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31.1 Crystallography

1.1.1 Crystallography

Crystallography is the science of crystals. Crystals are solids whose atoms 
are arranged in a regular repeating pattern that extends through the solid 
over large distances. Examples are: diamond, sodium chloride, graphite. 
Since a crystal has to have a regular repeating pattern of atoms within it, it is 
therefore a term which can only apply to a solid (whose long-range atomic 
arrangement is static). Crystals may even be made to form in the laboratory 
from biological structures like DNA molecules. In aome cases, materials for 
large single crystals (e.g., graphite) while others contain a large number of 
crystals arranged in random orientation and are called polycrystalline. 
Solids which are not crystalline are called Amorphous solids. They have no 
long-range regular repeating pattern of atoms or molecules. Examples are 
glass and most plastics. In these materials, there is an orderly structure in the 
neighbourhood of any one atom but these structures themselves are tangledneighbourhood of any one atom, but these structures themselves are tangled 
together and there is no long range order that is regularly repeated 
throughout the material.
The science of crystallography concerns the measurement and the nature of 
the repeating pattern of atoms. That is, the distance between each atom and 
the types of atom comprising the crystal. This is usually done by directing a 
beam of x-rays onto the surface of the solid and examining how the beam is 
scattered. Not only x-rays, but also neutrons and electrons can be used to 
determine crystalline properties. 
Of course one could in principle establish the nature of a crystal by just 
looking at it with a microscope but an ordinary visible light microscopelooking at it with a microscope, but an ordinary visible light microscope 
cannot be used because the wavelength of visible light, in the 100’s of nm 
range, is too large to resolve the individual placement of atoms in a crystal 
(usually of the order of less than 1 nm). This is why shorter wavelength x-
rays are usually used. But, x-rays cannot be focussed to form an image like 
visible light, and so the scattered, or diffracted, beam of x-rays has to be 
analysed and the position of the atoms inferred from the angle at which 
constructive and destructive interference of the scattered beam has occurred. 
This intereference occurs because the atoms of the crystal act like the regular 
spacing of a diffraction grating.  
It has been largely through the measurement of the properties of crystals that 
our knowledge of the physics of the solid state has arisen. 



The atoms that comprise a solid are generally arranged in an ordered 
crystalline state. A crystal is a solid in which the atoms are arranged in such a 

1.1.2 Lattice

The Materials Physics Companion4

way as to be periodic. The most basic structure associated with this periodic 
geometry is a mathematical construction called a crystal lattice or a space 
lattice. 

Lattice

A crystal lattice is a set of points in space at which the atomic arrangement of 
atoms is the same no matter which point is chosen. In the simplest case, the 
lattice points are identical to the atom positions (when all the atoms are of 
the same type). This type of lattice is called a Bravais lattice. However, 
crystals in solids can consist of a mixture of different types of atoms. The 
concept of a lattice is still appropriate, although in this case, the lattice points 
may not correspond to the location of a particular type of atom. Lattice points 
are points in space at which the atomic arrangement is identical in any one 
particular direction. Alternatively, we can say that when one translates one’s 
position from one lattice point to another, the arrangement of atoms remains 
unchanged. g

The repeating array of atoms is called the basis. The basis, when 

Lattice
+

Basis
=

Crystal structure

p g y ,
superimposed upon the crystal lattice, provides a mathematical framework for 
a description of the crystal structure of the solid. A lattice with a basis is a 
non-Bravais lattice, but can be shown to consist of a combination of Bravais 
lattices for each individual atomic type. 



A lattice may be thought of as consisting of a large number of repeating 
groups of atoms which is called a unit cell. A unit cell is defined by lattice 

1.1.3 Unit Cell

51.1 Crystallography

vectors a, b and c which begin on lattice points.

A translation in space of the crystal lattice is written mathematically as:

a

b
c

A translation in space of the crystal lattice is written mathematically as:
cbaT 321 nnn  where n1, n2 and n3 are integers. 

The choice of vectors which define a unit cell is not unique. A primitive unit 
cell is one which gives the minimum volume, but is not always the most 
convenient or illustrative. Consider two representations of a face-centred 
cubic unit cell:

Primitive unit cell

The volume of a unit cell is calculated from:   cba V

Non-primitive unit cell

In this case, the non-primitive unit cell is more visually appealing and 
symmetrical and although containing more elements, provides more useful 
information about the physics of the structure than does the primitive unit cell.



Symmetry operations on a lattice are those which bring the lattice points 
onto themselves after a translation, rotation, etc. There are several different 

1.1.4 Symmetry
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types of symmetry properties. 
Translation: Translation symmetry occurs when the lattice points remain 

invariant, or are brought onto themselves, when the unit cell is 
translated in space by a vector joining any two lattice points. 

Rotation: Rotational symmetry occurs when the unit cell remains 
invariant after it is rotated through an angle. A two-fold axis of 
rotation exists if the unit cell can be rotated through .  An n-fold axis 
of rotation exists if the unit cell can be rotated through 2/n. 

cbaT 321 nnn 

In two fold symmetry, for an 






Reflection: A reflection plane exists when the lattice points are mirror 
reflected in the plane and remain invariant after reflection. 







 

 







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n = 1 n = 2

Axis of 
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

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y y

atom located at x, y, z there 
must be an identical atom 
located at –x, – y, z for a 
rotation around the c axis. 





















































z
y
x

z
y
x

100
010
001



Inversion: A unit cell has a centre of inversion at a point when the lattice 
points remain invariant under the transformation:





 



cbacbaR 321321 nnnnnn 
The collection of symmetry elements associated with a particular unit cell 
structure is called a space group. A space group with a body centred 
lattice is called I type a face centred lattice F type and a primitive latticelattice is called I type, a face centred lattice F type, and a primitive lattice 
P type. Example: An I type lattice with four-fold symmetry around the c
axis and two fold symmetry around the a and b axes is written I422 and is 
the tetragonal lattice. Space groups are used to identify crystal systems 
from x-ray diffraction data. 



For geometrical reasons, there are only 14 types of space lattices that satisfy 
symmetry operations such as translation, rotation, reflection and inversion. 

1.1.5 Bravais Lattice
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Each of these 14 lattices is called a Bravais lattice. There are seven 
convenient crystal systems in the set of Bravais lattices: cubic, tetragonal, 
orthorhombic, trigonal, monoclinic, hexagonal and triclinic. 

1. Cubic

Body 
centred 
cubic 
(BCC)

Face 
centred 
cubic
(FCC)

2. Tetragonal
Body 
centred 
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3. Orthorhombic

Body centred 
orthorhombic

Base centred 
orthorhombic

4. Triclinic

Face centred 
orthorhombic

 


 






 









 









 







 



 

 









a
a

c

a
b

c

a
b

6. Hexagonal

5. Monoclinic Base centred
monoclinic








  



 



 

 



 



a

c

b

a








 



a

c

7. Trigonal












 a
a

aa

a



Physical properties of materials are related to information about the crystal 
structure. 

1.1.6 Lattice Parameters

mass per unit cell
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3

3

aN
rM

N
rMm

aV
V
m

A

A













mass per unit cell

volume per unit cell
For a cubic structure, 

where r is the number of molecules per 
unit cell and NA is Avogadro’s number.

In a face centred cubic structure, the number of molecular units per unit 
cell is a multiple of 4. For body centred cubic structures, the number of 

density

p y ,
molecular units per unit cell is 2, 4, 6, 8… 2n. Information about the lattice 
parameter a can most readily be determined by x-ray diffraction 
experiments. 

Example
For a molecular weight of 58.45 g, and a density of 2.15  103 kg m3, and 
an FCC structure, determine the lattice parameter a. 

 058450

3
aN

rM

A
 

 
 



 

m10652.5

4
10023.6

05845.01015.2

10

323
3








a

r
a

r   


Number of molecules per unit cell:
Each of the eight corner atoms 
contributes 1/8 to the mass of the 
unit cell because it is shared with 
eight other unit cells. Each of the 
six face atoms contributes ½ to 
the mass of the unit cell because 
it is shared with one other unit 
cell, so in this example,

2
16

8
18 













r

4




Any three points in a unit cell define a plane in space within the cell. Planes 
within a unit cell are important for x-ray diffraction. Miller indices are a way 

1.1.7 Miller Indices

91.1 Crystallography

of defining a particular plane in a unit cell. 
An (hkl) plane intersects each of the axes of a unit cell at a/h, b/k and c/l. 

h
a






l
c

h
b

The set of hkl numbers when 
expressed as the smallest possible 
integers is called the Miller indices
of the plane. To find the Miller 
indices, the intercepts of the axes are 
expressed in terms of the lattice 
parameters, inverted, and reduced to 
the lowest possible integers. 

Some examples of (hkl) planes in a cubic unit cell.

(001)

(101)

(101)

(111)

a

b

c

a

b

c

B f

c

(101) (111)

(110)

a

b

c

a

b

c

c

Because of 
rotational 
symmetry, many of 
the planes with 
different Miller 
indices are 
equivalent. For 
example, the set of 
equivalent (100) 
planes is: (100), 
(010), (001), (001), 

a

b
(100)

a

b
(100), (010) and is 
denoted by {100}.



1.1.8 X-Ray Diffraction

X-ray diffraction is the most important and direct method of determining the 
properties of crystals. The condition for constructive interference for x-rays 
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reflecting from two parallel planes in a crystal is determined by Bragg’s law:

 sin2dn 

sind

where d is the spacing 
between the planes. 



 d

Incident x-rays 
wavelength 

(hkl) planes

222

1
















lkh

d

Bragg’s law states that constructive interference occurs when the path 
difference between the two diffracted rays is an integral multiple of the 
wavelength of the incident x-ray. First order diffraction occurs when n = 1, 
second order diffraction occurs when n = 2, etc. The 2nd order diffraction from 
the (111) plane is equivalent to the 1st order diffraction from the (222) plane. 
The spacing between planes can thus be calculated from the results of x-
ray diffraction experiments. In terms of h, k and l, the plane spacing d can 
be expressed:

















 cba

For a cubic unit cell, a = b = c and so:
222

1

lkh
d




Since h2 + k2 + l2 is an integer N, then the condition for diffraction for a 
cubic unit cell becomes:

a
N

d 22
sin  

At N = 1, we have diffraction possible from (100), (010), (001), (001), 
(100), (010) – the six faces. At N = 2, (110), (011), (101)… 12 planes. 
For N = 3 {111} a set of 8 planes The number of planes in each groupFor N = 3, {111} a set of 8 planes. The number of planes in each group 
is called the multiplicity. The lower the multiplicity, the larger the 
number of possible diffraction conditions. 



1 2 Quantum Mechanics

111.2 Quantum Mechanics

1.2 Quantum Mechanics

Summary

2
nhvrmL e  Angular momentum

222

42

8 nh
qZmE

o

ee
n


 Bohr atom

h
mv
h

 de Broglie matter wave

 
t

itxV
xm 







 
 ,
2 2

22
Schrödinger equation

mL
nE 2

222

2


 Infinite square well

hfnEn 





 

2
1

Harmonic oscillator

42 mqZE e Coulomb potential
  222 24 n

qE
o

e


 Coulomb potential

L
nk 2 Periodic boundary conditions

    2
1

2
3

22
2

2
EmV

dE
EdNEg 









Density of states

    1
1




 kTEE Fe
Ef Fermi–Dirac distribution



1.2.1 Bohr Atom

In 1897, Thomson demonstrated that cathode rays (observed to be emitted 
from the cathodes of vacuum tubes) were in fact charged particles which he 
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called electrons. Thomson proposed that the atom consisted of a positively 
charged sphere in which were embedded negatively charged electrons. 
Rutherford subsequently found in 1911 that the electrons orbited at some 
distance from a central positively charged nucleus. Rutherford proposed that 
electrostatic attraction between the nucleus and the electron was balanced by 
the centrifugal force arising from the orbital motion. However, if this were 
the case, then the electrons (being accelerated inwards towards the centre of 
rotation) would continuously radiate all their energy as electromagnetic 
waves and very quickly fall into the nucleus. 
In 1913, Bohr postulated two important additions Lyman

C106.1 19eq

to Rutherford’s theory of atomic structure:
1. Electrons can orbit the nucleus in what 

are called stationary states in which 
no emission of radiation occurs and in 
which the angular momentum L is 
constrained to have values:

2
nhvrmL e 

The 2 appears because 
L is expressed in terms of 
 rather than f.

Balmer

Paschen

n = 1

n = 2

n = 3
n = 4 n = 5 n = 6

Ehf 

2. Electrons can make transitions from one state to another 
accompanied by the emission or absorption of a single photon ofaccompanied by the emission or absorption of a single photon of 
energy E = hf thus leading to absorption and emission spectra.

Mechanical 
model of 
hydrogen atom

r
vm

r
q ee

2

2

2

o4
1


 r

As in the Rutherford atom, the centrifugal 
force is balanced by Coulomb attraction:

with the addition 
that:

2
nhvrme 

By summing the kinetic energy (from the orbital velocity) 
and the potential energy from the electrostatic force, the total energy of an 
electron at a given energy level n is given by:

me

42 Note: Z = 1 for the hydrogen atom where the energy of the

222
o

42

8 nh
qZmE ee

n




from which the Rydberg constant may be calculated since E = hf

Note: Z  1 for the hydrogen atom where the energy of the 
ground state is 13.6 eV. The energy levels for each state n 
rises as Z2. Thus, the energy level of the innermost shell for 
multi-electron atoms can be several thousand eV. 



1.2.2 Energy Levels

The stationary states or energy levels allowed by the Bohr model of the 
atom are observed to consist of sub-levels (evidenced by fine splitting of 
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spectral lines). These groups of sub-levels are conveniently called electron
shells, and are numbered K, L, M, N, etc., with K being the innermost shell 
corresponding to n = 1. The number n is called the principal quantum 
number and describes how energy is quantised. 

The energy required to move an electron 
from an electron shell to infinity is called 
the ionisation energy. It is convenient to 
assign the energy at infinity as being 0 
since as an electron moves closer to the 
nucleus (which is positively charged) its 
potential to do work is less; thus the 

l l f h h ll h

n = 3

n = 4

n = 

M

N
O

3s(2)
3p(6)
4s(2)3d(10)
4p(6)

4d(10)
4f(14)

1.51 eV

1.85 eV
0.54 eV

0 eV

n = 1
K

energy levels for each shell shown are 
negative. For hydrogen, the ionisation 
energy is 13.6 eV. The energies for the 
higher energy levels are given by:

Hydrogen The electron-volt is a unit of energy. 
1 eV = 1.602  1019J

At each value of n (i.e., at each energy level) the angular momentum can 
take on several distinct values. The number of values is described by a 
second quantum number l The allowed values of l are 0 1 (n 1)

n = 2L
2s(2)

2p(6)

1s(2)13.6 eV

3.39 eV

2
6.13

n
E  For hydrogen

second quantum number l. The allowed values of l are 0, 1, … (n1). 
Each value of l is indicated by a letter: l = 0 s

l = 1 p
l = 2 d
l = 3 f
l = 4 g
l = 5 h

A third quantum number m describes the allowable changes 
in angle of the angular momentum vector in the presence 
of an electric field. It takes the values l to 0 to +l.
A fourth quantum number describes the spin of an electron 
where the spin can be either 1/2 or +1/2. 
According to the Pauli exclusion principle, 
no electron in any one atom can have the 
same combination of quantum numbers. 
This provides the basis for the filling of

n = 3
l = 0 1 2 = s p or d

For example, the 3d energy level 
can hold up to 10 electrons:

thus:This provides the basis for the filling of 
energy levels. 

l = 0, 1, 2 = s, p, or d
m = -2, -1, 0, 1, 2

5 values of m times two for spin 
thus 10 possible electrons

When all the electrons in an atom are in the 
lowest possible energy levels, the atom is said to 
be in its ground state. 

thus:
and:



1.2.3 Matter Waves

The Bohr model of the atom strictly applies only to a single electron orbiting 
a nucleus and ignores interactions between electrons and other neighbouring 
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atoms. Further, the theory does not offer any explanation as to why the 
angular momentum is to be quantised. Such explanations and treatments can 
only be explained in terms of wave mechanics. 
In 1924 de Broglie postulated that matter exhibited a dual nature (just as 
did electromagnetic radiation) and proposed that the wavelength of a 
particular object of mass m is found from:

mv
h



where mv is the momentum p of the object. The resulting waves are called 
tt I h f i f l

Because h is a very small number, the wavelength of large 
objects is very small. For small objects, e.g., electrons, the 
wavelength is comparable to atomic dimensions.

matter waves. In the case of atomic structure, matter waves for electrons 
are standing waves that correspond to particular electron orbits.  





2

2

hnmvr

mv
hnr











For a particular radius r, a standing wave is obtained when the circumference 
of the path is an integral number of wavelengths: .2 rn  
Thus, from the expression for 
matter waves, we obtain:

Bohr condition for stable 
state since L = mvr.

The wave-particle duality of matter means that, inherently, an electron is 
neither a wave nor a particle but its motion can be quantified using the 
mathematical equations appropriate to waves and particles. The wave nature 
of matter is often interpreted as being one of probabilities. The amplitude of 
a matter wave represents the probability of finding the associated particle at a 
particular position. 
Since matter is described in terms of a probability, there becomes an inherent 
limitation in what we can know about the motion and position of a particle 
such as an electron. The Heisenberg uncertainty principle quantifies these 
uncertainties. For momentum and position, the requirement is:

hxp 
2

xp 

where p and x are the uncertainties associated with these quantities. The 
more we reduce the uncertainty in one, the more the uncertainty in the 
other increases. 



1.2.4 Schrödinger Equation

The total energy of a particle (e.g., an electron in an atom, a free electron, an 
electron in an electric field, a conduction electron in a solid) is the sum of the 
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V
m

pE

Vpv

VmvE







2

2
1
2
1

2

2

potential and kinetic energies. Expressed in terms of momentum p, and mass 
m, this is stated:



mvp since




















hfE

h

k

f

2

2
2let

thus

The /x and /t terms are differential operators For example

and

and

Considering movement in one dimension only,

Energy equation

let

t
iE

x
ip















ˆ

ˆ

i2 = 1
Now, the potential energy, V, may depend upon the position and time, and 
so in general, V = V(x,t). 

The /x and /t terms are differential operators. For example, 
when the differential operator /t acts on the displacement 
variable x, we obtain x/t = velocity.  We use the symbol 
instead of d here because we will apply these operators to a 
function which is dependent on both x and t, and so the partial 
derivatives must be used.  The differential operator can also act 
on a function.  For example, if f(x,t )= 2x + 3t, then f(x,t)/t = 3.

The quantities and Ê above are differential operators. When they operate 
on a function involving x and t, the result is the momentum p and energy E, 
respectively. The energy equation becomes a differential operator equation.

p̂

 
t

itxV
xm 







 
 ,
2 2

22

We now let this differential operator equation operate on a function .  is 
called a wave function, and may itself be a function of x and t. 

This is the Schrödinger equation. It is a 
diff i l i h l i hi

We can now write the total energy as:

respectively. The energy equation becomes a differential operator equation. 

 txV
xmt

i ,
2 2

22







 



A simple example is (x,t) = A
sin(kx  t), the wave function 
for a sinusoidal travelling wave. 
When dealing with more 
complicated functions like 
matter waves, the wave 
function is a complex function

  12  iNote:

differential equation. The solution to this 
equation is the function . Thus, we solve the 
Schrödinger equation by finding the form of 
for various forms of the potential function V. 

function is a complex function.  
For example, one solution of 
the wave equation (a free 
electron) has the form: (x,t) = 
(A cos(kx) + B sin(kx))e-it



1.2.5 Solution to the Schrödinger Equation

The solution to the Schrödinger wave equation is the wave function . For 
many cases of interest, the potential function V is a function of x only, that is, 
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the potential is static (independent of time). This allows the wave equation to 
be separated into time-independent and time-dependent equations that can be 
readily solved independently. 

   







11
2

let  
2

22

2

22

2

22

iV

t
iV

xm

tx
t

iV
xm



































 is a function of t

Schrödinger 
differential wave 
equation

 GV
xm





 2

22

2
 G

t
i 





 1










1
2

1

2

2

22

2

t
iV

xm

t
iV

xm

































Time-independent 
Schrödinger 
equation

Time-dependent 
Schrödinger 
equation

G is a constant that just 
connects the two 
equations.  It is termed 
the separation 
constant because it 
allows the variables to 
be separated into two 
equations. The physical 
significance of G will be 
shown to be the energy 
E. 

 is a function of x

The resulting solutions of these equations are functions, one a function of 
x, the other a function of t. When these two functions are multiplied 
together, we obtain the wave function. The wave function (x,t) is the 
solution to the original Schrödinger differential wave equation.

     txtx  ,

q q

(x) is a solution to the time-independent equation. (t) is the solution to 
the time-dependent equation. 
In general, there may be many solutions to the time-independent equation, 
each differing by a multiplicative constant. The collection of functions (x)each differing by a multiplicative constant. The collection of functions (x) 
that are solutions are called eigenfunctions, or characteristic functions. 
The eigenfunctions for the time-independent equation (x) determine the 
space dependence of the wave function . The quantum state associated 
with an eigenfunction is called an eigenstate. 



1.2.6 Interpretation of the Wave Function

We might ask, just what is the physical significance of the wave function ? 
In classical physics, a wave function describes the displacement of a particle, 
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or the amplitude of an electric field, or some other phenomenon, at a given 
coordinate x at some time t. For example, the amplitude of the electric field in 
an electromagnetic wave at some location x at time t can be expressed:

   tkxEtxE  sin, 0

The energy density is the energy contained within the electric field per 
unit volume (J m3). The intensity of the field is a measurement of power 
(i.e., rate of energy transfer) transmitted per unit area by the field. The 
average (or rms) power of 
an electromagnetic wave is: 



 2

2
1

ooav EcI 

The important feature here is that the energy carried by a wave is proportional

By analogy to the case of photons, the wave function for an electron has a 
connection with the energy carried by it since the Schrödinger equation is 
an energy equation. Born postulated that the square of the amplitude of the 
wave function is a measure of the probability density of the electron. Since 
 is complex, in order to obtain a real physical value for this probability, we 
use the product:

The important feature here is that the energy carried by a wave is proportional 
to the square of the amplitude of the wave. In the case of electromagnetic 
waves, what we are really measuring as energy is the density of photons (i.e., 
number per unit volume) - since each photon carries its own quanta of energy.   

   *2, txP

where * is the complex conjugate of . ||2 is interpreted as a 
probability density function. For example, the probability that an electron 
is located within a small increment x around x at time t is   ., xtxP 
When a small particle, such as an electron (or a proton, or a photon), travels 
from place to place, it does so using all possible paths that connect the two 
places. Some paths are more probable than others. The electron is not 
smeared out into some kind of wave – it retains its particle-like nature. It is 
the probabilities that are wave-like. 
For example, say there is a spate of car thefts in the east part of a city. The next 
week, more than the usual number of thefts occur in the centre of the city. In the next 
week it is found that a large number of thefts occur in the west A probability wave isweek, it is found that a large number of thefts occur in the west. A probability wave is 
moving from east to west through the city – whereby the chances of finding an 
increased number of car thefts depend upon the time (i.e., which week) and the 
place (east, centre or west). 



1.2.7 The Time-Dependent Equation

We shall use the example of an electron in a potential field to illustrate the 
nature of quantum mechanics, although it should be remembered that the 
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The solution to the time-dependent equation involves the use of an 
auxiliary equation. We proceed as follows:







Gi

iG

iG
t

G
t

i
















m

1

Auxiliary equation

principles also apply to other objects such as protons, neutrons and photons. 

 

  









Eti

tGi

t
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E

Gt

GtiGt
e























but 

frequency  has  i.e.,

sincos

where E is the total energy of the particle.

   bxibxee axxbia sincos 

Euler’s formula

  et 

Comparing with the general exponential form of the wave equation:
  tiAety 

We see that the time-dependent part of the wave function represents the 
phase of the probability wave and so the time-independent part represents 
the amplitude of the wave. 

     txtx  ,
That is, although the total wave function  is a function of x and t, the 
amplitude of the wave function is independent of t. That is, the positional 
probability density is independent of time Under these conditions theprobability density is independent of time. Under these conditions, the 
electron is said to be in a stationary state. In this case, the probability 
amplitude is given by:   22 xP



1.2.8 Normalisation and Expectation

In order for the positional probability of an electron to have physical 
meaning, the electron must be somewhere within the range between –

191.2 Quantum Mechanics

and +. That is:

1




 dx

The amplitude of the wave function is found from the solution to the time-
independent equation. We shall see that the general solution (x) to this 
equation contains a constant of arbitrary value. For a particular solution, the 
value of the constant depends upon the boundary conditions of the problem. 
The most general situation is that the electron must be somewhere. That is, 
the total probability of finding the electron between – and + is 1. When 
the value of the constant has been found from the boundary conditions, then

  









 dxxdxtxxPx ,

What then is the expected location of a particle, such as an electron? Since 
the electron must be somewhere between – and +, the expected value is 
the weighted sum of the individual probabilities over all values of x. 

x is the expectation value of the electron’s position. This is not necessarily 
the most likely value of x. The most likely value of x for a given 
measurement is given by the maximum (or maxima) in the probability 

the value of the constant has been found from the boundary conditions, then 
the wave function is said to be normalised.

density function. The expectation value is the average value of x that would 
be obtained if x were measured many times.  When the probability density is 
symmetric about x = 0, the expectation value for x = 0. 
Expectation values for energy and momentum may also be calculated 
from:




















dxpp

dxEE

ˆ

ˆ



The terms inside the integral sign are customarily written in the order 
shown here to reflect a style of “bra-ket” operator notation introduced by 
Dirac. 



1.2.9 The Zero Potential

Consider the case V(x) = 0
22   E

Note: Here, we are using 
the technique of separation 
of variables with complex 
roots to determine the 
general solution to the
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2
2

22

2

22

2

2





























Em
x

Em
x

E
xm

Auxiliary equation: 02m 2
2 



Em



Emk 2
letting

general solution to the 
wave equation. 

xixeix sincos 
Euler’s formula



Emi 2m and so 

Note that E (and k) can take on any value > 0. The 
boundary conditions do not require any discreteness (n).

The wave function is thus:
     

  tiekxBikxA

txtx







sincos

,

  ikxikx eCeCx   21we obtain:

  kxBikxAx sincos The eigenfunctions become:




Esince

     
    kxiCCkxCC

kxiCkxCkxiCkxCx
sincos

sincossincos

2121

2211




Converting to trigonometric form using Euler’s formula:

 

21

21

CCB
CCA




A particular solution for the case of  a probability wave 
travelling in the +x direction can be found by setting C2
= 0 and so C1 = A = B and hence:

This is a general solution that describes the superposition
of a wave travelling to the right (+kx) and one travelling to 
the left (kx) with amplitudes C1 and C2, respectively.

   
   tkxitkxi

tiikxikx

eCeC

eeCeCtx












21

21,

in exponential form.

wave travelling +x wave travelling x

or

   

Note, we need to 
select one of the 
possible solutions 
since we can’t 
have a free 
electron travelling 
to the left and 
then to the right. It 
has to be one or 
the other. If it 
changed 
direction then   

 
       tkxAitkxAAetx

eAe

ekxAikxAtx

tkxi

tiikx

ti



















sincos,

sincos,
direction, then 
some force would 
act upon it and it 
would not be 
“free.” 



That this represents a travelling wave can be seen from the real part of 
(x, t).    kA

211.2 Quantum Mechanics

The expected, or average, 
value of energy E for a free 

The expected, or average, 
value of momentum is 

x
ip





 ˆ
Expectation values:

   tkxAtx re  cos,

While the amplitude A of the wave might remain constant, its position is 
dependent on the time t. That is, whenever kx  t = /2, 3/2, etc. we 
have a node (where the function  = 0.) If we fix a time t, then these nodes 
will appear at periodic intervals of x. As t increases,  the positions x for the 
nodes must also increase and so the nodes “travel” along in the x direction 
– that is, the wave travels (and the electron travels along with it). 

gy
electron is found from:

     dxAeiiAe

dx
dt

di

dxEE

tkxitkxi 






























  



ˆ

found from:

 

    dxAeiki

dx
dx
di

dxpp

tkxi

ˆ

* 






































t
iE



 ˆ



Emk 2


hfE

dxi





 












2

Planck’s equation

 

Emp

k

dxk

dxiki

2


























de Broglie 
relation

Note that E can take on any value; there 
is no discreteness (n) in the expression 
for k (and hence E). 

The positive value of momentum here is consistent with the sign convention 
we adopted for matter waves, that is, (kx  t) for an electron and wave 

i i h i i di i f h b bili i i i hmoving in the positive x direction. If the probability wave is moving in the +x
direction, then the electron is very likely also moving in the same direction –
since the amplitude (squared) of the probability wave determines where the 
electron is most likely to be, as if it were carried along by the wave. 



Normalisation:

   kiki 


2
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We might well ask what the expectation value is for the position x of the 
electron.

    dxAdxAeAedx tkxitkxi 






  21 

The difficulty with this normalisation is that the limits of integration are far 
larger than that which would ordinarily apply in a real physical situation.  If 
the electron is bound by a large, but finite boundary, then (as in the case of a 
square well potential) a non-zero value of A may be calculated while 
retaining an approximation to the ideal case of infinite range. 

(Divergent integral)

Expectation value of x:

   

2

*2

A

AeAe tkxitkxi



  

That is, the positional probability density is a constant, which means that 
the electron has an equal probability of being located anywhere along x. 
This is in accordance with the uncertainty principle since in this case, the 
momentum (and hence the velocity) can be precisely calculated, but the 
position is completely undetermined. 

2

2

*2

A

AeAe ikxikx



 
or

Note that for the equation (x) to be a valid solution to the time-independent 
part of the Schrödinger equation, it does not matter what the value of k (and 
hence E) is as long as it is a constant in time and independent of x. This 
means that for a given value of E, the square of the amplitude of the 
resulting wave function is a constant, independent of x (and t). That is, for a 
f l h l b ll lik l b h i i h

2

x 

0

free electron, the electron can be equally likely to be anywhere in x with a 
velocity v (and momentum p). The uncertainty in x is infinite. The value of p
is known precisely. The energy E is not quantised for a completely free 
electron. 



1.2.10 Particle in a Box

A particularly important case which can be solved using the Schrödinger 
equation is that of a one-dimensional motion of an electron between two rigid 

231.2 Quantum Mechanics

walls separated by a distance L. Such a scenario is called a particle in a box. 
We wish to compute the probability of finding the electron at any particular 
position between 0 and L according to the principles of quantum mechanics. 
The motion of the electron is assumed 
to consist of completely elastic collisions 
between the walls. At any position 
between the walls, it is assumed to have a 
constant velocity (and hence, momentum) independent of time. That is, the 
(kinetic) energy is a constant 
and expressed as:

m
pE
2

2


L

Note, this is NOT simple harmonic 
motion between the walls. It is 
constant velocity between the walls.

v

Since the momentum of the electron is a constant, from the de Broglie
relation                we have a characteristic single wavelength . Therefore, we 
can expect that the solution to the time-independent wave equation will be of 
the form of a travelling wave:

m2

ph

  kxAx sin .2 kwhere
The boundary conditions associated with the walls are satisfied as long as 
k = n/L, or, the allowed wavelengths of the electron are 2L/n where
n = 1,2,3…. These are standing wave patterns between the walls of the box.
The energies for each standing wave 
are found from the allowed values of 
momentum and the de Broglie 

22

n = 39E1

 x

y

relation:
2

22

8mL
hnEn 

Unlike the case of a free electron, the 
presence of the walls imposes a 
restriction on the allowed values of E
which in turn leads to a non-uniform 
probability of finding the electron at 
any particular location between them. 

n = 1

n = 2

E1

4E1

  2x

n = 1

n = 2

n = 3

Probability that the electron will be

   xkkxAk
x

x  22
2

2
sin 




n = 1 is the zero 
point energy.

Now,
Thus,

L, /2

Probability that the electron will be 
found within dx of any position x
between 0 and L

 E
xm





 2

22

2


     xEx
mL

hnx
L

n
m


 2

22

2

222

82


,

which is in accordance with the Schrödinger equation: 



1.2.11 Infinite Square Well

Consider the case of an infinite 
square well potential:

The particle, 
say an 
electron, is 


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

 E

xm
 2

22

2


 

0

xV

22
axa



2
;

2
axax 

where V(x) = 0, we have:

,
confined to 
the region 
inside the 
well.  

2
a


2
a

0

This is a general solution to the wave equation for the case of V(x) = 0, 
which is the superposition of two travelling waves in opposite directions In

  .21
ikxikx eCeCx  

which is the same as the Zero 
Potential case.

Therefore the eigenfunctions are:

which is the superposition of two travelling waves in opposite directions. In 
the present case, the electron might be free to travel within the walls of the 
container, but when it gets to one wall, it bounces back in the other direction.  
So, here, we do not select one or the other direction as we did for the zero 
potential case. Instead, both directions must be considered together and 
further, the travelling waves must have the same amplitude. 
In trigonometric form, we obtain (as for the zero potential case):

However, unlike the case of the zero potential, the travelling waves, in 
it di ti h th lit d Th C C d

     
    kxiCCkxCC

kxiCkxCkxiCkxCx
sincos

sincossincos

2121

2211




For the first case, the full wave function is     .cos, tiekxAtx 

This is a standing wave because the amplitude term (A cos kx) depends only 
on x and not on t. That is, no matter what time we look, the amplitude of the 
matter wave at some value of x remains unchanged. 
Therefore, the most general form of solution for the standing wave pattern is 
h i i f h l i h

opposite directions, have the same amplitude. Thus, C1 = C2 and so:
  kxAx cos

Or, alternately, C2 = C1 and so:
  kxBix sin

12CA 

12CB 

the superposition of these two solutions so that:

  kxBikxAx sincos 
1

1

2
2
CB
CA






  0aL t

Boundary conditions: The boundary 
conditions here are the 
restriction that the
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 

 

sincos

2
sin

2
cos

0;
2











kaBikaA

kaBikaAx

xax





 

 
0

2
sin

2
cos

0;
2







kaBikaAx

xx



Let

Let

restriction that the 
electron has zero 
probability of being at 
the walls of the well. 
This is equivalent to 
saying that the 
eigenfunctions reduce 
to zero at these 
locations in x. The 
square of the amplitude 
of the eigenfunctions is 
equivalent to the 
probability density 
because we are dealing 

0
2

sin
2

cos



 BiA

Thus:

A = B = 0 is a trivial solution – that is, the particle is not inside the well. 
Non-trivial eigenfunctions are found by letting, say, A = 0 (or B = 0) and 
letting k take on values such that:

0
2

sin  ;0 
kaBiA 0

2
cos  ;0 

kaABor

Eigenfunctions:

(i) 0sin;0 kaBiA 0cos;0 kaAB(ii)

with a standing wave, 
or stationary state. 

