane is the geometrical location of all directions which remain
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invariable relative to glide, the zone of the glide direction contains
all planes whose symbol remains unchanged during glide.

28. Double Glide

z
:cyz

y
FIG. 41.-Double Glide with Common

Direction of Glide.

Owing to the symmetry of crystals, the plane and direction of
glide are not usually unique elements of the lattice. It may often
happen, therefore, that two or more crystallographically equivalent
glide systems will be equivalent geometrically, and so become
operative in plastic deformation. So far only the simultaneous
activity of two crystallographically equivalent systems has been
considered in detail.

The simplest case is that of glide in two directions in the same
plane. Double glide in thjs instance is gliding on the same plane,
with the bisector of the angle of the two glide directions serving as

direction of glide. The lattice ro-
tation which accompanies exten-
sion consists in a movement ofthe
longitudinal direction towards
the line of symmetry of the two
glide directions. The only exten-
sion formula to remain valid is

X (26/2), with which (26/1) con-
forms, provided that the angles
formed with the" resulting glide
direction" are now designated A.

The next case concerns the simultaneous operation of two glide
planes with a common glide direction (their line of intersection).
In the diagram shown in Fig. 41 the common glide direction coincides
with the y-axis (which is perpendicular to the plane of the drawing)
of the system of co-ordinates that is symmetrical to the two glide
systems. The resulting displacement (~y) of a point P is composed
of the two separate displacements. Let a again represent the glide
strain which is equal for the two systems; the glide displacements
are then given by the products anI and an2; and ~y = anI + an2
represents the total glide strain. If now the two expressions which
follow directly from Fig. 41 :

nl = r sin (IX + ~)
n2 = r sin (IX - ~)

are inserted for nl and n2, we obtain finally

~y = 2a sin IX • Z,
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i.e., the resulting movement is equivalent to a simple glide along the
x-y plane in the common glide direction, that of the y-axis.

The yz-plane, too, contains the common glide direction and lies
symmetrically to the two planes Tl and T2. Which of these two
planes of symmetry is to be regarded as the resultant glide plane
depends upon the direction of the imposed deformation. Deforma-
tion is accompanied by lattice rotation in the same way as in simple
glide; the extension formula (26/1), relating to the common glide
direction applies.

The third case to be discusscd arises when neither glide plane nor
glide direction is common to the two glide systems (Fig. 42). In
order to superpose the two glides in the case of an extension [(104),
(105)] we represent glide by means of a co-ordinate transformation
(106) which was given in Section 26. We transform the glides
which occur in the systems xyz and x'y'z' to a new rectangular

FIG. 42.-a-Bl'ass CrystaL Showing Double Glide (I03a).

system ~.~~. Thc position of the new axes in relation to the old
ones is given by thc two ma,trices of the direction cosines:

x y z x' y' z'
~ a) b1 Cl ~ a\ b'] c';
.~ a2 b2 c2 and .~ a' 2 b' 2 c'2
~ a3 b3 c3 ~ a'3 b'3 C'3

The changes in the co-ordinates due to glide were, in view of the
special position of the co-ordinate system,

r t1x = 0 { t1x' = 0i t1y = azo and t1y' = a'zo
L t1z = 0 t1z' = 0

These have now to be transformed into the new common system
of co-ordinates ~.~~. The changes t1~, t1.~, t1~amount to:

r t1~= a]t1x + b] t1y + c]t1z + a> t1x: + b\ t1y' + c'] t1z'
i t1.~= a2t1x + . . . + a 2t1x + .
L t1~= a3t1x + . . . + a'3~x' + .

F
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Since ~x, ~x', ~z, and ~z' = 0, the equations can be simplified to:

{
~~= bl~Y + b'I~Y'
~.~= b2~Y + b' 2~Y'
~~= b3~Y + b'3~Y"

The equations can be further simplified if the new system of
co-ordinates is symmetrical to the two glide systems. Let the
~-axis be perpendicular both to the Z and z' -axes; it is then the
line of intersection of the two glide planes (of the xy plane with the
x'y' plane). Let the 'I)~ plane bisect the angle between the two glide
planes. The Z-, z' -, "1)- and ~-axes then lie in a plane perpendicular
to ~ (Fig. 43). From these conditions there follow for the direction
cosines the relationships:

C3 = C'3 = 0
c2 = C'2

Cl = - C'I

(C1Z, C1Z')
( .q:"I)Z = .q: '~z')
( .q: ~z = .q:V)

bI = - b'I' b2 = b' 2' b3 = b' 3 (y-axes symmetrical to the '1)- ~ plane).
In this way

{

~~= bI(~y - ~y') = bI(azO - a'z'o)
~'I) = b2(~y + ~y:) = b2(azO + a',z',o)
~~= b3(~y + ~y ) = b3(azO + a z 0)'

Assuming that the glide strains in both systems are of the same
magnitude (a = a'),

I ~~= abI(zo - z'o)
~"I) = ab2(zo + z'o)
l~~= ab3(zo + z'o)

in which Zo and z'o are still to be expressed by ~, 'I),~. From the
above equations (c3 = C'3 = 0) we obtain Zo = cl ~ + C2'~,

hence

(28/1)

so that for simultaneous glide of magnitude a on each of the systems
we finally obtain the following formulre :

~~= 2ab1c2 . :; 1
~"I) = 2ab2c2 ."1) r
~~= 2ab3c2 .'1) J

If, when double glide begins, the axis of rotation is in the plane
"I)~, which is symmetrical to the two glide systems, then ~ = 0 and
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(28/2)

Ai'; = O. This means, however, that in the case of equal glide
strain in both systems the wire axis will remain always in the 'I)~
plane.l

The resulting movement can now be described in the same way
as for simple glide by introducing the resulting glide direction 't"

(Fig. 44), whose angle <J; to the -I)-axisis given by the expression

A~ btgw=-=--.:!
. A-I) b2

If e is the angle between the axis of the bar and the resultant glide
direction 't" then it follows from Fig. 44 :

l] _ sin eo
To - sin <

FlG.43.
O"ientation of
the New System
of Co-ordinates
in the Case of
Double Glide.

1]

It
FlG. 44.-Double Glide in the
New System of Co-ordinates.

•

From this extension formula for double glide it is again apparent that,
so long as the wire axis remains in the same plane during rotation, the
ensuing lattice rotation will follow the same law as applies to simple
glide, with the resulting glide direction assuming the role of the glide
direction. Just as the glide direction is attained by simple glide
only after infinite extension, so, too, in double glide the resultant
glide direction represents the final position of the wire axis for infinite
extension. However, the purely formal nature of this analogy can
be seen from the fact that a crystal whose longitudinal axis is
parallel to the glide direction cannot be extended; on the other
hand, if the longitudinal axis coincides with the resultant glide
direction, it can be extensible by any amount by double glide, without
change of orientation.

It is unnecessary to examine the formula by which glide strain

1 But if the wire axis is not originally in the plane of symmeky, then it
will move in a plane which is inclined towa"ds it .
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and extension are connected [cf. (99) and (107)]. For particulars of
double glide in compression, readers are referred to the literature
[(100), (l01)).

a

b
FIG. 45 (a) and (b).-Extended Zinc Crystals

with Markings.

29. Formation of Spurious Glide Bands
On the surface of extended crystals, in addition to the typical

glide bands, other elliptical
markings whose plane is
usually inclined to the wire
axis in a direction opposite
to that of the glide bands
(Fig. 45) are sometimes
observed. That this second
set of markings does not
represent traces of crystal-
lographic planes is shown
by the fact that, in con-
trast to the glide ellipses,
the eccentricity of thcse
ellipses increases with in-
creasing extension. A gco-
metrical consideration of

these markings reveals that they arc obviously due to the distortion
of grooves which originally ran circumferentially on the crystal
(growth defects) (94).1

The special case of "'I. = A (x = 0), C C,
which docs not restrict the generality ~

l

X

v- l Wfof the conclusions arrived at, is
illustrated in Fig. 46. This shows the
plane through the longitudinal axis of A 8
the crystal (lo or ll)' and the slip direc. FlG. 46.-0rigin of the Addi.
tion (AB). The plane BC of the groove tionall\Iarkings.
which ran originally perpcndicularly
to the longitudinal direction arrivcs by glide in the position BCl,

which makes the angle Wl with the longitudinal axis of thc extended
crystal.

From the triangles ABC and ABCl we obtain

~= d = sin (Xl + (,)1). _1_
lo cos "'1.0 sin Wl

1 These defects are, in general, found only on crystals drawn from the melt
(Czochralski method).
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Using the formula for the extension it follows that either

(29/1)

(29/1a)or

t _ sin2 XO - sin2 ~~l
co g UJI - 2' 2sm Xl

t d2 cos Xo - Vd2 - sin2 X~co g UJI = . .
sm Xo

These two formulffi give the angle between the plane of the groove
and the longitudinal axis of the crystal as a function of the original
position of the glide elements and their final position, or the amount
of extension. It will be seen from formula (29/1) and from Fig. 46
that for values of Xo in excess of 45° the plane of the groove will come
to lie once again perpendicularly to the longitudinal direction of
the crystal, namely, when Xl (which is always <xo) equals (90° - Xo)'
Consequently in the initial positions Xo > 45° the traces of groove
plane and glide ellipses coincide at the start of extension; whereas,
however, in the course of further extension the glide ellipses remain
inclined in the same direction, the plane of the grooves regains its
upright position, reverts again to the transverse position, and then
inclines in the opposite direction. If for the initial positions Xo < 45°,
then from the start of extension the plane of the groove, like the glide
plane, approaches to the longitudinal axis but in the opposite
direction.

B. MECHANICAL TWINNING

30. Model of Twinning
Viewed externally, mechanical twinning represents a type of

plastic deformation entirely different from that of glide. It is a
process by which portions of the stressed crystal discontinuously
take up positions which are symmetrical to a plane or direction in
the rest of the crystal. The symmetrical position of the two lattices
in the undeformed and deformed parts is essential to this process, but
not the symmetry of the external form. The latter occurs only
when the crystal is bounded by certain crystallographic planes.

The best-known example of mechanical twinning is provided by
the compression twins of calcite (Fig. 47). This type of deformation
also occurs extensively with metal crystals (Fig. 48).

Macroscopically, deformation twins are formed by simple shear:
plane layers glide by an amount proportional to their distance from
the plane separating the undeformed from the deformed part, i.e.,
the twinning plane. Fig. 49 illustrates this process by means of a
wooden model.
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The difference between twinning and glide appears clearly from
Figs. 50 and 51. The illustrations show the lattice plane that passes

FIG. 47 .-Calcite Twin, Produced by Insertion
of a Knife (BaumhauerJ.

through the direction of shear and is perpendicular to the plane of
shear. Whereas in glide the shear cannot amount to less than an

~<'

~~ ~ '" "~j"" t f "".

aZn

bCd

cBi

FIG. 48 (a)-(e).-Mechanical Twinning of Metal
Crystals.

interatomic distance in the direction of glide (identity translation),
the magnitude of displacement in twinning is usually no more than
a small fraction of a lattice spacing. As is apparent from glide
bands, the shear strain is by no means uniform over the whole
length of the crystal in the case of glide. In mechanical twinning,
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on the other hand, all planes in the deformed part which lie parallel
to the shear plane are identically displaced with reference to the
neighbouring plane. Consequently bands do not occur within a
twin lamella. In the case of glide, the shear can take place in both

a b

FIG. 49.-Model of a Crystal (a) before and (b) after Simple Shear, showing
the Mechanism of Twinning (According to MOgge).

directions (corresponding to the extension or compression of the
crystal), whereas in twinning the shear direction is polar. This
deformation process leads to a change in shape of definite type and

FIG. 50.

•
•

FIG. 51.

•

Movement of the Lattice Points in Glide and Mechanical Twinning (103).

magnitude, which is determined by the crystallographic nature of
the twinning elements.

31. Geometrical Treatment of Mechanical Twinning

The geometrical relationships between the deformation occurring
ill twinning and the twinning elements will now be discussed with
the aid of Fig. 52. The plane of the drawing is again the plane of
displacement, and the perpendicular twinning plane (K 1) intersects
it in the shear direction "1)1' The intersection of the unit sphere
with the plane of shear is also included in the form of a circle.
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FIG. 52.-Diagram Illustrating the Geometrical
Treatment of Mechanical Twinning.
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Twinning distorts the unit sphere into an ellipsoid of equal volume,
and the intersection of this ellipsoid with the plane of shear is shown
also. For the two extreme semi-axes of the ellipsoid, a and c, which
lie in the plane of shear, the relationship a . C = 1 follows from the
constancy of volume.

The shear plane (K1) changes ncither its shape (" 1st undistorted
plane ") nor its position in the course of deformation. On the other

hand, all other planes,
together with the direc-
tions not contained in
K1, become tilted. One
of the planes perpen-
dicular to the plane of
shear remains, similar
to Kl' as a circle (" 2nd
undistorted plane K2").

"1)2represents the inter-
sect of this plane on
the shear plane. The

amount by which a point at unit distance from the twinning
plane is displaced is termed the shear strain 8. It is related to
the angle 2rp between the two undistorted planes. It follows from
the triangle OAC and from the proportionality between gliding and
the distance from K1(AA1 = 8 . OC) that

2tf'rp = - .
8

The amount of shear is therefore fixed by the crystallographic
nature of the two undistorted planes.

Since mechanical twinning is a simple shear, the resulting changes
of length are again given by formula [(26/5) (108), (109)]. X*and
A*now denote the angles between the longitudinal direction and the
directions of K1 and '~1' and the glide strain a should be replaced
by the shear strain 8. The formula for twinning is therefore:

p=d=Vl+28.sinx*cosA*+82.sin2x*. (31/2)
o

The condition 28sin X* X cos A*+ 82sin2 X*= 0 gives the geo-
metrical position of the directions whose length remains unchanged
in the course of twinning. For these directions we first obtain
sin x* = 0, i.e., the 1st undistorted plane. The second solution

sin X* 2 sin X*yields - --", = -, or, employing equation (31/1) - --", = tg2rp.cos X·· 8 cos X"



7J1

73

FIG. 53.-Change in Length in Mechanical
Twinning: Extension in the Unshaded,

Compression in the Shaded Portion.

31. Geometrical Treatment of Mechanical Twinning

However, as can be easily ascertained from Fig. 53, this is the
equation of the 2nd undistorted plane in its initial position.

With the aid of these two undistorted planes all the orientations
on the pole sphere are divided into four regions, of which each
opposite pair on twinning leads to either extension or compression.
Extension occurs for all the
directions contained in the
obtuse angle between K1
and the original position of
K2 (K02), and compression
within those contained in
the acute angle between the
two planes (cf. also Fig.
52).

Extreme values for changes
in length are obtained for
orientations in the plane of
shear (x* = A*), since out-
side this plane A* always
exceeds x*. From the differ-
entiation of the equation (31/2) in the case of x* = A*, we obtain
the orientation which leads to maximum extension or compression:

8 J8-2-
tgX\,2="2± 4+1 (31/3)

The amount of maximum extension or compression is obtained by
inserting (31/3) in (31/2). For this purpose, equation (31/2) is
transformed into

1
d = V VI + 28. tgX* + tg2X* + 82tg2X*1+ tg2X* .

It follows from (31/3) that s . tgX* = tg2X* - 1 so that finally
dl, 2 = ± tgx* . (31/4)

The choice of sign is fixed by the condition that d = ? must always
o

remain positive.
The maximum extension is therefore

. 8 J8-2dmax. extensIOn = "2 + 4" + 1

and the maximum compression

. 8 J8-2dmax. compreSSIOn= - "2 + 4 + 1

(3l/4a)

(3l/4b)

"
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For lo = 1 these two values represent the axes a and c of the
deformation ellipsoid. Their product is unity, as is required by the
constancy of volume.

The above formuhe show that the values of the shear strain (s)
are small, and in contrast to glide the amount of deformation by
twinning is therefore usually slight.

32. Possibility of Twinning and Transformation of Indices
Whereas a plane lattice represented by a net of parallelograms

can always undergo twilming, this is not always so 'with space
lattices. The condition which must be satisfied if mechanical
twinning is to occur in a space lattice can be obtained from the
following considerations [(llO), (Ill)]. If, after twinning, each
lattice point of the deformed portion is to have a corresponding
point of the original lattice mirror reflected along the gliding surface
(HKL), it should be possible before shear to join each pair of points
in the lattice by lines which are parallel to the direction '1J2[UVW]
and which are halved by the glide plane. Let r[mnpJ] and r[mIn1PI]]
be two points in a simple primitive space lattice, then the condition
which must be fulfilled if their connecting line is to run parallel to
[UVW] is :

(ml - m) : (nl - n) : (P2 - p) = U: V : W.

In addition the equation

HmI + Knl + Lpl = - (Hm + Kn + Lp)

indicates that the points on different sides are at the same distance
from KI. The solution of both equations according to m, n, and P
leads to

_ _ 2UHml + ~nl + LPI
m - ml HU + K V + LW

and two analogous equations for nand p.
Since mnp and m1nlPI must, according to definition, be whole

numbers, while UVW as indices of a direction have no common
factor, the denominator HU + KV + LW must be either ±l or
±2. Therefore this relationship between the indices of the shear
plane and the direction '~2 furnishes the condition for the possibility
of twinning in a simple primitive lattice; it must be correspondingly
modified for multiple centred lattices (lll).

In conclusion, the following particulars are given of the trans-
formation of indices for directions and planes which occurs with
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mechanical twinning (112). Let [UVW] and (HKL) be the indices
of "1)2 and Kl or ·/ll and K2; then, if p is a factor of proportionality
the following transformation formuhe apply:

The direction [uvw] is transformed into [u'v'w'] by

, Hu + Kv + Lw
pu = u - 2 U HU + KV + LW

, __ ? _Hu+Kv+Lw
pv - v ~ V H U + K V + LW

, Hu+Kv+Lw
pw = w - 2W HU + K V + LW

The plane (hkl) is transformed into (h'k'l') by

ph' = h(UH + VK + WL) - 2H(Uh + Vk + Wl) I
pk' = k(UH + VK + WL) - 2K(Uh + Vk + Wl) ~
pl' = l(UH + VK + WL) - 2L(Uh + Vk + Wl) J

(32/2)

(32/3)

From these equations it will be apparent that, generally speaking,
directions and planes change their indices consequent upon twinning.
The indices remain unaltered for those directions which lie in the
twin plane (Hu + Kv + Lw = 0) and for those planes which belong
to the zone of "1)2 (Uh + Vk + Wl = 0). In shear of type 2 (cf.
Section 33) the directions in K2 and the planes of the zone of "1)1

retain their indices.

33. Empirical Crystallographic Rules
Hitherto we have discussed the model and the geometry of

mechanical twinning. We will now examine briefly the crystallo-
graphic aspects of mechanical twinning and empirical data concerning
observed twinning elements.

Glide plane Kl or glide direction ·~l (or both together in cases of
higher symmetry) are simple, rational lattice elements. Polyhedra
with rational faces are also bounded after twinning by planes with
rational indices.

If Kl is rational, it is customary to speak of twinning of type l.
The deformed part of the crystal is the reflexion of the undeformed
part with respect to the twinning plane. In this case we find that
not only K 1 but also ·~2' which is the intersection of the second
undistorted plane with the plane of twinning, is also a rational
lattice element. Kl and ·~2serve to characterize twinning crystallo-
graphically. They define the plane of twinning, the direction of
shear, the magnitude of shear and the second undistorted plane.
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If '~1is rational, the twinning is said to be of type 2. The de-
formed part of the crystal, compared with the original crystal, has
now rotated 1800 relative to the direction of shear. In this case
K2 is rational as well as '~1' Consequently both these elements are
used to characterize a twinning of type 2, which in any case is
observed only with crystals of low symmetry. The other elements
of shear are then determined in the same way as described above.

The choice of twinning elements is also restricted in so far as K 1

cannot be a symmetry plane in twinning of type 1 (neither can it be
perpendicular to an even-numbered axis of rotational symmetry);
while in shear of type 2, '~1 cannot be a digonal axis, since it is only
as a result of twinning that this lattice clement acquires the character
of a symmetry element.
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RESULTS OF SPECIAL INVESTIGATIONS

CHAPTER VI

PLASTICITY AND STRENGTH OF METAL CRYSTALS

Chapter V contained a description of the general principles
governing the change in shape of crystals during plastic deformation,
together with the resultant changes in orientation. Both mechan-
isms of deformation-gliding and mechanical twinning-were
discussed. We now turn to the technique and the results of experi-
ments on the plastic deformation of crystals; for the present, we
shall confine ourselves to crystals which, owing to their extreme
ductility, provide excellent experimental material. The result of
investigations on the plasticity and strength of salt crystals will be
given in the next chapter.

A. ELEMENTS OF GLIDING AND TWINNING

34. Determination of the Elements of Gliding
The elements used in the characterization of gliding-the glide

plane (T) and the glide direction (t)-can be determined in various
ways.

It is not proposed to discuss here the goniometric and microscopic
methods applicable to polyhedrons with plane faces. Instead, a
description will be given of the new methods developed for opaque
crystals which are not bounded by plane faces. These methods can
be considered under several headings according to the conditions
governing the experiment. When applying them, however, certain
modifications or combinations are often necessary.

To take the simplest case first, let us consider a crystalline
material which admits of substantial plastic extension, accompanied
by the appearance of glide bands or striations indicative of the
operation of a single glide system (cf. Fig. 35). In this case the glide
plane (T) can often be found by means of a Laue photograph (with
the incident beam perpendicular to the plane of the striation). If
the glide plane is perpendicular to a symmetry axis of the crystal,
the resulting symmetry of the Laue photograph will usually suffice
to index the glide plane (Fig. 54). T is more difficult to determine
when its normal does not coincide with a symmetry axis, since an
exact evaluation ofthe Laue photographs is often greatly hampered by
the pronounced asterism caused by previous extension (cf.Section 59).

In crystals which have been substantially stretched, the direction
of slip (t) can be usually determined by means of a rotation photo-

77
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(a) Zn crystal: 6-fold picture: l' = (0001); (113).

Di"ection oj glide

FIG. 55.-Adjustment of
the Crystal in Order to
Determine the Direction of
Glide from Rotation Photo-

graphs.

I

(b) Al crystal extended at elevated temperature;
4·fold picture: T = (001); (117).

FIG. 54 (a) and (b).-Determination of the Glide
Plane (T) from the Symmetry of the Laue

Photographs.

graph (132). The position of t is indicated approximately by the
intersection of T with the symmetry plane of the crystal band which
is normal to the plane of the band and which contains its longi-
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tudinal axis. Consequently the crystal is adjusted for the rotating-
crystal photograph so as to ensure that the intersection of the glide
plane with the median plane of the band to which reference has

'\ \ \ \

1 #

(a) Sn crystal; t = [001]; (114).

I I I I I

1. Layer line Equrltor 1. Layer line

(0002}-

(1010}-

(lOH}- I'
(1012)-

#'

(1013)- .,.

(0001}- --
--

•

-

r

(b) Cd crystal; film a2'is = incidental (c) Al crystal; extended hot; t = [110];
beam; t = [1120]; (131). (117).

FIG. 56 (a)-(c).-Determination of the Direction of Glide (t) from Rotation
Photographs.

already been made, forms the axis of rotation (Fig. 55). Thus the
crystal wire describes a cone round the direction of glide, with a
cone angle that corresponds to the small angle of inclination between
T and the wire axis. Fig. 56 contains a few rotation photographs
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FIG. 57.- Determination of the Direction of Glide
from the Lattice Rotation in the Course of
Extension; lVIgCrystal at >225° C. [see (129)].
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which have been obtained in this way, and which, evaluated by
means of the Polanyi layer-line relationship (formula 21/2), plainly
reveal the crystallographic nature of the glide direction.

So much for the X-ray method, which supplies direct evidence of
the elements of glide. We shall now consider a more indirect
method for the determination of the glide direction. In this con-
nection reference will be made to the change in orientation caused
by glide during extension, which was discussed in Section 26. The
change was found to be a movement of the longitudinal axis of the
crystal towards the operative direction of glide. Consequently the
method of obtaining t consists in dctermining that direction to which

the longitudinal axis
approaches as exten-
sion increases-having
first ascertained the
crystal orientation at
various stages of exten-
sion. The resultant
direction of glide can
be checked by applying
the formula for ex-
tension (26/1), which
relates the amount of

-. OlgAI extension to the change
of the angle between
the longitudinal axis
and the direction of
glide. Fig. 57 shows

the application of this method to a magnesium crystal which has
been extended at elevated temperature. A digonal axis of type 1
was found to be the effective glide direction both for the initial glide
in the direction of the basal plane and for the subsequent glide in
the direction of a pyramidal plane.

Similarly, it is possible to determine thc glide plane from the
lattice rotation during compression, since in this case the change of
orientation consists in a movement of the longitudinal direction
towards the normal of the glide plane (checking the compressive
strain by the formula 26/7). Tensile tests afford no direct indication
of T ap.art from the fact that T contains the glide direction and must
therefore belong to the zonc of t. If, however, we make the obvious
physical assumption that, where glide systems are crystallograph-
ically equivalent, that system will operate in which the resolved shear
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Extension.
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stress is a maximum 1 it will be seen that in certain circumstances
the glide planes can be determined from study of the lattice rotation
alone. With the further assumption that the glide plane will have
low indices, the whole range of orientations can be subdivided in
such a way that the
shear stress within each
division is greater in one
glide system than in the
remaining crystallograph-
ically equivalent systems.
If, on this assumption,
the glide system which
invariably operates is that
in which the shear stress
is a maximum, then the
lattice rotation which
accompanies extension in
each division, and con-
sequently in the total
range of orientation,
is established. A com-
parison of the experiment-
ally ascertained lattice
rotation with the changes
of orientation which have
been calculated on various
assumptions about T,may
serve to determine the
glide plane.

