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Preface to the English Edition

Welding as a technological tool has been widely used for 100 years. This is caused
by notable advantages of welding over other methods of material joining.

The ultimate goal of welding is to obtain the weld which would be equivalent to
the base metal by all the properties. In reality, this goal is not achieved. A vast
majority of failures of welded structures are initiated in welds. The main factors
of these failures are degradation of the weld metal and the heat-affected zone, and
welding residual stresses and distortion, occurred under a thermal effect.

Thermal processes in welding include the processes that lead to the change of
temperature in a workpiece and filler metals due to heat of a welding source, heat
propagation across the workpiece and heat removal outward.

Almost all welding methods and related technologies are accompanied by metal
heating in a limited region of a joint. The range of heat temperature varies from the
initial ambient temperature to the temperature of metal evaporation, with heating
and cooling rates up to thousands of degrees per second. Besides, this can lead to
base metal melting, chemical reactions in a weld pool, solidification of liquid metal,
volume changes, microstructure transformations in a solidified metal, elastic and
plastic deformations, etc. These processes determine local properties of metal and,
consequently, fitness-for-purpose of the joint and the whole welded structure. In
order to optimise a welding technology, it is required to know how welding con-
ditions (base and filler metals, welding method and its parameters) affect these
processes.

Thermal processes in welding came into focus in the 20-30s of the previous
century after welding had been widely adopted in the industry. A great contribution
to the theory as applied to welding was made by D. Rosenthal, who published his
research work in 1935. In his paper D. Rosenthal provided solutions of heat con-
duction problems for moving concentrated heat sources in quasi-stationary condi-
tions, when temperature fields do not change with time in a moving coordinate
system related to a heat source. In 1938, there were published research papers by
N. N. Rykalin, who suggested solutions of a more generalised problem including
transient thermal processes. Later, it was revealed, which is common for the history
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of science, that the fundamental solutions to the problem of heat and mass transfer
in the same mathematical form had been gained by H. A. Wilson before, in 1904.

Foundations of the general theory of thermal processes in welding were laid and
published in three monographs by N. N. Rykalin in 1941, 1947 and 1951. Due to its
logic and simple physical interpretation, the theory, based on the analytical method
of sources, became accessible to welding researchers and engineers. Analytical
approaches were developed in papers of K. M. Gatovsky, V. I. Makhnenko,
N. T. Nguyen and C. L. Tsai.

The technological breakthrough resulted in working out numerical methods of
solving heat conduction problems, i.e. finite difference method and finite element
method. Such methods provide the foundation for computational codes for mod-
elling thermal processes in welding (Abaqus, Ansys, Sysweld, etc.). A great con-
tribution to the development of the numerical methods of solving welding problems
was made by T. DebRoy, V. F. Demchenko, J. Goldak, A. S. Kurkin,
V. I. Makhnenko, L.-E. Lindgren, V. A. Sudnik and Y. Ueda.

Within the recent two decades, the interest in modelling welding processes has
shown a dramatic rise, which is proved by regular international seminars
“Mathematical Modelling of Weld Phenomena”. However, in spite of numerous
publications, there are no monographs that systematise and generalise methods of
computing thermal processes and predicting their effects to optimise microstructure,
local mechanical properties and residual stresses in various zones of welds.

The present book considers main welding heat sources, provides thermophysical
properties of metals, formulates welding heat conduction problems and presents
analytical and numerical methods of solving heat conduction problems for fusion
and pressure welding. Particularly, the book analyses temperature fields under
programmed heat input. The author formulates and solves inverse problems of heat
conduction in welding and exemplifies optimisation of welding conditions for
different objective functions. It is demonstrated that knowledge of thermal cycles
allows predicting local microstructure state and assessing local mechanical prop-
erties of metal.

The book is aimed at engineers, lecturers and researchers in the field of welding
and related technologies, strength of welded structures, surface heat treatment by a
concentrated heat source. Besides, the book can be of particular interest for graduate
and postgraduate students majoring in welding.

In order to study thermal processes in welding, it is required to know general
physics, higher mathematics, materials science and other general subjects. Besides,
thermal processes in welding are the foundation for studying fundamentals of
welding metallurgy, fusion and pressure welding technologies, theory of welding
stresses and distortion, theory of strength of welded structures, modelling and
optimisation of welding processes. They are worth studying for related technolo-
gies, i.e. cutting, soldering, brazing, hot strengthening of structures, thermal sur-
facing, material treatment with high-concentrated heat sources.

The book is based on my regular lectures at the Peter the Great St. Petersburg
Polytechnic University for more than 30 years.
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The manuscript was translated by M. N. Sosnina. The diagrams were meticu-
lously drawn by P. N. Khomich. All this help is gratefully acknowledged. I am
particularly indebted to A. M. Levchenko for his permanent support.
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Abstract

Welding is the most important method of joining metal components. The theory
of the thermal dynamics of welding is one of the means by which welding processes
are studied and controlled.

This book discusses welding heat sources, the thermophysical properties of
different metals, formulation of heat conduction problems and presents analytical
and numerical methods for solving the heat conduction problems in fusion and
pressure welding. Temperature fields under programmed heat input are analysed.
Inverse heat conduction problems are stated and solved. Optimisation of welding
conditions using different objective functions is demonstrated.

This text shows that a knowledge of thermal cycles makes it possible to predict
the local microstructure and to assess the local mechanical properties of weld and
heat-affected zone metals.

The book is aimed at engineers, researchers, lecturers and students, specialising
in welding and related technologies.

The book is based on the author’s regular lectures at the Peter the Great
St. Petersburg Polytechnic University.

Revised edition of the original Russian edition.
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Chapter 1 ®)
Energy Characteristics of Welding Heat e
Sources

1.1 Requirements for Welding Heat Sources

In most cases welding is carried out with local heating of bodies up to the temperature
which is determined by the type of welding and properties of the materials to be
welded. During fusion welding, this temperature T must be greater than the melting
temperature T, (T > T,,), while during pressure welding it can be either higher or
lower than T,,. In order to use the energy efficiently, its maximally localised input
must be ensured so that the welded material can be heated in a minimally required
volume.

For welding heating, different kinds of energy are converted into heat, in particular,
electric, beam, chemical and mechanical energy and also their combinations.

During fusion welding, the power density of the source is within the range of
1—10°> W mm~2 (Fig. 1.1). In case of a lower density the material cannot be welded.
If the density is higher, evaporation prevails.

1.2 Welding Arc

In terms of the volume of application, arc welding exceeds all other welding methods.

A welding arc represents a stable electric discharge through a gas gap. Current
goes between two electrodes. A positive electrode is called an anode, a negative
one is called a cathode (Fig. 1.2). During alternating current welding the polarity of
electrodes changes together with the frequency of the power supply. Typical welding
arcs have currency from 1 to 1500 A with the voltage from 8§ to 50 V.

The electric field intensity in the arc is very uneven. In the narrow cathode and
anode regions it is by orders of magnitude higher than in the arc column, where it does
not exceed several volts per one millimeter (Fig. 1.2). So, the volumetric density of the
heat generating in the arc is very uneven, which results in a non-uniform temperature

© Springer Nature Singapore Pte Ltd. 2019 1
V. A. Karkhin, Thermal Processes in Welding, Engineering Materials,
https://doi.org/10.1007/978-981-13-5965-1_1
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field with big gradients. It follows from the figure that the voltage falls mostly in
narrow electrode regions, being higher in the cathode region than in the anode one.

Tungsten and carbon are used as a non-consumable electrode. Molybdenum and
tantalum are also refractory, but they are used in exceptional cases. The work function
(the lowest energy needed to remove an electron from metal) of thoriated tungsten
is lower than that of pure tungsten. So, the cathode fall of voltage and, consequently,
the temperature of the cathode region are relatively low. The tip of the electrode does
not melt and keeps its initial sharpened form.

The state of the arc (temperature field, plasma density, electric potential, speed,
pressure, current density, etc.) depends on the material of electrodes, gas environment
(composition and pressure), distance between electrodes, current and many other
factors. It is determined by experimental methods (Farmer et al. 1986; Gick et al.
1973; Haddad and Farmer 1984; Haddad et al. 1985; Hiraoka et al. 1997; Hsu et al.
1983; Jackson 1960; Key et al. 1983; Kobayashi and Suga 1979; Nestor 1962; Olsen
1963; Smaars and Acinger 1968; Yushchenko et al. 2006) and by numerical methods
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(Choo et al. 1990; Gick et al. 1973; Glickstein 1981; Haddad et al. 1985; Kovitya
and Lowke 1982, 1985; Lee and Na 1996; Schnick et al. 2010; Ushio and Matsuda
1982).

Despite the fact that welding arc has been researched for quite a long time, it is
still a physical object which has not been studied enough (Finkelnburg and Maecker
1961; Lancaster 1987; Leskov 1970; Dresvin 1972; Rykalin 1974; Sosnin et al. 2008;
Lancaster 1986; Tikhodeyev 1961; Yampolsky 1972). It is especially true with regard
to its interaction with a consumable electrode and the surface of the weld pool.

Let us consider the steady axisymmetric arc, which burns in argon between a
thoriated tungsten electrode and a water-cooled copper anode (Fig. 1.3a). The tem-
perature field of the anode depends on the state of the arc, which, in turn, depends
on the conditions on the contact arc-anode and arc-cathode surfaces. Thus, with a
strict approach, the object of research must include all three bodies simultaneously
(electrode, arc, workpiece) (Murphy and Thomas 2017). Five regions are distin-
guished when solving this complex problem: cathode, cathode region of the arc, arc
column, anode region of the arc and anode. Equations of mass and current continuity,
of momentum and energy conservation are written for the column. It is necessary
to consider the complicated physical phenomena in the electrode region (electronic
current and ionic current, thermal conductivity, etc.) and surface effects on the elec-
trodes. Thermal conductivity and electric heating are considered in the electrodes.
Some relevant boundary conditions must be set. The formulated problem is strongly
non-linear and can be solved only in a numerical way. The conditions on the cathode-
arc and arc-anode boundaries are finalised by an iteration method (Wendelstorf et al.
1997). Thus, even in case of a simple methodological example given in Fig. 1.3a, it
is extremely difficult to solve the problem with quite a strict statement and a lot of
preparatory and computer time is required.

The steady-state temperature fields in the electrode, arc and workpiece are shown
in Fig. 1.3a. The temperature on the arc axis reaches its peak in the proximity to
the tungsten cathode, where the volumetric power density is maximal due to a great
cathode voltage drop. The temperature reaches its minimum close to the water-cooled
copper anode, which is proven by experiments (Haddad and Farmer 1984).

An important result of the problem solution is the heat flow distribution from
the arc to the anode and its components (Fig. 1.3b). In terms of its form, the radial
distribution curve of the total heat flow is close to a normal curve (Gaussian curve).
It is seen that in the proximity to the arc axis, the input of electron energy in the
heat flow in the anode is the main one. The anode is heated considerably due to heat
conduction, especially where current is weak. Plasma radiation heating is low. If
current increases, heat transfer from plasma to the anode grows. Let us emphasise that
in order to calculate the temperature field of the workpiece (anode), the distribution
of the heat flow from the arc to the workpiece must be known.

The calculation of the heat flux from the arc to the workpiece becomes much more
difficult if the reaction of the liquid metal of the weld pool is considered during fusion
welding (surface deflection of the pool due to the arc pressure, formation of metal
vapour in the arc, etc.). For example, with aluminium vapour in helium the radial
distribution of the arc temperature and, consequently, the heat flow in the workpiece
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change considerably (Glickstein 1981). The presence of iron vapour in argon results
in abnormal radial distribution of temperature and current density with minimum on
the arc axis (Schnick et al. 2010). If the impact of the workpiece surface is considered
during multi-pass butt welding and welding of T-joints, the axial symmetry of the
arc is disturbed and the arc model becomes three-dimensional. More difficulties are
there because the temperature dependencies of many properties of materials are not
studied enough, such as viscosity, electrical conductivity, radiation coefficient, and
thermal electron emission.

Some parameters of the axisymmetric arc on the surface of the heated body (radial
distributions of heat flow density, current density, pressure) are determined experi-
mentally by the split-anode technique (Fig. 1.4a). Let us look into the technique by
the example of determining the radial distribution of the power density g, (r). Let us
assume that the function g,(r) is known. Then the power g(x) falls on the right part
of the anode:
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Fig. 1.4 Schematic illustration of the split-anode technique (a) and the split-anode coordinate
system (b) (Lu and Kou 1988): FT is the force transducer

R
qg(x) = Z/qz(r)r arccos(x/r)dr, (1.2.1)

X

where x is the distance from the centre of the arc O to the heat-impermeable plane
of separation AB, R is the radius of the arc (Fig. 1.4b). In the figure the arc on the
right part of the anode is darkened. Integration is taken along the radius. In reality
the power g(x) is known (it is measured by a direct method of calorimetry). The
unknown function ¢;(r) is the solution to the integral Eq. (1.2.1) (Lu and Kou 1988):

//(x)

1
@(r) = \/7“' (1.2.2)

where ¢”(x) is the second-order derivative on the right part of the anode in reference
to the position of arc x.

The function ¢”(x) is very sensitive to measurement error, so the experimental
curve g(x) should be smoothed over in advance. If the law g»(p, r) is assigned
beforehand, the parameter vector p of this law can be found from the condition of
minimal deviation of the calculated curve g(p, x,) at the points x, (n = 1, ... N)
from the experimental values of the function at these points. There is an algorithm
for solving this optimisation problem (Lu and Kou 1988).

The problems referring to the radial distribution of current density and arc pressure
are stated in a similar way. The distribution of the current /(x) and force F(x) is
measured directly by an ammeter and a force transducer FT (Fig. 1.4a), while the
radial distribution of the arc pressure is measured by a micromanometer (Kopayev
et al. 2006).

In the further calculations of heat processes in the workpiece, it is convenient
to present the obtained radial distribution of the power density g»(r) as a known
function. Numerous experiments give evidence that the radial distribution of the arc
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Fig. 1.5 Circular source with normal distribution of heat source density g (a) and a circular source
with constant heat source density g2 (b)

heat flow density over the plane surface of the body located perpendicularly to the
arc axis is described satisfactorily by a Gaussian curve (normal distribution law):
q2(r) = Gamax exp(_crz), (1.2.3)
where gomay is the heat flow density in the heat centre (with r = 0), W m~? (Fig. 1.5a);
C is the concentration factor of heat flow of the arc, m~2. Such heat sources are called
normally distributed circular sources. The distribution parameters gomax and C in
(1.2.3) are chosen to meet the condition of minimal deviation from the experimental
distribution g,(r).
The connection of the effective power of the source ¢ (W) with the distribution

parameters g,(r) is established through integration of the heat flow density ¢, (1.2.3)
over the entire plane:

o]

b4 C
q = /qz(")27frdr = Eq2max Or gomax — — (.-
b
0

(1.2.4)

In theory, the source (1.2.3) operates on the entire surface, 0 < r < co. In practice,
it is useful to introduce the notion of conventional heat spot, which radius is taken
up from the following conditions.

1. At the distance r. from the centre, the flow density falls by e & 2.718282 times.

Hence, Eq. (1.2.3) suggests . = 1/+/C. This radius is called normal (Rykalin
et al. 1988).

2. At the distance rs from the centre, the flow density falls by e* ~ 20 times and
is equal to 0.05 gomax. Then roos = /3/C = «/gre. For instance, for the arc in
argon medium rg o5 = 4.5-6.5 mm, for the submerged arc of low and medium
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power roos = 5—10 mm, high power —r( s = 10—18 mm, for the open arc (by
a carbon or metallic electrode) of small and medium power r s = 10-15 mm,
high power —rg ;s = 15-25 mm (Makhnenko and Kravtsov 1976).

The bigger factor C is, the quicker the power density decreases with distance
away from the arc centre and the lower the radii . and r( s are. With C = oo a point
source on the surface of the body is obtained from a plane source:

q2(r) = q8(0), (1.2.5)
where § (u) is the §-Dirac function (delta-function):

ooifu = 0;

126
0ifu # 0, (1.2.6)

5@):{

oo
where f 8(u)du =1 (infinite spike of unit intensity). The §-function has the

fundam_eorftal property:
f f)d(u — a)du = f(a), (1.2.7)

i.e. allows setting down the space density of a physical quantity (for example, power
density), concentrated or applied at point a of the space. It is widely used in mathe-
matical physics.

A normally distributed source can be substituted for a uniformly distributed source
with the same power g and radius rg, ro = re = 1905/ V3 (Fig. 1.5b). In the calcula-
tions of heat processes during arc welding it is more common to accept the hypothesis
of normal distribution (Fig. 1.5a), rather than uniform distribution (Fig. 1.5b). The
two independent parameters of the arc out of several ones (¢, gomax> C, e, 0.05) are
usually determined experimentally.

If the arc axis is inclined to the x-axis on the surface of the body at angle 8, then
the source can be approximately considered as a normally distributed elliptic source:

@2(x, ¥) = Gamax exp(—Crx? — Cyy?), (12.8)
where
C.C
g2max = el q; (1 29)
T
1 1 ,
Cx = 7Cy 2 sfex = re)
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Here C, and C, are the concentration factors of arc power by the axes x and y, 7,
and r., are the radii (major and minor semi-axes) of the ellipse.

The line of the constant density of the power g, = constis described by an equation
of ellipse

x? y2 const
—2+T =In s (1.2.10)
rex rey QZmax

which gave the name to this source. In a special case, when C, = C, = C, formulas
(1.2.8) and (1.2.9) turn into (1.2.3) and (1.2.4), i.e. the normally distributed circular
source is a special case of a normally distributed elliptical one.

Equation (1.2.8) is true for a cylinder-shaped arc (power density is maximal in
the centre of the ellipse and the plane x = 0 is the plane of symmetry, Fig. 1.6b). For
a cone-shaped arc (the concentration factor decreases with distance away from the
electrode) the plane x = 0 is not the plane of symmetry.

Further on more complicated laws of power distribution will be looked into for
spatially limited and unlimited heat sources (see Sect. 5.2.1).

Figure 1.7 shows experimental distributions of power density for two arcs with
constant current but with a different length of the arc and shape of the tungsten
electrode. The experimental data was approximated with a normal distribution curve
(1.2.3). The parameters gom,x and C for each arc were defined by the two conditions:
the effective power ¢ is constant (the volume under the surface g,(r) is constant) and
the area under the curves ¢, (r) is constant (Lu and Kou 1988). Figure 1.7 shows that
with an increase in the length (voltage) of the arc and diameter of the electrode, the
arc becomes less concentrated (gmax and C go down).

The shielding gas and iron vapour it contains exert a great impact on the temper-
ature field of the arc and distribution of power and current density on the surface of
the anode made of austenitic steel SUS 304 (<0.08% C, 8-10.5% Ni, 18-20% Cr)
(Fig. 1.8). The researched two-dimensional axisymmetric region included a tungsten
electrode, 3.2 mm in diameter and a tip angle equal to 60°, an arc, 5 mm in length at

(a) (b) _ e
- '1 4 rc.\' SinB

0 N A

B =90°

Fig. 1.6 Schematic of electrode angle (a) and heat source sizes (b) (Sudnik et al. 2005)
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Fig. 1.8 Calculated radial dependence of power density g, and current density j at the anode for
arcs in Ar and He with SUS 304 austenitic steel anode (Murphy et al. 2009)

the pressure of 1 atm and current of 150 A and a water-cooled anode with a liquid
pool. The arc is stationary relative to the heated body. It has been revealed that the
volumetric heat capacity of gas makes a profound effect on the compression of the
arc. The iron vapour in the arc increases electrical conductivity at a low temperature,
which causes a considerable decrease in the heat flow and electric current on the sur-
face of the weld pool and, consequently, a reduced depth of the pool (Murphy et al.
2009). With the current equal to 200 A, iron vapour in argon reduces the temperature
in the centre of the arc from 18000 K down to 8000 K (Hertel et al. 2013).
Different techniques are used to define the parameters of the welding arc (Rykalin
and Kulagin 1953; Tsarkov and Orlik 2001). By comparing the experimental thermal
cycles and the thermal cycles calculated with a non-linear model of 3D heat transfer,
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the following linear equation was obtained for the arc radius o5 during welding of
austenitic steel 12Kh18N10T (<0.12% C, 17.0-19.0% Cr, 9.0-11.0% Ni, 0.6-0.8%
Ti) with a non-consumable electrode under the conditions: current I = 160-320 A,
arc length [ = 2-6 mm, welding speed v = 2040 mm s~', 100% Ar (Sudnik and
Rybakov 1992; Sudnik et al. 2005):

roos = 8.43 —0.0071 + 0.0431. (1.2.11)

The dimension r( o5 and /-mm, current /-A. It follows from the formula that the
arc radius grows with reduction in current and increase in the length of the arc. For
more powerful arcs the tendency remains the same (Yushchenko et al. 2006).

The welding arc exerts a force impact on the body that is being welded. The
pressure force is described by a parabolic dependence on current. During welding
with a coated electrode at the current of 150 A it reaches 0.017 N (Doan and Lorentz
1941), while during welding with a consumable electrode, 5 mm in diameter at the
current of 700 A it is 0.12 N (Petrunichev 1960). The radial pressure distribution
of the arc is close to normal (Fig. 1.9), and its parameters are determined by gas
medium (Yamauchi and Taka 1979; Zaehr et al. 2010), current level, electrode tip
angle and arc length (Yamauchi and Taka 1979), electrode diameter, constriction in
the additional magnetic field (Nomura et al. 2010) and other factors. In turn, the arc
pressure makes the surface of the weld pool deflect and the characteristics of the
arc change (Fig. 1.10). The higher the current is, the greater the deflection of the
pool surface is and the higher the temperature is (Fig. 1.10a). In the proximity to the
relatively cold anode, the temperature gradients are high, and isotherms are parallel
to the surface of the anode. On the radial distributions of power and current density
their sharp falls are seen on the arc axis (Fig. 1.10b). Differently from the plane anode
(Fig. 1.3b) the distributions are far from being normal, they are bimodal (Choo et al.
1990). These curves can be described by an equation (Yerofeyev and Maslennikov
2005)

Fig. 1.9 The effect of
shielding gas on arc force 800 |
(experiment: current 200 A,
W electrode negative,
electrode diameter 3.2 mm,
tip angle 30°, arc length

3 mm) (Radaj 1992;
Lancaster 1986; Yamauchi
1979)
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>
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Fig. 1.10 Calculated radial distributions of temperature (a), heat flux g, and current density j on
the anode (b) (Choo et al. 1990)

2q 272 —2r2
q2(r) = —|aa+ (1 —aq)— |exp| —— ).
mr r r

d d d

(1.2.12)

where r,; is the radius of the arc (the radius of the circle, where 86% of the arc heat
flow goes); a, is a coefficient which considers the deviation of flow distribution from
the normal law and is determined by the ratio between the depth /. and the radius .
of the crater under the arc:

Te

ag = (1.2.13)

re+he

Thus, the heat flow depends, to a large extent, on the shape of the free surface of
the weld pool.
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Fig. 1.11 Experimental temperature distribution in gas metal arc welding of aluminium at 250 A
(Smaars and Acinger 1968; Lancaster 1986)

The temperature field of the arc during welding with a consumable electrode
in argon is similar to the one during welding with a non-consumable electrode
(Figs. 1.11 and 1.2a). In the first case the isotherms on the axis are more elon-
gated (Smaars and Acinger 1968). An additional heat flow on the surface is created
due to liquid drops of the consumable electrode.

With the voltage of the arc growing from 30 up to 38 V gopax decreases from 300
down to 250 W mm 2, and r s increases from 8 to 9.5 mm (Fig. 1.12b). Such type
of the change in the power density distribution can be explained by a change in the
arc length with a change in the arc voltage. With a growth in the length, the heat
exchange of the arc column and the surface of the workpiece increases, but, at the
same time, the heat exchange with the arc spot on the electrode reduces. Thus, with
the reducing arc voltage, the heat flow becomes more concentrated close to the arc
axis.

The flux grade and current density exert no considerable effect on the distribution
of the heat flow on the surface of the workpiece (Fig. 1.12c).

If the arc burns in the gap between the edges of plates during butt welding or
between the surfaces of the workpiece when T-joints are being welded, it becomes
non-axisymmetric and its temperature field, distribution of current and power density
on the surface of the workpiece are three-dimensional.

There are numerous publications where the distributions of arc power density
are given for welding with a non-consumable electrode (Belousov 2002; Kopayev
etal. 2006; Lee and Na 1996; Lowke and Tanaka 2006; Lu and Kou 1988; Mochizuki
etal. 2010; Murphy et al. 2009; Nestor 1962; Rykalin 1951, 1957; Sudnik et al. 2005;
Szekely 1989; Wendelstorf et al. 1997) and with a consumable electrode (Rykalin and
Kulagin 1953; Sudnik and Yerofeyev 1988).

The gross power of the arc g, is determined by current / and arc voltage U,
but only a part of it goes into the welded body. This part is called the effective power
q (W):
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Fig. 1.12 Heat source power density of a submerged arc over the radial distance from centre r,
dependency on amperage / (a), voltage U (b) and electrode diameter (c) (alternating current, low-
carbon steel electrode, fused flux FTs-4) (Rykalin and Kulagin 1953)

dgross = Ur, (1.2.14)

q = Mnqgross = MU, (1.2.15)

where 7y, is the arc efficiency (also called the efficiency of heating the workpiece by
the arc (Rykalin 1951, 1957) and the heat transfer efficiency of the process (Messler
1999)).

The losses of power g,,,,—¢ are conditioned by the radiation of the high temper-
ature plasma of the arc, convection of the ambient gas, liquid drop spattering and
other factors. The arc efficiency 1, depends on many factors: material to be welded,
welding technique (consumable or non-consumable electrode), shielding gas and its
consumption, welding conditions (current, voltage, welding speed), etc. The exper-
imental values 71, also depend on the measuring method (calorimetry, method of a
split-anode calorimeter, etc.).

For welding with a non-consumable electrode, the experimental values 7, have
a range from 0.21 (if aluminium is alternating current welded) (Christensen et al.
1965) to 0.91 (if the copper anode is water-cooled) (Tsai and Eagar 1985). The
dependence of the arc efficiency on the arc current is shown in Fig. 1.13. The wide
range of values 1, can be explained by the difference in the welding conditions
and measuring method. The arc length makes a considerable impact. The longer the
arc is, the lower the arc efficiency is, which is shown by band 3: the upper values
correspond to the arc length of 2 mm, the lower ones to that of 6 mm.

With a non-linear model of three-dimensional heat transfer and the design of the
experiment, a formula was obtained for arc efficiency under the same conditions as
Eq. (1.2.11) (Sudnik and Rybakov 1992; Sudnik et al. 2005):
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Fig. 1.13 Dependence of gas tungsten arc efficiency n, on current /: 1—water-cooled anode
(Tsai and Eagar 1985); 2—304 stainless steel (Giedt et al. 1989); 3—12Kh18N10T stainless steel
(Sudnik and Rybakov 1992); 4—Zircaloy-4 (Glickstein and Friedmann 1983); 5—stainless steel
(Smartt et al. 1986); 6—steel (Eagar and Tsai 1983); 7—steel (Niles and Jackson 1975); 8—mild
steel (Christensen et al. 1965)

np, = 0.947 —0.00017 I — 0.0571 +0.002 v. (1.2.16)

The dimension I-A, l-mm, v—mm s~ . It follows from the equation that with the
growing current / and the arc length /, the arc efficiency falls down while with the
growing speed v it rises. Welding processes with non-consumable electrodes have
an efficiency up to 25% higher than described in the current standard EN 1011-1
(Haelsig et al. 2017).

If the pressure of the shielding gas (argon and helium) increases, the arc efficiency
falls dramatically due to growing radiation losses. For example, if the current is
100 A n, = 0.7 with the pressure p = 0.1 MPa and 5, = 0.4 with p = 30 MPa
(Katsaounis 1993).

During welding with a consumable electrode, the components of effective power
have a more complicated nature and the arc efficiency is, as a rule, higher (Figs. 1.14
and 1.15) than during welding with a non-consumable electrode (Fig. 1.13). The
higher values 1, are explained by the fact that some heat, which melts the electrode,
goes with the drops to the pool and contributes to heating the base metal (Rykalin
1951, 1957).

The value 5, is, to a larger degree, dependent on the position of the arc against the
welded body. For example, during multipass narrow gap welding almost all heat goes
into the welded joint. During submerged arc welding, most heat losses are accounted
for by flux melting (Fig. 1.14b). During submerged arc welding of low-carbon steel
with alternating current the values 7, reach 0.90-0.99 (Christensen et al. 1965) and
depend on the arc voltage, welding speed and flux composition (Rykalin and Kulagin
1953).
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Fig. 1.14 Heat balance of welding arcs: an open metallic arc (I = 150-250 A, U = 20-25 V) and
a submerged metallic arc (/ = 1000 A, U =36 V, v = 6.67 mm s (Radaj 1992; Rykalin 1951,

1957)
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Fig. 1.15 Dependence of arc efficiency n;, on current / with arc length 1-2 mm: (1) wire diameter
0.89 mm, Ar + 8% CO»; (2) wire diameter 1.2 mm, Ar + 18% CO; (Boswort 1991; Sudnik and

Ivanov 1998; Watkins et al. 1990)
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Welding processes with consumable electrodes should be categorised depending
on the type of arc (short arc n,= 0.85, pulsed arc n;, = 0.77, spray arc n,= 0.70)
(Haelsig et al. 2017).

It should be noted that physical phenomena modelling in the arc, electrode and
welded joint is a very complicated physico-mathematical problem. It is mostly done
for research purposes and has not been a part of engineering practice so far. So the
consideration of influence of the arc on heat processes in the joint is reduced to setting
the surface heat flows based on the published data.

1.3 Plasma Arc

A plasma arc is widely used for technological metal treatment due to the advantages
it has in comparison with an open arc: high stability allowing performing the heating
process by a long arc; versatile controllability due to some additional process param-
eters (diameter of the plasma forming nozzle, consumption of a plasma forming gas,
etc.); high concentration of the introduced heat and pressure allow obtaining high
quality welded joints with complete fusion using less energy and having a lower
residual distortion.

The most common arc to be used in welding is a transferred plasma arc (the work-
piece is an electrode and the nozzle is isolated) at a straight polarity (the workpiece
is an anode) (Fig. 1.16).

The plasma arc thanks to being constricted by a gas streaming at an orifice in the
nozzle is marked with a temperature higher than that of the conventional (open) arc
(Fig. 1.17), a higher rate of plasma flow and, consequently, a higher pressure on the
surface of the workpiece. These qualities of the plasma arc make it possible to weld,
for example, 10 mm thick aluminium alloy AMg6 (91.1-93.7% Al, 5.8-6.8% Mg)
plates at the speed of 8 mm s~! in a single pass and obtain relatively narrow welds
with a small width of the heat affected zone (Sosnin et al. 2008).

Fig. 1.16 Schematic of W Ldt hode plasma o

. as
plasma torch and radial =
distributions of power
density g3, current density

Jj and pressure p at the
workpiece (Sosnin et al.
2008)

Anode ®
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Fig. 1.17 Temperature fields of the open arc (current 200 A, voltage 14.5 V) and plasma arc (current
200 A, voltage 29 V, orifice diameter 4.8 mm) (Gage 1959)

Plasma torches are used to obtain a plasma jet. Their main part is a nozzle having
an orifice with diameter d,, (Fig. 1.16). The plasma jet is formed in the orifice and
stabilised by its walls and a cold plasma-forming gas, separating the arc from the
walls. Argon, helium and other gases that are inert to the electrode (tungsten, copper,
etc.) are used as a plasma gas.

A plasma arc is used a lot for surfacing including hardfacing and cladding. The
principle of these plasma techniques is coating a metal surface with a melted powder
or wire filler material in order to restore the dimensions of worn pieces or to make
new products with wear and corrosion resistant properties of the surface. In gas metal
arc welding, the plasma arc is considered to be a normally distributed heat source
(Alaluss et al. 2010).

Low-amperage arcs can be used to join high-temperature materials that are hard
to weld. Their feature is low heat input introduced to a workpiece, which improves
its weldability (Prokhorov 1976).

When open and plasma arcs are compared at the same current, it can be seen
that the open welding arc in argon is characterised by a higher concentration of the
heat flow (Fig. 1.18a). The heat flow concentration factor C noticeably reduces with
the growing current of the open arc against the plasma arc, whose C virtually does
not depend on the current (Fig. 1.18b). The heat efficiency 7, of the open arc is
2-10% higher than that of the plasma arc. When the current grows, the efficiency
reduces, which is caused by a higher heat loss due to a larger cross-section of the arc
(Yushchenko et al. 2006). This tendency is common for more powerful arcs as well
(Eq. 1.2.16).

During plasma arc welding of the aluminium alloy 6061 (0.8-1.2% Mg,
0.4-0.8% Si), thickness 6.3 mm under the typical conditions (current 100-130 A,
voltage 22-32 V, welding speed 3.0 mm s~!, orifice diameter 3.2 mm, plasma-
forming argon consumption 0.94 1 min~!, consumption of shielding helium
19 1 min—') the dependence of arc efficiency 7, on the current reduces, but on the
voltage (arc length) increases. For example, when the current is 110 A and the
voltage increases from 22 to 32 V (the distance from the orifice to the workpiece
grows from 5.6 to 10.5 mm) the values 7, rise from 0.49 to 0.60, which is explained
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Fig. 1.18 Experimental
radial distributions of power
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by a growth in the heat transfer caused by the shielding gas (Evans et al. 1998). For
open arcs the latter relation is inverse (see Eq. (1.2.16)).

In order to set the heat and force impact on the weld pool, it is necessary to know
the radial distribution of the temperature and the velocity of the plasma-forming gas,
which can be determined by experimental and computational methods (Carlson et al.
2013; Turichin et al. 2013). The arc efficiency values of plasma arcs are presented in
the papers (DuPont and Marder 1995; Evans et al. 1998; Fuerschbach 1995; Metcalfe
and Quingley 1975; Yushchenko et al. 2006).

It should be noted that in order to apply refractory coatings and hot straightening
of welded structures, it is common to use an arc which burns in a plasma torch
between the electrode and the plasma gas nozzle (a non-transferred arc). The density
of the plasma jet heat flow is satisfactorily described by the Gaussian distribution
law. The flow concentration factor C and the efficiency of jet 1, decrease drastically
with distancing from the plasma torch (Kudinov and Ivanov 1981).

1.4 Electron Beam

Anelectron beam and a laser beam are highly concentrated energy sources. The power
density of both sources is 1-2 orders of magnitude greater than that of conventional
welding arcs (Fig. 1.1).
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Fig. 1.19 Schematic representation of electron beam welding (a) and effect of power density on
melt-in (or conduction) and keyhole modes (b) (Frolov 1988; Nerovny 2016)

An electron beam as a process tool allows heating, melting and evaporating
virtually all materials. The source of electrons is a cathode, which has a high emis-
sion ability (Fig. 1.19a). A high accelerating voltage (20-150 kV) is applied to the
cathode and an annular anode. In the main gap, electrons accelerate up to a high
velocity. At a voltage equal to 150 kV, the electron velocity in high vacuum reaches
2 x 108 m s™! (2/3 of the velocity of light) and the electrons have a relativistic mass
increase of 35% (Messler 1999). By using a magnetic lens, the electron beam is
focused to the required size. The deflecting magnetic lens allows moving the beam
on the processed surface along virtually any trajectory. The electron flow meets the
workpiece and its energy transforms into thermal one.

The dependence of the relative current density on the relative radius corresponds
to the Gaussian distribution (Fig. 1.20).

Fig. 1.20 Radial
distribution of the electron
beam current (Rykalin et al.
1988)

— Gauss law
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Radius »/r,
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The electron beam control system allows obtaining any power density required
for welding. The power distribution in-depth is determined by the way the beam
interacts with the surface of the welded body. If the beam is defocused and has a
low power density, it acts as a surface source (Fig. 1.19b, on the left). If the beam is
focused and has a high power density, a vapour cavity emerges and the beam acts as
a 3D source, distributed both in the plane of the plate and along its depth (Fig. 1.19b,
on the right). Heat models for the beam are discussed in numerous publications.

The heat efficiency of the beam 7, is determined by losses (X-radiation, sec-
ondary electron emission, electron reflection and thermal electron emission from the
processed surface). It changes from 0.70 for the surface beam to 0.95 and above for
the submerged beam (Messler 1999).

1.5 Laser Beam

Laser technologies are widely used in industry. Differently from electron beam weld-
ing, laser welding does not need vacuum environment and at the same time it allows
obtaining very high densities of the heat flow (Fig. 1.1).

Depending on the type of the applied active medium, lasers are divided into solid-
state, gas, liquid and semiconductor ones. In welding Nd:YAG solid state, CO, gas
and semiconductor lasers are used.

Nd: YAG (neodymium: yttrium-aluminium-garnet) solid-state lasers generate
a laser with a wavelength of 1.06 pm, have power output in general equal to
0.1-3 kW (Messler 1999). They consist of a rod made of an active medium
(Fig. 1.21). Mirror 1 is fully reflecting, and mirror 2 is partially reflecting.
A gas discharge lamp, fed from a high voltage capacity battery, serves for
energisation. The rod and the lamp are located in a reflecting case. Focus-
ing optics allows obtaining high power density on the surface of the work-
piece.

CO,; gas lasers generate laser light with a wavelength of 10.6 wm. They have
high power of 0.5-25 kW (Messler 1999) with a high energy conversion efficiency
(0.08-0.3) (Frolov 1988). Similarly to electron beam welding, the power distribution
of the laser beam in the plane of the workpiece and along its depth is determined

Fig. 1.21 Schematic of a P Beflaitord
solid-state laser (Messler |:R'"‘“CLIU' 1 Reflector 2 gy ‘ Mirror

1999; Frolov 1988) — = :
Rod || l
Lamp ‘/ Lens

T Cover T
F ENTE) }_‘ Workpiece

I
Battery
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by the nature of the interacting beam and liquid pool (Fig. 1.19b). Models of the
laser beam as an energy source are discussed in the publications (Grigoryants 1994;
Lopota et al. 2006; Rykalin et al. 1978, 1988; Seyffarth and Krivtsun 2002; Turichin
et al. 2008).

The share of the consumed laser beam energy depends on the optical and ther-
mophysical properties of metals and increases with a reduction of the wavelength.
For example, at a room temperature polished aluminium reflects 97% of radiation
with a wavelength equal to 10.6 pm and 93%—with a wavelength equal to 1.06 pm,
steel—correspondingly 93-95% and 63% (Rykalin et al. 1988). The laser beam effi-
ciency 1, largely depends both on the welded material and on the state of its surface
and the nature of fusion penetration: 1, = 0.005-0.50 in case of surface heating of a
highly reflective metal and 1, = 0.50-0.75 and above in case of keyhole penetration
with a vapour cavity formation (Fig. 1.19b) (Messler 1999).

In laser-arc hybrid welding, the power distribution of a combined heat source is
more complicated. The heat models of a beam and arc with a consumable electrode
are conventionally considered independent (Cho et al. 2010).

Apart from using beams with a high concentration of electron energy (in electron
beam welding) and photons (in laser welding), focused conventional light can be
applied, for example, infra-red light with a wavelength of around 1 pwm. The energy
source is the sun or a quartz lamp. This technology is used to weld thermoplastic
polymers and for low temperature metal soldering (Messler 1999).

1.6 Gas Flame

A gas flame is one of the oldest energy sources used in welding. Today oxy-fuel gas
welding has been displaced by other, more efficient welding methods in industry and
is mostly used for repairs. A gas flame is still widely used for preliminary heating
of a workpiece before welding, for straightening of welded structures, for soldering
and brazing.

Mostly acetylene C,H, and oxygen O, are used as gases. Burning occurs by an
exothermic reaction (Frolov 1988):

2C,H; + 50, = 4CO0; + 2H,0 + 1300 kJ mol . (1.6.1)

Due to the presence of carbon dioxide CO, and water vapour H, O, the protective
properties of the gas flame are weak, so chemically active metals (for example,
titanium) cannot be welded by this method.

Figure 1.22 presents the structure of a flame based on acetylene and oxygen which
have been preliminarily mixed inside a torch with one blowpipe (tip). Such a flame
has three zones: a cone, a middle zone and an outer flame. The form, type and relative
sizes of these zones depend on the oxygen to acetylene ratio in the mixture. The peak
temperature of the balanced flame reaches 3300-3400 K.
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The heat flow density in the section perpendicular to the axis of the flame is
described by the Gaussian distribution law (1.2.3). Figure 1.23 presents radial distri-
butions of the power density ¢, depending on the number of the torch tip (acetylene
flow rate), and Table 1.1 contains the main characteristics of the flame. With an
increasing acetylene flow rate, the maximum power density grows disproportionally,
and the heat efficiency of the flame 7, and the concentration factor of the flame heat
flow C go down (radius of the heat spot 7 o5 increases). When comparing the thermal
characteristics of a gas flame and an electric arc of the same power (Sect. 1.2), it
can be concluded that the maximum power density of the flame ¢, is by one order
of magnitude lower and the radius of the heat spot r( o5 is several times greater than
that of the arc.

During oxy-fuel gas welding the flame is often inclined to the surface of the
workpiece. At an inclination the normally distributed circular source becomes a
normally distributed elliptic one (Eq. (1.2.8)).

The flame of more sophisticated torches and their heat features are discussed in
detail in the books (Rykalin 1951, 1957).
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1.7 Electroslag Pool

Electroslag welding is further development of arc welding. The difference is that
there is no arc and the electrode and base metal get heated and melted thanks to an
electrically conductive slag pool heated by electric current to a temperature higher
than the melting temperature of metal (Fig. 1.24a). Sliding shoes prevent liquid slag
and metal leaking from a gap between welded plates. The welding is used to join
very thick metal. These are the standard welding conditions: current 500-1500 A,
voltage 30-50 V, speed 0.2-0.4 mm s~! (Petrov and Tumarev 1977). Under these
conditions a lot of heat is generated per unit length of the weld.

The total power of the heat source generated during electroslag welding is equal
to

g = I’R, (1.7.1)

where R is the overall resistance of the electrode and the slag pool. The balance of
energy is shown in Fig. 1.24b.

The efficient heat source is volume distributed. For engineering analysis it can be
assumed as moving and concentrated on lines AB, BC, CD and DA (Fig. 1.24a). The
power is distributed along ABCD on physical grounds.

Thus, the parameters of heat sources during fusion welding vary over a very
wide range. The heat source efficiency can differ by several times (Table 1.2). With
the same values of the source power, welding speed, and metal thickness, the weld
contour can be very different (Fig. 1.25). Energy consumed per unit length of the
weld (consumed heat input)

Table 1.1 The characteristics of an oxy-acetylene flame (Petrov and Tumarev 1977; Rykalin 1951,
1957; Rykalin and Shorshorov 1953)

Number Acetylene | Effective | Heat Maximum | Concentration Radius of
of the flow rate, |flame efficiency | power factor of the the heat
tip 1 min~! power ¢, of the density flame C, mm~2 | spot 70,05,
W flame np, q2max> mm
W mm™
1 2 3 4 5 6 7
1 2.50 1590 0.72 1.97 0.0039 28
2 4.17 2510 0.68 2.80 0.0035 29
3 6.67 3016 0.51 3.01 0.0031 31
4 10.00 3849 0.44 3.43 0.0028 33
5 16.67 5314 0.36 3.89 0.0023 36
6 28.33 7322 0.29 4.64 0.0020 39
7 43.33 9414 0.25 5.10 0.0017 42
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Fig. 1.24 Model (a) and the heat balance of electroslag welding of 100 mm thick steel
(b) (Petrov and Tumarev 1977; Frolov 1988)
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q1gross = T’ Jm™!

(1.7.2)
can differ by an order of magnitude during welding of the same material (Fig. 1.26).
It is natural that when computing heat processes the significant parameters of sources
should be considered.
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Table 1.2 Heat source efficiency 7, for various fusion welding processes (Messler 1999)

25

Process Efficiency ny

1 2

Oxy-fuel gas

Low combustion intensity fuel 0.25-0.50

High combustion intensity fuel 0.50-0.80

Gas-tungsten arc

Low current, straight polarity 0.40-0.60

High current, straight polarity 0.60-0.80

Reverse polarity 0.20-0.40

Alternating current 0.20-0.50

Plasma arc

Melt-in mode 0.70-0.85

Keyhole mode 0.85-0.95

Gas-metal arc

Globular transfer mode 0.60-0.75

Spray transfer mode 0.65-0.85

Shielded-metal or flux-cored arc 0.65-0.85

Submerged arc 0.85-0.99

Electroslag 0.55-0.85

Electron beam

Melt-in mode 0.70-0.85

Keyhole mode 0.85-0.95

Laser beam

Reflective surfaces or vapours 0.005-0.50

Keyhole mode 0.50-0.75
Fig. 1.25 The effect of (a) (b) q,
power density distribution on Power 60
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Fig. 1.26 Energy consumption for butt welding of a 3 mm thick steel plate using different welding
methods (Sandvik 1977)

1.8 Resistance Spot Welding

In terms of the scope of application, resistance spot welding exceeds all other meth-
ods of welding with pressure combined. Resistance spot welding remains the main
method of joining in passenger car and light truck production, with 5,000 spot welds
per car. The principle of resistance spot welding is shown in Fig. 1.27a. Sheets are
held by water-cooled copper electrodes, with force F. Current / for a time ¢,, flows
through sheets with generation of heat:

0= / I*(t)R()dt, (1.8.1)
0

where R is the electrical resistance of circuit components: basic materials (electrodes
and welded sheets) and interfaces (electrode-sheet and sheet-sheet).

Heat is generated mostly in the contact points of the plates (where resistance is
maximum) and melts the metal, forming the future weld spot, or nugget (Fig. 1.27b).
After current [ is switched off, sheets are pressed with the same or stronger force
and the liquid metal solidifies (Fig. 1.27¢). It is common to use direct or alternating
current of 1-100 kA. Power consumption is several dozens or hundreds of kVA. It
takes less than 1 s to weld one spot. An ideal nugget diameter between sheets of
equal thickness is 0.6—0.7 of the joint thickness (Messler 1999).

Resistance seam welding is carried out in the same way as resistance spot welding,
ensuring a continuous tight joint. It is achieved by a subsequent positioning of a series
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Fig. 1.27 Schematic of resistance spot welding (a), axial temperature distribution at the time when
maximum temperature is reached (b) and the welding cycle: t,, is the squeeze time, t,, is the weld
time, ?.40 1 the cooling time and 7', is the melting temperature (Sandvik 1977)

of spots with partial overlapping of the previous spot by the next one. Force is applied
continuously and current continuously or intermittently to produce a linear weld.
The heat source in resistance spot welding is three-dimensional, its power density
is determined by the product of p, j> (W m~3), where p, is the specific electric
resistance and j is the current density. In engineering heat calculation, the source
form is simplified to a plane circle and positioned between sheets on the interface
with the contact resistance R.. Hence, an essential problem emerges: how big is the
resistance R.? It depends on the surface state, which, in turn, depends on the pressure
and unknown temperature, i.e. the problem is non-linear in the temperature. There
are many models for interfaces (Galler et al. 2010; Gelman 1970; Kochergin 1987).
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Fig. 1.28 Schematic diagrams of resistance butt welding (a) and flash welding (b)

1.9 Resistance Butt Welding

During resistance butt welding (designated also as upset welding), the heating pro-
cess is ensured by the heat generated at the interface and in welded components
(Fig. 1.28a). The components are butted under pressure before heating is started.
Since the contact resistance R, is considerably greater than that of the components,
heat is concentrated at the interface:

tw

Q.= / ()R (t)dt, (1.9.1)

0

where t,, is the time of welding.

The volumetric power density of the heat source in the pieces g3 is determined
by the current density j and specific electric resistance p., g3 = pe j>.

In resistance butt welding, a considerable non-uniformity in heating is common
for components over their cross-section due to the non-uniform (rough contacting
surfaces) resistance distribution R.. Contact resistance depends on the material and
initial state of the surface as well as on the upsetting force F and current /. These
dependencies are the most difficult to determine when setting heat sources for cal-
culating the temperature fields in the welding process. This problem is discussed in
the special literature (Gelman 1970; Kochergin 1987).
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Fig. 1.29 Schematic diagrams of rotational (a) and linear (b) friction welding (Lebedev etal. 1987)

1.10 Flash Welding

A flash welding scheme is shown in Fig. 1.28b. As the initial gap between two parts
is reduced under voltage, high points of the faying surface of each part begin to
cause arcing. The metal in the contact quickly heats and explodes, which results
in continuous sparking, common for flash welding. With flashing-off of the entire
section of the workpieces for an equal value, the average density of heat generated at
the faying surface becomes uniform (Gelman 1970). With sufficient flashing-off of
the workpieces, the force F' is applied and, consequently, molten metal is expelled,
the hot metal is plastically upset, forming a weld.

In the steady state, the frequency of contact forming at the faying surface (spark
generation frequency) is large. So the heat source can be considered as plane and uni-
formly distributed. The boundary conditions on the interface can be set in reference
to the temperature or heat flow (see Sect. 6.2).

1.11 Friction Welding

In friction welding the surfaces of the workpieces are heated by direct conversion of
mechanical energy into heat due to friction.

In rotational friction welding two workpieces are placed in a clamping device, one
of them is static and the other one is brought to rotation (Fig. 1.29a). The interface is
heated to the required temperature (when steel is welded the temperature in the butt
joint reaches 1300-1600 K) (Olshansky 1978). During friction the heated softened
metal is pressed and upset under an axial force, scrubbing away any foreign oxides and
inclusions and forming a weld. Heating is stopped by an abrupt cessation of rotation.
The theory of friction welding is discussed in the special literature (Lebedev et al.
1987; Vill 1962).

The main parameters of the rotational friction welding conditions are the rotation
speed n, the axial force F and the welding time ¢,,, which set the power of the heat
source (Olshansky 1978)

q = kr dnfF, (1.11.1)
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where k is the coefficient depending on the type of power distribution over the cross-
section of the workpiece (with even distribution of k = 1; if the power in the round rod
increases proportionally to distancing from the centre, then k = 2/3), d is the outer
diameter of the welded rod, n is the rod rotation speed, f is the friction coefficient.

1.12 Friction Stir Welding

The process of friction stir welding, developed at The Welding Institute, UK (Thomas
et al. 1991), allows making butt, corner, angle and lap joints. It has spread mainly
for aluminium alloy joints (Ishchenko et al. 2007). The principle of the method
is relatively simple: a cylindrical rotating tool of a special shape with a shoulder
and a pin (tool probe) is placed in the butt plane of workpieces that are closely
pressed together (Fig. 1.30a). Herewith the metal is heated due to friction and plastic
deformation. When the tool traverses along the butt plane of the joint, the heated
metal moves from the area in front of the pin to the area behind it, is formed by the
shoulder and forms a welded joint (Fig. 1.30b). The tool is pressed by the force F,
and inclined at a tilt angle « < 3° (Fig. 1.30d). After welding there is a hole, which
is welded up or brought to run-off tabs (Fig. 1.30c).

The weld seam turns out asymmetrical in reference to its longitudinal section,
because the material is pushed from one (advancing) side to the other (retreating)
side by the pin (Fig. 1.31). A welded joint has a nugget, a thermo-mechanically
affected zone (TMAZ), a heat affected zone (HAZ) and a base metal (BM).

The advantages of friction stir welding are: single-pass welds of very deep pene-
tration (up to 75 mm thick aluminium alloys (Martin 2006)), no consumables, pos-
sibility to weld pieces made of dissimilar materials, cost benefits. The drawbacks of
the method are: exit hole, large downwards force of the tool, less flexibility compared
to arc welding.

Welding of 1-30 mm thick aluminium alloys has become widely spread in ship-
building, plane-, rocket-, car-making and construction, as well as for joining mag-
nesium, copper and other ductile alloys.

The main parameters of the welding conditions are the following: welding (travel)
speed v, tool rotation speed w, axial (plunge) force F'; and longitudinal force F,, tilt
angle of the tool o, shape and dimensions of the tool (Fig. 1.30). Conditions of
friction, depending on the material of the tool and welded material, and the yield
strength of the base metal at the deformation temperature are considered too.

The heat source in friction stir welding is a very complicated object of the control
system. Differently from many welding processes, for instance, arc welding, heat
generation in friction stir welding is not directly controllable and depends on the
process itself. It can be controlled indirectly by selecting welding parameters. The
mechanisms of heat generation are determined by friction and plastic deformation,
which, in turn, depend on the conditions of the tool-workpiece contact and the field
of the material flow speed (Schmidt 2010).
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Fig. 1.30 Schematic diagram of the friction stir welding process: start (a), welding (b), end (c),
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Fig. 1.31 Cross section of a friction stir weld showing different zones of the weld

In order to evaluate heat distribution, a phenomenological model is used. It is
based on the balance of forces acting on the tool-workpiece interface. If the force
F,, directed along the tool axis, (Fig. 1.30) is known, pressure and friction force can
be found. The torque, applied to the tool, almost completely converts into heat and
can be easily measured (Schmidt 2010).



32 1 Energy Characteristics of Welding Heat Sources

G oo

ﬁ+
2R

shoul

Tool q:.huu]' qm,
|

>
h h -
'
-, 2RP’"...
1> q
BM
, k ]_{pm qpin? @
Workpiece pinvip @
¥
A

Backing bar

Fig. 1.32 Heat flow pathways in friction stir welding

Consider a tool with a cylindrical pin (Fig. 1.32). Assume that heat is only pro-
duced on the tool—piece interface. The total power of the heat source represents the
sum of its components:

q = qshoul Y qpinside ¥ qpintip> (1.12.1)

where g, 18 the source power on the shoulder-surface interface, gp;, sige 1S the
source power on the lateral side of the pin-workpiece interface, g, s 1S the source
power on the pin tip—workpiece interface.

Assume that shear stresses 7., are constant along the entire interface. Then the
local density of heat power on this interface is equal to

42 = Teom®T, (1.12.2)
where o is the angular speed of rotation and r is the radial coordinate.

The power components are determined by integrating power density (1.12.2) along
the relevant interface:

Rshour 21
_ _ 2 3 3.
qshoul = (rcontwr) rd0dr = gnwfcont(Rshgul - Rpin)a (1123)
Ryin O
Hpin 2
qpinside = / / (Tcunlwr) rdfdz = znwfcontR?;mein; (1124)
0 0
Ryin 27
2
Qpintip = /(rwmw r) rdfdr = gna)rcomR;m. (1.12.5)

0 0
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By summing up the Egs. (1.12.3)—(1.12.5), the total power of the source is
obtained:

2 3 2
qg= gmrm,(Rs,m, +3R;,, Hpin). (1.12.6)

If the pin has a conical shape, the equation will be a bit more complicated (Schmidt
2010).

Contribution of the three components in total power is different. For example,
during welding a 3 mm thick aluminium alloy with yield strength equal to 20 MPa
at an elevated temperature and by using a cylinder-shaped tool (R = 9 mm, R,
= 3 mm, H,;, = 3 mm) 1419 W of heat is generated. Herewith, the share of the
shoulder g1 is 87%, that of the lateral side gy sige 1S 10%, and that of the pin tip
Qpin tip 18 3% of the generated heat (Schmidt 2010).

In order to calculate the temperature fields, it is necessary to know the power
distribution of the source. Separate out the stress t,,; from Eq. (1.12.6) and substitute
itin (1.12.2) in order to obtain plane power density (Schmidt 2010):

_ 3qr
270 (Rt + 3R, Hpin)

shou

0 (1.12.7)

Until now it was presumed that the metal of the workpiece does not move on the
interface (there is external sliding friction and no plastic deformations). It is, to a
larger degree, true for the shoulder-workpiece contact, and to a smaller extent for the
pin-workpiece contact, where metal moves together with the pin tip. The contribution
of the sliding friction and viscosity (plastic deformations) in the heat is marked with
a relation between the local velocity of the surface layer of the workpiece and the
local velocity of the tool (Schmidt 2010):

Vlayer

§ = 2 (1.12.8)

wr

where v,y is the speed of the welded metal on the tool-workpiece interface. The
condition § = 0 corresponds to pure sliding, condition § = 1—to full sticking of the
workpiece material with the tool, condition 0 < § < 1—to both sliding and sticking.

Allowing for the sliding and sticking phenomena, the power density of the heat
source (1.12.2) can be written in a form of the total (Schmidt 2010)

92 = q2 fric t 92 plast> (1.12.9)
q2fric = (- a)ffricwr; (1.12.10)
q2 plast = afplasta)n (1.12.11)

where ;. is the frictional shear stress, 7,4 is the yield strength.



34 1 Energy Characteristics of Welding Heat Sources

The frictional stress is determined by the friction coefficient i and normal pressure
p at the contact interface:

F.

Z
2
ﬂRshoul

Tfric = UP = [ (1.12.12)

Coefficient  is within a range of 0-0.6 (mostly « = 0.3) and depends on many
factors. It can be determined experimentally by measuring the plunge force F, and
torque M (Schmidt 2010).

The yield strength of the material depends on the local temperature, 7,y =
Tpiase(T). 1t falls down to about zero in case the temperature increased up to the
solidus temperature T's. The rate of falling 07,4 (T)/0T is governed by the nature
of the material.

In reality, contact conditions, as a rule, are unknown and so some simplified
hypotheses are accepted: coefficient § is constant, stresses on an interface are limited
by the yield strength 7, depending on the local temperature. The latter hypothesis
allows considering a self-regulating process. Shear stresses on the interface are a
determinant factor of heat generation. With a growing temperature the yield strength
falls down, so the temperature is principally limited by the solidus temperature of
the welded material.

Similarly to other welding methods, the effective power ¢ is only part of the gross
POWET ¢ gro55, transferred by the tool and determined by torque M:

4gross — qrool A
q4 = 4gross — Ytool = —— Ygross = NhYgross:
qgross

qgross = oM, (1.12.13)

where the efficiency 7, considers the heat flowing to the tool, 1, = 0.7-0.9 (Schmidt
2010) (Fig. 1.32).

By substituting (1.12.13) into (1.12.7), we obtain the effective power distribution
of the source

_ 3nthrossr
27 (R0 + 3R Hpin

shou

(1.12.14)

q2

If the effect of the lateral side of the tool is neglected, the formula (1.12.14) is
simplified:

3nhqgmssr
=5
27 R

shoul

(1.12.15)
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Heat flows from the workpieces to the backing plate ggp depend on the thermal
conductivity and thickness of the backing plate, and to the air g,;,—on the state of
the workpiece surface and environment.

There are other more complex models for calculating the source power which
consider many other factors (Mishra and Mahoney 2007; Lohwasser and Chen 2010;
Mishra and Ma 2005).

1.13 Magnetically Impelled Arc Welding

In magnetically impelled arc welding, an electric arc of direct current rotates between
pipe ends in the magnetic field, created by electro-magnetic coils (Fig. 1.33). The
pipe and the coil are positioned coaxially, so that the magnetic fluxes will be directed
towards each other and the radial component of the magnetic field will be produced.
The arc current crosses the radial component of the field at a right angle, thus creating
a force, which rotates the arc along the perimeter of the pipes. That is the very reason
why this method is also called rotating arc welding. After sufficient heating of the
edges of the pipes, an axial force is applied, which is accompanied by fin (flash)
formation.

The heating time depends on the diameter of pipes and wall thickness: 15-20 s
for pipes 30 x 1.5 mm, 120-150 s for pipes 325 x 9 mm (Gelman 1970).

In the steady state the arc moves at a high speed achieving 100 m s~!, and ensures
that the pipe edges should be uniformly heated. So, a rotating arc can be seen as a
plane uniformly distributed source positioned perpendicularly to the axis of the pipes
and having the power density

nnUI
A 9

¢ = (1.13.1)

where A is the cross-sectional area. The arc power can vary in time.
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Chapter 2 ®)
Thermophysical Properties of Metals i

2.1 Overview

In the analysis of thermal processes in welding the main properties of the metal are
considered: thermal conductivity A (W m~!' K=1), specific heat capacity ¢ (J g~' K~1)
and density p (g m~?) and additional ones: thermal diffusivity @ (m? s~') and specific
enthalpy (specific heat content) H (J g=1),

T

a= H(T) = /C(T)dt. @2.1.1)
cp

To

Thermal conductivity is one of the types of heat transfer from more heated parts
of the body to less heated ones, which results in temperature equalisation. The
coefficient A is numerically equal to the amount of heat transferred through one unit
of surface in a unit of time, with the temperature gradient being equal to 1 K m~!.
Its amount depends on the chemical composition and temperature.

The thermal conductivity of steel between room temperature and solidus tem-
perature is a function of temperature 7" and the total volume proportion of alloying
elements V:

N
A=MT. V) V :Zmi@, 2.12)

i=1 ‘

where N is the amount of alloying elements, m; is the mass proportion, pg. is the
density of iron, p; is the density of the ith alloying element (Radaj 2003).

The specific heat capacity depends on the chemical composition of the substance
and temperature (Fig. 2.1). In case of phase transformations (change of crystal lattice,
melting and solidification), the enthalpy changes sharply due to latent heat (more
precisely, the Gibbs energy of phase transitions) and, consequently, so does the
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specific heat capacity, which can be seen in the curves ¢(T'). In aluminium alloys the
share of the latent heat of melting in enthalpy can be 40% at liquidus temperature.

It is convenient to use the mean heat capacity in the temperature interval 7'y — T,
for calculations:

H(Tz) H(Ty)

T (2.1.3)

If the heat capacity is referred in the definition to a body volume unit, rather than
to a mass unit, then the volumetric heat capacity cp (J m~3 K~ is obtained.

Thermal diffusivity is a physical quantity which characterises the rate of temper-
ature equalisation of the substance in non-equilibrium heat processes. The thermal
diffusivity a depends on the nature of the substance and temperature.

Specific enthalpy (specific heat content) is a thermodynamic potential which char-
acterises the state of the system in thermodynamic equilibrium. Enthalpy in welding
(isobaric) processes is determined by formula (2.1.1).

In technical calculations either temperature 7o = 273 K (0 °C) or 298 K (25 °C)
is used. Enthalpy depends on the chemical composition and microstructural state of
the substance.

Note that the relation between the heat capacity ¢(7T") and enthalpy H(T') can be
established by singling out the enthalpy of phase transformations H"(T) from the
latter:

T
H(T) = /c(T)dT+H"(T); H" = f(T)L", (2.1.4)

To

where f (T) is the fraction of the new phase, L' is transformation heat. This technique
is usually used to consider only latent heat of melting since the heat of melting is
much bigger than the heat of phase transformation in solid state. For example, for
steel, containing 0.44% C and 0.71% Mn, the transformation heat of bainite is equal
t0 20.9 J g~!, that of martensite —75.3 J g~! (Inoue et al. 1990), which is one order
of magnitude less than the melting heat (Fig. 2.1).

The relation between the enthalpy H(T) and heat capacity ¢(7T) is single valued.
It is predominantly enthalpy which is used in modern algorithms for solving heat
conduction problems by numerical methods, since it is a continuous function of
temperature, while the heat capacity ¢(T) can have finite breaks.

Density is the mass ratio of body element to its volume. In case of a homogeneous
body, its density is constant along the entire volume V and the body mass m = pV.
Density depends little on temperature. In phase transformations of a material in the
solid state, when the crystal lattice restructures, a density jump is observed.

It should be emphasised that the published values of thermal conductivity and
heat capacity of a material often have a wide scatter. The scatter of experimental
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Fig. 2.1 The temperature dependence of density p, specific heat capacity c, enthalpy H, thermal
conductivity X\ and thermal diffusivity a for pure iron (a) (Mills 2002), low-carbon steel (0.1%
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data depends on the methodology used to define the properties (for example, the way
how the changed microstructure of a material is considered in the experiment). The
properties taken in calculations are also determined by a mathematical model. For
example, if the model does not include the liquid metal convection of the welding
pool, then increased values of thermal conductivity are introduced at a temperature
exceeding the melting temperature (effective thermal conductivity) and, thus, the
convective heat transfer is roughly considered. The values of heat capacity depend
on how the phase transformation heat is taken into account.

Further on some graphs are presented showing temperature dependences of ther-
mophysical properties (p, ¢, H, A and a) of some alloys used in welded structures.
Such dependences serve as input data for solving the heat conduction problem by
numerical methods. If the problem is solved by analytical methods, the properties
are adopted as constant, averaged in the temperature interval, where the accuracy of
calculation is especially important.

Note that in the figures of this chapters, the temperature dependences of alloy
properties in the mushy state in the temperature interval 7, — T's are not shown.
Within a rigorous approach the properties depend on the temperature dependence
of phase fractions f(T) (see Sect. 9.4). In approximation the function f(7) can be
defined as linear one.

2.2 Properties of Steels

The main component of all steels is iron. Two crystal lattices are known for pure
iron: body-centred cubic («-Fe up to 1184 K and §-Fe with 1667-1811 K) and face-
centred cubic (y-Fe at 1184-1667 K) (Fig. 2.1a). During transition through critical
points at the temperature scale (T, T, s, melting temperature T, and the Curie
point T ¢,,.) breaks in iron properties are observed (Fig. 2.1a).

Depending on the carbon content steel is differentiated as low carbon (<0.25%
C), medium carbon (0.25-0.6% C) and high carbon (>0.6% C). In terms of alloy
addition (i.e. the total content of alloying elements) there are low alloy (<2.5%),
medium alloy (2.5-10%) and high alloy (>10%) steels.

Carbon in iron shifts the critical points and affects the thermophysical properties
(Fig. 2.1b).

In welded structures low-carbon, low-alloy and high-alloy steels are mostly used.
The temperature dependences of the phase state are close for the first two groups:
during heating «-Fe (ferrite-pearlite) transforms in y-Fe (austenite) in the tempera-
ture range Ac1—Ac3, which depends little on the heating rate, whereas during cooling
austenite y-Fe decomposes at the temperature largely dependent on the cooling
rate. The higher the cooling rate is the lower the temperature of decomposition
is. The products of austenite decomposition can be bainite, martensite and other
microstructural phases. Thus, within a rigorous approach, the temperature depen-
dences of properties are multifunctions, since these properties are also dependent on
the entire previous stage of the thermal cycle T'(r).
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density p (d) of steels dependent on temperature (Radaj 1992, 2003; Richter 1973)

High-alloy steels, containing high concentration of the so-called austenitisers (Ni,
Mn, C, N), can have a stable austenite structure at room temperature and lower. A
typical example is stainless austenitic steels, containing 18-20% Cr and 9-10% Ni
(such steels as Kh18N10T and 304). Figure 2.1c shows the temperature dependences
of thermophysical properties of steel 304 (0.08% C, 19.0% Cr, 0.3% Cu, 2% Mn,
9.5% Ni).

There are very many steel grades, different in the chemical composition,
microstructure and, consequently, in properties. Figure 2.2 shows value bands of
the properties of low-alloy and low-carbon steels and high-alloy austenitic steels at
the equilibrium state. In the temperature range Ac—Ac3 the properties of low-alloy
and low-carbon steels change dramatically, which is caused by phase transformation
a-Fe — y-Fe. At a high temperature, the bandwidth reduces considerably.
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The temperature dependencies of thermophysical properties of many steels are
published (Grong 1994; Kim 1975; Kuzminov 1974; Grigoryev and Meylikhov 1991;
Radaj 1992, 2003; Richter 1973).

2.3 Properties of Aluminium Alloys

Aluminium alloys are lightweight and at the same time their strength can exceed the
strength of low-carbon steels. In welding Al (>99% Al, series 1xxx), Al-Cu (series
2xxx), Al-Mn (series 3xxx), Al-Si (series 4xxx), Al-Mg (series 5xxx), Al-Mg-Si
(series 6xxx), Al-Zn (series 7xxx) and other aluminium alloys are used. One com-
mercial alloy in each series, applied in welded structures, is discussed as examples
below (Table 2.1).

The thermophysical properties of aluminium alloys (density p, specific heat capac-
ity ¢, enthalpy H, thermal conductivity A and thermal diffusivity a) depend on their
chemical composition (Fig. 2.3). The accuracy of data is determined by experimen-
tal and computational methodologies. The reference point of enthalpy is accepted as
enthalpy at the temperature 7 = 298 K, H (298 K) = 0.

A specific feature of aluminium and its alloys is the relatively high energy
(enthalpy) of phase transformations. Aluminium transits from solid to liquid state at
a fixed melting temperature 7,, and is accompanied by an increase in heat content
by 60% (Fig. 2.3a).

Alloys in the temperature range of solidus 7T's — liquidus 7'y are in solid-liquid
state. The fraction of solid phase fg in the interval T's — T, depends both on the
chemical composition of an alloy and on the heating and cooling rates (Fig. 2.4).
Alloy properties in this interval P(T") are recommended to be estimated according to
a simple rule (Mills 2002):

P(T) = fs(T)P(Ts) + (1 — fs)P(TL). (2.3.1)

As the function f¢(T) is non-linear in the general case (Fig. 2.3), the properties
P depend non-linearly on the temperature 7. If there is no data on the dependence
fs(T), it is usually accepted as linear:

Table 2.1 The chemical

e . Alloy |Cr Cu |Fe Mg |Mn |Si Ti Zn
composition of aluminium

alloys, % 2024 |0.10 |44 050 |15 [0.6 |0.50 |0.15 |0.25
3004 02 (043 |10 |1.0 |0.14 0.25
5182 |0.15 0.1 (035 (45 |03 |02 0.25

6061 04 |03 |07 |10 |0.15 |06 |0.15 |0.25
7075 |02 |16 [050 (25 |030 (04 |02 |56
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fs(T) = T, Ty

The thermophysical properties of aluminium alloys are published in literature
(Kuzminov 1974; Mills 2002; Grigoryev and Meylikhov 1991).

2.4 Properties of Titanium Alloys

Lightweightness, high strength from cryogenic to relatively high temperatures and
excellent corrosion resistance make titanium alloys applicable as structural materials
in many fields, in particular, in aviation and other transport engineering industries.

The thermophysical properties of pure titanium are given in Fig. 2.5a. With T, =
1155 K phase transformation occurs in solid state, with T, = 1941 K the metal melts.
Titanium exists in the form of two allotropic modifications: below the temperature
T, = 1155 K it is a stable a-phase with a hexagonal lattice, whereas above T, it is
a f-phase with a body-centred cubic lattice. Admixtures and alloying additions can
considerably change the o/f transformation temperature.

The high strength alloy Ti-6Al-4V (5.5-6.7% Al, 0.03% Fe, 3.5-4.5% YV,
0.0125% H, 0.25% O2+4N2) refers to o + B alloys and its composition is similar
to alloy VT6 (5.5-7.0% Al, 4.2-6.0% V). The temperature of « — § transformation
Top=1268 £ 5 K (Mills 2002).

The thermophysical properties of titanium alloys are discussed in literature (Mills
2002; Grigoryev and Meylikhov 1991).
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2.5 Properties of Magnesium

Magnesium alloys are the most lightweight metallic structural material (its density
fluctuates in the range of 13602000 kg m~>). Thanks to their low density, high
specific strength (the ultimate strength to density ratio), magnesium alloys are applied
in automotive, aerospace and other industry sectors.

The thermophysical properties of pure magnesium depending on temperature are
shown in Fig. 2.6. The properties of magnesium alloys are presented in the reference
books (Mills 2002; Grigoryev and Meylikhov 1991).
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2.6 Properties of Copper Alloys

Copper alloys are produced by alloying copper with alloying elements and are sub-
divided into brasses (from 0 to 50% Zn), various types of bronzes and copper-nickel
alloys.

Pure copper has a face-centred cubic lattice. The thermal conductivity is very high
(Fig. 2.7a).

There are aluminium, tin, beryllium and other bronzes. The thermophysical prop-
erties of aluminium bronze, type Br. AZhN10-4-4 (9.7% Al, 80.5% Cu, 4.6% Fe,
0.64% Mn, 4.6% Ni) are presented in Fig. 2.7b. The solid phase fraction in the inter-
val Ts — T depends, the same as for aluminium alloys, on the heating and cooling
rates.

The properties of copper alloys are published in the reference book (Mills 2002;
Grigoryev and Meylikhov 1991).

2.7 Properties of Nickel

The capacity of nickel to dissolve many other metals and remain ductile has resulted
in many nickel alloys. High-temperature alloys of nimonic type work at a temperature
of 1100-1300 K.

Under normal conditions, pure nickel exists as a f-modification, having a face-
centred cubic lattice. The thermophysical properties of pure nickel are shown in
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Fig. 2.8. The properties of nickel alloys are published in the reference book (Grigo-
ryev and Meylikhov 1991).

If analytical methods (functional analysis methods) are used to solve heat con-
duction problems, the constant values of thermophysical properties of the material
have to be used. Average values are recommended for use as input data (Table 2.2).

The thermophysical properties of alloys make a dominating impact on thermal
processes in welding. As shown below (Sect. 5.1.3.4), under the same welding con-
ditions and with the same body geometry, the shape and size of the weld pool can
vary considerably. Moreover, within the same alloy, a variation of properties (A, c, p)
can cause significant changes of the peak temperature, cooling time and size of the
weld pool (Michailov et al. 2005, 2012; Schwenk et al. 2007; Sudnik et al. 1998).
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Table 2.2 Physical properties for metals and alloys (Grong 1994)

Material Thermal | Thermal | Volumetric| Melting | Enthalpy | Latent
conduc- | diffusiv- | heat tempera- | H* heat of
tivity A ity a capacity | ture T, (Jmm~3) | melting
Wmm~! | (mm? cp (X) L
K1) ¢ ( mm~3 (Jmm—?)

K1)

Carbon steel 0.040 8 0.005 1793 7.50 2.0

Low alloy steel 0.025 5 0.005 1793 7.50 2.0

High alloy steel 0.020 4 0.005 1773 7.40 2.0

Titanium alloys 0.030 10 0.003 1923 4.89 1.4

Aluminium (>99% Al) |0.230 85 0.0027 933 1.73 0.8

Al-Mg-Si alloys 0.167 62 0.0027 925 1.71 0.8

Al-Mg alloys 0.149 55 0.0027 923 1.70 0.8

4Latent heat of melting L is not included. Enthalpy H = 0 at Tg =293 K
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Chapter 3 ®
Physical Fundamentals of Heat e
Conduction During Welding

3.1 Principal Definitions

Temperature is a physical quantity that characterizes the degree of body heat. When
the system is in the state of thermodynamic equilibrium, the temperatures of all the
bodies forming the system are the same.

A temperature field is a set of temperature values T at all points of the body at a
given time:

T =T(x,y,zt)att = const, 3.1.1)

where x, y, z are the spatial coordinates in the Cartesian system; ¢ is the time. In a
cylindrical coordinate system T = T'(r, 0, z, t), where r is a radius, 6 is the angle,
z is the axis. If the temperature at any point of the body does not change over time,
the field is called stationary, otherwise it is non-stationary.

A temperature field (3.1.1) is volumetric (three-dimensional). It can also be plane
(two-dimensional), T = T (x, y, t), or linear (one-dimensional), T = T'(x, t). Figure 3.1
shows a plane field 7'(x, y, 0o) in a plate after a prolonged action of the moving source.

An isotherm is a geometric place of field points that have the same temperature
(Fig. 3.1c). Isotherms cannot intersect, because one point of the body there can-
not have two different temperature values simultaneously. Isotherms cannot have
boundaries within the body. They either close inside the body, or end on its surface.

The temperature does not change along the isotherm. The greatest temperature
difference per unit length occurs in the direction of the normal to the isotherm and it
is characterised by a temperature gradient (K m™'):

gradT = dT/on. (3.1.2)

The temperature gradient at point P is a vector directed along the normal to the
isotherm in the direction of temperature increase (see Fig. 3.1c).
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Fig. 3.1 The temperature field around a moving line source in an infinite plate 10 mm thick with
the heat-impermeable surface (power g = 5000 W, speed v = 5 mm s~ !, thermal conductivity k. =
0.04 W mm~! K~!, thermal diffusivity a = 8 mm? s~!, initial temperature T = 300 K): reference
frame (a), temperature distribution (b) and isotherms (c)

The cooling (heating) rate of the point x, y, z (K s~!) at time ¢ is determined by
the derivative aT/0¢(x, y, z, t).

The temperature-time relationship of a fixed point of the body is called a thermal
cycle and is represented as a curve with one or more maxima (for example, in multi-
pass welding).
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Fig. 3.2 Temperature
distribution in a rod
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3.2 Fourier’s Law of Heat Conduction

Heat in a solid body is conducted from places with a higher temperature to places
with a lower temperature by means of molecular heat conduction.

Consider heat transfer in a rod with a non-uniform temperature distribution 7'(x)
(Fig. 3.2). The quantity of heat dQ, (J), flowing through the cross-sectional area A
of the rod in the time dt, is proportional to the temperature gradient d7/dx (Fourier’s
hypothesis):

oT
dQ, = —A—Adt, 3.2.1)
0x

where 1 is the thermal conductivity, W m~! K~!. The minus sign indicates that heat
is transferred in the direction of temperature decrease.
The heat flow density (W m~2) is determined by the formula

do, aT
. _ L 322
= 4y ax (3.2.2)

and equals the amount of heat flowing through the cross section of 1 m? per 1 s.
In the general three-dimensional case, Fourier’s law of heat conduction for an
isotropic body has the form

oT
G = —k% =—AgradT. (3.2.3)

This equation is the main hypothesis of the mathematical theory of heat conduc-
tion.



58 3 Physical Fundamentals of Heat Conduction During Welding

dQ.\'I
() (b) T 10
ey
dQ:-—a":I dQl’f‘ﬂ"/' Za ,(/‘
Z j P .
— do, 0
dQ_\- ’ dQ_\'ﬂf.\ > / ——> ¢
e —— h
dz Vol
Py i
dQ\' /’/ A dy dQ‘ /// T d}"
y dx | dQ: /jv dx | de
X 3 X

Fig. 3.3 Models for derivation of the differential equation for heat conduction: solid body (a), plate
of thickness /4 (b) and a rod of cross-sectional area A and perimeter p (c¢)

3.3 Differential Equation for Heat Conduction

The physical meaning of the differential equation for heat conduction implies that it
connects the spatial distribution of temperature with the temperature change in time.
The derivation is based on the law of conservation of energy and Fourier’s law of
heat conduction.

Consider an elementary cuboid with edges dx, dy, dz in an orthotropic body
(Fig. 3.3a), i.e. we assume for generality that the thermal conductivity along the axes
Axs Ay, A; can be different. Let there be a heat source (sink) inside with a volumetric
power density (volume-specific power) g3, W m~>. In welding, for example, Joule
heat may be such a source.

According to Fourier’s law of heat conduction (3.2.1), the amount of heat applied
to the surface of the cuboid dydz along the x-axis in the time dr,

dQ, = -\ 3Ldydzdt. (3.3.1)
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The heat dQ,.4., extracted through the opposite face, can be determined by
expanding it into a Taylor series and confining to the first two terms:

0 oT
dx =dQ, + — | —*— )dxdydzd:. (3.3.2)
ax 0x

9(d Q)

de+dx = de +
ax

The change in the amount of heat in the volume dV = dxdydz, caused by the
thermal conductivity along the x-axis in the time dt, is equal to

0 oT
dQy —dQyiyx = — | Ay— |dVdt. (3.3.3)
0x ax

Similarly, the differences in heat flows along the y- and z-axes are taken into
account:

(. oT
dQy —dQyay = —(Aya—)dth;

dy y
9 aT
dQ, —dQ..q; = 8—Z<Aza—z)dth. (3.3.4)

The amount of heat generated (absorbed) by the internal heat source (sink) in the
parallelepiped in the time dt, is equal to

dQ, = qzdVdt. (3.3.5)

The accumulated heat in the volume dV in the time df is connected with the change
in its temperature

I(pH
40 = (gt ) avdr (3.3.6)
or
T

where H is the enthalpy, J g7, cp is the volume-specific heat capacity, ] m= K~

By equating the accumulated heat (3.3.7) to the heat due to the thermal con-
ductivity (3.3.3), (3.3.4) and action of internal sources (3.3.5), and dividing all by
dVdt, we obtain the differential heat equation for an orthotropic body in a body-fixed
coordinate system:

d(pH d oT d aT d oT
H) _ 9 (07N, 2 G AT L 2 (.20 4, (33.8)
at ox ox ay dy 0z 9z

or
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oT d oT 0 oT 0 oT
p—=—\rA— |+ =}y — |+ = A, — ) + 5. 3.3.9)
at ox ox ay dy 0z 9z

Equations (3.3.8) and (3.3.9) are equivalent.

Repeat the derivation of the heat conduction equation for a thin plate with the
thickness £ allowing for the heat transfer from both surfaces. Consider an elementary
cuboid whose volume dV = dxdyh (Fig. 3.3b). We assume that the heat flows along the
z-axis through upper and lower surfaces of the plate dQg; and dQys, are proportional
to the temperature difference between surface 7 and the temperature of the medium
Tso (Newton’s law):

dQs1 = a|(T — To)dxdydt,;
dQs» = (T — To)dxdydt, (3.3.10)

where o) and « are the coefficients of surface heat transfer for upper and lower
surfaces, respectively, W m~2 K~!. We also assume that the temperature is instan-
taneously equalized along the thickness (the thermal conductivity coefficient X, is
large and thickness 4 is small), so the field remains two-dimensional, T = T'(x, y, t).

By equating the accumulated heat (3.3.7) to the heat due to the thermal conduc-
tivity (3.3.3) and (3.3.4), the actions of surface sinks (3.3.10) and internal sources
(3.3.5), we obtain a differential heat conduction equation for the orthotropic plate
with surface heat transfer in a fixed coordinate system:

8T_ 0 )LST +3 )\8T Oll+0l2(T To)+ (33.11)
Por T ax\Mox ) T oy \ Moy h o) T3 >

Now consider a rod with a cross-sectional area A and perimeter p and its ele-
mentary volume (Fig. 3.3c). The heat flow dQjs through the surface pdx is equal
to

dQs = a(T — Too)pdxdt. (3.3.12)

If we ignore the non-uniformity of temperature over the cross section (which
is valid if the coefficients A, and A, are large and area A is small), then from the
energy conservation law taking into account (3.3.3), (3.3.5) and (3.3.12) we obtain
a differential heat conduction equation for a rod with surface heat transfer in a fixed
coordinate system:

oT d oT ap
L _ 2LV _7 . 33.13
Ky ax( 3x) AT =T tas (3:3.13)

If the heat transfer coefficient « is not constant along perimeter p, then the product
ap in (3.3.13) should be replaced by an integral fp adp.

It should be noted that welding is always accompanied by elastic and plastic
deformation of material, which is related to the absorption and release of energy.
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According to the law of thermodynamics, this energy must be taken into account in
the general energy balance in the form of the following additional term on the right
side of the heat equation (Boley and Weiner 1960; Radaj 1992; Ziegler 1983):

EoT 9 | 3.3.14

T—2v ot g (3:3.19)
where E, o and v are the elastic modulus, the coefficient of thermal expansion, and
the Poisson’s ratio of the material, respectively. Here, the deviatoric stress S, the
elastic strain £° and the plastic (inelastic) strain & are written in a tensor form. The
coefficient £ < 1 takes into account the fact that not all inelastic deformation is
dissipated in heat. It can be partially spent on microstructure change. However, as
shown in paper (Argyris et al. 1982), in welding problems the thermal processes are
almost completely determined by the input of energy from outside and the mechanical
component (3.3.14) can be ignored. So, in the following we consider the temperature
problem as uncoupled, i.e. not related to the mechanical problem. Friction welding
is an exception because the mechanical component of the generated heat can be
dominant.

By using the concepts of divergence and gradient, Egs. (3.3.8), (3.3.9), (3.3.11)
and (3.3.13) can be written in another form

d(pH) _
5 =div(Agrad T) + cob(T — Ty) + q3 (3.3.15)

or
oT .
C'OE =div(h grad T) + cob(T — T) + g3, (3.3.16)

where b is the coefficient of heat loss:

0 for the massive body;
b =1 (a1 + az)/(cph) forthe plate; (3.3.17)
ap/(cpA) for the rod.

In Egs. (3.3.9), (3.3.11) and (3.3.13) the material characteristics cp, Ay, Ay, A,
as well as coefficient o and the power of the internal source g3 can generally be the
functions of temperature 7, i.e. these equations are non-linear.

If the thermal conductivity of the material is constant, the heat conduction equa-
tions can be simplified. For example, Eq. (3.3.9) for a homogeneous orthotropic solid
takes the form:

T T T T g

L L. 3.3.18
o o2 “yayz Py cp ( )

where ay, ay, a; are the thermal diffusivity in the direction of the x-, y- and z-axes:
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ay = )‘-x/(cp); ay = )‘-y/(clo);az = )"Z/(C:O) (3.3.19)

The orthotropy of properties is typical for composites, single crystals, layered and
fibrous materials; it is insignificant for structural materials used in welded structures.

The solution of the heat conduction Eq. (3.3.16) is considerably simplified if
we assume that the body is isotropic, the thermal conductivity A, volume-specific
heat capacity cp and coefficient of heat transfer « are constant, the intensity of the
distributed sources g3 is a linear function of temperature, and the ambient temperature
T « is constant. Then Eqs. (3.3.9), (3.3.11) and (3.3.13) for the infinite body, the plate
and the rod, respectively, will be as follows:

aT T  3*T T\ ¢ 1 O3
— =a|—+—+— |+ = =aVT+=; (3.3.20)
ot 0xz  0y? 972 cp cp
oT T  9°T
LAY (S Y . C (33.21)
ot axz  0y? cp
aT 9T
o e B (3.3.22)
ot 9x2 cp

where V? is the Laplace operator. These equations are parabolic linear partial dif-
ferential equations of the second order. It is convenient to write them in a general
form:

aT
vt -+ B, (3.3.23)
at cp

In literature this equation is also found in tensor notation:

T =al; —bT +2L. (3.3.24)

cp

Equations (3.3.20) and (3.3.21) can be written in other coordinate systems. For
example, taking into account the relationship between Cartesian x, y, z and cylindrical
r, 8, z coordinates x = rcos@, y = rsinf, z = z, Eq. (3.3.20) can be written in
cylindrical coordinates as follows

aT 2T 19T 10°T 9T
= ( )+@ (3.3.25)

— =al—t—— =+ — .
ot N2 T or T eer T a2 cp
For the stationary thermal processes (37 /9t = 0) the Eq. (3.3.20) takes the form

V2T + % -0 (3.3.26)

and is called the Poisson’s equation, and for g3 = 0 (no sources)
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VT =0 (3.3.27)

is called the Laplace’s equation. Equations (3.3.26) and (3.3.27) are partial differen-
tial equations of the elliptic type.

All previously obtained equations describe the processes of heat transfer in a
coordinate system fixed in reference to the solid. The heat processes in welding are
described most simply if the equations are referred to moving coordinates associated
with a moving heat source.

Let the moving coordinate system x, y, z move along the axis xy of the fixed
coordinate system xg, Yo, Zo for time # with a constant velocity v, i.e. x = xo9 — vt, y
= Y0, Z = Z0. From here

oT oT ox aT  3*°T  3°T
—=—— = = (3.3.28)
0x0 ax 9xg ox ax; ox

The relation between 07/0¢ in fixed coordinates (37 /0t)y,, y,,z, and moving coor-
dinates (07/0t),,y, ; is as follows:

9T aT aT dx (T 9T
of _ (%L s 220 (2D v (3.3.29)
0 ) e 01 ). " ax a1 or ),,. ox

By substituting (3.3.28) and (3.3.29) in (3.3.20), we obtain a heat conduction
equation in the moving coordinate system x, y, z:

oT ) oT ¢
— =aVT+yv—+—. (3.3.30)
Jat ox ¢cp

If07T/9t =0, the temperature field is called quasi-stationary (it does not change in
moving coordinates, but varies in fixed coordinates). If we assume that the internal
sources (sinks) are proportional to the temperature, g3 = —cpbT, then the quasi-
stationary field is described by the equation.

T b
ver 2O b (3.3.31)
a 0x a
The substitution
VX
Tx,y,2)=U(x,y,2) exP(—Z) (3.3.32)

leads to an equation of the elliptic type

2 vioob
VU — St U =0, (3.3.33)
da a
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which is symmetric with respect to the variables and is solved more simply. The asym-
metry of the temperature field is taken into account due to the factor exp(—vx/(2a))
in (3.3.32). This factor is present in all cases of moving sources (Sect. 5.1.3).
Fourier’s equation of heat conduction (3.3.9) is derived with an implicit assump-
tion that the heat propagation velocity is infinitely high. This assumption is valid
for moderate intensity processes, including almost all welding processes. Consider-
ation of the finite velocity of heat propagation leads to a differential heat conduction
equation of the hyperbolic type (Luikov 1968), and we do not consider it here.