(i) 0
2

sin  ;0  BiA 0
2

cos ;0  AB

or a
nk

nka








22

n = 1,3,5,7...

a
n

a
nk

nka









2
2

n = 1,2,3,4…

n = 2,4,6…

(ii)

Thus:   xkAx nnn cos
nkn



n = 1,3,5,7…

  xkiBx nnn sin
an

n = 2,4,6,8…



To determine the values of the constants A and B, the eigenfunctions are 
Normalisation:
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o dete e t e va ues o t e co sta ts a d , t e e ge u ct o s a e
normalised. For the odd n case:

xdx
a
nA

xdx
a
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dx
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a
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42
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
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


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Similarly for the even case, 
a

B 22 

The normalised eigenfunctions are thus:

  xkax nn cos2 n = 1,3,5,7…
n = 3

 xn
x

  2xn

  xkax nn sin2 n = 2,4,6,8…

x

    
    ti
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nn

exkatx

exkatx



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





sin2,

cos2,

while the full wave function is written:

n = 1,3,5,7…

n = 2,4,6,8…

n = 3

n = 1

n = 2

2a 2a0

x

x

A plot of the probability distributions shows 
the positional probability of the location of 
the electron for each of the allowable 
energy levels. In all cases, the probability is 
of course zero at the walls where the energy 

x
2a 2a0

x

n = 1

n = 2
o cou se e o at t e wa s w e e t e e e gy
barrier is infinitely high. 
Note that because of symmetry around x = 
0, the expectation value, or average value, 
of x is zero.



Eigenvalues:
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n = 1,2,3,4…

0

E3

E2

E1

The energy n = 1 corresponds to 
the zero point energy: 

2a 2a

When the particle is in the well, the x  a. The uncertainty in the 
momentum is thus:



22



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ax
p for E1

Energy is quantised. Each possible value of E is an eigenvalue.  Unlike the 
case of a free electron (such as in the zero potential), energy is quantised in 
this case as a consequence of it being bound (between the walls of the well). 
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Heisenberg’s 
uncertainty 
principle



1.2.12 Step Potential

A particularly important potential with practical 
consequences is the case of a step potential Vo. The case 

V
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o
of the energy of the electron E < Vo is considered here. 

 
0

 oVxV
0x

0x

For the case of x < 0, the general solution to the 
wave equation is the same as that developed for a 
free particle (the zero potential). Expressed in 
exponential form:

where


mEk 2
1 

For the case of x > 0, we have V(x) = Vo and so:

o EV
xm 2

2

2
2







  It is necessary that 
eigenfunctions  must be 
single-valued, finite and 
continuous This enables

  ikxikx eCeCx   21

Vo

x
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
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















auxiliary equation

As x approaches infinity, (x) must be finite and so C3 = 0. At x = 0, the 
value of (x) and /x must match for x < 0 and x > 0. In evaluating (x)  

d  / t 0 fi d th t

continuous. This enables 
us to match the two 
solutions together at the 
step (x = 0). 

 
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EVm
k o 

2
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and /x at x = 0 we find that:
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That is, unlike the classical 
Newtonian treatment, quantum 
mechanics predicts an 
exponential decrease in the 
eigenfunction (and also the 

b bilit lit d ) th

The first term in the solution for x < 0 
represents the wave function for the 
electron approaching the step. The 
second term represents the electron 
being reflected from the step. The 
combined waveforms and associated 

b bilit lit d standingprobability amplitude) on the 
right hand side of the step. This 
has important implications for 
the phenomenon of tunnelling. 

probability amplitudes are a standing 
wave which represents the probability 
of the electron being at any point to 
the left of the step. 



1.2.13 Finite Square Well

Take, for example, a free electron in a 
metal. Should an electron near the surface 

Vo Vo
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of a metal acquire sufficient kinetic energy 
to leave the surface, the surface is left with 
a net positive charge  and so the electron 
is immediately attracted back towards it. In 
classical Newtonian mechanics, the 
electron can only escape the surface 
completely if it has enough energy to 
overcome this Coulomb attraction  the 
work function – of the metal. This is an 
example of a square well potential. 

 
0

 oVxV
Lx 0

Lxx  ;0

The electron is confined to the 
region inside the well unless it 
has sufficient energy to 
overcome the work function Vo. 

0

Inside the well V(x) = 0 and so the solution to the zero potential form of

L

Inside the well, V(x)  0 and so the solution to the zero potential form of 
the Schrödinger equation can be used:

  xikxik eCeCx 11
21

 where


mEk 2
1 

Outside the well, the solution for the step potential can be used:

  xkxk eCeCx 22
43



For a finite solution, C3 = 0 when x > L and C4 = 0 for x < 0. The 
eigenfunctions must also match in slope at the boundary walls of the well 
(because the Schrödinger equation shows that the second derivative of 
must be finite if (E  V) is finite).  The solution to the Schrödinger equation 

 


EVm
k o 

2
2

where

shows that this can only happen at certain values of E. 
There are only a finite number of states 
which can exist where the electron 
energy is less than Vo. These are called 
bound states. When the electron 
energy E is greater than this, the 
electron escapes the bound state of the 
well and is free (and can have any 
energy E). 

n = 1

n = 2

n = 3 x

  2x
n = 3

Note that there is a finite probability of 
the electron being located outside the

n = 1

n = 2

n  3the electron being located outside the 
well even if its energy E is less than Vo. 



1.2.14 Potential Barrier

The sides of the finite square well potential Vo
can be considered a potential barrier. In many 

Vo
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physical situations, the width L of the barrier is 
finite. In classical Newtonian mechanics, an 
electron can only find itself on the other side 
of the barrier if it acquires sufficient potential 
energy to surmount the barrier (i.e., by being given a sufficient amount of 
an initial kinetic energy, for example, from, say, heating). In quantum 
mechanics, the solution to the Schrödinger equation for this potential 
allows for the possibility of the electron tunnelling through the barrier and 
appearing on the other side even when the electron energy is insufficient to 
surmount the barrier. 

0 L

On either side of the barrier the solution to the Schrödinger equation isOn either side of the barrier, the solution to the Schrödinger equation is 
sinusoidal in accordance with the solution for the zero potential. Within the 
barrier, (for the case of the electron energy E being less than Vo,) the 
solution is an exponential (as in the step potential). As before, we require 
the solutions to be continuous and finite for all values of x. In matching the 
eigenfunctions in the three regions x < 0, 0 < x < L and x > L, one possible 
solution has the form:

 x

In general, the form of the solution depends upon the width L of the barrier 
and the ratio of the electron energy to the barrier potential, for example, 
whether the energy E is greater or less than Vo. For the case of E > Vo, the 
wave function is partly reflected at the barrier, a circumstance which has 
particular significance for the formation of energy gaps in the band 
structure of solids. 

Tunnelling through barriers, whether we are considering electrons, or any 
other atomic particle, cannot be explained by conventional classicalother atomic particle, cannot be explained by conventional classical 
Newtonian physics, yet has considerable practical importance from the 
conduction of electricity through contacts and junctions to the processes 
involved in nuclear decay. It is an everyday occurrence. 



1.2.15 Harmonic Oscillator Potential

Consider the case of a simple 
harmonic oscillator potential:


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The time-independent 
equation becomes:

A power series solution (not derived here) yields:
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0

1
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3

4 Hermite 
polynomial

The allowed energies or eigenvalues are:

n = 0,1,2,3…hfnEn 





 

2
1

The allowed energies, or eigenvalues, are:

The harmonic oscillator 
potential has particular 
importance in describing the 
state of any system that exhibits 
small oscillations about a 
central position (e.g., vibrations 
of atoms, acoustic and thermal Note that compared with the infinite square 

V(x)

0



n = 0

n = 1

n = 2

 x

,
properties of solids, and the 
response of solids to 
electromagnetic waves).

well potential, the energy levels for the 
harmonic oscillator are equally spaced hf.  
Note also the existence of a zero point 
energy at n = 0. 



1.2.16 Coulomb Potential – Bohr Atom

A complete analysis of any atomic system will require the Schrödinger 
equation to be written and solved in three dimensions. For example, for an 
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 
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4
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2

222






spherical polar 
coordinates

or

isolated hydrogen atom, the potential function for the orbiting electron is 
the Coulomb potential. In three dimensions, this is most conveniently 
written in spherical polar coordinates. 

The solution to the time-independent part of the 
Schrödinger equation has the functional form:

C106.1 19eq

 

0

V(r)

The solutions in this case exist only for certain values of the quantum 
numbers m for (), l for () and n for R(r) such that:

g q
         rRr ,,

llllm
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,1....0,...1,
1...2,1,0

...3,2,1
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

Th i l ll d i E

The eigenfunctions n,l,m provide information about the probability 
amplitudes, or probability density functions, of the electron for each 
allowed state. 
The eigenvalues, or allowed energies E, are:

  222

42

24 n
mqZE

o

e




For a given value of principal quantum 
number n, there are several different 
possible values of l and m. When there 
are two or more eigenfunctions (i.e., 
combinations of n, m and l) that result 
in the same eigenvalue (or energy), 
these states are said to be degenerate. 

0

E3

E2

E1

unbound 
states

bound 
states

-13.6 eV

-3.39 eV

-1.51 eV

g  



1.2.17 Superposition

This superposition of solutions is a general feature of solutions to linear 
differential equations. Thus, if the functions n(x, t) are solutions to the 
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n
Schrödinger wave equation, then so is any combination of these.  

  nnccctx  ..., 2211

The constants cn allow us to adjust the 
weighting or proportion of each 
component wave function if desired. 

Linear combinations of 
eigenfunctions (x) are also 
solutions to the time-independent 
equation as long as they 
correspond to the same value of E. 

        2
2211

2 ,,,, txctxctxtxP 
Th li i di i i h h l b bili h dd d

Consider a special case whereby an electron can be in either of one or two 
separate regions x1 and x2. In general, the probability of finding the 
electron at some position x is given by:

The normalisation condition requires that the total probability, when added 
over all values of x, is equal to unity so:
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If we take the real part of the wave function, this simplifies to:
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x
  212121 21

The probabilities attached to each wave function individually are:
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In this special case, each wave function is separately normalised (that is, 
the electron can only be in either one of two regions x1 or x2). The total 
probability of being in either x1 or x2 is thus: .1 2

2
2

1 cc 
which means that .02 2

*
121  dxcc

x
This integral, the overlap integral, equals zero in this case because weThis integral, the overlap integral, equals zero in this case because we 
specified that the electron can only be in one region, either x1 or x2. This of 
course is not generally the case. For example, in the double slit experiment 
there is an appreciable overlap of probabilities from each slit for the 
electron striking the distant screen midway between the slits. 



Stationary quantum states occur when the potential V is a function of 
position only. The complete set of solutions to the Schrödinger equation for 

1.2.18 Transitions
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a potential V(x) is, by the principle of superposition:
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or since

and

Cn are the weightings for each quantum state n and are expressed as a 
function of time to take into account the changing probability density of 
states in a system when transitions occur. Note, the quantum states
themselves are still stationary, and so we can retain the procedure for the 
separation of variables, but the probability density of the states may be time 
dependent. This may happen, for example, during the excitation of an atom 
where an electron is promoted from a lower energy level, say the ground 
state, to a higher energy level by the absorption of a photon. 
When an electron is in the ground state, the probability function is simply:

That is, | |2 is independent of time. When an electron makes a transition 
from state to (sa the gro nd state to an e cited state) the transition
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from state n to m (say the ground state to an excited state), the transition 
involves a mixed state wave function. 

It is sufficient to note from the above that the magnitude of the wave 
function contains oscillatory terms involving y g


mn EE 





1.2.19 Atomic and Molecular Potentials

As can be imagined, solving the Schrödinger equation for anything but the 
very simplest of atoms is not an easy task. The potential function arising from 
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the superposition of many present nuclei and electrons makes even the 
calculation for two hydrogen atoms interacting in a vacuum a major 
undertaking. 
In physical chemistry, it has been found useful to classify the types of 
forces between molecules into long and short range forces (using such 
terms as Van der Waals, London, dispersion, solvation forces, etc.). 
These forces are significant in atoms and molecules which do not normally 
form ionic, covalent or metallic bonds The forces arise from an 
instantaneous attraction between electric dipoles between neighbouring 
atoms/molecules and, in principle, can be described using the Schrödinger 
equation In practice semi-empirical potentials are used to simplify theequation. In practice, semi-empirical potentials are used to simplify the 
situation while allowing physical phenomena to be studied in detail. 
An example of a widely used pair-potential which describes the interaction 
between two atoms or molecules is the Lennard–Jones potential. This is 
formed by adding together a long range attractive potential with a short range 
repulsive potential. 
Mathematically, the 
Lennard–Jones potential 
is expressed:

  BArV 

V(r)

F(r)

Repulsion  126 rr
rV 

Repulsion 
term

Attraction 
term

Vmin

Fmax

r

ro

Repulsion

AttractionNote that in these potentials, 
it is customary to assign a 
potential energy of zero to widely 
spaced electrons, atoms, ions and 
molecules and as they approach, the 
potential becomes more negative. Since we generally assign a positive 
number to work done on a system (energy entering the system) and a 
negative number to work done by a system (energy leaving the system) 
work has to be done on the atoms or molecules to separate them. 



1.2.20 Boundary Conditions

There are several interesting consequences of the boundary conditions for 
the quantum mechanics of an electron in a solid. The basic solution is one 
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of a travelling wave:

n = 1

n = 2

n = 3

E

4E1

9E1

 x

n = 1,2,3,4…

  kxBkxABeAex ikxikx sincos  
In the case of a completely free 
electron (zero potential), k can have 
any value and energy is not quantised.  

L
nk 



When there is a free electron in a 
potential well, the presence of the 
walls of the well causes k to only take 
on certain values according to:

 x

n = 1E1
L, /2The fixed boundary conditions (x) = 0 

and (L) = 0 at walls of the well impose restrictions on the allowable 
values of k. These boundary conditions result in standing waves between 
the walls. In this situation, the boundary conditions are fixed and the 
probability density function is periodic in x. 
If the electrons in a solid only saw the edges of the solid, and nothing else, 
then there would be no problem at all in setting (x) = 0 and (L) = 0 at these 
locations. However, in reality, the mean free path of electrons (before 
collision with other electrons and ions in the solid) is orders of magnitude 
smaller than the overall size of the solid and so it is more realistic to consider 
a small volume V of length L of material within the solid and apply artificial 
boundary conditions at the edge of this small volume. In this case, a good 
boundary condition to use is called the periodic boundary condition where: 

   L 0
Under these circumstances, the allowed values of k are:

n = 0, 1, 2, 3, 4…
L

nk 2

Here, the boundary conditions are periodic in x with a period L but the 
probability density function is constant.  The solutions are travelling waves
(as distinct from standing waves as in the case of the fixed boundary ( g y
conditions). If we were to take a snapshot of a wave at time t, the nodes of a 
standing wave stay in the same position no matter what the value of t. The 
nodes of a travelling wave travel along in the direction of wave motion and so 
their location depends on the time t. 



1.2.21 k Space

We have seen that the solution to the time-independent part of the 
Schrödinger equation for simple potentials is of the form:
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It is convenient to express the energies in terms of k (a dispersion relation):

de Broglie wave relationship

where

22
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Emk
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pk 

22

2
k

m
 where

The wave number k is a vector quantity which characterises the spatial 
characteristics of the wave (much like the frequency  characterises the time 
characteristics of a wave). For the zero potential, solutions to the 
Schrödinger equation can occur at any value of k. However, boundary 
conditions imposed by the walls of a potential well mean that solutions to 
the Schrödinger equation occur at certain fixed values of k.

whereupon it can be seen that the dispersion of E is such that E  k2.

L
n

L
npk 


 22
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

k

Allowed quantum states are uniformly distributed with respect to the value of 
k. If we were to represent these allowed states graphically, we could write:

0
+k

L
2

k
wave travelling to the left wave travelling to the right

standing wave 
boundary conditions periodic (travelling wave) 

boundary conditions

LL 

n = 0, 1, 2, 3, 4…n = 1,2,3,4…

periodic (travelling wave) 
boundary conditions



1.2.22 Density of States – 1D

Consider a one dimensional, free electron 
(zero potential) solid of length L. 2

L
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But, L is the length of the solid in real 
space, and so the number of states per unit 
length in k space is thus:

0
+k

L
2

k

.
2

2
2

k
m

E 
Now, the energy of any particular quantum state is given by

We wish to determine N(E): how many states exist with 
an energy less than a particular value E?

 22
1 L

L


The spacing between each 
state in k space is:

L
2

We need a factor of two here to 
account for states with values of 
k on either side of zero. 

Periodic (travelling 
wave) boundary 
conditions    L 0

 22 L
The number of states less than a particular value of k is thus .
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The total number of states N less than this value of k is thus:
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The rate of change of N(E), as E is varied, is the number of states per unit 
of energy and is called the density of states g(E). It is found from:
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This is also the number of states with an 
energy less than our selected value of E
and is written N(E).
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It is customary to include 2  for 
spin when calculating the 
density of states. 

N(E)

E
The number of states per unit of 

energy reduces as the energy 
becomes larger. As E becomes 

large the number of states

The number 
of states with energy <E
increases as the energy 

becomes larger.
The density of states g(E) 
represents the number of 
available states per unit of 
energy at an energy E. A 
high value means that there 
are many possible states

E

large, the number of states 
with energy less than 

E still increases but at 
a lower rate. 

are many possible states 
within an infinitesimal 
energy range E + dE.



1.2.23 Density of States – 2D

Consider a two dimensional, free 
electron (zero potential) solid of length 

A

L
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L and area A. 

The spacing between each state in k space is:
L
2

Now each value of k represents a particular energy


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The area per point (i.e., per state) is thus:
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But, L2 is the area A in real space, and so the number of states 
per unit area in k space is thus:
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Periodic (travelling wave) 
boundary conditions    L 0

Now, each value of k represents a particular energy, 
so a circle of radius k in k space draws out a contour 
of a constant value of E. The area of the circle is 

x

.2k

Thus, the number of states N within the circle is the number of states with 
an energy less than our selected value of E, that is, N(E). 
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This is the area in k space, and is not A, the area of the solid in real space. 

A factor of 2 has been applied 
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The density of states is found from:

The essential feature in this case 
i th t th d it f t t f

g(E)

pp
here to account for spin. 

N(E)

E

If we double E, then there are 
twice as many states with energy 
less than E.

The number of states per unit of 
energy remains the same no 
matter which energy we pick.

is that the density of states for a 
2D solid is a constant. 

E



1.2.24 Density of States – 3D

Consider a three dimensional, free electron 
(zero potential) volume of length L and 

L
V
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volume V. 
Inside this volume, in k space, allowed 
states are uniformly distributed with a spacing: 

L
2

The volume (in k space) per 
state is: 32









L


The number of states per unit volume is thus .
2

3









L

But, L3 = V in real space, and so the states per unit volume in k space can 

kz

ky

kx

Periodic (travelling wave) 
boundary conditions    L 0

be expressed:

 32
V

The surface of a sphere drawn out by a particular value 
of k represents all the states that have the same energy. 
Thus, the number of states N within the sphere is the 
number of states with an energy less than our selected 
value of E, that is, N(E). 

where V is the volume in real space. 

The number of states within the volume is:

k
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thus

and so

g(E)

E

E

dramatically as the 
energy becomes 
larger.

The rate 
of change of N(E) 

with E becomes less as the 
energy becomes larger. 
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A factor of 2 has 
been applied here to 
account for spin. 



1.2.25 Fermi–Dirac Distribution

The filling of available energy levels 
in an atom by electrons is governed 

n = 

4d(10)
4f(14)

411.2 Quantum Mechanics

The Fermi energy Ef is the energy 
of the outermost occupied energy 
level at 0K and is usually of the order 
of 5 eV for metals. The probability 
that a particular energy level is full 
is described by a probability density

by the Pauli exclusion principle in 
which it is found that a particular 
energy level can only accommodate 
two electrons, one with spin up and 
the other with spin down. 

Electrons 
in lithium 
at 0K

n = 2

n = 3

n = 4

2s(2)

2p(6)

3s(2)
3p(6)
4s(2)3d(10)
4p(6)

Fermi 
energy 
(outermost 
level)

is described by a probability density 
function f(E). At 0K, the probability 
of finding an electron in an energy level greater than the Fermi energy is 
zero. The probability of finding an electron in an energy level < Ef is 1. 

n = 1
1s(2)

f(E)

E
E

T = 0K

f(E)

E
E

T > 0K

Fermi–Dirac 
distribution

The Fermi energy Ef
is essentially the 
zero-point energy.

Ef

If the temperature is raised, then electrons may acquire additional energy. 
The thermal energy of electrons at room temperature is  0.025 eV. Thus, 
at ordinary temperatures, electrons well below Ef cannot move to a higher 
energy level because these are occupied already with other electrons. Only 
electrons with energies close to Ef can increase their energy and jump to 
unoccupied levels >Ef. Thus, some energy levels < Ef become unoccupied 
and others above Ef become occupied. The distribution of energies for T > 
0K is described by the Fermi–Dirac distribution:

Ef

    1
1




 kTEE Fe
Ef

The Fermi–Dirac distribution takes into account  the quantised nature of 
energies of electrons. It approaches the classical Maxwell–Boltzmann 
distribution (which assumes a continuous distribution of energies) at very 
high energies. 

1e



1.2.26 Electron Energies

The density of states for free 
electrons in a potential well 

Note: For the case of zero potential, 
it is the presence of the edges that 
gives rise to allowed values of k and 
hence quantised energy states. 
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describes the state of conduction electrons in 
a metal bound by the edges of the solid. However, it should be said that 
treating the conduction electrons as free electrons does not take into 
account the effect of the potential of the positive ions associated with the 
atomic nuclei in the crystal lattice. 

g(E)

E

The density of states g(E) for free 
electrons within the solid V represents 
the number of available states per unit of 
energy. A high value means that there 
are many possible states within an 
infinitesimal energy range E + dE

f(E)

E
Ef

T = 0K

f(E)

E
Ef

T > 0K

Fermi–Dirac 
distribution

infinitesimal energy range E + dE.
The Fermi–Dirac distribution gives the probability of actually finding an 
electron in an available state as a function of temperature. 

g(E)

E

g(E)

E

The  product of g(E) and f(E) thus gives the energy distribution of the 
actual electrons present as a function of temperature.

T = 0K T > 0KEf

Note that at 0K the free electrons have a range of energies up to Ef (approx

filled 
levels

unfilled 
levels filled 

levels

unfilled 
levels

kT

Note that at 0K, the free electrons have a range of energies up to Ef (approx. 
5 eV). At temperatures above 0K, only those electrons with energies near to 
Ef acquire kT of energy. This means that while all free electrons contribute to 
electrical and thermal conductivity, it is only those near Ef that contribute to 
the specific heat. 



In a conductor, outer shell or valence 
electrons are free to move throughout the 

1.2.27 Conduction vd = 0

431.2 Quantum Mechanics

crystal lattice; they are not attached to any 
one particular atom whose nucleus is fixed 
into the crystal lattice structure. These 
electrons have a random velocity due to 
thermal motion and are considered free 
(although, of course, they still occupy only 
allowed available energy levels as they travel 
from atom to atom). Typical velocities of 
free electrons are in the order of 106 m/s. 
When an electric field is applied, the 
valence or conduction electrons

vt

Heatvd

vt
valence, or conduction electrons 
experience a force and acquire a net 
velocity over and above their random 
thermal motion. As they move through the 
conductor, they suffer collisions with 
other electrons and fixed atoms and 
lose velocity and thus some of their kinetic energy. Some of the fixed 
atoms correspondingly acquire additional internal energy (vibrational 
motion) and the temperature of the conductor rises. After collision, 
electrons are accelerated once more and again by the applied field and 
suffer more collisions and decelerations and so on. The net drift velocity
( 10 4 / ) f th l t tit t l t i t D i

E

(104 m/s) of the electrons constitutes an electric current. During 
collisions, electrical potential energy from the voltage source is 
essentially converted into heat within the conductor. This is called 
electrical resistance. Increasing the temperature increases the random 
thermal motion of the nuclei of atoms in the crystal structure, thus 
increasing the chance of collision with a conduction electron and therefore 
reducing the average drift velocity and increasing the resistance. 
The relaxation time (1014 s) is the mean free time between collisions and 
is independent of the applied field (because the thermal motions are so large 
in comparison to the drift velocity). The relaxation time also describes how 
quickly the drift velocity of the electrons ceases upon removal of the field. q y y p
The mean free path of the conduction electrons in a good conductor is 10 
nm. This relatively large value of mean free path compared to the size of 
atoms is due to the de Broglie wave nature of electrons as they pass through 
the regular array of atoms in the crystalline lattice.



1.2.28 Fermi Surface for Free Electrons

The outer valence, or conduction electrons in a solid are essentially free 
particles with a random distribution of velocity. The energy of electrons is 
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kinetic energy. The kinetic energy of the electrons can range from 0 to an 
upper level called the Fermi energy. The Fermi energy is a characteristic of 
the material and depends upon the concentration of free electrons in the 
material. 
A graph of the range of velocities possessed 
by electrons in a solid in the x, y and z
directions would be a sphere called the Fermi 
sphere. Any point inside this sphere 
represents a possible velocity (vx, vy and vz) 
that any electron may have. The outer edge of 
the sphere is called the Fermi surface and

vz

vy

Fermi 
surface Fermi 

speed

the sphere is called the Fermi surface and 
represents the Fermi speed 106 m/s. The 
position of the Fermi surface is independent 
of temperature (when the temperature of the 
solid is raised, most of the energy goes into 
vibrational motion of the nuclei and not that 
of the valence or conduction electrons). 

vx

Fermi sphere

When a field is applied to a conductor, the position of the Fermi surface is 
no longer centered at vx = vy = vz = 0 but is offset by the drift velocity vd. 
The offset is extremely small, but it is this offset that is responsible for the 
macroscopic notion of electric current. vz
The important issue that should be 
appreciated here is that it is only 
those electrons close to the Fermi 
surface (i.e., those with the greatest 
velocity and kinetic energy) that are 
responsible for conduction of electric 
current. That is, electric current is 
not due to the drift velocity attributed 
to all the free electrons but instead is 
a result of the net current carried by a 
relatively small number of electrons whose instantaneous (or thermal) 

vx

vy

Offset Fermi 
surface

Offset 
Fermi 
sphere

vd

y ( )
velocity is very close to the edge of the Fermi surface. It can be appreciated, 
therefore, that any modification to the shape of this surface (such as through 
the influence of nearby surfaces and the potential of the underlying crystal 
lattice) will influence the conductivity of the material. 
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Summary
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1.3.1 Atomic Potentials

Consider a lithium atom with 3 electrons, 2 of 
which are in the 1s energy level and the outer 

n = 2

2s(2)

2p(6)
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valence electron in the 2s energy level. These 
electrons move in a potential well. An 
example of a potential well is the infinite 
square well potential: n = 1

1s(2)

2
L


2
L

0

2p
2s

1s

3sEnergy

0

atomic 
energy 
levels

Keep in mind that electrons 
are not particles in orbit 
around a nucleus. The 
energy levels are those 
associated with the 
standing wave patterns of 
probability matter waves2 20

In the infinite square well potential, the electrons cannot move more than 
a distance L/2 from the centre position. This is a simple potential which 
can be easily described using the Schrödinger equation. A more realistic 
potential is the Coulomb potential and can be represented:

3s

space

0

probability matter waves. 

2p
2s

1s

This potential reflects the fact that electrons at higher energy levels are able 
to occupy more space than those at lower levels. When removed completely 
from an atom, the electron can occupy any position (i.e., in the diagram 
above, the zero datum of energy is infinite in the – and + directions) and this 
is represented by a continuum of states or levels.  

atomic energy levels

 



1.3.2 Molecules

Staying with a Li atom, let’s now consider what happens when we have two 
atoms close together. We might be first tempted to draw the potentials as:

471.3 Solid State Physics

This does 
not happen 
in a solid 
(although it may 
in a gas due to 
the large distances 
between atoms in 
gases). In a solid, the electrons in atom #1 are attracted to both its own 
nucleus and also to some extent by the nucleus of atom #2 For example the

0

2p

2s

1s

3s

Nucleus for 
atom #1

Nucleus for 
atom #2

atomic 
energy 
levels

The solution to 
the Schrödinger

nucleus and also to some extent by the nucleus of atom #2. For example, the 
1s electron orbiting the nucleus of atom #1 is also “owned” to some extent 
by the nucleus of atom #2. But, due to the Pauli exclusion principle, for 
each atom, we cannot have more than two electrons in the same energy level 
(i.e., the two 1s electrons for atom #1 as seen by atom #2 are no longer 
permitted to have energies at the 1s level because there are already two 
electrons from its own atom at that level). 

0

2p
2s

3s
molecular 
energy 
l lthe Schrödinger 

equation predicts 
splitting of energy 
levels into two sub-
levels. Thus, all the 
electrons (say at the 1s level) for the 
“solid” (which in this simple case consists of just two 
atoms) can coexist by shifting their energies a little up 
and down so that their wave functions do not coincide 
and so the exclusion principle is satisfied. The amount of 
splitting at each level depends upon how close the atoms are 
b h h d l h l l h li i b i l f

1s
levels

One possible 
arrangement of 
electrons in the 1s 
level for atom #2

brought together, and also the energy level – the splitting being larger for 
higher level orbitals since they are more affected by the presence of nearby 
atoms than the lower level orbitals, which are more localised in space around 
the parent nucleus. 



1.3.3 Solids

In a real solid, the interacting potentials of many millions of relatively closely 
spaced atoms cause atomic energy levels to split into a very large number of 
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sub-levels. The energy difference between each sub-level is so fine that each 
molecular level is considered to be virtually a continuous band of energies. 

2p

2s
energy

In the diagram here, the broadening of the 2p 
level is such that electrons in this band are 
delocalised. These electrons are effectively 
shared between all the atomic nuclei present. 

The spaces or energy 
gaps between bands

Electrons in these 
bands are constrained 
by the potential well 
and are still bound to 
individual nuclei. 

1s
energy 
bands

gaps between bands 
are forbidden states 
where no electrons 
can exist. 

If the highest energy band that contains electrons in the ground state (the 
valence band) in a solid is not completely full, and the electrons are 
delocalised, then there are opportunities for electrons within that band to 
easily move around from state to state within the band. Such movement can 
be readily obtained by applying an electric field to the solid. Such solids 
are thermal and electrical conductors. 
If the valence band in a solid is full, and the next highest available band is g
positioned some distance away in terms of its energy levels, then the 
electrons within the topmost band cannot easily move from place to place 
or to the next highest band. Such materials are thermal and electrical 
insulators. 
If the next highest available band is positioned fairly close to the valence 
band, then even at room temperature, there may be sufficient thermal 
energy given to some electrons to be promoted to this higher level. The 
material becomes conducting and is a semiconductor. The band containing 
the conducting electrons is called the conduction band. In a conductor, the 
valence band is the conduction band. In a semiconductor, the conduction  
band (at 0K) is separated from the valence band (defined at 0K) by anband (at 0K) is separated from the valence band (defined at 0K) by an 
energy gap. 



1.3.4 Energy Bands

The splitting of energy levels into bands is the central feature of the solid 
state and gives rise to the many varied properties of solids as compared to 
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gases and liquids, whereby the atoms and molecules are widely spaced. 

4 
at

om
s

7 
at

om
s

s

Number of 
splits = 
number of 
atoms/ 
molecules 
and the 

Band width is 
determined by the 
separation distance 
between 
atoms/molecules. Band 
also becomes wider at 
higher energies due to 
the larger range of 
movement of 
electrons in higher 
energy states.

m
an

y 
at

om

The potential seen 
by electrons 
resembles that of a 
square well.

available 
states at that 
level (e.g., s, 
p, d, etc.).

energy states. 

The spreading 
out of energy levels in 
a solid may be so great, especially at higher 
energy levels, that the band associated with one 
state overlaps that of another. 
Consider the outermost or valence energy level in an atom in a solid in the 
ground (unexcited) state. In this band, there are N possible sub-levels, each 
arising from each of the N atoms in the solid In each of these N sub-levelsarising from each of the N atoms in the solid. In each of these N sub levels, 
there is the possibility of there being two electrons present, each with 
opposite spin. If a particular atom happens to have two valence electrons, 
then the valence band for that solid will be completely full – each sub-level 
being occupied by two electrons. However, if the valence band happens to 
overlap another empty band, or is very close to an available higher level 
band, then some electrons can easily move over into that other band, and so 
what might have been an insulator (when considering isolated atoms) 
becomes a conductor (when the atoms are brought together as a solid). 
Each individual energy level inside a band represents a particular quantum 
state. The energy sub-levels inside a band are not equally spaced in terms of 

Th t i th d it f t t i t t t ithi b denergy. That is, the density of states is not a constant within an energy band. 
Further, the distribution of electrons within all the available states varies 
(e.g., with temperature). 



1.3.5 Types of Solids

Crystalline solids are different from amorphous solids because their atoms 
are arranged in a regular, repeating pattern which is called the crystal 
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lattice. The repeating unit in the crystal lattice is called a unit cell and 
comprises all the atoms and their relative arrangement, which is repeated 
throughout the solid as a whole. In most cases, defects in the crystalline 
arrangement lead to both desirable and undesirable physical characteristics 
of the solid. 
Crystalline solids can be broadly classified into:

• Molecular solids – in which the 
binding forces between atoms is due 
to van der Waals interaction between 
instantaneous electric dipoles 

Examples are the solid 
state of many gases 
(such as solid 
hydrogen at 14 K)

between neighbouring atoms. 
• Ionic solids – in which the binding 

energy is due to Coulomb 
electrostatic forces between 
positively and negatively charged 
ions in the crystal. 