An example ofthe appli-
cation of this method is
shown in Fig. 58, in which
the lattice rotation for the
extension of close-packed

hexagonal crystals is given (~= 2J~= 1.633). The diagram is

based on a direction of glide parallel to the digonal axis, type 1, and
on glide planes parallel to the basal plane (0001), prism type 1
(1010), pyramidal plane 1, types 1 and 2 (1011) and (1012). Basal
glide can be readily distinguished from the other three types by the
fact that in the wholc of the orientation triangle the wire axis moves

1 It will be shown in Section 40 that this assllmption is entirely j Ilstified.
G

It
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towards the digonal axis type 1 (A) in a corner of the triangle
(Fig. 58a). On the other hand, if one of the other three glide planes
becomes operative the wire axis tends towards a digonal axis type 1
(B) lying outside the triangle for most initial orientations. With
prism glide this occurs in the whole of the orientation triangle,
whereas with pyramidal glide (Fig. 58b), sections adjacent to the
hexagonal axis involve an initial rotation towards (A). Byexamina-
tion of the behaviour of crystals in the area F it is possible to dis-
tinguish between the two pyramidal glide planes. Whereas with
basal glide a considerable degree of extension will result in an
approach to a digonal axis type I (A) in the final stage, with prism
and pyramidal glide a digonal axis type II (0) represents the final
orientation of the longitudinal axis of extended crystals. It is
achieved in this case by double glide on two equivalent systems.

In Section 40 we shall indicate a further possible method for
determining the glide plane, by examining the dependence of the
yield point upon orientation. The points which refer to this are
shown in Fig. 58 as Ba, Pr, Py1 and Py2, which indicate the initial
orientation for minimum values of the yield point.

G. 1. Taylor and his associates in their investigations of the plastic
deformation of metal crystals (116) adopted a method entirely
different from that described above.

In this method it is not assumed that deformation is due to
crystallographic glide; instead, the mechanism of deformation is
deduced from changes in the shape of the test piece, or of the systems
of lines drawn upon it. This can be illustrated by a compression
test carried out on a cylindrical disc (115).1 Two groups oflines are
scratched on the compression surface of the plate, and their distor-
tion under compression is observed. The axes of co-ordinates are
such that the x-axis runs parallel to the lines, the y-axis passes at
right angles to them through the compression surface, while the
z-axis lies normal to the compression surface (parallel to the direction
of compression). Let the co-ordinates of a given portion before and
after deformation be (xoYozo) and (x1YIZI)' The transformation
equations will then be 2

Xl = axo + lyo + (Lzo

Y1 = myo + vZo
Zl = YZo

1 Application of this principle to the tensile test is discussed in (121).
2 Owing to the particular choice of the direction x, y, is independent of xO'

Planes parallel to the compression surface preserve this parallel position;
consequently Zl depends only on Zo and the degree of compression.
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x

FIG. 59.-Stereographic Representa-
tion of the Unstretched Cone Surface

of a Compressed Al Crystal (115).

Cl, l, [I., m, v and y are constants which can be calculated from the
change in shape of the test piece and the distortion of the lines.

It is now necessary to establish the geometrical locus of all those
directions which have not altered their length during deformation.
This is governed by X0

2 + Yo2 + Z02 = X1
2 + Y12 + Z12•

Adoption of the above transformation formuhe gives the equation
of the "unstretched cone" in the initial position (cone-surface
type 2). After introducing polar co-ordinates (8 = the angle
between the observed direction and the z-axis, </> = the angle between
the projection of this direction on the xy-plane and the x-axis), the
equation of the unstretched cone surface is obtained in the form of
f (8, </» = O. With the help of this formula the 8 values appropriate
to the individual </> values can be
calculated, and the unstretched
cone surface expressed in a stereo-
graphic projection by using the
xy-plane as projection plane. Itis
usually found that the unstretched
cone surface has degenerated into
two planes and that the deforma-
tion is therefore a plane one.1

Which of the two planes is the
glide plane (T) can be determined
in various ways. 1.A determina-
tion of the orientation of the cry-
stallattice with respect to the two
planes before and after deforma-
tion reveals that only one of them (the one corresponding to T) retains
its orientation relative to the crystal axes. 2. If glide bands occur
during deformation these will usually suffice,even if only indistinct, to
distinguish between the two planes. 3. The initial state and two
stages of deformation are examined. The planes that remain un-
deformed are determined after the first and second deformation.
One of them (T) will have retained itR crystallographic character.

The direction of glide (t) is shown by this method to be that
direction which is perpendicular to the intersection of the two planes
in T (cf. the analogous geometrical discussion in Section 31 of the
two undistorted planes in mechanical twinning).

As an example of the use of this method, Fig. 59 shows a stereo-

I If xo, Yo and Zo are eliminated from the above condition, in place of Xl' Yl
and Zl> then we obtain the equation of the unstretched cone surface after
deformation.
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graphic projection of the unstretched cone surface of a compressed
aluminium crystal, which clearly reveals degeneration into t,vo
planes. One of them corresponds to a (Ill) plane of the crystal, as
will be seen from the coincidence of its normal (A2) with a [111]
direction (A). The direction (B2) contained in this plane, and
separated by 90° from the intersection of the two planes, very nearly
coincides with a [101] direction (B). Consequently these two lattice
elements, the octahedral plane (111) and the plane diagonal [101],
have been recognized as the glide elements of the aluminium crystal.

By means of the unstretched-cone method it is also possible to
analyse that type of crystal deformation (already discussed in
Section 28) in which the two glide systems are equally favourably
placed in relation to the direction of applied stress, although in this
case the cone surface normally will not have degenerated into two
planes. It is found that the deformation takes the form of double
glide along the two equally favoured glide systems.

35. The Glide Elements of Metal Crystals
The results of existing determinations of the glide elements of

metal crystals are given in Table VI. The last column contains the
cleavage or rupture planes which have been observed in the crystals.

With cubic face-centred metals only octahedral glide occurs at
room temperature. The position with regard to cubic body-
centred metals is not yet clear. In the case of cx-ironin particular,
the existence of a "pencil" -glide in which only the direction of
glide is supposed to be crystallographically fixed (121) 1 has been
indicated. However, later work [(122), (123)] makes it seem highly
probable that in this case too thc selection of both glide elements
proceeds strictly along crystallographic lines. In hexagonal metals
the basal plane has hitherto always been found to be a unique glide
plane with the three digonal axcs type I as glide directions.

In the case of the tetragonal ~-tin crystal, crystallographicaIly
non-equivalent glide systems are already found at room temperature.
However, glide T = (110), t = LOOl] is greatly preferred. Among
the rhom bohedral metals only bismuth exhibits extensive glide.
The best glide plane in this case is the basal plane, although the three
equivalent (11I)-planes appear also to occur as glide planes. It is
not yet known for certain whether, in addition to the [101] direc-
tions, the [101] directions are also possible glide directions. The

.1 This mechanism is said to apply, within" certain range of orientation, to
cubic body-centre,! ,a-brass also. The other Ol'ientations give glide with
'1' = (101), t = [111] (125).



• TABLE VI
Glide Elements and Cleavage Planes of Metal Crystals

Glide elements. Close packed.

Metal.
Lattice type,

At 20°.
Additional at Lattice Litera-

crystal class. elevated temp. Lattice ture. Cleavage planes.
planes. direc-

'P, t. T. I t.
tions.

-------- ---- ---- ----- --------
fmm 4.50° C.

Aluminium.

} (111) [101] f (100) [011] 1. (lll) I. [1011 (ll6), (117) -
Copper Cubic face- - - 2. (100) 2. [lOO] )
Silver. centred 0" - - 3. (llO) 3. [112] J (llS), -
Gold. l - - (LlD)
Lead. (Ill) - - -~j----=-------- ---- ---- -------- ---- ----
a-Iron - [llll - - 1. (101) 1. [LlI] ( 121) (001)

Cubic body- (10l)
} [ll~]centred 0" (ll2) - - 2. (LOO) 2. [100] ( 122) -

(123)
(123) [ll!J - - 3. (1ll) 3. [1l0] (123), (124) -
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(127)~128) I-;:~~C"om 22,}0 C.
Magnesium. [ H I

}(OOOlI
r (IOT1) [Ll20] (0001) III 20]exagona

01' (129) (1012), (1010)I close packed
[ll20] i (1012) - - -

Zinc. . D6h - - (130) (0001)
Cadmium . l - - (131) -

from 1,,)0° C.
,B-Tin Tetragonal (llO) [001] (110) [Ill] 1. (100) 1. 1001 I 1(132)' (133) -

(white) D", (100) [001) - - 2. (llO) 2. III11 - -
(101) } [101] {3' (101) I 3. [100] I - -
(121) - - - 4. [101) I - -

Arsenic - - - - 1. (lIQ) 1. [TOl] - (lll),110)
Antimony. - - - - 2. (Ill) 2. [lOll - (Ill), (llO), (llI)
Bismuth Rhombohedral { (ll!J [101] - - - - (134) (lll), (llI), (llO)

D3d (111) also [101] - - - - (135) -
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plasticity of tellurium crystals merely takes the form of a slight
flexibility, due to glide along the (112) plane, which is also a cleavage
plane (prism plane type I in the hexagonal representation).

A study of Table VI reveals a clear connection between capacity
for glide and density of packing-a connection which has long been
recognized (137). It is invariably the most dense atomic row that
serves as a direction of glide, and usually the planes of highest
atomic density are the glide planes. Attempts to explain the glide
elements in terms of lattice theory have so far been unsuccessful:
considerations of glide in a packing of spheres with cubic face-centred
and cubic body-centred symmetry threw no light on the glide
elements which had been observed in these crystals (138); deter-
mination of the modulus of shear of various planes revealed that
the operative glide elements a,re by no means characterized by a
minimum value (139).

In no case did an increase in the temperature of the test lead
to a disappearance of the glide elements which are operative at
room temperature; on the contrary, in many cases new glide
systems appeared. It is quite likely that a detailed investigation of
plastic deformation at temperatures near the melting point would
reveal new glide systems in many other cases.

Although most of the glide elements of metal crystals have been
determined from static tensile tests, it should be specially noted that
with all other types of stressing as well [compression, torsion,
dynamic and alternating stressing, cf. (140)] the same glide elements,
arising from the nature of the lattice, become effective.

In conclusion, it should be mentioned that the glide elements
observed in the crystals of pure metals are always observed in the
ex solid solutions of the respective metals.

36. Manifestations of Glide

Having enumerated the glide elements observed in metal crystals
we will now describe the occurrence of these elements under different
types of stress, and the resulting lattice rotations.

The lattice rotation which occurs in an extended crystal where a
single glide plane is present (hexagonal metals) is shown in Fig. 58a.
If the initial orientation is near a prism plane of type Il, a second
and only slightly less favourable digonal axis type I becomes
operative as a glide direction in the initial stages, so that glides tarts
along the same plane in two directions (see Section 28). If the
longitudinal axis lies exactly in a prism plane type Il, both glides
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persist, and the longitudinal axis of the crystal approaches increas-
ingly a digonal axis typc II, to which the two operative directions of
glidc are symmctrical. On the other hand, where the two glide
directions are not equally favourable, the one which is preferred
geometrically soon prcdominatcs, and the subsequent change in
orientation proceeds as shown in Fig. 58a (129). The change of
orientation asaresult ofpyramiual glidewhich occurswithmagnesium
at high temperatures has already been discussed (Fig. 57). The
surface bands on the crystal which result from the new glide and the

(a) In addition to the coarse markings resulting from basal
glide, two additional systems of markings caused by

pyramidal glide can be seen.

(b) Recking due to pyramidal glide.

FIG. 60 (a) and (b).-J\Ig Crystals Stretched at Elevated Temperatures (129).

change in the shape ofthe crystal (necking ofthe band) are shown in
Fig. 60.

There are twelve equivalent glide systems available in the cubic
face-centred metals (four octahedral planes, each with three face
diagonals). The choice of system in the case of extension depends
upon the direction of the tensile stress in relation to the crystallo-
graphic axes. As was explained at length for the case of aluminium
(116), glide always occurs along the system subjected to maximum
shear stress.1 Fig. 61 indicates the choice of available glide systems
for different directions of stress. Each triangle which, by the
application of symmetry operations characteristic of the crystal,
results in the whole of the orientation range being covered, is
characterized by a definite most favourable glide system.

The lattice rotations which accompany plastic deformation III

1 Calculation of the shear stress is dealt with in detail in Section 40.
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extension can be illustrated by means of an experimental example
[aluminium (Fig. 62)] and by Fig. 63 (which represents a section of

FIG. 6L-Choice of the
Operative Octahedral
Glide System for the
Extension of Cubic
Face-cen trcd Crystals

(116).

A-D: poles of the glide
planes.

I-VI: glide directions.

Fig. 61). In the heavily outlined orientation area H\AI, the most
favourable glide system is B IV. Consequently, the lattice rotation

FIG. 62.-Reorientation
during Extension of an

AI Crystal (116).
X = orientation of the
longitudinal axis after
extension at the stated

amount (%).
/ = orientations calcu-
lated on the assumption

of simple glide.
[Formula (26/1).]

./If

FIG. 63.-Lattice Rotation in the Course of
Extension by Octahedral Glide.

which accompanies extension is indicated by the arrows pointing to
IV. The glide direction IV, however, is not attained, for when the
longitudinal axis enters the dodecahedml plane W lA a second glide
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system (Cl) becomes geometrically equally favourable. The double
glide along two systems which now sets in leads to a movement of
the longitudinal axis in the symmetry plane W1A towards the
bisector [112] of the operative glide directions. The longitudinal

FIG. 64 (a)-(d).-Glide Bands on Al Crystals Extended at 4000 C.
(a) and (b) simple and double octahedral glide. (c) and (d) cubic glide;

viewed perpendicular and parallel to the plane of the original band.

axis of crystals extended at room temperature tends towards this
direction.

Deviations from the normal case described above occur in the
first place when the longitudinal axis of the crystals lies originally
in a symmetry plane, so that from the outset two or more systems
are equivalent [(141), (142)]. Secondly, deviations are observed at
elevated temperatures. In this case, for initial orientations in the
area AI [112] of the orientation triangle (Fig. 63), an aluminium
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t

T
FIG. 65.-Reorientation of
an Al Crystal as a Result

of Compression (144).
• = as observed.
X = as calculated from
formula (26/7) on the basis
of the stated percentages

of compression.

specimen, in addition to octahedral glide, will undergo cubic glide
according to the most favourable system TV1V. Under the influence
of these two glide systems the longitudinal axis tends towards a
final position parallel to the body diagonal (A). The sequence of
glide bands is shown in Fig. 64, a to d. Crystals in the orientation
area HT II [112] also exhibit irregular behaviour at elevated tempera-

tures. In this instance several octahedral
glides appear to become active even before
the "symmetrals" are attained, thus
resulting in a movement towards the cube
edge HTI [(117) cf. also (141) and (143)].

In the compression of aluminium cry-
stals, too, that octahedral glide system in
which the rcsolved shear stress is a maxi-

/P1tl mum is the first to come into operation
(144). The subdivision of the entire field
of orientation into regions of equally
favourable glide systems is the same as in
the tensile test (Fig. 61), since it is only the
sign of the stress that has changed. As
already indicated in Section 26, however,
the lattice rotation which accompanies the
operation of an octahedral glide system
is not that obtained by an inversion of
the sign hom the rotation in extension.
It rather consists in a movement of the

"longitudinal direction" towards the normal to the operative
glide plane. This is illustrated in Fig. 65.

37. Determination of Twinning Elements
Like the glide elements, the twinning elements (twin plane ]{l'

and direction "1)2for twinning of type 1; 2nd undistorted plane ](2

FIG. 66.-Mg Crystals with Deformation TwinsaboutK, = (1011);
(149).

and shear direction "1)1 for twinning of type 2) can be determined by
various methods. In principle, the problem is solved when the
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(a)-Laue Photograph Perpendicular to Kl.

(b) Pole figure of the reflecting
planes; close agreement with the

pole figure about (lOll).

FIG. 67 (a) and (b).-Determina.
tion of Twin Planes from Laue
Photographs: lVIgCrystal (149).

indices for several (at least two) crystallographic planes are known,
both before and after twinning. With plane crystal boundaries they
can be determined by a microscopic and goniometric measurement
of the twin lamellre. The transformation formulre (32/3), resolved
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with respect to (HKL) and [UVW] then furnish the crystallographic
indices of the twi1ming elements.1

However, in the case of the metal crystals with which we are mainly
concerned there are as a rule no crystallographically bounded
polyhedrons. We therefore propose to describe the methods to be
applied in cases where the crystal "habit" is absent. These
methods, however, only lead directly to the first undistorted plane K1.

K1 can be determined directly in ::111 cases where a Laue photo-
graph is obtainable at right angles to the twi1ming plane. For this
it is necessary that the position of the plane should be adequately
defined by twin bands. Figs. 66 and 67 illustrate the use of this
method in establishing the (lOll) plane as the twi1ming plane of
magnesium. Difficulties may arise owing to the pronounced dis-
tortion of the interference spots (asterism, see Section 59) which
sometimes makes the evaluation of the diagrams impossible.

A second way of determining K1 (or '/)1)by X-rays is open in cases
where it is possible to produce in the crystal a twin lamella so
broad that not only the orientation of the initial crystal but also that
of the twin can be determined, with respect to the same system of
co-ordinates, by means of Laue photographs or photographs taken
with an X-ray goniometer. The relative orientation ofthe two lattices
is determined by the law of twinning: they arise from each other by
refiexion on the twinning plane K1(or by rotation through 1800 round
the direction of glide '1]1)' If then the pole figures for the initial and
the twinned positions are plotted in the same stereographic plot, it will
be found that for twinning of the first type the position of one plane
will be identical in both parts of the crystal, and this will correspond to
K l' Refiexion at its pole transforms corresponding directions into one
another. In case of a twinning of the second type a rational crystal
direction '1]1is common to both lattices which transform into each other
by rotation through 1800 round this direction. It is easier to find the
twinning element in crystals containing unique sets of crystallographic
planes; in such cases the twinning element bisects the angle between
the two positions of the unique plane. Although this method has
not so far led to the discovery of new twinning elements, it has in
many cases confirmed previous results [(145), (146), 147)].

Another method which has been successfully used for determining
K1 involves measurement of the angles of twinning lamellm with
respect to a crystallographically known system of co-ordinates (148).
On a specimen of very coarse-grained material or a single crystal, two

1 This is conditional on the second plane not being also in the zone which
is determined by the first plane when in the original and twinning position.



FIG. 68.-Determination of J{l by
Measuring the Traces of Twin
Lamelhe on Two Polished Surfaces

of the Crystal (148). Be Crystal.

'"
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fitces are ground inclined to each other at a known angle (in the
simplest case they may be perpendicular to each other), and then by
a slight compression twinning is produced in individual grains.
After the surfaces have been polished again the angles between the
twin and the reference planes can be measured, as well as those
between the twin planes, should several sets of twins appear. It is
a condition of this method that the same twin lamella must be
recognizable on both polished surfaces (see Fig. 68). If the positions
of the reference planes with respect to the crystallographic axes are
known, the positions of the twin planes with reference to these axes
can also be determined. If there are several sets of equivalent twin
planes, their crystallographic nature is already revealed by the
angles between them.

The three methods described above for boundaries which are not
well-defined crystal planes, lead
solely to the first undistorted
plane X l' The second of these
methods is the only one that is
capable of indicating, in addition,
the direction of glide '~1 and
thus also the plane of the shear.
But with crystals characterized
by a high degree of symmetry,
as in the case of metals, the
following consideration will lead
to the determination of '1)1 in
the other methods also. If there is a symmetry plane at right
angles to X l' this plane must coincide with the plane of
shear, and so its intersection with Xl must be '~1' Otherwise
the symmetry plane which was originally present would lose
this property in the twinned portion. This is immediately
obvious from the fact that in planes at right angles to the plane of
shear only those directions which form equal angles with the plane
of shear suffer equal distortion during twinning. If there were in
addition a symmetry plane at right angles to Xl and inclined towards
the plane of the shear, directions symmetrical in relation to this
plane would also suffer equal distortion, an assumption which can-
not bc reconciled with the mechanism of twinning.

If in addition to Xl the indices of a direction or a plane are known
before and after twinning, the indices [UVW] of the direction '~2'

together with the second undistorted plane and the shear strain,
can be calculated from the equations (32/2) or (32/3).
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In very elementary cases it should be possible, if ]{1 and -/l] are
known, to determine the second undistorted plane ]{2 and "1)2 by
observing the movement of the lattice points in the plane of shear
(cf. the following section).

38. The Twinning Elements of Metal Crystals
A summary of the elements of shear which have so far been

observed in the mechanical twilming of metal crystals is given in
Table VII. In addition to the two undistorted planes the amount

TABLEVII

Shear Elements of Metallic Crystals
-.

Lattice 1st 2nd
undis- undis-

Metal. type, torted torted Amount of Literature.crystal plane, plane, shear, 8.
class.

K1· ]( ..
-----

a-Iron Cubic space (112) (112) 0·7071 (150)
centred Oh (= 1/2V2)

Beryllium . (10!2) (1012) 1 0·186 (148)
Magnesium. (10!2) (1012) 1 0-131 (148)lHexagonal (lOP) (151)
Zinc close (1012) (1012) 0-143 (148, (152)

J

packed
= (c/a)' - 3) tDOh c/aV3

Cadmium (1012) (1012) * 0·175 (148)

,B-Tin (white) Tetragonal (331) (lIT) 0·120 (153)
D.h

Arsenic Rhombo- ?(O11) (100) 0·256 (154)
Antimony hedral (011) (100) 0-146 (155), (156)
Bismuth D3d (011) (100) 0·118 ( 156)C r= ;i~o=/~ +

* In these cases K. has not yet been determined. In line with the behaviour
of the Zn crystal, (1012) has been adopted as the 2nd reference circle and used
for the calculation of 8.

t c and a = lengths of axes.
t a = angle of the rhombohedron.

of the shear is also indicated. The table contains no particulars
of the numerous instances of reerystallization twins i~ metals; these
occur frequently during recrystallization after previous cold
working.

The results of quantitative investigations on cubic metals arc
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IlK,

FIG. 69.-Simple Shear of Cubic Face-
centred Crystals having X, = (111) (Plane

of Shear).
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available so far for body-centred et-irononly. Here the two undis-
torted planes are crystallographically equivalent, and so, too, are
the direction of shear and 'r,2 ([I11J-directions). When K1 and K2
or "1)2 and '1)1 can be interchanged, the shears are said to be reciprocal.
If twinning occurs on several planes, internal cavities are formed:
Rose's channels [(157), (158)]. These cause an increase in volume
which may be substantial, and which in the case of iron may
amount theoretically to as much as 50 per cent. (159). Although
mechanical twinning has been repeatedly observed with cubic
face-centred metals [see for instance (159a)] it has not yet formed the
subject of systematic investigations. However, it is possible that
in this case K1 is identical
with the twinning plane
(111), which is always
observed with recrystalliza-
tion twins. This assump-
tion points to (110) as a
plane of twinning, to '1)1 =
[112] and, in accordance
with the movement of the
lattice points in the plane
of shear as shown in Fig.
69, to K2 = (111), "1)2 =
[112] and s = 1/20 =
0·7071 1 [cf. (138)].

In the case of the hexagonal metals, twinning has hitherto been
observed to occur on a pyramidal plane type I, order 2. Here we
have a single glide plane in contrast to six planes of twinning. An
exact determination of K2 is available for the zinc crystal only, for
which, apart from the direct determination of K1, it was also possible
to ascertain the indices of a plane (basal) before and after twinning.
The particulars of K2 and s in other cases have hitherto been
inferred from analogy only. A consideration of the movements of
the lattice points in the plane of displacement shows that in the case
of the hexagonal metals, twinning is by no means a simple shear
with the stated strain (s). Only a quarter of the lattice points are
conveyed by this movement into the twin position. The remainder
have still to carry out additional displacements towards or parallel
to K1 [(160), (152)]. With magnesium crystals in rare cases the
pyramidal plane order 1 has been observed as a twinning plane, in

1 These provisional shear elements of the cubic face-centred metal crystals
fulfil the conditions of twinning for this type of lattice .

•



Dig. All

FIG. 70.-Change in Length as a Function of
Orientation in the Case of Mechanical Twin-

ning of Zn Crystals (163).
I-VI, poles of the twin planes.
A: I-VI, compression.
B: 11, Ill, V and VI, compression;

IV, extension.
0: Il and V compression;

VI, extension.
D: I-VI, extension.

39. Operation of Mechan-
ical Twinning

Now that particulars
have been given of the
elements of twinning ob-
served with the various
metals, we will proceed
to a description of their
operation under various
types of loading.