3.4 Boundary Conditions

The differential equation of heat conduction has an infinite aggregate of solutions.
For example, if the function 7' (x, y, z, ) satisfies the equation, then the function 7 (x,
¥, Z, ) + const also does. In order to choose a solution out of the aggregate which
characterises a certain practical case, geometrical conditions (shape and size of the
body), thermophysical parameters (a, cp, ¢3) and boundary conditions must be set.

Boundary conditions are understood as a set of initial and boundary conditions.

The initial condition is determined by setting the temperature distribution law
inside the body at the initial time (¢ = 0):

T(x,y,2,0) = f(x,y,2). (3.4.1)

In welding it is common to assume a uniform distribution of temperature with
t=0T(x,y,z 0)=Ty=const and value T as the temperature zero reference point.

Boundary conditions indicate the interaction of the body surface (boundary) with
the ambient medium. It is common to use the so-called boundary conditions of the
first, second, third and fourth kinds out of the entire diversity in the calculation of
processes in welding.

The boundary condition of the first kind (Dirichlet type) implies prescribing the
temperature distribution along the body surface S at any time:

Ts = p(x,y,2,1), x,y,Z€S8. (3.4.2)

A special case is an isothermal boundary condition, when ¢(x, y, z, f) = const.
Let us give it a graphic interpretation (Fig. 3.4a). The heat flow is proportional to the
magnitude of the temperature gradient, which is numerically equal to the tangent of
the line slope to the temperature distribution curve along normal n to surface S, i.e.
(0T/9n)s = tany. According to the fixed value T's (T's = const), distributions T are
found and so are the line slopes (y = var) and the amount of heat lost by the body
surface.

In welding practice the condition of the first kind is a rare thing. It is used, for
example, to describe the contact of the body with massive heat sink clamps.
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Fig. 3.4 Boundary conditions: prescribed surface temperature (condition of the first kind) (a),
prescribed flux across the surface (condition of the second kind) (b), heat transfer at the surface

(condition of the third kind) (c) and the continuous flux over the surface of separation of two media
(condition of the fourth kind) (d) (Luikov 1968)
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The boundary condition of the second kind (Neumann type) implies prescribing
the density of heat flow for every boundary point of body § as a time function:

Gas =V (x,y,2,1), x,y,z€S. (3.4.3)

According to Fourier’s law (3.2.3), this equation can be written differently:

oT
_)\<_> =vx,y,z1), x,y,z €S. (3.4.4)
on /g

The geometrical interpretation of the condition of the second kind is shown in
Fig. 3.4b. It is tany which is prescribed, and the temperature field is found, including
the temperature of the body surface T's.

The adiabatic boundary is a special case of the condition of the second kind and
reflects the condition of the so-called heat insulation

g2s =0, (3T/9n)s =0. (3.4.5)

When heat processes are calculated in the welding of bounded bodies, the last
condition is used if heat transfer to the ambient medium is insignificant in comparison
to the heat flows inside the body.

The boundary condition of the third kind implies prescribing the flux across the
surface to be proportional to the temperature difference between the body surface 7's
and the ambient medium 7', according to Newton’s law:

qrs = a(Ts — Ty), (3.4.6)

where « is the coefficient of surface heat transfer, W m~2 K~!. According to Fourier’s
law (3.2.3), this equation can be written differently:

()
M — ) =aTs — Tx). (3.4.7)
on /g

The geometrical interpretation of the boundary condition is shown in Fig. 3.4c.
Although T's and tany are variables, the condition (3.4.7) requires that all tangent
lines to the temperature curve should go through point A, which is at a distance A/«
from the boundary of the body.

Note, that from the condition of the third kind (3.4.7), it is possible to obtain
an isothermal condition (T's = T, with ¢ — o0) and an adiabatic condition
((dT/3n)s = 0 with « — 0), as limiting cases.

Heat is transferred from the surface of bodies through convection and radiation.

With convective heat transfer, heat is carried away by a gas or liquid, which are in
motion due to the different density of inequally heated zones or under the action of
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Fig. 3.5 The temperature-dependent coefficient of convective heat transfer o in air (a) (Argyris
et al. 1985; Radaj 2003) and the coefficient of radiative heat transfer o, with emissivity ¢ = 1 (b)

external forces (for example, gas blowing of the body). The density of the heat flow
is approximately described by Newton’s law.

q25¢ = ac(Ts — Two), (3.4.8)

where «. is the coefficient of convective heat transfer (Fig. 3.5a). It depends on the
shape, size and spatial position of the body surface, properties of the ambient medium
and the body surface, difference of Ts — T, and other factors. With an increase in
temperature, the coefficient «, first grows fast and then slower, tending to limiting
values (Fig. 3.5a).

Cooling of the body through radiative heat transfer is described by the Ste-
fan—-Boltzmann’s law, according to which the density of the heat flow is

qrsr = eCo(Tg — TE) = o, (Ts — Two). (3.4.9)

Hence

a, = eCo(Ts + T )(TE + T2), (3.4.10)

where ¢ is the emissivity of the surface, 0 < & < 1; Cy is the Stefan-Boltzmann
constant, Co = 5.67 1078 W m~2 K=, It is seen that the coefficient ., is proportional
to coefficient ¢ and grows with a temperature increase in conformity with the cubic
parabola law (Fig. 3.5b). Magnitude ¢ depends on the condition of the surface. For
polished metal surfaces coefficient ¢ varies within the range of 0.2-0.4, for oxidized
and rough surfaces of steels—within the range of 0.6-0.95 (Carslaw and Jaeger 1973;
Rykalin 1951, 1957), for aluminium—within the range of 0.05-0.2 (Frolov 1970).

The total heat transfer (3.4.6) can be represented as the sum of convective (3.4.8)
and radiative (3.4.9) components:
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25 = q25c + q2sr = a(Ts — Two), (3.4.11)

where @ = o, + «, is the coefficient of the total surface heat transfer.

In case of natural heat transfer of the welded body surface to the ambient air at
the surface temperature up to 600 K most of the heat is removed by convection. At
a higher temperature, radiative heat transfer prevails, which constitutes about 80%
of the total heat transfer at 1100 K. The recommended values of coefficient o for
calculating the temperature fields in plates during fusion welding are presented in
Table 3.1. The presented data is obtained with a distance from the joint axis to the
heat-removing clamps equal to (1.5 — 1.8)A, where & is the plate thickness. Z is the
distance from the midplane of the plate to the axes of channels with a cooling liquid.

The boundary condition of the fourth kind implies prescribing a perfect heat
contact of two dissimilar bodies: continuous temperature (7's; = T's) and continuous
heat flow (g2s1 = q2s2)- Herewith tan y; / tan y, = A; /A, = const (Fig. 3.4d).

Boundary conditions can be of a mixed kind, when in various areas of the boundary
various conditions are prescribed. They can be very complicated, for example, in case
of multi-pass narrow-gap welding (Gabriel et al. 2007).

A differential equation jointly with boundary conditions fully determines the
problem, i.e. if geometrical, physical, initial and boundary conditions are known, the
function of temperature distribution can be found at any instant of time 7'(x, y, z, ).
Moreover, it can be proved that this function is the unique solution to this problem.

3.5 Accounting for Variability of Thermal Properties

The methods of functional analysis are mostly used to solve linear problems of heat
conduction when all thermophysical properties of the material do not depend on tem-
perature. If the properties do not depend on coordinates, but depend on temperature,
in particular cases the non-linear Eqgs. (3.3.9), (3.3.11) and (3.3.13) can be solved
by analytical methods, having been linearized first (Carslaw and Jaeger 1973). As
exemplified by Eq. (3.3.9), the thermal diffusivity a is constant, and the thermal
conductivity A and the volume-specific heat capacity cp are a non-linear function of
temperature:

MT) = ro(1 +mT); ep(T) = cpo(1 +mT). (3.5.1)

Experiments prove that A(T') and cp(T) grow or decrease within a certain range,
so, for many materials, magnitude a can be considered constant, a = A/(cp) = const.

Let us introduce a Kirchhoff’s variable (Carslaw and Jaeger 1973; Nedoseka 1988;
Ravi Vishnu and Easterling 1993):
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T
1
0= - f MT)AT =T — Ty +0.5m(T* — T). (3.5.2)
0

To

From (3.5.2) it follows that

00 oT 00 oT
—={0+ml)—; — ={0+mT)—;

dt ot 0x 0x

00 oT

— ={(+mT)—;

dy dy

00 oT

— =+mT)—. (3.5.3)
0z 0z

By substituting (3.5.3) in (3.3.9), we obtain

2 2 2
@:a<@+@+@)+@, (3.5.4)
ot ax2  9y? 0972 cp
which coincides in form with Eq. (3.3.20), if g3 does not depend on 7. Note that if
g3 depends on temperature, then g3 must be expressed through a new variable ©.
By solving the linearized equation of heat conduction (3.5.4) for ®, the temperature
distribution can be obtained from (3.5.2):

T = (¢(1 +mTp)? +2m0 — 1)/m. (3.5.5)

Other linearisation methods of a non-linear equation of heat conduction are
described in books (Carslaw and Jaeger 1973; Luikov 1968).

3.6 Accounting for the Latent Heat of Phase
Transformations

During welding heating and cooling, phase transformations occur in the body. They
are accompanied by additional heat consumption and generation (see Sect. 2.1). If
the metal is pure, phase transformation occurs at a fixed temperature and the relevant
problem is called the problem of Stefan (Meyermanov 1986). In alloys, transfor-
mations occur within a temperature interval. This effect takes place, for example,
during phase transformation «-Fe — y-Fe and during melting. Consider the heat
effect of phase transformations in solving heat conduction problems (Karkhin et al.
2004, 2005).

Since the inequation Hdp/0T <« pdoH/AT is true for welding processes,
Eqg. (3.3.15) in the fixed system of coordinates can be simplified
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oH .
'Oa_t =div(rgrad T) + cob(T — Tx) + gq3. 3.6.1)

This equation is input if solved by a numerical method allowing for the dependence
of the heat capacity c on temperature 7', and, consequently, on time ¢ (see Sect. 4.3).

Equation (3.6.1) can be integrated by an analytical method with an assumption
that the properties (A, ¢, p, @) do not depend on temperature. Let us show it by an
example of a source which has been moving for quite a while along the x-axis with
a constant velocity v. Then Eq. (3.6.1) in the moving system of coordinates, taking
into account (3.3.29) and the condition dH/dt = 0, takes the form:

2 oH
AV-T + iy +cpb(T — Tw) +q3 = 0. (3.6.2)
X
Separate out the heat of phase transformations AH from enthalpy.

H(T)=c(T —Ty)+ AH(T). (3.6.3)

By substituting (3.6.3) in (3.6.2), we obtain

2 voT b Q3
VT+————T —-Tyo)+ —+
adx a A

v d(AH)

ac 0x

0. (3.6.4)

If Ty = T . = O this equation coincides with (3.3.31), except for the last two terms,
considering both the real volume source g3, and the heat AH. Here, in principle, any
deviation from linearity H(T) with ¢ = const can be understood as AH. However,
this deviation is significant in case of phase transitions (Figs. 2.1-2.8).

The heat of phase transformation is distributed unevenly (Fig. 3.6). However, the
total power of heat sources (in the cooling zone) and sinks (in the heating zone) is
equal to zero, i.e. the heat of phase transformations does not affect the heat balance.

The Eq. (3.6.4) can be solved by the well-known methods of functional analysis,
as shown in Sect. 9.4.

3.7 Models for Heat Sources

A common feature of all welding methods is local heating of the workpiece. For
this various concentrated heat sources are used with the density of heat flow up to
10" W m~2 and even above (see Chap. 1).

Usually when calculating heat processes, all welding sources (electric arc, gas
flame, electron and laser beams, electroslag pool and so on) are idealised. Idealised
sources can be classified in terms of the duration of heat generation into instantaneous
(heat generation time ¢,, = 0) (Fig. 3.7a) and continuous (t,, > 0) sources (Fig. 3.7b).
In practice, a constant power source is often applied, g(¢) = const. Periodic sources
are becoming widely used (Fig. 3.7¢).
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Fig. 3.6 Diagram of sinks (—) and sources (+) of the heat of melting and solidification in mushy
zone (between isotherms T's and 7',) and solid-state phase transformation zone (between isotherms
T] and Tz)
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Fig. 3.7 Idealised temporal distributions of the heat source: the instantaneous heat source
(tw — 0) (a), the continuous heat source (b) and the periodic (pulsed power) source (c)

According to the spatial distribution, idealised sources are divided into point (dim
= 0), line (dim = 1), plane (dim = 2) and volumetric (dim = 3) sources (Fig. 3.8).
Indexes i = 0; 1; 2; 3 of heat Q; (J m~/) and power ¢; (W m~) will be used below to
show the dimensionality of the source.

In turn, power and energy distribution along each s-axis (s = x, y, z) can be diverse
(Fig. 3.9).

Continuous sources can be stationary (travel velocity v = 0) and moving (v # 0).
In turn, rapidly moving heat sources are distinguished out of moving sources and
introduced in a calculation model when it is possible to ignore the heat flows along
the axis of source movement, which considerably simplifies the calculation (reduces
the problem dimensionality by one).

In fusion welding, surface sources are used as heat sources. In many cases the
surface of the weld pool is deformed insignificantly, so the welding source on the
body surface can be considered as a plane one.
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Fig. 3.8 Idealised spatial distributions of the point heat source (a), line heat source (b), plane heat
source (c¢) and volume heat source (d)
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Fig. 3.9 Distributions of power density ¢g; and energy density Q; for a line source along the s-
axis: unbounded uniform (a); bounded uniform (b); unbounded normal (c); bounded normal (d);
bounded sinusoidal (e); bounded linear (f); bounded exponential (g) and bounded parabolic (h)

Numerous experiments show (Chap. 1), that the majority of welding sources
(electric arc, gas flame, electron beam, plasma jet, laser beam, etc.) have an axial
symmetry and the radial distribution of the heat flow density is satisfactorily described
by the Gaussian curve (normal distribution law):

@2(r) = Gamax exp(—Cr?), (3.7.1)

where gamax 1S the density of heat flow in the heat centre (Fig. 1.5) is the concentration
factor of normal distribution heat source.

The heat spot radius r. and the concentration factor of the normally distributed
heat source C characterise the sharpness of the normal distribution curve (Fig. 3.10).
The smaller is 7. (the bigger is C), the quicker the power density decreases with
distance away from the centre of the source. If r. = 0 (C = o0) the plane source
turns into a point source on the body surface.
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Fig. 3.10 Heat source density g» over radial distance from centre r, normally distributed sources,
equal value g = const, different concentration factors C
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Fig. 3.11 Power density distribution g, for normally distributed elliptical source (a) and the cor-
responding contour of heat spot (b)

If the axis of the source is inclined to the body surface, the source can be considered
as a normally distributed elliptical source (see Fig. 3.11 and formula (1.2.8)). The
distribution surface is characterised by the parameters gomax, Xe and ye.

In case the normally distributed elliptical source travels rapidly along the x-axis
(Fig. 3.12), the heat flow seems to be concentrated in the direction of movement
and its distribution has to be considered only in the transverse direction y (a model
of a normally distributed line source). For this we project the surface source on the
y-axis. Then, allowing for (1.2.8) we obtain (Rykalin 1951, 1957):
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Fig. 3.12 Heating the surface by a rapidly moving normally distributed elliptical source (a) and
its equivalent normally distributed line source (b)

o0

C
qi1(y) = / ¢ (x, y)dx = \/;yqexm—cyyz) = gimax exp(—Cyy?);

—00

gimax = /Cy/ mq, (3.7.2)

where gmax 1S the maximum line power density of a normal line source (Fig. 3.12).

We have looked into idealised heat sources acting on the plane of a heated body.
In reality, due to the mechanical pressure on the weld pool, the heat source (arc,
plasma jet, beam, etc.) can go deep in the body and thus become volume distributed
(Fig. 3.8d).

Complex physical processes occur in the weld pool (interaction of the heat source
and liquid metal, convection and evaporation of liquid, phase transformations, etc.).
These processes are complicated to calculate. However, their effects can be approx-
imately considered by adding equivalent virtual volume sources (see Chap. 11). Let
us mention here the main types of such sources (normally, exponentially and parabol-
ically distributed ones) (Karkhin et al. 2006, 2007a, b, c, 2010a, b) (Fig. 3.13).

The normal power distribution of the source f along the axis s (where s = x, y, z)
is given by an equation

2 1 s\?
f(S) = 12 Se[CD(S”/Se) _ q)(S//Se)] exp<_ <S_e> >’ (373)
O ) = 2 | 12)dt 374
u_ﬁ/exp(—), (3.7.4)
0

where ®(u) is a probability integral (the Gauss error function) (Fig. 3.14), s, is a
distance from the origin of coordinates to the point, where the value of the function
f is e times lower than at the origin of coordinates (Figs. 1.5 and 3.12b). Here the
s-axis represents one of the x-, y-, z-axes. The factor of function f is chosen so as to
make the area under the curve equal 1. So such a source can be considered as unit.
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Fig. 3.13 Bounded volume source (a) and bounded volumetric unit power distribution along the
axes: s = x, y, z (b) (Karkhin et al. 2010a)

The exponential power distribution of source f along the s-axis (where s = x, y,
z) is given by the equation

1 1 K
f(s) = p<—s—>. (3.7.5)

— ex
Se exp(—s’/se) — exp(—s”/Se)
The parabolic power distribution of source f along the s-axis (where s = x, y, )

is given by the equation.

1

2
(ap +ays +ars). (3.7.6)
ao(s” — )+ %al(s//z _ S’2) + %az(s” _ S/3)

fls) =

Virtually any function of power distribution can be approximated by a piecewise
parabolic function to the prescribed accuracy.

Out of the stipulated unit sources (3.7.3)—(3.7.6) it is possible to obtain various
combinations of power distribution for a volume source:

3(x,y,2) = q ) f()f(2), (3.7.7)

where ¢ is the effective power of the real source. Some combinations will be reviewed
in Sect. 5.2.
It is natural that the balance of energy in the entire body should be retained:
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Fig. 3.14 Functions: normal
distribution exp(—x?), error
function ®(x) (3.7.4),
complementary error
function ®*(x) (4.2.16),
exponential integral

Ei(—x) (5.1.32), modified
Bessel function of the second
kind of order n (Macdonald
function) K,(x) (5.2.116),
integral error function
i®*(x) (5.1.37) (a), modified
Bessel function of the first
kind of order

n Ih(x) (5.2.115) and Bessel
function of the first kind of
order n J,(x) (4.2.44) (b)
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Note that g, f(x), f(y) and f(z) can be functions of the time ¢.

The presentation of the power distribution of a volume source (3.7.7) is a gen-
eralisation of the previously described sources, by taking the relevant function f in
the form of 5—function, line, Gaussian curve, exponent, etc. Let us show it as an
example of a popular double-ellipsoidal model by Goldak et al. (1984), Goldak and
Akhlaghi (2005). This model represents a combination of unbounded normal distri-
butions along the y- and z-axes, as well as along x in front of the centre of the source
(index f) and along x behind the source (index r). Moreover, the parameters of every

distribution (Xo.os £ = Xef N3, X005 = Xerv/3, Y005 = Yen/35 2005 = Ze«/§> are dif-
ferent (Fig. 3.15). The power distribution of the source in front of and behind centre
O is described by the formulas:
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Fig. 3.15 Normally
distributed double-ellipsoidal
volume heat source with
characteristic parameters
(Goldak et al. 1984; Goldak
and Akhlaghi 2005)

( V= f 6\/§q
q3r(X, y,2) =
3 ! 73/2x0.05 £Y0.0520.005
X 2 y 2 z 2
X exp<—3|:( > + <—> + (—) :|), 3.7.9)
X0.05 f Y0.05 20.05
6+/3q
q3r(X,y,Z):fr 3/2
TT°72X0.05r Y0.0520.005

2 2 2
xexp<—3|:< al ) +<L> +<i> D (3.7.10)
X0.05r Y0.05 20.05

where factors f; + f, = 2. These equations follow from (3.7.3) and (3.7.7). The
advantage of this model is its simplicity, its drawback is physical inaccuracies (for
example, an input of energy is assumed inside the body out of the weld pool). An
egg-configuration heat source model is developed (Yadaiah and Bag 2014).

Generally, the heat source distributions and their combinations depend on the
welding method. For example, a 3D cylindrical volume heat source (functions f(x)
and f (y) are normal, function f(z) is constant) was proposed for arc welding (Artinov
etal. 2018; Bachorski et al. 1999). A 3D conical Gaussian heat source (functions f (x)
and f(y) are normal, function f(z) is linear) was used in simulation of laser welding of
butt and T-joints (Bakir et al. 2016; Balasubramanian et al. 2008; Shanmugam et al.
2010). An overview of different heat source distributions and their combinations is
given in Chukkan et al. (2015).
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Fig. 3.16 Basic geometrical bodies for temperature calculation by functional-analytical methods:
infinite solid (a), semi-infinite solid (b), infinite slab (c), infinite plate (d), infinite rod (e) and infinite
cylinder (f) (Karkhin 1990)

3.8 Schematisation of Heated Bodies

Consider the main models of heated bodies. Consideration of the actual shape of
welded workpieces can significantly complicate the solution of temperature prob-
lems. Therefore, the real shape is idealised in heat calculations and conditionally
reduced to one of the following basic models (Fig. 3.16). Here the schematised
bodies are characterised not only by linear sizes but also by the dimension of the
temperature field.

An infinite body (solid) takes the area —00 < x < 00, —00 <y < 00, —00 < 7 <
0o, (Fig. 3.16a). The heat flow in the solid is spatial, the temperature field is three-
dimensional, T = T(x, y, z, t).

A semi-infinite body (solid) takes a space on one side of the plane in the infinite
solid —o0o0 < x < 00, —00 <y < 00, 0 < z < 0o (Fig. 3.16b). The heat flow is spatial,
the temperature field is three- dimensional, T = T'(x, y, z, 1).

An infinite slab occupies an interspace between two parallel planes in the infinite
solid —oo < x < 00, —00 <y < 00, 0 < z < h (Fig. 3.16¢). The heat flow is spatial, the
temperature field is three-dimensional, T = T'(x, y, z, t).
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An infinite plate is only different from a slab because the heat flow is plane, the
temperature field is two-dimensional, 7 = T'(x, y, t) and d7/dz = 0 (Fig. 3.164d).

An infinite rod is a body of an arbitrary section in the plane y0z, —00 < x < 00
(Fig. 3.16e). The heat flow is linear, the temperature field is one-dimensional, 7 =
T(x,t)and 0T/dy = 0T/9z = 0.

An infinite cylinder occupies the area 0 < r < R, 0 <6 <2m,-00<7< 0
(Fig. 3.16e). The heat flow is spatial, the temperature field is three-dimensional,
T=T(r0,z1).

It should be emphasised that the presented schematisation of heated bodies is con-
ventional. For example, a semi-infinite body can be considered as a slab of an infinite
thickness; a plate—as a slab of a small thickness, where the temperature difference
along the thickness can be ignored; a rod—as a cylinder without temperature differ-
ence over the section. Moreover, various body models can correspond to the same
thick-wall welded workpiece: an infinite solid—when root passes are carried out in
two-sided multi-pass narrow-gap welding (heat flows are in all directions); a semi-
infinite solid—when the final pass is made on the surface (heat flows are directed
deep into metal); a slab—in electron beam welding with incomplete penetration, but
complete heating of the workpiece (the heat insulation of the lower surface of the
workpiece makes an impact) and a plate—in electron beam welding with complete
penetration in the workpiece (heat flows are directed virtually only across the axis
of the electron beam). Only understanding the physical model helps to select the
relevant calculation model correctly.

In the following, we will often use mainly five combinations of models for heat
sources and heated bodies: a point source in a semi-infinite solid or on its surface, a
point source in an infinite slab or on its surface, a line source in an infinite plate, a
plane source in an infinite rod and a point source in an infinite circular cylinder, since
these are the main in constructing analytical solutions to diverse problems of heat
conduction. Note that with the assumed definitions some combinations of sources
and bodies are unacceptable. For example, there can be no point source in a plate
or rod, since the plate implies uniform distribution of the source across thickness,
while the rod—over the cross section.
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Chapter 4
Methods for Solving the Problems
of Heat Conduction in Welding

®

Check for
updates

4.1 Classification of Methods for Solving the Problems
of Heat Conduction in Welding

The existing methods for solving the problems of heat conduction in welding are
easy to classify according to the form of the solution results (Fig. 4.1). Functional-
analytical methods lead to solving problems using formulas, whereas numerical ones
use the numerical values of the function (temperature) in some fixed values of the
argument.

Analytical methods are developed mostly to solve linear problems of the theory of
heat conduction. In reference to the conditions of welding, the following methods are

Methods of solution to heat conduction problem

Y

Functional-analytical
methods

Numerical methods

. Method of sources

(Green’s function
method)

method

Fig. 4.1 Classification of the main methods of solution to heat conduction problem in welding
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used: the method of sources (Green’s functions), the method of separation of variables
(Fourier’s method), and the method of integral transformations. Non-linear problems
are solved only in exceptional cases and only under considerable assumptions.

Numerical methods allow us to solve complex problems which cannot be solved
through functional-analytical methods, for example, for bodies of complex shape
having regard to the temperature dependence of the material properties. The finite
difference method (FDM) and the finite element method (FEM) are the most com-
monly used methods in the theory of heat conduction in welding.

In comparison to the numerical methods, analytical methods make it possible to
obtain more demonstrative solutions and analyse the factors impacting the solution
results in an easier and faster way. In order to analyse functional-analytical solutions,
numerical methods often have to be applied, for example, to calculate infinite series
and definite integrals.

4.2 Functional-Analytical Methods for Calculation
of Thermal Processes in Welding

In this section, the following prerequisites are assumed (if not stipulated otherwise):

e heat is distributed only according to Fourier’s law of heat conduction;

e microstructural and phase transformations occur without heat generation or heat
absorption;

e the thermal conductivity A, volume-specific heat capacity cp and the coefficient
of surface heat transfer o do not depend on temperature;

e the initial temperature Ty and ambient temperature T, are constant and equal to
each other, To = T ..

4.2.1 Source Method

4.2.1.1 Basis of Source Method

A specific feature of heat conduction problems in welding is that in an area of
high temperature, the temperature field is affected mostly by the particularities of
heat input (specific nature of welding sources) and to a lesser degree by boundary
conditions.

The source method proposed by Lord Kelvin (called Green’s function method in
mathematical physics) is preferred due to its illustrative capacity and its simplicity
when considering the features of welding heat sources; at the same time it has math-
ematical rigor. All this has governed its popularity in calculating the temperature
fields in welded structures.
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The physical essence of the source method implies that any process of heat dissi-
pation in a solid can be represented as a total of temperature equalisation processes
from a set of elementary heat sources distributed both in space and in time. It should
be emphasised that the superposition principle, which is a part of the source method,
is only applicable if the boundary value problem is linear (in the heat conduction
equation and boundary conditions, cp, X, a, g2s, & do not depend on temperature and
the power density g3(7') is a linear function of temperature 7). In this case the spatial-
temporal temperature fields generated by individual sources do not affect each other
and can be combined, forming a field of mutual action of a number of sources. The
heat from this source dissipates according to the law inherent to it, determined by a
heat conduction equation and boundary conditions and not dependent on the initial
distribution and action of other sources.

An instantaneous point source in a homogeneous infinite solid is assumed as an
elementary source, of which any source, distributed in space and time, is composed.
This combination of the source and solid represents a special principle interest. The
following problem statement corresponds to this combination.

1. The equation of conduction of heat in Cartesian coordinates:

T 2T 9T 9°T
= a< — > 4.2.1)

R —+ + —
ot axz  9y?  9z2

2. Initial condition. The elementary volume dv = dxdydz is placed at the origin.
At the initial moment ¢t = 0, the heat quantity Qy (J) is introduced. Then the
distribution of the initial temperature is expressed as

Qo

Ty + Sdv ifx, y, z € dv;

. 4.2.2)
To, ifx,y,z ¢ dv.

T(x,y,z,0) = [

3. Boundary conditions. Far away from the source, the temperature does not change
(boundary conditions of the first kind):

T(£oo,y,z,t) =T(x,x00,z,t) =T(x,y,£oo,t) = T. “4.2.3)

The following formula is a solution to this problem:

T(R, 1) — T Qo ( Rz) (4.2.4)
) —Ty= ————exp| — ), 2.
0 cp(4mat)’? P 4at

where R? = x? + y? + 72 is volumetric radius vector squared (the squared distance
from the point x, y, z to the heat source). It can be easily verified that the solution
(4.2.4) satisfies the differential equation of conduction of heat (4.2.1), and initial and
boundary conditions (4.2.2) and (4.2.3), while an increase in the heat content of the
infinite solid
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oo
/cp[T(R, t) — T0]471R2dR = Qp = const “4.2.5)
0

remains constant throughout the entire period of temperature equalisation. The solu-
tion (4.2.4) is called fundamental.

If the instantaneous point source is located at point £, n, ¢, rather than in the centre
of the coordinates and acts at moment 7, then the temperature at any moment ¢ (¢ >
7) is determined by the formula

Qo
coldmat — 1)1/?
< (x —$)2+(y—n)2+(z—§)2>
X exp — 5
da(t — 1)

T(x,y,z,) =To =

(4.2.6)

where t — 7 is the time of heat dissipation. It can be seen that the increment in
temperature tends to zero, when ¢ — t at all points except for one (§, 7, ¢), where
it becomes infinitely large.

The analytical solutions are also known for the instantaneous point source in an
infinite anisotropic solid and in an infinite composite solid with an ideal contact
of two semi-infinite bodies, whose properties (A, cp, a) differ (Carslaw and Jaeger
1973).

Let us present a continuous source of power go (W) as a sequence of elementary
instantaneous sources. If defined according to (4.2.6) the increment of temperature
at moment ¢ due to the elementary source dQy = qo(t)dt (J), operating and being at
point (&, n, {) at moment t, is:

qo(t)dt
coldma — 1))?
( [x — &P +[y — n(@)P +[z — ¢ ()
x exp| —
da(t — 1)

dT (x,y,z,t) =

). 4.2.7)

Then the temperature due to any source distributed in space and time can be obtained
by summing all elementary sources:

F T [ [ oEnao
T(x,y,z,t)—TOZf///cp[4na(t—r)]3/2
—00 —00 —00 0

« exof — [x —E@P + [y —n@OF +[z = (@]
P 4a(t — 1)

)dgdnd;dz,
4.2.8)

where g3 is the volumetric density of the source power, W m~3. This function is
a solution to Eq. (3.3.20) in a homogeneous infinite solid. Most of the analytical
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solutions to heat conduction problems presented in this book are special forms of
Eq. (4.2.8).

The following five combinations of bodies and instantaneous concentrated sources
are selected as the main ones:

(1) an instantaneous point source in a semi-infinite solid and infinite wedge
(Figs. 3.8a and 3.16b);

(2) an instantaneous point source in an infinite slab (Figs. 3.8a and 3.16¢);

(3) an instantaneous line source uniformly distributed across the thickness in an
infinite plate (Figs. 3.8b and 3.16d);

(4) aninstantaneous plane source uniformly distributed over the cross-section in an
infinite rod (Figs. 3.8c and 3.16e);

(5) an instantaneous point source in an infinite circular solid cylinder (Figs. 3.8a
and 3.16f).

These combinations are the main ones when solutions are constructed for any sources
distributed in space and time in the relevant bodies.

Combination 2 is usually not pointed out as a main one. It is pointed out here
due to its exceptional practical value. It can be considered as a generalisation of
combinations 1 (the thickness of the slab is infinitely increased) and 3 (the thickness
is extremely reduced).

4.2.1.2 Instantaneous Point Source in a Semi-infinite Body
and an Infinite Wedge

An infinite solid can be divided into 2n wedges by planes crossing on the y-axis
(Fig. 4.2b). The angle of every wedge at the vertex is equal to 8 = /n, where n =
1,2, .... The semi-infinite solid can be considered a wedge with a vertex angle =
7T (n=1).

When looking into a semi-infinite solid with an instantaneous point source inside,
it is first assumed that its surface is heat-insulated (adiabatic), i.e. the coefficient of
heat transfer « = 0, and then the effect of heat transfer from the boundary plane
is evaluated. The source is considered to act at the moment ¢ = 0. The origin of
coordinates is placed at point O on the surface, and point A; with the instantaneous
source Q is placed at the depth ¢ (Fig. 4.2a). The boundary condition d7/9z(x, y,
0, t) = 0 is carried out using the method of images.

The essence of the method of images is to expand the bounded solid along the
relative coordinates towards infinity and to select additional sources in the expanded
area in such a way, that the boundary conditions on the surface of the bounded solid
are satisfied. In the case under consideration, the semi-infinite solid expands in the
area z < 0 and the instantaneous source Q, is introduced at the point A_,(§, n, — ¢),
which is a mirror image of the point A;(&, n, {) on the plane z = 0. The algebraic
sum of fluxes g,, from both sources is equal to zero on the plane of symmetry
z = 0. That is, at any moment ¢, the boundary conditions d7/9z(x, y, 0, t) = 0 are
met.
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x A.,(E, 1, -0)

AL CE 0

Fig. 4.2 The reflection of a concentrated source Qg in point A; of a semi-infinite solid z > 0 in
the impermeable plane z = 0 (a) and the reflection of a concentrated source Qp in point Aj 1 of an
infinite wedge in the impermeable planes 8; = const (i = 1, ..., n; n = 3) (b)

The process of heat transfer in the area z > 0 is obtained by superimposing thermal
processes (4.2.6) in the infinite solid from the instantaneous sources at points A; and
A_ 1.

TCy.ot)— T 0 RLY | exp( =B 4.2.9)
X, y,2,8)—Tp = ——|exp| —— ) +expl — | |, 2.
2 0 cp(dmat)’/? P 4at P 4at

where Rf = (x =&+ (y =)’ + @ = O} R2, = (x =)+ (y =) + 2+ )%,
or in a more compact notation
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Fig. 4.3 The process of heat diffusion from an instantaneous point source on a semi-infinite solid
(0 =20007J,cp =0.005Tmm=3 K~!, a=8mm?s~!, Ty = 300 K): model of point source (a) and
the temperature distribution over radial distance from centre R and time ¢ (b)

_ R}
T(x,y,2.0) = To=————= > exp| ——= |, (4.2.10)
1,1

co(dmat)’/? I 4at

where RJZ. ==+ -0+ —jo)
If the source is located on the surface of the semi-infinite solid at the origin (§ =
n = ¢ = 0), then

2
T(R,t)—TozA p( R ) 4.2.11)

exp| ——
cp(dmat)’d/? 4at

where R? = x? + y? + z? is the radius vector squared (Fig. 4.3a).

Let us analyse formula (4.2.11). The isothermal surfaces 7 = const represent
spherical surfaces. Relation 7'(R) when ¢ = const is described by the law of normal
distribution (Fig. 4.3b). Relation T'(f) when R = const is a thermal cycle of the point
with the coordinate R. At the first moment (t — 0), the temperature differs from
the initial temperature only at point R = 0 [the temperature field is described by
the Dirac delta function (1.2.6)]. Furthermore, the temperature at the point of origin
drops according to the hyperbolic law =32, The temperature at all points tends to
initial 7o when t — oo. The farther the point of observation P lies from the source,
the lower the peak temperature will be, and the later it will be reached (Fig. 4.3b).
The projective boundary of the whole surface T(R, ) on the plane 7, R forms the
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radial distribution curve of the peak temperature 7'« (R). It allows the size of the
fusion zone from condition 7',x(R) = T, to be determined, where T, is the melting
temperature. It can also be seen from (4.2.11) that the temperature at any point is
proportional to the amount of introduced heat Qg and is two times higher than by the
same conditions in an infinite solid [see formula (4.2.4)]. The material properties cp
and a affect the temperature field. The temperature is inversely proportional to the
volumetric heat capacity cp. The thermal diffusivity a appears only in the complex
at,i.e., the increment of a accelerates the process of heat transfer, while its decrement
causes deceleration. The dimensionless criterion at/R? is called the Fourier number
Fo.

Let us consider another extreme case, when the surface heat transfer coefficient is
infinitely great (@ = 00) and consequently, the surface temperature remains equal to
the ambient temperature T at all times (the surface is isothermal, which corresponds
to boundary conditions of the first kind).

An instantaneous source is given at point A; (€, n, ¢). The solid is extended to the
area z < 0 and the sink —Qy is placed at point A_; (¢, n, —¢), which is the mirror
image of point A (£, n, ¢) in the plane z = 0 (Fig. 4.2a). The temperature field is
expressed by the algebraic sum

R2
T(x,y,2,1) — cp(4jwt)3/2 Z je ( ) (4.2.12)

It is evident that this expression satisfies the boundary condition T'(x, y, 0, ) = T.

Let us allow now for the surface heat transfer. Suppose there is a heat transfer in
the boundary plane z = 0 of a semi-infinite solid z > 0 to the surrounding medium
with the temperature T, = T according to Newton’s law [condition of the third
kind (3.4.7)]:

oT
A— =a(T — Ty). (4.2.13)
0z

The solution to the problem with the boundary condition (4.2.13) can be repre-
sented in the form (Carslaw and Jaeger 1973)

T(X, y7 s t) - T() = [T(x7 yv r t)'a:()_T()]Fo[(Z, t)’ (4214)

where

T( 1) T % Ri + R, (4.2.15)
V2 Dgeog — To = ———=5|exp| —— ) +expl —— ) [ 4.2
s 0 cp(4mar)’? P 4at P 4at

-1
F,(z,t)=1— Zﬁ%«/a[l + exp(%)} exp(u?) ®*(u);
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o Z
u = X\/ at + 2_ﬁ’
*u)=1-dw) =1- ifuexp(—zz)dt. (4.2.16)
ved J

The function ®*(u) is called the complementary error function (Fig. 3.14).

The first term between the square brackets in (4.2.14) expresses the temperature
field without considering heat transfer [see (4.2.9)], while function F, takes into
account the influence of surface heat transfer on the process of heat distribution
and depends on time, the source coordinates, and the coordinates of the point of
observation. At o = 0, the function F, = 1 and is less than 1, the bigger o/ is.
For large values of parameter u (coefficient «), the following expansion can be used
(Luikov 1968):

exp)dHa) = —— (L L 13 135 (4.2.17)
Xp(u )= —\———5 < — RN L.
P JT\u o 20 223 23u7

It is easily proved that in the extreme case when o — oo, formula (4.2.14) is
transformed into (4.2.12).

If the source is located on the surface at the origin (§ = n = ¢ = 0), then formula
(4.2.14) is simplified

20 ( x2+y2+12>
T, y,z20) =T, = ——20 _exp( -2 T2 V\p (o), (42.18
(v 2.0 coman® P 4at @0, @218
where
Fott) = | — JaoJatexp®)®*(u); u = —nfat + ——.  (42.19)
A A 2/at

It is evident that function F,, depends only on the dimensionless heat transfer coeffi-
cient a/A+/at and the dimensionless coordinate z/+/at. This dependence is shown
in Fig. 4.4. It follows that the significant effect (F,, < 0.9) of heat transfer only hap-
pens when a/A+/at > 0.05. This condition corresponds to the very intensive forced
cooling of the surface. Therefore, the heat transfer of the surface of semi-infinite
solids is not considered below. If necessary, Egs. (4.2.14) and (4.2.18) can be used as
fundamental for constructing more complex computational schemes (instantaneous,
distributed, moving, and other sources).

Let us now consider an infinite wedge with heat-insulated (adiabatic) surfaces
and with an instantaneous source at point A; ; (Fig. 4.2b). The boundary condition
of the wedge is met using the method of images. To do this, sources are additionally
introduced into the infinite solid so that the planes of the wedge, forming the angle
B = m/n, are planes of symmetry. The figure shows the wedge at n = 3. Then the
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Fig. 4.4 Influence function
of dimensionless heat
transfer coefficient a/A/at
and dimensionless
coordinate z/+/at for
temperature in a
semi-infinite solid

increment of temperature at points x, y, z of the wedge are determined by the sum of
the temperature increments due to all sources:

Te,y,z0)=To=)_ Y (Ti;(x,y,2,0—Tp) (4.2.20)

i=1 j=—1,1

where T;; is determined by using formula (4.2.6), taking into account the source
coordinates at points A; (Ei,j, n, ;‘i’j).

In the case where angle 8 7 7/n and a heat transfer takes place on the surface of
the wedge, the solution to the problem becomes more complicated (Carslaw 1945;
Carslaw and Jaeger 1973).

4.2.1.3 Instantaneous Point Source in an Infinite Slab

First it is assumed that the boundaries of an infinite slab (plane layer) are adiabatic
(0T/9z =0forz=0and z = h, Fig. 4.5). This assumption is valid if the slab thickness
is large and no additional forced cooling is used, as the heat fluxes in metal are much
greater than the fluxes through the surface of the solid.

Let us find the temperature field using the method of images and having taken the
scheme of an instantaneous point source in an infinite solid as the basis [Eq. (4.2.6)].
The infinite slab is expanded along z to infinity (to an infinite solid). On a vertical
line passing through point A with a source, an infinite sequence of sources is placed
so that the planes z = 0 and z = h are planes of symmetry (Fig. 4.5). Then the
temperature at any point P of the infinite slab due to the instantaneous source Qy is
defined by summing all ith source pairs in the infinite solid:
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Fig. 4.5 Model of a point source in the infinite slab with heat-insulated surface

2
T(rio)—Ty= — 20 p( r)

exp| ——
co(dmat)’? 4at

0 i —2ih)?
X'Z 3 exp(—%), 4.2.21)

where r = \/(x — £)>+ (y — n)? is a plane radius vector.
If the source is located on the surface of a slab at the origin (§ = n = ¢ = 0), then
from (4.2.21) we obtain the following

200 ( R2>
TR, 2, 1) — Ty = ——=° _exp| —— ) Fi(z, 1), 4222
(R.z.0) =T cp(dmat)’? P\" 4 12, 1) ( )
where
R =x*+y 4+ R n= Y exp(—M> (4.2.23)
at

I=—00

or in dimensionless form
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Fig. 4.6 Influence function 4r
of dimensionless time t and
boundary conditions at upper
(¢ = 0), middle (¢ = 0.5)
and lower (¢ = 1) planes of a
slab
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Function F; shows the degree of temperature increase in the slab in comparison to
a semi-infinite solid, since it is always true that F'; > 1 (Fig. 4.6).

The series in formulas (4.2.21), (4.2.23) and (4.2.24) always converge, and the
faster they do, the greater the slab thickness % is and the smaller the time ¢ is. At
h — oo, the formulas (4.2.21) and (4.2.22) change to (4.2.9) and (4.2.11) for a
semi-infinite solid. In the interval of slow convergence, these series can be expanded
into Fourier cosine series as sums of even functions using the well-known formula
(Rykalin 1947, 1952):

i=—00

3 f(u+2ih):%/f(u)du+%2005%iu/f(u)cos ”hﬂdu. (4.2.25)
0 = 0

Then

00 L1N2 0 .
(u —2ih) mat wiu . oat
. E exp(— Aar = 1+2 ;:1 cos . exp| —i‘m )|

(4.2.26)

In this sum, the main variables u and ¢ have been separated and the rate of convergence
of the series has been increased.

Substituting (4.2.26) into (4.2.21), the following for a point source in a slab is
obtained
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Fig. 4.7 Isotherms in cross-section of a 10 mm thick slab (solid lines) and a semi-infinite solid
(broken lines) in 1 s after heat generation by instantaneous point source on the surface (Q = 2000 J,
cp =0.005] mm 3 K1, g =8mm?s!, Ty = 300 K)

h r?
TG0 -Th= S0 exp(‘@)

o0 . . t
X |:1 +2Zcos%cosﬂh£exp<—i2n2%>:| (4.2.27)

i=1

and for a point source on the surface of a slab at the origin (§ =n =¢ =0)

Qo/h r
T(r,z,t)— Ty = e
(rz,0) 0 4 At P dat

o0 . [
X |:l +ZZcos%exp<—i2n2%>:|. (4.2.28)
i=1

On the right side of Egs. (4.2.27) and (4.2.28), the term before the square brackets
represents, as it will be shown in Sect. 4.2.1.4, the temperature caused by a line source
in a plate, uniformly distributed across the thickness with no surface heat transfer; it
is dependent on the plane radius vector r. The term in the square brackets considers
a deviation of the actual temperature distribution across the thickness from uniform
distribution; it is dependent on coordinate z.

Formulas (4.2.21) and (4.2.27) are equivalent but in the case of distributed sources
during integration with respect to ¢, formula (4.2.27) appears to be more convenient.

As can be seen from Fig. 4.7, in contrast to a semi-infinite solid, the isotherms in
a slab are not spherical surfaces, whereby the maximum deviations are observed at
the lower surface and the deviations increase with time.

Now the solution to the same problem is given but taking into account the heat
transfer from the upper and the lower surfaces:

aT
A— = Oll(T — To) atz = O;
9z
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aT
hoo =l =Ty az=h (4.2.29)
Z

The solution to this problem has the form (Carslaw and Jaeger 1973):

T y ¥, 2, 1) — Ty = ———
*,y.2,1) 0 cp(dmat) 4at

Qo/h ((x—§)2+(y—n)2>
X —

X Z Au B, (£)B.(2) exp <_Miz—;), (4.2.30)

n=1
where

2
(12 +Bi}) (1 + u,z,B+i12315> +Bi;

u Lo u
B,(u) = u, cos(unz> + Bi; s1n<unz).

A, =

k)

Here u,, is the positive roots of the equation:

2 _ Bi;Bi
cot(u) = 1082 4.2.31)
u(Bi; +Bip)
where Bi; and Bi, are Biot numbers:
. Ollh . Olzh
Bij = —, Bi,=—. 4.2.32
1 . 2 . ( )

It can be noted that the right part of Eq. (4.2.30) up to the summation sign describes
the temperature field caused by the instantaneous uniformly distributed line source in
aplate with thickness & without heat transfer (see Sect. 4.2.1.4). The expression under
the summation sign takes into account the non-uniform temperature distribution
across the thickness of the slab.

For some values of Bi; and Bi,, the roots u, are shown in Fig. 4.8. It is worth
noting that solution (4.2.27) cannot be obtained by setting the coefficients of heat
transfer «; = op = 0 in formula (4.2.30), since there are no roots of Eq. (4.2.31) in
this case.

Of practical interest is the extreme case when the source is located on the heat-
insulated upper surface z = 0 («; = 0), and the lower surface z = & is maintained
at a constant temperature (7'(h, t) = T). The solution to this problem can be easily
obtained by the method of images (method of fictitious sources and sinks):

2

20 R
T(R,z,t) — Ty = —————— —— | Fy(z, 1), 4.2.33
( 4 ) 0 cp(4n'at)3/2 exp( 40[) Z(Z ) ( )
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2(2.1) ’Z (-1 exp< — > (4.2.34)
1=—00
or in dimensionless form
i ii—¢)
R, 1) = Z( 1Ye ( d ) (4.2.35)
I=—00

The structure of formulas (4.2.22)—(4.2.24) and (4.2.33)—(4.2.35) is the same.
Function F»(¢, t) is shown in Fig. 4.6.

4.2.1.4 Instantaneous Line Source in an Infinite Plate

Suppose that along the vertical z-axis of an infinite solid (see Fig. 3.16a) elementary
instantaneous point sources with a linear heat density (heat input per unit length) O,
J m~! are uniformly distributed. This type of source is called an instantaneous line
source. Then the temperature field can be obtained by integrating all the elementary
sources:

o0

0, ( x2+y2+zz)
T(r,t)—Ty= ———exp|l —— )dz
" 2) 0 /c,o(47mt)3/2 P 4at

oo

_ Ql r’
= cp(471at) exp (— M) , (4.2.36)

where r = \/x2 + y? is a plane radius vector (distance to the z-axis).
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If a thin layer with thickness # is cut out perpendicular to the z-axis using two
parallel planes, then the scheme for an instantaneous line source in an infinite plate
is obtained:

2
Tty —Tp = 2 exp(—r—), (4.2.37)
co(dmat) dat

where Q is the amount of heat in a plate of thickness ki, J. The temperature field
T(x, y, t) is two-dimensional.

It was assumed that there were no heat fluxes across the planes, ¢g,, = 0. Under
strict consideration of surface heat transfer, the line source should be represented in
the form of elementary instantaneous sources and the formula for point sources in
a slab (4.2.30) should be used. However, the temperature field in this case becomes
volumetric, T = T(x, y, z, t), and therefore this case is examined in the section on
distributed sources in a slab (Sect. 5.2). Here it is assumed that the plate is thin with
no difference in temperature across the thickness (07/0z = 0), and the temperature
field is plane, T = T'(x, y, t). At the same time, the heat transfer from both surfaces
of the plate will be approximated.

Let it be supposed that the heat transfer occurs according to Newton’s law (3.4.6),
but the temperature across the thickness is instantaneously equalized (the field stays
two-dimensional), which is tantamount to the existence of a volume sink in a plate
with an adiabatic surface (W m~3),

Q3 =——F— — —F/— = — T, (4.2.38)

where o and «, are the coefficients of surface heat transfer on the first and
second sides. Then the solution to Eq. (3.3.21) for a two-dimensional case is
obtained by taking into account (4.2.38) and using the substitution 7' (x, y,t) =
U(x,y,t)exp(—bt) (Rykalin 1951, 1957):

2
Ty —T = 2" exp(—r— _ bt), (4.2.39)
co(4mat) 4at

where b = (a1 + a,)/(coh) is the coefficient of heat loss for a plate, s~'. It can be
seen that the influence of surface heat transfer is more significant, the thinner the
plate is.

The radial distributions of temperature 7'(r) at t = const and the thermal cycles
T(¢) atr =constin a plate (Fig. 4.9) are qualitatively similar to those in a semi-infinite
solid (Fig. 4.3).
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Fig. 4.9 The process of heat diffusion from an instantaneous line source in a infinite plate
(h=5mm, Q =10007J, cp = 0.005) mm> K !, a =8 mm? s™!, a1 = a» = 100 W m~2
K~!, Ty = 300 K): model of a line source (a) and the temperature distribution over radial distance
r and time ¢ (b)

4.2.1.5 Instantaneous Plane Source in an Infinite Rod

Suppose elementary instantaneous point sources with a plane density of Q,, J m™2
are evenly distributed in an infinite solid along the entire plane x = O (see Fig. 3.16a).
This source is called an instantaneous plane source. Then the temperature field can
be obtained by integrating all elementary sources:

oo o0

/ / 0> x?+y? 477 dvd
—  —exp| ——— ,
cp(dmat)’/? P 4at yaz

—00 —00

Q x (4.2.40)
= ——¢X - . L
cpo(dmat)!/? P 4at

If a cylinder with cross-sectional area A and perimeter p is cut out perpendicular
to plane x = 0, then the scheme of an instantaneous plane source in an infinite rod is
obtained:

T(x,t)— Ty

2
Ton—Ty= 24 p( al ) (4.2.41)

exp| ——
cp(dmat)l/? 4at

where Q is the amount of released heat in the rod, J.
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Fig. 4.10 The process of heat diffusion from an instantaneous plane source in a round rod 10 mm
in diameter (Q = 2000 J, cp = 0.005 ) mm > K~', a =8 mm? s~!, o = 100 Wm—2 K~!, T
= 300 K): model of a plane source (a) and the temperature distribution over axial distance lx| and
time ¢ (b)

If, like in the case of a plate, the heat transfer from the surface of the rod is
considered but the non-uniformity of the temperature over the section is disregarded,
then we obtain the following:

Ten)—Tp= —2A o 2, (4.2.42)
x,)—Ty = —— —bt}, 2.
0 cp(dmat)l/? P 4at

where b = ap/(cpA) is the coefficient of heat loss for the rod, s~

The axial temperature distribution 7'(x) at t = const and thermal cycles T'(¢) at
|x| = const in a rod (Fig. 4.10) are qualitatively similar to those in a semi-infinite
solid (Fig. 4.3) and plate (Fig. 4.9).

4.2.1.6 Instantaneous Point Source in an Infinite Solid Cylinder

Suppose heat, Qo, J, is released at point A (p, 6’, ¢) of an infinite solid cylinder
at moment t (Fig. 4.11a). On the surface of the cylinder r = R, a heat transfer
to the medium, with temperature 7., = T, obeys Newton’s law (3.4.7). Then the
temperature at any point P (r, 6, z) at any moment ¢ > t is described by the following
expression (Carslaw and Jaeger 1973; Makhnenko and Kravtsov 1976):

oo

R? — ¢y
T(r,0,z,t)— Ty = c,o[4i0a/((tn— 1:))]1/2 exp(—%) Z 'cos(n(@ — "))
n=0
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Fig. 4.11 Schematic representation of instantaneous heat sources: a point source in a cylinder (a);
a line source on a disk (b); a ring source on a cylinder (c); an area source on a disk (d)

XZA,,,,, o (Bonan 75 )9 (5 ) /30 (unm)exp< Z,m%);

Mn m . aR
A = Bi= 2, (4.2.43)
B+ 122, — () X
o0
(_])m U\ n+2m
=S ———2 (4" 4.2.44
(1) Zom!r(n+m+1)<2) (4.244)

m=

where J, is the Bessel function of a real argument of the first kind of order n
[alternating function with variable amplitude and variable period, depending on the
order n, Fig. 3.14; there are tables and representations in the form of an integral
(Abramowitz and Stegun 1965; Janke et al. 1960)]; I" is the gamma function; Bi is
the Biot number, characterizing the surface heat transfer; the primed sum symbol
sign indicates that all terms of the series n # 0 are multiplied by two; w,,, are the
positive roots of a characteristic equation:

L) By G =0, (4.2.45)

Cdp

The Equation (4.2.43) satisfies the equation of heat conduction in cylindrical
coordinates r, 8, z (3.3.25).
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If the source is located on the surface of a cylinder (o = R), then formula (4.2.43)
is simplified:

Qo/(ﬂR2> (z—¢)?
Te6.20=-To= 0 7 exp<_4a(t - r))

o0 o
r a(t — 1)
X E O:/cos(n(é — 9’)) 2 1An’mJrl (;1,,,),”}) exp(—uim 7R2 )
n= m=

(4.2.46)

If the surface of the cylinder is heat-impermeable (¢ = 0 and Bi = 0), then the
solution to the problem has the form:

(Qo/m R?) (z —¢)*
2 ex

T(0,2,0)— Ty = S

T coldmalt — 1))

X i/COS(H(Q — 9/)) i Apmdn (Mn,m%) exp<_l’bi,m %>,

n=0 m=1
(4.2.47)
2
An,m = anlm )
(H/n,m —n )Jn(ﬂn,m)
where [, are the positive roots of the equation:
dl,
W _ (4.2.48)
du

Atn=0and m =1 (i, = 1) the value is A,,,,, = 1.

It can be noted that the temperature field due to an instantaneous plane source in an
infinite rod with no surface heat transfer is described in formulas (4.2.43), (4.2.46)
and (4.2.47) by the expression in front of the summation sign [cf. (4.2.41)]. The
deviation from uniform temperature distribution over the cross-section of a cylinder
and the effect of surface heat transfer are taken into account by a factor under the
summation sign. As time ¢ increases, the sum tends to 1.

InFig. 4.12, the thermal cycles of the points located in a plane of action of a surface
instantaneous point source are shown. The temperature and time are dimensionless.
It can be seen that, as in the case of a point source on the surface of a semi-infinite
solid (Fig. 4.3), the peak temperature decreases while moving from the source. If
Fourier number is Fo > 2, the temperature is uniformly distributed over the cross-
section. The higher the thermal diffusivity of the material a is and the smaller the
radius R is, the faster the temperature is equalised.

The solutions obtained for a solid cylinder can be easily generalised for the case
of a wedge of finite width with the vertex angle 8 = n/n (n = 1, 2, ...), infinitely
long and with heat-impermeable planes. To do this, the method of images should be
used in the same way as in the case of an infinite wedge [Eq. (4.2.20) and Fig. 4.2b].
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It can be noted that there are known solutions to the problem of heat conduction for
an instantaneous point source of unit energy (Green’s function) in any region bounded
by coordinate surfaces of a cylindrical coordinate system (Carslaw and Jaeger 1973).
For example, Green’s function for a hallow cylinder was used to analyze the thermal
processes when surfacing cylindrical solids with a strip electrode (Yazovskikh and
Belenky 2011).

It can be seen by comparing formulas (4.2.6), (4.2.37) and (4.2.41) that the tem-
perature distributions in an infinite solid, plate and rod with no surface heat transfer
are similar in structure. However close to the source in a plate does the temperature
fall more slowly (according to law '), than in an infinite solid (according to law
t~¥?), but faster than in a rod (according to law t~""?). For convenience, all three
formulas can be written in a general form:

n

> x}

T(x Xp, 1) = _ Do exp| — =
Pt T pAmaty 4at

, (4.2.49)

where n is the dimensionality of space (n = 1, 2, 3).

In aslab, the law of temperature drop is more complicated: at first, the temperature
falls like in an infinite solid (according to law t~*?), and in the end, like in a plate
(according to law #~1). In a solid cylinder, the temperature first falls like in an infinite
solid (according to law t=*?), and in the end, like in a rod (according to law ¢~1/2).

The formulas presented (4.2.9), (4.2.14), (4.2.21), (4.2.27), (4.2.30), (4.2.39),
(4.2.42), (4.2.43) and (4.2.47) are fundamental solutions to the problem of heat
conduction (Green’s functions) for a homogeneous semi-infinite solid, slab, plate,
rod, and cylinder. They are used below to construct the solution for sources distributed
in time and space.
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4.2.2 Method of Separation of Variables

The method of separation of variables has found wide application in solving linear
problems of mathematical physics, including problems of heat conduction in welding.
In literature, this method is often found under the name Fourier’s method.

The main idea of the method of separation of variables implies that the general
solution to the problem of heat conduction, dependent on three independent spatial
variables x, y, z and time ¢, is sought by forming several unknown functions, each of
which depends only on one independent variable.

In general, the solution sequence of the equation of conduction of heat

AT (x,y,z,1)/0t =aV>*T(x,y,z,1) (4.2.50)

is the following:

1. The sought solution is represented in the form of four functions
0T (x,y,2,t) = X(x)Y () Z(2)0(¢). (4.2.51)

This expression is substituted in (4.2.50), as a result of which four ordinary
differential equations are obtained.

2. Each of the equations is solved with their boundary conditions.

3. A particular solution is chosen according to (4.2.51) with the unknown coeffi-
cients; all particular solutions are summed. As a result, a general solution to a
boundary value problem is obtained and contains unknown coefficients.

4. Unknown coefficients from the boundary conditions are defined.

It can be noted that the linearity of the equation of heat conduction and the
linearity of the boundary conditions in the original problem are essential to the
applicability of the method.

Let us consider the method of separation of variables in a simple example of a
heat conduction problem for an unbounded rod with impermeable surface (Kartashov
2001; Luikov 1968):

AT (x, 1) 9T (x,1)
=a
ot ox2

T(x,0) =Ty(x), —00 < x < +00. (4.2.53)

, —00 < X < +00, t > 0; (4.2.52)

Here the initial temperature 7p(x) is a continuous and bounded function.
First, let us seek the solution of Eq. (4.2.52) in the form of a product of two
functions

T(x,1) = 0(t)V(x), (4.2.54)
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where 6 depends only on time # and {y depends only on coordinate x. Substituting
(4.2.54) in (4.2.52), we obtain the following

0 (O (x) = ad (V" (x), (4.2.55)
where the primes denote derivatives. Dividing this equality by 6 (#){r(x) gives:

0w _ VW
ZORERTEN

(4.2.56)

Equality is only possible in the case of the right and left sides being equal to some
negative constant —ak?:

i T T ) e (4.2.57)
0(t) Y(x)
The last equations are rewritten:
o' (1) + ak*6(t) = 0; (4.2.58)
U (x) + K> P(x) = 0. (4.2.59)

By integrating these ordinary differential equations, we obtain the following
0(t) = A exp(—ak’t); (4.2.60)
Y(x) = B cos(kx) + C sin(kx), 4.2.61)

where A, B and C are arbitrary constants.
Accordingly, the partial solution of Eq. (4.2.52) has the form:

T(x,t) = [AB cos (kx) + AC sin (kx)]exp(—ak*t) (4.2.62)
or
T(x,t) = [ag cos(kx) + by sin(kx)] exp(—ak’t), (4.2.63)

where ag = AB, by = AC.Here k, A, B, C and, consequently, ay and b are arbitrary
constants. Constant k is determined from the boundary conditions, and constants
ap and by are determined from the initial ones; they assume quite defined values
depending on the conditions of the problem.

Function (4.2.63) at any fixed k satisfies Eq. (4.2.52) and constants ap and by can
be chosen for each value k. This means that ay and by can be arbitrary functions of
k, so that finally the following family of partial equations (4.2.52) is obtained:
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T(x,t) = [ag(k) cos(kx) + by (k) sin(kx)] exp(—ak’t). (4.2.64)

Since the boundary conditions are missing from the problem, parameter k remains
arbitrary and can assume all values from —oo to +oo. Thereby, the first part of the
method of separation of variables is completed.

The second part of the method of separation of variables is to superpose the partial
solutions obtained, that is, to integrate with respect to variable k in (4.2.64):

T(x,1) = / [a (k) cos(kx) + by (k) sin(kx)] exp(—akt)dk. (4.2.65)

The unknown functions ay (k) and by (k) are determined below in such a way that
the initial condition (4.2.53) is fulfilled, that is

T(x,0) = To(x) = / [ao (k) cos(kx) + by (k) sin(kx)] dk. (4.2.66)

The resulting equality denotes the expansion of the function Ty(x) in a Fourier’s
integral. The coefficients of this expansion are found using the formulas:

+00

1
ao(k) = —— / To(§) cos(ké)dé; (4.2.67)

—00

+00

1
bo(k) = 5 / To(€) sin(k&)dE. (4.2.68)

—00

Substituting (4.2.67) and (4.2.68) in (4.2.65), the following is found

T(x,t)= % / exp(—gk%)dk / To(&) cos(k(§ — x))dé&
= % / exp(—ak’n)dk / To(§) cos(k(€ — x))dé. (4.2.69)
0 —0o0

Changing the order of integration, it is written

T(x,1) = % / f To(€)dE / exp(—ak®t) cos(k(§ — x))dk. (4.2.70)
—00 0
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Considering the integral (Prudnikov et al. 1986)

oo

/exp(—ax )cos(bx)dx = .| —exp| —— 4.2.71)
4a 4a

0

finally, the solution to the problem in question is reached:

+
T(x, 1) ! /OOT &) < o - 5)2)415 (4.2.72)
X, 1) = —— exp| ———— . 2.
Vamrat 0 P 4at
—00
A direct verification shows that Green’s function
G(x, € 1) L ( S _5)2) 4.2.73)
x,E,1) = - 2.
JVarat P 4at

satisfies Eq. (4.2.52). Function (4.2.73) is called a fundamental solution to the
heat conduction Eq. (4.2.52). It corresponds to the problem solution for an infinite
heat-impermeable rod with an instantaneous plane source of unit capacity,
0>/(cp) = 1 Km [cf. formula (4.2.41)].

Now let us demonstrate the method of separation of variables with an example
of a point source that is moving in an unbounded medium rectilinearly along the
x-axis at the constant speed v relative to the medium with an initial zero temperature,
Tp = 0 (Fig. 4.13).

If the source moves long enough (theoretically 1 — c0), then a quasi-stationary
(steady) state (37 /0t = 0) is established in the coordinate system related to the
source. This state is described by a differentional equation similar to (3.3.31):

aT
vir+ 225 . (4.2.74)
a 0x
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Let us seek for a solution in the form of a product of two functions:

T = A exp(—ax)U(R), (4.2.75)

where « and A are constants, R = (x2 +y2 + 22)1/ ? is a volumetric radius vector.
Substituting (4.2.75) in (4.2.74), we get

V2U + (—2a + g)% + (a2 — Ba)u —0. (4.2.76)

Let o = v/(2a). Equation (4.2.76) simplifies:
V2U(R) —«*U(R) =0 4.2.77)

or taking into account spherical symmetry:

PU 20U
dR?> ROR

The complete solution to this equation is an expression:

1
U(R) = E[C exp(aR) + B exp(—aR)], 4.2.79)
where C and B are constants. At R — oo, function U(R) should tend to 0, from

which C = 0. Then the solution (4.2.75) of Eq. (4.2.74) takes the form:

v(x + R))

4.2.80
7 ( )

1
Tx,R)=A— —
(x, R) Rexp(

If radius R is very small, then T = A/R and dT/dR = —A/R>. Based on the
law of conservation of energy and Fourier’s law for heat conduction, the thermal flux
over the surface of a sphere with the centre at a point source is equal to the power of
the source:

aT

—Ag R\ — = 4.2.81
TR TS =4 ( )
from which follows A = g /(47 )).
Thereby, the general solution
T(x.R) = —2 vt ) (42.82)
X, R)= ——exp| —— 2.
4aR TP\ 24

satisfies the differential equation (4.2.74) and boundary conditions (T — 0 at R —
00).
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The solution (4.2.82) can be represented in dimensionless form:

; exp(—é — /&2 + p22>, (4.2.83)
VE2+0

0, p2) =

where

8w ia VX vy 2 vz \2
=t = () ()
qu 2a 2a 2a

In Fig. 4.13 a steady-state dimensionless temperature field is given around a point
source located in the centre of the coordinate system (£ = p, = 0) and moving
relative to the infinite medium along the longitudinal x-axis at a constant speed v.
The temperature field is analysed later in Sect. 5.1.3.1.

It can be noted that the solution (4.2.82) was derived by H. A. Wilson more than
100 years ago (Wilson 1904). He also solved problems under stationary conditions
using the method of separation of variables and the source method (Lord Kelvin’s
method) for the following main combinations of a moving source and a solid: a
point source in an infinite solid, a line source in a plate, and a plane source in a rod
(Wilson 1904). Later, similar results were published by other researchers (Roberts
1923; Rosenthal 1935, 1941; Rykalin 1938a, b, 1941).

The method of separation of variables continues to develop. There is extensive
literature on the method of the theory of conduction of heat in solids (Belyaev and
Ryadno 1982; Berezovsky 2006; Carslaw and Jaeger 1973; Kartashov 2001; Luikov
1968).

4.2.3 Method of Integral Transformations

Over the last decades, operational methods have been used in solving a variety of heat
conduction problems in welding. The Laplace integral transformation has been used
the most often. The idea of this method is that the function (original) T itself is not
studied, but the transform of the function (image) T is instead. This transformation
occurs by multiplying the function T by an exponential function and integrating it
over time ¢ within certain limits (Bateman and Erdelyi 1954; Belyaev and Ryadno
1982; Boley and Weiner 1960; Carslaw and Jaeger 1973; Luikov 1968), as a result
of which, time ¢ is excluded:

[e ]

T(x, p) = / T(x,t) e Pdt = L[T(x,1)]. (4.2.84)
0
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Here exp(—pt) is the kernel of integral transformation. Variable p can also be a
complex number.

If the problem is solved for images, then the original T is found from the image
T (inverse transformation) in general by using the inversion formula (Carslaw and
Jaeger 1973; Luikov 1968):

T(x,t)=L""[T(x, p)]:ﬁ / T(x, p)e’dp. (4.2.85)

o —i00

Integration occurs in a complex plane p along the straight line o = const, parallel
to the imaginary axis. The integration technique is detailed in special manuals on the
theory of functions of a complex variable. In the vast majority of cases, the inverse
transformation can be carried out without resorting to integration, but instead, by
using tables (Bateman and Erdelyi 1954; Luikov 1968).

The method of integral transformations has its physical substantiation. Any inte-
gral transformation, taken in regard to time or spatial coordinates, is a certain aver-
aging of the temperature from the physical point of view. Naturally, this averaging
should be performed in accordance with both the nature of the process and shape of
the solid (the form of the differential equation) and with the boundary conditions.
In this case, the solution for the image of function T is of independent interest, as
a transformation of this kind physically represents a transition from analysing real
temperature values to averaged values.

The technique of applying the Laplace transformation will be shown in an example
of flash welding of two rods (Fig. 1.28b).

The following assumptions are made (Fig. 4.14): the properties of a homogeneous
rod material (a, cp, p.), the flash rate (movement of the butt) of rod v, the current
density j, and the temperature of the butt T, are constant, the rod is infinitely long,
and the temperature field is one-dimensional.
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The formulation of the problem of heat conduction in a coordinate system moving
along with the butt relative to the rod in the direction of the x-axis is the following
(Fig. 4.14).

(1) The equation of heat conduction in a moving (relative to the rod) coordinate
system:

AT T AT p.j>

— =a—+v—+ , (4.2.86)
ot dx2 ax  «¢p
where p, is the specific electrical resistance.
(2) Initial condition (¢ = 0):
T(x,0) = Ty = const. 4.2.87)
(3) Boundary conditions:
T0,1) =Ty, (4.2.88)
T(00,t) = Tp. (4.2.89)

The Laplace transformation L is applied relative to variable 7. The equation of
heat conduction (4.2.86) takes the form:

T 9°T AT pej?
Ll —|=daL|—|+WL| — |+ L[1]
ot dx2 0x cp

T, p) AT p)  pej® 1
dx? dx cp -

or

pT(x,p)—Ty=a (4.2.90)

This is a linear ordinary differential equation of the second order (the function 7
depends on one independent variable x). The left side of the equation is obtained by
integrating by parts:

o0 o0

aT _
/ e = S / Te P'dt = —Ty+ pT 4.2.91)
0 0

The right side is obtained with the following formulas

raT o T
f e Pdr = / Te Pdr: (4.2.92)
0

ox" ax"
0
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[e.¢]
1
e Pldt = —. (4.2.93)
5 p

Boundary conditions (4.2.88) and (4.2.89) take the form:
— T,
IO, p)=—; (4.2.94)
p
— To
T(c0, p) = —. (4.2.95)
p

Problems (4.2.90), (4.2.94) and (4.2.95) have the solution (Carslaw and Jaeger

1973):
_ T, — T . 2 2 1/2
T(x,p) = b o _ '0]2 exp —E—x v—2+£
p co-p 2a 4a* a

2 1T
+<” +av)—+—0. (4.2.96)
p

Using the table of Laplace transforms, the original is obtained (Carslaw and Jaeger
1973; Karkhin et al. 2007, 2008):

(4.2.97)

<

~

2
P.J 1 «( X+ vt VX )« X—V

T,)-Ty==2—t+—(T,-T))| D + -— @

()73 =P 1 T2 e 2 o2

peij2 _ VX ) ok xX—vt _ N « x+vt
+2vcp{(x vt)exp( . ]CD (M] (x+vt)® (mﬂ

This formula is used later on when analysing thermal cycles in flash welding
(Sect. 6.2).

A one-sided Laplace transformation was examined in relation to time variable
t. There is another series of integral transformations, the kernel of which includes
the functions of time variable 7 or spatial variables x, y, z: Laplace-Carson, Fourier,
Hankel, and others. Which method of transformation to use is determined by the
length of the solid (unbounded, semi-bounded, bounded), by the heterogeneity of
the solid (composite or uniform), by the initial conditions (if the initial temperature
is a constant or depends on the coordinates), by the type of boundary conditions, by
the coordinate system (Cartesian, cylindrical, polar). The method of integral trans-
formations is detailed in special literature (Belyaev and Ryadno 1982; Carslaw and
Jaeger 1973; Luikov 1968, etc .).
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It is worthy of note that the main stages of integral transformations are standard,
which facilitates the solution of problems. However, the method is devoid of the vivid
physical interpretation which is inherent in the source method. Special advantages
of integral transformations are revealed when solving systems of partial differential
equations, describing, for instance, the heating of a welded solid of dissimilar mate-
rials. By using the method of integral transformations, the solutions to the following
welding problems were obtained:

1. amoving line source between two dissimilar plates (Makhnenko 1967);

2. acylindrical source moving in an infinite plate with a constant surface temperature
(keyhole technique) (Laplace transformation) (Carslaw and Jaeger 1973);

3. aplane source moving in an infinite rod with a temperature given in time (friction
welding, Laplace transformation) (Wichelhaus 1975);

4. an instantaneous plane source in a given cross-section of a composite infinite rod
(Carslaw and Jaeger 1973);

5. aninstantaneous plane source in a given cross-section of a composite rod of finite
length (Carslaw and Jaeger 1973);

6. an instantaneous plane source between similar bounded rods joined at both ends
with semi-bounded rods of another material (Luikov 1968);

7. an instantaneous point source in a solid made up of two different semi-infinite
solids with no contact resistance between them (Carslaw and Jaeger 1973);

8. an instantaneous line source on the boundary of two dissimilar plates (Kiselev
et al. 1981).

Solutions 4, 5 and 6 will be used in the section on rapidly moving line sources in
a plate (Sect. 5.1.4).

The method of integral transformations is also effective when solving problems
of mass transfer in welded joints (Karkhin and Marx 1994).

It can be noted that there are also other analytical methods of solving problems
of heat conduction (thermal potentials, Duhamel, conformal mapping, and so on)
(Boley and Weiner 1960; Kartashov 2001); however, they are practically not applied
to solving problems in welding.

4.3 Numerical Methods of Calculating Thermal Processes
in Welding

The main disadvantage of the analytical methods examined (method of sources,
separation of variables, integral transformations) is the required temperature inde-
pendence of thermophysical characteristics (a, cp, A and «), as well as the constrained
simplification of the geometric shape of a welded solid. The main advantage of these
methods is the relative simplicity in solving any problem at any source distributed
in space and time. The structure of analytical solutions indicates the dimensionless
criteria (e.g., Fourier, Peclet, Biot numbers, etc.), which allows the results to be
presented in a convenient, generalised form. If the solution cannot be successfully
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obtained in closed form (the integrals are not expressed as known functions), then
the integrals can be quantified according to the well-known quadrature formulas of
Simpson, Gauss, Chebyshev, and others (corresponding subroutines are included in
the mathematical software of all modern computers). The computation of convergent
series, which are obtained by using the method of images for considering the bound-
edness of solids, presents no fundamental difficulty either. As a rule, the algorithms
and computational programs are much simpler when applying analytical methods
than when applying numerical methods.

Considering the heterogeneity and complex geometric shape of a welded struc-
ture, the temperature dependence of the material properties, the complex non-linear
boundary conditions, the distribution of welding sources in space and time, and other
factors, the problem of conduction of heat can be solved by numerical methods only.
This is the main advantage of numerical methods and has led to the intensive imple-
mentation of them in the modelling of welding processes. It can be argued that, at
present, the accuracy of the calculation results of thermal processes in welding is
limited not by the error of the numerical methods but by the incompleteness of the
initial physical model (the lack of knowledge of the laws of heat input and heat
transfer with the medium, inaccuracy of material properties, etc.).

Of all the numerical methods in welding practice, the finite difference method
and the finite element method have become the most widespread. Less used are the
boundary element method and the control volume method. The physical approach
to solving a non-stationary temperature problem with these methods is generic: the
whole heating and cooling period is divided into separate stages, and the temperature
is consistently traced in separate discrete zones of the workpiece. Let us examine
these numerical methods.

4.3.1 Finite Difference Method

The finite difference method (FDM) is the replacement of the sought continuous
function T by its aggregate value, defined on a discrete set of points in a given
region. These points are called nodes, and a set of nodes connected to each other is
a mesh.

There is extensive mathematical literature on FDM in problems of heat con-
duction (Belyaev and Ryadno 1982; Godunov and Ryabenky 1973; Kalitkin 1978;
Samarskii 1987, 2001; Samarskii and Vabishchevich 1995a, b, 2000; Tikhonov and
Samarskii 1990). In it, the method is examined from mathematical points of view
(accuracy, stability of the solution, etc.). Only the fundamentals of the method as
applied to the thermal processes in welding are described below.

FDM is first considered in the simple example of linear heat distribution in a rod,
one end of which is maintained at the ambient temperature (which is taken as the
origin, To = 0), while the rest of the surface is heat-impermeable (Fig. 4.15). This
case occurs, for example, in the pressure welding of two similar rods, the ends of
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which are rigidly fixed in cooled copper clamps. The statement of a one-dimensional
boundary value problem has the following form:

1. Heat conduction equation

oT 0 oT
— = —x—, 4.3.1
- at 0x ( Bx) ¢ )
or at A = const
oT 9T
= —a— 4.3.2
o Yoxz (4.3.2)

2. Initial condition (r = 0):



116 4 Methods for Solving the Problems of Heat Conduction in Welding
T(x,0) = To(x). (4.3.3)

3. Boundary conditions:

aT 0, 1)

=0, T(L,t)=0. 4.3.4)
0x

It can be noted that the formulated linear problem (4.3.2)—(4.3.4) is solved using
the analytical source method. To do this, the initial temperature distribution 7p(x)
should be presented in the form of elementary instantaneous plane heat sources
dQ,(x) = cpTy(x)dx (J m~?), and the temperature increments induced by them
should be summed using formula (4.2.41) with consideration for the boundary con-
ditions (4.3.4), using the method of images:

L
To(§) (x — jE +4iL)?
T, 0= (47mt)1/2 Z Z {exp( 4at >

=—o0 j=—1,1

o . 2
_exp<—[x i 221 il >dé (4.3.5)

In Fig. 4.15a smooth curves are given, describing the temperature distribution in
arod at the successive moments of time #,_; and .

The same problem will now be solved using the FDM. The method is based
on the replacement of derivatives by their approximate values expressed through
differences in value at individual points—nodes of a mesh at individual instances of
time (Fig. 4.15b). As a result of these transformations, differential equation (4.3.2)
is replaced by equivalent relations in finite differences.

The entire heating and cooling period is divided into separate stages. Suppose for
the sake of simplicity that the mesh is uniform (the grid step Ax is constant) and the
time interval between stages kK — 1 and k is equal to A¢, thatis, At =t; — t;_;. Then
for node i with coordinate x = iAx at moment ¢t = f;_; the following differential
relations are obtained

T Tk —Tik—r 3T  Tivigor — Tikr

; , 4.3.6)
Bt At Bx Ax
the same derivative to the left of the node
T Tik—1 —Ticrk-1,
ax Ax ’
T 9 (0T\ _ 1 (Tuia—1—Tieer  Trir — Tiii
9x2 ~ 9x \ dx Ax Ax Ax
Tivh—1— 2T k-1 + Tipq -
_ Lk—1 k=1 Lkl 43.7)

Ax?
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Here the subscripts indicate the numbers of the grid nodes and the moments of time.
The derivatives with respect to x are referred to the previous stage, that is, to moment
tx—1. By substituting (4.3.6) and (4.3.7) into (4.3.2) and solving it for T'; 4, we obtain
the following

alt
Tix =T+ E(Ti—l,k—l — 2T 51 + Tivrk-1)- (4.3.8)

If the mesh is not regular (step Ax is not constant), then formula (4.3.8)
becomes more complicated, and the accuracy of approximation of the given equation
decreases.

Analogously, formulas can also be obtained in the case of a non-linear equa-

tion (4.3.1) when the properties of welded joint cp and A are not constant. Then the
second derivative is approximated with the expression

d aoT 1
£<)~a) ~ A—xz[lm/z(Tm,k—l = Tik=1) = Aic12(Tik—1 — Ticrk-1) ]
4.3.9)

where A;.(/2, Aj_1/2 are the average current values of thermal conductivity between
nodesiand i+ 1,iandi — 1, respectively. The average values in the simplest case can
be defined as a half-sum of thermal conductivity of the medium at neighboring nodes.
With alarge difference in thermal conductivity at neighboring nodes, it is more correct
to take the harmonic mean (Sudnik and Yerofeyev 1986, 1988) or the integral mean
(Kozdoba 1976). Values cp are taken depending on the current temperature at the
node. The phase transformation temperature during the melting and solidification of
the alloy can be considered, taking the increased value of the specific heat capacity c at
the solidus-liquidus temperature interval, that is, considering that at any temperature
¢ = dH/dT, where H is specific enthalpy (J g~!), including the heat of phase and
allotropic transformations.

Boundary conditions (4.3.4) in finite differentials are easily expressed. The tem-
perature on the right side of all stages is assumed to equal zero: Ty y—; = T (L,t) =
0. On the left end of the mesh, an additional node is introduced (node i = —1 in
Fig. 4.15b), which allows the zero value of a derivative to be set for all k by satisty-
ing the condition 7_; 41 = Ty x—; (more precisely the symmetry condition on the
adiabatic boundary T_ y—; = T 4—1)-

In this way, the temperature 7; ; at any node i (i =0, 1, ..., N — 1) at the current
moment #; can be found using the formula (4.3.8), knowing the temperature only
for this node and two neighboring nodes at the previous moment #;,_; (Fig. 4.16a).
Starting from moment t = Atf, when k = 1 and T;;_; = Ty(i Ax) according to
(4.3.3), the process of constructing a solution can be continued arbitrarily far if the
time interval satisfies the stability condition of the solution:

At < Ax?/(2a). (4.3.10)
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(a) i myi-1 i i+

O O —k
O O o] ) —k-]
i-1 i i+ !

Fig. 4.16 Patterns for unsteady heat conduction: explicit scheme (a) and implicit scheme (b)

If step Ax and coefficient a are variable, then the minimum Ax? /a should be
assumed. The physical meaning of the condition (4.3.10) is that the temperature in
anode at a small time interval At is affected only by neighboring nodes.

In fundamentally the same way, the formulas for calculating a two-dimensional
and three-dimensional temperature fields in a welded joint of any shape can be
obtained, taking into account the temperature dependence of the thermophysical
properties of the metal of a heterogeneous welded joint, boundary conditions of
another kind, additional heat sources and sinks, and other factors. For example, in
Fig. 4.17a, a two-dimensional rectangular mesh with steps Ax and Ay is shown on
the left side of a cross-section of a symmetrical butt joint. The formula for calculating
the temperature at node i, j at the current moment k can be obtained analogously to
formula (4.3.8), introducing an additional derivative with respect to y:

alAt
Tija = Tignr+ 5 (Timt ot = 2T jaer + T i)
alt
+ g2 Tkt = 2Tt + T i) 43.11)

The stability condition of the solution to a two-dimensional problem has the form

< ! .
T 2a(Ax72+ Ay~?)

At (4.3.12)

In this way, the surface 7' (x, y) at any moment is approximated by an aggregate
of points 7; ; (Fig. 4.17b).

A three-dimensional problem of heat conduction is solved similarly.

A so called explicit scheme was given here. Its disadvantage is the restriction
on time interval Ar according to the stability condition (4.3.10) and (4.3.12). An
implicit scheme, which is always stable, can be used as well and a large time interval
can be taken (restricted only by physical considerations). With an implicit scheme,
the derivatives with respect to the coordinates in (3.3.9), (3.3.20), (4.3.1) or (4.3.2)
should be calculated according to the temperature values at the nodes of the mesh
at the current moment k instead of the previous moment k — 1 (see Fig. 4.16b).
For example, for a one-dimensional case analogous to (4.3.7) the following can be
written
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Fig. 4.17 Example of an finite difference mesh (at the left) and a finite element mesh (at the right)
for the cross-section of a butt welded joint (a) and modelling the temperature field (b)

T _ Ti1p — 2Tk + T

; 4.3.13
dx2 Ax? ( )
as a result of which the equation for node i is obtained
alAt
Tik = Tio1 + 5 (Ticik — 2Tix + T ), (4.3.14)
Ax
from which
Lt (2 )T — T = 257 (4.3.15)
i—1,k alt ik i+1,k — alt i,k—1- oI

An equation of type (4.3.15) is formed for every i from N of nodes (i =0, 1, ...,
N — 1), the temperature of which is unknown at moment k. As a result, a system
of linear equations is obtained, which can conveniently be written down in matrix
notation
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[AIT} = {B}, (4.3.16)

where matrix [A], column vector of the temperature at the nodes {T'};, and inhomo-
geneous vector { B} have the form

ith column
0
! 4.3.17)
[Al=|...—12042 1. | ithrow; .
—1
0
Tox
T 1k K
T} = Tix ithrow; {B}= | 2T, ¢ ithrow.
Tii1
Ty_1k

It is easy to see that by directly multiplying the ith row of matrix [A] by column
{T};, one Eq. (4.3.15) is obtained. It can be seen that matrix [A] is symmetric and
banded; only on three diagonals do the elements of the matrix differ from zero.
Therefore, solving the system using computers, for example the Gauss elimination
method, presents no fundamental complexity, even if the mesh contains thousands
of nodes.

For a two-dimensional (or three-dimensional) temperature field, the equations
have a structure analogous to (4.3.15), only on the left side of the equations for five
(or seven) non-zero coefficients at 7; j ¢, Ti—1,j x> Ti+1,jk> Ti,j—1,k> 17, j+1,k (se€ mesh
template in Fig. 4.17a on the left). The bandwidth of matrix [A] is greater than five
(or seven) and is defined by the mesh size and a numbering system for nodes.

In the same way, a system of differential equations for a boundary value problem
in cylindrical coordinates (3.3.25) can be constructed.

The advantage of the explicit system is the simplicity of its algorithm, as it uses a
simple cycle of mesh nodes with a small number of arithmetic operations at each step.
The disadvantage of it is the stability condition (4.3.10) or (4.3.12), which requires
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the small time step Az, even if the rate of temperature change 7' /9t is small. The
advantage of the implicit scheme is the unconditional stability. The disadvantage is
the relatively complex algorithm which requires solving a system of equations of
high rank, itself requiring the use of computers with a large enough memory. Com-
bining the advantages of the explicit (volume of computations proportional to the
number of mesh nodes) and implicit (unconditional stability) schemes has led to the
development of economical calculation schemes, from which the alternating direc-
tion method is the best for solving two-dimensional, non-stationary problems. For
three-dimensional problems, the splitting method (locally one-dimensional scheme)
is best (Kalitkin 1978; Samarskii 1987, 2001).

The accuracy of a numerical solution is higher, the smaller intervals Ax, Ay
and At are; in other words, the more precise the equation of heat conduction is
approximated. It is recommended to assume the minimal values Ax and Ay in the
areas of high gradients of the temperature field (near the weld), and Ar in the period
of a high rate of temperature change. For example, in the case of beam welding
methods, a mesh with a step of less than 1 mm near the heating source and with a
time step of no more than 0.01 s is recommended.

The method of finite differences can be used to solve problems in a moving coordi-
nate system for a quasi-stationary thermal state (Makhnenko et al. 1969; Pavelic et al.
1969). In the case of a plate, the difference scheme, approximating (3.3.31), has the
form (Karkhin 1990)

2 2 N v b T . 4 1 v T
Ax2  Ay? aAx a) " Ax2  aAx )M

1

ta et

Ay A2 11 1+ Ay2 Tz,j+l =0. (4.3.18)

As an example, let us look at the thermal processes in an infinite plate near a
moving weld pool (Makhnenko et al. 1969; Makhnenko and Kravtsov 1976). The
description of heat transfer in Fourier’s law does not show any noticeable errors at a
sufficient distance from the weld pool but leads to large discrepancies with experi-
mental data near the mushy zone, since the convective flows of liquid metal and other
factors are not considered. The experimental-calculation method is convenient when
the experimental shape and size of the weld pool with isothermal interface (T = T})
are given as input data. Then the problem can be formulated as the following: find
the solution to Eq. (3.3.31) in the finite rectangular area ABCDEFGA (Fig. 4.18)
with boundary conditions of the first and second kinds, whereby the temperature on
boundary ABC is T = T, on GA and CD aT/dy = 0 (since the x-axis is a sym-
metrical axis of the temperature field), and on DEFG the temperature is calculated
according to formula (5.1.81) for a moving line source in a plate, considering that
the source is located at point O. By approximating area ABCDEFGA with a finite
difference mesh and forming equations of type (4.3.18) for all unknown temperature
values at the mesh nodes, while considering boundary conditions, a system of alge-
braic equations is obtained. By solving this system, the temperature at every node
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Fig. 4.18 Distributions of temperature gradient G and cooling rate w along the weld pool contour
ABC in plate (Makhnenko et al. 1969)

is found and, therefore, the cooling rate, temperature gradients, and other charac-
teristics of the temperature field as well. In Fig. 4.18, the dimensions and shape of
a weld pool contour on a 4.5 mm thick titanium alloy plate are given, as are the
calculated curves of the temperature gradient and cooling rate distributions along the
pool contour. The alloy properties are: @ = 3 mm? s~!, A, = 0.02 Wmm~' K~!, T,
= 1913 K. Welding conditions: / = 130 A, U = 14 V, v = 2.22 mm s np = 0.7
(Makhnenko et al. 1969).

