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V 

lntroduction to the Series 

In order to keep up in today' s world of rapidly changing technology we need to 
open our eyes and ears and, most importantly, our minds to new scientific ideas 
and methods, new engineering approaches and manufacturing technologies and 
new product design and applications. As students graduate from college and 
either pursue academic polymer research or start their careers in the plastics 
industry, they are exposed to problems, materials, instruments and machines that 
are unfamiliar to them. Similarly, many working scientists and engineers who 
change jobs must quickly get up to speed in their new environment. 

To satisfy the needs of these "newcomers" to various fields of polymer 
science and plastics engineering, we have invited a number of scientists and 
engineers, who are experts in their field and also good communicators, to write 
short, introductory books which let the reader "understand" the topic rather than 
to overwhelm hirn/her with a mass of facts and data. W e have encourated our 
authors to write the kind of book that can be read profitably by a beginner, such 
as a new company employee or a student, but also by someone familiar with the 
subject, who will gain new insights and a new perspective, 

Over the years this series of Understanding books will provide a library of 
mini-tutorials on a variety offundamental as well as technical subjects. Each book 
will serve as a rapid entry point or "short course" to a particular subject and 
we sincerely hope that the readers will reap immediate benefits when applying 
this knowledge to their research or work-related problems. 

E.H. Immergut 
Series Editor 
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Foreword 

The Society of Plastics Engineers is pleased to sponsor and endorse Design of 
Experiments: A Primer for Technologists by R.J. Del Vecchio. This presentation 
provides a clearly written, uncomplicated, yet thorough understanding necessary 
for implementing design experiments by working technologists. 

SPE, through its Technical Volumes Committee, has lang sponsored books 
on various aspects of plastics. Its involvement has ranged from identification of 
needed volumes and recruitment of authors to peer review and approval and 
publication of new books. 

Technical competence pervades all SPE activities, not only in the publication 
ofbooks but also in other areas such as sponsorship oftechnical conferences and 
educational programs. In addition, the Society publishes periodicals including 
Plastics Engineering, Polymer Engineering and Science, Journal of Vinyl & 
Additive Technology, and Polymer Composites as well as conference proceed-
ings and other publications, all of which are subject to rigorous technical review 
procedures. 

The resource of some 38,000 practicing plastics engineers, scientists, and 
technologists has made SPE the largest organization of its type worldwide. 
Furtherinformation is available from the Society at 14 Fairfield Drive, Brookfield, 
CT 10804, USA. 

Technical Volumes Committee 
Hoa Q. Pham, Chairperson 
The B.F. Goodrich Company 

Reviewed by: 
Richard F. Grassman 
Halstab Div. of Harnmond Group Inc. 

Michael R. Cappelletti 
Executive Director 

Society of Plastics Engineers 
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ix 

Preface 

My original education was in chemistry, with a slant toward a career in research. 
After an undergraduate degree, a master' s degree, and some subsequent work in 
graduate level programs, I had still never been exposed to Statistics and was in 
fact lacking in upper-level mathematical skills. Some people are fortunate 
enough to have a natural aptitude for math and acquire knowledge and skills in 
that subject almost intuitively. I am not one of those people and have spent more 
unhappy hours studying math in frustration and despair than are worth remem-
bering. 

Luckily, it is possible to become a competent ehernist without being a 
mathematical genius, and once I entered industry and began practicing applied 
chemistry in polymer-related processes, my other training and skills proved tobe 
more than adequate in letting me function well in both the laboratory and the 
factory. 

Over the years my career progressed into management and positions in 
technical leadership, and eventually I underwent considerable instruction in 
subjects such as Deming training and Statistical Process Control. Because these 
subjects both involve heavy emphasis on statistical concepts and use of math-
ematical procedures, my education in mathematics was rekindled. I then accepted 
a post within a large corporation, in which there was access to a qualified 
statistician who had the particular advantage of being able to communicate in 
plain English to the statistically ignorant. 

Over time I began to experience the effectiveness of statistical techniques in 
helping to understand what various collections of data might really mean or not 
mean, and, as our technical challenges grew in complexity, the usefulness of 
statistical techniques became more and more apparent. I began to see the 
tremendous value of such techniques when applied properly to the analysis of a 
number of very varied problems. 

By that time I had heard of Design of Experiments, although we were not 
using them. The company brought in a local professor to teach a course on the 
subject which I attended with some difficulty and did not fully grasp, but it 
increased my interest in the subject. By then my friendly local statistician had left 
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X Preface 

the company and moved away, so it was necessary forme to undertake more 
learning without bis help. There followed some years of taking courses and 
seminars, reinforcing them with actual practice, and continuously studying a 
growing collection of textbooks. 

Eventually, I did acquire reasonable competence in Statistics and then in the 
understanding ofbasic Design ofExperiments methodology. But the learning had 
proved to be difficult, not only because of my less-than-outstanding math skills 
but also because of the difficulties resulting from varied and sometimes confusing 
nomenclature, contrasting approaches taken by different experts, and the ten-
dency for many Statistics authors to write in a manner more suited to other 
statisticians than to run-of-the-mill scientists, engineers, and industrial workers. 
It was only by applying intense effort over a long time, with a great deal of 
learning by doing, that I was able to finally cut through the wording and 
contrasting philosophies to reconcile the underlying reality of various Design of 
Experiments methods and learn to use them effectively. 

The good news is that basic understanding of designed experiments is not 
really that difficult to learn and use. The more advanced concepts and mathemat-
ics are certainly challenging, but it is possible to tackle the great majority of 
commonly encountered problems with only a few types of designs; and those 
designs are usually of warkable size, easy to understand, and generate data that 
can frequently be analyzed and interpreted using nothing more than a handheld 
calculator. 

Design of Experiments is a tremendously valuable tool for exploring new 
processes or gaining detailed comprehension of existing ones, and then optimiz-
ing those processes. It is a methodology widely employed in other countries, with 
a history of successes of such length and depth that it seems amazing that there 
has been such limited publicity about it and teaching of it in this country. 

This comparatively narrow discussion is put forthin hopes of promoting the 
spread of learning about Design of Experiments. It is presented in what is 
intended to be a simplified and nonconfusing format and at a level where it can 
be immediately useful in itself, yet it can also provide a jumping-off place for 
those who may wish to move on to the many weightier publications available on 
the subject and particular schools of thought from individual authorities such as 
Drs. Box, Hunter, Taguchi, Wheeler, etc. The goals are to explain the basics 
underlying designed experiments, supply instructions on how to use several 
families of convenient designs that will be useful in very many situations, and 
provide some overviews on assorted subtopics of the large field that makes up 
Design of Experiments. 

It is not necessary to read every chapter to gain from the book, because some 
are stand-alone summaries of specific subtopics. However, the early chapters (1-
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Preface xi 

10) do form the backhone of the presentation, and careful examination of them 
in turn is strongly recommended. Chapter 14 is also of special value. 

Suggestions for improvements to futureeditionswill be welcome, especially 
any that are related to actual situations and can be demonstrated using real data. 
May you find the book to be readable and useful, may all your data be precise, 
reproducible, and easy to interpret, and may good luck protect you from all the 
flaws and inaccuracies that experimenters so often encounter. 

R.J. Del Vecchio 
Southboro, Massachusetts 
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1 What Are Designed Experiments? 

Every time someone sits down to consciously plan out some limited course 
of action to learn about what affects a process and how, that is in arealsense 
a designed experiment. When Dr. Walter Reed carefully exposed some 
volunteers to the bites of mosquitoes but not to any items or people associated 
with yellow fever, while giving other volunteers massive exposure to the 
soiled bedding and other items from those who had died of the illness but 
protecting them very carefully from mosquitoes, he had clearly planned out 
the experiment. (He could just as easily be said to have "designed" the 
experiment.) And hisplan worked out weil, establishing the mosquito as the 
true carrier of yellow fever. 

The more effective scientists and technologists have always been able to 
plan and carry out experiments carefully so as to efficiently generate good 
data that reveal how things really work. Most of the time, however, they had 
to work through courses of experimentation in a series of small steps in each 
of which one factor at a time was changed in type or level of use (sometimes 
referred to as 1-FAT experiments). Proper experimental practice for 1-FAT 
work involves a lot of care to make sure that only the one chosen factor is 
changed during actual execution of the plan. This strategy can certainly work, 
and in fact the human race progressed from cave dwellers to living in 
skyscrapers by learning through simple experiments. 

However, simple experiments can take a very long time to fully explore 
complicated processes, and even then attaining the best results depends 
heavily on the skill, past experience, and even the intuition of the individual 
experimenter. The more complicated the process being investigated or the 
more subtle the effects on the process are, the more likely it is for simple 
experiments to not yield all the desired knowledge. 

Toward the end of the 18th century, mathematicians were exploring the 
analysis of certain patterns of numbers known as matrices. A Frenchman 
named Hadamard demonstrated that it was possible to extract a large fraction 
of the information in a matrix from a smaller fraction of the numbers in that 
matrix. 
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2 What Are Designed Experiments? 

All the test results of all the possible experiments that could be run on a 
complex process, varying all the controlling factors at all theidevels, would 
add up to a large group of numbers. This collection of numbers, each one of 
which is the result of a single possible experiment, can be considered to be a 
mathematical matrix. This means that running a fraction of all those possible 
experiments will still allow an investigator to learn almost as much as if he 
or she had run them all. This is not exactly getting something for nothing, but 
it is a way to get the biggest bang for the experimental buck. 

One example would be a process controlled by four main factors, which 
could be feed, speed, cutting fluid, and alloy for a machining process; 
temperature, pressure, time, and concentration for a chemical process; or 
percentages of flour, sugar, milk, and eggs in a recipe. If each of the four 
factors could concei vably be used at just three different Ievels, all the possible 
experiments would add up to a total of 81, which is a Iot for anybody to take 
the time to run. Y et doing as few as 16 of those 81 experiments, about one-
fifth of the total, can reveal a great deal about the process; doing 25 
experiments, less than one-third the total, can furnish almost as much 
information as doing all 81 might. 

The key questions are, exactly which fraction of all the possible experi-
mentswill provide the desired information? and how can the data be analyzed 
so that the experimenter sees clearly what they reveal? 

The most productive fraction of the potential experiments is determined 
by a mathematical breakdown of the full pattern, which then indicates just 
which subset of experiments needs tobe run. A particular subset makes up an 
individual design. Over many years, mathematicians have worked out numer-
ous separate designs or families of designs to fit different situations. Analysis 
of the data can often be done easily by uncomplicated methods but may also 
require more sophisticated, statistically based techniques. 

Choosing the right fraction of many possible experiments to get the most 
information for the least effort and using whatever method is appropriate to 
properly analyze the results that come out of those experiments is what is 
meant by formal Design of Experiments. The field might be more accurately 
described as Statistically Optimized Experimentation, but it' s now far too late 
to introduce a new term for this subject. (The name is very frequently 
abbreviated to initials, DOE or DOX; this writer prefers DOX, but DOE is 
somewhat more popular.) 
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2 Why and Where Should Designed 
Experiments Be Used? 

3 

The main reason for using designed experiments has already been explained 
(see Chapter 1). They are much more efficient than one-factor-at-a-time (1-
F AT) investigations whenever more than one factor is thought or known to 
control a process. In addition, designed experiments will detect and quantify 
special relationships in which two or more factors act differently in how they 
affect process together compared to how they affect it separately. Such 
relationships are called interactions. 

For instance, raising temperature alone might increase the yield of a 
polymerization reaction, whereas higher pressure alone might decrease yield 
slightly, but if hotter temperature and high er pressure together greatly 
increase the yield, that would be an interaction, in this case a positive one. 
Another example is two medications, each of which is good for a patient, but 
when both are taken together, a new, strong side effect such as severe nausea 
overcomes the patient. The two medications would be said to have a harmful 
interaction. Interactions do not always occur, but they are sometimes ex-
tremely important, and 1-FAT experiments by their naturearenot capable of 
finding interactions. 

Sometimes a factor affects a process in a nonlinear way, that is, the size 
of the effect of changing the factor level is not always proportional to the 
change in the factor. For instance, increasing the oven temperature from 
300 op to 325 op might cut bread-baking time from 75 minutes to 50 minutes, 
but increasing the temperature to 350 op only cuts the time to 40 minutes, 
375 op reduces it to 35 minutes, and 400 op always burns the outside before 
the middle bakes properly. The line describing the response ofthe process to 
changes in the temperature would be a curve rather than a straight line. U se 
of the right design can quickly demonstrate nonlinear factor effects, typically 
in a way faster or easier than a series of 1-FAT experiments. 

When a process has a long history and considerable expertise has been 
gained by those running it, or it is affected by only a few controlling factors 
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4 Why and Where Should Designed Experiments Be Used? 

and in comparatively simple ways, it is quite possible that a few simple 
experiments drawn up by people who know the process will serve perfectly 
well for fine tuning it; but when a process is new and has numerous likely 
control factors, certain classes of designed experiments can be remarkably 
efficient in rapidly determining which factors are most important, or which 
have a nonlinear influence on the process. These are basic screening designs. 

If interactions are suspected for some factors in a process, then other types 
of designs can be used specifically to check for those interactions, or a design 
can be used that will detect any possible interactions. Finding and controlling 
interactions is often the key to getting the best results from a process, and 
when a process is a complicated one, subject to several control factors, their 
interactions, and some nonlinear effects, then the pattern of its responses to 
changes in factors can become quite complex. This is when a good designed 
experiment is absolutely invaluable, because it can provide really important 
information about the process at a cost andin a time greatly less than any other 
method. At such times designed experiments will give results that are 
unlikely or even impossible to obtain by even the Iongest series of simplified 
experiments. 

Still another advantage of designed experimentsisthat it is possible to use 
the data to not only estimate what affects the process and how much but also 
to separate out effects which are really significant from those that are just 
meaningless numbers. This property of estimating the amount of normal 
scatter ( or "experimental error" in the jargon of statisticians) in the test results 
is a special advantage ofDesign ofExperiments (DOX) which can be of great 
value. 

One other thing can be said about these kind of experiments: when a 
designed experiment has been properly set up and run, the experimenter 
always learns something of value. It may be how to optimize the process ( the 
generally desirable point of the work) orthat the process is simply not capable 
of doing what is wanted (not desirable, but better to know than not know), the 
choice of control factors was incomplete (again, better to know than not 
know), or perhaps the measurement system used for the testing was inappro-
priate. In all these cases, the work done is not wasted and important aspects 
of the process have been revealed. This is much better than the common 
experience of doing a lot of lab work and then winding up with results that are 
hard to interpret or cannot be used, or might even be misleading. 

Although designed experiments are not automatically the only way to 
examine something, they very frequently represent the most cost- and time-
effective method in situations in which any level of complexity or unfamil-
iarity with the process exists. This will become clearer in the coming chapters. 
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3 How Hard Are Designed 
Experiments to Use? 

5 

From one point of view, designed experimentsarenot hard to do at all. Con-
sider a very possible case in which a new piece of injection molding equip-
ment has been set up and needs tobe started up. Abriefteammeeting reveals 
that it has eight different major control dials or buttons, which influence 
things such as stages of back pressure, injection pressure, holding pressure, 
runner temperature, molding temperature, cycle time, etc. There are also 
separate sources of material to be molded and possible pretreatments for the 
materials, so that the total nurober of variables in this process adds up to 10. 

However ... experimenting with ten things at once is very impractical. The 
classic way of starting up this machine would be to assign the most senior 
operator available to pick some initial combination of factor settings by best 
guess. Depending on how the process runs the first time, the operator would 
then make at least one change in a setting and run the process again, beginning 
a lengthy trial-and-error sequence. 

With luck and a very skilled operator, perhaps it would only take 20-30 
trials to hit on some combination that runs fairly well, but if Murphy's Law 
comes into play (a virtual certainty in any lab or factory), various interactions 
and nonlinear effects will prolong the process over many more trials, taking 
weeks to work through bad starts and dead-end approaches. Alternatively, the 
factor settings that do give fairly good results will turn outtobe right on the 
edge of a stable process so that producti.on winds up trying to run a delicate 
and erratic process that remains a source of problems. 

Using Design ofExperiments (DOX), one possible first step would be to 
use a screening design that contains only 12 different sets of conditions, each 
ofwhich is referred to as an "experimental run" or "treatment." The screening 
design would separate the most critical two to five factors from all the rest and 
rate them in order of importance. Analyzing the test results would take less 
than 10 minutes, or only seconds if a simple computer spreadsheet function 
were used. 
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6 How Hard Are Designed Experiments to Use? 

Let' s say it turned out that four factors showed themselves to be crucial 
but the process was suspected to be subject to interactions, as injection 
molding often is. The simplest next step then would be to go to an interaction 
design, in this case a 16-run factorial that would detect and measure all 
possible interactions. (The other six factors found tobe noncritical during the 
screening experiment would be kept at whatever levels were most desirable 
or convenient.) Again, analysis of the data would not be difficult. 

The information from the two sets of experiments would have shown a 
reasonably clear picture of how the process works, and from that alone it is 
exceedingly likely that a set of conditions could be picked that would be at 
least as productive as what an expert operator might develop over weeks of 
trial and error. Which is easier, a few weeks of trial-and-error work covering 
50+ different runs or a couple of days and 28 runs? And remember, the 
designed experimentswill also provide the bonus of useful information on the 
basicnormal scatter ofthe process. The_use of some secondary techniques can 
also reveal whether the process is more variable or sensitive at some factor 
settings than at others. 

If full optimization of the process were needed, a third experiment of a 
more advanced type could be used to zero in on the absolute best way to run 
the process. It might require 25 runs, but some of those might be identical to 
ones performed in the earlier work so that the prospect of being able to make 
fewer runs and still obtain the most accurate picture possible of the process 
would be good. 

Formost people, the data analysis forthistype of experiment would tend 
to require a computer program, but some of those are not difficult to use. 
However, it often happens that the combined information from the two more 
basic designs is so effective in discovering how to control the process that this 
information alone is enough to get things running quite well. Subsequent fine 
tuning by operators or manufacturing engineers during normal operations can 
sometimes be very effective in completing the shakedown. 

It has tobe admitted that for many organizations and some individuals it 
still feels easier to go out and play with the process, doing one experiment at 
a time. Typically, the most difficult part of adopting DOX is the very normal 
resistance to change found everywhere. People will find a variety of things to 
object to, starting with, "You think we can taketime to run 12 experiments? 
That' s a lot of work to do when we' re trying so hard to get production out, and 
besides, all that testing would put the lab into overload. Harry' s had a lot of 
experience on this kind of process, why don' t we just let him go out there and 
do his thing? He'll work it out soon enough." 
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How Hard Are Designed Experiments to Do? 7 

Of course, this is the same type of thinking that says it is better to run at 
high volume even with excessive scrap levels so that shipments can be met, 
the same attitude that makes people feel they are too busy running the 
machine to take time to maintain or fix it. In the long run, such thinking and 
attitudes are very counterproductive and become far too costly to modern 
competitive businesses. 

The "hard part" of using DOX is the necessity of carefully planning out 
what needs to be done, making the resources available to do it right, and then 
dotting every i and crossing every t to have the work done just as planned. This 
can take some real effort, but after all, performing technical tasks properly has 
always been a key part of science and technology, without which enormous 
amounts of work can be utterly wasted. 

Learning a few types of designs and the uncomplicated graphing and math 
techniques for digesting the data is not terribly difficult. Such work does not 
require a degree in science or any degree at all. Technicians and workers with 
high school diplomas can and do plan and run designed experiments success-
fully every day across the world. Knowledge of working processes and a 
degree of common sense are more useful in practical experimentation than 
advanced knowledge of Statistics. Computerprograms can be very helpful 
and convenient, but their use is not at all necessary to good use ofbasic DOX. 

Designed experiments, like any other body of techniques, require some 
study and practice to become fully usable, but they are not really difficult to 
understand or use, and most capable people can acquire the needed knowl-
edge and skills with only a moderate amount of effort. There is no reason for 
nervousness when beginning these studies; a generallypositive attitude and 
the drive to acquire a very useful new skill are all a student needs. 
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4 Basic Statistics as Background 
to Design of Experiments 

9 

A statistic is any number measuring something, such as a person's age or 
height, a car's weight or horsepower, or a company's yearly sales or profit. 
The field of Statistics is a body of concepts and techniques for examining 
information, based on mathematically derived methods, which allows much 
better understanding of what the information really says. (This distinction is 
worth clarifying; statistics with the lower case s are just numbers, whereas 
Statistics is a subtopic in the field of Mathematics.) The two simple uses of 
Statistics are to help understand what has happened in the past and allow 
prediction or control of what will happen in the future. 

By using statistical methods, it is possible to answer various kinds of 
questions, such as how wealth is distributed in some society, who is more 
likely to win the next election, whether a new experimental drug is really 
more effective than an existing medication, or which social trends represent 
minor fads and which are major changes in the way people think or interact. 
Often people are presented with a set of data to look over and try to 
understand, and the data set is really a collection of statistics, such as the 
individual heights of a group of people or all the household-income levels in 
a particular town. This really amounts to lists, sometimes long lists, of 
numbers describing some characteristic, such as height in inches or yearly 
income in dollars. 

When there is a large collection of numbers, such as all the batting 
averages of players in a league, looking at them in one big group is not always 
immediately helpful to understanding what they mean. It becomes easier to 
make a graph of them. (Graphs and charts are always convenient in allowing 
people to examine a great deal of data in one glance and quickly grasp some 
idea of what it all means.) 

Tbe most typical way to graph a collection of data is to lay out a series of 
columns, with each column assigned to some number or small set of numbers 
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10 Basic Statistics as Background to Design of Experiments 

from the larger full collection of numbers being examined. For instance, for 
people's weights, each column could contain all the weights within a 5-lb. 
range, such as everyone from 150 lb. up to 155lb., and then for every person 
whose weight fell in that range, one X would go in the column. In this way the 
columns fill up with X' s and the height of the filled column immediately 
shows how the number of people in that weight group compare to the number 
of people in any other weight group. This kind of vertical bar graph is called 
a histogram. 

Figure 4.1 displays information on the height of a group of 169 men. Each 
column is assigned a 1-in. range of heights; for instance, the shortest column 
on the left in Fig. 4.1 is labeled 60 in. and indicates that only one man with 
a height of -5 ft was found in this group. The biggest column is at 70 in. and 
shows that 24 men at 5 ft 10 in. werein the group. 

The graph in Fig. 4.1 shows at a glance how the heights of the men are 
distributed among the group. The term "distribution" is used very frequently 
in statistics to describe the collection of numbers that hold information of 
interest. Note the shape of this distribution. It is something like a gentle hill 
or a bell shape, and it turnsout that the majority of naturally occurring things 
have distributions of this general form. For this reason, this bell curve is 
usually called the "normal" distribution, although statisticians call it a 

25 
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Figure 4.1 Histogram of heights of 169 men 
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Basic Statistics as Background to Design of Experiments 11 

Gaussian distribution because a mathematician named Gauss derived the 
equation that makes a smooth curve ofthat exact form. 

The equation is a little complex, but the main thing about it is that only 
two terms or numbers can then be used to quickly characterize how whatever 
is being measured is distributed. These two numbers are the average of the 
distribution (which statisticians call the mean) and the standard deviation, 
which is a measure of how wide the distribution is. 

lt is easy to calculate the average of a group of numbers, and everybody 
knows what an average is. The standard deviation would take a bit more 
explanation and time to calculate, but fortunately many handheld calculators 
will now do it automatically. What is key to remernher is that a normal 
distribution is approximately 6 standard deviations wide; that is, the distribu-
tion is centered on the average and the spread araund the average is ±3 
standard deviations (abbreviations such as Std. Dev. or even just SD are 
frequently used). 

An ideal normal distribution curve is shown in Fig. 4.2, with its spread 
marked by standard deviations. The area under the curve represents all the 
members of the population, and it is easy to see that not much of the 
population falls in the intervals out at the two tail ends of the distribution. 
Because of the way normal distributions work, it is possible to define the 
amount of the population that falls in any particular interval of the distribu-
tion. Most of the time, however, people refer to three main intervals: : from 
-1 SD to + 1 SD, containing 68.3% of the population; from -2 SD to +2 SD, 
containing 95.5% of the population; and from -3 SD to +3 SD, containing 
99.7% of the population. 

Density 
in each 
region 

Average of the distribution 

SD +1 SD +2 SD +3 SD 

X axis, the characteristics of interest 

Figure 4.2 Ideal normal distribution 
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12 Basic Statistics as Background to Design of Experiments 

Ideally, distributions contain every single member of the overall group. 
This is called the full population, and in the case of men's heights, it would 
have tobe for all the men in the state or country, rather than the 169 men who 
were measured. The 169 men are what is called a sample group. Most of the 
time we are examining samples instead of full populations. 

Dealing with samples instead of full populations has some disadvantages, 
and a great deal of the application of Statistics involves the use of sample 
information to predict what the full population is. One example is taking a poll 
of 1,500 people to predict the manner in which many millians of people will 
vote in some election. The 1,500 individuals in the poll are a sample; 
everybody voting in the election is the population. 

Often, getting sample data is difficult or expensive, and the question 
becomes one of how small a sample group can be used while still allowing 
judgments to be made about the population with confidence. One set of 
statistics techniques involves the calculation of the size a minimum sample 
group should be to allow satisfactory resolution of some question. 

However, a rule of thumb is that really high confidence begins with 
sample groups of 100 or more, and reasonable confidence begins with groups 
assmallas 30. Obviously much smaller samples (2-6) are often used or have 
tobe used in some camparisans and can stilllead to good answers if properly 
analyzed. Other statistical techniques deal with how to do proper analysis of 
limited data, but it is always preferable to maximize the amount of test 
information as best you can. Designed experiments work in part because they 
are a way to increase the amount of information about the effects of each 
included control factor (see the explanation of "hidden replication" in 
Chapter 6). 

Only a few distributions commonly encountered are truly nonnormal, but 
many are only roughly normal. They might be skewed to one side or the other 
in shape, have two peaks instead of one, or be cut off sharply on one or both 
sides (see examples in Fig. 4.3). 

When a distribution is not fully normal, there are some problems in using 
standard statistical procedures, which is why distributions are often drawn 
into histograms and checked for being seriously out of shape. lf that happens, 
then statisticians will use various special techniques to analyze the distribu-
tion and still be able to use the information. Fortunately, such concerns do not 
often apply in designed experiments, so it is not necessary to learn too much 
more about how to deal with nonnormal distributions. 

One major use of the SD is to determine the percentage of any group that 
falls into some defined subgroup. Recall that, in anormal distribution, 68.3% 
ofthe total group falls in the ±1 SD interval araund the average, 95.5% falls 
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Basic Statistics as Background to Design of Experiments 13 

Skewed distribution 

Bimodal distribution 

Truncated distribution 

Figure 4.3 Examples of distributions demonstrating nonnormality 

in the ±2 SD interval, and 99.7% falls within ±3 SD. Thus if you had a 
distribution of individual product parts that averaged 100 g in weight and had 
an SD of2 g, you would know that one-half ofthe parts weighed between 100 
and 106 g. (That is the averageplus 3 SD, which has tobe one-half of the 
distribution.) If someone asked how many parts weighed 104 gor more, you 
would know that about 2.25% of them feil in that class ( -4.5% of the 
distribution is outside of ±2 SD, which is from 96-104 g, so only one-half of 
that is >104 g, which is 2.25%.) 

In statistical analyses and comparisons, the idea of probability has tobe 
understood, because the kinds of conclusions that can be reached are almost 
always probability Statements. For instance, if two groups of test data from 
different batches of material are compared and appear to be neither identical 
nor very different, the question would be, are these two batches really 
significantly different from each other? 

However, the answer would not be a clear yes or no. Instead, it might be 
something like "If you assume the two batches are different, there is a 10% 
chance you will be wrong." This naturally implies that there is a 90% chance 
they are different, which is called significance at the 90% confidence level. 
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14 Basic Statistics as Background to Design of Experiments 

What level of confidence is enough to satisfy someone about making a 
judgment on something? That depends on the situation and the person. 
Sometimes an 80% confidence level is sufficient to allow an action to be 
taken; other times 95 or 99% confidence is required. (Ifthe decision is to risk 
$10 on buying something to make your car run better, the 80% may sound 
good; if the decision is to risk your own life on the use of an experimental 
operation, 99% sounds a lot better.) 

The validity of such probability statements depends partially on the 
techniques used (and statisticians debate extensively on the worthofdifferent 
techniques) but very heavily on the quality ofthe data available for analysis. 
When poor or questionable data are used, the probability statements that then 
result still read the same way but can be anywhere from less accurate to 
seriously misleading. 

