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PREFACE

This book focuses on the mechanics of crystals. This is a level of mechanics
between that of dislocation mechanics and continuum mechanics. It is
concerned with the phenomena of slip and twinning on specific crystallo-
graphic systems (planes and directions), without being involved with the
nature of the dislocations that cause these events. The basic vunicepts are not
new. Schmid and Boas wrote a classic book, Kristalplastizitdt, in 1935 dealing
with mechanics of slip and twinning in single crystals. Much of the basis for
our present understanding of the plastic behavior of polycrystals and how it
relates to the behavior of single crystals was laid in 1938 by G. I. Taylor.
The development of dislocation theory during the 1930s turned the attention
of materials scientists (largely physicists and metallurgists) from crystal
mechanics to viewing mechanical behavior on this finer (dislocation) scale.
While the study of dislocations has been a fruitful field, it focuses on such
a fine scale that it has not been as useful as crystal mechanics in relating
polycrystal behavior to slip and twinning phenomena observed in single
crystals nor in predicting the effects of texture on plastic anisotropy.

At the other end of the scale, engincers involved with engincenng
problems have been slow to recognize the limitations of conventional
continuum plasticity. Only recently have there been attempts to modify the
basic ideas of continuum mechanics so as to minimize the gap between it
and crystal mechanics. Yet, in principle, it is possible to bypass continuum
mechanics completely and solve cngineening problems involving plasticity
using crystallographic analyses dircctly. With our rapidly growing comput-
ing power, such an approach to engineering problems may become routine
in a few decades.

The treatment here is primarily on plasticity. There is a chapter on
elasticity that serves to introduce the reader to transformations of stress and
strain from one set of axes to another. The effects of anisotropic thermal
expansion on polycrystals is included here. There is no treatment of fracture
phenomena. The reason is that anisotropy of fracture behavior usually results
from mechanical fibering (alignment of inclusions and grain boundarics)
rather than from crystallographic texture, which is the main focus of .the
book. The concepts of crystal plasticity are extended to predict the behavior
of texture polycrystals, and the predicted behavior is related to continuum
theories of vielding. :
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To make the book uscful to a readership with diverse backgrounds, CONTENTS
¢xample problems have been included in the first few chapters and Appendix !

I'to illustrate points and show approaches to solving problems. Some readers
may have strong backgrounds in mechanics but be new to the field of crystals
or vice versa. For this reason, a number of appendices have been included
to cover fundamentals of geometry, crystallography, and mechanics. It is
hoped that their coverage is complete enough to serve as a thorough
introduction to those not already familiar with the area.

The cholce of topics is admittedly somewhat arbitrary and strongly
influenced by the author's own interests. If it scems that the treatment reflects '
the author's views and past work, the author plcads guilty. Most of the 1. ELASTICITY, 3
treatment is {ocused on cubic and hexagonal metals with only casual 1.1 Isotropic elasticity; 3
attention to other crystalline materials. ’

The author wishes to acknowledge the influence of two inspiring’
teachers; Walter Hibbard, who introduced the author to the basic concepts

1.2 Anisotropic elasticity, 6
1.3 Orientation dependerice of elastic response, 15

of crystal plasticity, and W. A. Backofen, who not only taught him the basic 1.4 Symmetry in .OthY materials, 21 '
mechanical framework in which these concepts must fit, but also encouraged 1.5 Elastic behavior of a polycrystal as a single crystal average, 21
him to teach a course on textures and anisotropy and cooperatively worked 1.6 Thermal expansion, 23
with him in developing an approach to the subject. The author also wishes 1.7 Effects of anisotropy of thermal expansion in poiycrystais, 24
to thank U. F. Kocks for introducing him to the Taylor and Bishop and . f nisotropic thermal expansion, 25
Hill papers and to G. Y. Chin for encouragement to write this book. Support 1.8 Residual str;ses rom a p p
of former graduate students, especially R. W. Logan, D. J. Meuleman, References,
C. Vial, and Y. Zhu, is recognized. The help of A. Graf has been appreciated.
Finally, the author wishes to acknowledge the influence of R, M. Caddell 2. SLIP IN SINGLE CRYSTALS, 29
for an introduction to the drudgery and joy of book writing. Dr. F. Barlat o
made a large number of constructive criticisms of the original manuscript. ‘ 2.1 Schmid’s Law, 29 .
2.2 Strains produced by slip, 33
Ann Arbor W.F.H 2.3 Tensile deformation of fcc crystals, 34
Pecember 1992 | 2.4 Lattice rotation resulting from slip (tension), 36
, 2.5 Lattict rotation in compression (Taylor), 42
2.6 Mathgmatical analysis of rotation, 47
2.7 Multiple slip, 48
2.8 Independent slip systems, 50
2.9 Most favored slip system for fcc crystals under tension, 53
References; 54
L |< ‘ ‘ 3. ANALYSES OF TAYLOR AND OF BISHOP AND HILL, 56

3.1 Taylor's analysis, 56 .
3.2 Bishop and Hill analysis, 61

e : 3.3 Discussion of the Taylor and the Bishop and Hill analyses, 68
3.4 Application to textured metals, 70

3.5 Upper-hound pen
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ELASTICITY

1.1. Isotropic elasticity

The elastic behavior of an isotropic solid is completely described by Hooke's
law:

= 2 Loc o, + 0., (L1a)

where E is Young’s modulus and v is Poisson’s ratio. The only necessary
assumption is that second-order cflfects are negligible, (i.c., the. elastic
behavior is linear). This is a very good assumption in crystalline materials.
because clastic strains are small, but is not good fog polymeric materials that
can undergo large elastic strains. The x, y, and z hxes are interchangeable
and need not be principal axes. Therefore, we can also write:

e, = —é[o’, — (o, + 0,)] .(l.lb)

e,fé[a,—v(a,+a,)]. © L (lde)

1.1.1.  Shear modulus

Shear strains also must be proportional to shear stresses,

1

Vye = '6 Tyrs

Vo= L, (1.2)
: |
1
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Iig. 1.1 A body under shear stress (abeve) and the x
‘orresponding Mohr's circle diagram (bet6w), ~——
‘ oo’ ’

where G is the shear modulus. The engineering shear strain, y,,, is twice the
tensor shear strain, e, (se¢ Appendix 2).

The modulus, G, is not i~ ’2pendent of E and v. The relation between
them can be deduced by considering a body under a state of pure shear, t,,,
1s shown in Fig. 1.1. If the stress 7., is resolved onto the 1| and 2 axes,
T, =T, 02 = —T,, 0, =0 and 1,, =0, so | and 2 are principal axes.
According to Eq.(1.1),e, = (1/E)(o, — v(o; + 04)] = 7,,(1 + v)/E,and e, =
N/E) oy — v(oy + 0y)] = —7,,(1 + v)/E.

The shear strain, y,,, can be expressed in terms of ¢, and e;, v, =
vy, — ey = —1,,(1 + v)/E. Comparing this with Eq. (1.2),

_E
AT+

1.12. Bulk modulus

The bulk modulus B relates the volume dilatation, § = AV/V, to the
hzfdroslatic stress, —p = (o, + 0, + 0,),

§=_P (1.9)

hut Bis also related to £ and v Consider an clement (Fig. 1.2) of dimensions
Foofoand Lo Tts volume s &7 Looso d1P20 (1
— AW‘. e e e SO B L et o

(13)
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Fig. 12, Volume dilation.

L,L,dL)/L,L L, =dL /L +dL,/L, +dL,/L, =de, + de, + de,. There:
fore & = e, + e, + e,. Substituting in Eq. (1.1), ’
1 .
= E {[ax_ - V(G’, + O")] + [0’, - V(Ux + Ux)] + [U, - V(ax + G,)]} !
=[(1 = 2v)/E)(o, + 0, + 7,).
Comparing with Eq. (1.4), and substituting —3p = o, + g, + o,

| E
- . 1.5
B 3(1 — 2v) (1-3)

Any of the four elastic cons!ants E, v, G, and B can be expressed in
terms of two others:

9BG
= = —2v) = 1.6
‘ E =261+ v)=3B( V) G135 (1.6)
E _ : G _
3(1 2v)
= EB/9B — E —_— 1.8
3(1 = 2v) = 3EBA )= I1+v (18)

(1M




Fig. 1.3. Bent sheet,

To solve clastic problems with Eq. (1.1), three of the ?'x quantities, o,,
T4 0, €5, 8,,and e, must be known in addition to any two elastic constants.

Example 1.1

A wide aluminum sheet of thickness ¢ = 1.0 mm is bent to a radius of
curvature r = 500 mm, as shown in Fig.  1.3. Determine the stress in the
surface, assuming elastic deformation and E = 69 GPa and v = 0.3.

Solution: Let x, y, and z be tangential, axial, and radial directions
as shown. The stress normal to the free surface o, = 0, and, if the sheet
is wide relative to its thickness, e, = 0. Substituting into Eq. (1.1b),
¢, = (l/E)o, — v(0 + ¢,)] =0, s0 g, = vo,.

At the surface in bcndingi_e, = r/2r)= 0.0010. Now substituting for o,,
a,, and ¢, in Eq. (1.1a), ’ Y

Ee, 69 x 10°
g, = =

- =8 X 10T 1073 = 76 MPa.
= 12009 « § MPa

o, =vo, =03 x 76 = 23 MPa.

1.2.  Anisotropic elasticity
In the most gencral casc of Hookean (lincar) clasticity, each strain compo-
nent is a linear function of every stress component. This relation may be

written as:

(’ij:Si/mn(’mn- (1‘]0)

T VO IRNIsee ANal SN

e dir R

PN

DO IR IS M

e Ao I S

A arm.

d Al st
wolet S0 AL Ji L f Y

ELASTICITY | 7
where a summation is implied. The individual compliances, 5., form a
fourth-order tensor. However, this relation may be greatly simplified by
taking advantage of the relations o, = aﬂ’ and y; = 2e¢; = 2e¢; and by
adopting a new subscript convention for the compliances: Two subscripts i
and J, are used to identify the location (row and column) of the compliance
in the matrix, rather than the axes of strain and stress componénts. Because
the subscripts identify the location of the compliances, the order of the stress

and strain components in the matrix is critical. With this new convention
Hooke's laws are written as:

€yx = sllau + 5120’" + Sllan + 5(40’,, + slsdxx + 516617 \
e" - 5210 xx + 322‘7;’ + $230,, -+ s“a’,, + S280,x + -’zocx, s
€,y =>5310xx + 53107, + 5330, + Sl‘ayl + 5330,x + 536017 > (] ll)

'Yyt = S410xx + 5420,1 + 5430, + S“a’l + S430:x + 546017

Yex = S.';laxx + 552‘7" + 5430, + 55‘0,, + S350, + 3560.:;

ny = S5610xx + 5616” + 5630, + 56‘672 + S650:x + 3666.:7~) '

Note that the x, y, and z subscripts on the stress and strain terms refer
to crystallographic axes of the crystal.

1.2.1. Symmetry of matrix (s, = s;) .
The 36 compliances in Eq. (1.11) can be reduced to 21 indc_pendcnt
compliances by utilizing the relation s;; = 5, which will be discussed here.
Using this, the matrix of elastic constants becomes:
S11 S22 S1y S1a S1s Sie
S12 S22 S23 S24 S2s S26
Si3 S23 S33 Sya Sas 536
S1e S14 S3a Sas Sas Sas

S1s Sa5 S3s Sas Sss Sse

treated. To show that s, = s¢,, 2 calculation will be made of the work
required along two different loading paths (Fig. 1.4) to the stress state
Q =0,y Ty With 033 = 03 = 1,3 = 1y, = 0. In general, the incremental
work per volume, dw, in deforming a body is given by:

dw=a,de, +0,de, +a,de. +1,dy, +1,.dy ., +7,dy,.
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Xy g Therefore the energy associated with loading to Q along paths C and D is B
T—————-—-—D e Q : |
i 1 s S
3 9 We + wp = "l—l dix + sélaxxrxy + LG rxzry-
3 ' 2 2
The elastic energy is completely reversible; so the energy at Q cannot depend
c on the path. Hence w, + wp = we + Wp, SO S¢; = S)6. BY analogous treat-
B ments it can be shown that §,; = 5;,, §3; = $33, etc. In general
Sy =S (1.13)
| A 1.2.2. Matrices for several crystal classes
F Gx X . ‘ The most general matrix of elastic constants, Eq. (1.12), is appropriate for
. iy _ . triclinic crystals that hiave only a center of symmetry. In matenials of higher
Fig. 1.4, Loading paths in the proof that 5, = 5y. 7 g ~ symmetry, the number of independent elastic constants is further reduced
! and the corresponding matrix is simplified. Several examples are:
In this case dw reduces to dw = o, de,, + 1., dy,,. From the matrix of elastic ‘ i
constants [Eq. (1.11)], Y ) Cudie
(x, y, z are fourfold axes)
de,, =51, da,, + 56 dt,, : S;y Sz Sz 0 0 0
oy —— T /)
dicy = Se1 A0 + S dT,,. } S;2 S Sz 0 0 Y )
Th b d . ‘ $12 S12 S5,y 0 0 0 .
¢ body can be loaded to Q along paths A and B. In the first step (4), the b (1.14)
stress o, is applied while t,, =0, s0 the work is w, = [(5,,0,,) do,, = ; 0 0 su 0 0 ’
(v,,/2)02, Th_.cp in step B. the stress t,, is applied while o, is held constant, : 0O 0 0 s 0
o the additional work is wg = [(5,,0,, + SeeTsy) dTey = 160,75y + “
(see/2)12,. Hence the total work to load the material to the stress state Q 0 0 0 0 su
along paths 4 and B is i |
: 4 Hexagonal
s s ' is si
Wyt wg = '; Ol + S160,x Ty, + % . (x, y are twofold axes, z is sixfold)
)
Y : S;p 512 sy 000 0
Alternatively the body could be loaded to Q along paths C and D. In the ; ! S12 551 s;3; 00 e
first sl;y; (C), 1y, is applied while holding q,, = 0; 50 w¢ = [ (Sg6Txy) dTxy = ' :0 0 n
(546/2)T3,. Then along step D, a,, is applicd while holding ,, constant; so : 13 i3 9 (1:15)
0 Saa O
s N
Wy = J‘(SI 10 s + 'Vtylrnv) da,\'x = “l' O+ S61TxyOxxe ° 0 e
i I e b . e , 0 . 0
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The clastic behavior of isotropic materials can be described in terms
[ a matrix of elastic constants that is identical to that for cubic crystals

xeept that see = 2(s;; — 51,). Table 1.1 shows the form of the matrices for
© i symmetry classes.

5|
|
1
*4

230 Axes of twofold symmetry

n the matrices (1.14-1.17), a number of the elastic constants vanish (=0)
ceause of symmetry. The following example illustrates why s,, =0 (and
herefore 5., = 0 also) with twofold rotational symmetry about the z axis.
lic term s, relates the shear strain, ¥ye. to the normal stress, o,,. Suppose
1+ is positive. Then a tensile (positive) stress, Ox» Would result in a positive
‘hear strain, 7y [Fig. 1.5(a)]. But if the z axis is an axis of twofold rotational
vmmetry, the same behavior should be seen when the crystal is rotated 180°
or x is interchanged with ~x and y is interchanged with —y). However, if
i, 1¢:shear is such that y,, appears positive to an observer looking from the

*, " There is nnother subclass of tetragonal crysialy in which x and v are not twofold axes. This lower
: i Mty erquires a matric with more terms See Nve [,

Orthorhombic
(x, y, z are twofold axes) 9
S;p Sz S5 0 0 0
S12. 522 533 0 0 0
Sis S23 S35 0 0 0 (1.16)
0 0 0 s, 0 o I ,
0 0 0 0 s O
0 0 0 0 0 s
Tetragonal! '
(x and/or y are twofold axes,
z is fourfold)
S1y S12 sy O o} o] , ‘
S12 S5, S35 O 0] 0
Si3 S;3 S35 0 0 0 6 (L17)
0 0 0 s 0 0O
0 0 0 o Ses O

B e e e 2

ety ———

Nl .\:Ii:;

'ELASTICITY ' 1

Table 1,1, Matrices of clastic constants for different symmetries

triclinic monoclinic ’ orthorhombic
e & & o & o e 6 ¢ - o - e o 0
® 6 o ¢ 0 o e o o ® e o o
® 6 o 0 o o o & o ® ® o o
+
e & 06 0 & o ® ® [ ]
e 6 6 & o o ® 6 o [} [ ]
o & &6 & o o ® [ ] L J
tetragonal tetragonal

(422,4mm 32m 4/mmm (4,4,4/m)

N eo e
bexagonal

trigonal
(32.3m,JIm)

o

isotropic

L.j

s=0,cm0

s0,ce0

equal values of s or ¢
O=-@

@ =20 fors;,® = @2 (ot ¢
2syy — saz) o (€yy = ¢y2)2

RI9C
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z 3wz
)
! ]
! ]
)
' : E X y z
f ! ; 1 1/2-/3/2 0
] \ E '. 2 J3i2 v2 0
3 ]
; SR 5 S Y A
i * A}
' 1 A) T —
i 60° y
(6) . X/€O'~/
' 2
2. 1.5, Element loaded under a tensile stress, o,,. () [ 5,4 is positive, a positive shear strain, :
.. would result. (b) However, il there is twofold rotational symmetry about z, the x and —x " . ible sets of orthogonal axes for a hexagonal crystal Note
ircctions are interchangeable; so an observer behind the element would perceive a negative { F}:g. l!‘ﬁ' dRCl:m:r b:(‘g\;;:r:':;:’icr:l)l;mequiulcnl. as “5 2 and y.
hear strain, indicating a negative s, . Since 5,, cannot be both positive and negative, it must A that 1 and x are cry g '
¢ zero. - f
«sitive x direction, it would appear negative to an obserder looking from ; Now transforming the stresses,
} he =~x direction, as shown in Fig. 1.5(b). This apparent contradiction is
g csolved only if the stress, o,, causes a zero shear strain, yy,, which in turn ‘

i : o, + 30, — (V3120
nplics that s,, must be zero. Note that the same conclusion would result 0y =105 +19, (\[/ )9xps iy

v ———ree & S———— A,

v were an axis of twot‘o‘lp rotational symmetry. All of the o‘ther zero values 0y =30, + to, + (ﬁlz)a,,. (1.20)
[ the elastic constants in the matrices (1.14-1.17) are related to axes that , ’
ave at least twofold symmetry. o3 =n

Yye i 012 = (S3)ox = (S3D0, = lo,,.

.24, Hexagonal symmetry

‘or hexagonal crystals, matrix (1.15) indicates that 5, = 5y, S33 = 5,4, and
.« =.2(5;, — 5;2). These relations are proved by considering the elastic
:sponse along two sets of orthogonal axes, 1,2,3 and x,y,z that differ by
60° rotation. This is illustrated in Fig. 1.6 together with the matrix of
irection cosines between the two sets of axes.

Since there is at least two-fold symmetry about each of the axes, the
atrix (1.16) of elastic constants for orthorhombic symmetry is applicable.
he elastic strain e, along the x axis can be related to the strains expressed .
n the 1,2,3 coordinate system:

Substituting Eq. (1.20) into (1.19), ¢

e, = -llg(s“ + 6312 + 9522 + 3366)03 ‘
+ '115(35” + 10512 + 3312"' 3366)01 (121)
+ 3(s13 + 3s23)0, + (\/3/8)("511 — 25,3 + 3533 — S66)0y-

o ——— r————— A

Because the x and 1 axes are crystallographically equivalent, ¢, can be found.

) irectly from the matrix of elastic constants, B
' e, = e, + 3¢, + (\/3/4)yl2, (1.18) E directly
ubstituting the matrix of elastic constants (1.16), { e, = 5,0, + 5,20, + 5,30, + (0)033. (1.22)
1
l - ' |
. e e nn) 2372 $227) (\/3/4)5“012' Equations (1.21) and (1.22) must be equivalent, Comparing the coefficients
(1.19)

ofa o, o, anda,. . e

BT

!
i
s
i
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L= 12(S1 1 + 6513 + 9555 + 3s6)
S12 = 12(35,, + 10,5 + 355, — 3s66)
Csiy = 4(syy + 353y)
0= (\/3/8)(—511 — 2513 + 3527 — Sge)-

. Solving simultaneously,
S22 = Sy $23 =513 and¢ sgq = 2(s,, = 512). (1.23)

The matrix of clastic constants for a material with axial or |cylin-
drical symmetry (i.e,, all directions normal to the axis are equivalent) has
exactly the same form as that for hexagonal crystals. Thus, if the elastic
propertics of a material have hexagonal symmetry, they also have cylindrical
symmetry, ’

1.2.5. - Elastic moduli

Instead of writing the elastic relations in terms of compliances [Eq. (1.11)],
. they can be expressed in terms of elastic moduli:

]

Oxx cllexx + Clleyy + ClDe:x + Cu}’yx + Cls}'u + Clény

g

yy = C21€xx €228y, + C23€:; + Coa¥ys + Ca2sVex + Ca6Ysy
O'z_x =Cy18, + €320y, + Cyz8y, + C3a¥ys + Cas¥ex t Cag¥ny (1 24)
Oy =CayCrx + Canlyy + C3€pp + Cag¥yr + Cas¥rx + Caglsy .
Oex = Cyiege + Cs2€yy + 538, + Coa¥ys + Css¥ex + Cso¥ay

”xy = Cq 1 €xy + Cbleyy + CGJe:z + Cﬁ‘?y: + CGS‘Y:: + C(,(,}’,,

The matrices of elastic moduli are simplified by symmetry, and their forms
arc cxactly analogous to those for the compliances (1.14-1.17). If all of the
compliances s;; for a material arc known, the moduli ¢;, can be calculated
and vice versa, but the relations are not simple reciprocals. For example, the
moduli for cubic crystals are:

=(s;; + 512)/(5% + 511813 — ZS%Z)

“512/(5f1 +5n-"|i"25fz) (1.25)

o
[

o
o
1

¥ s e e g -

. e
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The relations for the compliances are analogous:
€11 + €52

S =3 21

€y + €162 — 2643 :

—Cy2 28y

S12= 3 2¢2 (1'26.)

Ciy + €362 — 4012 :

1
S4a =™ .

Can

The relations for hexagonal crystals are:

AREAS A¥BARIADEH

, A .
VLA /"/Lf
K;—//

|
Sy3
ey te=—
S
c 1
6y —C = ———
Sy = Sz
—3 v
€y = —12 c{r2T
s
Sy + S22
€33 =
: s
1
Caa = —
Saa /

where s = 533(S;, + 5,2) — 2515 Again the relations for the compliances are
analogous. Reference [2] gives the relations for other crystal classes.

Tables 1.2 and 1.3 give the clastic constants for some cubic and
hexagonal crystals. Most of the data are from a compilation by Simmons
and Wang [3]. )

13. Orientation dependence of elastic response

The elastic response of a crystal along any set of dtrccuo’nx “may b€ cakhilated
by resolving the stress state onto the crystal axes, usmg the matrices’of elasic
‘constants to find the strains along the crystal axes and then resélving thest

StRATAY BHEG(hRe aXed STTRtErest

Example 1.2

Derive expressions for the effective Young's modulus and Poisson’s ratio for

a cubic crystal stressed along the [112] direction. _ _
Solntinns Tet v=T1121 v =111 and = =[1101 The direction
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Table 1.2. Elastic constants for various cubic crystals

n €13 Cu LT iz Su
Crystal (GPa) (GPs) (GPa) (TPa™Y) (TPa"h (TPa"!)
Cr . 3398 58.6 99:0 310 ~0.46 10,10
Ie 2314 134.7 1164 7.56 -2.78 8.59
K 3.70 314 1.88 12239 56.19 5319
Li 13.50 1144 8.78 3328 —1527 1139
Mo 4416 1727 121.9 290 ~0.816 8.21
Na . 6.1 4,96 592 581.0 -2594 168.9
Nb 240.2 125.6 28.2 6.50 -223 3544
Ta 260.2 154.5 82.6 6.89 ~257 12.11
W §22.4 204.4 160.8 2.45 —0.69 6.22
Ag 122.2 90.7 454 22.26 —9.48 22.03
Al 107.3 60.9 28.3 15.82 ~5.73 35.34
Au 192.9 163.8 41.5 23.55 —10.81 24.10
Cu 166.1 199.0 75.6 15.25 -6.39 13.23
Ni 248.1 154.9 124.2 ©11s —2.98 8.05
Pb 49,5 423 14.9 94.57 ~43.56 67.11
Pd 227.1 176.0 7.7 13.63 7595 13.94
Pt 346.7 250.7 76.5 7.34 —3.08 13.07
c 949.0 151.0 521.0 1.10 —1.51 1.92
Ge 128.4 48.2 66.7 9.80 —268 15.00
si 166.2 64.4 79.7 7.67 -214 12.54
MgO 287.6 87.4 151.4 405 -094 6.60
MnO 223.0 1200 79.0 7.19 -2.52 12.66
LiF 1140 47.7 63.6 11.65 —~3.43 15.71
KQl 39.5 49 6.3 26.00 —~2385 158.6
NaCl 49.0 12,6 12.7 22.80 —-4.66 78.62
NaB - 404 10.1 10.2 27.54 —5.53 98.52
Nal 30.1 9.12 1.33 38.72 —-9.011 136.4
NaF " . 97.0 238 28.2 11.41 -2.29 35.43
ZnS 103.2 64.8 46.2 18.77 -~17.24 21.65
Inp 102.2 57.6 46.0 16.48 -594" 21.74
GaAs 118.8 537 594 11,72 -3.65 16.82

Table 1.3, Elastic compliances for various hexagonal

crystals, in TPa™!

4 Material 1 2 Set

h S 1y
Cadmium 129 -1.5 64.0 36.9 -9.3

Hafium 425 0.398 17.95 6.13 —1.56

Magnesium 2215 ~1.7 60.3 19.75 —-4.93

Titanium 441 0.507 21,41 6.97 ~1.89

Zinc 8.40 1.1 264 287 -175

7.96 -2.39

Zirconinm 5.2 0719 12s

D L o R P
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cosines between these axes and the cubic axes of the crystal are:

' X = y= z=
[112] [ [170]
1=[100]  1//6 1//3 12
2=[010]  1//6 Wi o -2
3 = [001] 2//6 —1//3 0

For tension along [112], the only finite stress on the x,y,z axis system is o,
(i) 0y =0, =0y, =0y =05 = 0). Transforming to the 1,2,3 axes:

! 6y = §04 023 = 30,
)
0'2"—'%“: 031’%‘7:
0’3=§0‘, Gl:‘é"'x

From the matrix (1.14) of elastic constants for a cubic crystal, the resulting
elastic strains are:
e /o, = sy + 8512+ i5,0 =351, + 502
2o, =3513 + &1y + I =dsu + 12
€3/, =451+ 8512 + Iy =351y + ¥z
¥23/0x = ¥31/0x = bsa

Y12/0x = $5ear
Transforming these strains onto the x,y,z axes,

e, =de, +des + 3oy + byay + v + 112
e, =4e, + fey + Sey — dyas — 3+
e, = ke, +de; —iyyy
or - . .‘
€c/o, = dsyy + 4513+ Sua

Efp1a)= Ox/ex = (3syy + 4812 + 1507t s

There are two values of Poisson's ratio; v, = —e,/e, and v, = —e,fe,.

e, /o, = +§'5n+§sn‘isu
and
e.Jo, = +is,, + 502~ Ti54a
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,SO \

, _45“ + 8513 = 2504

’ 65y, + 6515 + 3544

y, = _2s,, + 1055 — Saq

65,; + 65,5 + 3544

1.3.1.  Orientation dependence of Young's modulus for cubic crystals

The foregoing treatment can be generalized for finding the effective Young's
modulus, Eg4, along any direction d. Consider a cubic crystal loadcg under
a single tensile stress o, applied along d. Let the direction cosines of d with
the 1,2,3 axes be a, B, and 7, as shown in Fig. 1.7. The stresses along the
cubic axes are then:

0, =a’a,, 033 = Pyoy
r'd
gy, = ﬂza,, T3 = Yx0, : (1.28)
2
Oy =704, 012 =afio,

From the matrix of elastic constants (1.14), the corresponding strains are:

e/, = 5,07 + 5287 + 5,277, Y23/04 = SaaBVs

exfo, = 5,07 + 5, S+ v Y31/04 = Saa¥ats (1.29)

2 2 2
e3/ay = 50t + 5128% + sp,y7 Y12/04 = Sasaf.
Resolving thesec components onto the d axis,

v
ey/og =ale, + Bley + ey + Pyyas + vays, + afyya (1.30)

Fig. 1.7. Cootdinate system for finding F,.

S IS e =g

iR

B i
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and substituting Eq. (1.29) into Eq. (1.30),

eaf0 = sy(at + B4 +7*) + 25,,(B% + y'al + a7
+ seu(By? + Y2a? + a7p?) i
=5yt + B+ yY) + (25, + s (B + yia? + 2. (‘_1.31)
Substituting the identity («? + ? "+ y) = 1in the form of (a* + B* +7%) =
1= 2(p%? + v2a? + a?f%),

1E,; = e;Jas = 5,, + (=25, + 25,5 + 5 )(B%? + y*a® + a?8%). (1.32)
1f d is expressed by direction indices [hkl],

a = hf/h? + k* + 13,
B =k SR+ K+ 13,
y=1I/Jht +k* +1?

and Eq. (1.32) can be written as:

1 25,5 — 25,; + Se (kP + 12h* + h2K? ‘
1y s @ o sk 4 ) a4y
E, (h* +k* +1%) ‘
For an isotropic material, 1/E is independent of direction. This rcquiiu
that in Eqs. (1.32) and (1.33), (25,3 = 25, # S¢4) = 0, 01
Sas = 2(5); — $12) (1.34)
According to Eq. (1.33), the extreme values of E in a cubic crystal occur »
in the [100] and [111] directions. Since 1/E; 00, = $;;, and I/Enm SN
2(sy1 + 25,2 + Saa)/3, the ratio is given by :
Eiy - 3511

. (1.35)
Ef1o0) S11 + 2812 + Sas :
This ratio represents the largest possible anisotropy in cubic crystals. Table
1.4 gives its value for several cubic crystals. For most, Eqyyy) > Ejy00;, but
therc are exceptions (Mo, Nb, Cr, and alkali hali%u). Tungsten is almost
elastically isotropic.

The orientation dependence in Eq. (1.32) can be expressed as

1 1 1 1 :
- = -\‘-f( - ), (136)
E, Ejon Eniny  Eqoo :

where [ = 3(f%? +y%? + «*f?).
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Table 1.4. Values of Eqyy1y/E( o0 for several cubic

crystals
Material Enin/Enoay  Material Eqn/Eoo
¢ 0.76 Fe 214
Mo 0.92 Nb 0.52
w 1.01 Al 1.20
Cu 291 Ni 2.36
; si 1.44 MgO 139
KClI 0.44 NaCl 0.74
ZnS 217 GaAs 1.66

Figure 1.8 shows how L, varies with orientation in the basic triangle.
(Sce Appendix | for an explanation of the coordinate system.)

1.3.2. Orlentation dependence of E in other crystal classes

Similar’ expressions [1] can be derived for other crystal classes. For
hexagonal crystals,

. [111)

//W

0.9 30

0.8

Ya LD
| | \ R \ N
(100] “ \ \ \ j \ (110]

0 15 30 45

Fig. 1.8. The oricntation dependence of 1/E, for cubic crystals. The contours are levels of
[ MRS e B i the expression VB, o VE jaay -+ [ Eq g = 1/Eji0a)- The value
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!
ria (1= 93310 + 753y + V(1 = ¥2X2815 + 544)s (137), .,

[

where y is the cosine of the angle between the direction d and the ¢ axis. For'*
orthorhombic crystals,

1
E =5, + 5358 + 537" + B2 (2523 + Su)
]

' + y2a(2sy, + sg5) + a?B3(2sy; + See)- | (1.38)

1.4, Symmetry in other materials

The basic forms of the matrix of elastic constants can be used for materials
that are not single crystals, but which do have similar symmetries of structure
and properties. Such materials may be cither natural or artificial composites.
Examples include:

1. Orthotropic (same as orthorhombic) symmetry:

a. Rolled sheets or plates, both before and after recrystallization. The '
anisotropy is caused by crystallographic texture. The axes are’
rolling, transverse, and thickness directions.

b. Tubes and swaged wire or rod resulting from cylindrical crystallo--
graphic textures. The axes are the radial, tangential (hoop), and
axial directions. B

c. Wood. The axes arc the radial, tangential, and axial dxrccuons.
Also paper and cardboard.

2. Tetragonal symmetry: . S

a. Plywood. The anisotropy is from oriented fibers. - A

b. Woven cloth and window screen and composites reinforced wuh
woven material.

¢.- Sheets and plates that have been cross rolled.
3. Axial symmetry (same as hexagonal symmetry):
a. Drawn or extruded wire and rod. The anisotropy is caused

by a fiber texture, all directions normal to the wire axis bcxngf ;
n’t x

equivalent. '
b. Electroplates and portions of ingots with columnar grains. + '
¢. Uniaxially aligned composites. SR

1.5. Elastic behavior of a polycrystal as a single crystal average N '

In principle it should be possible to obtain thé¥Tastic mUAGH fof mz_crzs
als?

rrom a wcrgh(cd average ofthc clasuc bchavibr of all oneﬂ\'ano?i' of
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present in the polycrystal. However, the appropriate way to average
is not obvious. Two extreme methods have been proposed for a random

Table 1.5, Comparison of extreme elastic moduli with upper- and lower-bound
averages for random polycrystals (GPa)

polyerystal. '

For cubic crystals this reduces to:

Ey = (cyy = €13 + 3caad(cyy + 26,2)/2ey, + 3¢, + €ad).  (1.40)

The Reuss average [5] assumes uniform local stress and is based on
averaging the compliances over all orientations:

1/Ex = Y3F' + 2G" + H"), (1.41)
where
F' = i(sy; + 522 + $33)
G’ =4(s12 + 523 + 513)
H' = 3(s40 + 555 + Sg6).

For cubic crystals this reduces to:

Eg' =4(3s;, + 25,5 + S40)- (1.42)

and lower bounds to the true bchavior. Table 1.5 shows a comparison of
the two averages for materials of cubic structure, together with the extreme
values and the experimental value for polycrystals. Hill suggested that either
the arithmetic or geometric average of the Reuss and Voigt averages is a
good approximation for the polycrystal.

Hashmin and Shtrikman [7], however, derived very much better upper
and lower bounds for cubic polycrystals. Their upper and lower boungs for

Hill [6] showed that the Voigt and Reuss averages correspond to upper'

"and

The Voigt average [4] is based on assuming umform local strains and Material B Evon Ex £ Ew & Expe. .
averages the moduli over all oricntations. f Aluminum 75.6 63.2 70.1 70.7 704 704 620
4 Copper 191.7 66.9 109.8 145.2 139.0 1250 128.0
Gold 115.2 425 68.4 87.0 80.9 767 780
v=_(F~G+3H)F +2G)/(2F +3G + H), (1.39) h a-iron 283.3 1323 194.5 227.1 214.6 208.8 208.0
where Nickel 3049 129.0 1973 239.5 238 215.4 2070
' ; Niobium 80.0 1538 9.0 110.6 105.9 1042 103.0
F={(cy + ca2 + ¢y3)
G = }(cia + a3 + €)y) ; i,
H = §(Coq + Css + Cog)- | : the shear modulus (G, and Gg, respectively) are:
' 3 W= (i — )2+ 3a, +b)7",  where (143)

1 =10/Qcag — ¢y + ¢43) .
by = X2, = ¢i3)/[(e1, = €12)(3eyy _.2‘:“)] o 4 "

Gs = Cag + 2A, + B;)!,  where O (144)
2= 10/(cyy — €13 — 2¢44) oot
By = e, + €12 + 3¢ )/[Canleyy + €12 + 4d)].
In all cases the bulk modulus is given by
B = (¢, + 2¢43). (1.45)

The corresponding values of Young's modulus can be found from B
and G using Eq. (1.6), E = 9BG/(G + 3B). Table 1.5 compares the extreme
values of Young's modulus and the upper- and lowet-bound averages for
several materials, Experimental values from Ref. [9] are also given.- -+

1.6. Thermal expansion C

The small dimensional changes caused by temperature changes can be
treated as strains, e, = a,; AT, where a;; is the linear coefficient of thermal
expansion, Hooke's laws can be gcncrahzcd to include these strains. In the
most general case, the thermal expansion coefficients form a symmctnc
tensor: ,

Xy X2 Xy e
%2 X2z (33 (?~46)

Xyy A2y Xy
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Tzble 1.6, Coefficients of thermal expansion for some noncubic crystals

' Temp. range ayy a3, ayy
Material Struet, °0) ((um/m)/K]  ([(um/m)/K] [(um/m)/K]  Ref.
Zirconium hep 300-900 5.7 —* 114 8
Zinc hep 0-100 15.0 — 61.5 9
Magnesium hep 0-35 24.3 — 27.1 9
Cadmium hep at 0 19.1 — 543 9
Titanium hep 0-700 11.0 — 12.8 9
Tin tetr. at 50 16.6 —_ 329 9
Uranium ortho, at 75 203 -14 222 10
Calcite hex. 0-85 -56 — 25.1 10

* Dash indicates'a;; = a,,.
where the subscripts on the « terms refer to the crystal axes x,y,z and are

the'same as on the corresponding strain component. Using shorter notation,

e, = C(; Af‘,
Yxy = %g AT’

e, =a, AT, e, =a, AT,

) = u, AT (1.47)
xS v

¥, = a4 AT,

where a, =y, O =g U3 = Uy, Gy = 2u,;, a5 = 2a5;, and o = 20, ,.
There are simplifications for crystals of higher symmetry:

1. Cubicta; =a, =a;, ay = a5 =g =0,
2. Hexagonal and tetragonal: a, = ay # oy, ¢, = a5 = g = 0;
3. Orthorhombic crystals: o, # a; # &3, ¢, = &g = ag = 0.