From the above, it follows that the main advantage of the FDM is its simplicity.
The main disadvantages of the method are the poor approximation of the curvilinear
region by a rectangular mesh and the need for constant grid steps, otherwise the
calculation scheme becomes more complicated and the inaccuracy of the solution
increases.

The control volume method is close to the FDM in its mathematical idea (Patankar
1980).

4.3.2 Finite Element Method

The finite element method (FEM) has been widely applied in solving complex prob-
lems in a variety of scientific and technical fields. The FEM is devoid of the main
disadvantages of the finite difference method, despite being much more complicated
and requiring more powerful computers. The method has been used since the 1970s
in researching thermal processes in welding (Krutz and Segerling 1978; Negoda and
Karkhin 1977; Nickell and Hibbitt 1975).
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Fig. 4.19 Examples of one-, two- and three-dimensional finite elements

Extensive literature has been published about the FEM (Gallagher 1975; Lindgren
2001a, b, c, 2007; Ottosen and Petersson 1992; Rao 1999; Segerlind 1984; Strang
and Fix 1973; Zienkiewicz 1971; Zienkiewicz and Morgan 1983; Zienkiewicz and
Taylor 2000). However, it mainly examines the method from a mathematical point of
view, which makes it difficult for welding engineers to master. Therefore, all stages
of formulating and solving problems by the FEM related to welding are briefly laid
out below.

The main idea of the method is that any continuous function (for example tem-
perature) can be approximated using piecewise continuous functions defined on a
finite number of subdomains called elements.

Let us illustrate the main idea with an example of temperature distribution in a rod
(Fig. 4.15). The rod is divided into individual elements 1, 2, ..., e, ..., E, bounded
by two neighbouring nodes 1, 2, ..., i, j, ... (Fig. 4.15c). Within any eth element, let
us approximate the temperature distribution using a straight line, whereby points 7’;
and T; uniquely determine this straight line, that is, at any moment ¢ = #;_;, curve
T (x) will represent a piecewise linear function.

In a two-dimensional case, the solid can be divided into plane finite simplex
elements in the shape of a triangle, which are connected to each other by three nodes
(Fig. 4.19 and right side of Fig. 4.17a). The temperature distribution within the
element is now depicted by a plane (Fig. 4.17b). Therefore, at any moment, surface
T (x, y) will be approximated by an assembly of piecewise plane surfaces. Naturally,
in order to best approximate surface 7'(x, y) in a high gradient area (near the weld), it
is necessary to assume the density of elements at its largest (the smallest dimensions
of the elements).

When constructing a discrete model for a one-dimensional region, a segment of
three nodes can be taken, for a two-dimensional area, rectangular element of four or
eight nodes, and for a three-dimensional solid, tetrahedrons and cuboids (Fig. 4.19).
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However, only the simplest elements are used below: one-dimensional elements with
two nodes and triangular elements with three nodes. These elements are theoretically
simple, and any one-dimensional and two-dimensional bodies can be discretised by
them.

Let us return to the example of a one-dimensional temperature field in a rod (see
Fig. 4.15). In general, the heat distribution 7'(x) (the temperature values at nodes 7'y,
Ty, ..., T;, T}, ...) is unknown. Our task is to find it, and do so in a way that the
sequence of values Ty, T5, ... is best approximated to curve 7'(x), which satisfies the
one-dimensional equation of heat conduction. This best possible approximation can
be achieved by varying all temperature values at the nodes to minimize a certain func-
tional which is uniquely associated with the differential equation of heat conduction.
Let us explain the term functional. In mathematics, a function is a relation between
argument x (a set of numbers) and output f(x) (a set of numbers). The term functional
refers to mapping from a space of functions into a field of numbers. For example, in
the case of a function of two variables the following integral is a functional:

af o
X[fx, »]= / F(x, y, f(x,), % %)ds. (4.3.19)
5

Thus, the sequence of defining the temperature field for the FEM is the following:

(1) formulate the problem of heat conduction, that is, define the equation of heat
conduction, and initial and boundary conditions;

(2) choose a functional with the property where the function, at which it becomes
minimal, satisfies both the initial differential equation of heat conduction and
the boundary conditions;

(3) divide the studied region into elements (discretise the region) and choose func-
tions that approximate the sought temperature field within each element;

(4) express the functional through the temperature values at the nodes of elements;

(5) differentiate the functional with respect to every unknown temperature value at
the nodes and equate the derivatives to zero;

(6) solve the obtained system of equations for the unknown temperature values at
the nodes.

The main part of the section will be concerned with all stages of solving this
variational problem.

An important aspect of the FEM is the construction of interpolation functions,
which approximate the sought temperature field within each element. For this func-
tion, let us take a linear polynomial. It is expressed in terms of values at the nodal
points.

For a one-dimensional element (see Fig. 4.15¢), function T has the form

T = o) +oapx. (4.3.20)

Coefficients «; and o, are defined by conditions at nodal points i and j:
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T =T, atx = x;;
T = Tj atx = Xj. (4321)

Setting of these conditions into the formula (4.3.20) leads to a system of equations

T, = ay +axx;;
Tj =a) tazx;, (4322)

by solving this, we obtain the following

Tix; — Tjx; T; - T,
Pl i? it L P Bl (4.3.23)
[ l
where [ = x; — x;.
Substituting values o and a, into Eq. (4.3.20), we have
Tin — zji Tj —_ Tl
T = ; + ; X, (4.3.24)
or in another form
Xj—X X — X
T = ] T: + 7 T;. (4.3.25)
This equation can be written in matrix notation
T =N;T; + N;T; = [N{T}, (4.3.26)

where [N] = [Ni N, ,~] is arow vector; functions N; and N; are called shape functions

N,-:l/l(xj—x); Nj =1/1(x —x;). (4.3.27)

It is characteristic of a shape function to be equal to 1 at the node, whose number
coincides with the subscript of the function, and 0 at all other nodes.

The interpolation function is analogously defined in the form (4.3.26) for a two-

dimensional element. The nodes are numbered counterclockwise in the sequence i,
J» k (see Fig. 4.17). The interpolation polynomial is

T =o; +ox +a3y (4.3.28)
with the nodal conditions

T=T, atx =x;,y = y;;
T=T atx =xj,y =Yyj;
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T =T atx = X,y = Y-
These nodal conditions lead to a system of equations

T = o) + ax; +3y;;

T; = a; +ax; +a3y;;

Ty = o + aoxy + o3 yg, (4.3.29)
the solution of which gives

1
o) = ﬂ[(xj}’k —xey;)Ti + ey — xiv) Ty + (xiy; — x;5i) T s

1
ay = ﬂ[(yj —y)Ti + Ok — ¥ T + (vi — ;) Tk ]

1
a3 = ﬂ[(xk —x)) T + (i = x) Ty + (x; — xi) T, (4.3.30)

where A is the area of triangle i, j, k; it is related to the determinant of the system

Lxi yi
1 X yi

By substituting (4.3.30) into (4.3.28) and bringing the result to the form (4.3.26),
we obtain the following

T =N;T;+ N;Tj + Ny T, = [N{T}, (4.3.32)
where three shape functions have the form

| a; :_xj'yk—)Ckyj,
N; = ﬁ(ai +bix +ciy)where { b; = y; — W,
Ci = Xk — Xj,
| a; = Xk Yi — Xi Yk,
Nf:ﬁ( j+bjx+c;y)where { b; =y — yi,
Cj = Xi — Xk,
| A = X;Yj — X;Yi,
N = ﬁ(ak +bix +cry) where § b = yi — yj, (4.3.33)

Cp = Xj — Xj.

Let us formulate a two-dimensional problem of heat conduction in differential
form with sufficient consideration of welding conditions.
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L.

3.

The non-stationary equation of heat conduction has the form

oT a oT a oT
cop—=—\— )+ —( 2y — ) +gs, (4.3.34)
at ax ox ay ay

where A, and A, are the thermal conductivities in the x- and y-directions; g3 is the
volumetric density of the heat source (sink) power inside the solid, W m3; cp, Ay,
Ay and g3 can be functions of x, y and ¢, that is, the solid can be heterogeneous, and
its properties depend on temperature. The equation is applied both to isotropic
(Ax = X,) and anisotropic (A, # A,) solids.

Initial condition (¢t = 0):

T(x,y,0) =Ty(x,y). (4.3.35)

Boundary conditions:

(a) ona part of the boundary surface S, conditions of the second and third kind
are given

oT oT
AM—L+A—l, —qp+a(T —Ty)=0; (4.3.36)
ax S dy
(b) on a part of the boundary surface S, conditions of the first kind are given

T =Ts; (4.3.37)

the union of §; and S, forms the full boundary S. Here, [, [, are the direction
cosines of the outward normal; ¢, is the heat flux density on surface S
(positive if heat is introduced), W m~2; « is the coefficient of surface heat
transfer; T, is the ambient temperature. If both quantities ¢, and « are equal
to zero on boundary S, then the equality (4.3.36) is reduced to the equation

oT aT
Ay— + A

—1, =0, 4.3.38
0x J dy Y ( )

which reflects the lack of heat transfer over boundary §;. In the case of an isotropic
solid, the last equation can be written in the form

AT /an = 0, (4.3.39)

where 7 is the outward normal to the surface.

From a practical point of view, the problem (4.3.34)—(4.3.37) is sufficiently com-

plete to describe thermal processes in welding. For example, by using the volume
source g3 the heat input due to molten filler metal, the released heat during the pas-
sage of an electric current, the heat of melting and solidification, etc., can all be
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modelled. When examining half of the symmetrical cross-section of a butt joint (see
Fig. 4.17a), the boundary condition (4.3.36) can be used to describe heat transfer (g
=0, o > 0) on surfaces BCDE and OF, and the thermal insulation (¢, = 0, « = 0) of
boundary OAB. At the conditional boundary EF, sufficiently far from weld ABCA,
the condition (4.3.37) can be given, by calculating the temperature using analytical
formulas, for example, formula (4.2.42); the input quantities g5, g3, @, T, T's and the
surface can change in the welding process of heating and cooling. Although a welded
joint is considered isotropic as a rule, the differences between thermal conductivity
Ax and A, are defined below.

Equation (4.3.34), along with boundary conditions (4.3.35)—(4.3.37), uniquely
determines the problem. It serves as a starting point in solving the problem by the
FDM. The FEM is based on a variational approach. In calculus of variations it is
established that the solution to (4.3.34) with boundary conditions (4.3.36) is equiv-
alent to finding the minimum of the functional

X_f L aT2+1A 0T\ _ . T\ |,
)2\ ) TGy B )14
\%4
1
+/ |:—q2T+§a(T—Too)2]ds. (4.3.40)
S

Let us show this. Present the functional in the form

X = / F(x,y,T,0T/ox,0T/dy)dv + / f(x,y,T)ds, (4.3.41)
v S

where F and f are the integrands in (4.3.40):

Fo L, (0T 2+1x 0T\ _ aT\ .
— 2%\ ox ) T2 %y Bl )

f==¢T+1/2a(T — Tx)". (4.3.42)

The infinitesimal changes in F (x, y) and f(x, y) correspond to a variation of the
functional

§X = V/ |:g—1;8T + ﬁa(w/m) + %S(M/ay)]dv

+/ <%8T>ds. (4.3.43)
oT
s

Since §(3T/dx) = 3/9x(8T) and §(3T/dy) = 8/dy(8T), then
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oF oF a oF
60X = — 0T+ ———————OT) + ) |[dv + —8T
aT (0T /dx) ox 8(8T/8 ) 8y
4 s
(4.3.44)
Let us integrate by parts the second term in the first integral:
oF a oF a oF
/—() /——STdv—/——STdv
0(0T/dx) 0x dx | (0T /0x) ox [ d(dT/ox)
4 14
(4.3.45)

and apply the Gauss’s theorem

aF oF ] IF
/— 6T)dv = /—STlxds—/—[—:ISTdv.
(0T /dx) ox 0(0T/dx) dx [ 0(0T/ox)
4

(4.3.46)

By analogously transforming the third term in the first integral (4.3.44) and by
combining the results of integration, we obtain the following

aF 9 aF 3 aF
T  ax|a@T/ax)| ay|a@T/ay)
|4

oF oF _of
N / { I + I+ }8Td (4.3.47)
0T/ ax) " 8@T/ay) " " aT

Functional X takes a minimum (stationary) value if its variation is equal to zero,
dX = 0, which in turn happens only when the expressions in curly brackets in both
integrals (4.3.47) reduce to zero:

oF _ i[L} _ E[L} —0: (4.3.48)
9T x| 8dT/ax)| ay|a@T/ay)
Y oF . of

I + =0. (4.3.49)
33T /3x) 8(8T/8y) Tar

Each summond is found separately by differentiating the integrand functions
(4.3.42):

BF oT
8T cp 91 qs;
oF oT oF oT

e = A e = Ay
a(dT /ox) dx  9(0T/dy) ay
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g—]; =—qr+o(T — Ty). (4.3.50)

The substitution of these expressions in (4.3.48) leads to (4.3.34), and in (4.3.49)
to (4.3.36).

So, function 7', resulting in the minimal value of the functional (4.3.40), should
satisfy the differential equation of heat conduction (4.3.34) and boundary condi-
tions (4.3.36). Initial (4.3.35) and boundary conditions of the first kind (4.3.37) are
considered later.

Let us minimise the functional (4.3.40) using a set of approximating functions,
each of which is defined on a separate element and expressed through values at nodes
{T}. Since the nodal values determine the quantity of the functional, the minimisation
should also be performed using these values. To this end, the integrals (4.3.40) are
divided between individual elements, and the temperature distribution 7 within
each element is expressed by its values at nodes {7'}:

X = Z X, (4.3.51)

where E is the total number of elements, and ¥ (© is the contribution of each element

in X:
O @\ ?
X(e):/ l)”;e) T +l)‘(ve) T "
2 ax 27 ay

v
aT®
— | TO¢ — cp©@—— |dv
/ I:% 0 Py
v
1
- / @' T ds + / 5og<f>[(T<e>)2 — 2T, + T;]ds. (4.3.52)
S(e) S(e)

Here, the superscript (e) indicates that the quantity belongs to the given element e.
It can be seen that the properties of elements can differ by A,, A, co and «, that is, a
welded solid can be heterogeneous. The superscript (e) of these coefficients, as well
as of ¢, and g3, are omitted below for ease of notation.

Let us write Eq. (4.3.52) in matrix notation. To do this, the following matrix and
the gradient vector for the element are introduced

(D] = [ - A)} (43.53)

dy

T
g9} = { KN } (4.3.54)
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By substituting (4.3.32) into (4.3.54), we have

3]\]’(“) k] N}g) bl Nkm T;
{8} = 37\1?‘” a%ﬁ"’ azdv)k?n T; =[BT, (4.3.55)
dy ay ay T}

where the matrix [B] is obtained by differentiating shape functions (4.3.33)

1 Th b
B© — ﬂ[”l bj by ] (4.3.56)
Ci Cj Ck

Now the integrals (4.3.52) can be written in matrix notation taking into account
(4.3.32), (4.3.53) and (4.3.54)

X(e) _ f 1/2{T}T[B(e)] T[D(e)] [B(e)] (T}dv — / qS[N(e)] {T}dv
Ve Ve

+ f er V] 1) (V) f [N©] (T)ds
140 S

+ f 1/2aATY [NO] [NO](T)ds — f aTw[N]{T}ds
S NG
+ / 1/2aT2ds, (4.3.57)

S

since according to matrix algebra

aT@\> AT\’
NELINCE

X ay
= ([BOYTY "[D] ([BONUTY) = (T} [B] [D][BOT}  (43.58)

and [N®] is only a coordinate function and does not depend on time:

aT® 0

= (VN =[5

o{T}
ot ot ’

at

(4.3.59)

Superscript T signifies a transpose of the matrix, that is, the operation when the
matrix row forms a column and the column forms a row.

So, the functional has been expressed through the temperature at the nodes. The
minimisation of functional X with respect to the temperature at the nodes leads to
the equation
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ax
g
= E E
X a1 9 ax©
oy~ | [ e ;x ; o(T) (4360
The partial derivatives ‘;?—;; are found by differentiating the expression (4.3.57):
9y ©
o = [ BT 01— [ a[veT an
v Ve
o{T
+ / C,O[N(e)]T[N(e)]dU % _ /412[N(e)]Tds
(e Ste)
+ / «[NO] [NO](T)ds— / aTo[N©]" ds +0, (4.3.61)
S NG

since in accordance with the rules of differentiation of matrix products

N©
a e a e e e le e T
g VNI = 5o (NOT + NOT - MO ) = NP T
k
(43.62)
?
ﬁ({T}T[M]{T}) = 2[M(T}, (4.3.63)

where [M] is the matrix or matrix product, independent of {7 }.
The sum of integrals (4.3.61) is written in a more convenient matrix notation

3X(e) [
8{T} - [C ]

atr)

o KON = {1}, (4.3.64)

where [c(®)] is the heat capacity matrix; [k(“'] is the matrix of thermal conductivity
of the element; {f'} is the heat load vector:

[9] = f eo[NO) [N©]dv;

Vv

k] = f (8] [D][B]dv + / o[ NO) [N©]ds:

4G S
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T T T
[F@) = / g:[N] dv+ / @[N] ds + / aTu[N“] ds.  (4.3.65)
Q] S(e) S(e)

Let us calculate all these matrices for a triangular element:

N;N; N;N; N;N; % 211
Ve NiN; NyN; NiNy 112
b; ¢; -
1 i Ci 1 b
[k©] = / L s Ay O | 1 Fbi by by dv
2A 0 Ay |2A[cicjc
Ve by ¢k :
N;N; N;N; N;N;
+/Ol NjNiNijNij ds
5@ NiN; NyN; NiN
aoh b,‘b,‘ b,‘bj b,‘bk Aok CiCi CiCj C,‘Ck_
="\ bibib;b; biby |+ -] cici cic; cick
4A P e B 4A P A A
by b; bkbj biby CiCi CkCj CkCk |
20 A 211 a;Lijh 210 oL jich 000
112 000 1012
oy Liih 201
z 000 |; (4.3.67)
102
N; N; Ni
{f(e)}: / q3| N; dv+/q2 N ds+/otToo Nj |ds
Ve N 5@ Ni 5@ Ni
3V ! @A "UoaLign | U e | © qoki Liih
=111+ 1+7’2’ 1+%1+#
1 1 0 1
20T A l a;jTooLjjh ! ajrTooL jkh 0 opiTooLgih l
*— + > J + > J +% 0
1 0 1 1
(4.3.68)

Here V = Ah is the volume of the triangular element. The subscripts at length L,
q» and « signify the sides of the triangle to which these quantities pertain; ¢, and «
without subscripts refer to facial surfaces (2 is kept at «, if the heat transfer from both
sides is identical, otherwise 2« should be replaced with the sum of coefficients on
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both surfaces). In deriving formulas (4.3.66)—(4.3.68), the following integral values
were used (Segerlind 1984):

4 =
/N;deA:{gatl m,
Zatl #m;

/N L’fatl_iorl_j,
! Oatl #iorl # j;

/NNdL— %atl:iorl:jandm:iorm:j,
1Nmd L= Oatl #£iorl # jandm # iorm # j;

/N;dA = A/3atanyl,

/NdL— Faul=iorl =, (4.3.69)
T oatl £iorl £ . >

Substituting expression (4.3.64) into (4.3.60), a final system of differential equa-
tions for the temperature at the nodal points of the whole assembly of finite elements
is obtained

E
B{T} Z( (], + Kl - {f(e)}> =0 (4.3.70)

e=1

or
NT
[C]% +[KUT} = {F}, (4.3.71)
where
E E E
Z [¢“] Z [£]; {F}:Z{ e} (4.3.72)
e=1 e=1 e=1

The terms of Eq. (4.3.71) have the dimension of power (W).

In order to obtain the values {7} in time, the linear differential equation (4.3.71)
must be solved. There are different pocedures for solution; the simplest, FDM, is
chosen (see Sect. 4.3.1).

Equation (4.3.71) is considered in the middle point #;_/, of the time interval (¢;_1,
t;) with the length of the interval Ar. Analogous to expression (4.3.6), we obtain the
following
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(@) _ {Th —{Th-:
k=172 ’

at At
Tl = Th+ The +2{T}k_1 ; (4.3.73)
F F
(Flp = {F} +2{ }k71_

Substituting expressions (4.3.73) into the differential equation (4.3.71) gives

1 1 1 1 1 1
E[C]{T}k — —[CUT}—y + E[K]{T}k + E[K]{T}k—l = E{F}k + E{F}k—l

At
(4.3.74)
or
[K|TY = {F}, (4.3.75)
where
[K] =K1+ ZICl; } 376
[F) = (Z1C1 = [KI/{Ty + (Fhy + {Fliy- (4.3.76)

The resulting Eq. (4.3.75) is fundamental. Considering the temperature at the
nodes at the previous moment #;_; is known, the temperature at the nodes at the
current moment #; can be obtained using this equation. At the first stage (k = 1), the
initial conditions (4.3.35) are taken into account. In this case, the temperature at the
nodes {7} is taken as the temperature at the previous stage (k — 1 = 0) according
to given function T'y(x, y).

Until now, one of the boundary conditions of the problem has not been considered,
namely: condition (4.3.37). Let us take into account the known temperature values
at the boundary nodes at this stage of the solution, modifying the matrix [K | and
vector {f} in Eq. (4.3.75). For example, if the temperature at a node with number
n is given by T,, = a, then the row n in [K], {T}, {F} and column n in [K] are
eliminated, and the product Emn xa(m =1,2,...), where k,,, is the element of the
matrix [K |, is subtracted from every element F,, of the inhomogeneous vector { F}.

After this kind of modification, matrix [f] remains symmetric and banded. The final
formulated system of Eq. (4.3.75) can be solved by any known method, for example,
by the Gaussian elimination. It is necessary to solve this system at each stage of time
tracking.

Thus, all stages of solving two-dimentional problem of heat conduction by the
FEM in welding have been examined. A general flowchart of the programme com-
piled on the basis of the above algorithm is shown in Fig. 4.20.
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/ Input data 7
v

‘ Finite-element discretisation of the structure ‘
v

43.| Begin time step loop |
3

i>| Begin element loop |
5

v
Calculation of the matrices for an element

[C‘M], [k(e}]’ {f(f)}

Including the element matrices [¢'], [£], {f'"}
in global matrices [C], [K], {F}

Last element?

Yes
| Formation of the system of equations [K] {7} = {F} |

v
Transformation of the system of equations
[K] {T} = {F}for taking into account
the boundary conditions

v

10|  Solution of the system of equations [K] {7} = {F} |
v

Output of results

No

Last time step?

< End >

Fig. 4.20 Flowchart for an incremental finite element programme (Karkhin 1990)
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@ (b) Y N
g=6Wmm" | a= 610" W mm~ K
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]
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K2 k4

X i) i) i3)

Fig. 4.21 Example of calculating the temperature in welding of a plate (Karkhin 1990): plate (a);
separated strip across the weld (b); subdivision of the strip into finite elements (c); finite elements
with nodal numbers (d) and temperature distribution in the finite elements (e)

After an abundance of formulas and mathematical calculations, it is best to con-
sider all stages of solving the problem using a simple example which imitates welding
conditions in a very simplified manner.

Example 4.3.1 Suppose a 10 mm plate is being welded (Fig. 4.21a). The material of
the plate is homogeneous; thermal conductivity is A, = A, = A =0.04 Wmm~! K~!;
volume-specific heat capacity is cp = 0.0048 I mm—3 K~!. We select a 1 mm thick
20 mm x 10 mm transverse strip from the central zone of the plate (Fig. 4.21b).
Suppose in the upper half of the strip, which imitates a single-run weld and is shaded
in the figure, a volume heat source with a power of g3 = 6 W mm™ is active. We
assume the front and back surfaces of the strip to be heat-impermeable (o« = 0), on
the upper and lower surfaces there is a heat transfer to the medium with coefficient
o =6 x 10> W mm~2 K~!, and on the side, a temperature is given according to
function (4.2.42), which simulates an ideal contact of the selected strip along the side
with the remaining part of the plate. There are no additional surface sources along the
entire surface (¢, = 0). The initial temperature is T = 0 K. The ambient temperature
is T, = 0 K (taken as the origin). It is required to determine the temperature field
in a strip 1 s after the start of the action of the heat source.

All operations are numbered in sequence according to the numbering of blocks
in Fig. 4.20.

1. In the condition of the problem, initial data is formulated (geometry of a solid,
material properties, heating mode, initial and boundary conditions).

2. The solid is subdivided into elements. Since the solid and the temperature field
are symmetric relative to plane x = 0, only the right side is considered, assuming
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the plane x = 0 as an adiabatic boundary (¢ = 0). For the ease of calculation,
this side is divided into only two triangular elements with four nodes, but in such
a way that the difference between the numbers of the nodes of the element is
minimal (Fig. 4.21c). The element thickness is /") = A = 1 mm; the area A"
= A® = 50 mm?; the volume V¥ = V@ = 50 mm?>. The nodes of each element
are numbered counterclockwise with the letters i, j, k, whereby the first node i
can be chosen arbitrarily (Fig. 4.21d).

3. The entire heating period given is represented in the form of only one interval,
At =1s.

4. Sequentially, all matrices are calculated for elements 1 and 2.

5. The heat capacity matrix for element 1 is calculated according to (4.3.66):

Cii Cij Cik 211
cpV

(V] = | ciicjjen | = T | 12!

Cki Ckj Ckk 112
211 0.04 0.02 0.02

0.0048 - 50
T — 121 | =10.020.040.02 |. 4.3.77)

112 0.02 0.02 0.04

Here, the numbering system of nodes i, j, k can be understood as a local system.
The thermal conductivity matrix [kD] at condition A, = A y=Arandajp = o =
0 according to formula (4.3.67) equals

k,’,’ k,’j kik A b,’bi +cic; bibj +Cicj bibk-f-C,'Ck
[k(l)]: kj,' kjj kjk bjbi+CjCi bjbj+CjCj bjbk'l'CjCk

ki kkj ki 44 byb; + crc; bkbj + CkCj byby + crcx
210
ijLijh
+ “’T-’ 120 |. (4.3.78)
000

The constants b and ¢ are calculated according to formulas (4.3.33), and for
element 1 (Fig. 4.21d) equal

bi=yj—yk=0—10=—10;ci=xk—xj=10—10=0;
b=y —y=10-0=10; c¢;=x;—x=0-10=—10; (4.3.79)
by=y,—y;=0-0=0; cr=x;—x; =10—0=10.

The substitution of the resulting numerical values b and ¢ and the length of the
lower side of triangle L;; in (4.3.78) gives

0.04.1[ 10040 =100-0 =040 14510, [210
[k“)]zm —100—0100+1000—100 |+ ————""| 120
' —0—-0 0—100 0+ 100 000
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0.02 -0.02 O 0.0002 0.0001 O
= —0.02 0.04 —0.02 | +| 0.0001 0.0002 O
0 —-0.02 0.02 0 0 O

[ 0.0202 —0.0199 0
=1 —0.0199 0.0402 —0.02 |. (4.3.80)
0 —-0.02 0.02

It can be seen that the matrix is symmetric.
The thermal load vector at moments k — 1 = 0 and k = 1 for element 1 is
determined by formula (4.3.68)

: 0
P ={r"=1r"1=30¢ 43.81)
0

since for element 1 g3 =0, g =0and T, = 0.
All matrices for element 2 are determined analogously:

[0.04 0.02 0.02
[¢?] =[c"] =] 0.020.04 0.02 |,
[ 0.020.02 0.04

bj=0,b; =10,by = —-10,¢; = —10,¢; =0, ¢, =10, Lj; =10, (4.3.82)

[ 0+100 0—-0 —0-100

0.04 - 1
[k®] = 250 | 0-0 100+0 —100+0
| —0— 100 —100 +0 100 + 100
6.10-5.10.1]000 002 0  —0.02
t————| 021 |=| 0 00202 —00199 |, (4383
012 —0.02 —0.0199 0.0402
1 100
6-50
{f<2>}0:{f<2>}1:_3 1¢=1100¢, (4.3.84)
1 100

since g3 = const.

6. The global matrices for the system of elements [C], [K] and {F'} are compiled
by summing the corresponding element matrices [c¢(®], [k(“] and {f(¢}. This
procedure is considered in detail when calculating [C].

The size of matrix [C] is determined by the total number of nodes:
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€11 €12 €13 C14
€21 €22 €23 €4
[C]= . (4.3.85)
€31 €32 €33 C34
C4] C42 €43 C4q

Every element c,,,, of matrix [C] is the sum of corresponding elements of matrix
[c®] according to (4.3.72). In the case under consideration, the matrices [¢P] and
[¢®] in the numbering system of nodes i, j, k are known. Inclusion of [¢'"] and [¢¥]
into [C] in the global numbering system of nodes can occur with the help of relations
i=3,j=1,k=2forelement 1,and i =3,j =2, k =4 for element 2 (see Fig. 4.21d).
Thus, we obtain the following:

?+o §”+0 §”+0 0+0
2
()+0 (k)+c(2) () (2)0+ (2)

Cl= O] = [¢DO] 4+ [c@] = | €k €k
[C] ;[C =[]+ [?] {)+Oc(1) d) <1)+c(2>0+ o
0+0 0+c9 (H-;>0+c$

[0.04+0 0.02+0 0.02+0 0
0.02+00.04+0.04 0.02+0.02 0+ 0.02
0.02+00.02+0.02 0.04 +0.04 0+ 0.02

L 0 0+0.02 0+0.02 0+0.04

70.04 0.020.02 0
0.02 0.08 0.04 0.02
~10.020.040.08 002 | (4.3.86)

. 0 0.020.020.04

It can be seen that matrix [C] is symmetric and banded; beyond the bandwidth of
four diagonals the elements of the matrix equal zero. The bandwidth is determined
by the maximum difference in the node numbers for an element.

Analogously, let us include the matrices [k] and {f®’} into the global matrices,
as a result of which we obtain the following

) 0.0402+0 —-0.02+0 —-0.0199+0 0+0
Z [k(e)] _ —0.02+0 0.02+0.0202 0+0 0—0.0199
—0.0199+0 0+0 0.0202+0.02 0-0.02
0+0 0—0.0199 0-0.02 0+0.0402

0.0402 —0.02 —0.0199 0
—0.02 0.0402 O —0.0199
| 00199 0 0.0402 -0.02 |’ (4.3.87)

0 0.0199 —0.02 +0.0402

(K] =

e=1
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Fi . flj”+0
P, () f(2)
{F}y = = @1 —

0 F; ;{f }0 f<1> f<2)
FJ, 0+ £ .
0+0 0
0+ 100 100
0+ 100 100 AFh ={F} (4.3.88)
0+ 100 100

7. The global matrices [C], [K] and [F] are formed taking into account all (two)
elements.

8. With the help of the calculated matrices [C], [K], {F'}o and {F '}, according to
formulas (4.3.76), a system of Eq. (4.3.75) is finally formed:

[E{T}l = {f}, (4.3.89)
where

0.0402 —-0.02 —-0.0199 0
[f] _ —0.02 0.0402 0 —0.0199
—0.0199 0 0.0402 —-0.02
0 —0.0199 —-0.02 0.0402

0.04 0.02 0.02 0 0.1202 0.02 0.0201 0
,2]002008004002 | _| 002 02002 0.08 00201 |,
11 0.020.040.080.02 | | 00201 008 02002 0.02 |’
0 0.020.020.04 0 0.0201 002 0.1202
(4.3.90)
0 0 0 0
_ 0 100 100 200
Fl=1, 100 [ ) 100 [ = ] 200 (4.3.91)
0 100 100 200

It can be noticed that the matrix [K | is a symmetric, banded, positive definite
matrix. Positive definiteness signifies that all elements on the main diagonal are
positive. The listed properties of the matrix make it ideal to use in computer
technology; the solution of such a system of equations is existent and unique.

9. Let us present the system of Eq. (4.3.89) for unknowns T, T, T3, T4 in
expanded form:
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0.127, + 0.027, + 0.020173 =0

0.027; +0.20027, + 0.0873 + 0.020174 = 200
0.02017; + 0.087, + 0.200273 + 0.0274 = 200
0.02017;, + 0.0273 +0.12027; = 200

(4.3.92)

In fact, the temperature at nodes 1 and 2 is given according to the condition
of the problem. According to Eq. (4.2.42), it equals 61 K at 0 =2 x 300 J
and p = 2 mm. The system of equations is transformed, taking into account
these boundary conditions. To do this, let us set 7y = 61 and T, = 61 into the
system (4.3.92), eliminate the first and second equations, and exclude the first
and second columns of the remaining equations, rearranging them to the right
side of the system. In the end, a transformed system of equations for unknowns
T5 and T4 is obtained:

0.200275 + 0.027, = 193.8;
0.0273 + 0.12027, = 198.8. (4.3.93)

10. The solution to the transformed system of equations is 73 = 817 K, T4 =
1518 K.

The temperature distribution in the selected strip can be constructed with the
known temperature values at the nodes (Fig. 4.21e). Based on the possibility of a
manual calculation, a cross-section was very roughly divided into elements which,
naturally, led to very rough results. Such a class of two-dimensional problems requires
discretisation into several hundreds and even thousands of finite elements, while the
time interval At should be assumed as equal to fractions of a second (Goldak et al.
2011).

Schemes of concentrated heat sources are very popular among welding
researchers. Let us examine a triangular element of thickness # with a concentrated
heat source g, = g/h (W m~") at point x, yo (Fig. 4.22a). The power distribution of
such a source is described using the 3-function (1.2.6):

q3(x, y) = q/hd(x — x0)8(y — o). (4.2.94)

Then the first integral in (4.3.68) considering the property of the 3-function (1.2.7)
is

N; N; (x0, o)

f ¢:[N9] T dv = / gy N; {8(x — x0)8(y — yo)dxdy = q{ N;(xo, Yo)

Ve A© Ny Ni(x0, yo)
(4.3.95)

The rest of the terms in Eqs. (4.3.66)—(4.3.68) remain unchanged.
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Fig. 4.22 Concentrated heat source in the finite element (a) and a two-dimensional axisymmetric
(toroidal) element of an axisymmetric solid (b)

Let us briefly consider the particularities of calculating the temperature field in
bodies of revolution, which make up a large class of welded structures (pipes, cylin-
ders, shells, etc.; Fig. 4.22b). If the material properties, distribution of volumetric
sources g3, initial and boundary conditions do not depend on the circumferential
direction (azimuth angle #), then the temperature field is axisymmetric.

The calculation of the axisymmetric temperature field can be reduced to the
already analysed plane problem if x is understood as r, and y as z, and if the thick-
ness of the element is taken as a variable and dependent on radius r, h = 27r. In
this case, the integration of formulas (4.3.66)—(4.3.68) when calculating the matrices
[c®], [k“] and {f'®} becomes more complicated (Segerlind 1984), insomuch as
thickness 4 is not factored outside the integral sign. If the area of the elements is
sufficiently small, then the element thickness can be considered constant and equal
to its thickness at the centre of the element with the coordinate ¥ = (r,- +rj+ rk) /3
(Fig. 4.22b). With this approximate approach, the form of formulas (4.3.66)—(4.3.66)
is retained if thickness 4 is understood as quantity 277.

The accuracy of the FEM is estimated in the example of the manual arc welding of
5 mm rectangular low-carbon steel plates (Fig. 4.23a) (Negoda and Karkhin 1977).
Welding conditions: ¢ = 3270 W, v = 4 mm s, the concentration factor of the
normally distributed circular source C = 1.8 x 10~ m~2. The problem was solved
by dividing half of the joint into 84 triangular elements. The time step was At =
0.5 s. The temperature was also calculated using formula (5.2.110) for a moving
normally distributed source in a bounded plate. As can be seen in Fig. 4.23b, the
deviation of an approximate numerical solution of a linear problem from the exact
analytical solution, when A, a, cp and « are assumed as constants, is insignificant
(<3%) even with a relatively small number of elements and a large time step At,
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Fig. 4.23 Finite element discretisation of a rectangular plate (symmetry half) for numerical analysis
(a) and the temperature distribution curves at distance y from the centric weld line at the end of
welding (¢, = 20 s) (b) (Negoda and Karkhin 1977)

which characterises the high accuracy of the FEM. The solution can differ if the
problem is formulated as non-linear, when the temperature dependence of A, cp and
« is taken into account.

Computer programs for solving problems in welding have been developed on
the basis of the FEM (Goldak et al. 2001; Goldak and Akhlaghi 2005; Karkhin
1995; Kurkin et al. 2002; Lindgren 2007; Makarov et al. 2002). Algorithms used
in commercial programs, for example, in Ansys, Marc, Abaqus, and Sysweld, are
based on FEM. Initially, the codes Sysweld were focused on problems in welding
because it allows many (though not all) particularities of the welding process to be
considered. When solving three-dimensional welding problems of heat conduction
with a present-day computer, tens of thousands and more finite complex elements
are used. The required accuracy of the solution to the problem gives the number and
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types of finite elements and is practically determined both by the accuracy of the
input data and by the further use of the calculation results (Goldak et al. 2007).

4.3.3 Boundary Element Method

Physical, mechanical, and chemical processes proceed in the solid metal around
the moving molten weld pool during the fusion welding. These processes affect
considerably the local microstructure and mechanical properties of the weld metal
and heat affected zone. In order to analyse these processes, data on the properties
of the temperature field (peak temperature and temperature gradient, heating and
cooling rates, etc.) is required. The direct measurement of these parameters involves
complex experiments. Application of merely computational methods leads to the
great difficulties with the description of the heat source and workpiece interaction
and heat transfer in the molten weld pool (Kumar et al. 2005).

The inverse modelling of thermal processes based on available information about
the weld, heat affected zone, thermal cycle in individual points, etc. is an efficient
strategy. If the molten pool geometry is known, the temperature field in the solid part
of the workpiece can be determined using the boundary element method (BEM).
Using this method when solving such problems is really successful for its special
feature, namely, the decrease in the problem dimensionality and simple allowance
for large weldments (Banerjee and Butterfield 1981; Brebbia et al. 1984; Hang and
Okada 1993; Karkhin et al. 2016; Karkhin et al. 2017a, b; Wrobel and Brebbia 1992).

Let us consider the BEM with the following assumptions: the object under study
is a solid part of the homogeneous infinite plate of constant thickness /; thermo-
physical properties (thermal conductivity A, thermal diffusivity a, heat capacity per
unit volume cp; upper and lower surface heat transfer coefficients «; and o) are
temperature-independent; the weld pool moves along the x-axis with the constant
speed v (Fig. 4.24); coordinates and temperature of the pool boundary I" are known
and constant (temperature field is steady in the moving reference frame); the heat
energy is introduced only through the weld pool; initial and ambient temperatures T
are constant. Then the two-dimensional heat conduction equation for a thin plate with
constant temperature across its thickness in the moving coordinate system becomes
similar to (3.3.31):

*T 3T T
( ) gl N ER e o, (4.3.96)

—_— + —_—
axz  0y? rr AR
The boundary conditions for the solid (Fig. 4.24a):

T (x,y) = Ts, if x and y belong to the boundary of the pool T; (4.3.97)
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T(£o0, y) = T(x, £oo) = Ty, (4.3.98)
where T's is the solidus temperature.

Three-dimensional heat conduction Eq. (3.3.30) for a thick plate (slab) without
inner sources and sinks (g3 = 0) takes the form:

2T 3T  9°T aT
a + = 0. (4.3.99)

—t—+— — =
oxz  0y? 972 e
The boundary conditions are as follows (Fig. 4.24b):

T(x,y,z) =Ts, ifx, y, and z belong to the pool interface I'; (4.3.100)
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T(£o0, y,z) = T(x, £00, z) = Ty; (4.3.101)

oT
Aa—(x, v,0) =a (T —Tp) heattransfer at an upper surfacez = 0; (4.3.102)
Z

oT
ka—(x, vy, h) = —ap(T — Ty)  heattransfer at alower surface z = h. (4.3.103)
z

We shall first consider the two-dimensional problem (4.3.96)—(4.3.98) exemplified
by the thin plate welding using a moving source of heat (Fig. 4.24a). A closed I'-
boundary with the set solidus temperature 7's separates the solid part of the weldment
S from the liquid and mushy parts L. We shall use the BEM for the homogeneous
domain S (Banerjee and Butterfield 1981) and expand the domain S up to infinite
domain § + L made of the same material. Then we introduce the fictitious heat
sources with unknown linear power density (source power per unit length) g; (£, 1)
into the I'-curve within the infinite domain S + L using the £ and n coordinates for
the corresponding sources on the I'-curve. The origins of x, y and &, n systems are
congruous (Fig. 4.24a). Let us apply the method of sources (see Sect. 4.2.1.1). Now
a temperature increase at any point can be defined by the cumulative effect of all the
fictitious heat sources along the curve I'(¢, n) (Karkhin et al. 2016, 2017a, b):

T(x,y)—Ty= /th(é, mG(x, y, & mdl(E, n), (4.3.104)
r

where G(x, y, &, n) is the fundamental solution (Green’s function) to the basic dif-
ferential equation (4.3.96) for the solid homogeneous infinite plate:

1 v
Gr.y. 6.1 = 5——exp(—5-(x =)
x Koy lr =7 + (v = 1"2):
w=[1+4a(a; +az)/(cphvPH)]'/?, (4.3.105)

where Kj is the modified Bessel function of the first kind of order zero (Fig. 3.14a),
u is the coefficient of the surface heat transfer influence. Green’s function conforms
to the temperature at point x, y due to a line source of unit power acting at point €,
(Sect. 5.1.3.4).

To determine unknown function g (&€, n) in (4.3.104), the temperature on the I"-
curve at the infinite domain S + L is to be equal to Ts at boundary I" of the domain
S:

1 v
s [ e mexn(5oi - 0)

r
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v N2 o \2q172 _ _ 4
x Ko MZ[(X E) +(—m 17 )dlE,n) =Ts(E,n) —To (4.3.100)

Local Ty temperature varies in some cases, e.g. if base and weld metals are
dissimilar or there is a dependence of liquidus temperature on local concentration of
liquating elements non-uniformly distributed along the pool tail boundary.

Actually, it is impossible to find the exact solution to integral Eq. (4.3.106) for
function g1, therefore, approximate methods are to be used. Hereby, the closed curve
can be approximated by a piecewise polynomial curve (a continuous chain of bound-
ary elements), while the linear power density of each element—by a polynomial dis-
tribution. Let us consider a simple computation scheme: a pool boundary is divided
into N rectilinear boundary elements (Fig. 4.24a) and linear power density of the
fictitious source ¢y, along each element is constant:

N
Gm _
Gim = Z,;q,ﬂ =gq, (4.3.107)

where g, is the source power in element m, [, is the mth element length, ¢ is the
total power of all elements (or effective power of the welding source if to neglect the
pool surface heat transfer).

The position of each mth element is described by the equation of the straight line
which connects terminal points x,,, ¥, and X1, yim+1 (Fig. 4.3a):

Y = kX 4 by = 2L TV YL T (4.3.108)

Xm+l — Xm Xm+l — Xm

Therefore, we replace unknown continuous function ¢ (¢, n) in Eq. (4.3.106) by a
piecewise-constant function (a series of unknown function values ¢q;1, g12, ..., gin)-
These unknown values are found from the condition that the total temperature at the
midpoint (node) of each element C,, (n = 1, ..., N) due to each source g,, (m =1,
..., N) is equal to the prescribed temperature T's,,. As a result, we have the system
of N linear equations with respect to unknown values g,. Each equation n takes the
form:

1 N v
2k ;qlm/eXp<—Z(m - Sm))

Cin
v
x Ko -lc, = )" + O, = 1)1 )G 1)
= Ts, — T, (4.3.109)

where x¢,, yc, are the coordinates of node C,,. Taking into account properties of the
line integral of the first kind, we transform Eq. (4.3.109):
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Km+1

zﬂthlm(sz)'”/exp(—%(xc,l—s))

Xm

1/2
% Ko(ug-{(re, = €7+ e, = (né + .01} ) a
:TS,,—TO, n=1,...,N. (4.3.110)
The derived system of Eq. (4.3.110) for g;, (n = 1, ..., N) can be solved using

the known methods. The temperature in any point x, y inside the solid can be found
by a common integration:

Km+1

Zq1m<1+k2)‘/2 [ exp(- 5o~ 9)

Xm

x Ko(am{(e = &P +1y — (kn +b,)P} ) a5, @3.111)
2a

Ty —To=5—=

A formula (4.3.111) allows calculating all properties of the temperature field (peak
temperature, temperature gradient, cooling rate, etc.).

Further on, let us consider the problem of heat conduction for a thick plate (slab)
with a three-dimensional temperature field. The algorithms of solving two- and three-
dimensional problems are the same.

Applying the source method (Sect. 4.2.1.1), the solution to the problem
(4.3.99)—(4.3.103) will be the following:

T(x, ) 2)—To = /.512(57 n, %')G(X, Y, 2, §, n, é‘)d[‘(sa n, é‘)v (43112)
r

where I" is the two-dimensional interface of the weld pool with the given solidus
temperature Ty (Fig. 4.24b); g2(§, n, ¢) is the unknown distribution of the
plane power density on the inner surface of the pool I'" at the infinite domain
S+L;G(x,y,z &, n, ) is the fundamental solution to the basic differential equa-
tion (4.3.99). With no surface heat transfer (the assumption «; = v, = 0 is valid for
the thick bodies) Green’s function becomes the following (see Sect. 5.1.3.2):

v(x—€)>

1
Gx,y,2,8§n80)=—— ey eXP<— 2

> 1 URiy'
X% o)
Rij =[x =&+ —n*+@—j¢—2ih1"  (43.113)

Allowing for the surface heat transfer (when «; 7 0 and/or @, # 0) Green’s function
becomes more complicated (see Sect. 5.1.3.2).
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The curvilinear surface I" can be approximated by the set of plane triangular
elements (Fig. 4.24b). Within the mth element density of the fictitious source gon
is taken as constant. Temperature T, is prescribed in the centre of the element.
The surface integration of each element is carried out numerically (Banerjee and
Butterfield 1981; Brebbia et al. 1984; Golovanov 2002).

If the shape of the weldment differs from the plate with constant thickness (e.g.
T-joint), the application of the BEM becomes challenging. The equation for a point
source of unit power in an infinite body (4.2.82) can perform as Green’s function,
meanwhile all prescribed boundary conditions are met using special numerical meth-
ods (Hang and Okada 1993).

Example Required: temperature gradient gradT, the cooling rate w (w = —97/9¢) on
the boundary of the weld pool, heat source efficiency 7, and temperature field around
the pool during the argon tungsten arc welding of the plates made of aluminium alloy
1565 chMU (4 mm thick) under the conditions providing complete fusion: current
I =110 A, voltage U = 12 V, welding speed v = 1.83 mm s To=293K, o) =
= 0. Chemical composition of the alloy: 5.5-6.0% Mg, 0.7-0.95% Mn, 0.55-0.9%
Zn, 0.05-0.1% Cu, 0.08-0.13% Zr, 0.05-0.1% Cr, 0.22% Fe, 0.12% Si, 0.02% V,
0.05% Ni, 0.0005% Be, 0.02-0.05% Ti. Properties of the alloy: a = 46 mm? s~ A
=0.139 Wmm~! K™, Ty = 848 K.

To solve the two-dimensional problem, the contour of the weld pool (half-width
W = 4.04 mm, front length Ly = 5.57 mm, rear length L, = 6.64 mm) were divided
into 200 line elements (N = 200). The power density distribution ¢, (n = 1,..., N)
and total power g (¢ = 776 W) were obtained.

The ratio of efficient power g to total power gg,p5s = U I = 1320 W defines heat
source efficiency, n, = 776/1320 = 0.5879 [see formula (1.2.15)].

Value g1, allows calculating the temperature field by using formula (4.3.111) and
all its properties including cooling rate w and temperature gradient grad7 (gradT =
q1,/(Ah) in each element n. Figure 4.25 shows that the temperature gradient varies
along the interface of the weld pool, it is a maximum at the melting front and minimum
at the pool tail end. The cooling rate is changing, and it is a maximum near the weld
centreline. The local microstructure and mechanical properties of the metal can be
predicted according to the thermal cycle.

The boundary element method has become widespread in solving problems of
mathematical physics in the past decades (Banerjee and Butterfield 1981; Brebbia
and Walker 1980; Brebbia et al. 1984; Ramachandran 1994). The method is espe-
cially effective in solving problems in continuum mechanics, including welded joints
(Breyev and Karkhin 1989; Karkhin 1988).

It can be noted that there are other numerical methods for solving problems of
heat conduction (those of control volumes, conformal mapping, etc.). The control
volume method (Patankar 1980) is very effective when solving both the problem of
heat conduction and the problem of hydrodynamics to determine the temperature field
and velocity field, for example, in a weld pool and a plasma jet (Frolov et al. 2010;
Kumar et al. 2005; Kumar and DebRoy 2007). The method of conformal mapping
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Fig. 4.25 Temperature field (a), temperature gradient grad7 and cooling rate w along the pool
interface (b) during the argon tungsten arc welding of a 4 mm thick aluminium alloy plate

is applicable only for the solution of two-dimensional steady-state problems (Boley
and Weiner 1960). It has been applied to the solution of problems of heat conduction
for an angle welded joint (Jeong and Cho 1997).

The mathematical modelling of welding processes, including thermal, has been
developing intensely in the past 30 years (Cerjak and Easterling 1993; Cerjak 1995,
1997, 1998, 2001, 2002; Cerjak et al. 2005, 2007; Cerjak and Enzinger 2010; Som-
mitsch and Enzinger 2013; Sommitsch et al. 2016). The rapid development of com-
puter technology enables the development of new approaches to solving problems
of heat conduction in welding.
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Chapter 5 ®)
Temperature Fields in Fusion Welding e

5.1 Temperature Fields of Concentrated Sources

5.1.1 Instantaneous Concentrated Sources

Instantaneous concentrated sources are extremely important in solving the problems
of heat conduction, since they are the basis for the construction of welding heat
sources, distributed in space and time. Besides, they can be models for highly con-
centrated pulsed sources, whose action time is relatively small (fractions of a second),
and the power is large enough to melt the metal. Below we consider five examples:
an instantaneous point source on a semi-infinite solid, an instantaneous point source
on a slab, an instantaneous line source in a thin plate, an instantaneous plane source
in a rod of a finite length and a composite rod.

5.1.1.1 Instantaneous Point Source on a Semi-infinite Solid
The temperature field due to an instantaneous point source on a semi-infinite solid

with a heat-insulated surface is described by Eq. (4.2.11). This equation is represented
in dimensionless form:

1 1
05(t) = mexp(—ﬁ), (5.1.1)
where
P 4732 cpR3 T —Ty) at (5.1.2)
= — (T — ;T = —. 1.
3 QO 0 R2
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Fig. 5.1 Thermal cycles 6 (7) and dimensionless heating/cooling rates d6/dt under heating by an
instantaneous point source on a semi-infinite solid (93) and an instantaneous line source in a plate

(02)

Here 65 is the dimensionless temperature (proportional to real temperature T'), T
is the dimensionless time (the Fourier number Fo). The function 65(t) is shown in
Fig. 5.1. It generalises surfaces, one of which is presented in Fig. 4.3b.

A dimensionless heating and cooling rate can be easily obtained by differentiating
expression (5.1.1):

065 1 1 3 1 (5.1.3)
— =———=)exp|l—— |; 1.
ot 12\4t 2 P 47

390 4m3cpR> AT

— = . (5.1.4)

ot Qoa ot

The time of reaching the peak temperature and its value are determined from the
condition 06;/dt = 0. Hence, we obtain the root T = 1/6 and 63 max = (6/6)3/2
(Fig. 5.1). By substituting 63 max in (5.1.2), the radial distribution of the peak
temperature is obtained:

1/6\"?0 1
T RY—Ty=-| — _ . 5.1.5
max(R) — Tp 4<7re) e ( )

It is seen that the radial distribution is described by a cubic hyperbola.
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5.1.1.2 An Instantaneous Point Source on a Slab

The temperature field due to an instantaneous point source on a heat-insulated slab
is described by Eq. (4.2.28). This equation is represented in dimensionless form:

2 00
63(02,C, 1) = % exp(—%) |:1 +2 Zcos(ni{)exp(—iznzt):|, (5.1.6)
i=1

where
h3
03 =4dncp—(T — Tp); (5.1.7)
Qo
Vx2+y? z at
02 A =75 T=13 (5.1.8)

Here 65 is the dimensionless temperature, p; is the dimensionless plane radius vector,
¢ is the dimensionless depth of an observation point, T is the dimensionless time
(Fourier number Fo).

The thermal cycles of some points in upper (¢ = 0) and lower (¢ = 1) surfaces
of the slab are shown in Fig. 5.2. It can be seen that as the distance to the source
increases (with increasing p,), the temperature drops. The peak temperature in the
upper surface is higher than that in the lower surface, and it occurs the later, the
farther the observation point is from the source.

Fig. 5.2 Thermal cycles at arT
the upper (¢ = 0) and lower
(¢ = 1) surfaces of a slab
after heating by an
instantaneous point source 3
P
g 2
5
=)
|
0

Time 7
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5.1.1.3 Instantaneous Line Source in a Plate
The temperature field around an instantaneous line source in a plate with a heat-

insulated surface is described by Eq. (4.2.37). This equation is represented in dimen-
sionless form:

1 1
br(7) = — exp(——), (5.1.9)
T 4t
where
0 4”6’”2@ To) at (5.1.10)
= —Ty);t=—. 1.
2 Q/]’l 0 }"2

The function 0,(t) generalises surfaces, one of which is shown in Fig. 4.9b.
The heating and cooling rate follows from Eq. (5.1.9):

o _ (1 ! (5.1.11)
— =—=——-1)expl —— ); 1.
ot 2\ 47 p 4t )’

36,  4mcprt 9T

90 _ fmepr’ o8 (5.1.12)
at  Q/ha ot

It follows from (5.1.11) that the heating (cooling) rate 96, /9t = O at T = 1/4 and
the peak temperature 6, max = 6»>(1/4) = 4/e (Fig. 5.1). By substituting 6, max in
(5.1.10), the radial distribution of the peak temperature is obtained:

Leml

me cp r?’

Tmax — To = (5.1.13)

It can be seen that the radial distribution is described by a hyperbola squared.
The temperature characteristics are shown in Fig. 5.1. It can be seen, that the
cooling rate in the plate 96, /9t is much lower, than in the semi-infinite solid 065 / aT.
Similarly, the cooling rate and peak temperature can be found from Eq. (4.2.39),
taking into account the surface heat transfer.

5.1.1.4 Instantaneous Plane Source in a Rod of Finite Length

The temperature distribution in a rod of an infinite length due to an instantaneous
plane source is described by Eq. (4.2.42). By using the method of images, this
equation allows us to obtain a solution for a rod of the finite length L with heat-
insulated ends (Fig. 5.3).

Let the instantaneous plane source of energy Q be located in the cross section
x = [. We extend the length of the rod to infinity (—oo < x < 00) and introduce
additional sources into it so that the planes x = 0 and x = L will be the planes of
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Fig. 5.3 Temperature distribution in a bounded rod

symmetry (the actual source is mirrored from the planes x = 0 and x = L) (Fig. 5.3).
As aresult we obtain an infinite series of source pairs Q; and Q_; (@1 = Q_; = Q)
on the x-axis (—o0o < x < 00). All fluxes on the left and on the right are the same on
the planes of symmetry x =0 and x = L (the algebraic sum of the fluxes is zero), so
the boundary conditions are satisfied. Subsequently, the temperature at any instant
of time ¢ at any point P(x) in the bounded rod is defined by the sum of temperature
increments induced by all sources in the infinite rod 7; ; — Tp (Karkhin 1990):

— jl —2iL]?
T(x,t)—Ty= Cp(4Q/ e exp(—bt) Z Z exp( [xj4—tl]>

i=—o0 j=—1,1

(5.1.14)

5.1.1.5 Instantaneous Plane Source in a Composite Rod

The temperature fields have certain specific features if dissimilar metals are welded.
Consider the thermal processes under the action of an instantaneous plane source in
arod consisting of two dissimilar semi-bounded rods. This combination of a source
and a solid can occur both in the case of butt welding of a composite plate by a rapidly
moving line source (Sect. 5.1.4.4) or in the case of pressure welding of dissimilar
rods.

Generally, the cross-sectional areas of rods A; and A, volumetric heat capacities
c1p1 and ¢ o2, thermal conductivities A and A, thermal diffusivities a; and a,, and
the coefficients of heat loss of material of the rods b; and b, may differ. Let the
energy O be generated on the contact surface x = 0 at the time ¢+ = 0 (Fig. 5.4a).
The temperature distribution is found at any instant of time ¢, in accordance with the
paper (Okamoto 1929).

The initial temperature 7y is assumed to be constant and there is no thermal
resistance on the contact surfaces x = 0, i.e. the temperature and flux are continuous:

T1(0,1) = T2(0, 1); (5.1.15)



162 5 Temperature Fields in Fusion Welding

(a) (b)
2200 T T
| Aluminium T Steel Aluminium t=0.015s
e ]
e 1800 +
o |
= 1400 ¢
S .
2
= 1000 ¢
E_f'.'} I
600 | I =
200 L
10 8 6 4 2 0 2 4 6-10 -8 6 -4 2 0 2 4 6
Coordinate x, mm Coordinate x, mm
=2
Q«—Q—>Q, <> Q

Fig. 5.4 Temperature distribution in a composite rod with an instantaneous plane source without
displacement (§ = 0) (a) and with displacement (§ = 2 mm) (b) from the aluminium/steel interface
(x = 0) at heat density Q/A = 12.73 ] mm—2

dT(0,t dT,(0,t
A 1( )=A2A2 2( ).

Ay
dx dx

(5.1.16)

Energy Q is divided into two parts, Q = Q) + O», with each of them going into
the corresponding rod (Fig. 5.4a). Then, according to Eq. (4.2.42), the temperature
in each semi-bounded rod is expressed as follows:

Ti(x, 1) — Ty 201/A1 < x bt) (5.1.17)
x,)—-Th=——""——5exp| —— — ; L.
: "7 apran'? P dayr
20,/A 2
To(x, 1) — Ty = 02/ Zl/zexp<—x —b2t>. (5.1.18)
crpr(4mast) dayt

The condition is found under which the temperature in the section x = 0 (5.1.15)
is the same. It follows from (5.1.17) and (5.1.18) that

Q1 Aicipi)'?

0r ~ Ay(capaig)? P (b1 = 52D (5.1.19)

It can be seen that the energy distribution between the rods depends on time ¢ if b,
# b,. The solution to the considered problem is given in book (Kiselev et al. 1981).

If it is assumed that b; = b, = b, then the fraction of energy in the jth rod (j =
1, 2) will be constant:
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AjVeipij

0, =0 .
! Ai/cipihl + Ax/crpadn

(5.1.20)

By substituting (5.1.20) in (5.1.17) and (5.1.18), the temperature distribution in
the composite rod is obtained:

0 1 ( x?
Ti(x,t) — Ty = exp — bt ). (5.1.21)
! AJeipihy + Axn/capadg /Tt da;t

If all the characteristics of the rods are equal, then (5.1.21) turns into (4.2.42).

The distribution of the peak temperature, the cooling rate, and other characteristics
of the temperature field can be obtained from formula (5.1.21).

Figure 5.4a shows the temperature distribution for welding steel and aluminium
rods of the same cross section (A; = A, = A). The thermophysical properties of
the materials are very different (a;/a, = 8/85 = 0.094, A;/A, = 0.04/0.23 =
0.17). The fraction of energy that is accounted for aluminium is 64% according to
Eq. (5.1.20). It can be seen from the figure that at any instant of time ¢ the distributions
of the current temperature 7'(x) and the peak temperature T p,x(x) are asymmetric
with respect to the material interface. The distribution is gently sloping in aluminium
due to its higher thermal diffusivity (the heated zone is wider) and it is steep in steel.

In order to use the method of sources to solve the problem for a composite rod
with a source distributed along the axis, we must have a solution for an instantaneous
concentrated source located at any distance from the material interface. Assume that
the cross-section of the rod is constant (A; = A, = A) and there is no heat transfer (b,
= by = 0). Suppose that an instantaneous plane source of energy Q acts in the region
x > 01in plane £ at the instant of time ¢ = 0. Then the solution to the problem with
boundary conditions (5.1.15) and (5.1.16) are the following expressions (Carslaw
and Jaeger 1973):

Q/A 1 < (x—s)z)
Ti(x,t)— Ty = —— exp| ————
iz 0 =To ci1p1 VAmwat P dait
12 1/2
L 24 (Alaz hady ) exp _G e
C1P1 12 1/2 daqt
)\.laz )Lzal JAmagt
T.t)— Ty = 224 ma/a,”
2x, 1) —1p =
C1pP1 ()\]a;/z + )\.2011/2>«/41Ta2t

——\2
X exp(—w) (5.1.23)

); (5.1.22)

daot

Solution (5.1.22) in the region x > 0 is the sum of the temperature increments
in the infinite homogeneous rod with properties A, aj, ¢, and p; due to the energy
source Q acting in the cross section x = &, and the additional energy source
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Q();]azl/2 - Azall/z)/(klazl/z + Azall/z) acting in the cross section x = —& (in the
“image” position). Solution (5.1.23) in the region x < 0 is the solution for the energy
source 2Qk1a2/a11/2/(kla21/2 + Aza}/2> acting in the cross section x = E(az/al)l/z.

If the source is located in the boundary plane x = 0 (¢ = 0), then Egs. (5.1.22)
and (5.1.23) turn into (5.1.21).

Figure 5.4b shows the distributions of the current and peak temperatures in the
composite rod with a displaced source. It is seen that the temperature gradients change
sharply at the material interface.

Solutions are also known to similar heat conduction problems (1) for an
unbounded composite rod, when the instantaneous source is located in the plane
x = £ and there is a thermal resistance at the contact surface x = 0, (2) for a rod con-
sisting of two bounded rods, when the source is located in the plane x = £ and there is
no thermal resistance on the contact surface x = 0 (Carslaw and Jaeger 1973), (3) for
an unbounded composite rod consisting of three dissimilar materials (Sommerfeld
1894).

5.1.2 Stationary Continuous Concentrated Sources

A distinguishing feature of fusion welding is that heat is generated for a certain
period of time by the source being either moving or stationary.

Let us define the temperature field at the moment when the source is acting. A
continuously acting source can be represented as a set of consecutive elementary
instantaneous sources (Fig. 5.5). Subsequently, the temperature field is determined
by summing the fields caused by all instantaneous sources (by integration with respect
to the time). If integrals cannot be taken at a varying power ¢(t), they are calculated
numerically. Further it is assumed that the power of the source is constant, g = const,
unless specified otherwise.

Fig. 5.5 Subdivision of the q a
time during which a
continuous source acts 1 f}‘{ f)
q(7)
dO=q(1)dr
{) Y
- dr !
b T i !"T >
= t 3
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5.1.2.1 Stationary Continuous Point Source in a Semi-infinite Body

Let a point source of power go act at time 7 over period dr on the surface of a
semi-infinite solid at the origin of coordinates (§ = n = ¢ = 0). The temperature

increment due to this elementary instantaneous source at time ¢ is determined by
formula (4.2.11):

B 240 R?
dT(R, l) = cp[4j'[a(t — -L—)]3/2 CXP<—m>, (5124)

where d Qg = qod is the heat of an elementary source, R is the distance from the
point of observation to the source, ¢ — t is the heat diffusion time of this source (see
Fig. 5.5). Then the temperature is determined by integrating all sources over time:

2d Qo

t R2
reT = 0/ cpldmat — ) exp<_4a<t - r))d’

L (NPST Y (5.1.25)
2TAR dat

As time passes, the temperature increases monotonically, approaching the asymp-
tote (Fig. 5.6, curve 1). In the limit (stationary) state (t = c0)
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900 |
800 r
700 +
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500 ¢
400
300

Temperature 7, K

0 100 200 300
Time ¢, s

Fig. 5.6 The variation of the temperature with the time in a surface point located at 10 mm from
a stationary continuous heat source (g = 1000 W, 1 = 0.04 W mm 'K La=8mm?s!,a=
0, T = 300 K): (1) a point source on a semi-infinite solid; (2) a point source on a 10 mm thick
infinite slab; (3) a line source in a 10 mm thick infinite plate; (4) a plane source in an infinite rod
of diameter 25 mm; (5) a point source on a solid cylinder of diameter 25 mm. The source and the
point under study are located in the same longitudinal plane
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q0

T(R.o0)— Ty = — 10
(R,00)=To =3 "%

, (5.1.26)
i.e. the distribution is described by an equilateral hyperbola.

If the source is at point &, 7, ¢ of a semi-infinite solid, then, similarly, by using
(4.2.10) the following can be obtained

90 1 * Rj
T('x’y’zvt)_T()Z_ —d ( 5 (5127)
4 )\ j:XI:,l Rj Jdat

1
T(x,y,z,00) — 4?;’/\ > ® (5.1.28)
j=—11

where R; = /(x — >+ (y — ) +(z — j{)2.

5.1.2.2 Stationary Continuous Point Source in an Infinite Slab

Similarly to a stationary continuous point source in a semi-infinite solid, by using
(4.2.21), we obtain the temperature field due to a source acting at point £, 1, ¢ of a
slab with heat-insulated surfaces:

1 o* LJ
T(x.y.2.0) =Ty 47”\ Z 21: 70 (M) (5.1.29)

i=—00 j

where R; ; = \/(x — &2+ (y—n)?+(z—j¢—2ih)~
If the source is on the surface of the slab at the origin of coordinates
(¢ =n =1¢ =0), then from (5.1.29) we obtain

oo
40 1 R;
Tx,y,z,t)— Ty = —— — | — |, 5.1.30
oy, 2.0 —Tp m.zRi (m> (5.1.30)

i=

where R; = /x2+ y2 +(z — 2ih)>.

At first, the temperature in the slab grows with time in the same way as in a
semi-infinite solid, since the lower surface z = & is not heated, there is practically no
heat flux going through this surface and for this reason the surface virtually makes
no impact (Fig. 5.6, curve 2). In contrast to the semi-infinite solid, the temperature
in the slab unlimitedly increases with time, as the heat extends predominantly in the
plane of the solid (plane xQy).
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5.1.2.3 A Stationary Continuous Line Source in an Infinite Plate

The temperature field around a line source in a plate of thickness /# without surface
heat transfer is obtained by using (4.2.37) (Carslaw and Jaeger 1973):

t 5 )
T(r,t)—To = / Le;gp(—r—)dt = _ME1<_r_>7
cpldma(t — 7)) da(t — 1) 4 dat

0
(5.1.31)

where r is the distance from the observation point to the origin, Ei is the exponential
integral:

—Ei(—u) = /exp(—x)/xdx, x> 0. (5.1.32)

u

The form of function Ei is shown in Fig. 3.14. Its representation in the form of
tables or series is used in calculations. The function Ei(—u) = In(u#) + y (where y
=0.5772... is Euler constant) for small values of u# and therefore for large values of
time ¢ we approximately have (Carslaw and Jaeger 1973)

Tony —To= (290 — ) |, (5.1.33)
4 A r2

From the first term of expression (5.1.33), it is seen that the temperature in the
plate grows unlimitedly with time ¢ according to the logarithmic law (Fig. 5.6, curve
3). In the plate it is higher than the temperature in the lower surface of the slab, but
lower than in its upper surface, where the point source is located (Fig. 5.6, curves 3
and 2).

5.1.2.4 Stationary Continuous Area Source in an Infinite Rod

By using formula (4.2.41), the substitution u? = x? /[4a(t—7)] and the integral
(Gradshteyn and Ryzhik 2014)

o0
du 1
/ exp(—/ﬁu%; = ;exp(—u%ﬂ) — uNT D (), (5.1.34)

u

we obtain the temperature field of a plane source in arod without surface heat transfer:
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t

B q/A X
Tx,t)—Ty = / coldma(r — 7)]1/2 exp<_M)dT

0
q/Alx|| 1 [dat x? o x?2 (5.135)
= ——exp[—— | - - 1.
24 | 7TV X2 P\ ™24 4at | |’

where | x| is the distance from the observation point to the origin of coordinates. This
formula can be represented in another form:

B N x2
TG0 =To=q/A——ids ("E)’ (5.1.36)

where i® " (u) is the integral error function:

id % (u) = % exp(—u® — u® * (u)). (5.1.37)

The function i® " («) is shown in Fig. 3.14.
With time, the temperature in the rod without surface heat transfer increases
indefinitely (Fig. 5.6, curve 4).

5.1.2.5 Stationary Continuous Point Source on an Infinite Cylinder

A continuous point source of constant power is located on the surface of an infinitely
long cylinder. Its temperature field can be obtained by integrating of the expression
(4.2.43) over time or from Eq. (5.1.105) for a source moving along the generatrix of
the cylinder at the passage to the limit (velocity v — 0).

It follows from the comparison of the plane source and the point source that the
temperature near the point source in the cylinder is greater than near the plane source
in the rod (Fig. 5.6, curves 4 and 5).

As time passes, the temperature in the slab, plate, and cylinder without surface
heat transfer increases indefinitely (Fig. 5.6).

It should be mentioned that in order to calculate the temperature (using the given
formulas) at time ¢ after the source is switched off (¢ > 7,,), the simple method given
in Sect. 5.1.3.12 can be used.

5.1.3 Moving Concentrated Sources

Moving heat sources are typical for fusion welding, so there is a great practical
interest in determining temperature fields caused by moving sources.
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We represent moving sources as a series of elementary instantaneous sources
acting sequentially and displaced relative to each other. The solution to the heat con-
duction problem will be found in the moving coordinate system associated with the
source, assuming, unless specified otherwise, that power ¢ is constant and the source
moves rectilinearly with a constant speed v. Varying power sources and sources with
a complex trajectory will be considered in Chap. 7.

5.1.3.1 Moving Point Source in a Semi-infinite Body

At first, let us consider a simpler model for a source on the surface of a semi-infinite
solid without surface heat transfer. The source is at the origin of the moving coor-
dinate system and moves in the direction of the x-axis (Fig. 5.7a). The temperature
increment will be obtained at an arbitrary point of observation P at any time ¢ due to
an elementary point source that operated at the instant of time 7 at point O; atdistance
vt from the beginning of path Oy, by using (4.2.11) and assuming that Qo = qod7:

2g0d R?
dT(x,y,z.1) = ot p( !

coldmat — 1”2 TP\ " da - r)>’ (5.1.38)
where Rf = [x +v(t — 1)]* + y* + 2%, t — 7 is the duration of heat propagation of
the elementary instantaneous source.

We sum the temperature increments caused by all the elementary sources that
acted during time ¢ on the path OyO (Fig. 5.7a) and obtain the following (Rykalin
1947, 1952):

t

T(x,y,z,t) = Tp = / 240
coldma(t — )32
0

[x +v(t — D)+ y2 + 72
X exp(— ol — 1) )dr

2q vxy 1 VR

TN (__)_exp vk
TA 2a/ R 2a
1 v2t . VR o R . V2t
— — exp| — — 1|,
2 4a P a JVadat 4a

(5.1.39)

where R> = x? + y? + 72 is the square of the distance from the moving observation
point P to the position of the source (the origin of the moving coordinate system)
(Fig. 5.7a). Here we use the substitution u> = R?/[4a(t — t)] and the known integral
(Prudnikov et al. 1986):
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Fig. 5.7 Subdivision of continuous heat sources travelling along the x-axis with speed v into a
sequence of instantaneous sources: a point source on a semi-infinite solid (a), a point source in an

infinite slab at a depth of ¢ (b), a line source in an infinite plate (¢) and a plane source in an infinite
rod (d)
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/exp(—a2x2 —b*/x*)dx = ;/—E[exp(Zab)dD(ax +b/x)
a
0
+exp(—2ab)®(ax — b/x) — exp(2ab) + exp(—2ab)]. (5.1.40)

Function T(¢) (5.1.39) is a monotonically increasing one. As the source moves
(its action time ¢ passes), the temperature at all points of the solid in the moving
coordinate system increases, approaching the limit value. At — oo the temperature
field stops varying in time (but only in the moving coordinate system!), i.e. it becomes
quasi-stationary:

90 v(x + R)
T(x, R, — Ty = —_ ). 5.1.41
(x,R,00) — Ty TR eXp( 2 ) ( )

This formula was obtained earlier by the method of separation of variables
[Eq. (4.2.82)].
If the source is stationary (v = 0), then

q0

T(R,o0) — Ty = — 22 _
( ) =T =308

; (5.1.42)
which coincides with (5.1.26).

If the point source is not on the surface of a semi-infinite solid at the origin of the
moving coordinate system, but is constantly offset along the coordinates by &,  and
Z, then we have to use formula (4.2.10) as the basis instead of (4.2.11). As a result,
we obtain:

q0 v(ix —§) 1 VR;
0T "P( T) > (s

j=—1.1

1 vzt e VR; . R; N V2t
—_— —_— X — — .
2 4a P a V4at da

(5.1.43)

where R; = /(x — &2 +(y — n)? + (z — j¢)2. Hence, it appears that the rate of
temperature growth with time depends not only on the distance between the source
and the observation point, but also on the depth of the source location.

In the case of a quasi-stationary state (r = 00):

q0 V(X _S) 1 VRJ'
T(x,y,z, — Ty = — -_ E — —— ) (5.1.44
(x, ¥, 2, 00) 0 4 A exp( 2a ) . R; &P 2a ( )

If the source is stationary (v = 0) and the temperature field is stationary (¢ = 00),
then
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q0 1
T(x,y,z, —Ty=—— —_—, 5.1.45
(x,y,z,00)— Ty 4nkj§1Rj ( )

which, naturally, coincides with (5.1.28).

When relatively low-heat-conducting metals (for example, steel and titanium
alloys) are welded at usual welding speeds, in the area close to the source the tem-
perature state which is close to the limit one occurs shortly after the heating starts.
Therefore, the study of the limit state is of the greatest interest. When short joints
are welded, as well as when high-heat-conducting metals (for example, aluminium
alloys) are welded, it is possible that the heat-saturation process can continue and
the limit state is not reached.

Let us analyse the temperature field around a surface source in the limit state. We
see from formula (5.1.41) and Fig. 5.8 that the field is symmetrical with respect to
the longitudinal x-axis, that is, the isothermal surfaces are the surfaces of rotation
around the x-axis. The further the point of the heated solid is from the source, the
lower the peak temperature is and the later it is reached (Fig. 5.8b). The dashed line
that connects the points at the instant of maximum heating separates the heating and
cooling regions (Fig. 5.8d). Behind the source the components of the temperature
gradient vector along the axis of source motion are much smaller than in the transverse
direction, which means that the heat flux along the x-axis is much smaller than in the
transverse direction, i.e. the heat predominantly diffuses in the y- and z-directions.
This statement becomes even more valid, as the asymmetry of the field becomes
greater with respect to the y-axis (the higher speed v is), and it will be used in
developing a model for rapidly moving sources (Sect. 5.1.4).

Let us analyse the influence of welding parameters (power g and speed v) on the
quasi-stationary temperature field.

At v = const, the temperature increment is directly proportional to power ¢, as
can be seen from (5.1.41). This follows from the linearity of the heat conduction
equation, when the material properties are constant.

At g = const, the temperature gradient in front of the source (x > 0) increases
as speed v increases, but the temperature behind the source (x < 0) does not change
(Fig. 5.9a). In the cross section, the temperature gradient increases, and the heated
region narrows (Fig. 5.9b).

Let us represent the quasi-stationary temperature field of a moving point source
in the surface of a semi-infinite solid (5.1.41) in dimensionless form:

1
03(8, p3) = Py exp(—§ — p3) (5.1.46)

or

05, p2) =

;exp<—§ —,/$2+p§>, (5.1.47)
VE2+0
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Fig. 5.8 Quasi-stationary temperature field around a moving point source on a semi-infinite solid
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frame (a); temperature distribution at the surface z = 0 (b); isotherms in cross section x = —10 mm
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Fig. 5.9 The effect of the speed of a point source on the steady state temperature distribution over
the x-axis (a) and the y-axis (b) in a semi-infinite solid

where 05 is the dimensionless temperature, € is the dimensionless longitudinal coor-
dinate, ps is the dimensionless radius vector (the dimensionless distance in space
from the source to the point under study), p, is the dimensionless plane radius vector
(the dimensionless distance between the point under study and the longitudinal axis):

dwar VX VR vy + 22
03 = (T—To);5=2—; 3= — = —————. (5.1.48)

qov pP3 = Z’ P2 = 2a

The single field 05 (&€, p,) (Fig. 5.10a) includes all possible combinations of power
qo, speed v, and material properties (a and A), so it includes the field shown in
Fig. 5.8d. The longitudinal temperature distribution 65 (£) at a different distance from
the axis of the source movement p; is shown in Fig. 5.10b. As the source moves, the
temperature around the fixed point of the solid increases, reaches a maximum and
then decreases, tending towards the average temperature of the solid. Thus, curves
0(&) can be interpreted as thermal cycles of fixed points of the solid, spaced from the
&-axis by distance p,. This follows from the equation x = —v¢, where the moment
the source passes through the cross section in which the point under study is located
is taken as time # = 0. Therefore

£ = —7 = —v*t/(2a) and 65(&, ps) = O3(—7, p2). (5.1.49)

The dimensionless heating and cooling rate 965 /97 at a fixed point can be found
by differentiating function (5.1.47) with respect to £ and by changing the variable

E=—1:
g _ g2y 52
%Z_ 1+ g . g exp< é E +102>
3 £2 4 pl 2+ [€2 + p?

(5.1.50)
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(b) and heating/cooling rate 963/07 (c), moving point source on a semi-infinite solid
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and
_ 2.2
30, . . exp(r T +p2>
—=|1- - = 5 , (5.1.51)
9t 2+ p3 Tt JT2+p3
where
36;  8ma’r OT 2t
9% _fmas ol VT (5.1.52)
ot govd ot 2a

It can be seen from Fig. 5.10c that the heating rate (d63/dt > 0) is much higher
than the cooling rate (363/0t < 0).

From the metallurgical point of view, the cooling rate at a given temperature is
important. Curves 63(7) in Fig. 5.10b and 965 /97 () in Fig. 5.10c allow us to find
the dependence of the dimensionless cooling rate on the dimensionless temperature
003/0t(03) (Fig. 5.11a). The cooling rate is 0, when the temperature reaches the
maximum value 63 max. It follows from the figure that the cooling rates for all points
at a given temperature 63 are practically the same if the peak temperature 03 max
is much higher than the set temperature, 83 << 63 ynax. This implies an important
practical conclusion: the cooling rate of such points can be calculated at p, = 0 (at
y2 +72=0).

The transition from dimensionless quantities to dimensional ones is made accord-
ing to (5.1.48) and (5.1.52):

oT 390
T — T() — qov 03’ Rl qoVv ) _3’
dar ot 8ma’i 0t
2 2 2
x="Lg == 1= —fr. (5.1.53)
v v v

The diffusion and metallurgical processes near the weld interface depend heavily
on the retention time of metal at a high temperature. Therefore, the determination of
the retention time of metal above a given temperature represents a practical interest.

As can be seen from Fig. 5.12a, the dimensionless retention time t above the
dimensionless temperature 65 is greater, the smaller the dimensionless distance to
the weld axis p; is. The cooling time from the peak temperature 83 ,y is shown in
Fig. 5.12b. This time is shorter than the retention time above the set temperature. The
dependence of the cooling time of metal T on the weld axis (p, = 0) on the temperature
05 is described by a linear function in logarithmic coordinates. If our interest is with
the time the metal cools from temperature 6; down to temperature 65, this time can be
determined from Fig. 5.12b. For example, the final steel microstructure after welding
is predicted from the time the metal cools in the range of 800-500 °C (1073-773 K)
or 850-500 °C (1123-773 K) (Seyffarth 1978; Seyffarth and Kuscher 1982; Seyffarth
et al. 1992).
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Fig. 5.11 Dimensionless cooling rate 96/dt versus dimensionless temperature 6 in the points
located at a distance of p, and 1 from the weld centreline and heated by a moving point source on
a semi-infinite solid (a) and a moving line source in an infinite plate with impermeable surface (b)

The dimensionless and dimensional quantities of time and temperature are con-
nected by Eqs. (5.1.48) and (5.1.52).

While the source moves along the solid, the temperature of the points of the solid
changes continuously (Fig. 5.10b). The dashed line 63 max passes through the points
of peak temperature. Let us find the distribution of the peak temperature in the cross
section 63 max (02 max) (Fig. 5.13a).

The condition for the maximum temperature on the surface p, max = const is that
the derivative is zero with respect to coordinate £ (063/9& = 0) or time t(d63/9t =
0). It follows from (5.1.50) that this condition is satisfied at £ = 0o, & = —oo and

3 oo 145450, (5.1.54)

+ 2 2
/$2+p% & + 05 P3P

from which we obtain the root

1+

2
P
Emax = ———aX (5.1.55)
1 + 03 max
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Fig. 5.12 Dimensionless retention time t versus dimensionless temperature 6 in the points located
at a distance of p» and 5 from the weld centreline and heated by a moving point source on semi-
infinite solid (a, b) and a moving line source in infinite plate (¢ and d)

By substituting (5.1.55) in (5.1.47) we obtain the dependence of the peak temper-
ature on coordinate p3 max (Rykalin 1947, 1952):

exp( PS&) (5.1.56)

1 + p3 max

03 max =
£3 max

The radius of the surface of the peak temperature is (Fig. 5.13a) (Grong 1994):

P2max = Nmax = {max = p32max - %ax
L Sy (5.1.57)
I+ 02 max

Thus, the relationship between the peak temperature 63 max and coordinates Emax
and pymax is determined in the sequence: p3max 1S given, 63 max is calculated by
(5.1.56), Emax is calculated by (5.1.55), and pr max is calculated by (5.1.57). The
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Fig. 5.13 Schematic representation of 3D solution for a moving point source on a semi-infinite solid
(a) and dimensionless distance & max, half width nmax (depth ¢ max), radius vector p3 max and cross-
sectional area Apax as functions of a specified dimensionless steady temperature 63 yax (b) (Grong
1994; Rykalin 1947, 1952)

results of calculations are shown in Fig. 5.13b. The transition from dimensionless to
dimensional quantities is made according to formulas (5.1.53).

Now let us determine the length of the zone &, heated to a given temperature 63
(Fig. 5.13a):

&=§&r—§&, (5.1.58)

where &, and & are the coordinates of the beginning and the end of the heated zone.
It follows from (5.1.46) that at p; = +& we obtain
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Curves &,, &, and &, are shown in Fig. 5.14.

The temperature field of the buried source located at point &, 1, ¢ [formula (5.1.44)]
differs only in terms that the plane y = 7 is a plane of symmetry, and the plane z =
¢ is not (isothermal surfaces deviate from the surfaces of rotation, extending to the
side of the adiabatic surface z = 0). The heating and cooling rate also depends on
the depth of the source location.

If we take into account the surface heat transfer, the method for finding the temper-
ature field is analogous, but expression (4.2.18) is used instead of (4.2.11) in formula
(5.1.38). The solution is obtained in quadratures. However, the integral cannot be
expressed as tabulated functions (Rykalin 1947, 1952).

5.1.3.2 Moving Point Source in a Slab

First, it is assumed that there is no surface heat transfer. Then a solution for a moving
point source in a slab with heat-insulated surfaces can be obtained in two ways: it is
possible either to take an instantaneous point source in an infinite slab as a basis and
to construct a solution for a moving source (as is done in the case of a semi-infinite
solid) or to take the known solution for a moving point source in an infinite solid,
and then satisfy all the boundary conditions by the method of images. We take a
shorter second way. By having the solution (5.1.43) as a basis and using the method
of images (Sect. 4.2.1.3, Fig. 4.5), the solution is obtained for a moving point source
spaced from the origin of the moving coordinate system by &, n and ¢:
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TGy a0 -To= e xp( Vu_é)) PO RL (‘ff)
—1,

A
—00 j=
1 V2t
2 4a 4a

o0
<VR1',]'> *( Ri,j V2l>:|
+ exp O +v—11
a 4at 4a
where R; j = \/(x — &2+ (y—n)?+(z—j¢—2ih)~

(5.1.60)
If the welding time is great (in theory ¢ = 00), Eq. (5.1.60) gets simplified:

T(x,y,z,oo)—Tozégr—o)\exp( v(x—§)> Z Z —e p( )

i=—o00 j=—1,1

(5.1.61)

If the point source is on the surface of a slab at the origin (§ = n = ¢ = 0), then
formula (5.1.61) becomes even simpler:

vy e 1 VR;
T(x,y,z,00)—Tp = q—OeXp(——> —exp| ——— ), (5.1.62)
2w A 2a a

where R; = /x2+ y2 + (z — 2ih)>.
By using formula (4.2.25) and the integral (Gradshteyn and Ryzhik 2014)

/exp(—ﬂ,/yz +u)(y? +u®) V2 cos(au)du = Ko(y+/a? + B2,  (5.1.63)

0

formula (5.1.61) is represented in another form:

T(x,r,z,00)—Tp = qzojiil exp(— v(x2; g))K()(z )Fo(r 2), (5.1.64)

where

[} . . 2
Tiz wig vr 2mwai vry
Fo(r,z) =1+2 ;_1 cos — = cos TKO % 1+ ( " ) /KO(Z)’

=Vx -2+ (y—n?. (5.1.65)

Here, K; is the modified Bessel function of the second kind of order zero [it is
tabulated and represented in the form of a series (Abramowitz and Stegun 1965;
Janke et al. 1960)]. Function Ky() tends to infinity with argument u tending to zero
(Ko(u) — oo at u — 0), and tends to zero with argument u tending to infinity
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(Ko(u) — 0 at u — o00) (Fig. 3.14). Formulas (5.1.61) and (5.1.64) are equivalent.
They only differ in the rate of convergence of the series.

Figure 5.15 shows a quasi-stationary temperature field around a moving point
source on the surface of an infinite slab (¢ = n = ¢ = 0). On the lower surface (z =
10 mm), the temperature is lower than on the upper one and the peak temperature
is reached later. Behind the source, as we move away from it, the temperature drop
across the thickness decreases, i.e. the field becomes plane. It is seen from the com-
parison of Figs. 5.8 and 5.15 that under the same heating conditions near the source,
the temperature in the semi-infinite solid and the slab is practically the same, but at
a distance from the source the temperature in the slab is higher.

Formula (5.1.62) is represented in dimensionless form:

o]

1
03(5,1,8,8) = Y — exp(—€ — px), (5.1.66)
S P3i
1=—00
where
4mak -
05 = (T — To): p3i = VE + 0> + {2 +4i8(i8 — 0);
qov
VX vy 124 vh
§ 2777 24 £ 2a 2a ( )

It is clear that in comparison with a semi-infinite solid [formulas (5.1.47)—(5.1.48)]
an additional variable R?> = x?+ y? +z% appears that takes into account the thickness
of the solid. If the thickness is relatively large (A — oo and § — ©0), only the term
at i = 0 remains a nonzero term in the series and formula (5.1.66) turns into (5.1.46).
Figure 5.16a shows the quasi-stationary field on the upper and lower surfaces of the
slab.

The heating and cooling rate is obtained by differentiating Eq. (5.1.66) with respect
to & and substituting § = —t (Myers et al. 2007):

30 = (1 £ é)
73 — + =+ 2 ) exp(—£& — p3) (5.1.68)
aT izz_:oo Py Py Py ’
and
a06; i |: 1 T T :| b an 12
o= 2 7 75 |exp(T — (T +) ),
It =L (2 +03) 2oy (z2+03) ! ( )
(5.1.69)
where

96, 8wa*r dT 2 2, 2+4'3('5 ) (5.1.70)
_— —_; i = 1 ! - ' o
81— q0v3 Bt pZt n { ;
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Fig. 5.15 The temperature field around the moving point source on one side of a 10 mm thick
slab, quasi-stationary state in moving coordinate system x, y, z (¢ = 5000 W, v = 5 mm sTha=
0.04Wmm~ 'K, a=8mm?s~!, 01 =ap =0, Tp =300 K): on topside (z = 0) and bottom side
(z =10 mm) (a) in longitudinal section (b), in cross-section x = —16 mm (c¢) and in cross-section
x = —1 mm (d)

With the help of (5.1.67) and (5.1.70), it is easy to pass on to dimensional tem-
peratures, heating (cooling) rates and coordinates.