Design of Experiments (DOX) methodology is one way of generating 
very high-quality data in minimum quantity so that various means of analysis, 
including such tests as analysis ofvariance andregression analysis (discussed 
in later chapters), can be done with high levels of confidence in the results. 

One of the more significant principles in Statistics is the Central Limit 
Theorem (CLT). It is a useful mathematical principle that can be formally 
derived, but that level of academic demonstration is not essential to its 
understanding or application. The two major points of the CLT are as follows: 

1. The averages from a set of samples of any populationwill be dis-
tributed approximately normally around the population average 
(whether or not the parent population is normally distributed). 

2. The SD of the population of sample averages ( called the standard 
error) will be smaller than the SD of the parent population by a 
factor of llvri where n is the size of the sample groups. 

The larger n is, the morenormal the distribution of the sample means will 
be. This is useful in providing reassurance that experimental data derived 
from averages can be manipulated with standard techniques, because those 
techniques depend in part for their validity on being used with data from 
normal distributions. If the type of original test data is suspected or even 
known tobe highly skewed or otherwise deviated from normality, as long as 
it is averages from sample groups that are being examined and compared, the 
many convenient standard procedures for analyzing and comparing data can 
be used with confidence. 

Also, the larger n is, the more narrowly distributed the sample averages 
will be around the true population average. This means that if a range of 
values (called an interval) is calculated so as to contain the true average, that 
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Basic Statistics as Background to Design of Experiments 15 

interval becomes more and more narrow. For instance, suppose the average 
of a set of samples tested for tensile strength is 4,000 psi and the SD of the 
sample is 150 psi, and there were 3 pieces in the sample. The standard error 
of the test (which is the same as the SD of the distribution of the sample 
averages) would be 150 psi/1.732 (150/ß), or 86.6 psi. 

Because ±2 SDs cover 95% ofthe spread ofthe distribution ofthe sample 
averages, and that distribution is centered on the mean of the parent popula-
tion, the real tensile strength of the material is -95% certain to fall in the range 
of 4,000 ± [2(86.6)] psi, or 4,000 ± 173 psi, which calculates out to a range 
from 3,827 to 4,173 psi. 

The 3,827-4,173 psi range is called a confidence interval, andin this case 
it is the 95% confidence interval for the tensile strength ofthe material, based 
on a sample size of 3. 

However, if the sample size had been 9 instead of 3, then the standard 
error would have been 50 psi and the 95% confidence interval would have 
shrunk to 3,900-4,100 psi. The use of confidence intervals is common in 
several kinds of statistically based comparisons, including those made in 
designed experiments. 

The important points to remernher about basic Statistics are: 

• many things fall into normal distributions, and if they do, various 
good techniques for analyzing the data can be applied; 

• the average and SD are the numbers most often used to conve-
niently characterize a distribution; 

• the more data (larger sample) you have, the better, and the more 
you know about how the information was gathered, the better; 

• the use of averages from sample groups makes analysis more 
secure, because the CLT shows that even if the analyzed property 
is not distributed normally, the averages will be; 

• larger samples will more accurately indicate where the true 
average of the population lies, with confidence increasing with 
the square root of the sample size. 

Even limited exposure to the overall subject of statistics would require a 
much more substantial presentation than is appropriate or even possible in 
this context. This narrow look is intended only to help build some understand-
ing of the underlying principles of designed experiments and the analysis of 
the resulting data. Fora deeper understanding of those principles, especially 
as applied to more advanced DOX practice, the inquiring student is referred 
to any of the excellent texts listed at the end of this book. 
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5 Fundamentals of Experimentalion 

Design of experiments (DOX) is basically the use of particular patterns of 
experiments to generate a lot of information about some process while still 
using an absolute minimum of actual experiments to get the information. 
Before going into what those patterns are, how they work, and how best to use 
them, it is necessary to understand two things: first, some background on 
interpreting the results of any set of experiments; and second, the basics of 
correctly drawing up and performing any set of experiments. 

It is principal fact that variation exists everywhere and that if we use a 
measurement system that is sensitive to small differences, we will not get 
identical readings for a series of things measured, no matter how careful we 
are to make the things as alike as possible. Whether identical twins or a bunch 
of peas in a pod, when things are measured carefully enough, differences will 
be detected. 

If a process is run many times as identically as possible and the results are 
properly measured, a collection of readings will then be found. These 
readings can then be considered a distribution and be examined like any 
distribution. They will almost always fall into anormal distribution, with its 
own average (mean) and width [measured by the standard deviation (SD)]. 

When experiments are run to explore what it takes to make some process 
output change, the experimenter is looking to see what factor or cause does 
produce a noticeable difference in how the process runs and what it produces. 
However, by the naturallaw of normal variation, no process makes exactly 
the same product every single time, so the experimenter has to expect at least 
some differences in output every time the process runs, whether or not the 
factor being explored really affects the process. 

The question then becomes, how much of a difference does there have to 
be between the output of experimental runs before it is safe to conclude that 
the difference demonstrates a real change in the process and is not just part 
of normal variation? Or, put another way, if we test a set of supposedly 
identical specimens and get a range of results, what number in that range is 
the "real" result for that type of specimen in that test? 
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18 Fundamentals of Experimentation 

The answer involves another concept from Statistics, which was intro-
duced in Chapter 4 and is called the standard error. (It has nothing to do with 
making mistakes but is actually an estimate of the normal amount of variation 
involved in the output of the process.) 

All samples that are made or tested are meant to relate to some real or 
theoretical population, and it is the average and SD ofthat population which 
are being sought. If only a single data point is taken, it can fall anywhere in 
the parent distribution and by itself contains no information on the SD of the 
population, but if a sample group is taken, its average falls somewhere in 
another distribution, called the sampling distribution. 

The sampling distribution is the distribution of all the possible sample 
averages for the particular sample size chosen. The sampling distribution is 
much larger than the parent distribution, because the number of combinations 
of samples that can be taken from a distribution is always considerably greater 
than the number of individuals within it. 

What is important is that the CLT shows two things. First, because the 
sampling distribution is made up of averages, it has to approach normality 
even if the parent distribution is not normal, and its averagewill very closely 
approach the true average of the parent distribution. Secondly, its SD will be 
related directly to the true SD of the parent population (called sigma, 
symbolized by cr) by the inverse square root of the sample size, N. This is 
stated mathematically as 

(5.1) 

The term crx is the SD of the sampling distribution, but it is also known as 
the standard error. Because the sampling distribution is normal, 95% of the 
points in it will fall within ±2 SD of its center point, and that center point is 
both the grand average of all sample averages and the best estimator possible 
of the true population average. 

When a sample group is generated, its average (X) is the only estimator 
available for the grand average of all samples (which is the estimator for the 
true population average). If the standard error were a known quantity, the 
statement could be made that the sample average had a 95% chance ofbeing 
within ±2 standard errors of the grand average, but calculating the true 
standard error by the equation above requires the use of sigma, which is itself 
unknown. 

Because certain knowledge of sigma is lacking, the only alternative is to 
use whatever estimator of sigma is available, in this case the standard 
deviation (s) of the sample group, so the estimated standard error is 

standard error = sNN. (5.2) 
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Fundamentals of Experimentation 19 

This applies to the interpretation of real data as shown in the example in 
Chapter 4; when a sample group is tested for some property, the interval ±2 
standard errors around the property mean is considered to have about a 95% 
chance of containing the true level of the property of interest. (There are 
detailed statistical techniques to more precisely adjust the width of the 
confidence interval, but they will not be explored here.) 

In actual experimentation, the measured results from two different sets of 
experimental runs must not have their confidence intervals overlap or they 
cannot be judged to be really different from each other. If the intervals only 
overlap partially, it is quite possible for the two results to actually be from 
different populations, but there are just not enough data to support that 
conclusion at a high level of confidence. Answers are often not "yes" or "no" 
in Statistics but "probably yes" or "probably no" instead. 

The amount of normal variation in test results for test specimens made in 
what is intended and set up to be the same process is commonly called the 
scatter of the process. Every process is subject to normal variation and every 
process has its own level of scatter, but what contributes to scatter, and why 
is it broader for some process than for another? 

We can subdivide scatter into two broad categories, bias scatter and 
random scatter. Bias scatter occurs when there is a pattern of the data being 
inaccurate. For instance, if a thermocouple reads wrongly, having been set 
1 Ü0 too high, all the temperatures will be off by 1 Ü0 • If in the course of some 
operation the equipment steadily gets hotter than its set point over time, the 
temperatures will be all off, but in clearly increasing order. Perhaps in the 
middle of an experiment, someone changes the lots of raw material so that 
one-half ofthe experiment is run with the old batch and one-halfwith the new 
batch. In all these cases, the difference in the experiments is in some sort of 
regular pattern, as illustrated in Fig. 5.1 (next page). 

Note that the temperatures noted by x, all on the high side, arenot perfect-
ly even anyhow. The kind of unpatterned up-and-down Variationseen there 
and in the points represented by • and * as well, is called random variation. 

W e know that it is impossible to eliminate variation and patterns of 
variation altogether, but we want to absolutely minimize it. That makes it 
much easier and morevalid to associate changes in the data with real changes 
in the process. Four main defenses can be used against scatter when running 
experiments. 

The first defense is quite basic and is simply tobe as careful and method-
ical as possible in controlling all the circumstances of the experiments. This 
is referred to as scientific rigor, and although it is easy to understand the idea, 
it is often not so easy to put it into practice. It means being meticulous about 
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every detail, weighing ingredients precisely, controlling or monitaring tem-
peratures carefully, avoiding all sorts of contamination, running things as 
much as possible with the same people on the same equipment at the same 
time, etc., and generally having complete directions drawn up that are 
followed as written. It sometimes means checking and double checking on 
exactly what was done and how it was done. It means convincing everyone 
involved in drawing up and actually running the experiment that they need to 
devote their full attention and careful thought to every step of the experiment. 

The second line of defense is the use of randomization when running a 
series of experiments. The pattern of experiments as drawn up is very 
structured, but they do not have to be run in the order in which they were 
drawn up. In fact, running them in any kind of ordered sequence should be 
avoided as much as possible. There are many ways to randomize a set of 
experiments, including the simple method of putting slips of paper represent-
ing each experimental setup in a container and then taking them out one at a 
time (like a lottery); the individual experiments are then run in the order their 
slips were picked out of the container. By randomizing the runs, the chances 
are greatly decreased for having some sequence effect, such as equipment 
heating up during the day, build in abiasthat gives false indications of what 
affects the process. Also, because randomization is easy enough to do, on 
paper at least, it becomes a standard part of most experimental work. 
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Fundamentals of Experimentation 21 

Blocking, the third defense, is the method of subgrouping experimental 
conditions so that camparisans within the subgroups or blocks become more 
precise. For instance, suppose an experiment involved both changes in 
ingredients and two different mixing procedures. The various batches could 
always be mixed in pairs, each having the same ingredient combination but 
using the two mixing procedures consecutively. That would be a paired 
design with a block size of two. The data from the experiment would then be 
particularly useful in determining any difference in effect from the two 
mixing procedures. 

Sometimes blocking is used nottobring more precision to an experiment 
but to help deal with a problern in implementing a design. For example, if it 
takes a long time for processing temperatures to change and stabilize, running 
experiments with the temperature randomized could pose substantial diffi-
culties. If all the runs at one temperature were done first and then all at the 
second temperature, the comparison of temperature effect would be indistin-
guishable from a comparison of the order in which the runs were made in time. 

This might be dealt with by making one-half of the lower temperature 
runs first , then one-half of the higher temperature runs, then the remaining 
low temperature runs, and, finally, the last of the high temperature runs. 
Within each block, the runs would still be randomized. In this way, the 
temperature is only changed three times to give four blocks of data. Tempera-
ture effect is still estimated by contrasting results of low versus high, but now 
any effect of time order of the runs has been diluted and can be examined 
separately by comparing average effects of each of the four blocks. 

The fourth, last, and most powerful defense against scatter is to generate 
data more than once, preferably several times, at one or more of the experi-
mental conditions. Running the same experimental setup more than once is 
called replication, and replication is used whenever practical in good experi-
mental work. Examining the scatter from results of replicated setups provides 
a good measure of scatter for all the results of the several similar sets of 
conditions that make up a designed experiment. 

The replications are normally done at intervals between the other experi-
ment runs ( even if they have been randomized). However, if the entire set of 
experiments is replicated, as is sometimes done, they may be done in two 
complete sets, which is another form of blocking. 

Once the scatter in the data is understood and measured (whether it has 
been minimized or not), it is easier to make judgments about how much 
meaning can be found in the data. This leads us to the concept of the signal­
to-noise ratio, which is important in understanding what the data do tell us 
( and also in knowing what kind of experimental design we might need to use). 
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22 Fundamentals of Experimentation 

The "signal" referred to is the change you are looking to see; for instance, 
ifyou are trying to listen to someone's voice, the pattern of sound they make 
is the signal you want to receive. In an experiment, the change will be in the 
level of some response, such as the tensile strength of some material. 

The "noise" is the background variation related to the kind of signal. In 
the example of someone' s voice, the noise is literally the background noise 
in the room. In the case of tensile strength, the noise is the normal scatter in 
tensile strength of the material. 

If the noise issmall compared to the signal, it is easy to get good reception. 
A loud speaking voice in a quiet room is easy to hear and understand. 
However, if the noise is large compared to the signal, for instance, a regular 
speaking voice (a moderate signal) in the middle of a rock concert (a very 
large noise), it becomes very difficult to receive the signal clearly. 

In another example, if a plastic' s tensile strength data had a scatter of 
±500 psi but the kinds of changes being made in the material were only likely 
to raise tensile strength by 100 psi, it would be hard to find changes of 100 psi. 

This is why it is really important to understand both the background 
scatter (noise) of whatever process is being investigated as weil as how 
noticeable the effect (the signal) is that you are hoping to find. A favorable 
ratio is one that is fairly high, for instance, a signal that is 4-10 times larger 
than the noise. If this is not the case for the property being measured, then 
certain techniques for picking out experimental designs can come into play. 

In preparing for any series of experiments, a certain set of procedures is 
often very effective. In simple outline it has only a half-dozen steps: 

1. Have a clear understanding of what the problern is or what 
question needs tobe answered, and, on that basis, develop a basic 
statement of the goal of the experiments. This principle may seem 
obvious, but it is not always respected in practice the way it 
should be. 

2. Have a meeting of everyone who is concerned with the situation, 
including those who know the prob lern, those who are working on 
the solution, and those who will be running the experiments and 
doing the testing. Start off with a general discussion of the 
situation and the goal of the experiments. Include discussion of 
what responses should be examined to check on changes in the 
process. 

3. Use the brainstorming technique to list all the possible factors 
that are at alllikely to have any effect on the process. Once that 
is done, list the factors in rough order of suspected importance, 
and get a consensus on which should be part of the experiment. 
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(Some may be considered too minor to bother with, and some may 
be important but can be set at one level and left out of these 
particular experiments.) 

4. Move on to consider what range of the control factors should be 
part of the experiment. The general idea is to be a bit bold and 
cover a range of factor levels that is pretty sure to make a 
difference in the process, butthat applies differently to different 
kinds of factors. For some process that normally runs at 200 °C, 
a range of 180-220° is bold (which looks like ±10%), but the 
range of some ingredient might go from 1% to 3%, which is 
±50%, seemingly much larger. This is where the past experience 
of some people, plus what others have heard or read, plus some 
common sense, can add up to a reasonable best guess. 

5. Consider the number of factors and their levels, pick the appro-
priate experimental design, and then plan out in full detail exactly 
how to run it. Again, use the knowledge and experience of 
everyone in checking out what the problems might be in perform-
ing the work, in getting the testing done, andin getting everything 
done most efficiently with the least chance of things going wrong. 
The plan must be documented, written down clearly (perhaps in 
the meeting minutes, perhaps in a special format), with assigned 
actions for everyone who will be involved. 

6. Lastly, the experiment has to be done as planned. All the best 
meetings and discussion and planning in the world finally boil 
down to a collection of people with specific tasks to do and a 
schedule for doing them. This final step is where things some-
times break down. 

Unfortunately, to get all the desired benefit ofDOX, which is a great deal 
of first-class information from a minimum of experiments, it is very impor-
tant to run the pattern as planned. Missing even a small part of the pattern or 
running it differently from the plan can cause a major loss in the quantity and/ 
or the quality of the data. Thus a certain amount of focus or devotion to plan, 
or even stubbornly hauging on to make it happen, is important to have in the 
people who are involved in the work. 

One extra step that is strongly recommended is to have a review session 
later on with the whole group about the work and the results. The more 
everyone knows about what was learned and how well the plan worked, the 
more experimentation skills will be developed in the organization. 

Of course, it is quite possible for a single individual to act as a "team of 
one" in considering a situation, examining variables and their appropriate 
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24 Fundamentals of Experimentation 

levels, planning out the experimental design, and perhaps even carrying out 
the experiments and doing the testing. Many famous scientists worked that 
way. However, a team approach in experimentation tends tobe more effective 
overall. 

The major points of this chapter are: 

• Variation occurs normally in every process, so even if the process 
has not been changed by varying some factor, there will be some 
detectable difference between experimental runs; 

• knowing how much normal process variation (scatter) there is 
becomes important to make it possible to judge when a real 
change has occurred in the process; 

• the comparison between normal scatter (noise) and the change 
you hope to see (signal) is also important, and the larger the signal 
is compared to the noise, the better the chance of learning about 
the process; 

• the two kinds of scatter are the results ofbias and random chance; 
• the best ways to minimize scatter include being very careful 

(scientific rigor), randomizing the experimental runs, using block-
ing when appropriate, and most especially using repeated condi-
tions (replication); 

• the best way to run designed experiments includes knowing what 
you are looking for, getting inputs from all the people who can 
help, making a good plan, and then doing the work just as 
planned. 
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5 Fundamentals of Experimentalion 

Design of experiments (DOX) is basically the use of particular patterns of 
experiments to generate a lot of information about some process while still 
using an absolute minimum of actual experiments to get the information. 
Before going into what those patterns are, how they work, and how best to use 
them, it is necessary to understand two things: first, some background on 
interpreting the results of any set of experiments; and second, the basics of 
correctly drawing up and performing any set of experiments. 

It is principal fact that variation exists everywhere and that if we use a 
measurement system that is sensitive to small differences, we will not get 
identical readings for a series of things measured, no matter how careful we 
are to make the things as alike as possible. Whether identical twins or a bunch 
of peas in a pod, when things are measured carefully enough, differences will 
be detected. 

If a process is run many times as identically as possible and the results are 
properly measured, a collection of readings will then be found. These 
readings can then be considered a distribution and be examined like any 
distribution. They will almost always fall into anormal distribution, with its 
own average (mean) and width [measured by the standard deviation (SD)]. 

When experiments are run to explore what it takes to make some process 
output change, the experimenter is looking to see what factor or cause does 
produce a noticeable difference in how the process runs and what it produces. 
However, by the naturallaw of normal variation, no process makes exactly 
the same product every single time, so the experimenter has to expect at least 
some differences in output every time the process runs, whether or not the 
factor being explored really affects the process. 

The question then becomes, how much of a difference does there have to 
be between the output of experimental runs before it is safe to conclude that 
the difference demonstrates a real change in the process and is not just part 
of normal variation? Or, put another way, if we test a set of supposedly 
identical specimens and get a range of results, what number in that range is 
the "real" result for that type of specimen in that test? 
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18 Fundamentals of Experimentation 

The answer involves another concept from Statistics, which was intro-
duced in Chapter 4 and is called the standard error. (It has nothing to do with 
making mistakes but is actually an estimate of the normal amount of variation 
involved in the output of the process.) 

All samples that are made or tested are meant to relate to some real or 
theoretical population, and it is the average and SD ofthat population which 
are being sought. If only a single data point is taken, it can fall anywhere in 
the parent distribution and by itself contains no information on the SD of the 
population, but if a sample group is taken, its average falls somewhere in 
another distribution, called the sampling distribution. 

The sampling distribution is the distribution of all the possible sample 
averages for the particular sample size chosen. The sampling distribution is 
much larger than the parent distribution, because the number of combinations 
of samples that can be taken from a distribution is always considerably greater 
than the number of individuals within it. 

What is important is that the CLT shows two things. First, because the 
sampling distribution is made up of averages, it has to approach normality 
even if the parent distribution is not normal, and its averagewill very closely 
approach the true average of the parent distribution. Secondly, its SD will be 
related directly to the true SD of the parent population (called sigma, 
symbolized by cr) by the inverse square root of the sample size, N. This is 
stated mathematically as 

(5.1) 

The term crx is the SD of the sampling distribution, but it is also known as 
the standard error. Because the sampling distribution is normal, 95% of the 
points in it will fall within ±2 SD of its center point, and that center point is 
both the grand average of all sample averages and the best estimator possible 
of the true population average. 

When a sample group is generated, its average (X) is the only estimator 
available for the grand average of all samples (which is the estimator for the 
true population average). If the standard error were a known quantity, the 
statement could be made that the sample average had a 95% chance ofbeing 
within ±2 standard errors of the grand average, but calculating the true 
standard error by the equation above requires the use of sigma, which is itself 
unknown. 

Because certain knowledge of sigma is lacking, the only alternative is to 
use whatever estimator of sigma is available, in this case the standard 
deviation (s) of the sample group, so the estimated standard error is 

standard error = sNN. (5.2) 
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Fundamentals of Experimentation 19 

This applies to the interpretation of real data as shown in the example in 
Chapter 4; when a sample group is tested for some property, the interval ±2 
standard errors around the property mean is considered to have about a 95% 
chance of containing the true level of the property of interest. (There are 
detailed statistical techniques to more precisely adjust the width of the 
confidence interval, but they will not be explored here.) 

In actual experimentation, the measured results from two different sets of 
experimental runs must not have their confidence intervals overlap or they 
cannot be judged to be really different from each other. If the intervals only 
overlap partially, it is quite possible for the two results to actually be from 
different populations, but there are just not enough data to support that 
conclusion at a high level of confidence. Answers are often not "yes" or "no" 
in Statistics but "probably yes" or "probably no" instead. 

The amount of normal variation in test results for test specimens made in 
what is intended and set up to be the same process is commonly called the 
scatter of the process. Every process is subject to normal variation and every 
process has its own level of scatter, but what contributes to scatter, and why 
is it broader for some process than for another? 

We can subdivide scatter into two broad categories, bias scatter and 
random scatter. Bias scatter occurs when there is a pattern of the data being 
inaccurate. For instance, if a thermocouple reads wrongly, having been set 
1 Ü0 too high, all the temperatures will be off by 1 Ü0 • If in the course of some 
operation the equipment steadily gets hotter than its set point over time, the 
temperatures will be all off, but in clearly increasing order. Perhaps in the 
middle of an experiment, someone changes the lots of raw material so that 
one-half ofthe experiment is run with the old batch and one-halfwith the new 
batch. In all these cases, the difference in the experiments is in some sort of 
regular pattern, as illustrated in Fig. 5.1 (next page). 

Note that the temperatures noted by x, all on the high side, arenot perfect-
ly even anyhow. The kind of unpatterned up-and-down Variationseen there 
and in the points represented by • and * as well, is called random variation. 

W e know that it is impossible to eliminate variation and patterns of 
variation altogether, but we want to absolutely minimize it. That makes it 
much easier and morevalid to associate changes in the data with real changes 
in the process. Four main defenses can be used against scatter when running 
experiments. 

The first defense is quite basic and is simply tobe as careful and method-
ical as possible in controlling all the circumstances of the experiments. This 
is referred to as scientific rigor, and although it is easy to understand the idea, 
it is often not so easy to put it into practice. It means being meticulous about 

U
nd

er
st

an
di

ng
 D

es
ig

n 
of

 E
xp

er
im

en
ts

 d
ow

nl
oa

de
d 

fr
om

 w
w

w
.h

an
se

r-
el

ib
ra

ry
.c

om
 b

y 
U

B
 D

ui
sb

ur
g-

E
ss

en
 o

n 
Ja

nu
ar

y 
25

, 2
02

1
Fo

r 
pe

rs
on

al
 u

se
 o

nl
y.



every detail, weighing ingredients precisely, controlling or monitaring tem-
peratures carefully, avoiding all sorts of contamination, running things as 
much as possible with the same people on the same equipment at the same 
time, etc., and generally having complete directions drawn up that are 
followed as written. It sometimes means checking and double checking on 
exactly what was done and how it was done. It means convincing everyone 
involved in drawing up and actually running the experiment that they need to 
devote their full attention and careful thought to every step of the experiment. 

The second line of defense is the use of randomization when running a 
series of experiments. The pattern of experiments as drawn up is very 
structured, but they do not have to be run in the order in which they were 
drawn up. In fact, running them in any kind of ordered sequence should be 
avoided as much as possible. There are many ways to randomize a set of 
experiments, including the simple method of putting slips of paper represent-
ing each experimental setup in a container and then taking them out one at a 
time (like a lottery); the individual experiments are then run in the order their 
slips were picked out of the container. By randomizing the runs, the chances 
are greatly decreased for having some sequence effect, such as equipment 
heating up during the day, build in abiasthat gives false indications of what 
affects the process. Also, because randomization is easy enough to do, on 
paper at least, it becomes a standard part of most experimental work. 
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Fundamentals of Experimentation 21 

Blocking, the third defense, is the method of subgrouping experimental 
conditions so that camparisans within the subgroups or blocks become more 
precise. For instance, suppose an experiment involved both changes in 
ingredients and two different mixing procedures. The various batches could 
always be mixed in pairs, each having the same ingredient combination but 
using the two mixing procedures consecutively. That would be a paired 
design with a block size of two. The data from the experiment would then be 
particularly useful in determining any difference in effect from the two 
mixing procedures. 

Sometimes blocking is used nottobring more precision to an experiment 
but to help deal with a problern in implementing a design. For example, if it 
takes a long time for processing temperatures to change and stabilize, running 
experiments with the temperature randomized could pose substantial diffi-
culties. If all the runs at one temperature were done first and then all at the 
second temperature, the comparison of temperature effect would be indistin-
guishable from a comparison of the order in which the runs were made in time. 

This might be dealt with by making one-half of the lower temperature 
runs first , then one-half of the higher temperature runs, then the remaining 
low temperature runs, and, finally, the last of the high temperature runs. 
Within each block, the runs would still be randomized. In this way, the 
temperature is only changed three times to give four blocks of data. Tempera-
ture effect is still estimated by contrasting results of low versus high, but now 
any effect of time order of the runs has been diluted and can be examined 
separately by comparing average effects of each of the four blocks. 

The fourth, last, and most powerful defense against scatter is to generate 
data more than once, preferably several times, at one or more of the experi-
mental conditions. Running the same experimental setup more than once is 
called replication, and replication is used whenever practical in good experi-
mental work. Examining the scatter from results of replicated setups provides 
a good measure of scatter for all the results of the several similar sets of 
conditions that make up a designed experiment. 

The replications are normally done at intervals between the other experi-
ment runs ( even if they have been randomized). However, if the entire set of 
experiments is replicated, as is sometimes done, they may be done in two 
complete sets, which is another form of blocking. 

Once the scatter in the data is understood and measured (whether it has 
been minimized or not), it is easier to make judgments about how much 
meaning can be found in the data. This leads us to the concept of the signal­
to-noise ratio, which is important in understanding what the data do tell us 
( and also in knowing what kind of experimental design we might need to use). 
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22 Fundamentals of Experimentation 

The "signal" referred to is the change you are looking to see; for instance, 
ifyou are trying to listen to someone's voice, the pattern of sound they make 
is the signal you want to receive. In an experiment, the change will be in the 
level of some response, such as the tensile strength of some material. 

The "noise" is the background variation related to the kind of signal. In 
the example of someone' s voice, the noise is literally the background noise 
in the room. In the case of tensile strength, the noise is the normal scatter in 
tensile strength of the material. 

If the noise issmall compared to the signal, it is easy to get good reception. 
A loud speaking voice in a quiet room is easy to hear and understand. 
However, if the noise is large compared to the signal, for instance, a regular 
speaking voice (a moderate signal) in the middle of a rock concert (a very 
large noise), it becomes very difficult to receive the signal clearly. 

In another example, if a plastic' s tensile strength data had a scatter of 
±500 psi but the kinds of changes being made in the material were only likely 
to raise tensile strength by 100 psi, it would be hard to find changes of 100 psi. 

This is why it is really important to understand both the background 
scatter (noise) of whatever process is being investigated as weil as how 
noticeable the effect (the signal) is that you are hoping to find. A favorable 
ratio is one that is fairly high, for instance, a signal that is 4-10 times larger 
than the noise. If this is not the case for the property being measured, then 
certain techniques for picking out experimental designs can come into play. 