Table 1.6 gives the cocfficients of thermal expansion for several hexa-
gonal and other noncubic crystals.

1.7. Effects of anisotropy of thermal expansion in polycrystals

The anisotropy of t}‘xprmal expansion with crystallographic direction in
noncubic crystals has significant effects on the behavior of polycrystalline
aggregates. '

Lord Rayleigh [11] found that the propertics of marble (polycrystalline
calcite) are significantly affected by heating and cooling. Appreciable cflects
were found after heating to only 100°C. Increases of porosity and dimensions
-were observed, as well as decreases of rigidity and tensile strength. Higher
temperatures caused greater damage. Thesc changes were attributed to
intergranular cracking gencrated by the different thermal expansion of
neiehboring grinas.
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Thermal cycling of polycrystals of the noncubic metals, tin, cadmium,
and zinc, has been found to cause plastic deformation, which is revealed by
roughening of the surface [12, 13]. The lack of similar obscrvations in -
magnesium and titanium is consistent with their much smaller anisotropy

of thermal expansion coefficients.

Bars of a-uranium undergo a phenomenon called thermal ratcheting,
whereby thermal cycling causes a permanent increase ol iength. Cycling
between 100 and 570°C causes growth rates up to AL/L = 600 x 1079 per
cycle [14]. This has been explained [15] in terms of: :

1]

1. The duplex texture consisting of two components with some grains
(A) being oriented with [010] parallel to the rod axis, and others (B)
having significantly different orientations; » .

2. The very low (or slightly negative) coefficient of thermal expansion
parallel to [010]; and

3. The easily activated slip system, (010)[100], which for the [010]-
oriented grains (orientation A) produces no dimensional changes
parallel to the rod axis. On heating, the difference in thermal
expansion between the grains is accomodated by grain boundary flow
at the higher temperatures. On cooling, tensile stresses ‘in the (B)
component cause slip: Thus the length of the B grains is increased
during the cycle. A similar explanation was given for the deformation
of zinc bicrystals by a cycle of heating and cooling [16]. Similar
thermal ratchetting has been observed in tin.

1.8. Residual stresses from anisotropic thermal expansion

1t is of interest to estimate the magnitude of the internal stresses that arise
{rom anisotropic expansion in polycrystalline metals. Zinc, which is hexa-
gonal, is an interesting ‘example. Consider the behavior of a bicrystal
composed of two crystals: one, A, with [0001] parallel to the external x
direction and the other, B, with [0001] perpendicular to the x direction, as
shown in Fig. 1.9. They are bonded parallel to x, s0 that e, = eys. With

S
uiy N

[0001] -’ BRI
Fig. 1.9. Bicrystal of zinc. »
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Fig. 1.10. Stress-strain curves for a textured zircaloy-2 rod in tension and compression. The

~ experimental curves are shown above and the calculated ones below. (From MacEwen, Tomé,

and Faber (17].)

no external force acting on the bicrystal, o,, = 0,5 = 0,, = 7,5 =0, and
hecause of the shape e, = 5330,4 + a3 AT = ey = 5,,0,5 + &, AT. If the
_crystals are the same size and F, = 0,0, + 0,5 = 0. Substituting and solving

for a,4,
-4
TeA —.-(“xl | \4‘)/\7'.
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For zinc, &, =15x10"% and a,=61.5x 107%°C)"! and sy, =
28.7 x 107'2 and 5,, = 8.4 x 107'? (Pa)~'. Substituting these values,
0.4/AT = 1.26 MPa/°C. Thus tecmperature changes of only a fcw degrees
should cause yielding of some grains. i

It is impossible to produce stress-free zinc by annealing because of the
intergranular stresses created during cooling from any appreciable annealing
temperature. During cooling, yielding will occur in many grains, leaving them
at or very ncar their yield strengths. Application of any additional stress, as
in a subsequent tension test, will causc yielding in those grains. This is why
the stress-strain curves for polycrystalline zinc do not have linear elastic
regions.

The residual stresses resulting from cooling after annealing have been
studied in textured zirconium rods [17]. Annealing at 900 K was found to
produce residual stresses of over 100 MPa. These were explained using a
much more detailed model than that presented here. These residual stresses
caused differences between the yielding behavior in subsequent tension and
compression tests which were successfully predicted by the model as shown
in Figure 1.10. '
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2
Slip is the primary deformation mechanism in most crystals. It involves
shearing on crystallographic planes in crystallographic directions. The
magnitude of the shear displacement is an integral number of interatomic
distances; so the lattice is left unaltered when slip occurs across an entire
plane. When, however, only part of a planc undergoes slip, there remains a
dislocation or boundary between the slipped and unslipped portions of the
plane, and this dislocation is the center of a lattice distortion. Slip occurs by
movement of dislocations through the lattice, and it is the accumulation of
the dislocations left by slip that is responsible for work hardening. Although.

the study of dislocations and their movement is an important topic, this ..

book is focused on the resulting slip.

Examination of the surface of a deformed crystal indicates that slip xs> »

inhomogeneous on an atomic scale. Displacements of hundreds or thousands
of atomic diameters must be occurring on discrete or closely spaced planes

to crcate the visible slip lines on the surface. Furthermore, on an atomic. -

scale, the planes of active slip are widely separated. Yet the scale of the slip

displacements and distances between slip lines are small compared to most
grain sizes; so slip usually can be treated as macroscopically homogencous

shearing.

The slip clements (planes and directions) for several common crystals
are summarized in Table 2.1. Almost without exception the slip directions?®
are the crystallographic directions with the shortest refat distante, and the’
slip planes are usually densely packed planes.

2.1. Schmid's Law
When a crystal is stressed, slip begins when the shear stress on some slip

system reaches a critical value, 7, (often called the critical resolved shear
stress). In most crystals® slip can occur with equal ease forward or

hee metals are exceptions. They have an casy and a hard direction of ship
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Table 2.1. Slip directions and planes

Structure Slip direction Slip planes
fee (110> {1ty
bee amy {110). {112}, {123}, pencil glide*
hep {1120y (0001), {1700}, {1701}
133 {170T)
dia. cub. 110> ()
NaCl 110y {110} '
CsCl <001) {100}
Fluorite {110) {001}, {110}, {111)*

¢ With pencil glide, slip 18 possible on all planes containing the slip direction, l
* Reported in Zn, Zr, and Be crystals under special Ioading conditions or high
temperatures, .

‘ At elevated temperatures.

backward; so the cohdition nccessary for slip can be written as

Ty = T ’ 2n

" Here nand d refer to the slip plane normal and the slip direction, respectively.
“This simple yield criterion for crystallographic slip is called Schmid’s Law.
In a uniaxial tension test along x, the shear stress can be found from the

3 cquations for stress transformation (sec Appendix 2)

¢

Tpg = Inx ldxaxx' (22)

~ Defining 2 as the angle between the slip direction and the tensile axis, and
“ip as the angle between the tensile axis and the slip plane normal, as shown
in Tig. (2.1), and substituting in Eq. (2.2), the necessary condition for slip
-may be expressed by the usual form of Schmid’s Law

_ = +0,c084¢C0s @ (2.3)
or simply
: o, = t1./m,, (2.4)

where the Schmid factor m, = cos 4 cos ¢.
In tensor notation the condmon for yiclding under a more general stress
state is

+te = L b0+ lylayay, + o+ (L lyy + 1 1a)0 s (2.5)

I;'.'r,amplc 2.0

An aluminum crystal is tested in uniaxial tension parallel to [112]. On which
of the twelve 2110111} slip systems should slip occur? If the crystal yiclds
when the applicd tensile stress is 1.08 MPa. what is the vadue of 1.7

-

T $ar = Lyprvey

—~ ——

Fig. 2.1, Slip elements in uniaxial tension.

Soluuon First write all twelve possible slip systems® and compulc the
Schmid factor for each. For example with [01T](111),

SLIP IN SINGLE CRYSTALS "R

il
slip plane lensile axis \
normal, n
oA slip direction, d ;
A

|
|
A

Ixl+Ix1+1x2 |
=42

SO+ T T ¥ 1T 4 20

Ix0+1x1+2x1

= -4/3

m = ,uxidx = —

NG ETE S e oo

2
—.
J6

Similarly, for the other slip systems:

- -2 - -1
o171 m=—_2 ONYTIT) m=—
[o113( m 7 oI m 7

§

- iy
1013(111 = 1013(111 =
(rotty m NG (rory(rty m 7

* Note that in writing the 12 poswihle slip svetems attention must be paid ta the requirement that the
shp direcion must lie in the slip plane
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[ojtiy m=0 (TT0)(T1T) m =

Sl

[01T]}(T11') m = 011117y m=0

i
NG

(1103(T1t) m = \76

(10171 m= [1T0Y(1HTYy m =

[1013(HT) m=0

The [lOlJ(l 11) and [011}(T1T) systems have the highest Schmid factors and
should be active. The negative value of m for the [0113(T1T) system means
that slip will occur in the —[011] or [071] direction on the (T11) plane or
in the +[011] direction on the (1T1) planc.

= 1.08(1//6)~4= 0.441 MPa.

Smcc slip occurs when 1, = £a,m,

Example 2.2

Consider the yielding of a single crystal with a single slip system (Fig. 2.2).
The angles that the x, y, and = axcs make with the slip plane normal, ¢, and
the slip direction, 4, arc:

@, = 45°%, o, = 60°, @, = 60°
A, =45, A, =120° A, = 120"

b4
The critical shear stress for slip is 1.40 MPa.
a. If the crystal is louded under biaxial compression, o, = g,, with
a, =1, =1, =71, =0 whatis the valuc of o, at yiclding?

Phe, 21 ”ru nl nllnn of 4 I|| Lo X
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b. If the crystal is loaded under a shear stress o,,, with all other stress™®
components being zero, what is the value of o,, at yielding?

Solution: Designating the slip plane norrnal as n, and the slip direction
as d, the relevant direction cosines are:

The shear stress, 0,4, is
Uud = Inx!dxaxx + 1,,,14,0'” + <+ (Inxldy + lnyllx )a.l’

a. Since g, = 0,, and o,, = 1, at yielding,

te = (Lylye + 1, la)0, =

[# % (;)(—5)J

g, =4r, = 5.6 MPa.
b. For simple shear, o

te = (nelay + byla)o, = (D=1 + (=D,
= —lo,,, 0,=-2t;=-28MPa.

2.2. ‘Strains produced by slip
The incremental strain transformation equations (see Appendix 2) may be

used to find the shape change that results from slip when the strains are
small (or more precisely, when the lattice rotations are negligible),

dey, = 12, de,, + 12, degg +

L, dyn. 26)..
With slip on a single slip system (in the d direction and on the n plane), the 1. :
only finite strain term on the right-hand side of Eq. (2.6) is 7., so we can,
simply write S

‘ dcxl = [xnlxd dynd (27)

or in the Schmid notation,
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‘here dy is the shear strain on the slip system. The other strain components
clerred to the x,p,z axes are sipilarly:

de,, = 1,04 dy
e, = by dy _
dy,; = (Lolg + 1,4l.,) dy (2.9)
dY2x = (lenlea + Lialin) dy
dy,y = (Lnlys + Ll dy.

‘xample 2.3
“onsider the deformation of the crystal in Example 2, and suppose the crysLal
s Jeformed until ¢, = —0.1. What will be the values of the other strains?

Note that it does not matter what stress state caused the slip.)
Solution: Since ¢,-is small, the strains may be transformed by the
nfinitesimal strain transformation without much error.

—0.1
3 =Iyn[yd.l’=(—;')(—%) = —01,}’= 1 =04

y
4

L1 o4y =02

« = lanlea? = W

& = Ly = ()(—=1)04) = —0.1

Ve = (glea + Laloa)y

= [(=H) + G)(=10.4) = —0.20, etc.

£

12.3. - Tensile deformation of fee crystals

#8115 customary to represent the tensile axis in the basic stereographic triangle
sidwith [100], [110], and [111] corners, as shown in Fig. 2.3. For all
dorientations of fcc crystals within this triangle, the Schmid factor for the
A[1017(117) slip system is higher than for any other system (a proofl is given

at the end of the chapter.) Single slip on this primary slip system should be

il cxpected. If the tensile axis is represented as lying in any other stereographic

triangle, the slip elements may be found by simply noting the remote corners
of the three adjacent triangles. The (111) in one is the slip plane normal
and the (110) in another is the slip direction.

Figures 2.4 and 2.5 show the orientation dependence of the Schmid

i factor m within the basic triangle. The highest value, m = 0.5, occurs when

the tensile axis lics on the great circle between the slip direction and the sjip
. v e ' L 1 PP Fnr o BT rmpw

Wdmtadin 1t

Y
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v ey
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Fig. 23. Basic orientation triangle. I[ the tensile axis of an
fce crystal lies in this triangle, the most heavily stressed slip
system is [1013(1171).

Myexn 0.500

Fig. 2.4, Schematic illustration showing the orientation dependence of the Schmid factor for
fee crystals. o

[110], [211], and [221], m= l/ﬁ = 0.408. For other orientations the
Schmid factor can be expressed in terms of the latitude 8 and longitude ¢
of the tensile axis:

m = ¢os A ¢os ¢

= (L>(cos ¢ cos 6 + sin ¢)[cos d(cos 8 + sin §) — sin ¢]. (2.10)

NG

The derivation is given as Example A1.10 in Appendix |
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20_(111) ]
32 é
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10 3o 45
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Fig. 25. Onentation dependence of the Schmid factor for fec crystals.
/

IT the tensile axis lies on a boundary of the basic triangle, two slip
systems are cqually favored. The second system is the one most favored in
the adjoining triangle. For example, if the tensile axis is on the [100]-[111]
boundary, the second system is [110](1T1). It can be seen from the symmetry
that this system, which is called the conjugate system, has the highest m
factors for orientations within the triangle [100]-[111]-[101]. Two other ¥
systems have names: UOT](III) is the ¢ritical slip system, and the system ¥
that shares the slip direction with the primary system, [1013(11T), is called®
the cross slip system. A screw dislocation moving on the primary plane can
move onto the cross slip planc to avoid an obstacle and the term cross slip
1s used to describe such a change of slip planes. Slip systems that share the
primary plane but have different slip directions are called coplanar slip
systems. The various named systems are noted in Fig. 2.6 by the triangle in
which each is most favored.

2.4, Lattice rotation resulting from slip (tension)
v .
Slip normally causes a gradual lattice rotation or orientation change. Figure
2.7 shows the elongation of a single crystal by slip on a single slip system.
As the crystal is extended, the orientation of the longest axis (which is the
tensile axis for a crystal being pulled in tension) changes relative to the
crystallographic elements. In Fig. 2.7 the slip plane and slip direction of a o °
verv long thin crystal are fixed in space, and the tensile axis rotates relative Fig. 7. Extension of a long thin crystal. Note that A decreases and  increases as the crystal
o et e vic would remain vertical '

..... calie cothe gl s extended

TR




on the top of a table. The following geometric treatment of the orientation
change during tension is essentially that of Schmid et al. [1, 2].
Slip causes translation of point P parallel to the slip direction to a new
posmon P’. Points B and B’ are constructed by extending the slip plane
55 normals through P and P’ until they intersect the extension of the slip plane
through point O. Similarly the points C and C' are formed by extending the

: ”f“' slip direction through O and constructing normals from P and P’ to it.
: The normal distance, PB, between the slip plancs is not changed by slip

% (just as the normal distance between two cards in a deck is not changed by .

shearing the deck). Therefore PB = P'B’. Substituting PB = I, cos ¢, and
PR = [cos .

=-—=1+e, or
cosop . @.11)
c =coscp0' ,
+ e

where e = ([ — lp)/l = Al/ly is the engineering strain. Similarly slip does not
change the distance between two parallel slip directions, so PC=PC.
Substituting PC = I, sin 4, and P'C =1Isin 4,

sin A = sin Ao/(1 + e). (2:12)

The shear strain y associated with the slip is

I

t P _0OC OC
. S P 2% 2.13)
' "“F8 P8 TPB B

‘Substituting OC = [cos 4, OC = lycos Ay and PB = Iy cos ¢, = | cos @,
Eq. (2.13) becomes

[cos 4 Io cos 4
lcos ¢ Io €OS ¢,

Y=

cos A  cos Aoy

COs @  COSQq

(2.14)

It can also be shown that

Uy = (1 + 2y cos p, cOs Jo + 2 cos? ()2, (2.15)

L SRR
s A
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It is clear from Fig. 2% and Eqs. (2.11) and (2.12) that ¢ increases and
A decreases during tensile extension. The relative rates of change of ¢
and 4 can be found by differentiating Eqs. (2.11) and (2.12). Since / cos ¢ =
lo €08 ¢@q,

v\

cospdl—Isingpdp =0, or d<p=cot¢<$) LYo}

d
2 =coto. (2.16)
de

Similarly, since [sin 4 = I, sin 4,,

sinAdl +lcosAdi=0

or dA = —tan A(#). SO

di ’
— = —tan 4. 2.17}
de

If the tensile axis happens to lie in the plane defined by the slip direction
and the slip-plane normal, 1 + ¢ = 90°. Otherwise 1 + ¢ > 90°, so cot ¢ <
cot(90° — 4) = tan A. Thus, comparing Egs. (2.16) and (2.17),

di do

= (2.18)

Equation (2.18) shows that the rate of rotation of the slip direction
toward the tensile axis (—dA/de) is greater than or equal to the rate of
rotation of the slip-plane normal away from the tensile axis, and therefore
should be regarded as the primary rotatioa. This is shown in Fig. 2.8.

For an fec crystal oriented with the tensile axis in the primary triangle,
the tensile axis rotates on a great circle toward the primary slip direction,
{101], until it reaches the [100]-[111] boundary of the triangle. Along this
boundary the primary and conjugate systems are equally favored. Slip on
the [110](1T1) conjugate system alone would cause a rotation of the tensile
axis back into the primary triangle toward the [110] conjugate slip direction.
The net result is simultaneous slip on these two systems, which causes a slow
rotation along the [100]-[111] boundary toward the [211]. This direction
lies on the great circle through the two slip directions. If the axis were"at s
[211], the rotations toward the two slip directions would exactly cancel each®
other/Thug [211] is the stable end orientation. Goler and Sachs [3] showed
that the rotation along the [100]-[111] boundary is given by

I'sin 0 = I, sin 6,, (2.19)
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tig. 2.8. Primary slip on [101](117) causes the tensile axis to rotate toward the [101] slip
direction (left). Once the tensile axis reaches the [100]-[111] symmetry line, simultaneous {101]
and [110] slip causes rotation toward [211] (right).

where () is the angle between the tensile axis and [211], and | is the length
of the crystal, 8, and [ are the values of 0 and | when the “ensile axis first
reaches the [100] (11 1] boundary.

The general tendency to rotate toward the stable [211] orientation has
been confirmed experimentajly. However, with crystals of a-brass and other
materials of low stacking fault cnergy, the tensile axis has a tendency to
rotate into the conjugate triangle by a finite angle beforc conjugate slip
commences. This “overshoot™ indicates that the shear stress required for slip

on the conjugate system must be higher than that for slip on the active

system, which in turn suggests that slip on the primary system hardens the
latent conjugate system more than the active primary system.

Aluminum, which has a high stacking fault energy, behaves differently.
Observed rotations suggest that conjugate slip may start belore the tensile
axis rcaches the [100]-[111] boundary. This is explained by somewhat less
hardening on the latent system than the active one.

/’

Example.2:4

Consider uniaxial tension of a bee crystal that deforms by {111)-pencil glide.
Let the tensile axis be oriented in the basic triangle.

a. What are the most favored slip system(s) in this triangle? Sketch a
contour, plot of the Schmid factor for the most favored system(s).

. Indicate the direction of lattice rotation for various orientations in
the lnanglc What is the stable end orientation?

Solution: Under uniaxial tension, the slip plane associated wnth each
¢111)-slip direction will be oriented so that its normal has as low a value
nf ¢ as possible (maximum value of cos ¢). For a givcn slip direction (fixed

21, this mrmxpondx to g = 90" — ) s0 cos ¢ = sin 4 and the Schmid factor

e B dmnlmn 1« mo ~.m .J Cos g

B T PN .
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101

Fig. 29. Construction of lines of equal Schmid factor for a {111)-pencil glide. Note that the

[117] slip direction is favored over most of the triangle, but {111] is favored for orientations

near [100].

~a. The most highly stressed slip system is that one for which sin A cos 2 '

is largest, that is, the one for which [45° — A| is the least. Inspection shows

that [111] is the most favored slip direction for orientations near [100], and 5"' :

that [117] is more favored for other orientations. Figures 2.9(a) and (b) show

the loci ol‘Lpoinls at equal angles from these two directions. These are

=

o
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1101
0.32 [1 1 ] JU——
/ 0.38 ~ ;
30 1
~ 0.4 -]
siip direction = [117) | é
0.42
? . 0.44
: 0.46 20
1 [slip direction = [111]
[s P I 0.48 ¢ i
0.48 $0-49 " paes —
0.49 — , A —
/ 10 Fig. 211. Rotation of the tensile axis for bee crys-
L tals deforming by (111)-pencil glide. If the tensile o
0.5 0.5 axis is region B, rotation toward [111] will carry it B
' 0.495 T ] ' A into region A. In region A rotation toward [11T] will
0.49 _/':_/-—'— move it 1o the [100]-[110] boundary, where duplex
0.48 L 0.49/_"___ 0.17 . slip causes a net rotation toward [110],
M [110]
{01 10 20 30 40 ]1
0 : triangle and
. 2.10. Plot of Schmid factors for {111)-pencil glide. The basic orientation triangle is
inded into two regions with different slip directions, the Schmid factor equals 0.417 at [100] — . A
2 [110] and 0314 at [111]. : P/OA=cosi  or OA= ol (2.20)

The length of a line in the slip plane, such as OA, is not changed by slip.

. _ Therefore, this construction is possible at all stages with only A and h
ntours corresponding to equal values of [45° — A| [Fig. 2.9(c)]. Figure changing and

(d) shows the regions of most favored slip systems. Greater detail is shown

Fig. 2.10. . - - h hq cosd h
The rotations toward the active slip direction are indicated in Fig. 2.11. 1 o or i 1+ e. (2.21)
icntations initially in region B rotate into region A. All of the orientations cos 0 0 0

regl tate to the [100]-[110] boundary, where duplex slip causes a , . .
is&rlgtnat;i\o;otoward (1 l([)], w]hi[ch is] the stablz end oricntition. Now construct t}'{clplar}c through O. determined by the slip-plane 'normal
v and the compression axis. Let the point on the top surface where this plane
intersects the slip plane through O be designated B. Now from the right
trianglec POB,

Lattice rotation in compression (Taylor)

POk — h
cos(90° — ¢) = 55y OB o (2.22)
* orientation change of a thin flat crystal during compression is different sin ¢
). The compression axis, CA, remains normal to the flat surface in contact . ‘ .
th the compression platen. Let P and O in Fig. 2.12 be the intersections The length, OB, also does not change during deformation, so
the top and bottom surfaces, respectively, with the compression axis. The | .
p direction through O intersects the top surface at A. PA lies in the top , heo L h h _sing
- o ! NI oo CAAN L Ly T TR ey L TR e e
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Fig. 2.13. Rotation of the compression axis during
compression of an fcc crystal, The CA rotates loward
[11T) uniil it reaches the [100T-[110] boundary.
Then duplex slip rotates it toward [110].

With compression h/h, decreases, ¢ decreases, and A increases. The relative
rates of rotation are:

L 0 (2.24)
(—de) '
and _ o
) dA = cot 4 (2.25)
b (—dﬂ) » .-
where —de= —dh/h is the compressive strain increment. Since ‘
(o + 1) = 90°, :
22> 122, BEED
de de

u'/hich means that the roiation of the CA toward the SPN is e

rotation, with the CA moving along a great circle approaching 7.
Consider an fcc crystal whose CA is initia”™ .oix
triangle. During compressien, the CA rotates direciy U
reaches the [100]-[110] boundary, as howr = 7o L
on the critical system should commence, and fhe feouic o -0 7 -
{ primary and critical slip, and this causes a gradual rotation toward [11u].
which is the stable end oricntation.

Fig. 2.12.  Construction showing the lattice rotation of a thin flat crystal during compression. With compression 4 increases and ¢ decreases.
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Taylor analysis for compression do not predict cxactly the opposite rotations,
First it should be emphasized that the stress state causing the deformation
is not intrinsic to either analysis. Rather it is the geometry of the specimen
and its reference system that makes one analysis appropriate rather than the

other. The Schmid analysis (tension) can be used to describe the rotation of #
the lattice relative to any physical line in the material, if 4 is taken as the

angle between that line and the slip direction and de is the incremental strain
measured along that line. It could be used in compression, with the initial
compression axis being the reference line. In this case it should be noted that
a physical line drawn on the crystal so that it is initially perpendicular to
the compression surfaces will not continue to be perpendicular to those
surfaces as the crystal deforms.

In contrast the Taylor analysis (compression) describes the rotation of
any physical plane in the material (e.g., the compression surface). The
differences in the reference systems are illustrated in Fig. 2.14. Before
delormation the direction d and the normal n to the compression surface
are both aligned with some crystallographic direction x. After dcforrr':Iation
n and d are no longer parallel, having undergone differentrotations.

The tensile axis of a long crystal naturally remains parallel to its longest
dimension. During compression of a flat crystal, the planes initially in contact
with the compression platens remain normal to the compression axis.

Both analyses are special cases of a general treatment of finite strains
by Chin et al. [5], which covers multiple slip as well as single slip. Theories
of texture development are concerned with lattice rotation of grains in
polycrystals. If the grains are extended in a direction in which they are

SPNxn d

Fig, 214 A schematic two-dimensionad dlustration of the different rotations caused by slip.
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already very elongated, the Schmid analysis may seem appropriate. Con-
versely, if grains that are already pancake shaped are subjected to further
compression, the Taylor analysis may be better, In many cases, however,
conditions are intermediate, with the grains being constrained on all side®

2.6. Mathematical analysis of rotation

The mathematical analysis of rotations (see Appendix 2) describes the
rotation of particles in a body with infinitesimal strain: ’

where w; is the clockwise rotation (in radians) about an axis & normal-to
the i and j directions, y, is the shear displacement parallel to i occurring over
a distance x; measured in the j direction. The shear strain, defined by

. du,  Ou
dy, = — + —1, 228
Yu ax,v ax, o ( i )

If i and j are taken as the slip direction and the slip-plane normal,
respectively, du;/0x; = 0 and

do =} dy. (229)

The rotation occurs about an axis that is normal to both the shp
direction and the slip-plane normal. An interesting aspect of the mathemati-
cal analysis is that because the rotation is referred to no single external plane
or direction, its predictions are between those of the first two analyses, and
it appears to be more appropriate for equiaxed grains. '

For tension, the axes of rotation predicted by the three analyses-are
shown in Fig. 2.15 for an fcc crystal deforming by slip on the (117) plane in
the [101] direction. The Schmid analysis predicts that a direction originally
parallel to [100] rotates toward the slip direction, tht axis of rotation, a,,
being [010]. If the Taylor analysis were used for tension it would predict
that the normal to a plane initially parallel to (100) rotates away from the
slip-plane normal about the axis a; = [011). Finally, according to the
mathematical analysis, the lattice rotates about ay = [101] x [111] = [121].

Figure 2.16 also compares the rotations caused by (111)[101] slip. Again




48 bT‘HE MECHANICS OF CRYSTALS AND TEXTURED POLYCRYSTALS

001

101= sd

8 > 010
070

™
Iu
«alit
-
o
o

82 =

oii

¥ig. 215, Stercographic representation of the three relerence systems used to describe lattice
rotation. Slip is on a single system, (11T){101). Schmid's analysis describes rotation 1 of a
~hvsical direction initially parailel to [100] about the axis a, = [010]. Taylor's analysis describes
rotation 2 about a, = [0TT] of the normal to the piane initially parallel to (100). The
mathematical analysis describes rotation 3 about an axis ay = {1273, which is normal to both
the slip direction and the slip-plane normal.

o + 4 = 90°, de¢/dy = cos Asin 4, and Egs. (2.17) and (2.25) reduce to

da_ —sin? A
dy

d = —cos? A,
dy

v respectively, for the Schmid and Taylor analyses. The average of these two
‘rotations is dA/dy = — 1}, in accordance with Eq. (2.29).

2.7. Multiple slip

IFor slip to occur simultancously on fnore than onc crystallographically
slin cvstem. the shear stress an hoth svstems

must reach the critical
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Fig. 216, Lattice rotations predicted by the three anslyses for single slip: (a) The Schmid
rotation of a physical plane toward the slip direction; (b) the Taylor rotation of the normal to
a physical plane away from the slip plane normal; and (c) the mathematical rotation. (From
Hosford [6].)

value for slip.‘For simultaneous slip on the A plane in the a direction and
on the B plane in the b direction,

Itael = ltpl =1, (2.30)

where 1 is the critical shear stress for slip. Furthermore, the critical shear
stress cannot be exceeded on any other system, That is,

il < t. (2.31)

The external strains are simply the sums of the contributions from thd
individual slip systems®If slip occurred only on the 4 plane in the a direction,
we could wr/i}c dey = lylye dY 4qr d, = 1, 41, dy ,,, €tC., Dut with simultaneous
slip on the Aa, Bb, ..., systems,

{ dC, = I,AI,‘ d}‘d. + Ixﬂlxb dy” +-
dcy = lyAch d?,u + !,,1,, d}',b 4o (132)
de, = lyolidyae + gl dvgy + -+

d}'(x = ({yAI:n + I,u’b() d?Aa + (Iyﬂl:h + ,ybI:B) d‘I'Hh +_' v

~_Often a_material is deformed by imposition of strains rathér tha® >

o
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Fig. 217. Plane-strain compression in a channel.

stresses. For example, when a crystal is extended in a tension test along the
x direction, only the strain ¢, is imposed. In this case the shear slrain‘dy.,,
on only one of the slip systems need be finite to satisfy Eq. (2:32), so slip is
expected on a single slip system (except for special oyicntauons).‘On.thc
other hand, consider a crystal deformed by plane-strain compression in a
channel (Fig. 2.17). The imposed strains are ¢, ¢, = 0,£, = —¢,,and y,, = 0.
Three of these strains are independent; so, except for special orientations, at
* least three slip systems must be active; that is, at least three of the dy, terms
must be finite to satisly Eqgs. (2.32). For a completely arbitrary shape change,
at least five independent slip systems must be active. (This is a reasonable
approximation to what happens in individual grains of polycrystals.)

2.8. Independent slip systems

A group of slip systems is independent, if and only if, it is able to prqducc
shape changes that could not be produced if one of the group were omitted.
This is illustrated best by considering combinations of slip systems that arc

Fig. 2.18. Illustration of combinations of slip systems that are not independent.

1. Any arbitrary shear on a plane can be accommodated by slip in two
directions in the plane. Hence three slip systems with a common slip
plane are not independent [Fig. 2.18(a)).

2. Likewise, three slip systems sharing a common slip direction are not
independent, because any two of them can produce any shape change
resulting from the operation of all three [Fig. 2.18(b)]. C

3. A combination of five slip systems is not independent if it includes
two slip planes, each containing two slip directions, with the fifth slip
system having its slip direction either [Fig. 2.18(c)] parallel or {Fig.
2.18(d)] normal to the intersection of the first two planes.

Example 2.5

NaCl crystals deform by {110}170) slip. How many independent
{110}<110) slip systems are there? -
Solution: Let [100], [010], and [001] be designated by 1, 2, and 3,
respectively. The possible slip systems are a = (110)[110], b = (1T0)[110],
¢ = (101)(10T), d = (10T)(101], e = (O11)[01T], and f = (01T)[011]. How-
ever, slip on (Juk,{,)[h;k;1;] produces exactly the same shape change as slip
on (hk,1,)[hk1,]; so no more than three of the systems can be independent.
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of direction cosines, the strains relative to the cubic axes are:

1 = (100) 2 = [010] 3 = (001] External strains

aw=[110] 112 11/2 0 gy = (D47, + %)

(110) 112 -1/2 0 &= {)(=r + 70

¢ = [101] 112 0 112 ey = () =v = %)
r1of] . 12 0 T -11/2 Ny =0
e = [011] 0 112 12 Y =0
(o11) 0 112 -2 Y =0

There are only two independent slip systems because no shear strains
along the cube axes can be accommodated and ¢, is fixed once ¢, and ¢, are
chosen. it is not surprising that polycrystalline NaCl is brittle.

’
Fxample 2.6
Determine the number of independent slip systems in crystals with the
following slip systems:

1. {100}¢001);

2. {100}cuiiy;

3. {110}€001);

4. All three of the above.

Solution: Let | = [100], 2 = [010], and 3 = [001].

1. With {100}<001) slip, &y =¢; = ¢35 =0, ¥33 = ¥010.001 + Yoo1-010+
Y31 = Yoo1-100 + Yilgo.001s @Nd Y12 = ¥100.010 + Yo10.100- ThrEC in-
dependent strains, 7,5, 755, and y,,, can be imposed; so there are
three independent slip systems.

2. With {100}<011) slip, the three shear strains, y,3, ¥3,, and y,, can

be produced by a combination of two slip directions on a single,

plane. However, the normal strains ¢,, £;, and ¢, will not result,

because each of the {100} slip-plane normals is either parallel or

v perpendicular to a particular (100) reference axis. In either case the

‘ resolving factor is zero. Thus again there are three independent slip
systems. .

3. With {011}<100) slip, the slip direction and slip-plane normal are

simply interchanged with case 2. Again no normal strains can be

.produced along the cube axes, and there are three independent slip

systems,

- LLLTOLLON Y e
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4, With all of the systéms operating together, there is still no way of
generating normal strains along the cube axes; so there are still only
three independent slip systems.

29. Most favored slip system for fcc crystals under tension

If the crystal is oriented such that the tensile axis falls in the basic orientation
triangle [100]-[1113-[110], the most highly stressed slip system is (111)[101].
T~ prove this, let the direction of the tensile axis be [hkl/]. Note that
h > k > 1 > 0il{hki] lies in the basic orientation triangle, [100]-[111]-[110].
(See Fig. 2.19.) The Schmid factor, m = cos 4 cos ¢ can be calculated for cach
of the 12 possible {111}{110) slip systems.

As an example, for (111)[011],

cos @ = (h + k + D)/ /3T + k2 + 1?)

and cos A = (k = 1)/ /2(h? + k* + 1%); s0
m=(h+k+ 1)k = D/[SOh? + k* +13)] = A(h + k + I)(k = 1),

-|
where the factor 4 = \/3(hz + k? + 1%) is the same for all the slip systems.

Fig. 2,19, For dcc crystals, if the tensile axis lies in the basic triangle [100)-[110]-[111].
a0 lin svstem -

ok,
i
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o

. One need only Eomparc the values of m/A. For all 12 systems these are:

1_. /

Knowing that h > k > ! > 0, the hxghest factor on each {111} plane is easily
identified. These valucs of m/A are markcd with an asterisk. Inspection also
reveals that (12) has a higher m than (9) Expanding (2), (5), and (12),

@ Tahtahk—ki-1?
A

(5) =k 4 hk + kI = 1?
12) = h3 — k2 4+ W+ k.

Now it is clear that the value of m/A4 for (5) is larger than that for (2).
Furthermore, by comparing (5) and (12), and eliminating the common term
(h® + Kkl), it is seen that m/A4 for (5) is the larger since hk > hl and
(=12 > (—k?). Therefore, the Schmid factor for the (111)[101] system, (5),
is the highest and slip will preferentially occur on this system.