Figure 5.16b shows the heating (in front of the dashed line) and cooling (behind
the dashed line) rate fields. Obviously, the rate of heating (cooling) decreases as the
distance from the &-axis increases. From Fig. 5.16a, b, the rate can be found at a
given temperature 63 at points with a different distance n from the &-axis. Evidently,
it depends on the thickness of slab §.

The cooling rate at a temperature well below the maximum one is only slightly
dependent on the distance from the weld axis. That is why in approximate analysis
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Fig. 5.16 The quasi-stationary dimensionless temperature field around the moving point source
on one side of a slab of thickness § = vi/(2a) = 3 (a) and heating/cooling rate 963/dt (b) in the
upper (heated) plane ¢ = 0 and in the lower (unheated) plane ¢ = 1

of the thermal processes the axis of weld £&(n = ¢ = 0) is taken as a characteristic of
the entire weld. It follows from Fig. 5.17 that the cooling rate at a given temperature
falls with a decrease in the thickness of the slab. The curve § = oo corresponds
to the semi-infinite solid, and Egs. (5.1.68) and (5.1.69) turn into Egs. (5.1.50) and
(5.1.51).

The practical question arises: when can a simpler formula be used for the semi-
infinite solid 7 (h = o0) to calculate the temperature in the slab 7 (h < 00) and
what will be the error in this case? Let us estimate error ¢ for the steady state of the
temperature field around a moving point source on the upper surface at the origin of
the coordinate system (§ = n = ¢ = 0) using expressions (5.1.62) and (5.1.41):

_ T(h <00)—T(h=00)
o T(h < o0)— T

-1

DR et U LR GRSt )|
i=—o00 4/ P35 +4i(i — )

Il
—_

(5.1.71)
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Fig. 5.18 The relative error of the calculated steady temperature in the slab by using formulas for
the semi-infinite solid (a) and the plate (b)

where ps is the dimensionless distance, ¢ is the dimensionless depth of the point
under study, Pe is the dimensionless thickness (the Peclet number):

Vat+y? 422 zZ vh

p3 = p ;= W Pe = a (5.1.72)

Error ¢ is a function of three dimensionless parameters (Fig. 5.18a). The error is
small near the source on the upper surface (¢ = 0, p3 is small), that is the temperature
fields in the slab and the semi-infinite solid coincide. As the distance from the source
increases, the error grows. The error is significant on the lower surface (¢ = 1,z = h)
(the temperature in the slab is much larger than in the semi-infinite solid). The error
is the smaller, the greater the Peclet number is (the higher the speed and/or thickness
are/is).

Note that with the method of images the temperature field can be found in the slab
if the lower surface is isothermal (T (x, y, h, t) = Ty). When solving the problem,
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combinations of additional heat sources and sinks are introduced (Sect. 4.2.1.3).
Such a method will be used later (Sect. 1.2.4).

Now we take into account the heat transfer from the lower and upper surfaces of
the slab according to Newton’s law [see formulas (4.2.29)]. The source is at point &,
n, ¢ of the moving coordinate system and moves along line ApA parallel to the x-axis
(Fig. 5.7b). The increment of temperature is obtained at an arbitrary point P at any
instant of time ¢ from an elementary point source that operated at instant t at point
A1, by using (4.2.30) and assuming that Qg = godt:

qodt/h (_ [x —&+v( —OP +( - n)2)
coldma(t — 1)] da(t — 1)

x ZAan(;)B,,(z)exp<—uﬁa(t—_t)). (5.1.73)
n=1

dT(x,y,z,t) =

h2

Here the factors A,, the functions B, and the roots u, are known

[see (4.2.30)-(4.2.32)].
By integrating this equation from O to ¢, after the transformations we obtain:

h _
T(x,y,z,t)= % exp(—v(xz—ag))

/’ 1 ( (—EP+ (=P )
x | ——exp| — ——(—1)
t—t da(t — 1) 4a

0
x ;Aan(c)B,xz) eXp(—uﬁ$>dt;

r=[x =&+ - (5.1.74)

In the limiting case (at  — 00), by using the substitution # = ¢ — 7 and integral
(Gradshteyn and Ryzhik 2014; Prudnikov et al. 1986)

o0
/Lfl exp(—pu — q/u)du = 2Ko(2/pq) (5.1.75)
0
we obtain
qo/ h v(x —§&)
T s Vo Ko - T = - A~
(.y.z.00)=To =75 eXp( 2a
o0

vr 2a\?
X Y ABUOB Ko | 5 1+(ME> . (5.176)

n=l1
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Fig. 5.19 The temperature field around the moving point source on a 10 mm thick slab, quasi-
stationary state in moving coordinate system x, y, z (¢ = 5000 W, v =5 mms~!, A = 0.04 W mm~!
K a=8mm?2s !, o =0, ap =0.004 Wmm 2K To = 300 K): on topside (z = 0) and
bottom side (z = 10 mm) (a), in longitudinal section (y = 0) (b)

where K is the modified Bessel function of the second kind of order zero.

Figure 5.19 shows a quasi-stationary temperature field due to a moving point
source on the surface of an infinite slab (¢ = n = ¢ = 0) with intensive
forced cooling of the lower surface with the help of copper water-cooled clamps
(02 =0.004 W mm~2 K~1). It follows from the comparison of Fig. 5.19 with Fig. 5.15
that under the same welding conditions, the dimensions of the weld pool (isotherms
T,, = 1800 K) decreased very slightly, and the temperature on the lower surface of
the slab decreased significantly. In the weld behind the pool, the distance between the
isotherms reduced sharply (the cooling rate increased dramatically). The temperature
drop across the thickness remains significant even far behind the source (Fig. 5.19b).
In contrast to the heat-insulated upper surface (a; = 0), the isotherms on the lower
surface are not perpendicular to the surface. Their slope characterises the heat flux
through the lower surface of the slab.

The efficiency of heat transfer is determined by the Biot numbers Bi; = a;4/A and
Bi, = ap A/ [formulas (4.2.32)]. The solution obtained is applicable for the analysis
of thermal processes in underwater welding (Parshin 2016).
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Fig. 5.20 Schematic diagrams for calculation of the temperature fields in thin-walled cylinders:
a longitudinal source (a); a ring source (b); an equivalent pattern (developed cylinder) for the
longitudinal source (c); an equivalent pattern for the ring source (d)

5.1.3.3 Moving Point Source on a Thin-Walled Pipe

Let the thickness of the cylindrical tube # be much less than its radius R, h < R.
Then it can be assumed that the heat in the tube will be diffused according to the
same laws as in the slab (Sect. 5.1.3.2).

Consider the two most common types of the source movement: the source moves
along the generator of the cylinder (Fig. 5.20a) and the source moves along the ring
as in girth welding (Fig. 5.20b). The surface heat transfer is negligible.

Suppose that the surface point source is at the origin of a moving coordinate
system (Fig. 5.20a). If the source moves along the generator of the cylinder, then in
the longitudinal section, which is diametrically opposite to the source, the algebraic
sum of the transverse heat fluxes g», is zero because of symmetry, i.e. this section is
adiabatic and can be used to split and unfold the cylinder into a slab with adiabatic
lateral surfaces (07/dy =0aty =—mRand y = 7R, Fig. 5.20c). Then, on the basis
of Eq. (5.1.60) with £ = n = ¢ = 0, using the method of images, the solution can be
obtained for an infinitely long cylinder:

T( N-To= " exp(-2) i i ! YR
¥, 2,8) —To= ——exp(—=— exp( —
SR 0= 5 TP\ T2 ) R P\" 24

i=—00 j=—00
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1 o+ R; v2t + (VR,',j )(I)* R; + V2t
X = - — ex —_—
2 JVaat 4a P\ JV4at 4a

(5.1.77)

where R; ; = VxZ+(y — j2n R + (z — 2ih)2.

It is easy to obtain solutions for the steady state (at + = oo) from Eq. (5.1.77),
as it was done in Sect. 5.1.3.2. If the source is in the pipe wall (¢ # 0), then the
corresponding solution can be obtained on the basis of Eq. (5.1.60).

Now consider an option of the point source moving along the ring. It is assumed
that the speed of the source is constant, v = const, and power g can depend on time,
q = q(t). This case occurs in practice in girth welding of thin-walled pipes, when
it is required to obtain a weld of constant width (Sect. 1.2.1).

When the source moves along the ring (Fig. 5.20b), the heat-impermeability con-
dition (the sum of the longitudinal fluxes g,, is zero) is satisfied in a longitudinal
cross-section diametrically opposite to the source at each instant of time . An equiv-
alent model where the source starts moving at point O is shown in Fig. 5.20d.

Using the source method and Eq. (4.2.21) as the fundamental one, a solution is
obtained to the problem for a source buried at a depth of ¢, in a stationary (fixed)
coordinate system:

\ q(t) . S Rijk
Tyt =To= / cpldma(t — 1)) Z Z Z eXP(—4a(t ]_ T)>dr’
0

i=—o00 j=—1,1 k=—00

(5.1.78)

where R}, , = (x —vt — k2 R)* + y> + (z — j¢{ — 2ih)%.
If the source is of constant power, g(t) = const, the integral is expressed as the
known functions (Sect. 5.1.3.1).

5.1.3.4 Moving Line Source in a Plate

The procedure for determining the temperature in a plate is the same as for a semi-
infinite solid (Fig. 5.7¢). By using (4.2.39) in the moving reference frame, we obtain

q/hdt

dT(x7 ¥ t) = Cp[471,’a(t - T)] exp(

v =P +y
da(t — 1)

2
—b(t — ‘L’)). (5.1.79)
We integrate this equation from O to 7, and, after some transformations, obtain

h VX
Tx,r,t)y—Ty = % exp(—ﬂ>
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X/L (_L_(ﬁw)(;_ ))d (5.1.80)
P T e\ o)ar
0

In the limiting case (at t+ — 00) by substitution u = ? /(4a) + b)(t—1) and
integral (5.1.75) we obtain (Rykalin 1938a, b)

_q/h VX vr 4ab
T(x,r, 00) TO_Zmexp( za)Ko(za,/H =) (5.1.81)

Formula (5.1.81) without heat transfer (b = 0) could be obtained differently: by
integrating (5.1.44) over ¢ from 0 to oo or (5.1.64) from O to A. In the latter case,
Fo(r,z) =1, since

h

/cos(m'{/h)dg“ =0. (5.1.82)

0

The quasi-stationary temperature field in the plate (Fig. 3.1b) is qualitatively the
same as in a semi-infinite solid (Fig. 5.8b). However, the isotherms in the plate are
even more elongated in the direction opposite to the direction of the source motion,
and the heated regions are larger than in case of a bead on a massive solid (Figs. 3.1c
and 5.8d).

It is interesting to note that in a plate with a heat-insulated surface (b = 0), the
heat content of all cross sections behind the source (x < 0) is constant, i.e. it does not
depend on coordinate x:

[e¢]

/ cp[T (x,y,00) — Tylhdy = q/v. (5.1.83)

—0Q

This follows from the property of the Bessel function (Rosenthal 1946):

® 2 2

/ KO(V_VHY )dy _ ”_aexp<_w>, 5184
\%

0

2a

By substituting (5.1.81) and (5.1.84) into the left-hand side of expression (5.1.83),
its right-hand side is obtained.

Consider the effect of the welding parameters (the effective power of the welding
source ¢ and its speed v) on the temperature field in the steady state (Fig. 5.21).
With a decreasing speed v and g = const, the heated regions expand and lengthen
(Fig. 5.21a, ¢). With an increasing power g and v = const, the heated regions increase
in length and width (see Fig. 5.21a, b). As for a quantitative analysis, it is convenient
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Fig. 5.21 The effect of welding conditions on the quasi-stationary temperature field 7' (x, y, o) —
To in a 10 mm thick plate (a, b, ¢) and the dimensions of isotherm 7 (x, y, co) — T9 = 800 K (d)
A=004Wmm 'K, a=8mm?s!,b=0)

to consider the dependence of the temperature field on the parameters of the welding
conditions using an isotherm 7 — Ty = 800 K as an example (see Fig. 5.21d). The
doubled power (from 5 to 10 kW at a constant speed v = 5 mm s~ ') resulted in an
increase in the length of the zone heated above 800 K by 4 times and width by 2
times, approximately. The dependence of the width and length of the isotherm on v
at g = const is inversely proportional. At a constant heat input per unit length (Q; =
g/v = 10/5 = 5/2.5 k] mm™"), the speed has a practical effect only on the length of
the heated zone (proportional dependence).

Let us consider the influence of the thermophysical properties of the metal on
the quasi-stationary temperature field under the same welding conditions using the
example of low-carbon steel, Cr—Ni austenitic steel, an aluminium alloy and titanium
alloy (Fig. 5.22). Their properties are shown in Table 2.2.

In steels, the volume-specific heat capacity cp is approximately the same while
the thermal diffusivity a and the thermal conductivity A are different (Table 2.2).
Because of the reduced thermal conductivity, the heated region (for example, the
region bounded by an isotherm of 7 — T, = 1000 K) in austenitic steel is longer than
in low-carbon steel (Fig. 5.22a, ¢). Owing to the very high thermal conductivity of
the aluminium alloy, the regions heated to a high temperature are much smaller than
in steels and are close to a circle in shape (Fig. 5.22b).

It is convenient to use dimensionless criteria for a generalised analysis of thermal
processes. The quasi-stationary temperature field (5.1.81) is represented in the form:

02(§, p2) = exp(—§)Ko(p2);
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Fig. 5.22 The effect of the thermophysical properties of a metal on the temperature field
T (x, y, 00) — Ty around a moving line source in a 10 mm thick plate: low —carbon steel (A =
0.04 Wmm~! K~!, a = 8 mm? s~!) (a); Al-Mg-Si alloy (A = 0.167 W mm~! K~!, a = 62 mm?
s~1) (b); Cr-Ni austenitic steel (A = 0.02 W mm~' K~!, a = 4 mm? s~') (¢) and titanium alloy
A=003Wmm 'K a=10mm?s~ 1) (d) (g =5000W,v=25mms ")

02 =VE2+1?, (5.1.85)

where 6, is the dimensionless temperature, £ is the dimensionless longitudinal coor-
dinate, 7 is the dimensionless transversal coordinate, p; is the dimensionless plane
radius vector (the dimensionless distance between the point under study and the

source):
P —ZTM(T T).g_vx_ vy /1+4ab (5.1.86)
2_q/h 0)s —2a7n_2a7u_ v2' b

The surface heat transfer is accounted by just one parameter w. It is seen from
(5.1.85) and (5.1.86) that temperature drops with an increasing coefficient of heat
loss b, since function Ky goes down with an increasing argument (see Fig. 3.14).

Figure 5.23a shows the dimensionless temperature field in a moving coordinate
system, and Fig. 5.23b shows the temperature distribution 6,(&) at various distances
n or, which is the same, the thermal cycle 6(7) of fixed points located at distance 7
from the &-axis.

The dimensionless heating and cooling rate d6,/dt is determined by differenti-
ating function (5.1.85) with respect to £ and by changing the variable £ = —1:

0
-7 = —exp(=§) [Ko(upz) + M%KI (M,Oz)] (5.1.87)
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Fig. 5.23 The quasi-stationary dimensionless temperature field (a), the longitudinal distribution of
dimensionless temperature 8, (b) and the heating/cooling rate 96,/dt (c¢) for a moving line source
in an infinite plate with impermeable surface (Grong 1994; Myers et al. 2007)



194 5 Temperature Fields in Fusion Welding

and

a0
2 exp(t) |:K0(/,L 2+ 772) — /L;Kl (/,L 24 n2>:|, (5.1.88)

ot /72 + 2

where K| (1) is the modified Bessel function of the second kind of order 1 (Fig. 3.14),
Ki(u) = —dKo(u)/du. Here

00, dmwal 8T. V2t 5.1.89
9t viq/h o’ ' T 24 (5.1.89)
It is seen from the comparison of Fig. 5.23 with Fig. 5.10 that the temperature fields
and thermal cycles are similar.
By using Fig. 5.23b, ¢ we build up the dependence of the cooling rate of vari-
ous points of the solid on the current temperature (Fig. 5.11b). The transition from
dimensionless quantities to dimensional ones is made according to formulas:

h oT 2g/h 96
T—To—&ez; —=Vq/ 2
ot dmwal Ot

= 5.1.90
2w A ( )

Formula (5.1.85) and Fig. 5.23b, corresponding to it, allow us to find the retention
time above a given temperature (Fig. 5.12c). The closer the point is to the x-axis (the
smaller 7 is), the longer this time is. The cooling time in the given temperature range
can be found from the curves in Fig. 5.12d.

The algorithm for calculating the overall dimensions of the region heated above
the given temperature (isotherm 6, = 6, max) in an infinite plate is analogous to that
for a semi-infinite solid (Fig. 5.24).

We have considered the two extreme idealised combinations of moving concen-
trated sources: a point source on a semi-infinite solid and a line source in an infinite
plate. The above figures allow us to obtain a range of basic characteristics of thermal
processes, where many practical cases fit.

It is surface sources, which are mainly used in fusion welding. When calculating
the temperature in thin plates, a model for a line source, evenly distributed across
thickness, is often used. The question arises: what is the error of calculation when the
surface source is replaced with a penetrating one? Let us estimate error ¢ provided
that the temperature field is steady and there is no heat transfer. By using formulas
(5.1.64) and (5.1.81), we obtain:

T('xar’za OO)_ T(.x,r, OO)

T(X,V,Z,OO)_ TO

1
1— 1+;icos(ni§)Ko Pe 1+<7Z_i)2 (5.1.91)
Ko(p2Pe) = & V Pe ’ o
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Dimensionless coordinate

10° 10" 10" 10'
Dimensionless temperature @,

Fig. 5.24 Schematic representation of the 2D solution for a moving line source in an infinite plate
(a) and dimensionless distance & yax, half width npax and radius vector ps max as functions of a
specified dimensionless steady temperature 0, max (b) (Grong 1994; Rykalin 1947, 1952)

where p; is the dimensionless distance (dimensionless plane radius vector), ¢ is the
dimensionless depth of the point under study, Pe is the dimensionless thickness (the
Peclet number):

VxZ+y? 2. p vh (5.1.92)
= — = —; c=—. -1.
P2 P ¢ n a

Curves ¢ (p;) for several Pe values on the upper (¢ =0, z = 0) and lower (¢ = 1,
z = h) surfaces are shown in Fig. 5.18b. It is seen that near the source on the upper
(heated) surface, the error is close to 1, and on the lower surface it is negative. It
means that the temperature is higher on the upper surface. However, on the lower
surface it is below the average temperature 7T (x, r, c0) determined by expression
(5.1.81). With moving away from the source, the non-uniformity of the temperature
distribution across the thickness decreases rapidly and does so the faster, the smaller
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the Peclet number Pe (lower thickness and/or speed) is. At a distance p, = 4 (four
thicknesses) under the considered Peclet numbers, the temperature of the surfaces is
practically no different from the average temperature.

5.1.3.5 Moving Line Source in a Plate of Finite Width

In Sect. 5.1.3.4, a plate with an infinite length and an infinite width was consid-
ered, and the solution to the stationary problem in a moving coordinate system was
obtained. The problem remains stationary if the plate is limited by the planes parallel
to the source movement.

Let the line source move in an infinitely long heat-insulated plate at distance W
from the longitudinal edges. This case corresponds, for example, to the welding of
two W-wide plates, the thermal cutting of a 2W-wide plate, deposit welding over the
longitudinal edge of a W-wide plate.

The quasi-stationary field in a plate of an infinite width is described by Eq. (5.1.81)
at b = 0. To take into account the boundary conditions, the method of images based
on this equation is used. As a result we obtain

00 S A — 2wy
q/h ( vx) ZKO<V X2+ (y —2iW)? . (5.1.93)

T s Vs _T=_ A
(*x 3, 00) 7 2 °xp 2a/ 2a

1=—0Q

Series (5.1.93) is substituted by Fourier series according to formula (4.2.25). It is
known (Rosenthal 1946) that

o0
)
/Ko(u)dy = ﬂexp(—w>; (5.1.94)
v

2a 2a
0

o0
/KO W2+ y? cos my/dy’: 7a _lel,u, :

2a w VL 2a
0

2ria\’
=1+ . (5.1.95)

v

Then, taking into account (4.2.25), (5.1.94) and (5.1.95), we obtain from (5.1.93)

T(x,y, 00) —Ty= a/ h2W) exp<—v(x + |x|)>
cpv 2a

x [1 2) ui exp(—%) cos(n—vi/y>:|. (5.1.96)
i=1
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Fig. 5.25 The quasi-stationary dimensionless temperature field around a moving line source in a
narrow plate (Rosenthal 1946)

The value of the first fraction in formula (5.1.96) is equal to the average temper-
ature in the cross section of the plate behind the source. As shown in Sect. 5.1.3.10,
the expression before the square brackets describes the axial temperature distribu-
tion caused by the transverse plane source in the rod without heat transfer, and the
expression in the square brackets takes into account the non-uniformity of temper-
ature distribution over the width of the plate. Formulas (5.1.93) and (5.1.96) are
equivalent. They differ only in the rate of convergence: the first is preferable for a
large width, and the second for a small width W.

Formula (5.1.96) can be represented in dimensionless form

=1
0(¢, n) = exp(-wl§ +[£[]) {1 +2) “ exp(—w|§[[pni — 11) COS(m'n)};
i=1 ™t
cpv vW
0= ——n —
q/ (h2W) 2a

i =1+ (i o). (5.1.97)

Here, the size of plate W is taken as a unit length.

In Fig. 5.25 the field of the dimensionless temperature 6 is shown at a relative
width of the plate w = 2. At some distance behind the source, the temperature field
becomes linear and this distance is the lower, the smaller criterion w is (speed v is
lower, or width W is smaller). Near the source, the temperature is much higher than
the average temperature 6 = 1.

Solutions (5.1.93) and (5.1.96) are fundamental. They can be used to solve a
stationary problem for distributed sources in a plate of a finite width. The advantage

(T — Ty); & = — >
0 w = w
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Fig.5.26 Isotherms 6; = 2mAi1h;/q(Tj—Tp) in a composite molybdenum/niobium plate

(Makhnenko 1976)

of the solution in the form of (5.1.96) is that when the method of sources is used, the
integration of the product of the distribution function and the exponential function
or cosine is much easier. For example, if the source is uniformly distributed over a
certain interval along the x-axis, then the solution is expressed by using elementary
functions in the form of an absolutely convergent series (Rosenthal 1946).

5.1.3.6 Moving Line Source in a Composite Plate

A uniformly distributed concentrated line heat source of the constant power g moves
at a constant speed v along the rectilinear butt of two dissimilar plates (y = 0) with an
ideal contact between them (Fig. 5.26). The volumetric specific heat capacities ¢ p
and ¢, thermal conductivities A; and A,, thermal diffusivities a; and a, as well
as thicknesses %, and h, within each of the two semi-bounded plates are constant.
The moving temperature field at the stage of the limit state, i.e. the quasi-stationary
state, is considered.

At the specified conditions, the problem can be solved using Fourier transforma-
tion method (Makhnenko 1967):

o0
q _
Tj(x,y) = To = ;/u V2 exp(=njlylu'’?)
0
172 12
X | K cos ux+mu— — Q sin ux+Mu— du,
2a; 2a; n;
(5.1.98)

where

K- Mhiny + Ayhong )
(hiny + dahano)? +v2 [4[Aihy [ (may) + Aaha/ (nzaz)]T
v Mhy [ (niay) + Aahy [ (naas) )
2 (Athiny + dahana)? +v2 [ 4[ Mk [ (may) +A2h2/(n2a2)]2’
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1/2
- 1/2
nj=2 1/2[u+ (u2+v2/a12-) / ] .

Solution (5.1.98) can be also presented in dimensionless form. Figure 5.26 shows
the field of dimensionless temperature in welding of a molybdenum (1) and niobium
alloy (2). Itis apparent that the temperature field is asymmetric with respect to the butt.
In the material with a higher thermal conductivity and thermal diffusivity, isotherms
expand and become more convex (a; = 37 mm? s ' and A, = 0.1 Wmm~! K~!
for molybdenum and a, = 24 mm? s~! and A, = 0.06 W mm~" K~! for niobium)
(Makhnenko 1976). The peak temperature in cross-sections ahead of the moving
source may slightly shift from the joint centreline to a material with a higher thermal
conductivity. Behind the source, the peak temperature is on the axis of the source
travel.

Similar results were obtained in butt gas tungsten arc welding of carbon steel and
ferritic stainless steel (Ranjbarnodeh et al. 2010).

Numerical methods allow us to obtain temperature fields for different combina-
tions of dissimilar metals, taking into consideration the temperature dependence of
properties and the displacement of the source axis from the butt (Makhnenko 1976;
Ryabov et al. 1984).

5.1.3.7 Moving Line Source in a Thin-Walled Pipe

As in Sect. 5.1.3.3, the thickness of the cylinder-shaped pipe # is much less than its
radius R, h < R.

If the line source moves along the cylinder generatrix (Fig. 5.20a), its equivalent
model will look as a plate of a limited width (see Fig. 5.20c). This case is discussed
in Sect. 5.1.3.5.

If the line source moves along the ring of an infinite cylinder (see Fig. 5.20b), its
equivalent model is an infinite plate (see Fig. 5.20d). The temperature field in the
fixed coordinate system can be found by using (4.2.39) (Karkhin 1990):

q/h
T(x,y,t)—To= Z /cp ra(t — 1))

VT —K2TR)? 442
xexp(—(x vT —KomR) +y —b(t—t))dr. (5.1.99)

da(t — 1)

5.1.3.8 Moving Line Source in a Thin-Walled Cone

Like in the cases of the thin-walled cylindrical pipe (Sects. 5.1.3.3 and 5.1.3.7), the
cone can be unfold into a tapered plate (Fig. 5.27). The angle at the vertex of the plate
is equal to B = m/n, where n = 1, 2, ... The temperature field for any path of source
AB in the cone (see Fig. 5.27a) will be the same as the temperature field in the sector
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Fig. 5.27 The heat source trajectory in thin-walled cone AB (a) and an equivalent calculation
model (b)

of the infinite plate with angle B (darkened area) due to real or fictitious sources
(see Fig. 5.27b). The total number of sources equals 2n. The temperature from each
source can be found using the method of sources, based on solution (4.2.39) for the
instantaneous line source in an infinite plate.

5.1.3.9 Moving Non-uniformly Distributed Line Source in a Slab

The line source with power ¢ in a heat-insulated slab of thickness # is distributed
along the z-axis according to any specified law ¢ (z) and move along the x-axis at a
constant speed v. This source schematically describes penetrating concentrated weld
heat sources (e.g., electron beam, laser beam, plasma jet).

The temperature field is found in the moving coordinate system in the limit state
(t — 00). The problem will be solved by the method of sources, based upon the
equation for the moving point source in a slab (5.1.64) (Karkhin 1990; Karkhin and
Pilipenko 1997; Michailov and Karkhin 1997):

VX 1%

_q/h r
T(x,y,7,00) — Ty = mexp( Z)KO(Z)Fl(r, 2, (5.1.100)

where
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P h 2a vh 2a

h

r=Vx+y2%; :/Mcos<%ic>d§. (5.1.101)
q
0

The right side of the expression (5.1.100) up to F; describes the two-dimensional
temperature field due to the moving line source in the plate without surface heat
transfer (5.1.81). Function F'|(r, z) takes into account the deviation of the considered
source from the line source of power ¢, equally distributed over the entire thickness
of the slab (in the latter case F';(r, z) = 1). The expansion of power distribution g;(z)
into Fourier series in terms of cosines (5.1.101) presents no special difficulties as
the Dirichlet’s conditions are met in all cases of welding. For instance, for the point
source in the slab I; = 1 according to (1.2.7). If ¢1(z)/q = A + Bz in the interval 7/,
7", then

h . (i7" h\? wiz’
I; = —(A+ Bz")sin +|— ) B cos
i h i h
]’l . '/ ]’l 2 L4
— LA+ B sin ZE) () B cos( EE). (5.1.102)
i h i h

The expansions of many other functions into Fourier series can be found in profes-
sional literature (Bateman and Erdelyi 1954; Gradshteyn and Ryzhik 2014; Prud-
nikov et al. 1986).

It is necessary to emphasise that the piecewise linear function can be used to
describe almost any distribution of power g (z) to the specified accuracy. The source
can be also distributed along x, like in multiple-electrode welding (Pilipenko et al.
1999; Pilipenko 2001). The temperature will be a sum of temperature increments
produced by all separate sources. As an example, Fig. 5.28 shows the temperature
field in electron beam welding of a 20 mm thick slab made of low-carbon steel under
the conditions: ¢ = 5400 W, v = 8 mm s~! (Karkhin and Pilipenko 1997). The distri-
bution of the beam effective power across the thickness was approximated by three
line pieces (see Fig. 5.28a). The three-dimensional temperature field is characterised
by high non-uniformity (see Fig. 5.28b—d). Since the temperature field is known, it
is easy to find the change of temperature in time ¢ at any individual points using the
transformation r = —x/v (see Fig. 5.28e). It follows from the figure that points B
and D with the same peak temperature, thermal cycles T(¢), and consequently, cool-
ing rates d7/0¢ are significantly different. Unlike the uniformly distributed sources,
curve T'(¢) can have several maxima (sign d7/0¢ can change several times).

The replacement of the non-uniform power distribution by a uniform one can
lead to big errors in the calculation of the temperature field (Michailov and Karkhin
1997).
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Fig. 5.28 The diagram of heat supply (a), peak temperature field in the cross section (b), quasi
— stationary temperature field on the upper (z = 0) and lower (z = 20 mm) surfaces of the plate
(c) and in the longitudinal section (y = 0) (d), thermal cycles in points A, B, C and D at the cooling
stage (e) in electron beam welding of a 20 mm thick low—carbon steel joint (Karkhin and Pilipenko
1997)
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5.1.3.10 Moving Plane Source in a Rod

It is possible to find the temperature field in a rod similarly to the cases of a semi-
infinite solid and plate (Fig. 5.7d). By using (4.2.42), we obtain (Rykalin 1938a, b,
1947, 1951, 1952, 1957):

t

B q/A [x +v(t —1)]?
T(x, l) — T() = / Cp[4]'[a([ — -[)]1/2 exp(—m — b(f — 'L'))dl'

q/A . p( v |: N 1+4abi|>
= —————¢exp|——|x+|x —_—
2
cov /1+4ab 2a v

R )

|x|v 4ab V2t 4ab
pr=—H|1l+—s51=—"1+—).
2a v2 4a

5 (5.1.103)
v

The steady-state temperature (f = 00)

q/A 14
T(x,00)— Ty = ————exp| —=— | x + |x| :|> (5.1.104)
cpv / 4ab ( |:

The distribution of the steady-state temperature 7 (x, oo) is shown in Fig. 5.29. It
follows that in a rod without surface heat transfer (with b = 0), the temperature in
front of the source falls sharply [according to the law exp(—vx/a)], while behind it is
constant and equals to g/(Acpv). The heat transfer reduces the temperature all over
the rod.

5.1.3.11 Moving Point Source in a Solid Cylinder

It is assumed that a point source with coordinates p, ', { moves parallel to the
axis of cylinder z (Fig. 3.16f). Represent this moving continuous source as a set
of elementary instantaneous point sources in an infinite solid cylinder (4.2.43). By
integrating with respect to time from 0 to ¢ for temperature increments induced by
elementary sources and by using integral (5.1.40), we obtain the solution in a moving
reference frame (Carlson et al. 2013):

R 2
7, 0,20 - To = LB oinc L= o+ 12— ¢l
cpv 2a

X Z COS(}’l(O o’ )) Z n m J (H/n m I(Q:LJ (l;’n m R)
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Fig. 5.29 Steady temperature distribution 7' (x, 0o) due to a plane source in an infinite rod at
various coefficients of heat loss b (¢/A = 7.5 W mm~2,v=1mms !, cp=0.0057J mm—3 K1,
a=8mm?s~!, Ty =300 K)
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Rv

If the heating is quite long, (theoretically t = 00), the cylinder quasi-stationary
state is described by the expression:

R 2
16.6,2.00 = T = LT exp(- e~ o)+ I~ 21)
cpv 2a

. ’ ’ = Anm Jn(,un,m%)]n(l/‘n,m%)
X cos(n(@ — 0")) :

; n; Bn,m Jn(:un,m)
x eXp(—v|Z LA Bn,m)>. (5.1.106)

2a

The effect of the heat transfer surfaces is manifested through coefficients A,, ,, [see
(4.2.43)].

Laser beam which heats solid copper wire during laser brazing (Fig. 5.30) can be
an example of a moving point source on the solid cylinder. It follows from the figure
that under the specified heating conditions, the temperature is equalised in the wire
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Fig. 5.30 The steady temperature distribution along the wire axis due to a moving point heat source
at point A (v = 16.7 mm s, cp =0.003717J mm> K, a=94mm?s™!,a =0, Ty =300K):
a moving reference frame (a) and the temperature distribution at top (r = 0.6 mm, 6 = 90°), the
centre (r = 0) and the bottom (r = 0.6 mm, 6 = 270°) (b) (Carlson et al. 2013)

cross-section behind the beam at a distance equal to the diameter of wire (with z =
1.2 mm).

5.1.3.12 Heat Saturation and Temperature Equalisation

Heat saturation period

During a long exposure to a concentrated constant power source, moving rectilinearly
at a constant speed, the moving temperature field, associated with the source, tends to
the limit quasi-stationary state. The duration of heat propagation from the beginning
of the exposure (+ = 0) till the establishment of the limit state is known as the heat
saturation period. In theory, this period is infinitely long; in practice, in most cases
of welding it lasts only a few seconds for a high-heated area. Therefore, the study of
the limit state is of great practical interest.

The temperature increment is presented at a point in the heat saturation period in
a form of product:



206 5 Temperature Fields in Fusion Welding
T (1) = To = Y (O[T (c0) — T, (5.1.107)

where  is the heat saturation function of the same point, 0 < ¥ (¢) < 1. The growth
of function ¢ with time ¢ characterises the heat saturation rate for a point of the solid.

The dimensionless function ¥ of dimensionless parameters is expressed for the
following simple models: (i) a point source on the surface of a semi-infinite solid,
(ii) a line source in the plate, and (iii) a plane source in a rod.

(i) The three-dimensional (volumetric) temperature field due to the surface point
source on the semi-infinite solid (5.1.39) is described by the formula for the limit
state (5.1.41) and the heat saturation function (Rykalin 1947, 1952):

T(R,x,t) — Tp
T(R, x,00) — Ty

1 o R V2t N <VR>CD* R . V2t

== —/ exp| — —_—

2 v/4at 4a Pl v/4dat da
(5.1.108)

Y3(R, 1) =

or in dimensionless form (Rykalin 1947, 1952):

1
Va(ps, T) = E[q)*<2/% - r) +exp(2p3)c1>*<2’% + ﬁ)} (5.1.109)

where

VR V2t

=—; T=—.
p3 2a 4a

Here, pj3 is the dimensionless coordinate (the Peclet number), 7 is the dimensionless
time (t = Fo(Pe)?, Fo is the Fourier number, Fo = at/R?). The curves y3(p3, T) are
shown in Fig. 5.31. The closer the points are to the source (smaller distance p3), the
earlier their temperature approaches the limit. At the application point of the source
(p3 = 0), the limit state occurs instantly (13 = 1 with T = 0). In practice, the heat
saturation effect is clearly visible, for example, in the increased depth of fusion at
the beginning of the weld.

(ii) The two-dimensional (plane) temperature field due to a line source in an
infinite plate (5.1.80) is described by limit state formula (5.1.81) and heat saturation

function:
~1
) T(r,x,t)—Tp 1 K, vr /1+4ab
rt)= ——— = — — —
2 T(r,x,00)—Typ 2 2a y2
t
1 r2 V2 4ab
Z —— — — |1+ — |t )dt 5.1.110
x/texp< 4at 4a( v2)> ( )
0
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or in dimensionless form

2t/p2

V2 (2, T) ! /1 201 (5.1.111)
,T) = ——— —exp| ——= - , 1.
22O e S w2 ) )
0
where p, and t are the dimensionless coordinate and time:
vr 4ab V2t 4ab

=—/1+—; =—|1+—). 5.1.112
P2~ 2 vzt 4a< v2 ) ( )

The curves ¥,(p2, T) are shown in Fig. 5.32 (solid lines). Function ¥r,(p>) has
the plane symmetry with respect to the line source. Heat saturation processes in the
plate (see Fig. 5.32) and those of the semi-infinite solid (see Fig. 5.31) are similar.

It is convenient to use the approximation formula in calculation
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T = vzt/(4a) for
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Fig. 5.32 Heat saturation
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Time ¢
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1

_ (5.1.113)
1.740.4p;

Y2(p2, T) =

The curves, calculated on the basis of this formula, are shown in Fig. 5.32 as
broken lines. This approximate function ¥,(0,, T) coincides with the exact function
(5.1.111) in limiting cases: ¥2(p2, 0) = 0, ¥2(p2, 00) = 1, ¥(c0, 7) =0

(iii) The one-dimensional temperature field due to the plane source in the infinite
rod (5.1.103) is described by the limit state formula (5.1.104) and the heat saturation
function (Rykalin 1947, 1952):

1
1//1(/71’7):5[@*(2[ \/—) eXp(2p1)©*<2f+f>] (5.1.114)

where p; and t are the dimensionless coordinate and time:

v|x| 4ab V2t 4ab
= ,/ ; =—1+—. 5.1.115
v2 4a v2 ( )

The heat saturation process in the rod occurs qualitatively in the same way as in
the semi-infinite solid and the plate (Fig. 5.33). From the comparison of Figs. 5.31,
5.32 and 5.33, it follows that the heat saturation in the plate occurs more slowly than
that in the semi-infinite solid, but quicker than that in the rod.

Note that using the above-mentioned method, heat saturation functions can be
found for the point source, buried in the semi-infinite solid, slab or cylinder, those
for the line source in the plate of a limited width and other source-solid combina-
tions, but in these cases the functions depend on additional geometrical parameters
(penetration of the source, size of the solid, etc.), and, thus, such formulas turn out
to be cumbersome and not illustrative.

=
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Temperature equalisation period

Due to the heating by the source, the temperature rises (region I, Fig. 5.34a). When
the source ceases to act (¢ > t,,), the temperature equalises (region II, Fig. 5.34a).
At any time ¢ of the equalisation period, it is possible to find the temperature by
formulas of type (5.1.39), (5.1.80) or (5.1.103) depending on the calculation model,
but time ¢ in the integration limit should be replaced by the actual action time of the
source t,,:

T(t)— Ty = / f(t — t)dr, (5.1.116)
0

where f is the corresponding integrand. Integral (5.1.116) can be presented in another
way:

T(t)— Ty = / £t — v)dt — / f(t — t)dr. (5.1.117)
0 ty

The physical interpretation of the last expression is in the presentation of the
actual source (see Fig. 5.34b) as a pair: the source (see Fig. 5.34c), continuously
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acting within the interval (0, #), and a sink (see Fig. 5.34d), continuously acting
within the interval (¢,,, ).
If the moving or stationary source is pulsed, then

ming,;, n

T(t)—Ty=)_ / f(t — 1)dr, (5.1.118)
=1

where 7 is the number of pulses per time #; #,; and #;; are the start and end times of

the ith pulse respectively.

If the mentioned integrals are not expressed as the known functions, it is advisable
to use integrals in form (5.1.116) and determine them by using numerical methods;
if they are, then integrals in the form (5.1.117) should be used. In the latter case,
the temperature can be expressed by using the temperature of the limit state and the
corresponding heat saturation functions:

T (1) = To = [T(00) — To] ¥r(t) — [T(00) — Tol ¥ (z — 1)
= [T(00) = Tol[¥ (1) — ¥t —1,)]. (5.1.119)

The above-mentioned approach can be applied to the stationary sources. In this
case, the corresponding formulas are used: (5.1.25), (5.1.27), (5.1.29), (5.1.31),
(5.1.35), etc.

Note that formulas (5.1.41), (5.1.81) and (5.1.104), which describe quasi-
stationary temperature fields around point, line and plane sources in a semi-infinite
solid, plate and rod, are the most cited in the literature dedicated to thermal welding
processes. Following N. N. Rykalin (Rykalin 1938a,b, 1941, 1947, 1951, 1952, 1957)
they were derived from general transient solutions (5.1.39), (5.1.80) and (5.1.103)
and in the Russian-language literature they are known as ‘Rykalin’s solutions’). Prob-
ably, for the first time, they were obtained by H. A. Wilson over 100 years ago in his
solution of the stationary equation

V4 ——+2=0 (5.1.120)

a 0x A

by using the method of separation of variables and the method of sources (Wilson
1904). Later, O. F. T. Roberts solved the stationary equation for the cases of point and
line sources, moving with respect to the isotropic and orthotropic medium (Roberts
1923). Later, D. Rosenthal published (without references to other authors’ works
published earlier) solutions to the stationary equation for the point source on a semi-
infinite solid, the point source in an infinite slab, the line source in an infinite plate, and
the plane source in an infinite rod. In the English-language literature, these solutions
are called ‘Rosenthal’s solutions’.
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5.1.4 Rapidly Moving Concentrated Heat Sources

Earlier, in Sect. 5.1.3.4, as exemplified by the line source in a plate, it was shown that
with an increasing source speed v and a proportional growth in its power g (heat input
per unit length g/v = const), the size of the area heated above the certain temperature,
increases: the area length increases in proportion to the speed, while its width varies
insignificantly (Fig. 5.21). Behind the source, the distance between isotherms in the
longitudinal direction (on the x-axis) is much higher than in the transverse direction
(on the y-axis), that is 107/dx| < 10T/dyl. It means that longitudinal fluxes along the
x-axis are much smaller than the fluxes along the y-axis according to Fourier’s law,
q2x K ¢ay. The higher the speed v is, the more valid this inequality is.

The models for rapidly moving sources are based on the additional assumption that
there are no longitudinal fluxes (g,, = 0), which, in turn, makes it possible to reduce
the dimensionality of the heat conduction problem by one and, consequently, greatly
simplify the calculation models. This advantage of rapidly moving sources has made
them popular for calculating temperature fields in welding. The main source-solid
combinations reviewed in previous Sect. 5.1.3 are discussed below.

5.1.4.1 Rapidly Moving Point Source in a Semi-infinite Body

First, consider the point source on a semi-infinite solid. Separate a thin transverse
layer (with the thickness of 7 = 1) out of the solid, with the introduced heat input
per unit length Q; = ¢/ (J m™!) at the instant the heat source crosses the layer
(Fig. 5.35a). According to the accepted assumption, the heat propagates only in the
radial direction 5 which corresponds to the model for the instantaneous line heat
source (; in a semi-infinite plate 4 = 1 thick or, which is the same, that for source
20, in an infinite plate without surface heat transfer (Fig. 5.35c). By substituting
2qg/v for Q/h in formula (4.2.37), we obtain

q/v r?
T(r, t)—T()ZﬁeXp<—4—m), (51121)

where r is the distance from the point under study P to the axis of the source movement
x, r* = y? + z%; t is the time counted from the instant when the source crosses the
section, in which point P is located.

It is possible to present the solid behind the source as a set of thin transverse
layers with coordinate x, which differ only in the reference time ¢ (see Fig. 5.35a).
By substituting + = — x/v into (5.1.121), an equation is obtained to describe the
volumetric temperature field in the moving coordinate system:

q I’2V
T(x,r)—Tp = ~3min eXp<M>. (5.1.122)
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Fig. 5.35 A rapidly moving point source on a semi-infinite solid (a) and a line source in an infinite
plate (b), separated transverse layers of unit thickness with line (¢) and plane (d) sources

Here x < 0 (the formula with x > 0 does not make sense as, according to the
assumption, the solid does not heat up ahead of the source).

Note that formula (5.1.122) can be derived from (5.1.41) using the passage to the
limit at v — oo providing that Q; = ¢/v = const (the heat input per unit length
is constant), when the assumption concerning the absence of longitudinal fluxes is
strictly satisfied (the weld is made simultaneously along its entire length). For this,
let us substitute x = —vz into Eq. (5.1.41), where ¢ is the time counted from the
instant when the source crosses the cross section where the point under study is
located (Fig. 5.35a) (Frolov 1988; Negoda 2008):

q/v
271M\/1 +(y2+22) / (vr)?

2 2 2
xexp(— 2| =1+ [1+ 2221, (5.1.123)
2a (vt)

At v — o0, the fraction under the radical sign is much less than 1, so

T(y,Z,t)—T()Z

y2 +z2 ~ 1t 1y?+272
(vt)? 2 (v)?

1+ (5.1.124)

Taking into account the approximation (5.1.124), we get from (5.1.123)

2 2
q/v +z
T(y,z,t) - To = 271/M eXp<—y4m ) (5.1.125)
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Fig. 5.36 Temperature fields around a rapidly moving heat source (g = 5000 W, v = 5 mm s/,
A=004Wmm 'K, g=8mm?s !, a=0, To = 300 K): a point source on a semi-infinite

solid (at z = 0) (a); a line source in a 10 mm thick infinite plate (b)

which coincides with Eq. (5.1.121).

Figure 5.36a shows the field around the rapidly moving point source on the surface
of semi-infinite solid 7'(x, y, 0) in the moving coordinate system, associated with the
source. Isotherms are stretched along the longitudinal x-axis and converge to the
point of the source position (to the origin of coordinates).

For the longitudinal axis (r = 0, x < 0), expression (5.1.122) is simplified:

4
2 ax’

T(x,0)—Ty) = (5.1.126)
which coincides with the general formula (5.1.41). From (5.1.126) it is possible to
find the length of the liquid pool L,,, by substituting the melting temperature 7 ,,.

q

AU — 5.1.127
270 0(T,, — Tp) ( )

m

It can be seen that the pool length is proportional to the source power and does not
depend on the welding speed.

Let us find the radial distribution of the peak temperature 7 p,«(r), width W, and
depth H,, for the area heated above the predetermined temperature.
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Differentiate function 7'(%; ) (5.1.121) with respect to time:

aT 2 2
O _ alv o=\ (= ). (5.1.128)
ot 2mwAt? 4at ) \ dat

Set this derivative equal to zero, which is the condition for the maximum of the

function, and find the root fmax : fmax = > /(4a). By substituting #y,x in (5.1.121),
we obtain

Tmax(r) —To =T, tmax) —To = ———. (5.1.129)

It follows that the function 7'« () is a hyperboloid of rotation (Fig. 5.37a). It allows
us to determine the width of the area heated above the predetermined temperature.
For example, having T, equal to the melting temperature T}, Tiax () = Ty, it is
possible to find the width W, = 2r,, and the depth H,, = r,, of the liquid pool:

2
W, =2H, =2 | 2 4 (5.1.130)
we cp(Ty — To)

{a} Tmn\" K" (b} Tmnx! K‘
2000

1500

1000

ym: 500

l > £"1300
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Fig. 5.37 The peak temperature distribution (g = 5000 W, v =5mms~!,a = 8 mm? s™!, ¢p =
0.005 J mm~3 K~!, T,, = 1800 K, & = 0, Tp = 300 K): a rapidly moving point source on a
semi-infinite solid (a) and a rapidly moving line source in a 10 mm thick infinite plate (b)
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It is seen that the pool width and depth depend on the heat input per unit length
q/v according to the square root law. The liquid pool length was found earlier [see
Eq. (5.1.127)].

In dimensionless form, it is possible to obtain temperature 6,, thermal cycles 6,
(7) and peak temperature 6, y,x in a manner similar to formulas (5.1.9)—(5.1.12),
taking into account the condition Q/h =2 g/v:

1 1
0,(t) = —exp(——); (5.1.131)
T 47
26, 1 1 1
— =——-1 — s 5.1.132
ot 72 (4r )exp( 4r> ( )
rmax =4/ e, (5.1.133)
where
2 2 00 2 49T t
Ozzﬂ(T—To); _zzﬂ._;fza_' (5.1.134)
q/v at q/va ot r?

The form of curves 6, and 96, / a1 is shown in Fig. 5.1. They allow us to define
the time the metal dwells above the given temperature, the time the metal retentions
within the given temperature interval, and the cooling rate at the given temperature
for any point, distant from the longitudinal axis at a given distance.

The analysed formulas (5.1.121) and (5.1.128) show that the cooling rate d7/9¢
at the given temperature 7 has only a weak dependence on the coordinates of point
X, y, z, if its peak temperature T max (%, ¥, z) is much higher than temperature T (see
Fig. 5.11). Therefore, we shall determine the cooling rate only for the axis of the
source (weld), by using the models for rapidly moving sources, as in this case it is
possible to find the explicit dependence d7/9¢ (0, 0, 0, T).

With r = 0 from (5.1.128), we have

ar0,1)  q/v

o ~5o (5.1.135)

The time to attain temperature 7 can be found from (5.1.121) at r = 0:

q/v

- (5.1.136)
20 M(T — Tp)

By substituting (5.1.136) in (5.1.135), we have the cooling rate for the weld:

0TO.7) _ , (T - To)*

5.1.137
ot q/v ( )
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It follows from (5.1.137) that the cooling rate depends on the welding conditions
(g/v), initial temperature (7'¢) and material property (1). With an increase in the heat
input per unit length g/v and initial temperature 7', the cooling rate drops sharply.
For example, the preheat temperature T increased from 300 to 550 K reduces the
cooling rate at the temperature of 800 K (the temperature of minimum stability of
austenite in quenched steels) by 4 times.

It is possible to find the cooling time of the weld axis At from temperature 7'; to
temperature 7, from (5.1.136):

At—q/v< ! ! ) (5.1.138)

T 2mA\L-T, T -Tp

With an increase in the heat input per unit length ¢/v and initial temperature 7y, the
cooling time gets longer.

If the point source is located in a semi-infinite solid at a depth of ¢, its temperature
field can be found using the method of images:

2

q/v T
T(y,z,t)— Ty = —— E ——; 5.1.139
o>z, 1) 0 4 At P lexp< 4at> ( )
T T 5 Ll 5.1.140
x,y,2)—Tp= T Im R2 lexp 1o ) (5.1.140)

where 7 = y> + (z—j¢)*. All the temperature field characteristics additionally
depend on depth ¢, so all formulas for calculating the peak temperature, cooling
rate, and so on, get more intricate, while their graphical representation is devoid
of the simplicity inherent in case of a surface source. Isothermal surfaces are not
surfaces of rotation; they are stretched towards the surface of the solid. In a special
case, with ¢ = 0O (surface source) we get formula (5.1.122).

This naturally brings up the question of the calculation error for the temperature
T(g2x = 0), estimated from the approximate model of the rapidly moving source
(Sect. 5.1.4.1), compared to the temperature estimated from the general equation
(Sect. 5.1.3.1):

o T(g2x #0) = T(g2. =0)

(5.1.141)
T(gox #0) =Ty

Consider the simplest case of the surface source. By substituting (5.1.122) and
(5.1.41)in (5.1.141), we obtain

VEr+ o 2
£ = 1+—2exp<g+p—2+,/g2+p§>, (5.1.142)

3 28

where & and p, are the dimensionless coordinates:
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Fig. 5.38 The error of computational models for a rapidly moving point source on a semi-infinite
solid (a) and a rapidly moving line source in a plate (b)

g2t 5= (5.1.143)
T2 T o

The calculation error field for the temperature in case we utilise the model for the
rapidly moving point source on a semi-infinite solid behind the source is shown in
Fig. 5.38a. It is apparent that the error is always positive, as when longitudinal fluxes
g2y are accepted, the metal begins to heat up earlier. Error ¢ in the proximity of the
weld is small, but on its axis ¢ = 0. On the y-axis ¢ = 1 as according to the model
for the rapidly moving source, the temperature on it does not have time to increase.
Thus, for the approximate calculation of the temperature in the area close to the
source travel path, Egs. (5.1.121) and (5.1.122) can be used. See the error analysis
for models for rapidly moving sources in Refs. (Berezovsky 2008; Makhnenko and

Yegorova 1975; Rykalin 1947, 1952).

5.1.4.2 Rapidly Moving Point Source in a Slab

Let us assume that the surface of the slab of thickness # is heat insulated. Then, based
on Egs. (5.1.121) and (5.1.122), and using the method of images, it is possible to
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obtain the temperature field due to the rapidly moving point source with coordinates
n,¢:

2

q/v > i
T(y,z,t)— Ty = E E ——; 5.1.144
.z, 0 A At . . exp( 4at> ( )

i=—o0 j=—1,1

q > V<2<V
T(x,y,2)—Tp=— § § =L, 5.1.145
x5, 2) 0 4w Ax =1 =i ]eXp<4ax> ( )

where r} j = (y=n)* + (z—j¢ —2ih)*. The larger thickness / is, the faster the series
converge. At i — oo (a semi-infinite solid), the formulas transform into (5.1.139)
and (5.1.140). The structure of formulas (5.1.121), (5.1.139), (5.1.144) and (5.1.122),
(5.1.140), (5.1.145) is the same.

Formulas (5.1.144) and (5.1.145) allow us to calculate all the characteristics of
the temperature field: peak temperature, cooling rate, etc. These characteristics are
within the range of values that the corresponding characteristics have for analytical
models for the point source in a semi-infinite solid and the line source in a plate.

5.1.4.3 Rapidly Moving Line Source in a Plate

Let us separate a thin transverse layer out of the infinite plate (Fig. 5.35b). Assuming,
like in the case of the rapidly moving point source, that heat propagates only in the
transverse direction (along the y-axis), we obtain the model for the instantaneous
plane source in the rod of section A = 1 x h with the heat transfer through upper
and lower surfaces. Replacing Q/A in (4.2.42) by ¢/(vh), we obtain

q/(vh) y?
Ty, 1) —To= — exp( =2 —br), 5.1.146
0D =To= ey eXp( dat ( )

where the coefficient of heat loss for a thin plate b = 2a/(cph).
The temperature field 7'(x, y) is obtained from (5.1.146) by substituting t = —x/v:

q/h y2v b
The temperature field, calculated from (5.1.147) is shown in Fig. 5.36b. It follows
that isotherms in the plate are more elongated than those in the semi-infinite solid as
the plate cools down more slowly.
It is possible to obtain the length of the liquid weld pool (length of isotherm T',)
from (5.1.147) when b = 0:

1 h 1
L= |4 |1 (5.1.148)
dwa Cp(’[;n - TO) %
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It is seen that the pool length is proportional to the power squared and inversely
proportional to the speed. It follows from here that the influence of the welding
conditions in case of a plate is stronger than in case of a massive solid [cf. with
(5.1.127)].

Let the transverse peak temperature distribution 7, () be found together with
width W, of the area heated above the predetermined temperature, using (5.1.146)
similarly to the case of the rapidly moving point source on a semi-infinite solid:

T q/(vh) y? 2 L)
—_— = ——— —Dbt )| bt + =t ——); 5.1.149
o cpldma)Pin exP( dat " T4 ( )
1 4by?
max = 37 (/14 == — 1 |forb > 0: (5.1.150)
5
Imax = Z—fOI‘b =0 (5.1.151)
a
(vh)
Tmax(y) — To = T(y, tmax) — To = 4/ 73
cp[”b—ﬂ( 1482 _ 1>]
2 1 4by?
xexp| — ) _Z( 1+_y_1) forb > 0O;
1o %) ‘
(5.1.152)
1 ¢q/vh) 1

—forb=0. (5.1.153)

Tmax(y) — To = T(y, tmax) — To =
2re co |yl

The function T« () for b = 0is an equilateral hyperbola. The width of the liquid
pool (Fig. 5.37b)

2 q/(vh)
V2recp(Ty —To)

The length of the liquid pool was found earlier, Eq. (5.1.148).

Conclusions on the effect of the welding parameters g and v on the dimensions
of the weld pool L,, and W,, which follow from formulas (5.1.148) and (5.1.154),
fully correspond to the findings from the isotherm analysis, obtained from a more
precise formula (5.1.81) and Fig. 5.21d in Sect. 5.1.3.4.

Similarly to the model for the point source on the semi-infinite solid, it is possible
to find the cooling rate of the weld centre in the plate without surface heat transfer
(b =0). Aty =0 from (5.1.146), we obtain

Wi =2ym =

(5.1.154)

a7(0,1) q/(vh)
ot dcep(ma)l/23/2’

(5.1.155)
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_ 1 _q/oen Y

= m(cpa - To)) ’ (1130
orO.7) _ , . (T —To’ (5.1.157)
T TP ame N

It follows form the comparison of (5.1.157) with (5.1.137) that with an increase
in heat input per unit length g/v and initial temperature T, there is a decrease in the
cooling rate, especially sharp in case of the plate, as exemplified by the exponents of
power. For example, the increase in the preheat temperature 7'y from 300 to 550 K
decreases the cooling rate at a temperature of 800 K by 8 times.

It is easy to find the cooling time for the weld axis At from temperature 7'y to
temperature 7, from (5.1.156):

Ar= (1)2[ L } (5.1.158)
4mcpl \vh (T, — Toy)* (T —Ty)* | -

This time is the longer, the higher is the heat input per unit of the plate thickness
q/(vh) and the initial temperature T and this effect is more pronounced than in case
of the point source on the infinite solid.

Let the calculation error for the temperature T(g,, = 0) be estimated, obtained
from the approximate model for the rapidly moving source (5.1.147), compared to
the temperature 7'(g,, 7~ 0) calculated from the general Eq. (5.1.81):

_ T(qox #0) —T(g2c =0)
T(qx #0) = Tp

zl_ﬁ.;expGﬂj)/K (Ve+ ) (5.1.159)

where & and 1 are the dimensionless coordinates:

VX vy
= p=_—. 5.1.160
3 2w 1= 7, ( )

As it follows from Fig. 5.38b, the nature of the temperature calculation error,
when the model for the rapidly moving line source is used, is the same as in case of
the point source.

Thus, for an approximate calculation of the temperature in the area close to the
source travel path, it is possible to use Eqs. (5.1.146) and (5.1.147).

It should be emphasised that formulas for rapidly moving sources are much sim-
pler than general equations that take into account longitudinal heat fluxes. Therefore,
they are widely used in the analysis of the effect of welding parameters on thermal
processes and properties of joint weld metal (see Chaps. 8, 9, and 13).
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5.1.4.4 Rapidly Moving Line Source in a Composite Plate

Thermal processes in butt welding of plates with different thermal and physical prop-
erties have their specific features. Let the rapidly moving line source be located on
the boundary between two semi-bounded plates. Like in the case of similar plates, the
plane transverse layer is separated (Fig. 5.35b). Then, heat diffusion in the transverse
direction (along the y-axis) will correspond to the model for the instantaneous plane
source in a composite rod with the power density ¢/(vk), ] m~? (see Sect. 5.1.1.5).
The temperature distribution is described by the expression similar to (5.1.21):

q/v
Ti(y, 1) — Ty =
! (hin/c1p1hy + hos/caprha)/ Tt
2
xexp(—y——bt) (j=1,2). (5.1.161)
4ajt

Here h; and h; stand for plate thickness; b is the coefficient of heat loss (average
for plates).

From formula (5.1.161), the peak temperature distribution can be obtained, taking
into account the plate dissimilarity. If there is no surface heat transfer (b = 0), then

Tmas;(v) = To = | =4 Ve ! (5.1.162)
max j(y) — Lo =4/ —— ) vl o
J 7TCV(/’Z1«/C1,0])\,1 + hy C2p2)¥2) |y

It follows from the equation that the peak temperature falls according to the hyper-
bolic law and its falling rate depends both on the difference of properties and thick-
ness, and a local thermal diffusivity of the material. The material with a higher
thermal diffusivity has a lower peak temperature gradient.

Note that it is possible to reduce rapidly moving sources in the cylinder to simpli-
fied computational models for instantaneous sources. For example, it is possible to
reduce a point source, moving along the cylinder generatrix, to an instantaneous line
source on the disk with the heat input per unit length Q; (Fig. 4.11b). One can reduce
a point source, moving along the cylinder ring, to an instantaneous ring source with
heat input per unit length Q; (Fig. 4.11c); a source, moving along a helical path, to
an instantaneous plane source with power density Q, (Fig. 4.11d). This approach
reduces the problem dimensionality and simplifies its solution.

5.2 Temperature Fields of Distributed Sources

In the calculation of thermal processes we have so far assumed that a heat source
is a point source, a uniformly distributed line source, or a uniformly distributed
plane source. In fact, the welding sources of heat are distributed according to a more
complex law. For example, a welding arc, a gas flame, a plasma jet, an electron
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beam, etc. are satisfactorily described by normally distributed circular (disk) sources
(Chap. 1).

When we choose a mathematical model for the source, we should use the local
influence principle, which in the context of welding heating can be formulated as
follows: the law of heat source distribution significantly affects the temperature field
only at a distance of the same order of magnitude as the dimensions of the source
area. The temperature field in the area sufficiently distant from the source does not
change if we replace an arbitrarily distributed heat source with a concentrated source
of the same magnitude and location. For example, the temperature field at a distance
from the welding arc is determined by the shape of the workpiece, i.e. it is three-
dimensional in a workpiece of considerable thickness, two-dimensional in a plate,
one-dimensional in a rod, three-, two- and one-dimensional in a cylinder.

Next, we will consider some cases of distributed sources in a semi-infinite body,
a slab, a plate and a cylinder, which have practical importance.

5.2.1 Instantaneous Distributed Sources

Using instantaneous point, line and plane sources in a semi-infinite body, a slab, a
plate, a rod and a cylinder (see Sect. 4.2.1), various computational models (contin-
uous stationary and moving, rapidly moving and other sources in the corresponding
bodies) were developed. Similarly, using the method of sources, similar models can
be developed based on instantaneous uniformly and normally distributed line, ring,
disk and other sources that represent a wide range of welding heat sources (see
Chap. 1).

5.2.1.1 Instantaneous Uniformly Distributed Plane Rectangular Source
on the Surface of a Semi-infinite Body and a Slab

Let us consider the temperature field in a semi-infinite body due to an instantaneous
surface source whose energy Q is released at the time # = 0 and uniformly distributed
over arectangular part of the size 2W x 2! (Fig. 5.39). The uniformly distributed area-
specific energy density is Q> = Q / QW x 21), I m~2. Let us divide the source into
elementary point sources, with their energy beingd Q = Q,dx'dyz’, J. According to
(4.2.9), the temperature increment due to the instantaneous elementary point source
at the point P(x, y, z) is defined by the expression:

dT (x,y,z,t) =

3/2

20/ @W2l)dx'dy’ (x—x)V+(y—y)+2
cp(4rat) AT '
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Fig. 5.39 Computational model for an instantaneous plane uniformly distributed rectangular source
with its centre at point O (a), dimensionless temperature field 6 at the surface of a semi-infinite
body at dimensionless time 7 = 0.5 (b) and thermal cycles (c)

By integrating the expression (5.2.1) over interval [— W, W] with respect to x” and
over interval [—/, ] with respect to y’, using the substitution u = (x — x")(4at)™"?
and integral (Prudnikov et al. 1986)

X

f exp(—a’x?)dx = 2£Z<I>(ax) (5.2.2)
0

we obtain (Berezovsky 2006)

2
T(x,y’z’[)_To—Mex( 2 )

" 2ep(dman)'? dat
<o) (o) ()]
dat dat dat dat) )
(5.2.3)

This equation is representable in a dimensionless form:
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wsns o= tenl () () ()
(5.2.4)

81 2cp W3l dat X z l
0=——— T —-Th);1=—; &=—; n:l; [=—; w=—.
0 w w w

Figure 5.39 shows temperature field and thermal cycles on the surface of a semi-
infinite body. In the centre of the square heating zone and far from it, the isotherms
have shapes close to concentric circles.

If the source is located on a slab of thickness 4 (h < 0o0) with heat-insulated planes,
then we apply the method of images and formula (5.2.3) and obtain

T(x, 5.2, Dlpeoo — To = [T(x, ¥, 2. Dljoo — To] F (2. 1), (5.2.5)

where the expression in the square brackets coincides with (5.2.3), and the function
F(z, t) coincides with (4.2.23). As h — oo the function F(z, t) — 1 and formula
(5.2.5) goes into (5.2.3).

5.2.1.2 Instantaneous Normally Distributed Circular Source
in a Semi-infinite Body, a Slab and a Plate

Consider successively the schemes of instantaneous distributed sources in an infinite
body, on a semi-infinite body, in a slab and in a plate.

Let the normal distribution circular (disk) source of energy Q and with the con-
centration factor C be applied at the time ¢t = O to the plane z = 0 of the infinite
body (Fig. 5.40). For a source we introduce a coordinate system &, n whose cen-
tre coincides with the centre of the source. The radial energy density distribution is
described by an equation similar to (1.2.3):

02(p) = Q2 max exp(—Cp?) = C/w Q exp(—Cp?), (5.2.6)

where p is the distance in the plane from the centre, p* = £2 + .

Let us split the normal distribution source into elementary point sources d Q =
0>(p)d&dn. According to (4.2.9), the temperature increment at arbitrary point P(x,
¥, z) due to an elementary source, located at arbitrary point A (Fig. 5.40) will be:

_ Oax(p)d&dn ( R%)

dT (x,y,z,t) = —————exp| —— 5.2.7
(¥ ) co(dmat)’? dat ( )

where R? = (x — £)* + (y — n)* +2°.
By substituting (5.2.6) in (5.2.7), we obtain

cQ x2+y2+ z2>
dT (x,vy,z,t) = exp| —
(. ) wep(dmatr)’? p( 4at




5.2 Temperature Fields of Distributed Sources 225

Fig. 5.40 Model for heating 40,
an infinite solid by a normal )
circular heat source

4atC+1_, 2x 4atC+1 , 2y
—&+ — ———n + —n |dé&dn.
x exp< 4at § 4at$) exp( 4at 7 4al"7 S
(5.2.8)

By integrating this expression with respect to & and n from —oo to +00, using the
integral (Prudnikov et al. 1986)

F 2
/ exp(—pu® — qu)du = Eexp(j—p) (5.2.9)

we obtain (Rykalin 1951, 1957)

T(r,z,t) — Ty = g[; exp(—L>i|
T co | dma(t + 1) 4a(t + 1)

1 22

where r? = x? + y?; 1y = 1/(4aC). In this equation, the first term in square brack-
ets with accuracy up to a constant factor describes the process of heat propagation
of a fictitious instantaneous line source coinciding with the z-axis in an infinite plate
(4.2.37), which acted on ¢, earlier than the real source. The second term in the square
brackets expresses the process of heat propagation of a fictitious instantaneous source
in an infinite rod (4.2.41), which acted at the time ¢ = 0, as a real normal distribu-
tion disk source. Thus, the process of heat propagation of an instantaneous normal

2
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distribution source in an infinite body is expressed as the product of expressions for
the plane and linear processes of heat propagation.

A generalisation of a disk source is an elliptic source whose energy distribution
is described by the expression

025, 1) = Qamax CXP(—CxSZ - Cynz)
— ,/cxcy/n Q exp(—C&? — Cyrpd). (5.2.11)

As before, by splitting the distributed source into elementary point sources and
summing the temperature increments produced by all elementary sources, we obtain

0 1
cp [dmalt +10.)(1 + 19,1 1/2
x2 y? 2
x exp| — - a5 )
da(t +19,) 4a(t+1y,) 4at

tox = 1/(4aC,); toy, = 1/(4aCy). (5.2.12)

T(X,y,Z,t)—T():

In a special case, if Cy = C, = C, we obtain the solution for a normal distribution
disk source (5.2.10).

In the following, solutions (5.2.10) and (5.2.12) will be used as fundamental for
the corresponding sources in other bodies.

Consider a semi-infinite body. Let a normal distribution disk source be applied
at the time r = 0 to the plane z = §. As in the case of a concentrated source (see
Sect. 4.2.1.2), temperature increments can be found by the method of images, pro-
vided that the surface is heat-impermeable:

g 1
cp 4ma(t + ty)(4mat)

r2
x eXp<_4a(t n to)) }

If the source is on the surface (¢ = 0), then

T(r,z,t) =Ty =

172

L N2
> exp(—%). (5.2.13)

=—1,1

20 1
T(r,z,t)—T()z— 12
cp 4ma(t +ty)(4mat)
) 22
—_— ). 5.2.14
x exP( 4a(t + tp) 4at) ( )

Obviously, if the source is extremely concentrated (C = 0o, ty = 0), then formulas
(5.2.13) and (5.2.14) turn into formulas (4.2.10) and (4.2.11) for the instantaneous
point source.
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Fig. 5.41 Peak temperature field due to an instantaneous normally distributed circular
source on a semi-infinite solid (Q = 2000 J, C = 0.1 mm~2, To = 300 K, ¢ = 8 mm? s/,
¢p =0.005T mm—3 K1)

As an example, Fig. 5.41 shows the peak temperature field. It can be seen that
the isotherms are not semicircular, as in the case of a point source, but are elongated
in the radial direction (in the direction of lower distribution). On the surface in the
centre of the source, the peak temperature is finite, in contrast to the point source,
where the peak temperature is infinite. Thus, the calculation model for the distributed
source is more realistic than the model for the point source.

The temperature field generated by a surface instantaneous normal distribution
elliptical source is described by expression (5.2.12), if we substitute 20 instead of
0.

Let us consider a slab with heat-insulated surfaces. The temperature problem
can be solved using the method of images, as in the case of a point source [formula
(4.2.21)]. Taking Eq. (5.2.10) as a basis, we obtain a solution for a source located at
the depth ¢:

1
T(r,Z,t)—T() = g
cp dmal(t +t0)(47tat)

 ex < ) Z T ex ( M)
P 4a(t+t0) P 4

=—o0 j=—1,1
(5.2.15)

12

This solution can be expanded in Fourier series by means of the transformation
(4.2.26):
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2
T(r,z,t) — Ty = iexp( r_)

= 4t + 10) da(t +1o)

X |:1 + 22005(%&) cos(nhi) exp(—nziZZ—z)]. (5.2.16)
i=1

If the source is on the surface of a slab (¢ = 0), formulas (5.2.15) and (5.2.16) are
slightly simplified:

T(r,z,1) — T 20 !
rz,t) —Tp=—
"7 ¢p dmalt + o) (dar) 2
r? > (z — 2ih)?
R e —— - 5.2.17
x exp( 4a(t+to)>igooexp( 4at > ( )
and

2
T(r,z,t)— Ty = %exp( r_)

= 4t + 10) " 4alt +10)

o0 .
Tz 5.pat
1 22 —_— — — - 5.2.18
x|: + 2 cos< p )exp( Tl hz)] ( )

The last two formulas are equivalent, they differ only in the rate of convergence: the
first series converges faster for small Fourier numbers Fo = at/h* and the second one
for large numbers.

If Figs. 5.42 and 5.43 are compared, we see that under the same heating conditions
the temperature in the slab is greater than in a semi-infinite solid, especially near the
heat-impermeable bottom surface.

Similarly, we can obtain a solution for a normal distribution elliptic source, taking
as a basis the formula (5.2.12).

Now let us consider an instantaneous volumetric source normally distributed in an
infinite plate. The radial distribution of the source is described by Eq. (5.2.6). We split
the source into elementary sources with an area of pdodp, where the amount of heat
released at the moment t = 0 was d Q(p) = C/m Q exp(—Cp?)pdedp (Fig. 5.43).

According to (4.2.39), the temperature increment due to this source at an arbitrary
point of the plate P(r) will be:

_dowy/h (o >
aT(r.n = <0 exp< ), (5.2.19)

where r? = p? + r>—2rp cos(¢) (Fig. 5.43). Summing all elementary sources by
using an integral (Gradshteyn and Ryzhik 2014)
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Fig. 5.42 Peak temperature field around an instantaneous normally distributed circular source on a
10 mm thick slab (Q =2000J, C = 0.1 mm~2, Ty =300 K, a = 8 mm? s~ !, ¢p = 0.005 J mm 3
Kb

Fig. 5.43 Model for a normally distributed circular source

o0

/ u exp(—aud)lo(Bu)du = 1)) exp(B?/(4a)); (5.2.20)
0

2
o(Bu) = 1/Q27) / exp(—Bu cos(p))dg (5.2.21)
0

we obtain the temperature in an infinite plate:

o0
CQ/h 2422
T(r,t)—To:// 9 eXp<—Cp2—p bl i COS(@—bz)cigopdp
0 0

dat
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2
___Q/h exp( . b,), (5.2.22)

T At +1o) Cda(t+1y)

where 19 = 1/(4aC). In the limit, when C — oo (to — 0) the normal distribution
disk source is defined by é-function (1.2.6), and formula (5.2.22) turns into (4.2.39).
Obviously, when we take the distribution of the considered source into account, we
formally add 7, to the time of the action of the line concentrated source.

If the source is elliptic (5.2.11), the temperature field can be found by the same
algorithm:

0/h
Tx,y,t)—Ty =
x: .0 0 AT M[(F + to )t + 19 )]'/?
2 2
xexpl———— — — X _p), (5.2.23)
da(t +t9,) 4a(t+1tyy)

where 1y, = 1/(4aC,); to, = 1/(4aC,).

5.2.1.3 Instantaneous Uniformly Distributed Ring Source
on a Semi-infinite Body and in a Slab and Cylindrical Surface
Source in a Plate

Axisymmetric heat sources are widely used in welding and related technologies:
uniformly distributed disk sources, normally distributed radius-limited sources, etc.
They can be represented as a set of radially concentrated ring sources whose energy
density depends on the radius, but does not depend on the azimuth angle (the energy
density is constant over the ring). So, the solution of the heat conduction problem
for uniformly distributed ring sources is of practical interest.

Let the heat Q, J be uniformly distributed along a circle of the radius 7y with the
centre at the origin (Fig. 5.44a) on the thermally insulated surface of a semi-infinite
solid at the initial time ¢ = 0. This initial distribution can be considered as a set of
instantaneous point sources of heat d Q = Q/(2mwro)rod¢, J. The increment of tem-
perature due to an elementary point source on a circle (7, ¢) is defined by Eq. (4.2.11)

dT(Ry,1) =

20/Qrrorody (_m) (5.224)

cp(4mat)’? 4at

where R; is the distance between observation point P and the elementary source
(Fig. 5.44a).
We sum the temperature increments caused by elementary sources:

2

20 1 Ri(p)
TR, ) —Ty= ——=— — ——17 Vdog. 5.2.25
(SO cp(4mar)’? 2n0/exp< 4ar )Y ( )
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Fig. 5.44 Model for source energy (a), thermal cycles of surface points (b) and temperature

distribution on a semi-infinite solid due to instantaneous uniformly distributed ring source (c)
(Q=20001J, cp=0.005 mm 3 K, a=8mm?s~!, rp =10 mm, Ty = 300 K)

If we observe that

R} =713+ R*> —2rrocos g, (5.2.26)

the integral can be expressed in terms of the modified Bessel function of the first
kind of order zero:

2
1
Io(u) = E/exp(u cos @)do. (5.2.27)

0

By substituting (5.2.26) and (5.2.27) in (5.2.25), we obtain (Carslaw and Jaeger
1973; Rykalin 1947, 1952)

T(r.R.t)— T, 20 R (”") (5.2.28)
r,R,t)— Ty = —————=exp| — — ). 2.
0 co(dmar)®? P 4at "\ 2ar
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As the radius of the circle decreases (ry — 0), this equation turns into the equation
for the instantaneous point source on the semi-infinite solid (4.2.11), since Ip(0) = 1
(see Fig. 3.14). On the z-axis, the temperature drops according to the normal law.

Figure 5.44b, c show the thermal cycles of points and the radial temperature
distribution in the surface of the body. Clearly, thermal cycles are more complex
than in the case of a point source (see Fig. 4.3).

If the source is located in an infinite body, then the right-hand side of Eq. (5.2.28)
should be divided by 2:

0 rg +R? rro
T(r,R,t)—Tp= ————— - Il —). 5.2.29
4 ) 0 c,o(47mt)3/2 exp( 4at 0<2at> ( )

Let the instantaneous uniformly distributed ring source be located at depth ¢ in
an infinite slab of thickness A with heat-insulated surfaces. Using the formula for an
infinite body (5.2.29), it is easy to obtain a solution for a slab by means of the method
of images (see Sect. 4.2.1.3):

T(rz.0) T, 0 ( 7o + rz)
rz,t)—Ty= ————exp| ———
0 c,o(47mt)3/2 P 4at

XIO(rro) Z Z exp( M) (5.2.30)

—o0 j=—1,1

If h — oo (the solid is semi-infinite), in the series with respect to i there will be only
one term for i = 0.

Suppose now that in an infinite heat-insulated plate of thickness / at the initial
time t = 0 the heat Q is uniformly distributed over the surface of a circular cylinder
of the radius r¢ with the centre at the origin (Fig. 5.45a). As before, we split the
distributed source into elementary line sources and sum the temperature increments
generated by elementary sources. As a result, we obtain (Carslaw and Jaeger 1973;
Kartashov 2001; Rykalin 1947, 1952)

Q/h rg +r? rro
T(r,t) —Ty= — Ip( —). 5.2.31
. 1) 0 co(4mat) exp( dat 0(2at) ( )

In the centre of the circle (r = 0) Eq. (5.2.31) has the form (4.2.37), since 1y(0)
= 1. This means that at the origin the temperature produced by the instantaneous
source Q which is uniformly distributed along the cylindrical surface of radius r,
is equal to temperature (4.2.37) on this surface produced by the instantaneous line
source located on the axis of the cylinder.

At the beginning of the temperature equalisation process, i.e. when time ¢ is small,
we use the asymptotic decomposition for a large argument (# > 10) of function Io(u)
= exp(u)(ZJTu)‘”2 and from (5.2.31) we obtain a simplified expression (Rykalin
1947, 1952):
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Fig. 5.45 Model for instantaneous uniformly distributed cylindrical surface heat source (a), thermal
cycles (b) and temperature distribution in a 10 mm thick infinite plate (¢) (Q = 2000 J, cp = 0.005
Jmm 3 K~ a=8mm?s~!, ryg = 10 mm, Ty = 300 K)

= ex
4732cpJrroat P 4at

It follows that at the beginning of the equalisation the heat from an instantaneous
source distributed over a cylindrical surface propagates according to the law of a
plane source in a rod (the structure of formula (5.2.32) is similar to (4.2.41)). From
Fig. 5.45c it follows that for # < 0.2 s the curvature of the plane field does not have
a noticeable effect on the temperature distribution.

After a long time, the fluxes of heat are directed from the axis of the cylinder, as
in the case of a line source located at the origin (curve # = 5 s in Fig. 5.45¢). The

thermal cycles of the plate points are similar to those of a semi-infinite solid (see
Figs. 5.44b and 5.45b).

2
T(rt) — Ty = 0/h <— (ro = 1) ) (5.2.32)

5.2.1.4 Instantaneous Uniformly Distributed Disk Source
on a Semi-infinite Body and in a Plate

The heat Q, J at the initial time # = 0 is uniformly distributed on a semi-infinite
solid with a heat-insulated surface over the area of the circle of radius ry with the
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Fig. 5.46 Model for instantaneous uniformly distributed disk source (a), temperature distribution
(b) and thermal cycles of surface points (c, d) due to the surface source on a semi-infinite solid
(Q=20001J, cp=0.005Imm > K, a=8mm?s~!, Ty =300 K)

centre at the origin (Fig. 5.46a). Let us represent the source as a set of elementary
ring heat sources d Q = Q>d A, where O, = Q / (wr() is the energy density, J m—2,
dA = 2mpdp is the area of the ring of radius p (Fig. 5.46a). Using Eq. (5.2.28) and
summing the temperature increments generated by all elementary sources, we obtain
(Carslaw and Jaeger 1973)

T(r,z.1) — T, 40 ( o Z2>
rozt) —To= exp| —
0 réc,o(47mt)3/2 P 4at

ro

2
p rp
—— |Iol =— ) pdp. 5.2.33
x/exp( 4at) O(Zat)p o ( )
0

This expression can be represented in another form (Carslaw and Jaeger 1973):

T, z,t)—Tp

_ Z_Qexp(_i>
wrocp~/ 4mwat 4at
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x| exp(—atu®)Jo(ur)J; (uro)du, (5.2.34)

where Jy and J; are Bessel functions of a real argument of the first kind of orders 0
and 1 (see Fig. 3.14).
The temperature at the origin (r = 0) is (Carslaw and Jaeger 1973)

20/ (wrg) 2 g
T0,z,1) —Tp = Cpm xp(——) |:1 - exp(—E>i|. (5.2.35)

If the body is infinite, then expressions (5.2.33)—(5.2.35) should be divided by 2.

In an infinite heat-insulated plate of thickness /4 at the initial time ¢ = 0, the
distribution of the volumetric heat density is defined by the function Q3(p), J m=3 in
cylindrical coordinates. It follows from the relation (5.2.31) that the temperature at
point r at time ¢ is written in the form (Carslaw and Jaeger 1973)

1 1 r2
T(r,t)— 2 p xp(—ﬂ)
0’ rp
Q3(p) exp(—4—)1 (52 ) pde. (5.2.36)

If instantaneous energy source Q is uniformly distributed over the volume of a
circular cylinder of radius r( with centre at the origin, then (5.2.36) implies (Carslaw
and Jaeger 1973; Radaj 2003)

2
T(r,t)—Ty = Q/ (cj;ro ) ZLt exp(—i;)

ro

2
14 rp
—— o[ =— ) pdp. 5.2.37
X/CXP( 4at) 0<2at)'0 P ( )
0

The first fraction in this expression represents the initial distribution of temperature
or, just the same, the distribution of the peak temperature in a cylindrical source T yax
—Ty.

The integral should be determined by a numerical method, with the exception of
the case r = 0, when the temperature is equal to (Carslaw and Jaeger 1973)

TO.1)— Ty = Q/ (rrih )[ Xp< i )} (5.2.38)

cp dat

If ro — 0, then, by expanding the exponential function in formula (5.2.38) into a
power series, and using the passage to the limit, we obtain



236 5 Temperature Fields in Fusion Welding

(a) (b)

= e e
= o o0

e
o

Dimensionless temperature &

=

2 .1 0 1 2 30 04 08 12 16 20
Dimensionless distance p = r/r, Dimensionless time 7

L]

Fig. 5.47 Radial distribution of dimensionless temperature 8 = (T —Tp)/(Tmax—7To) at different
instants of dimensionless time 963 /97 (a) and thermal cycles (b) due to an instantaneous uniformly
distributed disk source of radius rg in the plate (Carslaw and Jaeger 1973)

__0o/h
TO0,0)—Ty = W’ (5.2.39)

which for r = 0 coincides with formula (4.2.37) for the instantaneous line source in
the plate.
Equation (5.2.37) can be represented in a dimensionless form

1/\/5
0(p. 1) = D =T _ p’ /e V(2
)= —"  — —exp|l —— xp|l —— udu
P Tmax_TO P 4t P 2 0 A/ 2t
0
t
p="; 1=2. (5.2.40)
ro ro

Figure 5.47 shows temperature distributions and thermal cycles. In the beginning
the temperature is equal to the peak temperature within the source and the initial
temperature outside the source.

5.2.1.5 Instantaneous Uniformly Distributed Spherical Surface Source
In an infinite solid at the initial time ¢ = 0, heat Q is uniformly distributed over the

surface of a sphere of radius Ry with the centre at the origin (Fig. 5.48a). The energy
density is equal to Q> = Q/ (47 R}), T m™2.
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Fig. 5.48 Model for spherical surface source (a), thermal cycles (b) and temperature distribution in
infinite solid around instantaneous uniformly distributed spherical surface source (c) (Q = 4000 J,
cp =0.005] mm3 K1, g=8mm?s!, Ry = 10 mm, To = 300 K)

Let us use spherical coordinates R, 6, ¢ (Fig. 5.48). Consider the elementary area
of the sphere dA = R(z) sin 8d0d¢ and the point source dQ = (Q»>d A that acts on

it. According to Eq. (4.2.4), the increment of temperature caused by this source at
point P(R, 0, 0) is equal to

H 2
AT (R, 1) = 250 0dode ( Ri )

exp| —— 5.2.41
Arep(4mat)? 4at ( )

Then the temperature at point P due to the entire surface source is determined by

integration over angles 6 and ¢ (Carslaw and Jaeger 1973; Kartashov 2001; Rykalin
1947, 1952):

2r m

R2+ R2 — 2R Ry cos 6
T(R.1)— Ty = %//exp(— 0 0.€08 )sin@d@dgo
4 cp(dmat)’’ o dat
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_ Q [ex (_ (R— Ro)2> e (_ (R + R0)2>]
" 4dmcepRRyAmat P 4at P 4at ’
(5.2.42)

When Ry — 0, Eq. (5.2.42) turns into Eq. (4.2.4) for the instantaneous point
source. The temperature at the origin (R = 0) of the instantaneous source Q which
is uniformly distributed over the surface of a sphere of radius Ry is equal to the
temperature (4.2.4) on the surface of sphere R, generated by instantaneous point
source Q at the origin (Rykalin 1947, 1952).

Equation (5.2.42) allows us to obtain a solution by the method of sources for any
radial distribution of a volumetric source in an infinite body or for a semi-infinite
solid with a source whose centre is located on its surface (in the latter case, the
expression should be multiplied by 2).

The temperature field (5.2.42) is three-dimensional radial. The temperature at a
point depends on the radius of sphere Ry, the distance from the point to the centre of
source R, and the time after the action of source .

If the spherical surface source is completely located in a slab, then we can easily
obtain the solution to the problem on the basis of Eq. (5.2.42) by using the method
of images.

5.2.1.6 Instantaneous Uniformly Distributed Spherical Volume Source
In an infinite body at the initial time ¢ = 0, the distribution of the volumetric heat

density is defined by function Q3(p), J m~3, in spherical coordinates. It follows from
relation (5.2.42) that the temperature at point R at time ¢ is written in the form

1 oo
T(R,t)—Th = ———
(R, 1) =To CpRmona(p)p

(R — p)? (R +p)*
X [exp<—7> - exp<—7>:|dp. (5.2.43)

If energy source Q is uniformly distributed over the volume of the sphere of radius
Ry with the centre at the origin, then the energy density is 03 = 30 / (471 RS). Then
from (5.2.43) by using integral (5.2.2) and the integral (Prudnikov et al. 1986)

1
/ x exp(—ax2)dx = ~3 exp(—ax?) (5.2.44)
a

we obtain

- 2 () o122
’ °7 4xR3cp |2 4at 4at
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Fig. 5.49 Radial distribution of dimensionless temperature 0 = (T —Tp)/(Tmax —7To) at different

instants of dimensionless time t = at/ Ré (a) and thermal cycles (b) due to the instantaneous
uniformly distributed spherical volume source of radius Ry in an infinite solid

Vat (R + Ro)’ (R — Ry)

This equation can be represented in a dimensionless form
T-T, 1 p+1 p—1
0(p, 1) = —— =P - o
O =Ty 2[ (2ﬁ> <2ﬁ
+1)? —1)?
JTp 47 4z

R at

=—; = —.
= R R2

(5.2.46)

Here T is the peak (initial) temperature in the sphere.

If the centre of the spherical source is on the surface of a heat-insulated semi-
infinite solid, the right-hand side of Eq. (5.2.45) should be multiplied by 2. If the
source is completely in a semi-infinite solid or slab, the solution to the problem can
be easily obtained by the method of images in the form of a series (see Sects. 4.2.1.2
and 4.2.1.3).

Figure 5.49 shows the temperature distribution over the radius and time. The pro-
cess of the temperature equalisation is more intensive in comparison to the cylindrical
source in the plate (see Fig. 5.47).

5.2.1.7 Instantaneous Bounded Volume Sources

With a rigorous approach, spatially unbounded distributed sources cannot be used in
computational models if the body is bounded and the method of images is used to
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®ww A"

Fig. 5.50 Global (x, y, z) and local (&, n, ¢) reference frames (a) and bounded unit volumetric
energy distribution (b) (Karkhin et al. 2010, 2011a, b; Pittner et al. 2015)

take into account its boundedness. For example, if the body is limited in thickness,
the source cannot be unlimited in thickness. This follows from the fact that fictitious
sources introduced into the extended unbounded body to meet the condition of heat
impermeability of the boundary of the real body must be completely outside the real
body (they cannot act in a real body). For concentrated sources, this requirement is
fulfilled by definition, for distributed sources it is satisfied only if the directions of
the unboundedness of the source and body coincide.