I and First we must deal
I, Ill, IV and with the sign of the

change in length due
to twinning, since, owing

to the polarity of the directions of glide, either only extension
or only compression, according to the orientation, can occur
in the direction considered (see Fig. 53). Fig. 70 represents a
subdivision of the orientation field of the zinc crystal, based on
its six twin planes (1012). Directions at angles of between 0°
and approximately 50° to the hexagonal axis are shortened by
twinning on each of the six planes; while directions approximately at
right angles to the hexagonal axis undergo extensions. A transition
between the two is found in orientation regions in which some of the
twinning planes produce extension and others compression. The
same applies to cadmium crystals.

96 Plasticity and Strength of Metal Crystals

addition to the pyramidal plane of type 1, order 2. The tetragonal
lattice of white tin is not capable of twinning with the elements
mentioned above (161), so that here, too, the actual movement of
the lattice points must differ substantially from a simple shear.
Similarly the individual atoms of rhombohedral bismuth (and
antimony) follow no straight line when twinning. On the other
hand, the movement of the centres of gravity of pairs of co-ordinated
atoms on the trigonal axis corresponds to simple shear (162).

Already this brief description confined to metal crystals shows
how complicated are the
circumstances in mechan-
ical twinning - a fact
which is abundantly con-
firmed by the numerous
observations on salt cry-
stals.
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The change of shape is just the opposite for the important group
of hexagonal crystals having an axial ratio cia of approximately

Operative ](1 plane:

1, 2, 7, 8: extension occurs in
the whole of the orientation
region.

3, 4: compression in the whole of
the region.

5, 11: in EBG extension, in ABE
compression.

6,12: in EBDG extension, in ADE
compression.

9, 10: in BGD extension, in AGD
compression.

•

FIG. 7l.-Mechanical Twinning of a-Fc. Orientation Regions in which
Extension and Compression Occur. J( L Planes Numbered 1-12 in

Accordance with Fig. 11.

FJG. n.-Change of Orientation with the Twinning of Zll.

(N.B.-In the text, 15 = 0.)

1·63 (Mg, Be, etc.). In this case the hexagonal axis makes an angle
of more than 45° with the twin planes (and, on the very probable

H
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(a) Unetched crystal.

assumption of a reciprocal shear, also with the second undistorted
planes), which means that the hexagonal axis and the adjacent



39. Operation of Mechanical Twinning

(b) Etched crystal.

FIG. 73 (a) and (b).-Secondary Basal Glide in the Twin Lamellae of Zn
Crystals. Viewed Perpendicularly to the Plane of the Band Resulting

from Primary Basal Glide.

99
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directions are extended by twinning on (1012). As a rule, any
twinning process that produces extension with zinc (and cadmium)
leads to compression, and vice versa. Crystals with an axial ratio
of cia = V3 form the boundary between these two groups of
crystals exhibiting opposite characteristics. Twinning on a (1012)
plane is impossible in this case, since the intersection of the plane of
displacement with the hexagonal cell would represent a squa1'e of
the length of the side av3 = c, with a diagonal in the direction
of movement.

With body-centred ex-ironhaving ](1 = (1l2) and ](2 = (1l2) we
obtain, for the twelve available twin planes, the subdivision of the
basic triangle shown in Fig. 71. In this case there are no areas in
which the formation of twins on all twin planes results exclusively
in either extension or compression. The directions [012] and [1l3]
are the corners of the resulting subdivisions.

Contrary to glide, mechanical twinning produces no continuous
change of orientation; it transfers the lattice discontinuously into a
new position. Fig. 72 illustrates this re-orientation, again for the
case of the zinc (cadmium) crystal. The crystallographic system of
co-ordinates is retained in this diagram. If the orientation of a given
direction in the initial state is 60, then its position after twinning
(01 . . . . . 06) is obtained by reflexion on the six (1012) planes.
The choice of the initial position 00 results in a shortening of the
direction considered in two of the twins (62 and (5), and a lengthening
in the other four.

Owing to the small extent of plastic deformation by twinning, its
immediate importance for large-scale deformations of crystals is
slight. Indirectly, however, and especially where hexagonal crystals
are concerned, it can exert an important influence on plasticity.
Owing to the characteristic swing-over of the lattice, a glide plane
that is unfavourably situated to the direction oftension can suddenly
adopt a position very favourable to further glide (e.g., 01' ()3' 64 and
()6 in Fig. 72). Thus further appreciable increases of plastic deform-
ation by glide, which otherwise would have been impossible, are
facilitated by the conditions created by mechanical twinning. Zinc
and cadmium crystals illustrate this very clearly [(148), (152)].
The "secondary extension", a new glide which occurs after the
principal extension by basal glide has become exhausted, rcpresents
a basal glide in a twin band in which, owing to the swing-over of the
lattice through an angle of about 60° to the direction of tension, the
basal plane has taken up a position highly favourable to further
extension (see Fig. 73, a and b).



39. Operation of Mechanical Twinning 101

•

B. THE DYNA1\lICS OF GLIDE

We shall now turn from the crystallograpbic to the mechanical
aspect of the phenomenon of glide. 'Ve shall describe the laws
governing the initiation and continuation of glide, with special

Fre. 74.-Schopper Tensile- testing :i\1achinewith
Device for Automatically Recording the Stress-

Strain Curve.

reference to the effcct of alloying (the degree of purity), and to the
time factor.

We shall confine our attention mainly to thc common tensile
test-a particularly simple type of loading-and shall deal only
briefly with the behaviour of crystals subjected to more complicated
types of stress.

Two types of apparatus which are much used for testing the tensile
properties of wire-shaped metal crystals are illustrated in Figs. 74
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and 75. The Schopper instrument records the stress-strain diagram
automatically. With the filament-extension apparatus the load is
determined from the deflection of a piecc of steel sheet carrying the
upper grip (mirror-reading), while the amount of extcnsion is

. I~

Fro. 75.-FiJament-extension
Apparatus-Polanyi (164).

FIG. 76.-Adaptor for Carrying Out
Extension Tests in the Schopper
Tensometer in Baths of the Required

Temperature (165).

measured by means of a micrometer screw attached to the lower
grip. As shown in Fig. 75, the apparatus is also suitable for carrying
out tests at temperatures othcr than room temperature. In the
Schopper tensile machine by means of the adaptor illustrated in
Fig. 76 the specimen can also be wholly immersed in a bath of the
temperature required.
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(a) FUNDAMENTAL LAWS

of the
Metal

Extension -+
FIG. n.-Normal Shape
Stress-Strain Curve of

Crystals.

Fig. 77 represents a stress-strain curve with the usual co-ordinates
-stress per square millimetre referred to the initial cross-section,
and extension-such as is ob-
tained when metal crystals are
extended by glide. The process
of deformation exhibits two
clearly marked phases. In the
first the stress increases sharply,
while extension remains mainly
within the elastic limit. Then
the second phase begins, usually
abruptly, and is characterized
by substantial plastic deforma-
tion at only slightly increasing stress, until finally the crystal
breaks.

40. Initiation of Glide in the Tensile Test (Yield Point).
The Critical Shear Stress Law

Extension %
FIG. 78.-Initial Parts of the Stress-
Strain Curves of Two Cd Crystals (170).

1,20,8
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The initial parts of two stress-strain curves for cadmium crystals
are shown in Fig. 78, in which the extension has been plotted on a

very large scale. It is seen
that a phase of very pro-
nounced work hardening
(steep increase in stress accom-
panied by slight increase in ex-
tension) is suddenly followed
by a phase of appreciable ex-
tension with only a slight
increase in stress. The trans-
ition is so abrupt that a
physical significance may be
justifiably attached to the
stress at which this sudden

fJi glide occurs (166); it is
termed "yield point of the
crystal". It is seen that the
yield point of a metal crystal,

unlike that of the polycrystalline material, is not fixed by convention
(0·2 per cent. plastic extension), but is determined by the nature of
the deformation process itself. Nothing certain is yet known about

,.
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the plastic deformation which precedes the yield point. This is
primarily due to the fact that strain does not take place uniformly
over the whole length of the crystal undcr examination, but starts
instead with local contractions, as shown in Fig. 79.

FIG. 79.-Start of Extension, by Necking, of a Cd Crystal.

FIG. 80.- Flow Curves of a Cad miurn
Crystal. The Heduction in Stress
is a Measure of the Increase in

Length (170).

60

-x-

'Time in seconds
20 '10o

170

The yield point of metal crystals is clearly marked in other ways
too. Fig. 80 shows this by means of How curves obtained with a
cadmium crystal which was exposed to various initial stresses in
the filament cxtension apparatus. It indicates that the speed of
How increases suddenly at a given stress, and that any substantial

increase above this stress is
quite impossible. Table VIII
reveals that the yield point
obtained in this way agrees
closely with that which results
from the stress-strain curve.

It has been found that this
yield point is by no means
constant for crystals of a given
material, but strongly depends
on the orientation of the crystal
lattice to the direction of the
applied stress. In the case of
hexagonal magnesium the yield
point of a crystal oriented to

give maximum strength is forty timcs that of the weakest crystal.
The differences with cubic metal crystals are much less pronounced,
though still discernible.

If, in keeping with the process of deformation, the stress operative
in yield-point tests (Go) is resolved into two components, a shear
stress (So) in the direction of glide (t), on the glide plane (T), and a
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normal stress (No) on T, the following two expressions are obtained
(cf. Fig. 39) :

So = 0"0 sin Xo cos AO
No = 0"0 sin2 Xo

(40/1)
(40/2)

in which Xo or AO represent the angles between the direction of the
pull and the glide plane or direction respectively. .

Experimental studies of the relationship between yield point and

TABLE VIII

Comparison of the Yield Points of Cadmium Crystals obtained
from Flow Curves and Stress-Strain Curves

Yield point (g./mm.') obtained from
Angle between the glide plane

and the direction of pull.

21·3°
23·5°
28·8°

43·3°

44·8°

flow curve.

155
189
158

{
106
114

{
87
83

stress-strain
curve.*

159
178
136

115

99

••

* The figures given represent the mean of 2 to 4 determinations on portions
of the same crystal.

the orientation ofthe glide elements have led to the conclusion that a
critical value of the resolved shear stress is required for the initiation of
glide on a substantial scale (Critical Shear Stress Law (166)). It has
been found that the normal stress operating on the glide plane-a
stress for which differences up to 1 : 2500 have been recorded-is of
no importance; this fact had also been ascertained by direct methods
using tensile tests under hydrostatic pressure (up to 40 met~ic
atmospheres) (167).

Fig. 81 gives the results of tests carried out to determine the
influence of orientation on the yield point ofhexagonal metal crystals.
The differences in this case are very considerable, owing to the
uniqueness of the basal glide plane. In these diagrams the yield
point is plotted above the product sin Xo cos AO' which gives the
orientation of the glide elements. The left half of the diagrams
refers to angles between the glide plane and t?e direction of tension,



FIG. 81 (a) Magnesium (168).
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of 0-45°; the right half to Xo values between 45° and 90°. The
mInImUm values for the yield point are obtained when the glide
elements are in positions of 45° to the direction of tension. The
variation of the yield point, calculated on the assumption of a
constant critical shear stress, is shown as an unbroken curve obtained
from formula (40/1). This theoretical curve is an equilateral hyper-
bola which, in accordance with our diagram, is reflected on the
ordinate which passes through the abscissa at 0·5. In all cases, the
agreement with observed results is satisfactory.

With cubic crystals the orientation possibilities of the operative
glide system are much more restricted. In this case there are

no "unique" planes; conse-
quently, if the geometrical
position of a glide system is
unfavourable a crystallograph-
ically equivalent system in
a more favourable position
always becomes available. The
choice of the operative glide
system for octahedral glide (T
= (Ill), t = [101]) for different
orientations of the direction of
stress has already been shown
in Fig. 61. The experimental
results obtained with cubic
face-centred metals [a copper-
aluminium alloy (172), <x-brass
(containing 72 per cent. copper)
(173), silver, gold, and their

alloys (174), and nickel and nickel-copper alloys (175)] agree very
well with the Critical Shear Stress Law. Deviations occur only
when the orientation is such that the simultaneous operation of
several glide systems disturbs the progress of simple glide. With
crystals of pure aluminium, permanent set was usually observed to
begin very gradually; recently, however, a clearly defined yield
point has been found in this case too, although it is confined to
crystals produced by recrystallization. With crystals of cast
aluminium a permanent set was observed as soon as any stress was
applied (171).

Fig. 82 shows the experimentally determined dependence of the
yield point on the orientation for cubic body-centred <x-iron crystals.
The observed differences are compatible with the validity of the

~ SO(l
.t
t;i,

.~ .(10
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Critical Shear Stress Law for the most probable glide system
(T = (123), t = [H 1]).
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(b) Zinc (169).

"

o 0,1 0,2 0,3 0,11 0,5 0,'1 0,3 0,2 D,1 0
sinXo'COSAo Xo < '15° X>IISo-~

(c) Cadmium (170). In this case the three groups of crystals investigated
were drawn from the melt at various speeds (cf. Section 42).

FIG. 81 (a)-(c).-The Yield Point of Hexagonal Metal Crystals as a Function
of Orientation.

Quantitative investigations on metal crystals of lower symmetry
are available only for bismuth (177)and tin (178). These tests, too.
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confirm the existence of a definite yield point characterized
constant value of the critical shear stress in the operative
system.

Since the Critical Shear Stress Law has so far been found con-
sistently applicable, it is tempting to use it for the determination of
slip elements that are still unknown. A comparison of the depend-
ence of yield point on orientation, as calculated on the basis of
various assumptions regarding the glide system, with that obtained

experimentally, can
in some circum-
stances reveal a
preference for cer-
tain glide elements.

In (179) the plas-
ticity condition for
crystals is described
in an entirely differ-
ent way from that
outlined above. The
yield condition is
represented by a
quadratic function
of the principal nor-
mal and shearing
stresses, whichwould
attain a character-

istic constant value at the yield point. However, the results
obtained with cubic metal crystals appear to us to dispose of this
mathematically attractive attempt at a solution, and to confirm the
superiority of the Critical Shear Stress Law (180).

As already explained, the yield point is characterized by the start
of substantial plastic extension. It does not reveal the true start
of permanent deformation. In fact, it is certain that plastic
extension can be observed at much lower stresses, and that its
mechanism is identical with the glide which subsequently causes
large deformations. Owing to the minute stresses involved, as well
as to the very gradual start of deformation, an experimental deter-
mination of the actual beginning of plasticity is very difficult.
Nevertheless, tests carried out on zinc crystals with the filament-
extension apparatus showed that even at a plasticity limit corre-
sponding to a permanent set of approximately 0·002 per cent., an
approximately constant shear stress was found whose value was
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less than half of that at the yield point (181). Moreover, tests
carried out with the Martens apparatus on the elastic limit (0·001
per cent. permanent set) of aluminium crystals (182) indicate an
approximately constant shear stress in the operative octahedral
glide system (183). Furthermore, the recording of the first part of
the stress-strain curve by precision measurement has shown that
the section of the crystal is not without influence, inasmuch as with
increasing diameter of the crystal the shear stress needed to produce
a given amount of glide diminishes. This influence largely dis-
appears within the limits of ordinary measurements (184).

41. Torsion of Crystals
Results are available of quantitative tests which have been

carried out to determine the start of plastic torsion in crystals. A
heat-treated copper-aluminium alloy (5per cent. Cu) was used (185).
In this case, too, a very marked dependence on orientation was
observed. It would, therefore, seem advisable to resolve the applied
stress into components with respect to the relevant octahedral glide
systems.

In the first place it will be necessary to calculate, for a given
torque (M), the shear and normal stresses (8 and N) in a glide
system (186). Let X and A again represent the angles between glide
plane (T) and glide direction (t) and the longitudinal direction, while
r represents the radius of the cylindrical crystal. The tangential
shear stress Tmax., which acts at the surface in an element of the
section, is represented by the equation:

2M
Tmax. ::= TIT3 (41/1)

The point at the surface in which the stress is resolved into com-
ponents is made the origin of a rectangular system of co-ordinates,
the z-axis of which runs parallel to the cylindrical axis, while the
x-axis points radially outwards. In this co-ordinate system the
stress components are as follows:

crx = cry = crz = 0
Txy = Tzx = 0

2M
"ryz =::.: Tmax. :=:: ;r3 •

The glide direction and the normal to the glide plane are in this
system given by the angles A or 90 - X with the z-axis and the
angles '1Jt or '1Jl' between the x-axis and the projection of t, or of the
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normal to T, on to the xy-plane. The condition for t to lie in T
(i.e., to be perpendicular to the normal of the glide plane) is ex-
pressed by the equation:

tgy' = - tg),. cos (o/t - ,)iT) (41/2)

In order to calculate the stress components with reference to the
glide system, the system of co-ordinates is transformed into a new
one, the z' -axis of which coincides with the normal of the glide plane,

FIG. 83.-Torsion of an Aluminium Crystal. Relative Shear Stress in the
12 Octahedral Glide Systems along the Circumference of the Bar (186).

while the y'-axis coincides with the glide dircction. crz" and Ty'Z' are
then the components required. They are given by :

crz• = Tmax .• sin2 y. sin \jJT (41/3)

Ty'," = Tmax .. (cos Y. cos A sin \jJl' + sin X sin A sin o/t) (41/4)

The normal stress varies according to a sine function along the
circumference of the crystal cylinder. A similar dependence holds
also for the shear stress in the glide system, as is seen if \jJt in formula
(41/4) is eliminated by using equation (41/2). Fig. 83 shows an
example for the variation of the shear stress in the twelve glide
systems of an aluminium crystal.

Several series of tests on crystals of aluminium (186), silver (187),
iron (188) and zinc (189) have shown that under torsional stress
(alternating torsion) the operative glide system is the one that is
exposed to maximum shear stress. In the work mentioned at the
outset (185) the question has also been discussed whether, in addition,
a torsional yield point characterized by a constant critical shear
stress (So = Ty'z,) in the operative system exists, The dependence



41. Torsion of Crystals III

of the torque upon the orientation at such a yield point (186, 190)
is given by:

M_7t·3 _- '21 Tmax• -

7t 3 80_r~==================
2 Vcos2 X cos2 A + sin2 X sin2 A - 2 sin2 X cos2 A

(41/5)

In the case of cubic face-centred crystals (octahedral glide) the
extreme values of M are as follows:

M - 7t .38
min. - '21 0

for X= A = 0, i.e., [110] is parallel to the longitudinal axis and
Z = A = 90°, i.e., [Ill] is parallel to the longitudinal axis,

7t 1
Mmax. ='2r38oO'577 = 1·73Mmin.

.
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FIG. 84.-The Torsional Yield Point of Al Crystals
(with 5% Cn) in Relation to Orientation (in

kg./mm.2) (185).

for X= 35° 16', A = 90° i.e., [100] parallel to the longitudinal axis.
Themaximum torque

at the yield point
should therefore occur
in crystals whose longi-
tudinal direction is
parallel to the cube
edge; it should exceed
by 73 per cent. the
torque valid for orien-
tations parallel to the
face or body diagonal.

The behaviour thus
calculated theoretically
on the basis of a
constant critical shear
stress was, in fact,
approximately con-
firmed by experiments
(cf. Fig. 84, which
represents 't'max. for a
shear strain of 0·2 per
cent.). It is true that the dependence on orientation revealed
by the tests is more pronounced than that deduced from theory .

•



FIG. 85.-The" Mean Plastic Resistance", against
Torsion. of an Al Crystal Tube, in Relation to

Orientation (185).
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The torsional yield point for the cube.edge orientation is 2·2
times greater than for the body diagonal orientation. In order
to explain this difference it was assumed that plastic torsion
begins not only in those parts of the crystal whose orientation
to the applied stress is the most favourable, but simultaneously
in the whole surface layer. A diagram of the "mean plastic
resistance" of a thin· walled crystal tube in relation to the orient·

ation of its longi.
tudinal axis is found
in Fig. 85. It will be

1,8 noticed that on this
assumption a better
agreement with the
experimental result is
obtained. Even so, the
theoretical dependence
on orientation still falls
somewhat short of
the observed depend·
ence.

The val ue of the
critical shear stress in
the torsional test (9--11
kg.jnun.2) approxi.
mates closely to the
value of 9'0 kg.jmm.2

obtained with the same
crystal material in the
tensile test.

If crystals (aluminium) are subjected to substantial torsion very
characteristic changes in shape occur (191): these, too, depend on
the orientation of the crystal; but they have not been investigated
in detail so far.

42. Critical Shear Stress of Metal Crystals
Table IX gives a summary of the values so far measured of the

critical shear stress of the principal glide systems of pure metals.
The figures, which are always of the order of approximately

100 g.jmm.2 (corresponding to a yield point of the crystal, with the
glide system at 45°, of approximately 200 g.jmm.2), reveal how very
slight is the resistance of pure metals to deformation [cf. in this
cOlmection Section 45 and (192a)].
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The table includes also, for the non-cubic metals, the elastic shear
at the yield point parallel to the glide elements. In every case it is
of the order of 10-5• The significance of these minute values in the
theoretical understanding of crystal plasticity will be discussed in
Section 74. The shear is calculated with the aid of the equations

TABLE IX

Critical Shear Stress of Metal Crystals

Critical
shcar ElasticPurity Mcthod of Glide stress Shear shear

Metal. of the produc- elements. at thc modulus at the Liter-
initial tion of yield kg.!mm.'. yield ature.

material. crystal. point, point.kg.!
1'. t. mm.2•

-- ---
Copper >99·9 } Solidified 0·10 }Silver 99-99 in (Ill) [101] 0-060 - - (174)
Gold 99-99 0-092
Nickel 99-8 vacuo. 0-58 - - (175)

--- ---
Magnesium 99-95 Recrystal- (0001) [ll20] 0-083 1700 4-9,.10-' (168)

lization.
Zinc "'"'" } - - 0-094 4080 2-3 (169)
Cadmium. 99-996· Drawn - - 0-058 1730 3-3, (170)

--- -- ---
fI-Tin 99-99· from (100) } (001] 0-189 1790 10-6 } (178)thc

melt. (llO) 0-133 1790 7-4,
--- --- ---- ---- ---

Bismuth 99-9· (Ill) (10il 0-221 970 22-8 (177)
I

* "Kahlballln" Brand.

(7/2). These equat,ions, which refer to the principal crystallographic
system of co-ordinates, must, for the present purpose, be transformed
to a system in which the z-axis is placed at right angles to the
operative glide plane, while the y-axis coincides with the direction
of glide. Yyz is then the required elastic shear in the glide system.
The six stress components occurring in the expression for Yyz> if a

is the applied tensile stress and X and Athe angles between tensile
direction and the elements, are given by :

a:e = a . (sin2 A- sin2 X) ;
ay = a . COS2A

az = a . sin2 X

Tyz = a • sin X cos A
'Tzx:= 0" • sin X vs]'-n-2-A---s-in-2-x
T_ry = a • cos A vsin2 A- sin2 X

(42/1)

The transformation of the modulus of elasticity (Sik) from the
principal crystallographic system of co-ordinates to the new co-
ordinate system (S'ik) proceeds according to the usual transformation
formulre (192).

If these calculations are carried out for the crystal types and glide
I
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systems contained in Table X 1 (180), it is found that five of the six
elastieity coefficients disappear and that only s'44 differs from zero.
This means that in all such cases the shear Yyz in the glide system is
proportional to the shear stress Tyz• Constancy of shear stress and
constancy of shear strain are therefore identical conditions. It

TABLE X

SheaT Coefficient s' 44 in the Glide System
-~ ~~ -

Glide elements.
Lattice type. Crystal

8'44"class.
1'. t.

NaCI lattice 0" (l01) [10IJ 2 (8" - 812)

Hexagonal close-packed D,,, (0001) [1l20] 8"

Tetragonal CB-tin) D,,, (100) [0011 844

(1l0) [001] 8')'1

Rhombohedral DJd (Ill) [101] 8"
-

naturally follows that the elastic energy of shear at the yield point
is also a constant independent of orientation; it amounts to 10-6

cal./g. for the pure metals listed in Table IX.
However, there is no proportionality between shear stress and

shear strain for the octahedral glide of the cubic crystals. A
decision between the conditions of constant shear stress or constant
shear strain at the yield point can therefore be made as a result of
tests with cubic face-centred metal crystals. Shear in this case is
calculated by :

[4 1 ] V2
Yyz = 3 (Sl1 - S12) + 3S44 • Tyz +3 [S44 - 2(Sl1 - sd] . Txy • (42/2)

Significant deviations from the proportionality between shear stress
and shear strain occur only when the second term of the expression
for Yyz can no longer be neglected beside the first. This is the case
with crystals of a decidedly anisotropic character [isotropy is repre-
sented by S44 = 2(Sl1 - S12)]' and with crystals having orientation
areas in which A is much greater than X (marked deviation of the
direction of glide from the projection of the tensile direction on the
glide plane).

1 In addition to the glide of metal crystals the table contains particulars of
the dodecahedral glide of cubic crystals of the rock salt type.
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The average errors of the mean values of shear stress and shear
strain for the four examples in which the dependence of yield point
on orientation has been examined, are collected in Table XI. For

TABLE XI
Mean SheaT StTe8S and Shea1' Strain at the Yield Point of Cubic

Face-centTed Metal C1'ystals with Octahedral Glide

Critical Degree of

Metal. shear Elastic shear anisotropy
stress, strain. s•• - 2(S11 - SI2)

kg./mm.'. cm.'/Dyn.