The most favored {111}{110) slip system for a crystal with its tensile
axis in another triangle can be found by symmetry.
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ANALYSES OF TAYLOR AND OF BISHOP

AND HILL

I'he deformation mechanisms in the grains of a polycrystal are the same as,
those in a single crystal: Therefore it should be possible to relate quantita-
tively the plastic properties of a polycrystalline material to those of single
crystals. The first attempts to do this were by G. Sachs [1] and by H. L.
Cox and D. G. Sopwith [2), who proposed that the tensile yield strength of
a polycrystal should be the average of the tensile yield strengths of the
crystalsin it. For a single crystal the tensile yield strength is given by Schmid’s

law

=7, (3.1)
m

where m is-the Schmidt factor, cos ¢ cos 4, for the most highly stressed slip
system and t is the critical resolved shear stress for slip. For fcc crystals, the
average value of (1/m) for all orientations is (1/m),, = 2.238; so, according to
Sachs, the tensile yield strength of a randomly oriented fcc polycrystal is
o = 22381,

Taylor [3, 4] pointed out the weakness of Sachs's model, which tacitly
assumes that only one slip system is active in each grain. When a polycrystal
deforms, the shape change in each grain must be compatible with that in
the neighboring grains. Such shape compatibility cannot be maintained by
<inple slip. With single slip, an initially circular cross section becomes
ellipticzi. In a randomly oriented polycrystal, the major axes of the eiliptical
cross scctions would not be parallel; so the deformation would not be
compatible. The Sachs theory is usclul only in that it gives a valid lower
hound to the strength in uniaxial tension. '

3.1, Taylor's anx’alysis

Satisfving the compatibility requirement is. the critical point in Taylor's
_assumed that all

rains undergo the same shape change

ANALYSES OF TAYLOR AND OF BISHOP AND HILL S7

tension parallel to the x direction, deformation occurs by axially symmetric
flow; so

Cde, =de, = —}de, and dy,, = dy,, = dy,, = 0. 3.2

The work per volume, dw, that is internally expended by slip on all
active slip systems within a grain is

dW=ZTd)‘: "—'VTZ]“'}’,'L (3.3)
i i

where the magnitude of the critical stress for slip, 1, is assumed to be the
same on all slip systems and dy, is the incremental slip on the individual slip
systems. Denoting ), |dy,| as dy, Eq. (3.3) simplifies to dw = t dy. For uniaxial
tension the incremental work per volume supplied by the external stress
is o, de,. For a tension test

dw = tdy = 0, de,, or

I (3.4)
T de,

Here M is the Taylor factor, which depends on the orientation. By calculating
the value of M = dy/de, for all orientations and averaging to find M, the
flow behavior of a random polycrystal can be calculated as

o, =Mt and de, = i—?}—, (3.5)

3.1.1.  Calculation of M for a single orientation

It is convenient first to express the external strains, de,, de,, . .., dy,, relative
to the 1,2,3 c}ub)c axes of the crystal as de,, dey, ..., dy,; and to then
relate dey, de), ..., dy,5 to the crystallographic shear strains, dy,, on the
{111}<110) slip systcms. In the present treatment, the orientation of the
terlsile axis, x, is described by two angles, 8 and ¢, as shown in Fig. 3.1.
Imagine that the x, y, and z axes had initially coincided with the 1, 2, and
3 axes but were first rotated clockwise about the 2 axis through an angle ¢
and then clockwise about the 1 axis through an angle 0. The angles ¢ and
6 may be regarded as the latitude and longitude, respectively, of the x axis.
Table 3.1 gives the appropriate direction cosines. These are derived with
spherical trigonometry in Example A1.10 of Appendix 1,

In a tension test of a polycrystal composed of randomly oriented grains,
the deformation is .\xmlly symmctnc about 2, dnd lhc romuonul pocmon of
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- 1

Fig. 3.1. Stercographic, representation of the angular relations between the external axes, x,y.2
and the crysial axes 1,2.3. Negative signs indicate the opposite (ncgative) end of a direction.

’

by 0 and ¢, the strains de,, de,, ..., dy,; may be expressed in terms %f the
external straingde..

Now consider how these strains can be produced in an fee crystal by
{111}<110) slip. To shorten the notation, the slip systems are designated as
shown in Table 3.2 and Fig. 3.2, the slip planes being a, b, ¢, or d and the
slip directions I, II, or III. Table 3.3 gives tKe direction cosines between the
slip elements and the cubic axes.
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Table 3.1. Direction cosines between the 1,2,3 and

the x,y,z axes
1 2 k)

X cos ¢ sinfsin ¢ cos Jsin ¢

y 0 cos 6 —sin 0

2 —sin ¢ sin 8 cos ¢ cosfcos ¢

4

Table 3.2. Slip system designation
Plane a=(111) " b= (1)) e=(T11) d=(111)
Direction 01T To1 170 oOIf 10t 110 01T 100 170 o0i1 Tot 110
System al all  alll bII  BII el el eIl dl dil dll

Table 3.3. Direction cosines between slip elements

and cube axes

1

2=(010] IJ = (001}

1 = [100]

a=(111) 11/3 113 13
1= (01T) 0 112 - 1/:,//;_
1 = fon] -1 /2 0 YN

1t = (110 /2 -1 0
b= (1T1) -1//3 -1//3 11/3
1 = [0TT] of - |/£ - 1/%
1 = (101] 12 0 11/2

U=(110] =12 TN/ 0
¢ = (T11) -11/3 /3 113
1= [011) o 112 -11/2
1t = [101) /2 0 112

W =(i0) -14/2 -11/2 0
d= (1T 11/3 ~1//3 11/3
1= (0T1] 0 -1 /2 -1//2
w=glon) -14/2 0 112

11t = [110] 12 1//2 0
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1Jsing Table 3.3, the strains relative to the cube axes may be expressed as:

dey = (—dyar + dvan — dran + B — Dran + B = dvan + dvam)//6

dey = (+dyy = dyag + vy — dysm + dva — dyy + dyar — d?dm)/\/a

dey = (wd;,',, + dy,; — dyy + dyen — dva + dyg — dya + dy,.,)/\/g
Ay = Chdy = dvan = i = Ao + dyn = dvan = dian + draw)//6
dyyy = (—dya + dyay + dyy = dyym + dig = dvan = dya + dyem)//6

dy,, = (""d‘/ux“‘ dy, + dyy — e — dva + dvay — dva + d?’du)/\/g-
(3.6)

The first three of thesg equations are not independent because there is
no volume change, so de, + de, + dey = 0. Therefore, there are only five
independent relationships among Eq. (3.6). To satisly a generpl shape change
(arbitrary combination of de, de,, .. ., dyz3), at least five of the shear terms,
d9ye dVits - + o d¥our, must be finite. This means that five active slip systems
are required for a general shape change. R

Equations 3.6 cannot be solved directly for the values of the crystallo-
graphic strains (dy,, @V, - -+ @74m) required to produce a given shape
change (de,, de,, . . ., dy;3) because only five equations are independent and
there are 12 unknowns. To circumvent this problem, Taylor assumed that
the shape change would occur in such a way as-to minimize the energy
cxpended in slip, ¥, (t; dy;). He assumed that the critical stress for slip, t, is
the same Oor all active slip systems and they work harden at the same rate.
Thus minimizing ¥, (t, dy,) is equivalent to minimizing 3 ; |dy;| = dy. Taylor.
reasoncd, in analogy to frictional systems, that the minimum work would »
correspond to slip on as few systems as geometrically possible (i.c., S systems),s
with the rest of the slip systems (i.c., 7) being inactive: By setting 7 of the 12
shear terms, dy,p, dans - - -+ d¥ams in Eq. (3.6) equal to zero, he could solve
Fgs. (3.6) and find dy/de,. [For a given orientation de, dey, ..., dy,y are
known relative to de, by Egs. (3.5).] By repeating this calculation for all
possible combinations of five active and seven inactive slip systems, he could
find the lowest, and hence appropriate, value of dy/de, = M.

In,the days before computers, making such calculations was a major
undertaking. There are (12:11:10°9-8)/(1:2+3+4-5) =.792 diffcrent ways
of choosing 5 things from a group of 12. Many of the 792 slip system
combinations are not possible because they cannot produce 5 independent
strains. Such combinations of slip systcms are not independent because the
shear produced by one of the slip systems can be reproduced by slip on some
_ combination of the other slip systems, Taylor later [5] showed that the
* number of combinations that must be

RO

walvzed can be reduced to 96. In his
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Fig. 3.3. Orientation dependence of M for axisymmetric flow. (From Chin and Mammel [7].)

not appear that his minimum values of M = dy/de, were greatly affected by
this omission.

Taylor made such calculations and evaluated M for a range of
orientations in the basic stercographic triangle (Fig. 3.3). It is interesting to
note that for most orientations he found the same minimum M value with
several different combinations of slip systems. These calculations have since
been repeated [6, 7] with similar results, as shown in Fig. 3.4. Taylor used
an average value of M = 3.06 to calculate the shape of the tensile stress-strain
(c-¢) curve for a randomly oriented polycrystal of aluminum from the shape
of the shear stress-strain (r-y) curve for a single crystal taking points as
o = 3.061 and ¢ = y/3.06. As shown in Fig. 3.5, the agreement with experi-
ment was quite good.

3.2. Bishop and Hill analysis
|

Taylor's analysis is based on finding the slip systems in a crystal that can
geometrically produce a specified shape change with the least expenditure
of energy. No regard is given to whether there is a stress state that could
physically activate the required slip systems. In the process of investiguting
this point, Bishop and Hill [8, 9] developed a different approach to analyzing
plastic flow in' fcc polycrystals. Its basis and predictions are similar to
Taylor's, but the mcthod of calculation is different and simpler.

Bishop and Hill first identified all of the stress states {(combinations of

H
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Then for a given shape change they selected the appropriate stress state and
finally calculated the work per unit volume expended by that stress state in

producing the shape change,

If a single stress, o,, is applied, then the plastic strength is given by
0, = dw/de,. Here again calculations of M = (1/1) dw/de, = o/t are made
for various orientations of grains. Averaging over all possible orientations
gives a value of M for relating a random polycrystal to the single crystal,

The slip system notation and direction cosines here are the same as
those for the Taylor analysis (Fig. 3.2 and Table 3.2). Using Table 3.3 the
shear stress on each system can be related to the stresses on the cube axes,
01, 02..., 023 For example, the shear stress ¢

direction is

dw de, de,
T =0 ——+0;— 4+,

de, de, de,

(3

o on the a plane in the |

Ca = laglyoyy + Ul + 10 “Uarha + Laly)ay,

= (1/\/3)(0'1: - '_"n ~ 03, + 0y3).

Yielding will occur on this system when 0, = *1, where t is the critical

stress for slip; so the corresponding yield criterion is

(032 — 033 =03, + Uu)/(\/gf) = tl.

The yield criteria for all of the systems are given below. For simplification,
the stress states are expressed in terms of 4, B, . .

al A-G+ H=+1
blLA+G+H =+
cLA+G—-H = +1
dl,A-G~H=+1

where

all, B+ F~H = +1
bI,B~F—-H=+1
ALB+F+H=+1
dil, B~ F+ H = +1

033 — 0
=% 33, Fa=

 H,

alll,C=F+G=+1
BIILC+F~GC= +1
L C—F=G= 41

AL C+F 4G+l

(3.8)

23 .

Ve NG

‘——'—x—'- ; H =

T3

7y

(3.9)

7
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E . Table 3.4. Bishop and Hill stress states and corresponding slip systems
5 The critical value of shear stress, + 1, must be reached on 5 slip systems "
without it being exceeded on any of the others. This restriction may be I Stress (value of) Operating slip systems
. . expressed mathematically as: . A B CF G H alallalll  “BEBIIAIL  clcllclll 1 d1 J11
At Gt Hisi, [BxFtHISL, [CLF+Glsl (3.10) ; I 1-1 00 0 0 $ -0  +-0 + =0 + -0
. . i 2 0 t -1 0 0 O 0 - 0 - 0 - -
Bishop and Hill showed that there arc 28 stress states (i.c., combina- ; 3.1 0 10 0 o _ g + - g N - ; N 2 g N
tions of 4, B, ..., H) that satisfy five or more of Egs. (3.8) whileno'tviolgting ' 4 000 1 0 0 0 + - o _ o 5 - o - 4
the restrictions [inequalities (3.10)]. (The number of stress states is 56 if the s 0 0 0 0 1 0 0 « 0 - + 0 - P
negative of each is counted scparately.) Several examples are given here: ) 6 0 0 0 0 0 1 + —- 0 -0 -+ 0 —+ 0
7 -1} 0o { o 0 - + + -0 + =0 0 - +
Example 3.1 8 t-1 1 o=} o0 + -0 0 - + 0 - «+ + -0
= = - =F=G=H=0 9 -1 + § § o o -+ 0 -0 + -+ 0 -0 «
. A=18 Land C=F=G=H=0 : -1 § -} 0o o -0 + -+ 0 -0 + -+ 0
: n 4§ §-1t 0 o 4 + 0 - + 0 - 0 + - 0 + -
GI,A"G'{"H:l; GII,B+F—H=—1, aIII.C—F+G=0 I 12 * i"l 0 0_}] 0 + — 0 + -— + 0 - + 0 —
- . A+G+H=1 bII,B—F—-H=—1; BIILC+F—-G=0 13 0-4 } o0 + 0 — + -0 0 + - 00 0
4 3 0-y-y 0 & + -0 + 0 - 000 0 + —
clLA+G—-H=1; cd, B+ F+H=-1; I, - F-G=0 ' 15 3 0= } 0-} 0 + — 00 0 £ 0 - + -0
i . . 2 : 16 § 0 -t -4 0 -} 0 00 0 + — + -0 + - 0
I dLA-G-H=1L dILB-F+H=-1 dULC+F+G=0. g SIS e O S S A S
: ' . : 18 0 - 0 - + =0 0 - + -0 000
' l Eight systems are simultancously raised to a high enough stress to allow slip : 19 0 _g i 0 3 _; -0 + 00 0 . - g 0 — 4
| while the other systems are unstressed. Such a stress state is produced by . 20 0 -} § 0=} =% 000 - 0 + 0 - + + -0
» compression parallel to 3 = [001]. . 20 -4 } 0o ¥ 4 oo - %+ 0 000 0 + - -0 +
: i 2 -y 4 0o-% 4 o ~ 0 + 0 + - 000 -+ 0
Example 3.2 : 23 -4 4 0o t -4 0 0 + - -0 + -+ 0 00 0
c Ge0Oand H = -1 " 24 -} } 0-{~i 0 000 -+ 0 -0 + 0 + -
AmB=C=F=G=0and H=- - 25 0 0 0 } 4 -} -+ 0 000 +0 - 0 - +
’ ' 26 0 0 O - + 0 ~ 0 - + -+ 0 000
. A-G+H=-1; al,B+F—H=—-1 allLC-F+G=0 i AN b I S S O S
M. A+G+H=~1; BbILB-F-H=-1; bHILC+F-G=0 8 0 0 0 § } 4 000 + -0 0+ - -0
d,A+G-H=1 A, B+ F+H=1, JdILC-F-G=0
dl, A -G~ H=1, dILB-F+H=1 dIL,C+F+G=0. ,
' . o : N ' Now six slip systems can be simultaneously activated. This stress state is
Again the stress on eight systems is raised to the critical stress while u;: produced by \{niaxial tension parallel to [111).
other systems arc unstressed. Such a stress state is produced by plane-strain
deformation, &350 = =&ui01 &oon = 0 j These and the other Bishop and Hill stress states are listed in Table 3.4,
Exahple 3.3 ; tonghcr with the slip systems that are activated. The negative of each is also
{=B= C‘ =0and F=G=H=} . ' possible and will produce slip of the opposite sense, All of the stress states
Am = =0an = . ' raise the stress on either six or eight systems to the critical level. This explains
o alA-G+H=0; all, B+ F-=H =0 all, C~F+Gm=0 why Taylor found several combination of five slip systems produced the same
- ' ' v : minimum value of M. ¢
o bLA+G+H=1  bLB-F-H=-1 PHILC+F-G=0 Bishop and Hill used the principle of maximum virtual work (scc
. D A+G—H=0: N B+F+H Appendix 5) to determine which of the 28 stress states (ar their pegagives)
- e S N 3 AT T SR : b RN R s
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supplied by the external stresses is
dw e g, de, + @y dey + 0y dey + 033 dysy + 03, dyyy + 0y3dy,;. (3.11) t
w 1 48, 246, 3 4Ey 23 4733 31 4Yy 1292 ! BISHOP AND HILL
Substituting the constant-volume relationship, de, + de; + dey = 0, ) | STRESS STATES
dw = 0, de, + 0, dey + 03(—dey —de;) + 0,3 dy,3 +-
= (0, — 63)de, + (0, — 03)de; + 73, ‘1)’23 + 0y, dyy, 012 d)sz

(3.12)

From the definitions of 4, B,..., H [Eq. (3.8)], Equation (3.12) becomes

M;(l)f!f-_-\/@(—Bdﬂ+A&+F‘ﬁ'ﬁ :
T

de, de, de, de, ! 0 15 30 as
dy dy |
+G d“ + H 4 L2 ’ (3.13) Fig. 3.6. Busic orientation triangle showing the appropriate Bishop and Hill stress states in '
&; £; various regions. |
For axisymmetric flow about z (de, = de, = —de,/2 with dy,, = dy“. = ;
dy,, = 0) expressions for de,/de,, de,fde,, ..., dy, ,/de, can be found using
© Table 3.1: » ; ‘ »
de : The appropriate value of M is found by substituting into Eq. (3.15) the
a, Isint g — ) X valuesof 4, B, ..., H forall of the 28 stress states and selecting the absolutely
de, largest M value. This is the method used to calculate the orientation
de, - , dependence of M, which was shown in Fig. 3.4 [6]. The basic stereographic Con T
T isin? Ocos? ¢ —} triangle is divided into five regions, as indicated in Fig. 3.6, each with its '
b own set of active slip systems. The stress state for each region and expressions
d for M are given in Table 3.5.
—C—’=2c0520cos‘¢—} g
de,
(3.14)
d5 . '
2723 _ 3 sin 6 cos 0 cos? ¢
de.
& Table 3.5. Stress states and M values for axially symmetric flow
731 ¥
—— = —3cosfcos¢sin ¢
de, Stress states
‘—2—'-‘3- = —3sin 0 cos ¢ sin ¢ ; Regon 4« 8 € F G W M1
3 £ .
: o L F -1 -1 1 0 0 0 0 1 — i(sin® ¢ + cos? ¢ sin? 0)
Substituting Egs. (3.14) into Eq. (3.13), ) . _1 i t ¢ 0 0 1 cos? g[1 + 2sin U(cos 0 — sin 0))
] ’ ' 4 0 0 0 t 0 0 3 cos? ¢ cos 0sin 0
M/\/g = + A3 sin? 0cos? ¢ — 1)/2 + B(—=3sin? ¢ + 1)/2 : 23 - ¢ 0t =} o0 § ~ Hcos? ¢ sin? 0 + sin? ¢) _
. ) + §cos ¢ cos U(c in0 +sin¢
+ 3F sin 0 cos 0 cos® ¢ — 3G cos () cos ¢ sin ¢ _a o o o -1 ‘ l ‘i* b cos (cos  sin +.s‘m;)



-

68 THE MECHANICS OF CRYSTALS AND TEXTURED POLYCRYSTALS

33. Discussion of the Taylor and the Bishop and Hill analyses

These two seemingly divergent approaches to the same problem are mathe-
matically equivalent [10]. They depend on the same assumptions and yield

the same results. It should be noted that while they were specifically ©

formulated. for fec metals with {111}¢110) slip elements, all of the calculas
tions (except those dealing with lattice rotation) are equally applicable to
bee metals for which the slip clements are {110}¢111). '

There are several critical assumptions. (See U. F. Kocks [11] for an
excellent discussion.) One is that all grains in a polycrystal deform homo-
genecously and undergo the same shape change. While this ensures com-
patible deformation, it is not the only way that compatibility can be
maintained. Deformation is not always homogencous. Departure {rom
homogeneous flow should lﬁc expected when the energy expended, dw/dz, for
nonhomogencous flow is 'less than that for homogeneous flow. Such
deviations from homogeneity of flow are discussed in Chapter 6,

Another basic assumption in these theories is thatsthe critical shear

stress for Slip, t, is the same for all active slip systems. Certainly this is

reasonable for the very first increment of slip. However, use of these analyses
to predict the shapes of stress-strain curves or even the level of stress after
small plastic strains makes it necessary to assume also that the vajue of ¢
remains equal for all active slip systems and depends only on the total
amount of slip on all slip systems, Y, |dy,|. According to this assumption,
work hardening should not depend on which combination of slip systems is

active as long as multiple slip occurs. Yet dislocation theory predicts different ‘

*types of dislocation interactions with different combinations of slip systems,

and one might expect different interactions to cause different rates of strain *

“hardening. There have been several experiments designed to measure work
hardening during multiple slip,

U. F. Kocks [12, 13] tested aluminum single crystals under loading
conditions designed to produce polyslip (a term he defined as the simul-
tancous operation of five or more slip systems). These loading condi-
tions corresponded to four of the five types of Bishop and Hill stress states.
For most of these conditions the initial slopes were similar, but the curves
departed from one another at shear strains above about 0,08, It is likely that
the difference between stress-strain curves was due to a failure to achieve
polyslip in all cases. The experiments were designed to impose a stress state
thatgould produce multiple slip, but there was not an imposed shape change
that “vould require five or more systems to be active,

Attempts were made to force axially symmetric flow on a large range
of orientations of aluminum single crystals by wire drawing [14, 15]. The
results tended to support the Taylor assumption, but complications caused
by friction and finite die angles produced considerable scatter. Plane-strain
compression tests of single crystals {16-18
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Fig. 3.7. True stress—strain curves for aluminum single crystals tested in plane-strain compres-
sion. :

hardening under polyslip. By testing a range of orientations, many combina-
tions of slip systems could be activated. Figure 3.7 shows .thc true stress-
strain curves for aluminum single crystals tested in plane-strain compression.
Shear-stress-shear-strain curves constructed by taking t = ¢/M and y = M«
are shown in Fig. 3.8. These all fall within a rather narrow scatter band
together with the curve for a polycrystal. P]anc-strain compression tests on
permalloy, copper, and copper-based alloys give similar results. The goncl.u-
sion is that under polyslip conditions, the strain hardening depends pnrpanly
on the total amount of slip and not very greatly on which combination of
active
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Fig. 38, Shear stress~strain curves [or aluminum single crystals derived from curves in Fig.
3.7 using t = o/M and y = Mec. .

3.4. Application to textured metals

Although the papers of Taylor and of Bishop and Hill were primarily
concerned with explaining the properties of randomly oriented polycrystals,
their analyses are adaptable for predicting the anisotropy of crystallo-
graphically textured materials {6].

34.1. Axially symmetric flow

The calculated orientation dependence of M for axially symmetric flow in
Fig. 3.6 can be applicd directly to predicting the relative strength of rods
or wires with different fiber textures because the flow would also be
axially symmetric. The relative strength is indicated by the M value
corresponding to the fiber axis. For wires with (111 or (110} fiber textures
M =136 =367 and M = /6 = 2.45 for wires with (100 fiber textures,
compared with M = 3.06 for randomly oricnted polycrystals. This compari-
son, however, somewhat underestimates the difference at a constant level of
strain, ¢ for materials that work harden. Assuming that ¢ = f(y)and 3 = Mae,

Lo ! . " iedoben

S ]

L bl Ly Ty T
T TG Pt
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Fig. 3.9. Equivalence of through thicknéss compression and balanced biaxial tension: The 1wo
stress states differ only by a hydrostatic tension.

t = Ky", is also assumed, then

T = K(Me)" (3.16)
o0=Mt= MUK (317

If the stress-strain curves for two wires with different textures are
compared at the same level of axial strain, ¢, lhelfatio of flow stresses is
given by

. l+a .
0,0, = (%) . (3.18)

2

For example, with n = 0.25, the strengths of wires with {111) and (110)
fiber textures should be (3.67/3.06)*-3* = 1,26 times the strength of a random
polycrystal and a {100) fiber-textured wire would be only 0.76 times as
strong. :

The yiclding behavior in compression should be the same as in tension.
Furthermore, the yielding of a sheet under uniaxial.compression applied in
the thickness direction is equivalent to yielding under balanced biaxial
tension applied in the plane of the sheet. These two stress states differ by
only a hydrostatic stress which should not affect yiclding (Fig. 3.9). Therefore,
the M values for axially symmetric flow may also be used to predict the
resistance to yielding of sheets with textures that are rotationally symmetric
about the sheet normal. Textural components with {111} and {110} parallel
to the plane of the sheet tend to increase the biaxial strength and those with
{100} decreasc it.

3.4.2. Sheet textures

It should be emphasized that the treatment above applies only to axiully
symmetric flow conditions. When a tensile test is made on a strip tensile
specimen cut from a textured sheet, generally different contractile sirnine wes

R —
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72 THE MECHANICS OF CRYSTALS AND TEXTURED POLYCRYSTALS
commonly used measure of the anisotropy is the strain ratio, R,* defined as

de
R ==, 3.19
de, ( )

where w and ¢ refer to the width and thickness directions in a sheet tensile
specimen extended in the length or [ direction. For an isotropic material,
R = 1. Although the R value is commonly used to describe materials, analysis
of possible behavior is often more convenient with a parameter p, defined as::

—de,,

P 7 (
Since the volume is constant (dg, + de,, + dg; = 0),

de,

Z, p , (321
so the two parameters are interrelated by

R
p=—— and R=-L_. (3.22)
R+ 1 1-p

Consider now, the tensile behavior of a textured sheet. Let the tensile
axis coincide with the rolling direction, x, and the sheet normal with z.
During a tension test the symmetry shouid insure that dc,, = de,, = dc,, = 0.
With constancy of volume, only one independent strain component, dg, or
de. remains unspecified relative to de,. It might at first scem that the Taylor
and the Bishop and Hill analyses cannot be used because the shape change
is not fully specified. However, the shape change can be expressed in terms
of p,

d,
de,
de,
v de,

==p

p=1 - (3.23)
d}'“ = d)’u = dny =0,

and then M calculated for all possible values of p, 0 € p < 1. Since the

* In practice R is usually taken as the ratio of finite strains, R = ¢ /s, rather than using differential
wrains s indicated by Fq_ (X191 With most materials the change of R with strain, ¢, is negligible. Also it
should be noted that the symbol 7 is often used instead of R,

TR = BV ol
“ AP

e
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material will elongate with the least expenditure of energy, the lowest value
of M should be the appropriate one for uniaxial tension, and the correspond-
ing value of p should describe the expected shape change.

Example 3.4
Predict M and R for a rolling direction tension test on a sheet with an ideal
{112](110) texture.

Solution: Let x = [112], y = [111],and z = [110]. The direction cosines
are:

~—

i 1 = [100] 2 = [010] 3 = [001)
x m [1712) 1//6 —1//6 21/6
y=[11) -1//3 /3 113
7 =[110] /2 112 0

We can write
~
de, = Sde, + 5de, +Lde, +--- or
de,
L= 14!
i, b+ 6
de,
—_— = -4 4 1
&, i+dp
dey
de, i-14p
dyzs 2
i, =-f{-%
dy
=3+l
&x
dy,; 4
= 448
&, yTAP

A+B—2F +2G—4H p(+4 = B~4F +4G + 10H)
3 6 '
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Fig. 310, Dependence of M on p = —dt,/de, for rolling and transverse direction tension tests
for an ideal [172](110) texture. In the rolling direction test x = [172], and in the transverse
test x = [T11].

Examination of the Bishop and Hill stress states shows that for 0 € p < 4,
stress state —26 (F = =3, G =4, H = -}, 4 =B = C = () gives the largest
value of M, M = Jg (3 — p/6) and is therefore appropriate. For § < p < 1,
stress state 22 (A= —4, B=14, F= -4 G =1 H =0) is appropriate; so
M= \/3 (1 + p/2). A plot of M versus p (Fig. 3.10) has a minimum of
M=3/6atp=1(Ge, R=1).

A similar analysis for a tension test in the transverse direction results in
a plot, also shown in Fig. 3.10, with a flat minimum for } < p < 1. In this
case it is not possible to predict a unique value of p (or R). For a sheet with
an ideal [1T0](111) texture, an infinite value of R (p = 1) is predicted for a
rolling direction tension test.
®

3.4.3. Mixed textures

These predictions are for ideal texturgs. Even a small amount 'pf other
textural components would modify the results, probably creating a unique
minimum for the [172](110) transverse-direction test and shifting the?
minimum 1o finite R values in the [1TO(11D) ~olling-direction test.-

‘ e T X W JEAS 2
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components is simply the weighted average of the M versus p curves for
each component

A
M= f M+ M+ - (3.24)
where f,, fi,..., are the volume fractions of components ab,.... The’
minimum corresponds to the condition |
am M, dM, : .
aM _JdMy | dMy 329
dp dp dp

A randomly oriented texture component can be treated as an isotropic
material. If the von Mises yield criterion® and associated flow rules are
assumed for the randomly oriented grains, it can be shown that

2 o YLt~ p + D11, (3.26)

where Y is the yield strength under uniaxial tension. Substituting equation
Eq. (3.4) into Eq. (3.26),

M= {B(p‘ —p+ 1)1 (3.27)

Using the average value for a random polycrystal, Y/t = 3.067,
M = 3.54(p% = p + 1)1, (3.28)

which should approximate the shape of the M versus p curve for the
randomly oriented grains. The presence of randomly oriented grains in a
textured material will move the minimum toward p = { or R = 1. This is
illustrated in Fig. 3.11 for the ideal [1T0](111) texture, which has a minimum
Matp=1(R = o). ‘

3.4.4. Rorationally symmetric sheet textures

A similar analysis has been used to predict R values for sheets with texturcs
that are rotationally symmetric about the sheet normal. Many grains are
assumed to have the same (hk!) parallel to the plane of the sheet with their
orientations differing by rotation about the sheet normal, making different

* The culculoted shape of the yield surfuce for randomly oriented fce J\ tals is discussed in Chapiet 4 The
resulting shupe is a better descriplion of the randomly oriented component and can be used insteud of the
von Mises criterion for this type of culeulaton
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Fig. 3.11. Dependence of M on p for rolling direction tests of sheets with ideal (I 12)(111}
texture, randomly oriented grains and cqual volume of the (I12){111} ideal texture and
randomly oriented grains. Here x = [112] and y = [170].

directions parailel to the tensile axis. For the purpose of analysis, such a
texture with rotational symmetry can be approximated by a number of
components, each sharing a common (hkl) plane, but differing from one
another by 5° rotations about the [hk!] sheet normal, First one value of p is
assumed, and the values of M calculated for all components and averaged.
This is repeated for other values of p until an M versus p curve can be
generated. Figures 3.12-3.15 show the results of such calculations for textures
with (111), (110), and (100) in the plane of the sheets. Although these
calculations predict that pure (111) and (110) textures should give infinite
R values, a small amount of another component would lead to a finite R.

4
3.5. Upper-bound pencil glide model

The general form of the Taylor and Bishop and Hill analyses can be extended
to other crystal structures. Of these, the most important is bce. The slip
direction is definitely (111), but different plancs or combinations of planes
serve as lhc shp phncs Thc most commonly rcportcd is {llO} In ﬂm case
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Fig. 3.1 M versus p curves for various components of a (100) sheet texture. The angles
between the tensile axis and [001] are indicated. (Adapted from [6).)

those for fcc, and all calculations of the effects of texture on strength and R
value for fcc are applicable to bee metals. The lattice rotations accompanymg
deformation, however, are the reverse of those for fce.

Bce metals have also been reported to deform by slip on {112} and
{123} planes and on mixed {110}, {112}, and {123} planes. It has also béen
proposed that {111)-pencil glide® is a reasonable model for slip in bec.
Kocks [11] pointed out that <lll> -pencil glide is cquwalcnt to slip occurring
in any direction on a {111} plane. Any shear strain in a {111} plane could

¢ The term (111)-pencil glide means that slip is restricted to (|l|)‘d|rtcnom but that any plane
containing & (111) dnrrcunn cun act as the slip plane, The term was mmrd in an ulngy to :hc.mnu 3 stack nf
9!

lel ;g;) LR 0T m_ll;.)\
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Fig. X13. M versus p curves for various components of a (110) sheet texture. The angles
betwoen the tensile axis and [170] are indicated. (From (6].)

b

{

be geometrically duplicated by shear strains in two {110} dircctjons in that
plane. The ratio of the sum of the two (1 10) shears to the‘arbxltrary shca_r
is greatest when the direction of shear is along a (112) direction. In thlﬁs
case the ratio is 2/ﬁ. Therefore the amount of shear required with pencil
glide can never be less than \/5/2 = 0.866 times the amount of shear with

slip in {110) directions. Hence it can be concluded that with {111)-pencil
glide, the M factors cannot be less than 0.866 times those for {111}{110)

slip. '
? Chin and Mammel [7] used a modified Taylor approach for {111 slip

on various planes and combinations of planes. Their calculations for

[} BT FRAR ST NSNS G s I
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Fig. 3.14. M versus p curves for various components of a (111) sheet texture. The angles
between the tensile axia dn [112] are indicated. (From [6].)

[19] approximated pencil glide by allowing slip on 24 equally rotated planes
for each (111) direction.

A minimum of five independent slip variables is required to produce an
arbitrary shape change. With fixed slip planes and directions, the five
variables are the amounts of shear on cach of five slip systems. With
111)-pencil glide there are cight variables, namely the amount of slip and
the orientation (or angular rotation) of the plane of slip for each of the four
111} directions. The requirement of five independent slip variables means
that at least three slip directions must be active. "

Penning [20) described an.exact solution for pencil glide that treats
both the three and four active slip direction cases and is based on a
Taylor-type least-work analysis. It was used for calculation of yicld loci from
orientation distribution functions. Parniere and Sauzay [21] also used a
similar analysis for yield locus calculations, .

Pichler et al. (22, 23] approached the problem in a way analogous to
the Bishop and Hill analysis for fec slip. He derived general expressions of
the stress states for the four active slip direction case, but he was unable to
derive such expressions for the three slip system cases. Instead he used a
limited number of specific solutions. For each shape change, the stress state

-
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Fig. J.15. M vesus p curves for sheets with (111), (110), (100) and random textures which are
rotationally symmetric about the sheet normal. (From [6).)

Logan et al. [24] combined the two methods. Pichler's exact stress states
were used for maximum virtual work solution for cases in which they were
appropriate. The validity of these solutions was checked by calculating the
imernal work implied by the shear strains on the: four systems and
determining whether it was equal to the external work. Taylor's least-work
approach was used for the three slip system cases. First one slip system was
assumed inactive, leaving six independent variables (the orientation of the
<lip planes for the other three directions and the shear strain on each). With
one of the systems inactive. the orientation of one slip plane was assumed
(lcaving five independent variables). so the total amount of slip could be

B Tt

Lor L reowen sl
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ANALYSES OF TAYLOR AND OF BISHOP AND HILL o

30

[110]

F!g. 3-.16.’ On'enlaliqn dependence of M for axisymmetric flow by (111)-pencil glide. Four
slip directions are active in regions I and Illc. Only three slip systems are active in the regions
labeled y, = 0 and y, = 0, Here b = [111] and d = {1TT]. (From (24).)

was found. Then the procedure was repeated with another of the four (111)
directions inactive and the lowest minimum selected as appropriate. The
three slip system solution was then checked to assure that it did not
correspond to a stress state that would activate slip on the fourth system.
The calculations for the orientation dependence of M for axisymmetric
deformation are shown in Fig. 3.16.

2

3.6. Calculations for other deformation modes

A' Taylor-type analysis has been used for {111}{112) and {111}¢123)
slip [7). The calculated orientation dependence of M for {111}¢112)
{111}€123), and for mixed (111) slip on {110}, {112}, and {123} planes is
shown in Figs. 3.17, 3.18, and 3.19, respectively. Deformation by {112}(111)
and (112){111} twinning was treated with a Bishop and Hill-type analysis
(2?]. The values of M calculated for various deformation modes for
axisymmetric deformation of randomly oriented material are summarized in

-
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Fig. 317. Orientation dependence of M for axisymmetric flow (111){112) slip. (From Chin
and Mammel [7].)
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Fig. 3.19. Orientation dependence of M [or axisymmetric flow with mixed (111){110},
(111){112}, and <111){123} slip. The same critical stress t was assumed on all systems. {(From
Chin and Mammel [7].)