On the other hand, the welding source of heat can be significantly bounded by
its nature. For example, in laser welding with deep penetration, the beam, as a heat
source, is volumetric, but limited both in the radial direction and in the depth of
penetration into the welded body. Therefore, taking into account the limitation of the
source in the calculation of thermal processes is of practical interest.

In Sect. 3.7 bounded sources of unit power distributed along the s-axis (s = x,
v, z) according to the normal, exponential and parabolic laws f(s) were considered
(see Fig. 3.7.7). As it will be shown below, combinations of such distributions allow
us to describe a wide class of welding volumetric heat sources and to find analytical
solutions to heat conduction problems for bodies of simple geometric shapes.

Let the body occupy the region in the form of a cuboid [0, L,] x [0, L,] x [0, L.]
in the global coordinate system x, y, z associated with the body (Fig. 5.50a).

Let us introduce a local coordinate system for source &, 1, {, whose origin is
offset relative to the global system by xo, yo, zo (see Fig. 5.50a). The action area
of the instantaneous source in the body is limited to a cuboid of the size [£’, £"] x
[, n"] x [¢', ¢"] (see Fig. 5.50b) and its volumetric energy density Q3 (J m~3) is
represented as a product

Q3(&.n.8) = QfE Q). (5.2.47)

where Q is the source energy (J), f is the functions of the distribution of unit energy
along the corresponding axis (m~'). It follows from the energy balance condition
that:
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since the area under curve f (i.e. the energy) is 1.
The temperature field due to the instantaneous volumetric source can be repre-
sented in the form (Carslaw and Jaeger 1973)

4 "

& " ¢
Q3(5, 1, ¢)dEdnd¢ = Q/f(%‘)dE/f(n)dnff(C)dC =0,
& " ¢

3

3

(5.2.48)

T(x,y,z,t)—Tp = %9()6, Ny, 1)0(z, 1), (5.2.49)

where 6(s, t) is the relative temperature produced by corresponding source f(s), s =
X, y, z; its dimension is m~!. Function 0 can be understood as the temperature in a
rod of length L, due to the instantaneous source of unit energy distributed along the
s-axis and released at the time t = 0.

Let us find function (s, t) for the unbounded (-0co0 < s < 00) and bounded
(0 <s < L, Ly < 00) domains. We shall assume that the source of unit energy is
distributed according to the law of §-function (the source is concentrated) or to a
normal, exponential or parabolic law (sources are distributed). We take up the con-
ditions of heat impermeability (heat transfer coefficients oy = (s = 0) = 0 and o,
= (s = L;) = 0) or heat exchange (¢} and/or «, are not equal to 0) on both domain
boundaries (s = 0 and s = L;).

Let the instantaneous plane source be concentrated, its relative energy is 1
(Q/(Acp) = 1), the body is unbounded along the s-axis. The source is at point s
= 50, its action boundaries coincide, 0’ = ¢” = 0 (Fig. 5.51a). The heat is released
at the time 7 = 0. Then the distribution of the relative temperature along the s-axis is
determined by formula (4.2.41):

0(s, 1) =

o2
exp(—M) (5.2.50)

Tat dat

If the body is bounded (0 < s < L;) and its boundaries are heat-impermeable
(Fig. 5.51b), the temperature field can be found by the method of images using
formula (5.2.50). For this purpose, we extend the bounded body to infinity and
introduce pairs of fictitious sources into an unbounded body at a pitch of 2L, so
that the surfaces of the real body are symmetry planes in an unbounded body (see
Fig. 5.51b). The total flux of heat on the planes of symmetry from the entire set of
sources (real and fictitious) is zero, i.e. the condition of heat impermeability of the
boundaries of the real body is satisfied. Therefore, the temperature field in a real
body is described by a series

1 oo o Z'LY 2

i=—o0 j=—1,1

0(s, 1) =
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Fig. 5.51 Model for calculating the temperature at point P due to a distributed unit energy in
unbounded (a) and bounded (b) bodies

If the body is unbounded (L; = 00), then for i # 0 all terms of the series disappear
and the expression (5.2.51) is simplified.

Equation (5.2.51) can be represented in the form of a trigonometric series by
means of transformation (4.2.26) (Carslaw and Jaeger 1973; Karkhin et al. 2011a):

1 o0 .
0(s,t) = L—|:l +ZZCOS<
s i=1

. t
l;rj)cos<l7£j0)exp(_iznzz_g)}_ (5.2.52)

Now let us take into account heat transfer. Suppose that at boundary s = O the
coefficient of heat transfer is equal to «¢|, and at boundary s = L; is equal to «;. The
temperature due to the concentrated source of unit energy, released at the point s =
5o at the time ¢ = 0, is described by the following series (Carslaw and Jaeger 1973):

,at

(s, t) = ZA B, (s0) B, (s) exp /,Lnﬁ , (5.2.53)
n=1 s

where

2

2 Bi .
(12 +B11)<1 + u,2,+11231§) + Bi;

u u
B, = upcos\ u,— | +Biysin| w,— );
w)=u (M Lx> 1 (u Ly)

A, =

k)
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L L
Bi1 = % S; Bi2 = @b
A A

Here w, are positive roots of Eq. (4.2.31); some roots are shown in Fig. 4.8. The
structure of formula (5.2.53) is similar to (4.2.30).

It should be noted that we cannot obtain the solution (5.2.52) by setting Bi; = Bi,
= 0 in formula (5.2.53), as in the latter case there are no roots of Eq. (4.2.31) (see
Fig. 4.8).

Formulas (5.2.50)—(5.2.53) are the main ones for solving the problems by the
method of sources for bounded and unbounded bodies with spatially bounded and
unbounded instantaneous volumetric sources. As an example, let us consider the
solution sequence of the problem in the case of a distributed source with boundaries
o’ and o in an unbounded body (see Fig. 5.51a).

Let us split the distributed source into elementary concentrated sources with
energy f(o)do (Fig. 5.51a). According to (5.2.50), the increment of temperature
caused by an elementary source is equal to

do(s, 1) = (5.2.54)

JAmrat dat

By summing the increments (5.2.54) produced by elementary sources over the
entire interval o’ — ¢, we obtain the temperature in an unbounded body produced
by the entire distributed source:

f(o)do ([S—(So+0)]2)
exp| — .

a! _ 2
d0(s. 1) = ﬁ/f(a)exp(—%)du. (5.2.55)

Similarly, we can find the temperature in a bounded body resulted from a source
of unit energy distributed in interval o’ — o according to any given law f (o). On
the basis of Egs. (5.2.51) and (5.2.52) we obtain two types of solutions for a bounded
body with heat-insulated boundaries:

O(s,t) =

{s —[j(so+0)+2iL; ]}2
°xp 4at

i=—o0 j=—1,1

(5.2.56)

and

1 t
O(s,t) = L—|:1 +2Zcos( Z:) exp(—i2n2%>
i=1 s
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/f(o) (”T(SO 0)>do (5.2.57)

In the same way, on the basis of Eq. (5.2.53), we obtain a solution to the problem
for a bounded body with heat transfer at the boundary:

- at
0(s,1) = 7= D AnBu(s) exp(—uiﬁ)
5 =1 §

+ +
Mn/f(O') COS(MHSOL a)dd +B11/f(0') Sin(MnsoL J)dG
s s

(5.2.58)

Therefore, the calculation by formula (5.2.49) of the temperature field produced by
avolume source in abody that is bounded or unbounded along the x-, y- and z-axes has
reduced to determining the integrals in Eqs. (5.2.55)—(5.2.58). The ability to express
the integrals as the known functions is determined by the form of energy distribution
curve f (o). We note that the series of elementary functions f when integrals (5.2.55)
and (5.2.56) are expressed as the known functions is rather short. Integrals (5.2.57)
and (5.2.58) are taken by the methods of functional analysis in many variants of
function f: parabolic, hyperbolic, exponential, trigonometric, etc. (Gradshteyn and
Ryzhik 2014; Prudnikov et al. 1986). If the integrals are not expressed as the known
functions, they can be determined by numerical methods (Simpson, Newton, Gauss,
etc.).

Let us give the solutions 8(s, ) for the cases of a bounded source distributed along
the s-axis according to a normal, exponential or parabolic law (Fig. 3.13).

The normal energy distribution is described by Eq. (3.7.3). Let the body be
bounded and its boundaries are heat impermeable. To determine the temperature
inside the body, we substitute Eq. (3.7.3) in (5.2.56) and use the integral (Prudnikov
et al. 1986)

1 /n b?

ax? _ T (2 b
/exp( [ax +bx+c])d)c_2 anp<4a c>¢<xﬁ+2ﬁ>, (5.2.59)

as a result, we obtain (Karkhin et al. 2010, 2011a):

1

n(4at +02) [CD(U”/Ue) - CD(G’/UC)]

[ . : 2
x 3 exp<— (5 = Jso = 2iLs) )[F(o”) —F(o))], (5.2.60)
1,1

4at + o2

0(s, 1) =

I=—00 j=—

where
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Fu)=® l\/z_ J(s — jso — 2iLs)o.
Oe 4at

4at(4at + o)

Here o is the distribution parameter, o .= &, 7., ¢ (this is the coordinate at which
the function falls in e times, i.e. f(o.) = f (0)/e).

If the body is semi-bounded, only the term of series at i = 0 should be left in
Eq. (5.2.60).

After substituting (3.7.3) in (5.2.57) by utilising the integral (Prudnikov et al.
1986)

/exp(—xz){ sin(ax) }dx _T exp<—£> { I &(x —ia/2) } (5.2.61)

cos(ax) 2 4 )| Re®(x —ia/2)

we obtain the following solution for a bounded body (Karkhin et al. 2010, 2011a):

« icos(kzs) exp(—%(at N %))[F(a”) - F(o’)]},
(5.2.62)

where

ks u kmo.
F(u) = cos Re| & — —1
L O 2L
. [ kmsy u kmwo.
— sin Im| o[ — —1 ;
Lg 0. 2L,

2 w
d(w) = ﬁ/exp(—zz)dz; z=x+1y; i=+—1.
0

The exponential energy distribution is described by Eq. (3.7.5). Let the source be
in a body with heat-insulated boundaries. By substituting Eq. (3.7.5) in (5.2.56) and
using (5.2.59), we obtain (Karkhin et al. 2010, 201 1a):

1 at
06D = Slexp(—o Jo0) —exp(—o )] P <a_2>
x 3 exp(—j(s L ZiL‘Y))[F(U”) —F(o))], (5.2.63)

Oc
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where

u— j(s— jso—2iLy) «/at)
F =& .
@) ( V4at " Oe¢

If the body is semi-bounded, then the terms of the series for i # 0 in Eq. (5.2.63)
should be dropped.
If we substitute (3.7.5) in (5.2.57) and use the integral (Prudnikov et al. 1986)

/ exp(ax){ zin(bx) }dx _ Sxplay) |:a{ sin(bx) } :I:b{ cos(bx) ” (5.2.64)

os(bx) a’ +b? cos(bx) sin(bx)

then we obtain

1 2
—{1
Ly " exp(—a’/oe) —exp(0” / oc)

E eyl -]

(5.2.65)

O(s, 1) =

where

u ino, . [in(so+u) im(so+u)
F(u):exp(—a—)[ 2 sm( 2 )—cos(L—>].

Similarly, the temperature can be found in a bounded body with surface heat
transfer.

The parabolic energy distribution is described by Eq. (3.7.6). At first, let us find
the temperature field in a bounded body with heat-insulated boundaries. For this
purpose, we substitute Eq. (3.7.6) into (5.2.56) and use the integrals (Prudnikov
et al. 1986)

/f(x)exp( [ax® +bx +c]) = j_exp<b_2 _ C) / f<2\/c_;2— b) exp(—)ds
|:f = ﬁ(x+ %),a > 01|;
/ x exp(—ax?)dx = _% exp(—ax?);

fo exp(—azxz)dx = _2%12)6 exp( ) + :‘/—_3<I>(ax) (5.2.66)

as a result, we obtain (Karkhin et al. 2010, 2011a):
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1

ap(o” —o’) + al/Z(U”2 — 0’2)+a2/3(0”3 — 0’3)

x i > [F(e') = F(o)]. (5.2.67)

i=—o00 j=—1,1

O(s,t) =

where

F(u) = \/?{—al —arlu — j(s — jso —2iLy)] —ax2j(s — jso — 2iL,)}

[u— j(s — jso—2iLy)]*
P T 4at

1
) + E[ao +aij(s — jso— 2iLy) +ar2at

(s — sy —2iL,
+a2(S—jSo—2iLy)2]<D(u J(s = Jjso l‘)).

Véat
If the body is semi-bounded, the terms of the series for i # 0 in Eq. (5.2.67) should
be dropped.

If we substitute (3.7.6) in (5.2.57) and use the integrals (Gradshteyn and Ryzhik
2014; Prudnikov et al. 1986)

sin(bx) 1 || sin(bx) cos(bx)
dx = — b ; 5.2.68
/X{ cos(bx) } * b? H cos(bx) X sin(bx) ( )
5 [ sin(bx) 2 | sin(bx) L5 2\ cos(bx)
dx = — - - — 5.2.6
/X {cos(bx) } o bzx cos(bx) + b * b2 J | sin(bx) |’ ( %)
then we obtain the solution in another form (Karkhin et al. 2011a):

1 2
O(s,t) = —11
60 =7 [ Y@ —ohtam/20” —ora /30" o)

00 Lg i7Ts i272at , /
X;ECOS( L, )e"p(_ % >[F(" )= Flo )]}, (5.2.70)

where

. (in(s0+u)> I:LS (in(s0+u)> . (in(so+u)):|
Fu) = apsin| ———= ) +a;| —= cos| ——= | + usin[ ————=
LS 12/ L; Ls
. 2 .
+a2{—2,Ls u cos(—m(sO +u)> + |:u2 — 2<&) ]sin(—ln(so +u)>}.
17T LS 2/ Lx

(5.2.71)
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Solutions (5.2.67) and (5.2.70) are equivalent. They differ only in the rate of
convergence of the series.

Now we take into account the heat exchange of a bounded body with the medium
for the case of a parabolic distribution of unit energy. On the basis of Eq. (5.2.58),
by using integrals (5.2.68) and (5.2.69), we obtain

2at)
2=

1 L .
=IF _
o)+ %al (0”2 —o'? [ (U )

1 o0
0(s.1) = > A,,Bn(s)exp<—
S n=1

F(o)]

(5.2.72)

ap(o"” — )+ 1ax(0” —07) in

where

)

. Mnl . MHnld
F = 2 SIn — Bi; cos
) = ao s sin( 22 ) = i os 2

i [ (“L) (

+a

—_

)

+Bi1

+a

+Bi;

[ Uit
—u COS
('

s ( 9|
o () e ()]

(5.2.73)

—u? cos<unu>+2L u sin < M)“
i L Mn L

Note that almost any energy distribution f(s) can be represented in the form of a
piecewise parabolic function and, thus, we can find a temperature field due to such
a source by using formulas (5.2.67), (5.2.70) and (5.2.72).

We point out that, in spite of cumbersome form of the above formulas
(5.2.51)—(5.2.73), the series converge rapidly if for small Fourier numbers Fo =
at/Lf we use the formulas obtained on the basis of (5.2.56), and for large numbers
we use the formulas obtained on the basis of (5.2.57).

Figure 5.52 shows the distribution of dimensionless temperature L6 at various
instants of dimensionless time Fo = at/L? with and without heat transfer.

So, the solutions to the heat conduction problem for instantaneous line sources
with different energy distributions are obtained. The method of sources makes it
possible to obtain the corresponding solutions for numerous combinations of line
sources according to (5.2.49). If the source is plane (two-dimensional), then the
solution can be used directly to calculate the temperature due to rapidly moving
distributed sources (see Sect. 5.2.4). If the source is moving and volumetric (three-
dimensional) and its trajectory is given, then it is represented in the form of a series
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Dimensionless temperature L ¢

0 0.2 0.4 0.6 0.8 1.0
Dimensionless coordinate s/L,

Fig. 5.52 Dependence of dimensionless temperature L 0 on dimensionless coordinate s/L; at dif-
ferent instances of dimensionless time Fo = at/L% with exponential energy distribution when heat

loss is considered (Bi; = Bip = 0.2; dotted lines) and heat loss is neglected (Bi; = Bip = 0; solid
lines)

of instantaneous volumetric sources and its temperature field is found by integrating
Eq. (5.2.49) over time.

The above source models are a generalisation of the known special cases
(Fachinotti and Cardona 2008; Goldak et al. 1984; Hou and Komanduri 2000;

Karkhin et al. 2007; Kasuya and Yurioka 1993; Nguyen et al. 1999, 2004; Nguyen
2004).

5.2.2 Stationary Continuous Distributed Sources

5.2.2.1 Stationary Continuous Normally Distributed Circular Source
in a Semi-infinite Body

As in the case of stationary concentrated sources (Sect. 5.1.2), we represent a contin-
uous distributed source of power ¢(¢) as a set of consecutive instantaneous sources.
Then the temperature field is determined by the summation (integration over time) of
temperature increments caused by instantaneous sources. By taking Eq. (5.2.13) as

a basis for the instantaneous unbounded normally distributed circular (disk) source,
we obtain

t

T2, 0) = Ty = —— 9(1)
8cp(ma)’/? J (t+1g—1)(t —7)'?
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r’ (z—j¢y
) exp(—4a(t +1 — T)) j;’l exp(_4a(t - r))dT
(5.2.74)

We point out that there can be any time law of the source power g().
In the same way the solutions for circular and elliptic sources in a semi-infinite
solid and in a slab can be obtained on the basis of Eqgs. (5.2.12)—(5.2.16).

5.2.2.2 Stationary Continuous Uniformly Distributed Disk Source
in an Infinite Body

Let the constant power of source g be uniformly distributed over the area of a circle
of the radius r lying in the plane z = 0 in an infinite solid. The temperature at a point
with cylindrical coordinates r, z at time ¢ is written as follows (Carslaw and Jaeger
1973):

q " Z
T(ryz,t) —To=—"—1]1 J — —uz)®" | — —
(r,z, 1) =T 27”’0)»([ o(ur)J; (uro)[ — exp(—uz) <\/M Mvaf)

- ()q>*< :, t>]d—“ (5275)
exp(uz T uva - 2.

The temperature at the points on the z-axis is

T0,z,0)—Ty=

2 J2 4
g~/at id>*< < >—id>* V200 5276

mrgh NZT VAat

Equation (5.2.76) can be represented in dimensionless form:
A V1+Z?
o= 1 _ 1= vr|ior [ X2 — e <)
2q L 27
t=at/ry; ¢ =2z/r. (5.2.77)

Thermal cycles of the points on the z-axis are shown in Fig. 5.53a.

It is not difficult to obtain a solution for a disk source in a semi-infinite solid and
a slab on the basis of Eq. (5.2.75), by using the method of images. It can be used to
calculate temperature during surface treatment by an electron beam, arc welding of
cylindrical rods to a massive body, spot welding of two plates, etc.
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Fig. 5.53 Thermal cycles of points in an infinite solid: at the z-axis passing through the centre of a
continuous uniformly distributed disk source of radius ro (a) and at distance p = R/R( away from

the centre of a continuous uniformly distributed spherical surface source (b)

5.2.2.3 Stationary Continuous Uniformly Distributed Spherical
Surface Source in an Infinite Body

Suppose that the source of power g(#) is uniformly distributed on a spherical surface
of radius Ry, starting from the time # = 0. Then the temperature at point R at time ¢

is determined by integrating expression (5.2.42):

T(R.1)— Ty = ! /(t A
0

~ 8mcpRRy(ra)'? —7)l?

(R — Ro)? (R + Ro)’

If g = const, the solution takes the form (Carslaw and Jaeger 1973)
T(R.1)— Ty = ———{ Jaat /=
8TARR,
(R = Ro)* (R + Ro)*
X [expl —————— ) —exp| —————
dat dat

—|R = Ro|®* IR = Rol + (R + Ry)d* R+Roy | (5.2.79)
V4at V4at

This equation can be represented in a dimensionless form
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o |7 4z 4z
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NG 2t NG 2T )1
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0

(5.2.80)

Thermal cycles of points located at different distances from the centre of a spher-
ical source are shown in Fig. 5.53b.

If the source is completely located in a heat-insulated semi-infinite solid or a slab,
with the help of expression (5.2.79), itis easy to obtain the solution to the problems for
spherical surface and spherical volumetric sources of heat by the method of images
and the method of sources.

5.2.2.4 Stationary Continuous Uniformly Distributed Strip Source
on a Semi-infinite Body

For time ¢, uniformly distributed heat flux of density ¢, W m~2, is applied to the
surface of a semi-infinite solid through a half-plane x <0, —co <y < 00, 7 =0.

By integrating the instantaneous line sources positioned along the y-axis, over the
half-plane with respect to x (along the x-axis), we obtain instantaneous plane sources
on the half-plane; then, by integrating them over the time, we obtain the temperature
field on the surface (z = 0) (Carslaw and Jaeger 1973):

10
B %@ (x—&)°
T(x,t)— Ty = / / —2nk(t - exp(——4a(t — r))dédr
0 —o0
1/2

1
qra 1 B X
= 0] dt
27{”%_/ N (\/4a(t—1:))
0

iz () ()
= —Jat| - d* + ——FEi[ — | |. 5.2.81
NEDN 2 dat 4/mrat 4at ( )
This equation allows us to obtain a solution to the problem for an infinite strip
of limited width 2W: —W <x < W, —00 < y < 00, z = 0. By combining sources

and sinks, we get an increase in temperature at point x of the body surface at time ¢
(Carslaw and Jaeger 1973):

pWJ/T
N

[ole) o) s (-5)

T(x,t)— Ty =
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(5.2.82)

It is seen that the temperature depends on the relative distance between the observa-
tion point and the centre of strip £ and relative time .

We relate the temperature (5.2.82), preconditioned by heating a 2W-wide strip, to
the temperature of heating the entire surface by the source of similar power density g,
(to doubled temperature, using formula (5.1.35) for x = 0). The relative temperature
is described by the expression (Carslaw and Jaeger 1973)

p 1 ® 1+& ® 1-£&
co=5o(57) +2(37)
2 2
_ 148 Ei(—(1+§) ) _1-¢ Ei(—(l —5) )] (5.2.83)
27wt 4t NLT 47

It follows from Fig. 5.54 that initially the strip boundedness has a weak effect on
the temperature of the strip, but this influence increases over time.

Formulas (5.2.81) and (5.2.82) allow us to obtain a solution for a slab by the
method of images.

The above-mentioned model can be used to calculate temperature field when
edges of the joint are heated before welding and the structure is straightened after
welding.

If the heating strip of a semi-infinite solid is limited both in width (=W <x < W)

and in length (—/ <y <), the temperature field is obtained by integrating continuous
point sources (5.1.25) over the area where the distributed source acts:
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In the steady state (+ — 00), temperature field on the surface of a semi-infinite
solid (z = 0) is described via the inverse hyperbolic sine (Loewen and Shaw 1954;
Trigger and Chao 1951):

q y+1 y—1
T(X,y,O,oo)—To—— |x + W|| Arsh — Arsh
21 X+W x+ W
wir— wilArsh( 225 ) - Arsn 2
x—W x—W
oy +1| Arsh( ) Z arsh (22
y+1 y+1
W %
w1y — 1l Arsh( 2222} — Arsh ( 2F . (5.2.85)
y—1 y—1

where Arsh(u) = ln(u +/u? + 1).

Equation (5.2.85) can be represented in a dimensionless form:

(i) ()

6 = |&+ 1|| Arsh Arsh| ——
E+1) o +1)
+|§—1||:Arsh( -1 ) Ars h( n+l )}

-1 -1
|77+1| [A h<w(§+1)> —Arsh(w(g - 1))}
w n+1 n+1
+ _|71 — 1l [Arsh(—w(s — 1)> — Arsh(—w(s hl 1))];
w n—1 n—1
2w A X y

w
=TT —Ty) E=—s n=" w=—. 5.2.86
ng( 0 E=gp o n=n 0= ( )

Solutions to this type of problems are often used when temperature is studied in
cutting tools and sliding bars (Carslaw and Jaeger 1973; Loewen and Shaw 1954;
Trigger and Chao 1951).

Figure 5.55 shows the field of a dimensionless temperature due to a continuous
stationary uniformly-distributed square source on a semi-infinite solid.

The maximum heated point is located at the origin (Carslaw and Jaeger 1973)
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The average integral temperature increase in a rectangular heating region is
(Loewen and Shaw 1954)

w1

/ / [T(x,y,0,00) — Toldxdy

-W -

2 !
_ 22 Lwean( Y iweacse( L
TlWA ) w

wx[pew - ery”)). (5.288)

1

Ty — Ty = —
4wl

Equation (5.2.88) can be represented in a dimensionless form

1 1 1
04y = 4| Arsh| — | + —Arsh(w) + =—
w) o 3w?

o 1 1 1\"?
+———lo+—)|1+—= ;
3 3 1) w?
27 A

w
Ouy = —— (T, — Tp); = —. 5.2.89
q2W( 0 @=- ( )

It can be seen that the dimensionless temperature depends only on the ratio of the
source’s rectangular sides. This dependence is shown in Fig. 5.56.

It should be noted that in the case a slab is continuously heated by a strip source,
the limit state of the temperature field is not reached (temperature increases with no
limit).
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Fig. 5.56 Average dimensionless steady temperature in the heated rectangle on a semi-infinite solid
as a function of the ratio of rectangular sides

Fig. 5.57 Model for heating a semi-infinite solid by a superficial moving normally distributed
circular heat source (Rykalin 1951, 1957)

5.2.3 Moving Distributed Sources

5.2.3.1 Moving Normally Distributed Circular Source
on a Semi-infinite Body

We take an instantaneous normally distributed source on a semi-infinite solid as the
basis (see Sect. 5.2.1.2) and use the method of sources.

Let the source move from point Oy along the x-axis on the surface of the body
with constant speed v and be at time ¢ at point O¢ (Fig. 5.57). We shift the origin
of the moving coordinates from the source centre by vty value, where constant #
characterises the distribution of the source, o = 1/(4aC). We split the continuous
source into elementary instantaneous sources. Heat dQ = gdt’ introduced by the
source with the centre at point O’ at time ¢’ and propagating during ¢ — ¢’ according
to Eq. (5.2.10) will increase the temperature at point P(x, y, z) by time ¢ by value
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/ 22
dT(r',z,t —1') = 2qd1 |: ! p( d ):|

€X —
co |dma(t+ty—1') da(t+1t9 —t')

1 z2
=)} e

where 2 = [x + vt +v(t —t))]* + y? (Fig. 5.57).
By summing all the increments of temperature at time ¢ and using the substitution
u =t — t’, we obtain Rykalin 1951, 1957)

T HoT, 2q < vx)
X, y,2,1) =Ty = ———5 exp(——
Y 0 co(dma)’’? P 2a

t

1 X2+ y? 2?2
X exp( — — —— — —(u+ty) )du.
ul/2(u + 1) 4da(u+1ty) 4dau 4a
0

(5.2.91)
This equation can be represented in a dimensionless form
JT
01,6, 0) = ~ exp(—208) [ 1
0,8, 7) = —exp(—2w —
"¢ z P 1+u?
0
g+ 2 2 .
X eXp(—m — ; —w (1+M ) dlzt,
21 /4mat,
0= ﬂ(T — To);
q
: x y ¢ 4 , Vi t
Jdaty 7 J4at Jdat 4a to
(5.2.92)

A graphical presentation of the integral for £ = 0 (for the surface of the body) is given
in the books (Rykalin 1951, 1957).

Integrals (5.2.91) and (5.2.92) can be expressed in terms of the known functions
only in some special cases. Examples of such cases are given below.

If the source is stationary (v = 0), then by using the known integral (Prudnikov
et al. 1986)

/ 2 ety (5.2.93)
x12(ax +b)  (ab)!/? b

the temperature at the centre of the surface source (x = y = z = 0) determined from
(5.2.91):
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q t
7(0,0,0,t) — Ty = ————arct [— . 5.2.94
( ) 0 nk«/4natoarc an< t0> ( )

The limiting temperature of the central point is the maximum that can be induced
by a surface normally distributed disk source on the surface of a semi-infinite solid.
It is proportional to the power of source g and the square root of concentration factor
C and inversely proportional to thermal conductivity A:

_a _4 /€
2Amaty 2AN 7w’

At the beginning of the heating, when r < o and arctan(z/10)"/* ~ (t/1p)"/?,
the temperature increases according to the square root law, and then it increases by
asymptotically approaching the temperature of the limit state (Rykalin 1951, 1957).

If the source is stationary (v = 0) and acts for a sufficiently long time (¢t — o0),
the integral in (5.2.91) for z = 0 can be expressed in terms of the known functions
by substitution " = 1/(u + ty) and integral (Prudnikov et al. 1986)

7(,0,0,00) =Ty = (5.2.95)

a

/xq/z(a _ x)fl/Z exp(—px)dx =7 exp(%)l()(%) (5.2.96)
0

Then the surface temperature is

T(x.y.0.00) — Ty c < x2+y2)1 <x2+y2> (5.2.97)
x,y,0, —Ty= ———exp| — ) 2.
Y 0 2A/4maty P 8ary 0 8ary

or in a dimensionless form

T .Y, 0’ - T 2 2 2 2
@.2.0.00 =T _ (& +n (E Y (5.2.98)
7(0,0,0,00) = Tj 2 2

We note here that an approximate analytical approach to calculating non-
stationary temperature is possible. The entire domain of integration is divided into
several non-intersecting intervals, the integrand within each interval is approximated
by simple analytic expressions that can be easily integrated, and then the obtained
solutions are joined together (Uglov et al. 1981). At present, it is easy to define inte-
grals using the known numerical methods, although the results of the calculation do
not have generalisation, which is specific to analytical methods.

Figure 5.58 shows the steady-state field calculated from (5.2.92) for v = 1,
which corresponds to steel arc welding. The origin of coordinates is coincident with
the centre of the distributed source, i.e. the centre of the source is at point £ + @ =
0,n=0,¢=0.

The most heated area is on the longitudinal x-axis along which the source moves
(Fig. 5.59). As can be seen from the figure, the higher dimensionless velocity w is,
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Fig. 5.58 Quasi-stationary dimensionless temperature field in the upper (heated) plane (¢ = 0) and
at the depth of ¢ = 1 of a semi-infinite solid due to a superficial normally distributed circular heat
source
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Fig. 5.59 Steady-state dimensionless temperature distribution along the centreline (x-axis) due to
a moving normally distributed circular heat source on a semi-infinite solid (Rykalin 1951, 1957)

the steeper the temperature increases and the gentler it decreases, the farther from
the centre of the source the maximally heated zone is and the lower its temperature
is.

These equations allow us to obtain a solution to the problem by the method of
images for a moving distributed source buried in a semi-infinite solid.

If the source is a normally distributed elliptic one, formula (5.2.12) should be
taken as the basis instead of (5.2.10). The solution to the problem becomes more
complicated here, but its structure will be retained.

5.2.3.2 Moving Normally Distributed Circular Source on a Slab
Let the source move along the x-axis over the surface of a slab with constant velocity

v (see Fig. 5.57). To calculate the temperature field, we use the method of sources,
as in the case of an infinite body (see Sect. 5.2.3.1). We take formulas (5.2.17) and
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(5.2.18) as the basis for an instantaneous normally distributed disk source on a slab.
Then the solution to the problem is representable in the following forms:

T( H-T 2q ( vx)
X, ¥, 2, - = —— 3, &KX -3
Y 0 cp(dma)’’? P 2a

t
/ 1 x2+y2 ZZ V2
X | ————exp|l———— —— — —(u+1t)
ul/2(u + ty) 4a(u+1ty) 4dau 4a
0

ad ih(ih —z)
X i;w exp(——au )du. (5.2.99)
and
a/h [ 1 By
T, y,2,0 =Ty = mof u+1y ‘”‘p<_4a(u +ro)>

o0 N
x [1 +2Zcos(%> exp(—n2i22—z>i|du. (5.2.100)
i=1

These two formulas are equivalent. Formula (5.2.99) can be represented in a dimen-
sionless form

2 Ve 1
0. n. ¢, 1) = ;exp(—zwg)/m
0

g2+ 2 - 4i8(i8 — 2)
X exp(— T 2 a)2<1 +u2)> X i;mexp<—u72>du;
(5.2.101)
2a/4mat
0 = &(T —Ty);
q

, vy t h

X y Z
§ J4aaty 1 J4at 3 J4aty 4a o J4at

This formula has the structure of formula (5.2.92) and contains an additional series.
As thickness increases (§ — 00), expression (5.2.101) tends to (5.2.92).

Figure 5.60 shows the temperature fields in the upper and lower planes of a slab.
The centre of the distributed source is taken as the origin of the coordinates. From
the comparison of a semi-infinite solid and a slab heated under the same conditions
(Figs. 5.58 and 5.60), it is seen that the temperature in a slab is much higher, especially
at a depth equal to the thickness of a slab.
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Similarly, a solution for a moving normally distributed elliptic source can be
developed.

5.2.3.3 Moving Normally Distributed Cylindrical Source in a Bounded
Plate

Earlierin Sect. 5.2.1.2, asolution was obtained for an instantaneous volumetric source
normally distributed in an infinite plate. It allows us to find a solution for a continuous
moving normally distributed source in a bounded rectangular plate. In this case the
method of sources is used to allow for continuity of action and movement of the
source, and the method of images is used to consider heat-impermeable boundaries
of the plate.

Let the centre of the source be in the longitudinal plane of the symmetry (on the
x-axis), and move from point O to point O, at time ¢ (Fig. 5.61). At each moment,
the power of source g is known. Let us find the temperature field at time 7. We use
solution (5.2.22) for an instantaneous normally distributed cylindrical source in an
infinite plate as the basis. We reflect the source from the planesx =0, x =L and y
= —W/2,y =+W/2, resulting in a system of sources, each of which is characterised
by number i, j, k (— 00 <i < 00; —00 <j < 00; k = —1, 1), and the real source has
number 0,0,1. Then in a fixed coordinate system the temperature field in a bounded
plate is described by the triple sum of the corresponding solutions for an unbounded
plate (Karkhin 1990):

(v)/h
Tx,y,t)—Tp = Z Z Z /m

i=—00 j=—00k=—1,1

C[x = 2L —kd D) P+ (y — jW)?
%P dat +1p— 1)

—b(t — r))d T,
(5.2.102)
where [ = 00, (Fig. 5.61). If observation time ¢ is longer than the action time

of source t,, (the source is switched off), the upper limit of integration ¢ should be
replaced with ¢,,. If the source is offset from the axis of the plate, expression (5.2.102)
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Fig. 5.61 Model of introduction of additional sources to account for finite body length and width
(Karkhin 1990)

becomes more complicated (the reflection in the y-axis changes), but the structure of
the formula is preserved. If the plate is unbounded in length (L = 00) and / or width
(W = 00), only the term for i = 0 and / or j = 0 remains non-zero. If velocity v is

variable and is the function of time, path f v(t")dt’ must be substituted for term vt

in (5.2.102). Programmed heat input will%e discussed in Chap. 7.

It should be kept in mind that the method of images assumes that fictitious sources
do not act within a real body (a real source is concentrated or distributed, but it is not
located at the boundary of the body).

Note that the solution can be obtained for a moving normally distributed disk
source on a slab in the same way. For this purpose, the solution should be based on
the corresponding instantaneous source (5.2.17) or (5.2.18).

5.2.3.4 Moving Uniformly Distributed Ring Source on a Semi-infinite
Body

In welding with a hollow cathode electrode in vacuum (Yampolsky 1972) and when
the magnetic field is applied to the welding arc, the arc acquires a special conical
shape and its central part has no plasma (Gagen and Taran 1970). With high frequency
circular oscillations of the electron beam (Bashkatov 1972), the surface flow inside
the circle may be absent. Such sources can be considered as rings with radius ry and
a uniformly distributed power per unit length

=2 (5.2.103)

T 2nrg
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Fig. 5.62 Model of the ring source (a) and quasi-stationary temperature field generated by a moving
uniformly distributed ring-shaped source with radius ro on a semi-infinite solid (b) (g = 5000 W,
v=5mms !, A =004 Wmm~! K™}, a=8mm?s!, Ty =300K)

The temperature field due to the moving ring source can be obtained by the
method of sources in two ways: (1) represent the moving source as a set of con-
secutive instantaneous ring sources (see Sect. 5.2.1.3) and find out temperature by
integrating temperature increments over time, or (2) represent the ring source as a set
of elementary moving point sources (see Sect. 5.1.3.1) and find out temperature by
integrating the temperature increments along the perimeter of the ring. Let us choose
the second way and find out the limiting (quasi-stationary) temperature field in the
moving coordinate system.

The temperature increment caused by an elementary point source of power dg =
q17od¢ on the surface of a semi-infinite solid (Fig. 5.62a) is defined by expression
(5.1.42):

4T ) qirode v(x —rpcosg + Ry)
X, ¥,2,0) = ——— X - 5
rn e 2m AR P 2a
R, = \/(x —rocos @)’ + (y — rosing)? + z2. (5.2.104)

Integrating this equation over the entire length of the ring, we obtain
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2
ol — R )
T(x,y, z,00) — Ty = 4;]2)L / exp( vix —ro (;:)18(2; 1(¢)]/( a)) d.
0

(5.2.105)

When the radius of the ring source decreases (ro — 0), formula (5.2.105) turns
into formula (5.1.42).

Figure 5.62b shows the fields on the surface of the body at source radii ro = 5 and
10 mm. From the comparison of Fig. 5.62b with Fig. 5.8d it follows that the special
feature of temperature fields in the case of a ring source is the lowered temperature
around the ring. The larger the radius is, the lower the temperature is inside the ring.

Based on Eq. (5.2.105), by the method of images it is easy to obtain the solution
for a moving uniformly distributed ring source in a slab.

Temperature on the z-axis (x = y = 0) is expressed in terms of the known functions:

J (WO> exp(—,/r0 n r2/(2a)>

T(,0,z, —Ty = —Iy{— , 5.2.106
( z,00) =Ty el \/ﬁ ( )
ro +Z
since (Janke et al. 1960)
2
/.exp(m cos gp) =2 I()(ﬂ). (5.2.107)
2a 2a
0
In a dimensionless form
exp(—p(,\/l + 22>
0= -1 5.2.108
2 0(p0) o ( )
where
ATy vro _ Z
0= (T -=To); po=—— Z=—. (5.2.109)
2a o
In the centre of the ring (at z = 0), the temperature is
1
0= 510(,00) exp(—po)- (5.2.110)
With a relatively small radius (p9 — 0), the temperature & — 1/2 and
7(0,0,0, 00) — Tp = —21 (5.2.111)
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that is, the temperature is equal to the limiting (steady) temperature generated by the
stationary point source (5.1.42) at a distance from the centre equal to . It does not
depend on the travel speed.

The temperature distributions along the z-axis for different radii of the sources
are shown in Fig. 5.63. It can be seen that the smaller the radius of the source is (the
higher the power density is), the higher the temperature is. It decreases rapidly as we
move away from the surface.

Note that using Eq. (5.2.105) and the method of images, it is easy to obtain the
solution to the problem for a moving uniformly distributed ring source in a slab. It is
possible to construct axisymmetric sources with any radial power distribution using
ring sources.

5.2.3.5 Moving Uniformly Distributed Cylindrical Surface Source
in a Plate

Let the source be uniformly distributed over the surface of a circular cylinder of
radius ry and move for a sufficiently long time (f — c0) and linearly along the x-axis
in an unbounded plate with boundary conditions of the third kind on the surface.
Let us use the method of sources, taking a moving line source in the plate as an
elementary one (5.1.81).

We split the ring source of powerg into elementary sources of powerdg = q;rod¢,
whereq; = ¢ / (27 ry) (Fig. 5.64a). Then the temperature at any point P is determined
by summing the temperature increments caused by all elementary sources:

2

q17o v(x —xa) vry
e y.000 T = U (71, gy
(x: 3, 00) 07 2xah /exp( 2a > 0 ZaM ¢
0
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Fig. 5.64 Models for a cylindrical surface source (a) and a disk source (b) in a plate

w=+/1+4ab/v?, (5.2.112)

where r| = \/,,2 +r§ —2rrocos(y —¢) and x — x4 = r cosy — rocosg are
distance between the elementary line source located on the ring at point A and the
observation point P and its projection onto the x-axis (Fig. 5.64a).

The integrand in (5.2.112) is singular for r; = 0, since K¢(0) = oo. Therefore,
numerical integration is difficult. We shall search the solution to the problem using
the Bessel functions (Korenev 1971, 1980; Watson 1995).

Using Neumann’s addition theorem (Bateman and Erdelyi 1953; Korenev 1971),
we represent the Bessel function in the form:

[ee]

Ko(%u) = ZI(%M)K(%M) cos(n(y — @), r <ro;  (5.2.113)
Ko(51) = il<%M)K(%M) oSl — @), 7 = 1o
¥ = arctan(y/x), (5.2.114)

where I, is the modified Bessel function of the first kind of order n, K,, is the modified
Bessel function of the second kind of order n (the Macdonald function) (Fig. 3.14):

U\” ad 1 u\2m
L = (%) gm(i) G211
- yuy (D' /2
Ko@) = (=1 lln(“)ln<7)+ 2 Zk!(n+k)!

k=0
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n+k
y (Z—+Z;+§Z( l)k(n—k—l)!(g>2k—n)’(n: oL
0

m=1 m=1
(5.2.116)

where y is Euler’s constant (y = 0.5772...). There are tables and approximate

o0

formulas (Abramowitz and Stegun 1965; Janke et al. 1960). Symbol }_ ’ in formulas
n=0

(5.2.113) and (5.2.114) means the sum in which the term with the index n > 0 is

multiplied by 2.
We shall factorise the exponential contained in integral (5.2.112) and represent it
in the form (Abramowitz and Stegun 1965):

exp(—v(xz;axA)> = exp(—%) exp(%ro cos go)

- exp(—%) ilk(%) cos(kg). (5.2.117)

Inserting (5.2.113), (5.2.114) and (5.2.117) into (5.2.112) we obtain:
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0 2
VI
xS 1(52) [ costaty — o costkord. r =
k=0 0
(5.2.119)
The definite integral in (5.2.118) and (5.2.119) is known (Korenev 1980):
2
/ cos(n(¥ — @) cos(kg) dg = | T COS¥) fork = n; (5.2.120)
0 fork # n.

0

Allowing for this integral, we finally obtain the solution to the problem (Karkhin and
Zharkov 2015):
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q VX
T(x,y,00)—Ty= —exp( )

2w Ah 24
o0
! vr Vro Vro
X ; ITI(ZM)Kn(ZM)In(Z) cos(narctan(y/ x)), r < ro;
(5.2.121)
q VX
T(x,y,00)—Ty= ) eXp(_Z>
- / Vro vr Vro
X ; In(%ﬂ)&(ﬂﬂ)h(g) cos(narctan(y/ x)), r > r.
(5.2.122)

It is seen that the temperature field on the action surface of the source (r = rp) is
continuous.
Equations (5.2.121) and (5.2.122) can be represented in a dimensionless form:

0(&, n) =exp(—§) Z/In(MP)Kn(MpO)In(pO)
n=0

X cos(n arctan(n/é)), £ =< pPo; (5.2.123)

0(&.n) = exp(—&) Y _ Ta(1po)Kn(p)Ia(00)

n=0
X cos(n arctan(r)/é)), P > po; (5.2.124)
2n ) h VX vy VI
0=——T-Toé=n=51p=VE+np= .
q 2a 2a 2a

The quasi-stationary fields of the dimensionless temperature generated by the
cylindrical surface (pp = 1) and line (py = 0) sources are shown in Fig. 5.65. It is
evident that the temperature gradients near the cylindrical surface source are much
lower than near the line source. The maximum heated zone is at the end of the source
on the x-axis. As the distance from the sources increases, the relative temperature
difference, calculated for both models, decreases.

Based on the method of sources, Eqgs. (5.2.121) and (5.2.122) allow us to obtain
the solutions to the problems for moving axisymmetric volumetric sources with any
radial distribution.

5.2.3.6 Moving Uniformly Distributed Ring Source in a Slab
The steady-state temperature field around a moving uniformly distributed ring source

of radius o located in a heat-insulated slab at the depth z = ¢ is easy to obtain by the
method of images, using the solution for a semi-infinite solid (5.2.105). In this case
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it is necessary to calculate the integral with a singular integrand. A more effective
way is to apply the equation for a buried moving point source in a slab (5.1.64). The
integration of elementary sources over the perimeter of the action of the ring source
gives (Karkhin et al. 2016):

> miz i
T(x,y,2,00) — Ty = [Tringo(x, y, 00) — T ] + 2ZC°S(T> cos<7>

i=1

X Tringi(x. y, 00) = Tol. (5.2.125)
where
2
T y.00) = To = o [ enn( =252 Y (7
>

q v(x — rgcos @) vr
Tringi(x,y,00) — Ty = yrTYy f CXP(—+)K (2—1Mz)d§0,

_ (2
Hi= vh ’

Here ry = [r? — r§—2rrocos(¥ — ¢)]'/? is projection of the distance between an
elementary point source and the observation point on plane xOy (Fig. 5.64a). The
physical content of formula (5.2.125) is obvious: T g o (%, y, 00) function describes
a two-dimensional temperature field due to a moving uniformly distributed ring
(cylindrical surface) source in a plate without heat transfer, and 7,;,s; (x, y, 00)
function describes a two-dimensional temperature field due to a moving uniformly
distributed ring (cylindrical surface) source in a plate with a coefficient of heat transfer
influence w; > 1 (Eq. (5.2.112)). Both functions are expressed as the known functions.
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Fig. 5.66 Quasi-stationary fields of dimensionless temperature 6 = 27 Ah(T — Tp)/q induced by
a moving uniformly distributed ring-shaped source with radius pg = vro/(2a) = 1 on the slab with
a thickness of § = vi/(2a) = 2 on the upper surface (¢ = z/h = 0) and the lower surface (¢ = 1)
(Karkhin et al. 2016)

The corresponding formulas are given in Sect. 5.2.3.5. The non-uniformity of the
temperature distribution across the thickness (along the z-axis) of the slab is allowed
for by the trigonometric series; and it obviously depends on the location depth of
source ¢.

Figure 5.66 shows the quasi-stationary field of dimensionless temperature 8 =
2w Ah(T —Ty)/q generated by a moving uniformly distributed ring source of dimen-
sionless radius py = vrg/(2a) = 1 on an infinite slab, whose thickness is equal
to the diameter of the source. It can be seen that the area of maximum heating is
on the upper surface and includes a ring source. Inside the ring the temperature is
lower. On the lower surface, the heated area is significantly displaced from the z-axis
of the source and its temperature is relatively low. As the distance from the source
increases, the temperature drop across the thickness decreases (the isotherms on the
upper and lower surfaces converge).

Note that solution (5.2.125), compared to the solution constructed on Eq. (5.2.105)
for a ring source on a semi-infinite solid using the method of images, has several
advantages: it is not necessary to integrate numerically the singular function over the
area of action of the ring source. As for the source distributed also in depth, additional
integration over z does not have any fundamental difficulties (see Sect. 5.2.1.7).
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Fig. 5.67 Model for a disk source (a) and quasi-stationary fields due to a moving uniformly dis-

tributed disk source with radius ro on a semi-infinite body (b) (¢ = 5000 W, v = 5 mm s~

A =0.04Wmm~' K~!,a=8mm?s~!, Ty =300K)

5.2.3.7 Moving Uniformly Distributed Disk Source on a Semi-infinite
Body

The solution to the problem for a uniformly distributed disk source on a semi-infinite
solid can be obtained using the method of sources and taking Eq. (5.1.39) as the
basis. If the heating time is long (t — 00), Eq. (5.1.41) should be taken as the basis.
The power of an elementary point source is dg = ¢ /(Jtrg)r’dgpdr’ (Fig. 5.67a).
Integration is performed over the area of action of the source, i.e. over the ring, as
in the case of the ring source (see Sect. 5.2.3.4), and over radius ' (from 0 to the
radius of the source r). The quasi-stationary solution to the considered problem for
a moving source located on a semi-infinite solid has the form:

T(x,y,z,00) — Ty = 61/(nr0)// < v(x —2racos¢))>

1 VR[ ,
— dodr’;
* R, exp( 7 )r odr

Ry =+ (x —r' cosg)? +(y — r' sing)? + 22 (5.2.126)
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Fig. 5.68 Dependence of half width W,, and depth H,, of a weld pool on the radius of a
moving uniformly distributed disk source on a semi-infinite body (¢ = 5000 W, v = 5 mm s/,
A=004Wmm ' K !, a=8mm?s!, T, = 1800 K, Ty = 300 K)

Figure 5.67b displays steady-state fields due to moving uniformly distributed disk
sources of 5 mm and 10 mm radii on the surface of a semi-infinite solid. From the
comparison of Figs. 5.67b and 5.62b it results that the fields differ significantly near
the ring and disk sources, but at a distance from the sources fields practically coincide.

The maximum heated zone is displaced to the rear boundary of the source
(Fig. 5.67b). The width and depth of the weld pool (the zone heated above the
melting point 7', = 1800 K) depends on the radius of the source (Fig. 5.68). If the
source is extremely concentrated (¢ = 0), the weld cross-section is a semicircle (H,,
= W,,). As the radius of the source increases, the depth of pool H,, decreases, width
W, first increases, and later decreases. With a relatively large radius (r¢ > 13 mm),
the metal does not melt.

The integral (5.2.126) can be expressed as the known functions only in special
cases. For example, the temperature on the z-axis (for x = y = 0) caused by a moving
disk source on a semi-infinite solid (5.2.107) is

7(0,0,z,00)—Tp /(mo / ( )eXp( AN r'dr’
Vit + 2
(5.2.127)
or in a dimensionless form
1
— o/ 12 + 32
9 — /Io(pou)eXp( PONU AT s (5.2.128)
N
A
0=""0 Ty pp=22 z=— (5.2.129)
2a’ o

Figures 5.63 and 5.69 illustrate temperature distributions along the z-axis for
different radii of a disk source moving along the surface of a semi-infinite solid.
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From Fig. 5.63 it follows, that the temperature due to the disk source is much higher
near the surface of the body, but it falls faster than the temperature from the ring
source. At depth z/rg > 1.5, their values have little difference.

By using integral (Prudnikov et al. 2002)

X

/x" exp(—x),(x)dx = al
2v

0

v+l

+1

exp(—x)[L,(x) + L1 (x)] (5.2.130)

from (5.2.127), we obtain the value of the temperature at the source centre
4 (—ﬂ)[l (ﬂ)ﬂ (ﬂ)] 5.2.131
TroA Ao 1\ 2, N2 /1 (5-2.131)

If dimensionless radius vro/(2a) is small, then exp(—vro/(2a)) — 1,
Io(vro/(2a)) — 1, I1(vry/(2a)) — 0 and

7(0,0,0,00)—Ty =

q

7(0, 0,0, 00) — Tp = .
7Tr())\.

(5.2.132)

It follows that the steady temperature at the centre of a uniformly distributed disk
source moving along the surface of a semi-infinite solid is independent of the speed
of motion and is equal to the steady temperature induced by a stationary point source
(5.1.42) at the distance from the centre equal to half radius r. The more distributed
the source is (the larger radius r is), the lower the temperature is. The temperature in
the centre of the disk source is double higher than the temperature in the centre of the
ring source (5.2.111). Note that this temperature is not the maximum, the maximum
heated zone is located at the surface behind the source centre (Fig. 5.67b).
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5.2.3.8 Moving Uniformly Distributed Cylindrical Volume Source
in a Plate

Let auniformly distributed cylindrical volume source of radius ry move linearly along
the x-axis in an infinite plate with boundary conditions of the third kind on its surface.
If the time of source action is long (¢ — 00) , the quasi-stationary temperature field
in the moving coordinate system can be found using the method of sources, taking a
moving source uniformly distributed over the surface of a circular cylinder of radius
ro as an elementary source [Egs. (5.2.121) and (5.2.122)].

At first, let us find the temperature at outer point P, which is outside the area of
source action, r > ry (Fig. 5.64b). We split the entire volume source into elementary
cylindrical surface sources of power dg = g2 r'dr’, where g, = q / (7r3). Then
the temperature at point P, is determined by summing the temperature increments
due to all the elementary sources, according to Eq. (5.2.122):

ro

q22mr’ VX
T =T = [ G en(-3)
0

00 ’ /
vr vr vr
To| =— o ) Kol =0 ) In| — dr'
Xg n<2aﬂv> n(zal‘L) n(2a>COS(nl/f) r
= L xp(= 1) 3K ) costan)
~ o TP\ 2a) 4P\

n=|

ro
/ /
x /r/In V() ar (5.2.133)
2a 2a
0

Hence, the solution reduces to calculating Lommel’s integral (Korenev 1971;
Watson 1995):

[ (o
s 2a 2a
_ V(lziu )[n+l<vu>1n(%u) wl, (;Z)IH(%M)] (5.2.134)

By inserting (5.2.134) in (5.2.133), we obtain (Karkhin and Zharkov 2015):

g9 2a 1 ( vx) >\, (vr )
T s Vs - I Kn ~
(x, , ) nkh vrg 1 — 2 XP 2a Z 2aM

(1o (5 )1 (WO )= a5, ) (5 ) |
X — — —
n+1 20" ZaM 1% 2 n+1 2a'u

x cos(narctan(y/x)), r > ro. (5.2.135)
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Equation (5.2.135) takes on an indeterminate form 0/0 for u = 1.
Passing on to dimensionless parameters (5.2.124), we result from (5.2.135):

2
0, n) = —— K
) =) P s)nXE‘ a(up)

X [Tne1(00) Tn(eoo) — 1 Tn(00) Inv1 (00)]
x cos(narctan(n/£)), p > po. (5.2.136)

Similarly, we find the temperature at internal point P(x,y), located in the area of
the source action, r < ry (Fig. 5.64b). We divide the whole area of the source action
into two parts: region I (' < ) with respect to which point Py is external, and region
I (#' > r) with respect to which point P is internal. Then the temperature at point
P, will be the sum of the temperature increments produced by both sources, that is:

T —Ty= (T — Tp) + (Ty — Tp). (5.2.137)
The first term in (5.2.137) is determined by the method of sources on the basis of
Eq. (5.2.122) using integral (5.2.134). The second term is determined on the basis of

Eq. (5.2.121) with the help of Lommel’s integral for miscellaneous Bessel functions
(Gradshteyn and Ryzhik 2014):

[ ()R (o= 2 o () ()
| (32 ()]
e (R )

+“I<ﬁ>K'(%“)] (5.2.138)

By substituting the corresponding equations in (5.2.137), we obtain the solution
to the problem for the area of the source action (Karkhin and Zharkov 2015):

T(x.y.00) Ty = - 2 (”)}OO’ (n arctan(y/x)) { —
x,y,00) — Ty = — — exp(—— cos(n arctan(y/x
Y 0 TAh v 2 P 2a = Y 1 —pu?

) - ()]
()~ 2 <[
(2o (2 ()

<[ (55 Ka(50) + (5 )R () Jn(g ) | 7 < o
(5.2.139)
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Formula (5.2.139) can be represented in a dimensionless form:

2
exp(— 5)2 cos(n arctan(1/£))

n=0

0&,n) = 2
0
{ 5 Hne1 () In (o) — 1 In(0)Inst (10) 1K (0)

1 [In+l (00) K (ep0) + 1 In (00) Kny1 (00) s (L0)

+_—M2 (o1 (o) Ka (pp) + uln(p)Kml(up)]ln(up)}, o = po-
(5.2.140)

The quasi-stationary fields of the dimensionless temperature due to the cylindrical
volume (pp = 1) and line (pg = 0) sources are shown in Fig. 5.70a. It is seen that
the temperature gradients near the cylindrical volume source (disk-shaped source)
are much lower than near the line source. The maximum heated zone in the cross
sections of the plate is on the x-axis. As the distance from the sources increases, the
relative temperature difference calculated by both models decreases.

If there is no heat transfer (u = 1), Eqgs. (5.2.135), (5.2.139) and (5.2.140) are
invalid due to division by zero. In this case the sequence of solving the problem is
preserved, but integrals (5.2.134) and (5.2.138) have a different form (Watson 1995):
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Then the temperature field in the plate without heat transfer (1 = 1) outside the
source area is described by the following formula (Karkhin and Zharkov 2015):

T(x,y,00)—Tp= ZNQWCXP<_%) iO/K“<%>

B (e (2]

x cos(n arctan(y/x)), r > ry. (5.2.143)
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Fig. 5.70 Quasi-stationary fields of dimensionless temperature 0 = 2w Ah(T — Tp)/q due to a
moving uniformly distributed cylindrical volume source in an infinite plate (radius pg = vro/(2a) =
1) and a line source (pg = 0) in an infinite plate with surface heat transfer (« = 1.01) (a) and a

source with radius pg = 1 without surface heat transfer (« = 1) and with surface heat transfer
(n = 1.01) (b)

Similarly, the temperature in the area of the source action is defined (Karkhin and
Zharkov 2015):

Ty —To= 53— xp( =) Z s(n arctan(y/ x))

{ [( )2 >In+1<;;>JKn<2a>+%ln<%>
(2 Ko (20) (2 o (2)
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(5.2.144)

The quasi-stationary fields of a dimensionless temperature due to a uniformly
distributed cylindrical volume source of radius py = 1 for different coefficients of
heat transfer influence © are shown in Fig. 5.70b. Heat transfer leads to a decrease
in temperature everywhere else.

5.2.3.9 Moving Uniformly Distributed Disk Source in a Slab

The steady-state temperature field due to a moving uniformly distributed circular
(disk) source of radius r( located in a heat-insulated slab at the depth z = ¢, can be
obtained in two ways: (1) using Eq. (5.2.126) and the method of images or (2) by the
method of sources, using the fundamental solution for a buried moving point source
in a slab (5.1.64). Let us choose the second way, as in the case of a ring source in a
slab (see Sect. 5.2.3.6). The integration of elementary sources over the perimeter of
the area of the disk source action results in (Karkhin et al. 2016):

o0 . .
T(x,y,z,00)— Ty = [Tpiro(x, y, 00) — To] + 22005(%) cos<ﬂ>

i=1 h
X [Tciri(x’ ) OO) - TO]7 (52145)
where
Tcir()(xv Yy, OO)— q/(n f/ ( V(x —r COS(p))K (Vh )d rdr
2a 2a

ro

0
2
Tcir,-<x,y,oo)—To—Q/(” // ( V(x_rcos‘”))K (5w )dgr'ar
2a 2a
0

_ 14 2ai\?
Hi= vh )’

Here r1 = [r2—r">=2rr' cos(¥ — ¢)]'/? is projection of distance R; between the
elementary point source and the observation point on the plane xOy (Fig. 5.67a).
Functions T, o (x, y, 00) and T (x, y, 00) describe two-dimensional temperature
fields due to moving uniformly distributed disk (cylindrical volume) sources in a
plate and they are expressed as the known functions (see Sect. 5.2.3.8).

Figure 5.71 demonstrates the temperature field in different sections of a slab
whose thickness is equal to the diameter of the source. The maximum heated zone
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Fig. 5.71 Quasi-stationary fields of dimensionless temperature 0 = 2w Ah(T — Tp)/q due to a
moving surface uniformly distributed disk-shaped source with radius pp = vro/(2a) = 1 on the
slab with thickness § = vh/(2a) = 2: on the upper surface (¢ = z/h = 0) and lower surface (¢ = 1)
(a); in the longitudinal section ( = 0) (b); dimensionless peak temperature 6, in the cross-section
(¢) (Karkhin et al. 2016)

is located inside the area of source action and is displaced to its tail part (Fig. 5.71a).
As in the case of the ring source (Fig. 5.66), the bottom surface is heated much
lower. At distance £ < —6 there is almost no temperature difference across the
thickness (Fig. 5.71b). Near the upper surface, the isotherms of the peak temperature
are elongated in the transverse direction n (Fig. 5.71c). For Inl > 2 the temperature
field is two-dimensional (there is no difference in thickness).
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The influence of the slab thickness can be judged by temperature distribution
along the source axis of a slab (Fig. 5.71). At a fixed radius and power of the source,
the temperature is higher, the thickness is smaller.

5.2.3.10 Moving Uniformly Distributed Line Source of Finite Width
on a Semi-infinite Body

When using strip fusion cladding and welding by a source with high frequency
transverse oscillations (when the transverse velocity of the source is much higher
than its longitudinal velocity), we can assume that the source is distributed uniformly
along the interval of 2W in length (Fig. 5.72a).

Let the origin of the moving coordinate system coincide with the middle of the
source (Fig. 5.72a). We represent a moving line source as a set of elementary moving
point sources of power dq = q;dn. Then the temperature is determined by summing
the temperature increments due to all point sources according to formulas (5.1.39)
and (5.1.108):

w

T(x zt)—T—/ D e =RV g (R,
» Vs s 0= 27 AR p 2 3(A, n;
-w
Rl:\/szr(y_n)sz, (5.2.146)

Ift =00 (i.e. 3 = 1) and ¢; = ¢/(2W) = const, then

2w
T(x,y,z,00) =Ty = Mexp(_ﬂ>

2 A 2a
y+W
1 v()c2 +u?+ Z2)1/2
X / g eXp du.
(x2 +u? +22) 2a
y—w

(5.2.147)

Integral is not expressed in tabulated functions. If x = z = 0, then (Rykalin 1947,
1952)

\4

2W

[V
(—Iyl+ W) +Ei( 5-(—lyl = W) |
(5.2.148)
Here the temperature is defined for lyl > W, since the real function Ei(-x) is obtained

only for the positive values of argument x.
Let us represent solutions (5.2.147) and (5.2.148) in a dimensionless form:
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Fig. 5.72 Model for a uniformly distributed line source with width 2W on a semi-infinite solid
(a), fields of dimensionless temperature on the surface (b) and in the longitudinal section (c¢) and
dimensionless peak temperature 6 p,x in the cross section (d)



282 5 Temperature Fields in Fusion Welding

6(E. 1. ¢) = exp(— 5)/
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Figure 5.72 displays the fields of the dimensionless temperature in the limiting
state due to a moving line source of the finite width w = 1. The dashed lines indicate
the demarcation between the heating and cooling zones. The isotherms near the
source have the shape of an oval with a major axis directed to the width of the source
(Fig. 5.72b). The lower the temperature is, the more isotherms are elongated in the
direction opposite to the direction of the motion of the source. Behind, away from
the source, the isotherms are similar to the isotherms around a concentrated point
source (Fig. 5.10a).

In the longitudinal section, the isotherms are similar in form to the isotherms for
a point source (Figs. 5.72c and 5.10a). The isotherms of the peak temperature near
the source have the shape of semi-ovals elongated along the source (Fig. 5.72d). As
the distance from the source increases, isotherms take the form close to semicircles.

On the basis of the obtained solutions, it is easy to derive formulas for calculating
the temperature on a slab using the method of images.

If the source is non-rectilinear (the radius of curvature is finite and may vary in
width), then the calculation of the temperature becomes more complicated. These
cases are discussed in Sect. 12.3.

5.2.3.11 Moving Uniformly Distributed Strip Source on a Semi-infinite
Body

At first, consider a moving source in the form of an infinite strip —W <x < W,
—00 < y < 00, located in the plane z = 0. The area-specific source power density
is g» = q1/(2W), where g, is the power per unit of the y-axis length. This scheme is
applicable, for example, to wide-layer strip surfacing and is widely used to analyse
the surface temperature during grinding (Loewen and Shaw 1954; Sipaylov 1978;
Trigger and Chao 1951).

Earlier in Sect. 5.2.2.4 the heat conduction problem for a stationary strip source
was solved. Similarly, we can obtain a solution for a moving strip source with power
density g, for t — oo by integrating (5.1.81) with power per unit length ¢;:
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w

v(ix —x' wWix —x)?+22 ,
T(x,z,00) =Ty = 27rq)iW / exp(— ( 7 )>K0< 7 dx’.
-w

(5.2.152)

Hence, introducing the dimensionless quantities, we obtain (Carslaw and Jaeger
1973)

E+o

1
0. ¢ 00) =~ / exp(—1)Ko(¢2 +u?) *du;
w
E—w
27 A W
0="LT Ty E=2 (=2 o= (5.2.153)
o 2a 2a 2a

This expression is easy to find by a numerical method. For the surface, { = 0, the
result can be written down using the integral (Prudnikov et al. 2002)

/exp(:l:u)Ko(u)du = a exp(xa)[Ko(a) = K (a)] F 1. (5.2.154)
0

Then the steady-state temperature on the longitudinal axis is

1
0(§.0.00) = ~{(§ + @) exp(— (€ +»))[Ko (€ + ) — Ki(§ + )]
—(¢ —w)exp(=(¢ —w)[Ko(§ —w) — Ki(§ —w)]}.  (5.2.155)

The steady-state temperature distribution at the surface at some values of the width
of the strip source is shown in Fig. 5.73. It is seen that the narrower the strip is, the
higher the peak temperature is.

For large values of W, the temperature is maximal for x = —W (at the end of

heating the fixed surface point) and is approximately equal to (Carslaw and Jaeger
1973):

2q, [2aW
AN mv

Tmax — To = (5.2.156)

This expression is in line with the solution to the problem of uniform heating of the
entire surface of a semi-infinite solid during time ¢+ = 2W /v by a source of power
density g, W m~2, or, in the same way, heating by a continuous stationary plane
source in a semi-infinite rod [see Eq. (5.1.35)].

Now we consider a moving finite strip source -W <x < W, -l <y <[, z=0.
Using the method of sources, we can obtain a solution to the heat conduction problem
in two ways: (1) take an instantaneous finite strip source as the basis and integrate
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expression (5.2.2) over time between 0 and ¢ in the moving coordinate system; (2)
take a moving point source as an elementary source and integrate expression (5.1.39)
or (5.1.41) over interval [—W, W] with respect to x” and over interval [—/, [] with
respect to y'.

The first way gives us the following solution (Berezovsky 2006):

) t _g/ewa) ) ® w>
(x,y,2,1) = Tt = 2ep(dna)? / f < 4at [ ( 4at
x—W+vt y +1 y —!
=Wy ® ) dr.
( dat )][ (\,4ar> (V4ar>:| i
(5.2.157)

The dimensionless form of Eq. (5.2.157) has the form (Carslaw and Jaeger 1973):

oo oot p(Eoru
9@’”’“)‘0/‘”‘1’( 2u>[q’< ) e s )]

L) ()

_ 24/2mcpy (T —Ty):

" g/ WD) 0%
V2t VX vy 124 vW vl
T=g §= =0 b= o=—— =
2a 2a 2a 2a 2a 2a

(5.2.158)
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For t — 0o and T — oo equations (5.2.157) and (5.2.158) correspond to the
quasi-stationary (limit) state.

The second way leads to the following solution under the quasi-stationary condi-
tion (t — 00):

Jeway [ f ]
q
T(xvyvzaoo)_T:—//
RS A AN Y S g

v[x — X+ x—x)+(y—y)? +zz]
x exp| — 5 dx'dy’
a

(5.2.159)

or in a dimensionless form

E+o n+p

2v2 “12
O(E,n,¢,00) = —— / / 2+ 0240
ﬁﬁ—wn—ﬂ
x exp( &~ [57 40+ 27] " )ag'an' (52.160)

When we reduce only one source size (w — 0 or § — 0), we obtain a moving
line source oriented across or along the longitudinal axis &. When all dimensions (@
— 0 and B — 0) are reduced, a moving point source on the surface of a semi-infinite
solid is obtained.

A quasi-stationary field at the surface of a semi-infinite solid (¢ = 0) for various
sizes w and B of the source is shown in Fig. 5.74. It can be seen that the maximum
heated point is behind the centre of the source and the larger the area of the distributed
source is, the more this point is displaced from the centre.
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It is not difficult to obtain a solution to the corresponding heat conduction
problem for a moving uniformly distributed source on the surface of a slab by
Egs. (5.2.152), (5.2.157) and (5.2.159) and the method of images. In this case a
series of type (4.2.23) appears in the integrand.

5.2.3.12 Moving Cylindrical Source with an Isothermal Surface
in a Plate

A source distributed over the surface of a moving circular cylinder is a model of a
plasma jet, an electron beam, and a laser beam when the keyhole technique is used
for welding thin plates.

Let us assume that the surface of a circular cylinder of radius ro moves in an infinite
heat-insulated plate at a constant velocity v along the x-axis and is maintained at
constant temperature 7',,x. The equation for heat conduction in a moving coordinate
system has the form (3.3.30) and the boundary conditions are as follows:
T=Tmax for x4y = ri; (5.2.161)

T(x,y,t) =Ty for x =+ooand y = £o0.

The general solution to this problem is known (Carslaw and Jaeger 1973). If
oT / at = 0 (for r = oo the temperature field is quasi-stationary), the solution to the
problem in the polar coordinate system p, ¢ is the following series in a dimensionless
form

In(Pe)

0(p. 9. 00) = exp(—pPe cosy) Z K. (Pa) Kn(pPe) cos(ng):
T —T
9:—0; Pe:m; p:L; cosgo:f. (5.2.162)
Tmax — T() 2(1 ro r

Here 0 is the dimensionless temperature, Pe is the Peclet number, p is a dimension-
less radius vector; angle ¢ = 0 corresponds to the direction of the source motion
(Fig. 5.75); ¢, = 1 forn=0and ¢, = 2 forn >0, I,, and K, are modified Bessel
functions of the first and second kind of order n, (5.2.115) and (5.2.116).

In a Cartesian coordinate system & = x/ry and n = y/ro formula (5.2.162) has the
form

0.6, 1. 00) = exp(— EPe)Z eu LK, (Pey/ER )

K, (Pe)

X COS (n arccos(ﬁ)). (5.2.163)
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It can be seen that the temperature field is symmetric with respect to the longitudinal
sectionn =y /rg = 0.

The quasi-stationary temperature fields for various Peclet numbers Pe are shown
in Fig. 5.75.

On the cylinder surface p = 1, the temperature is constant & = 1, but the heat
flux to the body is variable in angle ¢. Let us find the power of the source per unit
thickness g, W m~ L

do. (5.2.164)
p=1

By differentiating (5.2.162) and substituting the derivative in (5.2.164), we obtain
(Lankalapalli et al. 1996):

q1 = AM(Tmax — Tp)g(Pe), (5.2.165)
where
2 00
g(Pe) = — / Pe exp(—Pe cos @) Zenln(Pe)
0 n=0
Kii1 (P
X cos(nq))[Pﬁe — ﬁl();;) — cos w]dga. (5.2.166)

It is seen that the power per unit length ¢; depends on temperature T',,x and Peclet
number Pe (radius ). For Pe = 0-5, function (5.2.166) can be approximated by the
polynomial (Lankalapalli et al. 1996)

g(Pe) = 2.1995 + 6.2962Pe — 0.4994Pe? + 0.0461Pe”. (5.2.167)
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In fact, temperature T iS not known, it may be close to the temperature of
intensive evaporation of the material. It can be found, for example, from an exper-
iment, normalising the solution to the problem according to the width of the weld.
The value of radius r is chosen from the physical conditions.

5.2.3.13 Laser Welding with a Deep-Penetration Beam

Incident laser radiation on the surface of a solid body is partially absorbed. Heat
source efficiency of laser welding (the fraction of the laser radiation power absorbed
by the metal) 1;, depends on the nature of the metal, the state of the surface, the wave-
length of the laser radiation, the power density distribution, the radiation direction,
etc. The efficiency 7y, is sensitive to laser welding conditions and measured over a
wide range 1, = 0.2-0.7 (Grigoryants 1994).

Thermal processes during laser heating have the same physical nature as other
traditional methods of metal heating. Therefore, the propagation of heat in the metal
during laser processing is considered according to the classical theory of heat con-
duction (the Fourier’s equation of heat conduction is valid).

If the laser beam is focused, it can be represented in the form of a concentrated
source: point or line, instantaneous or continuous, stationary or moving. The methods
for calculating the temperature fields due to concentrated sources were discussed in
Sect. 5.1.

Let us consider laser welding with a deep-penetration beam in a solid. The laser
beam can be focused with a power density of more than 10* W mm~2. When heated by
such a source, metal evaporates, forming a gas-plasma cavity (keyhole) surrounded
by liquid metal (Fig. 5.76). The vapour pressure in the cavity is balanced by surface
tension and hydrostatic pressure. As a result, a weld with a large ratio of the depth
of penetration to the width of weld H/W is formed.

Many mathematical models of thermal processes for welding with deep pene-
tration are proposed (Dowden et al. 1991, 1995, 1998; Dowden 2001; Kapadia and
Dowden 1994; Lopota et al. 2006; Steen et al. 1988; Swift-Hook and Gick 1973;
Turichin et al. 2008, 2009).

We assume the following. The gas-plasma cavity has a conical shape. The tem-
perature of the cavity surface is constant. The cone of the cavity is determined by
radius r((0) on the surface of the body (z = 0) and penetration depth H (Fig. 5.76 a).
The temperature on the surface of the cavity T,y is constant, the temperature field
is steady (quasi-stationary in the moving coordinate system related to the beam).

The three-dimensional heat conduction problem with the above-mentioned
assumptions can be solved by numerical methods. With additional assumptions,
the problem can be solved in a closed form (Lankalapalli et al. 1996). Let us choose
from the body a layer 1 of thickness H (Fig. 5.76). Since r(0) <« H, the flux along
the z-axis is much smaller than the radial flux, ¢, ; < g2 ,. We neglect the flow ¢ , in
layer 1, that is, we reduce the three-dimensional problem to a two-dimensional one.
Let us find the distribution of temperature and introduced power in a layer 1. Then,
with the power found, we solve the three-dimensional problem for layer 2.
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Fig. 5.76 A cross section of the keyhole and weld profile (a) and the power distribution across
thickness (b)

We represent layer 1 as a set of thin layers of thickness dz with a given constant
temperature 7', on the ring r = ro(z). Each thin layer is thermally insulated (07/0z
= 0), so the temperature field and the power per unit length (power of the source
per unit thickness) ¢g1(z) in a thin layer at depth z can be determined by formulas
(5.2.162) and (5.2.165).

The source power ¢ is determined from the known power distribution ¢;(z) in
layer 1 (5.2.165):

H H

q= /QI(Z)dZ = /)»(Tmax — To)g(Pe)dz. (5.2.168)
0 0

This formula is valid for any shape of keyhole. If the keyhole has a conical shape,
then

ro(z) = ro(0)(1 —z/ H);
Pe() = 0@ _ 0@ (1 _ %) - Peo(l _ %)

2a 2a
dP P4 d " ip (5.2.169)
e = ———dz; = ——dPe. 2.
H ¢ ¢ Pe()

By substituting dz in (5.2.168), we obtain the source power as a function of Pe
number (Lankalapalli et al. 1996):

PS()
HA(T; — T
g = M/g(pe)dpeo. (5.2.170)
Peo
0
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Fig. 5.77 Melting isotherm T, on the surface (a) and weld cross-section (b) according to a two-
dimensional (2D) solution (5.2.162) and a three-dimensional (3D) solution (5.2.171) (Tmax =
3003 K, T, = 1803 K, To = 293 K, A = 0.06 W mm~' K=!, a = 5 mm? s, ¢ = 4500 W,
v=20mms~!, W =2 mm) (Lankalapalli et al. 1996)

Hence, the power of source (the absorbed power of the laser beam) ¢, penetration
depth H, Pey number [the keyhole radius 7¢(0)] and temperature of the metal on the
surface of keyhole T ', are related by Eq. (5.2.170). These parameters determine the
temperature field (see Sect. 5.2.3.12). Thus, by measuring, for example, the width
of the weld on the surface of the solid at some distance from the keyhole during
welding, it is possible to estimate the penetration depth and, as a result, to control
the welding conditions.

To this point we have assumed that there are no heat fluxes across thickness,
q> . = 0. Their influence can be estimated by assumption that the source is line
one with the known power distribution g;(z), and by using the solution for a
non-uniformly distributed line source in a slab (Sect. 5.1.3.9), or a solution for a
point source in a semi-infinite solid (5.1.44) (Lankalapalli et al. 1996):

H

! 1 R;
T(x,y,2,000=To = mem(—%)/ql(o > F<_V2_a]>d§;
0

j=—1,1""

Ry =[x +y + @ —j0)*]" (5.2.171)

The neglect of thermal conductivity along the z-axis leads to an increase in the
width of the weld pool (Fig. 5.77a), but almost does not affect the depth of penetration
(Fig.5.77b). With an increase in the depth to the width ratio of the weld, the difference
in the shapes of the weld pool decreases.

Results of solving the heat conduction problem by numerical methods are given in
numerous papers (Gebhardt et al. 2010). A numerical transient analysis is conducted
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to understand the overall transient characteristics of the laser-arc hybrid welding
processes (Cho et al. 2010).

Like laser welding, electron-beam welding with a deep-penetration beam is used in
producing structures of large thickness. When solving the heat conduction problem,
various heat sources are utilized: a line source, exponentially distributed across the
thickness (Piekarska 2002), a line source with a piecewise-linear power distribution
across thickness (Karkhin and Pilipenko 1997); combination of surface and line
buried sources (Bashenko and Petrov 1977; Michailov and Karkhin 1997; Yazovskikh
et al. 2012).

A three-dimensional conical heat source model was proposed as the basis for the
analysis of temperature fields in the keyhole plasma arc welding (Wu et al. 2006).

5.2.4 Rapidly Moving Distributed Sources

5.2.4.1 Rapidly Moving Uniformly Distributed Line Source of Finite
Width on a Semi-infinite Body

The temperature field in a semi-infinite solid due to a rapidly moving line source of
finite width is the limiting form, to which the quasi-stationary temperature field tends
towards, under an unlimited and proportional increase in the power and velocity of
the source (see Sect. 5.2.3.10). This model assumes the absence of longitudinal heat
fluxes.

The considered source corresponds to a set of elementary instantaneous line
sources of energy per unit length dQ| = Qxdn = ¢q / (v2W)dn (J m~1), directed
along the longitudinal x-axis and distributed along the y-axis across the width of 2W
(Fig. 5.78a).

The temperature is determined by summing the temperature increments induced
by all elementary line sources by formula (4.2.36) (Karkhin 1990):

ogf02w)  ( GonPed
T,z -To= f co(dmat) exp(— 4at )dn
y=w
e L)) )
 cpAmat P\ 4ar 4at dat )|

(5.2.172)

This formula allows us to construct thermal cycles at any point in the cross-section
of the solid. To construct a temperature field, time ¢ should be replaced by — x/v.
The temperature field can be represented in a dimensionless form:

2
9(57 ’%{) = %exp<_§__§>
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Fig. 5.78 Model for a rapidly moving uniformly distributed line source of 2W in width on a semi-
infinite solid (a), dimensionless peak temperature field in cross-section (b), temperature fields on
solid 6(&, n, 0) (c) and in longitudinal section 6(&, 0, ¢) (d), dimensionless source travel speed is
w=vW/(4a)=1
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The fields of dimensionless temperature at a dimensionless velocity (width) of
line source w = 1 are shown in Fig. 5.78. The field around the source differs in
shape from the field which is calculated taking into account longitudinal heat fluxes
(Fig. 5.72).

Let us analyse the temperature distribution behind the source on the longitudinal
x-axis. From (5.2.173) for n = ¢ = 0 we obtain:

6(£,0,0) =2 _%cb( /_%_ ). (5.2.174)

For small values of w/& (small width of source W or large distance from source
&), by approximating function ®, we obtain the model of the point source:

4 w
Ny
With a distance from the source, the temperature falls according to the hyperbolic

law, as in the formula for a point source (5.1.122).
As the width of the source increases, the temperature tends to the limit

0(§,0,0) =2 /_%. (5.2.176)

The structure of this formula is similar to the formula for a line source (5.1.147). At
intermediate values of the source width, the temperature on the x-axis is determined
by Eq. (5.2.174). It is seen from the equation that it depends only on criterion w/(—§).
Figure 5.79 shows the effect of this criterion.

Equations (5.2.172) and (5.2.173) allow us to obtain solutions to the problem for
a source of finite width on a slab by the method of images (Kopetman 1965).

The solution to the heat conduction problem for a curvilinear source of finite
width is given in Sect. 5.12.3.

0(£,0,0) = (5.2.175)

5.2.4.2 Rapidly Moving Uniformly Distributed Plane Source of Finite
Width in a Plate

Let a uniformly distributed plane source of finite width 2/ move in an infinite plate
along the x-axis. Such a heat input model corresponds to an instantaneous uniformly
distributed source of volumetric energy density Q3
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Fig. 5.79 Relative temperature distribution along the longitudinal axis behind a rapidly moving
source of finite width on a semi-infinite solid (Rykalin 1947, 1952)

45 for [yl < 1x

03(y) = { h

5.2.177
0 for|y| > 1. ( )

As in Sect. 5.2.4.1, the temperature field can be found by the method of sources,
taking the fundamental solution (4.2.42) as the basis:

1 [ 0snd — )
T(y,t)—Tozm/ Q3(CZ)) nexp(—(y4a;7) —bt)dn

q/v y +1 y— l
= —bt)| @ - . 5.2.178
4eplh exp( t)l: <«/4at> («/4at)i| ( )

It is seen from Fig. 5.80 that at any time the temperature of the material is maximal
fory=0.

5.2.4.3 Rapidly Moving Normally Distributed Circular Source
on a Semi-infinite Body

The heating of a semi-infinite solid by a normally distributed circular (disk) source
moving at a finite speed was discussed in Sect. 5.2.3.1. Let speed v of the source be
relatively large and, consequently, the time of heat input on the surface transverse line
AB be small (Fig. 5.81a). Then we can make two assumptions: (1) heat generation on
the AB line is instantaneous (this moment is taken as the origin of time, ¢ = 0) and (2)
it propagates only in the direction perpendicular to the x-axis, i.e. in the plane ABCD
(there is no heat fluxes along the x-axis). This physical model corresponds to the
heating model of a semi-infinite plate by a boundary instantaneous line source. The
source power per unit length g;(y) is determined by the area-specific power density

qa(x, y):
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Fig. 5.80 Temperature distribution (a) and thermal cycles (b) in an infinite plate (c) due to a rapidly
moving heat source uniformly distributed across the width 2/ = 20 mm (g/v/(2lhcp) = 1000 K,
b=0,a=10mm?s~!, To= 300 K) (Karkhin 1990)

[e¢]

/ q2(x, y)dx

—0Q

q1(y)

[e.¢]

f gq exp(—C(x* +y?))dx =\/§q exp(—Cy?). (5.2.179)

It is seen that the source has become a normally distributed line source. Similarly, a
normally distributed elliptic source can be oblated in the longitudinal direction (the
source can be projected onto the plane yOz).

We use the method of sources. To do this, we split surface source g into elementary
line sources oriented along the x-axis, find the temperature increment produced by
all elementary sources, sum them, and obtain as a result (Rykalin 1951, 1957)

2 2
TGty — 1y = 2405 (~ztm) oo~ 5)
2, ) =Ty = ;
Y 0 cp Amalt+tg) Amwat
to = 1/(4aC). (5.2.180)

The process of heat propagation in the ABCD plane at any instant of time 7 splits
into two linear processes: in the direction of the y-axis with the duration of 7 + ¢y and
in the direction of the z-axis with the duration of ¢.

The peak temperature behind the source on the x-axis is maximum and equal to

_ 4/
T(0,0,1) — Ty = NI (5.2.181)
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Fig. 5.81 Heating the surface of a semi-infinite solid by a rapidly moving normally distributed
circular source (a); dimensionless temperature fields at the surface (¢ = 0) and at the depth (¢= 1)
(b) and peak temperature field in cross-section (c); the speed is w = 1

At the beginning of the process (f < ty), the temperature decreases according to the
1 / /t law as in the linear heat equalisation process of the instantaneous plane source
[Eq. (4.2.41)]. At the end of the process (t > t), the temperature falls according
to the 1/t law, as in a plane process of equalising the heat of an instantaneous line
source [Eq. (4.2.37)]. In the middle part of the process, the hyperbola index varies
from 1/2 to 1.

Equation (5.2.180) can be represented in a dimensionless form

T ALy

SR O S
n.8.1) = q/v o—mep 1+ )
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The three-dimensional temperature field in a moving coordinate system, whose
origin coincides with the centre of the source, is easily obtained by replacing ¢ by
—x/v in (5.2.180). In a dimensionless form, the three-dimensional temperature field
is described by the expression:

0. 0. ) = ——nn ex( @ 2+9;2)~
T e T\e—w TN )

X o
= ; = —. 5.2.183
5= o "W aa (5.2.183)

For the given dimensionless speed w in cross section & = const, any isotherm 6
= const has the form of a half-ellipse

anﬂ;z:m(@_ﬁ@—w)),
f-o &

(5.2.184)

w

The major axis of the half-ellipse coincides with the n-axis (the y-axis), and the
minor axis coincides with the ¢-axis (the z-axis). When the distance between cross-
section and the source (coordinate ) increases, the eccentricity decreases and the
half-ellipse tends to the semicircle. The field of the peak temperature in the cross
section has the same property (Fig. 5.81c). The temperature field at the surface at the
speed w = 1 is shown in Fig. 5.81b.

5.2.4.4 Rapidly Moving Normally Distributed Circular Source
on a Slab

In Sect. 5.2.4.3 we discussed that a normally distributed circular (disk) source at a
high speed is reduced to a normally distributed line source. We use the approach
stated in Sect. 5.2.4.3 and take into account the effect of finite thickness of a solid.

If the surfaces of a slab are heat-impermeable, by using Eq. (5.2.180) for a semi-
infinite body and applying the method of images, we obtain the solution for a slab
of thickness A:

v 2 Z2
T(y.2.0)— Ty = Lexp( — )

2T AT + fy) Cda(t+19)  Adar
i ih(ih —2)
- . 5.2.185
x i;oo exp( p” ) ( )

This expression can be presented in a dimensionless form:
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Replacing time # with —x/v (Fig. 5.82a), we obtain a three-dimensional tempera-
ture field:
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Formulas (5.2.185)—(5.2.187) for a slab differ from formulas (5.2.180), (5.2.182)
and (5.2.183) for a semi-infinite solid only by the presence of additional series, which
allow for thickness of the slab. Obviously, with an unlimited increase in the thickness
of the slab, these formulas are pairwise identical.

Figure 5.82 shows the temperature field at the upper and lower surfaces and the
distribution of the peak temperature in the cross section of the slab. The comparison of
Figs. 5.82 and 5.81 draws the conclusion that in a slab isotherms are more elongated
along the longitudinal axis (the cooling rate is lower), and the peak temperature is
higher.

It is significant that the presented methods for solving heat conduction problems
can be used for other combinations of rapidly moving sources and bodies (uniformly
distributed disk sources on a semi-infinite solid, a slab and a plate, a normally dis-
tributed source in a plate, various sources on solid and hollow cylinders, etc.). In these
cases, the problem is reduced to the selection of relevant instantaneous sources.
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Chapter 6 ®)
Temperature Fields in Welding i
with Pressure

A distinctive feature of pressure welding methods is an additional parameter of weld-
ing conditions that is the external mechanical force which is applied to the workpiece
during or right after heating. In the former case, the force influences thermal processes
and, consequently, should be considered when calculating temperature fields.

Heat sources within welding with pressure are very diverse: electrical resistance
of the contact surface of the parts to be welded (spot, seam, resistance butt, flash and
induction welding), friction (friction, friction stir welding), electric arc (magnetically
impelled arc welding) and others. Upon that, the welding area heats up below or above
melting temperature T',. The terms in the classification of pressure welding methods
are common, although they badly (ambiguously) reflect the essence of the welding
process.

Further, this chapter considers temperature fields in the main pressure welding
methods (resistance spot, flash, friction, friction stir, and magnetically impelled arc
welding).

6.1 Resistance Spot Welding

The principle of spot welding was analysed above in Sect. 1.8.
Let us make the following assumptions when formulating the heat conduction
problem:

e clectrodes and the workpiece are axisymmetric bodies;

e the contact surface of the workpieces is a symmetry plane (electrodes and work-
pieces are equal by pairs);

e the electromagnetic field is stationary (laws of electrostatics are valid, since
the current frequency is relatively low). Then, the current and temperature dis-
tributions will be axisymmetric and the corresponding problems will be two-
dimensional. The problems of heat conduction and electrostatics are coupled (tem-
perature depends on current and resistance, and current and resistance depend on
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temperature). Therefore, the corresponding differential equations should be solved
together.