Silver (174) 0-060 ± 5-8% 2-69 _10-5 ± 8-5% -43-4 _10-13

Gold (174) 0-092 ± 2-4% 4-12 _10-5 ± 7-0% -43-2 _10-13

a-Brass (173) 1·44 ± 1-9% 43-3 . 10-5 ± 10'8% -41-6 _10-13

AI-ClI alloy (age-
hardened) (l72) 9-2 ± 2-1% 355 _10-5 ± _2-0% - 6-8 . 10-13

the elastically anisotropic metals, silver, gold, a-brass, the differ-
ence between the mean errors is considerable: the mean error for
the shear strain always exceeds substantially that for the shear
stress. In the case of the practically isotropic aluminium there is
no difference. This table would therefore appear to justify the
assumption that it is constancy of shear stress and not constancy
of elastic shear that characterizes the yield point for crystal
glide.

The numerical value of the critical shear stress depends in a very
marked degree on various circumstances. We shall deal in sub-
sequent sections with the importance of impurities (alloying),
temperature, spced of deformation and mechanical pre-working.
At present we shall discuss, briefly, the influence of the method of
production, the speed of growth during formation of crystals, and
annealing.

Magnesium crystals that had been drawn from the melt, and which
contained the same impurities as the recrystallized crystals men-
tioned in Table IX, had an appreciably higher critical shear stress
than these, amounting to 103-3 g.fmm.2 (193). Table XII contains
the critical shear stress of cadmium crystals drawn from the melt at
varying speeds: the slower the rate of crystal growth, the lower the
shear stress.l Subsequent heat treatment can also greatly reduce

1 Zinc crystals behave in a similar manner (194).
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the yield stress of the basal plane if the crystal has been drawn
quickly from the melt. Annealing at an elevated temperature
(300° C.), on the other hand, causes an increase in the critical shear

TABLE XII

Influence of the Speed of Withdrawal from the Melt and of Annealing
on the Critical Shear Stress of Cadmium Crystals (170)

Critical
shear
stress.

58·, g./mm."
43.5
27·,

-

Speed of Critical Heat treatment of crystals
with- shear drawn from the melt at the

drawal. stress. rate of 20 em./hour.

20 em./hour 58·, g./mm." o hours 2750 C.
10 "

39.7 " 16 " 2750 C.
1·5 "

25.5 " 24 " 2750 C.
5-

stress with increasing duration of the heat treatment, amounting to
approximately 75 per cent. after 6 hours' treatment. It would
appear that this phenomenon could be explained by crystal recovery
(Section 49) or by the temperature dependence of the solubility of
impurities (195).

The critical shear stresses contained in Table IX relate to the
principal glide system, at room temperature, of the metal crystal

TABLE XIII

Critical Shear Stress and Closeness of Packing of the Glide
Elements of Tin Crystals (178)

-----
I
------- - ------

Critical Closeness of Spacing ofGlide system.
shear packing. the lattice
stress, planes from T,

T. t. g./mm.". T. t. A.
--- ----- ----- -------
100) [001] 189 1 1 2·91
llO) [001] 133 0·706 1 2·06

101) [101] 160 0·478 0·478

I
2·09 and 0·70

121) [101] 170 0·346 0·478 1·84 " 0·61

concerned. The yield stresses of the next best glide systems
(crystalIographicalIy non-equivalent) have so far only been deter-
mined quantitatively for the tin crystal (Table XIII). In four
crystalIographicalIy different glide systems the critical shear stresses
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differ only slightly. The relationship between capacity for glide and
closeness of packing, which was mentioned earlier and found to have
been more or less confirmed, is now revealed by the example of tin
to be only a rough approximation. Only the lower limits of the
critical stress can be given for the further glide systems of other
crystals. For instance, these can be deduced from the orientation
range in which the main glide system remains operative. Thus the
critical stress of the pyramidal plane type I order 1 of the cadmium
crystal (which, however, has not yet been observed as a glide plane)
is at least 4·7 times that of the basal plane. When we come to
discuss, in Section 48, the
question of extension at
elevated temperatures, we
shall be in a position to
assess more accurately the
capacity for glide of the
second-best glide system, using
the aluminium crystal as an
example.

A graphical representation
of the dependence of the yield
point of crystals on their
orientation, as deduced from
the Shear Stress Law, can
now be given in two figures.
Fig. 86 illustrates the plastic FIG. 86.-Plastic Yield SlU'face of Cubic
yield surface of cubic crystals Crystals with Octahedral Glide (183).

with octahedral glide (or
dodecahedral glide with the body diagonal as glide direction).
The radius vector from the centre of the solid is a measure of
the magnitude of the yield point in the direction concerned. The
model illustrates clearly the way in which resistance to plastic
deformation depends upon direction. The minimum yield point
values occur in directions which include the angles 20° 46', 65° 52'
and 84° 44' with the three axes of the cube (glide plane and glide
direction are in this case at 45° to the direction of stress); the
maximum yield point lies on the body diagonals. The ratio of the
yield point of the strongest crystal to that of the weakest amounts
to 1·84.

An example of the dependence of the yield point on the
orientation of hexagonal crystals with basal glide is given in
Fig. 87, which represents a section through the plastic-yield
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surface with the prism planes types I and II.
The very great differences in the various direc-
tions are here clearly shown. The intersection
of the plastic-yield surface with the basal plane
is not shown. In this case, plastic deformation
results from mechanical twinning, for which the
dynamical law is still unknown (cf. Section 51).
For the same reason the termination of the
surface in the directions lying in the basal
plane has been omitted. The surface is also
open parallel to the hexagonal axis. For such
orientations various mechanisms become opera-

tive with the in-
dividual metals
(twinning with mag-
nesium, basal cleav-
age with zinc, pyra-
midal glide with
cadmium).
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FIG. 87.-Sections through the Plastic Yield Surface
of Hexagonal Crystals with Basal Glide (170).

43. The Prog1'ess of Glide. The Yield-Stress 1 Curve
Having established that the yield point of magnesium is bound up

with the attainment of a definite shear stress in the glide system,
the question now arises whether this shear stress is operative for the
further course of extension, or whether the shear stress in the glide
system changes with increasing deformation. A direct answer to
this question is supplied by a comparison of stress-strain curves
obtained experimentally, with curves calculated on the assumption
that the shear stress in the operative glide system is constant (196).
This calculation is as follows. In first place the equation (40/1)
gives

S
G= 0_

sin Xo cos AO'

_._1_ represents the area of a glide which remains constant during
S1l1 Xo

1 Footnote of '['mnslator. "Yield point" is according to the preceding
sections the stress at which substantial plastic deformation begins in a previously
undefonned crystal. "Yield stress" is the stress at which plastic deformation
continues in a previously deformed crystal (or poly.crystalline specimen).
The yield stress depends on the magnitude of the preceding strain; its value
for the strain 0 is the yield point. In what follows" yield stress" will usually
mean the resolved shear stress in the glide system at which plastic glide
ontinues after H gi,"en glide strain.
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extension. As a first approximation the stressed portion of the
glide ellipse is also given by this expression, since the sickle-shaped
area which becomes exposed in the course of glide is negligible com-
pared with the total area. By means of the factor cos Ao the com-
ponents in the glide direction are obtained from the tensile stress.
Owing to the lattice rotation which accompanies glide, this factor
does not remain constant. Its variation is given by the extension
formula (26/1), so that ultimately we obtain

So 1 So 1
cr = -- -- = -- .-~====

sin Xo • cos A sin Xa J sin2 Ao
1- (J,2

This formula represents the equation of the stress-strain curve for

80°

80°

••

--»- Extension %. (~'zs%)

FIG. 88.-Theoretically Determined Stress-Strain Curves, Based on Constancy
of the Shear Stress of the Glide System (197). ('\0 = Xo is assumed-a

permissible simplification.)

various initial orientations of the glide elements given by angles Xo
and Ao' Fig. 88 contains these theoretical stress-strain curves,
characterized by constancy of shear stress, for a number of orienta-
tions. It will be observed that in all cases extension takes place at
a continuously falling stress; the more transverse the original
position of the glide elements in the crystal, the greater the drop
of stress.

The stress-strain curves in Fig. 89 which were obtained experi-
mentally on cadmium crystals, reveal once more the great import-
ance of the initial position of the glide elements; the energy of
deformation necessary to obtain a given amount of extension (area
below the curve) is very dependent on the orientation. In addition,
the curves show that in most cases the stress increases appreciably
in the course of extension. It is true that, where the initial position
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of the basal plane is transverse, a drop of stress can be observed,
but here, too, the stress increases again as extension proceeds. A
comparison of Figs. 88 and 89, therefore, reveals that when cadmium
crystals are stretched the shear stress in the operative glide system
remains by no means constant, but increases substantially with
increasing deformation.

These two observations (exemplified by cadmium crystals),
namely, that the shape ofthe curve depends on orientation, and that
the operative shear stress increases with increasing deformation,
have been confirmed by all stress-strain curves obtained with other
metals. We meet here for the first time the technologically important
phenomenon of the work-hardening of metal crystals by plastic

o Extension ~o (25 %.= >--<)

FIG. 89.-Experimental Stress-Strain Curves of Cd Crystals (170).

deformation [(198), (199)]. Moreover, it is a question of shear-
hardening, as expressed by an increase, in the operative glide system,
of the shear stress needed for further deformation.

Before embarking upon a detailed analysis of the stress-strain
curves two observations should be made. The first refers to certain
discontinuities in the course of extension. It was found that zinc
crystals, especially after previous deformation by bending backwards
and forwards, stretched in a series of regular jumps, so long as
extension was confined to the lower range (200). The magnitude
of the jumps was about 1 IJ.. With very pure zinc crystals (99·998
per cent.) this stepwise deformation was also observed in the normal
tensile test (201). The magnitude of the jumps depends in a large
measure upon the orientation of the crystal. While there are no
discontinuities if the glide elements are in an oblique position, they
have been observed to amount to as much as 80 IJ. where the glide
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plane was more transverse. The fact that the jumps also occur
when the surface of the crystal is dissolved during extension shows
that they are not due to a surface effect. The phenomenon dis-
appears at a temperature of -185° C. Common to all cases of
markedly jerky glide is the fact that they occur within a range of
the stress-strain curve where the stress is falling, or at least station-
ary. An oblique initial position of the glide plane, reduction of the

12

1 if

j 3

.~ 2

~
~ 1

o 2(/ lid 6"(/

Extension % Glide strain %
a b

FIG. 90 (a) and (b).-(a) Extension, and (b) Yield-Stress Curves of Al
Crystals (203).

temperature and substantial deformation, all of which lead to a
relatively steep increase of the stress, prevent jerky extension. On
the other hand, a decrease of stress accompanying increasing
deformation is not a sufficient condition for the occurrence of jerky
glide. This is shown by cadmium (or tin) crystals which, in spite of
exceptionally large reductions in load, exhibit only very small jumps
at the onset of stretch.

The second observation relates to local contractions (necking)
which occur with crystals of oblique orientations at the start of
extension (Figs. 79 and 121). In this case, owing to the initial

••
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decrease in stress, the extension is limited at the outset to those
portions of the crystal which are first deformed; not until extension
has proceeded further does the entire length of the crystal participate
in the deformation. However, where there has been only slight
hardening it may happen that the extension will not spread and
that fracture will result from continued glide at the first contraction
(202) (cf. also Fig. 123). If the glide elements are initially in an

<:l 2800

'"...<:l
~;:: 2'100c..:::
'"'".,
cO 2000.,
c•..
'"~..:::.";::."
'"'S
;:: f200c

1
~
.~.,.,
'".i:;.,
B
'"'"'"~ 0 50 fOO f50 ZOO 250 300 350 '100

Extension %
FIG. 91 (a)

oblique position, the crystal will as a rule stretch uniformly from
the start.

Having ascertained that the stress-strain curve of metal crystals,
like their yield point, depends on the position of the glide elements,
we must now enquire whether this curve cannot be explained in
terms of orientation, in the same way as the yield point was related
to the critical shear stress. Obviously, it will be useful to employ
co-ordinates which express the process of glide more adequately
than do extension and stress. Suitable" crystallographic" co-
ordinates for this purpose have been found in the glide strain and
in the resolved shear stress in the glide system [(203), (204)J, with
which we have already dealt in Section 26. One.arrives in this way
at a method by which the whole set of the stress-strain curves for
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various orientations can be satisfactorily represented by a single
curve, the "yield-stress" curve. The extension and the yield-
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stress curves of aluminium and zinc crystals of various orientations
shown in Figs. 90 and 91, may serve as an example.! The shear

1 The calculation of thl'l shear stress from stress, extension and ini tial position
of the glide elements is readily obtained by solving the equation (43/1) with. J sin2;1respect to S : S = a . sm Xo 1 _ ~o.

The glide strain is calculated according to the formula (26/3) .
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stress of the operative glide system continues therefore to be
independent of the normal stress during glide. This is most
impressively demonstrated in the case of aluminium crystals (Fig.
92), for which the yield-stress curves in compression (where the
normal stress in the glide plane is compressive) coincide with those
from the tensile tests (where the normal stress is tensile). As will
be seen from Fig. 90 the yield stress continues without a break even
after double glide starts.

Systematic deviations from the mean curve occur with cubic
crystals only for initial orientations in which more than two glide
systems are almost equally favoured, and in which, consequently,

+ (Jompressive lest, crystal No. 61. 17
" 59,9
•• 72@ 1'enBife

I1
I1
I1~o 20 ¥O 80 100

Glide stmin %
FIG. 92.-Tensile and Compressive Shear-Stress Curves of AI Crystals (205).

Orientation of the crystals: 61, 17: Xo = 44° >'0 = 46·5°
59, 9 33° 35·2°
72 48·1 ° 52'1 °

disturbances in the progress of extension may be expected. In the
case of hexagonal metal crystals the scatter of the individual curves
about the mean curve is to some extent due to the formation of
twins-a phenomenon to which we shall refer later.

A summary of the yield-stress curves obtained hitherto with
crystals of pure metals is given in Fig. 93. The substantially better
glide capacity of the single-glide system of hexagonal crystals and
of the principal glide systems of the tetragonal tin is very clear.1

The yield-stress curve describes the increase in the shear stress of
the glide system that is operative in extensions. Close observation
of the lattice rotation in the course of stretching gives an indication
of the magnitude of the shear hardening in crystallographically
equivalent latent glide systems. If the lattice rotation correspond-

1 An attempt has been made in (214) to explain, in terms of atomic displace-
ments, this striking difference in the behaviour of crystals of the two closest-
packed systems.
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ing to the new system occurs before the achievement of a geo-
metrically equally favourable position, then this system has become
less hardened than the operative one; if, on the other hand, while
the first system is exclusively operated, the symmetrical position is
exceeded, then the latent system has become more hardened.

The results obtained with cubic metals (aluminium, nickel, copper,
silver, gold) indicate that the second glide system always begins to
operate when the symmetrical position has been either reached or

Sn,(;) Cd

, Q fOO ;00 300 II()O SOO 600 700

)ID "- Glide stmin %
FIG. 93.-Yield-Stress Curves of Metal Crystals.
Cn (207); see also (206, 208) Mg (210)
Ag (207) Zn (211)
Au (207) Cd (212)
Al (209) Sn (1): T = (100); t = COOl]} (213)
Ni (208) Sn (2): T = (110); t = [001]

only slightly exceeded (cf. Figs. 62 and 63). This means that in
such cases the latent octahedral glide system becomes as hardened
as, or even slightly more hardened than, the operative system
[(215), (216)]. In the case of tin crystals the end position which is
sometimes observed with crystals stretched in a [101] direction
indicates that a latent glide system with T = (101) t = [101]
hardens substantially more than the crystallographically equivalent
system. No details are yet available regarding the hardening of
crystallographically non-equivalent latent glide systems.

Attempts have often been made to express the yield-stress curve
by an equation. With such an equation, which represents S as a
function of a and hence of d, the dependence of the usual stress-



126 Plasticity and Strength of Metal Crystals

strain curves on orientation could be mathematically represented by
substituting it for 80 in (43/1). For the linear increase of the shear
stress, which is often approximately valid for hexagonal metals:

(8 = 80 + ka) . (43/2)

there results (197)

cr = ~._d_ (k + 80 sin Xo - k COS.Ao) (43/3)
sm2 XO Vd2 - sin2 )'0

k, the tangent of the angle of inclination of the yield-stress curve,
becomes the coefficient of hardening.

The yield-stress curve for aluminium crystals shown in Fig. 90 is
expressed approximately by the equation (217)

8= 4·2saO,33 (43/4)

Other formal representations of the yield-stress curve of aluminium
crystals will be found in (218), (219) and especially in (220), which
also contains a theoretical foundation (cf. Section 76).

44. Termination of Glide
Such simple and general principles as the Critical Shear Stress Law

and the yield-stress curve, which govern the inception or progress of
glide, do not hold for its conclusion, since very diverse processes may
bring this about. We will discuss in the first place the relatively
simple behaviour of the hexagonal metals, and afterwards that of
the cubic metals, where rupture is accompanied by necking.

With magnesium crystals glide terminates with the fracture of
the crystal, the fracture occurring variously according to the
orientation of the basal plane to the direction of tension. Where
the initial angle is greater than ~12° a shear fracture showing a
stepped surface occurs in the basal slip plane; as a result of the steps
the surface of fracture lies more obliquely than the basal plane in
the crystal (Fig. 94). Where the basal plane of the crystal is very
oblique, the fracture either passes more or less transversely through
the crystal or it follows a twin plane. With zinc and cadmium
crystals the basal glide is limited at room temperature solely by the
operation of the second crystallographic mechanism of deformation:
mechanical twinning. In both cases deformation twins are formed
on a (1012) plane; a new secondary basal glide develops in the twins
which, accompanied by a drop of load, leads to a marked necking
of the crystal ribbon and to final rupture (cf. Fig. 73; for further
details see Section 52).
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With these crystals and the magnesium crystal, which fails by a

shear fracture, the primary basal glide generally comes to an end
when a limiting shear stress characteristic of the metal is reached
in the glide system. This statement, however, applies only to such
crystals where the basal plane was originally at an angle of more

Fro. 94.-Fracture of Magnesium Crystals l(221}, (210)].

than 15-20° to the longitudinal direction. It is based not only on
experiments at room temperature, but also on a number of experi-
ments designed to test the relationship between crystal plasticity
and temperature (Section 48).

Consequently it is not only the start (yield point) and the slope
(coefficicnt of hardening) which are characteristic for the yield-

TABLEXIV
Conclusion of the Basal Glide of Hexagonal Metal Crystals

Shear strongth of the
basal plane in g./mm".

!\Ietal.

Magnesium (210)
Zinc (222)
Cadmium (223)

at the start
of glide.

83
73
58

at the
conclusion
of glide.

2100
1220
420

Upper
limit of

glide
strain,

%.

350
380
500

Work of
deforma·

tion,
cal./g.

4·09
0·84
0·26

stress curve of these hexagonal crystals: the conclusion of the curve
is also substantially independent of crystal orientation over a wide
range. Thercfore the upper limit of the glide strain and the work
of deformation (the surface below the yield-stress curve) are like-
wise constants independent of orientation. The relevant values at
room temperature for magnesium, zinc and cadmium will be found
in Table XIV.
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On the basis of these values it is now possible, by a simple calcula-
tion, to arrive at the dependence of final orientation, maximum load

I
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FIG. 96.-Sections of the Ultimate
Tensile Stress and Extension Surface
of Zn Crystals with Prism-plane
Type I (Continuous Line) and Prism
Type II (Discontinuous Line) (224).
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80ZO

FIG. 95.-Final Angle of the Basal
Plane as a Function of its Initial
Angle in the Extension of Hexagonal

Crystals.

Xe

FIG. 97.-Modelofthe
Extension Surface of

Cd (212).

and extension, upon the initial position of the lattice. Assuming
for the sake of simplicity that Ao = Xo (this does not substantially

impair the generality) then formula 26/4a
gives the values shown in Fig. 95 for the
final angle of the basal plane. These
correspond substantially with experimental
results. The extension is derived from the
initial and the final orientation according
to the extension formuhe (26/1, 2), while
the maximum load per square millimetre of
the initial cross-section (the ultimate tensile
stress) is obtained by inserting the limiting
shear stress Se in the equation (43/1). Fig.
96 gives as an example sections of the
extension and ultimate tensile-stress surface
of zinc crystals; while Fig. 97 represents a
model of the extension surface (cadmium).

The true stress corresponding to the
maximum load, unlike the ultimate tensile
stress, is substantially independent of the

initial orientation, owing to the constant final shear stress of
the basal plane and to the very similar final orientations of
stretched crystals.



44. Termination of Glide 129

We shall discuss in Sections 53 and 54 the question of the termina-
tion of primary basal glide of zinc crystals by basal cleavage, which
occurs at low temperatures.

The extension of cubic metal crystals is in no wise limited by a
condition of constant final shear stress in the glide system, independ-
ent of orientation. In this case, double glide will always occur
sooner or later in two crystallographically equivalent glide systems
which are geometrically equally favourable, leading to necking and
so finally to fracture. With such crystals the end of the uniform
extension occurs when the maximum load has been reached, since
necking itself is accompanied by a reduction of load. Table XV

TABLE XV

Ultimate Tensile Stress and Elongation of Cubic Metal
Crystals

Metal.

Aluminium (226)
Copper (227)
a-Iron (228) .
Tungsten (229) .

Ultimate tensile
stress, kg./mm.2•

5·9-11·5
12·9-35'0

16-23
105-120

Elongation, %.

19-68
10-55
20-80

••

shows the dependence of the ultimate tensile stress (as given by
maximum load and initial section) and of the uniform extension
on the orientation. In addition, Fig. 98 illustrates, with the aid of
models, the experimental results of tensile tests on copper crystals
of various orientations.

A mathematical determination of the maximum-load point can
be attempted by differentiating the equation of the load-extension
curves;

cr =f(d) = S(a). 2. Jl SIn Aosm Xo = -----rJ2

with respect to the extension, and putting ~~ = 0 [cf. (43/1); S(a) is

the equation of the yield-stress curve of the operative glide system].
The following is then obtained;

dS S() sin Xosin2 Ao
da = a. (cos Ao+ a sin Xo)(l+ 2a sin Xocos Ao+ a2 sin2 Xo)
K
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If the equation of the yield-stress curve is known, this expression
connects the glide strain which corresponds to the maximum tensile
stress with the initial position of the glide elements. Whether the

FIG. 98 aj

values determined in this manner really do correspond to a maximum

of the extension curve, is seen from the sign of ~~~. For the extreme

case we have

~~ _ d28 ·1 + 2a sin Xo cos AO + a2 sin2 Xo +
dd2 - da2 • (cos AO + a sin XO)2

. 2 . 238 S1l1 Xo Sill AO
+ . (cos AO + a sin xo)2(1 + 2a sin Xo cos AO + a2 sin2 Xo)

This expression, which in the case of a maximum load would have
to be negative, has always a positive sign whenever the resolved shear
stress increases linearly or with a higher power of the glide strain.
In agreement with what is known of hexagonal crystals, a maximum
load for such yield-stress curves can never be reached with simple

glide; the extreme value obtained from ~~ = 0 represents a mini.

mum in the extension curve. A maximum load can be reached only
when the increase of the shear stress with the glide strain is less than
linear.
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•

But even in the cases of the yield-stress curve given above for
aluminium crystals a maximum in the extension curve will not be
reached with simple glide. On the other hand, a maximum load

b

FIG. 98 (a) and (b).-(a) Ultimate Tensile Stress and (b) Extension
Surfaces of Cu Crystals; as Determined Experimentally (225).

will be reached in the region of double glide. The result of the
calculations, which cannot always be carried out exactly and which
we do not propose to discuss here, is graphically represented by the
ultimate tensile stress and extension surfaces of aluminium crystals
shown in Fig. 99. In general, the results are satisfactorily confirmed
by experience, although in the case of extension the discrepancies
amount to as much as 50 per cent .
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a

b
FIG. 99 (a) and (b).-(a) Ultimate Tensile Stress and
(b) Extension Surfaces of Al Crystals; Calculated (217).
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(b) EFFECT OF ALLOYING

Hitherto in dealing with the beginning, progress and termination
of glide, we have confined our observations to the" pure" metals.
In Table IX will be found the purity percentage of these metals.
These materials do not afford a safe guide to the behaviour
of absolutely pure metal crystals, since even very small impurities
have an extraordinarily large effect. The influence of alloying
on the plasticity of metal crystals will be described in the
following two sections.

1200

42 4/1

Atom % Cd
FIG. 100.-The Critical Shear
Stress of Cd-Zn Solid Solutions
as a Function of Concentra-

tion (230).

45. The Start of Glide in Alloyed Metal Crystals

The study of the initiation of glide in alloyed metal crystals is
greatly facilitated by the observation, so far invariably made, that
the yield point of such crystals is
much more pronounced than that
of similarly oriented crystals of the ~

!pure metal. ':.
The example of the critical shear ~ 800

stress of zinc crystals alloyed with .~
cadmium shows how strongly even j
small additions can influence the co1;
plastic behaviour of metal crystals ~
(Fig. 100). A content of 0·60 atomic-
per cent. cadmium (1·03 weight-per
cent.) raises So from the value of
94 g.jmm.2 (for the "Kahlbaum"
material with 0·03 weight-per cent.
cadmium) to 1150 g.jmm.2-a more
than twelve-fold increase.1 Linear extrapolation to a cadmium con-
tent of 0 per cent. gives a shear stress of 40 g.jmm. 2 for the yield point
of the cadmium-free zinc crystal-which, however, still contains
traces of lead and iron. Recently this value was all but achieved
(49 g.jmm.2) with crystal material produced from" Kahlbaum "
zinc refined by distillation, the cadmium content of which was less
than 5 X 10-4 atomic-per cent. (201).