Table 3.6. Average M values for axisymmetric flow of
randomly oriented polycrystals

Slip systems M Ref.
<Ly {110} 3.06 3.4
3.072 19
3.067 7
. 3.067 1 0.001 6
{112} 2.954 7
CL11){123} 2.803 7
mixed {110}, {112}, and {123} 2754 7
approx. {111)-pencil glide 2.748 19
C111)-pencil glide 2733 23
2.740 + 0.002 24
{111}¢112) 1winning 3.632 + 0.002 25
{112)¢111) twinning 4.643 + 0007 25

* + Indicates 90", conlidence limits,

-
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UPPER-BOUND' YIELD LOCUS CALCULATIONS
, Xx1 .1- 2
Because it is based on assumptions that ensure strain compatibility, the ’
Bishop and Hill analysis can be used to calculate upper-bound yield loci for
textured metals. (The necessary assumptions for upper-bound solutilons are -
discussed in Chapter 5.)
Fig. 4.1. Orientations in a {110}(112) texture.
4.1. Single component textures Now assuming several strain states, Egs. (4.1) can be substituted into L
the basic Bishop and Hill relation, ‘
Example 4.1 . .
The method is illustrated by an example for a single orientation of crystal. dw _ 6(Adc, — Bde, + F d
| , £ I o —= - +Gd .o .
-Consider a sheet with a [112](110) texture and let x.= [112], y = [111], and T \/—( 2 ! Tas Va1 + Hdya) (4.2) ;
z = [110] as illustrated in Fig. 4.1. It will be assumed that the sheet has ‘ :
“twofold rotational symmetry about x, y, and z typical of rolled sheets,” and The resulting equations are given in Table 4.2. For ecach strain state the
that loading is restricted to o, and o,; that is, o, = t,, = 7, = 7., = 0. Under  values of dw are calculated for all permissible Bishop and Hill stress states,
such loading the symmetry will ensure tHat y,, = y,, = ¥,, = 0. The calcula-
tion procedure is to assume several external shape changes, ds,, de,, and de,, L . ,
transform these strains onto the crystallographic axes and then use the Table 4.1. Direction cosines |
Bishop and Hill analysis to find the appropriate stress states, 4, B,..., H. £ =(112) - (i (i)
Finally the stresses are transformed to the external coordinate system. Using - d :
the direction cosines (Table 4.1), the assumed strains are transformed onto 1 = {100] /6 -1/3 -11/2
the cubic axes [Eq. 4.1]. 2 ={010] —l/ﬁ /3 VN
» 3 = [001] 2/./6 11/3 0 :
de, = }de, + §de, + L de,
dey = b de, + Y de, + L de, Table 4.2, Shape change
dey = 3 de, + 4 d
) ey = § 8:1 +3 ;:1 @ Case  do, ds, . dr, N ,
vy = —3de, + §de :
723 = ~3 45 ¢ I ! -1 0 HB~A)=3F+1C+1iH
dyyy =3 de, — % de, ' I ! -4 =1 iB~A)-F+G-lH
l X _ 1 1 0 -1 YB-A)-iF+1G-1{H
dyy= —3dc, — $de, + de.. , Iv 4 H -1 dB-A)-iH
v 0 1 -1 iB—A)+{F 3G —iH
Y Actaally this requires 1he presence of 4 second aneatation « o« (12 1 = [11T) and 2 = [Hl\]

'
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Table 43. Calculated values of dw/\/gr for several shape changes

Strem stute Calculated dn/\/év
No. A B F G H 1 114 m 1v v
1 1 =t 0 0 0 - -4 S -
s o o 0 o -4 -1 -3 0 i
s 0 0 0 1 0 3 1 -3 ] -3
0 0 0 0 1 i -4 =t :_i =4

18 o -+ 0 -§ i

T e et
T S S e e e e
S S T N T TR TEE T T !
% 0 0 4 =f 4 -1 -1 -t -1 -}
27 0 0 -4 i A | i o, -1 -
S S S S T S R G R

using the permissible combinations of A,B,...,H from Table 3.4. The
results are summarized in Table 4.3. For brevity, calculations are shown only
for 11 of the 28 stress states. The absolutely largest (and therefore appro-

priate) values of dw/\/at are underlined. ‘ ‘
Only 4 stress states have been found. Using the direction cosines in
Table 4.1, the external stresses are:
0, = b0y + 40 + 30y — Jouy + doy, — dou, )
A 2
0, =40, +30y + Yo + f03y — 305, = 01,

o, =10, +1o; + 0y,

4.3)
0, = =, + o, = koyy — b0y,
\/'jau = —ial + %O’; =033 — 0y,
) 2
\/Zau = ~{0, = Yo + Jo5 + {03 — oy, + 04,3
H
The brevity, o,,0,,...,0,, in the lollowing calculations are expressed

in units of \/Er. For example, o, = | means o, = /6t
For stress state 27 (F = =L, G=H =} A = B=0),

Amogy—noy=0and Be=ag,— g, =0means that o, = ¢, = 7.

UPPER-BOUND YIELD LOCUS CALCULATIONS 89

AlsoG=H=o0y =03 =4and F =0,y = —4,

Substituting and setting o, = 0 in Eqgs. (4.3), ¢, = 0, = 0y = —}, and
0,=0,0,=—3%,0,=0,, =0

For ' stress state: ~6, (A=B=F=G=0, H= — 1), similarly,
023 = 03] =0and g,, = — 1. Setting ¢, = 0 leads to

-2
a,-0‘2=03=l.soa,=§.a,=§,o,,=o,,=0,anda,,zT‘/__

For stress state —26 (A =B=0,F=H =~} G =),

oy=lo,=-}ando,=0,=0,,.

Figure 4.2 is a plot of o, versus o,, with cach stress state indicated as
a point. In addition, lines are drawn through each point with slopes of
do,/do, = —ds /de, for the ratios of de./de, assumed in calculating that
point. For example stress state —6 was found appropriate for shape changes
N1 (de,/de, = o), 1V (de,/de, = 1), and V (de./de, = 0). Each stress state
corresponds to a comer of the yield locus. When two stress states can
produce the same shape change (e.g., —6 and —26 are both appropriate for
de, = 0), the locus must be a straight line between them with a slope
corresponding to the shape change.

These calculations thus establish most of the locus, but there is an
uncertainty between stress states —6 and —27. There are two possibilitics:

1. The locus is a straight line connecting —6 and —-27: or
2. One or more additional stress states may be appropriate in this
region.

If the first possibility is correct, stress states —6 and —27 would both be
appropriate for the shape change corresponding to the slope between them,
namely de,/de, = —do,/do, = —8. Now, repeating the foregoing procedure
with de, = —4, de, = |, and de, = —}, it is found that stress states — 6 and
=27 are both appropriate; so there is a single straight line in this region,
The active slip systems can also be determined at each point on the yicld
locus. At each corner there are either 6 or 8 potential slip systems, but on
the straight scgments only the slip systems common to both stress states at
the adjacent corners will be operative, as illustrated in Table 4.4, The valuec
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Fig. 42, Yield locus calculated for a (1T2](110) texture. Here x = [172] and y = [T11]. The
points are the appropriate Bishop and Hill stress states and the tangents correspond to the
assumed shape changes.

appropriate stress states, as shown in Fig. 4.3. This is because Ufc uppropriate
stress states must correspond to the largest values of dw. This suggests an
alternative method of constructing yield loci. The values of o, and o, could
be calculated and plotted for all of the stress states, and the locus drawn so
that it circumscribed all the points,

It may be noted that for this yield locus. o, = a:,'=p for all stress
states, but o, is finite for stress states —6 and —26. If a sxr:n_llar calculatllon
had been made for the mirror image orientation with y = [111), the resulting

-
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Table 4.4. Active slip systems

Stress state Active slip systems ;
|
corner —27 +a;, —ay, —b,, +b;, +d,, ~d,
between —27 and —6 =a3, —=b,, +d,, —d,
corner -6 =a,, +a;, =b,, +b,, +Cy, =Cutd, —d,
between ~6 and =26 —ay +by, +cy, —c,
corner =26 =0y, +ay, +by, —by, +ey, ~c,
between —26 and +22 —a,, +a;, +b,, ~b,
corner +22 —a,, +a,, +b;, —b,, —d,, +d,
between +22 and +27 +4a3, —b,y, ~d|, +d,
corner +27 . =@y tay, +by, ~by, ~d,, +4,
-6
-27
= -14,-17
o <13
015,20
1 =
-11,12,25,-28
O
S g oRll 18
3 y O (@)
Q 0
> L o L1619 .
~ -1 \/_
0 | | | | | ]

Fig. 43. Plot of all of the Bishop and Hill stress states (with o, = 0) for the (11
The inappropriate siress states fall inside the locus drawn through the vutesmont
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locus would have the same shape but the signs of the shear stress terms oy,
would have been opposite. In a real sheet with texture, both orientations are
nresent in equal amounts; so there would be no external shear stresses, 7,,,
even though the shear stress would be finite in individual grains.

42, Yield loci for general orientations

The orientations of crystals usually cannot be expressed by simple Miller
indices, but any orientation can be fully specified by three angles. The relation
between the 1,23 crystal axes and an x,y,z set of external axes can be
described by three rotations, as indicated in Fig: 4.4, First a clockwise
rotation ¢ about the 2 axis followed by a clockwise rotation 8 about the 1
axis form an axis set x',y’.z". Finally a clockwise rotation a about the z’ = z
axis produces the x,y,z axis set. Transformations of strains between the 1,2,3
and x.y.z axes are casily made in two steps using the direction cosincs in
Tables 4.5 and 4.6. Other systems of describing orientations in terms of three
angles are described in Appendix 3. ’

43. Yield loci for multiple orientations
Upper-bound yield loci can be computed for polycrystals consisting of more

than one textural component by averaging the behavior of the components.
The averaging must be made for a specific shape change because all grains

Fip. 4.4. Slcr&ographic representation of the angular relations between the external axes x,p.2
and the crystal axes 1.2.3. Negative signs indicate the opposite (negative) end of the direction.
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Table 4.5. Direction cosines between 1,2,3

and x',y,z" axes

1 2 3
x' cos ¢ sin 0sin ¢ cos 0 sin ¢

| y 0 cos ~sin 0
| 4 —sin ¢ sin 6 cos ¢ cos 0 cos ¢

Table 4.6. Direction cosines
between x',y',z" and x,y.z axes

x ¥ v
1 x cos a —sin a 0
sin « cos a 0

z 0 0 !

are assumed to deform with the same strains.

U_x = /;(ox)a + fb(ox)b +

y = S0 + filo)y + 0, (4.4)

where £, f;,... are the volume fractions of orientations a, b, ... and (c,),,
(0,)., €tc. are the calculated stresses in orientation a.

To illustrate this, consider a material with two orientations: a, with
x = [001] and y = [110]; and b, with x = [110] and y = [00T] present in

equal amounts. For simplicity, it is assumed that \/_r = |, The individual

yield loci are shown in Fig. 4.5. The shape change (0 > det Jde, 2 — 1)
requires the stresses o, = 2, ¢, = | in orientation a and o, = 1 og,=21in
orientation b. For the polycrystal this shape change requires the avcragc of
those, o, = 3 and o, = 3. It is interesting to note that this stress state lies
outside both mdmdual loc1

More compl‘cx mixtures can be handled by computer calculations. The
stress state for uniaxial tension has to be found by an iterative process since
the shape change p = —de,/de, is not known'at the onsct. Calculations arc
repeated for different assumed ratios,of p until o, reaches zero. The R value
equals p*/(1 —~ p*), where p* is this value of p. ’

With the assumptions used, the calculated yield loci for individual
orientations are always bounded by straight sides mccnng at corners, W\lh

polycrystals the numbcr ofstraught sides and cnrn;,,,mf;m—u
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Fig. 45, Yield lodi calculaled [or oricnlations with (1) x = [100], y = (I 10) and (b) x = [110],
y = [00T] (left). At the right is the yicld locus for a texture with both components. It is assumed

that ﬁr = | ) |

becomes very large can the yicld locus shape be approximated bL' a smooth
curve, - o :

4.4. Yield loci for rotationally symmetric textures

It is of interest to consider yield loci for sheets with textures that are
rotationally symmetric about the sheet normal. Such textures may be
approximated for a given sheet normal (fixed values of 0 and ¢) by
considering orientations differing by enough small increments of rotation,
Aa, about the sheet normal to represent all orientations. In general 180° of
rotation is required, but this is reduced by symmetry for special directions
normal to the sheet (45° is required for [100], 30° for [111], and 90° for
[110]). Figure 4.6 shows the upper-bound yield loci calculated for fcc metals
with textures that are rotationally symmetric about [100], [110], and [111]
sheet normals. In cach case there is a corner at biaxial tension. Figure 4.7

K )
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Oy
-

(100) (110} | 1 (111)

Fig. 4.6. Upper-bound yield loci calculated for fec metals having rotationally symmetnic
textures with [100), [110],and [111] shect normals. The values of o, and o, are normalized by 1.

{111)-pencil glide. Note that there are corners at ¢, = a, for fec'slip but not
for pencil glide.

4.5. Yield loci for randomly oriented material

An isotropic material can be approximated by a large number of randomly
oriented grains. However, some care must be taken to assure a representative
sample of orientations. As already noted, any orientation can be described
by three angles, 0, ¢, and «. For a cubic crystal a random orientation can
be found by selecting ¢ randomly between 0 and 45°, « randomly between
0 and 180° and sin ¢ randomly between 0 and 1. This will cover three basic

stereographic triangles. (Alternatively, for coverage of a single stereographic

triangle, sin ¢ can be chosen randomly between 0 and ! with the restriction
that tah ¢ < sin (), so that whenever this restriction is violated the oricntation
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Fig. 47, Upper-bound yield loci for rotationally symmetric textures with [100], [110], and

(111] sheet normals calculated assuming (111)-pencil glide. The values of o, and o, are
normalized by t.

Note that if a number of ¢ values were randomly chosen between 0 and
on”, the density of poles would be much higher near the north pole (¢ = 90°)
than near the equator (¢ = 0°), whercas choosing sin ¢ randomly eliminates
this bias. Consider a hemisphere of unit radius as shown in Fig. 4.8. The
circumlerence of a line of latitude at ¢ is 2n cos ¢; so the surface area between

Tatitudes of ¢ and ¢ + d¢ is 2ncos ¢ d¢p. The spherical area between
lIatitudes of ¢, and @, is

AA = Jcos b dp = sin ¢, — sin ¢,. 4.5)

¥

Therefore, choosing the latitude intervals so that cach interval corres-
ponds to the same A sin ¢ increment results in equal increments of spherical
Arca.

There are scveral possible strategics for approximating an isotropic
material: '
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Fig. 48 Hemisphere of unit radius. The area between ¢ and ¢ + d¢ equals 2n cos ¢ do.
]

1. Randomly select 9, sin ¢, and « as described here. The disadvantage
is that a very large number of orientations are needed to ensure a
reasonable sampling of ofientations.

2. Use small increments of 6 (e.g., 5°) between 0 and 45°. For cach
6-valuc increment sin ¢ [rom O to 1 by small increments (e.g., 0.1)
and for each 6-¢ combination increment « {rom 0 to 180° (c.g., by
18°) so that the orientations chosen cover the entife range. The
disadvantage of this procedure is that the results will depend on the
first orientation and the weight given to the extreme orientations.

3. Choose each value of 6, sin ¢, and a randomly within a small grid
element [e.g., of size A8 = 5°, A(sin ¢) = 0.1, and Ax = 18°] and usc
the incrementation scheme in (2) to choose the bounds of the grid
elements. This procedure will assure sampling over all of the spherical
area of interest without being biased by an arbitrary starting point.
Furthermorc, the error can be estimated by repeating the calculations
with new random numbers.

Table 4.7 and Fig. 4.9 give the isotropic upper-bound yicld loci
calculated by strategy (3) for {111}<{110) fec slip (1] and for {11! )-pencil
glide in bee metals [2]. Both loci lic between those [or the von Mises and
Tresca criteria, Calculations were madc only for imposed strain paths
0 < p < 0.5, but because of isotropy, the behavior along other loading paths
can be deduced from these. Each loading path in the range =1 < p < 0 has
an equivalent loading path, p’ = p + 1 in Table 4.7, The corresponding
stresses, 0, and ¢, on the yield locus are given by 0, = ¢, and 0, = 0}, ~ 0,
where ¢, and o) are the stresses listed in Table 4.5. For example, consider
the path, p = —0.75. The equivalent path is p’ = +0.25, and for the fcc casc,
o, =0, =3228r and o, =0, ~ 0, =(3.228 — 0,439t = 27807, Simil.r1e
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ou=( ‘ﬁ) = (5-) ke,
i /i

\ 1
- (2) kM3 (g/k)(n + 1)w* "”"”)’ @.11)
v/ ZMT*I

]

ind thé average value of g, is given by

(o /0M]
o,=AY J”n, (4.12)
. i (Z MT& l)
i
where A is the same for all grains
A= (k)" UTwen + DI,
Simtlarly,
~  (o,/1):M]
U,=AL’—WTT). (4.13)
)
: .

Note that the shape of the yield locus is independent of th.c level of n‘»‘ chosgn
to define yielding. An interesting feature calculated this way (with strain
hardening) is that the corners of the yield locus are rounded. This is
illustrated in Fig. 4.10 by the example of a texture composed of iwo
orientations. With no strain hardening (n = 0), there are sharp corners at
a.,=150,=10and o, = L5, 0, = 0.5, and these corners become more
rounded as n is increased. '

For n =0 (no strain hardening) Eqgs. (4.12) and (4.13) reduce to the

usual

' 6, =AY <°_> (4.14)
i T/
g, = Ty L @1s)
> A;<r) _ (

Assuming a strain-rate dependence of t (i.e., © = k3™) has a similar effect in
that otherwise sharp corners become rounded with fintte valnes of m

UPPER-BOUND YIELD LOCUS CALCULATIONS 101

150 152 154
I 1 A

- x=(100], y=(001]---
x=[110}, y=[001] ----
combined

0.52

050

Fig. 4.10. The eflect on strain hardening on the corners of a yield locus of a polycrystal
composed of two orientations. The enlarged view of the two comers (illustrated at the right)
shows that the corners become rounded with strain hardening,

|
4.7. A rate-sensitive model

/ .
Asaro and'Needleman have developed a rate-sensitive model based on the

Taylor assumptions of homogeneous strain. Every slip system is assumed (o
be active, with a shear strain rate that depends on the current stress, r = c3™,
and a hardness parameter that is strain dependent. With even a low level of
m (0.005 or 0.01), the ambiguities of the Bishop-Hill and Taylor models
caused by the nonuniqueness of active slip systems are absent, so that
rotations can be predicted without ambiguity. The model includes elastic
deformation, which allows the stress within a crystal to be related to the
strain, The calculations iterate so as to give stresses and strains that are
self-consistent. It would be interesting to check how closely the stress states
in the grains, predicted by this analysis, compare with the Bishop-Hill stress
states. The author expects that the comparison would be close. In that case,
an alternative would be to assume the Bishop-Hill stress states, and use
them to determine the relative operation of each slip svstem hy esimine
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5.1. Introduction

Upper- and lower-bound analyses are based on well-established principles

! (1, 2]. For a valid upper bound, a geometrically sclf-consistent, internal

deformation field (one that is kinematically admissible) must be assumed.

[ The external stresses are calculated from the internal work necessary to

produce such deformation. The Taylor and Bishop and Hill model is an

upper-bound model in which the geometrically self-consistent deformation

field is assured by assuming that every grain undergoes the same shape

change. The stress is averaged over all grains. However, this model is not

; i exact because it implies different stresses in neighboring grains and hence
unbalanced forces acting across grain boundaries. )

Lower-bound analyses are quite different. The lower-bound theorem

requires a self-consistent internal stress field (one that is statically admiss-

ible). However, no regard need be taken of strain compatibility. The simplest

- way to assure sell-consistent stresses is to assume that every grain is loaded

under exactly the same stress state and that the mean (overall) strain is the

average of the strains in the individual grains, Figures 5.1(a) and (b) illustrate

the difference between a lower-bound average and an upper-bound average

for a polycrystal containing three grains. (These figures arc based on a

hypothetical material for which 1t =923 4 = t/m, and ¢ = my, and the

grains are assumed to differ in their values of m.)

The lower-bound model is reasonable only if work hardening is

assumed. Otherwise (with no work hardening) the stress cannot rise above

the level required for slip in the most favorably oriented grain (highest m);

g so the calculated strength of the polyerystal is identical to | . This

is illustrated for uniaxial tension in 18. 0.2. Clearly this is unreasonable; the

softest grain may deform more than the others, but not infinitely more, Strain

. hardening can be incorporated into upper-bound Taylor and Bishop and

Hill-type calculations [3], but it does not have a large effect on the results ;

because the averaging is done at the same level of stain in each prain: o 5
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m=0.30
3T m=0.38
sversQe
- / ms0.4%
- lower-bound " averaging
ol strains al equal siress
1 4+
0 + } 4 + +
0 a.1 0.2 0.3 0.4 0.5
(a) strain
’
m=0.30
3 4 me0.35
1 aversge
t
'
[ ! m=0.45
E 2 4+
-
1+ upper-bound averaging
ol stress at equal sirains
0 —+— + + —t 4
e 0.1 0.2 0.3 0.4 0.5
(b) strain

Fig. 51, (a) Stress~strain curves for three orientutions of crystals with the lower-hound average

for a polycrystal composed of these threc oricntalions. (b) Stress-strain curves for three

orientations of crystals with the upper-bound average for a polycrystal composed of these three
V orientations.

5.2. Calculation method

Calculations have been made [4) assuming power-law work hardening in
each grain with

—

) JETTN .o BE
LOWER-BOUND YIELD LOCUS CALCULATIONS 108
4 +
L m=0.30
S+ me=0.35
upper-bound average
b lower-bound average ma0.48
227 (equals lowest curve)
-
1 +
0 u e + —
0 0.1 0.2 0.3 0.4
straln

Fig. 52. Lower-bound averigc for the three orientations in Fig 5.1 with no strain hardening.

where 1, is the shear stress necessary to cause slip on the active slip system
in that grain and y; is the shear strain on the slip system. With this assumption
all grains make some contribution to the overall strain and therefore have
some effect on the calculated yielding behavior.

Yiclding is defined to occur when the plastic work per volume. w, of h
the polycrystal reaches a critical level, w*. This is equivalent to defining
yielding in terms of an effective strain, £, since ¢ and £ are constant everywhere
on the yield surface and w = [ & dé. This definition of yiclding avoids the
complication that would arise if yielding were defined as occurring when a
critical level of effective strain is reached. The difficulty with that approach
is that the appropriate effective strain function is not known until after
the yield locus shape (and therefore effective stress function) has been
determingd.

The basic assumptions are:

'

1. A plane-strain stress state, ¢, and ¢, = a0, witho, = 0, 7,, = 7,, =
T,y = 0. ‘

2. Slip in each grain occurs only on the system with the highest
resolved shear stress with no restriction on the resulting shape
change.

3. Strain hardening is described by a power law [Eq. (5.1)].

4. The textures have rotational symmetry about :.
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06 THE MECHANICS OF CRYSTALS AND TEXTURED POLYCRYSTALS
‘he plastic work per volume, w,, in an individual grain, i, is given. by

ky:W 1 - k- lllﬁﬂ* 1y

n+1 n+1

' (5.2)

W:"J‘fldyt“

| where 1, and y, are the shear stress and shear strain on the most heavily

stressed slip system in each grain. For a polycrystal consisting of g grains of
equal size, the overall plastic work per volume, w, is simply

w=12w,=g2r§"”", (5.3)
gt g i

: where g = 1/[(n + 1)k'/"]. At yielding w = w*®,

For a given stress ratio a, the shear stress 1, is given by
T, = my 0, + myo, = 0, (my + am,). , (5.4)
]

Here the resolving factor is m,, = cos A,; €os @, where 4, and ¢, are the
angles from the x direction to the slip direction and slip-planf: normal,
respectively, of the most heavily stressed slipA system. The rcsol_vmg factor
m,, is defined similarly. Substitution of Eq. (5.4) into Eq. (5.3) gives

we = gz [ou(my + am,)J* n, (5.5)
i .

Because o, is assumed to be the same in all grains, it can be removed {rom
the summation. Taking w*/g = w*k'"(n + 1) as unity and solving for g,,

ni{n+1)

)

g
g, =
X Z (mx( + amyl)u* “/n
i

g, = ao,. (5.6)

The ratio of the resulting strains, ¢, /¢,, can be found in a similar manner.
In each grain &. = myy, and &, =m,y, where y = (t,/k)'" and 7 =
(m,, + am,)o,. Substituting,

my + am\'"
Eqy =My Ox ————

k
' (5.7

o (my + 2mO\'"
gy = My ——— |

o i M 2l B g

CALCULATIONS

LOWER-BOUND YIELD LOCUS

Therefore the ratio of the external strains, ¢, = (l1/g) ) ¢, and ¢, =
i

(l/g) ; C,‘, iS

;[mw(mxl + amyl)”"]

z [mxl(mxl + dm,,)”n]
i

(5.8)

5.3. Results of calculations

Lower-bound calculations were made for both {111}<110) slip, which is
characteristic of fcc metals, and {111)-pencil glide, which is characteristic of
bee metals. Both sets of calculations were made for 100 different textures
with rotational symmetry about the sheet normal, assuming strain-hardening
exponents of n = 0.1, 0.25, and 0.5. As with the upper-bound analysis, the
yielding behavior was calculated for the four characteristic loading paths
illustrated in Fig. 5.3: (1) uniaxial tension (o, = 0), (2) plane strain (¢, = 0),
(3) biaxial tension (¢, =e, and o, =0,), and (4) plane strain (¢, =0,
g, = —0,). For uniaxial tension (path 1) the strain ratio R =¢,/e, was
determined as R = p*/(1 — p*), where p* is the value of —(¢,/e,) in Eq. (5.8)
with « = 0. For plane strain (¢, = 0) (path 2) the corresponding stress
ratio, a® was found by iteration. Various values of « were assumcd

c
y
0y =S
3
£y=0

2

N

— Oy

slope = ~g, /Ey

Oy = ~Ox.E,= 0

Fig, &3, Yield locus showing loading paths and the coordinate system.
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1.25 7 —
a=2
120f / 7
[ . 9
' *la=8 |
S . g o ]
> M /
o .15 LA R
Q v .
Ko r e V/.I
S . ‘,/,2
@ b K [y
AL < o
e r .é‘ o /(‘
1°5F / Lower-Bound Fcc Model ‘
e n=0.25 '
"o%.a 0.4 6.5 0.6 0.7 0.8
p= RI(R + 1) ’

Fig S4 Calculated values of 4 and R for the lower-bound model with fcc assumptions and
n = 025, (From [4].) '

until Eq. (5.8) resulted in ¢, /¢, = 0. For each of the assumed textures, three
ratios of the yield stresses along the several loading paths, namely,

ﬂ _ ax(nllh 2)
T

2ax(palh 4)

| ¢
(path 1)
A= BRI

Txipath 1)
_ O x(path 3)
)

ax(p-m 1)

were calculated together with the R value in uniaxial tension. Figure 5.4 is
a plot of the calculated values of 4 and R for the assumed textures with fee
slip and n = 0.25. The corrclation between the calculated R values and the
yicid strength ratios were compared with the trends predicted by the
nonquadratic yield criterion,

o+ 0%+ Rio, —0,) = (R+ 1)X*. (5.9)

As with the corresponding upper-bound models, the yield loci are best
A A 10 (inctend

i
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10 . R . .
o 4
~ 9
&
c ]
o
g 8 ;
- 1 \\fcc slip
.g 7 W\
T |
o 1
pencil glide (bcc)
3 6 %
2 4 \
5 v - ~

0.0 0.1 0.2 0.3 0.4 0.5 0.6

strain hardening exponent, n

Fig. 55. The yield criterion exponents a that result in the best fit of calculated values of 4 1o
those predicted by Eq. (5.9).

of 2 as in the 1948 Hill theory; see Chapter 8). The values of the exponent
a were varied to find the values that gave the best fit of the parameters j,
4, and y to those predicted from Eq. (5.9). Figure 5.5 shows that the exponents

a that give the best fit for A decrease for higher strain-hardening exponents:

for both the fcc and pencil-glide models. Similar trends were found for the
other parameters.

54. Other models

Other models of polycrystalline strength have incorrectly been described as

.

lewer.bounds, The Sachs model [5] averages the reciprocal Schmid factors; -

I/m (or axial stress level) in the various grains. This is a lower bound only
for uniaxial tension of a polycrystal in which all of the grain boundaries arc
parallel to the stress axis, Attempts have been made to extend the Sachs
model Ly assuming the same stress ratio, « = ¢,/0, (but not the same
magnitude of the stresses) in each grain [6-10]. This assumption does not
fulfill the lower-bound requirement for a statically admissible stress ficld; so
such calculations are not lower bounds. Furthermore, normality is not
assured. Figure 5.6 shows an example of how-normality is violated for u
palycrvstal consisting of two grains: A with x = [001], » = [110], = = [110)
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Fig. 5.6. Example showing that averaging along paths of constant stress ratio a can result in
a vield locus that is outwardly concave and therelore violates the normality principle. ¢

and B with x=[110], y= [OOT], z =[110]. The locus resulting from
averaging the individual loci along paths of constant stress ratio is outwardly
concave, which violates normality. Compare this figure with Fig. 4.5.
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] 6
RELAXED CONSTRAINTS

6.1. Number of slip systems

The Taylor assumption that five active slip systems are required in each
grain of a polycrystal was first suggested by von Mises [1]. It has been
argued (2, 3] that this assumr.ion is too severe and is not necessary for
compatibility. Kocks pointed out that in hcp metals twinning can contribute
to achieving imposed shape changes, although because it is unidirectional a'
twinning system cannot substitute for a slip system in all the grain® However,
in a random polycrystal, half the grains should be oriented so the direction
of twinning is correct to provide the nceded deformation, and deformation
in these grains can accommodate the neighboring grains.

Fleischer [3, 4] studied the problem experimentally by sectioning and
etching deformed brass to determine the active slip planes in each grain.
From these measurements, he concluded that fewer than 5 independent
systems were active in 40% of the grains. '

6.2. Constraints at grain boundaries

At grain boundaries, compatibility and equilibrium impose certain con-
straints. Consider a grain boundary between two grains, A and B (Fig. 6.1).
Let the normal to the grain boundary be z, so x and y lie in the boundary.
Force equilibrium across the boundary requires that

6:A = axB' rylA = ryzli- t:xA = t:xB-

"and unless thére is grain boundary sliding, strain compatibility requires that

‘

Eea = Exps Ly = Ly Teyd = Vxy8-

0,. d,, and 1,, nced not be the same in cach grain and the strains y,; and

+.. may be different. The strain ¢, is not independent unless there is a volume

e " ..,-:;_:?: 7 4;_ T-Mj'“‘," - T R o

SRR
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Flg. 6.1, Schcmatic of a grain boundary between two grains, 4 and B.

6.3. Deformation bands

Not-all regions within a grain need deform with the same slip systems. The/
deformation bands form when different slip systems are active in different
Yegions. .»

Dunn [5] had found that a {011}<100) single crystal of iron-3.5%;
silicon divided into two layers of different orientations during rolling. Chin
and Wonsiewicz [6] showed that {100)- and (l11)-oriented crystals in
fiber-textured fcc metals may break up into regions with different combina-
tions of slip systems. They found similar behavior during plane-strain
compression of single crystals of copper and silver alloys [7], with different
regions of the crystal deforming by slip on different systems so that
differently oriented regions resulted.- :

6.4. Free surface effect

Taylor's assumption that all grains deform with the same shape change is
clearly violated at and near the free surface. This is indicate

¢ vy the orang

peel effect, wh{bh is the development of a surface roughness on the scalc of :

the grain size. At the ree surface the compatibility requirement normal 10
the surfacc} is relaxed; so fewer slip systems need operate. In uniaxial tension,
those slip 'systems that are least efficient in producing elongation (lowest

Schmid factor, m = cos 4 cos ) are those that are most likely not to operate.
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Therefore, the tensile stress required to cause deformation will be lower at
the surface than in the interior,

One consequence ‘of this is a dependence of the flow stress or yield
strength’on the ratio of grain size to specimen size [8]. For a fixed specimen
size, this will result in an apparent dependence of the flow stress on grain
size. Certainly this relaxation of constraint in grains at a [ree surface is not
the only cause of the grain size effect, but it may make an important
contribution when the grain size is large relative to the specimen size. Kocks
[9] has pointed out that in a cylindrical tensile specimen with 100 grains
per cross section, about 4 of the grains are at the free surface. For the number
of free surface grains to be reduced to 10%, the specimen diameter must be
30 to 40 times the grain diameter.

Another result of the difference between the flow stress of surface and
interior grains is the development of residual stresses on unloading [10, 11].
If the surface and interior could deform independently, the lower stress in
the surface would, on unloading after tensile extension, cause it to contract
less elastically than the interior. Strain compatibility, however, requires that
the clastic contraction of surface and center be the same; so thg surface grains
are left under a state of residual compression. |

The phenomenon of ridging (also called roping) of ferritic s(ainlcs# steels

is related to the orange peel effect [12-15]. The effect is attributed to the
existence of two different textural components (or groups of textural
components) with grains of similar orientation being grouped in regions that
are elongated during rolling. At a frec surface during the deformation of
stainless steel sheet, the different regions deform differently, leaving a surface
roughness in the form of ridges. In ferritic steels containing about 179 Cr,
the two textufal component groups are orientations described as. “cube-on-
face” and “cube-on-corner.” The “cube-on-face™ components are those with
{100} parallel or nearly parallel to the plane of the sheet: {001}<110),
f1173<110), {115}<110), and {113}<110), while the “cube-on-corner” com-
ponents are those orientations with {114} parallel or nearly parallel to
the plane of the sheet: {111}¢110), {111}<112), and {554}<225). The cube-
on-corner orientations have much higher R values, so in tension undergo
much more lateral contraction than the cube-on-face orientations. This
results in elongated surface roughness parallel to the prior rolling direction.

6.5. Axisymmetric flow

In a polycrystal subjected to axisymmetric flow, the tendency of an individual
crystal to depart from axisymmetric flow depends on its orientation. For
grains with ¢100) and ¢111) parallel to the extension axis, the Taylor factor
for axisymmetric flow, M, is the same as the reciprocal of the Schmid factor,
I/m, so axisymmetric flow is expected. For other orientations the ratio of
M/(1/m) is greater than one, as shown in Fig. 6.2. The highest ratio occurs

| .
_One would expect that initially equiaxed grains would t)ecomc cigar shapcd,
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Fig. 6'.7. Ratio, M/(1/m), of the Taylor factor for axisymmetric flow to the reciprocal of the
ScP}mnd f.:ictor. The tendency of a grain to depart from axisymmetric flow increases with this
ratio, which is 1.0 at (100> and {111 but is over 1.6 near {110).

for orientations near {110); so it is expected that these orientations would
have the largest tendency to depart from axisymmetric flow.

6.6. Curly microstructures in {110>-fiber textures

- e———— on

during axisymmetric clongation such as wire drawing. However, drawn wires
9( bec;metals develop a grain shape that departs significantly from this®
c_xpectation.c?cck and Thomas [16] found that the grains are shaped more
like ribbons that are curled by bending about the wire axis. Figure 6.3 shows CoL
th; microstructure of a tungsten wire viewed on a section parallel to the wire .
axis and on the cross section perpendicular to the wire axis, Figure 6.4 s 2 "
schematic representation of the grain shape.

These observations have been explained [17] in terms of the strong
‘<110)-ﬁber texture that is formed in wires of bee metals and the difficulty
in achieving axisymmetric flow about <110). Let the wire axis : = fot1y,
x = [100], and y = [011], as shown in Fig. 6.5. For this orientation, the
Taylor factor for axisymmetric clongation of the grains along the wire axis.
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W
oo i

Fig. 63. Microstructure of a tungsten wire. A longitudinal section is shown at the above and
the cross section at the below. (From Peck and Thomas [16].)

£, =¢,= =i, is 1.5 times the Taylor factor for plane-strain (¢, = 0)
extension. The values of M are 3./6 versus 6 for 10p'slip or %ﬁ
versus 2\/5 for {111){112} slip or {111)-pencil glide. This difference causes
a strong propensity for plane-strain flow within individual grains, each
differing in orientation by rotation about =. Neighboring grains can maintain
compatibility as they deform by plane strain by curling about one another,
as shown in Fig. 6.4. Although this curling requircs some additional work,
the amountrof required bending work decreases as the grains develop a
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wire axis
= <110>

Wiy

Fig. 6.4. The shapes of grains in a drawn bec metals can be described as ribbons aligned and
folded parallel to the wire axis.

z=(011]

x = [100]__

y=(071]

y=[071]

Fig. 6.5, Ar"angcmcnl of slip directions in bec crystal oriented for extension parallel to [011].
With slip on the two favorably oriented {111) directions, there is contraction parallel to (100]
but not parallel to [071).