An axisymmetric temperature field in a body with a volume heat source is
described with the following non-linear differential equation in the cylindrical coor-

dinate system

oT d ABT +A8T+ d ABT ) ©.1.1)
cp— = —|A— ——+—| A= o). 1.
P ot or\  or ror 0z \ 0z pel

Here, temperature 7, volumetric heat capacity cp, thermal conductivity A, elec-
trical resistivity p,, and current density j are functions of r, z, and ¢.

Current density j is a vector with radial (j,) and axial (j,) components, which are
determined by Ohm’s law:

. 10U . 10U
jr=——5j, = ——, (6.1.2)
pe Or Pe 0z

where U is the electrical potential. By the definition of the vector, the current equals:

=k + it (6.1.3)
Potential field U (r, z) is described by Laplace’s differential equation (Browne
et al. 1995; Cho and Cho 1989):

a (11U 1 U d (10U
——)+t—+—|———) =0 (6.1.4)
or \ p. or Pl Or  0Z \ pe 02
Let us set boundary conditions for a composite axisymmetric body which consists
of electrodes and sheets to be welded. Since the body is symmetric about axes r and
Z, let us consider only the boundary OABCDEFHKLO (the boundary of the darkened
area in Fig. 6.1a).

For the heat conduction problem, initial and boundary conditions are the
following:

T(r,z,0) =Tyon ABCD (watercooling); (6.1.5)
oT
A T =a(T —To) on DEFHK (Newton’slaw); (6.1.6)
n
oT .
5 =0on KLO (symmetry condition); (6.1.7)
z

oT
P Oon OGA (onz-axis, symmetry condition), (6.1.8)
,
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Fig. 6.1 Model for the resistance spot welding (a) and distributions of current density (b) and axial
stress (c¢) in contact sections

where T is the temperature of the medium and cooling water, n is the outward
normal to the surface.

Let us consider that the voltage supplied to the electrodes is prescribed (equals
Uy and can be time dependent) and the body’s surfaces exposed to water and air are
electrically insulated (current does not flow normally to the body’s surface, j, = 0).
Then, the boundary conditions for the electrical problem will have the form

U =Uy/2 onCD; (6.1.9)
U=0 onOL; (6.1.10)
aU
8_:0 onABCand DEFHKL. (6.1.11)
n

Naturally, problems of heat conduction and electrostatics are solved with
allowance for non-uniformity of the body, which consists of a sheet and an elec-
trode, in its thermophysical and electrical properties.

Let us note that with a gap between the sheets or with a curved working surface
of the electrode, the electrode-sheet contact on segment GF' (Fig. 6.1) can only be
partial and changeable during welding. Sliding is possible along the electrode-sheet
boundary. The target surface of the electrode-sheet contact can be found by solving
a coupled thermomechanical problem with a given cycle of the impressed force F
(De 2011; Khan et al. 1999).
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Since the conditions on the contact surface depend on solving all coupled prob-
lems, the following iteration method is applied. The initial contact surface is set and
then the problems are solved sequentially in the following cycle: solving an electro-
statics problem (determining Joule heating) — solving a heat conduction problem
(determining the temperature field) — solving a thermoplasticity problem (determin-
ing the contact’s new state) — solving an electrostatics problem with a new contact
surface, etc. (Murakawa et al. 1995; Nielsen et al. 2013).

A complicated problem is to determine dependence of contact resistance on local
temperature and stress (De and Dorn 2005; Khan et al. 1999). Plane sources of Joule
heat, caused by contact resistance on the electrode-sheet and sheet-sheet boundaries,
are represented as volume heat sources. It is necessary to allow for temperature
dependence of thermophysical, electrical and mechanical properties of materials. In
the given statement, the problem can be solved only by numerical methods: the finite
difference method or the finite element method if the coupled temperature—electrical
problem is solved, and the finite element method if the coupled temperature—elec-
trical—mechanical problem is solved.

The main parameters of the resistance spot welding conditions are welding current
I (or alternating current amplitude I ,,x ), electrode force F', welding time #,,, electrode
radius r, or its diameter d, (Fig. 1.27).

As an example, let us consider resistance spot welding of the sheets, which are
1.09 mm thick and made of low-carbon steel AISI 1008 (<0.10% C, 0.3-0.5% Mn)
(Fig. 6.2) (Khan et al. 1999). The temperature field in the welded sheets is typical
for resistance spot welding of steel (Fig. 6.2a). With short welding time, metal does
not melt (Fig. 6.2b). The main factor that determines the size of the weld nugget is
current (Fig. 6.2c). With the current increase, the nugget increases in both, radius r
and axis z. A great influence is exerted by electrode’s radius r, since the contact area
between the sheets determines local heating of metal and, consequently, the size of
the weld nugget (Fig. 6.2d). During resistance spot welding a small change in the
electrode tip curvature leads to large changes in weld nugget development (Babu
2018).

Resistance spot welding of aluminium alloys is characterised by a number of
features. In contrast to steel, aluminium alloys have resistance only several times
higher than copper alloys for electrodes. The non-conductive layer of aluminium
oxide Al,O3 on contact surfaces creates additional electrical resistance, which makes
the welding process less stable. For welding of aluminium alloys, electrodes are used
with a spherical working surface of radius 7 by several times larger than electrode’s
radius r, (De and Dorn 2005). The process of spot welding is greatly influenced
by the initial state of the electrode-sheet and sheet-sheet contact surfaces, more
specifically, contact resistance, which depends on metal’s properties and preweld
chemical treatment.

Let us consider resistance spot welding of aluminium alloy AIMg0.4Sil.2
(0.25-0.6% Mg, 1.0-1.5% Si, < 0.2% Cu, < 0.2% Mn). The melting temperature
range is 848-923 K (Greitmann and Rother 1998). The weld nugget size (isotherm
Tmax = 873 K) depends on welding current / (Fig. 6.3). The nugget size (diameter
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Fig. 6.2 Resistance spot welding of steel sheets of thickness # = 1.09 mm (Khan et al. 1999):
peak temperature field (t,, = 0.2's, r, = 2.5 mm, I;yax = 10 kA) (a); axial nugget thickness /4, as
a function of welding time ¢, (r. = 2.5 mm, Imax = 10 kA) (b); effect of welding current on the
nugget size (t,, = 0.15 s, r, = 2.5 mm) (c¢) and effect of electrode tip diameter r, on the nugget
geometry (dimensionless nugget thickness z/h and dimensionless nugget radius r/r,) (t,, = 0.2 s,
Imax = 10 kA) (d)

d, and depth of fusion £,) is small with current I = 15 kA and significantly grows
with the current rise up to 30 kA (in the figure, the weld nugget section is darkened).

Figure 6.4a shows that the nugget stops increasing after 0.02 s (i.e. after two cycles
of alternating current). Short welding time is a feature of resistance spot welding of
aluminium alloys. The nugget size can be significantly increased due to welding
current / (Fig. 6.4b). With the growth of electrode force F', the nugget diameter d,
and the depth of fusion £, slightly decrease (Fig. 6.4c¢).

Simulation of thermal processes allows determining the effect of each parameter
of the resistance spot welding conditions and each factor (e.g. contact resistance)
separately and optimising the welding process parameters (Greitmann and Rother
1998; Vukicevic et al. 2010).

Since the temperature dependences of thermal conductivity, enthalpy (specific
heat capacity), specific resistance of materials and contact resistance are known
only with certain accuracy (generally, with the error not lower than 5%), numerical
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Fig. 6.3 Peak temperature field in a sheet-electrode system in the resistance spot welding of
AlMg0.4Si11.2 aluminium alloy sheets 0.8 mm thick (force F = 2 kN, welding time ¢,, = 0.1 s) (De
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Fig. 6.4 The growth of nugget dimensions with welding time (a), with welding current (b) and with
electrode force (c) in resistance spot welding of AIMg0.4Si1.2 aluminium alloy sheets of thickness
h (De and Dorn 2005)
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simulation is able to determine the influence of specification inaccuracy for each
property of the material on thermal processes, including the melting isotherm (the
weld nugget size) (Srikunwong et al. 2005). Therefore, simulation leads to better
understanding of the welding process and optimising parameters of the welding
conditions.

Solution to these coupled temperature—electrical—mechanical problems is time-
and effort-consuming. Therefore, it is justified to undertake if high accuracy of the
solution is required (Nielsen et al. 2013). If thermal cycles have to be calculated
approximately for further estimation of weld and HAZ properties, it is advisable
to use more economically efficient analytical solution methods. For example, it is
possible to simplify the thermal model for resistance spot welding and consider the
heat source as instantaneous and line, uniformly distributed all along the thickness
of the plates (formula (4.2.37)). Such a model was used when calculating a cooling
rate in the centre of the weld nugget (Grong 1994). A more accurate model can
be obtained by solutions for an instantaneous or continuous disk source in a slab
(Sects. 5.2.1 and 5.2.2). Other thermal models are also suggested (Kochergin 1987).
Let us repeat that complexity of the model is determined by further use of the obtained
information.

Similarly, it is possible to frame a solution for resistance seam welding when
nuggets are formed at the given spot spacing. The solution for resistance seam weld-
ing can be represented as a sum of solutions for resistance spot welding.

6.2 Resistance Butt and Flash Welding

Basic physics of resistance butt and flash welding is described in Sects. 1.9 and 1.10.
If cross sections of two workpieces to be welded are equal and their butt ends (faying
surfaces) are flat, it is possible to consider the heat source as plane and uniformly
distributed, i.e. the temperature field is one-dimensional.

The theory of heating similar and dissimilar bars with current during resistance
spot welding was sufficiently developed long ago (Okamoto 1929; Pugin 1959a;
Rykalin 1959).

Temperature fields in flash welding were studied in many works (Karkhin et al.
2007, 2008, 2009; Kuchuk-Yatsenko and Lebedev 1976; Nippes et al. 1951, 1953,
1955; Nippes and Chang 1955; Pugin 1959b).

When solving the heat conduction problem, let us make the following assump-
tions: the bars to be welded are equal, plane x = 0 is the symmetry plane (Fig. 6.5a);
the extension length [ is relatively large and changes in a predetermined way
(Fig. 6.5b); there is no heat transfer; the origin of coordinates x is at the bar’s butt
end (in the centre of the weld), i.e. when heated, it moves relative to the bar’s metal
at the speed v (Fig. 6.5a); at the fused butt end of the bar (x = 0), temperature T
(problem A) or plane power density g, ;, (problem B) are prescribed (Fig. 6.5¢).
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With the made assumptions, the heat conduction problem statement has the form:

1. Linear equation of heat conduction:

oT T oT e j2
R L 6.2.1)
ot 0x? ox  cp
2. [Initial condition (r = 0):
T(x,0) =T. (6.2.2)
3. Boundary conditions:
x=0,t<t,: TQO,t) =T, (problemA)or (6.2.3)
aT
—Aa—(O, t) = qp (problem B); 6.2.4)
x
oT
t>t,: —(0,1)=0; (6.2.5)
ox
x=o00,t>0: T(oco,t) =Ty, (6.2.6)

where ¢, is the welding time.

The solution to problem A with a prescribed temperature at the butt end was
obtained before by the integral transformation method (see formula (4.2.97)).

In the papers (Karkhin et al. 2007, 2008), it was shown that the influence of Joule
heat can be neglected because when welding steel, the heating rate due to flowing
current is less than 10 K s~!. Then the solution to the problem is simplified
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T(x.t T—lT 7| @* X+ vt VX o x —vt 627
(6,0 = Ty = 5(Ty - o>[ (m)wxp(—;) (mﬂ 62.7)

The heat flow at the bar’s butt end is determined by the temperature gradient
atx =0:

oT
q25(0,1) = —2—(0,1)
0x

—lkT T 1 V2t Y o V2t 62.8
—E(b_ 0) ﬁeXp<_E)+; Vil (6.2.8)

If time ¢ is relatively large, the thermal state in a moving system is steady (quasi-
stationary):

VX
T(x,00) — Ty = (Ty — Ty) exp(—;); (6.2.9)
q25(0, 00) = (T}, — To)cpv. (6.2.10)

The process of heat saturation is characterised by the function

. Tx,t)—Ty
Vi, 1) = To.o0) —To
1 «f & o 5 .
=3[swe0e (5 + ) o (G 7))
VX v2t
SZZ,IZE, (6.2.11)

where £ is the dimensionless coordinate; 7 is the dimensionless time.

The dependence of function yr; on 7 and £ is given in Fig. 6.6a. The farther the
point under study is positioned from the butt end (the larger £), the later its tem-
perature approaches the maximum (yr; approaches to 1). The given curves allow
determining the time required for heating the predetermined zone up to the predeter-
mined temperature. It is notable that formula (6.2.11) coincides with heat saturation
function 13 for the case of a moving point source on the surface of a semi-infinite
body (5.1.106).

Problem B differs from problem A only in the boundary condition at the butt end,
where heat flow ¢, ;, is prescribed (Fig. 6.5c).

Letus differentiate Eq. (6.2.1) without a constant term with respect tox. As aresult,
we shall obtain the following boundary problem for flow g,(q; = —197T /9x):

. =—a— +v—=;
ot dx2 ax

2.¢>(x,0) = 0; (6.2.13)

9 92 9
22 4 2. (6.2.12)
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Fig. 6.6 Dependences of the function of heat saturation of the zone in front of the moving plane
source on dimensionless time T and dimensionless coordinate & for the cases in which the temper-
ature (a) or heat flow (b) are prescribed (Karkhin et al. 2008, 2009)

3.42(0,1) = q2p; (6.2.14)
g2(00, 1) = 0. (6.2.15)

This problem is in line with the considered problem A and its solution is similar
to Eq. (6.2.7):

_Qﬁ % X + vt _g N x — vt
a0 =L |:<I> <m)+exp( a)op <@>] (6.2.16)

With integrating this equation with respect to x we shall find the temperature:

X
TGt — T 1/ . nd q2b (x + )& X+ vt dat
x,t)—Ty=—— x,0)dx =— —1(x+v - —
LR 24 Vi) V'
o0
(x +vt)? a VXN X — vt N
— - — —— )@ -
XeXp( dat v eXp( a> Jdat 4at

In the limiting case (+ — 00), we obtain:

=
|
<
<
+
<
~
x NS

T(x,00)— Ty = 2L exp(—ﬁ). (6.2.18)
cpv
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It follows that:

S N (5
wl(é,r)——zexp(_zg){(25+4r+1)<1> (\/Eﬂ/;)

2 2
_4\/§exp[_%] _ exp(_zg)qﬁ(% _ ﬁ)} (6.2.19)

In Fig. 6.6b, the heat saturation function ¥;(€, t) is shown. The curve £ = 0
corresponds to dimensionless temperature in the source plane.

Let us compare the solutions to the considered problems. When prescribing fixed
temperature at the butt end 7', = const (problem A), the heat flow at the butt end at
the beginning of heating (6.2.8) exceeds the steady flow (6.2.9). If flow g, , = const
(problem B) is prescribed, the temperature at the butt end (6.2.17) grows monoton-
ically, approaching the limiting value (6.2.18). Time variations in temperature and
the flow are schematically shown in Fig. 6.5c.

It should be noted that accurate statement of boundary conditions (7', or g3 p) is
problematic. In the initial period of flashing, the average temperature at the butt end
is lower than the melting temperature and welding current and, consequently, heat
flow g is higher than at the end of flashing (Kuchuk-Yatsenko and Lebedev 1976).
This means that problems A and B are natural boundaries of the range, within which
the real process runs. In problem A as well as in problem B, the limit distributions of
temperature in front of the moving source are equal (formulas (6.2.9) and (6.2.18)),
if heat flow ¢, is determined by formula (6.2.10), where T, should be considered
as temperature of the expelled metal.

Comparing curves (€, t) in Fig. 6.6a and b it follows that if temperature is pre-
scribed at the butt end, heat saturation attained faster, especially close to the butt end.
When using the model of the moving plane source in an infinite rod (Sect. 5.1.3.10),
expelling the melted metal is not taken into account. Neglect of expelling of the metal
leads to slower heat saturation of the metal in front of the source.

To determine temperature at the cooling stage (after switching off the welding
current and upsetting), it is advisable to take temperature distribution at the end of
the heating stage as initial and to solve the problem with the method of sources, as
it is done in paper (Karkhin et al. 2008).

As an example, let us consider welding the bars of 6.35 x 50.8 mm section
made of steel AISI 1020 (0.18-0.23% C, 0.30-0.60% Mn) at the constant speed v =
0.94 mm s~! (Nippes et al. 1951). The initial extension / = 35 mm. The values were:
T, = 2500 K, A = 0.035 W mm~' K™, cp = 0.0064 ] mm— K~!, Ty = 300 K.
The temperature at the butt end of the bar 7', is close to the average temperature
of the metal forcibly expelled from the joint as the workpieces are slowly moved
together during flashing (for steel ~2273 K). When prescribing the flow at the butt
end ¢ 5, we relied on condition (6.2.18), i.e. we assumed that the limiting temperature
T (0,00) =T,.
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Figure 6.7 shows a temperature increase in the moving coordinate system. The
temperature increases monotonically, reaching almost limit values in 12 s, if the
temperature is prescribed at the butt end. If the flow is prescribed at the butt end,
the temperature increases more slowly. The figure presents the results of calculation
by formula (6.2.7), when the temperature is prescribed at the butt end, satisfactorily
coincides with experimental points. When prescribing the flow at the butt end, the
calculation results appear to be underestimated.

It should be noted that with the variable speed v and with the allowance for the
temperature dependence of metal properties, the heat conduction problem can be
solved numerically (Karkhin et al. 2008).

6.3 Friction Welding

Friction heating of butt ends in round or tubular bars of equal sections and with
equal thermophysical properties can be represented as the model of a plane source
with power density g, = g/A. If g, = const, the axial distribution of temperature is
described by Eq. (5.1.36).

The temperature of the contact section (x = 0)

T, 1) — Ty = 6.3.1)

NG
Neyx

ST

rises with time by the square root law.
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The heating of bars made of low-carbon steel (A = 0.04 W mm~! K~!, a =
8 mm? s~!) is shown in Fig. 6.8. With predetermined power density ¢,, the curves
allow estimating the time of heating up to the prescribed temperature, cooling rate,
and the temperature equalisation time after heating.

6.4 Friction Stir Welding

The principle of friction stir welding and calculation models of distributed heat
sources were analysed above in Sect. 1.12.

Depending on the required accuracy of solving the heat conduction problem,
numerical or functional-analytical methods are used. This may differ in formulation
of the problem: geometry of the area under study, boundary conditions, allowance
for heat sources, allowance for material properties, etc. If the coupled problems
of heat conduction and thermoplasticity are solved, only numerical methods (the
finite difference method and the finite element method) can be used. These methods
require a lot of input data and a lot of computational time (Colegrove et al. 2007).
If it is required to determine only temperature fields and only in the workpiece, the
problem formulation can be simplified and solution methods can be both numerical
and analytical (Lohwasser and Chen 2010; Mishra and Ma 2005).

Let us consider welding of plates made of aluminium alloy 7075-T6 (5.6-6.1%
Zn, 2.1-2.5% Mg, 1.2-1.6% Cu, yield strength o9, = 420 MPa at Ty = 298 K,
solidus temperature 7's = 805 K) under the following conditions: thickness 7 is
8 mm, speed v is 0.67 mm s~1, shoulder radius R, is 12.5 mm, pin radius Rp;,
is 5 mm, cone pin with a 15° angle, rotation velocity of the tool 535 rpm, a steel
tool, and a steel backing plate. The studied body is only welded plates. Coefficients
of heat transfer o = 10,000 W m~2 K~'on the plate-tool interface (allowing for a
heat loss into the tool), « = 10 W m~2 K~! for the upper surface outside the tool
(allowing for a heat loss into air), and a = 700 W m~2 K~! for the lower surface
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Fig. 6.9 Temperature field (a) and temperature profiles along x-axis at distance y from the weld
centreline (b) in friction stir welding of 7075-T6 aluminium alloy 8 mm thick (Schmidt 2010)

(allowing for the influence of the steel backing plate). The temperature dependence
of the alloy’s yield strength was given (Schmidt 2010).

As aresult of the numerical solution to the problem, an effective power of 1909 W
was obtained, moreover, the shoulder takes 83%, the pin side takes 16%, and the
pin tip takes 1% of the power (Schmidt 2010). It should be mentioned that this
contribution is a characteristic for the considered particular welding conditions. With
larger thickness of the plates, the pin radius increases relative to the shoulder radius
and, consequently, the heat share that is generated on the pin’s surface also increases.

The temperature field on the surface of the welded plates outside the tool is
shown in Fig. 6.9a (the contact area of the tool is darkened), and longitudinal tem-
perature distribution in particular sections, located at different distances from the
joint plane—in Fig. 6.9b. It is seen that at a distance of 2.5 mm from the tool (y =
15 mm), temperature is quite high. Thermal cycles T'(¢) for points y = const are easy
to obtain by substituting time ¢ for coordinate x, t = —x/v. Since the welding speed
v =0.67 mm s~ is low relative to thermal diffusivity of the aluminium alloy a =
48 mm? s~!, the heating rate is low and close to the cooling rate.

Let us emphasise that the considered problem can be approximately solved by the
analytical method of sources. With such an approach, a workpiece is represented as a
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Fig. 6.10 The diagram of heat input in magnetically impelled arc welding (a) and time-dependent
heat source power (b)

slab with the surfaces, the heat transfer coefficients a of which are different. The dis-
tributed source is represented as a set of point instantaneous sources distributed both
in time and in a predetermined way on the shoulder-workpiece and pin-workpiece
contact surfaces. A fundamental solution of the linear problem of heat conduction for
the point instantaneous source in the slab is known (Eq. (4.2.30)). Then, the solution
to the heat conduction problem is reduced to summation (integration) of temper-
ature increments from the whole set of point instantaneous sources, distributed in
time and space. If local generated energy depends on local temperature (e.g. through
the material’s yield strength), it is easy to synthesise an algorithm to deal with the
problem by the iteration method, when the local density of the generated heat at the
current iteration is determined by local temperature in the previous iteration. It can
be expected that in this case preparing the input data and the required computer time
will be less than when using numerical methods.

6.5 Magnetically Impelled Arc Welding

When welding with an arc rotating in a magnetic field (Fig. 1.33), a variable cycle
of energy input is used (Abdullaev and Pugin 1969; Gagen and Taran 1970; Kalev
et al. 1986).

Let us assume that the speed of the arc along the tube’s edge is relatively high.
Therefore, itis possible to consider that the heat source is plane, uniformly distributed,
and stationary (Fig. 6.10a). Time dependence of source power ¢(¢) is known (Kalev
et al. 1986).

Let us present curve g(f) as a piecewise-linear function, each piece of which
between boundaries #;; and ¢, ¢ is described by linear dependence (Fig. 6.10b):

qi(t):Ai"'Bitv (651)
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where

Ai =qis — Bitis; Bi = dif = 9s
tif—tis

Let us use the method of sources (Green’s function method). A temperature incre-
ment in point x at time ¢ by the action of the elementary (instantaneous) energy source
q(t)dt, which was operating in point x = 0 at moment 7 during dt (Fig. 6.10b), is
determined by expression (4.2.42):

q(t)drt p< x2

dT (x,t) = _
@0 = tarat — o2 P\ " qa =<

)~ b(t — r)), (6.5.2)

where A is the area of the body’s cross-section. Then the temperature increment due
to the ith source will be determined by summing up all temperature increments due
to all elementary sources that operated before time ¢:

ming, s ;)
T ( t) T / A,‘ + B,"L' 2
(x, ) =Ty = ex
0 Acpldma(t — 1)]1/2 P

X
—m — b(t — T))d'[.

(6.5.3)

The integral is expressed as known functions (Mikhailov 1987). In the absence
of surface heat transfer (b = 0), a solution to the problem is simplified (Kalev et al.
1986). In the case when a power source is constant (B; = 0), the solution coincides
with Eq. (5.1.35). The last equation can be used for piecewise-constant function g(z).

Thus, if the time-dependent arc’s effective power ¢(¢) is known, piecewise-linear
or piecewise-constant approximation is done (a real continuous source is split into
N separate sources). The temperature increment in point x at time ¢ is determined
by summing up temperature increments of all n separate sources which were active
before time ¢:

T(x.0)—To=Y [Ti(x.0) = Tyl. n<N. (6.5.4)

i=1

Figure 6.11 shows time dependence of effective power and thermal cycles of
points during tube welding. The influence of current on arc efficiency was taken
into account (Gagen and Taran 1970). Effective power g(#) was approximated by a
polygonal line (bends are marked with circles in Fig. 6.11). An abrupt increase in
power before the end of welding caused a sharp temperature rise near the tube’s butt
end.
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Fig. 6.11 Time-dependent effective power ¢ and thermal cycles of the points at distance x from
the tube edge in magnetically impelled arc welding of St2ps steel tube of diameter 33.5 mm and
wall thickness 3.2 mm (Kalev et al. 1986)
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Chapter 7 ®)
Temperature Fields Under Programmed i
Heat Input

7.1 Overview

Programming the heat input allows a better optimisation of the welding process to
obtain a welded joint of the proper quality. The quality of the joint is determined by its
geometry as well as by its local properties (mechanical, microstructural, chemical,
etc.). In order to predict local properties of the metal, it is required to know its
initial state (before welding) and thermal behaviour of the metal during welding (the
solution to this problem is described in Chap. 13).

Programmed heat input implies defining a law of heat input in time and space.
The former refers to setting energy value and distribution in time, the latter refers
to the trajectory of the source centre relative to the weldment. In practice, the input
law can be complex and the number of its parameters can be large. In principle, the
method of sources allows obtaining solutions to the heat conduction problem with
real sources moving along various pathways in bodies of relatively simple geometry.

Let us consider a technique of solving the heat conduction problem by the example
of the source, the volumetric power density of which is distributed in space and time
according to the known law g3(x, y, z, t). The form of function g3 depends on both
the distribution law of the source itself and its movement speed and trajectory. Let
the centre of the distributed source (where g3 is maximal) is moving from point B to
point E (Fig. 7.1). It is required to find the temperature at point P of the unbounded
body at any time ¢.

Let us use the analytical method of sources (see Sect. 4.2.1). In order to do
this, the time interval of source action 0—#; has to be divided into elementary time
increments dr. In other words, a continuous distributed heat source can be represented
as a combination of sequent instantaneous distributed heat sources. Besides, every
instantaneous distributed heat source can be represented as a set of instantaneous
point sources, the energy of which is dQ(x, y, z, t) = g3(x, y, 2, t)dxdydzdt. The
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Fig. 7.1 Diagram for
calculating the temperature
at the point P due to a
moving distributed heat
source with the given
trajectory BCDE (Ivanov
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temperature increment at point P(x, y, z) at time ¢ due to the elementary point source
in point A(€, n, ¢), which operated at time 7 and was positioned at a distance R from
point P (Fig. 7.1), is calculated by formula (4.2.6):

dT(x,y,z,t) = (7.1.1)

(&, n, &, Ddsdndsdr (_ R’ )
coldmat — o2 O\ Tqaa =0 )’

where R? = (x —£)*+ (y — ) + (z — )™
The temperature around a moving distributed heat source is determined by the
total temperature increments due to all elementary (instantaneous point) sources:

o0 o0 o0t

6]3(57 n, ;7 T)
T(X,y,Zst)_T‘):///fcp[4na(t—f)]3/2

—00 —00 —o0 0
( x—&*+(-—n*+@—29)’
X exp| —
da(t — 1)

)dsdndgdr. (7.1.2)

However, if the heat source domain is bounded, integration intervals should be
bounded too. If study time # exceeds action time # of the source, the upper integration
limit should be expressed by the action time of the source, i.e. the upper limit is equal
to min (t, 7).

In general, integrals (7.1.2) can be calculated by quadrature formulas (Simpson’s,
Gauss’s and other rules). In some cases, integrals of (7.1.2) type can be expressed
as known functions. This depends on function type g3, and integration can also be
facilitated by the transformation from the fixed coordinate system into the moving
coordinate system related to the source (Chap. 5).

It is worth noting that solutions (7.1.2) can be obtained in a similar way for bodies
of basic geometric shapes (semi-infinite body, slab, plate, rod, solid cylinder). The
difference is in formula (7.1.1), as it is necessary to choose the fundamental solution
(Green’s function) for a corresponding body. Boundedness of a body with heat-
impermeable boundaries can be considered by the method of images.
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7.2 Temperature Fields of Pulsed Power Sources

Temperature fields of instantaneous sources and constant power sources were con-
sidered earlier in Chap. 5. In this chapter, temperature fields of pulsed power sources
will be analysed.

Sources of pulsed power are used for various types of welding (beam methods,
resistance seam, pulsed arc welding, intermittent welding, etc.). For example, pulsed
power in arc welding can be generated by changing the current and voltage in time
or the varying wire feed rate. In the general case, the variable component of the
effective arc power is also present when welding with a consumable electrode using
DC welding sources because of current pulsation and periodic heat transfer by drops
of the molten electrode. Therefore, the analysis of the influence of the shape and
frequency of pulses on the geometry of the weld pool, the process of solidification of
the liquid metal, the thermal cycles of the weld metal and the HAZ are of particular
interest. The distribution of the heat of welding sources of pulsed power has been
studied in many works (Akatsevich and Karkhin1998; Dowden et al. 1998; Gurevich
1969; Karkhin 1993; Karkhin and Michailov 1996; Karkhin and Akatsevich 1996;
Karkhin et al. 1998; Ravi Vishnu et al. 1991; Ravi Vishnu and Easterling 1993; Ravi
Vishnu 1996; Reddy et al. 2001; Saraev 1994; Saraev et al. 1997; Shigaev 1992; Tsai
and Hou 1988).

The dependence of the effective power g on time ¢ is determined by the welding
power source, the control system, and can be described by different functions. For
example, the periodic function ¢(¢) for welding with a pulsating arc is described
by a piecewise-exponential function (Fig. 7.2a, b) (Wagner 1980). In the case of a
trapezoidal pulse, the dependence ¢(¢) is described by five independent parameters:
high pulse (peak) power g, low pulse (background) power ¢, high pulse time (peak
duration) #, low pulse time (background duration) #;, and the slope-up and slope-
down pulse time ¢, (Fig. 7.2d). The other parameters (mean value of pulsed power g,
cycle duration (total pulse time) 7., frequency f) are expressed in terms of independent
parameters:

qdo = [qptp +gplp + (Qp + Qb)ts]/tc; (721)
fe =ty +1p +21; (7.2.2)
f=1/t. (7.2.3)

When welding of magnesium alloys with a consumable electrode, the current,
voltage and, consequently, power take on complex forms (Fig. 7.2e) (Rethmeier
et al. 2001; Street 1990).

When solving a linear problem of heat conduction, we assume that:

e the body is homogeneous and unbounded,;

e the material properties (thermal conductivity A, thermal diffusivity a, volumet-
ric heat capacity cp) and surface heat transfer coefficient o are independent of
temperature;
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Fig. 7.2 Schematic diagrams of pulsed power

o the thermal state is steady (the number of cycles n and the time from the beginning
of welding are large, the source moves along the x-axis rectilinearly with a constant
speed v, Fig. 5.1.7);

e the centre of the source coincides with the origin of the moving coordinate system;

e initial temperature Ty and ambient temperature 7 o, are constant and are taken as
temperature reference point (7o = T, = 0).

Let us consider four basic typical problems for the following source—heated body
combinations: a point source on the surface of a semi-infinite body, a point source
in an infinite slab, a line source in an infinite plate with surface heat transfer, a plane
source in an infinite rod with surface heat transfer. First, we give the solution in the
general form, and then for the rectangular and trapezoidal pulses (Fig. 7.2¢c, d). In
case we have the fundamental solutions to these problems, we can take into account
the boundedness of the body by means of the method of images, and the non-uniform
distribution of the heat source—by means of the Green’s function method (the source
method).

The sequence of solving typical problems is as follows (Akatsevich and
Karkhin1998; Karkhin 1993; Karkhin and Akatsevich 1996; Karkhin et al. 1998):

(1) function ¢(t) is expanded into a Fourier series (which is possible, since it meets
the Dirichlet’s conditions):
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q(t) =qo+Y_ qi(t) = "2—0 + Y laxcos(kwt) + bysin(kat)], (7.2.4)
k=1 k=1

where w = 27/t is the circular frequency; a; and b; are the Fourier coefficients:

I I

2 2
a = / g(n)costkandt; by = — / g(Osin(kot)dt(k =0, 1,2,...); (7.2.5)
¢ 0 ¢ 0

(2) temperature increment 7' due to each kth harmonic of the source g is deter-
mined;

(3) increments T are summed over all k;

(4) the limit of the sum is determined with n — oo.

Thus, the temperature increment due to pulsed source 7'(x, y, z, ) will be calculated
as the sum of temperature increment 7(x, y, z, ) due to the source of constant power
qo = ap/2 and temperature increments T (x, y, z, t) due to all kth power sources:

qi(t) = arcos(kwt) + bysintkwt) (k=1,2,...), (7.2.6)

that is, the solution to the problem will be sought in the following form:

[e9]
T(x,y,2,0 =To(x,y, 2, 1)+ Y _ Tulx, y, 2, ). (7.2.7)
k=1

7.2.1 Point Source on a Semi-infinite Body

Let us assume that there is no surface heat transfer and find the solution to the problem
in the form (5.1.107).

The solution to the problem T(x, y, z, t) for constant power gy was obtained
earlier (Sect. 5.1.3.1). The solution to the problem T’ (x, y, z, t) for the kth harmonic
gk in the moving coordinate system can be obtained by replacing ¢ in (5.1.39) with

qk:
t

Tk(x1 Y, th) :/
0

2(arcos(kwt) + bysin(kwt))
coldma — 1))

N2 a2 . 2
xexp(— [x+v(t4a(:)j ;;y e )dr. (7.2.8)
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Let us consider the steady state (time ¢+ — o0). Time will be denoted by At,
0 < At <t and it will be shifted to the beginning of the nth period (n = c0)
(Fig. 7.2). Using substitution u = 4a(t — t), the expression (7.2.8) is reduced to the
form:

T A 1 VX
k(x,y,z, At) = e p( Z)

X {[arcos(kwAt) + bysin(kwAt)] I
+ [agsin(kwAt) — brcos(kwAr)]1}, (7.2.9)

where /| and I, are integrals (Prudnikov et al. 1986):
2 R? k
u 3/zexp<—(£> u— 7>cos(£u>du
vR VR
exp(—z—,/Ak+1/2>cos<2 WAk — 1/2) (7.2.10)
2 R? k
u gﬂexp(—(ﬁ) u— 7)sin(£u>du
R xp(—z—,/Ak+1/2>sm<2 ,/Ak—1/2> (7.2.11)
oL, (Hao)?
) V2 '

With I, and I, in (7.2.9), we obtain:
Ti(x, R, At) = ! +R\JA+1/2
K T 2R TP\ T2\ k
VR
koAt — — /Ay —1/2
x |:akcos< w 52V A / )

. VR
+bksm<ka)At o Ay — 1/2)]. (7.2.12)
a

I =

5"

S
Il
0\8 =

| 5

Finally, taking into account (5.1.41) and (7.2.12), we obtain the solution to the
heat conduction problem (7.2.7) in the limiting state (Karkhin 1990, 1993; Karkhin
et al. 1998; Karkhin and Khomich 2005):

T(x,y,z, Ar) = To(x, y, 2) F3(R, A1), (7.2.13)

where
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q0 v(x + R)
TO()C, y, Z) = mexp —T 5 (7214)

- vR 1
F3(R,At) =1+ E exp(——|: /Ak+__1:|)
k=1 2a 2

ay VR 1
X | —cos| kwAt — — /Ay — =
q0 2a 2

b R 1
+ Zinlkoar — 2= Jac— = | (7.2.15)
qo0 2a 2

1 8wka\’
R=+x2+y2+7z% A== 1+<na>.

As can be seen, the solution (7.2.13) is the product of function Ty, describing
the steady temperature field due to a constant power source (formulas (7.2.14) and
(5.1.41) are identical), and the function F'3, which takes into account the influence of
the source pulsation on the temperature field. Function F3 depends on the distance
between the point under study and the source R and the moment (phase) of observation
At. The obtained solution makes it possible to determine all the characteristics of
the temperature field in a semi-infinite body with a surface point source of pulsed
power with any pulse shape at any time (in any phase) At.

If the source moves in a massive (infinite) body, the expression (7.2.13) should be
divided by 2, then the formula will allow us to obtain solutions for any pulsed power
sources distributed in space in unbounded and bounded slabs by means of methods
of sources and images.

For trapezoidal and rectangular pulses, it is convenient to select the phase of period
At so that function g(¢) would be even (Fig. 7.2¢c, d). Then the Fourier coefficients
(7.2.5) are as follows:

o = 261ptp +51btb;' (‘]p +Qb)ts;
¢

=2 (gp — qp)tc . B+t . t\.
akzmt—ssm kﬂt—c sin knt—c ; b, =0 (7.2.16)

for trapezoidal pulses and

t, +qpt 2 — t
ap = 2plr T, ak:(—l)k%smGn—p); be=0 (7.2.17)

t. ¢

for rectangular (square) pulses (¢, = 0).

The accuracy of calculating the temperature is determined by the number of
retained terms of the series, that is, the accuracy of the approximation of the ini-
tial pulse shape. The more terms K of the series are taken into account, the more
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Fig. 7.3 Representation of rectangular (a) and trapezoidal (b) pulses as a Fourier series (K is the
number of terms in the series)

accurately the pulse shape is approximated (Fig. 7.3). With the given accuracy, the
number of terms in the series depends on the shape of the pulse. For example, for
rectangular pulses, the closer time ¢, or #, to zero, the more terms of the series are
required.

Virtually any power distribution g(Af) can be represented in the form of a piece-
wise linear curve (Fig. 7.2f), each nth piece of which passes through the given points
At), g and At q)!. The Fourier coefficients (7.2.5) for the nth piece are as follows:

n = %[(An + B, Ar))sin(koAr)) + f—;cos(kwAt,’[)

~ (An + By AT sin(konr) — 2 cos (koar))]; (7.2.18)
w

1 7 /7 ﬂ . Vi
bin = g[_(A” + BnAtn)cos(ka)Atn) + kwsm(kwAtn)

+ (An + By At))cos(kwAt)) — f—"sin (koAr)];
w

A — WAL —ay A 4y — 4
! At — At AL — A

The Fourier series expansion (7.2.4) is represented as the sum of the Fourier series
expansions of the separate linear nth pieces of the function g(At) with coefficients
(7.2.18). Then the temperature is determined by summing the temperature incre-
ments, which are calculated according to (7.2.13)—(7.2.15) over all linear pieces of
curve g(Ar) (Fig. 7.2f).

Taking into account (7.2.17), function F'3 for rectangular pulses takes on the
following form
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d in(rkt, [ t.
F3(R, Az)_1+2 qb),,Z ksm(n—,,/)
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VR 1 VR 1
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or in the criteria form:
sin JTkT
Fg(p3,r)_1+282( pF———* ( P exp< [,/Ak+——1j|>
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X COS <2nkt — P34/ Ax — —); \/ 1+ (87[/«,0)2 (7.2.20)
R At t y — t,
R I LN
24’ te t, tv qptp + qplp

Here p3 is the dimensionless volumetric radius vector, 7 is the dimensionless
phase of the period, 7, is the dimensionless pulse duration, ¢ is the dimensionless
frequency, and ¢ is the dimensionless high pulse (peak) power (five parameters in
total).

If the source is stationary (v = 0), the expression (7.2.19) is less complicated:

t sin nkt t,
Fy(R, At)_1+2 q”)”z 1y Skt /1)
tp + ol wkty, [ 1,
X exp(—vkn R cos| kwAt — Vkm R (7.2.22)

Let us analyse the behaviour of function F'3 (7.2.20), which describes the effect of
rectangular pulses on the temperature field (Fig. 7.4). For simplicity, we assume that
the low pulse (background) power is g, = 0, that is, the dimensionless high pulse
(peak) power ¢ = 1.

It follows from (7.2.20) that the heat waves are propagated concentrically, and
their magnitude depends on the distance to the source (p3). The temperature field
pulsates with the frequency of the source, but with the phase shift (time lag), which is
as great as the distance from the source to the point under study p3 and the frequency
¢ (Fig. 7.4a). Due to the time lag of heat waves, the maximum value of function
F3max 1s reached after the end of the pulse, and minimum value Fs3yi,—after the
start. In the figure, the beginning of the pulse is shown by the open circle, and the
end is shown by the solid circle. In all cases: Fap.x > 1 and Fapip < 1.

The distance between the heat waves (wavelength) for each kth harmonic is
expressed according to (7.2.19) in the explicit form:
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Karkhin et al. 1998)

dma
AR = . (7.2.23)

2
1 8mka 1
V\/i\/1+<wz> —3

If the travel speed is relatively small (v < 8mka/1.), expression (7.2.23) is
simplified:

AR =2/mat. [k = 2\/7111/ kf). (7.2.24)

It is obvious that the wavelength is inversely proportional to the square root of
the frequency f. At frequency of 1-20 Hz, the wavelength in steel (¢ = 8 mm? s~)
is equal to 10-2 mm.

It also follows from (7.2.19) and (7.2.20) that as the distance from the source
increases, the pulsation amplitude decreases very rapidly (Fig. 7.4b). Thus, heat
waves propagate from the source in concentric circles with a rapidly decaying ampli-
tude, and the entire system moves simultaneously with the source at speed v. When



7.2 Temperature Fields of Pulsed Power Sources 333

(47rka / tc)l/ : > v (this condition is often satisfied even for the first harmonic), the

amplitude of the pulsation decays according to exp(—R[nk 1/ a]l/ 2), that is, the

higher frequency f is, the faster the decay is (Fig. 7.4c).

The effect of pulse duration 7, on the temperature field is of practical interest
(Fig. 7.4d). It can be seen that function F3p,x (rp) is monotonically falling at any
distance p3; and frequency ¢ and the maximum amplitude for all points corresponds
to instantaneous pulses (7, — 0). We can also see that there is no thermal resonance
when a set of points with a certain radius vector in which the maximum temperature
oscillations take place corresponds to each mode of operation of the heat source of
pulsed power (to each pulse duty factor 7, > 0) (Gurevich 1969). It should be noted
that the apparent resonance mode is obtained if we assume that function F'3 reaches
its maximum at the end of the pulse and its minimum—at the end of the pause, which
contradicts the graphs in Fig. 7.4a.

The effect of the dimensionless high pulse (peak) power ¢ is obvious from
Egs. (7.2.20) and (7.2.21): function F; is proportional to ¢, and ¢ varies from 0
(gp = qp) 0 1 (gp = 0).

The influence of the pulses shape on the temperature field (function F3) will
be considered for the pulses of the rectangular and sinusoidal shape with the
same averaged power go and amplitude (Fig. 7.5a). According to the energy con-
servation law, the duration of the rectangular pulse is t,= 2t. /w (z, = 2/m). For
the sinusoidal shape of the pulse, the Fourier coefficients are the following: ai/go =
2(1-4 k), by = 0. Figure 7.5b shows that the total amplitude AF3 = Famnax — F3min
is larger for the rectangular pulse, and the shape of the pulse has a significant effect
only on the temperature of the points located at a relatively small distance from the
source. In the source zone (p3 — 0), F3max and Fin, are determined only by the
maximum and minimum power values. Since the latter are identical for the cases
under consideration, then F3nax — #p/tc= 7/2 and F3p;, — 0 both for sinusoidal
and rectangular pulses. In the hard mode (1, is small, g, /qq is large), the difference
in AF3 values can be significant (Fig. 7.4d).

Frequency is one of the easily adjustable parameters. Let us consider, as an exam-
ple, the effect of the frequency of the pulsed surface point source on the temperature
state of a massive steel body with the following input data: A = 0.05 W mm~' K~!,
a=10mm?s™ ', T, =1793 K, go =500 W,y =5mms~!, Ty =293 K and t.=
0.5s,1,=0.05s,g, =0.

Figure 7.6a, b, show the calculated surface “macrosections” when the source
moves from left to right. At frequency f = 2 Hz, the width of the weld is varying,
point A determines the minimum width of the weld, and point B determines the
maximum width of the weld. It can be seen from Fig. 7.6¢ that the thermal cycles of
these points are fundamentally different (the time taken to reach the peak temperature
at the point under study is taken as the reference point): point A is heated twice to
the melting temperature, point B is reheated only to 773 K. The solidification of the
welding pool also differs significantly.

Frequency has a very strong effect on the cooling rate at the given temperature
(Fig. 7.6¢) and, therefore, on the retention time of the metal in a given temperature
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Fig. 7.5 Rectangular (1) and sinusoidal (2) power pulses (a) and the effect of the pulse shape on
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Fig. 7.6 Peak temperature field in the surface of a thick body in welding with periodic (a) and
time-constant (b) power and thermal cycles of metal in the weld interface at points A, B and C
(¢) (Karkhin and Michailov 1996; Karkhin and Akatsevich 1996)
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Fig. 7.7 Total time the material along the weld interface spent within temperature range
1073-773 K (800-500 °C) (a) and 1773-1473 K (1500-1200 °C) (b) (solid lines—periodic power
source at frequency f = 2 Hz, dashed lines—time-constant power source) (Karkhin and Michailov
1996; Karkhin and Akatsevich 1996)

range. An important characteristic of the thermal cycle of steel is the cooling time
in the range of 1073-773 K (800-500 °C) (total cooling time Atg;s determines the
microstructure, including hardness, susceptibility of the metal to cold cracking, etc.)
and 1773-1473 K (1500-1200 °C) (time At;s/1, determines the grain growth, diffu-
sion and other processes in the HAZ, see Chap. 13). At points A and B, time Atgs =
0.15 s and 0.11 s, time At;s/12 = 0.09 s and 0.04 s, and at point C (constant power)
the time is much higher—0.25 s and 0.11 s, respectively.

The total cooling time of the material in the characteristic temperature ranges
varies along the weld interface (Fig. 7.7), so we can expect that local properties of
the metal will also be variable.

Thus, using a pulsating source, it is possible to reduce Ati/5 (to reduce grain
growth, etc.) and, without degrading other characteristics of the microstructure, it is
possible to control the solidification process, etc. In other words, additional param-
eters of the pulsed power source (frequency and shape of the pulse) allow us to
optimise the welding processes (see Chaps. 12 and 13).

In general, the cycle and pulse duration can be of any value. Formulas
(7.2.13)—(7.2.15) allow us to calculate temperature fields during intermittent weld-
ing, including tacking. It can be seen from Fig. 7.8 that the temperature field at pulsed
power differs significantly from the temperature field at the constant power source
(Fig. 5.8d), even if their power g is the same.

7.2.2 Point Source in a Slab

Letus assume that the surfaces of an infinite slab of thickness / are heat-impermeable,
the moving point source of pulsed power is at points &, n, ¢, and the origin of
the moving coordinate system is on the surface of the slab (Fig. 4.5). Using the
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fundamental solution (7.2.13)—(7.2.15) and the method of images we can obtain the
general solution for a slab in the form of the following series (Karkhin 1993; Karkhin
and Michailov 1996; Karkhin and Akatsevich 1996; Karkhin et al. 1998):

T(x,y,z, At) = To(x, y, 2) F3(R, At), (7.2.25)
where
g v(x — 6 1 VR
0 - ij
To(x,y,z):—exp<——> > > —eXp(— ); (7.2.26)
4 2a e 1= R; 2a

Fiy(R, At) =1+ Z Z Ze p( Ak+%>

i=—00 j=—1,1 R k=1

A VR, ; 1
x | —cos Ay — =
q0 2a 2
by . ( VR; ; ):| ( VR[j)
+ —sin Ar—=11/ Z Z —ex = ];
o 2a i=—00 j=—1, 1 2a
Rij= \/ (x =&+ (y—n)’+ (@ —j¢—2ih) (7.2.27)

If the pulses are rectangular (Fig. 7.2c), then

n(mkt,/1.)

— D)ty — si
P S

qpf +qbtbi: s j—1,1 l]k]
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VR,' j 1 VR,‘j 1
x exp| ———=/ Ax + = |cos| kwAt — —=,/ Ay — =
a 2 2a 2

/ Z > —e p ) (7.2.28)

i=—o00 j=—1, 1

or in the criteria form:

Fa(ps. 1) = 1+ 2 Z Z Z( sm JTk'Cp)

i=—o0 j=—1,1 P3i,j k=1

/ 1 1
X exp<—,03i,j A + E)cos(anr — p3i ] Ak — 5)

/Z > —exp —p3is);

i=—o00 j=—1, 1

p3i; =VRi ;[ (2a). (7.2.29)

It should be mentioned that the convergence of series with respect to i depends
on parameters p3, ¢, T, and 7, and the number of retained terms of the series must
be greater with smaller o3 and with 7, closer to 0 or 1.

If thickness is relatively large (h — o0), then we have a point source model in
a semi-infinite body (only one term remains for i = 0 from the series). If we also
take £ = n = ¢ = 0, we obtain a model of the point source at the origin of the
coordinates on the surface of a semi-infinite body, and formulas (7.2.25)—(7.2.29)
turn into (7.2.13)—(7.2.21).

7.2.3 Line Source in a Plate

The temperature field around a line source of pulsed power in an infinite plate of
thickness & with surface heat transfer is described by the formula (Karkhin 1993;
Karkhin and Akatsevich 1996; Karkhin et al. 1998):

T(x,y, At) = To(x, y) Fa(r, Ap), (7.2.30)



338 7 Temperature Fields Under Programmed Heat Input

where

To(x, y) = Mexp<_ﬂ)1{ <— 1+ 4“;’) (7.2.31)

2T A 2a 2a v

@, Aty =1+ Z {[%cos(ka)At) + q—sm(ka)At)] Re Ky (u)

[ be } } ( 4ab>
— | —sin (kwAt) — —cos(ka)At) ImKy(u) ; /Ko 1+ ;
q0 2a v2

q0
(7.2.32)

2 4ab 4k
r=+/x2+y2; b:cp_ah; w= L 1+ 2 4 va)a i=+—

2a y2

Here Re K (#) and Im K () are real and imaginary components of the cylindrical
function of the imaginary argument.

If the pulse is rectangular (Fig. 7.2¢), function F; in its dimensionless form is
described by the expression:

v sin(mkt))

o0
Fr(p2, T) = 1+252( 1
k=1

kT,

X [Re Ko(u)cos(2mkt) — Im Ko(u)sin(anr)]/Ko(pz, n2);

(7.2.33)
vr dab N
P2 === M2 =4/1+— u=p/u;+i8mke.
2a v

Function F, can be expressed in the integral form (Karkhin et al. 1998):

> sin(kt,) r 1
Fy(p2, 1) = 1+2e ) (=D m” /eXp(pzuz[ —/ Bi+ 5¢h(®)
P
0

k=1

1
X cos (27ka — P22y Bk — ECh(t)>df/ [exp(p212)Ko(p2112)];

(7.2.34)
s _ L[, (8mka )’
T2 tvius)

The structure of the integral is close to the integral representation of the modified
Bessel function K, therefore, the algorithm for the numerical determination of K
function can be taken as the basis in calculations.
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7.2.4 Plane Source in a Rod

One-dimensional temperature field of a moving plane source of pulsed power in an
infinite rod with a cross section of area A and perimeter p is described by the formula
(Karkhin and Michailov 1996; Karkhin and Akatsevich 1996; Karkhin et al. 1998):

T(x, At) = To(x)Fy(x, At), (7.2.35)
where
A
To(x) = a0/ exp(—v(“'x'“l)); (7.2.36)
COVILL 2a

oo
1 [ 1
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1 b 1 1
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q0 2 qo 2 )

(473 1 by 1 . 1
+ | —/Ck — =+ —1/Cr + = |sin| 2kt — prpuy/Ce — = | |5

q0 2 qo 2 )
vix| | 4aap

_ ) _ N = 1 N 8mka \*
Pr=rg M= VepA KT 2 teviud

(7.2.37)

If the pulses are rectangular (Fig. 7.2c), then

= sin(7kt)) 1 1
Fi(pi, 1) =1+2e Y (=) ——L2exp| —piju1|/Cr+ = — 1
k; wkt 2 V2C;

2 k \[ L ( Riakd )
X COS JTTKT '() H, (: arctan . ; 2 38
1 1 k 2 2 j ]

The solutions for four main calculation schemes (7.2.13), (7.2.25), (7.2.30) and
(7.2.35) have the same structure:

T (X, At) =To(X)F(R, At), (7.2.39)

where Ty is the steady temperature field of constant-power source g, X is the coor-
dinate vector of the point under study, R is the distance from the point under study
to the source, and At is the observation phase.

All the characteristics of the periodicity of the source are included in function F,
which can be considered as a dimensionless temperature, which is the ratio of the
temperatures due to the pulsed power source and the constant power source.
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Fig. 7.9 Dependences of the function accounting for the influence of source pulsation on the
dimensionless phase of cycle 7 at a distance of p = 1.0 from the source, frequency ¢ = 0.5, peak
duration 7, = 0.2 and pulse power ¢ = 1.0 for (1) semi-infinite solid; (2) slab (vh/(2a) = 0.75); (3)
plate (2 = 1.2); (4) plate (up = 1) and (5) rod (i1 = 1) (Karkhin and Akatsevich 1996; Karkhin
et al. 1998)

Let us analyse function F for rectangular pulses. It can be seen from formulas
(7.2.20), (7.2.29), (7.2.34) and (7.2.38) that it depends only on five dimensionless
independent parameters: radius vectors p (vR/(2a), vr/(2a), vixl/(2a)), pulse duration
7, frequency ¢, pulse energy ¢ and observation phase 7.

The dependence of F on phase t for various combinations of the source—heated
body is shown in Fig. 7.9. It can be seen that the more massive the body (more
directions of heat removal) and the greater the surface heat transfer we have, the
greater the deviation of F from 1 is. The analysis of the cosine argument in formulas
(7.2.20), (7.2.29) and (7.2.38) proves that the temperature pulsates with the frequency
of source k/t., but with a phase shift, which is as great as the distance from the point
under study to the source and the frequency. Due to the time lag of heat waves,
the minimum value of function F is reached after the pulse start (t = 0.4), and the
maximum value is reached after its termination (r = 0.6) (Fig. 7.9).

The effect of relative energy ¢ of the pulse on function F results from its definition
(7.2.21), and it varies from 0 (when g, = g3) to 1 (when g; = 0). The results of the
analysis of the effect of p, ¢, 7, and the shape of the pulse were obtained earlier in
Sect. 7.2.1 for the point source on a semi-infinite body (Fig. 7.4), and they remain
qualitatively valid also for other cases under consideration. For example, it is proved
that as the distance from the source increases (increasing p), the temperature range
decreases exponentially. If the pulses are hard (t,— 0), then sin(wk ,)/(wk 7,,) —
1 and the series are simplified.

Thus, the obtained analytical solutions to the basic typical problems (a point source
on the surface of a semi-infinite body, a point source in an infinite slab, a line source
in an infinite plate with surface heat transfer, a plane source in an infinite rod with
surface heat transfer) allow us to calculate the steady temperature fields taking into



7.2 Temperature Fields of Pulsed Power Sources 341

consideration real forms and frequencies of pulses. These solutions are fundamental,
and using them as the base, we can obtain solutions for spatially distributed sources
in bounded bodies by means of methods of sources and images.

7.2.5 Distributed Pulsed Power Sources

Earlier in Sect. 5.2, using the source method, solutions were obtained for moving dis-
tributed sources of constant power based on fundamental solutions for concentrated
sources. Similarly, the heat conduction problem for moving distributed sources of
pulsed power can be solved using fundamental solutions for moving concentrated
sources (Sects. 7.2.1-7.2.4). To do this, any spatially distributed source is represented
as a set of elementary sources, the increment of temperature due to an elementary
source is calculated and the increments are summed up. The resulting sum will be the
temperature increment due to the entire distributed source. If the body is bounded,
the method of images is additionally used to fulfill the boundary conditions.

Let us consider the sequence of the solution to the problem using the example of a
moving source of pulsed power on the surface of a thick body. The radial distribution
of power density is described by the law of normal distribution (Akatsevich and
Karkhin 1998; Karkhin et al. 1998):

g (r, A1) = gq(AI)exp(—Crz), (7.2.40)

where r is the radial distance from the centre of the source, C is the concentration
factor and ¢ is the power of the source.

We divide the distributed source (the entire surface of the body) along radius r
from 0 to oo and along angle ¢ from O to 27 into elementary point sources (Fig. 7.10).
The power of an elementary source with the coordinates p, ¢ is equal to

C
dq(p, At) = ;q(At)exp(—C,oz)ngpdp. (7.2.41)

The increment of temperature due to this source is described by
Egs. (7.2.13)—(7.2.15). Then the temperature field of the entire normally distributed
source is determined by summing the temperature increments of all elementary
sources (Akatsevich and Karkhin 1998; Karkhin et al. 1998):

C 1 _ R
T(x,y.2, At) — Ty = 2 f/_exp<_v(x p;0s<p+ ) _Cp2>
a

x F3(R, At)dppdp;

R = \/(x — pcosg)? + (y — psing)? + 22, (7.2.42)
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Power density ¢., Wm”
A

Fig. 7.10 Model for a normally distributed circular source on a semi-infinite solid (Akatsevich and
Karkhin 1998)

and function F3(R, At) is determined by Eq. (7.2.15).

If the body is limited in thickness, that is, it is a slab, then the formula for calculat-
ing the temperature becomes somewhat more complicated (Akatsevich and Karkhin
1998; Karkhin et al. 1998).

Figure 7.11 shows dynamics of melting and solidification of the pool when
welding manganese steel of 12 mm in thickness. The results of the experiment (Ravi
Vishnu and Easterling 1993) were taken as the basis. Properties of steel are the
following: @ = 9.4017 mm” s™', A = 0.033 Wmm~ ' K, T,, = 1773 K, m =
0.00067 K~! (see Eq. (3.5.1)). The gas tungsten arc welding conditions: g, = n,UI
=08 x13.5x 175=1890W, g, =0.8 x 9.5 x25=190W, g0 =489 W, C =
0.133 mm~2, 1, =0.18s,1,=1235,t,=0.105s,7, =1.625,v=1.1 mm s, To
=293 K.

The lower surface of the thick plate has practically no effect, therefore the tem-
perature can be calculated by formulas (7.2.42), (7.2.15) and (7.2.16) for trapezoidal
pulses (Fig. 7.2d). Below are the temperature fields and thermal cycles calculated
with allowance for the temperature dependence of the thermal conductivity (coeffi-
cient m) according to formula (3.5.5).

Figure 7.11b shows the longitudinal section (y = 0) in different phases of the
At of nth cycle. The open circles indicate the current position of the source centre.
The beginning of the n — 2 cycle is taken as the origin of time ¢ and coordinate
x. The axes of some crystal are calculated provided that they grow normally to the
solidification front (isotherm T',,). It can be seen that the crystal change the direction
of growth after each repeated melting and the growth can be opposite in direction
to the welding direction, which is confirmed by the experiments (Ravi Vishnu and
Easterling 1993). Unlike welding with a constant-power source, a liquid pool exists
for a limited time, and some areas of the weld joint undergo repeated melting.

The rate of solidification of the molten metal of the weld pool is of particular
interest. Figure 7.12 shows changes in the position of the length of the pool tail
(isotherm T ',,,) and the rate of solidification of metal v, on x-axis (vs = —0oL / or + v).
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It can be seen that the rate of solidification can be an order of magnitude higher than
the welding speed v. This means that when welding with sources of pulsed and
constant power, high-temperature processes (grain growth, chemical heterogeneity,
etc.) can be quite different.
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Fig. 7.13 Periodic power of welding arc (a) and isotherms of peak temperature 7'y in the central
longitudinal section of weld and HAZ (b) (number of isotherm corresponds to the number of forming
pulse (Akatsevich and Karkhin 1998; Karkhin et al. 1998)

Figure 7.13 shows the calculated “macrosections” with the position of different
isotherms Tp,.x from the corresponding pulse. The position of the source at the
beginning of the n — 1 pulse is taken as the origin of x coordinate. The calculated
depth of fusion is 0.61-0.71 mm, the experimental depth is 0.61 mm (Ravi Vishnu
and Easterling 1993). The width of the zone of coarse grains (7 y.x = 1473-1773 K)
is 0.86—1.23 mm.

The weld metal and the HAZ metal undergo a complex thermal cycle (Fig. 7.14).
The intersection of a transverse plane containing point A or B by the source is taken
as the origin of time . The thermal cycle and, consequently, the microstructure of the
weld metal and the HAZ metal are periodically repeated along the weld interface with
step vt, = 1.782 mm. For example, points A and B, located at the weld interface at a
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Fig. 7.14 Thermal cycle at the remelting boundary in points A and B (Akatsevich and Karkhin
1998; Karkhin and Michailov 1996; Karkhin et al. 1998) (see Fig. 7.13)

depth of 0.34 mm, undergo multiple heating and cooling: after the last melting (7 yax1
= T,,= 1773 K), the metal cools below the temperature of the start of martensite
formation M (T min1 = 733 K <M = 753 K), then at the next pulse it is heated up to
temperature 7T, = 1146 K (higher than A3 = 1133 K) and cooled down to T in2
= 650 K, etc. Therefore, it can be expected that after cooling the metal at points A
and B has a microstructure of partially tempered martensite (Karkhin et al. 1998).

The analysis of dependence of the thermal cycle on the parameters of the welding
by the pulsed source showed that the retention time of the metal at high temperatures
(T > 1500 K) is determined mainly by pulse and pause duration, the cooling time at
low temperatures (in the range 1073-773 K) is determined by the low pulse (back-
ground) power, and the size of the fusion zone—by the average power (Akatsevich
and Karkhin 1998).

It should be noted that the technique for calculating the steady-state temperature
field described here is suitable for any spatially distributed source of pulsed power.

The solution to the heat conduction problem allowing for other complex physical
phenomena (convection of the liquid metal of the pool, arc pressure, deflection of the
free surface of the pool) requires the use of numerical methods (Reddy et al. 2001;
Sarayev 1997).

7.3 Weaving Heat Sources

Welding by weaving heat sources is more flexible than welding with a rectilinear
source trajectory, since it is characterised by a large number of independent parame-
ters by which heat input can be regulated in the welded body. The application of this
welding technique makes it possible in some cases to exclude or reduce additional
heating (Makhnenko and Kravtsov 1976).
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Fig. 7.15 Welding weaving patterns: trapezoidal (a), sinusoidal (b), back-and-forth square with
penetration (c¢) and back-and-forth along weld (d)

When welding, the centre of the heat source can periodically change the mechan-
ical trajectory along the weld centreline, and the source parameters (its power and
distribution) can also change. Oscillations may be transverse (Fig. 7.15a, b), longi-
tudinal (Fig. 7.15d) or longitudinal-transverse (Fig. 7.15¢). In the general case, the
trajectory of the source can be quite complicated.

Depending on the shape of the trajectory, the parameters of the heat source and
the assumptions, the solution to the heat conduction problem of the type (7.1.2) may
take a different form.

Let us first consider the temperature field when welding by a surface heat source
with transverse oscillations (Fig. 7.15a, b). The cases with the high frequency of
transverse oscillations, when a liquid pool exists over the entire width of the source
action and the weld width is constant, were considered above (Sects. 5.2.3.10,5.2.4.1
and 5.2.4.2). Here, the characteristics of the temperature fields at a relatively low
frequency of transverse oscillations of the source will be analysed.

Independent parameters of the surfacing conditions according to the pattern in
Fig. 7.16a are effective power g, speed v, length of weld bead L, time of surfacing
one bead ¢+ and surfacing pitch H (Makhnenko 1966).

The temperature at arbitrary point P of a thick body at time ¢ from the start of sur-
facing by an oscillating electrode is obtained by superimposing the heat equalisation
processes during the action of moving concentrated sources on straight lines 0, 1, 2,
..., N in the corresponding periods of time (Makhnenko and Kravtsov 1976):

= g V(X + Ry)
T(X,y,Z,t)—T():Z mexp —T
n=0 n
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Fig. 7.16 Ladder weave pattern for surface welding of thick plate (a) and dimensionless tempera-
ture 6 at point A as a function of H/L ratio (b) (Makhnenko and Kravtsov 1976)

X [Y3(Rys tn + 1) — ¥3(Rp, 1)), (7.3.1)

where R, is the distance in space from the centre of the nth source to point P at time
t; t, is the duration of heat diffusion from the nth source, t, = (n — 1 + I/L)t+; t« is
the time of surfacing one bead, t+ = (L + H)/v; 3 is the heat saturation function for
a moving point source on a semi-infinite body (5.1.108). The prime for the sum sign
means that (R, t,) = 0 forn = 0.

Figure 7.16b shows the curves of the dimensionless temperature 8 = 2z AL(T —
Ty)/q at point A as a function of the dimensionless parameters for a different number
of oscillations N. It is seen that the temperature can be controlled by changing the
parameters of the source trajectory.

Allowance for the surface heat transfer and the body’s boundedness in thickness
complicates the solution to the problem. For a long surfacing (N — 00), dimension-
less parameters vh/a, H/h and L/h have the most significant effect on the temperature
field. The influence of heat transfer (Biot number Bi = ah/}) is insignificant near
the source of surfacing (Makhnenko et al. 1971; Makhnenko and Kravtsov 1976).

Technically, sinusoidal transverse oscillations are the simplest (Fig. 7.15b):

y(t) = Asin(wt), o =27/t (7.3.2)

The temperature field due to the normally distributed source moving rectilinearly
over the surface of an A thick slab for time ¢ at constant speed v with transverse
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oscillations of amplitude A and a period of time ¢, is easily obtained by the source
method with Eq. (5.2.17) (Karkhin et al. 2011; Yermakov et al. 2006) :

q/h/ 1 ( (x —v)>+[y —Asin(wr)]z)
exp| —

4 )\ t+ty— T da(t+1ty — 1)

Tx,y,z,t) —To =
0

X |:1 +22cos<%ﬁ>exp(—i2n2%>j|dr, (7.3.3)
i=1

where 10 = r2 / (4a), re is the normal radius of the source.
If thickness of the slab is relatively large (A — 00), the solution to the problem is
obtained using formula (5.2.9) (Danilov and Marmur 1980):

t
T( H—T 9 [ !
X,y,2,1) — =
Y 07 4cp(ma)? farn—e—0)"
(
(x —v1)* + [y — Asin(w1)]? Z2
X exp| — — T
da(t+1ty — 1) 4a(t — 1)

(7.3.4)

Formulas (7.3.3) and (7.3.4) are obtained for the fixed coordinate system. For the
steady state (f — 00), it is more convenient to use a moving system and integrate
over the time from ¢ to 0. The physical meaning of this technique is based on the fact
that after many oscillations of the moving source, the temperature field around the
source depends only on the last oscillations (the effect of the beginning of the weld
can be neglected).

Figure 7.17 shows the peak temperature field and the thermal cycles of surface
points A and B located at the weld interface during the plasma surfacing of a thick
body. It can be seen from Fig. 7.17a that the weld interface is wavy with the fre-
quency of the source. The depth of fusion is variable and asymmetrical relative to
the longitudinal weld plane (Fig. 7.17b). Thermal cycles of the points in the weld
interface differ significantly in the rate of heating and cooling and retention time at
a high temperature (Fig. 7.17c¢).

If the frequency of the transverse oscillations is relatively high, we can assume that
in the cross section the heat is input simultaneously. The distribution of the heat in the
cross section can be easily found from the energy balance condition. For example, if
the surface source oscillates about longitudinal x-axis by the sinusoid with amplitude
A, the power density in the cross section is described by the hyperbolic law:

__ U 73.5
ql(y)_rrT—yz. (7.3.5)
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Fig. 7.17 Arc trajectory (dotted line) and peak temperature field in the surface (a) and in cross-
section with point A (b) and thermal cycles at points A and B in weld interface (¢) in plasma
surfacing: ¢ = 3640 W, r. = 8.15 mm, v = 3 mm s step vt, = 7 mm, amplitude A = 3.5 mm,
To =773 K, carbon steel (¢ = 8 mm? s~!, x =0.04 Wmm~! K~!, 7, = 1773 K) (Karkhin et al.
2011)

The production of thick-walled steel structures is effective with the use of multi-
arc welding. Arcs can have different parameters and, by programming them, it is
possible to optimise welding processes more flexibly (thermal cycles, kinetics of
strains and stresses, etc.). For example, with two-arc welding of butt joints, the control
parameters are: the powers of both arcs, the distance between them, the direction and
the speed of the first arc (Fig. 7.18a) (Serenko et al. 1993). The trajectory of the
first arc is reciprocating in the plane of the welded edges with the change in the z
coordinates, depending on the cyclogram of the current and arc voltage. The second
arc moves along the gap on the surface (z = 0) at welding speed v.

Temperature at any point of the body at any time ¢ can be found using the method
of sources. To do this, trajectories of both arcs in the time period O—¢ are divided
into elementary sections with instantaneous sources, temperature increments due to
instantaneous sources at the point under study are calculated, and all increments of
temperature are summed.

Figure 7.18b shows the thermal cycles of surface points A and B in section I-1,
located in the middle between the points of penetration of arc 1, during two-arc
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Fig. 7.18 Schematic of trajectory of arcs 1 and 2 (a) and thermal cycles at surface points A and B
at L = 150 mm (b) (Serenko et al. 1993)

welding. Cyclic changes in power, speed, and direction of the first arc cause the
temperature pulsation. Due to the use of two powerful arcs, the same effect is achieved
as with multi-layer welding with short blocks. A peculiar thermal cycle can exclude
preheating, as well as postheat treatment when welding thick steel plates (Serenko
et al. 1993).

Thus, the calculation of the temperature field during welding by an oscillating
source of heat is made by describing the trajectory of the sources in time, choosing
the formula for the corresponding instantaneous source and integrating over time.
The source trajectory and the time dependences of its parameters can be arbitrary in
this case.

It should be noted once again that solving each specific problem by the method
of sources it is necessary to find the corresponding solution for the source of unit
power (the Green’s function) and take into account the spatial and temporal distri-
bution of the welding heat source. For many stationary and non-stationary boundary
problems of mathematical physics, Green’s functions are already known (Polyanin
and Nazaikinskii 2016).
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Chapter 8 ®
Thermal Cycles of Metal During Welding | o

8.1 General Information

Heating of the welded joint is applied in almost all welding techniques. The thermal
cycle of a metal (the change in the temperature of the metal in time) is determined
by dimensions of the welded joint, initial and boundary conditions, thermophysical
properties of the metal, parameters of the heating source and position of the metal
to the source. Since the welding sources of heat are concentrated (as a rule, their
dimensions are much smaller than the dimensions of the welded body), the heating
of the metal is characterised by significant non-uniformity both in time and in space.
For example, in arc welding of steel, the gradient of the peak temperature near the
weld can reach hundreds of degrees per millimeter. Therefore, the thermal cycles of
the metal of the adjacent zones of welded joint can be significantly different.

The thermal cycle T (x, y, z, t) of an arbitrary point x, y, z shown in Fig. 8.1 is
typical for single-pass welding with simple power distribution in time and space. It is
characterised by the following main parameters: peak temperature 7 p,x, dwell time
of the metal Aty, above preset temperature 7', retention time of the metal Atr,,7,
in the temperature range 7, —7'3 and heating and cooling rate 07'/dt, which is equal
to the tangent of angle « of the inclination of tangent line to curve T(f) at point
t. The average rate of heating and cooling (07/9t),, = (T3 — T5)/ Aty 7, is the
function of Atz,,7, (in the figure it can be seen as the tangent of angle 8 between the
secant and the #-axis). If the function 07 /9t varies insignificantly in the interval T,
—T3,rates 07 /dt and (07T /9t),, are almost equal (angles o and B are almost equal).
With the complicated heat input, for example, during multi-pass and pulsed welding,
these rates can differ even in sign. The given characteristics of the thermal cycle are
extremely important for predicting the properties of the metal in different zones of
the welded joint (see Chap. 13).

When choosing a model for calculating the thermal cycle of the metal, we should
start with the question: what is the required accuracy of calculating parameters of
the thermal cycle? For example, when predicting the microstructure of the welded
joint, it does not make sense to use the precise calculation model (which requires
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a lot of time for calculations) if the accuracy level of the metallurgical model used
later is much lower. Therefore, it is recommended to choose simple calculation mod-
els, which are the simpler, the more assumptions are made. Thus, the assumptions
of the body unboundedness in some directions, the heat-insulation of the boundary,
constant initial temperature T, the absence of heat fluxes in some directions, lim-
iting concentration of the source, constant power, speed and direction of the source
movement, homogeneity and temperature independence of material properties sim-
plify formulation and, consequently, the search of the solution to the heat conduction
problem.

The thermal cycles of the metal when the body is heated by instantaneous con-
centrated sources were considered in Sects. 4.2.1 and 5.1.1. In this section we will
give the simplest models for calculating the main parameters of the thermal cycle
for the following combinations of rapidly moving concentrated sources and heated
bodies: (1) a point source on the surface of a massive (semi-infinite) body; (2) a point
source on the surface of an infinite slab and (3) a line source in an infinite plate.

8.2 Rapidly Moving Point Source on a Semi-infinite Body

When heating by a rapidly moving point source on the surface of a semi-infinite
body, the thermal cycle of a point located at distance r from the axis of movement is
described by Eq. (5.1.121), and its cooling rate w is described by Eq. (5.1.128):

8T( 0 q/v r? r? |
—— (1) = — exp| — || — —
ot 2 At? P 4at ) \ dat

2
:_T(r”)—T()(r__l). 82.1)
t dat

w(r, t)
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Fig. 8.2 Temperature as a function of time and distance for the rapidly moving point source on the
semi-infinite solid (¢ = 5000 W, v = 5 mm sTEA=004Wmm 'K, ga=8mm?s~!, Ty =
300 K)

As can be seen from Fig. 8.2, the cooling rate w is maximal on the axis of the
movement of the source (the weld centreline), r = 0. The farther the point under
study r is, the longer the peak temperature is reached. The radial distribution of peak
temperature 7 max (7) is described by expression (5.1.129) and is shown in Fig. 5.1.37a.

The analysis of formula (8.2.1) and Fig. 8.2 shows that at T < T« (that is, for
t > r*/(4a)), cooling rate w at the given temperature T only slightly depends on
coordinate r and in accordance with (5.1.137) at r = 0 it is equal to the following:

(T — To)*

w(0, T) =27 A
q/v

(8.2.2)

This formula can be used to calculate the cooling rate of metal throughout the
high-heated zone.

The calculation of the cooling rate according to (8.2.2) is practically applicable
for a bead on a steel body with thickness of at least 25-30 mm, depending on the
preset temperature 7" and the welding conditions (Rykalin 1951, 1957). With lesser
thickness, the calculation model for the slab should be used (Sect. 8.3).

The cooling time of weld centreline Afy,, 7, in the temperature range from 7', to
T'; is determined by formula (5.1.138).

The dwell time of metal Aty above preset temperature 7; can be found using
formulas (5.1.121) and (5.1.129). We introduce a dimensionless temperature:

T — T r r 1 1
3= ——"—=—exp|ll—— | = —exp|l ]l — — |; (8.2.3)
Tmax — Ty 4dat dat 3 3
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73 = 4dat/r?, (8.2.4)

where 73 is the dimensionless time (the Fourier number). Function 03(73) and cor-
responding inverse function At3(63) are shown in Fig. 8.3.

To determine dwell time At7, above temperature T'1, we express 7> from (5.1.129)
and put into Eq. (8.2.4), from which we obtain the following (Frolov 1988):

1
Aty q/v

= 5 Ats. (8.2.5)
2me A(Tmax — To)

8.3 Rapidly Moving Point Source on a Slab

When heating by a rapidly moving point source on the surface of an infinite slab, the
thermal cycle of the metal at point y, z relative to the axis of movement of the source
is described by the following equation:

q/v ~— v+ (z — 2ih)?
T ) — Ty = —— - ). 8.3.1
W, z,t) =Ty 2 E eXP( 107 ( )

This follows from Eq. (5.1.144), if the source is at the origin of coordinates.

Let us determine the cooling rate of metal w = — d7/dt at the given temperature
T. Differentiating Eq. (8.3.1) with respect to time #, we obtain the following (Rykalin
1948):

aT 3 T(y,z,t)—T(,(l 2 A)_
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Formulas (8.3.1) and (8.3.2) allow us to calculate all the characteristics of the
thermal cycle at any point y, z.

The solution (8.3.2) can be expressed in terms of dimensionless cooling rate w
and dimensionless temperature 6 (Rykalin 1951, 1957):

T h?
———iﬂ—j—ﬂezﬂw (T —Ty). (8.3.3)
2nA(T — Tp)~ Ot 2q /v

The dependence of w on 6 for the surface of a slab is shown in Fig. 8.4. It connects
the dependencies for a point source on a semi-infinite body and a line source in a
plate. The cooling rates of the points on the slab located on the axis of the movement
of the source (y = z = 0) are close to the cooling rates of the points on the semi-
infinite body, if 1/0 < 0.4 (the temperature is high). They are close to the cooling
rates of the plate points, if 1/6 > 2.5 (the temperature is low).

Cooling rate w(lyl/h) of the points on the slab outside the axis of movement of
source (Iyl/h > 0) increases from w = 0 (when the temperature is maximum), reaches
its maximum and becomes equal to the rate for the points on the source movement
axis (Iyl/h = 0).

With a point source on a semi-infinite body, dimensionless cooling rate w of the
bead for any temperature 6 is equal to

aT
o AV A (8.3.4)
20T — Ty)? 01
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from which Eq. (5.1.137) is obtained. The curve for the line source in the plate is
described by a hyperbola:

1 2
w— = — = 0.6366. (8.3.5)
0 T

Putting (8.3.3) into this expression, we obtain Eq. (5.1.157).

To calculate cooling rate w = — 97/9¢t on the surface of the slab at temperature 7,
we calculate dimensionless temperature 6, then from the curves in Fig. 8.4 we find
dimensionless cooling rate w, from which we obtain the following:

20T — Tpy)?
W= —"—""w.

8.3.6
e (8.3.6)

The cooling rate of the metal in the slab (z > 0) is determined by formulas (8.3.1)
and (8.3.2).

8.4 Rapidly Moving Line Source in a Plate

In Sect. 5.14.3, formulas for calculating the peak temperature
(5.1.152) and (5.1.153), the rate of cooling of the metal at any time (5.1.149),
the cooling rate of the metal on the weld centreline at the given temperature
(5.1.157) and the cooling time of the metal on the weld axis in the given temperature
range (5.1.158) are presented and analysed. Here we give a model for calculating
the dwell time of the metal above the given temperature.

Let us assume that there is no surface heat transfer (b = 0). Then, using Eqgs.
(5.1.146) and (5.1.153), the thermal cycle can be represented in a dimensionless
form (Rykalin 1951, 1957):

T—T, 1 < 1 )
b= — "0 — fre—exp[——): (8.4.1)
>" Tmax — To J P 153
4at
7 = y_“2 (8.4.2)

where 7, is the dimensionless time (the Fourier number).

The dependence 6,(7;) is shown in Fig. 8.3a. The dwell time of metal Az, at the
peak temperature (0 = 1) is zero (Fig. 8.3b). As the temperature decreases, dwell
time increases, faster in the plate than in a semi-infinite body.

To determine dwell time Af7, above temperature 71, we express y from (5.1.153)
and put into Eq. (8.4.2), from which we obtain (Rykalin 1951, 1957; Frolov 1988):

2
Atr, ! L[M] AT (8.4.3)

- 8me )\C,O TmaX — T()
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As can be seen from formulas (8.2.5) and (8.4.3), with an increase in heat input g/v
and/or in preheating temperature 7, dwell time A¢7, above temperature 7'y increases.

It should be noted here that simple formulas for calculating parameters of the
thermal cycle were obtained due to assumption of the limiting concentration of
the heat sources and the neglect of the longitudinal heat fluxes, which reduced the
dimensionality of the problem. This approach is reasonable if the actual source is
highly concentrated and the welding speed is relatively high (Peclet number Pe =
vx/a is great). The error in calculating the temperature according to the model of
rapidly moving concentrated sources was estimated earlier in Sect. 5.1.4.

8.5 Cooling Time

In order to predict the microstructure and mechanical properties of the HAZ metal in
welding of steel, the cooling time in the given temperature range, from 1123 K (850
°C) or 1073 K (800 °C) to 773 K (500 °C) is required (see Sects. 13.2 and 13.4.1).
Earlier simple formulas (5.1.138) and (5.1.158) were obtained for calculating the
cooling time of the weld centreline when a semi-infinite body is heated by a rapidly
moving point source and a plate is heated by a rapidly moving line source. These
formulas imply the thermal insulation of the body and the absence of longitudinal
fluxes. Let us find the approximate formulas for calculating cooling time Atgs in
interval 1073 K (800 °C)-773 K (500 °C) for arc welding of different steel joints
(Degenkolbe et al. 1984).

For the point source on the surface of a semi-infinite body, taking into account
(1.2.15) and (5.1.138), we obtain the cooling time:

1 1
AtS/S = K3T}hQ1gross<773 — Ty - 1073 — T0>;

K; = l/(2nk), ngross =Ul/v. (8.5.1)

It results from (8.5.1) that in the case of a three-dimensional (3D) temperature
field the cooling time is proportional to arc energy per unit length of weld Q1 gyo;-

For a line source in the plate, taking into account (1.2.15) and (5.1.158), we obtain
the cooling time:

Q1 gross | 1 1
Atgs = sz%( 8 ) 7 — 5 |5
h (773 = Tp)®> (1073 — Tp)

Ky = 1/(4mcpir). (8.5.2)

It can be seen that in the case of a two-dimensional (2D) temperature field, the
cooling time is proportional to the square of the heat input per unit thickness of the
plate. With increasing initial temperature T, the cooling time increases.
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Table 8.1 Thermal efficiency

Welding techni Effici
of the arc (Degenkolbe et al. clding techmque n clency
1984; Seyffarth et al. 1992) h

Submerged arc welding 1.0

Welding with rutile electrodes 0.9

Welding with basic electrodes 0.8

Welding in CO, 0.85

Welding with a consumable electrode in Ar 0.75

or He

Welding with non-consumable electrode in 0.65

Ar or He

The experiments show that when welding structural low-alloy steels, coefficients
K> and K3 depend on initial temperature 7'y (Degenkolbe et al. 1984; Seyffarth et al.
1992; Uwer and Degenkolbe 1975):

K3 = 8.06 — 0.005T,, mmKW!; (8.5.3)
K, = 547 — 0.43T,, mm* K27 'w (8.5.4)

The formulas above are valid for bodies of simple geometric shapes. The influence
of the type of the welded joint is taken into account by additional coefficients F'3 (for
the 3D case) and F, (for the 2D case) (Degenkolbe et al. 1984; Seyffarth et al. 1992).

1 1
At8/5 = (806 — OOOSTO)nh Q] gross <773 — TO - 1073 — TO)F’;, (855)
Ql ross 2 1 1
Atg)s = (547 — 0.43To)n; | —= - F».
8/5 = ( 0)’7;,( W ) T3 T} (1073 — Ty 2

(8.5.6)

Here T is measured in K, Qj 455 is measured in J mm!. The thermal efficiency
of arc ny, is defined with respect to the efficiency for submerged arc welding, which
is taken as a unit (Table 8.1).

The values of coefficients F; and F'; are given in Table 8.2. They take into account
the effect of all possible heat fluxes in the welded joint. The more directions of heat
diffusion there are, the less is cooling time (Fig. 8.5).

Formulas (8.5.5) and (8.5.6) are of the wide practical application, and they are
included into international standards (for example, EN 1011-2). However, it should be
noted that these formulas were obtained with considerable assumptions. For example,
they are not advisable to be used if the welding speed is relatively low (the longitudinal
heat fluxes cannot be neglected), and the surface heat transfer is significant. More
precisely, the cooling rate in the given temperature range can be found on the basis
of functional-analytical and numerical methods, taking into account the geometry of
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Table 8.2 Coefficients of weld type influence on cooling time Atrg/5 (Degenkolbe et al. 1984)

Type of weld Coefficient

Fa F3
Submerged arc 1 1
deposit
Multi-pass butt 0.9 0.9
weld
Single-pass corner 0.9-0.67 | 0.67
weld

Single-pass fillet 0.45-0.67 | 0.67
weld

the body and the distribution of the sources. It is recommended to introduce another
correction factors in the standard EN 1011-2 with respect to the welding position
and the welded joint configuration (Haelsig et al. 2017).

In multi-pass welding, the thermal cycles of the weldment depend on the interpass
temperature, that is, the temperature in a multi-pass weld and adjunct base metal
immediately prior to the application of the next pass (Dyakov et al. 1984; Rykalin
1950).
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Fig. 8.5 Influence of a 100 T
welded joint type on cooling | |
time Atgss in the case of
submerged are welding of S0k a ] l
10 mm thick steel plates
(initial temperature Ty = f I L 7
293 K) (Degenkolbe et al. -
1984) S 601 % .
;E 40 m m i
o F 2]
20 © IL, .
R .
0 1 1 1 1
0 1000 2000 3000
Heat input 0, ..., J mm’
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Chapter 9 ®)
Melting and Solidification of Base Metal e

9.1 Weld Pool Dimensions

If the temperature field in the body is known, it is possible to highlight the region,
heated above melting point 7', and all its geometric characteristics: length L,,, width
W,,, depth H,, and volume V,, of the weld pool and its cross-sectional area (weld
cross-section) A,, (Fig. 9.1). The shape of the weld cross-section is characterised by
relative depth of fusion H,,/W,, and the shape coefficient u = A,,/(Hy, Wy,).
Expressing dimensions of the weld pool in an explicit form as a function of
the geometric dimensions of the body, properties of the metal, and parameters of the
heat source is possible only with considerable assumptions. The relationship between
sizes of the given isothermal surface in the cases of a point source on the surface of a
semi-infinite body and a line source in a plate is described by Eqs. (5.1.57)—(5.1.59)

Fig. 9.1 Geometric
parameters of the molten
pool and weld
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and is shown in Figs. 5.13, 5.14 and 5.24. In the case of rapidly moving sources,
Egs. (5.1.127), (5.1.130), (5.1.148) and (5.1.154) have a simple form.

The shape coefficient p is usually less than one and depends on the welding
technique. For example, with manual arc welding, © = 0.6-0.7 (Rykalin 1951, 1957).

9.2 Melting Efficiency of Heat Source

Of all the heat put into the heated body, only part of it is spent on heating the metal
to melting temperature 7,. The rest is spent on overheating the weld pool above T,
and on heating the body to temperature below T,

The ratio of the heat spent on melting the base metal per unit length of the weld to
the net heat input is called the thermal efficiency of the base metal melting (Rykalin
1947, 1951, 1952, 1957):

AmpHm _ AmCIO(Tm - TO)
q/v

nr = : 9.2.1)

where H,, is the specific enthalpy at temperature 7', (more precisely, at liquidus
temperature 71 ), A,, is the cross-sectional area of the weld metal (Fig. 9.1).

Coefficient 5y characterises efficiency of using the input energy. It is the criterion
of technological similarity for welding by the fully penetrating arc (Sosnin and
Karkhin 2007). The coefficient depends on the metal properties (cp, T,), the welding
conditions (g/v, Ty) and the law of heat input, which influences the cross-sectional
area of weld A,,. Let us determine thermal efficiency nr of the point source on a
thick body and the line source in the plate.

9.2.1 Rapidly Moving Point Source on a Semi-infinite Body
The weld cross-section is a semicircle of radius r,,, bounded by melting temperature

T max = T, (Fig. 9.2¢). The area of semicircle A,, can be found from Eq. (5.1.129):

r2 q/v

Ap=—=—/—-. 922
2 ecp(Tn — To) ( )

Substituting (9.2.2) into (9.2.1), we obtain

1
nr = — = 0.3679. (9.2.3)
e

Theoretically, only 36.79% of the input energy is spent on melting the metal, the
rest is lost due to overheating the liquid metal and heating the solid metal.



9.2 Melting Efficiency of Heat Source 365

Fig. 9.2 Temperature (a) T
distribution (a) due to
rapidly moving sources in a
plate (b) and on the surface
of a semi-infinite solid

(¢) (Rykalin 1947, 1951,
1952, 1957)

v

z

9.2.2 Rapidly Moving Line Source in a Plate

The cross-section of the weld is a rectangle (Fig. 9.2b). Weld metal area A,, can be
found from Eq. (5.1.154):

1 q/(vh)
Ay =2y,h =2 . 9.2.4)
Y 2me cp(Ty — To)
Substituting (9.2.4) into (9.2.1), we obtain
_ 2 = 0.4839 9.2.5)
nr = m = 0. . 2.