Alloying has a much smaller hardening effect if the added element

1 That cadmium was present in solution in the alloy crystals drawn from the
melt was established by X-ray examination (244). We have here super-
saturated solid solutions, since below 100° C. cadmium is practically insoluble
in zinc .

•



FIG. 10I.-Polished Section of a Zn Crystal
in which Zn-Sn Eutectic is Present (230).
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forms a second phase in the matrix. Fig. 101 shows the polished
section of a zinc crystal alloyed with 2 per cent. tin, in which layers

of zinc-tin eutectic have
come to lie parallel to the
basal plane. The initial
critical shear stress of the
basal plane undergoes as a
result no more than a four-
fold increase.

Fig. 102 relates to the
binary solid solution sys-
tems of aluminium-mag-

'" nesium and zinc-magnes-
ium. It gives the hardening
(ValI.l due to alloying as
a function of the con-
centration of the added
metal; the hardening is
expressed by the quotient
of the critical shear stress

of the solid solution (So.aJd and that of the pure magnesium

crystal (S)· (v = So. all.) The increase of the shear stress isO· all. SO'

approximately linear with increasing content of foreign metal. The
specific effect of the zinc greatly exceeds that of aluminium. The
diagram also indicates the dependence upon concentration of the
lattice parameters c and a, for both solid solutions. Corresponding
to the smaller atomic radius of the added metals (Mg, 1·62 A.; AI,
1·43 A.; and Zn, 1·33 A.) the lattice contracts in both cases. It is
not yet clear whether the hardening effect of the zinc is connected
with the greater reduction of c (i.e., of the spacing of the glide
planes) in the zinc-magnesium solid solutions.

Ternary aluminium-zinc-magnesium solid solutions (232)
exhibited, at a concentration of 2.54 atomic-per cent. Al and 0·36
atomic-per cent. Zn, an So = 766 g.jmm.2; and at a concentration
of 5.02 atomic-per cent. Ai and 0·38 atomic-per cent. Zn an So =
1153 g.jmm.2,1 These values were obtained by means of a good
approximation from the behaviour of the two binary solid solu-
tions on the assumption that the increases in the critical shear

1 These are the technical alloys AZ.31 (with 2·8 per cent. Al and 0'9 per
cent. Zn by weight), and AZM (with 5·6 per cent. Al and 1-0 per cent. Zn by
weight).
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stress due to the two alloying constituents were additive, and that
consequently there was no reciprocal influence.

So, tern. - So = (So, Al - SO) + (So, Zn - SO)
and therefore

Van. tern. = Van. Al + Van. Zn - 1.
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FIG. 102 (a) and (b).-Solid Solutions of AI-Mg and Zn-Mg.
(a) Lattice constants; (b) hardening as a function of concentration (231).

So =.82·9 g./mm? (N.B. In the text VLeg. = VaIl.)

This formula leads to Van. tern. = 8·8 for the first of the two alloys,
and to Van. tern. = 14·5 for the second, whereas experimentally the
values 9·2 and 13·9 were obtained. Thus if the saturation limit of

••
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the ternary solid-solution region is known, it is possible to calculate,
from the behaviour of the binary solid solutions, the concentration
needed to give maximum shear resistance to the glide plane.

In the case of N additions, which do not substantially influence
each other in their hardening effect, let it be assumed that the formula
for calculating the hardening effect is

Vo'L = VoILA + Van. B ... + Von.x - (N - 1)

in which van. A ... Van. N represent the hardening of the appropriate

GO7090
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FIG. 103 (a) and (b).-a-Brass Crystals.

(a) Lattice constants [x (234), + (245), • (246)]; (b) critical shear stress
[x (234), + (233)] as a function of concentration.

binary series, which corresponds to an alloying metal content of
A, ... ,N.

The hardening of cubic solid solutions is represented in Fig. 103
by the case of a-brass. Here the critical shear stress does not
increase linearly with increasing concentration of the added metal;
the greater the zinc content the smaller is the further increase in
shear stress. The lattice constant indicated in the diagram shows
an expansion due to the formation of the solid solution, and corre-
sponding to the greater atomic radius of zinc (Cu, 1·27 A.; Zn,
1·33 A.). This expansion increases linearly with the atomic con-
centration. In the case of a.brass, therefore, hardening is bound up
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with an increase in the spacing of the operative glide plane. At a
zinc content of 18 atomic-per cent. the strength has increased
approximately three-fold.

Fig. 104 contains the critical shear stress and the lattice constant
for the complete silver-gold solid-solution series. The pure metal
values are followed by a steep increase in the critical shear stress of
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FIG. 104 (a) and (b).-Ag-Au Solid-solution Crystals.

(a) Lattice constants (247), (b) critical shear stress (235), as a function
of concentration. .

the octahedral glide system; the maximum is reached at approxi-
mately equal atomic concentration of both metals. The lattice
constant exhibits a minimum at an intermediate concentration. A
curve for critical shear stress similar to that shown in Fig. 104 has
been obtained for the copper-nickel solid-solution series (236).

An instructive example of the significance of the atomic arrange·
ment in the crystal for its plastic behaviour is found with gold-
copper crystals, whose composition is given by the formula AuCu3

,.
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(237). The disordered arrangement ofthe atoms at high temperature
becomes ordered as the temperature falls; the cubic face-centred
lattice, however, is retained (248). The appearance of super-
structure lines corresponding to the ordered distribution is seen
clearly in Fig. 105. The critical shear stress of these crystals falls
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FIG. 105 (a) and (b).-Hotation Photographs of a AuCu3 Crystal (237).

(a) With random atomic distribution; (b) with ordered atomic distribution.

from 4·4 kg.jmm.2 to 2·3 kg.jmm.2 when passing from the disordered
to the ordered arrangement.

The effect of ageing on the critical shear stress has been demon-
strated by experiments carried out on crystals of an aluminium alloy
with 5 per cent. copper (238), which, in the annealed state (slow
cooling from 5250 to 3000 C., and kept at this temperature for an
hour), gave a value of So = 1·9 kg.jmm.2, but after quenching from
5250 C. followed by precipitation treatment for half an hour at
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1000 C., gave So = 9·3 kg.fmm.2• Fig. 106, referring to a quenched
AI-Mg solid solution with 10 per cent. AI, shows the change in the
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FIG. 106.-Shear Hardening and Precipitation (242). Supersaturated AI-Mg
Solid Solution (10% AI) Annealed at 2180 C. The" Precipitation" is the
Amount of AI actually Precipitated (as Measured by Determination of the
Lattice Constant) Expressed as a Percentage of the Amount Required to

Establish Equilibrium.
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FIG. 107.-Extension Curves of Solid
Solutions of Cd-Zn of Approximately
Similar Orientation. Cd-content Given in

Each Case in Atomic-% (230).

critical shear stress of the basal plane as a function of the duration
of heat treatment at 2180 C. It is seen from the diagram, which
also includes a curve giving
the amount precipitated
from the solid solution, that
hardening and precipitation
go hand in hand.

46. Progress of Glide and
Fracture in Alloy Crystals
Fig. 107 contains exten-

sion curves of zinc crystals,
of approximately similar
orientation, alloyed with 1
varying percentages of cad- ,,;,
mium. They reveal once .;:
more the extremely strong !
dependence of the critical ".l
shear stress on the Cd
content; they also show
that the rate of hardening
due to extension is less,
the higher the original critical
shear stress resulting from alloying. This reduction of the capacity
for work hardening with increased initial hardening has been

••
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confirmed by all subsequent extension tests with alloy crystals

[cf. curves in Fig. 102b with VTr( = ~e, aIL)].
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The behaviour of magnesium crystals is shown in Fig. 108. The
mean ultimate glide strain decreases clearly with increasing alloy
content, a phenomenon due to the growing tendency to glide fracture
along the basal plane. In order to assess technologically the effect
of alloying, one has to bear in mind not only the increase in the
critical shear stress of the pure metal (VallJ but also the subsequent
capacity for work hardening. Accordingly the total hardening
which can be achieved by alloying and glide to the point of fracture

(V v· - So, all Se, all. = Se, all.) is plottcd in Fig 109 as a func-all.' Clr - S . SS· .
o 0, all. 0

tion of the concentration.
In both cases it will be found that it is not the maximum but a

Z J V of 5
Atomic-% Al 01' Zn.

FIG. 109.-Work-hardening Capacity of Mg Solid Solutions (231).

-- Al-Mg, ---- Zn-Mg.

medium concentration to which the maximum value of this total
hardening corresponds. The cause of this must no doubt be sought
in the increase of brittleness, already referred to, which accompanies
an increase in alloying content. The work of deformation behaves
in a similar way to that of the product Vall .. VTr'

The relationship between the yield-stress curves and the con-
centration of cubic face-centred zinc-aluminium solid solutions is
shown in Fig. 1l0. The hardening caused by zinc additions,
particularly noticeable at the start of extension, is apparent from
these curves. The lattice rotation which accompanies stretching
of the crystal corresponds to the normal case of octahedral glide
which was described in Section 36. At higher zinc contents the
symmetrical position of the crystal axis, which leads to double glide,
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is not attained, because the crystals had fractured within the region
of simple glide without necking. This fracture appears to be a
sort of shear fracture on the operative glide plane, similar to that
observed with magnesium solid solutions.

The yield-stress curves of et-brass crystals of various zinc con-
centrations are shown in Fig. 111. In spite of the initially increased
yield stress, the shear stress in the operative octahedral system
remains during extension below that of the pure copper crystal.
The higher the zinc content the lower is this shear stress. The
lattice rotation which accompanies glide again corresponds essen-
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FIG. llO.-Yield-Stress Curves of FIG. 111.- Yield-Stress Curves of

Zn-Al Solid Solutions (239). a-Brass Crystals (234).

tially to the typical case for octahedral glide. The differ-
ences relate only to the interaction between the two operative
glide systems. The higher the zinc content, the more will the
exclusive operation of the first system extend beyond the sym-
metry position (Fig. 112). This means that the more zinc there
is in the crystals the more will the hardening of the initially latent
octahedral system exceed that of the operative system. Fig. 113
gives an example for the variation of the critical shear stress in the
two glide systems. The second system becomes active when its
resolved shear stress exceeds that of the first system by 30 per cent.
In the course of further extension the symmetry position (equality
of both shear stresses) is again exceeded, this time in the opposite
direction because it is now the first system, temporarily latent, which
experiences the greater hardening. Only under the influence of a
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shear stress that is 10 per cent. higher than that of the operative
system will it again become active. The higher the shear stress at
the start of glide, the less marked will be the subsequent hardening
with increasing extension. The new bands which appear with
each change in the glide system are shown in Fig. 114. The ultimate
tensile stress of crystals with 72 per cent. copper is between 12·9
and 32·9 kg.jmm.2, the elongation between 67 and approx. 122 per
cent.-according to their initial orientation (233).

Extension %
FIG. 113.-Variation of the
Critical Shear Stress in the
Double Glide of a-Brass
Crystals with 70% Cu (240);

cf. also (233).

FIG. 112.-Unequal Rate of Hardening of
the Operative and Latent Octahedral System
in the Extension of a-Brass Crystals,

Expressed in Helation to Concentration.
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of. Glide plane
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Copper-aluminium solid solutions exhibit a behaviour substantially
analogous to that of the O(-brasscrystals (24]). In this case, too, if
the initial shear stress is high the yield-stress curve soon intersects
that of the pure copper crystal, and exhibits for the higher glide
strains lower shear stresses than this. Here, too, the lattice rotation
of the alloy crystals is characterized by a substantial transgression
of the symmetry position, thereby revealing the greater bardenjng
of latent glide systems.

The extension of silver-gold solid solutions differs only compara-
tively slightly from the bebaviour of the pure metals (235). Only
at small deformations does the hardening of the solid solution remain
noticeably below that of the pure metals. The lattice rotation, too,
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is little affected by the formation of solid solutions. The hardening
of the latent octahedral system in this case exceeds that of the active
system by about 12per cent. at the most (at medium concentrations).
The copper-nickel series of solid solutions appears to behave in a
similar manner, i.e., there is at medium concentrations more pro-
nounced hardening of the latent octahedral system (236).

The significance of the atomic arrangement for shear hardening in
plastic extension is evident from Fig. 115. Whereas the cubic

a

b
FIG. 114 (a) and (b).-Change of the Operative Glide
System when Extending a-Brass Crystals (234).

Appearance of New Bands.

(a) After the first change; (b) after the second change.

face-centred AuCua crystal with disordered atom arrangement
(quenched from 8000 C.) shows the type of yield-stress curves
characteristic of solid solutions (high initial shear stress and rather
slow increase of the shear stress with increasing glide), in the case
of ordered atom arrangement (produced by an ageing treatment of
the crystal at 3250 C.) the hardening curve rises steeply with increas-
ing glide strain from a low initial value-as with pure metals. The
extent, too, to which the symmetrical position is transgressed,
corresponds to this behaviour: with disordered atomic arrangement
it is twice that of the ordered arrangement.

The extension of aged copper-aluminium solid solutions (with
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FIG. llo.-Yield-Stress Curves of
AuCu3 Crystals (237).

(c) INFLUENCE OF TEMPERATURE

AND TIME
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5 per cent. eu) can also be represented by a mean hardening curve
(238). However, the fracture of these crystals does not obey a
condition of maximum load, as
in the case of pure aluminium.
Instead, as with Zn-Al solid
solutions, fracture occurs in cer-
tain orientation ranges, without
previous necking, along one or
more nearly plane surfaces. The
mechanism of this fracture is not
known. The ultimate tensile stress,
according to the initial orienta-
tion, lies between 33·0 and 45·5
kg.jmm.2, the elongation between
7 and 26 per cent.

The description of the effect of
composition and structure upon
the glide of metal crystals will
now be followed by a discussion of
the significance of temperature
and speed of deformation. The
dynamic properties have hitherto
referred to room temperature and
to a limited range of deformation speeds. However, it has been
precisely the experiments conducted over a wide range of tempera-
ture and time which have led, if not to an explanation, then at
least to a physical interpretation of crystal glide.

47. The Influence of Temperature and Speed upon the Start of
Glide

The influence of the test temperature on glide has hitherto been
widely investigated mainly with hexagonal crystals. It can be
said of them in general that the sharp bend in the stress-strain
curve at the yield point becomes more accentuated with rising
temperature. It was seen in Section 43, in which we discussed the
dependence of the stress-strain curve upon the orientation of the
crystal, that the sharpness of this bend was decisively influenced
also by the position of the glide elements. Where the glide elements
are more or less transverse to the direction of tension, an initial

L

•
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reduction in load with increasing extension is possible in spite of
the shear hardening due to glide, whereas the same yield-stress cW've
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leads at once to a steep increase in load if the initial position of the
glide elements is very oblique.

A characteristic example of the initial parts of strcss-strain curves
of several fractions of the same cadmium crystal, obtained at various
temperatures, is found in Fig. 116, a, band c. The test temperature
ranged from 20° to 5850 K., i.e., to within go of the melting point.
A stress-strain curve obtained with special equipment at still lower



47. Influence of Temperature and Speed upon Start of Glide 147

temperatures down to 1·2° K. is shown in Fig. 117. It is seen that
considerable plasticity persists even at these temperatures and that
in particular the critical shear stress is ofthe same order of magnitude
as at the other temperatures. This fact has also been confirmed for
zinc crystals [(251), (253)].

Fig. 118 shows in diagrammatic form the relationship between
critical shear stress and temperature. It will be observed that the
shear stress of the basal glide system of hexagonal metals is only
slightly affected by temperature. The increase in the shear stress
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FIG. 117.-Stress-Strain Curve of a Cd Crystal at Low Temperatures (254).

of cadmium, for instance, is slightly less than four-fold, despite a
reduction in temperature from just below the melting point to
20° K. A similarly slight dependence of So on temperature has been
observed with the rhombohedral bismuth (263) and tetragonal tin
(262).

Although the experimental data available for very low tempera-
tures are scanty (a serious deficiency, especially where cubic crystals
are concerned), extrapolation down to absolute zero for zinc and
cadmium can at least be attempted. It reveals that even at this
temperature the low yield stress of the basal plane persists.

In the neighbourhood of the melting point there was in all cases
a zone of approximately constant critical shear stress. A decrease
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to zero value (that of the melt) must proceed very suddenly, at any
rate for cadmium and bismuth; down to temperatures of go or 6°
below melting point there is still the same value as in the range in
which there is no dependence on temperature. In view of the
temperature dependence of the solubility of impurities, their role
in the above tests cannot at present be assessed.

It has already been mentioned that aluminium crystals show no
sharp yield point at room temperature (see Section 40). This has
also been observed for the temperature range -185 to 600° C. (257).
However, the yield-stress curves shown in Fig. 128 indicate that
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for aluminium, too, there is only slight dependence of the start of
glide on temperature. Whereas at 600° C.a shear stress of 100g.jmm.2

sufficesfor perceptible deformation, at -185° C. a stress of approxi-
mately 800 g.jmm.2 is necessary to produce observable octahedral
glide.

Having described the effect of temperature, we will now deal
briefly with the effect of the speed of deformation on the critical
shear stress. It will be explained later (Section 50) that, owing to
their similar influence, time and temperature are probably very
closely connected. It has been found that in general the yield point
increases with increasing speed of testing. It is probable that the
decisive factor is not the increase in the stressing speed within the
range of purely elastic deformation, but the greater speed of deforma-
tion within the narrow range that lies between the elastic limit and
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the yield point. Some idea of the magnitude of the influence of
this speed can be gained from Fig. 119 in the case of cadmium
crystals. A hundred-fold increase in the speed of testing leads,
within a wide range of temperature, to an increase of the critical
shear stress of 20-30 per cent. Fig. 119 reproduces, also, as a
broken line, the curve which appears in Fig. 118; since it relates to
crystals which were drawn from the melt much more slowly, it is
not directly comparable with the other two curves.

It is difficult to give figures for aluminium crystals, owing to the
absence of a sharp yield point in this case. From available tests
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FIG. 119.-Dependence of the Critical Shear Stress of Cd Crystals upon
the Speed of Stressing (Deformation) (252).

in which the test speed varied from 1 : 23,000 it appears that, in
spite of this wide range, glide begins at approximately the same
stress (256).

48. Progress and Termination of Glide in Relation to Temperature
and Speed

An example of the energy needed to continue extension at various
temperatures is shown in Fig. 120. It represents the extension of a
cadmium crystal in stages at various temperatures. The change in
temperature was always effected after removal of the load from the
crystal. It will be noticed that the relatively slight dependence of
the critical shear stress upon temperature in the initial unworked state
persists at larger glide strains. On the other hand, the work needed

•
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to continue the extension is strongly dependent upon temperature.
Whereas at room temperature and even more so at elevated tempera-
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FIG. 120.-Stress-Strain Curves of a Cd Crystal at Various

(Absolute) Temperatures (254).

tures stretching can take place initially with a falling load (however,
here too the shear stress in the operative basal glide system
increases) a very considerable increase in load is necessary at low

FIG. 121.-Local Glide of a Cd Crystal Extended at 2500 C. (255).

temperatures. Consequently at low temperatures stretching usually
proceeds much more uniformly along the whole crystal than at
temperatures at which, owing to the reduction in stress, it is confined
initially to the weakest portions of the crystal which experience the
first extension (Fig. 121).
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As a rule the glide bands become coarser as the temperature rises
(Fig. 122 compared with Fig. 35a). Quantitative statements
regarding the mean thickness of the glide packets are not available.
Difficulty arises frol11the circumstance that, with increasing magnifi-
cation, new glide lines becomes visible. In the case of regular zinc

FIG. 122.-Zn Crystal Extended at 3000 C. (252).

polyhedrons which were grown from vapour, values were obtained
which fluctuated around 0·8 i.L., or a multiple thereof (267). Tin
crystals usually show glide bands; sometimes, however, they appear
perfectly smooth in spite of substantial deformation (extension up
to ten times the initial length); the thickness of the glide packets
must then be below microscopic resolution (261). Reduction of the

FIG. 123.-Formation of Coarse Glide Packets and of a
Shear Fracture in the Course of Very Slow Extension

of a Sn .Crystal (see 260).

speed of straining, like an increase in temperature, produces coarse
glide bands. Fig. 123 contains two illustrations of zinc crystals
which have been stretched extremely slowly.

The yield-stress curves obtained for hexagonal metal crystals at
different temperatures are shown in Fig. 124. They reveal a very
pronounced influence of temperature on the shear hardening of the
basal plane. The hardening coefficient derived from the slope of the
yield-stress curve changes 400-fold within the temperature range
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investigated. This dependence is most marked at intermediate
temperatures; it decreases rapidly at both high and low tempera-
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tures, and becomes insignificant where these are extreme. For very
low temperatures this is apparent from Figs. 117 and 120 (cadmium
crystals).



48. Progress and Termination of Glide 153

The amount of basal glide that can occur at different temperatures,
which in the case of magnesium is limited by shear fracture along the
basal plane, or by the start of pyramidal glide, and in the case of
zinc and cadmium by secondary glide in twin lamella) (see Section
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FIG. 124 (a)-(c).-Yield-Stress Curves
of Hexagonal Crystals as a Function
of Temperature. Speed of Stressing
before Reaching the Yield Point:
80-100 g.fmm.2/min. Discontinuous
Curves Obtained at a Stressing Speed
which was about 100 Times Greater.
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44), is again well expressed by a limiting shear stress which is in-
dependent of orientation. Thus within a wide range of temperature
the mean yield-stress curves for basal glide are characterized not
only by their starting point and slope, but also by the point at which
they end. The relationship between temperature and the limiting
values for shear stress and glide strain is shown in Fig. 125. In the
temperature range investigated extension by basal glide increases
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by an order of magnitude, while at the same time hardening decreases
equally rapidly. This entails even with the flattest yield-stress
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FIG. 125 (a) and (b).-Termination of the Basal Glide of Hexagonal Crystals
as a Function of Temperature.
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strain and shear stress markedly depend upon temperature, the
work of shear for the three hexagonal metals for basal glide is found
to be approximately independent of temperature (Fig. 126). Zinc
crystals, however, show a fiat maximum at 1500 C. It is not known
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for certain whether this is bound up with a possible deviation from
pure basal glide which may occur in this range of temperature.
The magnitude of the mean shear energy amounts to 4·4 cal./g. for
magnesium (that is 18 times the specific heat, or 1/10th of the latent
heat of fusion); for zinc it is 0·97 cal./g. (11 times the specific heat,
or 1/24th ofthe heat of fusion), and 0·24 cal./g. for cadmium (4 times
the specific heat, or 1/44th of the latent heat of fusion). This
purely empirical finding can hardly represent a limiting condition,
because in the course of deformation the greater part of the added
energy is transformed into heat and is therefore no longer present
in the crystal at the conclusion of glide. It would be more reason-
able to suppose a saturation with internal energy, which in the cases
described here, of course, would have to amount always to the same
fraction of the total work of deformation. (For further details see
Section 60.)

In Fig. 124, a and c, the dependence of the yield-stress curve on
time at different temperatures is also shown by curves obtained at a
one hundred-fold speed of deformation. It is found that within
the range in which the yield-stress curve is very dependent upon
temperature there is also a marked dependence upon speed; in the
case of magnesium, for instance, the shear stress after 600 per cent.
glide at 2500 C., in the crystal that has been stretched rapidly, is
three times greater than in that which has been stretched slowly.1
Within the range in which the yield-stress curve is less dependent
upon temperature the speed of deformation is also without con·
siderable influence. The work of shear, which is independent of
temperature, is also largely independent of the speed of deformation,
as is seen in the case of cadmium in Fig. 126.

In the extension of zinc and cadmium crystals represented in Fig.
124, band c, the primary basal glide is restricted by the start of a
new basal glide within the twin lamellro formed towards the end of
primary glide. If the temperature exceeds the maximum values
given in the diagram, then the normal course of basal glide is dis-
turbed by recrystallization during the extension. At temperatures
above 3000 C., cadmium crystals break transversely without con-
siderable elongation. With zinc crystals, decrease of temperature
leads at -800 C. to pronounced reduction of the ductility and to the
appearance of cleavage fracture along the basal plane-a phenomenon

1 Great importance therefore attaches to the constancy of test speed in
certain temperature ranges if the tests are to be comparable. In accordance
with the crystallographic process of glide, the value to be maintained constant
is the rate of glide strain which is independent of the initial position and of
the change in orientation in the course of stretching (256).
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which is observed at all lower temperatures. (For further details
see Section 53.)

Only approximate details are available for tin crystals. While the
slope of the yield-stress curve remains more or less constant, the
limiting glide strain falls appreciably with rising temperature (up
to 200° C.). In this case the range within which the hardening
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coefficient is only slightly dependent on temperature is reached
already between 20° and 200° C. (262).