{

allow for the bending work. He found that after a strain of ¢ = 2, the Taylor
factor for plane-strain flow with curling is about 0.7 (in comparison with 3)
that for axisymmetric flow of the grains,

This model predicts that the thin transverse direction of a grain should
corrcSponc'*l to a (001> and the long one to a (110), and this was confirmed

[19]. It has been found [20] that even the structiie




Fig. 6.6. Cross section of 4 iron wire swaged 1o an 87% reduction of area. Note the swirled
microstructure, (From Meieran and Thomas [19].) ’

of pearlitic stecls develop similar structure because the orientation within

the' ferrite plates of the pearlite i Such that {001} is parallel to the plates.

Similar microstructures should be expected in wires of hcp metals having a
fiber texture. ,

An analogous microstructure develops in fcc metals during severe
compression [17] because of the strong (110) compression texture. As a
crystal is compressed parallel to (110D, the orientation of the {111} slip
planes is such that it will readily spread in the lateral {001) direction but
not in the lateral (110> direction. Again the overall compatibility can be
maintained by curling-of the grains about the {(110) compression direction.

It is-of interest to note that Peck and Thomas [16] found that bec wires
formed by swaging, instead of wire drawing, form a swirled microstructure
(see Fig. 6.6) with grains oriented so that (110) is parallel to the wire axis
and {001) oriented in the radial direction. As the grains elongate, thinning
occurs preferentially in the (001} radial direction. Again the M is reduced
to $ that for axisymmetric flow.

6.7. Relaxed constraints model

This modification of the Taylor model was first suggested by Honnefl and
Mecking [21] and later developed by Kocks, Jonas, Canova, and others
[22-24]. It is assumed that when the deformation is great enough so that
grains are no longer equiaxed, therc is a partial relaxation of the Taylor
requirement for cqual strains throughout a material. In material further than

v
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Fig. 6.7. Schematic diagram of a distorted grain showing regions in which the constraints are
assumed to be relaxed.

a characteristic distance from a grain boundary, the shear strain causing
displacement normal to that boundary is relaxed. For example, if the
dimension of the grain were L,, L,, L, with L, > L > L,, the requirement
for a fixed level of the shear strain, y,,, is relaxed except within a characteristic
distance, aL,, of the grain boundaries normal to y, as shown in Fig 6.7.
Likewise the shear strain, y,,, should be relaxed except within a distance aL,
of the grain boundaries normal to x. Thus a grain is divided into a central
region where only three independent strains are prescribed (requiring slip «
on;only-three slip systems), edge regions where four independent strains are
prescribed (requiring four slip systems), and fully constrained corner regions
in which five slip systems must operate. In this development a is a geometric

parameter between 0.5 and 1.5 «
The relaxation ol this model gradually*becomes more important as the

grain shape becomes more and more distorted with deformation. Figures
6.8, 6.9, and 6.10 show how the volume fractions of the material requiring
3, 4, and § active slip systems are predicted to change with strain for
axisymmetric elongation, axisymmetric compression, and plane-strain com-
pression. These figures are based on calculations assuming that the grains *

are initially cubic and that a = 1.

For the axisymmetric clongation along z (Fig. 6.8), the shear strains';,,
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Fig. 6.9. Changes in the volume fraction of material requiring 3, 4, and § active slip systems - -
during axisymmetric compression according to the relaxed constraints model. Calculated from
Eq. (6.2) au*ming initially cubic grains and a = 1. (Adapted from [22].)
{ . .
'
. X rand y,, are relaxed except at the ends. The volume fraction in which five slip

K ol systems operate, fg, is unity for L < 2aw. When L > 2aw, f, is given by f; =
W —~—W 2aw?/(w?L) = 2aw/L. In the remaining material (fy = | — f;), v,, is relaxed
so three slip systems are required.® Both L and w are functions of the axial

Fig. 68. Changes in the volyme fruction of material requiring 3 and 5 active slip systems with
strain during axisymmetric extension according to the relaxed constraints model. Calculated ¥ This relaxation to three slip systems is not in agreement with ref. 24 which proposes |

hat only ., 18
from Lq. (6.1) assuming initially cubic grains and x = 1. (Adapted from {22) relaxed in the dentril region How i T

s cwereement wath the ¢
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1
1 Plane strain
5 1
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“ig. 6.10. Changes in the volume [raction of material requiring 3, 4, and $ active slip systems
during plane-strain extension according to the relaxed constraints model. Calculated (rom Eq.
{6.3) assuming initially cubic grains and « = . (Adapted from [22).)

strain, & With axisymmetric flow, L = L, exp(c) and w = wy exp(—¢/2).
Taking Ly and w, as unity and substituting,
fs = 2z exp(—3¢/2) and fam 1= /s (6.1

. N
It is interesting to compare the strain relaxation of this model with
relaxation in hee wires discussed in the previous <ection. Tn that case

|
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one of the strains normal to the wire axis, ¢, or ¢,, is relaxed as well
asy,,. .

For the axisymmetric compression about z (Fig. 6.9), h = exp(—¢) and
w = exp(e/2), where here ¢ is In(ho/h). The volume fraction in which five slip
systems operate, fy, is unity for 2ah > w, which corresponds to & < 4 In(22).
For higher strains,

4(!2}13 4a2h2

[y = = = 4a? exp(—3¢), (6.2)

200, B\2
fom SO g (2)

w?h w
3e 2
= 4 exp -3)" 8a* exp(— 3¢)

SHr=1-fi— /s

For the plane-strain compression (Fig. 6.10), the volume fraction in
which five slip systems operate, f;, is unity for L < 2ah, which corresponds
to ¢ < 1In(2x). Here L=expe and h=exp(—¢) and w = wo = 1. In the
interval 4 In(2x) < ¢ < In(2a),

Ss =2ah? =2 exp(—2¢), fi=1-/f, (6.3a)

For higher strains ¢ > In(2a)

S5 = da?h® = da? exp(—3¢),
Jo = 20 exp(—¢) — 4a? exp(—3¢), (6.3b)
fi=1~fo=fo=1-2aexp(~—¢).

Similar calculations have been made for torsion. In each case, as the
average number of required slip systems decreases with the relaxation of
the constraints, the Taylor factor, and therefore the relative strength,
decreases below what it would be for fully constrained flow. The basic reagon
forgintroducing, this relaxed model was to -help ‘explain the _discrepancies v
be:wecﬂﬂe?sf’é’zhih‘ cu‘fv‘és“q'i:ﬁ‘e“”‘nnrén:éomp&izs%:&nd»tom'oa fn high
strains [24]. The difference between eflective stress-strain curves in tension,
compression, and torsion was explained partially by the different textures
developed and partially by the different rate of decrease of average number
of required slip systems, with torsion having the greatest decrease and tension
the least.
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68. Strengthening from second phases

In many precipitation hardening systems, the precipitates form as needles or
platelets aligned with certain crystallographic directions or planes in the
matrix. It is because these needles and platelets are plastically strong that
they hatden the crystal}1fthere is7a texture.in the matrix, these oriented
precipitates will cause an anisotropighardening of the matrix.fThe precipitate
must deform in a way that is compatible with the matrix. At very low strains
the compatibility can be accommodated elastically. One might assume that
at higher strains, plastic deformation of the crystal would require the particles
10 undergo the same strains as the overall crystal. However, because of their
shapegsome of the strain components in the matrix may be accommodated
by rotation. This is illustrated in Fig. 6.11, for a platelet oriented perpendi-
cular to the 1 axis. When the matrix deforms, it must undergo the same
normal strains, £,, £, arld £, and one of the same shear strain components
(¥23), but two of the shear strain components (75, and y;,) can be satisfied
by a rigid body rotation instead of deformation. These are #he same strain
components that would be relaxed in the centers of the platelets according
10 the relaxed constraints model of the previous scction. '
The anisotropic precipitation hardening of Al-4% Cu has been analyzed

* Fig. 6,11, For a platelet, compatibility for two of the three shear strains can be satisfied by
body rotation.

U where N,, = (N, + Ny + Ny)/3.
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Fig.l 6.12. The orientation dependence ofDN for axis i i
- ymmelric flow of crystals h s
parallel to {100} planes. (From [25].) re(els aving platelets

this way [22]. In this alloy the precipitates are platelets parallef to the {100}
planes of the matrix.

Thc incremental work to deform the platelets oriented perpendicular to
the 1 direction is dw, = f,ddE,, where f, is the volume fraction particles
pargllcl to (100), G is the eflective stress and dg, is the incremental effective
strain in the platelets. Although the plastic properties of the platelets may +
not;be.known, the anisotropy caused by them may be approximated if it is *
assumied that they are, themselves, plastically isotropic and the von Mises

cffective strain function:is appropriate! In that case, N, = d&,/de,is given by

2T7de \*  [de,\?*  [de.\? )12
Nl={—|:(-—‘-) +(—-’- + —3) + L[ . (64)
3 [ \de, de; de, 3\ de,
where 'the terms describe the strain in the matrix. The corresponding
expressions for platelets ‘oriented perpendicular to the 2 and 3 axes are
identical to Eq. (6.4) except that the term dy,; is replaced by dyy, and dy,,,

respectively. If the three orientations of platelets are present in equal
amounts, the strength contribution of the platelets will be

! dw, dé

i E‘faz‘foM-, (6.5)
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Calculations of N,, for,axisymmetric flow in crystals of different orienta-
tions are plotted in Fig. 6.12. Here it can be seen that the greatest platelet

haesiening (highest. vatugrol N.,) ocour near (1005 45d the icast Bardeaing?
of oracatationon the slip matrix, fogayhich the Tayfor analysis predicts i

e rmg?‘&fgﬁk.{lj and: the lowest ncar [100) In age-hardened
Al=4%, Cu alloys these two different anisotropic effects partially cancel,
resulting in only a small amount of anisotropy. This strong decrease in the
degree of anisotropy with precipitation hardening has been documented in
extruded bars of an aluminum alloy containing magnesium and silicon [26].
Much the same relaxation can occur for rodlike particles. For rods
oriented parallel to the 1 axis, the particles can accommodate y,, anid Y31
strain components by rotation. This analysis is based on infinitesimal
strains, whereas f{initc shear strains can be only partially accommodated by

rotation.
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DEFORMATION TEXTURES

Barrett and Massalski [1] and Hu [2] have published excellent reviews of
experimentally determined crystallographic textures in metals. Textures are
{ormed in metals during solidification, deformation, recrystallization, grain
growth, and phase transformations. The treatment here is concerned only
with deformation textures and summarizes some of the experimental obser-
vations and recent computer predictions. ’

7.1, .Observed deformation textures

7.1.1. ‘ Wire textures

The textures of fcc metals after large axisymmetric elongation as in wires or
rods formed by drawing or extrusion have two major components: one with
<100 approximately aligned with the wire axis and the other with (111}
so aligned. Figure 7.1 is the inverse pole figure [3] of an extruded aluminum
rod. The reduction was 92% at 24°C. The relative amounts of the {100) and
¢111) components vary (rom one metal to another. English and Chin [4]
showed that this variation correlates well with the stacking fault energy of
the metal, as shown in Fig. 7.2. The large amount of {181 component for
alloys with very low stacking fault energies is probably caused by the high
frequency of twinning in these alloys during the deformation. The increase
of ¢111) component with stacking fault energy in the other materials must
be related to the slip behavior. The relative amount of the two components
also varies with temperature.
‘All bec metals and alloys develop strong {110) fiber textures after
¥ drawing or extrusion. Leber [5] has shown that for bec metals often the
texture should be described as “cylindrical texture™ in which there is
a characteristic ¢110) axial dircction with an <001) radial direction. Such a
texture is easily mistaken for a fiber texture in which there is only a
characteristic <110) wire axis with random rotation about it, Peck and
Thomas [6] showed that this cylindrical texture arises during swaging, a
process that is often carried out prior (o wire drawing, and that the texture

ey
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Fig.[7.[13.] Inverse pole figure of an extruded aluminum rod (927 reduction). (From McHargue
et al. [3].)
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Fig. 73. Rolling t&xture of copper after 96.5%7 reduction at 25°C. (111) pole figure (top) and
(200) pole figure (below). (From Hsu and Goodman [7).)

is associated with a swirled microstructure irecontrast to the true {110)-fiber

‘ i i i icrostructure.

texture that is associated with the curly micros .
The wire texture of zirconium and other hep metals can be dgscn!x:d

as the ¢ axis being oriented normal to the wire axis. It is likely that cylmqncal

_textures may develop after swaging. i
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Fig. 74, Rolling texture of silver after 91% reduction at 20°C, (111) pole figure (above) and
(200) pole figure (below). (From Hsu and Cline [8).) ’

1.1.2. Compression textures

After heavy compression, fcc metals form textures that can be roughly
described as (110) aligned with the compression axis. Again there is some
variation among the fce metals. In aluminum there is some spread from this
ideal orientation, particularly toward (113), while in brass some grains arc
oriented near ¢111).
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Fig. 7.5. Thd texture transition in 18-8 stainless stecl. (From Hsu and Goodman {9].)

S ~ In body-centered cubic metals there is a duplex texture with a strong
- (111) component and a weaker (100) component.

3 , For zirconium and other hep metals the compression texture is one with
: the ¢ axis aligned with the compression axis.

7.1.3. Rolling textures

The rolling textures of aluminum, copper, nickel, and austenitic iron-nickel
alloys are very similar (Fig. 7.3), but the pole figures for brass, austenitic
stainless steel, and silver are somewhat different (Fig. 7.4). It is interesting
to note that copper rolled at low temperatures will develop a brasslike texture
[7. 81, and stainless steel rolled at elevated temperatures develops a copper
texture [9]. The texture changes in stainless steel are shown as a function of
the rolling temperature in Fig. 7.5. Thus the rolling textures in fcc metals
appear to depend on both stacking fault energy and the deformation
temperature.
The rolling textures of all bec metals (iron, tantalum, vanadium,
‘ tungsten, S-titanium alloys, and p-brass) arc ali similar. The pole figures for
.- rolled molybdenum [10] are shown in Fig. 7.6. .
: In the rolling textures of hcp metals with c/a < 1.63 (Ti, Zr, HI, Be),
(1010} is aligned with the rolling direction (RD) and the [0001] tends to be
rotated about the rolling dircction (RD) with maxima at % 30-40° from the ‘

normal to the rolling plane (ND). anurc 7.7 shows the pole ﬁgm"cs for rolled Fig. 7.6. Rolling lexture of molybdenum. (110) pole figure (sbove) and (200) pole figure
~_titaniom_ For mavnesium the rotatian of maxima from ND is about the (below). (From Sepmiiller and Wassermana [101)
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Fig. 7.7. Pole figures for a-titanium cold-rolled 97%,. The (000!) maxima are rotated +130°
from the sheet normal, (From Williams and Eppelsheimer [11].)

cD Cco

transverse direction. With zinc and cadmium, twinning causes,large rotations
of the [0001] maxima about the transverse direction (TD).

7.2. Texture predictions for fcc metals

Lattice rotations were predicted as part of Taylor's early work [12] relating
the axisymmetric deformation of fcc polycrystals to single crystal behavior.
Figurc 7.8(a) shows the predictions for a compression of 2.37%. (For
extension the arrows would be reversed.) For many orientations, two arrows
are shown. In these cases, Taylor found more than one combination of five
slip systems that could produce the shape change with the same minimum
energy, and the arrows. correspond to these combinations. Any rotation
between these is also possible by operation of both slip-system sets. For
tension, his predictions show that orientations initially near (100) tend to

- rotate toward {100), while those initially near {(111) tend to rotaté toward
{111), which is in qualitative agreement with the observation of a duplex
{100)-( 111D wire texture in fcc metals. [t is now known as a result of Bishop
and Hill's work that six or cight slip systems are equally favored for each
orientation. Taylor's calculations inadvertently omitted a number of possible
slip system combinations; so an even greater range of possible rotations
should have been predicted.

' Barrett and Levenson [13] experimentally studied rotations during
axisymmetric compression of coarse-grained polycrystalline aluminum. A
cylindrical compression specimen was sectioned normal to its axis, and the
orientation of ecach grain on the surface of the section was determined before
and after compression. The orientation changes were compared with the
ncpative of Taylor's predictions for tension [Fig. 7.8(b)]. Only about half of

)

Fig. 7.8. (a) The lattice rotations pécdic(ed by Taylor for axisymmetric compression of foc
crystals. (b) The latlice rotations found experimentally in aluminum aler 11 and 31%
compression, (From Barrett and Levenson [13].) ’

the measured rotations were in agreement with the theory. Had Taylor
included all of the possible orientations in his calculations, he would have
predicted a greater spread of possible rotations; so, of course, the agrecment
of theory with experiment would have appeared better.

It is this ambiguity in predicting the active slip systems that is the
greatest weakness of Taylor's model. While this ambiguity causes no
difficulty in strength predictions, it does prevent useful predictions of
texture formation. Various attempts have been made to develop rules for
sclecting the active slip systems from the six or eight corresponding to the
least energy. ’

Most of the recent work has been a modification of the Taylor model in
ways that remove the ambiguities about the active slip systems or by
substituting some form of relaxed constraints instead of full constraints.
Methods of selecting the active slip systems for computer codes have been
reviewed [14-16]. These include: (1) assuming that latent hardening is less /
than active hardening, (2) distributing slip as evenly as possible’ or as
unevenly as possible.betwccn systems; (3) choosing the combination of slip
systems that will cause the smallest increase or greatest decrease in the Taylor
factor, M; (4) averaging over all extreme solutions; and (5) choosing the
various extremes at random. Another approach is the rate-sensitive model
9( Nef:dlcman .and Asaro [17]. Figure 7.9 (from [15]) shows the rotations
in axisymmetric extension predicted by four different models based on
different selection rules. The pole figures for rolling textures predicted by
these models (Fig. 7.9) are all similar to the experimentally determined pole
figures for copper [16] (Fig. 7.2). In general the agreement is quite good.

Kocks [16] found some differences between the pole figures predicted
with a relaxed constraints model and with a full constraints model, as shown
in Fig. 7.10. -




(b)

(d)

Fig. 79. The (111) and (200) pole ﬁﬁuru predicted for fec after 507 rolling reduction using four different numerical models. (From [15).) Note the relatively
small difference between these models and the general agreement with the experimental pole figures for copper in Fig. 7.2 (a) “Bacroix average Tayloc™,

(b)

“Lower and Asaro™; (¢) Bacroix-Renouard-Wintenberger-Taylor™; and (d) “Leflers.”™.
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i (c) {d)

Fig. 7.10. The (111) pole figures predicted for fcc metals using (a) the full constraints model ¥
and (b) the relaxed constraints model (937 reduction). Textures predicted by (c) averaging
extreme Taylor solutions and (d) a rate-sensitivity mode after 89% reduction. (From Kocks

[16].)

Reasonable simulations have been made of the texturc development in
hep metals during rolling [18] and axial compression [19] using models that
allow for some relaxations of the constraints.
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8

CONTINUUM ANALYSES OF
- ANISOTROPIC PLASTICITY

The anisotropy of plastic properties has important effects in the formability
of metals and the strength of formed parts. &lthough plastic ani»otropy-is
result of “erystallographic - texture,it is notwat’ present:practical - formost TP
engineering calculations to-assess the anisotropic_behavior of a*partRiila®
piec* of -metal by first determining its crystallogrdphic: texture Attty
making upper- of ‘lower-bSind “anidlyses bassd SRTYRE " (ENIA® Instead
analyses are made with continuum anisotropic yield criteria. To be useful,
an anisotropic yield criterion should describe material behavior with reason-
able accuracy and also involve only a small number of material parameters
that can easily be evaluated by simple tests (e.g, tension tests).

8.1. 1948 Hill criterion
Hill [1, 2] proposed a generalization of the von Mises criterion,

(o) = Flo, — 0,)* + G(o, — 0,)? + H(o, - 0,)?
+2Lt;, + 2M1}, + 2N<2, = 1, 8.1

where F, G, H, L, M, and N are material constants. The x, y, and z axes,
which are called the principal axes of anisotropy, are assumed to be axes of
twofold rotational symmetry. An equivalent assumption is that the pz;rx,
and xy planes are planes of mirror symmetry. This form of anisotropy is
common among rolled sheets, extruded bars, pipes, etc. For rolled sheets
and plates it is conventional to take the X, ¥, and z directions to be the
rolling, transverse, and thickness directions, respectively. Because Eq. (8.1)
involves only quadratic terms, it predicts that yielding is insensitive to the
sign of the applied stress, :

The parameters F, G, and H may be evaluated from a few tension tests.
Consider an x-direction tension test and let X be the yield strength. By
substituting o, = X and Oy =0;=1,=1,=1,=0into Eq. (8.1), Xlm
NG + ). Similarly defining ¥ and Z as the vield strengths in 1. and
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*I:direction tension tests,
' |

x?a .
G+ H
;5 | 1 :
; Yie— | 8.2)
: H+F
Z = :
F+G
v:"'gxolving simultaneously,
l 1 1)
, H=itm—
2G = _l_ + ~1_ _ L > (8.3) Fig. &1. Schematic drawing of a sheet tensile s;‘)ecimcn showing the coordinate axes of the
. . Zz x? y? ’ sheet (x, y, and z) and of the specimen (¢, w, and x'). The strain ratio R is defined as the ratio
; : ' of the e, /¢, in an x' direction tension test.
' 1 1 1
. 2H = =t -
|
» : ' . where w and ¢ refer to the width and thickness directions of the specimen,
o The flow rules associated with this criterion follow directly from as shown in Fig. (8.1). Usually a subscript is used to denote the angle 6
" “.pplying the general form dej; = dA &f(s;)/do,; to Eq. (8.1). between the tensile axis and the rolling direction x. Thus R, indicates the
strain ratio measured when the tension axis is at an angle 6 to the x direction.
de, = dA [H(o, — 0,) + G(o, — 0,)] . However, to simplify the notation, R, will be denoted here by R, Ry, by P,

and R,s by Q. For an x-direction test (g, =0, = t,, = 1,, = 7, = 0), the

de, = dA[F(o, — 0.} + H(6, — 0.)] flow rules give

de, = dA [G(o, — 0,) + F(o, — 0,)] 8.4)
de,, = de,, = dA Lz, R=2m=, (8.5a)

de,, = de,, = dA Mt,, de, G
de,y = deyx = dA N7y, f Similarly, in a y-direction test,
; . ';é‘ln deriving the flow rules for the shear strains, de,,, de,,, and de,,, the e H
« i vield criterion, EqQ, (81), must be written with the shear stress terms as - ;lf -5 (8.5b)
£

Died, + 1d) + M(ed, + 12,) + N(s2, + <3,) before the partial differentiation.)
K Oftgn, as with sheets or thin plates, z-direction tension tests are
: impractical, but measurements of the ratios R of the contractile strains during " As will be shown in section 8.1.3, in a 45° tension test,
“1cnsion tests of specimens cut from the sheet can be used to deduce the ‘

“trength in the thickness direction. Here the strain ratio is defined as deyss N 1
i Qa—d:., =F+G-:‘Z-' (8.Sc).
R =r,/s, <0r, more properly, «{—'"), (8.5)
de,

Now the z-direction yield strength, Z, can be found from Fq. (8.2) by
T —— PO S e e . ; .
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dividing by G and substituting Eqs. (8.52) and (8.5b).

Z\* G+H_1+H/G _1+R
%) TF+G 1+F/G 1+R/P

P(L+R)T [R(I +P)]”’
Z'X[W] {ivrri

(8.6)

If t,, =7,=0, the z axis is an axis of principal stress. Then, with
substitution of Egs. (8.2), (8.5a), and (8.5b), the yield criterion [Eq. (8.1)]
may be written as

R(g, - 0,)* + P(o. — 0,)* + RP(a, = 0,)* + (2Q + I)R + P)P1},
) = P(1 + R)X% (8.7)
Thus, if both R and P are greater than unity, the through-thickness

yicld strength, Z, is greater than both X and Y, which is. what one might
intuitively expect because high strain ratios suggest a high resistance to

thinning. .
For plane stress loading (0, = T,, = T,y = 0), Eq. (8.1) reduces to:

AU} + BO’§ + 2C0'1°'2 = 1, ’ (8.8)

where o, and o, are principal stresses in the x-y plane, 0 is the angle between
the 1 and x axes, and '

A = Fsin* 0 + G cos* 0 + H(cos? 0 —sin? 0) + 2N cos® 8 sin* 6
B = Fcos* 0 + Gsin* 0 + H(cos? 0 —sin? §) + 2N cos® §sin? §
C =(F + G)cos* 8sin? 8 — H(cps’o g — sin? 0) — 2N cos? 8 sin? 0.

Substitution of the flow rules allows A, B, and C to be expressed in terms
of the strain ratios [Eqs. (8.5)] and X:

A = [Rsin* 0 + P cos* & + RP(cos? § — sin® §)

+ (20 + 1)(R + 1) cos?  sin? BY/[P(R + 1)X?]
B = [R cos* 8 + Psin* 8 + RP(cos* 6 — sin® §)

+ (20 + 1R + 1) cos? 8 sin® 6)/[P(R + )X
C = [(R + P) cos? 0 sin? 0 — RP(cos® § ~ sin? 0)

~ (20 + (R + 1)cos? Asin? 0Y/[P(R + DX?].
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8.L1. Simplifications for planar isotropy

The mathematical treatment can be greatly simplified if it can be assumed
that the properties are the same in all directons in the plane of the sheet
while properties normal to the sheet may be different. This is often referred
to as planar isotropy with normal anisotropy. For these conditions G = F,
N=2H+F Ry=P=R,and ¥, = Y= X. If z is a direction of principal
stress (t,, = 7,, = 0), the x and y axes may be oriented so they are also.
Then, the yield criterion [Eq. (8.6)] further simplifies to

(0,—0.)* + (0, —0.)* + R(o, — 0,)* = (R + )Y (8.9)

Figure 8.2 shows that Eq. (8.7) plots as cllipses. The greater R is, the more
the yield loci extend into the first quadrant, indicating an increased resistance
to yielding under biaxial tension. The dashed line shows the stress states
corresponding to plane strain (¢, = 0). Note that with increasing R, the stress
state required for plane strain approaches balanced biaxial tension.

2 T-
Ruj
plane strein
(,:0
1.5 4
>
©
1
0.5 A
0 :o-‘
2
0.8 7
/
.1

Fig, 8.2, Yicld loci corresponding to the Hill 1948 criterion with planar isotropy. The dashed
line indicates the locus of stress states for plane strain (z, = 0),
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90-0 X

Fig. 83. Relation of the axes, x' and y', of the 9
tensile specimen to the material axes (x and y). - | X

For planar isotropy the flow rules can be expressed as

de,: de,. de, = R(o, — a,) -:a,: o, + R(o, — 0,) —0,— 'a,. (8.10)

8.1.2. Angular variation of properties in the xy plane

" The variation of properties in the plane of the sheet can be determined by

considering a tension test along a direction x’ at an angle® to the x axis
(Fig. 8.3). The stresses expressed on the x, y, and z axes are 0, = Oy cos? 8,
o, =0, sin?,and 1., = 0, cos 0 sin 0 with ¢, = t,, = 7,, = 0. Substituting
into Eq. (8.1) with g, = 15,

Y, = [F sin* 0 + G cos* 0 + H(cos* 0 — 2 cos? 0sin? 0 + sin* 0)
+ 2N sin? 0 cos? 01712 : (8.11)
Equation (8.11) can be simplificd by substituting the identities
sin® 6 = sin? (1 — cos? 6)
cos® § = cos? B(1 — sin? 0) (8.12)
Y,=[H + Fsin?0 + Gcos* 0
+ (2N = F — G — 4H) cos? fsin? 0]~ "'2.

The nature of the maxima and minima of ¥; permitted by the Hill criterion
can be found by differentiating Eq. (8.12) and setting it to zero. Maxima or
minima will be found at

§=0,0=90 and 0* = arctan[(N — G = 2H)/(N - F - 2H)]'Y2. (8.13)
There are four possibilities as shown in Fig. (8.4):

I I{N>G+2H and N > F + 2H, maxima occur at 0° and 90° and

a minimum at 0*;
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P > R
0 angle,® 90 0 angle,® 80 . 0 angle,8 90 0 angle,B g

Fig. 8.4. Possible variations of yicld strength ¥, with angle 0.

2. If N<G+2H and N < F + 2H, minima occur at 0° and 90° and
a maximum at §%;

3. If G+ 2H > N> F + 2H, 0* is imaginary and there is a maximum
at 0° and a minimum-at 90°;

4. If G +2H < N < F + 2H, 6* is imaginary and there is a minimum
at 0° and a maximum at 90°,

If F=G = N — 2H, the yield strength is the same for all directions in the

plane. If F =G = H and L = M = N = 3F, there is complete 1sotropy and’

Eq. (8.1) reduces to the von Mises criterion.

) The §train ratio, R, = de,./de,, can also be expressed in terms of the
anisotropic parameters. Substituting o, = 0,.cos* 8, o, = 0,.sin? 4, and
T,, = 0, €os 0 sin 8 with g, = 7,, = 1,, = 0 into the flow rules,
£, = Ao, [(H + G) cos? § — H sin? 6]

' ¢, = Ao.[(F + H)sin? § — H cos® 6]

g, = Ag,.[—F sin? @ — G cos? 6]

¥xy = A0, [2N sin 6 cos 8].

(8.14)

The strain ratio, R,, can be found using Egs. (8.14) with the strain
transformation ¢, = ¢, sin?  + ¢,cos? § — y,, sin @ cos § and the identity
cos® 6 + sin* 8 = | — 2sin? f cos* 6:

R=H+(2N-—F—G—4H)sin’9cos’9 .
’ Fsin? 6 + Gcos? 0 ' (®.15)

The permissible variation of R, with 0 is similar to the vanation of ¥,.

wi-th' a maxim}xm or minimum at 0 and 90° and only one maximum or
minimum possible between 0 and 90°. Figure 8.5 shows how R, and ¥, might

vary. If there is a minimum in R between 0 and 90°, there will be a maximum
in Y and vice versa (although the extrema do not occur at the same angles).
However, if P > R, Y50 > Y.

If F. G. and H arc known from x- and y-dircction tension tests, N may

TV
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Fip. 8.5. Angular variation of R, oft R = 2, Q = .5, and P = 2.5 caiculated from Eqs. (8.12)

~and (R.15). P

™ be determined by measuring R, in another direction. For example,
i

. so  N=(Q+HEF+6) :

. . (8.16)
N = @2+ 1R + P)

2R+ DX?

The flow rules [Eqs. 8.4)] can now be rewritten in terms of the strain
ratios by substituting Eqgs. (8.5) and (8.16).

de,: de,: de.: dy,, = RP(o, — a,) + P(o, - 0,):
R(g, —a.) + RP(o, — 0,). P(s. - 0,) + R(o, ~ 0,).  (8.17)
PQ2Q + 1XR + P)r,.

8.1.3.  Effective stress and strain for normal loading (i.e., loading restricted
10 0,,0,.0, Witht, =1,, =1, =0)

A1( the effective stress & and strain £ are written so as to reduce to o, and ¢,
i in x-dircction tension, for the loading conditions

G- TP ca w Pla.—a )+ RP(a, —a )2/ TP(R + D]} (8.18)
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and the corresponding effective strain!® as

&= C[P(e, — Re,)* + R(Pe, — £,)* + (Re, — Pe,)*]'72, '(3.19),

i

where C = [(R + 1)/R]"*(R + P + 1). This expression can be derived by

setting 6¢ = 0,¢, + 0,¢, + 0,¢,. By considering plane stress (o, = 0) and

substituting 0, = ao,, and ¢, = —pe,, £, = —(1 — p)e,, this can be written

as &fe, = [1/(6/0,)}(1 — ap). With the flow rules, @ can be expressed

in terms of p. Substituting for « = f(p) into Eq. (8.18) for (6/0,), as well as
in (1 = ap), &/e, can be expressed in terms of p.

8.2. A nonquadratic yield criterion

Although the 1948 Hill criterion is simple and self-consistent, it is not in -
good agreement with efther experiments or the yield loci calculated using -
¢rystallographic analyses. Calculated yield loci tend not to be elliptical.
Rather it has been shown [3-5] that, for normal loading, they can be much
better approximated by

Fla,—o,|‘+G|a,-—o‘,l'+H[a,—o,l‘n 1, . (8.21)

where a is a constant much larger than 2. This is a special case of a very
general anisotropic yield criterion proposed by Hill [6] in 1979, Upper-
bound calculations based on {111}<110> slip for fcc metals [3] and
{111)-pencil glide for bee metals [4] are fitted quite well using exponents of
a = 8 and 6, respectively. For even-integer exponents the absolute magnitude
signs are not necessary, so for plane stress loading (c, = 0) the criterion may
be written as :

Foy + Gos + H(og, —0,)" = 1. (8.22)
The flow rules are

de,: de,: de, = Goi™' + H(o, — a,)""":
Fo™' + H(o, - 0,)*"": =(Go%™! + Fo'™ V). (8.23)

"% Hill (2] defined & and & with different constante For an x-direction tension test, his exp
reduce to

dmKe, and =2 where
K i
{P(R + 1) T2 .
—_ . . 3.20)
K= [R TP+ RF A
Therefore his definitions of & and £ differ from Egs. (R.18) and (R.19) by factors of A and 1K, respectively,
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The values of R and P are thus
R=H/G and P =H/F: (8.24)
Subs(ituiing these into Eq. (8.21), the yield criterion becomes
Po% + Ro% + RP(a, — 0,)" = P(R + 1)X*, (8.25)

and substituting into Eq. (8.23), the flow rules become

de,:de,: de, = Pot™" + RP(a, — 0, "
Ro3™' + RP(g, = 0,)* ™" —(Po3™! + Roy™). (8.26)

The expressions for effective stress.and strain are

— a) t/e
5o {Po"; + Ro% + RP(o, — 0,) } , (8.27)
P(R+1)
E= ex(l - ap)(ax/&)v (8'28)
where « = g,/0, and
g (R\T =P —ar”! 829
p—c,_<f’> I+ RO —a)y' ®.29)

If radial isotropy is assumed, the yield criterion and flow rules further
simplily to
oy + 0%+ R(o, —a,) = (R + 1)X* (8.30)
de,idede, = 077! + R(o, — 0,)* ™"
o3 4+ R(o, —a,) " =03 + a5 ). (8.31)

Figure 8.6 shows the shapes of the yield loci for several values of a and R.
Notc that as a — co, the loci approach Tresca for all values of R. As the

¥ cxponent a is increased, there is much less effect of R on the ratio of biaxial -

to uniaxial strength, and the stress ratio for plane strain ¢, = 0.

8.2.1. Determination of the exponent a

Tn the upper-bound (Bishop-Hill-type) yicld locus calculations for fcc metals
3], various textures characterized by rotational symmetry about the sheet

< 3 Lo TR
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Fig. 86. Yield loci predicted by Eq. (8.30) for R = 0.5 and 2 and for several levels of the

exponent a. Hill's theory [Eq. (8.7)] corresponds to a = 2. The Tresca locus (a = ) is shown
for comparison.
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Fip. 87, Computed value of 2 and R for various textures. The solidd linedare the semdi ficine
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Fig. 8.8. Computed values of ¢ and R for various textures. The solid lines are the predictions
of Eqs. (8.33) and (8.34) for several levels of a. (From 3

loading paths were calculated for each assumed texture. Thc.:e ratios were:
x = a(biaxial tension, o, = ¢,)/o,(uniaxial tension)
A = o,(plain strain, ¢, = 0)/¢,(uniaxial tension)
Y = 20,(plane strain, ¢, = 0)/0,(uniaxial tension) (8.32)
¢ = o(plane strain, ¢, = 0)/0,(biaxial tension, ¢, = 0,) = A/x
B = o.(plane strain, ¢, = 0)/20 (plane strain, ¢, = 0) = A/y.

The results of these calculations are summarized in Figs. 8.7-8.11. Each Point
represents the calculated ratio and the calculated R value for a smgle
assumed texture, For comparison are shown the values of the ratios
according to the yield criterion [Eq. (8.30)] and flow rules [Eqgs. (8.31)] for
several levels of the exponent a:

e

2
; R+1 }”"
e+ L+ R =2
R+ ] e
V= 2[2 v7R] €3

2 }l/n
6=}./Z={a\‘+[+R(I—-a)‘ )

- 1 24 2R \}”‘
/"N'"z 2+ L+ R(L—-0y

~

R
- Q“,Qﬁp.e.}ol —rt3 469
13 A A
12
N\
1.0
1oL

0z 03 04 05 05 oo
r=R/(Re1)

Fig. 89. Computed values of ¢ and R for various textures. The solid lines are the predictions
of Eq. (8.33) for several levels of a, (From (3].)

where a, the stress ratio for plane strain, is given by

Rl/ln-l)

Pt rErmw

(8.34)

It can be seen from Figs. 8.7-8.11 that the agreement between the
continuum yield criterion and the upper-bound calculations is best for values

. of ax 8. Similar calculations (4] for the <111)-pencil glide model for bee

metals indicate an exponent of a = 6. Lower-bound clculations (see Chapter
5) give similar results.
For all finite values of the exponent a, Eq. (8.24) predicts y < 1if § < 1

- though with high values of a, X is not much greater than unity. The

experimental observation of y > 1 with R < | has been termed anomalous
behavior [5). While not permitted by Eq. (8.9), the crystallographic calcula-
tions (Fig. 8.7) show that this is predicted for some textures even though the
general trend of Fig. 8.7 is best fitted by an equation that predicts x<lif
R<1.