Thus, thermal efficiency of a concentrated source in the plate is higher than in
the semi-infinite body. It depends on the type of the source and does not depend
on properties of the material. Distribution of the source has a large influence on 7y
(Berezovsky 1979; Rykalin 1947, 1951, 1952, 1957).

9.3 Solidification of Weld Pool

Movement of the solidification front (isothermal surface T, of the tail part of the
weld pool) determines the rate and direction of crystallisation and, consequently, the
primary microstructure of the weld metal.

Usually, the following assumptions are made when analysing the solidification
process.
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(a)

STy

Fig. 9.3 Successive weld pool contours and trajectories of solid/liquid interface of a crystal during
melting (ABC) and solidification (CDE) (a) and rate of melting and solidification R (b) (Karkhin
et al. 2010; Rajamaki et al. 2010)

e The fusion and solidification fronts are set by liquidus isotherm 7; = const
(Fig. 9.3a). In fact, during solidification (as the impurity concentration rises ahead
of the solidification front), value 7, decreases and, consequently, the tail part of
the pool is extended (Karkhin et al. 2010; Messler 1999).

e Direction of melting and growth of crystal coincides with the direction of temper-
ature gradient G (Fig. 9.3a), which means that the influence of crystallographic
orientation and competitive growth (grain selection) is not taken into account
(Karkhin et al. 2002a, b, c). Then, on the given boundary surface of the weld pool,
melting and solidification rates are determined as follows:

_ dEsi (1)
o dr

R =vcosa, 9.3.1)

where &g, is the coordinate of the interphase boundary of the crystal growth trajec-
tory &, o is the angle between the welding direction (x-axis) and the direction of
temperature gradient G at point £, on the pool boundary (Fig. 9.3a). The solidifi-
cation rate is zero at the weld interface (at point C), and it is maximal on the weld
axis where R = v (Fig. 9.3b). In practice, the local growth rate of the crystals never
will exceed the welding speed v (Grong 1994).

The primary microstructure of the weld metal is connected with the morphol-
ogy of solidification, which is determined by the state of the supercooled liquid
metal (impurity and temperature distributions) ahead of the solidification front. Four
limiting cases of solidification of alloys are usually considered (Chalmers 1962;
Kou 2003; Lancaster 1999; Messler 1999). These cases are conveniently described
in Dg/R-Dy /R plane, where Dg and Dy, are the impurity diffusion coefficients in the
solid and liquid phases, respectively (Fig. 9.4) (Karkhin et al. 2009, 2010). Parameter
D, /R characterises the width of the zone of increased concentration of the impurity
ahead of the solidification front during the steady state of this zone.

Case 1 (C1). Distribution of the impurity concentration in each phase is equilibrium
(uniform) due to intense diffusion (Dg — oo and D; — o0) and/or long diffusion time
(R — 0). This corresponds to the phase diagrams, for example, the Fe-C diagram.
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Fig. 9.4 The limiting cases SCl
(C1,C2, €3 and C4) and the * e
intermediate subcases (SC1, -
SC2, SC3 and SC4) of SC3 ne

solidification on the Ds/R et Le

parameter plane: Dg and Dy, T o
are the diffusion coefficients SC2
in solid and liquid, SC4

respectively; R is the Weld
solidification rate (Karkhin centreline
et al. 2009, 2010)

i |

0 ca W g 0 "C2

Case 2 (C2). There is no diffusion of the impurity in the solid phase (Dg = 0).
The distribution of impurities in the liquid phase is uniform due to ideal mechanical
mixing and intensive diffusion (D, — o0). This is the well-known calculation model
of Gulliver-Scheil (Messler 1999).

Case 3 (C3). There is no diffusion of the impurity in the solid phase (Dg = 0).
Diffusion occurs only in liquid (0 < Dy, < 00).

Case 4 (C4). The concentration of the impurity in the liquid does not change over
time due to the absence of mechanical mixing and diffusion (D, = 0).

All four solidification cases are limiting (Ds/R and / or Dy /R take discrete values 0
or 00). With the additional removal of one of these constraints, intermediate subcases
SC1, SC2, SC3, and SC4 are obtained (Fig. 9.4). Then the range of possible values
of the parameters is continuous. Intermediate subcase SC3 best takes into account
welding conditions. As the crystals grow, the solidification rate R varies from zero
at the weld interface to the welding speed at the centre of the weld. In this case, the
point characterizing the case of solidification moves on the parameter plane within
the area of SC3 (in Fig. 9.4, this movement is indicated by an arrow).

Morphology of solidification is determined by the ratio of the local tempera-
ture gradient G to solidification rate R. The values of G and R can be obtained
by solving the heat conduction problem. Since ratio G/R varies greatly in the pro-
cess of solidification from the boundary to the centre of the weld, different types
of the primary microstructure of the weld metal are formed in the cross section:
planar, cellular, columnar-dendritic and equiaxed-dendritic (Fig. 9.5). For quantita-
tive prediction, it is necessary to know the concentration field of the impurity at the
solidification front, which can be obtained by solving the diffusion problem for the
non-homogeneous body, taking into account the different solubility of the impurity
in the phases (Karkhin et al. 2009, 2010).

The trajectory of the crystal growth is determined by the shape of the boundary
surface of the weld pool. Explicit models describing the equations of the crystal
axes were proposed earlier (Prokhorov 1968, 1979). The approach, which allows
for the growth of grains along the crystallographic directions (which, in general,
do not coincide with the direction of gradient G) and the competitive grain growth
during the solidification is more accurate but more complex (Karkhin et al. 2002a,
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Fig. 9.5 Schematic of primary microstructure formation of the weld metal

b, c; Ploshikhin and Bergmann 1998). With this approach, the following physical
assumptions are accepted:

e the solidification front is set by liquidus isotherm 7y ;

e size distribution and crystallographic orientation of grains are known;

e the solidification problem is two-dimensional, which is true for the case of welding
thin plates;

e there is a selection of grains according to the following criterion: the growth
rate of the grain whose crystallographic direction is closer to the direction of the
temperature gradient is higher than that of the neighbouring grain.

The solution to the crystallographic problem is the set of grain boundaries, that
is, the calculated “macrosection” of the weld in the plane of the plate, the statistical
processing of which gives the distribution of the grain sizes and directions of the
crystallographic orientation of the grains at any distance from the weld interface.

As an example, Fig. 9.6 shows the calculated “macrosection” of the weld during
melting the edge of an AC120 (1.15% Si, 0.4% Mg) aluminium alloy plate 1.15 mm
thick with a laser beam of 0.6 mm in diameter and a power of gg,ps = 1700 W.
It was assumed that the distribution of the size and crystallographic orientation of
the grains of the base metal is random and uniform, and the initial diameter of the
grain lies within the range 20-30 pwm. The temperature problem is solved by inverse
modelling (Chap. 11).

The welding conditions have a significant effect on the shape and texture of the
weld metal (Fig. 9.6). The shape of the weld pool determines the preferential crys-
tallographic orientation of grains (the most probable angle y of the crystallographic
orientation of the grains). The more elongated is the shape of the pool (the greater
the speed v), the greater is angle y (Fig. 9.6a). The wider is the weld pool relative to
the size of the base metal grains, the more intensive is the selection of grains, which
leads to the difference in the texture and, therefore, in the properties between the
weld metal and the base metal. The difference increases with the distance from the
weld interface (Fig. 9.6b).

The solidification front of the weld pool is of a complex shape, which depends on
a heat source, dimensions and properties of the weld metal. Knowing the weld pool
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Fig. 9.6 Experimental and simulated grain structure in the longitudinal section of a 1.15 mm thick
ACI120 aluminium alloy plate after remelting the plate edge by a laser beam at power ggross =
1700 W and speed v = 50 mm s~ (a) and 16.7 mm s~! (b) (only the tail part of the weld pool is
shown) (Karkhin et al. 2002a, c)

geometry, we can determine a trajectory and a growth rate of crystal by numerical
methods (Karkhin et al. 2009, 2010; Prokhorov 1968; Rajamaki et al. 2010). For a
generalised analysis of the trajectory and the growth rate it is advisable to find the
solution in the form of equations.

Let us find the equation of the columnar crystal axis for a moving weld pool under
assumption that the solidification front retains its constant shape, moves at constant
speed v along the x-axis, is approximated by the elliptic arc in the plane containing
the x-axis and the crystal grows along the normal to the front (orthogonal trajectory).

Movement of the solidification front can be presented by the family of ellipses
(Fig. 9.7a)

2
_(x—X0o y\2 _
€0(x,y,xo)—< - ) +(E> —1=0 (9.3.2)
or
x=LJ/1—(/w?+x. 9.3.3)

Generally, orthogonal trajectories are described by the equation (Korn and Korn
1968):

% ax =24y, (9.3.4)
y
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Fig. 9.7 Growth of crystal under solidification of a moving ellipse-shaped weld pool: family of
ellipses ¢ (x, y, x9) and axes of growing crystals y (x) (a), views of crystal axes in dimensionless
coordinates (b), dependence of a dimensionless growth rate of crystals w = vy/v on dimensionless
distance to the weld interface n = y/w (c¢)

With allowance for (9.3.2) from (9.3.4) we obtain:

2
dx = (ﬂ) Ny (9.3.5)
F)y

From (9.3.2) we determine the parameter of family x( and insert it into (9.3.5),
resulting into:

2 _ 2
x= f— / —Vl}()y/w)dy. (9.3.6)

Using the following integral (Prudnikov et al. 1986)

2 2\1/2
/ l(a2 — xz)l/zdx = (a2 - xz)]/2 —aln ar (a * ) (9.3.7)

X

X
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we obtain the equation of the axis

2

x= w—|:\/1 —(/w? —1In

L,

1+1—(y/w)?
y/w

} +C. (9.3.8)

Taking the coordinate of the growth start for the upper crystal as x = 0 and
y = w, we find the constant of integration C = 0.

Figure 9.7a shows that crystal y(x) starts growing perpendicularly to the weld
interface, then its axis gradually bends asymptotically approaching the x-axis. The
trajectory depends on ellipse axes L, and w, and their ratio L,/w.

Equation (9.3.8) can be expressed in the dimensionless form:

1 1+J1—n2
$:X(V1—YI2—1 i 1 );
n
L,
&= i;n = l;k =—. 9.3.9)
w w w

Axes of crystals (9.3.9) are shown in Fig. 9.7b, proving that the more elongated
the tail of the weld is (the higher the value of \ is), the more curved the crystal axis
will be.

The rate of weld solidification determines distribution of impurities ahead of the
solidification front. Therefore, it is an essential feature that characterises microstruc-
ture and properties of the weld metal (Karkhin et al. 2009, 2010; Rajamaki et al.
2010).

When the solidification front is shifted by dx, value, the crystal at point A will
increase by dl value in the direction of the normal to the front, which is determined
by the relation:

dl
— = cosa, (9.3.10)
de

where « is the angle between the normal and the x-axis (Fig. 9.7a). On the other
hand, the value of cosw is defined by the equation of ellipse x (y) (formula (9.3.3)):

1 772 —-1/2
cosa = = (1 + A2 2) , (9.3.11)
V1+(dx(y)/dy)? 1=

as Eq. (9.3.3) results into

L
dx _ _Lr_y/w 9.3.12)

dy ~ w /1= (yjwy

Expression (9.3.10) can be interpreted as a dimensionless crystal growth rate
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oo L _1dl_ v 9.3.13)
dxg vdt v

where v is the speed of weld pool motion, vy = dl/dt = R is the solidification rate

(crystal growth rate), 7 is the time elapsed from the crystal growth start (xo = vz).

Figure 9.7c presents a crystal growth rate with a different ratio of the weld pool
tail to its half-width . It is visible that the elongated tail of the weld pool (\ is high
in values) shows a maximum growth acceleration of solidification dw/dn with  low
in values (near the weld centreline), whereas relatively wide weld pools (. is low in
values) show a maximum growth acceleration of solidification with 7 high in values
(near the weld interface). Variability of a solidification rate leads to the non-uniform
distribution of liquating elements along the crystal axis (Karkhin et al. 2009, 2010;
Rajamaki et al. 2010).

Equations (9.3.8)—(9.3.13) enable calculating the shape of the crystal axis and
its growth rate. The change from dimensionless values to dimensional ones is made
using formulas (9.3.9) and (9.3.13). It is easy to determine changes in the width
of columnar crystal in the plane (two-dimensional) and volume (three-dimensional)
crystallisation with the assumption that crystal grows continuously and along the
temperature gradient (Prokhorov 1968).

It is significant that the obtained results refer to the solidification front of the ellip-
tical shape. The two geometrical parameters (L, and w) of the solidification front
depend on welding conditions and metal properties; they can be determined analyti-
cally in an explicit form using models for rapidly moving heat sources (Sect. 5.1.4),
or empirically. If the solidification front is different in shape from the ellipse, for
example, is tear- or egg-shaped (Karkhin et al. 2016; Prokhorov 1968; Yadaiah and
Bag 2014), then crystal’s trajectory and growth rate can be calculated by numerical
methods.

9.4 Effects of Latent Heat

While the amount of the heat of phase transitions in the solid state is relatively
small and can often be neglected, the amount of the heat of melting in the specific
enthalpy of the liquid metal can reach 40% or more (for example, in aluminium
alloys). Therefore, when analysing segregation of chemical elements, the formation
of hot cracks, microstructural and other phenomena near the weld pool, the effects
of the heat of melting and solidification should be taken into account.

Allowing for the amount of heat of phase transformations leads to a non-linear
heat conduction problem (see Eq. (3.6.4)). Introducing the area-specific heat source
power density ¢, instead of volumetric power density g3 (g3 = g2/h), we obtain the
non-linear heat equation for the plate in the following form (Karkhin et al. 2005c):

vaoT

a 0x

g, v HAH) _
Ao oac ax

) 2a
VT + — E(T —Too) + 0 94.1)
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Non-linearity refers to the last term of Eq. (9.4.1) with phase transition heat AH,
which depends non-linearly on temperature. This term can be formally presented
as an additional distributed source and sink in the area of phase transformations
(Fig. 3.6). Then non-linear Eq. (9.4.1) can be changed into an integral equation,
which is solved by the iteration method with the required accuracy (Karkhin et al.
2004, 20054, b, ¢):

T, y) — Ty = f / G2(E. )G (x. y. £, mydidn

Dpg

I(AHD)
+vph / f S GOk mdsdy, (042)
Dy,

where
_ — 2 2
G(_X, yv és 77) = 27‘[)\,}1 exp<_V(x2a é)>I<O (MV\/(.X s)za-i- (y )’]) >,
I 8aa 043
= cohv?’ 4.

Here Dy, is the coverage area of the real heat source, where ¢, # 0; D,,; is the
mushy zone, where d(AH)/dx # 0 (Fig. 3.6); i is the iteration number; G is the
Green'’s function (temperature at the point x, y due to the moving line source of the
unit power acting at the point &, n). The Bessel function Ky is infinite at pointx =&, y
=1, therefore it is recommended to integrate near this singular point by the Gaussian
quadrature in the polar coordinate system (Ramachandran 1994).

The iteration process is as follows (Karkhin et al. 2004, 2005a, b, c; Prakash et al.
1987):

(1) successively at the ith iteration, 3( AH®)/dx is determined by the known AH®
distribution and temperature T is calculated from Eq. (9.4.2);

(2) AHY*D is calculated at the i + 1 iteration taking into account the following
constraints:

AH™D = AHD + wc[TY — T(AHD)];

AH™D = max[0, AH"D];

AHY = min[L, AH™V], (9.4.4)
where w is the iteration parameter, @ > 0; T (AH) is the inverse function (7 is the

function of the heat of melting AH). From the convergence of the iteration process
(AH™D ~ AH") we obtain the phase transformation condition T = T(AH).
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Equation (9.4.1) can be solved with any given accuracy. The solution error is
determined by the accuracy of integration (9.4.2) and can be made as small as is
wished.

It should be noted that the heat of solidification can differ from the heat of melting,
for example, when the pool is doped with a filler material. This can be taken into
account in Egs. (9.4.2) and (9.4.4). The influence of the plate’s limited width can be
taken into account with the method of images.

The presented method allows us to account for the heat of any phase transitions,
for example, for « — y transformations in steel. Similarly, the solution for the three-
dimensional case can be obtained, with the only difference in Eqs. (9.4.1)—(9.4.3)
(since the Green’s function is also different) (Karkhin et al. 2005a).

Let us analyse the influence of the heat of melting and solidification on the thermal
processes during the laser welding of plates of aluminium alloy AlSi0.5 containing
0.5% Si, under the following conditions: 4 = 1.5 mm, » = 200 W m~! KL, 0=
2710kgm=>,c=1.048J g7' K™, a = 70.4 mm? s~!, Ts =853 K, T, = 930.7 K,
L=4193]g ', a =50 Wm™2K"!, g = 1350 W, with the radius of the uniformly
distributed source 7y =0.25 mm, v =46.67 mms~!, Ty = T, =293 K. The power of
the heat source (the effective power of the laser beam) g was determined by inverse
modelling (Chap. 11). In the numerical solution, the properties shown in Fig. 9.8
were used.

When calculating the temperature field, the following assumptions for the tem-
perature dependence of enthalpy H(T') and heat capacity ¢(T) can be made according
to equation ¢ = dH/dT: non-linear dependence of the enthalpy of phase transition
AH(T) (solid curve in Fig. 9.8), simplified linear dependence AH(T') (dotted curve),
neglect of AH(T) and constant heat capacity ¢ (dashed line) and neglect of AH(T)
and constant heat capacity ¢, (dot-dashed line). The liquidus (7';) and solidus (T's)
isotherms in the quasi-stationary state are shown in Fig. 9.9. It follows from the figure
that if we do not take into account the heat of melting and solidification (AH(T) =
0) it gives us an overestimated weld width at ¢ = const and an underestimated weld
width at c,,, = const.

The type of the temperature dependence on the heat of melting and solidification
AH(T) has a strong influence on the shape of the tail part of the weld pool (T,
isotherm). The release of heat of solidification mainly near liquidus temperature
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Ty leads to the sharpened tail of the weld pool (solid curve 7' in Fig. 9.9b) and a
very small temperature gradient just ahead of the solidification front (solid curve in
Fig. 9.9a). The sharp form of the tail part of the liquid pool in the form of ripples on
the weld surface can be observed experimentally (Karkhin et al. 2004, 2005a, b). If
AH(T) dependence is assumed to be simplified linear, the width of the mushy zone
increases significantly, the tail part of the pool turns out to be less sharp, and the
width of the pool practically does not change (the dashed curve in Fig. 9.9b).
The dimensionless heat of melting of AlSi0.5 aluminium alloy is as follows:

L

= — 9.4.5
(T, — To) 042

and is equal to 0.6648, which corresponds to 40% of the heat of melting in the specific
enthalpy of the metal at liquidus temperature 7', . For austenitic stainless steel AISI
304 (0.1% C, 18% Cr, 8% Ni), the dimensionless heat of melting is much smaller:
A = 0.2294 (Karkhin et al. 2005a).

For the plate and the assumed H(T') dependence (Fig. 9.8), the thermal efficiency
of the base metal melting is as follows:

_ Wahple(T, — To) + L]

9.4.6
e (9.4.6)

nr
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Let us analyse the effect of the heat of melting L on thermal efficiency nr when
welding heat-insulated plates (Fig. 9.10). Curves 2 and 3 were obtained by solving a
non-linear problem (Eq. (9.4.1)). It can be seen that the values of n7 can far exceed
0.4839 (see Eq. (9.2.5). The greater the heat of melting is, the higher is the value nr
(for an aluminium alloy it is higher than for steel).

The solution to differential Eq. (9.4.1) is followed by certain difficulties because
of the last non-linear term d(AH)/dx that takes into account the heat of melting.
The question arises: whether this term can be excluded, and, in the remaining linear
equation, whether the heat of melting can be approximately taken into account in one
of the ways: (1) by changing the coefficients in the differential equation (material
properties) or (2) by changing input energy g,. Let us estimate the error of these two
approximate methods of considering the heat of melting.

In the first way, we replace in (9.4.1) the heat capacity ¢ with ¢,,, = ¢ +
L/(T, — Tp) and the thermal conductivity A with A,, = A+ apL/(T, — Tp) so
that the thermal diffusivity a and, consequently, the Peclet number Pe would not
change (a = A/(cp) = Ama/(Cmap) and Pe = vx/a = const). It should be empha-
sised that such a replacement is equivalent to allowing for the heat of melting
in the specific enthalpy of the metal at liquidus temperature 7. In other words,
cma(Ty — Ty) = H(TL), where H(Ty) is the given enthalpy at the liquidus tem-
perature (Fig. 9.8). This approach is used in the work (Rykalin 1951, 1957). The
corresponding dependence is shown in Fig. 9.10 (curve 5). It does not depend on
speed and is general for all materials with different values of the heat of melting.

In the second way, the energy spent for melting of the metal and distributed along
the melting front is attributed to the centre of the source, that is, effective power ¢ is
formally replaced by ¢ — vW,,hpL (Sosnin and Fedotov 1989). Then we define the
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width of the weld W by the iteration method and the thermal efficiency by formula
(9.4.6) (Fig. 9.10, curves 1 and 4). The values of the asymptotes in this approach
can be determined analytically using the model for a rapidly moving line source. In
the absence of surface heat transfer:

_ q/(vh)
Jrel2ep(Ty, — To) + pL

(9.4.7)

Substituting (9.4.7) into (9.4.6), we obtain:

1+A

nr=—F—=—or.
! Jrel2+ A

It results from this formula that the thermal efficiency increases with increasing A
(for example, due to preheating temperature 7). The asymptote values are 0.6095
for the aluminium alloy and 0.5355 for the austenitic steel (Fig. 9.10).

From comparison of curve 2 with 1 and 5 (aluminium alloy) and curve 3 with 4
and 5 (steel) in Fig. 9.10 it follows that in the general case they do not coincide. In
general, the accuracy of option 2 (curves 1 and 4) is much higher. Option 1 gives
underestimated values (curve 5).

The dependence of the thermal efficiency of the base metal melting on the effective
energy has a maximum, which is the lowest when the surface heat transfer is the
highest (Karkhin et al. 2005a, b, c).

The heat of melting and solidification influences the shape and size of the weld
pool and, consequently, the characteristics of the solidification process (the shape of
the “ripples” of the weld, the rate of solidification, the shape of the crystal axes, the
segregation of the elements, etc.). These conclusions are confirmed by experiments
(Karkhin et al. 2005a, c; Kou 1981; Kou et al. 1982).

(9.4.8)
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Chapter 10 ®)
Heating and Melting of Filler Metal e

Fusion welding relies on filler metal in the form of a covered electhrode (in manual
metal arc welding), electrode wire (in mechanised arc welding and electroslag weld-
ing), wire, rods and bars (in gas tungsten arc welding, laser, electron beam and gas
welding).

10.1 Heating and Melting of Covered Electrodes

The electric current that flows along the electrode of finite length L heats it up. The
end of the electrode is also heated by the arc and melts (Fig. 10.1).

When analysing electrode heating, it is possible to define two sources of heat: a
conventional heat source, which is distributed uniformly along electrode length L and
which allows for the effect of the flowing current, and a moving plane source, located
on the end of the electrode and which allows for the effect of the arc (Fig. 10.1).
The conventional source causes a steady rise of temperature along the length of the

Fig. 10.1 Temperature (a)
distribution along the *-

covered electrode at
short-time heating (a) and
long-time heating (b) (Frolov
1988; Nerovny 2016)
L T (\)
L
v
r 1| ;__
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electrode, whereas the moving plane source causes a rise of temperature only near
the arc. The latter can be determined from Eqgs. (5.1.103) and (5.1.104).

However, it is complicated to calculate heating and melting of the electrode with-
out determining the effect of the cover, temperature dependences of the electrode
properties and an arc power contribution to electrode melting. These problems are
specified in the books (Rykalin 1951, 1957).

10.2 Heating of Electrode Wire

Many research papers focus on heating an electrode wire (Halmoy and Karkhin 1999;
Karkhin et al. 2001, 2002, 2005; Kim et al. 1991; Paton 1948; Vasilyev et al. 1974;
Waszink and Heuvel 1982). In addition, voltage drop in the electrode extension was
considered (Jonsson et al. 1995; Karkhin et al. 2002, 2005; Lancaster 1986; Waszink
and van den Heuvel 1979).

Assume that radial temperature distribution across the electrode is uniform, which
was shown in paper (Paton 1948). Select a segment of the electrode wire with diameter
d, and dx in length that moves at speed v in the environment at temperature 7',
(Fig. 10.2b). Heat balance of the segment for df period of time, which allows for heat
conduction, surface heat transfer and Joule heating, is described by the following
equation (Vasilyev et al. 1974)

0°T

T2
szdedxdt —a(T — Ty)md.dxdt
b4 b4 aT
+ poj2=d?dxdt — cp=d?dx—dt = 0, (10.2.1)
4 4 ot
Fig. 10.2 Temperature (a) 1800
distribution in the electrode v 1600
extension (a) and the model : —— Analytical solution
. . = 1400 . .
for calculation (b) (Vasilyev 01, — - - Numerical solution I
etal. 1974) E 1200
2 1000
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= 800
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where j is the current density, p, is the specific electrical resistance.
Consider the steady-state process, 07 /9t = 0. Turning to the coordinate system,
stationary relative to the arc, we obtain the ordinary differential equation

d*T dT 4
a7 a(T—Too)+%j2:0. (10.2.2)

dx? adx d,\

Generally, Eq. (10.2.2) is non-linear, as all properties of the material depend on
temperature. Assume, a, A, o are constant and resistance p, is described by linear
dependence p, = po+p;T.Consequently, Eq. (10.2.2) results into a linear differential
equation

d*T  vdT o1 ., 4a po ., 4o
— | = - | T+—=j"+ Too =0 10.2.3
dx? adx ( »! dek> P don ( )
under the following boundary conditions:
T=Ty, forx =0; (10.2.4)

T=T, forx=0L;

where L is the electrode extension (Fig. 10.2).
The solution of problem (10.2.3)—(10.2.4) is represented by the following expres-
sion (Karkhin et al. 2002, 2005; Vasilyev et al. 1974):

exp(Ax) — exp(Bx +[A — B]L)
1 —exp([A — B]L)
;- exp(Blx — L]) —exp(Ax — BL) _ poj*+ FaTs
" 1 —exp([A — BIL) pij?— o
y {exp(Ax) —exp(Bx +[A — B]L) +exp(B[x — L]) —exp(Ax — BL) _
1 —exp([A — B]L)

T="T

1)
(10.2.5)

where

A=t (L)z_&jz+ e gV (L)Z_&jzﬁa,
2a 2a A d, A\ 2a 2a A d.\

The first term allows for the effect of heat release in the electrode—tube contact,
the second—the effect of the arc, the third—the effect of the flowing current.

Figure 10.2a presents distribution of temperature in the Sv-08A steel electrode
wire extension with diameter d, = 4 mm during direct current reverse polarity weld-
ing at/ = 600 A and v =21.2 mm s~'. The curves are plotted according to analytical
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solution (10.2.5) and numerical solution of Eq. (10.2.2) with boundary conditions
(10.2.4) considering temperature dependences of a, A, o and p,.

Ina particular case if there is no surface heat transfer (o = 0) and specific resistance
p. 1s constant, the solution to the problem is simplified (Karkhin et al. 2002, 2005):
pej2L> eXP(WC/a) —1 + ;Oej2

+ T, 10.2.6
cov Jexp(vL/a) —1 cpv rr o ( )

T(x) = <Tm —To—

or in a dimensionless form

Pe&) — 1
0(E) = (1 — i)w + &g (10.2.7)
Pe/ exp(Pe) —1 Pe
where dimensionless temperature 6, coordinate &, feed rate Pe (Peclet number) and
energy g are expressed as it follows:

T—Tp X vL pejiL?
—f=—Pe=—;g=—""""—.
T, — Ty L a ATy — To)

0 =
Equation (10.2.7) shows that the current has an impact on temperature growth pro-
portional to the distance from the contact tube (second term), and the temperature
increases exponentially as the arc is approached (first term). Figure 10.3 illustrates
temperature distributions along the electrode extension when welding steel, alu-
minium and titanium under a feasible range of values for current density j, feed rate
v and electrode extension L. The higher values of electrical and thermal conductivi-
ties represent, the lower electrode temperature and the larger arc affected zone will
be. The fraction of Joule heat in electrode melting amounts to 5-25% for aluminium,
8-90% for steel, 25-98% for titanium. The analysis of the effect of welding param-
eters on temperature distributions along the electrode extension is provided in the
papers (Karkhin et al. 2002, 2005).

Fig. 10.3 Dimensionless 1.0
temperature distributions
along the electrode extension
of steel (St), aluminium (Al)
and titanium (Ti) wires under
a feasible range of welding
conditions (Karkhin et al.
2002, 2005)
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The analytical solution of the problem is considerably complicated in pulsed
power (pulsed current) welding (Karkhin et al. 2001, 2002, 2005). This approach is
based on the fundamental solution (7.2.35).

Knowing temperature distributions along the electrode extension 7'(x), it is pos-
sible to find a voltage drop in the electrode extension

X

Ux) = /pe(T(x))jdx. (10.2.8)
0

The publications (Karkhin et al. 2002, 2005) provide the analytical solution of this
problem, showing that the voltage drop in the electrode extension can be significant.
For instance, in steel wire welding voltage falls to 5 V (Fig. 10.4). Notably, similar
curves result from experiments (Naidu et al. 2003; Waszink and van den Heuvel
1979).

10.3 Melting of Electrode Wire

Electrode melting is caused by both Joule heat, when the electrode is heated by the
flowing current, and the arc (anode heating if polarity is reverse). Under the steady
conditions the rate of electrode melting is equal to the feed rate; it depends on current
I and the length of extension L (Welding 1991)

v=cI+cLI?, (10.3.1)

where c; and ¢, are constants, allowing for effects of anode or cathode heating and
Joule heating respectively. If current is low and extension is short, the first term
is more significant. If wire diameter is small, extension is long, current is high,
the second term is more significant. For instance, during gas metal arc welding
(reverse polarity) with a low-carbon electrode of 1.6 mm in diameter coefficients ¢,
=0.152mms'A'and ¢, = 4.42 x 1074 s~ A2 (Welding 1991). Let us find
coefficients c; and c; analytically.
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Fig. 10.5 Resistivity of some steel wires as functions of specific heat content (a) and the resistive
heat content as a function of parameter Lj2/v (b) (Halmoy 1986)

Under the steady conditions, in accordance with Ohm’s law, the heat content of
a moving electrode element (Fig. 10.2b) is changed at the following rate (Halmoy
1991):

dH dH 5
=y =p,j° 10.3.2
7 = gy =Pl ( )
Note, resistivity p, depends considerably on temperature (its enthalpy H)
(Fig. 10.5a).
Assume that enthalpy H starts in point x = 0. Integrating Eq. (10.3.2), we get

. L Hy
J—/dx - f H _ omy (10.3.3)
v Pe
0 0
or
Lj?
= f(Hp). (10.3.4)

Here H | is the heat content of metal at the end of the extension (atx = L). Usually,

conditions of gas metal arc welding are in compliance with linear sections of curves
Hy (Lj*/v) (Fig. 10.5b):

Lj?
Hy =p, =~ —b, (10.3.5)
A%

where p; and b are known constants.
Power required for electrode melting and droplet detachment is equal to:

H,Av =¢ I+ H Av (10.3.6)
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or
J
Hp + 9= = Hy, (10.3.7)
v

where H ,, is an empirical constant (total energy per unit of electrode’s volume), A is
the cross-sectional area of the wire, ¢ is an empirical constant (potential drop at the
anode).

Inserting (10.3.5) into (10.3.7), we obtain analytical dependence of a wire feed
rate on current and extension length (Halmoy 1986):

1
= i+ prLj%). 10.3.8
v Hm+b(<p1 prLj?) ( )

The form of this equation is agrees with empirical formula (10.3.1).

Si—Mn steel has the following constants in Eq. (10.3.8): H,,= 11.1 ] mm~— (a
little higher than liquidus temperature), b = 4.0 J mm~ (dependent on steel resis-
tivity), ¢ = 3.50 V (equal to the work function of steel), p.= 1.2 mS2 mm (equal to
the resistivity of hot steel). Thus, the wire feed rate (melting rate) is the following
(Halmoy 1991)

v=023j+8.0 x 107°Lj>, (10.3.9)

where dimensions: v—mm s, J—A mm~2 and L—mm. This dependence is shown
in Fig. 10.6.

Based on a similar physical model, a calculation method for melting of electrode
wire during pulsed power welding was developed (Halmoy and Karkhin 1999).

Fig. 10.6 Electrode feed 250
rate as a function of current
density j and electrode
extension L
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10.4 Heating and Melting of Filler Wire

The solution to the problem is obtained for a moving point source on the surface of a
solid cylinder (Sect. 5.1.3.11); it ensures solution for any surface distributed source
by using the method of sources. Generally, the solution can be presented in the form
of a double integral taken over the filler wire surface exposed to heating (Carlson
et al. 2013).

Solving a heat conduction problem can be considerably simplified with the fol-
lowing assumptions: along the wire cross-section the temperature is constant, the
temperature field in a moving coordinate system is steady and the surface heat trans-
fer is unavailable (Fig. 10.7). Therefore, distribution of enthalpy increase H along
wire axis x is expressed in cylindrical coordinates

L n

4

H(x) = //qz(G, x) cos Od,dOdx (10.4.1)
wd2pv
x 0
or in Cartesian coordinates

A L dJ)2

H(x) = — / / q(x,y,z)dxdy;z =d,/2cos 6. (10.4.2)
wdzpv
x —d,/2

Assume that a normally distributed source of r. radius does not depend on 6
angle (z coordinate), its axis is tilted to x-axis at 8 angle and shifted from x-axis by
vo. Then the heat flux on the wire surface is described with the equation similar to
(1.2.8):

Fig. 10.7 Schematic (a)
diagram of filler wire heating $ . Tp—_
and melting: heat flux ¢ AR hie
distribution (a); temperature !rf )
AT (enthalpy H) distribution S @ﬂu,\ e
along wire axis 4
x (b) (Carlson et al. 2013) . B = Il
] r 0 ‘i -
S N 1 1 '
D, =t
D,
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g . v =) x2
Gr(x,y) = n_rez sin B exp(— = — o/ sin ,3)2)‘ (10.4.3)

Substituting (10.4.3) into (10.4.2), we obtain

H) = ndgpv [<D<d6/2r+yo> +q><de/2r— YO>i|

x [cb(Si'; ﬁDa,) — cb(SiI: ﬂx):l. (10.4.4)

Extension length L can result from (10.4.4) provided that enthalpy conforms to
liquidus temperature H, at the wire tip:

L=l g (q)(sin ﬂDa,> B nd?pvHy
sin B Te q

~1
x [@(@) = @(@)} ) (10.4.5)

where ®~!(u) is an inverse error function.

Extension length L is very sensitive to effective heat source power g. The higher
power ¢ is, the shorter length L will be. Thermal diffusivity of material a does
not affect the extension length, it affects only temperature distribution in the wire
(Fig. 10.7b).

Figure 10.8 exemplifies the dependence of the distance between arc axis and wire
tip D,,, on v feed rate of bronze wire AWS 5.7 (2.8-4.0% Si, <1.0% Sn, <1.0% Zn,
<1.5% Mn) under the following conditions: g =462 W, r. = 1.0 mm, d, = 1.2 mm,
Dy = 10 mm, yo = 0, B = 90°, the distance between the non-consumable electrode
and the wire equals 1.9 mm (Carlson et al. 2013).

Fig. 10.8 Effect of a feed 1.5 . . . . v
rate for a bronze wire of Calcu I_atiotl
1.2 mm in diameter on the 1.3 ooo Experiment
distance between the arc axis =
and wire tip D, (Carlson 5 11
et al. 2013) Q

S 09] 3

@ o

2 07 °

0.5 J

5 10 15 20 25 30 35
Wire feed rate v, mm s’
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Chapter 11 ®)
Inverse Heat Conduction Problems Geda

in Welding

11.1 Formulation of an Inverse Heat Conduction Problem

In the previous chapters, we addressed a direct heat conduction problem: the heat
conduction problem is solved with allowance for input data (parameters of the weld-
ing heat source, body geometry and material properties). As a result, temperature
field and all its characteristics are obtained. This procedure can be presented in a
schematic form: independent input parameters pi, p», ..., px of vector p are given,
and a dependent vector (response function) T is obtained with the following param-
eters (output data): Ty, T», ..., Ty (Fig. 11.1a):

T = f(p). (11.1.1)

Equation (11.1.1) is a mathematical model of the process.

Another problem often arises in the welding practice: finding such parameters of
the heat source that would provide the required characteristics of the temperature
field (weld size, cooling rate at the specified temperature, peak temperature at the
specified points, etc.). To put it differently, the components of vector T {T';, T, ...,
T,} serve as input parameters, while the components of vector p {pi1, p2, --., Px }
serve as output parameters (Fig. 11.1b):

—1
p=/(D. (11.1.2)
(@) (b)
2, - i | v — ) ST
JJ:;: —: Mathematical '_:? ;_: Mathematical —:p:
Py i maodel I._ ;{-’_ R maodel "'.'_p
| r ¥

Fig. 11.1 Schemes of direct (a) and inverse (b) problems of heat conduction
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Such problems are inverse, since welding conditions (heat source, welding speed,
etc.) are determined according to the result (temperature field). Solving the inverse
problem makes it possible to restore the entire temperature field and find all of its
characteristics. A formulation of the inverse heat conduction problem, methods of its
solution and example solutions of practical problems are provided below. Particular
attention is drawn to implementation of the methods. Inverse heat conduction prob-
lems and methods for their solution are considered in numerous publications (Beck
etal. 1985; Beck 1991; Karkhin et al. 2001a, c; Kurpisz and Nowak 1995; Tikhonov
et al. 1990; Zabaras 1991).

Usually, it proves difficult to achieve the required result, and all that is left is to
be content with the best possible (optimum) result. This poses the question of what
result can be considered “the best”, what changes can be beneficial and what the
limits of such changes are.

Answering the first question requires formulation of an optimality criterion for
comparative assessment of feasible solutions and selection of the best one. Other
questions can be answered using a mathematical model for the optimisation object,
i.e. a solution to the direct heat conduction problem. Variables that change during
value optimisation are called optimisation parameters, or design variables, while
conditions or restrictions that define acceptable values of the variables are called
constraints.

The optimality criterion is called an objective function. Its definition is the most
important and difficult stage in formulating the inverse problem. It reflects the
researcher’s view of the problem and is hereby subjective. With regard to weld-
ing, it can be formulated based on the following augmented sum of squares function
(Karkhin et al. 2001a, c, 2002a, b, c, d, e, 2003a, b, ¢, 2007¢, 2010):

J K
F(p) =Y wl[f"— f;mP+> wllp{ — pi?+RT.— min,  (11.13)
j=1 k=1

where p is the vector of the sought parameters, p = {pi, p2, .., px }; J is the number of
observations; K is the number of the sought parameters; f; and f° j’” are the calculated
and prescribed (measured) characteristics of the temperature field at jth point; py
and p{ are the kth sought parameter and its value specified a priori; wf and v/ are
weighting factors for the characteristic of the temperature field at jth point and the
kth sought parameter; R.T'. is the regularisation term:

N N—-1
RT.=wo Y [pal +wi Y [Puet — pul” + Walpnsz — 2pner — pal’. (11.1.4)
n=1 n=1

Here, N < K. Sought parameter p; can be a characteristic of the heat source,
cooling rate, etc. (value dimensions can be different) (Fig. 11.2).

Response function f (the prescribed and calculated values at jth point, /7" and f;)
can be a thermal, metallurgical, chemical or mechanical characteristic (Fig. 11.2).
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Objective function
F

T
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Response function

i

Unknown parameters

p

Constraints

Thermophysical response:

* temperature T

« peak temperature 7,

« temperature gradient gradT
+ cooling rate -87/6t

* cooling time from T, to T,
sdwell time above T,

ete.

Metallurgical response:
* texture orientation

+ microstructural content
* grain size

« dendrite arm spacings
+ hardness

ete.

Chemical response:

« chemical composition
« diffusion

* pores

etc.

Mechanical response:
» residual stress

« distortion, shrinkage,
* buckling

etc.

Heat source distribution
Welding speed

Discrepancy of guessed
values Ip," - p,| = min
Heat input ¢, < ¢,
p=0

Regularisation

Fig. 11.2 Master chart of the objective function for fusion welding (Karkhin et al. 2001c, 2002a,

b, ¢, 2015)

Weld dimensions in the cross-section (isotherm 7'« = T ), HAZ width, geometry of
aripple on the surface of the weld (geometry of the tail part of the weld pool interface)
can serve as a thermal response function. If the response function is not thermal, it is
assumed that there are models that associate thermoactivation metallurgical, chemical
and mechanical phenomena with the characteristics of the temperature field.
Constraints can contain the value of the kth parameter pg specified a priori, con-
straints on its sign and magnitude, the value of effective power g,.; (1, < 1), etc.

(Fig. 11.2).
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Fig. 11.3 Moving reference frame (a) and an approximation of the line source power distribution
by piecewise-linear function (b) (Karkhin et al. 2001c, 2002d)

It is recommendable to take weighting factors wf inversely proportional to mea-
surement error variance (mean-square error) f;” (Beck et al. 1985) and weighting
factors wi inversely proportional to the squared interval within which parameter
pr can change relative to prescribed value pg (Tikhonov and Arsenin 1977). Since
response function f; and parameters p; have different dimensions, the dimensions of
all weighting factors are chosen so as to ensure that all terms of the objective function
(11.1.3) have the same dimension.

Regularisation makes it possible to smooth the sought power distribution function
and assign its form if it is specified, for example, by a continuous piecewise linear
function (Karkhin et al. 2001a, ¢, 2002b, d). As an example, Fig. 11.3 shows a
piecewise linear approximation of the power distribution of a beam with N nodes.
By increasing wg in (11.1.4), it is possible to reduce the maximum magnitude of
estimated values p,; by increasing w it is possible to reduce the first derivatives of
the power distribution function and bring all values p, closer to a constant value;
by increasing w,, it is possible to reduce the second derivatives of the distribution
function. If the step between nodes is not constant, the second derivative (the last term
in (11.1.4)) is written differently. Regularisation reduces ill-posedness of the inverse
problem. The ill-posedness implies that minor changes in the initial conditions bring
about significant changes in problem solution.

As can be seen from Sect. 11.2, the solution to the inverse heat conduction problem
in relation to unknown heat source parameters comes down to a repeated solution
to the direct problem. In turn, the direct problem can be solved using a numerical
method in sufficiently comprehensive formulation (with allowance for surface and
electromagnetic phenomena, convection of the liquid metal of the weld pool) (Kim
et al. 2003; Kumar et al. 2005; Kumar and DebRoy 2007; Zhang et al. 2004) or using
an analytical method in simplified formulation based on the concept of a volumetric
apparent source (Karkhin et al. 2002b, 2006, 2007b, e, 2010).

The concept of a volumetric apparent source revolves around taking into account
effects of liquid metal convection and the heat of phase transformations, apart from
the real source (Fig. 11.4) (Karkhin et al. 2002b, 2006, 2007b, e, 2010; Radaj 2003).
It should be emphasised that dimensionality of the power density of the apparent
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Fig. 11.4 Schematic
diagram illustrating a
moving reference frame and __ 3 =

apparer}t heat source . N Convection Real heat source
(Karkhin et al. 2002b, e, Latent heat g, , P G

2003b, 2015)

‘ Apparent heat source g, ‘

source equals dimensions of the temperature field even if the real source has lesser
dimensionality. For example, if a thick plate is heated by a surface source during
welding (the real source being two-dimensional), the temperature field and, conse-
quently, the apparent source are three-dimensional. It is proved that the effective
power of the real source equals the power of the apparent source (Karkhin et al.
2002b). This makes it easy to determine heat source efficiency of the real source
(arc, beam, etc.) according to the obtained value of apparent source power (Karkhin
et al. 2002b).

11.2 Solution of an Inverse Heat Conduction Problem

Solving the inverse problem involves finding the minimum of function F (11.1.3) with
allowance for constraints. This problem has a number of mathematically unpleasant
features. Firstly, it is non-linear, i.e. unknown parameter p; appears in the equation
in a non-linear way. Secondly, there can be non-unique solutions (function F can
have multiple local minima in the parameter space).

Objective function minimisation pertains to optimisation methods, which have
been properly developed (Alifanov 1994; Attetkov et al. 2001; Gill 1984; Moiseyev
et al. 1978; Panteleyev and Letova 2002; Vanderplaats 1984). The vast majority of
numerical methods are iterative, i.e. they generate a sequence of points in accordance
with the prescribed rule that includes an end criterion. With specified initial vector
p°, such methods generate sequence p°, p', p?, ..., with sequence {p”} having the
following property:

F(pm+1) < F(pm), m=20,1,2,... (1121)

General sequence formation rule {p™} has the following form:
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p"t=p"+6,d", m=0,12,... (11.2.2)

where £, is the step size, d” is the direction in which function F(p) decreases, for
example, the direction of the negative of the gradient of the objective function.

Initial vector p" is set according to physical considerations and a priori information
about the minimum position.

Numerical methods of problem solution can be divided into three groups based
on the highest order of partial derivatives of function F used in the formation of
d™ and £,,: (1) zero-order methods, which require only values of function F(p) in
searching for the optimum; (2) first-order methods, which use information about
the gradient, or first derivatives, of function F(p); (3) second-order methods, which
require knowledge of the second derivatives of function F(p) (Attetkov et al. 2001;
Panteleyev and Letova 2002). Let us examine these methods in sequence and illustrate
them through the example of the following methodological welding problem.

Let us assume that plates with thickness # = 5 mm are welded under the following
conditions: gross POWer ggross = 7000 W, speed v = 10 mm s~!, initial temperature
Ty = 300 K. Thermal properties of the material: ¢ = 10 mm? s~!, A = 0.05 W mm™!
K~!, T,, = 1773 K. The surface source is bounded, normally distributed: source
efficiency n;, = 0.85, normal source radius x, = y. = r. = 4 mm, source boundaries
X' =y =—r.=—6mmandx” =y” =r. =6 mm (Sect. 5.2.1.7). The length of the
weld pool on top side L,, = 21.06 mm. The width of the weld pool on top side W, =
10.432 mm, on bottom side W,, = 4.566 mm (Fig. 11.5). The temperature obtained
using Green’s function method (by integrating instantaneous sources (5.2.49) over
the acting time of the real source in moving coordinates) is as follows:

t

Tx,y,2) =Ty = 4 f O(x, )0(y, 1)0(z, t)dt, (11.2.3)
c
P 0
where
0. 1) = 1 o (_ (x +vt)2>
oG fxe) — D(x'/xe)]y/ 7 (4at +x2) P dat +x}

Ao —(x + vt)xe +LH 1+£ o —(x + vt)xe +£’ 1+ﬁ :
1/4(1[(4az‘+)cez) Xe dat ‘/4at(4at+xez) Xe dat

1 y2
Oy, 1) = exp(— )
(PG /ye) = P /ye)ly/7(4at +y2) dat +y¢
_ " 2 _ / 2
X [0} ¢ + L 1+ yi — o ¢ + yf 1+ yi ;
Vaat(4at +y2) Ve Y dat dat(4at +y2)  Ye V dat

1 o0
0(z, 1) = % {1 +2 Zcos(%) exp(_ﬂ2n222>:|.
n=1
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Fig. 11.5 Peak temperature field around the moving surface bounded normally distributed source

(a), steady temperature field on top side and bottom side (b) and in the longitudinal section of the
slab (¢) (ggross = 7000 W, 1, = 0.85, re = 4 mm, source boundary r. = 6 mm, v = 10 mm s~
h=5mm,a=10mm? s, Ty =300 K, . =0.05 Wmm~! K=, ¢p = 0.005J mm~—3 K~!; the

weld pool is shaded)

11.2.1 Zero-Order Method

In zero-order methods, what is only needed is to be able to calculate the function at
any point of its domain. The major advantage of this method is its simple algorithm
with allowance for constraints, the major drawback is a large number of calculations
with the increasing number of sought parameters.

Let two parameters of the source be unknown, namely heat source efficiency
n, and radius re (xe = ye = re). Let us take as prescribed parameters (1) weld
pool length L,, (2) peak temperature at the weld interface on top side
(Trhax (W,/2, 0) = T,,) and (3) peak temperature at the weld interface on
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bottom side (T max (W,/2, h) = T,,). Let us assign weights w]; = 1000 mm2, wf2 =
wg = 1 K2, other weights in Egs. (11.1.3) and (11.1.4) equal zero.

Thus, objective function (11.1.3) for the examined example takes the following
form:

F(p,re) = w] [Lyy — L, re)y=8]2 +w] [T, — Tmax (7, re)y:OW/z]2
7= 7=

+w] [T, — Tmax (7, re)y=;l/V/2]2- (11.2.4)
y=

The objective function field with two sought parameters of the source (heat source
efficiency 7, and radius r.) is shown in Fig. 11.6. Let us find values 7, and r, using
the zero-order method. The strategy for determining them using the direct search
algorithm begins with assigning the initial point () = 0.65 and rY = 1.5 mm)
and calculating the objective function at the centrepoint (the base point indicated
by an asterisk) and at the vertices of a rectangle with sides of the initial length of
An2 =0.06 and Ar? = 0.6 mm. The sides are parallel to the axes. The set of rectangle
vertices (in general, corners of a hypercuboid) along with the base point constitute
a pattern. After calculating function values at the vertices, let us select the vertex
at which the function value is lower than at the base point as the new base point.
Then let us repeat the above procedure of building a pattern and select the next base
point, etc. If there is no such vertex (i.e. all function values are higher), the base
point remains the same and a pattern is built with the reduced (for example, in half)
rectangle side length. The search is complete once the rectangle side length becomes
lower than the prescribed value.

The objective function field in Fig. 11.6 is the simplest case of objective function
form (with only one minimum and simple contour line topography). If another point
is taken, (772 = 0.65 and rg = 7 mm), the solution also converges to minimum F ;.
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Fig. 11.7 Contour map of the objective function and direct search for unknown source parameters
re and r, at different initial iterations of rg and r(c)

Let us now consider the same example where only source radius r. and source
boundary r, are sought (heat source 7, is known). Figure 11.7 shows that the contour
lines of F = const are significantly prolonged near the minimum. The decrease surface
in one direction is significantly larger than in the other (function F looks like the
banana function because of its distinctive geometry). The search may come to an
end after reaching this area (shaded), since the parameter increment is insignificant.
In such cases, it is recommendable to set different initial approximations and use
additional techniques such as rotating the rectangle around the base point.

Another faster way of finding the objective function is the simplex search algo-
rithm (Attetkov et al. 2001). In the case when two parameters are unknown, a triangle
is used instead of a rectangle (in general, a multi-dimensional polyhedron). The basic
concept of the algorithm is as follows: the objective function value at the vertices of
the triangle is calculated, then the worst vertex at which the function value is higher
is replaced by a new vertex, forming a new triangle. The new vertex is a mirror image
of the worst vertex. This procedure is then repeated.

A geometric illustration of the simplex search for the minimum of the objective
function is shown in Figs. 11.8 and 11.9. If surface F has a banana structure, it is
possible to find F i, by setting different initial approximations. Figure 11.9 shows
four cases, only one of which converges to the minimum.

Many versions of the direct search algorithm have been developed in order to
streamline the process of finding the minimum of the objective function (Attetkov
et al. 2001).
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11.2.2 First-Order Method

If objective function F(p) is differentiable, an algorithm of finding its minimum can
be developed using the information about the gradient of the function. The search
direction in the gradient descent method is taken as the negative of the gradient of the
objective function—grad F(p), while relaxation sequence elements {p”} are built
using the following recurrence relation (Attetkov et al. 2001):
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Fig. 11.10 Contour map of the objective function and search for unknown source parameters 7,
and re by a steepest-descent algorithm at different initial iterations

p"t = p" — L,grad F(p™), m=0,1,2,... (11.2.5)

Step size ¢,, is specified and remains constant as long as the function decreases
at the points of the sequence. Otherwise, the step value is reduced (for example, in
half) until the condition ¢,,, < £;, is met.

A geometric illustration of the described algorithm in a two-dimensional case is
shown in Fig. 11.10 (the initial conditions are the same as those in Sect. 11.2.1).
When the surface of the objective function is more complex, it is recommendable to
increase search precision (i.e. reduce value £,;,) and set different initial approxima-
tions (Fig. 11.11).

There are other first-order methods, which are more complex, but require fewer
iterations in order to achieve the same search precision with a comparable amount
of calculation during each iteration (Attetkov et al. 2001).

11.2.3 Second-Order Method

If objective function F(p) is twice differentiable, the efficiency of the process of
finding the optimum point can be increased by using information not only about
function gradient grad F(p), but also about second-order derivatives (the so-called
Hessian matrix). During each (i + 1) iteration of the algorithm in its simplest form,
the objective function is approximated in the neighborhood of point p’ by a quadratic
function, and then point p™*! of the minimum of this quadratic function is determined.
During the next iteration, a new quadratic approximation is built, this time in the
neighbourhood of point p™*' (Attetkov et al. 2001).
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The minimum condition of function F' corresponds to the condition under which
derivative F equals zero with respect to each parameter p, (¢ = 1, ..., K), which
leads Eq. (11.1.3) to the following system of equations (Karkhin et al. 2002b):

oF

J
op =2 wiLff" = £i@1Sie = 2w/ [p} — pd =0, (11.2.6)

j=1

where S;; = df; (p)/dp, is the sensitivity coefficient. Here, a regularisation term is
omitted as taking it into account makes the formula more complex (Karkhin et al.
2002b).

Equation (11.2.6) is non-linear and can be solved using any iteration method such
as the Gauss—Newton algorithm. For this purpose, let us express unknown parameter
p;':“l and function f j(p”l) during the next (i + 1) iteration in terms of known values
p}; and f;(p') during the current iteration i (i.e. linearise function f;):

i+l

P = pi+ Api (11.2.7)
K

£ = £+ S Apr. (11.2.8)
k=1

By substituting (11.2.8) into (11.2.5), we shall get K linear equations with respect
to K unknown increments of parameters Apy:

AAp = B. (11.2.9)
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Each ¢th equation (¢ = 1, ..., K) takes the following form:

K J

Z Z W{S;"k ;'z Apy+wy Ape

k=1 \ j=1

=Y wllf — 0018, + wl[p) — pil. (11.2.10)

J=1

In order to obtain Eq. (11.2.9), it is necessary to solve a number of direct problems
for determining f; and Sj during each iteration (the minimum number of direct
problems equals K + 1).

The value of the unknown parameter during the next (i + 1) iteration is calculated
according to the following formula:

i+l _

pitt = pi + o Apy, (11.2.11)

where wy is the iteration parameter that determines a convergence rate, wy > 0; Apy
is the solution to Eq. (11.2.9). The iteration process ends once the increment of each
parameter Apy or the value of function F is sufficiently insignificant. The obtained
solution is, by definition, a solution to the inverse problem (Karkhin et al. 2002b).

Figure 11.12 shows a graphic illustration of the method in a two-dimensional case
(the initial conditions are the same as those in Sects. 11.2.1 and 11.2.2). It can be
seen that relaxation parameter wy, is the major parameter that affects the convergence
rate. With some values of wy (w; = w, > 0.6 in this example) the process diverges or
converges extremely slowly (in the case of small values of w;). The optimum value
of wy depends on the initial approximation.
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Fig. 11.13 Contour map of the objective function and search for unknown source parameters re
and r. by a second-order method at different initial iterations and relaxation parameter v = 0.3

If the objective function has a banana structure, the initial parameter value becomes
important (Fig. 11.13). Thus, the examined problem has a solution if the initial
parameters have the following values: r. = 4.5-8.0 mm and r. = 6—10 mm, otherwise
the process diverges.

One advantage of the examined method is that it takes significantly fewer iterations
and, consequently, less time to solve the inverse problem. However, this method
requires the objective function to be relatively smooth. This method has numerous
modifications (Attetkov et al. 2001).

Inverse modelling methods make it possible to restore the temperature field
according to the individual characteristics of the welded joint in

e laser welding of aluminium alloys (Karkhin et al. 2001a, b, 2002a, b), C-Mn steel
(Karkhin et al. 2001c, 2002b, 2007a, e, 2010), austenitic steel (Karkhin et al.
2001c, 2002b), ferritic chromium steel (Karkhin et al. 2002d, 2003c), stainless
steel (Lambrakos and Michopoulos 2007), nickel alloy (Pittner et al. 2010);

e clectron beam welding of low-carbon steel (Karkhin et al. 2001a, 2002b), austenitic

Cr-Ni steel (Karkhin et al. 2001c, 2002b), aluminium alloy (Lambrakos and

Milewski 2010; Zervaki et al. 2007);

arc welding of copper (Rajamaki et al. 2007);

hybrid laser-arc welding of medium-carbon steel (Karkhin et al. 2013a);

hybrid laser-GMA welding of steel (Pittner 2012; Pittner et al. 2015);

friction welding of steel (Lopera et al. 2013; Maalekian et al. 2007);

friction stir welding (De Vuyst et al. 2004; Fonda and Lambrakos 2002).

Besides, the required solutions to the direct head conduction problem can be
obtained using analytical and numerical methods. A preliminary sensitivity analysis
(for example, temperature change with respect to the change in the source parameter)
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makes it possible to better select a number of unknown parameters, and identify the
best position of points when a thermal cycle is taken as the response function (Gabriel
et al. 2007).

Letus consider laser welding of low-carbon steel plates with the thickness of 2 mm
(C < 0.20%, 1.6% Mn). Welding conditions: gross beam power ggr,ss = 1800 W,
speed v = 16.67 mm s~ !, initial temperature Ty = 293 K (Ossenbrink et al. 2003).

The coordinates of the points of the weld interface in the cross-section and the
measured thermal cycles of the three surface points are taken as input data for the
inverse problem (Fig. 11.14). An apparent volumetric source continuously distributed
according to the normal law in the plane of the plate and exponential law along the
entire thickness (Fig. 3.13). A solution to the inverse problem for 8 unknown source
parameters makes it possible to restore the entire three-dimensional temperature field
(Fig. 11.15).

It should be remarked that methods for inverse problem solution can be used not
only to determine the characteristics of a heat source, but also to calculate properties
of liquid metal of the weld pool (for example, thermal conductivity and viscosity)
(De and DebRoy 2004, 2005; Kumar et al. 2005) and temperature dependences of
the thermal and physical properties of metal (Beck et al. 1985; Beck 1991). The
methods make it possible to obtain information about welding processes that cannot
be measured such as measurement of hydrogen evolved from the test piece during
welding (Karkhin et al. 2007c, d, 2009; Karkhin and Levchenko 2008).
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Fig. 11.15 The steady 3D temperature field in laser welding of low-alloy steel 2 mm thick (half of
the welded joint without the liquid weld pool is shown) (Karkhin et al. 2007a, e)
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Chapter 12 ®)
Optimisation of Welding Conditions i

Chapter 11 provided insights into the inverse problem of heat conduction and methods
of its solution. From certain effects of the welding source, its unknown parameters
were obtained, and the entire temperature field was reconstructed. In principle, the
inverse problem is an optimisation problem that can be solved using optimisation
methods.

Another type of optimisation problem is also of practical importance: finding the
optimum welding conditions according to the required parameters of the weld joint
(constant weld width along its length, maximum depth of fusion with the required
heat input per unit length of the weld, minimum depth of the fused base metal during
deposition welding, minimum residual stresses, etc.). Optimisation problems are
examined below.

12.1 Optimum Heat Input in Girth Welding
of Thin-Walled Small Diameter Pipes

In girth welding of small diameter pipes, the following optimisation problem arises:
finding such a law of heat input along the butt joint so that the size of the weld
along its entire length would be constant and equal to the prescribed size. Such a law
will naturally depend on the diameter and thickness of the pipe as well as material
properties.

As shown in Sect. 5.1.3.3, calculation of the temperature field in an infinitely
long thin-walled pipe can be reduced to the calculation of the temperature field
in an infinite plate and slab with real and fictitious heat sources. Therefore, let us
formulate the optimisation problem for the plate (more specifically, for the slab, since
the temperature field is three-dimensional).

Let the source move straight along x-axis at the constant speed v on a plate with
thickness A from point A to point B (Fig. 12.1). Let us divide down length AB into
K equal sections and assume that at each kth section source power is constant, g
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= const. Let us select points P; (j = 1, ..., J) at distance y = W/2 from the weld
centreline (W being weld width) and require that the peak temperature at these points
be equal to melting temperature, 7' axj = . Then, similarly to (11.1.3), objective
function F can be defined as follows (Kondo et al. 1998; Kondoh and Ohji 1998):

J
F(q) =Y [T — Tmax; 1> — min; (12.1.1)
j=1
9min = 9k = gmax. (12.1.2)
The latter constraints of the sought vector q = {q, ..., g, - .., g} reflect the

physical requirements, g, is determined by the stability of the welding process, and
gmax 1s determined by the capabilities of welding equipment. In any case, quantity
gy is non-negative.

Let the source be a point and surface one and the surfaces be heat-impermeable.
In this case, the general analytical solution to the heat conduction problem is known,
Eq. (5.1.78). Then the temperature field at any time ¢ is the sum of temperature
increments due to each kth constant power source g;:

K
Tx,y,z,t)—Tp :ZQk'gk(x’y’Z,l‘), (12.1.3)
k=1

where

Ik
( 5 1 / 1
X, y,2,1) =
BEX, 5, 2 4ep(mma)d/? (t —1)3/2
te—1
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(x —vT —n2TR)" +y~ +(z — 2ih)
X E E exp(— pyp— dt fort < t;

i=—o0n=—00

gk(x,y,z,t)=0for T > 1. (12.1.4)

The physical meaning of influence function g is temperature increment due to
the kth unit power source. The integral in (12.1.4) is expressed in terms of known
functions (see formula (5.1.39)).

Objective function (12.1.1) can be expressed in terms of unknown components
qr. of vector q (Kondoh and Ohji 1998):

J K 2
F(q) = Z |:Tm — maxt <Z qk .gk,,(t))} — min. (12.1.5)

j=1 k=1

Here, gi;(?) is the function accounting for the influence of the kth unit power
source on the temperature at target point P; at time ¢.

It should be remarked that target points P; can generally be set anywhere in
the welded joint with any temperature Tp,,x at each point. Point coordinates and
temperature are selected from physical considerations.

Thus, solving the optimisation problem involves finding a sequence of optimum
values g that would minimise objective function (12.1.5) with regard to constraint
(12.1.2). It is advisable to solve this problem using the method of steepest descent
(Kondo et al. 1998; Kondoh and Ohji 1998) (see Sect. 11.2.2).

Example 12.1.1 Two aluminium pipes of thickness # = 3 mm and outer diameter D
= 30 mm are welded at the speed v = 3.5 mm s~!. Peak temperature equal to melting
temperature, T'maxj = T = 894 K, is set at points P; (j = 1,2, ..., J) located on the
inner surface of the pipe at a distance y = 3 mm. The number of unknown power
values K equals the number of points J, K = J = 24 (Kondoh and Ohji 1998).

Figure 12.2 shows that with optimum distribution of power along the joint length,
weld width (isotherm T, position) is constant. If arc power is constant, the temper-
ature is lower than melting temperature 7', at the beginning of the weld and much
higher at its end. This means that the weld will be narrower than average at the
beginning and much wider at the end, which has been experimentally verified.

A similar optimisation problem arises in arc welding of thin structured panels
with the curvilinear weld joint. At the optimum distribution of arc power along the
weld, the weld width is constant (Ivanov et al. 2015, 2017).

12.2 Optimisation of Pulsed Power Welding Conditions

Pulsed power welding has become widespread due to the known advantages over
constant power welding: increased efficiency of base metal fusion and joint penetra-
tion, capability of welding in various spatial positions, reduced distortion of welded
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Fig. 12.2 Calculated optimum heat input along the weld (a) and relative temperature at a distance
of 3 mm from the weld centreline (b) in girth welding of aluminium pipe 3 mm thick and 30 mm
in diameter (Kondo et al. 1998)

structures, increased chemical homogeneity of weld metal and decreased suscepti-
bility to hot cracking, etc. (Dudko et al. 1987; Karkhin and Khomich 2005, 2007;
Saraev 1994; Street 1990).

A practical issue arises in the development of welding equipment and technology:
under what conditions can the heat input per unit length of the weld at arequired depth
of fusion be reduced or the depth of fusion with the given heat input be increased?
The answers to these questions are the solutions to the corresponding optimisation
problems. Additional variables (pulse shape and frequency) make it possible to better
optimise welding conditions compared with constant power welding (Street 1990).
The solution to this optimisation problem is based on dealing with the corresponding
direct heat conduction problem previously discussed in Sect. 7.2.

Let average heat input per unit length of weld ¢,,/v serve as the objective function.
It is required to obtain a minimum depth of fusion H;, (in longitudinal plane y =
0 minimum coordinate z of the point with peak temperature T ,x equalling melting
temperature 7,,) under the specified constraints. In this case, the optimisation prob-
lem (of minimising the objective function) with constraints of the type of equality
and inequality can be presented as follows:

qav/V — min;
z(y =0, Tmax = Tn) = Hpyjps
0 <v < vmax; 0 < ¢ < gmax, etc., (12.2.1)

where parameters of welding conditions (speed v, frequency f, etc.) are optimisation
parameters (design variables).

Example 12.2.1 Letus consider the optimisation problem with the following param-
eters: Hopin = 2 MM, Vo = 10 mm s, gpayx = 00, t, =t; = 0 (pulse being as narrow
as possible, see Fig. 7.2d), Ty = 293 K, material being thick low-carbon steel (a =
9.4 mm? s, cp =0.0035T mm—3 K-, T,, = 1723 K).
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Fig. 12.3 The required effective heat input per unit length of weld g,,/v for the depth of fusion
Hyin = 2 mm in pulsed power welding of low-carbon steel with a heat source with radius re = 0
(a) and re = 2.5 mm (b) (Karkhin and Khomich 2007)

Let the source be a surface circular source, normally distributed, with power
density depending on the phase of period Af,

At 2
q2(r, At) = a( 2) exp(—[i] );r2 = x4+ yz, (12.2.2)
Tr

e Te

where r. is the normal radius of the heat source. The source centre and origin of
coordinates x, y, z move along the x-axis (Fig. 7.10). If thickness has no effect on
the high-temperature area, then steady temperature field in this area can be obtained
using Green’s function method in its integral form (Karkhin and Khomich 2007):

o0
2q(r, At)
T(x,y, 2, At) — To =
*x, 3.2, A1) = To /cp(4ar+rez)(7rat)l/2
+ 2+ 2 2
x exp(—w _ Z—)dr. (12.2.3)
dat +r; 4at

In the general case, source radius r, may depend on the phase of period At (of
time 7).

The objective function field with r = O (point source) is shown in Fig. 12.3a,
where L is the length between adjacent pulses (step L = vt.). The figure shows that
as speed v increases, the required heat input is reduced due to the reduction of losses
on account of longitudinal heat fluxes (Karkhin and Khomich 2005, 2007).

Ata constant speed (v = const), there is length L,,; where value g,,/v is minimum
(represented as a dotted line in Fig. 12.3a). For example, withv =6 mms~! and 7. =
0, required heat input per unit length ¢,,/v = 136 Jmm ™', if L = L, = 2.2 mm, and
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ga/v =170 I mm™"', if L = 0 (the source power is constant). The global minimum
of heat input per unit length of the weld corresponds to speed v = oo and length L =
0 (with no longitudinal fluxes) and can be calculated as a rapidly moving heat source
(Rykalin 1951, 1957):

q/v = mwecp(T,, — To)H?/2. (12.2.4)

Optimum length L,,, (optimum frequency) depends on source radius ., resulting
from the comparison of Fig. 12.3a, b. The bigger the radius r. is, the longer the length
L,p; (less optimum frequency) will be. Value L, also depends on the required depth
H min (Fig. 12.4).

Short pulses have the greatest effect on the penetration of the material (Fig. 12.5).
As relative pulse duration 7,/t. increases, so does the required heat input per unit
length of the weld, approaching that of the constant source power. Besides, the
optimum conditions shift towards higher frequency (shorter step L).

The depth of fusion reversed in sign with fixed heat input per unit length can be
taken as the objective function, which means seeking a maximum depth of fusion:

—z(y = 0, Tmax = T1.) = —Hpyjp — min;

qav/v = const;0 < v < vmax; 0 < ¢ < gmax, etc. (12.2.5)

Example 12.2.2 Let us study the effect of distance between pulses L (pulse fre-
quency f) in pulsed gas tungsten arc welding of austenitic steel 304 (0.03% C, 18%
Cr, 10% Ni) with the thickness of 6.35 mm in argon: v = 2.54 mm s~!, current I,
=125A,1, =25 A, t,/t, = 0.25, t, = 0 (square pulses). Arc radius . is found by
solving the inverse problem provided that the calculation and experiment in near-
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constant current welding are consistent (I, = 100 A, I, = 125 A, f = 1 Hz) (Leitner
et al. 1973).

Figure 12.6 shows that in the beginning as the distance between pulses L increases
(frequency f reduces), there is a significant increase in the depth of fusion. At frequen-
cies f <3 Hz (interval L > 1 mm), variation in the depth of fusion (difference between
H ax and H ;) grows increasingly, maximum depth H ,,,x constantly increases, while
minimum depth H ,;, smoothly drops to zero. Hence, it can be concluded that with
constant average current (heat input per unit length of the weld) there is a pulse
frequency that provides the maximum value of the minimum depth of fusion.

The assessment of solidification of weld pool metal is of practical interest as it
determines properties of the weld metal. The rate of liquid metal solidification on
the weld centreline (y = z = 0) is determined by the tail part of molten pool L,,
(Fig. 12.7):

vy = v — 9L, /dt. (12.2.6)
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Figure 12.7 shows second melting at the beginning of the pulse (v < 0), while
after its end solidification rate v, can be an order of magnitude higher than welding
speed v. This means that high-temperature processes in pulsed power welding (grain
growth, liquation of elements, etc.) are significantly different from those in constant
power welding.

Peak temperature field 7'y« is shown in Fig. 12.8a. The depth of fusion (isotherms
T max = Tp) changes from minimum value H ,;, (point A) to maximum value H
(point B). The depth of fusion with constant current equal to average current /,, is
calculated with the same values 7. and g,, (point C). One t can see that penetration
efficiency with periodic power is much higher than with constant power.

The thermal cycles of the HAZ metal are significantly different (Fig. 12.8b). The
moment when the source centre crosses the cross-section containing the point under
study is taken as reference time ¢ (r = 0). For example, the dwell time of HAZ metal
at high temperature in pulsed power welding is significantly lower than in constant
power welding. At a relatively low temperature, cooling rates are almost equal.

12.3 Optimisation of Strip Electrode Shape for Cladding

Previously in Sect. 5.2.3.10, we examined thermal processes in plane strip electrode
cladding. At the weld toe, depth of fusion is reduced due to heavy heat dissipation
into the base metal (Fig. 5.72d). In these toe zones (where adjacent beads overlap in
wide-bead cladding) defects such as slag trap may occur. In order to avoid slag trap,
it is necessary to keep metal in a liquid state for a sufficient period of time (Kravtsov
1988). This problem can be formulated as an optimisation problem of obtaining the
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Fig. 12.8 Time dependence of current and the peak temperature field in the longitudinal section
of the weld (y = 0) (a); and the thermal cycles of points A, B and C at the weld interface (b) in
pulsed arc welding (solid and dashed lines) and constant-current welding (dotted lines) (Karkhin
and Khomich 2007)

specified shape and size of weld bead toes by varying the law of heat input in the
cross-section of the workpiece.

Arc power is uniformly distributed along the end of the strip with uniform thick-
ness and heat input along the width of the weld pool can be controlled by changing
the shape of the strip section. The strip section can be of any shape: straight, semi-
ring, C-shaped, I1-shaped, etc. (Fig. 12.9). In these cases, heat input per unit length
q1 along the y-axis is significantly different: from uniform distribution in the case of
a straight strip end (Fig. 12.9a) to extremely non-uniform distribution in the case of
a TT-shaped strip (Fig. 12.9d). In the latter case, the depth of fusion at the toes can
be much larger than in the middle. Varying the shape (curvature) of the strip, it is
possible to fulfill the optimisation condition. The objective function should reflect
practical requirements such as uniformity of the depth of fusion across the bead and
dwell time of metal in a liquid state.

In the case of a plane strip (Fig. 12.9a), the steady-state temperature field in the
semi-infinite solid is described by Eq. (5.2.147). The field is shown in Fig. 5.72.

Let us find a solution to the heat conduction problem for a moving semi-ring
source (strip in the shape of a half-pipe, Fig. 12.9b) similar to the solution (5.2.105):

T(X,y,Z,OO)—T():

v[x—rocosqa+\/(x—r(,cosga)2+(y—rosimp)2+z2J
x/2 eXp| — o
q
_ do.  (123.1)
272 V(x = rocosp)® + (y — rosing)® + 22

—/2

If the strip has convexity with the opposite sign, the formula will change.
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Figure 12.10 shows contours of the weld pool on the body surface during cladding
using a strip of a complex shape (see Fig. 12.9¢). One can see that the width and
length of the weld pool depend on the orientation of the curved edges, i.e. on the law
of heat input.

These problems of heat conduction can be solved for a strip of any shape using
Green’s function method based on a moving point source by calculating the line
integral over a heat curve (Fig. 12.9).
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Assuming the model for a rapidly moving source (i.e. ignoring longitudinal heat
fluxes) makes the solution much simpler. Let us demonstrate this through the example
of cladding using a strip with edges bent at 90° (Fig. 12.9d).

Using Eqgs. (5.2.172) and (5.1.31), we shall get

2W +1 +1 ma
T(y,2,0)— Ty = M{

2T A V2t

<o) o) o )]

- W 2 2 - W 2 2
FH( = LB Q=N gy (O Z WA
4a(t —b/v) 4at
+W)*+ 72 + W)+ 2
FHG - L/oEi( - QW TN gy 0 WTRE |
4a(t —I3/v) dat
(12.3.2)
where H is the Heaviside unit step function:
0 foru < O0;
Hu)= ’ 12.3.
@) {1 for u > 0. (1233)

The first pair of summands in (12.3.2) allows for the contribution of strip part 1
with width 2 W, the second—of part 2 with width /, and the third—of part 3 with
width /5 (Fig. 12.9d). Here, the first moment when the strip crosses the cross-section
of the body containing the point under study is taken as time ¢ = 0.

It is notable that the proposed method for temperature field calculation can also
be applied to other types of surfacing and welding. For example, high-frequency
weaving welding with electron beam deceleration in toe zones makes it possible to
improve the quality of the weld (by preventing pore formation).

12.4 Optimisation of Welding Conditions with Restrictions
for Peak Temperature

During welding, the workpiece is subject to significant heating. Peak temperature is
often limited in specified zones of the welded structure in order to prevent undesirable
consequences. Therefore, a special welding technique that would allow for such
requirements needs to be developed. The law of heat input and boundary conditions
are variable parameters of the technique.

Let us assume that two massive bodies in the form of a cuboid need to be welded
(Fig. 12.11a). The weld comprises N layers (Fig. 12.11b) with each nth layer con-
sisting of M sections (Fig. 12.11c). Given: permissible temperature on the control
(reference) line (point P, Fig. 12.11b), initial temperature 7y, depth of each nth layer
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h,, and its height Ah,, (Fig. 12.11b), effective source power g, ,, and welding speed
v, possible forced effective cooling of the surface of one of the body’s sides. It is
required to find such length of each section L, ,,, time # , , and longitudinal coor-
dinate Ly, of initiation for each section while minimising the total time after the
start of welding (Karkhin et al. 2011, 2016).

Let us adopt a body model with all adiabatic boundaries or with one boundary
being isothermal and others being adiabatic (Fig. 12.11b). Technically, it is possible
to find an analytical solution to the problem with the boundary conditions of third
kind (heat transfer by Newton’s law). However, such an approach will make the
solution much more difficult.

Let all solid boundaries be heat-insulated, 07/0n = 0, where n is the outward
normal, apart from side y = W, the temperature of which is maintained constant and
equal to the initial T'.

If the distance from the weld to reference point P is considerably larger than the
size of the cross-section of the weld layer, the welding heat source can be represented
as a moving point source in a bounded body.
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Let the mth section of the nth weld layer in a cuboid run at the speed v, ,,, start
from pointx =L g, y = B, 2 = h,, at time ¢, , ,, and end at time ¢4, , ., (Fig. 12.11c).
Let us take the solution for a moving point source in an unbounded body (5.1.43) as
a basis, taking boundary conditions into account using the method of images. In this
case, rise in temperature AT (AT =T — Ty) at any point x, y, z in fixed coordinates
associated with the body at time 7 is determined by the sum of temperature increments
due to all the sources (all weld sections):

1 N M, 00 00
AT, 20 = DD m D D P) D P
n=1 m=1 i=—00 j=—00 r=—1,1
00
Z Z [f(x - én,m,is y = nj,ra Z— gn,k,sa r— tstn,ma Un,m)
k=—00s=—1,1

- f(x - En,m,ia y - nj,ry l— Cn,k,s’ t— tfinn,ma Un,m)]v (1241)

where
= — 1 if jiseven;
J + 1 if j is odd;
[’: =T, En,m,i,l = 2L + l[Lstn,m +u(t — txtn,m)];
Njr = Qj+DW+rA; Curs =2kH +shy;
(L) wewtre (i)
fxy,z.t,0) = x%exp(—”(zm) for t > 0;

Ofort <0

R=(x*+ y2 + 7212,

If all boundaries of the body are heat-insulated, the solution takes the form (12.4.1),
but with p// =p,” = 1.

It is worth noting that the higher the values of geometric parameters L,,;, W and
H and less time t — t,,, are, the faster series with respect to i, j, k converge. In
practice, the finite number of series terms is determined according to the relative
series increment. If the sum of increments of two adjacent series terms is no more
than 10~7 - 877 A/(gy,m R) (K), the series can be truncated (Karkhin et al. 2011, 2016).

Example 12.4.1 Let us consider manual arc welding of a stainless maraging steel
bar under the following conditions: W = 85 mm, H = 51 mm, L,,; = 300 mm, /o«
=22mm, A =40 mm, cp = 0.0037 Jmm >3 K, A =0.0213Wmm~' K|, g =
1820 W, v = 2.5 mm s~ . Let us find the length of a section of the first weld layer
where the maximum temperature increment in the reference area (point P) does not
exceed the permissible value (Karkhin et al. 2011, 2016).
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The effect of forced cooling is shown in Fig. 12.12a. There is little effect on
peak temperature, but the effect on the cooling process is great. With section length
over 100 mm, peak temperature reaches its maximum value (Fig. 12.12b). If the
temperature increase only by 40 K is allowed, the maximum permissible section
length L is 50 mm. As the groove is filled (the layer moves away from the reference
line), the permissible section length increases. The obtained solution allows finding
the optimum layout and sequence of weld sections (Karkhin et al. 2011, 2016).

12.5 Optimisation of Plate Edge Preheating Conditions
in Butt Welding

Local preheating is often used in order to obtain the required properties of weld metal
and HAZ. For example, for thick pipes and plates, induction heating is recommend-
able. Heating conditions (source power, time and area of heating) depend on the size
of the body, properties of the metal, initial temperature and other factors (Ivanov and
Karkhin 2009).

Determining preheating conditions can be formulated as the following optimisa-
tion problem:

tp(q) — min;

T(x1,1p) < Tmax;
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Fig. 12.13 Calculation
diagram of the model for
preheating of the plates

T(x2,tp + ty) = Tipip, etc., (12.5.1)

where 1, is the heating time, ¢ is the effective source power, T'yax is the maximum
permissible temperature at point x; at the time of heating end #,, T i, 1S minimum
permissible temperature at point x; at the time of welding end ¢, + ¢,, (t,, is the time
after the welding start).

Let us assume that (1) the body consists of two plates with thickness 4, width W
and length L (Fig. 12.13); (2) effective power ¢ is constant and uniformly distributed
along the width 2w and length L; (3) temperature difference across the thickness
is relatively small (a7/dy = 0), and temperature changes only along the x-axis; (4)
there is no surface heat transfer. It should be noted that the pipe with radius R can be
represented as a plate with limited width W (2 W = 2z R) in longitudinal welding or
with limited length L in circumferential welding (L = 27 R).

Temperature increment due to a continuous volume source uniformly distributed
along longitudinal section A (A = hL) and width 2w can be found using Green’s
function method based on the solution for a stationary continuous plane source in an
infinite rod (5.1.35):

T(x,0) =To=AT(x,1) = M}%{l; [(%(w+ix)2+at>d><w:;;>

1
at : (w+ix)*\ 1 . .
+/—W+ix)exp| ———— | — z(w+ix)|lw+ix|| ;.
T dat 2
(12.5.2)
In this case, it is also assumed that plate width W is infinite. The finiteness of

width can be easily accounted for using the method of images.
Formula (12.5.2) can be expressed in a dimensionless form:

1 , 1+i&
0, 1) = [(-(1+zs)2+z>cb< )
21z i
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[t . < <1+is>2> I . }
+ [—(+ig)exp| ————F | —=(1 +id)|1 +i&| |; (12.5.3)
T 4t 2

4AN X at

0= —AT; £=—; 1=—, (12.5.4)
qw w w

where 0, &, t stand for the dimensionless temperature, coordinate and time, respec-
tively. Formulas (12.5.2) and (12.5.3) provide solutions for sources of any distribution
by combining sources and sinks.

Let us introduce dimensionless temperature:

5_ Tmax(x1) —To AT(xy,1p) _
Tmin(XZ) —Tp AT (xa, I, + ty) — AT (x2, 1)
01, 7p)

= (12.5.5)
0(82, Tp + Tw) — 0(&2, Tw)

where & and &, are the dimensionless point coordinates, 7, and t,, are the dimen-
sionless heating and welding times.

It should be noted that temperature 0 is known, since T max(x1), Tmin(x2) and Ty
are given. With known values 6, &, £, and t,, it is possible to find heating time 7 e

Figure 12.14 (top half) shows the dependence of 7, on 0 foredge (£, =&, =0)
with different values t,,. From Eq. (12.5.3) and according to the found value 7, itis
possible to determine dimensionless temperature 6 and, consequently, dimensionless
effective power k, k = 6~! (Fig. 12.14, bottom half). Then effective power ¢ and
heating time ¢, are obtained from Eqgs. (12.5.4):

q = 4Aw™ "A(Tmax(x1) — To)k; t, = w?a 'z, (12.5.6)

Similarly, it is possible to determine the preheating conditions for any given points
x1 and x,.

Example 12.5.1 The edge of a steel pipe with the diameter of 1000 mm and the
thickness of 20 mm is heated for the width of 2w =2 - 75 = 150 mm (Fig. 12.15).
Pipe cross-sectional area is A = 7 - 1000 - 20 = 62,832 mm?. Peak temperature
of the edges should not exceed 523 K, T, (0) = 523 K. Welding preparation after
heating and the first pass takes ¢, = 500 s. The temperature of the edges after
welding should not be less than 423 K, T,y (0) = 423 K. Initial temperature 7y =
253 K. Find: effective power g and heating time ?,. Let us assume that for steel: A =
0.04 Jmm~! K~! and ¢ = 8 mm? s~!. Then dimensionless time after welding start
7,, = 8 - 500/75% = 0.711. According to (12.5.5), dimensionless temperature 0 =
(523 — 253)/(423 — 253) = 1.59. Figure 12.14 shows (in straight lines with arrows)
that dimensionless heating time 7, = 0.523 and dimensionless effective power k =
1.136, which corresponds to the power and heating time (see Egs. (12.5.4)):

g=4-62,832-75""1.0.04- (523 — 253)-1.136 = 41,113 W;
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Fig. 12.14 A nomogram for
calculating the dimensionless
time of preheating 7, and
dimensionless effective
power k (Ivanov and
Karkhin 2009)

Fig. 12.15 Temperature
distribution in the pipe at
different times after heating
start (Ivanov and Karkhin
2009)
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Fig. 12.16 Thermal cycles of the points in the centre of the heating zone at various power of
preheating

t, =75 -87".0.523 = 368s.

From known heat source efficiency 7, it is possible to find total source power
equal to g/n;,.

Temperature distributions at different times are shown in Fig. 12.15. It can be seen
that at the end of heating, temperature does not exceed 523 K, while at the edge (x =
0) temperature is not less than 423 K at the end of welding. The thermal cycle of edge
heating and cooling is shown in Fig. 12.16 (curve /). Heating time increases with
the reduction of peak temperature (7 mx = 503 K, curve 2) and increase in minimum
temperature (T, = 443 K, curve 3). Curves /4 stand for effective power g =
41,113, 22,671, 20,083, 12,070 W and effective energy g - t, = 4.20, 4.59, 5.38,
6.20 kW h.

Consequently, the higher peak permissible heating temperature T',,x With speci-
fied minimum temperature T, 1S, the lower the heating time and energy and higher
the source power are.

Since the body is being heated primarily on the side of the source, rapid heating
may result in significant temperature difference across the thickness. This may cause
plastic strains and, consequently, residual stress in the heating area. Let us assume
that a one-dimensional heat flux is directed from the heating surface towards the
opposite surface and the body is completely rigid. In this case, residual stresses
can be avoided provided that Ea AT, < oy, where E is the elasticity modulus, o
is the linear expansion coefficient, oy is the yield strength. Maximum temperature
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difference across thickness AT, can be found using the following formula (Luikov
1968):

at, = 4" 12.5.7
Y 4wl (125.7)
If calculated power ¢ is greater than maximum power gm,x that equipment can
provide, it should be assumed that ¢ = gm,x and the inverse problem with respect to
the unknown parameter should be solved using Fig. 12.14.
The problem of finding function ¢(¢) upon condition that heating time ¢, is min-
imised also qualifies as an optimisation problem.

12.6 Minimisation of Transient and Residual Stresses

Welding brings about distortion and stresses that have an adverse effect on the
behaviour of the welded structure. Welding of certain alloys may result in hot crack-
ing due to the high concentration of strains in the weld behind the weld pool. After
cooling, tensile welding stresses may reach the yield strength of the material in the
weld and HAZ, which would significantly reduce the structure’s fatigue life under
cyclic load. Outside the weld and HAZ area, there are residual compressive stresses
that may cause the plates to lose stability.

Nowadays, there are many methods to mitigate welding distortion and stresses
(Gatovsky and Karkhin 1980; Goldak and Akhlaghi 2005; Okerblom et al. 1963;
Radaj 1992, 2003; Sagalevich 1974). Changes in the welding technology (welding
conditions, weld sequencing, welding consumables, additional heating) make it pos-
sible to improve significantly the technological strength (i.e. reduce the probability of
hot and cold cracking) and reduce residual welding stresses and distortion of welded
structures. Next, we shall examine methods for optimising local heating conditions
in order to minimise transverse strains in the centre of the weld (preventing longi-
tudinal solidification cracks) and to minimise longitudinal residual stresses of the
welded structure.

12.6.1 Optimisation of Local Heating Conditions During
Welding to Prevent Hot Cracking

In fusion welding, some aluminium, nickel alloys and austenitic steels have become
prone to hot cracking, including the emergence of longitudinal solidification cracks
(Coniglio and Cross 2009; Dantzig and Rappaz 2009; Katgerman and Eskin 2008;
Lippold 2015; Makarov and Yakushin 2014; Pellini 1952; Plochikhine et al. 2003;
Ploshikhin et al. 2005, 2007; Prokhorov 1952; Rappaz et al. 1999, etc.). It is believed
that the cause of solidification cracks is the mechanical rupture of the narrow liquid
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Fig. 12.17 Microscopic nature of the solidification cracking mechanism: schematic representation
on the macro- and microscopic scale (Ploshikhin et al. 2007)

film between the dendrite tips at the tail part of the weld pool (Fig. 12.17). This film
is enriched in liquating elements due to the segregation effect and therefore solidifies
at a relatively low temperature (at local solidus temperature 7'y, which corresponds
to eutectic temperature 7 g and which is significantly lower than weld metal solidus
temperature Ty at the boundary with the base material). Back-feeding of the liquid
metal from the weld pool is constrained.