The relationship between temperatures and the stress-strain
curves of aluminium crystals is given in Fig. 127. From these it
will be seen that hardening is greatly reduced as temperature rises,
but that the total extension between -185° and 300° C. remains
noticeably constant. This clearly distinguishes aluminium crystals
from the hexagonal crystals, which, in general, experience sub-
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stantial extension at higher temperatures. The increase in the
extension of aluminium crystals at 4000 and 5000 C. is followed at
6000 C. by a substantial reduction, due to the premature elimination
of primary octahedral glide by the emergence of a new (cubic) glide.
Recrystallization was observed in this case only at the highest
temperatures, and even then only at the apex of the extension cone
in the neck.!

The relationship between temperature and the yield-stress curve
based on primary octahedral
glide (glide along the system
which first becomes operative)
is shown in Fig. 128. While
at the start of glide the in-
fluence of temperature is ~ 5
only small, here, too, the -t

";'11-effect of temperature on the "'"
increase of the shear stress .~

'" 3becomes very marked as the ~s
strain increases. '"

The influence of the test ~
speed on shear hardening t1j
has been studied at room
temperature only (256). The
yield-stress curve obtained
in dynamic stressing at a
23,000-fold speed (450 per
cent. elongation per second)
exhibits shear-stress values
which are approximately 16 per cent. higher than for the static
curve. A test which was carried out at an exceptionally reduced
speed of loading (test period: 234 days) is described in (258).

Particulars of the qualitative influence of time on glide are avail-
able also for IX-iron(259), tin (261) and bismuth (250). In all cases
an increase of the speed of testing leads to more pronounced harden-
ing and to a reduction of plasticity. This is particularly noticeable

1 The lattice position in which cubic glide undoubtedly starts enables us
to estimate its yield stress relatively to that of an octahedral system, as was
mentioned in Section 42. It is true that this will apply to extended crystals
only; the corresponding ratio for the intact initial crystal need not be the
same. This estimate is based on the fact that, in the end position [1l2]
towards which octahedral glide tends, cubic glide occurs, and leads to a new
end position [Ill]. Consequently, the shear stress in the cube plane in the
direction of a face diagonal exceeds that of an octahedral glide system by
only about 15 per cent.
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in the case of the tin crystal, owing to the simultaneous operation
of several glide systems in rapid stretching. The same effect is
produced by a reduction of the test temperature to -185° C.

49. Crystal Recovery
In the previous section we dealt with the significance of tempera-

ture and time in the plasticity of crystals, and we gave particulars
of the yield-stress curves in relation to temperature and speed of
deformation. In so far as an influence exists, it takes the form of a
reduction of the hardening with rising temperature or diminishing
speed of deformation, for a given deformation. The experiments
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after Hardening and Recovery (261).
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which we are about to describe, and which have led to the con-
ception of " crystal recovery", illustrate even more directly the
softening effect of temperature and time [(264), (266), (265)]. In
addition, they clearly reveal the close connection between these two
factors.

Fig. 129 contains flow curves of a tin crystal after repeated stretch-
ing at the same stress, and after a rest of 1 minute at 60° C. The
curves were recorded in a Polanyi filament-extension apparatus
(see Fig. 75). All extensions took place below the yield point of the
crystal. The initial reduction in the mean speed of flow reveals the
hardening which accompanies the deformation; while the weakening
effect of intermediate annealing is shown by the resulting increase in
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flow. This weakening, which is not a result of recrystallization or
a change in orientation of the crystal, can be modified within a wide
range by changing the conditions of annealing. The measure of the

softening (e) is obtained from e(%) = v'o - ve. 100, where VoVo - Ve

represents the original flow speed, Ve the flow speed of the hardened
crystal, and v'o that of the recovered crystal. In the limiting case
of v'o = Ve there is no recovery; if, on the other hand, the original
flow speed is again reached (v'o = vo) recovery has been 100 per cent.
A three-dimensional diagram, based on such tests, which shows the
recovery of zinc crystals as a function of time and temperature, is
given in Fig. 130. Recovery can be considerable even at room
temperature over sufficiently long periods; it becomes perceptible
after 10 minutes and amounts to about 50 per cent. after 20 hours.
Analogous flow tests proved that bismuth crystals also possess a
marked capacity for recovery (250).

An even more striking demonstration of the softening effect of
time and temperature is shown in Fig. 131, which shows the exten-
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FIG. 131 (a) and (b).-Extension of a Zn Crystal; Tests Interrupted for
30-40 sec. in (a), and for 24 hours in (b), to Permit of Recovery.

sion curves of a zinc crystal. After each extension of 50 per cent.
the load was removed from the crystal for 30-40 seconds in the one
case, and for 24 hours in the other. The softening which occurred
during the interval is expressed in the reduction of the stress neces-
sary for further extension (from B to B'). The broken curves in the
diagrams represent the extension curves calculated theoretically on
the assumption of constant shear stress of the glide system (formula

•
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43/1). It will be seen that the short pause resulted in only a slight
softening, whereas in the 24-hour interval the strongly increased
yield stress of the basis reverted to its original value. Therefore the
crystal recovered completely during this period. The measure of
recovery in these tests is given by the expression

(0/) Sl-S'1100e /0 = S _ S' ,1 0
So being the initial yield stress of the unstressed crystal (Point A),
SI the yield stress at the close of the first stage of extension at 50 per
cent. (Point B), and, finally, S' 1 the yield stress of the pre-worked
and recovered crystal (Point B').

The occurrence of recovery in aluminium crystals is clearly appar-
ent in creep tests (flowunder constant load) at elevated temperature
(250° C.). In this case the extension of the crystals proceeds in
three different stages. Upon application of the load the crystal at
first flowsrapidly, and in so doing forms numerous glide bands; then,
as hardening begins, there follows a stage of small deformation in
which only a few new glide bands occur, while finally, as a result
of crystal recovery, rapid flow occurs which leads to fracture
(258).

Tungsten crystals, too, exhibit very distinct recovery after suitable
heat treatment (at least 10 minutes at 2100° C.). This was revealed
by the considerable reduction in the ultimate tensile stress of
crystals that had hardened by drawing through diamond dies. The
original softness of the crystals was restored by this heat treatment,
indicating that here, too, the shear stress in the glide systems had
been reduced (266).

Although the direct experimental investigation of crystal recovery
has been limited to a few metals only, there can be no doubt that we
are faced here with a very general phenomenon which is technically
of great importance. In summing up it may be said that the
essential feature of crystal recovery is that, while preserving the
lattice, it continuously reduces, during heat treatment, the mechanical
properties of the work-hardened crystals approximately to the
initial values. Consequently, crystal recovery contrasts sharply with
recrystallization which involves the formation of new grains and
reduces the properties of the hardened metals down to their original
values in stages (cf. Section 65).

Hitherto the weakening effect of recovery has been discussed in
relation to the resistance of the crystals to plastic deformation; it
will be shown later that recovery influences also their tensile strength.
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50. Glide Regarded as the Superimposition of Recovery upon an
Athermal Fundamental Process

In the previous sections the influence of temperature and time
on the progress of glide have been discussed. Thc main facts which
have been established, chiefly with hexagonal crystals, can be
summed up as follows: the critical shear stress which characterizes
the start of glide is only slightly dependent upon temperature (and
the speed of loading). There is no reason why it should not be
assumed that the shear stress in the glide system at absolute zero is
of the same order of magnitude as at elevated temperatures.

In marked contrast to this limited dependence on temperature of
the initial yield stress, the increase in the shear stress in the course
of glide (hardening) depends very strongly on the temperature, at
any rate within certain ranges. At very low temperatures both the
start and the slope of the yield-stress curve are practically independ-
ent of temperature. On raising the temperature a range is reached
in which the hardening is appreciably reduced as the temperature
increases; and finally the hardening curve, which now rises only
very slightly, again becomes almost independent of temperature.

The speed of deformation has a very similar influence on the
yield-stress curve: there is an insignificant effect at very low
temperatures and near the melting point, but a very strong influence
exists in the intermediate range.

The following physical description of crystal glide is suggested by
these facts (251). The basic process is athermal, i.e., independent
of time and temperature. It operates undisturbed at very low
temperatures, and finds expression in a characteristic function of the
material, the yield-stress curve, which indicates that the low yield
stress of the glide system of the unworked crystal greatly increases
with increasing deformation. Upon this basic process, which is
independent of temperature, there is imposed, as the temperature
rises, a thermal-softening process: c1'ystal recovery. In general,
therefore, two fundamentally distinct processes are simultaneously
involved in the deformation of a crystal by glide: the one concerns
the actual crystal and is structurally determined; the other is based
on the thermal vibrations of the lattice. As temperature rises, the
thermal recovery increasingly cancels out the hardening caused by
glide, leading ultimately in extreme cases to a deformation which is
free from hardening and which takes place at a constant shear stress
of the glide system.

From the above it will be immediately apparent that an increase
M
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of time, i.e., a reduction of the speed of testing, has the same effect
upon the softening process as an increase of temperature. This is a
plausible explanation of the influence which speed exerts on the
yield:-stress curve.

C. THE DYNAlVIICSOF TWINNING

51. The Condition of Twinning
Whereas glide could be characterized dynamically by the critical

shear stress and the yield-stress curve, similar quantitative principles
governing mechanical twinning are not yet available. As already
explained, the formation of a deformation twin represents, contrary
to glide, a process that is also macroscopically discontinuous.
Fig. 132a illustrates this by the extension curve of a cadmium
crystal (Polanyi filament-stretching apparatus), which clearly
reveals the formation of twin lamellre (accompanied by audible
crackling) resulting from discontinuous changes of load. The
twins themselves are usually narrow lamellre which often do not
traverse the entire crystal; and from these lamellre initially only
occasional small bands develop, which sometimes widen as the
stress increases, or are replaced by the formation of new twins .

.During the formation of a twin lamella a further increase of load is
unnecessary. It will suffice, therefore, for a dynamic characteriza-
tion of twinning if an account is given of the conditions which govern
its initiation. The reasons why we are unable at present to make
any statement regarding this" critical" state are to be sought on
the one hand in the very pronounced sensitivity of twinning to
inhomogeneities within the crystal, as a result of which the deforma-
tion twins always develop in a more or less extended stress range.
On the other hand, the attempt to formulate quantitatively the
conditions which govern twinning is greatly hampered by the
circumstance that, as a rule, the crystals also exhibit glide, in which
event, of course, twinning cannot be studied in the intact initial
state but only in an already hardened state. An example of this
will be found in the extension curves of variously oriented cadmium
crystals shown in Fig. 132, band c.

The few indications at present available for the initial law
originate from alternating-torsion tests. These tests, which were
carried out on zinc and bismuth crystals, would appear to indicate
that a single initial law based on a limiting stress, such as governs
glide, does not exist for mechanical twinning [(268), (269)]. It is
thought that twinning obeys an energy condition for which the path
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removal of the stress, has been investigated on zinc and tungsten
crystals (288). The crystal wires were twisted by certain angles
(5-100 in the case of 10-cm.-Iong zinc crystals, 1800 for the 50-cm.-
long tungsten crystals) and then released. Whereas the tungsten
crystals immediately regained their initial position, the iinc crystals
retained a substantial permanent torsion. In both cases, however,
contrary to comparative tests carried out with polycrystals, the final
position was already reached 1 minute after removal of the load.
No further changes occurred during the investigation, which
extended over 36 hours, whereas in the case of polycrystalline wires
over the same period there was a subsequent reverse deformation
amounting to 40 divisions on the scale (corresponding to an angle of
torsion ~2°). These experiments show that the torsional after-
effect of metal single crystals, if it exists, is very much smaller than
with polycrystalline material.

Elastic hysteTesis means that the shape of a solid is dependent
not only upon the instantaneous value of the stress but also upon
the stress-strain history of the material. So far investigation of the
effect in single crystals has been limited to aluminium (291). Tensile
loads were applied to the crystals slowly and then slowly removed,
and the resulting changes in length were observed by means of the
Martens mirror apparatus. The stresses were kept within the range
0·028-1·43 kg./mm.2. The total extension after a large number of
load cycles amounted ultimately to 2·2 per cent. The results of the
tests can be summarized as follows: plastic extension already
occurred at the first application of load, even within the minimum
stress range of 0·028-0·144 kg./mm.2; therefore a range of a purely
elastic deformation was not observed. Repeated loading and un-
loading, after the initial occurrence of permanent deformation, led
ultimately to closed hysteresis loops similar to those observed with
polycrystals. The existence of these loops is not compatible with a
homogeneous elastic deformation of the lattice.

The Bauschinger effect consists in the observed fact that, after a
test bar has been deformed, its resistance to deformation (elastic
limit, yield point) is greater for further deformation in the same
direction than for deformation in the reverse direction (289). In
certain circumstances, even a weakening can be observed in the
reverse direction. For single crystals the Bauschinger effect was
studied on ()(-brass(72 per cent. copper). Cylindrical bars 9·2 mm.
in diameter were subjected to tension-compression tests, the changes
in the 10-mm. gauge length being observed by means of a Martens
mirror apparatus. The results obtained with the single crystal
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M. Polanyi (287) created the conception of strain strengthening
and contrasted it with shear hardening. He observed strain
strengthening on deformed tungsten and rock salt crystals (286).
Only with rock salt is the surface of fracture a smooth plane. The
strengthening of tungsten is assessed on the basis of the strength
related to the final section.

Finally, it may be mentioned that in deformed crystals strain
strengthening, like shear hardening, can be gradually removed by
crystal recovery. Figures relating to this phenomenon, for the
fracture of zinc crystals on the prismatic-plane type I, are contained
in Table XVII. After extension at room temperature, and before
fracturing at -185° Co, the crystals were heated for 2 minutes at
80° C. This produced a tensile weakening of 30-40 per cent. with-
out recrystallization of the crystal. Just as deformation produces
both strain hardening and strain strengthening, recovery leads to
both a softening and a weakening of the crystal (decrease of critical
shear and normal stress).

E. AFTER-EFFECT PHENOMENA AND CYCLIC STRESSING

Hitherto we have examined the behaviour of metal crystals under
substantial plastic deformation. We will now describe those closely
related phenomena which occur within a range of small deformation
upon removal of the load or change of the direction of stress. In
the first place it is a question of after-effect and hysteresis which,
although usually termed elastic processes, must no doubt be re-
garded essentially as plastic. The Bauschinger effect will also be
discussed in this context since it is probably due to the same causes.
The available material relating to these phenomena in metal crystals
is at present confined to a few experiments. A close enquiry into
this behaviour will, however, certainly contribute greatly to our
knowledge of crystal deformation and hardening.

Subsequently we shall describe investigations carried out on metal
crystals in regard to the technically very important property of
fatigue. In discussing these experiments we shall deal first with the
external crystallographic features of the crystals resulting from
cyclic stressing (deformation phenomena, crack formation), and then
with the changes which take place in the mechanical properties as
the stress increases.

55. After-effect and Hysteresis. Ba~tschinge1' Effect
The elastic afte1o-effect, which consists of an " after-shortening",

i.e., establishment of equilibrium length as a function of time after
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cleavage planes are independent of the glide strain, as is more or
less the case at this temperature, then the limiting glide strain which
is achievable for crystals of various initial orientations is obtained
by intersection of the series of curves with the horizontal straight
lines at distance NB or N r from the abscissa axis. It will be seen
that where the initial positions of the basal plane are oblique, its
c!'itical normal stress (180 g./mm.2) is obtained only after consider-
able glide. Fracture would have to be preceded by a very sub-
&~antialdeformation. It has been found, however, that even after
re~atively small deformations the critical normal stress (1800g. Imm. 2)
for the prismatic plane is reached. These crystals fracture therefore
by cleavage along the prism plane.

Beyond an Xo angle of approximately 25° this prismatic cleavage is
then replaced by fracture along the basal plane. Whereas formerly
the glide strain increased with increasing xo' it now begins to

N
diminish. For a Xo angle corresponding to the equation tgXo = SO

o
the critical normal stress is already reached at the yield point, so

that for all Xo angles > arc tu ~ 0 (~58°) brittle fracture of the
o

crystals occurs.! The critical normal stress was here assumed con-
stant; however, even if it depended on the preceding deformation
the examination would follow a similar course.

Although the interpretation of the fracture process at low tempera-
tures as one of shear fracture is contradicted by the appearance of
the fracture surfaces of zinc crystals, it should be pointed out that
this view is also untenable for another reason. If the onset of
fracture resulted from the limiting shear stress, then this would
always have to operate (owing to the yield-stress curve which is
valid at low temperatures) upon reaching a certain point on this
curve, that is, at a constant limiting glide which is independent of
orientation. This does not agree with experimental results.

Apart from this case of the zinc crystal, which made possible an
investigation of strain strengthening of an operative glide plane (the
basal plane) and of a plane which crossed this (prismatic-plane type I),
there are no other examples of the strain strengthening of metal
crystals by glide. The question of the influence of mechanical twinning
upon the normal strength of cleavage planes is still quite obscure.

1 It should be noted that all curves in Fig. 143a have the straight line
N = k as asymptote. Whereas sooner or later fractlIre occurs in all orienta-
tions for values of the critical normal stress N <k, for N>k a fractme about
the plane under consideration is possible within only a restricted range of
orientation, and then only if there has been no previous glide.
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considerable basal glide at room temperature has a very pronounced
influence on the normal strength of the prismatic plane (determined
at -185° C. immediately after stretching). The varying amounts
of extension were achieved through the use of crystals of different
initialorientations. Table XVII gives the fracture.strength values
obtained, to which the critical normal strengths of the prism planes
are proportional owing to the very similar lattice position in stretched
crystals. The increase of the strain strengthening ofthe prism plane
with increasing cxtension is very clear.

From a knowledge of the behaviour of the critical normal stresses
for the basal and prismatic planes it is possible to understand tensile
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(a) Basal plane. (b) Prism plane type 1.
FIG. 143 (a) and (b).-Theoretical Course of the Normal Stress when Extending
Zn Crystals of Various Orientations at -185° C. The Initial Angle
between Basal Plane and Longitudinal Direction is Indicated for the

Respective Curves.

tests with zinc crystals, and, in particular, the deformation which
precedes fractlu"e at those temperatures where fracture occurs in one
of the cleavage planes. In Fig. 143 is plotted the increase, during
the tensile tcst, of the normal stress on the basal plane and on the
prismatic-plane type I which lies most transversely, deduced from
the yicld-stress curve for crystals of various initial orientations at
-185° C.1 If the critical normal stresses (NjJ and Np for the two

1 NB was calculated with the aid of the relationship

NB = ~o t ka _ (So = 126 g./mm." k = 400 g./mm.'),
a -I- cot g Xo

which is easily deduced from the formulre (40/2) and (43/3): while N p was
calculated from the equation Xp = cos' 30 (<Yo-I- ka) . (a -I- cot g xo)'

N
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The effect of this deformation on the critical normal stress of the
basal plane is seen from Fig. 142. Although the results of the
individual tests are scattered, the following facts do at least emerge.
As was pointed out in Section 53, at -185° C. the influence of
preceding glide is only slight; at _82° C. there is a marked increase,
at -253° C. a pronounced decrease in the critical normal stress with
increasing glide, which in this case just exceeds 20 per cent. This
shows that, according to the temperature, the normal strength of
the glide plane can be increased or reduced by preceding glide.
The influence of strain hardening, due to deformation, on the
critical normal stress of cleavage planes (" strain strengthening")

TABLE XVII
Strain Strengthening and Recovery of Zinc Crystals (279)

-
Fracture strength at -185° C.

Extension,
After recovery for

H,ecovery,
%. Immediately after 2 minutes at

%.
extension, 80° C.,
kg·fmm.2• kg·fmm.2•

50 2'6 - -
100 3·2 - -
160 5·5 3·4 38
300 7·3 - -
350 8·2 - -
380 8·4 6·2 26
400 9·6 5·4 44
500 9'8 - -

can therefore be negative, in which case it represents a weakening.
This contrasts remarkably with the effect of strain on the yield
stress of glide systems. In the latter case there is nearly always a
hardening (shown by the yield-stress curve) which increases with
decreasing temperature and finally reaches a limiting value (see
Section 48). If, at the yield point of zinc crystals, normal stresses
of about 500 g.jmm.2 on the basal plane at 20° C. do not lead to
fracture, this may perhaps be attributed to a strain strengthening
which is caused at this temperature by the slight extension which
occurs before the yield point is reached.

With the prismatic cleavage plane of zinc crystals as well as the
basal plane there appears at -185° C. to be no marked influence of
the basal glide which precedes fracture. For extensions between
11 and 48 per cent. the critical normal stresses scatter unsystematic-
ally between 1330 and 2130 g.jmm.2 (278). On the other hand,
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stresses.
gripping
crystals.

This is partly due to the difficulty of ensuring correGt
of a cylindrical specimen when testing brittle cleavable
The magnitudes of the normal strengths of the cleavage

•
0. 0

0

1---.
0 0eo

o.
'" 0 •x-

x
X

\

0
x

x
0 x

0
0

x -
0

0

x x x

1---- .

211010060 120

Glide strain %
(c) at _820 C.

qp.JO1U 211

Glide stmin %
(a) at -2530 C.

2602qp2PP

• x X
0 .

OR
·ff . . . .
00

0 ",. . .
0
. . .x .

60 120 100

Glide strain %
(b) at -1850 C.

FIG. 142 (a)-(c).-Influence of Previous Glide on the Critical Normal
Stress on the Basal Plane of Zn Crystals at Various Temperatures (281).

planes are of the same order as those of the shear strengths of the
principal glide systems (Table IX).

Further tests are necessary if the significance of the critical normal
stress in a quantitative description of cleavability is to be elucidated.

54. Influence of Previous Deformation upon the Critical Normal
Stress. "Strain Strengthening"

It was pointed out in the previous section that the fracture of
metal crystals on cleavage planes is often preceded by plastic
deformation. This is specially obvious in the case of zinc crystals.
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the cleavage plane. The value obtained for the critical normal stress
of the rhombohedral plane, which is more than double that of the
(Ill) plane, can therefore be taken only as an approximation.

Only scanty experimental information is so far available regarding
the dependence of the critical normal stress on temperature, and in
any case we have seen that such dependence can be only slight.
Thus the tensile strengths for bismuth at 20° and -80° C. can be
represented by the same value of the critical normal stress of the
basal plane (Fig. 137). And even for the zinc crystal there appear
to be no noticeable differences in the basal normal stress within the
range -80° to -253° C. (Section 54).

TABLEXVI
Critical Normal Stress of Metal Crystals

O· _

Critical
Method of Cleavage Tempera- normal Litera-Metal. producing plane. ture, stress at ture.the crystal. o C. fracture,

kg./mm.2.

Zinc (0·03% Cd) . (OOQl)} -185 0'18-0'20 (278)
Drawn from (1010) 1·80 (281)

Zinc + 0'13% Cd the melt. (0001) -185 0·30 } (280)Zinc + 0'53% Cd (0001) -185 1·20

Bismuth Drawn from (Ill) + 20 ) 0·324 (284)the melt - 80 f
and soli- (ll!)} + 20 0·29

} (285)dified in (ll!) 0·69
Antimony vacuo (111) + 20 0·66

Tellurium Solidified (1010) + 20 0·43 (283)
slowly

Scarcely anything is known of the influence of metals in solid
solution on the critical normal stress. In the case of zinc crystals
alloyed with cadmium there appears to be quite a substantial
increase in the fracture strength (280).

A summary of the critical normal stresses so far measured is
given in Table XVI. In addition to the examples already mentioned,
zinc (fracture along basal and prismatic planes, alloying effect),
bismuth (fracture along basal and rhombohedral planes, influence
of temperature), and tellurium, the table contains an approximate
value for the critical normal stress of the rhombohedral plane of
antimony. It should be particularly noted that the values for the
normal stresses are less reliable than those for the critical shear



53. Brittle Fracture: Sohncke's Normal Stress Law 173

glide, constancy of the shear stress can at present be described only
as much more probable than constancy of strain, in the case of
brittle fracture of metal crystals the balance is clearly in favour of
the constant-stress law.

The zinc crystal affords also an opportunity for determining the
critical normal stress ofthe second-best cleavage plane, the prismatic-
plane type I, which appears as cleavage plane when the basal
positions are very oblique. At -185° C. a value is obtained for
this which is about ten times greater than for the basal plane; it is
measured, of course, after slight basal glide. There is an order-of-
magnitude preference for the basal plane, not only for glide but also
for cleavage fracture.

Taking into account the critical normal stresses of basal and
prismatic-plane type I it is now possible to calculate generally the

a

FIG. 141 (a) and (b).-(a) Tensile-strength Surface, and (b) Fracture
Surface, of the Zn Crystal at -185° C. (278).

dependence of the tensile strength upon orientation. The result is
represented by the surface illustrated in Fig. 141a, which gives the
tensile strength corresponding to various orientations and clearly
reveals the strong influence of crystal orientation. A surface repre-
senting the tendency to fracture in a wider sense is shown in Fig.
141b. It connects the initial orientation of the crystal with its
tensile strength with respect to brittle cleavage along the basal or
prism planes, and (in far the greater part of the field of orientation)
with its yield point with reference to extension by basal glide. This
is given by the constant critical value of the shear stress in the glide
system (Section 40).