• Covalent solids – in which the 
binding energy is due to shared 
valence electrons between atoms in 
the solid. 

A common example is 
sodium chloride. 

An example is 
diamond. Other 
examples are silicon 
and germanium. 

• Metallic solids – in which valence 
electrons are effectively shared 
amongst all the atoms in the solid. 

Metals: good 
conductors of 
electricity and heat due 
to mobility of valence 
electrons. 

Amorphous solids have no long-range regular repeating pattern of atoms or 
molecules. Examples are glass and most plastics. In these materials, there is 
an orderly structure in the neighbourhood of any one atom, but this is not 
regularly repeated throughout the material.
The structure of crystalline solids (such as the spacing between atoms in the 
unit cell) can be readily studied by the use of x-ray diffraction – the orderly ) y y y y
arrangement of atoms act as a diffraction grating. 



1.3.6 Band Density of States

In a metal, the electrons within the conduction band can (to a first 
approximation) be considered free within that band. The band itself consists 
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of N closely-spaced energy levels where N is the number of atoms present. 
The energy of these electrons is proportional to k2:

E

n = 0, 1, 2, 3, 4… N/2
L

nk 22
2

2
k

m
E 


La
L

L
N

L
nk













2
2

2
2

2If a is the spacing between the 
fixed nuclei, and L is the 
characteristic length of our 
potential well, then N = L/a. 
Thus, the limits on k for a band 
containing free electrons is 

upper limit to n

k

a

La




2

a



a




given by:
States in k space are evenly spaced by 
2/L. The limits on k are /a. A 
sphere of radius k traces out states 
with a certain value of E. The number 
of states dN enclosed within the 
spheres with radii k and k+dk is 
proportional to the area dV. The 
density of states is the number of 
states per unit energy per unit 
volume:







 

aa
 ,

kx

kx
dV

13

Eo

volume:







 

aa
 ,

This is appropriate when k < /a, but 
when k > /a, the sphere begins to 
intersect the outer boundary in k space 
and the number of states per 
unit energy begins to decrease 
until the area dV.

g(E)

  2
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2
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1 EmEg 
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
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There is then an energy gap, 
followed by the next energy band 

i h i d i f Ewith its own density of states. 
gapBottom 

of band Top of 
band

Eo



1.3.7 Bloch Function

Previously, we have treated outer level valence and conduction electrons as 
free, but bounded by a potential well of characteristic size L; which is 
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identified by the size of the unit cell. Now we are in a position to see what 
effect the presence of the crystal potential associated with the fixed nuclei 
at lattice positions has on these electrons. 
The solution of the Schrödinger equation for a particular system requires us 
to specify the potential function V(r) and this can be quite difficult in the 
case of a many-electron solid. However, it can be readily accepted that the 
potential associated with the fixed ions is periodic, with a spatial period 
commensurate with the crystal lattice. That is, if we have an electron at a 
certain position r, with a potential function V(r), and then translate the 
electron by one lattice constant, then the electron will experience the exact 
same potentialsame potential. 

V(r)

V(r) is a minimum 
when the electron 
is closest to a 
nucleus (or ion). 

V(r) is a maximum 
between any two 
nuclei.

In a solid, a valence electron is acted upon by a potential which is 
characteristic of the whole solid, not just a nearby fixed nucleus. That is, the 
electron is shared by all the nuclei. The potential function and the electron are 
said to be delocalised. Because the potential function is periodic, the solution 
to the Schrödinger equation also has periodic form where here we are talkingto the Schrödinger equation also has periodic form where here we are talking 
about periodicity of the crystal lattice. This is the Bloch theorem. The 
solution to the time-independent Schrödinger equation (i.e., the 
eigenfunctions or state function) of the electrons has the three-dimensional 
vector form:

    rik
kk err   where


2

k

When we talk about a valence electron interacting with the regular spacing of 
nuclei in a crystal lattice, k(r) has a periodic form characteristic of the lattice. 
The function eikr describes the wave-like character of the electron as a matter 
wave distributed throughout the crystal. The function k(r) represents the 
localised modulation of this wave near the relatively fixed ions in the solid. y
Expressed in terms of the crystal lattice, k(r) is called the Bloch function. 
This periodicity in k(r) is the reason why we have been so interested in 
applying periodic boundary conditions to our models of solids. 



1.3.8 Crystal Potential

In general, at k = /a there is a 
discontinuity in the energy dispersion as 

E

Free electrons in energy bands 
– zero potential

3rd band
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the electrons reach the top of a band. 
Consider first the simple case of a zero 
potential. There are no energy bands for 
the zero potential, but we can still 
imagine there being bands which touch 
each other so that a free electron may 
occupy any level and hence any value of 
k. This is called the empty lattice model. 

k
a



a
2


a
2


a




1st band

2nd band

When the crystal potential is added, we have what is called the nearly free 
electron model. The effect of the crystal potential is to create energy gaps in 
the dispersion relation

Bragg reflection occurs because of the 
way an electron wave function 
interacts with the periodic 
potential of the 

Free electrons in energy bands 
– with crystal potential

the dispersion relation. 

E

k22

1st band

2nd band

3rd band

gap

gap

For free electrons, the wave functions 
are travelling waves. Because of the 
periodicity of the crystal, at k = /a, 
wave functions combine by a process 
called Bragg reflection to form 
standing waves (not travelling waves). 

p
positively 
charged 
nuclei of 
the crystal 
lattice. 
Whenever 
an electron 
wave encounters 
a nuclei, it is partly 
reflected (much like 
the case of the step potential where E > V ). When the wavelength of the

k
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
a
2


a
2


a




The region in k space between k
= /a is called the first 
Brillouin zone. The region of k
space between k = /a is the 
second Brillouin zone, and so on. 

1st 2nd2nd 3rd Brillouin
zone

2
2

2
k

m
E 


gap

the case of the step potential where E  Vo). When the wavelength of the 
electrons is an integral number of the periodicity a of the nuclei, 
constructive interference for the reflected waves occurs, so that a standing 
wave pattern is produced. This leads to a departure from the parabolic 
dispersion curve at k = n/a and the formation of forbidden energy states. 



1.3.9 Fermi Surface for Solids

The Fermi surface is the surface in k space, at 0K, in which all the states 
are filled with valence electrons. This may not necessarily be at the top of a 
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band since a band may not necessarily be full. The effect of the crystal 
potential is to alter the shape of the density of states and the shape of the 
Fermi surface at near the top of the band. 







 

aa
 ,

kx

As the number of valence electrons 
increases, the shape of the Fermi 
surface in k space changes from an 
initial sphere to one which depends 
upon the crystal geometry of the solid. 

g(E)

E
gap

Eo EF

F i f f lid

metal



kx







 

aa
 ,

Fermi surface for 
solid with few 
valence electrons 
(e.g., alkali metals)

Fermi surface for solid 
with large number of 
valence electrons. The 
Fermi surface is distorted 
by the proximity of the 
Brillouin zone boundaries. 

The Fermi 
surface is one 
of many surfaces of constant energy, but is distinguished by being that 
surface which marks the boundary between filled and unfilled states. 
Strictly speaking, EF is the energy for which the occupation number in the 
Fermi–Dirac distribution is ½. In a metal, EF is usually taken to be the 
highest filled state because the difference in energy between the highest 
filled state and the next available state is very small – because these states 
are located within a band of quasi-continuous states. In an insulator, the 
next available state is separated from the highest filled state by a relatively 
large Eg. EF is the energy halfway in the gap between the highest filled 
state and the next available state. Actually, 
EF for both metals and insulators does 
not correspond to any physical electron 
state – it is a value of energy that lies

g(E)
state it is a value of energy that lies 
between the highest filled state and the
next available state. EF is a theoretical 
concept; no electron need actually be 
present at EF.  

EF
EEo

insulator



1.3.10 Electrical Conductivity

The velocity of a free electron depends upon the energy level of the state 
which it occupies. For a free electron, the velocity can be expressed in 
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terms of the momentum p:

k

m
kv

kp
m
pv











but

thus

The significance of this is that v is proportional to k. Hence, the Fermi 
surface can be equally drawn in either k space or velocity space. 
When an electric field E is applied to a free electron in a conductor, the 
electron experiences a force qeE which in terms of the field is written:

kz

kx

ky

Offset Fermi 
surface

dk





Eq
dt
dk

dt
dk

dt
dp

EqF

e

e










The electron absorbs energy from the field 
as kinetic energy. The application of the field 
E produces a dk in time dt where dt can be identifiedE produces a dk in time dt where dt can be identified 
as the relaxation time (the time between collisions). Since it is electrons 
close to the Fermi surface that contribute to electric current, it is not 
surprising to learn that the conductivity of a metal depends largely upon 
the shape of the density of states and the position of the Fermi energy. 
When a free electron is accelerated by an electric field, it moves to a 
higher value of k and thus experiences a downward shift in wavelength 
and an increased velocity v. The presence of the periodic crystal potential 
only provides a different modulation to the wave function for each value 
of k. Electrons do not continue to be excited to higher and higher states in 
the presence of E because of collisions (resistance) brought about by 
imperfections in the crystal lattice that disrupt the periodicity of the 
crystal potential and the presence of thermally induced lattice vibrations 
called phonons.



1.3.11 Semiconductors

When most of the states in a band are filled, the remaining vacant states are 
called holes. Holes act like electrons with a positive charge in the sense 
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that they can appear to move and have an effective mass much like an 
electron. 

E

The defining feature of a semiconductor is the size of the energy gap 
between the valence band and the conduction band. At room temperatures, 
there is sufficient thermal energy kT to excite some electrons from the 
valence to the conduction band (Eg in a semiconductor is on the order of 
2 eV). The remaining valence band is mostly filled, and, hence, it is of 
more interest to represent this band in terms of the holes left behind by the 
electrons that have gone to the conduction band. 

k

E
On an energy 
dispersion curve, the 
energy of electrons is 
a relative zero at the 
bottom of a band and 
increases going 
upward. 

Conduction band

k

Eg

E = 0

The local datum of 
energy is taken to be 
at the top of the 
valence band. 

 
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g m
kEkE
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22


gapEF

On an energy 
dispersion curve, the 
energy of a hole is 
zero at the top of a 
band and decreases 
going downward. 

E

Valence band

In an intrinsic semiconductor, at 0K, the material is an insulator and the 
valence band is full and the conduction band is empty. As the temperature 
is raised, some electrons are excited into the conduction band, leaving 
behind holes in the valence band. Both the free electrons in the conduction 

 
hm

kkE
2

22


band and the holes in the valence band are current carriers and, in the 
presence of an electric field, will move and establish an electric current. 



1.3.12 Intrinsic Semiconductors

Fermi–Dirac

For conduction in a semiconductor, it is the tail end 
of the Fermi–Dirac distribution which is of most 
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Fermi–Dirac 
distribution

    1
1




 kTEE Fe
Ef

significance for the existence of free electrons in 
the conduction band. In the tail, the Fermi-Dirac 
distribution can be approximated by the Maxwell–
Boltzmann distribution by neglecting the 1 in the 
denominator:     kTEE FeEf 
The electrical conductivity of a semiconductor is determined by the 
concentration of mobile or free charge carriers: holes in the valence band 
and electrons in the conduction band. 
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T > 0KThe number of electrons in the 
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A similar calculation for holes in the 
valence band, but using Fermi–Dirac 
statistics, yields the concentration of 
holes as a function 
of temperature:

Since the number of holes equals the number of free electrons in the 
conduction band, a value for EF can be determined and the addition of n
and p gives the concentration of charge carriers in the semiconductor. 
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The important feature of this expression is the exponential rise in n as a 
function of temperature T (the T3/2 factor being small in comparison to the 
eE/kT term). The availability of an equal number of holes and electrons as 
charge carriers is characteristic of an intrinsic semiconductor. 



1.2.13 Extrinsic semiconductors

The addition of certain impurities (doping) to a pure semiconductor can 
increase conductivity.

P t i till

1.3.13 P- and N-Type Semiconductors
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1. Introduction of a 
phosphorous atom 
(5 valence electrons)

P atom is still 
electrically neutral.

The now available 
electron is free to 
wander around in the 
conduction band.

This results in increased conductivity due to 
availability of negative mobile charge carriers.

Silicon lattice

and hence is called an
n-type semiconductor..2. Introduction of a 

boron atom (3 valence 
electrons) B atom is still 

electrically neutral.

The hole appears to 
move around as a 
valence electron falls 
into it, thus creating 
a new hole wherea new hole where 
the electron came 
from. 

This results in increased conductivity due to excess of 
positive mobile charge carriers

In both types of semiconductors, the increased conductivity arises due to 
the deliberate increase in the number of mobile charge carriers – all still 
electrically neutral material. 

and hence is called a
p-type semiconductor..

• The majority carriers in an n-type material are electrons; the majority 
carriers in a p-type material are holes. 

• Both types have thermally generated electrons and holes which are 
called minority carriers.



When the concentration of holes is equal to the concentration of electrons, 
the semiconductor is said to be intrinsic. This also happens with lightly 

1.3.14 Extrinsic Semiconductors
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doped semiconductor materials. For a more heavily doped semiconductor, 
the concentration of carriers supplied by the impurity atoms is sufficiently 
large to exceed those produced by thermal effects and the material is either 
p-type or n-type, depending on the doping material, and is termed extrinsic. 
Whether a semiconductor is 
intrinsic or extrinsic depends upon 
the temperature. At high 
temperatures, the semiconductor 
tends to become intrinsic since the 
number of thermally activated 
carriers increases (exponentially)

n
Extrinsic region

Intrinsic 
region

carriers increases (exponentially). 
At very low temperatures, there 
may be insufficient thermal 
energy to keep the normally 
mobile carriers from the impurity 
atoms in the conduction band and 
they remain attached to their 
parent atoms. In this case, the 
conductivity is reduced. 

T

The conductivity of a semiconductor depends upon the motion of the 
charge carriers in the presence of an electric field. For an n-type material, 
the electrical conductivity can be expressed in terms of the mean 
relaxation time (time between collisions):

e

e
e m

nq 


2



The concentration of mobile electrons, n, in a semiconductor is typically on 
the order 1015 cm3 – much smaller than that of a metal, but high enough to 
provide many interesting and useful phenomena. 
Another useful measure of performance of a semiconductor is the mobility
 of the charge carriers. This is defined as the drift velocity per unit of 
field strength. The drift velocity for electrons (n-type) is given by:
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and hence: and  enq



The energy dispersion curves of a real semiconductor may not necessarily 
take the parabolic form given by:

1.3.15 Direct and Indirect Band Gap Semiconductors

  k 22
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 
e

g m
kEkE

2


This is the simplest form of 
the energy dispersion where 
the minimum of the 
conduction band and the 
maximum of the valence band 
is centred at k = 0.
The geometrical crystal structure 
of a real semiconductor means 
that there are often energy 
minima in k space elsewhere in 
th t I d d

k

E

Conduction band

k
Eg

the energy spectrum. Indeed, 
often, as in the case of silicon, 
the minimum in the conduction 
band does not occur at k = 0 and 
so the dispersion curves are 
displaced:

E
Valence band

E

Conduction band

k

Such a material is called an indirect 
band gap semiconductor. The 
significance of this is found when a 
semiconductor absorbs a photon. 1.5 eV

E

k

Valence band

k
Eg = 1.08 eV

For a direct band gap 
semiconductor, where the energy 
minima are centred at k = 0, if the 
incoming photon has an energy 
greater than the band gap, then an 
electron in the valence band may be 
excited into the conduction band in 
the process of absorption. 

Because k is associated with momentum, only vertical transitions from the 
valence to the conduction band are allowed (to conserve momentum during 
the absorption process). In an indirect band gap semiconductor, p p ) g p ,
conservation of momentum is achieved by the electron absorbing both a 
photon and a quantum of mechanical vibration called a phonon at the same 
time. The momentum required to provide the shift in k is provided by the 
phonon. 



1 4 X-Ray Diffraction
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1.4 X-Ray Diffraction
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X-rays are produced by electrons being decelerated from an initial high speed 
by collisions with a target material. Electrons may be produced by thermo 

1.4.1 X-Rays

The Materials Physics Companion62

ionic emission and given a high velocity by the application of an electric 
field. 
When an electron qe collides with a target 
material, it is rapidly decelerated and a 
photon is emitted. The wavelengths of 
the photons are mainly in the x-ray 
region of the electromagnetic spectrum. 
The most rapid decelerations result in the 
shortest wavelength photons. For other 
collisions, the electron may lose energy 
via the emission of photons of longer

X
-ra

y 
in

te
ns

ity

K

K Continuous 
spectrum
(bremsstrahlung)

via the emission of photons of longer 
wavelength, and may also lose energy to 
heat by increasing the vibrational internal 
energy of the target. The result is a 
continuous spectrum of photon energies 
with a minimum wavelength dependent 
upon the kinetic energy of the electrons. 
Incoming electrons may also ionise the 
atoms of the target by ejecting bound 
electrons from within material. Some of 
these ejected electrons may come from the 
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The high energy limit is determined by 
the high voltage (kV) of the electron 
source.

innermost energy levels which, in solid, 
can have energies in excess of 100,000 eV. 
An outer electron can fall into this vacancy 
and emit a photon in the process. 
X-rays resulting from filling of K shell 
vacancies by an electron from the L shell 
are called K x-rays. X-rays from M to K 
shell transitions are K, and those from N 
(and higher) to K transitions are K. 
Similarly, transitions from M to L are L, N 
(and higher) are L. These emissions result 
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Long 
wavelength 
soft x-rays

kV

( g ) 
in sharp peaks in the overall energy 
spectrum of emission which are collectively 
called characteristic radiation.

n = 1 K

K Short 
wavelength 
hard x-rays



1.4.2 X-Ray Intensity

The intensity of the continuous radiation is determined by the voltage 
used to accelerate the incident electrons. 

631.4 X-Ray Diffraction
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The intensity of the characteristic radiation or (x-ray line spectra) emission 
from a target material is determined by the relative number of states from 
which transitions can occur. 
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4 states

2 states
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The relative intensities of K1 to 
K2 are found by considering the 
number of states:
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The relative intensities of K to K
cannot be found this way. What can 
be said is that the probability of a 
change in quantum number n of 2 is 
less than a change in n of 1, and so:

n = 1 K

 
  2

22


I
g ,

   
 
  4.9
K
K

KK










I
I

II

(Cu)



An incoming electron incident on a target may eject an electron from a K 
shell in the target material. K radiation can only occur when the potential 

1.4.3 Absorption Edge
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used to accelerate the electron is above a critical value which depends upon 
the ionisation potential of the K shell of the atom.   

edge
K
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For example, the K and L absorption edges for barium are:

edge
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LI 2.0680 Å
LII 2.2048 Å
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The energies associated with the electron shells are found from:
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The wavelengths emitted are thus determined from the difference in the 
energies and so for BaK1 (LIII to K) and BaK2 (LII to K) radiations:
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The x-rays associated with absorption edges are characteristic radiation of 
the target material as distinct from the continuum of wavelengths that arise 

1.4.4 Fluorescence Yield

651.4 X-Ray Diffraction

from decelerations of the incoming electrons.
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Characteristic radiation is very 
important because it is a source of 
radiation of nearly single wavelength 
that can be used for diffraction 
experiments and can also be used to 
characterise the target material. 
The most efficient operating voltage V
of an x-ray tube occurs when the ratio 
of the intensity of the characteristic 
radiation to that of the continuous
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radiation is a maximum. This ratio is 
given by:

 

K

2

7.1

5.6

K

VV
V
VV

I
I K

continuous

sticcharacteri






at maximum 
When an electron is ejected, the resulting vacancy can be filled by a 
transition of an electron from an L or M shell, resulting in K or K
radiation, or from higher shells resulting in longer wavelength x-rays. 
A transition from L to K may also occur 
without the emission of an x ray photon

Auger 
emissionwithout the emission of an x-ray photon. 

In this case, another electron, called an 
Auger electron, is emitted from a higher 
level state to maintain the energy balance. 

K

L

M
emission

The K fluorescence yield is the fraction 
of vacancies in the K shell that actually 
result in x-ray emission. Similarly, the 
L fluorescence yield is the fraction of 
vacancies in the L shell that result in 
actual x-ray emission. Atoms with a low 
atomic number (<30) have a low 

Fluorescence 
yield

1

0.5

K

L

fluorescence yield and the Auger process 
dominates over characteristic x-ray 
emission or x-ray fluorescence (XRF). 

Atomic 
number Z0

10 20 30 40



When x-rays pass through a material, the intensity of the beam is reduced by 
absorption and scattering. 

1.4.5 X-Ray Absorption
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Consider a beam of x-rays incident on a unit 
area of material containing N atoms. Each 
atom within the material presents a cross-
sectional area  to the rays through which 
the x-rays cannot pass. If there are n atoms 
per unit volume, then the fractional loss of 
intensity for all the atoms is equal to: 
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mass attenuation coefficient is 
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the state (liquid, gas, etc.) of matter. 



Attenuation of x-rays by a target material occurs due to scattering and 
photoelectric effects. 

1.4.6 Attenuation of X-Rays

671.4 X-Ray Diffraction

In coherent scattering, an x-ray sets an electron 
in a target atom into oscillation and x-rays at the 
same wavelength are re-radiated in all directions. 
This is called Thomson scattering. 
In incoherent scattering, energy from the x-ray 
is transferred to an electron (but not enough to 
cause a transition as in photoelectric attenuation), 
and a longer wavelength x-ray is re-radiated. This 
is called the Compton effect.

 




In the Compton effect, an x-ray photon of energy h collides with a free
ele t i the t et te i l th t fe i e f it e e t theelectron in the target material, thus transferring some of its energy to the 
initially stationery electron, which gains kinetic energy. The scattered x-ray 
photon is left with less energy and, hence, a lower frequency and longer 
wavelength. The amount of energy loss depends upon the angle of collision 
and so the Compton shift in wavelength depends upon the angle of scatter. 
At long wavelength incident radiation, Thomson scattering is the dominant 
process. At shorter wavelengths, Compton scattering dominates. At x-ray 
wavelengths, neither effect is significant compared to attenuation by 
photoelectric absorption. 
In the photoelectric effect, an incoming x-ray photon has sufficient energy 
to eject a bound electron from an energy shell. The electron is given kinetic j gy g
energy which is transmitted to the lattice. The filling of the resulting 
vacancy is accompanied by emission of x-rays or Auger electrons. 

K

L

M

K

ejected electron
Incoming x-
ray photon

Photoelectric attenuation of the 
incident ray is a maximum when 
the x-ray photons have an energy 
closest to the ionisation energy of 
an electron shell. That is,  > edge. 

m Ledge



Kedge



A 12 m foil is placed in a beam of x-rays from a Co target. The 
measured count rates of the CoK and CoK radiations transmitted 

1.4.7 Example
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through the foil are 2500 and 32 counts per second. Calculate the relative 
intensity of the CoK and CoK radiations in the incident beam given the 
following data:

AFe = 55.85  103 kg/mol
NA = 6.022  1023 /mol
Fe= 7870 kg/m3

Attenuation cross section Fe at:
CoK = 0.5216  1024 m2

CoK = 3.2040  1024 m2

Answer:

 
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10022.6
1085.557870
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 Attenuation coefficients:
/unit cell

No. atoms per 
unit cell
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Consider the case of scattering of x-rays by a single isolated electron. The 
incoming radiation is represented by transverse electric field vectors of 

1.4.8 X-Ray Scattering – Electron

691.4 X-Ray Diffraction

amplitude EoY and Eoz. 
Eoz makes the 
electron vibrate with 
an acceleration aoz in 
the z direction. Eoy
makes the electron 
vibrate with an 
acceleration aoy in the 
y direction. Scattered 
field has amplitude Esz
and Esy.electron 2

Eoz
Eoy

Esy

Esz

z

y aoy

incident 
x-ray amplitude 
E in all directions

scattered 
x-ray

a
Es

acceleration || to Esz

Eqq

aa
Eqma

ozsz

ozeoz

2

2cos 






aoz
Eo in all directions 
(unpolarised)
In general, we can express the amplitude of the scattered 
ray ES in terms of the distance R from the electron location. 

Rc
aqE

o

e
S 24


 where a is the acceleration parallel to ES

The amplitude of the scattered waves in z can be expressed in terms of the 
force acting on the electron by the field Eoz:

R

force acting on electron from field Eoz Note the 
inverse 
relationship 
with m. 

Rmc

Eq
E

Rmc
Eqa

Rc
qE

o

oye
sy

o

oze
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e
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2

2
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4
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4
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4
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










Intensity I (Wm2) is proportional to E2:

Note, in this example, aoy = asy.

amplitude

similarly

 


2cos1

2
1

2
2

22
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




 

R
C

I
I

EEcI

o

s

syszos

 22

2
1

yzo EEcI  

where C is all the constants Is/Io

Scattering from 
an electron is 
much greater 
than scattering 
from a proton. 

2
90 1800

Note, vertical position on this graph depends 
upon 1/R2. At 2 = /4, the scattered wave is 
plane polarised. 



1.4.9 Wave Vectors

Consider two electrons spaced a distance d apart. X-rays are incident on both 
and are scattered. 
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Let 




1

1





s

o

K

K and be in the direction of the incident x-rays

and and be in the direction of the scattered x-rays.

Both K’s are called wave vectors (units m1). 

The difference between 
the two vectors is called 
the scattering vector S. 
Thus:

 KSK Cosine rule

Ko Ks

S2


1

 oKK s

Note: Normally, 
the wave number
is defined as: k = 
2/. Here, we 
are leaving out 
the 2 factor and 
writing K to 
remind ourselves

 









sin2

2cos112

2cos2

2

222









S

KKKKS

KSK

soso

so Cosine rule S

At the Bragg condition for 
constructive interference,

  sin2d
Reflecting S

Ko Ks

S

remind ourselves 
of this omission. 

S



sin21

d

We define the amplitude of the vector d* as being the reciprocal of d, so 
that at the Bragg condition, 

*dS 
d
1

*dwhere

Reflecting 
plane

S


d

thus

sind sind

d* is called the reciprocal lattice vector and 
has a particular convenience during the analysis 
of diffraction patterns from crystals. 

d



Let an atom be represented by a spherically symmetric distribution of charge 
(electron cloud) surrounding the nucleus. Consider the wave vectors K of an 

1.4.10 X-Ray Scattering – Atom

711.4 X-Ray Diffraction

incident beam of x-rays and scattered x-rays from a small volume of charge 
(i.e., not necessarily a single electron) at some distance r from the centre of 
the atom and an electron at the centre of the atom (if one could exist there). 

Electron 
at origin

Element of 
charge dq = 
qedV

incident 
x-rays r 2

scattered 
x-rays

Ks

KsKo

Ko

The path difference  between 
the two scattered x-rays is:1

Electron


1

 oKK s

o

 
rKrK

rKrK
rr
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





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1

1

1

cos

cos
coscos1

o but

and

 
atom

drrZ 
The vector S = Ko – Ks

is called the scattering 
vector. 2

S
Ks

Ko

Electron 
cloud

Electron density 
probability distribution

nucleus

A wave of amplitude Eo can be expressed as:

Thus the ratio of the amplitudes for the two scattered waves 


sin2S

   Kxi
oeEE 2

The phase difference between two waves is  rS  

 22

  rKK so  thus

The ratio of the charge on the electron and at the element dV is: dV
q

dq

e




The atomic scattering factor f is the ratio between the amplitude Es of the 
scattered x-ray by an atom (consisting of many electrons) to that Ee of a 

p
is:
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2 To perform this integral, 
the sum of the volume 
elements with the same 
value of Sr is found 
and summed over all 
angles . 
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atom ddrerf
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single electron if it were located at the centre of the atom. 

 



0

2

2
2sin4 dr
sr

srrrf



Note: At S = 0, 2 = 0, forward 
scattering and fatom = Z.



1.4.11 Reciprocal Lattice

Consider a plane of atoms within the unit cell. Any plane is represented by 
the Miller indices (hkl). The spacing between planes is given by:
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The reciprocal lattice vector is defined such that: 

Thus:

The allowed values of |d*| are determined by the planes that exist within 
the crystal structure and their spacing. Only certain values of |d*| are 

ibl F l f th (100) l |d*|2 1/ 2 Th di ti f d*possible. For example, for the (100) plane, |d*|2 = 1/a2. The direction of d*
is in the same direction as S at the Bragg condition. 
The allowed values of |d*| can be expressed graphically, much like a lattice 
of points where each point in the lattice, called the reciprocal lattice, 
represents a plane in the real crystal space lattice. 

1/b

The reciprocal lattice is a lattice of 
values of S corresponding to possible 
diffraction (Bragg) conditions. A 
distance d between the origin and a 
point in the reciprocal lattice represents 
a possible value of |S| where: 1

S

(010) (110) (210) (310)

(020) (120) (220) (320)

(030) (130) (230) (330)

(410)

(420)

(430)

1/a

p | |
d

S(000) (100) (200) (300) (400)

A point at distance d* from (000) in the reciprocal lattice is thus 
represented as a vector:   cbad lkhhkl


320d

More generally:
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*a a* is  to the 100 plane

b* is  to the 010 plane

* i  h 001 l

The direction of d* is perpendicular to 
the hkl plane at the Bragg condition. 
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is the volume of 
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For an orthogonal unit cell:
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the unit cell in 
real space.



1.4.12 Monoclinic Lattice

Calculation of the d spacing for a monoclinic lattice provides an excellent 
example of the general procedure. 

731.4 X-Ray Diffraction


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For this structure, one cannot use

,1
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etc., because it is a non-
orthogonal unit cell.
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i, j and k are unit vectors. The 
lattice parameters are thus 
expressed:
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1.4.13 Structure Factor

Let the position vectors of the atoms in the unit cell be R1, R2, … Rn inside 
the unit cell. 
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a

b

R1

R2
R3

The atomic coordinates are 
given by:

,2222

1111

cbaR

cbaR

zyx
zyx



etc., where (xi, yi, zi) are the 
fractional coordinates relative to 
the origin of the crystal axes. 
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At the Bragg condition, S = d*, so the atomic scattering factor is:
       

atom

lzkyhxi

atom

i

atom

i dVedVedVef   222 Rd*RS

The amplitude of the scattered wave from a unit cell Euc is the sum of the 
scattered radiation from each atom in the unit cell. 

thus Applies to 
orthogonal and 
non-orthogonal 
axes

  



nnn lzkyhxi
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2

cellunit  oforigin at electron by  scattered field Electric  
cellunit by  scattered field of  
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
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

n

i
ne

uc
atomuc

ihklefE

EE

Rd*2

This is the structure factor Fhkl
of the unit cell. 

atomic scattering factor


The structure factor is measured and interpreted to determine crystal 
structure in x-ray diffraction experiments. It provides information about the 
intensity of diffracted (scattered waves at the Bragg condition) x-rays from 
the crystal lattice. 



The intensity of the x-rays scattered by a crystal is proportional to the square 
of the electric field vector amplitude, which in turn is governed by the 

1.4.14 X-Ray Scattering – Crystal

751.4 X-Ray Diffraction

structure factor Fhkl for the plane under consideration within each unit cell. 

incident 
rays

scattered 
rays

hklFEE 

2

2

hkl

hkluccrystal

hkleuc

FI

EI

FEE

FEE











At the Bragg diffraction condition for interference maxima, 
22

max hkle FNII 

In an x-ray diffractometer, incident x-rays are scattered by the crystal 
being measured and the angle of incidence (or the wavelength of the 

Now,

thus,

g g ( g
incident rays) is slowly varied. The resulting peaks in the intensity of the 
scattered rays is recorded against the angle 2.

2

I

There may be many such peaks in a 
diffraction pattern, some of them 
overlapping. The area under a peak is 
called the integrated intensity J. 

 
2

2

hklFN

dIJ



  

The diffraction angles, together with the 
2 integrated intensities, allow a diffraction 

pattern to be indexed and the 
composition (such as atom type and 
spacing) of the specimen determined. 



The structure factor for a crystal is calculated by summing the structure 
factors for each component atom in the unit cell. 

1.4.15 X-Ray Intensities
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For an FCC lattice, Fhkl is thus:
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Depending on the combination of h, k 
and l, this term can reduce to zero and, 
thus, an absence of a diffraction line
in the x-ray diffraction pattern. 

Suppose hkl are not all odd or all even: e.g., 100, 110, 211….

1odd ie 

and        01   lkilhikhi eee 
1even ie  and        01  eee

Suppose hkl are all odd or all even: e.g., 111, 000, 222…. Then h + l = 
even, h + k = even, and k + l = even, 
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Recognizing which combinations of hkl are significant can lead to great 
simplifications in determining the structure factor and hence expected 
intensities (or even existence) of diffraction lines. 



Consider the scattering of x-rays by a metal BCC lattice. In this first 
example, we have similar atoms at (000) and (½ ½ ½). 

1.4.16 Example
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when h + k + l is an even number, Fhkl = 2fatom

when h + k + l is an odd number, Fhkl = 0

Next consider caesium chloride, where we have a BCC lattice with Cs in the 
centre (½ ½ ½) and Cl at the corners (000). 
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222
2

02

when h + k + l is an even number, CsCl FFF 

stronger 
lines

when h + k + l is an odd number, CsCl FFF 
weaker 
lines

The intensity of the diffraction peaks is proportional to the square of the 
structure factors:  2CsCl FFI 

The diffraction pattern for CsCl is thus a series of alternating strong and 
weak peaks, or diffraction lines. 



Consider the scattering of x-rays by a metal with an FCC lattice (e.g., Al). 
In this first example, we have similar atoms at (000), (½ 0 ½), (½ ½ 0) and 

1.4.17 Example
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(0 ½ ½). 
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when hkl are all odd or all even
0
4


f when hkl are all odd or all even

when hkl are neither all odd nor all even (i.e., mixed)

In general, we can view structure factors as being orthogonal vectors or  
complex numbers such that:
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The results of an x-ray diffraction measurement take the form of an x-ray 
diffraction pattern. This pattern consists of a series of counts from the x-ray 

1.4.18 X-Ray Diffraction – Peak Position
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intensity sensor (which provides a measure of intensity of the diffracted x-
ray beam) as a function of the incident angle expressed as 2.


incident 
beam


diffracted 
beam

specimen I

Peak 
height

Peak 
shape

Peak positions, i.e., maxima 
in intensity, exist at angles 
which satisfy the Bragg 

2
Peak 

position

condition for constructive 
interference:

 sin2d

Peak positions enable the spacing d between crystallographic planes to be 
measured, as well as lattice parameters (size of the unit cell). Changes in 
lattice parameter as a result of mechanical load can also be measured, 
leading to a measurement of the strain within the specimen. 
The peak position for strong sharp peaks is more easily measured than are 
broad low intensity peaks. Complex fitting procedures may be required to 
establish the position of a peak, or a series of overlapping peaks. 