The mechanical condition of the liquid film can be conveniently characterised
by the relative displacement of the sides of the film §,., which accumulates as
the film is cooled from the actual liquidus temperature 7 to the actual solidus
temperature T;. If accumulated displacement §,.. reaches critical value §,.c ¢, the
liquid film fails (Fig. 12.17). Displacement §,.. depends on the geometry of the
welded joint, welding conditions, properties of the base material and weld metal,
and film parameters. Its value is calculated. Critical displacement (crack-opening of
film sides) 4. . characterises the liquid film’s capability of accumulating tensile
strains without destruction and depends on the thickness and morphology of the film
(Ploshikhin et al. 2005).

Solidification cracking can be prevented by reducing total transverse tensile strains
and creating total transverse shortening strains at the tail part of the weld pool during
welding (Fig. 12.18b). This can be achieved through additional heating of the metal
outside the welding area (Fig. 12.18c). Under heating, the expanding metal at the
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Fig. 12.18 Solidification cracking in welding of plates: generation of a longitudinal solidification
crack under transverse tension of a mushy zone (a); suppression of longitudinal solidification
cracking under compression of a mushy zone (b); application of additional heating when the weld
is located far away from the plate edge (c) and close to the plate edge (d)

heating spots prevents displacement accumulation (mutual separation of film sides).
This technique is known (Shumilin et al. 1984) and practically used in the laser and
electron beam welding of aluminium alloys (von Dobeneck 2005).

Finding optimum local heating conditions can be formulated as the following
optimisation problem:

Gadada(p1, p2, p3) — min;
kaaccmaX < 5acccr;p2 > P3; T(-x7 y) < Tmax, X,y € D] and DQ, (1261)

where g4 is the power of the additional source; p; is the heat source parameters
(Fig. 12.18c); k is the safety factor; T, is the peak temperature at the heating spot
(assigned from metallurgical considerations), D and D, are heating areas.

Figure 12.18d shows another technology option for preventing solidification
cracking. Cracking is possible in the welding of a narrow strip with width W, whereas
welding a wide plate under the same welding conditions has no cracking (Bergmann
and Hilbinger 1998; Ploshikhin et al. 2005, 2007). A non-uniformly-heated narrow
plate bends in its plane due to the lack of stiffness, which results in additional trans-
verse tensile strains at the tail part of the weld pool. Additional heating of the edge of
the narrow plate prevents bending and, consequently, solidification cracking, which
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has been experimentally verified (Ploshikhin et al. 2005, 2007). The formulation of
this optimisation problem is similar to (12.6.1):

Gadad(p1, p2, p3) — min;
k5accmax < (SaCCCr;pZ > p3;p2+p3 =< W;
T(x,y) < Tmax, x,y€D. (12.6.2)

Example 12.6.1 AA6056 (0.93% Si, 0.75% Mg, 0.79% Cu, 0.618% Mn) aluminium
alloy plates with the thickness of 1.5 mm are welded. Input data: narrow plate width
W = 25 mm, main laser beam power = 3000 W, welding speed v = 66.7 mm s,
critical accumulated displacement &,.. ., = 18 wm, safety factor k = 1.3, maximum

permissible heating temperature Tx < T's.

The thermomechanical problem is solved using the numerical finite element
method with provision for element segregation (Ploshikhin et al. 2007). The fol-
lowing solution to the optimisation problem is obtained: g4 = 750 W, p; =0, p» =
20 mm. As can be seen from Fig. 12.19, the accumulated displacement of the sides
of the liquid film in the interval from the actual liquidus temperature Tz to the actual
solidus temperature T; is lower than critical value §,.. . if additional heating is used
and higher than §,.. ., without heating (Ploshikhin et al. 2007).

It should be mentioned that there are other solidification cracking criteria such
as curvature of the tail part of the weld pool (Tsarkov and Trukhanov 2013), which
determines the rate and direction of crystal growth. The curvature itself depends on
the latent heat of liquid metal solidification (Figs. 9.4.2 and 9.9) and actual liquidus
and solidus temperature (local chemical composition determined by the diffusion of
liquating elements). Therefore, the curvature of the solidification front at the tail part
of the weld pool can reverse sign (Karkhin et al. 2010), as outlined in Fig. 12.17.
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12.6.2 Minimisation of Longitudinal Residual Stresses Using
Additional Local Heating During Welding

In the welding of steel, residual stresses in the area of plastic strains, which includes
the weld, HAZ and the adjacent base metal, can reach yield strength. Longitudinal
residual stresses can be reduced using concurrent or post-welding additional longi-
tudinal tensioning of the welding area by applying an external force or local heating
(Burak et al. 1977, 1979; Gatovsky and Karkhin 1980; Michaleris and Sun 1997,
Michaleris et al. 1999; Okerblom et al. 1963).

The concept of the transient thermal tensioning involves creating additional lon-
gitudinal tensile strains using local heating of the area located outside the welding
area and moving along with the welding heat source (Fig. 12.20).

When formulating the optimisation problem, it should be defined which residual
stresses should be minimised in which part of the welded structure. These require-
ments depend on the operating conditions of the structure. For example, in order to
increase fatigue strength of the welded structure, residual tensile stresses in the weld
and HAZ should be minimised, whereas in order to enhance mechanical stability of
plate structures, residual compressive stresses should be minimised.

Letus consider the cross-section of the beam structure consisting of a plate (bottom
flange) with a welded web and a top flange (Fig. 12.21). The material is AH36 steel
(0.18% C, 0.9-1.6% Mn, 0.1-0.5% Si) (Michaleris and Sun 1997). Rectangular
heating bands d; x d; in the area are positioned symmetrically on both sides of the
web, with the band being displaced from the source by d3 and d4. The heating bands
move at welding speed v. The parameters of the welding source and the heating source
are prescribed. It is required to find such sizes of the heating bands so that residual
longitudinal stresses o in the defined areas of the bottom flange are minimum.

Let us take the quadratic sum of residual longitudinal stresses o, in the reference
area with width B as the objective function:

Flgndysdb ... dy) = f [ox(y)IPdy — min; (12.6.3)
B

d;min < di < dimax. (12.6.4)

l

Fig. 12.20 Welding with A
additional heating (thermal '

tensioning) (Michaleris et al.
1999)
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Fig. 12.21 Cross-section of the beam (a), distribution of longitudinal residual stresses oy in the
upper surface of the plate A-A (b); configuration of heating bands for minimum stress on plate’s
edge of width B = 3 mm (c) and on the plate band of width B = 249.2 mm (d) (Michaleris and Sun
1997; Michaleris et al. 1999)

where d; min and d; max are the minimum and maximum permissible values of the size
(position) of heating source d; (Fig. 12.20). Other constraints can also be added (for
example, on the peak temperature in the heating area).

Dimensions of the beam cross-section are shown in Fig. 12.21a. The power of
the first arc is 6682 W, the power of the second arc is 6180.5 W, welding speed v =
10.5 mm s~'. The maximum power density of normally distributed heating flame is
0.5 W mm~2 (Michaleris et al. 1999).

The problems of heat conduction and thermoplasticity are solved using the finite
element method in the case of a generalised plane-strain condition, which corresponds
to the hypothesis of plane sections (total longitudinal deformations ¢, (y, z) are
described using the equation of plane). This hypothesis is true so long as the length
of the beam is much greater than its width and makes it possible to reduce the three-
dimensional problem to a two-dimensional one (Michaleris et al. 1999).

The optimisation problem (12.6.3) is solved using the method of steepest descent
(Michaleris et al. 1999).
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Minimum residual longitudinal stresses at the edge of the bottom panel (B =3 mm)
are produced by the form of heating shown in Fig. 12.21c. Longitudinal stresses are
minor at the edge but high in the heating area due to softening the metal at peak
temperature in the long heating bands and formation of plastic strains (Fig. 12.21b,
curve B = 3 mm). These stresses can be reduced by adding constraints on the peak
temperature in the heating area when formulating the optimisation problem or by
increasing the width of reference area B (Michaleris et al. 1999).

We shall choose the latter option. With the specified value B =249.2 mm, optimum
dimensions of the heating band are shown in Fig. 12.21d, and the corresponding
stresses are shown in Fig. 12.21b (curve B = 249.2 mm). It can be seen that there
are virtually no stresses in the reference area with width B. Peak temperature in this
area does not exceed 803 K—hence no microstructural transformations take place in
the heating area. The residual longitudinal stresses in the weld and HAZ reach only
a half of the metal yield strength at room temperature o, (Michaleris et al. 1999).
It should be emphasised that in the case of welding without heating, stresses reach
yield strength o, (Fig. 12.21b) (Michaleris and Sun 1997).

The main cause of longitudinal stresses is the non-uniformity of temperature
distribution and, consequently, of temperature strains in the cross-section of the
welded structure. Local heating of the unrestrained structure outside the welding
heating area provides a more uniform distribution of temperature strains, reduces
longitudinal elastic strains and prevents formation of longitudinal plastic strains at a
relatively low temperature (Gatovsky and Karkhin 1980). The efficiency of residual
stress reduction is determined by power density of the heat source and the size and
position of the heating area.

12.6.3 Optimisation of Welding Conditions for Obtaining
Required Residual Stresses

Another method to obtain minimum or required residual stresses in steel welded joints
is based on the optimisation of welding conditions (more specifically, a cooling rate)
and the chemical composition of the filler material. The objective function is (1)
minimum stress or (2) minimum deviation of residual stress ¢ in a specific area of
the welded joint from the required stress o e :

(1) o(p) — min; (12.6.5)

(2) [0(P) — Treq]* — min. (12.6.6)

Parameters of welding conditions within the required temperature interval and the
chemical composition of the metal serve as vector components of variable parameters
p- Constraints are selected for practical reasons.
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Fig. 12.22 Welded plate (a); dilatometric diagram ¢ for HO77 steel heating and subsequent
cooling at rate 10 K s~! (b) and transient longitudinal stress in surface point A plotted against
temperature during cooling in welding of 304 steel with electrodes H077 and OK Tubrod 14.20
(¢) (Dai et al. 2010)

Residual stresses in steel depend on welding conditions, structure rigidity and
mechanical properties of the metal (yield strength, elasticity modulus, Poisson’s
ratio) and phase transformations if they occur at low temperature (Karkhin et al.
1999, 2001, 2003). Under cooling, the austenite with a denser face-centred lattice
turns into pearlitic ferrite with a less dense body-centred lattice, i.e. metal expands
under cooling (negative linear expansion coefficient, density reduction) (Fig. 12.22b).
Temperature strain &7 (free strain under heating and cooling) is determined by linear
expansion coefficient o:

T
el(T) = [a(T)dT. (12.6.7)

Ty

The temperature interval of phase transformations depends on the cooling rate
and chemical composition of steel. Generally, the higher the degree of alloying is,
the lower the interval will be. For example, at cooling rate 10 K s~! martensitic
transformation in HO77 steel (0.01% C, 12.5% Cr, 6.8% Ni, 1.5% Mo, 1.2% Mn,
yield strength 840 MPa) occurs in the range 487-387 K (Fig. 12.22b). The higher
the cooling rate is, the lower the temperature transformation interval will be. The
cooling rate can be adjusted by changing welding conditions (source power, welding
speed, heating temperature). It should be remarked that welding conditions determine
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the percentage of the base metal in the weld metal (dilution) and, consequently, the
chemical composition and dilatogram &7 (T) of the weld metal.

Let us investigate a method for minimising longitudinal stresses o, at point A
positioned on the surface of the weld (Fig. 12.22a), in gas metal arc welding of
304L austenitic steel (<0.035% C, 18-20% Cr, 8-13% Ni, <2% Mn, <0.75% Si,
yield strength at room temperature 240 MPa) using HO77 and OK Tubrod 14.20
electrodes (0.003% C, 19.5% Cr, 10.0% Ni, 1.2% Mn, yield strength 390 MPa).

The kinetics of the stresses is calculated using the finite element method with
consideration for the material superplasticity effect during phase transformations.
Longitudinal residual stresses are measured using the neutron diffraction method
(Dai et al. 2010).

The following conditions for single-pass welding are selected: current / = 283
A, arc voltage U = 26 V, welding speed v = 7.7 mm s~!, initial temperature Ty =
293 K (Dai et al. 2010). Figure 12.22c shows the kinetics of longitudinal stresses
o, at point A. It is obvious that in welding using OK Tubrod 14.20, when there
are no low-temperature phase transformations in the weld metal, stresses continu-
ously grow, reaching their maximum after complete cooling. In welding using HO77,
tensile stresses relax with the beginning of austenite decomposition and martensite
formation, while after complete cooling they are close to zero. The calculations have
been experimentally verified (Dai et al. 2010). Thus, residual stresses in the weld
metal can be minimised by varying welding conditions and the chemical composition
of the electrode.

There is a similar solution to the second problem: obtaining required residual
stresses in a particular area of the welded joint (Eq. (12.6.6)). For example, residual
compressive stresses in dangerous areas are desirable as they improve fatigue strength
of the welded joint under cyclic load and reduce sensitivity of the metal to stress
concentration, including discontinuities such as pores and cracks.

Thus, residual stresses can be controlled through welding conditions and chemical
composition of the filler metal.

It should be noted that the formulation and solution of the optimisation problem
can be simplified if it is required to find parameters of the heat source with speci-
fied temperature conditions, size of the heating area and observation time. In some
cases, it is possible to obtain a solution in an analytical form (Melyukov 1996, 2003;
Melyukov and Grigoryants 2002).

To date, many examples of the optimisation problem solution have been pub-
lished. Optimum conditions for scan plasma arc welding make it possible to obtain a
temperature field with a lower gradient and, consequently, a more uniform weld along
the length, more uniform distribution of microstructure at the weld interface, lower
tendency to defect formation (pores, inclusions, cracks, lack of fusion) and lower
cooling rate compared to conventional arc welding (Doumanidis and Fourligkas
1995). The same effect is achieved with optimum scan laser welding conditions
(Doumanidis 2001). Numerical optimisation is a key tool for the improvement of
advanced multi-beam laser welding techniques (Petzet et al. 2005). Optimisation of
induction welding makes it possible to obtain uniform distribution of the temperature
of the body’s work surface that allows high-quality deposition of a powdered hard
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alloy (Shably et al. 2003). Additional moving heat sinks (for example, weld cooling
with carbon dioxide snow) make it possible to reduce cooling time Atg;s and hereby
change microstructure and properties of the weld metal and HAZ as well as reduce
welding distortion (Van der Aa et al. 2007).

As can be seen from the examples, formulating optimisation problems (objective
functions and constraints) can vary as they serve different practical purposes. The
objective function can comprise characteristics of different nature (geometrical, met-
allurgical, economic, etc.), with weighting factors being set by the researcher and
reflect his view of the optimisation problem. Therefore, researchers play a decisive
role in the formulation of the optimisation problem.
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Chapter 13 ®)
Prediction of Local Microstructure Guca i
and Mechanical Properties of Welded

Joint Metal with Allowance for Its

Thermal Cycle

13.1 Microstructural Zones of Welded Joint

The behaviour of a welded joint under external conditions (load, temperature, hostile
environment, etc.) depends on the local microstructure and local mechanical proper-
ties of all welded joint zones (of the weld, HAZ and base metal). In order to predict
the microstructure and properties, it is necessary to know the thermal processes in
the welded joint, i.e. to solve the heat conduction problem with allowance for body
geometry, boundary conditions, welding conditions, and the thermophysical prop-
erties of the metal (Fig. 13.1). It is further assumed that the thermal cycles of all
welded joint zones are known.

Problem of heat Welding conditions
conduction
Workpiece
2COIEIY o Boundary conditions
r=Tx .20 Heat source
A
Thermal Thermophysical
characteristics properties (a, 4, ¢, p)
(s Al vs)
Y
Material Problem of metallurgy Local mechanical properties

Chemical composition Microstructural ”| Hardness

Initial microstructure constituents (= flx, v, z, 1)) Yield strength
Ultimate tensile strength
Elongation

Reduction in area
Impact energy, etc.

Fig. 13.1 Flow chart for the calculation of the transient temperature field, microstructural trans-
formations and mechanical properties of HAZ metal
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Fig. 13.2 Microstructural zones in the welded joint of low-alloy steel, peak temperature profile
and Fe—C diagram (Petrov and Tumarev 1977)

Different welded joint zones are subjected to a different thermal cycle during
welding. Metal in the welding zone is heated faster and to a higher temperature than
metal positioned at a distance from the weld. As a result, the zones have different
local metallurgical and mechanical properties.

Let us examine the microstructural zones in the fusion welding of low-carbon
steels. Figure 13.2 shows an equilibrium Fe—C phase diagram. Metal heated above
liquidus temperature 7', forms a weld pool, while metal under cooling forms a weld
(zone 1 in Fig. 13.2). The weld metal has a cast structure with elongated curved
columnar crystals growing on the grains of the base metal (see Chap. 9).

Metal in zone 2 is heated above solidus temperature 7' but below liquidus tem-
perature 7', . In this zone, the base metal is partially melted.

The final coarse grain microstructure of metal in zone 3 is a result of overheating.
In this zone, the grain size increases towards the weld interface.

Zone 4, heated slightly above temperature Acs3, has a fine grain structure (nor-
malisation structure). Metal heated above temperature Acs (zones 3 and 4) makes a
total transition into an austenitic state, it forms a region of complete recrystallization.
Austenite has a face-centred lattice.

In the zone of partial recrystallisation 5 (A¢; < Thmax < Acs), pearlite colonies
fully or partially transform to austenite, while ferrite grains remain almost unchanged.
Ferrite has a body-centred lattice. Pearlite is a two-phase layered structure consisting
of ferrite and cementite Fe;C.
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The microstructure in zone 6 (Tmax < Ac1) remains unchanged if metal was in
an annealed condition prior to welding. If metal was work-hardened as a result of
cold rolling or bending (i.e. it was in an unstable state), it develops recrystallisation
processes. The minimum recrystallisation temperature of pure metals is 0.47,,,, where
T,, is the melting temperature (K). In welded joints, recrystallisation is observed in
the area heated above 800 K.

Zone 7 contains base metal not undergoing microstructural changes. Zones 2—-6
form a common heat affected zone (HAZ).

The zones of partial melting and coarse grains are critical in a welded joint of low-
alloy steels. The thermal cycle is accompanied by physical and chemical phenomena
that determine the strength of metal during and after welding such as susceptibility
to hot and cold cracking, hardness, strength, toughness (Fig. 13.3). High-alloy steels
and non-ferrous alloys have different phase diagrams and HAZ areas.

A sufficiently accurate description of the thermal history of each HAZ and weld
point is the basic requirement for the modelling of metallurgical reactions.

13.2 Microstructure of Heat Affected Zone Metal
in Single-Pass Welding

The thermal cycles of metal during welding and normal heat treatment are very differ-
ent in terms of duration, peak temperature and austenitising temperature (Fig. 13.4).
The cooling rates of metal can be different by orders of magnitude, hence the
microstructure and mechanical properties of metal can be substantially different.
Therefore, in order to be able to predict microstructure during welding, it is nec-
essary to use anisothermal time-temperature transformation diagrams. These are
constructed on the basis of experimental data obtained by using dilatometric and
thermal analysis methods.

A distinction is made between an isothermal time-temperature-transformation
diagram (TTT diagram), continuous cooling time-temperature-transformation dia-
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Fig. 13.4 Thermal cycles of HAZ in single-pass fusion welding of low-alloy steel compared to
those during heat treatment (shaded) (Shorshorov and Belov 1972): 1—arc welding of 1 mm thick
sheets; 2—submerged arc welding of 25 mm thick plates; 3—electroslag welding of 220 mm thick
plates

gram (CCT diagram) and welding time-temperature-transformation diagram (weld-
ing TTT diagram) (Radaj 1992).

In the case of an isothermal TTT diagram, a steel specimen is heated and held
at ~1173 K (~900 °C), then fast cooled to a temperature below Ac; and held until
the end of transformations. These diagrams cannot be used in welding engineering
practices (Radaj 1992).

In the case of a CCT diagram, a steel specimen is held at ~1173 K (~900 °C) and
cooled at a constant rate. This case also does not conform to the welding conditions
(Radaj 1992).

In the case of a welding TTT diagram, a steel specimen is heated and cooled
according to the welding thermal cycle with a peak temperature of 1623 K (dashed
curve in Fig. 13.5a). The point in time when the specimen is cooled to 1123 K
(850 °C) is taken as the origin of the horizontal axis, At =t — tgso = 0. The thermal
cycle in logarithmic coordinates 7 — log At is represented as a solid curve.

The decomposition of supercooled austenite of 12CrMo4.3 (0.11% C, 1.02% Cr,
0.29% Mo, 0.19% V) steel begins at the point of intersection of the cooling curve
and the first transformation curve (Fig. 13.5b). The corresponding transformation
ends at the point of intersection of the cooling curve and the next transformation
curve (the percentage of the microstructural constituents is specified at the point of
intersection). The products of decomposition of austenite (A) include austenite (M),
bainite (B) and ferrite-pearlite (FP). The values of metal hardness after cooling are
specified at the end of the curves.

The final microstructure and, consequently, properties are determined by metal
cooling time Atg /s in the range 1123 K (850 °C) — 773 K (500 °C). Figure 13.5, ¢
also shows the same welding TTT diagram in coordinates T — Atg s/5, while Fig. 13.6
shows the mechanical properties of steel.
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Fig. 13.5 Welding thermal cycles of HAZ metal (a), welding time—temperature transformation
diagram of 12CrMo4.3 steel (b) and dependency of microstructure on cooling time from 1123 K
(850 °C) to 773 K (500 °C) (c¢) (Seyffarth et al. 1992)
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Fig. 13.6 Mechanical properties (ultimate tensile strength o,,, 0.2% offset yield strength o >, hard-
ness HV30, elongation §, reduction in area ¥, impact energy KCV) of 12CrMo4.3 steel versus
cooling time from 1123 K (850 °C) to 773 K (500 °C) (Seyffarth et al. 1992)
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Fig. 13.7 Continuous cooling—transformation diagram of 20KhGSA steel (a) and final
microstructural constituents and hardness after cooling down (Frolov 1988)

Cooling time Atgs in the range 1073 K (800 °C)-773 K (500 °C) proposed
in paper (Degenkoble et al. 1984) is often used as an argument. Theoretically, it
is possible to use the average cooling rate in the given temperature range or the
instantaneous cooling rate at the given temperature 7(—07/9¢ (T)) instead of cooling
time. However, in the latter case, rate error can be significant, since a derivative error
is higher than the error of function 7'(¢). This can be seen in the bends of curves
T(¢) at the moment of phase transformations accompanied by the liberation of phase
transformation heat (Fig. 13.5b).

The anisothermal time-temperature-transformation diagram is supplemented by
data on the composition of microstructure (Fig. 13.7). Typical HAZ phase composi-
tion curves in the welding of low-alloy steels are shown in Fig. 13.8. Under fast metal
cooling conditions (Atg ;5 < 1 s), the effect of carbon diffusion is weak, and austen-
ite transformation occurs in a martensite form. The role of diffusion grows with the
decrease of the cooling rate, bainite transformation occurs, and ferrite and pearlite
are produced. At Afgs;s < 60 s, the martensite phase is virtually extinct, whereas
at Atgs;s < 200 s austenite transformation occurs completely in a ferritic-pearlitic
form. Thus, it is possible to calculate the thermal cycle (cooling time Atgs/s) and
determine HAZ microstructure after single-pass welding from the geometry of the
welded joint, metal properties and welding conditions.

The diagram of austenite decomposition depends on the peak temperature
(Fig. 13.9). Austenite stability increases as temperature rises. Precise assessment
of metal behaviour for different HAZ areas requires a diagram with different peak
austenitising temperature. These can be summarised in the form of PTCT-diagrams
(peak temperature versus cooling time diagram) (Fig. 13.10). The diagram indicates
the type of microstructure resulting from different combinations of peak austenitising
temperature T, m,x and cooling time Atg;s. At specified time Atgs it is possible to
find microstructure, hardness and grain size depending on temperature 7', n.x (grain
size indicated according to ASTM). Lines with similar hardness HV30 are shown in
the dashed lines. A similar shift of the time-temperature transformation diagram is
observed when high-strength Ni-Cr-Mo HY-100 steel is cooled from 7'p,x = 1623
and 1153 K (Odanovic and Nedeljkovic 2001).
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Fig. 13.9 Continuous cooling—transformation diagram for different peak temperature 7'ax for St
52 steel (0.16% C, 1.50% Mn, 0.40% Si) (Berkhout and van Lent 1968)

The diagrams in Figs. 13.9 and 13.10 do not fully reflect the degree of austeniti-
sation during welding. They cover cooling with no allowance for heating conditions,
which means that different microstructures can form at the same 7T .x and Atgs,
but different heating rates, austenitising time and initial grain size (Michailov et al.
2016; Ossenbrink and Michailov 2007).

There are many empirical formulas to determine the characteristic temperatures
of phase diagrams with allowance for the chemical composition of steels (Adams
1958; Buchmayr 1991; Kasatkin 1984c, 1990; Seyffarth and Kassatkin 1979, 2002;
Seyffarth and Kuscher 1982). The monograph (Buchmayr 1991) collects formulas of
various researchers for calculating melting temperature, temperatures Ac; and Acs,
temperature for pearlite formation start, start and finish of bainite transformation,
start and finish of martensite transformation and other characteristic parameters of
the time-temperature transformation diagram.
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Fig. 13.10 Peak temperature—cooling time diagram of St 52 normalised structural steel (0.16%
C, 1.50% Mn, 0.40% Si) (Berkhout and van Lent 1968; Radaj 1992)
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Fig. 13.11 Characteristic temperature (7 and T'ys) and time (zp and 7r) of the continuous cool-
ing—transformation diagram for austenite decomposion (Seyffarth and Kuscher 1982)

There are also regression equations for temperatures Aci, Ac3, Ty and Ty and
times ¢ and 77 with allowance for the cross-effect of alloying elements (Fig. 13.11)
(Kasatkin 1984c; Seyffarth and Kuscher 1982):

InAci = 6.5792—0.038058C + 0.052317Si + 0.011872Ni—0.045575V
+0.18057A1 + 0.011442W —0.013403Cu + 5.5207B + 0.91209S — 1.1002P
+0.060014Mn - C—0.096628Cr - C + 0.050625Cr - Si + 0.39802Mo - C
—0.34782Mo - Mn + 0.40986Mo - Si—0.12959Mo - Cr—0.048128Ni - C

—0.011090Mn?—0.03550Si2 + 0.010207Cr? + 0.36074Mo”—0.0030705Ni2;
(13.2.1)
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In Acs = 6.8165—0.47132C —0.057321Mn + 0.066026Si—0.050211Cr
—0.094455Ni + 0.10593Ti—0.014847W + 2.0272N + 1.0536S
—0.12024Si - C +0.11629Cr - C—0.30451Mo - Mn + 0.68229Mo - Si
—0.21210Mo - Cr + 0.12470Ni - C + 0.069960Ni - Mn + 0.014003Ni - Cr
+0.29225C? +0.015660Mn” + 0.017315Cr? + 0.46894Mo? + 0.0027897Ni?;
(13.2.2)

In Ty = 6.1705—0.27898C—0.20939Cr + 0.20985Ni + 0.51078Ti
+0.32997A1—0.087418Mn - C + 0.15897Cr - Mn + 0.78628Mo - C
—0.31837Mo - Mn + 0.62347Mo - Si — 0.22623Mo - Cr—0.57669Ni - C
—0.31989Ni - Si + 0.081581Ni - Cr—0.91909C>—0.021565Mn? + 0.068359Cr>

—0.057869Ni?; (13.2.3)

InTr = 6.3518—1.0588C + 0.19345Mn + 0.28463Si—0.64127Cr
+5.3356Mo + 1.7081Ni—0.76398V —0.62657Ti + 2.2319Nb—0.14124Cu
—625.88B + 3.0092N + 3.1049S—6.1159P—0.31011Mn - C—0.87325Si - C
—0.084200Mn - Si +0.94081Cr - C + 0.31078Mn - Cr—1.66627Mn - Mo
—35.643Mo - Si—2.3338Ni - C— 0.84595Mn - Ni + 0.86544Si - Ni

+ 1.0769Mo - Ni + 2.8027C>—0.043512Mn? + 22.549Mo*—0.55888Ni?;
(13.2.4)
Inrg = 0.4176—2.1913Ni—5.1502A1 + 19.164Nb + 0.71165Cu
+108.88B—22.284N + 1.9409Mn - C + 7.3573Si - C—3.5189Cr - C
—3.6421Mo - Mn + 9.0380Mo - Si + 9.9735Ni - C + 0.74690Ni - Mn

+0.97021Ni - Cr—0.94725Si* + 0.25388Cr?; (13.2.5)

Intp = —2.5139 +7.5022C + 1.8910Mn + 5.3040Si1—3.6403Cr
—259.72Mo + 15.443Ni—10.901V + 15.296Cr - C + 1.3923Cr - Mn

+243.0Mo - C + 515.29Mo - Si—51.849Mo - Cr—86.201Ni - C—3.8702Si>
+250.34Mo?. (13.2.6)

Here, temperature is expressed in °C.

Phase composition of the HAZ metal in welding steel depends on the thermal
cycle. Building calculation models based on the examined physical mechanisms of
transformations in steel is currently difficult. Therefore, regression models of phase
formation with allowance for cooling rate can be used for practical purposes. Based
on the analysis of the known CCT diagrams for low-alloy steels (Seyffarth and
Kuscher 1982; Shorshorov and Belov 1972), models for assessing the proportion of
martensite M, ferrite and pearlite F + P and bainite B in the HAZ structure (Kasatkin
1984c, 1990) were suggested:



450 13 Prediction of Local Microstructure and Mechanical Properties ...

In At —In At
M(Atg.j/s) =1- (D< n 8‘5/51n Sn 8.5/5M); (1327)
M
In At — In At
(F + P)(Atgs)s) = 1 — q>< - S'S/Sm Sn 8.5/5 F””); (13.2.8)
F+M
B(Args;s) =1 — M(Atgs;s) — (F + P)(Atgs)s), (13.2.9)

where @ is the error function (3.7.4), Atg sss i and Atg /s p.p are the cooling times at
which 50% of martensite or ferritic-pearlitic microstructure are formed, Sy u Spip
are constants that characterize the steepness of composition history curves M and F
+ P as Atgss increases. Figure 13.8 shows the example of use of such models with
a good fit of models to experimental data (Kasatkin 1984c).

For low-alloy steels containing C < 0.3%, Mn < 2%, Si < 0.8%, Cr < 2%, Mo
<1%,Ni <2%,V < 0.3%, Ti <0.06%, Al < 0.06%, Nb < 0.1%, W < 0.5%, Cu
< 0.5%, parameters Atg s/, Atgss pep, Sy and Spep can be assessed as follows
(Kasatkin 1990):

In Atg 55 = —2.1+15.5C +0.96Mn + 0.845i + 0.65Cr + 0.74Mo
+ 0.55Ni + 0.30V + 4.0Al + 0.50W + 0.80Cu

—0.25Nb—13.5C>—0.55Si?; (13.2.10)

In Sy = 0.56—0.41C + 0.10Mn + 0.14Cr—0.30Mo + 2.7Ti
+ 0.50Cu—1.INb + 1.7C - Mo; (13.2.11)

In Atg5/57+p = 0.34+5.2C + 1.8Mn + 0.53Si + 0.33Cr + 2.9Mo
+0.86Ni + 1.5W + 1.0Cu—6.0C - V=5.1C? +0.50Si%; (13.2.12)

InSpep = 0.91-0.90C + 0.09Mn + 0.08Cr + 0.34Mo + 0.15Ni
+0.85V +2.2Ti + 0.43W. (13.2.13)

An analysis of the obtained models shows that under conditions of a welding
thermal cycle all alloying elements increase austenite stability (Kasatkin 1984c).

13.3 Microstructure of Heat Affected Zone Metal
in Multi-Pass Welding

Low-alloy steels are sensitive to the thermal cycle of welding. In multi-pass welding,
HAZ metal is reheated, which determines its final microstructure and, consequently,
mechanical properties.

In the welding of low-alloy high-strength tempered martensitic-bainitic steel
(0.09% C, 2.63% Ni, 1.05% Cr, 0.27% Si, 0.30% Mn), a coarse grain area is formed
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Fig. 13.12 Thermal cycles and continuous cooling transformation diagrams for high-strength low-
alloy steel (0.09% C, 2.63% Ni, 1.05% Cr) in a coarse-grained heat affected zone during first pass
(a) and second pass (b, ¢) welding (Gliha 2005)

near the weld interface (T ax; = 1623 K). Under cooling, austenite decomposes into
martensite (if cooling time Atzg;s <9 s), bainite and martensite (if 9 s < Atg;s <50 s),
bainite (if 50 s < Arg;s <400 s) or bainite with ferrite (if Atg;5 > 400 s) (Fig. 13.12a).
In this case, hardness HV 10 of this area depends heavily on cooling time Atzgs. If
the final microstructure is fully martensitic, hardness is constant (Gliha 2005).

During the second pass, the metal in the coarse grain area can become hot and
turn into austenite completely (if peak temperature T x> is higher than characteristic
temperature Ac3, Tmax2 = 1233 K> A¢3) or partially (A¢c; < Trmaxz = 1053 K <A¢3)
(Fig. 13.12b, c). In the former case, the products of austenite decomposition will
include martensite, bainite and ferrite with the same hardness as before the first pass
(Fig. 13.12b). In the latter case, the microstructure only partially (up to 70%) turns
into austenite while reheating to T'ax0 = 1053 K (Fig. 13.12c). Therefore, the CCT
diagram is true only for the decomposition of this austenite. A martensite-bainite
microstructure is formed even under extremely fast cooling. The martensite start
temperature is slightly lower than in the first pass (cf. Fig. 13.12a, c) (Gliha 2005).
The dependence of hardness HV 10 on the cooling rate is very weak.

The kinetics of HAZ metal microstructure becomes more complex if the number
of passes is more than two as in the thick V butt weld. In this case, the welding
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Fig. 13.13 Sketch of multi-pass weld (a) and thermal cycles of point A (b) and B (c) (Petrov and
Tumarev 1977)

of each subsequent bead results in the additional thermal effect both on the metal
of previous weld passes and on the HAZ metal. Consequently, the metal changes
its microstructure, i.e. its microstructure becomes more equilibrium. The degree of
microstructure change is determined by the thermal cycle of metal (peak temperature,
cooling rate, etc.), which can be calculated or measured.

As an example, let us select point A in the first-pass HAZ (Fig. 13.13a), the
peak temperature of which is higher than critical temperature Acs (Fig. 13.13b).
During passes 1 and 2, metal transforms into austenite, which later decomposes
under further cooling. If the welded metal is quenched steel, then after passes 1 and
2 the metal at point A has a quenched microstructure. If under heating by pass 3
the peak temperature is sufficiently high but below A¢, after cooling the metal has
a tempered microstructure. The effects of the subsequent passes are minor if peak
temperatures are relatively low.

The thermal effect of welding on point B is less intricate. Metal is heated above
Acs during pass 5. If pass 5 is final, metal remains quenched. It is possible to weld
another bead 6 so that the peak temperature in area B would reach the tempering
temperature. This technological process of improving the HAZ microstructure is
called temper bead technique (Petrov and Tumarev 1977).

In actual practice, HAZ in the multi-pass welding of steels has a complex non-
homogeneous structure (Fig. 13.14). The boundaries of the HAZ areas of two adjacent
passes are determined by peak temperatures. In an HAZ, there are areas 1-4, which
are not affected by the subsequent beads, and areas 5-20, the microstructure of which
changes under the thermal influence of the subsequent beads. In areas 1, 5-8 and 20,
the metal is coarse-grained and brittle, and the dominant factor is peak temperature
around 1600 K. In areas 2, 9-11 and 19, the metal is fine-grained and highly tough.
In areas 3, 13-16, there is a risk of intercritical embrittlement. Area 16 is affected
particularly adversely, initially being coarse-grained and then partially turning into
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Fig. 13.14 Heat affected zones in multi-pass weld: the region independent of subsequent weld
passes: 1—coarse grain zone; 2—fine grain zone; 3—zone of intercritical heating; 4—zone of
subcritical heating; the region dependent on subsequent weld passes: 5—-8—coarse grain zone;
9-11—fine grain zone; 12—recrystallisation zone; 13, 14—zone of intercritical heating; 15—zone
of intercritical heating with fine grains; 16—zone of intercritical heating with coarse grains;
17—zone of subcritical heating; 18—zone of intercritical and subcritical heating; 19—zone of
subcritical heating with fine grains; 20—zone of subcritical heating with coarse grains (Buchmayr
1991; Degenkoble et al. 1984)

austenite. This may further lead to dissolution of sensitive particles (e.g. Nb (CN)).
Fast cooling of carbon-enriched austenite leads to the formation of martensite islands
(Buchmayr 1991; Devillers et al. 1995).

Thus, the HAZ and weld metal of the previous passes are subjected to heat treat-
ment during multi-pass welding. Considering the chemical composition of the base
and welding materials, it is theoretically possible to find such thermal cycles (optimise
welding conditions) that would lead to the required microstructures and mechanical
properties of the welded joint. Helical surface welding of cylindrical solids (with con-
current cylinder rotation and source movement along the generatrix) allows obtain-
ing optimum thermal cycles similar to multi-pass welding (Yazovskikh and Belenky
2011a, b).
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13.4 Mechanical Properties of Steels in the Heat Affected
Zone and Weld

13.4.1 Mechanical Properties of Heat Affected Zone Metal

The HAZ metal of low-alloy steels is a multi-phase system due to the phase trans-
formations that occur during heating (see Sect. 13.2). The phase composition of the
metal depends mainly on the concentration of alloying elements and the thermal
cycle of welding. The mechanical properties of welded joints are largely determined
by the HAZ microstructure, i.e. the size of austenitic grains, state of their bound-
aries and phase transformations during the cooling of metal (Kasatkin 1990). Local
mechanical properties of HAZ (hardness HV, ultimate tensile strength o, 0.2% off-
set yield strength o ,, elongation §, reduction in area ¥, impact energy KCV and
KCU) depend on the chemical composition of steel and the thermal cycle of weld-
ing. The mechanism of such dependencies is yet to be properly studied. Therefore,
they are described using regression models, which tend to reflect basic quantitative
relationships rather well (Kasatkin 1990; Seyffarth and Kuscher 1982; Seyffarth and
Kasatkin 2002).

Normally, the influence of the welding thermal cycle on the properties of steel
is described using diagrams that show the change of the phase composition and
mechanical properties depending on cooling time Afg 55 in the temperature interval
1123-773 K (850-500 °C). The diagrams examined below are obtained using spec-
imens made of low-alloy steels of the following composition, %: C < 0.4, Mn < 2,
Si<08,Cr<2,Mo<1,Ni<15,V<03,Ti<0.06, Al <0.06, Nb <0.1, W
< 0.5, Cu < 0.5. The used thermal cycles provide peak heating temperature 7 yax
= 1623 K (1350 °C) and cooling time Atgs;s = 5-200 s. As a result of experimen-
tal data processing, the following interpolation models are obtained (Kasatkin and
Seyffarth 1984):

HV = (390 + 680C + 17.7Mn)M + (234 + 122C) B + (98 + 275C
+15.4Mn)(F + P); (13.4.1)

6, = (798 + 1100+/C)M + (590 + 960C + 39.7Mn + 200V) B
+(297 + 1360C + 60Mn + 140V)(F + P), MPa; (13.4.2)

G0 = (662 + 1610C)M + (500 + 460C—120C2 + 150V) B
+ (187 +926C + 47Mn + 90V)(F + P), MPa; (13.4.3)

8 = (12.2—67C*~1.5Mn +0.76In Atgs/5)M +(21.3-35.6C

—4.0Mn—5.0V + 1.841n Atg 5/5) B + (36.5—127C + 153C?
—1.16Mn + 8.0V + 0.66 In Al8_5/5)(F + P), %; (1344)
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Fig. 13.15 HAZ iso-hardness (a) and iso-yield strength (b) for high strength low-alloy steels
(Grong 1994; Kluken et al. 1992)

¥ = (48.5—158C + 116C% +0.98 In Aty 5/5)M + (53.3—132C + 103C>
—5.1Mn—10V +3.41n Atg5/5)B + (65.4—88C—82C*—6.7Mn
+18V +0.61n Al3_5/5)(F+ P), %; (13.4.5)

KCU = (1.06—2.8C + 1.3C*~0.081Mn + 0.054 In Atg 5/5)M + (1.3
—1.6C—0.08Mn)B + (1.47—1.8C + 0.80C>—0.076Mn—0.045
In Atg 5/5)(F + P), MIm™2. (13.4.6)

Formulas for the calculation of martensite M, ferrite and pearlite ' + P and bainite
B in the HAZ structure are provided in Sect. 13.2.

A simplified approach has become widespread in the welding practice, when
the effect of the chemical composition of steel is described by a single parameter,
namely, carbon equivalent. Exemplifying this approach, Fig. 13.15 shows lines of
equal values of hardness HV and yield strength depending on cooling time Atg/s and
carbon equivalent CEy;, where (Yurioka et al. 1981)

CE C Si Mn Cu Ni Cr Mo V Nb 13.4.7
TR T s Tt s Tas s T (1347
There are many publications that provide chemical compositions, welding TTT
diagrams and the dependence of mechanical properties on cooling time or rate (Seyf-
farth 1978; Seyffarth and Kuscher 1982; Seyffarth et al. 1992; Shorshorov and Belov
1972). According to the calculated thermal cycle of welding, it is easy to deter-
mine the final phase composition and mechanical properties of the HAZ metal. As
an example, Fig. 13.16 shows the cross-section of a natural and calculated weld and
hardness distribution in a welded joint of 12Kh1MF steel. The chemical composition



N
D
[e))

13 Prediction of Local Microstructure and Mechanical Properties ...

2 — Calculation
; 300 Feo Experiment o 33 %%, g
] z=3.5mm z=11mm
@ 200 + 1
_g w“n n/o\o ~—e
o

100 S — S
=8 % 4 2 0 2 |43 6 8

Coordinate y, mm
T.=17713K

00 900 800 ] R
4 6 8§ 100 200 300
Coordinate y, mm Hardness HV30

‘-‘.‘_“-
1S .
Coordinate z, mm
.. i
° ]
L]
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of a joint after gas tungsten arc welding of 12KhIMF steel (1 =250 A, U =12 V,v =5 mm s~ !
(Karkhin et al. 2006)

of steels 12Kh1MF and 12CrMo4.3 (Fig. 13.5) is similar. The temperature field is
calculated using the inverse modelling method, while hardness distribution is calcu-
lated according to cooling time Atgs;s (Atgs;s = 5.6 s) using Fig. 13.6. Figure 13.16
illustrates that the hardness of the HAZ metal almost doubles compared with the
initial state. The metal consists of 76% bainite and 24% martensite (Karkhin et al.
2006). For hybrid laser-arc welding of the carbon steel, the mechanical properties of
the HAZ metal was predicted with consideration for real weld shape (Karkhin et al.
2013a, b, 2015a, b).

Computer programs for calculating thermal processes of welding and cladding
and predicting the microstructure and mechanical properties of the HAZ metal are
developed (Muzhichenko et al. 1991; Muzhichenko 2000).

At complex thermal cycles (e.g., in low-frequency pulsed welding and multi-pass
welding), the HAZ metal is heated and cooled multiple times, making it extremely
difficult to predict the mechanical properties of metal in particular areas due to the
lack of composition-properties’ calculation models. In these cases, it is proposed to
use an experimental-calculation method: a specimen of the base metal is subjected to
a complex specified (calculated) thermal cycle on specialised installations in order
to obtain the required microstructure, with further examination of the microstructure
and properties of the obtained metal. This approach is particularly efficient if the
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width of the HAZ areas (e.g. the coarse grain area) is small, which makes it difficult
to determine local mechanical properties (e.g. impact energy).

When using the experimental-calculation method to determine local mechanical
properties, it is important to keep in mind that diffusion processes near the weld
interface are not allowed for. For example, in the welding of different steels, an area
with reduced carbon concentration (“soft interlayer”) and, consequently, different
mechanical properties, may be formed in the HAZ (Petrov 1963).

13.4.2 Mechanical Properties of Weld Metal

The mechanical properties of weld metal in the welding of low-alloy steels depend
on the chemical composition of the weld metal and cooling time Afg s/s in the range
1123 K (850 °C)-773 K (500 °C). High-strength weld metal with the following
composition is examined: 0.05-0.15% C, 0.5-2.0% Mn, 0.2-0.6% Si, < 2.0 Cr, <
2.0% Mo, <3.0% Ni, <0.2% V, <0.06% Ti, < 0.06% Al, < 0.2% Cu, 0.005-0.04%
S, 0.005-0.04% P, 0.015-0.025% N, 0.01-0.06% O. At time Atgs;s = 7-30 s,
weld metal has the following properties (offset yield strength o, ultimate tensile
strength o, elongation §, reduction in area 1) (Kasatkin 1984b, 1990; Kasatkin
and Mikhoduy 1992):

002 = 290 + 1660C + 164Mn + 17.4Si + 103Cr + 190Mo + 92Ni
+324V—120Ti—90AI—32Nb + 13W + 40Cu + 960Zr—1200P + 1740N
—1100—-32.3C - Mn + 712C - Si + 291C - Ni + 470C - V—24.1Mn - Ni
+67.1Si - Cr—64.2Si - Ni + 201Si - V—24Mo - Ni—59.2Mo - V + 15.3Ni - V
—161C%=31.3Mn’—15Mo—4.5Ni>—275V>—(27.5 + 350C + 4.1Mn
+4.3Cr +3.4Mo + 2.2Ni + 6.6V) In Atg 5,5, MPa (13.4.8)

0, = 350 + 1720C + 171Mn—23.6Si + 202Cr + 147Mo + 97Ni + 426V
—310Ti—70Al—65Nb + 57W + 43Cu—70Zr—200P + 1900N—900
+170C - Mn + 1330C - Si + 870C - Cr—160C - Mo + 310C - Ni—694C - V
—23.5Mn - Ni + 64.5Si - Cr—43Cr - Mo—25.5Cr - V—20.7Mo - Ni—50.7Mo - V
+16.1Ni - V + 86C%—17Mn>—50Cr*—4.5Mo? + 5.4Ni>—255V>—(23.0
+290C + 3Mn + 2.5Si + 14Cr—13Mo + 10.8Ni + 13V) In Atg 55, MPa
(13.4.9)
8 = 38.2—103C—3.94Mn + 1.61Si—8.59Cr—9.0Mo—20.6V
+ 12.4Ti + 0.478Nb—0.85Cu + 2.43Co—18S—18P—103N—18.50
+9.2C-Mn+ 11C - Cr+ 20C - Mo—1.1Mn - Si + 1.64Mn - Mo + 0.577Cr - Ni

+0.826Mo - Ni + 3.86Mo - V + 78C? + 0.27Cr? + 0.686Mo” + 2.12V? + (8.4C
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Fig. 13.17 Effect of alloying elements on the 0.2 percent offset yield strength of I0KhGN2 M steel
(1% Mn, 0.3% Si, 1% Cr, 0.5% Mo, 1.5% Ni, 0.02% V, 0.02% S, 0.02% P, 0.01% N, 0.025% O) at
cooling time Atg ;5 = 20 s (Kasatkin and Mikhoduy 1992)

+0.905Cr—0.596Ni + 4.9V—2P) In Atg 55, % (13.4.10)

Y =93.4-213C +2.86Mn + 10.5Si—11.9Cr—11.4Mo—32.2V
+47.5Ti—15.8A1-3.5Cu + 4.7Co—25S—20P—263N—1580 + 4.45C - Cr

—1.38Mn - Mo—0.592Mn - Ni—2.76Mn - V—1.52Ni - V + 110C? + 0.31Cr?

+4.1V? +(—2.83 + 18.8C—1.76Mn—4.36Si + 1.76Cr + 3.9Mo + 0.54Ni
+8V—-35P)In Aty 5/5, % (13.4.11)

Regression models (13.4.8)—(13.4.11) show the non-additive and non-linear
effects of alloying elements on the indicators of strength and ductility of weld metal.
The degree of the effect of an individual element depends on the concentration of
other elements.

Figure 13.17 illustrates the influence of major alloying elements on offset yield
strength o,. As can be seen in the figure and the provided formulas, alloying with
carbon, manganese, chromium, molybdenum and vanadium significantly increases
the yield strength of weld metal, also reducing its ductility.

As the rate of weld metal cooling decreases (cooling time Atgs/s increases), so
do its offset yield strength o, and ultimate tensile strength o,,. However, there is
an increase in elongation § and reduction in area . Sensitivity of the mechanical
properties of the weld metal to the thermal cycle grows with an increase in the
concentration of major alloying elements.

There are also known regression models for assessing true tensile strength
(Kasatkin 1984a), limit of proportionality (Kasatkin 1984b), impact energy KCV of
low-alloy weld metal and its temperature dependence (Kasatkin 1990, 2005), resis-
tance of weld metal to fatigue crack propagation (Kasatkin 1985), fracture toughness
of low- and medium-alloy metal (Kasatkin 1994).

Formulas (13.4.8)—(13.4.11) make it possible to select a weld alloying system in
the welding of low-alloy high-strength steels with allowance for welding conditions
(time Afgs/5, which can be calculated).
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13.5 Microstructure and Mechanical Properties
of Aluminium Alloys

Aluminium alloys are extensively used in welded structures due to their high strength,
low density and high corrosion resistance. Cu, Mn, Si, Mg, Zn and other elements
are used in alloying. AI-Mg (5XXX series) and Al-Mg-Si (6XXX series) alloys are
used in the manufacturing of ships, pressure vessels, railroad coaches, automobiles,
pipes, etc.

Al-Mn, Al-Si and Al-Mg alloys are non-heat treatable. If the welded metal
is cold-worked, after heating the cold work of the metal in the HAZ is partially or
completely removed, and the metal’s properties become similar to the annealed metal
(reduced hardness and strength, increased ductility) (Petrov and Tumarev 1977).
Composition and microstructure of the weld metal is determined by composition of
the filler metal, which is similar to the base metal in most cases.

Al-Cu, Al-Mg-Si and Al-Zn alloys are heat-treatable. They are subjected to
homogenising (solution heat treatment) and quenching with further natural or artifi-
cial ageing. The composition of the filler metal is determined by the composition of
the welded alloy. For example, in the welding of a 6005 alloy (0.8% Si, 0.5% Mg) it
is recommendable to use 4043 alloy (4.5-6.0% Si, 0.8% Fe, 0.30% Cu) with reduced
solidus temperature in order to avoid solidification cracking.

In the welding of heat-treatable alloys, the microstructure and local mechanical
properties of the HAZ metal depend on the thermal cycle (peak temperature and heat-
ing and cooling time), which in turn depends on welding conditions, joint geometry
and the thermal and physical properties of the metal (see Chap. 8).

Let us analyse the degree of softening the HAZ metal of the welded 6005-T6
Al-Mg-Si alloy, which has been subjected to homogenising and stabilisation prior to
welding (Martikainen et al. 2011, 2013a). Deposition on a massive body is performed
with preheating, Ty = 393 K. Figure 13.18 shows the natural and calculated cross-
section and thermal cycles of three points in the HAZ. Under heating, yield strength
slumps as temperature increases (Fig. 13.19). Under cooling, yield strength grows as
temperature drops. However, it still remains rather low if peak temperature is above
600 K. Such temperature dependencies of local mechanical properties serve as crucial
input data for the solution to thermomechanical problems aimed at determining
transient and residual welding stresses and distortion of welded structures.

13.6 Effect of Thermal Cycles on Mass Diffusion Processes
in Welding

Microstructure and mechanical properties also depend on the chemical phenomena
occurring in the weld and HAZ metal. It is necessary to take into account temper-
ature history (thermal cycle) in the calculation of chemical kinetics (element diffu-
sion, grain growth, formation and decomposition of chemical compounds, etc.). The
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Fig. 13.19 The temperature dependence of the yield strength of 6005-T6 aluminium alloy under
heating and cooling and schematic diagram of testing (Martikainen et al. 2011, 2013a, b)

solution to this problem is complicated by the fact that using the known analytical
solutions obtained for isothermal conditions is problematic.

Based on the concept of equivalent time, it is possible to reduce non-isothermal
diffusion to isothermal diffusion (Karkhin et al. 1978; Karkhin and Okhapkin 2011;
Petrov 1963; Shewmon 1963).

Let us make the following assumptions: the diffusion flows are one-dimensional;
the zone of active diffusion is relatively small and under isothermal conditions at any
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given time; the thermal cycle is known. Then element diffusion can be described by
the following equation:

aC 32C
o= D(T(z))(W) (13.6.1)

where C is the concentration and D is the diffusion coefficient dependent on temper-
ature 7, which, in its turn, depends on time #:

D(T(t)) = Dy exp(— (13.6.2)

)
RT())

Here, Dy is the multiplier, Q is the activation energy of diffusion and R is the
gas constant. Values Dy and Q depend on the microstructure and are assumed to be
known.

Non-linear Eq. (13.6.1) with variable diffusion coefficient D can be reduced to a
linear equation with constant coefficient D, taken relative to a reference constant
temperature T, (Karkhin et al. 1978; Karkhin and Okhapkin 2011):

sc9%C
oy el 9x2

(13.6.3)

where t,, is the equivalent time determined according to the following formula:

t

/ D(T(t'))dt'. (13.6.4)

teg =

Equations (3.6.1) and (13.6.3) are identical. Formula (13.6.4) shows that thermal
cycle T (t) is allowed for in the equivalent time.

Therefore, the solution to problem (13.6.1)—(13.6.2) with a variable diffusion
coefficient can be reduced to the solution to problem (13.6.3)—(13.6.4) with constant
coefficient D, in the form of function C (x, t.,), and then the required function C
(x, 1) is built using Eq. (13.6.4).

The integral in (13.6.4) with allowance for (13.6.2) can be calculated using known
numerical methods. Let us find it for a piecewiselinear function, which can be used
to rather accurately approximate any thermal cycle of welding and heat treatment T
(t) (Fig. 13.20). Temperature T, in each n section is described by a linear function
of local time At,,:

T.(At,) = a, + b, At,, (13.6.5)

where a, u b, are defined by two points: T, t,, and Ty, t,0 (Fig. 13.20). Then
equivalent time 7., at any time #, is determined by summation by sections:
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Ateqn(Atn) forn =1;

— n—1
feq(In) = Y Ateyi(Atif) + Ategn(Aty) forn > 1. (13.6.6)
i=1

Let us assume that the pattern of function D (T') is constant at each nth section
(Do, and Q, are constant). Then equivalent time for the nth section follows from
formulas (13.6.2) and (13.6.4):

Aty n(Aty) = Dy, exp(— O - >dt’ =
D(Tref) 5 RTn(t)

Doy Ores _ On Y
Dorey exp(RTmf Ra,t)At” forb, = 0;

_ ) w0 s \[ Raytb,AL) 0,

=\ Do By exP(RTmf )[ 0, eXp(_ Riar+b, Atn))_

Q“ exp(— Q ) +E1< R(anfw) E1<— Q ) for b, # 0.
(13.6.7)

Here, values Dy,.; and O,y refer to the material at temperature 7T ., while values
Dy, and Q,, refer to the material at the nth section.
Equation (13.6.7) can be represented in the following form:

Do, .
Ategy = =2 eXp<I?Tf >®(u V)AL, (13.6.8)
Oref ref

where
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Function ® (u, v) is shown in Fig. 13.21. It can be seen that as temperature
increases (along with coefficients a, and b,, and, consequently, parameters « and v),
so does equivalent time 7., , (diffusion is activated).

Thus, the obtained Egs. (13.6.6)—(13.6.8) make it possible to use the solution to
diffusion problem (13.6.3) when the diffusion coefficient is constant, D,,r = D (T ,r),
taking equivalent time ¢,, for time. An analytical solution to diffusion Eq. (13.6.3)
can be obtained using known methods.

Let us now find a correlation between equivalent time 7., and actual time ¢ for
two typical schemes of calculating the thermal cycles in fusion welding: a rapidly
moving point source on the surface of a massive body and a rapidly moving line
source in a thin plate (Sect. 5.1.4). Let us define the diffusion zone by the specified
peak temperature 7 .

By substituting Egs. (13.6.2), (5.1.121) and (5.1.129) into expression (13.6.4), we
get the dependence of equivalent time 7., on actual time 7 for a point source (Karkhin
and Okhapkin 2011):

D,
a/v O F(E, ©0, 1), (13.6.10)

teg(t) =
“ MTmax — T0) Dyer

where
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Fig. 13.22 Dependence of the integral function ' on dimensionless real time 7 at the dimensionless
activation energy E and dimensionless initial temperature 6y = 0.2: a rapidly moving point source
on a thick solid (a) and a rapidly moving line source in a plate (b) (Karkhin and Okhapkin 2011)

T

E
F(E, B, 1) = / eXP(‘ Qg + Qmu)~! exp(—(2ﬂe”)1)>du’
0

AMTmax — To) . 0 To
T = LE= 0
q/v

©)

(13.6.11)

" R(Tmax —To)" Tmax —To

Here, 7 is the dimensionless actual time; E is the dimensionless activation energy;
0 is the dimensionless initial temperature.

Dependence F(t) is shown in Fig. 13.22a. The greater energy E is, the lesser
integral F’ and time ¢, as well as their growth will be. Function F' remains unchanged
after complete cooling; it reaches its maximum value F,. It can be assumed that
condition T = 1 corresponds to the end of thermally active diffusion. The only
exception is hydrogen (E < 5), which diffuses at low temperature as well. With the
increase in energy E, function F. (time 7,,) drops. A rise of initial temperature
©® enhances diffusion and, consequently, function F'ax and time 7., proportionally
to the increase in energy E. This also follows from Eq. (13.6.11): the values of the
integrand and the integral increase with the growth of ®,. Thus, preheating and
additional heating increase the equivalent diffusion time (Karkhin and Okhapkin
2011).

Similarly, by substituting Egs. (13.6.2), (5.1.146) and (5.1.153) into expression
(13.6.4), we get the dependence of equivalent time 7., on actual time ¢ for a line
source (Karkhin and Okhapkin 2011):

2
! [ q/0vh) ] Do rE 0 0. (13.6.12)

log(t) = —
)= Do

Tmax — Ty

where
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Fig. 13.23 Dependence of
the equivalent time of
diffusion of carbon on the
real time in the HAZ in
welding a 10 mm thick steel
plate (# = 10 mm) and a
thick solid (& = co) with the
heat input of 1148 J mm™!
and the initial temperature of
293 K (Karkhin and
Okhapkin 2011)
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Dependence F(7) is also defined by two parameters: E and ®,. Comparison of
Fig. 13.22a, b shows that the corresponding curves are qualitatively similar.

It should be noted that the diffusion zone can be characterised not by peak tem-
perature, but by the distance from the diffusion zone to the weld centreline (Karkhin
et al. 1978). Then the formulas change their form.

If during heating and cooling there is a number of microstructural transformations
accompanied by changes in Dy and Q, the entire section O — ¢ in Egs. (13.6.11) and
(13.6.13) is divided into separate stages with uniform microstructure (constant Dy

and Q).

Example 13.6.1 Required: a correlation between equivalent time 7., and actual time
t for carbon in the metal heated to temperature T,,x = 1758 K in the welding of a
thick steel slab. Given: welding conditions g/v = 1148 Jmm~' and Ty = 293 K (®,
= 0.2) provide a weld of width 10 mm and 5 mm in thickness (Petrov 1963).

Let us refer diffusion to temperature T',,r = T max. Figure 13.23 (curve h = o0)
shows that diffusion at the stages of heating (curve beginning) and cooling (curve end)
is weakly expressed (equivalent time changes slightly). The most intense diffusion
occurs in y-Fe at Ty = 1758 K (depicted as a circle on the curve). At the cooling
stage, diffusion is more intense and longer than at the heating stage. The complete
thermal cycle corresponds to equivalent time f., = 1.27 s. This time is longer for a
plate, t,, = 1.86 s (curve 1 = 10 mm), which means that diffusion processes in a
plate are more intense, since the plate metal heats faster and cools slower that the
metal of a massive body (Karkhin and Okhapkin 2011).
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13.7 Optimisation of Inert Gas Tungsten Arc Welding
Conditions for Stainless Steel

Optimisation of welding conditions requires a mathematical thermal process model
that would correlate welding parameters with the characteristics of the temperature
field (Fig. 11.1). So far, we have considered this model to represent a conventional
heat conduction problem (partial differential equation of heat conduction equation,
initial and boundary conditions). Technically, this model can be described in a sim-
plified form, e.g. by a polynomial regression equation. Naturally, the regression
equation should be obtained using statistical processing of the results of numerous
experiments (numerical and natural). Let us illustrate the latter approach through the
example of a gas tungsten arc welding technique.

Preliminary application of a thin coating of activating fluxes on the surface of
the material makes it possible to increase significantly the depth of fusion (Parshin
2011, 2013). For example, single-pass gas tungsten arc (A-TIG) welding of 304LN
stainless steel (<0.03% C, 18-20% Cr, 8—12% Ni, <2% Mn, <1% Si) provides the
depth of fusion up to 10-12 mm (Vasudevan et al. 2007).

There is a known regression equation that directly correlates the depth of fusion
h,, weld width W and weld overfill height A, with the following parameters of
the tungsten arc welding of 304LN steel along the activating flux layer: current /
= 80-280 A, speed v = 1.00-3.33 mm s/, arc length / = 0.75-1.50 mm, argon
comsumption 0.17 1 s~!, thoriated electrode diameter 3 mm, electrode tip angle 45°,
multi-component flux. In tungsten arc welding without filler metal, weld overfill
(reinforcement) forms resulting from residual transverse plastic shortening strains.
Regression equations for 304LN steel have the following form (Vasudevan et al.
2007):

h, = 0.27946 +0.04961 - I +0.11002 - U — 0.21162 - v — 0.53303 -
—0.00141-7-U —0.014-1-v+0.00316-1 -1
+0.0000437177 - I* +0.01065 - [%; (13.7.1)

W =0.38168 + 0.0854 - I +0.28924 - U — 0.1794 - v + 0.2496 - |
—0.0002042 - [ - U — 0.0005326 - [ - v+ 0.0009386 - I -/

+0.00003310 - I? +0.00664 - [*; (13.7.2)

hor = —0.30796 +0.0004187 - I +0.10023 - U — 0.01046 - v
—0.28719 -1 — 0.0007915 - I - U +0.00001245 - [ - v +0.00202 - I - [
+0.00003797 - I% + 0.00004965 - v2. (13.7.3)

Here, U is the arc voltage. It is possible to add an arc equation that would correlate
voltage U with current I and arc length /, if it is known. The optimum values of the
variable parameters /, U, v and [/ can be found by solving Eqgs. (13.7.1)—(13.7.3)
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Fig. 13.24 Weld shape ~ W =
produced by A-TIQ we?ding ; “ R &
of 304LN austenitic stainless 1, v e
steel — —

A |

Calculation
h,
Y | —

for these four parameters with allowance for additional physical constraints. This
problem can be formulated as an optimisation problem by taking objective function
F as a sum of squares of relative deviations of the calculated parameters from the
required parameters (marked by superscripts m):

2

hm _h w"n —Ww 2 hzl - h” ?

FULUvwD=[2—""] + + (=2 S min, (13.7.4)

h W hoy
p of

Equation (13.7.4) with allowance for the corresponding constraints on welding
parameters in the form of equations and inequations can be solved using the methods
described in Chap. 11 or using a genetic algorithm (Vasudevan et al. 2007). Genetic
algorithm is a heuristic search algorithm used for solving optimisation and modelling
problems by randomly selecting, combining and varying the required parameters
using mechanisms reminiscent of biological evolution. The fundamentals of this
theory can be found in specialised literature. The genetic algorithm has found use in
solutions to welding problems (Kim et al. 2002; Kim and Rhee 2003; Kumar et al.
2005; Vasudevan et al. 2007).

Figure 13.24 and Table 13.1 show weld geometry and the corresponding welding
parameters. The comparison of the calculated and experimental weld size and the
corresponding welding parameters shows satisfactory calculation accuracy. The weld
is represented by two semi-ellipses despite the actual shape of the weld being more
complex (Vasudevan et al. 2007). The accuracy of the weld geometry calculation
directly depends on accuracy (adequacy) of the regression equation.



468 13 Prediction of Local Microstructure and Mechanical Properties ...

Table 13.1 Comp arison Parameter Calculation Experiment
between predicted and actual
welding process variables and ~ W (mm) 6.14 6.16
weld shape parameters By, (mm) 3.87 3.83
hop (mm) 0.26 0.33
1(A) 136 140
U (V) 15.0 13.6
v (mms~!) 1.33 1.33
!/ (mm) 1.0 1.5
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A
Acetylene, 21, 22
Additional heating, 429-435
Adiabatic boundary, 66
Aluminium alloys, 46-49, 150, 192, 308, 310,
317, 318, 369, 374-376, 414, 432, 459,
460
Amplitude of oscillations, 347, 348
Anode, 14
Apparent source of heat, 395
Area source of heat, see Plane source of heat
Arc column, 1, 2
Arc efficiency, 13-15, 18, 25, 397-401
Arc force, 10
Arc pressure, 5, 10, 16
Arc pulsation, 325
Arc temperature, 4, 11, 12, 17
Arc voltage, 2
Arc welding, 1-16
Austenite, 44, 442-445
Austenite decomposition diagram, 445
CCT, 444
PTCT, 446, 447
TTT, 443, 444
Austenitic stainless steel, 10, 43, 45, 192, 376,
416, 417, 436, 437, 466
Austenitising temperature, 447, 448

B

Bainite, 444451

Bessel functions, 77, 101, 181, 194, 231, 266,
267

Biot number, 96, 101

Boundary conditions, 64-68, 85, 95, 96, 112,
127, 145-147, 306, 307, 312
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Boundary element method, 145-150
Bounded line sources, 73-77
exponentially distributed, 73, 76
linearly distributed, 73
normally distributed, 73-76
parabolicly distributed, 73, 76
uniformly distributed, 73
Bounded plane sources, 222, 234
Bounded volume sources, 6, 76, 238-241
Bowing of crystal, 366, 368-371
Burnoff rate, see Melting rate

C
Calculation methods, see Functional-analytical
methods and Numerical methods
Calculation scheme
explicit, 116-118
implicit, 118-120
Calorimetry, 5
Carbon equivalent, 455
Cathode, 1, 2
CCT diagram, 444
Circular cylinder, 79, 80
Circular rod, 79, 80
Cladding, 418
Classification of methods for solving problems
of heat conduction, 83
Coase grain, 442, 453
Coefficient of convective heat transfer, 60, 66,
67
of heat loss, 61, 98, 100
of radiative heat transfer, 67
of surface heat transfer, 66—69
Competitive grain growth, 367-369
Complementary error function, 77, 91
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Composite plate, 198, 221
Composite rod, 161
Composite solid, 86
Concentrated heat source, 72, 73, 157
Concentration factor of normal distribution
heat source, 6, 18, 23, 73-75
Conduction of heat, 55-60
fundamental hypothesis, 57
Conductivity, 57
Cone, 199
Conformal mapping, 150, 151
Constraints, 393, 412, 425
Consumable electrode, 12, 381-389
Continuous sources of heat, see Stationary
continuous sources of heat
Convection of heat, 66, 67
Convective transfer, 66, 67
Cooling rate, 56, 353, 354
instantaneous line source in plate, 160
instantaneous point source on semi-infinite
body, 157, 158
moving line source in plate, 193, 194
moving point source in semi-infinite body,
174-177
moving point source in slab, 182-185
rapidly moving line source in plate, 219,
220
rapidly moving point source on
semi-infinite body, 214-216, 354
rapidly moving point source on slab,
356-358
Cooling time, 216, 220
A tg5, 335, 359-362, 444448, 455
A tg 55, 444450, 455
Coordinate system
Cartesian, 58
cylindrical, 62, 79
moving, 63
stationary, 58
Copper alloys, 51
Crystal growth, 342, 343, 366, 368-372
Curie point, 43, 44
Current density, 9, 11, 16, 19, 306, 307, 387
Cylinder, 80, 143, 203-205
Cylindrical coordinate system, 62, 79
Cylindrical source with isothermal surface, see
Moving cylindrical source with
isothermal surface in plate
Cylindrical surface source of heat, see Moving
uniformly distributed cylindrical surface
source in plate

Index

Cylindrical volume source of heat, see Moving
uniformly distributed cylindrical volume
source in plate

D
Density, 42
Differential equation for conduction of heat,
90-97
in cylinder, 62, 306
in infinity body, 59-61, 64, 107
in plate, 60, 61, 127, 145
in rod, 61, 62, 111, 115, 312
Diffusion, 459-465
Diffusion coefficient, 366, 461
Dirac delta function, 7
Direct problem of heat conduction
formulation, 57-68, 127
solution, 83—-151
Distributed heat source, 72-78
Double-ellipsoidal heat source, see Goldak’s
double ellipsoidal heat source
Dwell time above certain temperature, 356, 358

E
Effective heat source power, 12, 13
Effect of latent heat of solidification, 372-377
Effect of thermophysical properties on
temperature field, 192
Effect of welding parameters on temperature
field, 191
Efficiency of melting, see Thermal efficiency of
base metal melting
Electric resistance, 2628
Electric resistivity, 306, 382, 386
Electrode force, 307
Electrode wire, 382-387
Electron beam, 2, 18-20, 25, 201, 202
Electron beam welding, 18-20, 201, 202
Electroslag pool, 23, 24
Electroslag welding, 23, 24
Elliptic weld pool, 369, 370
Elongation, 454, 456
Energy density, see Heat density
Enthalpy, 42, 374, 386-389
Equation of conduction of heat, 57-64, 85,
306, 312, 383
Laplace’s, 63, 306
linear, 62, 63, 312
non-linear, 59-61, 127
Poisson’s, 62
Equation of ellipse, 8, 369
Equivalent source of heat, see Apparent source
of heat
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Equivalent time, 461-465

Error function, 75, 77

Exponential integral, 77, 167
Exponential power distribution, 76

F
Fe - C diagram, 442
Feed rate, 385, 387
Ferrite, 44, 442, 446-450
Ferrite-pearlite transformation, 444450
Filler wire, 388, 389
Finite difference method, 114122
Finite element, 123
Finite element method, 122—-145
First-order method, 400, 401
Flash welding, 28, 29, 311, 312
Flux of heat, 4, 57, 388
Forced convection, 67, 96, 424
Formulation of direct problem, 59-68
of inverse problem, 391-395
Fourier coefficients, 327, 329, 330
Fourier number, 90, 103, 158, 159, 206
Fourier series, 94, 327
Fourier’s heat conduction equation, see
Differential equation for conduction of
heat and Fourier’s law of heat
conduction
Fourier’s law of heat conduction, 57
Friction stir welding, 30-35, 317-319
Friction welding, 29, 316
Function accounting for influence of source
pulsation, 329-334, 336-340
Functional, 124, 128
Functional-analytical methods
of images, 87, 93, 261, 262
of integral transformations, 109-113
of separation of variables, 104—109
of sources, 84-103, 324
of superposition, 85
Fundamental solution, 85, 86, 147
Fusion boundary, 368, 442
Fusion zone, 363-365, 442

G

Gas flame, 2, 21-23, 25

Gas metal arc welding, 1, 21, 25

Gas tungsten arc welding, 1, 14, 25

Gaussian distribution, see Normal distribution
law

Gaussian error function, see Error function

Gaussian heat distribution, see Normal heat
distribution
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Girth welding, 188, 411

Goldak’s double ellipsoidal heat source, 78
Grain-coarsened region, 442, 453

Grain growth, 442, 443

Grain-refined region, 442, 453

Grain size, 448

Green’s function, 107, 147, 149

Green’s function method, see Source method
Gross heat input, 12, 13, 24, 29, 34
Growth rate of crystal, 366, 372
Gulliver-Scheil’s model, 367

H
Hardness, 445, 454-456
HAZ shape, 452, 453, 456
HAZ size, 442
Heat affected zone (HAZ), 31, 441-457
Heat balance, 59
Heat capacity (specific), see Specific heat
capacity
Heat conduction field equation, 59-63, 306,
312, 383
Heat conduction law, 57-64
Heat content, see Enthalpy
Heat convection, 66—-68
Heat density, 72
linear, 72
plane, 72
volumetric, 72
Heat flow density, 57
Heating of covered electrodes, 381
of filler wire, 388, 389
of electrode wire, 382-385
Heat input, 13, 24, 26
Heat input per unit length, 97
Heat input per unit length of weld, 24, 26
Heat-isolated surface, 66, 92-95, 98, 422
Heat radiation, 67
Heat saturation, 205-208, 314, 315
Heat sink, 72, 209
Heat source efficiency, 13-15, 18, 25, 34, 360,
397-401
Heat spot, 6
Heat spot radius, 6, 73, 74
Heat treatment, 444
Heat wave, 331, 332
Heat wavelength, 332
Heaviside step function, 421
High-alloy steel, 45
High-strength steel, 450, 455
Hot cracking, 429-432
Hybrid laser-arc welding, 21
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I
Impact energy, 445, 455
Infinite body, 79
Infinite cylinder, 79, 80
Infinite plate, 79, 80
Infinite rod, 79, 80
Infinite slab, 79
Infinite solid, see Infinite body
Initial condition, 64
Instantaneous sources of heat, 71, 156, 222
bounded volume sources, 240-249
line source in infinite plate, 97, 98, 160
normally distributed circular source in
plate, 228-230
normally distributed circular source in
semi-infinite body, 224-227
normally distributed circular source in slab,
227-229
plane source in composite rod, 161
plane source in infinite rod, 99
plane source in rod of finite length, 160
point source in infinite slab, 92, 159
point source in infinite solid cylinder, 100,
101
point source in infinite wedge, 87, 88
point source in semi-infinite body, 87, 88,
157
uniformly distributed cylindrical surface
source in plate, 232, 233
uniformly distributed disk source in plate,
235, 236
uniformly distributed disk source on
semi-infinite body, 233-235
uniformly distributed plane rectangular
source on semi-infinite body, 222
uniformly distributed plane rectangular
source on slab, 222
uniformly distributed ring source on
semi-infinite body, 230-232
uniformly distributed ring source in slab,
232
uniformly distributed spherical surface
source, 236-238
uniformly distributed spherical volume
source, 238, 239
Integral error function, 77, 168
Integral transformation, see
Functional-analytical methods
Intermittent weld, 336
Intermittent welding, 335, 336
Inverse problem of heat conduction, 391-406

Index

formulation, 391-395
solution, 395-406
Iron, 43, 442
Iron-carbon diagram, see Fe - C diagram
Isotherm, 55
Isothermal surface, 64, 286, 422

K

Keyhole mode, 19, 25

Keyhole modelling, 286288
Keyhole welding, 19

Kirchhoff transformation, 68, 70

L

Laplace equation, 63, 306

Laplace operator, 62

Laplace transformation, 109-112

Laser beam, 2, 20, 21, 25, 288

Laser welding, 20, 21, 288-291, 404-406

Laser welding with deep-penetration beam,
288-291

Latent heat of melting and solidification, 70,
71, 372-375, 395

Latent heat of phase transformations, 42, 70, 71

Line source of heat, 72, 73, 97, 160, 218

Liquid fraction, 46

Liquidus temperature, 46, 442

Local crystal growth rate, 370-372

Local microstructure, 442, 443

M
Macdonald function, see Modified Bessel
function of the second kind
Magnesium, 50, 51
Magnetically impelled arc welding, 35, 319,
320
Martensite, 445-451
Martensitic transformation, 445-451
Maximum temperature, see Peak temperature
Mechanical properties, 441, 445, 454-458, 460
Mechanical properties of heat affected zone,
443, 445, 454-457, 460
of weld metal, 457, 458
Melting efficiency of heat source, 364, 365
rapidly moving line source in plate, 365
rapidly moving point source on
semi-infinite body, 364
Melting of base metal, 363, 366
of covered electrodes, 381
of electrode wire, 385-387
of filler wire, 388, 389
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rate, 366
Melt-in (or conduction) mode, 19, 25
Method of images, 87, 88, 92, 93, 262
of sources, 84-87
of superposition, 85
Methods for solving problems of heat
conduction, see Functional-analytical
methods and Numerical methods
Microstructural zones, 441-443
Microstructure, 368, 441
of aluminium alloys, 369, 459, 460
of steels, 441453
Microstructure of heat affected zone, 442-453
Mild steel, 45
Minimisation of residual strains, 429438
of residual stresses, 433-438
Model for electric arc, 6-11
for electron beam, 18-20
for gas flame, 21, 22
for heated body, 79
for laser beam, 20, 21
for plasma arc, 16-18
for solidification cracking, 430432
for source of heat, 71, 78
Model simplifications, 71-80
Modified Bessel function of the first kind, 77,
229, 266, 286
Modified Bessel function of the second kind,
77, 181, 186, 266, 267, 286
Molten pool dimensions, see Weld pool
dimensions
Moving sources of heat, 168, 256
cylindrical source with isothermal surface
in plate, 286288
line source in composite plate, 198, 199
line source in plate, 189-196
line source in plate of finite width, 196198
line source in thin-walled cone, 199, 200
line source in thin-walled pipe, 199
non-uniformly distributed line source in
slab, 200-202
normally distributed circular source on
semi-infinite body, 256-259
normally distributed circular source on slab,
259-261
normally distributed cylindrical source in
bounded plate, 261, 262
plane source in rod, 203
point source in infinite body, 107-109
point source in semi-infinite body, 169—180
point source in slab, 180-187
point source in solid cylinder, 203-205
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point source on thin-walled pipe, 188
uniformly distributed cylindrical surface
source in plate, 265-268
uniformly distributed cylindrical volume
source in plate, 274-278
uniformly distributed disk source on
semi-infinite body, 271-273
uniformly distributed disk source in slab,
278-280
uniformly distributed line source of finite
width on semi-infinite body, 280-282
uniformly distributed ring source on
semi-infinite body, 262-265
uniformly distributed ring source in slab,
268-271
uniformly distributed strip source on
semi-infinite body, 282-285
Multi-pass welding, 422, 423, 450-453
Mushy zone, 72, 375, 430, 431

N
Net heat source power, see Effective heat
source power

Newton’s law, 60, 66

Nickel, 51-53

Non-consumable electrode, 2-5, 8-11, 16, 17

Normal distribution law, 6

Normal heat distribution, 224

Normally distributed source of heat, 6
circular source, 6, 73, 74, 224, 249, 256,

259, 294, 297

cylindrical source, 261
double-ellipsoidal volume source, 78
elliptic source, 74, 75, 226
line source, 73-76

Normal power distribution, 73-75, 415

Nugget size, 309, 310

Numerical methods, 113-151
boundary element method, 145-151
finite difference method, 114—-122
finite element method, 122—-145

(o)
Objective function, 392, 393, 398, 412414,
416, 424, 431-433, 435, 467
Ohm’s law, 306
Optimisation of welding conditions, 411-438,
466468
arc welding of stainless steel, 411-418,
421-424, 436, 466468
heating conditions to prevent hot cracking,
429-432
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Optimisation of welding conditions (cont.)
minimisation of residual stresses, 433-435
obtaining required residual stresses,

435-437
optimum heat input in girth welding,
411-413
preheating conditions, 424429
pulsed power welding conditions, 413418
restriction for peak temperature, 421-424
strip electrode shape, 418421
Oxy-fuel gas welding, 21, 22

P
Parabolic power distribution, 76
Partially melted zone (PMZ), 442
Peak temperature
instantaneous line source in plate, 160
instantaneous point source on semi-infinite
body, 158
rapidly moving line source in plate, 219
rapidly moving point source in semi-infinite
body, 214
Peak temperature versus cooling time (PTCT)
diagram, 446
Pearlite, 442-450
Peclet number, 185, 194, 206, 286, 287, 384
Periodic power sources, see Pulsed power
sources
Pipe, 188, 199, 321, 411, 427
Phase transformation, 70, 71, 436, 437,
442-451
Plane layer, see Slab
Plane source of heat, 73, 99
Plasma arc, 2, 1618, 25
Plasma-arc powder facing, 18
Plasma arc welding, 16
Plasma torch, 16, 17
Plate, 79, 80, 160, 189, 196, 218, 229, 230,
232, 235
Point source of heat, 72, 73
Poisson equation, 62
Power density, 2, 16, 34, 35
bimodal, 10, 11
exponentially distributed, 76
linear, 73
normally distributed, 3-10, 18, 19, 22,
73-76, 78, 415
parabolicly distributed, 76
plane, 73
uniformly distributed, 6
volumetric, 58, 72, 73, 76-78

Index

Prediction of local mechanical properties, 445,
454-460
aluminium alloys, 459, 460
heat affected zone metal, 445, 454-457
steels, 445, 454-458
weld metal, 457, 458
Prediction of local microstructure, 441-453,
459
aluminium alloys, 459
heat affected zone, 443-453
microstructural zones, 442, 443
Preheating, 424
Preheating temperature, 424
Preheating time, 427, 428
Probability integral, see Error function
Problem of Stefan, 70
PTCT diagram, 446
Pulsed arc, 72, 326, 419
Pulsed-arc welding, 336, 413, 416, 419
Pulsed power, 326, 330, 334, 415
Pulsed power sources, 325-345, 414-416
distributed sources, 341-345, 413418
line source in plate, 337, 338
plane source in rod, 339, 340
point source on semi-infinite body,
327-336
point source in slab, 335-337

Q

Quasi-stationary temperature field, 63, 171,
183, 187, 190, 196-198, 202-205, 259,
261, 263, 269, 270, 271, 277, 279, 284,
285, 287, 313, 383

R
Radiation, 67
Radiative heat transfer coefficient, see
Coefficient of radiative heat transfer
Radiative transfer, 67
Radius of arc, 6, 7, 10
of gas flame, 23
of heat spot, 6, 7, 23, 74
Rapidly moving sources of heat, 211-221,
291-299, 354-359, 364, 365
line source in composite plate, 221
line source in plate, 217-220, 358, 359, 365
normally distributed circular source on
semi-infinite body, 294-297
normally distributed circular source on slab,
297-299
normally distributed elliptic source, 75
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point source in semi-infinite body,
211-217, 354-356, 364
point source in slab, 217, 218, 356-358
uniformly distributed line source of finite
width on semi-infinite body, 291-293
uniformly distributed plane source of finite
width in plate, 293, 294
Recrystallisation, 442
Rectangular plane source of heat, 252-256
Rectangular pulse of power, 326, 329, 334, 336
Reflection principle, see Method of images
Regularisation, 392-394
Residual stresses, 429, 433-437
Resistance butt welding, 28, 311
Resistance spot welding, 26, 27, 305-311
Resistance welding cycle, 27
Response function, 392, 393
Restriction for peak temperature, 421
Retention time, 176-178
Ring source of heat, 230, 231, 262-265
Rod, 57, 79, 110, 115, 161, 168, 203
composite rod, 161-164
rod of finite length, 160
semi-infinite rod, 110
Rosenthal’s temperature field solutions, 210
Rotating arc, 35
Rykalin’s temperature field solutions, 210

S

Saturation function, 206-208, 313-315

Schematisation of heated bodies, 79

Second-order method, 401

Semi-infinite body, 79, 157, 165, 169, 170,
211, 222, 230, 233

Semi-infinite plate, 369

Single-pass weld, 442

Single-pass welding, 443

Slab, 79, 159, 166, 180, 200, 217, 222, 230,
335

Solid fraction, 46, 49

Solidification morphology, 366, 367

Solidification rate, 343, 366-372

Solidification of weld pool, 365-372

Solidus temperature, 46, 442

Solution of direct problem, see
Functional-analytical methods and
Numerical methods

of inverse problem, 395-406

Source method, 84—103

Specific heat capacity, 41, 42

Spot welding, see Resistance spot welding

Square pulse of power, see Rectangular pulse
of power

Stability condition, 117, 118
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Stationary continuous source of heat, 71,
164-168, 249-256
line source in infinite plate, 167
normally distributed circular source in
semi-infinite body, 249, 250
plane source in infinite rod, 167, 168
point source on infinite cylinder, 168
point source in infinite slab, 166
point source in semi-infinite body, 165, 166
uniformly distributed disk source in infinite
body, 250, 251
uniformly distributed spherical surface
source in infinite body, 251, 252
uniformly distributed strip source on
semi-infinite body, 252-256
Steady temperature field, 171, 190, 196-198,
202-205, 259, 261, 263, 269-271, 277,
279, 284, 285, 287, 313, 326, 343, 383
Steel, 43-45, 442
austenitic or stainless, 43, 45, 192, 376,
416, 437, 445, 466
high-alloy, 44, 45
high-strength, 44, 450, 451, 455, 457
low-carbon, 43, 44, 192, 308, 315, 405,
414, 447, 454
maraging, 423
mild and low-alloy, 44, 45, 342, 405, 406,
443, 444, 450, 454
Stefan-Boltzmann’s law, 67
Strip electrode, 418-421
Strip-shaped source of heat, 252
Submerged arc welding, 13, 15
Surface conditions, see Boundary conditions

T
Tear-shaped weld pool, 375
Temperature, 55
of arc, 4, 11, 12, 17
cycle, see Thermal cycle
of gas flame, 22
of phase transformation, 43, 50, 444-449,
451
Temperature equalisation, 209, 210
Temperature field, 55
Temperature field parameters, 55, 56
Temperature gradient, 55
Temper bead technique, 452
Thermal conductivity
definition, 41
numerical values, 43-53
Thermal cycle, 56, 158-160, 202, 223, 354,
444, 445, 451, 452
cooling time, 359-362
instantaneous line source in plate, 160
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instantaneous plane source in infinite rod,
100, 160-164
instantaneous plane source on infinite
cylinder, 103
instantaneous point source on semi-infinite
body, 158
instantaneous point source on slab, 159
moving line source in plate, 194, 202
moving plane source in rod, 203
moving point source in semi-infinite body,
174
moving point source in slab, 182
moving pulsed power source on slab, 345,
419
moving weaving source on semi-infinite
body, 349, 350
rapidly moving line source in plate, 219,
220
rapidly moving point source in semi-infinite
body, 214, 215, 354, 355
rapidly moving point source on slab, 217,
356-358
stationary source, 165
Thermal diffusivity, 41, 43-53, 61
Thermal efficiency of base metal melting, 364,
365, 375-377
rapidly moving line source in plate, 365,
376
rapidly moving point source on
semi-infinite body, 364
Thermal strain, 436
Thermo-mechanically affected zone, 31
Thermophysical properties, 41, 42
aluminium alloys, 4649, 53
copper alloys, 51, 52
magnesium, 50, 51
nickel, 51-53
steels, 44, 45, 53
titanium alloys, 49, 50, 53
Thick plate, see Slab
Thin-walled cone, 200
Thin-walled pipe, 188, 199, 411, 427
Thoriated tungsten, 2, 4
Time lag in establishing the steady state, 205
Time-temperature transformation
(TTT) diagram, 444
Titanium, 49, 50, 192
Titanium alloys, 49, 50, 122
Transferred plasma arc mode, 16
Transient heating period, 205
Trapezoidal pulse of power, 326, 329, 330,
343, 344

Index

Travelling sources of heat, see Moving sources
of heat

TTT diagram, see Time-temperature
transformation diagram

U

Ultimate tensile strength, 445, 454457

Uniformly distributed source of heat, 6
cylindrical surface source, 265
cylindrical volume source, 274
disk source, 233, 250, 271, 278
line source of finite width, 280, 291
plane rectangular source, 223
plane source of finite width, 293
ring source, 230, 262, 268
spherical surface source, 237, 251
spherical volume source, 238
strip source, 252, 282

Upset welding, see Resistance butt welding

A\

Variation, 128, 129

Voltage drop in electrode extension, 385
Volume source of heat, 73, 76
Volume-specific heat capacity, 42

W

Weaving arc welding, 345-350

Weaving source of heat, 346

Wedge, 88

Weight factor, 392

Welding arc, 1-16

Welding current, 1

Welding sources of heat, 1-38

Welding stresses, see Residual stresses

Welding temperature field, see Temperature
field

Welding thermal cycle, see Thermal cycle

Weld pool dimensions, 178-180, 195, 213,
214, 218, 219, 272, 343, 363, 375, 377,
417, 466

Work function, 2, 387

Y
Yield strength, 445, 454-460

V4
Zero-order method, 397
Zones of welded joint, 441443
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