For bismuth, too, the second-best cleavage plane-the rhombo-
hedral plane (lll)-could be characterized quantitatively by means
of its critical normal stress (285). It is true that, with the orienta-
tions investigated, mechanical twinning always started before
fracture occurred, as could be detected from narrow striations on



FIG. 140.-Tensile Strength of Zn Crystals
at _185° C. as a Function of Orientation

[(278), (282)].
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occurs (obtained from experiments) does not usually apply for the
undeformed initial state. It may depend very largely on the extent
of previous deformation, as will be explained in greater detail in
Section 54. At -185° C., however, this dependence was found to
be only slight, so that the tests at this temperature can be discussed

here (278). Fig. 140 repre-
sents the tensile strength
as a function of the angle
of the cleavage plane.
The observations again
agree satisfactorily with
the curve calculated on
the assumption of the
normal stress law. In
particular, these tests with
zinc reveal substantial
disagreement between the
results of the tests, and
a fracture condition of
constant normal dilatation
perpendicular to the cleav-
age plane. A discontin-
uous line in Fig. 140
indicates the course of
the tensile strength re-
sulting from this assump-
tion. Agreement between
the two statements is

constant normal stresses: a = si~; x; assumed for the trans-
verse position of the
basal cleavage plane. It
will be seen that con-
stancy of the normal

dilatation would demand a very much more pronounced depen-
dence of the tensile strength upon orientation. For a position

angle of ~26°(tgx. = J- ~13) an infinitely great tensile strength
33

is obtained (dilatation resulting from longitudinal extension, and
reduction of area resulting from transverse contraction of the test
bar, are here equal to each other) and for a still more oblique position
of the cleavage plane normal dilatation becomes possible only under
compressive stress. Whereas in the case of the initial condition for

•
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The tensile strength increases, therefore, as the direction of tension
approaches the hexagonal axis. Down to an angle of inclination of
29° for the most transverse (1010) plane the normal stress law
continues to apply (Fig. 138). If the position of the cleavage plane
becomes still more inclined, the strength of the materiall is exceeded
before the critical normal stress is reached. In this range of orienta-

FlG. 139.-Tensile Strength Smface of the
Te Crystal (283).

tion the tensile strength remains noticeably constant at approx.
1·8 kg.jmm.2 A spatial representation of the dependence of the
tensile strength of tellurium crystals upon the orientation is given
by the surface illustrated in Fig. 139.

Zinc crystals, which at 20° C. and at higher temperatures do not
as a rule fracture along smooth crystal surfaces, exhibit at -80° C.
(and at lower temperatures) smooth cleavage fractures along the
basal plane. This fracture is mostly preceded by glide along the
basal plane, which at -185° C. can amount to a glide of approx.
200 per cent. Therefore the basal normal stress at which fracture

l Tmnslator's footnote. \Vith respect to fractul'e processes other than
cleavage along the (l010) plane.
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which functions as cleavage plane (basal plane in the hexagonal
representation). The curve calculated according to equation (53/1)
on the assumption of a constant normal stress on the cleavage plane,
agrees with the observations. Since the (Ill) plane is also the best
glide plane of the bismuth crystal, the lattice positions which at
20° C. separate the area of brittle fracture from that of incipient
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FIG. 138.-Tensile Strength of Te Crystals as a Function of Orientation (283).
Xl angle between tensile direction and the most transverse prism plane

type 1.

glide can be calculated from the critical shear and normal stress of
this plane. From the condition .

S N
er = sin X . cos ),= sin2 X

sin X N
the relation cos A = 11

is obtained for the boundary of the areas of glide and of fracture.
With the aid of the critical stress values for bismuth we arrive at a
limiting angle of 55° 40', for X = A. Where the initial position of
the (111)plane is more transverse, it is the critical normal stress that
will be reached first, while with more obliquely oriented crystals it
will be the critical shear stress.

Results similar to those with bismuth were obtained with tellurium
crystals, which exhibited tensile-strength differences of 1 : 4. The
cleavage plane here is one of the (1010) planes (prism planes type I).
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(see Fig. 136). This fracture either occurs without any previous
perceptible deformation (brittle crystals), or it terminates a more or
less large deformation the magnitude of which substantially affects
the value of the tensile strength.

Nothing is yet known regarding the period of time covered by the
process of rupture along cleavage planes. Although as a rule
fracture occurs rapidly, it is, nevertheless, certain that the speed of
the operation is finite (see Section 69). Markings on the cleavage
planes and the occasional presence of flaws in the crystal fragments
indicate that the process of fracture often consists in the gradual
deepening of cracks.
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FIG. 137.-Tensile Strength of Bi
Crystals as a Function of Orientation
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53. Conditions Covering Brittle Fracture. Sohncke' s Normal
Stress Law

Tensile tests carried out on rock-salt crystals of various orientation
led Sohncke to formulate the Normal Stress Law (277). According
to this law these crystals break
when a certain critical normal
stress has been reached in the
cubic-cleavage plane which is
invariably the surface of frac-
ture. The fracture strength
therefore depends strongly upon
the angle (x) between cleavage
plane and the direction of the
tension. If N is the critical
normal stress, equation (40/2)
gives for the fracture strength (J

the expression (J = .~ (53/1).sm X
(For further particulars of ex-
periments with rock salt see
Chapter VII.)

Systematic experiments with
metal crystals have shown that
here, too, the occurrence of brittle
fracture along smooth cleavage
planes can readily be brought within the scope of the normal stress
law. For example, bismuth crystals fracture in a brittle fashion at low
temperatures and also at room temperature within a certain orienta-
tion range. Fig. 137 shows the extent to which the fracture strength
of bismuth crystals depends upon the position of the (Ill) plane
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(a) a-Fe
(001).

(b) Zn
(0001).

(c) Bi
(Ill).

Plasticity and Strength of Metal Crystals

. - . -

'.. _ I

- -
(d) Sb
(Ill).

(e) Te
(1010).

FIG. 136 (a)-(e).-Fracture (Cleavage) Planes of Metal Crysta.ls.



52. Mutual Influence of Twinning and Glide 167

due to primary hardening by alloying, or to a substantial hardening
of a latent glide system, in the present case it is the pronounced
hardening of the basal plane due to twinning that is responsible for
the reduction of its capacity for further hardening.

Scarcely any information is yet available on the question of the
influence of mechanical twinning on further twinning-that is, whether
a deformation twin or the initial crystal is more resistant to
mechanical twinning. The answer depends on whether the plasticity
which can be realized through repeated twinning is parallel or
opposed to the direction of stress. It is also necessary to distinguish
between the untwinning of a deformation twin and the development
of a secondary twin which is distinct from the original crystal.
Tests carried out on zinc sheets (274) show that it is possible, by
bending backwards, to cause previously produced deformation
twins to disappear; in this case, therefore, untwinning proceeds
more easily than further twinning in the parent crystal. Similar
observations have been made with antimony crystals (275). A
more quantitative investigation of these relationships confirmed this
result (276). In the course of an alternating bend test carried out
on coarse-grained zinc sheets it was found possible to produce, and
untwin, the same twin lamellre as many as twenty times. Besides
sudden broadening (or narrowmg), in the course of these experi-
ments a phenomenon was observed which, under the microscope,
appeared to be a continuous change of the width of twin lamellre
with increasing (or again decreasing) bending moment. The
moment required for the complete untwinning of a lamella is greater
than that needed for its production. If the same lamella is repeatedly
produced, weakening will be observed in so far as the required
moment will diminish steadily. Consequently, if the test is repeated
with equal bending moments, broader lamellre will be produced.
On the other hand, the bending moments required for untwinning
appear to increase as the test is repeated.

This chapter shows that we have still a very great deal to learn
about the dynamics of mechanical twinning.

D. FRACTURE ALONG CRYSTALLOGRAPHIC PLANES
Hitherto we have been concerned with crystal deformation pro-

cesses, a consideration of which included glide and shear fractures.
In the present section we shall discuss that type of rupture which
consists of a fracture of the crystal along plane surfaces which
coincide invariably with one of the cleavage planes listed in Table VI
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it is transverse. Consequently, each of the three most obvious
assumptions: i.e., that either the true tensile stress, or the shear
stress, or the normal stress in the twinning system, is responsible for
the lower limit of the stress range in question, is compatible quali-
tatively with the experimental data relative to the width of the
stress range that leads to twinning. The experiments show further,
however, that the range within which twinning occurs decreases
with increasing Xo angle much more rapidly than would follow from
either of the three assumptions. If the effect is attributed to an
increase of the lower stress limit, it is then possible to say that
twinning is made more difficult by previous glide.

Only a few details are as yet
available regarding the converse
case of the influence of twinning
on glide. An examination of zinc
and cadmium crystals suggests that
the shear stress of the basal plane
experiences a considerable discon-
tinuous increase as a result of
twinning [(271), (272), (270), cf.
also (273)]. This shear hardening
by twinning amounts at room tem-
perature to about 100 per cent.
for zinc crystals, and about 200
per cent. for cadmium crystals. It
is true that the resultant twin
bands, especially in the case of

cadmium, are usually very thin, so that it would appear possible
that the mechanical properties are influenced by the size of the
crystal investigated. Subsequent glide in the twin is accompanied
by only a slight shear hardening on the basal plane, frequently even
by a reduction of the shear stress (a softening during secondary
basal glide occurred in nine out of twelve cases with zinc crystals,
and in four out of twenty-three cases with cadmium crystals). A
diagram showing the behaviour of the resolved shear stress of the
basal plane of a zinc crystal is given in Fig. 135.

The fact that secondary glide on the basal plane is accompanied
by only slight hardening (or even by some softening) furnishes a
further example of the limitation of the hardening capacity of
crystals. Analogous examples have already been noted in the glide
of solid solutions (Section 46). Whereas in the case of solid solu-
tions the small extent of the further increase of the yield stress was
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maximum load if the position of the basal plane is rather transverse
and the extension curve consequently flat.

This phenomenon can perhaps be explained as follows: if, taking
as a basis the yield-stress curve which is valid for basal glide, we
calculate the extension curves in the true tensile stress-strain
diagram, the result shown for cadmium in Fig. 134 is obtained.!
If allowance is made for the change in orientation which aCCOID-
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FIG. 134.-CalcuJated True Tensile Stress-Strain
Curves for the Basal Glide of Cd Crystals of

Various Orientations.

panies extension, it is also possible to deduce from these curves the
behaviour of the shear and normal stress in the preferred twinning
system. The curves obtained for these stresses exhibit in their
general course no substantial difference from the true stress curves.
In all three cases the high values are obtained with much smaller
extensions if the initial position of the basal plane is oblique than if

1 The true stress at,. (referred to the current cross·section) is obtained from
the" conventional" stress a referred to the initial section by multiplying by

d = 9JJ. In order to obtain the equation of the true stress curves, the equation
q

(43j3) must be multiplied by d.
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of the atoms from their starting points to their fuIal position is also
of importance. One fact does emerge, however, from the scanty
material so far available regarding mechanical twinning of metal
crystals, namely, that as with glide (see Section 42), the shear of
the two neighbouring lattice planes is not essentially elastic. The
elastic shear value which is reached at the onset of twinning is many
orders of magnitude below that of the shear resulting from twinning.
Let the cadmium crystal serve as an example: the reciprocal shear
modulus in the twinning system is certainly not greater than
60 X 10-13 cm.2/dyne, the maximum value for l/G. The shear
stress needed to produce twin lamelhe in the twinning system is also
substantially smaller than 500 g./mm.2 ~ 5 X 107 dyne/cm.2 (270),
so that the elastic shear attained at the moment of twinning is

FIG. 133.-Fe Crystal Extended at -185° C., Showing Deformation
Twins. ]{l = (112) (269a).

certainly smaller than 3 X 10-4 against SOd = 0·175. Differences
of the same order occur with other metals which form deformation
twins.

Temperature appears to influence twinning even less than it
affects the start of glide, for twinning is superseded by glide at high
temperatures (Zn, Cd), but occurs preferentially a,t low temperatures
(oc-Fe; Fig. 133).

52. Mutual Influence of Twinning and Glide
The width of the stress range in which mechanical twinning can

occur in hexagonal crystals under static tensile stress depends to a
very marked degree upon the orientation of the crystals, or rather
upon the shape of the extension curve as determined by the orienta-
tion of the glide elements. This can be seen from Fig. 132, band c,
which shows that twinning starts early where the initial position of
the basal plane is very oblique, and the extension curve therefore
steep, but that it is restricted to a very narrow range just below the
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the single crystal leads inevitably to the Poisson equation for the
ideal random polycrystal. This relationship might be expected to
emerge from other methods of averaging also. The discrepancy in
the Poisson's ratio, as determined on the polycrystal, of 0·25, makes
it possible to gauge the extent to which the Cauchy relations have
been satisfied in respect of the single crystal (cf. Table Ill).

Averages for the magnetic properties will be found in (677). Here

it is a question of the relative change in length (¥) of the crystal

parallel to the magnetization vector (magnetostriction), the relative

change in the specific resistance (~) resulting from magnetization,

and finally of the energy a = fjHrdJ which is necessary for mag-
o

netization, in which Hp represents the components of the outer
magnetic fieldparallel to the vector of magnetization. In the event of
saturation, the difference in the properties of ferro-magnetic cubic
crystals in the direction (S) under investigation and about the cube
edge [100J

(~ll) - (~ll) , (IlP) _ (a
p
) and as - a[JOOl

S [IOOJ P s P [IOOJ

are proportional to the expression YI2 + Y22 + Y22 Y32 + Y32 Y12 [which
is also important for the moduli of elasticity and torsion (Fig. 154a)J,
where Yi is the cos of the angles of the magnetization vector in rela-
tion to the cubic axes. The mean value J of the three properties
of a quasi-isotropic polycrystal is obtained from integration over
the entire range of orientation

J = i(21ncoJ + 31[Jll]) (81/1)

in which 1[100Jand lnll] represent the values for cube edges and the
body diagonals. There is close agreement between the observed
and calculated results of the change in the electrical resistance of
Hon.

The same principle of averaging was also applied to the thermal
expansion (Ot) and the specific resistance (p) of the tetragonal and
hexagonal crystals (678). Integration of the eArpressionrepresent-
ing dependence upon orientation (58/1) gives

J = HII + 51-L . (81/2)

11

in which 111 and 1 -L represent the values parallel and perpendicular
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to the main axis. So far as specific Tesistance is concerned, this
result conflicts with the values obtained earlier. It was pointed out
in (672) that it was preferable to obtain averages for the constants
of conductivity rather than for those of specific resistance, and the
expression for the specific resistance of the random oriented poly-
crystal was stated to be

~=_] +_2_
p 3pll 3p-.L

(S1/3)

(S] /4a)

The conductivity (~) has been averaged over the whole range of

orientation in (679), from which it follows that for p > p-.L

p = V P-.L(p - p-.L) arctan Jpll - p-.L
p-.L

and for pI[L p-.L

p = 2 V P-.L(P-.L- pll)
1 VP-.L + Vp-.L - pll
ITV p-.L - V p-.L - pll

(S1/4b)

A comparison of the methods of calculation will be found in Table
XXXVI, which also compares the mean calculated values of some
other properties with those determined experimentally.

The great difficulty presented by a comparison of this kind lies
in the selection of the observed values. Only in the rarest cases
has the texture of the polycrystalline specimen investigated also been
determined. The assumed random orientation of the crystals on
which the calculations are based is therefore by no means warranted.!
In the case of specific resistance there is a further element of un-
certainty in so far as the determinations on the single crystals and
polycrystals were not always carried out on the same type of
material, so that the degree of purity may have been different. We
believe, however, that the tabulated figures are fairly accurate.

The values obtained by averaging approximate closely to the
observed values and so appear to justify the averaging methods

1 The random orientation of the crystals can ue estimated if the cubic
compressibility (I() of the material, or Poisson's ratio (1-'), of the specimen is
known in addition to the elastic moduli (673). The theory of elasticity yields

for the isotropic solid the relotionships ]{ = ~ - ~ and I-' = 2~- I.. Satis-

faction of these equations is therefore a necessary although inadequate
indication of quasi-isot,·opy.
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employed. This should be particularly emphasized in respect of
the coefficient of expansion, which in the case of zinc exhibits such

exceptional anisotropy CxiXl = 4'51) . The distortions at the grain

boundaries, which, as the temperature changes, are necessary for
the cohesion of the polycrystal, appear therefore to be confined to
such small areas that their effect can be only slight. A decision
regarding the average values for specific resistance [the values
calculated according to (81/4, a and b) lie between those given in
the table] cannot be reached on the basis of results so far obtained,
especially in view of what has just been said regarding the uncertainty
of the comparative figures.

In (680) Sachs has furnished an important clue for calculating
the plastic properties of quasi-isotropic polycrystals from the be-
haviour of the single crystal. These are arrived at by determining
the ratio of the tensile and torsional yield points of the cubic face-
centred metals. The shear stress law (cf. Section 40) provides the
basis for this calculation. By taking the mean values from graphs
it will be found that the maximum shear stress at the start of
deformation of the polycrystal is, in the tensile test, greater by 12
per cent., and in the torsional test greater by 29 per cent., than the
critical shear strength of the octahedral glide system. From this it
follows that the ratio of the torsional yield point to the tensile yield
point of the polycrystal (measured by the maximum shear stress) is
1·15. This figure agrees well with the direct experimental deter-
minations made on copper and nickel, which showed the effect of
the mean principal stress, and gave for the above ratio an average
figure of 1·125 [(681), (682)). Previously this could be explained
only on the assumption that the energy of deformation represented
a measure of the probability of flow (683).

An attempt to calculate the yield point of cubic and hexagonal
crystals on the basis of an assumed condition of flow of the single
crystal, equivalent to a square function of the stresses, will be found
in (674). (For objections to this type of flow condition in the single
crystal, see Section 40.)

82. Interpretation of the Properties of Technical Components
The ideal random arrangement of the crystals, which served as a

basis for discussion in the previous section, represents an extreme
case which will not normally be present in technical components.
As a rule these will be characterized according to their previous
history by a more or less pronounced directionality of the grains.
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It is on this texture that an exact calculation of the properties of
polycrystals must be based, and it is owing to the complicated
nature of such actual textures (described in Section 78) that the
calculations are difficult to perform. That is why on the whole
we still have to be content with a qualitative interpretation of poly-
crystalline behaviour. However, that this method has added greatly
to our knowledge of materials will be apparent from the following
examples.

Before we examine the individual results, however, let us glance
at a group of l)olycrystalline properties which can be plausibly
interpreted only on the basis of the general behaviour of single
crystals [cf., for instance, (684)]. The properties in question are
the elastic after-effect, hysteresis and the Bauschinger effect. The
occurrence of these phenomena in the case of single crystals of metals
has been described in Section 55, while a very tentative explanation
of them will be found in Section 76. The reason for their occurrence
in the polycrystal is thought to be completely different from that
in the single crystal. The different resistance to flow exhibited by
the individual grains furnishes a clue to an understanding of the
phenomenon. If a polycrystalline specimen is subjected to increas-
ing stress, the yield point will not be exceeded simultaneously in all
grains. Whereas those crystals which are very favourably oriented
for deformation are soon plastically deformed, the grains which are
less favourably placed remain within the range of purely elastic
deformation. Thus the individual crystallites do not uniformly
resist the externally applied force. Whereas the soft grains, by
deforming plastically, are not heavily stressed and are subjected to
a load which only slightly exceeds the yield point, the strength of
the material resides principally in the grains which have not yet been
plastically deformed. In these grains considerable elastic stresses
predominate. Even when the stress has been increased to such
an extent that the strongest grains become plastically deformed,
differences still persist in the stress content of the various crystals.
If the load is removed from the solid, the average value of the stress
reverts to zero, but not so the stress in the individual grains. In
order that the crystals which have already experienced purely
elastic deformation can become completely unstressed they must
first induce reverse deformation in their plastically deformed
neighbours. This is possible only to a limited extent. Con-
sequently, after the removal of the load, there will remain in the
grains which resisted the previous load a stress appropriate to this
load, while in the plastically deformed crystals there will be a stress
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of opposite sign. It is in this way that Heyn's concealed elastic
stresses (685) can be explained structurally (686).

Since the crystals which have already been deformed plastically
continue to be the source of further deformation, it follows from the
stress distribution in the unloaded specimen that there will be a
reduction in the resistance to a stress applied in the reverse direction
to that of the original stress (Bauschinger effect) and an increase in
the resistance to deformation in the same direction (work hardening).

In view of the plastic inhomogeneity of the crystal, the elastic
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FIG. 218.-The Modulus of Elasticity in Relation to Direction in Cold-rolled
and Recrystallizecl Cu Sheet (690).

TV R = rolling direction. QR = transverse direction.
---: Calculated. 0- - -0: Measured.

after-effect, i.e., the gradual emergence of a condition of equilibrium
after application or removal of the load, can now be explained
satisfactorily as a plastic process. This phenomenon, which normally
is absent in the single crystal, consists in an equalization, over a
period of time, of the various stresses present in the grains-a pro-
cess which, as already stated, is possible only with the aid of plastic
deformation (687). The quantitative development of this theory of
after-effect, and its combination with the earlier phenomenological
theories, will be found in (688).

In accordance with this conception the dependence of the shape,
which a specimen must possess in order to achieve a certain condition
of stress, upon the path which has brought about this condition-a
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phenomenon known as hysteresis-can also be attributed to plastic
deformation in those individual crystals which are favourably
placed. In this connection the appearance of glide bands in in-
dividual crystals at stresses far below the limit of proportionality is
highly important (689).

In order to illustrate the connection between the properties of the
polycrystal, the texture and the behaviour of the single crystal,
diagrams are reproduced in Figs. 2] 8 and 21\), which show the
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dependence upon direction of the mod7llus of elasticity of copper
and iron sheets. The curve which has been calculated on the basis

TABLE XXXVII
Dependence of the Strength and Elongation of Recrystallized Sheets

upon Direction

Metal.

Parallel to the
rolling

Strength (kg./mm.').
A ngle to the roHing

direction

Elongation (~o).
Angle to the rolling

direction.

Direction. Plane. 0'. 45'. 90'. 0'. 45'. 90'.

(2L ~) 1 0·92 0·90 (H~) 1 L'OO 0'96
(39'5 ~) 1 0·95 0·94 (f,O ~) 1 1·09 1'12

(5'8 ~) 1 1·13 1·03 (6'1~) 1 1·97 1·21
(18'5 ~) 1 1'08 0·99 (20 =) 1 3'40 1-15

Aluminium (641)
Copper (692)

Calculated

Silver (693) . .
a-Brass (72% Cu) (693)

Calculated

[100]

[112]

(001)

(311)

1·06 1·00

0·92 0·89

2·30 1·00

1-10 1·12
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of the principal positions of the texture agrees closely with the
experimentally determined curve for recrystallized copper sheet,
while for the cold-rolled sheets also the approximation to the
observed results is good. No doubt the agreement would be still
more marked if closer regard could be
paid to the actual textures [cf., in
particular, the detailed discussion in
(689a)].

Table XXXVII contains the mechanical
properties of recrystallized sheets of cubic
face-centred metals. The observed de-
pendence upon direction is contrasted
with a calculated figure derived from the
properties of correspondingly oriented
aluminium crystals (cf. Fig. 99). Conse-
quently, although in this case it is a
question of transferring to other metals
results already obtained with aluminium,
and although only the main position of
the recrystallized texture has been con-
sidered, the calculated values correspond
in general quite closely to the behaviour
of the sheets. In this table the low
maximum for strength, the high maximum
for the elongation in the 45° direction of
sheets with the cube texture, and in the
case of sheets with the [112]-(311) tex-
ture, the slight decrease in strength and
increase in elongation with increasing
angle to the rolling direction, are shown
very clearly. The graph shown in Fig.
220 contains in addition the yield point
and fatigue strength of recrystallized
copper sheet. The dependence of these
properties upon orientation corresponds
substantially to that of the static tensile
strength. It seems probable, therefore, that fatigue strength, like
the tensile strength, is related to the orientation of the crystals.
It is thus essential that the texture should be taken into account
not only in the case of the static properties but also when assessing
the fatigue strength.

The deep-drawing properties of sheets are also largely influenced by

••
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the texture; in fact, the cupping test is merely an intricate tensile
test in which the fibres are stretched in all possible directions (694).
In the deep drawing of hollow components the anisotropy of the
sheet will reveal itself in "earing" (" Zipfelbildung") and in a
reduced capacity for deep drawing [aluminium (632), copper (695),
(693), iron (696)].

The zonal type of structure which is characteristic of cold-drawn
wires (cf. Fig. 209) suggests that in different layers of the same wire

TABLE XXXVIII
Directionality of Certain Properties of Zinc Sheets. [Taken

from (637)]

Parallel to the:
Sheet

Property. thickness, Trans-
mm. Rolling verse di- Normal

direction. rection. direction.

Coefficient of expansion X 0·65 21·0 14·1
106 between 30° and 50° C. 2·27 30'5 18·7 36·7

Modulus of elasticity in kg.; 0·28 9180 10110
mm." [taken from (701)] 2·27 8200 10100

Poisson's ratio [taken from 2·27 0·299 0·226 0·320
(701)]

Yield point (0·2%) in kg.; 0·65 9·7 13·1
mm.2 2·27 14·8 18'8

Ultimate tensile strength in 0·28 24·4 31·6
kg.;mm." 0·65 20·4 27·2

2·27 28·5 35'9

Elongation, % 0·28 2 ~2'5
0·65 10 7
2·27 12 3

..._------

there will be differences in those properties which are dependent on
orientation. Such differences were, in fact, observed in the ten Rile
strength. Tensile tests on etched copper wires revealed that the
tensile strength ofthe core zone is about 10 per cent. higher than the
average value for the original wire. In spite ofthe greater distortion
caused by deformation in the surface zone, the work hardening of
the more heavily deformed core sections predominates (629). Com-
pression tests on drawn aluminium bars also revealed this difference
between the core and surface zones (697).