In preparing for any series of experiments, a certain set of procedures is 
often very effective. In simple outline it has only a half-dozen steps: 

1. Have a clear understanding of what the problern is or what 
question needs tobe answered, and, on that basis, develop a basic 
statement of the goal of the experiments. This principle may seem 
obvious, but it is not always respected in practice the way it 
should be. 

2. Have a meeting of everyone who is concerned with the situation, 
including those who know the prob lern, those who are working on 
the solution, and those who will be running the experiments and 
doing the testing. Start off with a general discussion of the 
situation and the goal of the experiments. Include discussion of 
what responses should be examined to check on changes in the 
process. 

3. Use the brainstorming technique to list all the possible factors 
that are at alllikely to have any effect on the process. Once that 
is done, list the factors in rough order of suspected importance, 
and get a consensus on which should be part of the experiment. 
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(Some may be considered too minor to bother with, and some may 
be important but can be set at one level and left out of these 
particular experiments.) 

4. Move on to consider what range of the control factors should be 
part of the experiment. The general idea is to be a bit bold and 
cover a range of factor levels that is pretty sure to make a 
difference in the process, butthat applies differently to different 
kinds of factors. For some process that normally runs at 200 °C, 
a range of 180-220° is bold (which looks like ±10%), but the 
range of some ingredient might go from 1% to 3%, which is 
±50%, seemingly much larger. This is where the past experience 
of some people, plus what others have heard or read, plus some 
common sense, can add up to a reasonable best guess. 

5. Consider the number of factors and their levels, pick the appro-
priate experimental design, and then plan out in full detail exactly 
how to run it. Again, use the knowledge and experience of 
everyone in checking out what the problems might be in perform-
ing the work, in getting the testing done, andin getting everything 
done most efficiently with the least chance of things going wrong. 
The plan must be documented, written down clearly (perhaps in 
the meeting minutes, perhaps in a special format), with assigned 
actions for everyone who will be involved. 

6. Lastly, the experiment has to be done as planned. All the best 
meetings and discussion and planning in the world finally boil 
down to a collection of people with specific tasks to do and a 
schedule for doing them. This final step is where things some-
times break down. 

Unfortunately, to get all the desired benefit ofDOX, which is a great deal 
of first-class information from a minimum of experiments, it is very impor-
tant to run the pattern as planned. Missing even a small part of the pattern or 
running it differently from the plan can cause a major loss in the quantity and/ 
or the quality of the data. Thus a certain amount of focus or devotion to plan, 
or even stubbornly hauging on to make it happen, is important to have in the 
people who are involved in the work. 

One extra step that is strongly recommended is to have a review session 
later on with the whole group about the work and the results. The more 
everyone knows about what was learned and how well the plan worked, the 
more experimentation skills will be developed in the organization. 

Of course, it is quite possible for a single individual to act as a "team of 
one" in considering a situation, examining variables and their appropriate 
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24 Fundamentals of Experimentation 

levels, planning out the experimental design, and perhaps even carrying out 
the experiments and doing the testing. Many famous scientists worked that 
way. However, a team approach in experimentation tends tobe more effective 
overall. 

The major points of this chapter are: 

• Variation occurs normally in every process, so even if the process 
has not been changed by varying some factor, there will be some 
detectable difference between experimental runs; 

• knowing how much normal process variation (scatter) there is 
becomes important to make it possible to judge when a real 
change has occurred in the process; 

• the comparison between normal scatter (noise) and the change 
you hope to see (signal) is also important, and the larger the signal 
is compared to the noise, the better the chance of learning about 
the process; 

• the two kinds of scatter are the results ofbias and random chance; 
• the best ways to minimize scatter include being very careful 

(scientific rigor), randomizing the experimental runs, using block-
ing when appropriate, and most especially using repeated condi-
tions (replication); 

• the best way to run designed experiments includes knowing what 
you are looking for, getting inputs from all the people who can 
help, making a good plan, and then doing the work just as 
planned. 
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6 Basics of Experimental Designs 

In examining any process, what is being sought is a detailed understanding of 
the relationship between things that can be changed in the process and the 
effects on the output of the process that result from changing those things. 
Any condition or setting that can vary during a process is called an indepen­
dentvariable by statisticians, and any output or result of the process is termed 
a dependent variable. Independent variables are commonly referred to as 
control factors and become symbolized by X, and dependent variables are 
known as responses, characteristics, results, etc., symbolized by Y. 

Some control factors can be varied continuously, such as temperature, 
time, etc., whereas others only fall into singular classes, such as one ingredi-
ent compared with another or the absence of a step versus its presence in the 
process. The second kind of factor is described as being discrete, as opposed 
to the continuous type. Whether factors are continuous or discrete can affect 
what type of experimental design is used in investigating a process. Re-
sponses are usually continuous. 

Control factors are changed systematically during experimentation, and 
whether continuous or discrete, their different settings are referred to com-
monly as Levels ofuse. In a set of experiments, each separate set of conditions 
is called a run or treatment. 

The most basic pattern of experiments would be to use every single 
possible combination of control factors and levels. This is called a "full 
factorial" experiment. For instance, suppose someone wants to experiment 
with two process temperatures and two process times, say 350 op versus 
400 op and 4 min versus 6 min. The calculation for how many experiments are 
in the full factorial is made by multiplying the total number of levels of the 
first factor by the number of levels of all other factors. In this example, we 
have two factors at two levels, so the equation becomes: 

(Levels of A) x (Levels of B) =Total experimental runs 

or 2 X 2 = 4. (6.1) 

The actual pattern (which is formally called a matrix) is shown in Fig. 6.1 
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26 Basics of Experimental Designs 

350 OF 350 OF 
4 minutes 6 minutes 

400 OF 400 OF 
4 minutes 6 minutes 

Figure 6.1 Basic 2 X 2 designed experiment 

As the number of factors and their levels grows, the total of experimental 
runs goes up very quickly. If there were four factors at three levels each, the 
equation becomes: 

3x3x3x3=81. (6.2) 

In drawing up experiments, it is a common practice to designate the factor 
levels by some code instead of using them written out all the way. If there are 
two levels, as in the example above, they are usually coded as -1 and + 1 
levels, and in the matrix sometimes only the sign (- or +) is used. Because 
two-level experiments make up the main part of simple DOX methods, we 
will focus on that technique in this chapter. 

Forexample, ifwe had three factors (A, B, and C) and wanted to run every 
combination of + and -levels possible, the list would look like that in Fig. 6.2. 

A little work will show that no other combination of + and -levels exists 
for three factors. (The order in which the combinations are shown is not 
significant; the run numbers can be reversed or randomized without changing 
anything of importance.) 

A B C 
Run 1 + + + 

2 + + 
3 + + 
4 + 
5 + + 
6 + 
7 + 
8 

Figure 6.2 Fundamentalpattern of a 2-level, 3-factor full-factorial design 
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~] 

e---------+------{ 
/ 

+A-

Figure 6.3 Three-dimensional representation of 3 X 2 full-factorial design 

The pattern corresponding to this list is a cube in space, with each of the 
corners representing one of the factor combinations. This is easier to see in 
the actual diagram of (Fig. 6.3). 

Note in Fig. 6.3 that each corner has a combination of + and- signs in it. 
Each sign corresponds to one of the runs in the list in Fig. 6.2 The volume 
contained in the cube represents the "experimental space," which is the many 
combination of conditions that fall between the eight particular combinations 
we selected for the experiment. 

The arrows in Fig. 6.3 show how each factor is held at one value, + or-
, for one face of the cube. Thus the cube surface closest to the viewer is the 
+ setting for factor C, the right hand plane is the- setting for A, and the top 
plane is the + setting for B. 

Other types of patterns can be drawn, such as a cube with experimentsnot 
only at all the corners but also in the middle of each plane and one more in the 
center of the cube itself. Those are the more advanced designs mentioned in 
Chapter 3. 

An important concept in DOX is called hidden replication. Remernher 
that making a judgment on some property is always much, much safer when 
the property is evaluated by averaging several experimental results than when 
only one measurement is used. This is applied in DOX by comparing the 
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Run 1 
2 
3 

4 
5 
6 
7 
8 

A B 

A+ [;}--- T~t:l 

H -T:;., I ~l- B-~ L=J ~ Total 

c 
+ 

+ 

+ 

+ 

Figure 6.4 Hidden replication in 3-factor, 8-run pattern 

average of some response property measured from all the runs made at one set 
of conditions to the average of all the runs at the other condition. 

Looking at the 3-factor, 8-run pattern again, we can see in Fig. 6.4 that, 
for factor A, the first 4 runs are at the + level and the second 4 runs are at the 
-level. The average property from runs 1-4 can be compared to the average 
property from runs 5-8, and this gives us more confidence that when we see 
a difference between the averages, it is really telling us the process if affected 
by going from A+ to A- conditions. 

In the same way, we can look at Fig. 6.4 for factor B, where we compare 
the average of runs 1, 2, 5, and 6 to the average of runs 3, 4, 7, and 8. This 
principle is applied to any factor in any formal design. 

In the 8-run experiment, we get a bonus, so to speak, of checking out 
three factors instead of just one, with four replicates at each of two Ievels. This 
is what is meant by hidden replication, and it is a key facet of designed 
experiments. 

Is that all the information that can be extracted from the eight runs? 
Statistical theory says that from eight independent pieces of data (in this case, 
the eight measurements of the response characteristic that result from per-
forming the experiment), seven independent comparisons can be made. 
Because the experiment will tell us about factors A, B, and C, four other 
comparisons can be made. 

These comparisons can be made by again averaging four + responses and 
comparing this average with that of four - responses, but by a particular 
pattern only. The additional four columns of + and- assignments are shown 
in Fig. 6.5, labeled as X1 through X4. 

Note that ifthe pluses and minuses are added up in any column, the total 
cancels out to zero, and if the settings in any one column are multiplied by the 
corresponding settings in any other column, the resulting pluses and minuses 
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A 8 c X1 X2 X3 X4 
Run 1 + + + + + + + 

2 + + + 
3 + + + 
4 + + + 
5 + + + 
6 + + + 
7 + + + 
8 + + + 

Figure 6.5 Fully expanded 3 x 2 pattern 

agairr total up to zero. This relationship is called orthogonal, and experimen-
tal designs that fit this description are sometimes termed orthogonal arrays. 
(Not every conceivable experimental design is orthogonal, but the most 
efficient designs are typically orthogonal.) 

These four columns can be used primarily in two different ways. One way 
is to assign four more control factors to the experiment, so that seven potential 
influences on the process are being evaluated. The X columns then become 
factors D, E, F, and G. At this point, the design has become a "fractional 
factorial," and because all columns have been assigned to independent 
factors, it is called saturated. (An 8-run design containing only three factors 
is a full factorial, but if it has between four and six factors, it is called an 
unsaturated fractional factorial design.) 

Saturated designs are often used with good success in evaluating a set of 
comparatively unknown factors, not all of which are believed tobe important 
to the process. The technique permits determination of which of them are 
really significant and which are not. The design is often called a screening 
design, because it separates important from unimportant factors. Such pat-
terns are very efficient forthat purpose; a full factorial for seven factors at two 
levels would require 2 x 2 x 2 x 2 x 2 x 2 x 2 = 128 runs, which is 16 times 
as many as in the saturated screening design. 

However, it is still true that we cannot get something for nothing, and by 
using saturated designs we automatically give up all possibilities of learning 
about anything other than the main effects of the control variables. Y et it is 
certainly possible for factors to affect each other' s effects on the process 
rather than acting totally independent of each other; that is, temperature and 
pressure could both speed up some chemical reaction rate separately, but 
when both are increased, the speed of the reaction might go up geometri-
cally. 
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This phenomenon, when it exists, is called afactor interaction and may 
be of strong interest in a given process. Saturated designs do not permit any 
judgments about possible factor interactions, but this may be not be a problern 
depending on the process being investigated or the state of the investigation. 

The second way of using the unassigned columns is to not add any other 
factors to the experiment. In that case, it is possible to look for interactions 
between factors. This is done by looking at the product of the signs of factor 
settings in the first three columns. For instance, if A in each run is multiplied 
by B in that run, the first run yields a + sign and the second run yet another, 
but the third through the sixth runs yield- signs, and the last two yield + signs 
again. (Look at the array in Fig. 6.4 and run through this yourself.) That exact 
pattern of + and- is seen in column Xl. 

This means that when the average of those runs marked +in column Xl 
is compared with that of those marked -, the effect being examined is that of 
any possible interaction between factors A and B. X2 is then the A-C 
interaction, X3 is the B-C interaction, and X4 represents the three-way A-B-
C interaction. If no interaction exists, the + and- averages from the appropri-
ate column will be close to each other. (Theoretically, the + and- averages 
would be equal to each other when there is no interaction, but the normal 
random variation in any process almost always Ieads to some minor differ-
ence between the averages.) 

In many processes, factor interactions are not common, and the use of 
saturated designs is very appropriate and highly efficient. However, for 
chemical processes and many mechanical/chemical systems, interactions are 
regularly encountered, and the use of a saturated design can result in false or 
misleading data. Estimation of whether interactions exist is one of those areas 
where the combined experience and judgment of several people familiar with 
the process may turn out to be helpful. When in doubt, the best course is to 
assume interactions are likely to be there and draw up the experiments 
accordingl y. 

As was already stated, theory teils us the differences between averages 
within columns representing an unimportant factor or nonexistent interaction 
should be zero, but we know that by random chance each column's average 
will vary a little in its value, so very few of the differences will really show 
up as zeros. So how do we decide which column differences represent real 
effects and which are just results of normal random noise? 

There are special mathematical techniques for making that judgment, but 
fortunately a simple technique called a scree plot is quite effective and very 
easy to use. It is often sufficient for determining what factors/interactions are 
important enough to carry on to the next stage of the investigation. 
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4 

3.5 0 

3 0 

2.5 

2 

1.5 0 

.5 0 0 

0 ..................................................................................................... 0 ..... .. 

-.5-'------------------....1. 
2 3 4 6 

Factor 
7 

Figure 6.6 Scree plot of durometer effect 

5 

A scree plot is made by examining the effect Ievels seen in the data and 
ranking them by their absolute size. Their sign is not important in this ranking, 
so an effect of-3 is larger than one of + 2. The scale of the graph has tobe just 
a bit larger than the largest effect. The effects are plotted by size across the 
graph. Normally, a curve of some sort results, as in the example in Fig. 6.6 
from an experiment on effects of ingredients on hardness of a ruhher 
compound. Because there were seven factors evaluated in a saturated 8-run 
screening design, they are identified by number at the bottarn of the chart. 

This plot can be thought of as a side view of a cliff, going down to the base 
Ievel of ground. The rubble of rock debris usually found at the base of a cliff 
is calledscree, which is where we get the name ofthe plot. Where the leveling 
off of the "data cliff' can be seen is where the assumption can be made that 
significance of the effects shown starts to become very questionable. In Fig. 
6.6, factors 2, 3, and 4 have substantial effect on ruhher durometer, factor 6 
has a lesser effect, and factors 1, 7, and 5 probably do not have any real in-
fluence on durometer. 

Another technique is to examine the value found for a column assigned 
only to a three-factor interaction. It is rare for three-way interactions tobe of 
any significance, so often the effect level observed in such a column can be 
considered to be representative of pure scatter. If that is true, then any other 
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32 Basics of Experimental Designs 

effect levels seen that are of comparable size are also probably results of 
normal scatter rather than any real effect of a factor or interaction. 

Majorpoints to remernher are: 

• Full factorial patterns involve every factor at every level and 
permit detailed analysis of effects and interactions; 

• designs reduced in size from full factorials are called fractional 
factorials; 

• using the averages of results from all runs set at the + or -levels 
of the factor being checked gives greatly improved confidence 
that the averaged effect is real; 

• two-level designs are often tremendously useful and convenient; 
• if interactions may be important, they can be analyzed using 

empty columns in unsaturated designs; 
• if interactions are not important, saturated designs can be used 

with high efficiency; 
• scree plots are useful in comparing relative effects offactors, etc. 
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7 Fractional Designs and Their Uses 

Most of the time, experimenters prefer to avoid using large full-factorial 
designs, so the development of numerous types of fractional factorials has 
been a major part of the modern history of design of experiments (DOX). To 
understand when and how to best use the various designs, it is important to 
grasp the basics of what fractional designs really are, and it is easiest to begin 
with the most basic fractional, the half factorial. 

This is exactly as the name implies: the use of only one-half the number 
of experimental runs called for by a full factorial. The halves have tobe split 
up in a balanced manner. For instance, Fig. 7.1 shows the same three-factor 
full-factorial design used previously in Chapter 6 but with each run desig-
nated as belanging to the "right" or "left" half. 

Figure 7.2 shows the two separate half designs (which are termed 
complementary to each other) side by side. The bar between them can be 
thought of as the plane of a mirror, each half design being a reflection of the 
other, with the mirror reversing the values or signs of the run conditions. Both 
designs contain the same information and will support the same type of data 
analysis. 

Because there are four experiments in one of these half factorials, there 
is enough information to allow three judgments tobe made from the data. (A 

Factor A B c (Right or Left) 
Run 1 + + + R 

2 + + L 
3 + + L 
4 + R 
5 + + L 
6 + R 
7 + R 
8 L 

Figure 7.1 Basic 3 X 2 design with right and left halves designated 
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34 Fractional Designs and Their Uses 

A B c A B c 
+ + + R L 
+ R L + + 

+ R L + + 
+ R L + + 

Figure 7.2 Complementary half factorials 

A B c Interaction = AB AC BC ABC 
+ + + + + + + 
+ + + 

+ + + 
+ + + 

Figure 7.3 3 X 2 half factorial with interaction patterns 

statistician would say there are three degrees offreedom available; degrees of 
freedom are just a measure of information, and usually if there are n 
experiments or pieces of data, there are n- 1 degrees of freedom.) In this case, 
those judgments would be the effects of the three control variables A, B, and 
C, which would be seen in comparing the average response from the runs with 
A at its + level versus the average of the runs with A at its - level. This is the 
same technique used for the full eight-run design. 

In the eight-run design, however, it was possible to also separate out the 
interactions. To do that, we multiplied the signs for the interacting columns 
and used the resulting pattern to check on the interaction effect. When that 
procedure is applied to one of the half factorials, we see the interaction in 
Fig. 7.3. 

Notice that the AB interaction column is identical to the C factor column, 
the AC column is the same astheB factor, and the BC column is exactly like 
the A column. This means that any effect from the AB interaction is 
completely mixed in with the main effect of the C control factor. (Formal 
DOX terminology is that the effects are confounded or aliased.) If there is an 
AB interaction, its real effect is found using the exact same set of response 
numbers used to find the main effect ofthe C factor, and the two effects (from 
C and AB) cannot be separated from each other. 

This is what happens in a saturated fractional factorial; every main factor 
column has confounded with it some interaction(s). With the half factorial, 
the confounding is comparatively simple, but it usually becomes much more 
complex with other fractional factorials. 
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For instance, an eight-run design with seven factors used will have three 
separate two-factor interactions confounded with every main factor effect. 
(There arealso interaction terms involving three or more factors, but those are 
generally ignored in this kind ofwork.) In an unsaturated design, some factors 
may not have as much confounding associated with them, but it takes careful 
examination to know where interaction terms fall in the pattern. 

Notice that the ABCinteraction column in Fig. 7.3 only has + levels in it. 
This means that no judgment at all can be made about the interaction, but the 
fact that there are no - terms teils us that it was the ABC column of the 
original eight-run design that was used to split the eight runs into the two 
half factorials. By using the [ABC = +] runs for the right half and the 
[ABC = -] runs for the left half, a perfectly balanced split was made that 
resulted in each remaining column having one factor and one interaction in it. 
This is a form of blocking, with the ABC column being used as the blocking 
key. 

The main point of all this is to show that whenever screening designs are 
used, interactions are confounded and that the effect measured for some main 
factor may in reality be due partially or largely to some irresolvable interac-
tion of other factors. As mentioned earlier, this may not be important for some 
types of work, but when significant factor interactions are possible or even 
likely, screening designs must be used with care. 

Among the types of designs available are a set called Plackett-Burman 
(P-B) designs, invented about 1939 and used with great effect in the World 
War II British war effort. Among the P-B designs are a subtype called 
nongeometric designs, which are the 12-, 20-, and 24-run designs. In these 
designs, the interaction contributions are spread out over the columns instead 
of falling totally in one column or another. Thus the nongeometric patterns 
can be used to screen main effects in systems where the existence of 
interactions is suspected, with much less chance of getting misleading data on 
main effects. (Interactions would then be explored in second-phase designed 
experiments.) Two of the designs are shown in Figs. 7.4 and 7.5 (next page). 
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12-run 
Run 1 

2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 

A 

+ 
+ 

+ 
+ 
+ 

+ 

B 
+ 

+ 
+ 
+ 

+ 

+ 

c 

+ 
+ 
+ 

+ 

+ 
+ 

D 
+ 
+ 
+ 

+ 

+ 
+ 

E 
+ 
+ 

+ 

+ 
+ 

+ 

F 
+ 

+ 

+ 
+ 

+ 
+ 

G 

+ 

+ 
+ 

+ 
+ 
+ 

H 

+ 

+ 
+ 

+ 
+ 
+ 

+ 

+ 
+ 

+ 
+ 
+ 

Figure 7.4 Plackett-Burman 12-run design 

J 
+ 

+ 
+ 

+ 
+ 
+ 

K 

+ 
+ 

+ 
+ 
+ 

+ 

20-run 
Run 1 

2 
3 
4 
5 
6 
7 
8 
9 

A B C D E F G H J K L M N 0 P Q R S 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

+ + + + + + + 
+ + + + + + 

- + 
+ 

- + + 

+ + + 
+ + + + 

+ + + + 
+ - + 

+ 
- + + - + + 

+ + + + 
+ + + + 

+ 

+ + + + 
+ + - + 

+ + 

+ 

+ 

- + + - + + 
+ + + - + + 

+ + - + + - + 
- + + - + + - - + + 
+ + + + - + + + 

- + + 
+ + 

+ + - - + + + + 
+ + - + + + + + - + 

- + 

+ 
+ + 

+ + 
+ + - + + + + 

+ + + + + + - + 
- + + + + - + 

+ 

+ + + 
+ + 

+ + 
+ + - + + + + - + - + 

+ + + + - + + + + - + - + 
+ + + + + + + + + - + -

+ + + + + + + + + - + 
+ + + + + + + + + -

+ + + + + + + + -

Figure 7.5 Plackett-Burman 20-run design 

+ 
+ + 
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Taguchi designsarealso used frequently, but they are mainly variations 
on P-B designs and other classic designs, using different notation and some 
extra calculations not liked by formal statisticians. However, they work weil, 
and some of the ideas Dr. Taguchi has made popular about experimentation 
and process optimization have proven to be very useful. 

With any screening design, an alternate set of runs can be made using the 
reflected design; that is, with all settings reversed. Just as with the reflected 
half factorials seen above, the two designs will contain the same information; 
selection of one design over another can be made on any convenient basis, 
including whichever set of runs is easier to perform. 

However, it is occasionally very useful to run both sets of experiments 
from a screening design, which means all the original and reflected combina-
tions of factor settings. This doubles the number of experimental runs needed 
but is still far smaller than a full factorial for all the factors. When this is done, 
it becomes possible to get some information on two-factor interactions from 
the dual array, which is called "folded over." 

So far, the discussion has centered on experiments in which the factors are 
only used at two Ievels, because such experiments can easily be learned and 
used, yet are still extremely useful in many situations. However, when a 
continuously variable factor is used at just two Ievels, only linear measure-
ments of its effect can be made. (Discrete factors, such as different suppliers 
or machines, etc., are always considered nonlinear.) 

In many kinds of systems, factor effects are nonlinear, especially if the 
range of factor Ievels is broad. To measure nonlinearity, at least three Ievels 
of a factor are needed. This Ieads to more complex patterns of experiments 
and more complicated ways of analyzing the data; this subject will be 
introduced in Chapter 15. 

Nonetheless, two-level designs are used for the bulk of the designed 
experiments run day to day in factories and laboratories. They are easy to 
draw up, run, and analyze, and they often reveal very important information 
about processes. In many cases, simply knowing which factors are the most 
significant in a process and whether or not interactions are important is 
enormously helpful to understanding a process and how to more efficiently 
gain control of it. 

Majorpoints of this section are: 

• Use of fractional-factorial designs always Ieads to confounding 
of interaction effects with main factor effects; 

• location of interaction effects in an unsaturated fractional facto-
rial may be useful or even necessary at times; 
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38 Fractional Designs and Their Uses 

• if screening of several control factors is needed and interactions 
are suspected but will be neglected for the moment, use of 
nongeometric Plackett-Burman designs is desirable; 

• reflected designs contain equivalent knowledge and can be used 
whenever convenient; 

• fold-over designs can be useful in locating interactions; 
• two-level designs, although limited in capacity to profile nonlin-

ear effects, are generally both useful and convenient. 
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8 Examples Using Eight-Run Design 

Even though the concepts of basic two-level designs and the arithmetic 
needed to analyze the resulting data arenot difficult at all, actual use of the 
patterns still requires some practice beforehand. Three examples of the eight-
run design will be used to illustrate in detail how they can work. 

In the first case, only three factors are under consideration, which means 
the eight-run design represents a full factorial. The pattern of the levels of the 
three factors (A, B, and C) is shown in Fig. 8.1, along with the resulting data 
from the individual experimental runs. In this case, the response is shown as 
Y and could represent the percentage yield of some reaction. 

The factors could be time, temperature, and pressure, or levels of three 
catalysts or monomers, or any three factors affecting the reaction. An actual 
worksheet might look like the array in Fig. 8.2. 

Because this is an example of a full factorial, the interaction column 
patterns can be used, which leads to the matrix shown in Fig. 8.3. 

In the next step, the Y responses corresponding to the - level in the A 
column are totaled up, and then the + responses are totaled separately. Each 
total is entered in aseparate row below the A column, and then the total of the 
- data points is subtracted from the total of the + data points to give the 
difference between the two subgroups; this difference is then divided by four 

A 8 c y 
65.3 

2 + 81.3 
3 + 53.3 
4 + + 69.9 
5 + 61.8 
6 + + 77.4 
7 + + 73.9 
8 + + + 89.9 

Figure 8.1 An 8-run design with coded levels of factor 
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40 Examples Using Eight-Run Design 

Temperature, 
OF 
200 

2 200 
3 200 
4 200 
5 250 
6 250 
7 250 
8 250 

Time, 
h 

2 
2 

2 
2 

Catalyst Gone., Yield, 
% 0/o 

65.3 
2 81.3 
1 53.3 
2 69.9 

61.8 
2 77.4 
1 73.9 
2 89.9 

Figure 8.2 Pattern of design in Fig. 8.1 as applied to a typical worksheet with one 
response 

A B c AB AC BC ABC y 
+ + + 65.3 

2 + + + 81.3 
3 + + + 53.3 
4 + + + 69.9 
5 + + + 61.8 
6 + + + 77.4 
7 + + + 73.9 
8 + + + + + + + 89.9 

Figure 8.3 Pattern of Fig. 8.1 expanded to show interaction columns 

A B c AB AC BC ABC 
+Total 303.0 287.0 318.5 310.4 285.9 286.9 286.3 
-Total 269.8 285.8 254.3 262.4 286.9 285.9 286.5 
Difference 33.2 1.2 64.2 48.0 -1.0 1.0 -0.2 
Effect on Y 8.30 0.30 16.05 12.00 -0.25 0.25 -0.05 

Figure 8.4 Calculation of effects from response data in Fig. 8.3 

(the number of experiments that made up each subgroup) to provide an 
estimate of the average effect on process yield of changing the A factor from 
its - to its + level. 

This procedure is repeated for each column in the matrix, which leads to 
the data display in Fig. 8.4. (Notice that the- total and +total always add up 
to 572.8, which is the total of all eight Y values.) 
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Examples Using Eight-Run Design 41 

16 * 
12 * 
8 * 
4 

0 * * * * c AB A B AC BC ABC 
Factars 

Figure 8.5 Scree plot of effects on process yield 

In the example used, these data demonstrate that going from the lower 
temperature to the higher will, on average, increase the yield by about 8%, 
whereas increasing the catalyst concentration has twice as much of an effect. 
Time by itself has very little effect, but in conjunction with temperature does 
contribute to a substantial increase in yield, as shown by the effect shown in 
the AB column of Fig. 8.4. 

The scree plot of these effects (Fig. 8.5) will show a dramatic cantrast 
between the A, C, and AB effects, with all the other column effects falling 
close to each other and to zero. 