Background 
level

The precision at which a peak may be measured can be affected by 
wavelength dispersion within the incident beam. A typical source of 
x-rays is the CuK wavelength – which consists of two closely spaced  
frequencies: K1 = 1.5406 Å and K2 = 1.5443 Å. The intensity of K1 is 
approximately twice that of K2. For a particular value of d, there are thus 
two closely spaced peaks for each of these wavelength components. 

 
d

d
d
d







cos2
sinsin2

sin2
sin2

1212

22

11







K1

K2 K2

K1

2

av
av

avd







tan22

cos2






The separation of the K peaks for the same 
value of d becomes larger at high angles. 

20 60 120



The x-ray detector in an x-ray diffractometer is typically a scintillation 
counter from which accumulated counts in a fixed time period are an 

1.4.19 X-Ray Diffraction – Peak Intensity
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indication of intensity of the diffracted beam. The detector (or the sample) 
is moved in steps of 2 and the counts accumulated at each step position. 

+
+

+

+

+

+

+
++

Counts
BkgII pk max

Ipk

Bkg

Measurements based purely on counts 
are not very precise because the values 

of counts obtained depend upon the 
design of the instrument and 
imperfections in the sample. 

+ ++

2

2

Bkg

A more common measure of the strength of a diffraction line is the 
integrated intensity. 

 

     



222

22








BkgI

dIJ

Th i t t d i t it i l tibl t l i f ti dThe integrated intensity is less susceptible to sample imperfections and 
instrument design. 
The intensity of the diffraction lines in the diffraction pattern allows 
identification of the crystal structure. Absences of peaks in certain 
positions indicate the presence of various planes within the structure as do 
the relative intensities of the peaks. This procedure is called crystal 
structure analysis. 



Peaks in a diffraction pattern are not infinitely narrow. The spread or width 
of the peak is determined by the dispersion in the incident radiation and the 

1.4.20 X-Ray Diffraction – Peak Shape

811.4 X-Ray Diffraction

design of the diffractometer. 
A useful measure of the width of a diffraction peak is the width as 
measured at half the maximum intensity (HHW). 

2
maxI

Imax

HHW

The width at half maximum may be 
difficult to interpret, especially 
when there are overlapping peaks 
resulting from wavelength 
dispersion in the beam. 

Another useful indicator of shape is 
the integrated breadth B. This is the 
width of a rectangular peak of the 
same height and integrated intensity 
as the real peak. 

B

J
J

Line broadening can occur due to conditions in the sample, such as the g p ,
presence of very small crystallites, inhomogeneous strain due to residual 
stresses, and defects in the crystal structure. 



Atoms in a unit cell are in constant motion due to their internal energy of 
vibration resulting from temperature. Atoms will thus oscillate about lattice 

1.4.21 Temperature Effects
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points and this will affect the Bragg condition for x-ray diffraction. 

 

2

2sin22

2






B
hkl eFK

dIJ




 

When temperature is taken into account, a temperature factor is 
applied to the expression for the integrated intensity so that:

Debye–Waller factor

The Debye–Waller factor is related to the rms amplitude A of the thermal 
vibration of the atoms in the unit cell; it is a function of the temperature:

uB  28

rmsAu 2

At the diffraction condition, the temperature factor thus becomes: 2

224
d

u

e




The temperature factor is 1 at small diffraction angles, getting larger as 2
is increased (high angles). The effect is to decrease the value of the 
integrated intensity J. The peak heights become smaller, but not wider. The 
lost intensity goes into raising the background level. 
At high temperatures (where quantum effects can be ignored):

2
3 kTKEatom 

2

2
1 vm

The displacement u of an atom undergoing oscillatory motion is:

2
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velocity

½ for equipartition of energy in 
one direction
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B is a linear function of T.



For a cubic crystal structure with lattice parameter a, the spacing d
between planes is given by:

1.4.22 X-Ray Analysis of a Diffraction Pattern – Cubic

ad 

831.4 X-Ray Diffraction

222 lkh
d




Planes of smaller Miller indices (100, 110, 111) give 
diffraction lines at low values of 2 where: 

 









a a

a

Eliminating d, we have:

 sin2d
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2
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2
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lkh
a

lkh
a









h, k and l are positive integers, and so 
for any pair of diffraction lines: 1
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2
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2
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2
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2sin Nlkh







and

for any pair of diffraction lines: 
2

2
2

2
2

2
22

2sin Nlkh 
Our diffraction patterns consist of a number of peaks at various values of 
2. We begin by considering any pair of peaks, say the first two. The ratio 
of sin21 and sin22 is found and expressed in terms of the lowest possible 
two integers N1 and N2. (hkl) are then determined by inspection. 
Information about the lattice type 
can be found in the h, k and l
values obtained. 

FCC: all odd or all even
BCC: sum of h, k and l is even 
Primitive cubic: none of the above

Peak 2 sin2 N hkl

1 18.2 0.0250 3 111

2 29 8 0 0661 8 220

Measured from 
diffraction pattern

0.3782

2
2

1
2

sin
sin




Note that low (hkl) 
found at low 2

Here, for the first two peaks, 
we have:
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



hkl
lkh

hkl
lkh




Analysis of all the lines (e.g., N3/N4, N4/N5, N5/N6… etc.) reveals that all 

2 29.8 0.0661 8 220

3 35.25 0.0916 11 311

4 42.8 0.1334 16 400

5 53.1 0.1999 24 422

6 56.6 0.2247 27 333

7 62.2 0.2668 32 400

8 70.4 0.3322 40 620

9 73.5 0.3579 43 533

0.7212

0.6886

0.6664

0.8889

0.8424

0.8029

0.9281

the (hkl) sets are either all odd or all even, indicating an FCC structure. The 
lattice parameter can be calculated using any one set of (hkl):

44.8
sin2

222  lkha


 Å
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1.5 Thermal Properties of Solids

Summary
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1.5.1 Density of Vibrational States

A travelling wave, such as the propagation of a small elastic deformation in a 
solid, can be represented by a trigonometric cosine function: 

2
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     kxtAtxu cos, where 

2

k
For mathematical convenience, a wave can also be expressed 
in complex exponential form:         kxikxti AeAetxu ,
We can set t = 0 when we are not interested in time-dependent effects. This 
expression represents one possible solution to the general wave equation.  
Boundary conditions determine the precise nature of the solution. For 
example, imposition of the periodic boundary conditions means that the 
wave number k can only take on certain values:

n = 0, 1, 2, 3, 4…
L

nk 2

h L i h h i i l h hi h h b d di i

Now, 

vk
k

fv











2

This is called a dispersion relation and connects 
th f f th t th b

k

Dispersion relation for elastic 
wave in a solid. Slope is 
equal to the velocity of sound 
in the solid. 



0
+k

L
2

k
wave travelling to the left wave travelling to the right

where L is the characteristic length over which the boundary conditions 
apply. In one dimensional k-space, we can represent the allowed values of 
k as:

Each point in k-space represents a particular mode of vibration in the solid. 

thus, 

the frequency of the wave to the wave number. 

If L is relatively large, then there are many possible modes or states that 
are very finely spaced. For an interval dk in k-space, the number of modes 
n within this interval is: 




d
v

LdkLn 1
22



The number of modes per unit of frequency is called the density of states
g(). For one dimension:

for the case of a linear 
dispersion relation.

 
v

Lg 1
2

 

In three dimensions, of volume V, where we may have one longitudinal 
d d f ib i i h h b h

constant, independent of 

and two transverse modes of vibration with the same wave number, the 
density of states is not a constant with  but is expressed:
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v
Vg 

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1.5.2 Classical Harmonic Oscillator Model

In classical thermodynamics, we might treat each vibrating atom or 
molecule as a harmonic oscillator (i.e., the atoms or molecules are connected 
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to other atoms or molecules by linear springs and are undergoing simple 
harmonic motion). All the atoms in the solid have the same frequency of 
vibration. The energy of vibration of an individual atom is:

222

22

2
1

2
1

2
1

2
1

xmmv

kxmvE





where m is the mass, x is the displacement from the equilibrium position 
and v is the instantaneous velocity.

kTU 3

For a mole of atoms, the total energy is:

Note that the total energy U does not 
depend upon the frequency of oscillation. 

The total internal energy U in a crystalline solid is N times the average 
energy E of the atoms where N is the total number of atoms in the lattice. At 
any one point in time, there will be a continuum of velocities of atoms in the 
solid which is described by the Maxwell velocity distribution.
For atoms in a solid, there is only vibrational motion in three possible 
directions (no rotation or translations – or else it wouldn’t be a solid). 
Averaging over all possible velocities, Boltzmann found that the total energy 
U is given by:

, gy

RT
kTNU A

3
3




Since R = NAk

But, C
dT
dU

 the molar specific heat.

Thus: RC 3

That is, this classical model predicts that the molar specific heat for all 
solids is a constant equal to 3R. This is true for most solids at reasonably 
high temperatures (but not near the melting point) but is not observed to

Dulong–Petit law

R = 8.3145 J mol1 K1

high temperatures (but not near the melting point) but is not observed to 
hold at low temperatures close to absolute zero, where C actually decreases.



1.5.3 Einstein Harmonic Oscillator Model

The inability of the Dulong–Petit law to agree with experimental results for 
measurements of specific heat at low temperatures led Einstein to propose 
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that the internal energy of oscillation is quantised in nature according to:
 hvE

where  is the resonant frequency of the oscillating atom. In his model, 
Einstein proposed that all the atoms were identical, and had the same resonant 
frequency, and were vibrating independently of each other in the sense that 
the motion of one atom did not affect the motion of any neighbouring atom. 
Because of the quantisation of energy, each of the atomic oscillators thus 
had to have a minimum of E = h energy to contribute to the specific heat 
of the solid. Further, any energy greater than this would have to occur in 
integral steps of h. Energies thus start at 0 (no contribution to the specific 
heat) and continue upwards in steps nh where n is 0 1 2

U

T

Classical theory
C

dT
dU

 (constant slope)

Quantum 
theory

Experiment

T0  300 K

The significance of this concept is that 
N, the number of atomic oscillators that 
are actually oscillating (and contributing 
to C) falls off at low temperatures and 
thus causes C to fall below that 
predicted by the classical treatment. 
By including the quantisation of energy to 
Boltzmann statistics, the average energy 
per atom is expressed:

1
 kTe

E 






heat) and continue upwards in steps nh where n is 0, 1, 2, ... 

T
At high temperatures, the total energy U approaches the classical result: 
U = kT. At low temperatures: kTeU   
If the oscillator frequency  is known, then the predicted values of C agree 
with those observed in experiments where at low temperatures: 

kTe
kT

NkC
dT
dU   








2
Calculations show that the oscillator frequency 
at 300K is on the order of 1012 Hz. 

It is important to note that in the Einstein model, it is assumed that all the 
atomic oscillators are vibrating at the same frequency. Increasing the 
temperature increases the amplitude of vibration of any one atom but anytemperature increases the amplitude of vibration of any one atom, but any 
change in energy must occur in discrete steps. The discreteness of the steps 
depends upon what the resonant frequency of vibration is. The atoms do not 
have the same energy as one another (velocity and amplitude of vibration). 
The distribution of energies is described by Boltzmann statistics. 



The Einstein model does not correctly predict the specific heat at very low 
temperatures because of its simplifying assumption that the atoms in the 

1.5.4 Debye Lattice Model
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solid are vibrating independently of each other at the same resonant 
frequency. In a crystalline solid, large regions of the crystal vibrate in 
unison at a much lower frequency than the characteristic vibrational modes 
of the individual atoms. Such low frequency, long wavelength “acoustic” 
vibrations move with the speed of sound in the solid. 
Thus, the total energy of vibration within the solid has a 
contribution from these low frequency, long wavelength 
vibrations. At very low temperatures, the energies 
associated with these vibrations may be such that: kT
Debye assumed that these low frequency vibrations possessed a linear 
dispersion  = vk (as for an elastic continuum) and that in contrast to thedispersion   vk (as for an elastic continuum) and that, in contrast to the 
Einstein model, there were a range of frequencies present which satisfied 
certain periodic boundary conditions set by the dimensions of the crystal. 

1
 kTe

E 






The total energy of vibration U for the crystal lattice is found by summing 
the energies for all the possible modes of vibration according to:

     dgEU  where

The lower limit of this sum is  = 0. Debye determined that the upper limit 
is the total number of degrees of freedom for the entire solid. That is, each 
single atomic oscillator represents one possible mode of vibration with

  3

2

22
3

v
Vg 


 
average energy of one 
mode of vibration or state density of states

single atomic oscillator represents one possible mode of vibration with 
three degrees of freedom. For one mole of atoms, the upper limit to the 
number of modes is 3NA. The Debye frequency D is thus found from:

  ANdg
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where it is found that:
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In k-space, this is a sphere of radius kD. The specific heat C is found by 
differentiating U with respect to T to give:
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At very low temperatures, this expression yields              in accordance 
with experimental observations. It is at these very low temperatures that 
these long wavelength acoustic waves, treated as if there were in an elastic 
continuum, contribute to the specific heat.                  

3TC 



1.5.5 Phonons

Debye’s simplification of acoustic waves as if they were in a homogeneous 
elastic continuum is accompanied by the requirement of the periodic 
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boundary conditions which permit only certain values of the wave number k. 
Einstein quantised lattice vibrations in terms of energy: 

nE 
The energy unit of quantisation is called a phonon. For a wave of average 
energy E, then n, the number of phonons present, is:

1
1


 kTe

n 

The high frequency atomic vibrations produce optical phonons, whereas the 
low frequency oscillations, where quantisation arises due to the periodic 
boundary conditions are termed acoustic phononsboundary conditions, are termed acoustic phonons. 

The de Broglie relation permits a momentum to be associated with phonons. 

khp 


Phonons are waves emanating from harmonic oscillators in a crystal lattice. If 
everything were perfect, phonons would not interact with each other but 
simply combine and separate via the principle of superposition when they 
crossed. Imperfections in both the harmonic nature of the oscillation, and 
geometry of the crystal cause colliding phonons to scatter. Such scattering 
results in the phenomenon of thermal conductivity, while the anharmonic 
oscillations give rise to thermal expansion. 


The momentum associated with a phonon has particular importance for the 
electronic properties of indirect band gap semiconductors. 
Energy changes in a crystal (such as a consequence of changing the 
temperature of the crystal) can only occur in multiples of hv, which 
corresponds to one phonon at a time. Phonons are created by raising the 
temperature, and are destroyed by lowering the temperature. The required 
energy balance is achieved by conduction of heat into and out of the solid. 
Application of the Schrödinger equation for a harmonic oscillator for modes 
of vibration of a crystal yields the requirement that the energy of vibration is:





 1E 






 

2
1nE

which has the interesting consequence of predicting a zero-point energy of 
vibration of                     when n = 0 (at absolute zero). This has particular 
relevance to the phenomenon of superconductivity. 

21oE



1.5.6 Lattice Waves

The models considered so far have ignored the presence of atoms in the 
crystal lattice and have instead been concerned with the motion of waves in 
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an elastic continuum. The significance of this is shown in the dispersion 
relation. In the case of long wavelength vibrations, the dispersion is linear 
because the wavelength of the phonons is very much greater than the 
periodicity of the lattice.

k

When the wavelength becomes significant 
with respect to the lattice parameters, the 

presence of atoms at the lattice sites 
scatters the wave and decreases their 

velocity. This causes the dispersion to 
deviate from the linear form. 

/a



v

vk

The motion of a single line of atoms 
is analysed as if they were connected by linear 
springs of force constant  (called the interatomic force constant) and 
where each atom has the same mass. When this is done, it is found that the 
dispersion relation is a sinusoid with period 2/a in k–space. 

2
sin2 kav

a


In the long wavelength limit:

22
sin kaka



As the wavelength becomes shorter, we eventually reach a condition where 
at k = /a, there is no wave velocity – a standing wave in the lattice. The 
portion of the curve between /a and /a is called the Brillouin zone. 

vkkav
a


2

2hence:

p
When a line of two atoms per unit cell (where there are two masses 
contributing to the same wave motion) is analysed in the same way, it is 
found that there are two solutions, an upper optical branch and a lower 
acoustical branch. These two solutions represent vibrations whereby in 
the optical branch, the two atoms move in opposite directions to each other 
(in and out from the centre of mass of the unit cell), while in the acoustical 
branch, atoms move in the same direction with respect to the centre of 
mass of the unit cell. 
The dispersion curve for the optical branch 
lies above that of the acoustic branch. When 
the two masses are equal the dispersion

Optical branch

/a

the two masses are equal, the dispersion 
curves touch at the edge of the Brillouin 
zone. When the two masses are different, 
there is a band of frequencies that represent 
disallowed modes of vibration of the lattice. k

Acoustical 
branch



1.5.7 Thermal Expansion

Consider the variation in potential between two atoms or molecules in a solid. 
Thermal energy exists in the form of oscillations about the equilibrium 
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position. As the temperature is raised, the amplitude of the oscillations is 
increased and if the oscillations were symmetrical, around the equilibrium 
position, the average position of the atoms relative to one another would 
remain unchanged. The dimensions of the solid would thus not change with 
temperature. 

V(x)
The potential within which the atoms move is in fact not 
symmetrical, and so the oscillations of the atoms are not 

harmonic. Thus, as the temperature is raised, the average 
position of the atoms becomes more “off-centre” and the 

solid expands. It is interesting to note that observed values 
of thermal expansion in relative terms are only about 10%

x

xo

Repulsion

Attraction harmonic 
potential

anharmonic 
potential

of thermal expansion, in relative terms, are only about 10% 
of the amplitude of thermal vibration.

  432 fV

thermal 
vibration

The effect of the 
real potential can be 
included by adding 
higher order terms to the 
simple x2 Coulomb harmonic 
term in the potential function. 

  432 fxgxaxxV 

It is desired to obtain the average displacement x from the equilibrium 
position xo as a function of temperature T. This is done using Boltzmann 
statistics, whereupon it is found that:

2
3 kTgx 

x

2

2

4
3

4

a
gk

T
x

kT
a

x





Thermal expansion coefficient:



1.5.8 Thermal Conductivity (Non-Metals)

For a unit cross sectional area, the rate of heat flow (J s1) through a solid of 
length L is usually expressed using the heat conduction formula:
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T1

T2

L
 

L
TTKQ 21 

thermal conductivity 
W m1 K1

What determines the thermal conductivity of a non-
metallic solid? The process of conduction, whereby 
thermal energy is transported from one end of a solid 
to another, occurs by phonon collisions. Imperfections 
in both the harmonic nature of the oscillation and the

In a metal, it is the 
movement of free 
electrons that 
dominates the heat 
conduction process. 

in both the harmonic nature of the oscillation and the 
geometry of the crystal give rise to these collisions. 

Since phonons have momentum, and can be treated like particles, the 
movement of phonons in a solid is very similar in character to the 
movement of molecules in a gas. From the kinetic theory of gases, the 
thermal conductivity of a gas via the collision of molecules is expressed:

CvK
3
1



The very same relationship describes the thermal conductivity by phonon

mean free path
mean velocity

specific heat

The very same relationship describes the thermal conductivity by phonon 
collisions in a non-metallic solid. The specific heat is a function of the 
temperature (according to the Einstein and Debye models). The velocity in 
this case is the speed of sound in the solid and is not sensitive to temperature. 
The mean free path is a function of the temperature. At low temperatures, the 
mean free path of acoustical phonons becomes equal to the geometrical 
boundaries of the solid, leading to a size effect (note: at low temperatures 
there are very few optical phonons). At high temperatures, atomic 
displacements have a large amplitude and the anharmonic character 
oscillations of optical phonons becomes more pronounced, thus increasing 
the amount of scattering that occurs, thereby decreasing . The overall result 
i h l h d d f h h l d i iis that at very low temperatures, the dependence of the thermal conductivity 
on temperature is governed by the specific heat (T3). At high temperatures, 
the thermal conductivity is inversely proportional to T due to the influence of 
anharmonic oscillations and subsequent scattering of optical phonons. 



In metals, the contribution of phonons to thermal conductivity is very much 
less than that of the free electrons in the conduction band. In a metal, the 

1.5.9 Thermal Conductivity (Metals)
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free electrons at the hot end of a solid have more energy than those at the 
cold end. Free electrons travel from the hot to the cold end at the same rate 
as those travelling from the cold to the hot end; but because those that 
travel from the hot to the cold end have more energy, a net energy transfer 
takes place between the hot and cold ends of the solid. 
The significance of this is that it is only those energetic electrons at the 
Fermi surface which contribute to the net transfer of energy and thus 
determine the thermal conductivity of the solid. These electrons have an 
average velocity:

m
Ev F22 

The motion of free electrons is similar to that of molecules in a gas, and, as 
in the case of an insulator, the thermal conductivity K is expressed:

CvK
3
1



where C is the specific heat, v is the velocity and  is the mean free path of 
the particles, in this case, the conduction electrons. When the appropriate 
quantities are used, the thermal conductivity of the conduction electrons is:

FFv
E

TNkK 












23
1 22

FF
FE 



 23

This term represents the specific heat of conduction 
electrons (that is, only those electrons within the range 
kT of the Fermi surface) where N is the number of free 
electrons per unit volume in the solid. 
Note that the specific heat of the conduction electrons 
is linearly dependent upon the temperature T. 

The thermal conductivity K is usually expressed in terms of the electrical 
conductivity  through the Lorentz number L:

22 
LTK  where

22

3 









eq
kL  is a constant



1 6 Mechanical Properties of Solids
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1.6 Mechanical Properties of Solids

Summary

kxF  Hooke’s law

E

 Young’s modulus

2

2
1 kxU  Strain energy
2

2U Surface energy




2
2


E

ca Griffith energy balance



1.6.1 Hooke’s Law

Consider the shape of the force law between two atoms or molecules 
in more detail. Its shape resembles that of a sine wave in the vicinity 
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L









L
xFF max 2

sin 

x
F

L
xFF

max

max








2



but, for small values of , sin  

F+

x

Fmax

Lo

of the force maximum. 

Let

Shape of this part 
of the curve is 
nearly that of a 
sine wave. 

L x
L  2

all constant for 
a particular 
materialkxF 

for small 
displacements only

F-
Sine wave

xAF

2sin

L = /4

Thus:

F may be expressed in terms of force per unit area (or stress), which is 
given the symbol 

x
L

max

2


 
L2

Let the fractional change in displacement from the equilibrium position 
(the strain) be given by:

o
  

L
x



E
L

L max









2

o



Substituting for x and transferring  gives:

All material 
properties

Hooke’s law

properties

Young’s modulus
or “stiffness”



1.6.2 Poisson’s Ratio

It is observed that for many materials, when stretched or compressed along 
the length within the elastic limit, there is a contraction or expansion of the 
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sides as well as an extension or 
compression of the length. 
Poisson’s ratio is the ratio of 
the fractional change in one 
dimension to the fractional 
change of the other dimension.

l

l

F

l
l

w
w







Poisson’s ratio is a measure of how much a 
material tries to maintain a constant volume 
under compression or tension. 
Consider a bar of square cross section w  w

l d i t i d li d f F

w

wplaced in tension under an applied force F. 
The initial total volume of the bar is:

lAV 11 
where A1 = w2. After the application of load, the length of the bar increases 
by l. The width of the bar decreases by w. The volume of the bar is now 
calculated from:

  

 

   



11

11

2

2
2

2
2









 




Al

w
wwl

wwllV
For there to be no volume change,
 has to be less than 0.5.  > 0.5 
implies that the volume decreases with 
tension, an unlikely event. When  = 
0.5, there is no volume change and the 

   
 


21

11

1

1




lA
Al

The change in volume is thus:
 

 


21
21

1

1112




lA
lAlAVV

contraction in width is quite 
pronounced (e.g., rubber). When  = 0, 
the volume change is the largest and 
there is no perceptible contraction in 
width. Most materials have a value of 
within the range 0.2 to 0.4. 

since 
2 << 1

When the material contracts inward (a so-called plane stress condition) 
under an applied tensile stress T, there is no sideways stress induced in the 
material. If the sides of the material are held in position by external forces 
or restraints (plane strain), then there is a stress  induced, the value of 
which is given by .T w c s g ve by .T
In terms of stresses and strains, in plane strain conditions (sides held in 
position), there is an effective increase in the stiffness of the specimen 
due to the induced sideways stresses. Hooke’s law becomes .

1 2 





E



Forces between atoms or molecules take the form of a repulsion that is 
very strong at short distances and an attraction which diminishes in 

1.6.3 Surface Energy
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RA

RR

A

B

A BFRFA

strength with larger distances. Atoms and molecules take up an equilibrium 
position where the repulsive and attractive forces are balanced. 
Consider two molecules in a solid, one on the surface, and another in the 
interior. Long-range attractive forces FA have a resultant RA zero on A, 
downwards on B. Short-range repulsive forces FR have a resultant RR zero 
on A, upwards on B.

But, attractive forces are long-range forces
repulsive forces are short range; thus, a molecule B at the 
surface feels an attraction from the molecule at layers 1 and 2 
since attractive forces are long range, RA = FA1  FA2. 
However, the molecule at the surface only feels the repulsion 
from the molecule directly beneath it (RR = FR1) since 
repulsive forces are short range. Thus, to counterbalance all 
the “extra” attractive forces from the deeper molecules, the 
surface molecule has to move downward and closer to layer 1 

Surface

Layer 1

Layer 2

since the repulsive force increases with decreasing distance.
The effect is to create a surface tension in the surface. This is most often 
pronounced in liquids, but exists in solids although the deflections involved 
are very much smaller in magnitude. 
The added downward attraction that affects atoms on the surface of a solid 
represents energy. Creation of a surface, such as cleaving a solid, requires 
not only the energy to break the bonds, but also the energy to create the 
two new surfaces that result. The energy required to create the two new 
surfaces is thus:

where  is the surface energy of the solid ( 1 J m2 for most solids). If
2U

where  is the surface energy of the solid ( 1 J m for most solids).  If 
two like surfaces are in contact within a medium of different surface 
energy, then the energy associated with the interface is:

2121 2  



Hooke’s law applies to the linear elastic region. When load is removed, the 
body returns to its original shape. If the body is stretched beyond the 

1.6.4 Brittle Fracture
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elastic limit, it will only partially return to its original shape and thus 
acquire a permanent set.

S
tre

ss Ultimate 
strength

Fracture

Elastic limit or 
yield point

Proportional 

Plastic 
behaviour

Ductile 
material

S
tre

ss

Fracture

Brittle material

Strain

limit

Elastic behaviour
slope depends on E

Strain

Elastic behaviour
slope given by E

FdxdU 

When a solid is stretched or compressed by the application of an applied 
force, the application of the force F through a distance dx requires work 
to be done on the system.

2

2
1 kx

kxdxU

kxF








Strain potential energy

When a solid fractures, the stored strain potential energy is converted into 
heat, kinetic energy, plastic deformation and surfaces – that is, the surface 
energy of the cracked parts. Brittle materials generally shatter into many 
surfaces which soak up the stored strain energy released during fracture. 
Ductile materials tend to absorb the stored strain energy in the fracture 

f d l l ti d f ti i id th t i lsurfaces and also plastic deformation inside the material. 



1.6.5 Griffith Energy Balance

Consider the application of a uniform tensile stress to a solid. The 
distribution of stress within the material is uniform as shown.
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A crack of length c is then introduced 
into the material. Stresses are relieved 
in the material in the vicinity of the 
crack, and lines of tension tend to 
concentrate around the crack tip. The 
sharper the tip of the crack, the greater 
is the stress concentration at the tip. If 
the applied stress is increased, then the 
crack may grow in size if the rate of 
release of strain energy with respect to 
crack length is sufficient to create new

a

c
Two new 

Strain energy 
released here 

(approximately)

crack length is sufficient to create new 
crack surfaces. This is expressed 
mathematically by the Griffith 
criterion for crack growth:

dc
dU

dc
dU s 

The strain energy released by introducing a double-ended crack of length 
2c in an infinite plate of unit width under a uniformly applied stress a is 

E
cU a

s

22


Th  l f   f  f  f i  id h d l h 2 i

a

surfaces

The total surface energy for two surfaces of unit width and length 2c is

cU  4

The Griffith criterion is thus: 


2
2


E

ca

For a given applied stress, a crack 
will not extend unless the Griffith 
criterion is met. That is, a crack needs 
to be greater than a critical length cc

in order for there to be sufficient 
t i   l d t  t  t  

U+Us

Equilibrium 
(unstable)

E
ne

rg
y 

(U
)

c

cU  4

dc
dU

dc
dU s

cc

strain energy released to create two 
new surfaces. 

E
cU a

s

22




1.6.6 Dislocations in Solids

Solids are in general, either brittle or ductile. Brittle solids transfer strain 
energy into surfaces and are generally weak in comparison to ductile 
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materials due to the inevitable presence of stress-concentrating flaws or 
cracks on the surface of the solid. Ductile solids absorb strain energy as 
heat in the process of plastic flow. 

dWhen a shear stress is applied 
to one plane of atoms with 
respect to a stationary plane, the 
initial displacement of the planes 
is approximately linear, and a slope of the stress versus the shear strain 
is the shear modulus of elasticity. 
Calculations show that the elastic limit (when the atoms in the plane to which 
the stress is applied are perched on top of the stationary atoms underneath) isthe stress is applied are perched on top of the stationary atoms underneath) is 
achieved when the shear stress reaches about 1/6 of the shear modulus. 
However, the real strength of solids is usually in orders of magnitude less 
than this due to the presence of dislocations in the crystal lattice. 
An edge dislocation is an extra plane of 
atoms running through the crystal 
structure. This can happen in shear when 
some atoms slip to a new equilibrium 
position but others do not. The endpoints 
of the extra plane are called a 
dislocation line or dislocation axis. 
The atoms at the sensitive end of the dislocation exist at a potential hill 
(unstable equilibrium) whereas the other atoms are in potential wells 
(stable equilibrium). Application of a stress causes the dislocation to move 
or translate fairly easily through the crystal structure. This results in what is 
essentially plastic or irreversible deformation of the solid as atoms shift 
from one equilibrium site to another. Dislocation movement requires 
energy and this energy can come from released strain 
energy during fracture. The presence and motion of 
dislocations is one major difference between brittle 
and ductile solids. 
Plastic flow occurs as a result of shear across crystallinePlastic flow occurs as a result of shear across crystalline 
planes. The maximum shear stress is at an angle of 45° to 
any applied normal stress. Slippage usually therefore 
manifests itself as slip lines at 45° as shown:
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2.1 Dielectric Properties

Summary
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2.1.1 Electric Charge

Electrical (and magnetic) effects are a consequence of a property of 
matter called electric charge. Experiments show that there are two types 

1032.1 Dielectric Properties

of charge that we label positive and negative. Experiments also show that 
unlike charges attract and 
like charges repel. 

+

-
F

q

q

d

Experiments also show that the magnitude of the force between two 
charges is proportional to the magnitude of the charges and inversely 

ti l t th f th di t b t th Thi i

2
21

2
21

d
qqk

d
qqF





- qq1 F

1. imagine that one of the charges 
q2 is hidden from view;

2. the other charge still 
experiences the

Now,

proportional to the square of the distance between them. This is 
Coulomb’s law. 

k is a constant of proportionality, the nature of 
which we will investigate very soon. 

q2
1

+

E

Fexperiences the 
Coulomb force and thus 
we say it is acted upon 
by an electric field;

3. if a test charge experiences 
a force when placed in a 
certain place, then an 
electric field exists at that 
place. The direction of the 
field is taken to be that in 
which a positive test charge 

o ld mo e in the field
EqF
d
qkE

d
qqkF

1

2
2

2
21


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Let

thus

Note: the origin of 
the field E may be 
due to the presence 
of many charges but 
the magnitude and 
direction of the 
resultant field E can 
be obtained bwould move in the field. be obtained by 
measuring the force 
F on a single test 
charge q. 



2.1.2 Electric Flux

An electric field may be represented by lines of force. Consider the presence 
of free or excess charges on a pair of parallel plates. For each free positive 
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charge on the plate, we can imagine a line of force extending from this 
charge to the corresponding free negative charge on the other plate. The total 
number of lines is called the electric flux 
and is proportional to the amount of excess 
charge on one of the plates. The number of 
lines per unit cross-sectional area is the 
electric flux density, which can be 
expressed in terms of Coulombs per 
square meter and is given the symbol D. 

+ + + + + + + + 

- - - - - - - -

Q

Q
We may now ask, “What is the force on a test charge placed between the 
plates if we know the total free charge on the plates?” It is reasonable toplates if we know the total free charge on the plates?  It is reasonable to 
conclude that the more free charges there are, the greater the force on the test 
charge. Thus, the force depends upon D. Is D then the same as E (the strength 
of the electric field that appears in Coulomb’s law)? No. The actual value of 
the force experienced by a test charge for a given value of D also depends 
upon the medium, or material, through which the lines of force pass. Some 
materials are more effective at transmitting the lines of force than others. 
Thus, the value of E (the quantity that determines the resulting Coulomb force 
F) is proportional to D, which has been multiplied by an “effectiveness 
factor” which we will express as:

DE 







1 112

o m F1085.8 

E is the electric field strength. For a vacuum,  is written o. For a material, 
 is larger than o. This means that for a given value D, the field E is reduced 
when a material is placed between the plates. When a conducting material is 
inserted, the field E is reduced to zero ( is infinite and the “effectiveness 
factor” is zero). When an insulator is inserted, we call the insulator a 
dielectric; the field E is reduced by an amount which depends upon the 
material property  for that insulator. We can see that the effectiveness of 
the material at producing a field strength E depends inversely upon , which 
is called the permittivity. D is 
the cause, E is the result. The 
force experienced by a test charge

Are the lines of force for an electric field  
lines for E or D? Both. The spacing of the 
lines indicates both the flux density andforce experienced by a test charge 

for a given value of D depends 
only on E, which in turn depends 
upon the nature of the material 
through .  

lines indicates both the flux density and 
also the field strength. The effectiveness of 
the material in transforming D into a force-
producing E depends upon  for that 
material. 