It is not possible to use this criterion for loading conditions for which
the axes of principal stress do not coincide with the principal axes of

anisotropy. that is. for loading conditions inwhichr  +  Av . Mo Fimies
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the normalized level of t,,. (From Barlat and Lian (8])

Furthermore the criterion cannot be modified by simply adding tf; terms
[7]. but Barlat and Lian [8] have demonstrated a way to account for shear
stress lerms. They proposed a generalization of Eq. (8.21) that can fuily
accommodate planar anisotropy:

2™ = alK, + Ko™+ alK, — K™ + 2 = 2K, (8.39)

where K, = (0, + ho,)/2 and K, = {[(o, — ha,)/2]* + p*c} }!3. For iso-
tropy, h=p=0. With an exponent M =8, they found necarly perfect
coincidence with the locus determined for isotropic fcc metals using the
Bishop and Hill model. Lege ct al. [9] have shown that this criter-
jon accurately described the yield locus of an aluminum alloy sheet.
Figures 8.12 and 8.13 show the yicld loci calculated from the texture with
the Bishop and Hill model and fitted to Eq. (8.35). More recently, Barlat
and co-workers [10] have proposed a six-component yield criterion for a
still better fit. An exponent higher than 8 was required for very strong




"4nkl«lﬁ
B G H LT e 5
RIS Ao U T 5;2%,

THE MECHANICS OF CRYSTALS AND IEATURLD PULYGRYSIALS

1.50
Oy /C
]
{.00 //
0.50 { /
T /G
0.00 — XX
s=0.4327 |g
0.4
0.3
-.50 | Ma14 0.2 ———
Q. RS
® A(Q) =0.7
R (45) «5.0
R{90) =1.0 .
-1.00 " -
-1.00 ~.50 0.00 0.50 1.00 1.50

0
Fig. B3, Plane stress yield surfaces for a textured aJuminum alloy sheet fitted to Eq. (8.35)
with m = B, a = 1,240, h = 1,150, and p = 1.02. The stresses are normalized to the x-direction
. vield strength. S indicates the normalized level of t,,. (From Barlat and Lian [8].) Nole the
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8.3. Hill’s general nonquadratic yield criterion
_ g q

An experimental observation [11, 12] of a biaxial-uniaxial yield stress ratio
.greater than one for a material with an average strain ratio R less than 1
..is not consistent with either the 1948 Hill criterion or the nonquadratic form
suggested previously. To accommodate this “anomalous” behavior, Hill
(6], in 1979, proposed a new general nonquadratic criterion of the form

floy = ay|" + glog — o\|” + hloy, — o,|"
+ al20, — 0, — 05" + b|20; — 0y = 0)|"

+ |20y — 0, —ay" =1, (8.36)

where 1, 2, and 3 are both axes of symmetry and principal stress. Hill
proposed [four simplifications of this general criterion, in all of which
rotational symmetry about the 3 axis is assumed, (f = g and a = b). For
" these cases there is only one strain ratio, R, and one tensile yield strength,
Y. However, it has been shown [13] that the first three of these special cases

CUNBINUL M AINAL 00D Wi svosion hvawrd a0 L cvaas o 0

are outwardly concave for many combinations of strain ratio R and m, and
there are even combinations of m and R for which the loci are unbounded.

Onlycased (amb=0, f=gm0),
(1+2R)o, — 0)" + 205 — 0, — 0" = 2R + DX, (8.3%)

is well behaved in this respect. It has been widely used, but there is little or
no experimental or theoretical foundation for its use. It should be noted that
the 1948 Hill criterion [Eq. (8.1)] is a special case of Eq. (8.36) with m = 2
and a=b=c¢ =0, and Eq. (8.20) is a special case witha=b=c=0.

8.4. Other nonquadratic yield criteria

Other nonquadratic criteria have been suggested, but they require. more
experimentally determined constants. Bassani [14] proposed for a matcnal
with planar isotropy under plane stress (5 = 0)

S =10y + 63)/Q20,)I" + |0, — 02)/20)" - 1, - (8.38)

where o, is the yield strength under balanced biaxial tension, t is the yield
strength under pure shear, and n and m are independent cxponcnts This
criterion can be expressed in terms of the R value las;

lo, + aql" + (n/m)(1 + 2R)X""™a, — o, = X"[1 + (n/m)(I + 2R)],
(8.39)

where X is the yield strength in uniaxial tension. Two tests, in addition to

a tension test, are required to determine the constants experimentally.

Bassani showed that yield loci calculated using the Bishop and Hill method

can be approximated by this equation with the appropriate cxponcnls
Gotoh [15] proposed the plane stress (o, = 0) criterion,

[ = Ao, +0,)* + Aot + Ayala, + A,aiaf + A,0,0) + Asot
+ (Agol + Ayo,0, + A.af)rf, + Aqgts,, " (8.40)

which has ten independent constants. The first term allows for compressibi-
lity; so for incompressible materials Ay = 0. This criterion does not require
the assumption_of planar isotropy. It can accommodate a wider range of
planar anisotropy than Hill's 1948 criterion [Eq. (8.1)], and therefore it can
be used to analyze problems of earing in deep drawing that are not treatable
with Hill's criterion,

In an attempt to accommodate planar anisotropy and loading without
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principal stress axes coinciding with symmetry axes, it was suggested that
the yield criterion be expressed in terms of the principal stress axes rather
than stress components along the symmetry axes [7]. Modifying Eq. (8.24)
accordingly,

Re04.00 + Rosgo0s + ReRsaao(0s = Tye90)° = Resgo(Re + 1)XG, (841) _

where 64 and o4, 4, arc the principal stresses, Ry and Ry, 49 are the strain
ratios. measured in tension tests in these directions, and X, is the yield
strength in the #-direction tension test. For this criterion the dependence of
R, and X, on 0 must be determined experimentally. This criterion was used
1o compare experimentally measurcd ratios of X,5/X, and Xg0/X, with the
strain ratios measured in 0°, 45°, and 90° tension tests.

Zhou [16] proposed yet a different nonquadratic formulation of an
anisotropic yield criterion: :

™= [/F + G+ H)[F(o? + 312" + G(o? + 322
’
+ H[(o, - a,)z + 4rf,]""2 + 2N(rf,”"z}, (8.42)

which reduces to Hill's 1948 criterion [Eq. (8.1)] for m = 2, and to Eq. (8.24)
for ,, = 0. He found that the experimental variation of R and yield strength
in several titanium and aluminum alloys could be fitted with values of m = 8,
The value of m can be found from measurements of the yield strength and
R values in three tension tests if there is planar anisotropy. With planar
anisotropy, the exponent must either be taken from crystallographic calcula-
tions (e.g.. 6 or 8) or found experimentally in another type of test. The yield
strength in a 45° test can be found [rom

2P(R + 1)
mo ST\ 4
(945/70) (R+PYQ+1) (843)

Still another nonquadratic criterion has been proposed [17] to accom-
modate both the “anomaly™ and planar anisotropy:

cla,o, + ay0,|™ + hloy — o] + 2njt 4™ = aq. (8.44)

y where it is convenient to take oo as the yicld strength in uniaxial tension in
" the | direction. Here S constants arc independent.
“In 1990, Hill [18] proposed a criterion that both allows for in-plane
anisotropy and accommodates the biaxial “anomaly”

jo, + a3l™ + k™lay = 0,|™ + 1o, + 0| ™" [~ 2a(e} — 03)

¢ hia, = a)tcos 2x] cos 23 = (20,,)", (8.45)

CONTINUUM ANALYSES OF ANISOTROPIC PLASTICITY

where a=(F - G)/(F+G)20, b= (F+G+4H - 2N)(F + G), o,
the yield strength in equibiaxial tension, and k is the ratio of the yield strengtk
in equibiaxial tension to that in pure shear. Here ¢, and ¢, are the principal
stresses, and « is the angle between the | and x axes, the x axis being a
symmetry axis. .

This criterion can be rewritten in terms of the stresses along the
symmetry ‘axes:

lo, + 0,I™ + k"[(0, — 0,)* + 412, + (6} + o} + 412D}
x [=2a(c} — o}) + blo, — 9,)%] = (20,)". (8.46)

The constants a, b, k, g,, and m can be evaluated from tensile tests in the
0°,'45° and 90° directions together with the yield strength in equibiaxial
tension:

a = i[(204/090)" — (20,/00)"]
b ={[(20/050)" + (204/00)"] — (20v/045)™.
k can be found from
k= (1 + 2R ).
Finally,
m=In(2 + ZR‘,)/]n.(Zvav,,/o-;;).
Thc various yield criteria are summarized in Table 8.1.
Lequeu et al. [19] have proposed an approach they call “computer
modeling of the plastic properties of textured polycrystals™ (CMTP). Itisa
technique in which an analytic yield function (quadratic or nonquadratic)

is fitted to the crystallographic yield locus of a single crystal oriented to
approximate thc texture.

8.5. Significance of yield locus parameters in metal forming
1

Some of the parameters that describe the shape of the yield locus are of
practical significance in metal forming. In deep drawing or cupping, the ratio
of the blank diameter to the cup diameter is called the drawing ratio, and the
largest drawing ratio that can be successfully drawn without failure of the
cup walls is called the limiting drawing ratio (LDR). The limiting drawing
ratio of a material is largely governed by ff. For a non-work-hardening




- i
; _
o
v = v =
- SE o 3
R -
.Iwk Lt
2L 6 x
T EE -
' R Y = e
B W & ecG © T E
- g e o v g
<4 s 9 S
= <)
2] .mm.m . WW
5 g = i | w 53
," o = &2 o =3 R.m
i ) 8w~ L] o e
! - S§ 8- o : s ¢
N o, Eo 98 - £
e e § oW ._ L g <
I~ c 2c
= c &5¢eS ° $ E
[o} Q2 o=9o0r~ w > .
7] S v s& - ¢S
z @ FEQ4 o o o ;b
{ < £ 2355 3 o W TI
. g Mmud " e €
S 5 5582 o E
o o 2537 o 2
o 3 Tac g
ﬁ o 2249 . .NR
< s £Sgo© K o Y
¥ v t. 2 =
). X w® 8 & v =
- n.l.NN v o
Z Z22Fe - E £
P4 m“Vl L . =
=9 =g © mo]
= Cﬂuw..m 8 e
2 - o ° r
2 L8 o = s
Z Oloo.vl. v T | S | T v T v . mh
— o g == o ==
= - - © nw -9 ] o - e o Z
an cEgE i ° o i i o ] £z
o £33 es E=
E.ﬂmma Pw ez
s, o
ooy buimosqg buipiwry ., L5 =
oFes b < - v, ~
ﬂmﬂmo. o< X~
oo &N Y -
i E 2 = £
= - § 10 9 ja Yavoda pownsse Yiim sxe 55N AUV JO UOLEIUIUO YITI J0) SITISULD €,

. 0] 10] § 30 33 10} 9 3q 01 pownsst st jwauodxd 41§y .
saxe Anpunuds yitm 3pLUIOS Isnw saxe ssans fediduud ing pannurad suouoanp jeuodoyiio ut Jolary>q Suippk waiagngy
s1urisu0d Wwapuxdapur 22341 Kjuo 218 213Y) 'pAsIF3ns ST | = W .~

UOoISuUIL [BIXTIq PUE SISI) BOISU) | S . s2£ ou [813 (s+'8) (0661) 11'H
: : : (1661}
UOISUD] [EINBIQ PUE SIS BOISUI] ¢ [ sak ou {11 (t+'8) 7o 12 RIPYIVON
159} voIsuI) ¢ v ou : ou [91] (z+'8) noy7
(uauodxa
p2152330s Y1m) 5153} OISUIL ¢ B4 ou ou (8] (s£°8) uel] pue IrpTY
(Quauodxa parsad
-8as Yim) SIS} BOISUI] JRIIAS — ou ou 3} Qrg) {S861) psojcotd
(yusuodx>
p215283ns gim) 1591 vosu | T ou sk [+ €] (og's) {payydun<)
{(uavodxa
po1s232ns Yium) s159) vorsu 7 Ky ou ou (+ €] (+7'8) (6L61) pIOjsOH
1531 42410 | pUE SIS UOISUI 6 ou ou {s1] (ot'8) (L6l Yo
(pa15333ns &1 | = w) s1sA
13410 (| 30) Z PuUE 153) votsuI] | A€ v sk ’ sk [£1] (8¢°8) (LL61) urssry
1S3} 19410 | PUE }53} UOIsUD] | € £ sk {s] (Lgg) y T
’ (6L61) HI'H
1591 UOISU] | z ou s24 tn (s (payndwrsi
(grol1) 'y
S152) UOtsu) ¢ ¢ ou ou {t 1] (rg) (RE61) 1111
SjueIsuod . SIUEISU0I Kjewoue "o/ %0 ikdosyost PN ‘b3 s AWEN
2)en{cad o) pannbas sysay Jo 13qun N} JlEpounusoiy Teueld awnssy

=1 = *p) uiproy ssans aurd 10j payyduns vumu paik sdonosive wnnuued Jo uosurdwo) “I'g AYTY




e ki e o,

__virtnallv independent of (? (f’i__xl»_.»_?fjﬂlj}'un‘d irc in good

13 T v Y
L )
a=2 J
12
FN
- a=4
.9 . ‘\\\\\\;
g a=6 \
111 a8 \_-_
a=10
1‘0 i 1 A )
v.0 . 1.0 2.0
R

Fig. 816, Variation of the ratio & with R according to Eqs. (8.33) and (8.34). Not‘e that ¢ is
almost independent of R for a 2 6. (From [25])

material, it can be shown that

LDR = exp(nf), (8.47)

where 5 is a mechanical efficiency [20]. Figure 8.14 shows good agreement .

of this equation with cxperimental dependence of LDR on R when f is
calculated from experimental R values using Eq. (8.33) with a = 6 or 8, but
not when f is calculated using a = 2 [21].

Similarly it has been shown that the shape of the right-hand side of the
forming limit diagram is very sensitive (o § (plzmc-_strain/biaxial strengths)
[22-26]. With a =2, {is quite dependent on R (Fig. 8.15); so FLDs
calculated using a = 2 predict a large drop of forming limits for high values
of R (Fig. 8.16). This R-depcndence is not observed experimentally. In
contrast, with a = 6 or 8, & is almost independent of R. When these higher
exponents are used in the calculations, the shapes of FLDs calculated are
agrcement with
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Fig. 817. Forming limit diagrams calculated for three values of R using Eq. (8.30) with a = 6,
Note that the curves almost coincide, indicating a negligible eflect of R, in contrast to Fig, 8.15.,
(From [25].)
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9
MECHANICAL TWINNING ‘

9.1. General

,A twin is a region of a crystal in which the lattice orientation is a mirror
image of the orientation of the rest of the crystal, Normally the boundary
between the twin and the matrix lies in or near the mirror plane. Twins may
form during crystal growth (annealing twins), but the concern here is
formation of mechanical twins by uniform shearing, as illustrated in rFig. 9.1,
In this figure, plane | undergoes a shear displacement relative to plane 0
(the mirror plane), plane 2 undergoes the same shear relative to plane 1
plane 3 relative to plane 2, etc. The net effect of the shears is to rcproduce'
the lattice, but with the new (mirror-image) orientation.

. Both slip and twinning are deformation mechanisms involving shear
displacements on specific crystallographic planes and in specific crystallo-
graphic directions; however, there are important differences:

1. With slip, the magnitude of the shear displacement on a plane is
variable, but it is always an integral number of interatomic repeat
distances (i.e., nb, where b is the Burgers vector). Slip occurs on only
a few of the parallel planes (i.c,, the planes on which the slip occurs
are separated by relatively large distances). With twinning, the shear
displacement is a fraction of an interatomid™fepémt distance and*
involves shear between every successive plane. "

2. The twinning shear is always directional in the sense that shear in
one di_rcction is not equivalent to shear in the opposite direction (e.g.,
twinning in fcc crystals occurs by shear on the (111) plane in the
[112] direction but not by shear in the [112] direction). In fcc metals
slip can occur on a (111) planc in cither the [T10] or the [170]
directions.

3. Slip leaves the lattice virtually unchanged, and lattice rotation is
gradual. Twinning reorients the lattice abruptly. ‘

There are several very good general reviews of mechanical twinning
[
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0 1 2 3
N

™.

(a)

~
(b)

Fig. 9.1.  Formation of a twin by shearing between cach parallel plane of atoms.

9.2.. Formal notation

There is a formal notation system that describes twinning. Figure 9.2

illustrates a sphere of material, the top hall having undergone a twinning,

shear. There aré two material planes that remain undistorted. The first
undistorted plane, K, is the “twinning” plane (i.c.. the mirror plane and the
planc of shear). The second undistorted plane is denoted by K,. The direction
of shear is #,.- The second characteristic direction, n,, lies in K, and is
pcrpcndxcular to the intersection of K, and K,. The plane containing #;, ;,
and the normals to K, and K, is the plane of shear,

All of the twinning clements need not be rational, and in crystals of low

_wvmmelry (I\\\u thev arc. nm There are several possibilitics:
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Fig. 9.1. (Continued).

Type I twins: K, and 7, are rational but K; and 5, are irrational;
Type II twins: K, and #, are rational but K, and 7, are irrational;
Compound (rational) twins: K3, n,, K, and n, are all rational.

Only rational twins will be considered here. Table 9.1 gives the twinning
elements reported for rational twins in several metals.

9.3, Twinning shear

For all of the twins listed in Table 9.1, K, and n; have the same forms as
K, and 1, and twinning can be rcgardcd as a shear creating a mirror image

m n nrthorhnmhu cell, as -;hmvn in Fig. 9.3, Thc\c cases can be an: \lwcd g-
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M2 N2

My

Fig. 9.2 A homogeneously sheared hemisphere. The two undistorted planes are X, and K,,
The shear direction is n,, and n, is the direction in the K, plane that is perpcndlcular to the

intersection of K, and K. '
!

001 n,sl011]
A B
) T
Ky=(0T1)
h //
010
7S
[o) 100 {(100) plane
D —— of shear
Fig. 9.3, Sketch of a simple orthorhombic cell undergoing twinning.
Table 9.1. Twinning clements for simple twins
Structure X, K, mn m h w
fee and dia. cubic {11} (1T} (13 <112) a J2a
hee {112} {lli} I )y - a al /2
{1072} {1012} o1 <Torny ¢ 3a

hep
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N2
B
ol i
T]zz [011) A i
Ky
Ka =(011) .
H h
<]
Fig. 9.4. Twinned ccll showing the reorienta-
tion angle @ of the {010] direction and the \ L
wwinning elements K, and n,. [ w e

as follows: Let the twinning plane, K, be (10T) and the twinning direction,
1., be [101]. The shear plane, (100), is projected in the figure. When the
upper left-hand portion of the crystal undergoes the twinning shear, point o
A moves to a new position, E. The shear strain, y, is.defined as AE/EF. The .
length EF can be related to a and nd to ¢ by noting that triangle EFB is similar
to triangle DCB, so that EF/DC = EB/DB. Substituting DC = w, EB =
BC=h, and DB = ./w?® + h®, EF = wh/\/w? + h®. The length AE =
DB — 2FB, and F B can be found by again noting that triangle EFB is similar
to trianglc DCB, so FB/EB = BC/DC, or FB = h’/./wi + K. Therefore,

Jwi+h? - 2h2/,/w + h%.  Substituting for y = AE/EF = :
(. /w + h? =20 /w? 4kl )/ (wh/\/w? + h?). Simplifying, ‘;
_w A 9.1)
’= how T

If the center of the cell (point H) is connected to poinls A and E, as
shown in Fig. 9.4, it is clear that line HA in the parent is equivalent to line
HE in the twin. Therefore, K, = (011) and 7, = [0T1]. The angle of
reoricntation, 8, of the [010] direction and (001) plane is given by

ol

It should be noted that the analysis here ignores the geometric possibility
of forming the twin by a shear in the opposite directiors, as shown in Fig.!
9.5. 1l the twin were formed by ! thc.opposuc_shcarglid_,_,%df?would be

A v
—. (9.2)
w

the same, but K,, n,, an(thc shear strain y would be different’y\However,
consideration of the atom movements involved in this proposid reverse shear
suggests that the atom at B would interfere with the movement of the atom
at J to position £, while there would not be similar interfercnce with the
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9.4, ‘Twinning in fcc metals

ORI RN

Twinning in fcc metals occurs on K, = {111} planes in n, = (112) direc?
tions. The atomic movements are illustrated in Fig. 9.6, where it is evident
that the sign of the shear is correct. The shaded atom can move easily in the
[112] direction but would be hindered from moving in the [112] direction
by the atom centering the top face.

The, shear strain can be calculated from Eq. (9.1) by substituting
w= \/2% and h = aq,

wﬁ‘r}l o = \/’g- T,/\/i ;:/5/2 = 0.707.
T

The reorientation of the [001] direction is [from Eq. (9.2)].

Fig. 9.5. Sketch showing that it is geometrically possible to form a twin by sﬁcar in the opposite h 1
direction (left) but that there would be more intcrlcrence by other atoms (right). 0 = 2 arctan —) = 2 arctan| — | = 70.5".
-

w %
Inspection of Fig. 9.7 shows that K; = {111} and 7, = (112).

Figure 9.8 compares the stacking of close-packed {111} planes in an fcc
crystal with the stacking of the close-packed (0001) planes in an hcp crystal.

"ng w(111) Kg =(117), Np={112]

N} ’

N ~

\

Fig. 9.6. Atom displacement in {111}¢112) twinning of fcc crystals. Note that the shear
direction shown is possible, but the shaded atom would interfere with sheat in the opposite

direction. T
LA ) [

atom at A moving to position E. It has been suggested that for a given
twin, the twinning shear is always the smallest possible shear that can
produce the twin. This is in agreement with the conclusion presented here,
and for the other twins we will consider, but may not be true in some com-

plicated structures.

(170)
planes
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Fig. 9.8 Close-packed plane in an fcc or hep crystal.

In both structures the close-packed planes have twice as many “holes” for

the next plane as atoms. The holes fall into two groups, symbolized by A
and V. The atoms on the next plane will rest on one of lh'cse sets of holes.
(It does not matter which, since the two sets differ only by a 60° rotation.)
Suppose the A set s filled by the second layer. In the hep structure the atoms

sequence can be symbolized by either AAAAAA or ABCABC.

Slip in an fce crystal displaces a layer in the B (or A) positions to
equivalent positions, However, the entire displacement does not occur
simultaneously. A partial dislocation will first move the plane to C (V)
positions. Later a second partial dislocation may complete the move to
the B (A) positions. Between the two partial dislocations the stacking
sequence is

hep

S
ABCACABC ¢ o
AAAVAAA

L stacking fault

‘

A narrow region, three planes thick, has the hep stacking. Since the metal
normally crystallizes in an fce structure, this thin layer increases the energy;
so there is a specific surface energy (the stacking fault energy) associated with
this defect.

A twin boundary in an foee

MECHANICAL TWINNING 17
packing, The stacking sequence is mirrored across the twin boundary

hep

~ '
ABCABACBA
AAAAVVYY
L twin boundary

9.5. Twinning in bee metals

Figure 9.9 is a plan view of the (110) plane in a bec metal, The upper right
half has undergone the twinning shear on the (Tl?.)[lTl] system. The shear

strain is y = ﬁ/Z and produces a tensile elongation paralle] to [001]. Thus
the deformation is equal in magnitude to that in fec twinning but of the
opposite sign. There is another large difference, however. In an fcc crystal

001)

v
NP
% 2

. |

(i)

(c)

Fig. 9.9._ (a) Plan view of the (110) plane in a bec metal showing the upper right half twinned
on the (T12)[1T1] system. The atoms in one (110) plane are shown as squares, while those in
the (110) planes one plane forward and one plane back are indicated by circles. (b) Perspective

sketch showing the twinning elemente (~) Nencoct prinhb, o 1 .
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all of the nearest-neighbor distances near a twin boundary are correct so that Table 9.2. The c/a ratios of various hcp metais
every atom near the boundary has 12 near neighbors at the same distance.

In bec crystals, however, some near-neighbor distances between atoms near Metal ¢(am) o (nm) c/a
the boundary are not correct. In fact, the distance AG is o little smaller than
v ) = SO X Be 03584  0.2286 1.568
the usual distance (for cxa!'nplc. C0), as shown in Fig. 9.9(c). Consider the cd 0.5617 02979 1.886
atom at A. The nearest neighbors at B and C (two cach) and at D, E, and _ Hr 0.5042 - 0.3188 1.582
F (one each) are at the correct distance from A (ie., a\/S/Z), However, the _’;‘,5 g‘::ég g';g% :?g‘;
atom at G is not at exactly the correct distance. . Z)n 04947  0.2665 1856
« The distance AG can be found by realizing that AG = 24H and that _ Zr 0.5148  0.3231 1.593
triangle AHQ is similar to triangle CAQ, so AH/AC = AQ/QC. Spherical atoms J8/3 = 1.633

' Therefore, AH = AC x AQ/OC = (a/2)(a//2U(a/2)} + (al/2*)'* =
W2 /D) a/s + I =a/ /6. The distance, 4G = 24H = 2a/./6 =
0.8165a. Comparing this with the correct “near-neighbor” distance of
a/3/2 = 0.8662a, there is a differcnce of (0.8165 — 0.8660)/0.8660 = 0.0572
or 5.7%.

9.6. Twinning in hcp metals

The number of slip systems is limited in the hcp metals. All of the easy slip
directions, (1120, are perpendicular to the ¢ axis, and therefore slip does
not produce any elongation or shortening parallel to the ¢ axis. This is in
contrast to the cubic metals (both fec and bec), in which slip can produce
any shape change. Therefore, twinning is much more important in the hep
metals than in the cubic metals.

The most common twinningsystem in hcp metals is {10T2}<1011). This
is a simple mode of the form in Fig. 9.3 and Egs. (9.1) and (9.2). The shear

strain is y = (c/a)//3 — /3/(¢/a) and 0 = 2 arctan((c/a)//3). Figure 9.10

Fig. 9.11. Hexagonal cell (left) showing atom positions in adjacent (1210) planes and a plan
view of several cells (right). Squares indicate one (1210) plane, and circles indicate the adjacent
(T210) planes.

shows that the direction of shear associated with this twinning system
depends on the c/a ratio. These arc given in Table 9.2 for a number of hep

metals. Only zinc and cadmium have c/a ratios greater than \/3 and
therefore only these metals twin when compression is applied parallel to the

¢ axis. For all of the others cla< ﬁ, so twins are formed by compressive
stresses parallel to the ¢ axis (or tension perpendicular to"it). It has becn
found [11] that the frequency of twins in Cd-Mg solid solution alloys
decreascs as the composition approaches that for which ¢/a = ﬁ

| . . . . . .

ToreT The atomic motions in twinning of the hcp lattice are very complex
i H i i i i i . . . I3

Fig. 9.10. (3) {1012}C1011) twinning in hep crystals. (b) For ¢/a < 3, the direction of shear because the atoms do not all move in the direction of shear. Figures 911,

w [011], and twinning will occur under tension parallel to the ¢ axis. (c) For c/a> /3. \I"ne 9.12. and 9.13 illustrate this for a hypothetical hcp metal with a ¢/a ratio of
Heeretien of dhear is (1011 apd twinmne will necur under compression paraflel to the ¢ axis. -

(2]




Fig. 9.12. Plan view of (T270) plane in a twinned hcp crystal. These drawings assume that the
mirror plane passes through the comers of the unit cell. The atom positions at thg left are
drawn to mirror those in the untwinned part of the crystal. The necessary movements of the
individual atoms are shown at the right. It is assumed that the atoms near the interface take
up positions in the interface that are intermediate between those in the twin and untwinned
region. P

Fig. 9.13. Plan view of (210) plane in a twinned hep crystal showing an alternative possibility
~, for the position of the mirror plane. If the mirror plane passes through points midway between
atoms, as shown, the “shuffie” of atoms is much reduced.

11./3 = 1.588. Figure 9.11 shows the atom positions in two adjacent (1210)
planes, which are the planes in which the atoms move. Figure 9.12 shows
the atom movements that would result in a twin if the twin-matrix interface
were to go through the corners of the unit cell. Figure 9.13 sholws the twin
boundary passing between the atom positions. In either case it can be seen
that the shear is not homogeneous. Diflerent atoms move different amounts,
and there are components of motion toward and away from the mirror plane.
These atomic movements hiave been described as a shear plus a shuffle. The

MECHANICAL TWINNING

Table 93. Other twinning elements in hep metal

175

Metal X, K, m n 14
Mg (1071y  (To13) 1012y ¢303)  —o
Mg {1013}y (Tot1}  ¢Jo32)  (10M2y ¢
Ze, Tio {1131y (0001) (LI  (11Z0) -
Zn Ti (N2} (1) (TT23)  (De3y s
{1124} {1122} —
et o4
Ja ﬁa/c.
» a
y-—.
(4
=l (S - E) (=0.224 for Zr, and 0.218 for Ti).
J\a ¢
G (2372)
7))\t

\

-
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N
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Fig. 9.14.  Other twinning planes in hep crystals,

{1012} twinning, considered here, does not seem to require any component
of movement perpendicular to the (1210) plane of projection, but such
motions may be required in other twinning modes.

The misfit near the mirror plane appears to be quite high. In an hcp
lattice each atom has 12 nearest neighbors at approximatey the same
distance. However, many of the near-neighbor distances are perturbed near
a twin boundary. It may well be that the apparent atomic misfit near the
boundary is lessened by translation of the twinned region relative to the
matrix either parallel or perpendicular to the boundary or both, Such a
translation would-not be detectable by x-ray diffraction.

There are other twinning modes reported in some of the hep metals that
are not of the simple type described by Egs. (9.1) and (9.2) and illustrated in
Fig. 9.3. Some of these are listed in Table 9.3. The twin planes are shown in

Fig. 9.14,
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Fig. 9.15. Vanation of the shear strain, y, with the ¢/a ratio for several twinning modes in hcp
metals. The sign convention is that a positive shear strain causes elongation parallel to the ¢
axis. For {1121} twinning y is negative, while for {1122} and {1071} twmmng. y is positive, and
for {1072} and {1011} twinning, y is positive, and for {1072} twmmng the sign of y depends on
c/a. (Adapted from Yoo [3].)

The twinning shear strain for the various modes depends on the c/a
ratio, as shown in Fig. 9.15 but only changes sign for {1012}<10T1).

9.7. " .Other twinning modes
Some of the twinning modes reported in other metals are summarized in

Table 9.4, These cannot be described by the shears in Fig. 9.3, which lead
to Eq. (9.1). The lattice shear for {103}¢103) twinning in tin is shown in

Table 9.4. Twihkning clements in other metals

Metal K, K, m " Y

B-tin {301} {101} <103y (101)  0.119°

{ro1y . {Tot} 0Ty - <1ot);
thombohedral {110} (001) [oof] 1oy -
(Sb, As, Bi)

v =laje - Ic/a.

2cosa .
g e o ... where 1 is the anple between the axes.

B P
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Fig. 9.16. Plan view of the (010) planc in tin, showing {103}(103) twinning.

Fig. 9.16. The mirror image lattice is formed by a small shear accompanied
by a shuffle. .

9.8. Pscudotwinning in ordered solutions

A crystal that is a random solid solution can undergo the same twinning as
pure metals. However, the situation is quite different {or ordered solid
solutions. A shear strain that would produce a twin in a random solid
solution now causes a new form of ordering, and hence in a strict sense
should be considered as a martensitic transformation rather than twinning.
Such shears do occur and are sometimes called pseudotwins. Consider as an
example a solution of 4 and B, as shown in Fig. 9.17. This would be regarded
as a bee crystal if the A and B atoms were randomly distributed. As a B2 °
(or CsCl)lordcred structure, A atoms occupy the corners of the unit cell, and
B atoms occupy the center (or vice versa, depending on what one calls the”
corner). This structure can be thought of as consisting of {100} planes of 4
atoms alternating with {100} planes of B atoms.

Figure 9.17 shows what happcns if this structure undergoes the
{112}¢T11) shear characteristic of twinning in bee metals. In the “twinned ™
region the A and B atoms are arranged on alternating (110) planes rather
than alternating (001) planes. Furthermore, each B atom has four 4 atoms
and four 'B atoms as nearest neighbors instead of being surrotnded by 8 A~
atoms. Clearly the order has been changed mcchanically and a metastable
phase h.xs hcun formed from the stable phasc. This then is a diffusionless (or

PEETr [ T AR *
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Fig. 9.17.  Change of order that accompanies pseudotwinning in an ordered bee (82) structure.
A atoms are indicated as open circles and squares, 8 atoms as filled circles and squares. Squares
are positions in one {110} plane and circles are positions in parallcl {110} planes. The atom
movements shown in (a) change the original order of alternating (001) planes (b) to a new
arder of alternating (110) planes (¢). Now each B atom has 4 B and 4 A atoms as nearesi
ncighbors. as shown .in (d),

Iron-beryllium alloys of about 25 at. 9 Be (near the composition Fe,Be)
order in a DO3 or “pseudo-B2" structure (with Be in half of the body-
centering positions. When deformed in tension at room temperature (Fig.
9.18). almost all of the deformation occurs by the type of shear discussed
previously [12]. When unloaded, they will “untwin” to the stable strupture
reversing the strain, but with a great deal of hysteresis. The memory effect
observed in ordered TiNi, CuZn, and other alloy systems may be related to
this. ‘

9.9. The shapes of twins

Dcformation twins are generally lenticular (lens shaped), as shown in Fig.
9.19(a). [This is in contrast to twins that arc formed during recrystallization.
These annealing twins arc bounded by almost perfectly flat planes parallel
to K. asshown in Fig. 9.19(b).] Because déformation twins are lenticular, the
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Fig. 9.18. Stress-sfrain curve in compression for an ordcrcd single crystal of FeyBe. (From
Richman (12].)

Fig. 9.19. Microstructures illustrating the different appearance of dcformnuon and annealing
twins. (a) Deformation twins in magnesium (400 x ).

boundarics between the twinned and untwinned regions do not coincide
exactly with the twinning plane (K,). Their central plane is, however,
approxlmately parallel to X,. In fcc and bee metals twins are very narrow
and in fact usually look like parallel lines. In contrast, {1012}<101T) twins
in hep metals are relatively fat. The shape of the deformation twins is




1%0  THE MECHANICS OF CRYSTALS AND TEXTURED POLYCRYSTALS

N g
N

(b)

Fig. 9.19. Microstructures illustrating the different appearance of deformation and anncaling
twins. (b) Annealing twins in 70/30 brass (200 x ) (courtesy of A. Gral). #

probably related to the overall energy change as a twin forms. There are two
main contributions to this overall energy change: One is [rom the introduc-
tion of a new surface (the twin boundary), which has a surface energy; the
other is the strain encrgy that results when one portion of material (the
twinned region) undcrgoes a plastic shear while the surrounding material

does not. There is mismatch between the twins and the matrix that must be

accommodated by elastic distortion of the parent and/or slip in the parent.
This accommodation involves a considerable energy that is minimized when
the twins are long and narrow. [n other words, the accommodation energy
is low 'when the aspect ratio (ratio of length to thickness) of the twin is very
large. On the other hand. the surface energy is minimized when the aspect
ratio approaches unity (a spherical shape). For twins with a high shear strain,
the strain energy term should predominate so that a high aspect ratio would
be expected. Figure 9.20 shows that there is a correlation of twin shape with
the twinning shear strain. high aspect ratios correlating with high shear
straing. This figure was constructed from measurcments made on micrographs
in a few published papers with no attempt to correct for how the section of
polish intersects K.

v The correlation in Fig. 9.20 may be aided by the fact that the surface
encrgies of the high-shear-strain twins tend to ‘be lowerthan the surface
cnergics of the low-shear-strain twins. At the twin boundaries of fec
metals all of the nearest-neighbor distances are correct, and in bee metals
only u few are wrong. The twin boundarics in hep metals are much more

compheated.

pery
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Fig. 9.20. Correlation of the aspect ratio with the shear strain of the twin. The aspect ratio
was measured from published micrographs. The surface energy also affects the aspect ratio. .