This is a comparatively simple example of use of the fully unsaturated 
eight-run design in which the data showed clear contrasts. Use of saturated or 
partially saturated designs allows consideration of more factors in the experi-
ment but can lead to increased complications. 

The most effective way to use an eight-run design when interactions are 
suspected between some but not all of the factors is to set up a four- factor half 
factorial design, with the fourth factor settings located in the ABC interaction 
column. The basis ofthisplan is the common (but not infallible) assumption 
that two-factor interactions are much more often both real and of significant 
magnitude than are higher level factor interactions. 

For instance, assume that in the example above the three factors were ones 
which could easily interact but there was also interest in using a larger 

U
nd

er
st

an
di

ng
 D

es
ig

n 
of

 E
xp

er
im

en
ts

 d
ow

nl
oa

de
d 

fr
om

 w
w

w
.h

an
se

r-
el

ib
ra

ry
.c

om
 b

y 
U

B
 D

ui
sb

ur
g-

E
ss

en
 o

n 
Ja

nu
ar

y 
25

, 2
02

1
Fo

r 
pe

rs
on

al
 u

se
 o

nl
y.



42 Examples Using Eight-Run Design 

reaction vessel. General belief among those knowledgeable in the process is 
that although reaction vessel size might affect yield caused by differences in 
agitation Ievels, any interactions between the vessel and the other three 
factors would be very unlikely. The set of experimental runs could then be as 
shown in Fig. 8.6, with factor D being reaction vessel size. 

Analysis of the second data set supplies a new set of estimated effects, but 
no real changes are seen for the effects of temperature, time, catalyst 
concentration, and the temperature/time interaction, although there appears 
tobe a minor effect of reactor size in lowering yield (Fig. 8.7). 

The use of half factorials when at least one control factor is known or 
strongly believed to be independent of all others is a common and effective 
practice. It is possible to use more complicated, partially saturated fractional 
designs when a mixture of several noninteractive and interactive factors is 
involved, but this can become both difficult to lay out properly and sensitive 
to any misjudgment on the existence of interactions. 

The use of fully or almost fully saturated designs for screening purposes 
only is a major part of DOX strategy. An example of six factors in an eight-
run design is shown in Fig. 8.8. 

This experiment involved effects of ingredient Ievels on properties of a 
rubber compound. It is a reflected design (as shown by the row of allminus 

A B c D (=ABC) y 
65.6 

2 + + 79.3 
3 + + 51.3 
4 + + 69.6 
5 + + 59.8 
6 + + 77.7 
7 + + 74.2 
8 + + + + 87.9 

Figure 8.6 Half-factorial design with data related to design in Fig. 8.1 

A B c AB AC BC D 
+Total 299.6 283 314.5 307 282.5 282.9 278.3 
-Total 265.8 282.4 250.9 258.4 282.9 282.5 287.1 
Difference 33.80 0.60 63.60 48.60 -0.40 0.40 -8.80 
Effect on Y 8.45 0.15 15.90 12.15 -0.10 0.10 -2.20 

Figure 8.7 Calculation of effects from response data of Fig. 8.6 
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Examples Using Eight-Run Design 43 

values) with the last column unused so as to act as an estimator of the amount 
of random error in the process. Two responses are shown, the first relating to 
the minimum viscosity (ML) of the unvulcanized ruhher and the other 
relating to the delay in heginning of vulcanization reactions after processing 
temperature has heen reached (T2). The analysis ofthe first response is shown 
just helow the pattern of the experimental runs in Fig. 8.8. 

The data indicate that, as expected, addition of a second, low viscosity 
polymer does decrease the material viscosity significantly, whereas the third, 
fourth, and sixth factors all increase viscosity. The remaining factors do not 
appear to affect this property significantly and would show up on a scree chart 
as the group closer to the zero-value line. 

When the analysis is extended to the second property (Fig. 8.9), a 
different pattern of results is ohserved. 

LVP MS1 MS2 MS3 PrsAid Xlnkr G ML T2 
1 + + + + 16 3.4 
2 + + + + 15 3.4 
3 + + + + 19 3.4 
4 + + + + 17 4.5 
5 + + + + 24 2.9 
6 + + + + 18 3.8 
7 + + + + 20 3.4 
8 14 5.7 

+Total 67 73 79 76 71 78 72 
-Total 76 70 64 67 72 65 71 

Difference -9 3 15 9 -1 13 1 
ML effect -2.25 0.75 3.75 2.25 -0.25 3.25 0.25 

Figure 8.8 A six-factor eight-run fractional factorial design with calculation of 
effects of ML response. L VP, low viscosity polymer; MS l-MS3, metal salts or 
oxides; PrsAid, process aid; Xlnkr, chemical cross-linker; G, unused factor; ML, 
minimum viscosity; T2, delay in beginning vulcanization reactions until after 
processing temperature is reached 

LVP MS1 MS2 MS3 PrsAid Xlnkr G 
+Total 14.7 13.5 13.1 14.2 15.1 14.6 14 
-Total 15.8 17 17.4 16.3 15.4 15.9 16.5 

Difference -1.1 -3.5 -4.3 -2.1 -0.3 -1.3 -2.5 
T2 effect -0.275 -0.875 -1.075 -0.525 -0.075 -0.325 -0.625 

Figure 8.9 Calculation of T2 effects (second response) from Fig. 8.8 

U
nd

er
st

an
di

ng
 D

es
ig

n 
of

 E
xp

er
im

en
ts

 d
ow

nl
oa

de
d 

fr
om

 w
w

w
.h

an
se

r-
el

ib
ra

ry
.c

om
 b

y 
U

B
 D

ui
sb

ur
g-

E
ss

en
 o

n 
Ja

nu
ar

y 
25

, 2
02

1
Fo

r 
pe

rs
on

al
 u

se
 o

nl
y.



44 Examples Using Eight-Run Design 

The second and third factors (metal salts or oxides) act as catalysts in the 
cross-linking reaction between the polymer and the chemical cross-linker, so 
their contribution to the delay in reaction initiation was anticipated to be 
negative, i.e., they would shorten T2. This is exactly what the data indicate, 
along with lesser effects from the fourth and sixth factors. The fifth factor was 
a process aid known tobe chemically unreactive, and its effect on T2 is very 
close to zero. 

However, the unused column (also called vacant, dummy, or empty) that 
was supposed to estimate process scatter has an apparent effect Ievel greater 
than that seen for columns four and six. This could be interpreted to mean that 
there is a great deal of scatter in the experiment and that most of the seeming 
effects are subject to question, even though they do fit in with prior knowl-
edge of the process. However, there is another explanation. 

In partially saturated geometric designs, the various possible interactions 
are confounded with main effects. Even though the last column is empty of 
any main factor, it can contain two-factor effects. In fact, in this case it 
contains the negative of both the MS l-MS2 and MS3-Xlnkr interactions. 
(Readers should refer back to Chapter 7 and go through the comparison to 
confirm this.) 

Because both of those interactions contain elements that are chemically 
active and could certainly interact, the G column is probably not acting as a 
valid estimator of experimental scatter in this instance. The fifth column is a 
much more likely indicator of experimental error. How to more accurately 
examine the extent of scatter will be dealt with in a later chapter. 

The main points of this chapter were: 

• Simple computational methods can be used to analyze two-level 
designs, and 

• the use of varied screening designs can be easy and powerful but 
also subject to some pitfalls. 
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9 Effective Use of Simple Designs 

From the academic viewpoint, experimentation is not limited by its potential 
degree of difficulty, but in actual work with designed experiments, a certain 
degree of pragmatism usually becomes necessary. Although there are reports 
in the literatme of even 256-run experiments having been performed, the vast 
majority of designs used contain fewer than 32 runs. The most frequently used 
designs are screening or simple interaction types rauging from 4 to 20 runs, 
and it is these easy-to-use and easy-to-understand designs that are the main 
focus of this book. W e will examine them all in turn, comparing and 
contrasting how they can be used. 

The four-run design can be used in two ways: 

1. as a full factorial for two factors at two levels, and 
2. as a half factorial for three factors at two levels. 

(As always, the ability to recognize and evaluate interactions is lessened in 
the fractional factorial; in this particular case, it is utterly lost.) 

The eight-run pattern, which is the most used of all designs, can be used 
in three ways: 

1. As an interaction model for three factors at two levels, 
2. as a half factorial for four factors at two levels (main effects stay 

unconfounded with two-factor interactions), or 
3. as a fractional factorial for five to seven factors at two levels (but 

two-factor interactions become confounded with main effects). 

The nine-run design can be either of two quite different types. It could be 
a full factorial for two factors at three levels, which provides information on 
both interaction and nonlinear effects, or it might be the Taguchi L9 array, 
which is basically a three-level screening design for up to four factors; in this 
design, information is generated on nonlinear effects, but no analysis of 
interactions is possible. 

The two patterns are contrasted with each other in Fig. 9 .1. (The classic 
convention of factor settings is -1, 0, and + 1, and this is used in both patterns. 
Dr. Taguchi prefers coding two-level experiments as 1 and 2 and three level 
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46 Effective Use of Simple Designs 

Two factors, three Ieveis: Four factors, three Ieveis: 
Full factorial Taguchil9 

Factor A B A B c D 
Level -1 -1 -1 -1 -1 -1 

0 -1 -1 0 0 0 
-1 -1 

-1 0 0 -1 0 
0 0 0 0 -1 

0 0 -1 0 
-1 -1 0 

0 0 -1 1 
0 -1 

Figure 9.1 A 2 x 3 full-factorial design compared with a Taguchi L9 design 

experiments as 1, 2, and 3, but it would probably be confusing to mix both 
types of coding here.) 

Notice that the first two columns of each pattern are identical, just 
switched in order. The extra two columns in the L9 are both orthogonal to all 
the others, which is normal for valid experimental design patterns. 

The simplest way to analyze data from three-level screening designs is to 
graph the average result of each level versus the other levels for each factor 
in the matrix. If no obvious visual cantrast can be seen between the three 
averages, then that factor is unlikely to be exerting any significant effect on 
the process. (The level of difference between the highest and lowest of those 
three averages may be used as an indicator of process scatter.) If there is a 
marked difference between the highest and lowest of the three averages, the 
pattern in which the averages fall can be interpreted so as to reveal what type 
of linear or nonlinear effect that factor has on the process and how large the 
effect is. 

For instance, assume that the four factors in an L9 are catalyst type, 
reagent concentration, temperature, and pressure and that the reaction per-
centage yields observed fortheruns are as shown in the worksheet in Fig. 9 .2. 

The analysis of the data then would involve taking the averages of each 
subgroup of three according to the levels of each factor. For instance, for 
Catalyst type, the first three runs used a nickel catalyst and averaged a 61.8% 
yield, the three silver catalysts averaged a 62.7% yield, and the platinum 
catalysts averaged a 69.5% yield. 

If these calculations are done for all the control factors, the resulting 
numbers come out as shown in Fig. 9.3. 
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Effective Use of Simple Designs 47 

Catalyst Concentration, Temperature, Pressure, Yield, 
0/o oc bar 0/o 

Ni 20 60 0.5 57.9 
Ni 25 75 1 64.6 
Ni 30 90 5 63.0 
Ag 20 75 5 62.3 
Ag 25 90 0.5 61.7 
Ag 30 60 64.1 
Pt 20 90 1 65.5 
Pt 25 60 5 68.1 
Pt 30 75 0.5 75.0 

Figure 9.2 Worksheet for a Taguchi L9 design 

Level -1 0 
Catalyst 61.8 62.7 69.5 
Goncentration 61.9 64.8 67.4 
Temperature 63.4 67.3 63.4 
Pressure 64.9 64.7 64.5 

Figure 9.3 Calculated average responses for three-level experiment 

Most of the time, it is more convenient to examine the data in the sort of 
combined graph for all four factors illustrated in Fig. 9.4. 

The response line for pressure appears to be declining but in fact is so 
shallow (range of 0.4% in yield) that it could easily fall within the spread of 
random variation instead of reflecting any real effect on the process. In 
contrast, the range of yield with reagent concentration is 5.5 %, which is more 
than large enough to be significant. The pattern of the concentration effect 
appears to be largely linear. 

The three different types of catalyst display differences, with the third 
type (platinum) standing out clearly as promoting higher yields than the other 
two. Because this is a discrete factor rather than a continuous one, there is no 
point to analysis of the shape of the response curve. 

Finally, the response to temperature is dramatically nonlinear, showing a 
peak response at the intermediate level. In the case of a continuous variable 
such as temperature, it becomes possible to speculate on the mechanism 
underlying the response pattern, such as competing reactions at higher 
temperature which convert materials into alternate forms and thereby de-
crease yield. 
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48 Effective Use of Simple Designs 

70 

60 

-1 0 
<> Catalyst o Gone. + Temp. 

Figure 9.4 Effect chart for Taguchi L9 design 

+1 

• Pressure 

More sophisticated forms of analysis can be applied to L9/L18 data, but 
much of the time they will not provide any better insight into the process than 
the comparatively easy and understandable graphing method. 

The 12-run nongeometric Plackett-Burman pattern is very useful for 
screening up to 11 main factors (at two levels) without any two-factor 
interactions confounding main factor effects. 

The 16-run design can be used 

• As an interaction model for four factors at two levels, 
• as a fractional factorial for up to eight factors at two Ievels with 

no confounding of two-factor interactions and main effects,and 
• as a fractional factorial for up to 15 factors at two Ievels (with 

confounding of main effects and interactions). 

The classic 16-run pattern is shown in Fig. 9.5, except that columns 11-
14 are identified with four possible extra factors instead of the three-factor 
interactions from factors A-D and the last column is identified with one 
possible two-factor interaction instead of the ABCD four-factor interaction. 

If the four extra factors are actually used in the design, the two-factor 
interactions fall in the columns in Fig. 9.5 as follows: 
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Effective Use of Simple Designs 

Run A B c D AB AC AD BC BD CD E F G H 
+ + + + + + + + + + + + + + 

2 + + + + + + + 
3 + + + + + + + 
4 + + + + + + 
5 + + + + + + + 
6 + + + + + + 
7 + + + + + + 
8 + + + + + + + 
9 + + + + + + + 

10 + + + + + + 
11 + + + + + + 
12 + + + + + + + 
13 + + + + + + 
14 + + + + + + + 
15 + + + + + + + 
16 + + + + + + 

Figure 9.5 A 16-run design shown with 8 factors 

Column 5 =AB= CE= DF = GH 
Column 6 =AC= BE= DG = FH 
Column 7 = AD = BF = CG = EH 
Column 8 = AE = BC = DH = FG 
Column 9 = AF = BD = CH = EG 
Column 10 =AG= BH =CD= EF 
Column 15 = AH = BG = CF= DE 

49 

AH 
+ 

+ 

+ 
+ 

+ 
+ 

+ 

+ 

As pointed out above, eight factors could be screened in this design with 
no confounding of any of them with two-factor interactions. However, having 
four two-factor interactions in each remaining column would make any 
analysis of such interactions impractical. 

The 18-run Taguchi design is useful when more than four process factors 
can be or need to be evaluated at three levels but some other factor (possibly 
discrete) is only to be varied over two levels. The 18-run design uses one 
factor at two levels and up to seven factors at three levels. As with the L9, 
information on interactions cannot be extracted from the data, but nonlinearity 
is readily apparent. 

The 20-run, nongeometric Plackett-Burman pattern is usedjust as the 12-
run, but it can screen up to 19 main factors instead of 11. Because it is very 
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50 Effective Use of Simple Designs 

seldom that > 15-19 factors need to be evaluated for a process, this is about 
the largest screening design that sees regular use. 

Thus a group of seven different sizes of experiments (4, 8, 9, 12, 16, 18, 
and 20 runs), with seven more subtypes related to the way they might be used, 
is readily available to the investigator. How the choice made to employ one 
over the others depends on what is known of the process being examined. 

When very little is known, interactions are possible or suspected, and a 
moderate number of factors (5-19) are involved, the goal of the experiment 
might well be to simply sort out the major factors from the minor ones. In such 
cases, the 12- and 20-run, nongeometric Plackett-Burman designs are the first 
possibilities that would come to mind. 

In the less common situation in which significant effects from interac-
tions are believed to be very unlikely, the eight-run array could be used to 
screen up to seven factors. 

In screening experiments, the question often arises as to whether informa-
tion on interactions or the nonlinearity of responses is more important. When 
two to four factors are involved and nonlinearity is of major interest, the L9 
pattern is preferred, but if interactions may be more important, the four-run 
design is good for two factors and the eight-run design will handle three or 
four factors. ( Of course, for only two factors there is the option of using a full 
factorial at three levels to generate complete data in nine runs.) 

The L18 array can be used to screen up to seven factors in a three-level 
design, but, just as with the L9, no information on interactions will be 
available. The extra facet of one more factor at two levels can be used for an 
actual process factor or some alternative such as blocking two days of 
experimentation, two test machines, two lots of raw material, etc. 

A 16-run, two-level factorial could be used to check the same eight factors 
for general significance, but then all the two-factor interactions would be 
confounded so thoroughly that it would be extremely difficult to attribute any 
effect in an interaction column to a particular interaction. Thus the eight 
factors might be more efficiently examined by the Plackett-Burman 12-run 
design. 

However, if at least two of the factors were known to not take part in 
interactions, it would become possible to set up the column assignments so 
that more valid location of interactions became reasonably probable. If four 
of the factors were noninteractive, complete resolution of the remaining 
interactions would then be easy. 

The question of interaction probability is a primary consideration in 
choosing and fine-tuning experimental designs. This why past experience 
with a given process and its likely interactions is so important to any DOX 
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Effective Use of Simple Designs 51 

strategy and why inputs from a variety of individuals who have process 
familiarity can be key to developing a successful strategy. 

In summary, the investigator taking the first-stage look at a process has 
to determine the following to select an appropriate design: 

• How many factors are thought to be possibly significant to the 
process? and how small a subset of those factors needs to be 
examined initially? 

• Should the goal of the first design be simple screening for factor 
significance, or should interactions/nonlinearity be checked? 

• If interactions/nonlinearity are significant topics, which is the 
more important at this stage? 

• If interactions are of key interest, what factors might safely be 
assumed to not be involved in interactions? 

Once the answers to these questions are available, the choice of an initial 
design (which might be part of a series of designs) might proceed fairly easily, 
as long as the size of the most appropriate pattern still fits within the 
constraints of time, materials, etc., available to the experimenter. If that is not 
the case, rethinking of the immediate goal or reordering of priorities may be 
the answer, or adaptation of designs to fit the situation. 

For instance, suppose the original goal had been to investigate five main 
factors, complete with interactions, but limitations on time or money make an 
experimental series larger than an eight-run prohibitive. If one of the factors 
can be judged less important or more easily fixed at one level temporarily, a 
four-factor half factorial will fit in the remaining factors and allow at least 
some chance of finding interactions. 

Alternately, if timeisnot available in the week for an uninterrupted set 
of experiments but the need for good data is crucial, having the work done on 
a weekend may be the answer and an appeal to higher management for 
authorization might be appropriate. 

If there are four factors to be evaluated at three levels and two others at 
two or three levels, but only six experiments can be donein a single day, a 
difficult problern arises: 3 x 3 x 3 x 3 x 2 x 2 = 324 runs in the full factorial, 
so clearly a fractional factorial is needed. However, six runs per day may add 
in too much scatter from other time-related effects, so the design needs to 
have some way of evening out the day-to-day variati<;m. 

In this case, the L18 would offer a very workable solution. The factors 
that might be run at two levels are reset for three levels, which means all six 
factors would be uniformly at three levels. The L18 array could be used with 
the remaining unassigned three-level column as the blocking pattern for three 

U
nd

er
st

an
di

ng
 D

es
ig

n 
of

 E
xp

er
im

en
ts

 d
ow

nl
oa

de
d 

fr
om

 w
w

w
.h

an
se

r-
el

ib
ra

ry
.c

om
 b

y 
U

B
 D

ui
sb

ur
g-

E
ss

en
 o

n 
Ja

nu
ar

y 
25

, 2
02

1
Fo

r 
pe

rs
on

al
 u

se
 o

nl
y.



52 Effective Use of Simple Designs 

days of experiments. The unused two-level column becomes available as an 
estimate of scatter. 

Key concepts of this chapter include: 

• A variety ofuncomplicated small to medium designs (4-20 runs) 
exist that can be used for different purposes; 

• choice of a design depends on what knowledge is being sought, 
such as main factor effects only or interactions as well, or 
nonlinear effects; and 

• knowledge of the various designs coupled with adaptability on 
the part of the experimenter can overcome many challenging 
situations. 
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9 Effective Use of Simple Designs 

From the academic viewpoint, experimentation is not limited by its potential 
degree of difficulty, but in actual work with designed experiments, a certain 
degree of pragmatism usually becomes necessary. Although there are reports 
in the literatme of even 256-run experiments having been performed, the vast 
majority of designs used contain fewer than 32 runs. The most frequently used 
designs are screening or simple interaction types rauging from 4 to 20 runs, 
and it is these easy-to-use and easy-to-understand designs that are the main 
focus of this book. W e will examine them all in turn, comparing and 
contrasting how they can be used. 

The four-run design can be used in two ways: 

1. as a full factorial for two factors at two levels, and 
2. as a half factorial for three factors at two levels. 

(As always, the ability to recognize and evaluate interactions is lessened in 
the fractional factorial; in this particular case, it is utterly lost.) 

The eight-run pattern, which is the most used of all designs, can be used 
in three ways: 

1. As an interaction model for three factors at two levels, 
2. as a half factorial for four factors at two levels (main effects stay 

unconfounded with two-factor interactions), or 
3. as a fractional factorial for five to seven factors at two levels (but 

two-factor interactions become confounded with main effects). 

The nine-run design can be either of two quite different types. It could be 
a full factorial for two factors at three levels, which provides information on 
both interaction and nonlinear effects, or it might be the Taguchi L9 array, 
which is basically a three-level screening design for up to four factors; in this 
design, information is generated on nonlinear effects, but no analysis of 
interactions is possible. 

The two patterns are contrasted with each other in Fig. 9 .1. (The classic 
convention of factor settings is -1, 0, and + 1, and this is used in both patterns. 
Dr. Taguchi prefers coding two-level experiments as 1 and 2 and three level 
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Two factors, three Ieveis: Four factors, three Ieveis: 
Full factorial Taguchil9 

Factor A B A B c D 
Level -1 -1 -1 -1 -1 -1 

0 -1 -1 0 0 0 
-1 -1 

-1 0 0 -1 0 
0 0 0 0 -1 

0 0 -1 0 
-1 -1 0 

0 0 -1 1 
0 -1 

Figure 9.1 A 2 x 3 full-factorial design compared with a Taguchi L9 design 

experiments as 1, 2, and 3, but it would probably be confusing to mix both 
types of coding here.) 

Notice that the first two columns of each pattern are identical, just 
switched in order. The extra two columns in the L9 are both orthogonal to all 
the others, which is normal for valid experimental design patterns. 

The simplest way to analyze data from three-level screening designs is to 
graph the average result of each level versus the other levels for each factor 
in the matrix. If no obvious visual cantrast can be seen between the three 
averages, then that factor is unlikely to be exerting any significant effect on 
the process. (The level of difference between the highest and lowest of those 
three averages may be used as an indicator of process scatter.) If there is a 
marked difference between the highest and lowest of the three averages, the 
pattern in which the averages fall can be interpreted so as to reveal what type 
of linear or nonlinear effect that factor has on the process and how large the 
effect is. 

For instance, assume that the four factors in an L9 are catalyst type, 
reagent concentration, temperature, and pressure and that the reaction per-
centage yields observed fortheruns are as shown in the worksheet in Fig. 9 .2. 

The analysis of the data then would involve taking the averages of each 
subgroup of three according to the levels of each factor. For instance, for 
Catalyst type, the first three runs used a nickel catalyst and averaged a 61.8% 
yield, the three silver catalysts averaged a 62.7% yield, and the platinum 
catalysts averaged a 69.5% yield. 

If these calculations are done for all the control factors, the resulting 
numbers come out as shown in Fig. 9.3. 
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Catalyst Concentration, Temperature, Pressure, Yield, 
0/o oc bar 0/o 

Ni 20 60 0.5 57.9 
Ni 25 75 1 64.6 
Ni 30 90 5 63.0 
Ag 20 75 5 62.3 
Ag 25 90 0.5 61.7 
Ag 30 60 64.1 
Pt 20 90 1 65.5 
Pt 25 60 5 68.1 
Pt 30 75 0.5 75.0 

Figure 9.2 Worksheet for a Taguchi L9 design 

Level -1 0 
Catalyst 61.8 62.7 69.5 
Goncentration 61.9 64.8 67.4 
Temperature 63.4 67.3 63.4 
Pressure 64.9 64.7 64.5 

Figure 9.3 Calculated average responses for three-level experiment 

Most of the time, it is more convenient to examine the data in the sort of 
combined graph for all four factors illustrated in Fig. 9.4. 

The response line for pressure appears to be declining but in fact is so 
shallow (range of 0.4% in yield) that it could easily fall within the spread of 
random variation instead of reflecting any real effect on the process. In 
contrast, the range of yield with reagent concentration is 5.5 %, which is more 
than large enough to be significant. The pattern of the concentration effect 
appears to be largely linear. 

The three different types of catalyst display differences, with the third 
type (platinum) standing out clearly as promoting higher yields than the other 
two. Because this is a discrete factor rather than a continuous one, there is no 
point to analysis of the shape of the response curve. 

Finally, the response to temperature is dramatically nonlinear, showing a 
peak response at the intermediate level. In the case of a continuous variable 
such as temperature, it becomes possible to speculate on the mechanism 
underlying the response pattern, such as competing reactions at higher 
temperature which convert materials into alternate forms and thereby de-
crease yield. 
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48 Effective Use of Simple Designs 

70 

60 

-1 0 
<> Catalyst o Gone. + Temp. 

Figure 9.4 Effect chart for Taguchi L9 design 

+1 

• Pressure 

More sophisticated forms of analysis can be applied to L9/L18 data, but 
much of the time they will not provide any better insight into the process than 
the comparatively easy and understandable graphing method. 

The 12-run nongeometric Plackett-Burman pattern is very useful for 
screening up to 11 main factors (at two levels) without any two-factor 
interactions confounding main factor effects. 

The 16-run design can be used 

• As an interaction model for four factors at two levels, 
• as a fractional factorial for up to eight factors at two Ievels with 

no confounding of two-factor interactions and main effects,and 
• as a fractional factorial for up to 15 factors at two Ievels (with 

confounding of main effects and interactions). 

The classic 16-run pattern is shown in Fig. 9.5, except that columns 11-
14 are identified with four possible extra factors instead of the three-factor 
interactions from factors A-D and the last column is identified with one 
possible two-factor interaction instead of the ABCD four-factor interaction. 

If the four extra factors are actually used in the design, the two-factor 
interactions fall in the columns in Fig. 9.5 as follows: 
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Effective Use of Simple Designs 

Run A B c D AB AC AD BC BD CD E F G H 
+ + + + + + + + + + + + + + 

2 + + + + + + + 
3 + + + + + + + 
4 + + + + + + 
5 + + + + + + + 
6 + + + + + + 
7 + + + + + + 
8 + + + + + + + 
9 + + + + + + + 

10 + + + + + + 
11 + + + + + + 
12 + + + + + + + 
13 + + + + + + 
14 + + + + + + + 
15 + + + + + + + 
16 + + + + + + 

Figure 9.5 A 16-run design shown with 8 factors 

Column 5 =AB= CE= DF = GH 
Column 6 =AC= BE= DG = FH 
Column 7 = AD = BF = CG = EH 
Column 8 = AE = BC = DH = FG 
Column 9 = AF = BD = CH = EG 
Column 10 =AG= BH =CD= EF 
Column 15 = AH = BG = CF= DE 

49 

AH 
+ 

+ 

+ 
+ 

+ 
+ 

+ 

+ 

As pointed out above, eight factors could be screened in this design with 
no confounding of any of them with two-factor interactions. However, having 
four two-factor interactions in each remaining column would make any 
analysis of such interactions impractical. 

The 18-run Taguchi design is useful when more than four process factors 
can be or need to be evaluated at three levels but some other factor (possibly 
discrete) is only to be varied over two levels. The 18-run design uses one 
factor at two levels and up to seven factors at three levels. As with the L9, 
information on interactions cannot be extracted from the data, but nonlinearity 
is readily apparent. 

The 20-run, nongeometric Plackett-Burman pattern is usedjust as the 12-
run, but it can screen up to 19 main factors instead of 11. Because it is very 
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50 Effective Use of Simple Designs 

seldom that > 15-19 factors need to be evaluated for a process, this is about 
the largest screening design that sees regular use. 