2.1.3 Dipole

1. Consider two opposite charges separated by a distance d. 
The two charges
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+-

d

-Q +Q

2. Draw a circle around the two charges:

Th tit l d b

The two charges 
may be separated 
by their being fixed 
in position in a 
molecule, held 
apart by some 
external force, or 
any other reason. 
The important thing 
is that the two 
charges are kept 
separated. 

+-

d

-Q +Q
The entity enclosed by 
the circle is called a 
dipole. That is, a dipole 
consists of an assembly 
of two opposite charges 
separated by a distance d.

3. A net electric field exists between the two charges in a dipole. (Note, if 
the two charges were coincident, then the radial field from each would 
add up to zero net field Since they are separated then there is a net

An electric dipole produces an electric field.

add up to zero net field. Since they are separated, then there is a net 
field between them.)

+-
-Q +QEd

In the diagram 
here, only one field 
line is shown 
connecting the two 
charges. For single 
isolated charges, 
field lines would 
emanate radially in 
all directions from 
each charge and 
the resulting field is 
the vector sum of 
the individual fieldsthe individual fields. 

Dipoles are responsible for the dielectric behaviour of materials 
(i.e., the response of materials in an electric field).



2.1.4 Polarisation

Consider an atom or molecule in a non-polar insulating material (i.e., 
where there are no existing permanent dipoles or free electrons). 
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+

- -

-

-

- - -

-
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+-

E = 0
With no externally applied E
field, the centre of charge of 
electrons corresponds with the 
centre of charge of protons.

When an electric field E is applied as shown below, the centre of charge 
of electrons moves left, the centre of charge of protons moves right and 
the two centres of charge are then separated by distance d. The atom or 

l l b l i d i h f E

E = 0

di l

+

-
-

-

-

-
- -

-

-
-

E  0 +-

d

E  0

molecule becomes polarised in the presence of E.

An electric field can thus produce an electric dipole. The field created by the 
dipole interacts with the externally applied field so that the dipole tends to be 

dipole

aligned with the external field. 
The example above is called electronic polarisation. In addition, some 
molecules already have a permanent dipole moment (e.g., water). Thermal 
agitation tends to randomly orient these dipoles so that there is no net 
polarisation of the material as a whole. Application of an electric field E tends 
to align the dipoles in the direction of the field, resulting in a net polarisation. 
In general, the amount of polarisation depends upon the nature of the material 
and the strength of the applied field. In general, the alignment tendency from 
the applied field is in competition with the randomising influence of 
temperature and so the amount of polarisation depends on temperature. 
Th fi ld E il b fi d i i d di i AThe field E may not necessarily be fixed in magnitude or direction. A 
sinusoidal oscillating (AC) field would result in the direction of the dipoles 
tending to follow the field in a periodic way, resulting in periodic movement 
of the atoms or molecules. 



2.1.5 Dipole Moment

A dipole consists of a separation of opposite charges by a distance d. A 
dipole can exist on its own as a permanent entity (as in the case of a polar 
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When the charge Q
(Coulombs) is multiplied by 
the distance d (meters) 
between them, then this 
quantity is called the electric 
dipole moment :

Qd distance between the 
t f h f

magnitude of (one of)
the charges

molecule) or be created by an external electric field E.  

+-

d

+Q–Q



The dipole 
moment  is a 
vector pointing in 
the direction d. 

The dipole moment is a measure of how polarised an atom or molecule is. 
Different types of atoms or molecules polarise more easily than others in 
the presence of a field E. The amount of polarisation depends on the 
polarisability  of the material and the strength of the applied field E. 
Therefore, it is reasonable to write: 

centre of charge from 
-Q to +Q

EE  

Note:  is a vector. 

The units of dipole 
moment are usually 
given as “debyes” for 
convenience. The dipole 
moment for water is 

It is important to note that 
the dipole moment is not 
the same thing as a 
mechanical moment or 
torque. A mechanical 




The subscript 
denotes the 
component of the 
dipole moment in 
the direction of E. 



 E

 cosE

The potential energy of a dipole, oriented at an angle  to an external 
field, is given by:

 
 

cos
12

12

12

d
VVE

VVQ
QVQVU







+Q

–Q

d

about 1.9 debyes. 1 
debye = 1  1029 Cm

q
moment exists when the 
dipole is placed in a field 
and attempts to align itself 
with the field. 

 






cos
cos

cos12

E
QdEU
EdVV

E



Q

cosd



2.1.6 Examples of Polarisability

Polarisation in a dielectric may occur due to several mechanisms all of 
which may occur to some extent depending on the material:
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1. Electronic polarisability e

2. Ionic polarisability i

Small induced dipole moment arising from difference 
in the net centres of nucleus and electrons in an atom.  

42r

+

- -

-

-

- - -

-

--

+

-
-

-

-

-
- -

-

-
-

E

The entities with 
circles around them 
are dipoles.

When field is applied, movement of 
ions produces a net dipole moment in a unit cell and hence a net polarisation. 

3. Dipolar polarisability d

Dipole moment created by shift of positive ions with respect to 
negative ions in unit cell. 

106 r

Net dipole moment created by alignment of molecule with external field 
due to presence of internal permanent dipoles from geometrical structure 

f l l

+- -+-+- -+-

E

Water molecule has a 
permanent dipole 
moment.

Note, even though there 
is a permanent dipole moment,
in the absence of an electric field, 
these dipole moments are not aligned 
(due to thermal agitation) and so the net polarisation over all 
molecules in the material is zero. When a field E is applied, molecular dipoles tend 
to align themselves with the field and there exists a net polarisation. 

10020 r

of molecule.



+

+

104

CO2 molecule has no 
permanent dipole 
moment. No dipolar 
polarisation can occur. 

+



Total polarisability  All materials have e ionic materials have e i while dipolar

E

die  

Total polarisability  All materials have e, ionic materials have e, i while dipolar 
materials have e, i and d. The relative contribution of each 
to the total polarisability depends upon the frequency of 
oscillation of the field E, e.g., at high frequencies, dipolar 
molecules cannot oscillate fast enough to keep up with the 
change in direction of E so the d contribution falls. 



2.1.7 Conductor in an Electric Field

To understand the behavior of a dielectric in an electric field, it is useful to 
examine what happens within a conductor in an electric field. Consider a 
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+Qo -Qo

Vo

d

Eo

parallel plate capacitor which has been charged with a voltage Vo. 

An electric field Eo is established 
between the plates by the build-up 
of charge on each plate. Current in 
the circuit drops to zero when the 
potential due to the charges Qo
becomes equal to Vo. 

Next, imagine a conductor is inserted between the plates so that it fills the 

+Qo -Qo

conductor 
inserted

+Qo -Qo

+-
-
-
-
-

+
+
+
+

Ed

Eo

-Qo +Qo

space between the plates but does not actually touch the plates.

Since there are many free electrons in the conductor, they all tend to 

Eo

conductor 
inserted

y y
accumulate towards the end of the conductor nearest to the +ve plate of the 
capacitor. This movement of electrons results in a build-up of -ve charge on 
one side of the conductor accompanied by a build-up of +ve charge on the 
other end. Movement of charge happens until the electric potential between 
the two ends of the conductor becomes equal to the potential Vo between 
the plates. The build-up of internal charge within the conductor results in 
an electric field Ed within the conductor pointing in the opposite direction 
to the original field between the plates. The total net field E within the 
conductor is thus brought to zero. 
This can happen with a conductor because there are many mobile charge 
carriers (electrons) that are free to move Movement can occur until thecarriers (electrons) that are free to move. Movement can occur until the 
material within the conductor becomes completely polarised in the 
presence of the external field. In an insulator, as we shall see, only 
restricted movement of charge within the material can occur and only 
partial polarisation occurs. 



As current flows in the wires, build-
up of “free” charge Q on the plates

i.e., “free” to move 
from the source 
onto the plate

2.1.8 Dielectric in an Electric Field

No dielectric Vo
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up of free  charge Qo on the plates 
establishes a field Eo within the gap 
which eventually counteracts Vo and 
current flow stops. 

d
VE o

+Qo -Qo

+Qo -Qo

Dielectric 
inserted

d

Eo

When the dielectric is inserted, dipoles 
are created within the dielectric 
material because of the field Eo. 
The effect of the dipoles is to deposit a 
net additional positive charge on the 

ve plate and a net additional negative

+ -
+ -

The net charge on each plate arising from 
the orientation of dipoles in the dielectric is 
called bound charge Qb where Qb < Qo.

o Qo

+Qf -Qf

+-
-
-
-
-

+
+
+
+

Ed

Eo

-Qb +Qb

+ -

–ve plate and a net additional negative 
charge on the +ve plate, thus creating 
an additional electric field Ed pointing 
in the opposite direction to the field Eo. 
The total net internal field between the 
plates would thus tend to be reduced 
(but not completely cancelled as in the case 
of a conductor placed between the plates). 

+ -

+ -

BUT! In the situation shown above, where there is a fixed voltage Vo across 
the plates (Vo = Eod and d is also fixed), Eo between the plates must be 
maintained and this is done by drawing extra “free” charge into the plates 
from the source Vo to counteract the field Ed from bound charge. The total 
free charge on each plate is now:  Qf = Qo + Qb. Since C = Qf /V, the 
capacitance of the plates has increased due to this extra charge. That is, the 
presence of a dielectric increases the capacitance of a parallel plate capacitor.

If the plates were charged with Vo and the voltage source removed, and then 
the dielectric inserted, then the total net charge on each plate would be 
reduced to Qo  Qb, the total net field between the plates would be reduced to Qo Qb, p
E = EoEd and because d is a constant, the voltage across the plates would be 
reduced from Vo to V. The total free charge on the plates is now Qf = Qo and 
so, since C = Qf /V, the capacitance is thus increased by the presence of the 
dielectric. 



2.1.9 Permittivity

Consider a parallel plate 
capacitor charged to a voltage Vo

Vo
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and then the voltage source is 
removed. A voltmeter placed 
across the capacitor terminals 
will register the voltage Vo used 
to charge the capacitor. 
When a dielectric is inserted, 
dipoles are created within the 
dielectric material because of the 
field Eo leading to a net additional 
charge Qb (i.e., in addition to Qo) 
being deposited on each plate

Eo

+Qo -Qo

+Qo -Qo

+-
- +

Eo

V
V

Q
C f

Since the total net charge on each 
plate is now reduced in magnitude, 
the voltage recorded on a voltmeter 
across the plates is reduced to V and 
the total average field between the plates is reduced from Eo to E. But, the 
total free charge on each plate (i.e., the charge initially drawn from the 
voltage source) remains the same: Qf = Qo. 

being deposited on each plate. 

Since the distance d is a constant, then the ratio of voltage Vo/V gives the 
relative change in capacitance of the plates. By definition, the dielectric 
constant, or relative permittivity, r, of an insulating material is the 

Qo Qo
-
-
-

+
+
+

Ed-Qb +Qb

The relative permittivity is a macroscopic measure of the amount by 
which a dielectric material is polarised by an electric field. The 
permittivity of an actual dielectric is found from:

V
V

C
C

r
o

o


, p y, r, g
capacitance with the dielectric material inserted divided by the capacitance 
when the plates are in a vacuum. 

Expressed in terms of the fields Eo and E, we have:

E
E

r
o

permittivity of an actual dielectric is found from:

o
 r

Permittivity of free space (vacuum)
8.85  1012 F m1



2.1.10 D and E

When no dielectric is placed 
between the plates, the free charges 

Vo
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on the plates produce a flux density 
D. The resulting field is Eo = 1/o D. 
A test charge placed within the field 
experiences a force Fo = qEo. 

Eo

+Qo -Qo

+-
Eo

V
V

Q
C f

When a dielectric is inserted, the 
same free charges on the plate 
produce a flux density D, and this 
continues to produce a field Eo, and 
force Fo still applies, but now there is 
an additional field Ed in the opposite 
direction and a corresponding force

+Qo -Qo-
-
-
-

+
+
+
+

Ed-Qb +Qb

The difference in the net field between the plates before and after insertion 
of the dielectric is:

direction and a corresponding force 
Fd opposite to Fo. As far as a test 
charge is concerned, the net effect of 
the dielectric is to reduce the force on 
it as if it were now within a net field 
E = Eo  Ed. The value of E is found 
from:

oo

1

EED

DE








of the dielectric is: 
EEEd  o

and arises due to polarisation of the dielectric. Expressed in terms of D, we 
have:

 d

d

d

d

EEED

EEE

EE

EEE

oo

o

o

o
















actual flux

flux density arising 
from the polarisation 
field Ed

The flux density D is 
sometimes called the 
electric 
displacement.

The electric field E is 
sometimes called the 
electric field 
intensity, electric 
field strength. 

actual flux 
density from 
the free 
charges on 
the plates 

flux density that would have 
to exist with no dielectric if 
the net field was really E
instead of Eo



2.1.11 Energy of the Electric Field

An electric field can do work and so has potential energy. It is of interest to 
determine what energy is available at any point within the field. As an 
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example, we consider the uniform field between the parallel plates of a 
capacitor.
In a circuit with a capacitor, energy 
is expended by the voltage source as 
it forces charge onto the plates of the 
capacitor. When fully charged, and 
disconnected from the voltage source, 
the voltage across the capacitor 
remains. The stored electric potential 
energy within the charged capacitor 
may be released when desired by

+
+ + + + +

V
E

- - - - - - -Uniform 
electric field

Q

UvdqPdt
dt
dqi

viP

QQ







may be released when desired by 
discharging the capacitor. To find the 
energy stored in a capacitor, we can 
start by considering the power used 
during charging it.

Power Lower case 
letters refer to 
instantaneous 
quantities.

d
A

QV

EdV
A

QE

o

o











Now,

thus

A
Qd

AQ

V
QC

o



2

2
00

2
1
2
1

CVU

C
Q

dq
C
qdqvU

QQ





 

Energy stored 
in the electric 
field of a 
parallel plate  
capacitor 
h d

Energy d
AC o

charged to 
voltage V



2.1.12 Polarisation

For a fixed voltage V across the plates, by Gauss’ law, we have:
8.85  1012 F m1
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Q
A

Q
E f




-Q

EV

d
D

A
Q

A
Q

E

QQ

Q
EA

b

b

f








o

o







b

b

dQ
A

QP



Let

Multiply top & 

o r

Parallel plate 
capacitor

extra free charge brought 
onto the plate to counteract 
the bound charge (fixed V)

electric field 
intensity

d
A

V
QC





E

E

b

NP
V

nP

V
dQ

Ad











 bottom by d

Since nE = Qbd

number of dipoles 
per unit volume 
(dipole density)

A

+Q

n = number of 
dipoles present

The quantity P is the electric dipole 
moment per unit volume of the dielectric 
material and is called the polarisation.

PE

P
A

QE





o

o




Thus

The polarisation is a macroscopic quantity. If 
we know the polarisation, we don’t have to 
worry about adding up all the individual dipole 
moments within the material. Note that the 
bound charge arises at the surfaces of the 
dielectric where they meet the plates. Inside, 
the charges cancel. 

electric field in the 
dielectric after insertion 
of dielectric

The polarisability  of a material describes how easily an atom or molecule 
can become polarised in an electric field. The polarisation P described how 
much polarisation has taken place per unit volume of material when field E
has been applied.



2.1.13 Dielectric Susceptibility

In the case of a parallel plate 
capacitor, we have:
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














1

1
o

oo

o

E
P

PEE
PEE

r

r

 is called the dielectric susceptibility
and is a measure of the amount to 

Therefore or since

which a dielectric is polarised by the 
field E over that for a vacuum o. 

o

o

1

1







N
E

N E
r





It is easy to show that:

where the macroscopic quantity r, the relative permittivity, is expressed 

 

E
P

E
EP

r

r

o

o

o

1

1












and also

in terms of the polarisability  of the material and the number of dipoles 
per unit volume N (the last two of which are microscopic quantities).
The relative permittivity is a macroscopic measure of the dielectric and 
optical properties of a material, where the material may contain various 
atoms and molecules of possibly various individual polarisabilities. 

The electric flux density D can be now expressed in terms of the 
polarisation of the dielectric over which it acts: 

PEED  o



2.1.14 Clausius–Mosotti Equation

In solids, experiments show that the 
relation N

The Materials Physics Companion116

E

Lorentz calculated that the local 
field Eloc was equal to:

E
N E

r
o

1

 

does not hold exactly because the local field experienced by a single dipole 
is not equal to the applied external field E but is a little larger than this due 
to the proximity of other nearby dipoles.

external field

o3
PEEloc 

+ -
+ -

+ -
+ -

+ -

+ -

+ -

+ -

o3








ENP

PENP

EN
NP

loc

E














Substituting back, we obtain a new 
expression for P which includes the 
local field correction:



Eloc



Note: At first it might be thought 
that the presence of other dipoles

N is the number of 
dipoles per unit volume

+ -
+

+ -

o3
1


N

P




o
o

o

1

3
1

1

1











N

EN
EN

E
P

r

r

















The denominator 
here is the local 
field correction

Now,

Clausius–Mosotti

that the presence of other dipoles 
tends to cancel the applied field so 
that the local field would be less 
than E. There is indeed an overall 
depolarisation field created and 
this reduces the average field 
strength between the plates, but 
very near to the molecules, the 
local field is actually increased due 
to the presence of nearby dipoles. 
This is usually significant for solids 
in which atoms or molecules are 
relatively closely spaced. 

o32
1





 N

r

r 


Clausius Mosotti 
equation

This expression for r takes into account the local field 
correction, which is important for solids (large N), but 
less important for gases (small N).



2.1.15 Complex Permittivity

An ideal dielectric is non-conducting,  
but there are always losses in a real 

C
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dielectric (e.g., leakage). For a capacitor, 
this is represented by a loss resistor RL.

The impedance of the 
capacitor becomes:
1

o



Cj
d
A

Cj
d
A

Z

r







d
AC

d
AC r

oo

o













Without the loss resistor, the 
capacitance of the capacitor (with a 
dielectric) is:

where

With the loss resistor, the impedance 
of the capacitor is found from:

RL

Cj
RZ

IZV

L



11

Now, the resistance RL can be 
expressed in terms of the 
conductivity  of the dielectric:

dRL 

 "'

1

1

o

o
o

o
o

o
o












jCj

jCj

A
d

d
AjCj

Cd
AjCj

r

r

r

































resistivity

"

'








 r

of the capacitor is found from:

where

whereNote: R is small 
when A/d is large. 
That is, for a 
given d, large

d
A

R

A

L

L






1

conductivity This term reflects the 
resistive or 
conduction losses in 
a capacitor. It may 
also contain terms 
associated with 
frictional losses in 
dipolar materials.

"'*  jComplex 
relative 
permittivity

o

The phase angle  is a measure of the quality of a 
dielectric. The loss factor D is given by: 

'
"1tan




 

CR
D

L

• Ideal capacitor: D = 0
• High quality dielectric: D  10
• Lossy capacitor: D  0.05
When R and C are constant the D is inversely

given d, large 
capacitors have 
greater losses. 

Time constant  of a When RL and C are constant, the D is inversely 
proportional to .

Time constant  of a 
dielectric is:

roLCR    is independent of the dimensions of the capacitor and 
only depends on the nature of the dielectric. 



2 2 Polarisability
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2.2 Polarisability

Summary

2
o
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i 
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2.2.1 Electronic Polarisability

Consider an atom as consisting of a 
positively charged nucleus +Ze

+Ze

1192.2 Polarisability

Esurrounded by a negatively charged 
sphere of radius R which is completely 
filled with a uniform distribution of 
electron charge Ze. When a local 
field E is present, the off-centre shift 
results in an opposing depolarisation 
field Ed over the distance . 

Ze
d

Ed

Equilibrium is established when the field Ed, due to the electrons enclosed 
by the smaller sphere of radius  balances the external field E.  By Gauss’ 
law, we have:

+



Note: In this book:

 

 

3

3

3
2

3

3

4

4

34
34

E
ER

Zed

Ze
R
ddE

Ze
R
d

qEdA

oE

E

o

enclosed
S

o
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A typical value of R would be 1  1010 m (1 Å or 0.1 nm). Thus:
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A value for r can be found from the Clausius–Mosotti equation:

Electronic polarisability

 
 
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101.1105
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4028
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








r

letting N = 5  1028 m–3



2.2.2 Ionic Polarisability

-+- E
In ionic polarisation, a dipole 
moment is created by the shift of 
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+ E
positive ions with respect to 
negative ions in a unit cell. The 
dipole moment is given by the 
magnitude of the effective charge 
Qeff times the distance d:

 effE Q

d

The ionic bonds, for small displacements, act like springs of a stiffness k. 
Thus, the off-centre movement occurs until force equilibrium is achieved 
such that:

spring constant of the ionic bond

Ed



k
Q

E
k

Q

kdEQ

eff
i

eff
E

eff

2

2









but

thus

It is interesting to determine the resonant frequency of the system since 
this will determine its response to an oscillating applied field. Assuming 
simple harmonic motion, we have a resonant frequency given by: 

k

Qeff is normally less than 
Ze due to distortion of 
electron charge.

Ionic polarisability

m
k

o 

where m is the effective mass of the system given by:
ionion mmm 


111

The ionic polarisability can thus be expressed: 

2

2

o

eff
i

m

Q


 

Generally speaking, the ionic polarisability is not a 
f nction of the temperat re of the materialfunction of the temperature of the material. 



2.2.3 Dipolar Polarisability

+

-

EDipolar polarisation occurs when 
there is a preferential orientation of 
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-polar molecules within the material 
as a result of the applied field E. 

Before the application 
of the field, the dipole 
moments are oriented 
at random. 

After application of 
the field, there is a 
preferential alignment 
in the direction of E. 

To determine the polarisation, we require the average net dipole moment in 
the direction of the field E for all the molecules. 
Now, the distribution of energies of molecules at some temperature T is 

Ed
<E>



 E

 cosE

given by the Boltzmann distribution:

 
  1







dWWf

dWAedWWf kTW

where

The energy of a single dipole 
oriented at angle  to the applied 
local field E is:




sin
cos

EdW
EW




and so: 

where the integral is taken over 
all the possible energies

The Boltzmann distribution

k = 1.381023 J K1

T = absolute temperature

The Boltzmann distribution 
becomes:  

 


f
dEAedWWf kTE


  sincos where  goes from 0 to 180

The average value of E is: 

 

 


 









0

0

cos

df

df

E

E
kTE 3

2 

the 
molecule’s 
permanent 

the molecule’s average 
net dipole moment in 
the direction of E

In solids, the dipoles 
usually are not able 
to freely rotate and are 
instead confined to 
discrete orientations. 
This leads to a 
modification of the

kT

kT

d

E

3

3
2



 that is, the dipolar polarisability 
varies inversely with the 
absolute temperature T.

Dipolar polarisability

dipole 
moment

modification of the 
factor 1/3 for d.



When a field is applied to a dielectric, the response of the dipoles (for a 
polar material) is not immediate since the dipole takes a certain amount of 

2.2.4 Dielectric Loss 
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time to rotate due to friction by collisions with other molecules and inertia. 

E

t

These collisions result in energy drawn from the applied field, which 
results in heating of the material. This is called dielectric loss.  

Dielectric loss may 
occur in addition to 
resistive heating from 
conduction in the 
dielectric.

P

t

Ps
P

static 
polarisation

electronic 
polarisation
(instantaneous)

If the field is applied at t = 0, then

    t
s ePPPtP 

  1

di l t i l ti ti

For polar liquids,   109 to 1011 sec. 
For free ions,   105 to 102 sec.

dielectric relaxation time

 
 
  EP

EP
EP

ss

r

o

o

o

1
1
1











Now, in general:
thus,
and

instantaneous 
polarisation 

Similarly if the field E has been applied for a long time and then suddenly

o

o

1

1











N
E

N
NP

E
r

E







At optical 
frequencies r = n2

where n is the 
refractive index of 
the material.

Similarly, if the field E has been applied for a long time, and then suddenly 
removed, then the polarisation would be expressed:

    t
s ePPPtP 

 



2.2.5 Complex Permittivity

When an oscillating field is applied, the instantaneous response P to the 
field is due to electronic polarisation only since the electrons, at least up 
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to the microwave and optical range of oscillation frequencies, are light 
enough to respond instantly to the changing direction of the field. 

For a time-varying field E(t), the total polarisation P therefore also varies 

The dipolar contribution to the total polarisation is not instantaneous because 
it involves rotation of, and collisions between, molecules as the direction of 
the dipole attempts to follow the change in direction of the electric field. This 
results in the generation of heat  dielectric loss. That is, energy is drawn 
from the field E and is converted to heat within the dielectric. 
Because of the non-instantaneous response, the total polarisation is thus not in 
phase with the applied field. The total polarisability is a complex quantity.

with time according to:
     tEtP o1*  

When there is dielectric 
loss, relative permittivity is 
complex and the imaginary 
term contains information 
about these losses. 

"'*  j

We wish to determine an expression for the complex permittivity * in 
terms of the instantaneous contribution  and the total static value s. 
Since the electronic polarisation is in phase with the field, we would expect 

Note: Here we are talking mainly about 
losses due to dipole friction. Other 
losses may also occur (e.g., due to DC 
leakage) and these will also add as 
separate terms to the imaginary 
part of the complex permittivity. 

For an alternating field:   tj
oeEtE 

 to be contained within the real part of the complex permittivity '.





j

j s




 
 1

"'*

The difference between the static value and the instantaneous value, s  ,.
contains both real and imaginary components, the relative proportion being 
dependent upon the value of the relaxation time . For example, at  = 0, 
there would be of course no imaginary component and ' = s. The greater 
the relaxation time, the greater the magnitude of the imaginary component. 

The complex permittivity for the case of a dipolar material is given by:

Separating out the real and imaginarySeparating out the real and imaginary 
components, we obtain:

221
'








 


s 




 221
"




 sand Debye’s equations



2.2.6 Dipolar Dispersion

"'*  j

'





 s 


"
 s

The complex permittivity is expressed:

h d
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 21
'





 

s

 



 21

"


 swhere

The magnitude of the real and imaginary components is a function of 
frequency . This is called dispersion. Dispersion arises due to the non-
zero relaxation time associated with the response of the dipoles to a 
changing electric field. 

"'
s

dipole + 
electronic

2
 s

single relaxation 
time

spread of

and




 1

o  
 1

o 

 = n2

electronic 
only

Collision frequency (10.5 
GHz in a water molecule. Note, 
this is not the frequency used 
in a microwave oven!) 

In general, the relaxation time  is greater in 
solids compared to that in liquids. For solids, 
liquids and gases, the value of  depends upon 
the shape of the molecule and the orientation with respect to the applied field. 
For a large collection of molecules (e.g., liquid water), there may be a 

spread of 
relaxation times

g ( g , q ), y
distribution of relaxation times present. This influences the width of the 
peak in ".
The phase angle  is a measure of the relative contributions of 
' and " to the total complex permittivity:  

'
"tan

 

 


"


 s

When there is some conductivity present, then 
losses occur due to resistive or Joule heating 
such that the total imaginary component of 
relative permittivity is:  

" dielectric 
losses

conduction 
losses




 221


o

resistive 
losses

frictional 
losses



2.2.7 Ionic & Electronic Dispersion

Dispersion also arises in ionic polarisation in an oscillating field and is 
expressed:

   
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  221 t

s
r 





 



frequency of the optical phonon 

r

s

ionic + 
electronic

Ions cannot move fast 
enough to follow the 
change in direction of field. 

Ions can move fast enough 
to follow the change in 
direction of field. 

Dispersion in electronic polarisation occurs at very high frequencies.



t

 = n2

electronic 
only

    22
o

o
2

2

1
1








mNZen

This is a very 

r

 = 1

electronic

Electrons cannot move fast 
enough to follow the 
change in direction of field. 
Permittivity approaches that 
of a vacuum.  

Electrons can move fast 
enough to follow the 
change in direction of field. 

1

 = n2

Resonant frequency of electrons (of mass m subject to an 
electrostatic restoring force)

y
simplified 
expression 
applicable to an 
isolated atom and 
a single electron. 
In a solid, 
transitions 
between energy 
bands lead to 
very complex 
forms for 
dispersion and 
multiple resonant 
frequencies



o

  1

Value 
obtained in 
a vacuum

1frequencies. 



2.2.8 Power Dissipation

In the case of a parallel plate capacitor, the resistance loss term can be 
written: A1
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d
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
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The power dissipation is thus:
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2 3 Ferroelectric and

1272.3 Ferroelectric and Piezoelectric Materials

2.3 Ferroelectric and 
Piezoelectric Materials

Summary
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 Ferroelectric relative permittivity
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2.3.1 Ferroelectricity

In a material such as barium titanate
BaTiO3, the Ti4+ ions may be in one of 

Ba2+
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3
6 minimum energy positions within the 
crystal lattice, all of which are slightly 
off-centre with respect to the ion 
charge distribution. This results in a 
static permanent dipole moment 
associated with the crystallographic 
unit cell, much like there is a 
permanent dipole in dipolar materials. 
Initially, each individual dipole 
moment is oriented at random, but if 
the temperature is below the Curie

d = 0.012 nm 
Ti4+

O2-

0.4 nm
30107.7 

 Zed

Cm

the temperature is below the Curie 
temperature Tc (of about 380 K for 
BaTiO3), the dipoles tend to interact 
with each other and line up in 
preferred orientations. It is as if the 
induced field from one dipole tends to 
preferentially induce the dipole in a 
neighbouring unit cell to align in the 
same direction. 

Ps Ps Ps Ps Ps

Ps

0P
The overall result is a cooperative alignment of the dipoles associated with 
several crystallographic unit cells into a domain. Domains are regions within 

Ps
Ps

Ps

ferroelectric
Ps

tio
n 

m
ai

n

As T increases, cooperative alignment of 
dipoles diminishes until the dipoles become 
randomly oriented at Tc. The polarisation Ps
associated with a domain drops to zero

a crystal in which all the dipole moments lie in the same direction (i.e., all the 
Ti4+ ions in a domain have moved in the same direction). Over a particular 
domain, a spontaneous net polarisation Ps appears without the aid of an 
applied external field. Because of the presence of these domains, the material 
is said to be ferroelectric. In the absence of an externally applied field, the 
polarisation of the whole crystal P is initially zero since the domains 
themselves have a random orientation with respect to each other. 

Tc

po
la

rs
a

of
 a

 d
o massociated with a domain drops to zero 

(although the individual unit cells still retain 
their off-centre displacement of ions). 

T



2.3.2 Relative Permittivity

The relative permittivity r is a measure of how easily polarisation occurs 
in the presence of a field E. A high value of r means that the induced 
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r
polarisation from an applied field E is greater than that compared to a low 
value of r for the same value of E. 
In a ferroelectric material, such as 
BaTiO3, the ease with which domains 
can align depends upon the ease with 
which Ti4+ ions can overcome the 
energy barrier and jump to a new 
position within the crystal lattice. 
When one considers the probability of 
a jump to and from available energy 
minima the relative permittivity can

+
W

jump

Ti4+

No external applied E

DkT
ePA

kTW
s

r





energy barrier

domain size

static 
polarisation

constant

r>>1

minima, the relative permittivity can 
be shown to be expressed:

+
W

jump

Ti4+

External applied E

In the presence of an external field, the 
jump is more favourable in the direction 
of E. Domains in the direction of E tend

Tc

r

T

As T increases, the ions are more easily able to 
overcome the energy barrier and so, in the 
presence of an external field E, domains can grow 
more easily as the temperature is raised. This 
leads to an increase in polarisation P of the 
crystal with increasing T. That is, r increases 
with increasing temperature. 
At the Curie temperature, there is a divergence of r resulting from the 
influence of the local field on the mode of vibration of phonons within the 

of E. Domains in the direction of E tend 
to grow in size. 

crystal. A phase change in the crystal structure occurs at this temperature. 
Above Tc, the material is said to become paraelectric and r then decreases 
with increasing temperature. 



2.3.3 Ferroelectric Materials in an Electric Field

Below the Curie temperature Tc, spontaneous polarisations Ps occur in 
preferred orientations within the crystalline structure of the material, 
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When no external field is applied, the 
ferroelectric domains are oriented at random 
and the total net polarisation P is zero. 
When an external field E is applied, domains 
that are already aligned in the direction of E
will grow and others not in the direction of E
will become smaller. This leads to a net 
polarisation P within the material as a whole. 

leading to domains of dipoles with the same orientation.

Ps Ps Ps Ps

0P

Ps Ps Ps Ps

0P

E

Psdomain wall movement

The maximum polarisation (saturation) occurs when all the domains are 
aligned in the same direction. At this point, P = Ps.

P all domains 
aligned with field 
(saturation) P = Ps

su
re

d 
is

at
io

n 
at

er
ia

l

Ps Ps

E

Ti4+

+ + +

+ + + + +

Ps

E

domain wall 
before jump

domain wall 
after jump

E

Domains whose axes are 
most nearly aligned with 
applied field grow in size.

P

remanent polarisation

E returned to zero

depolarizing field 

Domain growth in 
large applied field 
becomes irreversible.

If the applied field is then reversed in direction and reduced to zero, it is 
found that there is some permanent net remanent polarisation. 

M
ea

s
po

la
r

of
 m

a

0P

sPP 

At this condition, the crystal 
becomes piezoelectric. 