9.10. Mechanism of twin formaﬁon

Deformanon twins form with such extreme rapidity that their formation
is pftcn accompanied by audible sounds. The sounds emitted by tin as it
twins are called "tin cry.” In a tension test, load drops occur as a twin is
formed and cause the stress-strain curve to be serrated, Figure 9.21 is the
stress-strain curve for a cadmium single crystal.

Twinning, like slip, must occur by the passage of dislocations. The
Burgers vector of these dislocations must have the magnitude (and direction)
of the shear between successive planes. In the case of fec metals, the Burgers
vector for twinning is (af6)<211», which is the same as the partial dislocations
forr_ncd by dissociation of (a/2){110) slip dislocations. However in twinning
unlike slip, a single (a/6)(211) dislocation must pass on every succéssivc'
{1_[1} plane. Cottrell and Bilby [13] proposed a mechanism to explain how
tl?ls might occur. In their “pole™ mechanism (Fig. 9.22) there is a screw
dnsloc_zzt}on with a (a/3)<111) Burgers vector normal to the {111} plane
containing the (a/6)(211) partial dislocation. When the moving partial
encounters this pole, one-half of it winds its way upward around the pole
while the other half winds its way downward. In this way the same partial
dislocation passes on every successive {111} plane and at the same time
expands outward.

‘ It is notireally clear what yield criterion is appropriate for twinning. It
is tempting th assume a critical shear stress criterion similar to Schmids law
for slip. Indeed this has been assumed in most analytic treatments. However
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Fig. 9.21.  Stress-strain curve of a cadmium single
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several investigations have questioned the validity of a critical shear stress
criterion. Deviations from a critical shear stress criterion may be due to the
necessity for some slip to nucleate twinning, or to a sensitivity of twinning
to the stress normal to the twin plane. |

In discussing this problem, it is important to recognize that the stress
nceessary to nucleate a twin may be very different from that for propagation,
of the twin. The jerkiness of the stress-strain curves when deformation is by
twinning suggests this. The rcason for a high nucleation stress is not hard
to rationalize. As a twin is initiated, the ratio of its surface area to volume
is very high, and the work to produce the surface must come from the
mechanical work expended. On a per-volume basis this can be expressed as

dw =g dc =1y df, 9.3)

where dw is the incremental work per volume expended in causing an
incremental volume fraction, df, to undergo twinning, y is the shear strain
associated with twinning. and 7 is the required shear stress. For small twins,
dwidf will be high; so t = (1/y) dw/df must also be high.

1t is possible that the nucleation of a twin is sensitive to the normal
stress across the (win plane, According to the principle of normality, if the

(b

Flig. 9.22. Pole mechanism for twin formation, (a) A partial dislocation approaches a screw
dlsloca_tion normal to the plane on which it is moving. Part of the partial dislocation runs up
U}e spiral ramp and part runs down it both spiraling outward. In this way the same partial
dislocation will move on each successive plane. (b) A cross section shows the lens-shaped twin
(ormed.

shear stress required for twinning depends on the normal stress, there must
be a plastic strain normal to the twin plane. Conversely, a strain normal to
the twin plane would imply that twin formation is sensitive to the normal
stress across the plane. The atomic misfit at a twin boundary may produce
a small dilation, However, as the twin thickens, tﬂ'qe dilated region simply
moves with the boundary without increasing the macroscopic dilation strain.
This implies that the stress for nucleation of a twin may depend on the
normal stress, but the stress for propagation of the twin should not.

Il dilation docs occur at a twin boundary, the size of the affected region
would be so small that the dilation would not be detectable by macroscopic
measurements. It is even possible that the atomic misfit near the boundary
may be relieved by a small translation in the twin plane so that the pbsftions
on opposite sides of the boundary do not exactly mirror one another. Such
a shift, only at the boundary, would not be detectable by x-ray or electron
diffraction. :

In a polyerystal, the grain size has two effects on twinning. The size of
the largest (and first) twins formed in a grain is limited by the grain size,
With decreasing grain size, the average twin size must also decrease, and
with smaller twins the ratio of surface area to volume increases, Thercfore,
moare encrgy (higher average stress) is required to produce the same volume
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fraction twin in fine-grained polycrystals. Decreasing grain size also tends

to lessen the jerkiness of the macroscopic stress—strain curves. The reason is 13. A. H. Cottrell and B. A. Bilby, “A Mechanism for the Growth of Deformation
that because of stress concentrations only a small region may need be raised Twins in Crystals,” Phil. Mag. 42 (1951) 573-81.

to the stress required for twin nucleation. In other grains, already nucleatc_d _ 14. J. A, Venables, “Deformation Twinning in fcc Metals,” in Deformation Twinning
twins. may be growing. The level of the macroscopic stress—strain curve is (Ref. [9]) pp. 77-116. )

the average of the stress in all regions. If measurements of o and an
oricntation factor are used to deduce 7 in Eq. (9.3), the level of ¢ will depend i
more on twin growth than twin nucleation. , K

In bec and fec metals, slip can produce the same shape change as
twinning. Whether slip or twinning occurs as a load is applied depends on
which requires the lower stress. Mechanical twinning is rare in most fcc and
bec metals except at low temperatures or high strain rates. This implies that
decreasing temperature and increasing strain rates tend to incr‘case the

v stresses required for slip more than the stresses required for twinning.

’ Composition is also important. In fcc metals, twinning is mote common
in metals and alloys of low stacking fault encrgy. Figure 9.23 shows how the
twinning stress increases with stacking fault energy (SFE) in copper-based
alloys. Silver and gold which have very low SFEs twin at room temperature,
whoreas mechanical twinning is not observed in metals like aluminum, lead,
wr nickel, which have high SFEs )
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EFFECTS OF TWINNING ON YIELD LOCUS SHAPE

The shape of the yicld loci of textured metals in which twinning is an
important deformation mechanism can be substantially affected by twinning.
Because twinning is sensitive to changes in the sign of the stress, yield loci
‘need not be centered on the origin, This is most apparent in hcp metals,

10.1. Hcp metals—experimental observations

For textured hcp metals, twinning causes different yielding properties in
tension and compression. These differences are quite large in wrought
. magnesium alloys. Table 10.1 lists the tensile and compressive yield strengths
“of several product shapes of magnesium alloy AZ31B. These diﬁ'ercx;c_cs are
.cxplained by the textures and {1012}¢1011) twinning. The textures in the
wrought magnesium products arc such that the ¢ axis is approximately
normal to the prior rolling or extrusion -direction. Yield strengths are
normally measured in tests with the tension and compression axes aligned
"with the prior working directions. In the compression tests, yielding can. _... R
_occur by twinning. In tension twinning is not possible; so yielding must occur

unfavorably oriented. The tensile yield strengths of a-titanium and a-
zirconium alloys are also higher than the compressive yield strengths, but
the difference is much less because in these metals there are other twinning

Table 10.1. Yield strengths (MPa)’

Condition Tension Compression
Anncaled 152 110
Hard sheet 21 179
Extruded bars 200 97
Extruded tubes 165 83

*Data from Metals Handbuok (ASM. vol 1, 8th ed. p.
1107) converted from 10* psi o MPa,

by slip, and for magnesium easy slip is Timited to the (0001) plane, which is 7 n

L

PURE MAGNESM

FTRANSVERSE DIRECTION STKESS (XSi)

1 1 | !
=30 =20 =10 (o] 10 20 30

ROLLING OIRECTION STRESS (KSH)

Fig. 10.1. Yield locus for textured magnesium. (From [1].)

systems that operate under compression parallel to the ¢ axis (or tension
perpendicular to it) and because easy slip is not restricted to the (0001)
plane. ) ‘

Figures 10.1 and 102 are yield loci for sheets of magnesium [1]
and titanium alloys [2]. Yield loci for other titanium alloys are similar
[21 3]‘

10.2. Hcp metals—theory

Calculation of yicld loci for textured hep metals is far more complex than
for cubic metals because of the number of different deformation modes that
must be considered. Figure 10.3 shows the yield locus for an hep metal with
an ideal (0001)C10T0) texture (single crystal) calculated using very simple
lower-bound assumptions and arbitrarily assumed ratios of the critical shear
stresses for {1700)<1130) slip and {1122} and {1012} twinning [4]. More
sophisticated analyses have been proposed by Thornburg and Piehler [5]
and by Tomé and Kocks [6], but thesc too must assume ratios of critical
shear stresses.

S ol
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Fig. 10.2.  Yield locus for textured titanium alloy Ti-4Al-{O. (From Lee and Backofen {2.)
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'
Fig. 103, Yield locus for an ideally textured hep sheet, calculated on the assumption that the
critical shear stresses (o “c“TC {1070} slip, {1072} twinning, and {1122) twinning are in the
ratin 1.1.5:2. The locus prcdia}cd by the il critenion for R = ' = § is shown for comparison,
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Fig. 10.4. Oricntation dependence of M for a.xisymmem'c deformation by {1T1}¢112) twinning
in fce crystals. (a) Tension and (b) compression. (From Chin et al. [8].) ’

10.3. Cul‘)ic metals—theory

It has been shown [7] that the Taylor analysis can b¢ gencralized to include
the cffects of twinning. The generalized Taylor factor to be minimized is
M= (Y, 5+ f_, 1;)/e. where s;-and 1, arc the shear strains resulting from

RETSE St aiak]
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fec, {!ll}(llZ) twinning

>
k-.---'

Fig. 10.5. Calculated yiéld loci for randomly oriented polycrystals deforming by aT){12)
winning (bee) and (112){111} twinning (fcc). (From [11].)

’

slip (s;) and twinning (t,), « is the ratio of the critical shear stress for twinning
to that for slip, and ¢ is the external strain. Chin et al. [8] used a Taylor-type
analysis to calculate the orientation dependence of M for axisymmetric flow
for fec crystals deforming by {111}<1 12) twinning. Their results for tension
and compression are reproduced in Figs. 10.4(a) and (b). (These calculations
are cqually applicable for {112}(TT1) twinning in bec crystals with reversed
signs.)

Comparison of the two figures reveals that the average M value for fce
compression is much higher than for fcc tension. This implies that randomly
oricnted fce metals should have higher yield strengths in compression than
in tension if twinning plays an important role in the deformation. Figure
10.5 shows the forms of the yield loci calculated using a Bishop and Hill-type
analysis [9] from the stress states capable of activating multiple twinning
[10. 11]. Again the conclusion is that for fcc metals the yield strengths
should be higher in compression than in tension (and the converse for bee
metals), the average M factors being 3.63 for uniaxial tension and 4.64 for

compression. )

Richards and Reid [12] studied the yielding behavior of pureiiron at
77K in compression and tension. In randomly oriented material, they
obscrved twins in 57% of the grains after a strain of 8% in compression and
in only 24% of the grains after the same strain in tension. This difference
was rationalized in terms of the Schmid factors for twinning on the most

T TVRITNY enR T
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favored systems. For compression, the average Schmid factor (Fig. 10.6) is
very much higher than for tension (Fig. 10.7). However, the difference in
measured yield strengths was very small (97,800 psi for compression versus
100,800 psi for tension). In iron with a (110)-fiber texture, the values were
94,100 and 100,500 psi, respectively.

Qualitatively the same strength differential (SD) effect should be
predicted for directional slip in bee metals since the direction of easy slip is
the “forward” twinning direction [13]. Yet the SD effect reported in
high-strength steels is of the opposite sign (higher yield strength in compres-
sion) [11] and therefore is probably due to a pressure sensitivity of yielding.
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11
ORIENTATIONS OF LINES

11.1. Random orientations

Consider the possible orientations of directions relative to another fixed
direction, for example, the x axis, Directions can be represented as points
on a hemisphere. With a large number of randomly oriented directions, there
is an equal (or approximately equal) density of points over the hemispherical
surface. The fraction of directions that lie within an angle y of the x axis is
the same as the fraction of the hemispherical surface area that lies within
the angle ¢ of x (Fig. 11.1). To calculate this area, first consider the
differential surface area, d4, between  and dy. The radius of this clement
is » = rsiny; so its circumference is 2znrsiny and its area is dd =
(2% sin Y)(r d) = 2nr? sin ¥ dif. Integrating between O and  gives the area,

A =Jw 2nr? sin Y dy = 2rri(l — cos ¥). ) (11.1)

Since the entire area of the hemisphere is 2nr?, the fraction of the total
hemispherical area within an angle ¢ of x is

J,=1—cosy (11.2)

and the probability of a randomly oriented direction at an angle <y from
x is

| p=1—cosy. (11.3)

The p'robability of a direction lying between ¢ and ¢ + Ay is given by

A.p = cos Y — cos(¥ + Ay). Using the relation cos(x + y) = cos x cos y —

sin x sin y, ;o‘s(q// + AY) = (cos  cos Ay — sin y sin AY). For small Ay,
cos Ay — 1 'and sin Ay — AyY; so

Ap = Ay sin ¢ or 7—':=sinw. (11.4)
(.
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Fig. 11.2.  Reorientation of a line during axisymmetric clongation.

]

A corollary is that to sample a function that depends on y, intervals 9!‘
¥ should be taken so that the probability in each sampling increment is
cqual. In this case, pa a+1s OF €OS ¥, — COS ¥+, should be independent of n
so cqual increments of A(sin ) should be chosen.

It should be realized that = 90° ~ 8, where 0 is the angle in the
notation of Appendix 1 and elsewhere, which defines orientations in terms
of # and ¢. With this notation, equal intervals of A(sin §) are appropriate
for random sampling.

11.2. Reorientation during deformation )

11.2.1.  Axisymmetric extension

Now consider how a line in a material is rotated by the deformation of the

material. Let the initial length of the line be {y, and let it be initially oriented

At an anele i to the axis of axisvmmetric extension. x (Fig. 11.2). Before
Rt 4 v =
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extension xqo = lo cos Y, and yo = [, sin ¢y, s0

tan Yo = yo/xq. - (4 L.5)

After axisymmetric extension with ¢, = —i¢,,

x =xqexp(e,) and  y=y,exp(—¢,/2); (1'1.6)

so the new angle, ¥, between the line and the x axis is such that

tan ¥ = £ = (yo/sx0) exp[~ ) (L7
or
’ tan ¢ = tan y, exp[ ~ 3¢, ). (11.8)
Now consider the redistribution of a large number of randomly oriented
lines. Let fo =1 —cosy, be the fraction of these lines initially oriented
within an angle ¥, of the x axis. The same fraction! will be oriented within
a smaller angle ¢ of the x axis after extension. If, for example, 75% of the
lines are initially within an angle
Yo = arccos(! — f,) = arccos(0.25) = 75.5°,
after a strain of ¢, = 1, 75% of the lines will be within
¢ = arctan{tan J, exp[—1]} = 40.8°,

and after a strain of £, m 2, 75% of the lines will be within

¥ = arctan[tan 4 exp(—3)] = 10.9°.

11.2.2.  Axisymmetric compression

The same equations can be used for compression (Fig. 11.3), but now ¢, is
negative. If, for example, before compression, 75% of the lines are oriented

- at angles greater than ¥, of x, after a strain of 1 (g, = — 1), 75% of the lines

will be oriented at angles greater than

¢ = arctan{tan(41.4°) exp[}]} = 75.8°,
and, after a strain of ¢, = =2,
= :1rcmn,’l;m(4|.4’)'cxp(3)}'= 86.7"
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Fig. 11.3. Reorientation of a line during axisymetric compression.

11.2.3. Change of dp/dy with extension

Il the orientation were initially random, dp/dy, = sin ¥o. Since dp/dy =

(dp/diro)dro/dw),

dy dy

With. appropriate trigonometric identities, Eq. (11.8) can be expressed as

i tan? Yo | ctany
=l—— =1 T i Funio 11.10
sin Wo [(1 + tan? \,(10)] (1 +¢2 mnz w)x;z ( )
where
‘ L 3/2
€= <;_—°) = exp[c].
% = 3 (cos l"o)"
2w = P ey (1L10)

Now substituting Eqs. (11.10) and (11.11) into dp/dy = sin Voldyo/di),

d 1/2
ﬁ = (E—1+—cc’t_:ﬁ_¢> (cos Wofcos )t or
ctsiny

= . 11.12
(cos® ¥ + c?sin? )*? (11.12)

Figure 11.4 shows how the orientation dependence of dp/dy changes
with increasing extension, Lines that were initially random in orientation
tend to approach the axis of cxtension as the malcrial is elongated. A peak
of dp/dy forms at a low angle. With increasing cxtension the angle at which
the peak occurs decreases. and its intensity increases.

4 _ sin .po(%). g (11.9)

ORIENTATIONS OF LINES 197
{ 1
TR
7.7 a2
4 4 =
9' 3 4
T £=1.5
[}
©
2 =
e=1
1 1 £€=0.5 e=
0 — e ¥
0 15 30 45
. v 60 75 90

Fig. 11.4. Changes of the orientation distribution with axisymmetric elongation for lines that
were initially randomly oriented.
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Fig. 115 Orientation denstiy after axisymmetric elongation,

The density of orientations, per spherical angle, is given by
dp/dy ¢t
= (11.13)

siny  (cos® ¢ + cFsin? )3

Figurc 11.5 is a plot of this orientation density versus .
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Fig. 11.6. Changes of £, for initially random lines during axisymmetric extension.

11.3. Statistical orientation parameter

Polymer scientists frequently use an orientation parameter'! f to character-
ize the statistical orientation of molecules. The parameter fis defined by

[ =(3cos?y — 1)/2, (11.14)

where ¢ is the angle between a molecule segment and the axis of ahqnmcnt
For perfect alignment, y =0,s0cosyy = 1l and f,, = f = f(0°) = 1
For a large number of lines, the average value of f is given by

J f(w)(dw) dy, (11.15)

where dp/dy is the orientation density. Substituting dp/dt[/ = sin { for ran-
domly oncntcd material and integrating, £, = 4 [**(3 cos? y ~ 1) sin ¢ dy/ =
J(~cos’ ¢ + cos ¥). Evaluating, for integration limits of 0 and n/2,

flv"o

®

' In linear polymers, it may be used to describe the orientation of a line connecting the ends of a
molecule or the orientation of any segment of 8 molecule. Many properties, including Young's modulus and
the thermal expansion coefficient, correlate with f,,. This parameter may also be used to describe the
snentations of lines, fiber axes in composites, nnrmult-lnogrnin hounduries. or nny other microsteuctural

IR | . £ e SV RSN
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11.3.1.  Varlation of f with extension'?

Consider now how /i» changes with axisymmetric extension for initially
random material. Substituting Eq. (11.12) for dp/dy,

/2 . .
fi,= %J. c?sin Y(3 cos? ¥ — 1)(cos? ¢ + ¢¥sin? )~ ¥ dy. (11.16)
Integrating from 0 to n/2,
foo=alb— (3c’/2)][ + arcsm( i)] RIRE)

where a = §/(c? - 1)¥? and b = (2c% + 1)(c? — 1)!/2,

Figure 11.6 shows the variation of f,, with ¢ = % Inc. Initially f,,
nearly proportional to & (f,, = 0.6¢), but df,,/de decreases with f,,, rcachmg
0.9 after a tensile strain of about 1.5

13 R, L. Curl provided needed assi with the math
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APPENDIX 1
ANGULAR RELATIONS

Several methods of treating problems involving angular relationships are
outlined in this appendix. Which is most appropriate for a given problem
depends on the type of data and the accuracy desired.

ALl Vector algebra and Miller indices

Any vectors a2 and b may be represented by their components along three
orthogonal axes

a=aji+a,j+ak
o ’} (ALD)

b=b,i+b,j+ bk,

where i, j, and k are unit vectors along these axes. The absolute magnitudes
of a and b are then

la] = (a + ai + a)'"* } A1)
[bl = (b3 + b3 + b2,
{The dot product of a and b is defined as
| a+b = af|b] cos 6, | (AL3)
where 0 is the angle between a and b. Therefore,
cos 0 = a,b, + ayb; + a3b,

[} + a} + ad)(b} + b3 + BD)]VY

(Al4)

Y

Al l.l. Cubic crystals

In cubic crystals the Miller direction indices, [uvw], can be considered
as representing the vector d = ui + rj + wk. Hence the angle # between
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202

[1,v,w,] and [u,v;w,] is given by

Uy 4+ 00 + Www,

cosf = . AlS
[f + of + widuf + 03 + W] -

Two directions, | and 2, are normal if d,+d; = 0 or
Uty + 0,0, + wyw, =0, (JAI.6)

The cross product of two vectors a and b is a third vector ¢ that is
normal to both a and b.

c=a xb,
1
i j k
=|a, a; a,

b, by by

= (a3by — ay0y)i + (a3b, = ayb3)j + (a;b; = bia)k.  (ALT)

A direction normal to both [u,v,w,] and [u,v,w,] in a cubic crystal therefore
hds indices

(AL.8)

[uyuywy] = [(vywy — vwy), (wyuy = waty), (1440, = uv,)].
A quick check for arithmetic errors can be made to verify that ¢ is normal
to both a and b by using Eq. (A1.6) to confirm that a*¢ = 0 and bec = 0,

‘ Ei.rampfe Al
What is the angle between [111] and [110] in a cubic crystal?

I'1+1-1+1-0

0sf =
O T T T I A 17 1 09"

| v

N

s0 0 =35°15’, _ v
i
Example A1.2

Find the indices of the plane that contains both the [112] and [112]
dlrccnom in a cubic ny\hll

BN RS

et ke e rnr‘nrlw wiar to hoth dH’CC(IDI’N ﬂl‘ld
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is therefore given by
i § .k
(2] x [M2Z) = |1 1 2| = ~4i + 4] + Ok = [440] = [T10].
11 =2

In a cubic crystal a plane and its normal have the same indices, so the plane
is the (110). .
Example A1.3

What is the angle between the [111] and the intersection of the (112) and
(001) planes?

The intersection of the (112) and (001) planes is the direction normal
to both; that is, [112] x [001] = [110]. Let ¢ be the angle between [111]
and [110]. Then

11+ 1:T+1-0
[+ 1+ 1312+ 12+ 002 -0

cos @ =

50 ¢ = 90°.

Example A1.4

Fee crystals slip on {111} planes and (110) directions.' Is it physically
possible for slip to be in the [110] direction if the plane is (a) (111)?
(b) (111)?

(a) The slip direction must lie in the slip plane. Therefore it must be

perpendicular to the slip plane normal. Using Eq. (A1.6), the numerator. of
the dot product of [110] and [111]is 11 + 1+1 4+ 0-1 % 0; so [110] does
not lie in (111) and [110](111) is not a possible slip system.

(b) With [110] and (111), the numerator is 11+ 1-T+1:0 = 0; so
(110] and [171] are perpendicular. This is a possible slip system.

Al.1.2. Orthorhombic crystals

The relationships for orthorhombic crystals are more complicated: The
Miller direction indices [uvw] can be represented by a vector, d, = uai +
vbj + wck, where a, b, and ¢ are the dimensions of the unit cell measured
along its axes. The angle 8 between the [u,v,w,] and [u,v,w,] directions is

'2 The notations (hk!) and (wvw] are used to indicate specific crystallographic planes and directions,
while {Akl) and (uuw) denote families of crystallographically equivalent planes and directions. Thus ¢110)
denoles any or all of (110), (1T0), (101), (101}, etc. v

i
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a

a, 3
az
Fig, Al.l. Hexagonal axes.
e
given by |
. 2 2 2
u,u,a* + v,0,0% + wyw,e
cos § = L L (AL9)

[(3a? + v}b? + wict)(uda? + vib? + wic®)]'?

Furthermore the normal to the (hk!) ptane is the [h/a, k/b, I/c] direction (not
(hkl]), so Eq. (A1.9) does not apply to the dihedral angle between two planes.

. Rather the dihedral ang]el ¢ between (h,k,1,) and (h,k,l,) is given by

cos ¢ = — hlj'z/az +2k1k2/17z + 1,1y/c?
R OO CRORONE

Equations (A1.9) and (A1.10) also apply to tetragonal crystals except
thata= b ¥ c.

(A1.10)

Al1.1.3. Direction and planar indices for hexagonal crystals

With hexagonal crystals, a four-axis (Miller-Bravais) system is convenient.

Three. axes, a,, a;, and a, lic in the basal plane, 120° [rom each other, as .

shown in Fig. Al.1. The fourth axis, ¢, is the axis of hexagonal symmetry.

Planar indices. Indices of planes are described by the same system as
used for other crystal classcs. The reciprocals of the intercepts on the four
axcs, a,, a;, ay, and ¢, are written in order and reduced to the lowest set of
integers of the same ratio, as shown in Fig. A1.2(a). Note that in each case
the first three indices sum to zero. This is always truc. I the general indices
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¢
(1071) (“”

-
i
i o
a ’ a
3 3
., a,
a, . 8,
Intercepts:, 1,w.,-1,1 Intercepts: w,ew,w,9
reciprocals: 1,0,-1,1 reciprocais: 0,0,0,1
Indices: (1071) Indices: (0001)
c
(1010)
]
a, ay
8, . : :
— C
az’ ay
Intercepts:  1,e,01,e Intercepts: 1,1,°1/2,
reciprocals: 1,0,-1,0 0 reclprocals: 1,1,-2,0
indices: (1070) indices: (11%20)
Fig. Al12. Examples qf planar indices for hexagonal crystals.
' [}
are designated as A, k, {, [,
h+k+i=0. (AL.11)

t

1

Direction indices. The direction indices are the translations parallel to

the four axes that produce the direction under consideration. The first three

indices must bé chosen so that they sum to zero and are the smallest set of

integers that will express the direction. They are enclosed without commas
in brackets [uvtw]. Examples are shown in Fig. Al.3. _

Comparison of four- and three-digit systems. In the four-digit system, the

third digit. ¢ for dircctions (i for planes) can always be deduced from the
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¢ (0131} c

. Y 173

1 17

’
1
/1
a, as
a, a

{2113)

a, a2

Fig. A13. Examples of direction indices with the Miller-Bravais system.

first two, t = —u — v (i = —h — k for planes) and is therefore redundant.
With the three-digit systems, it may either be replaced by a dot, [uv-w] or
(hk-l) or omitted entirely, [uow] or (hkl). However, the disadvantage of
omitting the third index is that the hexagonal symmetry is not apparent. In
the four-digit (Miller-Bravais) system a family of planes is apparent from
the indices. For example;

¢01T0) = [0170], [1070), and [1T00].

The cquivalence of the same family is not so apparent in the thre:c-digit

system, <010) ='[010], [100], and [110]. Also compare {2110} = (2110),

(1210), and (1120), with {210} = (210), (120), (110).
Vector representation of directions. A direction [uvtw] may be expressed
as a ycctor.-d. in an orthogonal coordinate system x,y,z (see Fig. A1.4):

Fig. A14.  Conversion of hexagonal indices to Cartesian coordinates.

where y = c/a. If t = —u — v is substituted,
. 3 . '
d = Juai + % (2v + u)aj + wyak.

The magnitude of d is then
d = a[3(u? + uv + v*) + y*w?]}2,

Angles between directions and planes in hexagonal crystals The anglc )
between two directions, [u,v,t,w,] and [u,v,t,w,], is given by

cos f = — Uitz + V10 + (U303 + Uz0,)/2 + wywy(c/a)’/3
2
{[“: + 0} + uwy + w} « /:) ][u§ + k3 + uy0; + wi (c/:) ]}

(Al1.12a)

The normal to (hkil) is [h/a, (2k + h)/(ﬁa), lfc]; so the dihedral angle, @,
between two planes, (h;k,f,1,) and (hyk,i,l,) is given by

hyhy + kiky + (hik; + hok,)/2 + Hafo)?l, 1,

cos @ = AT AY m.'
{[h% + k3 + bk, +2 (Z) lf][hf + k3 + hk; + 3 (-) I{]},
[+

(A1.12b)

s T
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pole of

Fig. ALS. Spherical projection of a plane and itg
pole.

Al.2. Graphical methods

Many problems involving angular relationships between planes and direc-
tions can be solved graphically. To understand the graphical methods, it is
necessary to first consider the principles of graphical repfesentation.

A13. . Spherical projection

All planes and directions can be represented on a spherical surface by Jetting
them pass through the center of a reference sphere and extending them until
they intersect the reference sphere. Thus a direction is represented by two
diametrically opposite points at which it intersects the sphere. A plane is
represented by the great circle formed by its intersection with the reference
sphere. A plane is also represented by its pole (normal to the plane through
the center of the spherc), which is plotted like a direction. The spherical
projection is illustrated in Fig. A1.5. Note that it does not matter whether
the physical planes and directions of interest do meet at a common point
(center of the reference sphere). Even if they do not, parallel elements with
the same angular relations can be constructed through a common point.

Al1.4. Stereographic projection

Since plotting and measurement on a spherical surface would be cumber-
¥ some, it is convenient to map the sphere onto a plane. The most commeon
mapping system is the stereographic projection. To visualize the stereo-
graphic projection, visualize a glass sphere (Fig. A1.6) resting on a flat plane
(plane of projection) with a tangent at C and a light source (point of
projection) at § on the spherical surface diametrically opposite the point of
tangency with the flat surface. Planes and directions are projected onto the
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reference
cirtle

LR

Fig. A1.6. The stercographic projection. Features on the lower hemisphere are projected onto ,

the reference plane.

Fig. ALT. Wulff net (30%).

'

plane of projection, Point P projects to P’. By custom only the features on’
the hemisphere nearest the plane of projection are mapped. The great circle
that bounds the hemisphere is called the reference circle.

Graphical construction and angular measurements may be made with
the aid of a Wulff net, which is a stereographic projection of a reference
sphere on which lines of longitude (meridians) and lines of latitude (parallels)
have been scribed. The point of projection is located on the equator so that
the north and south poles lie on the reference circle (Fig. A1.7). Meridians
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(2) (b)

Fig. Al8. (a) The angular distance between two directions is measured along a great circle.
{b) The great circle corresponding to a plane with a known pole is constructed by rotating that
pole to the equator,

project as great circles. The equator is also a great circle. Angles between
directions are true if measured on great circles. It is convenient to do the
actual plotting on a picce of transparent paper laid over a Wulff net with a
pin through the center of the paper and net. This allows the paper to be
rotated relative to the net about an axis through the reference point.

To measure the angle between two directions (or poles), rotate the paper
until both lic on a common meridian. The angle between the directions is
the difference in latitude on that meridian [Fig. A1.8(a)].

To construct a great circle representing the plane that contains both
directions, rotate the paper until both lie on a common meridian and simply
trace that meridian, The pole of that plane lies on the equator 90° from the
point where the trace crosses the equator. *

To construct the great circle representing a plane, given its polc
(normal), rotate the paper until the pole lies on the equator and then trace
the meridian which crosses the equator 90° from the pole [Fig. A1.8(b)].

Rotation of all points about a common axis does not change their
positions relative to one another. There are two axes about which such

rotations can be easily made:
)Y
]

I. To rotate about the center of the projection, rotate the paper relative
o to the underlying Wulff net as mentioned above.

2. To rotate about the north-south axis of the Wulff net, translate all
points along latitude lines by the same change in longitude. If an axis
is rotated off the nct, its opposite end appears on the reference circle
at a point diametrically opposite to that at which it disappeared. See
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Fig. AL9. Rotation of points about the north-south
axis,

ﬁ

1.
Fig. A1.9. Rotation may be made about other axes using a combina-
tion of the two rotations above:

3. To rotate about any axis on the reference circle, turn the plottmg
paper about its center (step 1) until that axis is at the north or south
pole. Then rotate about that pole (step 2).

4. To rotate about any axis, first rotate that axis to_the reference mrcle
as described in step 2, then proceed according to step 3.

Example A1.5

What is the great circle distance between Juneau. (lat. = 58.3°N, long, =
134.3°W) and Rio de Janeiro (lat. = 22.9°S, long. = 43.2°N)?

Plot the location of the two cities on tracing paper over a Wulff net
(Fig. A1.10(a)]. Rotate the paper until both cities lie over a common

(8)

Fig. A1.10. The spherical angle between Juneau and Rio de Janeiro (a) is found by rotating
the projection so that both are on the same meridian and noting the difference in latitude (b).
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meridian [Fig. AL.10(b)]. Now the difference in latitude, ¢ = 110° w 1.92 rad,

represents the angular length of the great circle, The arc length is r¢, where
r is the earth's radius (6371 km) so the distance is 12,230 km.

A1.5." Construction of the standard projection for cubic crystals

The standard projection of a cubic crystal has [100] at the center dnd [001].

at the north pole and shows the {100}, {110}, and {111} poles and the traces
of the {100} and {110} poles, as illustrated in Figure A.13, ' :

The trace of the (100) plane is the reference circle. The (010) and (001)
poles must lie 90° apart on the reference circle. The (010) pole is plotted at
the intersection of the reference circle and the equator; its trace is the
meridian through [100]. The (001) pole then coincides with the north pole,
and its trace is the equator [Fig. Al.11(a)].

The [110] direction is 90" from [001], since [110]-[001] =0, and
thercfore lies on the equator. It is also 45° from [100] and 45° from [010]
since [100]-[110] = 1/f2; 5o it is 45° right of [100] on the equator, and
the (110) plane is the meridian that cuts the equator 45° left of [100]. The
(170)- pole similarly lics on the equator 45° left of [100], and its trace is
the meridian through the (110) pole [Fig. A1.11(b)].

The (101) pole is 90° from [101] and 45° from [100] and [001]. To plot

it and its trace, the paper is rotated 90° and the appropriate meridians traced. |
pape approp

The (107) and its trace are similarly constructed. The (011) and (011) poles
arc 90° from [100] and therefore lie on the reference circle. They are also
+45” f[rom [001] and plotted as such. The (0l1) and (0T1) planes can be
constructed by rotating the paper until their poles lie on the equator and
then tracing the meridian through [100].

The (111) pole is the intersection of the (170), (107), and (0T1) traces;
all three have a zero dot product with [111]. Similarly the intersection of
the (170), (101), and (O11) traces is the (1 17) pole. The other {111} poles are

. threefold symmetry, and ovals represent the {110} poles, which have twofold
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Fig. A1,12. Basic orientation triangle for cubic
crystals. . . [100]

similarly found as intersections of the {110} traces. Tiic {100} poles are
represented by squares, which indicate the fourfold symmetry about ¢100)
directions. Likewise, triangles are used for the {111} poles because of their

symmetry (Fig. Al.11(c)].

AlS6. Bas’c orientation triangle for cubic crystals

Note that the {100} and {110} .traces break up the hemisphere into 24
¢quivalent spherical triangles, each having {100), {110}, and {111} direc-
tions as corners. Because all of these triangles are equivalent, the orientation
of a single direction may be represented as a point in any triangle. In this
treatment, the triangle with corners at [100], [110], and [111] is chosen as
the basic triangle (sec Fig. A1.12). The variation of properties with crystallo- -
graphic direction may be shown by contours within the basic triangle. The
triangle mEy be plotted on a stereographic projection or on cartesian
coordinates. In either case it is convenient to describe the orientation of a
direction in the triangle by its longitude relative to the center, 8, and its
latitude, ¢. - !

Example Al.6

Rotate the standard cubic projection so that [111] lies in the center.
See Fig. A1.13. First rotate the standard projection over a Wulffnet so
that [111] lies on the equator. To bring [111] into the center, it must be
rotated by 54°40" along the equator. Translate the other poles along latitude
lines by the same amount and construct the appropriate great circles. -

Al.7. Spherical trigonometry

Often angular problems can be solved analytically with greater ease and |
accuracy than is possible with graphical methods. The basic equations of - -

TR T

spherical trigonometry can be applied if onc can visualize a spherical

T PITNFAEL: YT Yy




Fig. ALI4, A spherical triangle. a. b, and ¢ are segments
- of great circles. .

Fig. Al.13. Rotation of a {111} pole to the center of a cubic projedion. First the paper is
rolated so that the {111} pole lies on the equator (a), then the features are rotated about the
north-south axis. ) :

projection of the planes and directions of interest. The key is to work with
spherical triangles (¢.g., triangles formed by the intersection of three great
circles). The sides of such triangles are arcs, whose lengths are equal to the
angle between the two directions that represent the vertices at the end of the
side. (The refcrence sphere has a unit radius, r = 1, so the arc length

| s =ro = ). For example, the side a of triangle ABC (Fig. Al.14) equals

the angle between the directions B and C. :
An interior angle of the triangle is the dihedral angle between the two
plancs whose traces form the adjacent sides. In figure Al.14, « is the dihedral

angle between the planes whose traces are b and ¢. There are several useful
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N o =134,30043,2°

Fig. AL1S. A spherical triangle for calculat-
ing distance between Rio (R) and Juneau ().

relations between the sides and interior angles of a sphericai triangle:
cos a = cos b cos ¢ + sin b sin c cos a (AL13)
cosa = —cos fcosy + sin fsinycos a (AL14)

and

'anagsTnb_anc. (AL15)
sina sinf siny

In the special case of the right spherical triangle, these relations simplify to

cosa=-cosbcosc, if @ = 90°, (A1;l6)
cosa = —cos ff cos y, if a = 90°, (AL

and o
sin a = sin b/sin § = sin ¢/sin y, if @ = 90°, (AL18)

Example A1.7

What is the great circle distance between Juneau (lat. = 58.3°N, long: =
134.3°W) and Rio de Janeiro (lat. = 22.9°S, long. = 43.2°N)?