Thus a group of seven different sizes of experiments (4, 8, 9, 12, 16, 18, 
and 20 runs), with seven more subtypes related to the way they might be used, 
is readily available to the investigator. How the choice made to employ one 
over the others depends on what is known of the process being examined. 

When very little is known, interactions are possible or suspected, and a 
moderate number of factors (5-19) are involved, the goal of the experiment 
might well be to simply sort out the major factors from the minor ones. In such 
cases, the 12- and 20-run, nongeometric Plackett-Burman designs are the first 
possibilities that would come to mind. 

In the less common situation in which significant effects from interac-
tions are believed to be very unlikely, the eight-run array could be used to 
screen up to seven factors. 

In screening experiments, the question often arises as to whether informa-
tion on interactions or the nonlinearity of responses is more important. When 
two to four factors are involved and nonlinearity is of major interest, the L9 
pattern is preferred, but if interactions may be more important, the four-run 
design is good for two factors and the eight-run design will handle three or 
four factors. ( Of course, for only two factors there is the option of using a full 
factorial at three levels to generate complete data in nine runs.) 

The L18 array can be used to screen up to seven factors in a three-level 
design, but, just as with the L9, no information on interactions will be 
available. The extra facet of one more factor at two levels can be used for an 
actual process factor or some alternative such as blocking two days of 
experimentation, two test machines, two lots of raw material, etc. 

A 16-run, two-level factorial could be used to check the same eight factors 
for general significance, but then all the two-factor interactions would be 
confounded so thoroughly that it would be extremely difficult to attribute any 
effect in an interaction column to a particular interaction. Thus the eight 
factors might be more efficiently examined by the Plackett-Burman 12-run 
design. 

However, if at least two of the factors were known to not take part in 
interactions, it would become possible to set up the column assignments so 
that more valid location of interactions became reasonably probable. If four 
of the factors were noninteractive, complete resolution of the remaining 
interactions would then be easy. 

The question of interaction probability is a primary consideration in 
choosing and fine-tuning experimental designs. This why past experience 
with a given process and its likely interactions is so important to any DOX 
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Effective Use of Simple Designs 51 

strategy and why inputs from a variety of individuals who have process 
familiarity can be key to developing a successful strategy. 

In summary, the investigator taking the first-stage look at a process has 
to determine the following to select an appropriate design: 

• How many factors are thought to be possibly significant to the 
process? and how small a subset of those factors needs to be 
examined initially? 

• Should the goal of the first design be simple screening for factor 
significance, or should interactions/nonlinearity be checked? 

• If interactions/nonlinearity are significant topics, which is the 
more important at this stage? 

• If interactions are of key interest, what factors might safely be 
assumed to not be involved in interactions? 

Once the answers to these questions are available, the choice of an initial 
design (which might be part of a series of designs) might proceed fairly easily, 
as long as the size of the most appropriate pattern still fits within the 
constraints of time, materials, etc., available to the experimenter. If that is not 
the case, rethinking of the immediate goal or reordering of priorities may be 
the answer, or adaptation of designs to fit the situation. 

For instance, suppose the original goal had been to investigate five main 
factors, complete with interactions, but limitations on time or money make an 
experimental series larger than an eight-run prohibitive. If one of the factors 
can be judged less important or more easily fixed at one level temporarily, a 
four-factor half factorial will fit in the remaining factors and allow at least 
some chance of finding interactions. 

Alternately, if timeisnot available in the week for an uninterrupted set 
of experiments but the need for good data is crucial, having the work done on 
a weekend may be the answer and an appeal to higher management for 
authorization might be appropriate. 

If there are four factors to be evaluated at three levels and two others at 
two or three levels, but only six experiments can be donein a single day, a 
difficult problern arises: 3 x 3 x 3 x 3 x 2 x 2 = 324 runs in the full factorial, 
so clearly a fractional factorial is needed. However, six runs per day may add 
in too much scatter from other time-related effects, so the design needs to 
have some way of evening out the day-to-day variati<;m. 

In this case, the L18 would offer a very workable solution. The factors 
that might be run at two levels are reset for three levels, which means all six 
factors would be uniformly at three levels. The L18 array could be used with 
the remaining unassigned three-level column as the blocking pattern for three 
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52 Effective Use of Simple Designs 

days of experiments. The unused two-level column becomes available as an 
estimate of scatter. 

Key concepts of this chapter include: 

• A variety ofuncomplicated small to medium designs (4-20 runs) 
exist that can be used for different purposes; 

• choice of a design depends on what knowledge is being sought, 
such as main factor effects only or interactions as well, or 
nonlinear effects; and 

• knowledge of the various designs coupled with adaptability on 
the part of the experimenter can overcome many challenging 
situations. 

U
nd

er
st

an
di

ng
 D

es
ig

n 
of

 E
xp

er
im

en
ts

 d
ow

nl
oa

de
d 

fr
om

 w
w

w
.h

an
se

r-
el

ib
ra

ry
.c

om
 b

y 
U

B
 D

ui
sb

ur
g-

E
ss

en
 o

n 
Ja

nu
ar

y 
25

, 2
02

1
Fo

r 
pe

rs
on

al
 u

se
 o

nl
y.



53 

10 Application of Folded-Over Designs 

It has been stressed repeatedly that, in geometric screening designs, there is 
a dang er of observing an effect which, although it appears tobe a result of the 
particular factor assigned to that column, is actually the result of an interac-
tion of two other factors. This often causes an experimenter to resort to use 
of the nongeometric Plackett-Burman designs, which will unambiguously 
identify main factor effects free of interactions. 

With the nongeometric designs, however, separating out interaction 
effects is not practical even if that becomes desirable, and sometimes the size 
of the nongeometric design is larger than people want to use. For instance, 
using a 12-run experiment for only five factors or a 20-run for nine factors 
seems inefficient to many investigators. 

There is an alternate strategy made possible by the known consequence 
of having interaction effects change sign when a reflected design is used. 
This means that seven factors could be evaluated in an eight-run design, 
which would then show some contrast in effects for at least a few of the 
factors. If a serious question were then raised as to which of the observed 
effects might actually be caused by interactions, it would only be necessary 
to run the reflected eight-run design and examine the new data in comparison 
to the old. 

Every factor that showed an effect of about the same magnitude as seen 
in the first set of runs, and with the same sign, could then be judged as being 
the true cause ofthat effect. Those factors whose effects remained roughly the 
samein size but changed in sign would be revealed as not really being related 
directly to the effect seen. Those effects that reversed sign between the two 
sets of runs would then be shown as the results of interactions. 

This can be illustrated with experiments in rubber compounding in which 
tensile strength was one response of interest. The factors tobe evaluated were 
two different types of polymer, carbon black reinforcement, mineral filler, 
sulfur level (cross-linker), curative (cross-linker and reaction initiator), 
accelerator (strong reaction initiator), and process aid. The first saturated 
eight-run is shown in Fig. 10.1. 
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54 Application of Folded-Over Designs 

Factor Polymer Black Clay Sulfur eure Accel PrsAid Tensile 
Strength 

Run 1 + + + 2,105 
2 + + + 2,014 
3 + + + 2,350 
4 + + + 2,325 
5 + + + 1,971 
6 + + + 2,128 
7 + + + 2,309 
8 + + + + + + + 2,439 

+Total 8,846 9,424 8,906 8,867 9,022 8,840 8,774 17,641 
-Total 8,795 8,217 8,735 8,774 8,620 8,802 8,867 
Difference 51 1,207 171 93 402 38 -93 
Effect 12.8 301.7 42.7 23.3 100.6 9.5 -23.3 

Figure 10.1 A saturated eight-run fractional factorial with one response; Cure, 
curative; Accel, accelerator, PrsAid, process aid 

In this case, it appears that the major factor in tensile strength is the carbon 
black, which would be expected from copious past experience. Clay and 
sulfur would be expected to also increase tensile strength, and the process aid 
might be expected to decrease it slightly, so the data appear reasonable in 
those cases. However, the second greatest increase in strength falls under the 
curative column, which would not be expected to have a larger contribution 
than sulfur, the main cross-linker. 

A reflected design was set up and carried out, with results as shown in 
Fig. 10.2. 

Note that the effect Ievels are reasonably comparable for all the columns 
except column 5, which has gone from a magnitude of + 100 to -62. This 
change in sign indicates that what is being observed is not the direct effect of 
the curative but some interaction. 

The combined data sets from both the original and reflected designs is 
called a folded-over design, and the analysis of all the data tagether by the 
normal method provides valid indications of the real factor effects indepen-
dent of the interactions. When this is done with the two data sets above, the 
analysis line is represented in Fig. 10.3. 

In Fig. 10.3, the true effect of the curative can be seentobe about equal 
to that of the sulfur, which fits far better with the history of this system. This 
still adds up to a total of 16 runs for seven factors, but even a quarter-fac-
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Reflection Polymer Black elay Sulfur eure Accel PrsAid Tensile 
Strength 

Run 9 + + + + 2,386 
10 + + + + 2,315 
11 + + + + 2,137 
12 + + + + 2,000 
13 + + + + 2,352 
14 + + + + 2,367 
15 + + + + 2,030 
16 2,056 

-Total 8,805 8,223 8,737 8,787 8,946 8,795 8,860 17,643 
+Total 8,838 9,420 8,906 8,856 8,697 8,848 8,783 
Difference 33 1,197 168 70 -249 53 -77 
Effect 8.4 299.3 42.0 17.4 -62.2 13.3 -19.3 

Figure 10.2 Reflected design of Fig. 10.1 with data 

Polymer Black elay Sulfur eure Accel PrsAid Tensile 
Strength 

+Total 17,685 18,844 17,812 17,724 17,719 17,688 17,557 35,284 
-Total 17,600 16,440 17,473 17,561 17,565 17,596 17,727 
Difference 85 2,404 339 163 153 91 -170 
Effect 10.6 300.5 42.4 20.3 19.2 11.4 -21.3 

Figure 10.3 Calculation of combined responses from both original and reflected 
designs 

torial for seven factors requires 32 runs, so a substantial increase in efficiency 
has been gained in finding specific main effects while at least determining the 
existence and extent of a significant interaction. 

Because the 21 possible two-factor interaction patterns for the seven 
factors could be calculated by the experimenter, it would be possible to 
compare the column in which the interaction effect was detected to those 
patterns. This would allow the experimenter to narrow the likely contributing 
interaction to one of two or three. Depending on knowledge of the process 
from theory or past experience, it might be possible to choose one of the 
possible interactions as being the most probable. 

In this case, a rubber technologist would immediately consider that the 
accelerator might be activating the sulfur so much as to have major effects on 
cross-link density, so the sulfur-accelerator interaction could be the cause. 
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Examination of column five shows that it does have the pattern of the 
interaction of columns four and six, which are sulfur and accelerator. 

At this point, another technique can be considered, which can help pin 
down the source of interactions. If a particular interaction is strongly sus-
pected, let' s say the AB interaction, the design can be altered in a very simple 
way and the experiments run again, with a very high probability of confirming 
or denying the suspected interaction. 

The alteration is to merely reverse all the signs for either of the factors 
involved, in this case, either A or B. Whenever the sign of a single factor is 
reversed in the experimental array, the sign of any interaction to which it 
contributes will also automatically change. This means the experimenter can 
repeat a pattern of experiments except that, for the A factor, every plus must 
become a minus and vice versa. If the observed effect in the column to which 
the AB interaction fell then reversed sign, the conclusion could be drawn that 
it was an interaction being observed instead of the main factor effect for that 
column. 

In this case, the finaldesignwas a repeat of the reflection but with column 
five, sulfur, reversed in sign as shown in Fig. 10.4. 

In Fig. 10.4, column five reverts back to a positive number from its 
previous negative level, confirming that it is an interaction of sulfur that is 
appearing there instead of just the curative contribution. 

One side benefit of using folded-over designs is that the two halves can 
serve as blocks that demonstrate the effect of running the two series at 

Reflection 2 Polymer Black Clay Sulfur eure Accel PrsAid Tensile 
Strength 

Run 17 + + + + + 2,328 
18 + + + + + 2,419 
19 + + + 2,033 
20 + + + 2,065 
21 + + + 2,415 
22 + + + 2,265 
23 + + + + + 2,128 
24 + 1,991 

-Total 8,800 8,217 8,740 8,779 8,617 8,799 8,859 17,644 
+Total 8,843 9,426 8,903 8,865 9,026 8,844 8,784 
Difference 43 1,209 163 86 408 45 -75 
Effect 10.8 302.2 40.8 21.5 102.0 11.3 -18.7 

Figure 10.4 Variation of design of Fig. 10.2 but with column 5 reflected 
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different times. The grand averages of each block should fall within the limits 
of normal variation, because it is the same process being run with comple-
mentary designs. If there is a significant difference between the two averages, 
it may be an indicator ofhow much the process can change as aresult ofbeing 
run at different times ( or different lots of raw materials, etc.). 

However, if proper consideration can be given to possible interactions 
before the first experimental series is drawn up, it is often possible to avoid 
any need for the use of folded-over designs. Selection of designs fitted to 
expected interactions can eliminate the need for such follow-up work. For 
instance, up to four factors that well may interact can be combined with four 
noninteractive factors in a 16-run design (see Chapter 9). 

In summary, a folded-over design is a convenient and efficient way to sort 
out main factor effects from interactions once a fractional factorial design 
has produced data that show definite effects, some of which are suspected to 
originate from interactions. 
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10 Application of Folded-Over Designs 

It has been stressed repeatedly that, in geometric screening designs, there is 
a dang er of observing an effect which, although it appears tobe a result of the 
particular factor assigned to that column, is actually the result of an interac-
tion of two other factors. This often causes an experimenter to resort to use 
of the nongeometric Plackett-Burman designs, which will unambiguously 
identify main factor effects free of interactions. 

With the nongeometric designs, however, separating out interaction 
effects is not practical even if that becomes desirable, and sometimes the size 
of the nongeometric design is larger than people want to use. For instance, 
using a 12-run experiment for only five factors or a 20-run for nine factors 
seems inefficient to many investigators. 

There is an alternate strategy made possible by the known consequence 
of having interaction effects change sign when a reflected design is used. 
This means that seven factors could be evaluated in an eight-run design, 
which would then show some contrast in effects for at least a few of the 
factors. If a serious question were then raised as to which of the observed 
effects might actually be caused by interactions, it would only be necessary 
to run the reflected eight-run design and examine the new data in comparison 
to the old. 

Every factor that showed an effect of about the same magnitude as seen 
in the first set of runs, and with the same sign, could then be judged as being 
the true cause ofthat effect. Those factors whose effects remained roughly the 
samein size but changed in sign would be revealed as not really being related 
directly to the effect seen. Those effects that reversed sign between the two 
sets of runs would then be shown as the results of interactions. 

This can be illustrated with experiments in rubber compounding in which 
tensile strength was one response of interest. The factors tobe evaluated were 
two different types of polymer, carbon black reinforcement, mineral filler, 
sulfur level (cross-linker), curative (cross-linker and reaction initiator), 
accelerator (strong reaction initiator), and process aid. The first saturated 
eight-run is shown in Fig. 10.1. 
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Factor Polymer Black Clay Sulfur eure Accel PrsAid Tensile 
Strength 

Run 1 + + + 2,105 
2 + + + 2,014 
3 + + + 2,350 
4 + + + 2,325 
5 + + + 1,971 
6 + + + 2,128 
7 + + + 2,309 
8 + + + + + + + 2,439 

+Total 8,846 9,424 8,906 8,867 9,022 8,840 8,774 17,641 
-Total 8,795 8,217 8,735 8,774 8,620 8,802 8,867 
Difference 51 1,207 171 93 402 38 -93 
Effect 12.8 301.7 42.7 23.3 100.6 9.5 -23.3 

Figure 10.1 A saturated eight-run fractional factorial with one response; Cure, 
curative; Accel, accelerator, PrsAid, process aid 

In this case, it appears that the major factor in tensile strength is the carbon 
black, which would be expected from copious past experience. Clay and 
sulfur would be expected to also increase tensile strength, and the process aid 
might be expected to decrease it slightly, so the data appear reasonable in 
those cases. However, the second greatest increase in strength falls under the 
curative column, which would not be expected to have a larger contribution 
than sulfur, the main cross-linker. 

A reflected design was set up and carried out, with results as shown in 
Fig. 10.2. 

Note that the effect Ievels are reasonably comparable for all the columns 
except column 5, which has gone from a magnitude of + 100 to -62. This 
change in sign indicates that what is being observed is not the direct effect of 
the curative but some interaction. 

The combined data sets from both the original and reflected designs is 
called a folded-over design, and the analysis of all the data tagether by the 
normal method provides valid indications of the real factor effects indepen-
dent of the interactions. When this is done with the two data sets above, the 
analysis line is represented in Fig. 10.3. 

In Fig. 10.3, the true effect of the curative can be seentobe about equal 
to that of the sulfur, which fits far better with the history of this system. This 
still adds up to a total of 16 runs for seven factors, but even a quarter-fac-
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Reflection Polymer Black elay Sulfur eure Accel PrsAid Tensile 
Strength 

Run 9 + + + + 2,386 
10 + + + + 2,315 
11 + + + + 2,137 
12 + + + + 2,000 
13 + + + + 2,352 
14 + + + + 2,367 
15 + + + + 2,030 
16 2,056 

-Total 8,805 8,223 8,737 8,787 8,946 8,795 8,860 17,643 
+Total 8,838 9,420 8,906 8,856 8,697 8,848 8,783 
Difference 33 1,197 168 70 -249 53 -77 
Effect 8.4 299.3 42.0 17.4 -62.2 13.3 -19.3 

Figure 10.2 Reflected design of Fig. 10.1 with data 

Polymer Black elay Sulfur eure Accel PrsAid Tensile 
Strength 

+Total 17,685 18,844 17,812 17,724 17,719 17,688 17,557 35,284 
-Total 17,600 16,440 17,473 17,561 17,565 17,596 17,727 
Difference 85 2,404 339 163 153 91 -170 
Effect 10.6 300.5 42.4 20.3 19.2 11.4 -21.3 

Figure 10.3 Calculation of combined responses from both original and reflected 
designs 

torial for seven factors requires 32 runs, so a substantial increase in efficiency 
has been gained in finding specific main effects while at least determining the 
existence and extent of a significant interaction. 

Because the 21 possible two-factor interaction patterns for the seven 
factors could be calculated by the experimenter, it would be possible to 
compare the column in which the interaction effect was detected to those 
patterns. This would allow the experimenter to narrow the likely contributing 
interaction to one of two or three. Depending on knowledge of the process 
from theory or past experience, it might be possible to choose one of the 
possible interactions as being the most probable. 

In this case, a rubber technologist would immediately consider that the 
accelerator might be activating the sulfur so much as to have major effects on 
cross-link density, so the sulfur-accelerator interaction could be the cause. 
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56 Application of Folded-Over Designs 

Examination of column five shows that it does have the pattern of the 
interaction of columns four and six, which are sulfur and accelerator. 

At this point, another technique can be considered, which can help pin 
down the source of interactions. If a particular interaction is strongly sus-
pected, let' s say the AB interaction, the design can be altered in a very simple 
way and the experiments run again, with a very high probability of confirming 
or denying the suspected interaction. 

The alteration is to merely reverse all the signs for either of the factors 
involved, in this case, either A or B. Whenever the sign of a single factor is 
reversed in the experimental array, the sign of any interaction to which it 
contributes will also automatically change. This means the experimenter can 
repeat a pattern of experiments except that, for the A factor, every plus must 
become a minus and vice versa. If the observed effect in the column to which 
the AB interaction fell then reversed sign, the conclusion could be drawn that 
it was an interaction being observed instead of the main factor effect for that 
column. 

In this case, the finaldesignwas a repeat of the reflection but with column 
five, sulfur, reversed in sign as shown in Fig. 10.4. 

In Fig. 10.4, column five reverts back to a positive number from its 
previous negative level, confirming that it is an interaction of sulfur that is 
appearing there instead of just the curative contribution. 

One side benefit of using folded-over designs is that the two halves can 
serve as blocks that demonstrate the effect of running the two series at 

Reflection 2 Polymer Black Clay Sulfur eure Accel PrsAid Tensile 
Strength 

Run 17 + + + + + 2,328 
18 + + + + + 2,419 
19 + + + 2,033 
20 + + + 2,065 
21 + + + 2,415 
22 + + + 2,265 
23 + + + + + 2,128 
24 + 1,991 

-Total 8,800 8,217 8,740 8,779 8,617 8,799 8,859 17,644 
+Total 8,843 9,426 8,903 8,865 9,026 8,844 8,784 
Difference 43 1,209 163 86 408 45 -75 
Effect 10.8 302.2 40.8 21.5 102.0 11.3 -18.7 

Figure 10.4 Variation of design of Fig. 10.2 but with column 5 reflected 
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different times. The grand averages of each block should fall within the limits 
of normal variation, because it is the same process being run with comple-
mentary designs. If there is a significant difference between the two averages, 
it may be an indicator ofhow much the process can change as aresult ofbeing 
run at different times ( or different lots of raw materials, etc.). 

However, if proper consideration can be given to possible interactions 
before the first experimental series is drawn up, it is often possible to avoid 
any need for the use of folded-over designs. Selection of designs fitted to 
expected interactions can eliminate the need for such follow-up work. For 
instance, up to four factors that well may interact can be combined with four 
noninteractive factors in a 16-run design (see Chapter 9). 

In summary, a folded-over design is a convenient and efficient way to sort 
out main factor effects from interactions once a fractional factorial design 
has produced data that show definite effects, some of which are suspected to 
originate from interactions. 
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11 Nomenclature and Design 
Variations 

59 

Occasionally, students of design of experiments (DOX) become confused by 
the different conventions used in various books and commercial software. 
Although any single design pattern is actually constant in its content and 
capability for use, differing ways of denoting factor settings and rearrange-
ments of the patterns can make two identical sets of experiments appear quite 
different. One such example is the contrast between the commonly taught 
Taguchi L8 pattern and the expanded classic eight-run design. 

The classic design starts, as shown in earlier sections, with all the 
combinations possible for three factors at two levels, with the coded levels 
designated as- and + (Fig. 11.1). (For three-level experiments, this system 
merely adds a 0 level, which is midway between the- and + levels.) 

Some experimenters favor the convention in which the -levels are equal 
to whatever is considered standard for the process, and the + levels are some 
change from the standard. Thus, if the process had always been run at room 
temperature and the experiment was to explore a lower temperature, the 
minus level could be 20 °C and the plus Ievel would be 10 °C; the standard 
catalyst is minus and the new alternative is plus. 

Others prefer to use intuitively understandable relationships, so that the 
plus Ievel is always the higher on whatever scale of variable is to be used; 

Run 1 + + + 
2 + + 
3 + + 
4 + 
5 + + 
6 + 
7 + 
8 

Figure 11.1 Classic 3 X 2 full-factorial design 
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60 Nomenclature and Design Variations 

in the case of the old and new catalyst, most experimenters do tend to assign 
the minus designation to whatever is considered the known standard. How-
ever, as long as the individual running the experiments and interpreting their 
results knows what convention has been assigned, it really makes no differ-
ence whatsoever which it is. 

To produce a saturated eight-run design, four more columns of factor 
settings are added, as was shown in Chapter 3. Each column has to have four 
minus and four plus settings in it to keep the design balanced in general, but 
to make it orthogonal, the order of the minus and plus levels is derived from 
the first three columns by multiplying them in pairs (AB, AC, and BC) to 
produce three new columns and then as the product of all three (ABC) to 
produce the last column. The resulting matrix is seen in Fig. 11.2, again in one 
of its most basic forms. (Some prefer to show it with the runs reversed, so that 
run 8 below becomes run 1, etc., whereas others would have the order of 
column C exchanged with that of column A. These are just conventions 
among which anyone may choose as they like.) 

However, there is nothing sacred about the pattern as such, so that if the 
rows are randomized (as they might be for actual use) and the columns are 
moved around for some reason (to list the factors alphabetically, perhaps), 
nothing really changes. Thus the matrix in Fig. 11.3 is actually identical to the 
one in Fig. 11.2, even though it may not be immediately recognizable. 

The run-order pattern contained in the original matrix is very often not the 
order in which the actual runs are made, because randomization is often used 
in implementation of experimental designs. No single way of distinguishing 
the original order from the randomized order is universally accepted, but 
contrasting terms such as "standard versus random order," "experimental 
versus laboratory order," and "design order versus order of running" are used. 
The use of only one convention in any lab is essential. 

A B c D E F G 
Run 1 + + + + + + + 

2 + + + 
3 + + + 
4 + + + 
5 + + + 
6 + + + 
7 + + + 
8 + + + 

Figure 11.2 Saturated seven-factor, eight-run design 

U
nd

er
st

an
di

ng
 D

es
ig

n 
of

 E
xp

er
im

en
ts

 d
ow

nl
oa

de
d 

fr
om

 w
w

w
.h

an
se

r-
el

ib
ra

ry
.c

om
 b

y 
U

B
 D

ui
sb

ur
g-

E
ss

en
 o

n 
Ja

nu
ar

y 
25

, 2
02

1
Fo

r 
pe

rs
on

al
 u

se
 o

nl
y.
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E c G D B F A 
6 + + + 
2 + + + 
8 + + + 
4 + + + 
5 + + + 
3 + + + 
7 + + + 

+ + + + + + + 

Figure 11.3 A rearrangement of pattern of Fig. 11.2 

E c G D B F A 
Run 6 + + + + 

2 + + + + 
8 + + + + 
4 + + + + 
5 + + + + 
3 + + + + 
7 + + + + 

Figure 11.4 Reflected pattern of Fig. 11.3 

Just to add further to the possible variations, the reflection of designs is 
one more common confusing factor. For instance, the design in Fig. 11.4 is 
a reflection of the one shown in Fig. 11.3 and is therefore also equivalent to 
the basic eight-run from which Fig. 11.3 was derived, but the resemblance is 
now even more remote. (Notice that there is now one run with all the settings 
at minus, whereas previously there was no such run but instead there was one 
with all the settings at plus.) 

Reflected designs contain the same amount of information as their 
originals, but they have tobe analyzed slightly differently. The main point is 
to know that interactions now appear changed in sign; multiplying the A 
settings by the B settings results in a column of minus and plus signs which 
is not matched by any of the column patterns shown. However, one of the 
other columns will have a pattern that isamirrar image ofthe AB pattern. This 
is illustrated in Fig. 11.5 by showing the A, B, and D columns from the matrix 
in Fig. 11.4 plus an AB column calculated as the product of A and B. 
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62 Nomenclature and Design Variations 

NoteinFig. 11.5 thattheD column is amirrorimage ofthe AB interaction 
column. This means that the cantrast shown by analyzing the responses using 
the D column pattern of addition and subtraction is the effect of the AB 
interaction but reversed in sign. 

The estimation of two-factor interaction effects in reflected designs is 
always reversed in sign (but main factor effects are not). This is important 
background for the use of folded-over designs, which were discussed in 
Chapter 10. 

Plackett-Burman (P-B) geometric designsalso fit the pattern ofthe basic 
saturated fractional factorials, and the P-B 8 shown in Fig. 11.6 is equivalent 
to all the eight-run patterns already shown. 

Now that most of the possibilities of altering the appearance of design 
patterns using conventional notation have been covered, Taguchi' s particular 
conventions and patterns can be shown. Dr. Taguchi prefers a system in which 
levels are designated as 1 and 2 (andin three-level designs, they become 1, 
2, and 3). His original L8 pattern is shown in Fig. 11.7, followed by a 
rearranged version (Fig. 11.8) that has the columns in the same order as the 

A B AB D 
Run 6 + + 

2 + 
8 + + + 
4 + + 
5 + + 
3 + + 
7 + + + 

+ 

Figure 11.5 Selected columns from Fig. 11.4 plus an AB interaction column 

Run 1 + + + + 
2 + + + + 
3 + + + + 
4 + + + + 
5 + + + + 
6 + + + + 
7 + + + + 
8 

Figure 11.6 Eight-run Plackett-Burman design 
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Run 1 2 
2 2 
3 2 
4 2 
5 
6 
7 
8 

Run 1 
2 
3 
4 
5 2 
6 2 
7 2 
8 2 
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2 2 
2 2 

2 
2 
1 2 

2 

2 

2 
1 
2 

2 
1 

2 

2 
1 

2 

2 

Figure 11.7 Original Taguchi L8 

1 
2 
2 

2 
2 

1 
2 

2 

2 

2 

2 
2 

2 
2 

2 

2 

2 
1 
2 

Figure 11.8 Rearranged Taguchi L8 

2 

2 
2 

2 

2 

2 

2 

2 

2 
2 

2 
2 

2 2 

2 2 

basic eight-run design but in which the runs have been reversed in order from 
the basic eight-run pattern. 