E
required to remove 
remanent 
polarisation Hc

remanent polarisation



2.3.4 Paraelectricity

Above the Curie temperature Tc, ionic dipoles in the material are at 
random orientation and the material is said to be in the paraelectric phase. 
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The dielectric behaviour is similar to a dipolar material (i.e., because of the 
existence of the permanent ionic dipoles). 
At the transition between the ferroelectric and paraelectric regimes, the 
relative permittivity r is very high and so by the Clausius–Mosotti 
equation, we obtain:

1
32

1

o









 N

r

r

kT3

2 

In a dipolar material, the polarisability is dependent upon the temperature 
such that: the permanent dipole 

moment
kT3

Assuming that the behaviour is like a dipolar material (i.e., because there 
are now permanent dipoles present), the Curie temperature can thus be 
found from:

o
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As T increases, 
any applied field 
E is less able to 
align the dipoles

Tc
BaTiO3 360K
PbTiO3 690K
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for large r

In most materials, 

c
r TT

A


 where A is >> 3Tc Tc

r
paraelectric

ferroelectric

c
r TT

A




Curie–
Weiss law

T

and T > Tc

align the dipoles 
due to thermal 
agitation and so 
r drops. 

c

Tc is a measure of the strength of the alignment of domains. The ratio A/3Tc
is a measure of how much alignment is left above Tc. Curie–Weiss law 
diverges as T approaches Tc. 

c



2.3.5 AC Conductivity

When an oscillating field is applied to a ferroelectric material in the 
ferroelectric region, the domain walls migrate as the field changes 
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direction. If we consider the transition from the point where E = 0 to E, 
then the domain wall shifts by an amount x.

Ps Ps Ps Ps

E

E =0

DThe polarisation which then 
appears can be calculated 
from the total fractional 
change in the volume of 
domains now pointing in the 
direction of E:









D
xPP s
 2

x

Ps Ps Ps Ps

 D

For large values of r,

E
P

r
o

1


 

In the case of an alternating field, we have the AC relative permittivity
being:

dE
dx

D
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dE
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


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

 This equation says that the relative permittivity increases for 
large values of Ps, and small domain sizes, and large values 
of dx/dE (i.e., domain walls that move easily). As the 
temperature increases, the domain walls are able to move 
more easily so we expect r to increase with increasing T (at 

o

In general, 

'
tan

"

"'*

o

o













AC

AC

j







AC conductivity

Can be 
measured 

i t ll

least up to Tc). Beyond Tc, the domain structure breaks down 
and any applied field E is less able to align the dipoles due to 
thermal agitation and so r decreases. 

Experiments show that the AC conductivity AC for a 
ferroelectric material varies in much the same way 
with temperature as r, showing a maximum at Tc. 

experimentally 
and so allows 
AC to be 
determined if we 
set  = r. 



2.3.6 Barium Titanate

Barium titanate is an important ferroelectric material. The dielectric 
behaviour can be studied by measuring its capacitance as a function of 
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In practice, r can be calculated from the ratio of C/Co where C is the 
measured capacitance of a parallel plate capacitor with the material to be 
tested as the dielectric between the plates and Co is the capacitance 
calculated from the dimensions of the capacitor: oA/d.. For BaTiO3, values 
of r up to 10’s of thousands are obtained near Tc. 

temperature.  

Results for BaTiO3 parallel plate 
capacitor for a diameter of 16 
mm and a spacing of 2.2 mm at 
1000 Hz as a function of 
temperature in C 25000

30000

35000

r

Rearranging the Curie–Weiss 
law, we obtain:

ATT crr  

slope
intercept

For the data shown above the Curie temperature shown here, we obtain Tc = 331 K 
from a least squares fitting to the data, a little lower than the expected value of 393 K. 
Now, 

c k
NT



9

2


80 100 120 140 160 180
T (C)

10000

15000

20000

ok9
If the lattice constant for the unit cell is given as 0.401 nm, then 

 
328

39
m1054.1

10402.0

1 





N

Thus, the dipole moment  for this experimental data is:

   
30

28

2312

1051.5
1054.1

1083.11085.89331











C m

The offset of the Ti4+ ions can thus be calculated from:

No. dipoles per cell unit volume

(Expected value 7.68 x 1030 C m)

and
085.0

 NPs

C m-2

The offset of the Ti ions can thus be calculated from:

 
0086.0

106.141051.5 1930







d
d

Zed

nm (Expected value 0.012 nm)



2.3.7 Piezoelectricity

Piezoelectricity is the electric field produced within certain materials 
when placed under a strain. Alternately, when an electric field is applied 
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to a piezoelectric material, a strain is induced. 
The piezoelectric effect occurs in ferroelectric materials when they are 
completely polarised (one single domain) and also in some non-ferroelectric 
materials such as quartz. 

V

F

Piezoelectric 
crystal

Induced 
voltage F

V

I ti th i
FMechanical 

force

no field applied

field 
applied

Applied 
voltage 
V

A ferroelectric material is poled by the application of a high voltage, thus 
i h d i b li d li hi h (b

A common piezoelectric 
material is lead zirconium 
titanate Pb(Zr Ti) O3 (PZT). 
It is poled at a field of 3 
kV/mm at 120 C.

In practice, there is 
some hysteresis and 
non-linearity between 
V and F (or d and V).

d
Piezoelectric 

crystal

causing the domains to become aligned. Poling at high temperature (but 
below Tc) allows the domain walls to move more easily. 
The piezoelectric 
effect arises due to a 
change in the off-
centre displacement 
of ions in the crystal 
as a stress is applied.

Ti4+



Ti4+

When stress is applied, the off-centre displacement is changed by 
and the dipole moment is also changed by . The polarisation changes 
from P to P which results in an electric field E being induced In



 



from Ps to P, which results in an electric field E being induced. In 
quartz, a non-ferroelectric material, a mechanical displacement also 
produces an off-centre change in the position of ions resulting in a field 
E being produced. 



2.3.8 Piezoelectric Coupling Factor

Piezoelectric coupling factor is a measure of the efficiency for converting 
mechanical energy into electrical energy (and vice versa). 
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m

e

U
Uk 2

e

m

U
Uk 2

electrical energy output

mechanical energy input

mechanical energy output

electrical energy input

or

Application of strain s to a piezoelectric material results in mechanical 

k = 0.7 PZT
k = 0.4 BaTiO3

pp p
strain energy input Um:

2

2
1

2
YssU m 

Mechanical strain energy 
input/unit volume

This energy is stored as electrical potential energy Ue:

2
o2

1
2
1 EQVU pe Electrical potential energy 

input/unit volume

If all the energy is transferred into electrical energy, then
2

2 





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



In the case of a disc of area A and thickness t being acted upon by a force F
and being compressed x, the coupling factor can be expressed:

2

2
1
2
1









A
FdY

Fx
QVk

QVU

FxU

e

m

F

A

d

x

Linear elasticity where the 
restoring force is proportional to 
the displacement

Ys
A

Y






 

2

2
1
2
1

Ys
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U

l
xAlE
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







2
2 








V
F

CAY
dk

Ax d

Measurements of F and V can yield 
a value for k. C is the capacitance 
of the circuit (including the disc).



2.3.9 AC Piezoelectric Response

In a piezoelectric material there is an induced polarisation P (arising from 
either the imposition of a mechanical strain or the application of an 

The Materials Physics Companion136

external field) which can be expressed:

 
E

EP

op

op







 1

where p is the relative permittivity in the piezoelectric state.   

Consider the application of an AC voltage or a piezoelectric material. At 
low frequencies, the energy per unit volume stored within the material 
comprises that which is needed to maintain the polarisation (an electrical 
component) and that which is required to produce mechanical vibrations (a 
mechanical component). 

At high frequencies, the mechanical response of the material cannot 
follow the field and so there is no piezoelectric effect and thus the energy

LFm

oss

msLF

UkU

EU

UUU

2

2

2
1









  ps

oposopLF

k

EkEEU





2

2222

1
2
1

2
1

2
1



 where r = p

follow the field and so there is no piezoelectric effect and thus the energy 
per unit volume is:

2

2
1 EUU ossHF 

In terms of capacitance or a piezoelectric disc:

  LFHF CkC 21

By measuring the high and low frequency capacitance of a crystal, the 
coupling constant can be estimated. 



When a field is applied to a piezoelectric, mechanical waves propagate 
throughout the material at a frequency equal to that of the applied field. A 

2.3.10 Piezoelectric Resonance
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condition for mechanical resonance exists when:

2
nd 

thickness
1,2,3…

wavelength


Y

d
f

2
1



resonant 
frequency density

Young’s 
modulus

t

At mechanical Lo CoR

resonance, the 
electrical impedance 
is a minimum. 

At frequencies higher than mechanical resonance, the piezoelectric effect 
cannot appear and so the material behaves like an ordinary dielectric in a 
capacitor. The equivalent circuit at high frequencies is thus: 

Equivalent circuit for 
mechanical response

|Z|

f

C1 Z 1
B h i l d h hi h

oo
min

1
2
1

CL
f




fmin
stiffness 
terminertia 

term

C
Z


Between mechanical resonance and the higher 

frequency regime, we have a combined 
mechanical/electrical system which can be 
represented:

1oo

1o
max 2

1
CCL
CCf 




Lo CoR

C1

where there is a 
resonance 
maximum at: |Z|

Th h i l li f i

At low frequencies 

At high frequencies 

 
1

2
1

1
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Ck

CCC

HF
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




f
fmin fmax

The mechanical coupling factor is 
found from: 2

max

min1 









f
fk



An important piezoelectric material is Pb(Zr Ti) O3, or PZT. While the 
electromechanical coupling constant for BaTiO3 is about k = 0.4, values 

2.3.11 Coupling Factor for PZT
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3
of k for PZT are in the range 0.5 to 0.7.  
Experimentally, a series of masses is applied to a disc of material  and the 
voltage across the disc is measured. In practice, the voltage appears only 
while the mass is being applied or removed.  The piezoelectric coupling 
factor is found from:

d
Ax
FdY

Fx
QVk







1

2 F

A

d

xElastic modulus

F
CAY

d
k

V













1

slope
Another way of determining the coupling factor is to consider the 
frequency dependence on the impedance of the specimen. At low 
frequencies, electric dipole movement contains contributions from both 
the AC field and mechanical vibrations. At high frequencies, mechanical 
vibrations cannot follow the changes in the field due to inertia and so the 
induced dipole moment arises solely from the field. That is, the 
permittivities at high and low frequencies are related by:p g q y

  '2' 1 lowhigh k  

In practice, this is done by measuring the high and low frequency 
capacitances and impedances near a mechanical resonant condition.

2

max

min1 









f
fk

|Z|

f
f f

Both methods have their own advantages: the 
DC method is a little inaccurate but quite fmin fmax
DC method is a little inaccurate, but quite 
repeatable, while the AC method gives a more 
accurate result, with a greater scatter in the 
readings. 



2 4 Dielectric Breakdown
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2.4 Dielectric Breakdown

Summary

  kTWe
kT

aZenF 


22
Dielectric conductivity

kTWe
T
A 

Ebreakdown
d
1

 Dielectric breakdown



2.4.1 Dielectric Conduction 

No dielectric is a perfect insulator and in some instances, the finite 
conductivity of a dielectric must be considered. Conductivity in a 
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dielectric usually arises due to the presence of impurities. 
The conductivity of a dielectric can 
manifest itself as a loss of energy 
which is dissipated by resistive 
heating. This is in addition to heat 
arising from the friction associated 
with dipole movement. 

 






 221

"



 s

o

"
conductive 
losses

resistive 
losses

frictional 
losses

frictional 
losses

In water, where the molecules have a 
large permanent dipole moment, 
impurities are easily ionised by the 
fi ld i d i h h di l I



lossesfield associated with the dipole. Ions 
are then free to move throughout the 
liquid if an external field is applied. 
In a solid dielectric, conduction can occur when ions within the crystal 
structure have sufficient thermal energy to overcome the energy barrier W
between adjacent atomic positions in the structure. 

jump

No external applied E When no external field is applied, these 
jumps occur at random, but in the presence 
of a field, there is a preferential direction to 
migration of ions since the energy barrier 
in the direction of the field is lowered and

+
in the direction of the field is lowered, and 
so a current flows. 

For a three dimensional lattice, the conductivity is:

  kTWe
kT

aZenF 


22

lattice factor (e.g., = 4 for NaCl)

No. migration 
ions per unit 
volume

charge on 
the ion

Jump 
distance

frequency 
of vibration 
of ion

For an ion to jump, there must 
be an available vacant site in 
an adjacent position. The 
vacancy concentration can 
depend upon the concentration 
of impurities and also the 
temperature. The number of 
migration ions per unit volume


109

eVW 

migration ions per unit volume 
is thus a measure of the 
vacancy concentration. 

T

kTWe
T
A 



2.4.2 Dielectric Breakdown 

Dielectric breakdown is an increase in conductivity of a dielectric. This 
may occur suddenly or gradually (from sec to days). The process is 
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irreversible in solids.  
The field strength Ebreakdown which causes breakdown depends upon:

• Nature and composition of the dielectric
• Size and shape of the material (sharp corners)
• Environmental conditions (e.g., presence of moisture)
• Method of application of the field (AC, DC, pulsed). 

The application of a sufficiently high field may cause ionisation of atoms 
within the material whereby free electrons are produced and are 
accelerated. This results in collisions with other atoms, which then also 
become ionised, and eventually there is enough ionisation and free 
electrons present to constitute an electric currentelectrons present to constitute an electric current. 
In a gas, breakdown is often 
accompanied by a discharge
of light and sound. All gases 
have a few ions and free 
electrons present as a result 
of bombardment by cosmic 
rays. Upon application of a 
high voltage, the free 
electrons initially present are 
accelerated and may acquire 

Volts

Discharges can be classified as:
• Dark
• Glow
• Brush
• Spark

Applicable to low 
pressure gases

sufficient energy to ionise 
neutral molecules or atoms 
with which they collide. The 
discharge is maintained by 
ionisations from collisions.

Pressure
Low pressure
Chances of collision 
are very much 
reduced due to low 
number density of 
molecules. One or two 
ionisations per 
collision.

High pressure
The presence of many 
gas molecules reduces 
the mean free path. 
Electrons require a 
greater acceleration 
across this shorter 
distance to attain 

For a fixed separation of 
electrodes, the voltage or 
potential required to maintain 
a discharge decreases rapidly 
as the pressure is decreased 
from atmospheric At lower sufficient energy to 

cause ionisation. 
Greater acceleration = 
larger potential = high 
voltage required.

from atmospheric. At lower 
pressures, the required 
voltage again increases.



In a discharge tube, the discharge is maintained by the emergence of 
electrons from the cathode as it is bombarded 

2.4.3 Discharge Tube

al
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Crooke’s dark space
Positive ions striking the cathode 
release electrons which are 
accelerated. The length of the 
Crooke’s dark space is an 
indication of the mean free path 
of these electrons before they 
undergo ionising collisions in the 
negative glow region. There is a 
significant potential difference 
across the dark space Both

with +ve ions from the gas.

CathodeP
ot

en
tia

Fi
el

d
across the dark space. Both 
electrons and positive ions are 
being accelerated.

Negative glow
Glow is an indication of de-
excitation and implies ionisation is 
occurring. Electrons are still 
moving to the right and ions to the 
left although the field is quite weak 
at this point.

Faraday dark space
Dark space indicates ionisation is 

l i El tno longer occurring. Electrons 
have run out of energy during their 
collisions in the negative glow 
region. Electrons are accelerated 
by the field to the right.

Positive column
Visible glowing indicates ionisation 
occurring. Electrons have gained 
sufficient kinetic energy (in the Faraday 
space) to cause ionisation in the 
positive column. Positive column 
extends the length of the tube from the 
Faraday dark space to the anode. 

Anode

Striations may appear as electrons lose 
energy to the extent that ionisation 
cannot occur, are then accelerated and 
resume ionising collisions. 



2.4.4 Thermal Breakdown 

Thermal breakdown occurs when heat generated by the field cannot 
dissipate effectively and the temperature of the material rises. A rise in 
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temperature causes the conductivity of the dielectric to increase, eventually 
to the point where breakdown occurs. 
An important parameter which 
characterises thermal 
breakdown is the ratio:

k


electrical conductivity

thermal conductivity
A large value results in a low value of Ebreakdown. 
Since the losses associated with an AC field include both conduction and 
frictional losses in the dielectric, Ebreakdown for an AC field is usually less 
than Ebreakdown for a DC field when breakdown is thermally activated. 
The conditions for thermal breakdown can be described by comparing theThe conditions for thermal breakdown can be described by comparing the 
rates of change of energies involved. Consider the application of a voltage 
across a dielectric. 

VIPE 

electrical 
power 
input

conduction 
current

The heat lost is a function of the temperature 
difference between the dielectric and the 
surroundings, as well as the surface area exposed 
to the surroundings, and the thermal conductivity 

f th di l t i I l th h t l t it

 
L
VTAI 

 

 





 

 

oo exp TT
k

W
AeT kTW





of the dielectric. In general, the heat lost per unit 
time is:  oTTACQ 

constant
surface 
area

Equilibrium is established when the power input becomes equal to the heat 
lost per unit time. When the power input exceeds the heat lost, then the 
temperature of the dielectric rises until breakdown occurs. 
Characteristics of thermal breakdown:

• There may be some time before the onset of breakdown 
while the dielectric heats upwhile the dielectric heats up. 

• Ebreakdown
d
1



thickness

for thin samples



2 5 Examples of Dielectrics
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2.5 Examples of Dielectrics

Summary

r (solid) > r (liquid) > r (gas)

m
NN 

o

2211   NNN

Relative permittivities

Dipole density

Mixed dipoles...2211   NNN

...21  
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Mixed dipoles

Multiple polarisabilities

Kirkwood equation
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

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




Clausius–Mosotti Equation



2.5.1 Dielectric Properties 

Some interesting features of the dielectric properties of materials. 
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r as 1
3 o



N

1.

2. r increases with increasing N so that:
r (solid) > r (liquid) > r (gas)

3.  only depends on the nature of the atomic dipole and not on the 
nature of the environment.

4. N can be expressed in terms of Avogadro’s number No = 6.0231023 mol1

5.

m
NN 

o

density kg/m3

mass kg

At optical frequencies r = n2 where n is the refractive index of 
the material.

6. When the material contains a number of different dipole types, 
then N is given by the sum of the contribution from each: 

...2211   NNN

No. per unit 
volume of 
type 1

7. When an atom or a molecule contributes in more than one way 
to the overall dipole moment E then the overall polarisibility 
is given by:

...21   21



2.5.2 Polarisability

Consider an oxide ceramic with a relative permittivity of 6.8 over a range 
of frequencies from microwave to infrared. At optical frequencies, the 
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refractive index is 1.48. The structure is a cubic unit cell of 5.5  1010 m.  

At optical frequencies, 
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2.5.3 Dielectric Properties of Water

Water presents an extremely interesting case of dielectric loss because of 
the strong molecular permanent dipole moment. 
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+

-

-

104

 = 1.9 debyes

The Clausius–Mosotti equation expresses 
the relative permittivity in terms of the 
atomic dipole moment  and the 
polarisability  for polar molecules where 
the local field is different from the applied 
external field due to the proximity of nearby 
molecules. 
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The ClausiusMosotti equation is best when the dipole moments are small 
and well-separated. For water, this is not the case, and the Kirkwood 
equation is found to be a more accurate description of the relative 
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

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Can be measured experimentally to obtain 
values of  and i by measuring the 
capacitance of a parallel plate capacitor with a 
water dielectric over a range of temperatures. 

term 
o3 Typical values from an experiment are  = 0.226 

debye for C-M, and  = 2.5 debye for Kirkwood. 

Experiments show that r decreases with increasing temperature as the external 
field finds it harder to align dipoles under increasing thermal agitation. 



2.5.4 Dielectric Properties of Paper

Paper is an important dielectric material because its ready availability, low 
cost, and mechanical and thermal properties make it ideal for use in 
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capacitors. C1

R1

C2

R2

Individual 
fibres

spaces  
between the 
fibres

It consists of a network of fibres and 
pockets either filled with air, water 
or oil depending on its treatment. To 
a first order approximation, the 
equivalent circuit consists of two 
capacitors C1 and C2 in series with 
leakage terms R1 and R2. Thus:
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In terms of the equivalent circuit,
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
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Effective time constantRelative permittivity f = DC relative permittivity

If testing is done over a reasonably 
high frequency range (>10 kHz) 
then the conductivity term  is 
small and so

 

 "'"



Plotting "/ vs ' can be done by 
measuring R, C and tan  as a 
function of frequency using a bridge 
circuit. 


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slope intercept






tan'"

'

1593




A

dC
C
C

oo

plates

area of plateIf untreated, dried and oily paper 
are tested, experiments show that:

 

"'
untreated

oily

dried
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oily
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These results indicate that untreated paper has a high loss " and marked 
frequency dependence consistent with the effect of dipolar water molecules 
within it, while oily paper has low loss with a stable value of ' over the 
frequency range, making it suitable for use as a dielectric in a capacitor. 



2.5.5 Transformer Oil

In this example, the real and imaginary parts of the relative permittivity are 
calculated along with the loss factor at a frequency of 1.5915 kHz where a 
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transformer oil is used as the dielectric between the plates of a parallel 
plate capacitor of diameter 100 mm and a separation of 0.2 mm. The 
resistivity of the oil has been measured at 2.5  1010  m and the 
capacitance has been measured at 950 pF. 
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2.5.6 Contaminated Transformer Oil

In this example, the relative permittivity of a transformer oil contaminated 
with water is measured to be 4.25. The relative permittivity of uncontaminated 
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water is 3.40 and the relative permittivity of water is 70.0. From this data, it is 
possible to calculate the volume fraction of absorbed water. 

The Clausius–Mosotti 
equation is used to 
determine the 
polarisability of water and 
oil separately.  
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If, at 50 Hz, the loss factor is found to be 0.19, then the conductivity of the 
oil is calculated from:
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2.5.7 Sodium Chloride

The data pertains to NaCl. Using 
this data, we can calculate the 

Diameter of Na+ ion 1.8 10-10 m
Diameter of CL- ion 2.4 10-10 m
D it f N Cl 2163 k 3
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relative permittivity at DC 
conditions. 
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2.5.8 Ferroelectric Ceramic

The domain wall movement in a 
ferroelectric material is very small 

D
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when an external field is applied. 

Consider a ceramic disc, 1 mm 
thick, with a relative permittivity 
of 8450 and a spontaneous 
polarisation of 0.32 Cm2. If the 
average domain size is 0.85 m, 
then, when a 100 V peak to peak 
voltage is applied, the domain wall 
movement can be calculated from:
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2.5.9 Ferroelectric Permittivity
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Practical measurements of the relative permittivity of ferroelectric 
materials are influenced by the presence of small air pockets between the 
electrodes and the specimen. The measured capacitance is thus usually less 
than expected since there are now essentially two capacitors in series to be 
considered. 

Cair C

Consider a disc shaped ferroelectric material of thickness d = 2 mm and 
diameter 20 mm with r = 8400 where the measured capacitance, Cm = 
5.561 nF. The expected capacitance can be determined from the 
dimensions of the specimen:
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Taking into consideration the average effect of the multitude of air pockets, 
we have:

111

where it is assumed that the thickness of the air gap is very much smaller 
than the overall thickness of the specimen. 
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3.1 Magnetic Field

Summary

BqvF  Magnetic force

A
B 
 Magnetic flux density


B
ED  Electric flux density


BH  Magnetic field

2
2

2
1

2
1 HBu o

o



 Energy density



3.1.1 Magnetic Field

A magnetic field B is said to exist at a point if a force is exerted on a 
moving charge at that point. The force acting on a moving charge is 

Over and above any 
electrostatic force

1573.1 Magnetic Field

perpendicular to both the direction of the field and the velocity of the 
charge.

Right–hand rule 
(for positive test 
charge)

tesla

Thumb - velocity
Fingers - field
Palm - force

Cm
Ns

Am
N

The 
magnetic 
field is a 
vector 
field. BF

v

F B

v

q

Experiments show that the magnitude of 
the force acting on a charge moving in a 
magnetic field is proportional to:

B is called the magnetic induction
or the magnetic field.

 BvqF  sin  BvF  q

v sin

or

A magnetic field may be represented by lines of induction. The magnetic 
flux is proportional to the total number of lines. Note: not lines of force

since unlike the electric

Total number 
of lines

The number of flux lines 
per unit cross-sectional area 
is a description of the magnetic
field and is called the magnetic induction B

ti fl d it ( l )

Uniform magnetic field -
lines are equally spaced. 

Units: 
weber

since, unlike the electric 
field, the magnetic force is 
perpendicular to the 
direction of the field.

Spacing between field 
lines indicates field 
strength.

N

or magnetic flux density (tesla).
1 tesla = 1 weber 
per square metreA

B 




A magnetic field can be created in two ways: (a) by the movement of charge 
carriers in a conductor (i.e., an electric current) and (b) by a changing electric 

3.1.2 Source of Magnetic Fields
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field in an insulator (or empty space).
Consider the motion of a positive 
charge +q moving with velocity v 
in free space. Experiment shows 
that at every point P,  the B
vector lies in a plane 
perpendicular to that defined by r
and v.

B

B

v

r
P+

The direction of field is given 
by the right–hand rule: 
Thumb - velocity 
Fingers - field

(a)

B
B

+q moves from 1 to 2. 
2

2

sin'

ˆ  '

r
qvkB

r
rvqkB







Unit vector in 
direction of r

= 1  107 Wb A1 m1


4

' ok

Permeability of 
free space

(b)

The electric field 
lines radiate 
outwards from the 
charge.

Strength of E field at 2 thus increases.
In a space where the electric field E is 
changing, a magnetic field B is created. 

B
+

E +
E

v 2
The lines of 
induction are 
circles in planes 
perpendicular 
to the velocity.

v

+

B
1

v
Vertical components of E along 
the line of v are shown. At that 
point, the B field is horizontal. 



3.1.3 Magnetic Flux Density

A magnetic field may be represented by lines of what we call magnetic 
induction. The total number of lines passing through a cross-sectional area is 

1593.1 Magnetic Field

called the magnetic flux. The number of lines per unit cross-sectional area 
is the magnetic flux density or more simply, magnetic field, and is given 
the symbol B. B is analogous to D for the electric field case – however, 
unlike the electric field, where the force on a charged particle depends upon 
E, the electric field intensity, the force on a moving charged particle in a 
magnetic field depends upon B, the magnetic flux density.  
Analogous to E for the electric case, 
we have the quantity H to represent 
the magnetic field intensity or 
magnetic field strength for 
magnetic fields It seems odd that the

ED 

flux density
field strength

magnetic fields. It seems odd that the 
magnetic force experienced by a 
moving charge should depend on B
and not H, but as we shall see, this is 
a consequence of the way in which 
materials behave in a magnetic field.
In the case of an electric field, D is applied (by the free charges) and E is the 
result – the magnitude of which depends upon . In the magnetic case, 
because it is B that determines the magnetic force, it is H that is applied to a 
medium or a material and B is the result. The ease with which a magnetic 
field B is set up within a material depends upon the material property called 

HB 

field strengthflux density

the permeability  of the material. In this case, we think of the magnetic 
field intensity H as being modified by an “effectiveness factor”  to produce 
a magnetic flux density B. In the electrical case, we considered the electric 
flux density D to be modified by an effectiveness factor 1/ to produce lines 
of field intensity E. Our interest is primarily in the physical quantities, E and 
B, that lead to forces on charged particles since it is these forces that are 
responsible for physical phenomena. 
In the case of an electric field between two parallel plates, for a constant 
value of flux density D arising from the free charges on the plate, when a 
dielectric was inserted, the field strength E was reduced due to a reverse 
polarisation field from the dielectric. We shall see that in the case of a p
magnetic field, say in a coil, when a magnetic material is present, the field 
strength H for a constant current I remains unchanged, but the flux density B
changes (can be decreased but usually increased) due to magnetisation 
within the material. For a given cross-sectional area A, if B increases, then 
so does the flux. 



3.1.4 Charged Particle in Magnetic Field

1. A positively charged particle is 
given velocity v in a direction 
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perpendicular to a uniform magnetic 
field B. 2. A force F = qvB is 

exerted on the 
particle downwards.

3. Application of force 
changes the direction of 
motion of the particle.

x

x

x

x

x

x

x

x

x
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x

x

x

x

x

x

x

x

x

x

x

x

x

v

F

B

v

v

v

v

4. If the motion of the particle is 
completely within the field, 
then the particle travels in a 
circle of radius R with 
constant tangential speed |v|.

5. The force F is a centripetal force:

Bq
mvR

R
vm

qvBF






2 m

qB


frequency

If the direction of motion is not 
perpendicular to the field, then 
the velocity component parallel 
to the field remains constant and 
the particle moves in a helix.

x

x

x

x

x

x

x

x

x

x

x

x
v

v

v

Bq

radius of path

It is a peculiar property of magnetic field lines that they always form closed loops. 
Electric field lines may start on an isolated positive charge and terminate on another 
isolated negative charge. Magnetic field lines do not start and finish on isolated 
magnetic poles even though we may draw them as starting from the north pole of a 
magnet and finishing on the south pole. Magnetic field lines actually pass through 
the magnet to join up again. 

NS
Mathematically, this is 
equivalent to saying that:

Magnetic poles

0 AB d

Gauss’ law for magnetism.



3.1.5 Force on a Current-Carrying Conductor

Consider the movement of both positive and negative charge carriers in a 
conductor perpendicular to a magnetic field B.

1613.1 Magnetic Field

x

x
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x

x
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x
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x

x

x

x

x

x

x

x

x

x

Positive charge moving with drift 
velocity v1 to the right is acted 
upon by upward force F1 = qvB.

Negative charge 
moving with drift 
velocity v2 to the left 
is acted upon by 
upward force F2  = 
(q)(v)B.

cross-
sectional 
area A

+

-

F2

F1

v2

v1

Let n1 and n2 be the number of positive and negative charge carriers per 
unit volume. The total number of charge carriers N in a length l and cross-
sectional area A of the conductor is:

l

sectional area A of the conductor is:
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222111

222111

21

total force on all 
charge carriers 
both positive and 
negative

current 
density

J

Note: here we have considered 
the movement of both positive 
and negative charge carriers 
within a conductor. If current 
flows due to the movement of 
only one type of charge, (e.g., 
electrons in a metal), then, from 
the macroscopic point of view, 
this is exactly equivalent to the 
equal movement of only 
positive charge carriers in the 
opposite direction.The cross product provides the 

information about the direction of F. 

The resultant force on the loop is zero.
The resultant torque (or moment) is:
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B But, the product lb = the area A of 
the loop, hence:

xF

l

The product IA is called the magnetic moment of 
the loop and is (unfortunately) given the symbol . 

sinTorque IAB



A magnetic field has the potential to do work. It is of interest therefore to 
determine what potential magnetostatic energy is available at any point in 

3.1.6 Energy in a Magnetic Field
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a field B. As an example, we consider the case of a uniform field that exists 
within a toroid. 
The case of a toroid is somewhat simpler than 
that of the solenoid because the magnetic field is 
confined wholly within the toroid.

and is uniform if the radius of the 
toroid is large with respect to the 
radius of the turns.

A

The inductance of an air-filled toroid is given by:

ANL
2

R

The length l = 2R is the circumference of the toroid 
and the area A is the cross-sectional area of the loops.
The use of o here signifies the inductance of a toroid with an air (or strictly 
speaking, vacuum) core. The inductance of a toroid may be significantly 
increased when the coil is wound on a material with a high permeability.

l
ANL o

An inductor stores energy in its magnetic field (much like a capacitor stores 
potential energy in its electric field). To determine the energy stored in an 
inductor, we start with the expression for the voltage across an inductor 
(Faraday’s law):
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For the uniform field within a toroid, the energy 
density u is U per unit volume:
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Summary
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Experiments show that:
• a charge moving perpendicular to 

3.2.1 Magnetic Moment
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. . . . . .

g g p p
magnetic field lines experiences a 
magnetic force.

• a magnetic field is produced by a 
moving charge. 2

sin'
r

qvkB 


These two phenomena are a consequence of the natural tendency of 
magnetic fields to align themselves (since this is a position of minimum 
potential energy). Consider the magnetic field created by the moving 
charges in the wire windings of a solenoid coil:

sinqvBF 

Note, the north 

I

NS

The ends of such a magnetised coil are commonly labelled North and 

N

N

N
     

N

B

geographic 
pole of the 
earth is a 
magnetic 
south pole. 
The north pole 
of a compass 
needle points 
in the direction 
of the field 
lines. 

A compass needle itself consists of a north and south pole, it being a small 
magnet free to rotate on a spindle. A compass needle placed in the vicinity 
of the coil would tend to align itself with the field surrounding the coil. 
Now, outside the coil, the alignment results in the familiar observation that 
like poles repel and unlike poles attract. Inside the coil, the compass needle 
is still aligned with the field but we can no longer say that like poles repel 
and unlike poles attract. Rather, it is more scientifically appropriate to say 
that when two magnetic fields interact, they tend to align themselves. This

South to indicate the direction of the external field. These labels have 
come about since it is the direction in which the solenoid would tend to 
align itself with the magnetic field of the earth if it were free to move.

that when two magnetic fields interact, they tend to align themselves. This 
tendency to alignment exerts a mutual torque (or moment) between the 
bodies producing the fields. This is another way of expressing the concept 
of a magnetic moment.



All the magnetic properties of materials are due to the motion of electric 
charges within atoms. Such movement is usually due to orbiting and 

3.2.2 Magnetic Moment of an Electron
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spinning electrons around the nucleus. 
Consider a single electron in orbit 
around a nucleus with an angular 
velocity  (ignore the spinning 
motion of the electron just now). 
The angular momentum L of the 
orbiting electron is given by:

 2rmL e

-qe

r

The area A of the path traced out 
by the electron is:

M

L
The magnetic moment is similar in a sense to

I

v

by the electron is:
2rA 

The electric current associated 
with the orbital motion of the 
electron is:



2

qI 

The orbital magnetic moment M is given by the product of I and A, 
hence:

rqM 
2

2



The magnetic moment is similar in a sense to 
the electrical dipole moment formed by an 
electric dipole placed in an electric field. In 
magnetism, there are no magnetic charges to 
form dipoles (which is why when a bar magnet 
is cut, each piece has its own N and S poles). 
The term magnetic dipole moment is 
therefore not applicable and so we say 
magnetic moment instead. 

L
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e
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 


2
The above expression applies to the orbital motion of the electron around 
the nucleus. It can be shown from quantum mechanics where the angular 
momentum arises from the spinning motion of the electron, the spin 
magnetic moment is expressed:

S
m
q
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e
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 


The total magnetic moment for an atom has contributions from both orbital 
and spin motion of several electrons In general we have:

The physical significance of the negative sign means that 
in this case is in the opposite direction to L because for an 
electron, q = qe = 1.6 x 1019 C.

where S is the spin angular momentum.

and spin motion of several electrons. In general, we have:

JμM 
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e

e

m
qg

2

g is the Lande factor (equal to 1 for pure orbital motion 
and 2 for pure spin), and in this formula, J is the total 
angular momentum from the combination of spin and 
orbital motions for all the electrons. 