Consider the spherical triangle JNR in Fig. Al.15, where J = Juneau,
N = north pole and R = Rio. The great circle arc, a, from Juneau to Rig is
given by Eq. (Al.13), where b = 90° + 22,9° = 112.9°, ¢ = 90° — 58.3° m
31.7°, and a = 1343° —43.2° = 91.1°. Substituting into Eq. (Al.14),
a = 109.9°. Using the earth’s radius of 6371 km, the great circle distance is
6371 x 109.97/180 == 12,220 km,

Example A1.8

Calculate the latitude and longitude of the (211) pole of a cubic crystal o:n
a standard projection with [001] at the north pole and [100] at the center
on the equator on the Greenwich meridian.

R A T LT
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1001)

b,
c=h0*
[{211)
]

100} . [010)

-

Fig. AL16. Spherical triangle for calculating the
latitude and longitude of [211].

(o)

90

Fig. ALI7. (a) Relation between the x,y,z axes and the 1,2,3 axes. The spherical triangles used
in the'solution are shown in (b), (c), (d), and (e).

i In Fig. AL16, the latitude =90°—=b. cosh=(2:0+41:0+1-1)/
\/6" 1= l/\/g, so b = 65.9° and the latitude = 24.1°,

The longitude is the angle, «, in the triangle formed by [001], [100],

and [211]. From Eq. (ﬁl.M) with ¢ = 90° cos a = cos a/sin b. Substituting

tcosa=(2'1+ 10+ 110)\/6 and sinb = /T = cos? b = /56, cosa =

2/\/3 = 0.894. The longitude, a, is 26.6°.

Example A1.9

Derive the table of dircction cosines (Table Al.1) between the x,y,2 and 1,2,3
axces for the orientation of crvstal defined # and « as described in Chapter

APPENDIX N

Table ALl Direction cosines between the
1,2,3 and the x,y,2 axes

1 2 3
x cos ¢ sinfsin g cos §3in ¢
y 0 . cos § —sin @
z -~8in ¢ 3in 6 cos ¢ cos 8 cos ¢

{001}
(c)
® [001) 458
90-¢
ld-[ﬂ)'l)o b 1253
45
TA
[101]
TA n
m(100]
(111

Fig. A1.18. (a) Angular relations (or deriving the Schmid factor as a function of orientation.
The spherical triangles used 10 find cos 2 and cos ¢ are shown in (b) and (c). -

By inspection, {,, = cos ¢,1;, = 0,and I,, = cos(90° + ¢) = —sin ¢. To
find [,,, consider the triangle (¢) with comers at 1, 2, and x. Applying Egq. -
(A1.13),

Iy, = cos 90° cos ¢ + sin 90° sin ¢ cos(90° — 6) = sin ¢ sin 6.

By inspection [;, = cos .
To find {,,, consider the triangle (c) with comers at —1, 2, and 2z,
Applying Eq. (A1.13), ‘
yeel
l;, = cos(90° — ¢) cos 90° + sin(90° — @) sin 90° cos(90° — 8).= cos ¢ sin 6.
To find l,,, consider the triangle (d) with corners at 1, 3, and x. Applying
Eq. (A1.13), 15, = cos 90° cos ¢ + sin 90° sin ¢ cos 8 = sin ¢ cos 6. By inspec-

-
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... To find ly,, consider the triangle (b) with corners at —1, 3, and z.
Applying Eq. (A1.13),

1y, = cos 90° cos(90° — ¢) + sin 90° sin(90° — ¢) cos § = cos ¢ cos 8.

Example A1.10

Derive an expression for the Schmid factor m in terms of the [atitude ¢ and
the longitude 8 of the tensile axis for an fcc crystal (Fig. A1.18).

Let the tensile axis lie in the basic triangle with corners at [100], [110],
and [111] so the most favored slip system. is [101]¢11T). Consider first the
angle A. Applying Eq. (A1.13) to the spherical triangle with corners at [101],
[001], and TA,

cos 4 = cos 45° cos(30° — @) + sin 45° sin(90° — ) cos §

= % (sin ¢ + cos ¢ cos 6). (A‘1.19)
L . |
cos ¢ can be found using the triangle with corners at TA, [001], and [11T].

| - ,
‘ cos ¢ = 7; cos(90° — ¢) + \/§ $in(90° — @) cos(45° — 6)

-1 i
= ——sin ¢ + — cos ¢ cos(45° — 6). (A1.20)
BV

N

Suhstituting cos(45° — 8) = (l/ﬁ)(cos 0 + sin 9),

cos @ = L [—sin ¢ + cos ¢(cos 8 + sin 8)].
e !

Combining,
m = COS A COS ¢

- ﬁ (sin @ + cos @ cos G)[ —sin ¢ + cos ¢(cos 8 + sin 0)]. (AL21)
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STRESS, STRAIN, AND TRANSFORMATIONS -
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A21. Stress

Stress is defined as force per area on whlch the force acts, I'/A Wﬂh a normal
stress (compressive or tensile) the force acts on an area normal to it, whereas
with a shear stress the force is parallel to the area on which it acts. Nine
components of stress are needed to define fully a state of stress at a point,
as shown in Fig. A2.1, Two subascripts are required for each component: The
first indicates the normal to the plane, and the second indicates the direction
of the force, Repeated subscripts (.., @,,, 0,,,...) denote normal stresses,

and different subscripts (¢.8+ 0,,, 7,,,...) denote shear stresses, In tensor

notation the state of stress is expressed as

Oxx ayx

oy=|o, o, o, (A2.1)

Oxs Oyy Ogy

124

For equilibrium, there must be a moment balance about each of the
axes. A moment balance about the z axis implies that ¢,, = o,,. Similarly,
o, = 0,,and 0,, = g,,, 50

O'U = 0'” ' (A2.2)

and the stress tensor is symmetric.

Except where tensor notation is required, the notation is often simplified
by using a single subscript for normal stresses and denoting shear stresses
by t; for example,

d; = Oxxy Txy = Oxye (A2.3)

A2.1.1. Transformation of axes

A stress statc expressed along one set of orthogonal axes (e.g.. m. n, and p)
may be expressed along a different set of orthogonal axes (e.g. i, j. and k).

T T AR By AR e
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Z
Ozz

"Cyy

Fig. AL1. The nine components of stress.
4

The general form of the transformation is

GU = Z Z llnljn Omny (A2.4)

where the summations are over the three possible values of n and m, namely
m, n, and p. This is often written as

UU = ’ln Ijn C s (AZS)

with the summation implied. The terms I,,, and [, are the direction cosines
between the axes of the two coordinate systems. For example, the stresses
along the x,y,z coordinate system may be transformed onto the x',y, 2
coordinate system by

Oxrnt ™ lx'zlx‘xa.u + lx‘ylx‘xayx + lx'x’:'xau

F laxleyOuy + Loylaey0yy + lglyy 04y

+ Ix'xlx‘xaxl + ,x'ylx'tan + Ix'llx‘:au (Azsa)
Oy = ,y'xlx'xaxx + Iy'ylx‘xo'yx + 1,’:’:‘::6::
+ Iy’x[:'yoxy + ly'ylx'yayy + Iy'=1="76”
' 7a)

wldoa 4ot w1l
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Fig. AL2Z Translation, rotation, and distortion of a two-dimensional body.

-]

These may be simplified using Eq. (A2.2) and the notation in Eq. (A2.3)

op =llo . +10,+11,0,

+ 2lx'ylx'xtn + ZIx'xlx'lt:x + 2Ix'xlx‘yrxy (A26b)
Tr = blin@un + Loy, 0, + 1oylig 0y '

+ (yyles + el )ty + (yeles + gl )T,

+ Upuley + 4yl )ts,. (A2.7b)

A2.2. Small strains

When a body deforms it often undergoes translation and rotation as well.
Strains must be defined in such a way as to exclude these effects. Consider
the two-dimensional body in Fig. A2.2. Normal strains arc defined as the
fractional extensions (tensile) or contractions (compressive), so

| —_
AD

Epp ™ e = |,

which for a small strain is

(A2.8)
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Flg. A2.3. lllustration of shear and rotation,

Similarly,
dv
5’, = 3}—,.
Shear strains are similarly defined in terms of the angles between AD
and A'D’ and between AB and A’B’, which are, respectiyely,
; l

(Qvfox)dx v (Ou/dy)dy Ou
= and _—
dx dx . dy dy

L

The total engineering shear strain, y,,, is defined by the sum of these angles,

dv  Ou ‘
. T — e 3 x° A2.9
" 0 Pl Mkl | (A29)

Figure A2.3 shows that this definition excludes the effects of rotation for

small strains. o
For a three-dimensional body with displacements w in the z direction,

£,y = OW[02, ¥,y = 7,, = Ow/[dy + dv/0z and y,, = dw/dx + dufoz.

Af.Z.l. Strain tensor

Small strains can be treated as tensors,

Exx eyx PP

(A2.10)

&y =[xy &y

cx: e)'l e!l

where the mathematical shear strains, #;;, arc onc-half of the engineering
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shear strains. That is,

1/dv ow )
‘n-sxy"h'n-i 5;"'6

1w du) \
cl:-exz-hl:-i(5;+a_z> > (A2.ll)

1fou dv
sxy"syx-h’xy=§'(a—y‘+5;)J i

A2.2.2. Transformation of axes

Small strains may be transformed from one set of axes to another in a manner
completely analogous to the transformation of stresses [Eq. (A2.5)]

&) = lim D jp s (A2.12)
where double summation is implied. For example,

v ™ Loglunon + lyryluntyn + luoelyrtsy
F legley ey + Loy liy&yy + lelp 6y
O R ST S T U (A213a)
Exy = boelynbos + Loylyalyn + lglystey
+ lexlyy by + beylyy &y + logly e, :
+ loglpetyy + Loyl + Loglygtey, (A2.13b)
which can be written more simply in terms of engineering strains,
o = Lhgte + 108, + 16,
FleyleeYye + leelesten + Loaley ¥ ‘(A214a)
Yey = 2(1,.,1,,,1;, eyl e, + 1ol 8,) -
+ (eylys + Lealy Wy + (e + Lt yen
+ (ealyy + Leylyx ¥y (A2.14b)

A23. Body rotations

If the displacement gradients du/dy and dv/dx are not equal, there will be a
body rotation about the z axis,

1fdu ov
w:‘ﬁ(z’;-&), (A2.15)
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where w is the clockwise positive rotation in radians. Similarly, the rotations
about the x and y axes are given by

o 1<av_¢3w> amd o 1<aw au>
*2\dz gy o 2\ox 92/

A24. Large strains

The preceding treatment of strains is limited to cases where the strains are
small enough so that rotation of axes relative to one another may be
neglected. Chin et al. [1] have developed an analysis for large strains
resulting from slip.

Reference

rd
1. G. Y. Chin, R. N. Thurston, and E. A. Nesbitt, “Finite Plastic Deformation Due
to Crystallographic Slip,” Trans. TMS-AIME 236 (1966) 69-76,

APPENDIX 3
| TEXTURE REPRESENTATION

The orientation relation between a single crystal and an external coordinate
system may be represented in one of two ways. The first possibility is to plot
the orientation of the crystal axes on a projection where the external axes
form the reference system. For example (Fig. A3.1), the cubic axes, 1,2,3, of
a crystal may be plotted on a stereographic projection where an external set
of axes, x, y, and z are the center, the equator-reference-circle intersection,
and north-south poles. Alternatively, the external set of axes, x, y, and z may
be plotted on a projection with the 1,2,3 cubic axes at the center, the
equator-reference-circle intersection, and north-south poles (Fig A3.2).
These two plotting systems may also be used for polycrystals to show the
texture. )

A3.1. Pole figures

With the first procedure, a single orientation can be [ully represented by
plotting only one set of poles (e.g, only {100} or only {111} poles). In
principle, a plot of this type can be used to represent the orientations of a
large number of grains. If {100} poles are plotted, it is called a {100} pole

Fig. A3.1, Crystal axes plotted relative to
external axes.
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Fig. AJ.2 External axes plotied relative
ito crystal axes.

‘ i ins (b) (100) pole figure for a
Fig. A33. Hypothetical pole figures. (a) (100) poles of a few grains ( .
* polycrystal (c) (111) pole figure for same material (d) Ideal orientation for the texture.

figure. Figure A3.3(a) is 2 hypothetical pole figure for a rolled she'ct. '[_'hc
natural reference axes are the rolling direction (RD), transverse direction
(TD), and the normal to the rolling plane, or normal directan (RN). Here
the distribution of {100} poles is not random. If the orientations of a very
large number of grains were plotted, contours could be drawn of equal
density of {100} per solid angle (Fig. A3.3(§)]. The same texture could also
be represented by a (111) pole figure [Fig. A3.3(c)]. Often textures a.rc
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described by one or more ideal orientations. These are orientations that

approximate the texture. Figure A3.3(d) shows that the pole figures are

consistent with (001) parallel to RD and ¢110) parallel to ND, so the ideal
orientation is {001){170}. In this case a better description would be “an
ideal [001](170) rotated 325° about the rolling direction.” 1

For most textures there is orthotropic symmetry; so equivalent ori¢nta-
tions of mirror symmetry are present. For example, the ideal orientation
{hkl}{uvw) includes (hki)[uow], (hki)[uiw], (hkD{uvw), and (hil)[uiw].

Many real textures are so complex that a large number of ideal
orientations are required, and identification of these from pole figures is very
difficult.

Usually pole figures are experimentally determined by x-ray diffraction.
The Bragg angle, 26, between the incident beam and the detector is preset
for reflections from a specific set of planes (e.g., {200}, {111}, or {220)). The
specimen orientation is then varied and the intensity of x-ray reflection
recorded as a function of angle, corrected for variations of absorption with
position and plotted to form a pole figure,

Al.2. Inverse pole figures

As indicated, orientations may also be represented by plotting the external
reference axes on a standard crystallographic projection. Because of crystal
symmetry, a single reference direction may be plotted in any one of
the crystallographically equivalent triangles. For cubic crystals the basic
standard triangle has {100}, {110}, and {111} poles at the corers. The
orientation of a single reference direction (e.g., tensile axis of a single crystal)
can be represented by a point in the basic triangle. For a polycrystalline
wire, a number of points are required to represent the orientation of the wire
axis relative to the crystal axes of different grains. With a sufficiently large
number of grains, contours of equal orientation density can be constructed.
Such a representation is called an inverse pole figure. .

In many cases there is more than onec external reference axis of
importance; so more than one inverse pole figure is required to describe an
orientation. For a rolled sheet separate inverse pole figures are needed for
the RD, ND, and TD. Figures A3.4(a)~(c) are the inverse pole figures for
the textures in Fig. A3.3. ‘

A33. Orientation distribution functions

Unless the texture of a material is very simple, it is very difficult to determine
quantitatively from pole figures or inverse pole figures the amounts of all
the orientations present. Only a three-dimensional plot of orientations can:.
fully describe a texture. Such plots are often called orfentation df:tﬂb'mlon&,m_
- et o
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(b) )

Rolling omguon Normal Direction Transverse Direction

Fig. A34. Inverse pole figures representing the same texture as in Fig. A3J.

Fig. A3.S. The rotations corresponding (o Roe's notation system. (a) The first two rotations
are by 0 and ¥ about the y and = axes establish the location of z°. (b) The third rotation by ¢

about z” fixes X and V.

function plots (ODFs) because they can be determined by mathematically
representing the texture by spherical harmonics. »

Three angles (Euler angles) are required to describe fully a single
oricntation. There are two diflerent systems of angles commonly used to
describe the orientation of the crystal axes ([100], [010], [001]) relative to
the external coordinate axes (x,y,2). The two most commonly used systems
are those proposed by Bunge [1, 2] and Roe {3, 4).
© " In Roe's system, the crystallographic axes, [100], [010], and [001], are
designated X,Y,Z, and the external axes, RD, TD, ND are designated x,y.2.
The X,Y.Z axcs can be generated {rom the x,y,z axes by three rotations, 0,
. and ., as shown in Fig. A3.5, and to be described here.

Starting with the x.1.z axis system:
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Table A3.1. Dircction cosines between 1
x,y2 and x°,y",z" axes in Roe's system

x. f ‘l
x cosfcosy —siny sinfcosy
y cos O sin ¢ cos ¥ sin §sin ¢
z ~gin @ 0 cos 8

Table A3.2. Direction cosines between
x",y"2" and X YZ axes in Roc’s system

X=1 Y=2 Zm=3
X’ cos ¢ —gin @ 0
y* sin@ cos @ 0
2 0 0 1

First, rotate the x and z axes counterclockwise about y through an angle
6 to form a set of axes, x', ¥ = y,and 7', x = X, z = 2.

Second, rotate the ¥/, y, and 2’ axes counterclockwise about z through an
angle ¥ to form a set of axes, x", y",and 2", X’ = X",y = ¥, 7 = 2" = Z.

(Thus 90° — 8 and y can be considered the north latitude and cast longitude
of Z on a globe with z being the North Pole and x on the equator at

the meridian through Greenwich.)
Third, rotate the x” and y” axes counterclockwise about z” = Z through an
angle ¢ to form the X,Y,Z axes; x" = X, y” — Y.

The angular relations between the axes are described by the direction
cosines in Tables A3.1 and A3.2. '
For cubic crystals an ideal orientation, (hkl)[uvw] is represented [4] by

cos ¢ = wih? + k2 + I3)V3/[(u? + 0¥ + wi(h? + kD)2, h#0,k#0
1
(hz + kz +'Il)llz
cos ¢ = —h(h? + k33, hohO,k#0..

cos 0 = (A3.1)

For the special case in which A= k'=0,

' cos(y + @) = u/(? + v + w2,
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Table A3.3. Equivalence of
the Bunge and Roe¢ notation

systems

Roe Bunge

v @y = /2
0 ®

"] vy + ®/2
v + rf2 ¥,

0 o

0 —-n/2 ©,

(001)(070) (001)(1Toj 1001)[100]

(001){170) 1001)1110)

P4
"
(8011{100} 1081)(110) 1001)(010)

" (oon(eTs) (1e1){107)

< L {0113{100] (101)(010}

< g
st 010)(001) 110){0011 (100)(0a1]
H2 !

(010)(170) (1003071}

1

e
(010)[100] (11031 70) (100){070)
@2

Fig. A3.6. Orientation cube, using Bunge's notation, showing a number of orientations.

Aiternatively, the idcal orientation can be found using

¥ h= —sinfcosp, k=sinfsing, [=cosd (A3.2)
u = cos i cos 8 cos ¢ — sin Y sin ¢,
v = —cos y cos 0 sin ¢ — sin  cos ¢ (A3.3)
w = +cos ¥ sin 0. ’

Bunge's system [1, 2], which uses diffefent angles, ¢,, @,, and ®, has been

APPENDIX 3 a1

shown [5] to be equivalent to Roe's system. Table A3.3 gives the relation-
ships between the angles of the two systems.

Figure A3.6 is a plot, using the Bunge notation, showing a number of
orientations: An ODF for a material represents the texture with a series of
contours in the cube. !

Other systems for describing the orientation relations have been pro-
posed [6, 7). It should be noted that the orientation system used in Chapters
3 and 4 and Appendix 1 of this book uses three angles, 6, ¢, and a to describe
the rotations used to generate the external coordinate system x,y.z from the
crystallographic axes, while the systems described here generate the crystal
axes starting with the external coordinates.
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APPENDIX 4
YIELD CRITERIA

Ad.l. General

A yield criterion is simply a mathematical expression of the stress states that
cause yielding or plastic deformation. In the most general form it may be

expressed as: ’I

f(du) = f(axv Oyr Oz Tyzy Toxs rxy) = C’v (Ad.])

where C is a critical value. If f(g,)) < C, yielding will not occur. For most
materials, some simplifications are possible. If the deformation is by shear
alone (e.g, slip or twinning), there will be no volume change, and the
yield criterion is independent of the level of mean or hydrostatic stress,
o, = (0, + 0, + 0,)/3. In this case the criterion can be expressed as

) f(al}) = f((ay - dz)' (O’, - 0,), (dx - 0’,), Tyzr Taxs tx;) = C, (A42)

If the deformation is reversible in the sense that shear occurs in one direction
at the samec level of shear stress, 7, as it does in.the opposite direction, then
only the absolute magnitudes of the terms in Eq. (A4.2) are of importance.

_In the special case that x, y, and z are principal stress axes (e.g.,
Typ = Tox T Ty = 0)'

t

f((()‘_' - Gl)' (ﬂl - d:)' (dx - 0,)) =C, (A4.3)

so the yield criterion may be represented in principal stress space as a cylinder
or prism with an axis o, = g, = g,. as shown in Fig. A4.1(d).
v A yield locus is simply a graphical representation of a yield criterion.
“For convenicnce the representation is 'usually a two-dimensional cut of the
three-dimensional cylinder. Two types of cut are common: One is a cut on
the plane of zero hydrostatic stress (o, + 0, + ¢, = 0) [Fig. Ad.1(b)], called
the n plane; the other is a cut on the o, = 0 plane [Fig. Ad.1(c)]. However,
in the most general case all terms in Eq. (A4.2) are finite; so five-dimensional
stress space is required to represent a yield locus.

- . APPENDIX 4 T bis I

w’w‘ Oy

(b}

yi

Fig. A4l. Three-dimensional yield locus (a) and two-dimensional sections corresponding 16"
(®)o,=0and (c) o, + 0, +0, =8 constast (x plane).

The ratio of the plastic strains resulting from yielding are relate‘c'l,to the
stress state and the yield criterion by the principle of normality; which may
be stated Tathcmatically as .

R

de,, = d.l(a———-f ("")). A4y

doy,

v

where f(ay,) is the yield function and dA is a scalar. If the mathcmazicfa.l form
of the yicld criterion is known explicitly, the ratios of the strains df:,,
de,, ..., dc,, can be found analytically. For a discussion of the normality
principle, see D. C. Drucker {1]. ' i

One physical interpretation of Eq. (A4.4) is that the ratios of the strains
resulting from yiclding can be represented by a vector normal to the Y‘:?‘S’)
surface at the stress state, causing the yielding as spown in Fig. A4.2, (he
strains &, and ¢, are in the same ratio as the components cf the vector parallel’
to the o, and o, axes. In two dimensions this can be expressed as

de, | 09, (A4S)
de, .30'," Corrbue

where da,/d0, is the slope of the yield locus at the point qf loading. This
relation is useful in constructing yield loci from cither experimental data or

theoretical calculations.
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Fig. Ad.2Z. Graphical representation of normality principle. The vector normal to the yield

logus,gives the ratio of sirains during yielding,
I d

A corollary of the prihciple of normality is that a yield locus cannot be
outwardly concave.'* It may be outwardly convex or have straight sides.
If it does have straight sides, all of the stress states on a side will ‘p;oducc
the same shape change. There may be corners, and, if so, the stress state at
the corner may produce a range of shape changes, as shown in Fig. A4.3,

(i

Ad.l.l. Example A4.]1

The von Mises criterion for isotropic materials may be written as
4f(oy) = (72 — 03)* + (03 = 01)* + (0, — 0;)* = 27?3, J(A4~6)

where ¢, 0, and o, are the principal stresses and Y is the yield strength in

uniaxial tension. Draw a g, = 0 section of the yield locus and find the stress

5}’;‘5‘t’cs corresponding to equal biaxial stretching (de, = dg,), plane strain

(de; = 0), and plane strain (dey = 0, de; = —de,).
" Solution: Substituting o5 = 0 into Eq. (A4.6) leads to

ol + 03 —0,0;= Y3, (A4.T)
which plots as an ellipse (Fig. A4.4). Letting « be the stress ratio, a,/a,,
i oy = Y/(1 —a+ a?)3, (A4.8)

' Mathematically a yield function is convex if its Hessian matrix, H,, = #f!d0, #o,, is positive and

e mpny i pe A LA e epp
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range of possidle
normals at corner

same normal
for different
stress states

Oy

i

N

Fig. A43. At » comer the range of possible normals represents the possible shape
The different stress states along a straight side cause the same strains.

Applying Eq. (A4.4) to Eq. (A4.6) results in the flow rules:

de, = dz(a, - "’_*2'&)

dey = dl(a, - %‘_')

Therefore

dCz 02—01/2 a—i‘
ds, 0,—-0,2 1-—q72

Solving for «,

oy _ (dsy/de,) + §

(A4.9)

(A4.10)

qmfe YT (A4.11)

o, |+ (dey/dr)2
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Oy d82ud81
' =1
d82 =0
a=1/2
Ox
o=-1
d€2= - d€1

Fig. Aé4. VYon Mises yield locus showing loading paths corresponding to ssveral shape
changes.

14

For de, = de,, a = 1, and substitution into Eq. (A4.8) gives g, = o, = Y for
de; =0, a=4 0, = 2)’/\/5. g; = Y/\/S; and for d¢cy = —dgy, 0; = —0g,,
o, = Y/ /3, and g, = - ¥//3.

Examination of Fig. A4.4 shows these points do correspond to the
condition dey/00, = —de,/dz;. Although this example was for an isotropic

material, the principle of normality [e.g., Eqs. (A4.4) and A4.5)] is equally
valid for anisotropic materials.

Ad.2. Basic imumplions about yield criteria

In continuum plasticity, three simplifying assumptions are commonly made
about the yicld criteria of materials:

1. Independence of the hydrostatic pressure, or mean stress,

o, +0,+ 0,
Oy o= ————
| - 3

‘ ' |
v 2. Plastic isotropy;

3. Independence of the sign of the external stresses.

The reasonableness of each of these three assumptions depends on different

aspects of structure, and cach has a different cffect on the shape of the yield
locus,
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Fig. A4S, Yicld loci corresponding to three different assumptions. The g, = 0 sections are
shown at the left, and the x sections at the right. For the x sections, o, = 0, — 9,0, =0, ~ &
and @, = ¢, — p, where p = (@, + 0, + 0,)/3. (a) Represents yield loci that are. snisotropic,
prescure indépendent, and sign independent; (b) isotropic, pressure dependent, and sign indl'pun-‘
dent; (¢) isotropic, pr independent, and sign depé dent. - /:":- SO S
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" The most _'ge.neral' yield criteria require six ‘stresses; so a complete plqt‘
of the yield locus shape requires six-dimensional stress: space. 'Ia " this’
treatment, however, yield loci. will be .represented by two-dxmcns:qnal
sections of three-dimensional plots. The three-dimensional plots are possible:

if we consider the special cases in which the principal stress axes coincid_c'
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e

with the symmetty’ axes of thc matenal Two types of two-dimensional
sections are plotted: the n plane and the g, = 0 section. Possible forms of
both of these sections are represented in Flg A4.5, for materials that fit
various combinations of the three assumptions. Each of the three assump-
tions is discussed below.

Ad.2.1, lndcpendcnte of pressure y i

If yiclding is pressure independent, the shape and size of the locus on all
planes parallel to the = plane should be the same, because these planes differ
only in the level of mean stress, o,,. The yield surface in principal stress space
is a cylinder whose generator is parallcl to the line o, = 0, = ¢,. The normal
to this surface is parallcl to the n plane and has no component parallel to
the generator, of the cylinder. Therefore, according to the principle of
normality, there should be no volume change accompanying yielding.

On lhc other hand, if yielding is sensitive to hydrostatic pressure, there
must bea’ ‘Volume change on yielding, and conversely if there is a volume
change on yielding, the yield criterion must be pressure dependent. An
example is deformation by martensitic shear, as may occur in some austenitic
stainless steels at low temperatures. In this case there is 2 volume expansion;
50 yielding is favored by hydrostatic tension. The tensile yield strength in a
particular djrection should be lower than the compressive yield strength in
the same direction. Another example might be the yielding of porous
materials, which should shrink in volume as they are deformed. In such cases,
the yield strength i in tension should be higher.

Although pressure insensitivity is oflcn assumed, there is much experi-
mental evidence that ylcldmg of some materials is pressure sensitive. This
has long been recognized in soil mechanics. Compressive yield strengths of
polymers are usually significantly higher than their tensile yield strengths.

A4.22 Isozropy.

Asmaterial is isotropic if the position of the principal stress axes relative to
the- material has no effect on yielding. The n-plane section must have
thr’ccfold _symmetry about the origin. The axes of pnncxpal strcsses should
coincide with the axes of principal strains, - ...~

Coincidence of the principal stress and strain axes need not occur in an
anisotropic. material. They will coincide only if they also coincide with the
symmetry axes of the material, :
... «.A polycrystalline material will be xsotroplc only lf the crystallographxc
ons:matnon of its grains is random. Preferred alignment of th grain
boundaries, seccond phases, and residual stresses also can cause anisotropic
cffects.

o suiumad 3O AU
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Ad.2.3. Sign of the stress state

If yielding is independent of the sign of the applied stresses, changing the
sign of all of the stress components should have no effect. Such independenae
is assured if the internal deformation mechanisms are also independent of
the sign of the stress. Twinning and martensitic shear are directional
mechanisms, and if they occur, yielding will depend on the sign of the stress.
Slip in some bce metals is sign dependent. If the material is both isotropic
and sign independent, the m-plane locus must have sixfold rotational

symmetry about the origin. .
Qualitatively the same strength differential (SD) effect should be

predicted for directional slip in bee metals, since the direction of easy slip is
the “forward " twinning direction. Yet the SD effect rcponed in high-strength
steels is of the opposite sign (higher yield strength in compression) and
therefore is probably due to a pressure sensitivity of yielding.

Ad43. Yield locus symmetry .
The construction of yield loci is greatly simpliﬁed by taking advantage of
the symmetry. For a material in which yielding is pressure-insensitive and
sign-independent, the yield locus has a center of symmetry. For every, point
on the locus at o, = p and o, = g, there is a corresponding point at o, = —p
and 0, = ~q. If, in addmon, there is planar symmetry about z, the locus
may bc divided into four regions (Fig. A4.6). There is mirror symmetry about
PP and QQ' which leads to the following relations:

Cxp ™ Oyar Cyp = Tx4

Cxc™ ~Oxys Oy ™ “de (A412)

Oxp ™ ~0Tyar Oyp ™= —~0Txy-

If the material is also xsotroplc, region A may be subdivided into three
regions according to the size of the Mohr’s circles, as shown in Fig. Ad.T.
The rclauve sizes of the Mohr’s circles are:

in region I, (o, — 0,) > (0, — 0,) > (0, — 0,);

in region I, (g, — 0,) > (7, ~ 0,) > (0, — ¢,); and

in region II1, (o, — a,) >(0.—0)> (0, —a,).
With isotropy, these diameters can be interchanged; so

Oxil = Oxiy Oy ™ Txy =~ Tpis

Crm = Oy — Oyps Oy ™ =0y-
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O : el

planar lsotropy
pressure msensltwuty
sign independence

Q

Fig. A4, 6 The symmetry of the yield locus for a material in which yielding is mxsolropﬁé but
insensitive to both pressure and sign of stresses. The locus is symme(nc about QQ’ and about

PP,

Add; Definition of yielding under combined stresses

For a non-work-hardening material, the yield strength is simply defined as
the stress required to cause plastic flow. For a work-hardening material, the
transition from elastic to plastic flow is gradual. In tension testing, the yield
strength is conventionally'defined as that'level of stress at:which the plastic
strain reaches some critical level (e.g., ¢ = 0.2%). Under combined-stress
loading, some combination of strain components should be used to define
yiclding. Such 3 combmanon xs called the eﬁ'ecrwe strain

By er YT T \,:“ Vify L
E= flenEyptneney V”)o (A4.14)
3 o

Yhere the effective stram function 1s related to' the yield criterion. This
definition is not very useful in situations where the yield criterion and hence
«theeeffective strain function is not a)rcady known. However, the functional
form of Eq. (A4.14) must be consnst;nt with the form of the effective stress,
G, so that the incremental plastic work per volume, dw, can be expressed as

(A4.15)

dw=rrdr—-cr de, + o, de, +a,u’r.,+--'

+ 0,y dYy,.
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Fig. A47. Equivalent regions of isotropic yield loan, _ ; ‘

Here the effective stress is defined as the combination of stress components,

\r?' N "f(d‘.-‘yvanc-wa'h)' [RRRARY - (Ad. l6)
! ) R

“

whlch governs whether yleldmg occurs. For plaae-strm lclding e\mh
o '“rlr'”u"“n"o . ' Dl L eteut v amag

o'df-(l —ap)o‘,dz,, o TR

whcre a==g /a and pm=: -de,/ds,. Thererore. wuh a hnea: strain pa;l;g a
ﬁxcd level offtonuponds to a value of - T e ey

&/al E
| -7/

A4S, Workhnndening T T

i T P Y S U Y TR R

Two basic assumpuons' aré made about the effect” of work hardcmng on‘ the
yield locus. The more common assumption, and the one used' here; is! that
of isotropic hardening, by which is meant that the deformation causes the
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Isotrople hardening Kinematic hardening

Fig. A48 Assumed effects on the yield locus of prestraining in x-direction tension. (a)
Isotropic hardening: (b) Kinematic hardening.

yicld locus to expand uniformly. The level of effective stress necessary to
continue plastic dcformpt:on increases wnh eﬁectlve strain, rcgardlcss of the
strain path, so that’ o

T RITTIT TR e BEPES P RN

3.6 = f(&). (A4.19)
{917 he other extreme assumption ‘is called kinematic hardening, by which
is meant that strain hardening translates the yield locus in the direction of
foudirg rather than expanding it.. The difference between these two assump-
tions is illustrated in Fig. A4.8. If loading is monotonic (the stress ratio,

/ax, and strain ratio, ¢,/e,, held constant), the predictions of both models
‘dre*the same. For changmg loading paths, expcnmcntal evidence agrees
better with the kinematic model if the new yield stress is measured after a
'velystnali amount of strain along the new path;-but the isotropic.hardening
model is better if the new yield stress is measured aftera:large amount of
strain along the new path.
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Ad.6. Plotting yield loci on the n plane

Most of the yield loci in this book are g, = 0 sectlbrigjéf' th‘ezéiiel:d ﬁ urface.
...... ted'on the

‘n pl:mc is- dcscnbcd bclow
.ot the stresses on the . = 0 plane be o, and ¢.. In general the reduced
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Figure A49 shows that the corresponding coordmates Xand Yonasn
plane, are:

X =g
(Ad.21)

Y-La'+-—2—-a’
SO

Subsmulmg Eq. (A4.20) slmpllﬁcs Eq. (Ad4.21) to

2hipi el wa

: sty ey 2 S I ) e,

s X = 50, — &0’ [ 0 ":"lz'ﬂl«”-
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Fi ngurc Mile(a) ancr(b)"sl’twmé"ylcld locus for the same material- plotted
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The pnncnplc of maximum virtual work allows one to select”amdng all’ ot
thié stress stafes “that cafi’causé 4 body to yield (i.e., all pomts’ bn the ylcld
stiffate) which stress Staié'is "pbropnatc fora speclﬁc ‘shape change It says
that the appropridte stress stité is the one for which the calculatéd” plasuc
work per volume, dw, is the largest, where dw =g, de, + 0, de, + -
0,y dv,,. Two simple examples will illustrate this principle.

First consider a material that obeys the Tresca yield criterion (Fig. AS.1).
We wish to decide which stress state with ¢, = 0 will produce axially
symmetric flow about x, de, = de, = —14 de,, and de, > 0, so the virtual work
is given by: dw = ¢, de, + 0, (—ds,/2); s0 dw/ds, = ¢, — 0,/2. The stre::
states that can cause yielding are:

lLo,=+Y,050,5+Y
20,=+Y,0<0,8Y
3. Oy, —0,= +Y

3 -Y

Fig. AS.1. Yield locus for the Tresca yield criterion.
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For steess: ftatés Jf add iivath ¢/ iaifydwide} & FUThe! daftulated value of
dw/de, is smaller for all other stress states. Thus we conclude that the
appropriate stress state is g, = ¥, g, = 0,

The second example is a frictional system where the normal force, N,
and the coefficient of friction, g, are fixed. Sliding can be caused by a shear
force of uN in any direction paralle] to the [rictional surface. However, for
a given displacement d (i.c., shape change), only a shear force acting in the
direction of d is appropriate, Otherwise the calculated work, F+d, would not
bﬁ,q;maﬂmumg Ame o dnec garolis Wiow [gud o e o abgia G Wi

,,rmnmple of maxnmum (virtual work. is:a corql]ary to the, normahty,
prmclpal le;en a, fn,:\tg{;‘al yiclds under 3. ,gwcn stress state, the. resulting,
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