U sing the 1, 2 convention instead of the -, + convention of course makes 
no difference at all in the meaning or use of the matrix but is merely a matter 
of choice. Most of the time when the patterns are converted from one to 
another, the 1 becomes - and the 2 becomes +, but, like all the conventions 
that also can be reversed, with no change to the content of the experimental 
pattern. (However, it may mean the interaction columns reverse in sign as 
reflected designs always do.) 

In this section, the comparison and contrast of differing nomenclature 
systems have been explored so as to help raise understanding of how designs 
relate to each other and avoid confusion when different Iiterature or software 
packages are examined. When questions arise about any particular design, it 
is always possible to convert all numbers or alternate codes to the -, + 
convention and then work through interaction relationships in the data by 
comparing the product of any two columns to the sequence in every other 
individual column ( or, in the possible case of a reflected design, to the mirror 
image of every other individual column). 
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11 Nomenclature and Design 
Variations 

59 

Occasionally, students of design of experiments (DOX) become confused by 
the different conventions used in various books and commercial software. 
Although any single design pattern is actually constant in its content and 
capability for use, differing ways of denoting factor settings and rearrange-
ments of the patterns can make two identical sets of experiments appear quite 
different. One such example is the contrast between the commonly taught 
Taguchi L8 pattern and the expanded classic eight-run design. 

The classic design starts, as shown in earlier sections, with all the 
combinations possible for three factors at two levels, with the coded levels 
designated as- and + (Fig. 11.1). (For three-level experiments, this system 
merely adds a 0 level, which is midway between the- and + levels.) 

Some experimenters favor the convention in which the -levels are equal 
to whatever is considered standard for the process, and the + levels are some 
change from the standard. Thus, if the process had always been run at room 
temperature and the experiment was to explore a lower temperature, the 
minus level could be 20 °C and the plus Ievel would be 10 °C; the standard 
catalyst is minus and the new alternative is plus. 

Others prefer to use intuitively understandable relationships, so that the 
plus Ievel is always the higher on whatever scale of variable is to be used; 

Run 1 + + + 
2 + + 
3 + + 
4 + 
5 + + 
6 + 
7 + 
8 

Figure 11.1 Classic 3 X 2 full-factorial design 
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in the case of the old and new catalyst, most experimenters do tend to assign 
the minus designation to whatever is considered the known standard. How-
ever, as long as the individual running the experiments and interpreting their 
results knows what convention has been assigned, it really makes no differ-
ence whatsoever which it is. 

To produce a saturated eight-run design, four more columns of factor 
settings are added, as was shown in Chapter 3. Each column has to have four 
minus and four plus settings in it to keep the design balanced in general, but 
to make it orthogonal, the order of the minus and plus levels is derived from 
the first three columns by multiplying them in pairs (AB, AC, and BC) to 
produce three new columns and then as the product of all three (ABC) to 
produce the last column. The resulting matrix is seen in Fig. 11.2, again in one 
of its most basic forms. (Some prefer to show it with the runs reversed, so that 
run 8 below becomes run 1, etc., whereas others would have the order of 
column C exchanged with that of column A. These are just conventions 
among which anyone may choose as they like.) 

However, there is nothing sacred about the pattern as such, so that if the 
rows are randomized (as they might be for actual use) and the columns are 
moved around for some reason (to list the factors alphabetically, perhaps), 
nothing really changes. Thus the matrix in Fig. 11.3 is actually identical to the 
one in Fig. 11.2, even though it may not be immediately recognizable. 

The run-order pattern contained in the original matrix is very often not the 
order in which the actual runs are made, because randomization is often used 
in implementation of experimental designs. No single way of distinguishing 
the original order from the randomized order is universally accepted, but 
contrasting terms such as "standard versus random order," "experimental 
versus laboratory order," and "design order versus order of running" are used. 
The use of only one convention in any lab is essential. 

A B c D E F G 
Run 1 + + + + + + + 

2 + + + 
3 + + + 
4 + + + 
5 + + + 
6 + + + 
7 + + + 
8 + + + 

Figure 11.2 Saturated seven-factor, eight-run design 
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E c G D B F A 
6 + + + 
2 + + + 
8 + + + 
4 + + + 
5 + + + 
3 + + + 
7 + + + 

+ + + + + + + 

Figure 11.3 A rearrangement of pattern of Fig. 11.2 

E c G D B F A 
Run 6 + + + + 

2 + + + + 
8 + + + + 
4 + + + + 
5 + + + + 
3 + + + + 
7 + + + + 

Figure 11.4 Reflected pattern of Fig. 11.3 

Just to add further to the possible variations, the reflection of designs is 
one more common confusing factor. For instance, the design in Fig. 11.4 is 
a reflection of the one shown in Fig. 11.3 and is therefore also equivalent to 
the basic eight-run from which Fig. 11.3 was derived, but the resemblance is 
now even more remote. (Notice that there is now one run with all the settings 
at minus, whereas previously there was no such run but instead there was one 
with all the settings at plus.) 

Reflected designs contain the same amount of information as their 
originals, but they have tobe analyzed slightly differently. The main point is 
to know that interactions now appear changed in sign; multiplying the A 
settings by the B settings results in a column of minus and plus signs which 
is not matched by any of the column patterns shown. However, one of the 
other columns will have a pattern that isamirrar image ofthe AB pattern. This 
is illustrated in Fig. 11.5 by showing the A, B, and D columns from the matrix 
in Fig. 11.4 plus an AB column calculated as the product of A and B. 
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NoteinFig. 11.5 thattheD column is amirrorimage ofthe AB interaction 
column. This means that the cantrast shown by analyzing the responses using 
the D column pattern of addition and subtraction is the effect of the AB 
interaction but reversed in sign. 

The estimation of two-factor interaction effects in reflected designs is 
always reversed in sign (but main factor effects are not). This is important 
background for the use of folded-over designs, which were discussed in 
Chapter 10. 

Plackett-Burman (P-B) geometric designsalso fit the pattern ofthe basic 
saturated fractional factorials, and the P-B 8 shown in Fig. 11.6 is equivalent 
to all the eight-run patterns already shown. 

Now that most of the possibilities of altering the appearance of design 
patterns using conventional notation have been covered, Taguchi' s particular 
conventions and patterns can be shown. Dr. Taguchi prefers a system in which 
levels are designated as 1 and 2 (andin three-level designs, they become 1, 
2, and 3). His original L8 pattern is shown in Fig. 11.7, followed by a 
rearranged version (Fig. 11.8) that has the columns in the same order as the 

A B AB D 
Run 6 + + 

2 + 
8 + + + 
4 + + 
5 + + 
3 + + 
7 + + + 

+ 

Figure 11.5 Selected columns from Fig. 11.4 plus an AB interaction column 

Run 1 + + + + 
2 + + + + 
3 + + + + 
4 + + + + 
5 + + + + 
6 + + + + 
7 + + + + 
8 

Figure 11.6 Eight-run Plackett-Burman design 
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Run 1 2 
2 2 
3 2 
4 2 
5 
6 
7 
8 

Run 1 
2 
3 
4 
5 2 
6 2 
7 2 
8 2 
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2 2 
2 2 

2 
2 
1 2 

2 

2 

2 
1 
2 

2 
1 

2 

2 
1 

2 

2 

Figure 11.7 Original Taguchi L8 

1 
2 
2 

2 
2 

1 
2 

2 

2 

2 

2 
2 

2 
2 

2 

2 

2 
1 
2 

Figure 11.8 Rearranged Taguchi L8 

2 

2 
2 

2 

2 

2 

2 

2 

2 
2 

2 
2 

2 2 

2 2 

basic eight-run design but in which the runs have been reversed in order from 
the basic eight-run pattern. 

U sing the 1, 2 convention instead of the -, + convention of course makes 
no difference at all in the meaning or use of the matrix but is merely a matter 
of choice. Most of the time when the patterns are converted from one to 
another, the 1 becomes - and the 2 becomes +, but, like all the conventions 
that also can be reversed, with no change to the content of the experimental 
pattern. (However, it may mean the interaction columns reverse in sign as 
reflected designs always do.) 

In this section, the comparison and contrast of differing nomenclature 
systems have been explored so as to help raise understanding of how designs 
relate to each other and avoid confusion when different Iiterature or software 
packages are examined. When questions arise about any particular design, it 
is always possible to convert all numbers or alternate codes to the -, + 
convention and then work through interaction relationships in the data by 
comparing the product of any two columns to the sequence in every other 
individual column ( or, in the possible case of a reflected design, to the mirror 
image of every other individual column). 
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12 Estimation of Scatter 

The very convenient scree plot often serves quite weil in enabling an 
experimenter to teil the difference between minor variation in test data and 
significant effects resulting from deliberate changes in control factors. 
However, there are three other methods for separating real effects from 
experimental scatter. They involve the use of methods requiring a little more 
knowledge of Statistics, and some calculations have tobe made; some readers 
may find this chapter to be more than they need to use designed experiments, 
but reading through it once for background is probably worth the effort. 

All three methods involve computing confidence intervals around each 
difference between averages from contrasting runs. The confidence intervals 
will vary in width depending on some estimate of the level of random error 
in the system. There are three possible sources by which the random error can 
be estimated: 

• Historical data, 
• effects in "empty" columns, and 
• effects from repeated runs at the same conditions. 

For instance, in the example in Chapter 8 using the minimum viscosity of 
a rubber compound (ML), long history of use of the test instrument indicated 
that the total scatter in readings when the same batch is retested numerous 
tim es is about ± 1 unit. (Thus the standard deviation of the test would be about 
±0.5 unit, because four standard deviations make up the 95% confidence 
interval.) Therefore, for this property, the confidence interval of any effect 
greater than + 1 or less than -1 will not overlap 0, so the differential found 
between the two group averages from the experiment (in this example, for 
instance, the group of four runs which used the low-viscosity polymer and the 
group which did not) can be accepted as having demonstrated a real cantrast 
in the response caused by the factor being evaluated. This is because that 
differential between those two averages has been shown to be significantly 
different from 0, that is, different from no real difference. This is illustrated 
in Fig. 12.1 for the ML data. 
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66 Estimation of Scatter 

4 Confidence interval 
of ±1 unit .. 

3 around effect mean 

2 

0 

-1 

-2 

-3 

ML effect -2.25 0.75 3.75 2.25 -0.25 3.25 0.25 

Figure 12.1 Confidence interval chart for ML effects 

Note in Fig. 12.1 how three ofthe effect intervals do overlap the zero line, 
indicating the measurements are more likely to represent normal system error 
than any change in the response actually caused by the particular control 
factor. Of course, the scree chart for this property shows the same three factor 
effects to be close to zero and each other, which leads to the experimenter 
making the same judgment about their significance. 

Unfortunately, it is often the case that good historical data are not 
available, and it is necessary to have within the experiment itself some source 
of information on its scatter level. A common method of arranging this is to 
leave one or more columns vacant of main effects and probable interactions 
and to use the observed effects as indicators of system error. 

In the example in Fig. 12.1, ifthe second, fifth, and seventh columns had 
been unassigned and interactions were considered tobe minor or nonexistent, 
those three effects (0.75, -0.25, and 0.25) could be used to estimate the 
standard error of the test. This would be done by following the principle that 
the pooled standard error is equal to the square root of the total of the squares 
of each unassigned factor effect divided by the nurober of such effects. Stated 
mathematically, this is 

St d d ~(0.75)2 + (-0.25)2 + (0.25)2 an ar error = 
3 

= v (0.5625 + 0.0625 + 0.0625)/3 

= v (0.6875)73 = 1'0.229 = 0.478 

U
nd

er
st

an
di

ng
 D

es
ig

n 
of

 E
xp

er
im

en
ts

 d
ow

nl
oa

de
d 

fr
om

 w
w

w
.h

an
se

r-
el

ib
ra

ry
.c

om
 b

y 
U

B
 D

ui
sb

ur
g-

E
ss

en
 o

n 
Ja

nu
ar

y 
25

, 2
02

1
Fo

r 
pe

rs
on

al
 u

se
 o

nl
y.



Estimation of Scatter 67 

Interestingly enough, this is very close to the 0.5 value derived from prior 
experience and would Iead to the same conclusions as to the validity of the 
other three effects. 

Strictly speaking, this estimate of the standard error is known to be 
inaccurate, because any such estimates based on very limited sample sizes 
(certainly <20) definitely tend tobe too small. Because the sample sizes are 
too small, an interval must be wider than ±2 estimated standard errors to really 
contain 95% of the possible distribution being examined. 

How much wider the intervals need to be is a question that was answered 
in the early part of this century by a mathematician working in quality control 
for the Guinness brewery in Ireland. He derived a particular set of distribu-
tions, called the t-distributions, in which the individual t elements represent 
the number of standard errors needed to produce accurate confidence inter-
vals for samples with N degrees of freedom. Selected sections of these 
distributions appear in tables, broken down by the confidence interval desired 
(often 90, 95, and 99%). A small subsection of one suchtableis shown in 
Table 12.1. 

Because the standard error calculated from the example above was based 
on three empty columns, the degrees of freedom (df) would be 3, and 3.18 is 
the t number from the table for a 95% interval and three df. This means that 
the more accurate equation for a 95% confidence interval would be 
±3.18 x 0.478 units, or three units in total width instead of the two-unit width 
used as a first approximation. (In this particular example, nothing would have 
changed in the conclusions about the meaning of the effects, but in other cases 

Table 12.1 t-Distribution Values for 
Two-Sided Confidence Intervals 

Confidence Level, % 

df 99 95 90 

I 63.70 12.70 6.31 
2 9.92 4.30 2.92 
3 5.54 3.18 2.35 
4 4.60 2.78 2.13 
5 4.03 2.57 2.01 
6 3.71 2.41 1.94 
7 3.50 2.36 1.89 
8 3.36 2.31 1.86 
9 3.25 2.26 1.83 
10 3.17 2.23 1.81 

df, degrees of freedom 
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68 Estimation of Scatter 

there could be different interpretations of the data if corrected confidence 
intervals were used.) 

As the dfterm gets larger, the t numbers become smaller, andin fact at 10 
df, the t number is 2.23, only about 10% larger than the uncorrected level of 
two standard errors that applies in theory to very large sample sizes. 

Conservative statisticians would disallow pooling the effects of columns 
two, five, and seven in the real experiment, because two of them did have 
factors assigned to them. Only the last column was actually empty, so its 
squared effect (0.0625) would then have to be multiplied by 12.7 (95% t-
distribution for 1 df) to give an estimate of one-half the confidence interval 
width at about 0.8 units; the 1.6-unit full width of the interval in this case 
happens to be less than those from either historical data or the pooled 
estimate. 

Use ofthe t-distribution is predicated on underlying assumptions, which 
include not only normality and independence of the parent distributions of 
test results but also that their variances are equivalent. As sample sizes 
become smaller, the sensitivity of the procedure to deviation from these 
assumptions becomes quite high so that use of sample <10 is risky, and <3 is 
very risky indeed. 

One of the major characteristics of the Taguchi approach is to disregard 
the requirement for using only effect levels from truly empty columns to 
estimate system error. Dr. Taguchi calls for taking all effects that are clearly 
lower in magnitude than the uppermost effects and using them in a pooled 
estimate of error. This does make possible more effective use of the data to 
evaluate system error and provide quantitative estimates of the value of 
observed effects. 

The other classic method for estimating scatter is to use replicates of one 
or more sets of experimental conditions. The pooled standard deviation of test 
results from those repeated experiments is perhaps the best estimator of all for 
the system error. Assuming that only one condition is replicated, the standard 
deviationofthat subgroup is used in the same equation seen earlier to estimate 
the standard error for the difference of two averages, 

Standard error = 2s/...;n 

except n is the number of all the runs in the experiment, not just the number 
of replicates. However, the df for the t-distribution used to calculate the 
confidence interval is the number of replicates minus 1. 

Much of the time, replication is used in more advanced experimental 
designs that are typically analyzed using analysis of variance through a 
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Estimation of Scatter 69 

computer software package, so the details of that calculation will not be 
provided here. 

In this section we saw: 

• Three different methods for estimating what is normal scatter in 
a series of experimental runs, 

• that the use of very limited amounts of data in making those 
estimates is highly risky, 

• an example of the cantrast between classical techniques and the 
Taguchiapproach, and 

• that simple replication of runs is recommended when possible as 
the best method for determining scatter levels in an experiment. 
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13 Sizing of Experiments 

The usual approach to an experimental design, as mentioned in Chapter 6, is 
to select the control factors of special interest and the number of levels at 
which they need to be evaluated and then to choose a design that allows 
explorationofthat combination of factors and levels most efficiently. The 
theme of doing the least possible experimental work to yield needed data is 
a principal one in most approaches to design of experiments (DOX). How-
ever, finding the design that contains the fewest number of experimental runs 
containing the factors and levels chosen is not the only way to judge an 
experimental strategy as being appropriate. As in Chapter 12, some reference 
to statistical procedures will be used which may or may not be of particular 
interest to different readers. 

A valid comparison of data has to be able to find real differences of 
whatever extent is important to the person doing the comparing. Suppose 
someone were trying to measure metal ball bearings of a quarter-inch 
diameter and they had three tools with which to measure diameter. One tool 
is a wooden ruler, one is a standard micrometer measuring out to 0.001 11 , and 
one is a laser gauge precise to millionths of an inch. 

U sing a wooden ruler to check the diameter of a small metal ball is hard 
to do with any real precision. Many people with good eyesight could tell the 
difference between two bearings using the ruler when one is 0.250 11 and the 
other is 0.325 11 , but if the second were only 0.260 11 , it would be almost 
impossible to see the difference of 0.01 II on the scale of the ruler. In the 
terminology of quality control, the ruler is not able to discriminate differences 
of that size. 

However, the micrometer, which could measure to the nearest 0.001 11 , 

would easily discriminate a difference ofO.O 111 , so ifthe product specification 
called for bearings tobe between 0.247 11 and 0.253 11 (which is the same as 
0.250 ± 0.003 11 ), using the micrometer would be appropriate. If the bearings 
were for some super special usage and the specification was 0.250 ± 0.0005 11 

instead, then it would be necessary to use the laser gauge, because the 
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72 Sizing of Experiments 

specification calls for a higher degree of discrimination than can be attained 
using the micrometer. 

Test data from experiments can also be evaluated in terms of capability 
to discriminate, which affects how many experiments need to be run. The 
discrimination capability of an experimental design increases with the num-
ber of runs in the design. 

A prime characteristic of DOX is that comparisons are made between 
averages of some response instead of between single data points. The Central 
Limit Theorem (CLT) reveals that there are substantial advantages to using 
averages instead of point data. The question then arises (as usual) as to just 
how great a difference between a pair of averages there needs tobe to generate 
real confidence in the meaning of that difference. 

Answering that question begins with the use of another statistical con-
cept, that of the variance of the difference between the a verages. V ariance (V) 
is a number calculated from a distribution by statisticians to characterize the 
width of the distribution. Most of the time, ordinary people use the standard 
deviation (SD) forthat purpose and, in fact, the standard deviation is derived 
directly from the variance. (The standard deviation is equal to the square root 
of the variance.) 

It is not essential to go over the equations defining the variance. What is 
important is that the variance of the difference between two averages (V 0 ) is 
equal to the weighted sum of the variances of each group, which is expressed 
in a comparatively simple equation, 

V = (V1 /n1 + V2/n2) 

and ifthe group variances are equal (which is likely when they're all from the 
same process), then VI = v2 = vx and the equation becomes 

Vt,.=Vx(l/n1 + lln2). 

The number n 1 is the total number of experimental runs used to calculate 
one of the average responses, and n2 is the total number of runs for the other 
average response. If, as is usually arranged in designed experiments, the test 
groups are of the same size, then n1 = n2 = n/2 (where n is the grand total of 
all the experimental runs), and the next transformation is to 

V"'-= 4Vx/n. 

Recall that the standard error (SE) is the same as the standard deviation 
of the test groups, which is equal to the square root of the variance V"'-' so 
taking the square root of each side of the equation leads to 

SE= 2crxlrn 
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X1 X2 

---+--~--'-----------11-----ll---t------'------+-

l_ 2 std ~II_ 2 std ~I 
errors errors 

X1 and X2 are the two group averages, each shown in tt· 
center of its confidence interval 

Figure 13.1 Nonoverlapping confidence intervals for group averages X1 and X2 

where crx is the standard deviation of the data in the groups. 
One use of the standard error is to construct confidence intervals, as seen 

in earlier chapters, with such intervals being the range of numbers within 
which some true number can be found at the stated level of confidence. In the 
case of the difference between two averages, ±2 standard errors covers 
roughly 95% of the possible spread of the true difference. 

To ensure that the difference is real, the interval size is doubled so that 
each of the compared averages has at least a 95% chance of not falling within 
the confidence interval of the other. This means that if four standard intervals 
separate the two group averages, there is good confidence ( approaching 95%) 
that they are different. This is demonstrated in graphic form in Fig. 13.1. 

Because one standard error is equal to 2crJ..;n, four standard errors are 
equal to the quantity 8crJ..;n. This is the amount of difference needed between 
two averages tobe about 95% sure they are different. This relationship can be 
expressed in the equation 

L\ = 8crxlrn 

where L\ is the difference between the two averages. 
This can be rearranged to 

n = [8/(L\/crJf 

The L\lcrx term is the ratio of the observed difference to the scatter in the 
data, which is another form of the signal-to-noise ratio. 

The standard deviation of the sample distribution, crx, is unknown, and 
usually the only available estimator for it is s, the standard deviation of the 
sample. The Substitution is made and the equation becomes 

n = 64 + (L\/s)2 

where n is the number of data points (experimental runs) needed to find a real 
difference when the signal-to-noise ratio is L\/s. (If any better estimate of cr, 
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74 Sizing of Experiments 

is known, for instance from good historical data on the process under 
investigation, it can be used instead of s.) 

More detailed derivations of this equation indicate that it is slightly on the 
conservative side, i.e., the number 64 may belarger than needed to allow good 
discrimination between the averages being compared. Some statisticians find 
that 49 may be used instead; in practice, the calculated n is seldom an even 
whole number, so typically it is rounded up or down to some convenient size 
for actual use. 

Use of the equation proceeds as follows: a salesperson proposes the use 
of a new additive to increase the yield point of a particular plastic, which has 
been running around 50% elongation ( or 0.5 strain level). A possible increase 
to 0.6 strain is mentioned, which would provide welcome improvement for 
the material. 

In this case, Ll is 0.1, the amount of strain level increase anticipated. If the 
standard deviation for yield strain determinations happened to be about 0.1, 
the signal-to-noise ratio would be 1 and the equation would indicate that 50 
or more data points would be needed in the comparison to reliably find the 
hoped-for improvement. (This would be 25 control batches and 25 batches 
with the new additive.) 

If the standard deviation of the yield data were 0.05 instead, the ratio 
would become 2, the squared term would be 4, and between 12 and 16 batches 
could be used to demonstrate the effectiveness of the additive. If the antici-
pated increase in yield strain were 0.2 and the standarddeviationwas still 0.05 
so that the ratiowas 4, the squared term would increase to 16, and only four 
batches of material could show whether or not the additive performed as 
promised. 

In planning out a DOX strategy for only three factors at two levels, at first 
glance the use of the basic eight-run design seems fully appropriate, and in 
many cases it is, but an eight-run series is not capable offinding effects if they 
are not at least 2.6 times as great in extent as the basic property scatter from 
the process. Thus, if a 10% increase in reaction rate through the use of some 
combination of catalyst concentration, temperature, and pressure was being 
explored, but the standard deviation of rateswas 5%, it might necessary to use 
a 16-run design or replicate the entire eight-run design once to get sufficient 
data to understand the process. 

In some cases, the need to have a higher total number of runs might lead 
to consideration of different designs altogether. For instance, in the situation 
above, instead of replicating an eight-run, two-level design once to get to a 
16-run total, a three-level design using 17 runs might be used to get both the 
needed amount of information and a more advanced level of information. 
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Sizing of Experiments 75 

More typically, the tactic used is to improve the signal-to-noise ratio by 
either decreasing s (possibly through improved testing methods) or increas-
ing L1, the amount of the effect. The latter is most often attempted by using a 
greater range of the control factor Ievel so that the difference between the two 
property averages is inflated. Instead of varying temperature from 190 op to 
210 op to check the effect on reaction rate, it might be changed between Ievels 
of 175 op and 225 °F, because a 50 °F differential is much more likely to show 
a contrast. This is called using bold Iimits for the factors. 

This chapter' s main contribution is that, in drawing up experimental 
designs, consideration must be given to the comparison of the anticipated 
effect and the background scatter of the process. The equation n = 64 + (f.Js)2 

1s a very useful guideline in helping to ensure that adequate data are 
generated. 
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14 Development of an Experimental 
Strategy 

77 

In both industrial and laboratory situations, a wide variety of challenges can 
and will be encountered. They may range from starting up the new machine, 
which has numerous unfamiliar controls, none of which is well understood, 
to optimizing a process that has a long history and only a few well-known 
major factors affecting it. The broad sweep of possible problems to be 
investigated makes it impossible to lay out a simple cookbook approach that 
is universally applicable. Instead, it is necessary for the scientist/engineer/ 
technologist to be flexible in evaluating and attacking each new situation. 

The military analogy is that of using strategy (long-term planning) and 
tactics (immediately applicable method). It is very seldom that the experi-
menter can run a single design series and achieve thereby understanding of a 
process so complete that no further explorational, optimizational, or 
confirmational work need be done to justify a high level of confidence that 
everything important about the process is known. Therefore, when first 
examining the process, the experimenter will need to begin deciding what 
strategy will be used for the investigation and then which tactics will be used 
to implement that strategy. 

Camplex and novel processes often require a series of experimental 
designs for full understanding, and it is usually the case that only the first or 
second step of several can be planned out in detail; the structure of the 
following steps will depend on what is learned initially. The strategy for 
analyzing the process may remain unchanged, but the tactics, i.e., the 
particular designs, factor combination, or factor levels used may need to be 
changed as the investigator digests the first sets of data. Flexibility and 
adaptability are key characteristics of every experimenter. 

When the process is very new or unfamiliar and the first level examination 
of it reveals a substantial number of possible control factors (6-20), the use 
of two-level screening designs becomes almost mandatory. Their purpose is 
to clearly resolve which factors are truly significant to the process so that the 
next stage of experimentation can be laid out most effectively. 
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78 Development of an Experimental Strategy 

One major question becomes, what particular rangewill the two settings 
cover foreachexperimental factor? In the ideal situation, the range is chosen 
to be on the bold side, that is, wide enough so that if no effect can be found 
for the factor across the range, that factor can then be dismissed from further 
consideration with a high Ievel of confidence. (Of course, too bold a range has 
its own dangers. A range of 40 °C for some chemical reaction is very likely 
to show whether temperature has an effect, but a range of 200 °C may generate 
data that are misleading or useless.) 

Depending on what is known of the process, the screening designs may 
be geometric or nongeometric. When interactions are strongly believed tobe 
unlikely, the geometric designs (8- or 16-run most often) can be used, and if 
interactions are a concern, the nongeometric 12- and 20-run designs become 
appropriate. 

Once the initial screen has been run, it should become possible to 
determine which factors are the most important and whether the ranges used 
in the experiment were reasonably appropriate. For instance, if temperature 
had been a factor and was varied from 100 to 200 oc and all the runs at 100 °C 
failed to react at all but those at 200 °C did react in a moderate degree, the 
conclusion could be that the range should have been from 150 to 200 op or 
perhaps from 200 to 250 op. In this case, the work may be salvaged in the sense 
that the half of the design using the 100 op settings can be run again but at the 
150 or 250 op setting to result in the design now thought to be more valid. 

The question ofbreaking the experiment into two separate halves done at 
different times, which amounts to confounding temperature with experimen-
tal sequence, then comes up and may have to be dealt with by limited 
replication, butthat is stillless work than repeating the entire experiment. The 
idea of building a new experimental pattern using data from a previous one 
is a useful DOX tactic. Many instructors recommend the use of a series of 
three or four factor designs, in which each has one surface in common with 
a prior design, for logically exploring a process. 

For example, if a process has four possible control factors, the first design 
might explore A, B, and C at -1 and +1 settings, with D fixed at a -1level. 
If the data showed that the -1level chosen for C was actually too low, only 
four more runs could be made with an alternate level of -1 for C, which would 
allow building a new experiment off the old. This is illustrated in Fig. 14.1, 
with the first eight-run experiment drawn as the traditional cube form, with 
the settings for each factor associated with each of the eight corners and each 
surface assigned to a -1 or + 1level for one of the factors. 