Attention has been drawn in (696) to the connection between the
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Zinc Sheets.
WR = Rolling direction.
QR = Transverse direction.
N = Normal direction.
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anisotropy of the magnetization of iron and nickel sheets on the
one hand, and the texture and crystalline properties on the other.
The significance of texture in the corrosion resistance of sheets is
clearly shown in the case of copper with random and regular
recrystallized texture (698).

In regard to the specific resistance and the coefficient of expansion
we will examine in the first place the changes which accompany the
plastic working of hexagonal metals and tin. In every case the
changes could be related to
reorientations of the crystals,
whether by gliding or by the
development of deformation t
twins [(679), (699), (700)]. The
coefficient of expansion of zinc ~

"and the hexagonal zinc alloys ~
in the rolling, transverse and ~
normal directions, is examined
with particular care in (645).
The maximum value for ther-
mal anisotropy (the maximum
differential expansion between
the rolling and transverse
directions) was found to occur
at rolling percentages of about
20-40 per cent.; beyond 80
per cent. the anisotropy dis-
appears. This behaviour is explained by the opposing effects of
gliding and twinning (twinning increases, basal glide diminishes
anisotropy in the rolling plane).

Table XXXVIII summarizes the directionality of properties of
zinc sheets of various thickness. In view of the substantial range
of scatter (Fig. 206a) the results cannot be explained in terms of
the rolling structure if only one main position of the hexagonal axis
is used. Fig. 221 gives for the rolling, transverse and normal direc-
tions an approximate picture of the distribution of the angles at
which the hexagonal a:ICesare located in the sheet under investigation.
These distributions must be taken into account when deriving the
properties of the sheet from the behaviour of the single crystal and
the texture. On a qualitative basis this operation leads to very
satisfactory agreement in the case of the coefficient of expansion
and modulus of elasticity. The absence of anisotropy in specific
resistance in the plane of the sheet can be readily understood
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(accuracy of measurement 1 per cent.). For the mechanical proper-
ties the comparison is less accurate; the reason is that hexagonal
crystals glide on the basal plane only; thus they are quite unable to
cope with the deformation demanded by the crystal aggregate (cf.
Section 79). Nevertheless, if the behaviour of the single crystal is
taken into account (Figs. 87 and 96) and if allowance is made for the
diversity of orientation in the sheet, it is possible to account roughly
for the observed anisotropy of the yield point, ultimate tensile
strength, elongation and bending capacity (702).

FIG. 222.-Sudden Change in the Plastic Properties of a
Magnesium Alloy (AZM) at about 2100 C. (703).

We will mention in conclusion the example of an Elektron alloy
(AZM-6·3 per cent. AI, 1·0 per cent. Zn, remainder magnesium).
It will be seen from Fig. 222 that a sudden change takes place in the
plasticity of the technical alloy at a working temperature of about

TABLE XXXIX
Tensile and Comprehensive Yield Point of a Deformed Elektron

Alloy (AZM). [Taken fTOm (703)]

Component.

Extruded rod.

Yield point (0'2%),
kg·flum.:!,

23·0

12·0

Compressive yield
point (-0·2%),

kg./rnm.2.

13·0

18·0

Forged Billet. 18·0

8·0

12·0

8·0

210° C. This behaviour results from the activity of new glide
elements at higher temperatures in the hexagonal solid solutions of
magnesium (cf. Table VI), as a result of which the material deforms
more readily.

A very characteristic effect of the mechanisms by which hexagonal
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crystals deform (gliding and twinning) can also be observed in the
behaviour of the tensile and compressive yield points of worked
material. Table XXXIX contains particulars of bar material and
forged discs. The appreciable discrepancies can be readily explained
in terms of the deformation textures (hexagonal axis normal to the
longitudinal direction ofthe bar, or in the forging direction). Basal
glide can occur only in specimens taken at an angle of 45° to
the forging direction. In other cases deformation must normally
start by twinning. This leads, however, to a very definite change of
shape (Section 39). If this change is in the direction of the external
stress, the flow resistance will be low, but if it is in the opposite
direction to the imposed deformation, then the resistance will be
high. Where basal glide is possible, deformation takes place in
both directions at the same low stress. By producing a specially
fine grain in the extruded rods, and by frequently changing the
direction of forging and so avoiding formation of too pronounced a
texture, it is possible to eliminate plastic anisotropy-usually a
technically undesirable property (703).

y



TABLE XL

1 H Groystalline Lattice Stmcturoe of the Elements z He
hex.

Cubic face centred. 0
0

5 B GJ Cubic body centred. 7 N 8 0 9 F 10 Ne

~
Cubic Diamond. kub.hex. rhom~ex 0
Hexagonal close packed.

15 P 16 S 7CL 18 AT'
D>

b. Hhombohedral. r-o
kub. b. rhomb. 0 r-o

w
31 Ga 3Z Ge 33 As 34 Se 35 Br 36 KT'

trj
'''' Z'''' rhomb. ~ /:::,. hex.mo 0 0

9 In 50 Sn 51 Sb 52 Te 53 J 54 X H

fetr. ~ telr. b. hex. rhomb 0 fx1
76 Os 81 Tt 82 Pb B3 Bi B4 Po 85 B6 Em

° 0", ~O /:::,.
B7
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TABLE XLI
Type and Dimensions of the Lattices of the Important M elals

323

Metal.
Para-

J~attice typc. meter,' )letal.
A.

Parameter,· A.
Latticc type. I

a. c.
--- ----------

Al 1 4·040 Bc 1Hcxagonal
2·281 3·577

y-Fe i 3'56 Mg close 3·202 5·199
J3-Co 3·54 a-Co 2·51 4·07

Ni 3·517 Zn j packed ,,13 2,659 4·935
Pd I C"'<o '-

3·881 Cd 2·974 5,606
Pt centred Al t 3·915
Cu 3·608 u-Sn Cubic face-centred 6·46
Ag 4·078 (diamond) ,,14
All 4·070 --- ------
Pb 4·939 /3-Sn Tetragonal body- 5·819 3·175

centred ,,15

~I

Ta

Mo

'I'
a-Fe

}

Cubic body-
centred ,,12

3·29

3·140

3·]58

2·861

Hi

Sb

'1
~ RhombohedralJ body-eentrcd ,,17

Hexagonal ,,18

4·736

4·50

I 4-445 I

w = 57° L6'
u ~ 0·474
w = 57° ;")'
u = 0·466

5·912
u = 0'269

• Mcasuremcnts iH"kenfrom M. C. :\feuburger, Z. [(ristalloyr., 1"01. 86 (1933), p. 395.
t Designation of the lattice types according to P. P. Ewald and C. F1crmann, Stru,kturberichi,

Leipzig, 1031.
i Extrapolated at room temperature.

TABLE XLII
Type and Dimensions of the Lattices of some Ionic Crystals *

Salt.

NaF
NaCI
NaBr
NaI
]~F
KC!
KBr
KI
RbCI
NIT,I
lIIgO
PllS

('sCI
XH,CI
NIT,Br

a-ZnS
CuCI
CuI

Lattice type.

1lRock salt Blj ''"''"'

}
Cmaiulll

chloride B2
(cubic)

}
Zine blende B3
(cubic)

Para- rararneter, A.
IlH'.ter, Salt. Lattice type.

IA. a. c.

J3-ZnS 3·84 6·2R
CdS } Wurtzite B4 4·14 6·72

4·62 BeO (hexagonal) 2·69 4·37
f)·628 ZnO 3·24 5·]8
5'96 --- -----
6'46 :\fIAs } Nickel Arsenide 3·61 5-03

5·33 XiS 118 (hexagonal) 3·42 5'30

6·28
6·59 CaF, Fluorspar Cl 5'451 -
7'0:> (cubic)
6·54
7·24 TiO, Rutile, C4 4·58 2·95
4·20 (tetragonal)
5-9 ----- -------- --- -----

CdT, } Cadmiulll iodide 4-24 6,8,
Mg(OH), C6 (hexagonal) 3" , 4'7,

a-AI,O, Corundum Dfil 5·12 a = 55° 17'
4·lJ (rholllbohedral)
3·86 -
4·05 CaCa, '1 1'·361 a = 46° 7'

)TgCO:l 5,6\ -18° 1'0
5-42 ZnC03 f Calcite G I 5,62 48° 2'0
fi·41. MnCO, (rholllbohcdral) 5·84 47° 2'0
U,O[, FeCO, 5·82 47° 4'5

NaXO, 6·32 470 l' Ii

• Accordin!! to P. P. Ewald and C. TTermann, Strukturbericilt, Leipzig. 1931. Selection
from Table XXI\".
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INDEX

on galvanic potential, 203; on
hardening, 120; on heat of com-
bustion, 203; on heat of solution,
203; on internal energy, 203, 205;
on lattice, 195, 252; on magnetic
properties, 206; on modulus of
elasticity, 202, 254; on modulus of
shear, 202; on phase transforma-
tion speed, 207; on physical and
chemical properties, 190, 201; on
resistance to chemical attack, 206;
on specific heat, 203

normal stress Coloration of alloys, changed by cold
working, 206; of ionic crystals by
il'l'adiation, 255

Compressibility, dependence of, on
orientation, 20

Compression of alkali halide crystals,
240

- by simple glide, 62, 90
Compressive texture, 298
Concealed elastic stresses, 315
Conductivity, electrolytic, 256, 264
- thermal, 194, 204
Conical fibre texture, 296
Corrosion fatigue, 182
Corrosion resistance, effect of cold

working on. 206
- - dependent on texture, 319
Cracks (notch effect), 271

NaCl crystals, Creep strength, 285
Creep tests, Al crystals, 160
Critical normal stress, effect of

additions on, 243, 247; of alloying
on, 174; of annealing on, 244; of
cross-sectional area on, 243; of
origin on, 243; of previous deform-
ation on, 175; of temperature on,
174, 245

Cast structure. 289 - - - of ionic crystals, 244
Casting texture, 294, 305 - - - of metal crystals, 174
Cauchy relations, 17, 311 Critical shear stress, effect of addi-
" Circular" fibre texture, 293 tions on, 236; of alloying on, 133;
Classes, crystal. 2 of annealing on, 116, 237; of
Cleavability, 230 atomic arrangement on. 138; of
Cleavage planes of ionic crystals, 228; method of production on, 115; of

of metal crystals, 85, 168 precipitation on, 139; of speed of
Cleavage types, 231 deformation on, 149; of tempera-
Closeness of packing, effect of, on the tu re on, 145, 237

capacity for glide, 116 - - - of ionic crystals, 238
- - in relation to critical shear - - - Law, 103

stress, 116 - - - of metal crystals, 113
Cold working, effect of, on colora- - - - in relation to closeness of

tion of alloys, 206; on density, packing, 116
202, 251; on diffusion rate, 207; Critical strain, 22

349

Back-reflexion photography, 48
Band formation through glidc, 56
Bauschinger effect, 180, 241, 315
Bending, glide, 280
Bending strength of

247
Bi-crystal, 301
Bragg's equation, 37
Bravais lattice, 3
Brinell hardness of ionic crystals, 250
Broadening of X.ray diffractions, 199,

253

ALLOYING,effect of, on cl'itical normal
stress 174· on critical shear stress
133; 'on hardness, 133, 174; o~
yield-stress curve, 139

Alternating stressing, 181, 317
- - hardening due to, 185
- - softening due to, 187
Alternating torsion, hardness in-

creased by, 187
- - recovery after, 189
" Amorphous" plasticity, 284
An isotropy, 1, 192
Annealing, critical

affected by, 244
- critical shear stress affected by,

116, 237
- lattice disturbances eliminated by,

222
- softening due to, 223
Asterism, 196, 234
Atomic arrangement, effect of, on

critical shear stress, 138; on yield-
stress curve, 144

Atomic migration, 281
- - plasticity, 284



350 Index
Cross-section, change during glide, 61
Cross-sectional area, effect of, on

critical normal stress, 243
Crystal classes, 2
- natural, 275
- orientation, determination of, 34
- production, 22; drawing method,

31
- projection, 8
- recovery, 158 (see also Re-

covery).
- symmetry, 1; simplifies Hooke's

Law, 15
- systems, 2
- torsion, 109
Crystals, work hardening of, 278
Cyclic stressing (see Alternating

stressing).

Debye-Scherrer rings, 38
Deformation of the electron shells, 281
Deformation speed, effect of, on

critical sheat· stress, 149; on yield-
stress curve, 155

Deformation textures, 299, 305
Density, change of, produced by cold

working, 202, 251
Diffusion rate, increased by cold

working, 207
Dilatation (normal) on fracture, 172
- - at the yield point, 270
Dislocations, 274, 278
Dodecahedral glide, 229
Double glide, 64
- - extension formula, 66
Double refraction due to stress, 232
Drawing method of crystal produc-

tion (Czochralski), 31
Drawing texture, 298
Duration of fracture process, 169, 247

Elastic after-effect, 179, 24[, 281, 315
Elasticity coefficients (Si.) of ion ic

crystals, 252; of metal crystals, 191
Elasticity, modulus of, 20
- - calculation for the polycrystal,

309
- - dependent on crystal orienta-

tion. 20, 193; on texture, 316
- - effect of cold working on, 202,

254
- - matrices of the Cik for erystal

classes, 15
Elastic parameters of crystals, 20,

191, 252
Elastic shear strain, at the yield

point, 114, 270
- - - when twinning, 164, 229
Elastic stresses, eoncealed (Hpyn's),

315

Electrical resistance, ] 94, 204, 311,
319

Electrolytical conductivity, 256, 264
Energy (see Internal)
Expansion, thermal, 195,203,311,319
Extension, formula for double glide,

66; for simple glide, 58; for
lnechanical t\"inning, 72

Extension surface, [28

Fatigue strength, dependenee on
orientation, 188, 317

- - physical definition of, 188
- - (see also Oorrosion fatigue)
Fibre texture, 288
__ " circular 'l, 293
- - conical, 296
- - spiral, 297
Filament-extension apparatus (Pol-

anyi), 102
Fracture, in alloy erystals, 139
- conditions for cubic metal crystals,

129; for hexagonal metal crystals,
126

- along erystallographic planes, 167
- duration of process, 169, 247
- normal dilatation on, 172
- planes (see Oleavage planes)
- Sohncke's Norm"l Stress Law, 169,

241
Fraeture surface of the zinc crystal,

173

Galvanic potential, effect of cold
working, 203

Gas, release of, dUI'ing heat treatment,
225

Glide, band formation, 56
- bands, 56, 259, 261
- - spurious, 68
- bending, 280
- ehange of eross-section during, 61 ;

of orientation due to, 57, 66, 77, 88
- cubic, in NaCl crystals, 229, 258
- dodecahedral, 229
- double, 64
- - extension formula, 66
- effect of, on twinning, 164
- effect of closencss of packing on,

116; of temperature on, 145
- indices transformed during, 63
- initiation of, 103, 231
- jerky, 120
- octahedral, 87
- physical description of, 161
- in polycrystals, 302
- secondary in twin lamellro, 99
- shear coefficient, 114
- - hardcning of latent systems,

124, 142



Index 351
Glide, simple, 57
- - compression by, 62, 90
- - extension formula, 58
- speed, 145, 155
- strain, 58
- termination of, 126
Gliding elements, determination of, 77
- - ionic crystals, 228
- - metal crystals, 84
Gliding, model of, 55
Goniometer, X-rays, 44
Grain boundary effect, 303
Grain growth, 26, 220

Hardening, due to alloying, 133, 174;
to alternating stressing, 185; to
cold working, 120; to damaging of
the crystal, 274; to precipitation,
139; to twinning, 164

- shear, 120
- - of latent glide systems, 124,

142
- - due to twinning, 166
- wod" capacity of Mg solid solu-

tion for, 142
- - of crystals, 278
Hardness, increased by alternating

torsion (AI crystals), J87
- methods for determining, 248
- Mohs' scale, 249
- pendulum test, 251
- scratch, 249, 264
- (see also Brinell hal'dness)
Heat of combustion, changed by cold

working, 203; of solution, changed
by cold working, 203

Heyn's concealed elastic stresses, 315
- residual stresses, 199
Hooke's Law, 14
- - simplified owing to crystal sym-

metry, 15
Hysteresis, 179, 241, 281, 316

Indices, Miller, 4
- transformation to new axes, 12
- - during glide, 63
- - - twinning, 74
Inhomogeneity in crystals, 271, 276
- of textures, 294
Intensity changes in the X-ray

diagrams of deformed crystals, 201,
254

Internal energy, changed by cold
working, 203, 205

Internal sepat'ation planes, 280
Internal stresscs in deformed ionic

crystals, 233, 253
Interplanar spacing, 13

Joffa effect, 259

Lattice, 1
- Bravais, 3
- changes due to cold working, 195,

252
- dimensions, 323
- - of some solid solutions, 134
- disturbances, elimination by heat

treatment, 222
- energy, 266
- structure of the elements, 322
- types, 36
- vacant sites, 271
Laue Method, 47
Layer Lines (Polanyi), 41
Lengthening of the X-ray reflex ions,

196

:\1agnetie properties, calculation for
polyerystals,311

- - effect of cold working on, 206
l\latthiessen Law, 206
:Uaximwn load condition for cubic

crystals, 130
Maximum lustre, 34
Mechanical properties, dependence on

texture, 3J7, 318
:\liller Indices, 4 (see also Indices)
l\lodels, cubic crystals, 242
- gliding, 55
- Te crystal, 17J
- twinning, 69
- Zn crystal (-185° C.), 173
- (see also Swjace)
Modulus of elasticity (see Elasticity)
- shear (see Shear)
Mohs' hardness scale, 249
:\losaie texture, 275

Natural el'ystal, 275
Normal dilatation on fracture, 172
- - at the yield point, 270
Normal stress Law (80I1ncke), 169,

241, 273
- - recovery, 179
~otch effect, 271
- - (cracks), 271

Oblique photographs, 40, 291
Octahedral glide (normal case of cubic

face-centred crystals), 87
Orientation, change due to glide, 57,

66,77, 88; due to twinning, 97
-determination of, in crystals, 34
-determined by reflexions, 35; by

rotating-crystal method, 44
- effect on compressibility, 20; on

fatigue strength, 188, 317; on
modulus of elasticity, 20, 193; on
shear n:lodulus, 21, 193; on stress-
strain curves of metal crystals,



352 Index
119; on tensile strength, 169,241;
on tensile yield point, 105. 235; on
torsional yield point, III

Pendulum hardness test, 251
Phase transformation, speed of, in-

ereased by eold working, 207
Photographs, baek.l'eflexion, 48
- oblique, 40, 291
Pintsch wil'es, 26
Plasticity, amorphous, 284
- atomic migration, 284
- limits of ionic crystal, 232
Plastic yield surface of the cubic crys-

tal, 117; of the hexagonal crystal,
118, 173; of the NaCI crystal, 235

Poisson's ratio, 17, 19, 311
Polanyi filament·extension apparatus,

102
Polanyi layer lines, 41
Polar reflexion chart, ;)1
Pole figure representation, 29l
Polycrystal, deformation due to

stretching of the individual grain,
301

- quasi-isotropic, 308
Potential. galvanic, change due to

cold working, 203

Quasi-isotropic condition, 313
- - polycrystal, 308

Hate of solution, 194, 203, 256
Reciprocal shear, 95
Hecovery, 158, 216, 224, 257, 277
- after alternating torsion, 189
- diagram, 158
- normal stress, 179
- shear stress, 158, 179
Recrystal1ization, atomic migration

plasticity, 281
- diagram, 216, 283
- nuclei, 208
- speed of, 214, 257
- temperatLIJ'e, 282
- texture, 219, 300, 308
Heflexion, circle of, 37, 291
- polar. chart. 51
Heflexions, optical, for determining

orientation, 3.~
Residual stress (Heyn's). 199
Resistance, electrical, 194, 204, 311,

319
- to chemical attack, limits of,

changed by cold working, 206
HoLIing textme, 291, 299
]~ose's channels, 9.~, 201
Hotating-crystal method, 37, 44

Schopper tensilc testing machine, 101

Scratch hardness, 249, 264
Secondary glide (in twin lamelhe), 99
" Sccondary " structure, 276
Shenl', coefficient in the glide system,

114
- hardening, 120
- - of latent glide systcms, 124,

142
- - due to twinning, 1.66
- t'Ocipl'Ocal, 95
- strain (sce Elastic)
- strain(s), 72
- strength, theoretical, 269, 273
- Stress Law, 105, 235
- stress recovery, 158. 179
- types 1 and 2, 7:';
Shear modulus, 20
- - calculated for polycrystals, 309
- - dependent on crystal orienta-

tion, 21, 193
- - effect of cold working on, 202
Simple glide, 57
- - compression by, 62, 90
- - extension formula, 58
Softening due to alternating stressing,

187; to annealing, 223; to erystal
recovery, 179

Sohncke's Normal Stress Law, 16D,
241, 273

Solution, heat of, effect of cold work-
ing on, 203

- rate of, 194, 203, 256
Spnce groups, 2
Space lattice, 1
Specific heat, change due to cold

working, 203
Spherical projection, 8
Spiral .fibre texture, 297
Stereographic projection, 9
Strain strengthening, 175
Strength, calculation for' ion ic crystals,

266
Stress-strain curves of metal crystals

after cyclic stressing, 189; depend-
ence on orientation, lID

- - of NaCI crystals, 232, 240
Structurally sensitive and insensiti'-e

properties, 207, 271
Surface, extension, 128
- fracture, zinc crystal, 173
- plastic yield, Al crystal, 117
- - - hexagonal crystal, 118, 173
- - - NaCI crystal, 235
- tensile strength, cubic crystal, 242
- - - Te crystal, 171
- - - Zn crystal, 173
- ultimate tensile stress, 128
Susceptibility, 192
Symmetry, crystal,
- operations, 2



Index 353
Tensile strength, dependent on

orientation, 169, 241
- - effect of crystal recovery on, 179
- - model of cubic crystal, 242;

of Te crystal, 171; of Zn crystal
(-185° C.), 173

- - theoretical, 266, 272
Tensile tcsting machine (Schopper),

101
Texture, 287, 305, 316
- casting, 294, 305
- compressive, 298
- conical fibre, 296
- corrosion resistance dependent on,

319
- deformation, 299, 305
- drawing, 298
- fibre, 288
- inhomogeneity of, 294
- mechanical properties dependent

on, 317, 318
- modulus of elasticity dependent

on, 316
- mosaic, 275
- recrysta.Ilisation, 219, 300, 308
- rolling, 291, 299
- spiral fibre, 297
- torsional, 298
- yield point of polycrystals depend.

ent on, 320
Theoretical shear strength, 269, 273
Thermal conductivity, 194, 204
Thermal expansion, 195, 203, 311, 319
Thermoelectric force, 195, 204
Thomson effect, 195
Torsion of crystals, 109
Torsion, stress analysis, 109
Torsional strength of NaCI crystals,

248
- texture, 298
Transformation, speed of, 215
- - increased by cold working, 207
Twinning, 69
- condition for, 74, 162
- effect of previous glide on, 164;

of temperature on, 164
- elastic shear strain, 164, 239
- extension formula for mechanical,

72
- hardening due to, 164
- indices transformed during, 74
- initiation of, 162
- mechanical, 96
- model, 69
- orientation, change due to, 97
- in the polycrystal, 303
- secondary glide in twin lamelloo, 99
- shear harc1ening due to, 166
- shear types 1 and 2, 75

Twinning elements, determination of,
90

- - of ionic crystals, 228
- - of metal crystals, 94

Ultimate tensile stress of cubic metal
crystals, 129

- - - surface, 128.
Ultra-red absorption of wetted NaCl

crystals, 264
Undistorted planes, 71
Unit cells, 3
Unit volume, 13
Unstretched cone, 83

Vacant latticc sites, 271

Work of deformation, hexagonal
metal crystals, 127, 141, 154

Work hardening capacity of the Mg
solid solution, 142

Work hardening of crystals, 278
Wulff's net, 11

X-rays, back-reftexion photography,
48

- broadening of diffractions, 199,253
- diffraction by crystal lattices, 35
- double refraction due to stress, 232
- goniometer, 44
- intensity changes in the diagrams

of deformed crystals, 201, 254
- Laue Method, 47
- layer-line diagrams, 41
-lengthening of the reftexions, 196
- oblique photographs, 40, 291
- rotating-crystal method, 37, 44

Yield condition, quadratic function
for crystals, 108

Yield point, of crystals, 103, 232
- - dependent on the section, 109,

236
- - elastic shear strain at the, 114,

270 .
- - of polycrystals dependent on

texture, 320
- - - in tension and torsion, 313
- - tensile, dependent on orienta·

tion, 105, 235
- - torsional dependent on orienta·

tion, III
Yield-stress curve, 118, 124
- - effect of alloying on, 139; of

atomic arrangement on, 144; of
deformation speed on, 155

Zone, crystallographic, 8
- circlc in the Laue diagram, 48
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