An orbiting electron around the nucleus of an atom constitutes an electric 
current I and thus generates a magnetic field Bo. 

3.2.3 Magnetic Field of an Orbiting Electron

N M
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The direction of the field associated 
with this current is given by the left-
hand rule (for a moving –ve charge). 
Field lines for Bo form closed loops 
around the path of the electron. 

o

-qe r
Bo

Just as a compass needle aligns itself with 
the Earth’s field, an atom with a net magnetic 

t t d t li it lf ith th fi ld Th f ti

Outside the orbit, the field lines resemble 
that of the shape of the magnetic field of 
a solenoid or a bar magnet. 

v

S

M

moment tends to align itself with the field. The response of a magnetic 
moment in a magnetic field is similar to that of an electric dipole in an 
electric field  but there is an important difference. In the electrical case, 
when the dipole aligns with the field, the total net field is reduced by the 
field Ed arising from polarisation of the dielectric. This is because field lines 
in an electric dipole begin and end on isolated charges. In the magnetic case, 
field lines form closed loops. When an energised solenoid, a bar magnet or 
an atomic magnetic moment aligns with the field, the field in the vicinity of 
the moment is generally increased, not reduced. This is because the portion 
of the field lines inside the solenoid, permanent magnet or electron orbit are 
closer together and more concentrated than those on the outside. If many 
atoms were stacked upon each other, and the stack bent around into the 
shape of a toroid, then the magnetic field lines Bo would be entirely 
contained within the toroid and lie inside the orbit. 

M

S

-qe
r

Bo

v 

The concentrated field lines add to 
the applied external field and the net 
field is increased. This is called 
paramagnetism. However, as we 
shall see, another consequence of the 
motion of an electron around an 
atom is a slight reduction in the 
magnetic field due to the action of

N

r

B

magnetic field due to the action of 
the Lorentz force on the moving 
electron. This is called 
diamagnetism and is a much weaker 
effect than paramagnetism.  



3.2.4 Quantum Numbers

In an atom, at each value of the principal quantum number n 
corresponds to the allowable energy levels E for the 41 qm

1673.2 Magnetic Moment

The orbital angular momentum L can take on several distinct values. 
Each of the values is described by a second quantum number l. The 
allowed values of l are 0, 1, … (n1). Each value of l
corresponds to an energy level indicated by a letter. 
The allowable values of the angular 
momentum are:

surrounding electrons where n = 1,2,3,… and 

l = 0 s
l = 1 p
l = 2 d
l = 3 f
l = 4 g
l = 5 h

A third quantum number m describes the allowable 

   1
2

1  llhllL
 1,...2,1,0  nl

The letters 
have 
historical 
significance 
from 
spectroscopy 
experiments.

  222 24
1

n
qmE ee

o


-qe

r

M

L I

v
M

Orbital 
moment

Spin 
moment

S

changes in angle of the orbital angular momentum vector in 
the presence of a magnetic field. It takes the integer values 
l to 0 to +l. What this means is that the z component
of L is constrained to have values in increments 
such that:

mhmLz 
2

z axis

llllm ,1,...1, 

Note that Lz cannot 
ever equal L. The 
largest component 

f i l

z

 2zL
6L

Allowed 
values of Lz
for l = 2

The fourth quantum number s describes the spin of an electron where the 
spin quantum number can be either s = +1/2 (up) or 1/2 (down) and 
indicates whether the z component of the spin angular momentum Sz is 

of Lz is .l
 1zL

6L

 0zL
6L

 1zL

6L

For a given l, there 
are 2l + 1 possible 
states or values of 
Lz.

Note: 
6)12(2 

24


 

hsSz

aligned with (up) or opposite (down) to any external magnetic field (usually 
oriented along the z axis). Sz can thus take on two values: 



3.2.5 Bohr Magneton

The spin magnetic moment of electrons in atoms is responsible for the 
most part for the magnetic properties of matter. The spin magnetic moment 
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Thus, the z component of the spin magnetic moment associated with a 
single electron is expressed:

of a single electron is: 
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where the z component of S is constrained to have values:


 shSz 
24

224 mA 103.9
2
1  

e

e
z m

q


This important quantity is called the Bohr magneton and given the symbol 
B. Magnetic moments of atoms are usually of this order and are usually 
expressed in units or multiples of B.

sg Bz  

More generally, we can say that the z component of the magnetic moment 
for any spin quantum number s and g is:



Consider a compass needle at rest, pointing north. If work is done to turn 
the needle around 180º so that it is held pointing south, then the needle has 

3.2.6 Energy of Magnetic Moment
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acquired potential energy. In a similar way, a magnetic moment which for 
some reason is not aligned with an external field within which it is located 
has potential energy – and so if it is released, it will acquire kinetic energy 
of rotation as it turns and aligns with the field. The potential energy 
depends upon the angle of the magnetic moment and the field and is over 
and above the potential energy of the electrons in their orbits or energy 
states. The magnetic potential energy is given by:

 cosBU M
M

B



The potential energy is a maximum at +MB 
when  =  (aligned 180º against the field) 

BμU M or z

-qe

r

L


( g g )

and a minimum MB at  = 0º (fully 
aligned with the field). The zero 
position of potential energy corresponds 
 = /2 (90º) for convenience. 
In general, for an electron the magnetic 
moment is: 

lgL
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The maximum magnetic potential energy of M occurs when L is 
aligned with the field (i.e., M aligned against the field  =  ):

The factor 
is called 
the gyromagnetic ratio.
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Bohr magneton

But the component of the orbital angular momentum L in the z direction 
can only take on discrete values given by the quantum number m. Thus, the 
magnetic potential energy of the orbital magnetic moment of an electron 
is restricted to certain maximum values given by: 

llllm ,1,...1,  1,...2,1,0  nl

For spin angular momentum S, we have much the same situation where 
the magnetic potential energy of the spin magnetic moment of an electron
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the magnetic potential energy of the spin magnetic moment of an electron 
is restricted to certain maximum values given by:
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Considering the allowable values of magnetic potential energy associated 
with magnetic moments of atoms in a magnetic field, it is of great interest 

3.2.7 Zeeman Splitting
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to observe what effect the magnetic field has on the energies of electrons in 
atoms. That is, the energy associated with the magnetic moment (which 
exists when the electron finds itself in a magnetic field) either adds to or 
subtracts from the energy which it already has at that particular energy 
level in the atom, depending on the values of the quantum numbers l and s. 
For the case of orbital motion, we can let, for example, l =1 and m take on 
the values 1, 0 and 1. The allowable magnetic potential energies for an 
applied external field B are thus:

BU
The diverging 

z is aligned 
opposite to B

BB
U

B = 0 

B >0

U m = 0
BU B

BU B

In the case of spin, the magnetic potential energy of the electron in the 
presence of a magnetic field depends upon the spin quantum number s.  

B = 0 
U BU B2

lines show how 
the energy 
increases 
linearly with B.

z is aligned 
with B

(g = 2)

BB

BB

0

z is aligned opposite
to B (Sz aligned with B: spin up)

B >0

B

Of course an electron in an atom contains both spin and orbital motion and 
so, in the presence of a magnetic field, there may be Zeeman splitting from 
both causes. Interaction between the two modes of splitting means that in 
practice, both orbital and spin motions should be considered together (i.e., 
1 < g < 2). More generally, we write:

The splitting of energy into 2l + 1 levels in the presence of a magnetic field 
is called Zeeman splitting. 

BB
z is aligned with
B (Sz opposite to B: spin down)

the z component of the total J 

BjgU B

angular momentum

jg

Jg

B

z
Bz










the total angular momentum 
quantum number 

jJ z 

For g = 2 and j = 1/2 z = B



3.2.8 Larmor Precession

When an atom is placed in a magnetic field, the electron energy levels 
change or split according to the value of the quantum numbers and the 
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For the spin component 
h i h i

magnitude of the field. The change is always by an amount:

BU B
m

qe
B 2


where

If we consider the orbital motion of an electron in a magnetic field, then if 
the magnetic potential energy difference between one energy level and 
another is U, this must also be equal to h. That is, in a magnetic field, 
should there be a transition between the newly formed energy levels 
spaced U apart, then the frequency of the associated photon is E = h. 
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quantum number, 
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Another physical interpretation of 
this frequency is that it represents a 
precession of the magnetic moment 
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about B. This is called the Larmor 
frequency. That is, the magnetic 
moment rotates around B at the 
Larmor frequency. The frequency 
is proportional to the applied field 
strength; the stronger the field, the 
faster the magnetic moment rotates 
or precesses around B. This 
phenomenon forms the basis of 
procedures for measuring the value 
of g for a particular atomic system. 
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The Larmor precession arises because the 
magnetic moment is proportional to the 
angular momentum. 
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The angle of precession is 
determined by the m quantum 
number. 
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The precession is similar (except for 
quantum effects) to that of a spinning top 
or gyroscope. 



3 3 Magnetic Properties
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3.3 Magnetic Properties

Summary

MHB oo   Net field in a material

 

 









1

1

o
r

o Magnetic susceptibility

Relative permeability

L
m
q

e

e
M 




2
 Diamagnetism

kT
BNM M

3

2
 Classical paramagnetism

Quantum paramagnetism


















kT
BN

ee
eeNM

B
B

xx

xx

B






tanh

B Paramagnetism 1
3

22  jj
kT
BNgM B

 1
3

22
 jj

kT
Ng Bo 

 Curie’s law

 FBo Eg2  Paramagnetic susceptibility 
(metals)

 tan
2
1 2

max rorms HP  Power loss in a cored inductor



3.3.1 Permeability

When matter is placed in the region around a magnet or a current-
carrying conductor, the magnetic field B in the space around the magnet 
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or conductor is different from that which exists when the conductor is in a 
vacuum due to the magnetisation of the material.

1. Uniform field 2. Presence of material 
may concentrate field

This behaviour arises due to the interaction of the externally applied field 
and the internal field generated by the orbiting (and also spinning)

•The magnetic induction B
•The magnetic field intensity H

permeability

Now, a magnetic field can be described as either B or H:

B and H have different physical significance.
The “magnetism” that is 

li d t di b

amperes 
metre1

teslas 
(Wb m2)

HB where:

The magnetic field intensity H is a field

and the internal field generated by the orbiting (and also spinning) 
electrons within the material.

H is a measure of magnetism 
applied and is independent of 
the medium while B is  a 
measure of magnetism, which 
results in the medium to which 
H is applied.  

The magnetic induction B is a field vector 
which determines the magnetic force acting 
on a moving charged particle.

The “magnetism” that is in turn 
created within the medium and 
is available to act upon 
anything placed within it

The resulting magnetic induction B produced by an external source of 
magnetic field H (such as a moving charge or an electric current) depends 
upon the “ease” with which the surrounding material permits the creation of 
magnetic field lines. This is the permeability of the medium. For free space, 
the permeability is o = 4  107 Wb A1 m1

applied to a medium by 
some source

The magnetic field intensity H is a field 
vector, and describes the magnetic field 
generated by a moving charged particle. 

p y o 

In free space the source of B is the applied field intensity H. When the space is 
occupied by a magnetic material, the field B now present is higher due to the 
extra contribution of magnetisation from the material. The total permeability is 
. The ratio  /o is the relative permeability r. 



3.3.2 Magnetic Materials

In most materials, the direction of magnetic moments is random and so 
there is usually no net magnetic field present (of course this is not the 
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V
M total



We may then ask, what is the value of the resulting net magnetic field B
within a material after an external field is applied? When a magnetic field is

When a material is placed within a magnetic field, unbalanced or net 
permanent magnetic moments within the material tend to align with and 
reinforce the external field. This alignment is opposed by the 
diamagnetic effect arising from the Lorentz force on the electron. The 
overall net magnetic moment per unit volume induced by the external 
field is called the magnetisation M. 

case for permanent magnets – which we will consider later). 

When a material is present, there is an additional field created by the net
magnetisation of the material. The additional field produced is proportional 
to the total net magnetic moment per unit volume induced in the material. 
The total net field B that now exists in the material is thus given by that 
which would be present in a vacuum, plus (or minus) the field from the 
magnetisation:

MHB oo  

within a material after an external field is applied? When a magnetic field is 
applied (such as through the motion of charges in a nearby conductor), it is 
done in terms of a magnetic field intensity H. In free space, the resulting 
magnetic induction B is given by .o HB 

oo 

induced field due to 
magnetisation of material 
(may be same or opposite 
direction to oH)

field due to 
application of H from 
external source

total net field within 
the material

When M is in the same direction as H the material is said to be 
paramagnetic and the net field is greater than that originally applied as a 
result of the magnetisation of the material. When M is in the opposite 
direction from H, the net field B is weaker when the material is present and 
the material is said to be diamagnetic. 
Why then do we need H if the contribution from the material can be included by the 
magnetisation M? H is used mainly because it is a macroscopic quantity and is moremagnetisation M? H is used mainly because it is a macroscopic quantity and is more 
easily handled than the magnetisation M.  In electrostatics, E and D are usually used 
rather than E and the polarisation P. Note, the force experienced by a charge in an 
electric field depends on E (not D) and the force experienced by a moving charge in a 
magnetic field depends on B (not H) and so E and B are usually of more interest in 
explaining physical phenomena. 



3.3.3 B, H and M

The relationship between B, H and M provides a very useful picture of 
what happens when a material finds itself in a magnetic field. Consider 
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the magnetic field B that exists within a material after it is placed in the 
field. What is the value of B at this condition? 

This is the contribution to the 
resulting value of B arising 
from the ultimate source of the 
magnetic field (e.g., the 
current in a solenoid). 

Mo
This is the contribution to the 
resulting value of B arising 
from the magnetisation within 
the material.

+

H is the “cause” of the 
magnetic effects which follow. 

M results from alignment of dipoles 
within the material and the induced 
field oM may oppose or reinforce 
the applied field depending on the 

Ho

B
This is the resulting net field 
that is available to apply forces 
to any charges that happen to 
now move within it.

nature of the material. 

B is the combined “effect” 
resulting from the application 
of H and the magnetisation M. 

Consider a wire-wound solid toroid with an air gap. Magnetisation of the 
material exists within the material of the toroid due to oH from the current 
in the windings, and so we have both oH and M vectors arriving at the 
surface of the gap. On the other side of the gap, M vectors are also to be 
found due to magnetisation of the toroid material, so what happens in the 
gap?gap? 

The M vectors end on the surface of the face of the 
gap and continue on into the gap as H vectors.

oM

oH
Note, there cannot be any M in 
the gap because there is no 

t i l th t b ti d

oH MHB oo  
oM

oH oH
HB o

material there to be magnetised. 
H in the gap is larger than H in the 
material. B in the gap is the same 
as B in the material (neglecting 
fringing of the field in the gap). 

oM oH oM



3.3.4 Magnetic Susceptibility

The net magnetisation that occurs within a material placed in a magnetic 
field of intensity H depends upon the strength of H. That is, the 
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HM
BM o




magnetic 
susceptibility

 
 

H
H
HH
MHB

o

o

oo











1

 1

thus:

Material 
oxygen 1.9  106

aluminium 2.2  105

platinum 2.6  104

Paramagnetic materials

magnetisation is proportional to H.

Material 
copper 1.9  105

Diamagnetic materials

 

 











1

1

o
r

o

relative 
permeability

The result is that the magnetic field 
within the space where the material is 
present is greater (or less depending on 
the sign of ) by a factor r = 1 +  than 
if there were a vacuum present. 

Note that the magnetic 
susceptibility is a small number 
(for both paramagnetic and 
diamagnetic materials) and so 
local field corrections (such as 
the ClausiusMosotti 
equation used for electrical 
permittivity) can be ignored. 

pp
gold 3.6  105

water 9.0  105

There is an important third class of materials where magnetic moments are 

• diamagnetism
• paramagnetism
• ferromagnetism

Magnetic moments line up and serve 
to reinforce the external field.

Magnetic moments add up in such a way 
as to oppose the external field.
Present in all atoms, but the effect is usually only 
observable in atoms whose shells are completely filled, 
since for unfilled shells, paramagnetism dominates. 

p g
aligned in magnetic domains, even in the absence of an external field. 
These are ferromagnetic materials (and have a large value of ). 
In summary:

Magnetic moments are strongly interacting with each other, lining up 
into magnetic domains, even when there is no external field present.

Occurs in atoms whose shells are not completely filled.



3.3.5 Diamagnetism

Consider an electron in a 
circular orbit around a nucleus r

M
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The centripetal force Fo
is due to the Coulomb attraction between the electron and the nucleus and is 
directed inwards. This is balanced by a centrifugal force mo

2r acting 
outward. With no external magnetic field applied, the initial magnetic 
moment associated with the moving electron is:  

2
o

2o

22
rqrqIA e

eM 



 

with an angular velocity o.
-qe

r
v oF

When a magnetic field is applied, an additional (Lorentz) force acts on the 
electron: .vBqBqvF eL 
For the direction of B shown

rm o
2

B
M

For the direction of B shown 
here, the direction of the 
Lorentz force is outwards and 
opposite to the centripetal force. 
The centripetal force Fo does not 
change (since the Coulomb attraction 
is unchanged), so the angular velocity o must reduce by - to  so as to 
accommodate the presence of FL. Thus: .2

o BrqrmF e  
Since the angular velocity is reduced by -, the magnitude of the 
magnetic moment is also reduced by:

qe 


 2

LF

-qe
rv oF

rm 2

If the motion of the electron were to be 
t l k i th ld i t

M

The significance of the

L
m
q

rq

e

e

e
M








2

2
2

This change in M when divided by the 
atomic volume, is the induced 
magnetisation M of the atom brought 
about by the presence of B. Note that the 
degree of magnetisation depends upon 
the strength of the applied field B (via
FL). Since M is in the opposite direction 

counterclockwise, then M would point 
downwards in the above diagram, the 
Lorentz force would point inwards, and 
the angular velocity would increase. 
M would be positive (more 
downwards), and so the induced 
magnetisation would be again opposite 
to that of the applied field. If the field B
had been applied downwards, and for 
clockwise motion of the electron, then 
the Lorenz force FL would point inwards 
towards the centre of rotation. In this 
case, the angular velocity would 
increase. The magnetic moment M

The significance of the 
-ve sign is that m
points down in the 
figure shown above. 

L) pp
from B, the net field in the vicinity of 
the atom is reduced. When the induced 
magnetisation opposes the applied field, 
the material is said to be diamagnetic. 

increase. The magnetic moment M
would increase – and the change in M
(now upwards) would again be 
opposite to that of the applied field B
(now pointing downwards) .



3.3.6 Paramagnetism (classical view)

Paramagnetic materials have small permanent magnetic moments in the 
absence of an external B field. M
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In the absence of an external 
magnetic field, thermal agitation of 
atoms causes the magnetic moments 
to be in a random direction. 
When a field B is applied, the moments 
tend to preferentially line up in the 
direction of B. The net magnetic moment 
(the vector sum of all the atomic permanent 
moments) per unit volume is the magnetisation M induced by application 
of B. The amount of alignment, and hence the resulting magnetisation, 
depends on the competing effect of disorientation by thermal motion

B

M

M

M M M

depends on the competing effect of disorientation by thermal motion. 
From statistical mechanics the magnetisation is:

Note that M is proportional to B and inversely proportional 
to T. In contrast, the magnetisation due to diamagnetism 
is proportional to B but independent of T.kT

BNM M

3

2


We said above that paramagnetic materials have small permanent magnetic 
moments, but what is the origin of these? The permanent magnetic moments 
occur in materials with an odd number of electrons. However, when atoms 
form bonds with other atoms, and odd valence electrons are shared, the net 
magnetic moments arising from unpaired electrons cancel out. In a gas, such 
pairing may not occur and gases may exhibit paramagnetism. In solids, 
unfilled inner electron shells give rise to paramagnetism even though theunfilled inner electron shells give rise to paramagnetism even though the 
outer valence electrons may be paired up in bonding. 
In a classical sense, the permanent net 
magnetic moments of atoms of 
paramagnetic materials align with an 
applied field. The component of M
which is parallel to the field increases 
in magnitude as the moment rotates into 
alignment. Since the component in 
alignment with B increases in magnitude, 
the susceptibility must be positive and 

h ll fi ld i h i i i

M
S

qe
r

Bo

-v

N



z

so the overall net field in the vicinity 
increases. When the induced magnetisation 
reinforces the applied field, the material is 
said to be paramagnetic.

N
S

B



3.3.7 Paramagnetism (quantum view)

In general, the potential energy of the magnetic moment is expressed:
BsgU B
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For a material exposed to a magnetic field, there will be N1 atoms per unit 
volume in the lower energy level and N2 atoms in the higher energy level, 
the total number of atoms per unit volume being N = N + N The two

For an electron, with s taking on the values 1/2 and +1/2 and g = 2, in the 
presence of a magnetic field, Zeeman splitting gives us: 

B = 0 

B >0

U BU B2 (g = 2)

BB

BB

z is aligned opposite
to B (spin up).

z is aligned with
B (spin down).

N1

N2

z

B

z

sgU B

the total number of atoms per unit volume being N  N1 + N2. The two 
concentrations are related by the Boltzmann distribution such that:

kTUe
N
N 

1

2

From a macroscopic point of view, the magnetisation M gives the net total 
magnetic moment per unit volume of material, and so, in the presence of a 
field B aligned with the z axis, and for s = 1/2 and g = 2:

 212 NNM B  

 ee xx

whereupon combining the above equations, we obtain an expression for the 
magnetisation from the average magnetic moment along the z axis:

BB

(note, with B = 0,  N1 = N2 and M = 0)















kT
BN

ee
eeNM

B
B

xxB






tanh

kT
Bx Bwhere

M is proportional to B at low values of B 
(since when B is small, tanh x  x) but at 
higher fields, eventually M reaches a 
saturation value of Ms = NB whereupon 
all the moments are aligned with the field 
(spin down) and each contributes B to 
the total magnetisation. 

s = 1/2, g = 2

M

kT
BB

BNsM

for s = 1/2
g = 2

g kT
As the field is applied, the spacing between the Zeeman energy levels 
widens, and the concentration of moments in the lower energy level (aligned 
with the field) starts to increase, and so N1 > N2, thus leading to a non-zero 
value for M. 



3.3.8 Total Angular Momentum

The total angular momentum of an atom is the vector sum of both spin and 
orbital motions: .SLJ 
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The possible values of the total angular momentum can be expressed in 
terms of a total angular momentum quantum number j and the 
magnitude of J is:  1 jjJ
The z component of J is given by values of j from:

jjjjjj ),1(),2)...(2(),1(, 
The largest value of the z component of J is, in 
accordance with the uncertainty principle j

j = 3/2 j = 2 j = 1/2
+3/2 +2 1/2

1/2 1 1/2

Examples of values for 
z component of J in 
units of 

The orbital and spin 
magnetic moments 
interact with each other 
and cause precession of 
the L and S angular 
momenta around J. The 
result is that the total 
net moment M makes 
an angle with J due to 
the Lande g factor
being greater for spin

Both the orbital and 
spin magnetic moments
contribute to the magnetisation of materials. For non-paramagnetic materials, 
all these moments cancel because of pairing of electrons and so the net effect 
is diamagnetism. In paramagnetic materials, the magnetic moments from 
unpaired electrons do not ordinarily produce a net magnetic moment because 
of the disorientation of the moments due to thermal agitation. When an 
external magnetic field is applied, Zeeman splitting occurs and a net 
magnetisation develops along the direction of the field due to alignment of

+1/2 +1 +1/2
1/2 0
3/2 1

2
electron
(a spin 1/2 particle)

j can either be an integer 
or a half-integer.

being greater for spin 
than for orbital motion. 

magnetisation develops along the direction of the field due to alignment of 
spin magnetic moments towards the lower energy state. 

 1
3

22  jj
kT
BNgM B

 1



jjg

g

BM

B





M

M

μ

JμNow

Thus

This is the magnetisation for general j and g for small B. The factor of 3 
comes about due to averaging of the angular momentum over x, y and z
directions in space. 

B 11 
For j = 1/2 and

and so

kT
BN

kT
BNM

B

B

2

2 1
2
1

2
1

3
4













 

For j  1/2 and 
g = 2, we obtain:

as before.



3.3.9 Curie’s Law

At temperatures above 0 K we can approximate M by:


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kT
BN

kT
BNM

B

B
B

2

tanh

















1
kT

BBsince at T >> 0 K.

For a given applied H, the resulting magnetic field B is given by:
 
H

MHB

o

o







since M is usually quite small. The ratio of M to H is the susceptibility:

j = 1/2, g = 2

H
M



The susceptibility is thus seen to be dependent on temperature:

kT
N

BkT
BN

B

B

o
2

o
2










More generally (for j and g), we have:

 

 1
3

;

1
3

22

22







jj
kT

Ng

HB
H
M

jj
kT
BNgM

Bo

o

B








Curie’s law

The paramagnetic susceptibility
depends inversely on the temperature. 



3.3.10 Paramagnetism in Metals

In general, metals are paramagnetic, although some exhibit 
ferromagnetism. Paramagnetism arises from spin motion of the conduction 
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electrons, but it should be noted that the distribution of conduction 
electrons follows the Fermi–Dirac distribution, not the Boltzmann 
distribution used earlier. 

B = 0 

B >0

U BU B2 (g = 2)

BB

BB

z is aligned opposite
to B (spin up).

z is aligned with
B (spin down).

N1

N2

z

As before, Zeeman splitting results in electrons with spin up being raised in 
energy and those with spin down being lowered in energy. In an attempt to

z

B

energy and those with spin down being lowered in energy. In an attempt to 
minimise the total energy, electrons near the Fermi level have the 
opportunity to flip and transfer to the spin down, lower energy level. This 
results in an imbalance of concentration of moments which are aligned with, 
or opposite to, the applied field and the result is of course a net 
magnetisation of the material. 
For each flip, the net 
magnetisation increases by 
2B. The magnetisation thus 
depends upon the density of 
states g(EF) at the Fermi 
l l I i i ll

EF
Bg(E)

Electrons with 
spin up flip and 
transfer to spinSpinlevel. It is essentially 

independent of temperature. 

   

  BEg

EgM

BF

BBF

2

2
2
1









The paramagnetic 
susceptibility is therefore:

 FB Eg2
o 

z

z

T = 0K

E

transfer to spin 
down to minimise 
the total energy.

Spin 
down

Spin 
up

The susceptibilities of metals are much 
smaller than those of non-metals. 



3.3.11 Complex Permeability

An ideal inductor consisting of an empty (air) coil has zero resistance and 
an impedance given by Zo =  jL.  When a magnetic core is inserted into 
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o
the coil, the reactance increases:

oZZ oZ

In an AC circuit, hysteresis losses in the core lead to a resistance term RL in 
the overall impedance of the coil (that is, the reactance term  L in the 
impedance is out of phase with the loss term RL). (The resistance term is 
within the core material and may be added, if desired, to the DC winding 
resistance of the coil.) Thus:

LR
)

jwLRZ L 

 "'
'"

"

'

o

oo

o

o









jLj
jLLuZ

L
R
L
L

L

r








C l bilit

LoRL

Now, let

and

Complex permeability

Now, the loss factor is the ratio of the permeabilities:

L
RL


 

'
"tan

The loss resistance is:







"

"

"

o
2

o
2

2
o

rms

rms

Lrmsrms

L

H

LI

RIP

LR









Power dissipation:





tan
2
1

tan'

o
2
max

o
2

rrms

rms

HP

H





r 'since



3.3.12 Saturation Moment

The table below compares the electronic properties of some important 
magnetic materials assuming isolated atoms and no 4s moment 
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contribution. 

Element No. 3d 
electrons

No. 4s 
electrons

No. 
unpaired 
3d 
electrons

s Ms
(in B)

Ti 2 2 2 1 2

Ti3+ 1 0 1 1/2 1

Ti4+ 0 0 0 0 0Ti 0 0 0 0 0

Cu 10 1 0 0 0

Cu2+ 9 0 1 1/2 1

Fe 6 2 4 2 4

Fe2+ 6 0 4 2 4

Co 7 2 3 3/2 3

Co3+ 6 0 4 2 4

Ni 8 2 1 1 2

Ni2+ 8 0 1 1 2

  gSM  

2
electrons 3d unpaired No.

2






s

g
gSM Bs 

for spin



3.3.13 Example

If a single atom has a net magnetic moment of M = 2.1  1023 A m2, 
calculate the magnetisation and the magnetic induction for this material if 
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If all the moments are aligned, then the magnetisation has reached the 
saturation level and so 

327

223

m105

Am101.2









NM
N

MS

M





.Ms NM 

all the moments are aligned with each other and the number density of 
atoms is 5  1027 atoms per m3. 

Answer:

 
13

2723

mA 10105

105101.2








With no external field, we have H = 0:

 
T 132.0

10105104 37
o

oo












M
MHB



Consider the current loop created by the orbital motion of an electron. If the 
radius of the orbit is 0.5 Å, calculate the current for one Bohr magneton of 

3.3.14 Example
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The current is coulombs per second and thus the frequency can be 
found by dividing the current by the electronic charge. 

magnetic moment. Also, calculate the angular velocity of the electron. 

Answer:

M

  1050109270

m105.0

21023

10












B

I

IA
r

-qe

r

L
I

v
  

Hz1038.7

106.11018.1

A1018.1

105.010927.0

15

193

3






















eqI
I

I



Calculate the energy required to rotate an atomic magnetic moment with a 
spin j = 2 from being aligned with an external field B to be aligned 

3.3.15 Example
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For j = 2, there are (2j+1) = 5 levels, and so four E’s.

completely against the field. Then calculate the ratio of moments which are 
aligned with the field to those against at 300 K and 150 K. 

Answer:

 
 

4

T 4.0
2






Bg
BgE

B
j

B

B




   

eV1085.1

J10966.2

4.01027.924

4

23

24













K300@9930

026.0
41085.1

1

2










e

e
N
N kTE

At 300K, we have almost equal numbers of 

K150@986.0

K300@993.0

013.0
41085.1

1

2







e
N
N

moments aligned with and against the field. 

As the temperature is lowered, N2 (where 
moments are aligned against the field) 
becomes less.  



3 4 Ferromagnetism
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3.4 Ferromagnetism

Summary

2
Bo

Ce

N
kT

M
H


  Weiss constant

 
Ms

BM

NM
jjg






 1 Saturation flux

k
NC

TT
C

oB

C





2



 Curie-Weiss law

  
1

1
22orr

 tan
2
1 2

maxHP orrms  Hysteresis power loss

High frequency  






tan

1 22o
response of ferrites



Ferromagnetic materials have permeabilities much larger than that of 
free space. r = 1000 to 10000.

3.4.1 Ferromagnetism

1893.4 Ferromagnetism

The spin magnetic moments within a ferromagnetic material interact 
with each other even when there is no external field present by a 
quantum mechanical exchange coupling force. These interactions 
cause the creation of a strong internal molecular magnetic field. This 
field causes neighbouring moments to align themselves parallel to each 
other in regions called magnetic domains of size approximately 107m.
With no external field, the orientations of the domains are random. Within 
a domain, the orientation of the magnetic moments is aligned and the 
magnetisation is at the saturation level. When an external field H is 
applied, the domains tend to reorient so that the effect of this is that those 
d i l d i li t ith th fi ld t d t i i t th

r

Iron is the most significant magnetic material hence the term ferromagnetic, but the 
term also refers to other elements such as nickel and cobalt.

domains already in alignment with the field tend to grow in size at the 
expense of others, not aligned, which shrink. As H is increased, a 
saturation point is reached where all domains contain magnetic moments 
that are aligned with the field.

Ms Ms Ms Ms

0M
Ms Ms Ms Ms

0M

H

term also refers to other elements such as nickel and cobalt.

In the presence of an external field H, there thus exists a net
magnetisation M – the material becomes magnetised. If the aligned 
domains remain aligned upon removal of the external field, we have 
created a permanent magnet. It should be noted, however, that although 
the magnetic field of a permanent magnet can be used to perform 
mechanical work, we have to put work into the system first to align the 
domains. 



With a paramagnetic material, the application 
of H results in a field B in a linear fashion 

3.4.2 B-H Curve
B
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such that: 

All domains aligned 
with field (saturation).

B
The permeability of a 
ferromagnetic material 
varies as the external 
magnetic field intensity H
is varied. For a given 
al e of H B depends on

When H is applied to a ferromagnetic material, the relationship is not 
linear. The permeability (the ratio of B/H at any point – and not the 
instantaneous slope) is a function of H. 

H
MHB oo







H

o

H

Domains whose axes are 
most nearly aligned with 
applied field grow in size.

value of H, B depends on 
 because H is great 
enough to force domains
to align themselves with 
H rather than their 
preferred crystalline 
orientation. Alternately 
we can say that 
depends on B because 
the permeability depends 
upon what fraction of the 
magnetic domains has 
aligned its moments with 
the magnetic field.g

In a ferromagnetic material, an applied H aligns the domains –
not so much the magnetic moments. Within a domain, the 
magnetic moments are already aligned by the strong internal 
molecular field. All H does in a ferromagnetic material is to 
align the domains in a particular direction. 

At saturation, all the domains, and hence all the magnetic 
moments, are aligned. The net magnetisation within the material 
reaches a saturation value Ms. The relationship between B and H at 
saturation is similar to that of a paramagnetic material but in this 
case the magnetisation M remains at its saturation value:

sMHB oo  
case, the magnetisation Ms remains at its saturation value:

Above saturation, any increase in B due to an increase in H is due 
to oH.



3.4.3 Hysteresis

After a ferromagnetic material has been magnetised by a field intensity 
H, when H is brought to zero, most ferromagnetic materials will show 
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Only ferromagnetic 
materials have 
residual magnetism
and thus show 
h i

B

H

remanent magnetism

H returned to zero

demagnetising 
(coercive) field 
required to remove 
remanent 
magnetism

Hc

Domain growth in 
large applied field 
becomes irreversible.

some residual net magnetic field B. A demagnetising field Hc is 
required to be applied to reduce B to zero. 