Once the -11evel for C is determined to be inappropriate, a "new" side is 
generated with the "-1a" Ievel ofC, and the juxtapositionofthat side with the 
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B=-1 
(front) 

C=-1 
(left 
side) 

Development of an Experimental Strategy 79 

A = + 1 (top surface) 

A = -1 (bottom surface) 

C=+1 
(right 
side) 

8=+1 
(back) 

C=-1a 
(new 
side) 

Figure 14.1 Possible changes in an eight-run design shown in cube form 

existing + 1 C side produces a new cube form. This is merely a graphic 
representation of how the experimental data from the original eight and 
secondary four are used to make a fresh set of eight data points for analysis. 

Another way to use this method would be that, if in the first experiment 
it were shown that the C factor actually had no effect on the process, then four 
runs with the D factor at a + 1 setting could be combined with either C side to 
make a pattern with A, B, and Das factors. This stepwise approach can be an 
efficient way to explore a process. 

With the assumption that, finally, the data from the screening design 
indicate which factors are the most important ones to the process, the next step 
might be to draw up another two-level design for those factors which need to 
be further explored. (Not all factors found to be important might have to be 
part of the next stages of work; for instance, if the screening design showed 
one catalyst tobe much better than another, the choice of catalyst would then 
become fixed for future experiments.) 

However, this second design would be one that would allow specific 
investigation of interaction terms. It might also use somewhat adjusted levels 
of variation of the factors if the first experiment indicated to the investigator 
that the beginning choice of factor levels could be improved. In that case, 
comparatively few of the data points from the first experiment might be used 
again in the second, and in fact an entirely new pattern might be used. 

However, if no adjustment of factor levels were to be made, the second 
experiment might be just the reflection of the first, because that is one simple 

U
nd

er
st

an
di

ng
 D

es
ig

n 
of

 E
xp

er
im

en
ts

 d
ow

nl
oa

de
d 

fr
om

 w
w

w
.h

an
se

r-
el

ib
ra

ry
.c

om
 b

y 
U

B
 D

ui
sb

ur
g-

E
ss

en
 o

n 
Ja

nu
ar

y 
25

, 2
02

1
Fo

r 
pe

rs
on

al
 u

se
 o

nl
y.



80 Development of an Experimental Strategy 

way to look for the presence of interactions in a process. This kind of choice 
is what the experimenter faces routinely in the course of such work. 

Once the second series has been performed and any important interac-
tions revealed, the experimenter is then able to make some judgments on the 
possible model for the process and decide what the next step should be. It 
might be a simple expansion of the second experiment to just take the levels 
of the factors further toward the direction of better results, or it may be a 
multilevel response surface design to explore in detail process optimization 
within the experimental region where the optimum is now believed most 
likely tobe found. 

Finally, in the fourth or fifth step, the experimenter selects a narrow 
experimental region that he or she believes the data show to be the most 
probable locale for an optimum process. Two or three runs at identical 
conditions might be performed to confirm the process output and level of 
scatter there, or a small design (typically a four-run) covering the narrow area 
could be used instead to pin down the optimal factor settings. This series of 
experiments would fall into a flow diagram similar to the one in Fig. 14.2. 

Not every investigation will have to encompass three to five experimental 
series. Sometimes there are only a few factors known to be important to the 
process, and the first design used can include interaction terms. Perhaps the 
data will then quickly point to the better combination offactors to improve the 
process, and one more experiment can bring the knowledge of the process to 
the needed level of detail. 

On other occasions, only a few factors might be involved, and the 
question of what levels to use for them might be considered particularly 

Initial Interaction 
Brainstorm and 

~ 
screening .. design, 

actor/level selection design, all significant 
factors factors 

~ 
More Confirmatory/ detailed .. Final 

desiqn optimization design report 

Figure 14.2 Simplified flow diagram for a project using designed experiments 
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urgent (or, if they represent discrete variables, which of several is the best 
candidate for use.) In such cases, the use of the Taguchi L9 or L18 designs to 
immediately explore broader ranges of factor settings might be very effec-
tive. Again, these are routine considerations for the experimenter to encoun-
ter, and as experience with DOX is gained, so will the person' s ability to react 
and make good choices in experimental strategy and tactics. 

The experimental scientist looking at a new technical challenge is like a 
mechanic approaching a poorly functioning car motor. The mechanic brings 
with him or her a toolbox filled with numerous wrenches, screwdrivers, 
socket sets, etc., some of which are general purpose tools and some of which 
are built for very specific tasks. The scientific investigator has available full 
factorials, half factorials, many two-level screening designs, some three-
level screening designs, assorted response surface designs, and perhaps 
others such as Latin squares and mixture designs. 

The mechanic will size up the problern and probably choose one of the 
general purpose tools to begin engine disassembly and diagnosis. Depending 
on what is found, more specific tools and techniques are used to continue the 
engine disassembly and analysis of the prob lern. Ultimately, an understand-
ing of the problern is reached and the appropriate repair is made, but the 
mechanic did not know when first looking at the engine how to predict every 
step of the work. 

In similar fashion, the scientist does a first-level inquiry into a process, 
probably using a general purpose screening design, and then, as data provide 
helpful inputs, he or she moves on thoughtfully into selection and use of other 
designs until an understanding of the process is gained. (A more advanced 
practice is to progress to development of not just the ideally most productive 
process but further to the best combination of productivity and consistency 
for the process; this is referred to as a robust process, but expansion of this 
concept will be deferred for now.) 

The summary of this chapter is quite basic. The broad assortment of 
problems tobe dealt with by the scientist or engineer will sooner or later pose 
difficulties, not all ofwhich can be met with a single approach in experimental 
techniques. Therefore, some knowledge of what differing techniques, or 
which succession of techniques, can be applied to different situations is of 
critical value to the investigator. The trap of thinking that DOX will always 
allow complete solutions tobe found very rapidly, i.e., one set of experimen-
tal runs, for any problern should be avoided. A realistic point of view is that 
any problern of complexity is almost certain to require a campaign of at least 
some length to be fully solved. 
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82 Development of an Experimental Strategy 

Continued referral to literature and the experience of others while gaining 
personal experience will always aid the individual in becoming an ever more 
capable experimenter. User-friendly software can be of great help and 
convenience to the experimenter, but there is still no substitute for a thinking 
and adaptive human intellect in investigating and understanding any phenom-
enon of interest. 

Critical themes in this chapter include: 

• Problems of any complexity are not often understood and re-
solved by means of a single designed experiment; 

• when facing complex problems, it is frequently necessary tothink 
out both the long-term approach (strategy) and the immediate 
steps (tactics, which means individual designs); 

• designs that sort out groups of discrete factors (L18), do basic 
exploration of process variables and simple interactions (geomet-
ric two-level designs), check out main effects onl y ( nongeometric 
designs), or evaluate nonlinear effects (L9) are among the tools 
available to the experimenter; and 

• tactics can include a series of similar designs that build off each 
other, a sequence of screening, factorial, and response surface 
designs, or whatever sequence the data lead to in the progression 
of designs. 
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15 Basics of Response Surface 
Methods 

83 

It would be very convenient if all responses to changes in important factor 
levels were simple and linear for any process of interest, at least within the 
range of factor levels easily controlled or the range of response desired. 
Tuning a process to some desired output would then be easy. 

However, things just don't work that way all the time. Some more 
advanced techniques have tobe used to understand more complex processes. 
These techniques are called response surface methods (RSM), and this 
chapter will discuss them in a limited, introductory way. Some mathematical 
models have tobe shown as part of the explanation, but nothing too compli-
cated. All that is strictly necessary for the beginner in design of experiments 
(DOX) is to read over this and the following chapter to get at least some idea 
of what RSM is and how it works. 
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Figure 15.1 Dimensional tolerance vs. machining speed 
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If a machining process were such that, as the cutting speed changed, the 
dimensional control of a metal mold varied inversely with the increasing 
speed, a graphical presentation of the data might appear as in Fig. 15.1. 

This type of graph is very informative in itself, but the goal of RSM 
experiments is to generate a mathematical model, an equation that uses 
various numbers to describe the process. If the factors examined in the 
experiments are really the main ones controlling the process, and the data 
from the experiments are reasonably accurate and precise, then it becomes 
possible to develop a modelthat will describe the process validly. This means 
that using the equation with the actual settings used in the real experiments 
results in predicted results which match up closely to what was really 
observed; and this implies that using the same equation with process settings 
that were notrunwill still accurately predict the process results under those 
conditions. The techniques for developing these models are relatively com-
mon in higher mathematics but are beyond the scope of this book. 

If the data for cutting speed versus part tolerance (in ten-thousandths of 
an inch) were analyzed mathematically, the resulting model would be a 
simple linear equation of the type 

Y = Constant + (Coefficient x X) 

or in this case, 
Tolerance = 1.2 + (0.2 x Cutting speed). 

This is convenient in that, if maximum machining throughput is desired, the 
supervisor can find out what tolerance is acceptable to the customer and set 
the miller for the highest speed that can maintain that tolerance. 

The constant in the first equation is sometimes referred to as the intercept, 
because that is where the line will cross the Y-axis if extrapolated. Determin-
ing what the intercept and the coefficient are for this one-factor process is the 
mathematical solution for understanding and ultimately controlling the pro-
cess. 

When three factors are explored for a process, the siruplest linear equa-
tion is 

Linearmodel 
y = Intercept + Cl XI + c2x2 + c3x3 

where X 1 is the first factor, X2 is the second, etc., and each C term is the 
coefficient forthat factor. The use of more factors from the process would just 
require more terms in the equation. 

When interactions contribute to the response, the model must be ex-
panded to include specific terms for those interactions, and for three factors 
it then becomes 
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Full interaction model 
Y = Intercept + C,X, + C2X2 + C3X3 + C12X1X2 + C13X1X3 + 

C23X2X3 + C123X,X2X3 

The factors and their individual coefficients are identified as in the earlier 
equation, and the factors also appear the same way in the interaction terms. 
However, the coefficients for interactions are shown with numerical sub-
scripts that relate to the factors involved in that interaction. For instance, the 
term cl23xlx2x3 contains all three factor descriptions, so it is the three-factor 
interaction and the C123 term is the coefficient for that interaction. 

Thesemodels can be derived from two-level experiments, so any graph 
of the response can only show a straight line. In many situations this is fully 
satisfactory, but many natural processes arenot truly linear when varied over 
a range of any real size. 

When nonlinearity is anticipated, experiments at more than two levels are 
necessary for good modeling, because a minimum of three points is needed 
to describe a response curve. A full nonlinear model for three variables is 

Quadratic model 
Y = Intercept + C1X1 + C2X2 + C3X3 + C12X1X2 + C13X1X3 + C23X2X3 + 

c" x; + ~:x; + ~3 X~ 
This is called a quadratic model because it includes terms raised to a 

power, in this case, the squared terms in the last row. This is a full model 
because it still includes the interaction terms. (Some software will construct 
models with the squared terms but without the interactions, and which 
approach is morevalid is a matter of occasional dispute.) 

Estimating the value of any one coefficient in these equations calls for 
what statisticians call an independent judgment, which means it requires 
sufficient information ( often referred to as degrees of freedom) to make the 
analysis; this translates to the design needing to contain at least one experi-
mental run for every term in the equation that might come out ofthe analysis. 
The quadratic model above has ten terms in it, counting the intercept, so an 
absolute minimum of ten runs would have to be made to make any use of a 
quadratic model with three control factors. 

There is no fully balanced RSM design for three factors in just ten runs, 
but there is one with eleven runs, so that design would have tobe used. Most 
of the time, a larger design would be used anyway, such as a central composite 
with 15 runs, and the extra runs allow a form of calculation that indicates to 
some degree how well the model fits the data. "Lack of fit" calculations are 
common to many computer analyses and will be discussed in Chapter 22, 
Advanced Topics. 
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By using the squared terms of quadratic models it becomes possible to 
describe many kinds of curves that fit the response patterns of various 
processes. An example of a natural process with highly nonlinear response is 
the yield of an autocatalytic reaction, suchasthat seen in Fig. 15.2. 

If a two-level experimentwas done with time as a variable, using 60 and 
90 minutes for -1 and + 1, a false picture of the effect of time on the process 
would emerge. A three-level experiment with 60, 80, and 100 minutes would 
provide a very different picture and make it possible to develop a morevalid 
model containing higher order terms; this model would allow more accurate 
prediction of yields at Ionger reaction times. 

In the normal course of process optimization, the necessity of analyz-
ing nonlinear responses will eventually arise. Experiments utilizing more 
than two levels of factor settings must then be drawn up. The siruplest design 
would be a full factorial at three levels, which for three factors requires 27 
runs, for four factors, 81 runs, and for five factors, 243 runs. Obviously, these 
total numbers of experimental runs would not be attractive to most investiga-
tors, and the central question underlying DOX again comes up: How few 
experimental runs can be made and still yield the bulk of the needed 
information for understanding the process? 

V arious statisticians and experimenters have worked out several different 
but related approaches to answering that question. The classic multilevel 
designs fall mainly into three groups: central composite designs, face-
centered cubic designs, and Box-Behnken designs. (In recent times, other 
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Figure 15.2 Yield vs. reaction time 
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-1' -1 -1' +1 

+1' -1 +1' +1 

Figure 15.3 Basic 2 x 2 central composite design 

types of RSM designs have been developed, such as the optimal families and 
algorithmic designs, but they will not be discussed here.) 

The first of these, and most favored by statisticians, is the central 
composite. These designs utilize not three but five levels for each factor. A 
two-dimensional representation of an experimental pattern can be used to 
illustrate how it works. First is the simple box (Fig. 15.3), which represents 
the two factors at two levels. 

This design can only support linear models, because it only has two 
levels. The central composite adds first a center point run (designated as 
having the 0, 0 level) and then outlying points equidistant from the midpoint 
of each side of the square (Fig. 15.4). 

The outlying runs are called star points, because they can be thought of 
as the tips of a star pattern. Forthis two-factor experiment, each factor is at 
five coded levels, -1.4, -1, 0, + 1, and + 1.4 (which have tobe transformed into 
the real temperatures, pressures, etc., corresponding to the coded numbers). 
The placement of the star points changes for central composite designs as the 
nurober of factors increases. 

If temperature was a factor and the Originallevels chosen to explore the 
process had been 150 and 250°C (coded as -1 and + 1), the five reallevels of 
temperature would be 110, 150,200, 250, and 290 °C. These temperatures are 
calculated by subtracting 40% of the range over which -1 to + 1 vary ( that 
range is 100 °C in this case) from the -1 level ( which is what a -1.4 level 
means), taking the average of the -1 and + 1levels for the 0 level, and adding 
40% of the range to the + 1 level to get the + 1.4 level. 

In the case of two factors, the pattern contains nine runs, which is actually 
the same size as a full factorial for two factors at three levels. (In fact, if the 
diamond pattern in Fig. 15.4 is rotated 90°, it willlook a lot like a simple 
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+1.4, 0 

-1' -1 -1, +1 

0, -1.4 0,0 0, +1.4 

+1' -1 +1, +1 

-1.4, 0 

Figure 15.4 Central composite design for two factors 

3 x 3 square pattern.) So, in practice, the two-factor central composite pattern 
is not usually used. 

However, the three-factor central composite uses 15 run conditions (or 
"treatments" in the language of formal DOX) instead of the 27 needed in a full 
factorial. For four factors, the total goes up to 25 treatments, for five factors 
it is only 27 treatments (because of a trick compression of the array), and for 
six factors the total is 45 treatments. 

Sometimes people find the use of the star points inconvenient and instead 
use the face-centered cubic design. This is like the central composite, but the 
star points have all been moved back into the confines of the basic pattern, so 
that it appears as shown in Fig. 15.5. 

The analysis of the pattern with three levels of each factor instead of five 
is not quite as attractive mathematically but is very effective nonetheless. 
Because these designs are so closely related, the number of treatments used 
in a face-centered cubic is always the same as in the corresponding central 
composite. 

The Box-Behnken pattern differs notably from the previous two, which 
basically build onto the original form of a square or cube for two-level 
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-1,-1 -1,0 -1,+1 

0,-1 0,0 0,+1 

+1, -1 +1,0 +1,+1 

Figure 15.5 Face-centered cubic design 

-1,0 

0,-1 0,0 0,+1 

+1, 0 

Figure 15.6 Box-Behnken design for two factors 

experiments. Instead of using the corner treatments and adding on supplemen-
tary points, the Box-Behnken pattern shown in Fig. 15.6 uses only points 
midway along edges of the square or cube, along with the center point, in its 
approach. 

This difference does not show up well in a two-dimensional display but 
is easy to imagine for a cube. The standard designs use the eight corners of the 
cube ( think of dice, which have eight corners ), whereas the Box-Behnken uses 
all the points midway along each edge on the cube. There are twelve such 
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points on a cube, which explains how a Box-Behnken for three factors uses 
thirteen treatments: the twelve edge points plus the center point. For four 
factors, the Box-Behnken uses 25 treatments, for five it uses 44 treatments, 
and for six it uses 52 treatments. 

None of the figures quoted for these designs include replicated points for 
the purposes of better estimating scatter. The recommendations by the 
original developers of the designs call for at least two replications, but more 
often for four or five replications. It is most common to do all replications 
using the center point only and to randomly scatter them throughout the entire 
experimental series order. However, in some designs, the replicates may be 
of various points outside the center. The data from replicates is used to make 
an estimate of the scatter basic to the process; in Chapter 20, Full Use of 
Analysis of Variance, the relationship of estimates of lack of fit and experi-
mental error will be discussed. 

In summary, the experimenter has at least three major families of multi-
level designs from which to choose when attempting full characterization of 
a process. The choice of which to use will depend largely on the individual 
preferences of the investigators and their view of how the particular types and 
levels of variablestobe used will fit bestinan experimental array. Analysis 
of the data can be done by hand if someone is a professional mathematician, 
but even mathematicians and statisticians nowadays go directly to their 
personal computers and use an appropriate program for that work. Some 
explanation of such data analysis is given in Chapter 16. 
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Method Experiments 

91 

Once the data from any of the families of multilevel designs are available, the 
analysis can proceed. Although it is possible to do the work with pencil and 
paper, or with a calculator, the computations become quite labor intensive. 
The curve fitting for nonlinear responses requires regression analysis, a 
technique not readily familiar to those who arenot skilled in calculus and not 
easy for anyone. 

Fortunately, the ready access of computers and appropriate software has 
made these analyses enormously easier. The first step in using the data is to 
determine which model best describes the response, whether it be simple 
linear, interactive, or quadratic. Often a mixed model, which has some linear 
terms, some interaction terms, and some squared terms, provides the best fit. 
This is because the actual process is subject to different influences from 
different factors. 

A model with more terms in it will always provide better fit than one with 
fewer. Fit is measured by a term called R-squared, which is an indication of 
how much of the variation in the data can be explained by the model being 
evaluated. However, if a simple linearmodel had anR-squared of99% and the 
quadratic model for the same data had an R-squared of 99.9%, it would not 
make good sense to use the quadratic model. It gives too little gain in fit for 
the many terms added to the model. 

It should be noted that the R-squared term can be misleading in that, 
whereas ahighR-squared (>95%) is certainly desirable and brings confidence 
that the model does reflect the reality of how the process works, a lower R-
squared (50-75%) does not always mean the model is not useful to under-
standing the process. Depending on the width ofthe factor levels, it is possible 
for the ratio of the change in measured response compared with the back-
ground noise of the process tobe low enough to keep R -squared small, yet the 
model can still validly describe the process. 

The basic principle behind the choice of a model for any response is to 
keep it as simple as possible. Each element in the model should be truly 
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contributory, not just another mathematical term that provides a better fit to 
the response pattern but is not actually based on any real connection with the 
reality of the process. 

Software does not usually make such judgments directly for the experi-
menter. It will use whatever model for which it is programmed and report the 
R-squared term. If a linear model had an R-squared of 70% but the quadratic 
model for the same data had an R-squared of98%, the experimenter would be 
motivated to examine the quadratic model closely. 

One way of doing that is to scrutinize the regression model term by term. 
This can be done with paper and pencil, but is done much more conveniently 
by using the statistical functions normally built into any DOX software. 

A statistical analysis of a modelwill assign a t-number and a correspond-
ing probability to each term in the equation. The probability shown is the 
likelihood that the assumption of the term' s being real will lead to a false 
conclusion. Thus, when p = 0.01 for some term, to a layman it means there is 
about a 99% chance that the term is really important to understanding the 
process. Some DOX programs will convert the p number into a confidence 
statement that the term is real ( phrasedas the term is being other than 0); in 
that case, the user sees "99%" instead of "p = 0.01." 

"High confidence" usually means 95-99+% (p = 0.01-0.04) and is 
considered extremely desirable. If the range is more like 90-95% (p = 0.05-
0.1 0), the terms are still very useful. As the confidence estimate drops below 
90% toward 80% and lower (p =0.10-0.20), the validity of the term becomes 
more and more doubtful. With this in mind, the investigator may let the 
software generate a full quadratic model and then examine it with the intent 
to trimit down to a simpler yet almost equally well-fitting model. 

A software-generated analysis for a quadratic model involving the three 
factors of temperature, pressure, and time, coded as levels of -1, 0, and + 1, 
might resemble Table 16.1 (although different programswill certainly tend 
to have contrasts in appearance). 

The very first term in Table 16.1, labeled as the constant, is what has also 
been referred to as the intercept. Its confidence level of 99.9% indicates the 
equation is in fact validly describing something. With the use of coded levels, 
the actual number of 3.7 is merely the average level of response measured 
over all the experimental runs. 

The next three terms in Table 16.1 are the main factor effects, and the 
numbers show directly how much each factor contributes to the response 
compared with the others. Therefore, temperature has by far the greatest 
effect, followed by time and pressure. All three terms have confidence levels 
>90%; in fact, two are >99%, so they clearly are important to the process. 
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Table 16.1 Typical AN OVA Display from Computer Software Showing Regression 
Coefficients for Response (R-Squared = 99.7%) 

Standard Confidence 
Coefficient Term error t-Value coef. <> 0,% 

3.7132 1 (constant) 0.0612 11.65 99.9 
-0.5625 Temp 0.0528 10.65 99.9 

0.1007 Pressure 0.0529 1.904 91.4 
0.2318 Time 0.0596 3.892 99.6 

-0.0214 Temp*Pressure 0.0807 0.954 36.5 
-0.3141 Temp*Time 0.0694 2.954 98.5 

0.0042 Time*Pressure 0.0112 0.124 18.5 
-0.2384 Temp*Temp 0.0448 3.154 99.1 

0.0014 Pressure*Pressure 0.0947 0.140 13.7 
0.1207 Time*Time 0.0239 1.331 80.5 

Confidence figures are based on 5 degrees of freedom (df). AN OVA, analysis of variance. 

Table 16.2 ANOV A Displayfora Simplified Model Showing Regression Coefficients 
for Response (R-Squared = 99.2%) 

Standard Confidence 
Coefficient Term error t-Value coef. < > 0,% 

3.7132 1 ( constant) 0.0612 11.65 99.9 
-0.5625 Temp 0.0528 10.65 99.9 

0.1007 Pressure 0.0529 2.124 94.7 
0.2318 Time 0.0596 3.945 99.7 

-0.3141 Temp*Time 0.0694 2.981 98.9 
-0.2384 Temp*Temp 0.0448 3.174 99.2 

0.1207 Time*Time 0.0239 1.531 86.5 

The following three terms in Table 16.1 are the interaction coefficients, 
and only one of them, temperature*time, appears tobe meaningful. 

The last terms in Table 16.1 are those useful for describing nonlinearity 
of the response, and temperature obviously has a nonlinear influence on the 
process. Pressure does not, and the effect of time is questionable. 

The number of degrees of freedom ( df) indicates how many runs were 
made overall; this was a 15-run series with 10 coefficients calculated, so 5 df 
remain for error. 

Due consideration of this table would suggest that three of the terms could 
be deleted from the model, and with some knowledge of the software being 
used it is usually possible to tailor-make the modelas desired and then rerun 
the analysis. In this case, the resulting analysis would resemble Table 16.2. 
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The R-squared term has dropped from 99.7 to 99.2%, which means the 
elimination of three additional terms from the model only cost 0.5% in 
goodness of fit. This is very acceptable and demonstrates that those terms did 
not really hold significance in the model. 

Now more df are available for the error estimates, and the confidence 
Ievels are adjusted accordingly. The term for nonlinearity with time has risen 
up to 86% confidence, which gives the investiga:tor more justification for 
leaving it in the model. 

This refined model becomes the basis for prediction of the response 
throughout the entire experimental volume covered by the settings used. 
However, extrapolation of the response outside that volume is subject to 
substantial risk. For instance, if temperature had been varied from 125 to 
175 °C in the experiment, prediction ofthe response at 200 °C might be done 
with the model derived from the data, but the estimate would carry much less 
of a confidence factor than estimates made between 125 and 175 °C. (In fact, 
many DOX software programs will not extrapolate outside the original 
experimental volume, even though mathematically it is perfectly possible to 
do so.) 

The term "response surface" refers to the concept that actual physical 
phenomena often have complex patterns of response to changes in several 
controlling factors. Ifthree factors are involved, it is possible to make a three-
dimensional graph with the x-, y-, and z-axes being the Ievels of each factor. 
If the model that described the response were a simple linear one, the graph 
would show the response as a flat plane, with slant and inclination depending 
on the relative contributions of the three factors. 

However, if a complex nonlinear model applies, the response can become 
a convoluted three-dimensional surface, perhaps resembling a mountain or 
even a small range of mountains with several different peaks and valleys. This 
is the response surface for which the investigator desires to generate a 
reasonably detailed map through experimentation. 

When a given process has more than one response of interest, process 
optimization can become a very complex undertaking. If the factors affect 
final properties such as the tensile strength, hardness, and fatigue life of the 
material to be made, plus other characteristics such as cost, yield, and 
throughput rate, each single response would have its own model. The models 
might be similar or might cover a range of complexity and be mutually 
opposed, that is, the conditions to maximize one response might tend to 
minimize another. 

The simultaneaus solving of all the individual response equations to 
predict all properties and characteristics at some setting of the control factors 
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would be a mathematical chore to discourage any but the most dedicated 
expert. Again, technology comes to the rescue with computers and software, 
which can perform in aminute or less calculations that in the past would have 
kept a mathematician occupied for days or longer. 

The use of multiple models to simultaneously predict a number of 
properties for some process is a major part of response surface methodology. 
Scientists and engineers exploring complicated processes can use a variety of 
techniques to look for the combination of factor levels that will result in the 
process being most effective. The definition of what "most effective" means 
will change from process to process or even from time to time. For one 
process, maximum throughput might be the greatest need, for another the 
maximum strength, for another the lowest cost, and so on. The best balance 
of cost and strength tagether could be needed for yet another situation. 

Many DOX software packages have some form of optimization aids built 
in, such as multiple plots of responses versus factor levels to help the 
investigator better visualize how the responses relate to each other. There are 
even programs that will seek to strike a given balance of properties for the 
experimenter, using special subroutines and fuzzy logic. 

All beginners in the use of RSM have to become familiar first with the 
types of designs to be used and next with whichever DOX software they will 
be using in their work. As always, a focused learning effort through actually 
doing a series of designed experimentswill be the bestand indeed almost only 
way to build the skills that allow very profitable use oftbis methodology, and 
no amount ofknowledge of designs and software can overcome the need for 
familiarity with the experimental process, good planning, scientific rigor in 
execution, and common sense in evaluating the data. 

Further discussion of RSM analysis falls beyond the scope of this book. 
Once practitioners of the simpler techniques have gained a reasonable level 
of direct experience with the basic and some intermediate methods, they will 
be in a much better position to examine any of the standard texts on DOX. A 
number of such sources are listed among the references. 
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17 Basics of Mixture Designs 

Some experimenters often or usually deal with developing combinations of 
ingredients, called formulations, recipes, mixtures, etc., and these combina-
tions always add up to a settotal of 100%. One well-known example is simple 
gunpowder, made up of sulfur, finely powdered charcoal, and saltpeter 
(potassium nitrate ). Other examples might be a recipe for cookies made up of 
flour, eggs, and butter, or a grease made up of oil, wax, and thickening agent. 

In these situations, the additive relationship of the ingredients makes 
things a bitsimpler mathematically. The more common designs have every 
factor varying independently, which means that, in a three-factor design, 
knowing what level factors A and B are at in any particular experimental run 
does not tell anything about where factor C is, so it takes as many pieces of 
information to describe that run as there are factors in it. However, in a 
mixture of three ingredients, knowing that A makes up 50% and B makes up 
30% of the total immediately indicates that C must be at 20%. It only takes 
N- 1 pieces of information to describe any mixture with N ingredients in it. 