When the magnetic field intensity H arises from an alternating current, the 
flux density B in a ferromagnetic material tends to lag behind the magnetic 
field intensity H which creates it. This is called hysteresis loss.

hysteresis. magnetism
remanent 
magnetism

The area within the hysteresis loop represents an energy loss as the field 
has to be reversed to negate the residual magnetism arising from the 
irreversible alignment of domains at high values of H.

Alternate reversals of the external field, such as in an AC circuit, can 
therefore result in significant hysteresis losses. The energy dissipated per 

 HdBU H

g y gy p p
unit volume is the integral:

The surface integral symbol is 
used to denote an integration 
over one complete cycle. 

For a frequency , the rms power dissipation within a volume V of 
material is:

 HdBVPrms 

2

The loss term manifests itself as a complex permeability, where the power 
loss is expressed in terms of the loss factor tan :

 tan
2
1 2

maxo HP rrms 



Examples of ferromagnetic materials are Fe, Co and Ni. Materials made 
from rare earth elements are in some cases also ferromagnetic. 

3.4.4 Ferromagnetic Materials
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Ferromagnetism can occur in both metals and insulators. The origin of 
ferromagnetism is the presence of a strong internal molecular magnetic 
field that acts so as to align the spin moments of electrons into domains. 
The alignment of moments within the molecular field does not require 
the presence of an external field. 
In order to create a magnet from 
a ferromagnetic material, the 
domains, initially at random 
direction, need to be aligned as 
much as possible in the same 
direction For a permanent

B

H
Hc

Hard 
ferromagnetic 
material
(permanent 
magnet)

direction. For a permanent 
magnet, this is most usually 
accomplished by subjecting the 
material to a strong external 
magnetic field. For permanent 
magnets, the domains, once 
aligned, are difficult to reorient. 
These materials are called hard 
ferromagnetic materials. 
However, it should be noted that 
although a strong internal 

l l fi ld i i d t

B

H
Hc

Soft 
ferromagnetic 
material
(transformer 
core)

molecular field is required to 
orient magnetic moments inside a 
domain, alignment of domains 
into a single direction need not 
require a strong external field. In 
some materials, even a small 
field will do. In soft 
ferromagnetic materials, the 
direction of orientation of 
domains may be very easily 
accomplished. When the external 

B

H
H

Linear 2nd 
quadrant 
materials
(NdFeB)

field is removed from a soft 
ferromagnetic material, very 
little residual net magnetisation 
exists. 

Hc
Permanent 
magnets are 
usually operated in 
the 2nd quadrant. 



3.4.5 Molecular Field

Although we have mentioned the strong molecular field that exists in 
ferromagnetic materials several times, we have not yet made any real 
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explanation for why it exists. For now, we can say that the molecular field He
is created by spontaneous alignment of magnetic moments M in the material, 
even in the absence of an externally applied field. It is reasonable to assume 
that the strength of the molecular field He is proportional to the spontaneous 
magnetisation M: 

MHe 
Weiss constant

For g = 2 and j = 1/2 (for convenience) we have:

It will be later shown that the molecular exchange field Be
is very much larger than any externally applied H and is 
formed predominantly by the magnetisation of the material:  

M
MHB

o

oe







For g  2 and  j  1/2 (for convenience) we have:









kT

BNM eB
B


 tanh

M












kT
MNM

MB

oB
B

e






tanh

o

xNM B tanh

CTT 

CTT 

CTT  Curie temperature
curved line

Bs NM 

If we let
kT

Mx B  o then

xkTM
oB 



xkTM
oB 



xstraight line

increasing T

At T = TC, and for small values of x, where
2
Bo

k
NM 



oB 

The point of intersection of the straight and curved lines gives consistent 
values of M for different values of T for a condition of spontaneous 
magnetisation. If T starts off low, then the point of intersection is over to 
the right hand side of the figure. As T is raised, the magnetisation M
becomes lower as the straight line gets steeper and the point of 
intersection slowly, and then more rapidly, approaches 0, at which time 
T = TC. At T > TC, there is no spontaneous magnetisation. 









kT

HNM eoB
B




we obtain:

2
o B

Ce

Ce

N
kT

M
H

kTH


  g = 2, j = 1/2and:

Weiss 
constant



3.4.6 Saturation Flux Density

The saturation magnetisation for a ferromagnetic material can be 
expressed in terms of the magnetic moment per atom: 

The Materials Physics Companion194

 
Ms

BM

NM
jjg






 1

No. atoms

spin (integer or half integer)

saturation 
moment saturation magnetic 

moment per atom

Given the saturation moment, we are able to calculate the saturation flux 
density Bs as follows. For example, for iron:

kg/mol1055..

kgm 7900

2.2

3

3











wm

BM





 10023.6143636

mol 143636
1055

7900
kg 7900

23

3












N

n

Then in 1m3 iron, we have:

if

atoms1065.8 28

  

 
T 22.2

1076.1104

mA 1076.1

1027.92.21065.8

67
o

16

2428

















 ss

s

MB

M saturation 
magnetisation

saturation flux 
density



3.4.7 B of the Molecular Field

The flux density for the exchange force molecular field Be can be 
calculated if the magnetisation and TC are known. For example, for iron, if 
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C
Tc = 1043K and the saturation magnetisation per atom Ms = 2.2B, then:

jNg
NM
MH

B

Ms

se










 

 
3

1
3

22
o

o

22








C

e

Bo

C

MkT
MB

jjNg
kT





Then:

where N = 1 for one atom

 

 

 

 
  10279222

10431038.13

3
1

3
1

3
1

24

23
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o

o

22
o
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
















BB

C

B

C

B

BC

B

gjg
kT
jg

kT
jjNg

jNgkT
jjNg










since TC = 1043 and Ms = 2.2B  
T 1109

1027.922.2




Compare this with the saturation flux density Bs on the previous page. 
Be is a very strong field. 



3.4.8 Curie–Weiss Law

Above the critical temperature, the molecular field disappears and the 
material is paramagnetic. As T is raised and approaches TC, the normally 
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C
very strong molecular field becomes comparable to that of H which may be 
applied externally, and so the field B becomes:

 

 

 
kT
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M
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MHN
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where

In a ferromagnetic material initially at a 
temperature T > TC, the material is 
paramagnetic. As T is lowered and 
approaches T  increases and diverges

k
C 

kT
N B o

2
 

where

Compare with 

approaches TC,  increases and diverges 
at T = TC. This marks the transition to the 
ferromagnetic state. 



3.4.9 Exchange Energy

The pairing of outer electrons in neighbouring atoms into opposite 
directions means that for most materials, there is no net magnetic moment. 
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When an external field is applied, Zeeman splitting results in most solid 
materials exhibiting paramagnetism.
The preferential alignment of 
electron spins into anti-parallel 
pairs changes with the distance 
between the electrons. When two 
electrons are far away from each 
other, they can have any 
orientation with respect to each 
other. As they become closer 
together it is energetically

Critical distance, 
spins align parallel 
(ferromagnetism).

Far apart, spins have 
independent alignment.

s

together, it is energetically 
favourable for their spins to align 
with each other. When they are 
close together, it is energetically 
preferable for their spins to be 
opposite to each other. 

For ferromagnetic materials, the outer electron shells are filled and form 
anti-parallel pairs within each atoms. However, for these materials, there 
are unpaired electrons in inner shells, and these can interact with their 
counterparts in neighbouring atoms. If the distances are just right, then 
there is an alignment of the spins and magnetic moments of these inner 

Close together, 
spins align 
anti-parallel.

g p g
electrons between atoms, thus leading to the formation of domains whose 
magnetic moments are aligned. 
The nature of the alignment of spins arises due to the character of a 
quantum-mechanical exchange force. This force, initially very low when 
the electrons are far apart, increases as the two electrons are brought closer 
together and reaches a maximum at a certain critical distance between two 
electrons – in which the spins lead to a lower exchange energy when they 
are in the same direction. The exchange force decreases again as the 
electrons are brought even more closely together and becomes negative at 
which point it is more favourable for the electrons to have their spins in 

it di ti I f ti t i l th i d iopposite directions. In ferromagnetic materials, the unpaired inner 
electrons find themselves at this critical distance with other unpaired inner 
electrons in neighbouring atoms and so the magnetic moments tend to 
become aligned. 



3.4.10 Domain Formation

If the spacing between unpaired inner electrons in ferromagnetic 
materials leads to the preferential alignment of magnetic moments of 
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atoms, we may then ask why do we not obtain one spontaneously 
formed domain. Why are there (in the absence of an external field) a 
profusion of domains at random orientation? 
The answer to these questions is 
found in the universal nature of 
any system to assume a state of 
minimum energy. 
The formation of one large 
domain would indeed result in a 
minimum in the exchange 

i hi lid b h

M

B

energy within a solid, but at the 
same time would create a very 
strong external magnetic field. A 
magnetic field has 
magnetostatic energy. 
If the material were to divide into, 
say, two domains, this would 
reduce the external magnetic field 
and lower the magnetostatic 
energy at the expense of only a 
slight increase in the total

A minimum in the magnetostatic energy arises when there is a large 
number of domains with random orientation. Thus, we have competing 
conditions for a minimum total energy. The formation of random domains 
would result in a lower magnetostatic energy while the formation of one 
large domain would result in a minimum in the exchange energy. 
There are other energies which also 
come into play – such as 
magnetostriction and anisotropy
energies. The resulting sum of all these 

slight increase in the total 
exchange energy.

competing effects results in an energy 
minimum with the formation of a large 
number of randomly oriented domains. 



3.4.11 Bloch Wall

The exchange force is a short range force. For ferromagnetic 
materials, where unpaired inner shell electrons are affected by the 
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exchange force from similar electrons in neighbouring atoms, the 
exchange energy is the greatest when the two electrons have opposite 
spin. That is, the exchange energy is the greatest at the boundary 
between two domains. 
We must have the 
formation of domains to 
minimise the external 
magnetostatic energy, but 
at the same time, it is 
preferable to also minimise 
the exchange energy at thethe exchange energy at the 
domain walls. Nature does 
this in ferromagnetic 
materials by creating a 
gradual transition of spin 
over a short distance, the 
Bloch wall, so that the 
exchange energy is 
minimised over to adjacent 
atoms while at the same 
time achieves the creation 

f d i

Bloch wall

M

of a new domain.  
Because of this gradual transition in magnetic moment from one domain to 
the other, the exchange energy associated with each neighbouring pair of 
atoms is nearly at the lowest possible level – and so the region of transition 
can be easily moved under the application of an external field H. Domains 
grow under the application of an applied field intensity H by movement of 
the Bloch wall. This is why ferromagnetic materials can be easily 
magnetised – it doesn’t take much applied H to move a Bloch wall along 
within the material and grow a domain. In hard magnetic materials, wall 
movement is made harder due to imperfections, anisotropy and inclusions 
in the material and, once moved, are difficult to reverse. , ,



3.4.12 Unpaired 3d Electrons

The number of unpaired 3d electrons is a very important quantity in 
determining the magnetic properties of materials. The diagram below gives 
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a useful summary for various ions of interest. 

1 2 3 4 5 4 3 2 1

Sc2+ Ti2+ V2+ Cr2+ Mn2+ Fe2+ Co2+ Ni2+ Cu2+

Ti3+ V3+ Cr3+ Mn3+ Fe3+ Co3+ Ni3+

No unpaired 3d electrons

V4+ Cr4+ Mn4+

3d
The 4s energy level can 
hold up to 2 electrons, with 
opposite spins. The 3d 
energy level can hold up to 
10 electrons.

4s

Let’s consider Fe. Fe has 2  4s electrons and 6  3d electrons.

3d
4s

Electrons fill levels according to Hund’s rules. Thus, there are 4 
unpaired 3d electrons for Fe. 

For Fe2+, we have still 4 unpaired 
3d electrons as the 4s electrons are 
lost to form the 2+ ion. 

For Fe3+, we lose one of the 3d 
electrons and so we obtain 5 
unpaired 3d electrons

3d
4s

3d
4s

unpaired 3d electrons. 
The saturation magnetic moment (due to spin) is equal to the number of 
unpaired 3d electrons  B. 



3.4.13 Ferromagnetism in Metals

So far, our description of ferromagnetism has relied on 3d electrons with 
unpaired spins being located at fixed positions in relation to each other (i.e., at 
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specific sites in a crystalline lattice). This is fine for insulators, but in metals, 
outer shell conduction electrons readily move throughout the crystal structure 
and so the condition for the critical distance for alignment of the magnetic 
moments may not always be satisfied by one particular electron pair. 
For metals, we recognise that the electrons 
of interest as far as ferromagnetism goes 
occupy the 3d band. Before exchange 
forces come into play, the density of states 
of the two orientations of spin can be 
considered equal. 
Wh th h f

EF

z

g(E)

E

Spin 
up

When the exchange force occurs, 
magnetic moments tend to align in the up 
direction. Electrons transfer from the spin 
down to the spin up state in an attempt to 
lower the total energy of the system (note: 
this is opposite to the situation in 
paramagnetism). Doing so means that the 
energies of the states for the spin up and 
spin down states are not equal:

z

E

For each flip, the net magnetisation 
increases by 2B. The amount of 

EF
Bg(E)

Critical distance, 
spins align parallel 
(ferromagnetism)

Spin 
down

y B
magnetisation depends upon the strength 
of the exchange force. The electrons 
which transfer from spin down to spin up 
gain kinetic energy which equals the loss 
in exchange energy. The condition for 
ferromagnetism is:

z

z

E

Spin 
up

Spin 
down F

B Eg
22 2

o 

This condition is most easily met when 
the Weiss constant  is large and the 
density of states at E is large A large density of states indicates a narrowdensity of states at EF is large. A large density of states indicates a narrow 
band within which can be accommodated a relatively large number of 
electrons – precisely the properties of the 3d band in metals such as Fe, Co 
and Ni. 



3.4.14 Ferrimagnetism

In paramagnetic materials, in the absence of an externally applied field, 
the magnetic moments within the material are in a random direction and 

The Materials Physics Companion202

In some materials, notably compounds involving transition metals, there is 

there is no net magnetisation. 
In ferromagnetic materials, the molecular field causes spontaneous net 
magnetisation over small volumes or domains in the material. Thus, we can 
say that within a domain, there is some order to the magnetic effects – the 
lining up of magnetic moments where the spins of electrons in unfilled 
inner shells of atoms within the domain all point in the same direction. 

Critical distance, 
spins align parallel 
(ferromagnetism).

MMM

magnetic order within the material where the spins of adjacent atoms, 
instead of being aligned, are opposite. These atoms are not aligned into 
domains. The magnetic ordering takes place usually within a unit cell. This 
is known as anti-ferromagnetism. The overall net magnetisation is zero. 

A similar type of ordering occurs in ferrimagnetic materials but the 
magnetisation of one direction of spin is less than the magnetisation of

Spins align antiparallel 
(anti-ferromagnetism).M M M = 0

This ordering breaks down above a critical temperature called the Neel 
temperature. 

Spins align anti-parallel 
but magnetic moment 
in one direction is 
greater than the other. M

The net magnetisation of a ferrite is much lower than a ferromagnetic 
material, but higher than a paramagnetic material. The main advantage of 
ferrites in electrical circuits is that they are insulators, and so may operate 
with periodically reversing magnetic fields in high frequency applications

magnetisation of one direction of spin is less than the magnetisation of 
the other direction of spin, leading to a net magnetisation. 

M M

with periodically reversing magnetic fields in high frequency applications 
without the eddy current losses that would be experienced with conducting 
ferromagnets. 



3.4.15 Ferrites

Ferrites are iron oxides with a chemical formula: X2+O2-Fe3+
2O2-

3

where X is one of Zn2+, Cu2+, Ni2+, Co2+, Mn2+, Fe2+.
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where X is one of Zn , Cu , Ni , Co , Mn , Fe .
The ions are arranged in an interlocking combination of two crystal lattice 
geometries A and B. Ions at the A sites have tetrahedral oxygen 
arrangements and those at the B sites have octahedral structure. The 
structure of some ferrites can be summarised as follows:

Ferrite A (tetrahedral) B (octahedral) M = NB
Ni Fe2O4 Fe3+ Fe3+Ni2+ 2 B
CoFe2O4 Fe3+

0.8Co2+
0.2 Fe3+

1.2Co2+
0.8 3.8B

Zn0.3Ni0.7Fe2O4 Zn0.3Fe3+
0.7 Ni2+

0.7Fe3+
1.3 4.4B

MgFe2O4 Fe3+
0.9Mg2+

0.1 Fe3+
1.1Mg2+

0.9 1 B

The magnetic moments of the magnetic ions on the
No. unpaired 

Element 3d electronsThe magnetic moments of the magnetic ions on the 
A sites point in the opposite direction to those of 
the magnetic ions at the B sites. These are called 
inverse ferrites. The net magnetic moment for one 
molecular unit is found from a weighted sum.

Element 3d electrons
Fe2+ 4
Fe3+ 5
Co2+ 3
Ni2+ 2

Each unit cell has 8 molecular units. The saturation magnetisation Ms and 

For example an Fe3+ ion has 5 unpaired 3d electrons. The magnetic 
moment of this ion is thus 5B. The Ni2+ ion has 2 unpaired electrons, and 
so the magnetic moment is 2B. For the ferrite NiFe2O4, the net magnetic 
moment, is 5B – (5+2) B = 2B. For the ferrite CoFe2O4, the net magnetic 
moment would be ((0.8)5+(0.2)3 – (1.2)5+(0.8)3) B = 3.8B.

flux density Bs for one unit cell can be calculated if the size of the unit cell 
is known (e.g., as given by x-ray analysis). For example, for NiFe2O4, if 
the size of the unit cell is measured as 8.34  1010 m, then:

 
 

T32.0

mA 1056.2

1034.8

28/

o

15

310













ss

B
s

MB

moleculeM





A normal ferrite (as distinct from an inverse ferrite) has no magnetic 

An interesting example of a 
ferrite is the mineral magnetite
(Fe2+O2- Fe3+

2 O2-
3) with a 

moment of 4B. The 
significance of this is that 
lodestone (magnetite) is a 
ferrite, and not a ferromagnet.

( ) g
moment at the A sites. For example, ZnFe2O4 has non-magnetic Zn2+ ions on 
the A sites and the two Fe3+ ions are at the B sites whose moments point in 
opposite directions (an anti-ferromagnet). 



3.4.16 Mixed Ferrites and Garnets

It is desirable to have the largest possible net magnetic moment for a ferrite 
and this can sometimes be achieved by a mixture of normal and inverse 
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ferrite materials. The objective is to reduce the cancellation of the 
magnetic moments of the Fe3+ ions on the A and B sites. Consider the 
following mixed ferrite:

(ZnOFe2O3)x(MnOFe2O3)1-x

A site B site
Zn2+

xFe3+
1-x Mn2+

1-xFe3+
1+x

The net magnetic moment is:
     xxxN B  151515

Th i ti t h 1/2

Note, we don’t 
include Zn2+ because 
thi i hThe maximum magnetic moment occurs when x = 1/2.

     

5.7
5.25.25.7

5.055.055.15




BN

this ion has no 
moment. 

In practice, above x = ½, anti-ferromagnetism on the B sites reduces the 
net magnetic moment over that predicted by the above formula. That is, at 
x = 1, we have ZnFe2O4 where non-magnetic Zn2+ ions on the A sites and 
the two Fe3+ ions (whose moments point in opposite directions) are at the B 
sites and so it is an anti-ferromagnet. 
I th i d f it h b th f th ti Z 2+In the mixed ferrite shown above, the presence of the non-magnetic Zn2+

ion tends to thus reduce the cancelling effect of the opposite spins of the 
Fe3+ ions, thus leading to M > 5B. 
Even greater moments can be obtained in garnets. Moments > 9B can be 
obtained (e.g., YIG).



3.4.17 High Frequency Response of Ferrites

Ferrites have considerable practical importance because of their high 
resistivity together with their magnetic properties.  Ferrites are often used as 
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the core in inductors where the wire is wound around the ferrite. Ferrites 
with low resistivity suffer from losses from the generation of eddy currents. 
Mn-Zn ferrites exhibit significant eddy current losses <100 kHz, while Ni-
Zn ferrites have very little eddy current losses up to optical frequencies. 
Experimentally, the response of a ferrite over a range of frequencies can be 
measured using a simple resonant Q meter circuit. 

vTotal

R C is an adjustable capacitor of known 

A copper conductor is wound around a cylindrical 
ferrite core. R and L are the resistance (loss) and 
inductance (complex) properties of the coil. 

L

C

RL
j p

capacitance. 
As the frequency of the applied voltage to the coil 
is varied, a resonance condition will occur when 
at R when XC = XL and so:

LX
C

X

L

C







1

LC
R

1


C
L

RCRR
LQ

R

R 11





The Q factor measures the sharpness of the resonant peak and is given 
by:

Instrumentation usually allows an adjustment for C and provides values of 
Q directly, from which the loss factor tan  is determined from 1/Q and the 
inductance L from:

By adjusting C, the resonant condition for a range of frequencies can be 
obtained.

LC
R

1


obtained. 
Measurements of the electrical properties of a circuit using conventional 
instrumentation can be related to microstructural properties of the ferrite 
using a range of theoretical models, the choice of which depends upon high 
and low frequency response of the material. 



3.4.18 Low Resistivity, High Permeability Ferrites

For relatively low resistivity, high permeability ferrites (e.g., Mn-Zn), the 
main cause of loss is by eddy currents within the material.  These currents 
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Magnetically, the power dissipation is expressed in terms of the 
permeability:

arise from the change in magnetic flux within the ferrite as the field reverses 
upon the application of an AC signal to the outer coil. The magnitude of the 
induced back emf depends upon the frequency. This current, acting through 
the resistance of the ferrite, leads to the generation of heat and hence loss. 
Electrically, the rms power dissipation per unit volume, for a cylindrical 
ferrite of radius a and resistivity  is given by:



16

2
max

22 BaPrms 

1











4
tan

16
tan

2
1 2

max
22

2
max

Af

BaHP

or

orrms





where f is the frequency in Hz, A is the cross–sectional area of the core and 
 is the resistivity of the core. More usually, this is expressed as:







4
tan Afo

r


permeability:
 tan

2
1 2

maxHP orrms 

Thus:

Or:

The relative permeability is found from the ratio of the measured 
inductance to the air inductance Lo found from: 

l
ANL

2
o

o



17

o m H104  
l = length of coil
A = cross-sectional area of coiloL

L
r 

In practice, allowance has to be made for the stray capacitance of the coil 
since this affects the measured values of Q and hence L.  As well, the 
model does not include losses associated with changes in magnetisation of 

since this allows ferrite materials to be compared against one another 
without consideration of the geometry of the specimen. 

where

ode does ot c ude osses assoc ated w t c a ges ag et sat o o
the material induced by domain wall movement. Despite these 
deficiencies, the essential feature is that the power loss within the ferrite 
increases linearly with frequency and can be measured experimentally 
from tan .



3.4.19 High Resistivity, Low Permeability Ferrites

In a high resistivity ferrite, such as Ni-Zn, eddy current losses are not 
significant even at very high frequencies (MHz).  The primary loss 
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mechanism is domain wall relaxation. At low frequencies, the domain walls 
move in response to the applied magnetic field and the power loss is low. At 
high frequencies, the walls cannot respond fast enough and the power loss 
increases, but, unlike the case of a low resistivity ferrite, reaches a saturation 
value at very high frequencies.  
The domain wall relaxation time 
 is a measure of the response 
time of the domain walls and is a 
constant for a particular material. 
When the period of the applied 
field becomes similar to the

Prms

saturation

field becomes similar to the 
relaxation time, the ability of the 
walls to follow the field reversals 
in reduced. 

r

 










tan
1

1
22orr

The relative permeability and loss factor depend on the frequency:

At high frequencies, the permeability decreases because, for a given 
applied field strength, the domain walls do not move very far. At very high 
frequencies, the domain walls remain essentially stationary and the relative 
permeability approaches zero. At low frequencies, the permeability 
changes very slowly with increasing frequency and is almost constant.  

In practice, at moderately high frequencies, the loss factor, tan , includes 
a contribution from eddy current losses within the surrounding copper 
windings and an additional term is required:

f
A

 tan

Thus, to measure the relaxation time, f1/2tan  is plotted against f3/2 in the 
region where  is fairly constant and the relaxation time  is determinedregion where r is fairly constant and the relaxation time  is determined 
from the slope. A typical relaxation time for an Ni-Zn ferrite is on the 
order of about 40 nsec and so losses within such a ferrite are not expected 
to occur until the applied field is in the GHz region. 



3.4.20 Example Properties of Ferrites

Ionic distributionFerrite Saturation moment
/molecule
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Ferrites have 8 molecular units per unit cell with unit cell parameters: 

NiFe2O4 8.34 
CoFe2O4 8.35
Zn0.3Ni0.7Fe2O4 8.37

o
A

F NiF O h 4 i d 3d l t d th t ti
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
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With no external field, we have H = 0 and the saturation flux density 
is:

  MHB oo

For NiFe2O4, we have 4 unpaired 3d electrons, and so the saturation 
moment per unit volume is:

 
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The superconducting state of matter has two independent physical 
properties of interest. Superconductors: 

3.5.1 Superconductivity
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• have zero resistivity or infinite conductivity (Onnes, 1911). 
• expel all magnetic fields from their interior and so are 

perfectly diamagnetic (Meissner, 1933).
The superconducting state of matter occurs in materials at very low 
temperatures. Only certain materials show the effect. Superconductivity 
disappears if: • the temperature is raised above a critical 

temperature TC ,
• or if an applied magnetic field becomes too large, 
• or if the current associated with the 

superconducting state becomes too largesuperconducting state becomes too large. 

The infinite conductivity of a superconductor can be demonstrated by 
preparing a ring of superconducting material, and then withdrawing a 
magnet from the interior to begin the flow of current. 

When the magnet is pulled out, current I(0) 
is induced in the ring. In a normal 
conductor, the current decays according to 
the inductance and resistance of the ring

I = 0

N

N

I(0)

the inductance and resistance of the ring 
with a time constant L/R. In a 
superconductor, the current does not decay 
and remains circulating. 

N

If a superconductor is placed in 
a magnetic field, the field lines 
only penetrate to a very small 

 
B

HB o




1
0

1





B
Inside the 
superconductor, 
we have:

depth in the surface and are 
expelled from the interior. This 
is the Meissner effect. 

HM 
 1

Perfect 
diamagnetism



When a current is established in a superconducting ring, say, by the 
application of a uniform external magnetic field, it is found that the current 

3.5.2 Quantised Magnetic Flux
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circulates within the ring.  In fact, there are two currents, one circulating in 
one direction on the outer surface, and one circulating on the inside surface 
in the opposite direction.  The magnetic fields associated with these two 
currents cancel each other out, thus shielding the interior of the material 
from the net field. This is the Meissner effect. 

B

When the external field is removed, the current on the external surface 
disappears and the one on the interior surface remains. This current can 
circulate indefinitely. The magnetic field associated with the interior 
surface current remains and loops around the conductor in the usual way 
(right hand rule). 

I(0)

It is found that if the strength of the applied field B is changed, then the 
flux associated with B(0) changes in discrete steps – that is, magnetic flux 
is quantised. The quantum of magnetic flux is:

B

eq
h

2




As mentioned previously, the presence of the periodic crystal potential 
only provides a different modulation to the wave function for each value of 

3.5.3 BCS Theory
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Consider the conduction electrons in a metal, particularly those near the 
Fermi surface. When an electron 
e1 near the Fermi surface (high speed) 
passes near to a positively charged 
nucleus, the nucleus feels a Coulomb 
attraction and is set into motion

k. Resistance is a consequence of the existence of imperfections in the 
crystal lattice that disrupt the periodicity of the crystal potential and the 
presence of thermally induced lattice vibrations (phonons). Ironically, it is 
the presence of lattice vibrations in special circumstances that accounts for 
the phenomenon of superconductivity. 

e1

e2v1

Attractions

attraction and is set into motion. 
Another electron e2 near to the Fermi 
surface may see this nucleus moving 
away from itself and it will thus experience an attraction. The net effect is 
that the nucleus has screened the natural Coulomb repulsion between e1
and e2 and indeed, e2 now appears to be attracted to e1.  Technically, e1 has 
emitted a phonon which is absorbed by e2. 

v2

This attraction only occurs under certain circumstances: when the electrons 
have opposite spins and are travelling in opposite directions (k1 = k2). The 
binding is fairly weak, and electrons may constantly pair and break up with 
other electrons. Because of the low binding energy, the temperature T has 

b l f h d i h b hto be low for the superconducting state to appear. There may be many such 
pairs, called Cooper pairs, in the solid. 
Cooper pairs are situated a relatively large distance from each other. Other 
nearby electrons are influenced by the pairing process with the result that 
they tend to form pairs themselves, thus lowering the overall potential 
energy of the system. When an electric field is applied, all the ordered 
pairs of electrons tend to move as one, each pair acting as a negatively 
charged particle of 2qe. It is the correlated motion of Cooper pairs that is 
responsible for the superconducting state. In essence, lattice vibrations, 
which tend to inhibit conduction for ordinary conductors, provide a 
mechanism for ordered, unhindered motion of charge carriers in a , g
superconductor.



3.5.4 Energy Gap

The binding energy associated with a Cooper pair is of the order of 3kTC
where TC is the critical temperature for the material. To obtain the 
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C
superconducting condition, electrons near the Fermi surface form Cooper 
pairs. The energy required to do this is the binding energy of the pairing, 
or phonon interaction. In effect, the binding energy manifests itself as an 
energy gap in the energy spectrum, centred at the Fermi level. 

g(E)

gap CkT3
The energy gap is 
typically of the order of 
10-4 eV.

EEo EF

At 0K, all the states below the gap are fully occupied. In the 
superconducting state, those in the states near the gap form Cooper pairs. 
As the temperature is raised, the gap narrows, disappearing completely at T
= TC where the density of states is the shape of a normal conductor and 
pairing is destroyed by random thermal excitations. Lowering the 
temperature allows pairing to be re-established and the gap to reform. The 
process is reversible. 

EgNote that Cooper pairs

k

gNote that Cooper pairs 
occur at the opposite 
sides of the Fermi 
surface because 
k1 = k2.

e1

e2

As the temperature is 
raised, the gap narrows 
and eventually closes and 
pairs no longer form. 

0K



Experiments show that the superconducting state is destroyed if the 
temperature is raised above a critical temperature TC or if an applied 

3.5.5 Type I and Type II Superconductors
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C 
magnetic field becomes too large, or if the current in the superconducting 
state becomes too large. 
If the temperature is raised, then lattice vibrations associated with 
temperature prevent any long range pairing required for superconductivity. 
Type I superconductors are limited in their current-carrying capacity 
because of the Meissner effect and Ampere’s law. If placed in a magnetic 
field, H, and if the field is increased, the superconducting state disappears 
at a critical value HC and the material then behaves like a normal conductor 
even if the temperature is lower than TC. The critical value of H depends 
upon the temperature:  
























2

o 1
C

C T
THH

Passage of a current in a conductor is accompanied by a self-induced 
magnetic field. In a superconductor, the current and the associated 
magnetic field are confined to the surface layer of the solid. The maximum 
current that can be carried by a Type I superconductor of radius r is:

where Ho is the critical field at 0 K. As the temperature is raised from 0 K 
to TC, the value of Hc decreases – that is, the lower the temperature, the 
greater the critical field. 

current that can be carried by a Type I superconductor of radius r is:

CC rHI 2

A Type II superconductor has two critical magnetic field intensities, HC1
and HC2. Such materials have the ability to remain superconducting while 
not excluding a magnetic field from the interior as long as it is between 
these two critical levels. This occurs because the applied magnetic field 
creates an array of cores or vortices of material which enter the normal 
state while leaving the material outside in the superconducting state. 
Eventually the flux lines associated with the vortices overlap and the

At currents greater than this, the self-induced magnetic field is sufficient to 
destroy the superconducting state. 

Eventually, the flux lines associated with the vortices overlap and the 
entire material enters the normal state. Type II superconductors are able to 
carry larger amounts of current compared to Type I because HC2 can be 
hundreds of times larger than HC. 



The penetration of a static magnetic induction B into a superconductor can 
be expressed as an exponential:

3.5.6 London Penetration Depth
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A representative estimate of the penetration depth  can be obtained by 

where  is a characteristic length called the London penetration depth.  m
is the mass of an electron, qe is the charge on an electron and n is the 
number density of electrons (i.e., superelectrons). 

p p p y
setting the number density n = 1  1029 m3:
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This is the London penetration depth, and represents the extent of the 
magnetic induction inside the superconductor. It also implies that the 
current that flows within a superconductor does so very near to the surface 
of the superconductor. 



Type I superconductor

3.5.7 B-H and M-H Loops
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Quantum mechanics predicts that wave function for an electron may tunnel 
through a barrier even though the barrier potential may be greater than that 

3.5.8 SQUID
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of the electron energy. 
In 1962, Josephson predicted that if a superconducting material were to be 
placed either side of an insulating junction, then Cooper pairs may tunnel 
through the junction. Experimentally, this manifests itself as a current 
across the junction, even when there is no external voltage applied. This is 
the Josephson effect. 
The phase of the wave function of the Cooper pairs in the two 
superconductors will not be equal. The magnitude of the current observed 
flowing across the junction depends upon the phase difference and is 
limited to the critical current IC.  
When an external DC voltage is applied across the junction, an alternating 
current appears across the junction with amplitude IC. The frequency of the 
current depends upon the magnitude of the applied DC voltage V. 



eV2


A typical applied voltage is on the order of a few mV, putting the 
Josephson frequency in the GHz range. 
One application of the 
Josephson effect is in 
the construction of a 

I

I/2

i
I

The characteristics of the junction depend very greatly on the magnitude of 
the magnetic flux through the ring. Each time the B field increases or 
decreases by ½  a magnetic quantum, the direction of the current i within 
the ring undergoes a reversal of direction which either adds or subtracts 
from the c rrent I in the different hal es of the ring B fields on the order

sensitive magnetometer: 
SQUID.  In this device, 
a ring of 
superconducting 
material is made with 
two junctions inserted. V



I/2

i

from the current I in the different halves of the ring. B fields on the order 
of 1014 T can be detected using this apparatus. 
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