This mathematical convenience leads to slightly different ways of look-
ing at the patterns of experiments that can be used, and this part of Design of 
Experiments (DOX) is called "mixture designs." Thesedesignsare used most 
often by chemists, although on occasion engineers and others can apply them 
to some types of processes. 

One easy way to see how mixture designs differ from factorial designs is 
to compare how three-factor designs are exhibited in space. A three-dimen-
sional cube has to be used to display the experimental volume of the factorial 
design, as was shown in Chapter 6. The equivalent-mixture design is dis-
played by a two-dimensional figure, the simple equilateral triangle shown in 
Fig. 17.1. 

In Fig. 17.1, each of the + points represents a composition of 100% ofthat 
ingredient, whereas the + points represent a 50:50 mixture of the two 
ingredients connected by that edge of the triangle, and the '1 point is an equal 
mixture of all three ingredients. 

Because of the more efficient mathematical techniques for analyzing 
mixtures, this seven-run experimental design provides more information on 
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• 

B c 
Figure 17.1 Basic simplex design with center point 

how the three factors affect this mixture' s properties than the eight -run design 
does for effects of three independent factors on a blend of ingredients. In fact, 
with this simplex design, a response surface can be constructed for the mix-
ture; that would require a minimum of 11 runs for the 3 independent factors. 

Three-factor mixture designs have been used for many years, and special 
graph paper has often been used to lay out the designs and help analyze the 
data. An example of a triaxial graph template is provided in Fig. 17 .2. 

Each line crossing the main triangle in Fig. 17.2 represents a level of use 
of one of the ingredients. This has been denoted specifically for the ingredient 
B by the legend at the triangle' s base, showing how its concentration goes 
from 100% at the left-side angle of the triangle to 0% at the right-side angle 
in 10% increments. Any point on the graphwill represent a mixture of A, B, 
and C that can be read off the sets of concentration lines. For instance, the • 
in the center ofthe experimental field is at 33.3% A, 33.3% B, and 33.3% C. 
(This is called the center point of the design, just as with factorial designs.) 

U sing the minimal mixture design is quite possible, but just as factorial 
RSM designs normally have extra design points and replicates to allow better 
evaluation of the model and estimation of the normal scatter in the process, 
so do working simplex designs. One regularly used three-factor design adds 
in three more points evenly spaced around the center point of the basic design, 
as shown by the + points added in Fig. 17.3. 
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A 

B ~~~--~~~------~--~------~--~--~ c 
Percent B: 1 00 90 80 70 60 50 40 30 20 10 0 

Figure 17.2 Triaxial graph with 10% increments 

A 

• 
• • • 

B c 
Figure 17.3 Augmented simplex design 
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The experimental worksheet for the set of runs in an augmented design 
showing the percentages of the ingredients in each run of the series of 
mixtures is shown in Fig. 17.4. (Run 7 would be replicated at least twice for 
a total of 12 runs, and randomization would be applied to the list before the 
runs were made.) 

An example will show how these ideas are used in practice. Three 
solvents were all known to dissolve a particular family of complex organic 
chemicals. A new compound from that family was developed, and to process 
it into its final form, it was important to find whichever solvent or mixture of 
solvents could dissolve the greatest amount of the new compound. The 
experiment shown in Fig. 17.5 was run. 

A B c (symbolized by) 
Run 1 100 0 0 ~ 

2 0 100 0 ~ 

3 0 0 100 ~ 

4 50 50 0 + 
5 0 50 50 + 
6 50 0 50 + 
7 33.3 33.3 33.3 " 8 66.6 16.7 16.7 • 
9 16.7 66.6 16.7 • 

10 16.7 16.7 66.6 • 
Figure 17.4 Sampie worksheet for an augmented simplex design 

MEK Toluene Hexane Solubility (g/1) 
Run 1 100 0 0 121 

2 0 100 0 164 
3 0 0 100 179 
4 50 50 0 140 
5 0 50 50 180 
6 50 0 50 185 
7 33.3 33.3 33.3 199 
8 66.6 16.7 16.7 175 
9 16.7 66.6 16.7 186 

10 16.7 16.7 66.6 201 

Figure 17.5 Solventmixture experiment worksheet; MEK, methyl ethyl ketone 
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1 21 

175 
140 185 

199 

186 201 

B 164 180 179 c 
Figure 17.6 Triaxialplot of solubility values for three solvents (A, B, and C). MEK, 
methyl ethyl ketone 

If we plot these numbers on the triaxial map of the process, what is 
observed is shown in Fig. 17 .6. 

The first thing that "pops out" of these data is that some combinations of 
solvents are more effective than any of the individual solvents. Pure MEK, 
toluene, and hexane dissolve 121, 164, and 179 g/1 ofthe chemical, but several 
of the combinations dissolve more than 180 g/1. The two highest values lie at 
the center point (199 g/1) andin the lower right check point (201 g/1). This 
suggests the strong possibility of an interaction between MEK and hexane, 
and also possibly between all three solvents. 

The use of regression techniques confirms that a model using terms for all 
three solvents plus the AC and ABC interactions fits the data very well 
(R-squared >95%) with all terms having very high confidence levels. The 
model predicted a maximum solubility for a particular solvent blend of 207 
g/1, which was so close to subsequent test data as to be within normal scatter 
for solubility measurements. If the original experiments had included some 
replicate runs, the estimated range for the optimum solubility would have 
contained the actual level measured for the dissolving power of the final 
solvent blend. 
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For many situations, the use of all the blends in the standard model is 
impractical. For instance, in experimenting with the cookie recipe in which 
flour, eggs, and butter are combined, it makes no sense to have experiments 
with 100% flour, 100% eggs, and 100% butter, or even any of the two-
ingredient blends. Also, a cook with any background knowledge of these 
ingredients would know that the final recipe would contain more flour than 
either of the other two ingredients, and probably there would be more eggs 
used than butter. 

What this means is that only a restricted portion of all the possible 
combinations of the three ingredients needs tobe investigated. This amounts 
to selecting a smaller triangular experimental space to work on from within 
the full possible space. As shown in Fig. 17.7, the new simplex shape is such 
that there will always be at least 50% flour in the recipes and the amount of 
eggs will usually be more than the amount of butter. 

The use of a restricted experimental space requires some manipulation of 
the numbers describing the levels, butthat type of transformationwill not be 
described here. DOX computer softwarewill usually make such transforma-
tions very easy. 

The samesoftwarealso makes it easy to use simplex designs for more than 
three control factors, and designs containing six or more ingredients are now 

Flour 

Eggs Butter 

Figure 17.7 Example of a selected experimental area 
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Basics of Mixture Designs 103 

used regularly. The same principles of simplified mathematical procedures 
support all mixture designs, but with more than four ingredients it becomes 
very difficult for most people to visualize the experimental space as conve-
niently as triaxial graphs do for three-factor designs. 

There are times when the same process might be explored with either 
simplex or factorial designs. The choice of which to use depends on the 
experimenter' s view of the process and perhaps his or her personal prefer-
ences. It is also possible to use combination designs in which both simplex 
and factorial elements are present, but that definitely falls into the area of 
advanced DOX practice. 

The principal items of interest in this chapter are: 

• Processes in which the controlling factors are interrelated and 
must add up to a constant total can be explored using alternate 
designs that have some mathematical advantages; and 

• the simpler designs (three and four factors) can be set up and 
analyzed without the help of a computer, but in general it is much 
easier to apply appropriate software to them, and in the case of 
higher level mixture designs, it is almost mandatory. 
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18 Latin Squares and Their Derivatives 

In the early days of designed experiments, the principal area of investigation 
was agriculture. The questions of what level of irrigation, which types and 
levels offertilizer, which soil variations, which type and particular species of 
plant, etc., will provide the best yield from a plot of land or for a certain crop 
are of key importance to the farmer. 

In agriculture, the sources of scatter are always a concern; whether there 
is a fertility gradient or maisture variation across a test field that willlead to 
erroneous conclusions about a comparison of seed types or fertilizers was a 
key question for agricultural researchers. (In modern times, it is possible to 
do more detailed analyses of soil and soil conditions across a field, but before 
the early 20th century that technology was unavailable.) 

One approach to minimizing the effect of such possible sources of scatter 
on the final data was to break up a test field into alternating plots, organized 
into columns and rows, so that every tested control factor could be equally 
exposed to all variations in growing conditions across the field. For example, 
if four kinds of fertilizer were to be compared, the field would be subdi vided 
into four columns and four rows so that sixteen individual plots were laid out. 
The different kinds of fertilizer would then be used in the plots so that each 
fertilizer appeared once in each row and once in each column, as demon-
strated in the pattern in Fig. 18.1 (the four fertilizers are designated as A, B, 
C, and D). This type of design is called a Latin square. 

Now, when the average or total yield of plots using one type of fertilizer 
is compared with the yields from the other fertilizers, the experimenter can 
feel confident that the comparison is validly contrasting the effects of the 
fertilizers, with all secondary effects of differences across or down the field 
being canceled out. This can also be considered as a form ofblocking in which 
the possible variations throughout the test field are blocked out from affecting 
the data analysis by use of the columns and rows. 

The pattern in Fig. 18.1 is not the only possible way toset up a Latin 
square for four levels of a control factor. Three other setups exist that are 
perfectly valid, but another 572 possible patterns of the four fertilizers in 16 
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106 Latin Squares and Their Derivatives 

Col1 Col2 Col3 Col4 

Row1 A 8 c D 

Row2 8 c D A 

Row3 c D A 8 

Row4 D A 8 c 

Figure 18.1 A 4 x 4 Latin square 

Col1 Col2 Col3 Col4 

Row1 A1a 82b C3c D4d 

Row2 83d A4c D1b C2a 

Row3 C4b D3a A2d 81c 

Row4 D2c C1d 84a A3b 

Figure 18.2 A 16-run hyper-Graeco-Latin square 

plots can be drawn up which do not properly balanceout alllikely changes in 
effects caused by variations across the test field. 

Mathematicians and experimenters worked on expanding the use of 
this concept and soon developed Graeco-Latin squares, in which a third noise 
factor was able to be blocked by inclusion in the pattern. Finally, hyper-
Graeco-Latin squares (HGLS) were drawn up, which had a fourth noise factor 
added in. A four-level example is shown in Fig. 18.2, in which the noise 
factors are represented by columns, rows, Arabic numerals, and lower case 
letters, while the control factor being investigated is still a capitalletter. 
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Latin Squares and Their Derivatives 107 

The important properties of these designs are that they are orthogonal, 
which means they are fully balanced in several senses. Bach symbol of any 
variable (such as the capitalletters, the numerals, the lower case letters, or 
Greek or Chinese characters if used) appears once in each column, once in 
each row, and once in combination with every other symbol for every other 
variable. This means that camparisans between the average effects for the 
main factor levels remain valid estimates of their true effects. 

It turns out that, for any size HGLS, the number of factors that can be 
fitted into each subsection is one fewer than the size (the number of subsec-
tians per side) of the square. Thus a 5 x 5 square could have the main 
experimental factor and three noise factors combined into it, along with the 
noise factors represented by the columns and rows. The number of possible 
invalid combinations of all the factors in one of these designs is even higher 
than for simple Latin squares and, in fact, rises rapidly from thousands to 
billions for a 7 x 7 square. Fortunately, tables of some of the comparatively 
few valid designs are available. 

A typical problern that might be tackled using these designs could be 
evaluation of mileage performance resulting from different tire tread designs; 
the noise factors could be the models of cars used, the individual test drivers, 
different kinds of driving, etc. There are many situations in which factors 
known to have an effect on the output of some process arenot themselves of 
interest, such as test machine variations or operator shifts, and the forms of 
Latin squares are frequently employed to block out the unwanted effects. 

However, use ofthe designs has not been limited to the analysis ofjust one 
main factor effect while blocking out multiple noise factors, even though that 
has always been the formal statistical justification for them. Experimenters 
soon decided that the cantrast of average effects of each factor in any one of 
the square patterns could be highly useful. 

The idea of screening N factors at N - 1 levels in each can seem very 
attractive. The potential efficiency of the designs becomes very high. 
Table 18.1 illustrates this for the three main HGLS designs. 

As always, if it seems tobe too good tobe true, it probably is. To gain this 
tremendous efficiency, something has to be sacrificed, which in this case is 

Table 18.1 Comparison of HGLS Designs with Full Factorials 

Square size Factors Levels Runs Full factorial % Used 

3x3 4 3 9 81 11.1 
4x4 5 4 16 1,024 1.6 
5x5 6 5 25 15,625 0.16 
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essentially all information about interactions between factors. The details of 
rigorous statistical analysis of data from HGLS designs are not simple, and 
there are some disputes among statisticians about what techniques are most 
appropriate. 

The most important point for the useristhat the designs can be considered 
reasonable tools for screeningmultiple factors and factor levels in a process 
that is still being broadly explored. The major risk involved isthat if, in some 
situation, a major interaction does exist between two factors, let' s say A and 
D, but only one of them (A) has a large single-factor effect, the screening data 
would indicate that the other (D) could be eliminated from the process or be 
used at its most convenient level. From that point on, a large, positive AD 
interaction effect could be lost to the experimenter, oralarge negative AD 
effect might be accidentally triggered, with no clear indications to the 
investigator of what has occurred. 

Depending on what is known of the process, this risk may be unacceptable 
or the experimenter may feel confident that likely interactions of any impor-
tance can be found in later stages of the work. (Also, in the too often 
encountered situation in which time is exceedingly short, the gain from 
quickly learning at least some important basics of the process may be so 
critical to rapid progress that the risk becomes tolerable.) 

Randomization is just as important in using HGLS designs as in any other 
form of DOX, and various schemes are employed forthat purpose. One way 
is to take the formal design from the appropriate table and associate a factor 
type with each main term (capitalletters for factor 1, columns for factor 2, 
etc.) and factor levels with the series of each main term (A = level1, B = level 
2, etc.). The large design square then is drawn up, showing each combination 
of conditions for the subunit squares. Finally, the columns are shuffled 
randomly in order, and then the rows are shuffled, too (or it can be rows first 
and then columns). 

This method is illustrated in Fig. 18.3 for the HGLS example shown in 
standard order in Fig. 18.2. The pattern of subunit squares in the randomized 
large square is then used for the actual experimental run order, going left to 
right or top to bottom. 

An alternate method is to simply assign the levels randomly within each 
factor type so that if capitalletters happened to represent the factor of catalyst 
concentration, the A-B-C-D sequence would not be 1%-2%-3%-4% but, 
instead, is randomized to 4%-1%-3%-2%,2%-4%-3%-1%, or any other ran-
dom sequence. If this is done for each factor, the end effect is as random as 
shuffling columns and rows. (Some experts recommend both randomizing 
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Col1 Col2 Col3 Col4 

Row1 B1c A2d C4b D3a 

Row2 D4d C3c A1a 82b 

Row3 A3b B4a D2c C1d 

Row4 C2a D1b B3d A4c 

Figure 18.3 Randomized 16-run HGLS design 

levels and shuffling columns and rows, but this may be overkill; how many 
times must the deck be shuffled before the cards are dealt?) 

The only drawback to the randomization of levels is that for factors that 
do fall in some sort of numerical sequence, such as the example in percentage 
of catalyst used above, for analysis it becomes necessary to reorder the levels 
to their normal sequence. 

Once the experiment has been performed and the data are available, the 
next step is to use the simplest form of analysis possible, which is to calculate 
contrasting averages for the levels of each separate factor. In the 4 x 4 
example used so far, that would mean: 

averages for each column of column, 1-4; 
averages for each row of row, 1-4; 
averages for each capitalletter factor, A-D; 
averages for each numerical factor, 1-4; and 
averages for each lower case letter factor, a-d. 

Because this is a screening design, the object is to find major differences. 
This can be done mathematically, but simple graphing is often effective in 
demonstrating degrees of differences in effects of the various factors. Some-
times even a cursory look at the various sets of averages will reveal significant 
trends. 

In a real situation, the 4 x 4 example was applied to a chemical synthesis 
that had the following experimental control factors: 

U
nd

er
st

an
di

ng
 D

es
ig

n 
of

 E
xp

er
im

en
ts

 d
ow

nl
oa

de
d 

fr
om

 w
w

w
.h

an
se

r-
el

ib
ra

ry
.c

om
 b

y 
U

B
 D

ui
sb

ur
g-

E
ss

en
 o

n 
Ja

nu
ar

y 
25

, 2
02

1
Fo

r 
pe

rs
on

al
 u

se
 o

nl
y.



110 Latin Squares and Their Derivatives 

columns =time used for reaction (1, 2, 3, and 4 h); 
rows = temperature used for reaction (125, 150, 175, and 200 °C); 
capitalletters = source of main reagent (coded A, B, C, and D); 
Arabic numbers =brand of catalyst (coded 1, 2, 3, and 4); 
lower case letters = catalyst concentration (1, 1.5, 2, and 2.5%). 

The design (unrandomized) is shown in Fig. 18.4. 
In this case, the 16 combinations of experimental conditions were all 

entered on slips of paper that were drawn at random for the actual series of 
runs. The resulting data for percent yield of theoretical maximum product are 
shown in Fig. 18.5. 

1 hr 2 hr 3hr 4hr 

A-1 B-2 C-3 D-4 
1% 1.5% 2% 2.5% 

150° B-3 A-4 D-1 C-2 
2.5% 2% 1.5% 1% 

C-4 D-3 A-2 B-1 
1.5% 1% 2.5% 2% 

D-2 C-1 B-4 A-3 
2% 2.5% 1% 1.5% 

Figure 18.4 Example of 16-run HGLS design applied to a synthesis process 

1 hr 2hr 3hr 4hr 

54.2 60.6 66.3 75.1 

63.4 70.1 77.3 73.6 

70.5 79.7 86.8 75.1 

86.7 67.2 58.6 64.9 

Figure 18.5 Yield results superimposed on the pattern of Fig. 18.4 
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Table 18.2 Average Responses Across Four Levels of Factor 
Settings 

Time 1 h 2h 3 h 4h 
68.7 69.4 72.3 72.2 

Temperature 125 oc 150 oc 175 oc 200 °C 
64.1 71.1 78.0 69.4 

Reagent A B c D 
69.0 64.4 69.4 79.7 

Catalyst 1 2 3 4 
68.5 76.9 68.6 68.6 

Catalyst 1% 1.5% 2% 2.5% 
concentration 66.5 68.3 74.6 73.1 

80.0 

+ Time X Terrp 0 Raagent + Catalyst 0 Goncentration 

Figure 18.6 Line graph showing effects of five factors on yield 

The average yields calculated for the five factors then appear as shown in 
Table 18.2. 

Trends can be seen in simple graph form, as displayed in Fig. 18.6. 
With the use of either the table of numbers (Table 18.2) or the graph 

(Fig. 18.6), a first-glance digestion ofthese data leads to some observations: 

• The effect of time on yield appears tobe positive but may level off 
by 3 h; 

• temperature has a more dramatic effect, but yield appears to peak 
somewhere before 200 °C; 
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• reagents from sources A and C seem to be equivalent and source 
B provides lower results, but source D is clearly the best; 

• catalysts 1, 3, and4 are more or less identical, but catalyst 2 stands 
out with higher yields; and 

• increasing catalyst concentration raises yield slowly, but it may 
level or peakout around 2%. 

Bither way, it looks as if the process will probably run best at 3-4 h of 
reaction time, 175 °C, using material from source D with catalyst 2 at a 2% 
concentration. That particular set of conditions does not appear in the square 
as drawn up, but when three confirming runs were made using those condi-
tions, their results were narrowly distributed and averaged >90% yield. 

Subsequent exploration of the process demonstrated that optimizing 
temperature, source material, and catalyst alone provided high yield even at 
significantly lower reaction times and catalyst concentrations, resulting in 
part from interactions between those three main factors. Fine tuning of the 
process through response surface methods led to a more efficient combination 
of conditions (faster and less costly), with a final yield level approaching 
95%. However, the initial HGLS work had given needed information on the 
process in a very timely manner, even though it did not provide the kind of 
detailed model that a series of factorial designs can generate. 

Sometimes the numbers of factors and Ievels may not match up perfectly 
into the "square" pattern. For instance, in the case above, there could have 
been only been two suppliers of reagent or two types of catalyst available, 
even though all the other factors needed to be checked at four levels. Such a 
situation does not necessarily make use of HGLS designs impossible. 

If there were only two suppliers of reagent, then the experimenter would 
set A = B and C = D in the design, and a full balance of the design would be 
maintained. (Of course, in the analysis, only two averages would be compared 
for the reagent, not four.) Likewise, if only two forms of catalyst were tobe 
tested, they could be set as 1 = 4 and 2 = 3, and the contrasts would still all 
remain valid. 

There are also cases in which matehing the available factors or levels to 
the pattern is not so convenient, such as if there were three suppliers of reagent 
in the example given. It is still possible to forcefit the design with unbalanced 
assignments within the pattern, but this can make both informal and formal 
analyses of the data more difficult and less confident. 

Not having as many factors to evaluate as the designwill accept, such as 
five factors for a 5 x 5 square instead of six, is not only no problem, it is 
actually an advantage. The data can still be analyzed as usual, including the 
cantrast ofthe "empty" factor (also called a dummy variable) assignment; the 
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level of variation in those averages becomes a very useful estimate of the 
scatter within the entire experiment. 

If in the chemical synthesis example there had actually only been one 
reaction time used, so that the spread of averages for the columns was not 
directly related to any controlled variation of the process, then that spread 
(from 78.7% to 82.3%, about a 3.6% difference) could be considered normal. 
The smallest other difference observed was about 7%, which is enough larger 
than 3.6% to warrant a high level of confidence that real effects on the process 
are being detected for all other factors. If there is no dummy variable in the 
design to permit estimation of normal scatter and some of the differences 
between averages are not large, then the experimenter may have to rely on 
prior experience with the process or related processes in deciding what degree 
of cantrast in the averages justifies acceptance of the particular factor as being 
significant. 

Although many different sizes ofHGLS designs have been drawn up over 
the years, the 3 x 3 (Taguchi L9), 4 x 4 (seen above), and 5 x 5 (Fig. 18.7) are 
by far the most used. Because it is extremely seldom that anyone would need 
more than the 5 x 5, which allows up to six variablestobe explored at five 
levels each, none of the other patterns will be presented here. 

In the 5 x 5 array, there are columns, rows, capital letters, Arabic 
numbers, and lower case letters, as used before. In addition, Greek letters are 
used as weil for the additional possible factor for this HGLS. 

Col1 Col2 Col3 Col4 Col5 

Row1 A1aa B2bß C3cx D4do E5eE 

Row2 83dE C4ea D5aß E1bx A2co 

Row3 C5b0 D1CE E2da A3eß B4ax 

Row4 o2ex E3ao A4bt 85ca C1dß 

Row5 E4cß Asdx B1eo C2aE D3ba 

Figure 18.7 A 25-run HGLS design 
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Thesedesigns are often misused or overused but are very worth knowing, 
because their proper applications can be more than convenient when ap-
proaching a very new process with multiple possible factors and Ievels to be 
considered quickly (particularly when they are tobe used, as originally in-
tended, to screen out several noise factors when evaluating a single control 
factor). The experimenter must remain fully conscious of the risks inherent 
in utilizing them, but, under the right circumstances, they can be another very 
valuable tool in DOX methodology. 

Summary points are: 

• Latin square designs were originally developed to remove the 
effects of extraneous noise factors from experiments on a primary 
independentvariable affecting a process; 

• designs of this type can be used to sort out numerous main factors 
as weil, but then there can be a major risk associated with losing 
all information on interactions; 

• the most compact designs are hyper-Graeco-Latin squares (HGLS), 
which allow evaluation of up to N + 1 factors in an N x N array; 
and 

• the designs are easiest to use when all factors can be used at N 
separate Ievels. 
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19 Basic Analysis of Variance 

Analysis of variance (ANOV A) is a major tool in many statistical procedures 
and certainly in data analysis from designed experiments. At first glance this 
sounds inappropriate, because in design of experiments (DOX) the compari-
sons are usually between the averages of two or more groups of results, not 
between the amount of variation in the groups (which statisticians prefer to 
measure by the variance, even though most laymen use the standard deviation 
or SD). At this point, it is necessary to go into some mathematics. 

The variance for any set of n numbers from a sample is the preferred way 
of examining the spread (formally called the dispersion) ofthe numbers. It is 
defined as the sum of their squared differences from their average, divided by 
n - 1. The equation below shows this in formal mathematical notation but is 
really not as complex as it Iooks. 

. L(Xi- X)2 Vanance ( X1 .. Xn) = -~--c--­
n-1 

The symbol L just means to add up all the possible combinations of the 
particular form shown in the parentheses. In this case, (Xi- X)l, where Xi 
stands for each separate nurober in the set of numbers being examined and X 
is the average of the numbers in the set, so that each (Xi- X) measures the 
difference between one of the numbers in the set and the overall average of 
the set. Each difference is squared before they are added up, which eliminates 
any effect of whether the difference was a plus or minus amount. 

Let' s apply this to a small set of numbers, for instance the six numbers 6, 
4, 7, 5, 3, and 5. These add up to a total of 30, which divided by 6 ( the nurober 
of different numbers in the set) gives an average of 5 for the group. The way 
the variance is calculated would lead to 

V . (6- 5)2 + (4- 5) 2 + (7- 5) 2 +(5-5) 2 + (3- 5) 2 +(5-5) 2 anance= 
(6 -1) 

which then becomes 
Variance = (1) 2 + (-1) 2 + (2) 2 + (0) 2 + (-2) 2 + (0) 2 

5 
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116 BasicAnalysis of Variance 

and then 
V ariance = 1 + 1 + 4 + 0 + 4 +0 = lQ_ = 2 

5 5 
The variance forthat particular set of numbers is 2; it is worth noting that 

the quantity 10 is also called the "Sum of Squares," and Sums of Squares are 
used in many other statistical techniques. The SD for these numbers would 
then be 1.414, which is the square root of 2, because the SD is the square root 
of the variance. This means that if the six numbers in the set did belong to a 
normal distribution with an average of 5, then 95.5% of the numbers in the 
distribution should fall between 2.2 and 7 .8, which is the same as 5 ± (2 x 1.4). 
(This all goes back to the material in Chapter 4.) 

With the basics about variance established, we can now move on to 
consider what ANOV A is and how it is used. To fully understand the prin-
ciples of ANOV A, it is necessary to go further into the background of 
Statistics, starting with a problern faced by mathematicians in the early 20th 
century. The questionwas then how to validly compare two groups of data to 
determine whether they might both belong to the same general population. 

One way to look at this is to see whether their averages are significantly 
different. A specialized test called Student' s t-test was invented by a man 
named William Gossett to compare averages ( or means) of sample groups to 
demonstrate whether they are different enough to be considered as coming 
from separate populations. Because in Statistics populations are described 
not only by their averages but also by how spread out they are (their variance), 
sample groups might differ from each other either by having either different 
averages or different variances (or both, of course). For instance, among the 
three sample groups shown in Fig. 19.1, two have the same averages but 
different variances, whereas two have the same variance but different aver-
ages. (Group A is the same one used in the example of how to calculate 
variance earlier in this chapter.) 

Once Mr. Gossett had developed the t-test, someone else (Ronald Fisher) 
went on to examine the distribution of variances among normal populations 
and ultimately drew up a series of distributions applying to variances. These 
are called the F-distributions. 

The way F-distributions are used to compare two groups is simple. First, 
the ratio of the larger variance to the smaller is calculated. If the two sample 
groups were from the same population, the variance of each is an independent 
estimate of the variance ofthat population, and so they should be relatively 
close to each other. This means their ratio would approach 1. Because random 
variation among the individuals in each subgroup will naturally cause each to 
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BasicAnalysis of Variance 117 

Group A Group B Group C 
6 9 7 
4 7 1 
7 7 3 
5 6 5 
3 8 3 
5 5 11 

Average 5 7 5 
Variance 2 2 12.8 

Figure 19.1 Three sample groups 

be an imperfect estimate of the population variance, some scatter in the ratio 
is to be expected. 

Fisher' s table provides a list of ratios that are the largest ones possible for 
two variances to have (at a stated confidence level) and still come from the 
same parent population. However, as with the t-table, the amount of informa-
tion being used, as degrees of freedom (df), is apart of the determination. 
Therefore, the df for each subgroup (n- 1) must be applied in the use of the 
F-distribution. 

In the example in Fig. 19.1, both Group A and Group C have six elements 
and so have 5 df each. A statistician would go to an F-table and locate the 
ratios applying to comparisons with 5 df for the numerator and 5 df for the 
denominator. They are: 

0.05 significance:5.05 
0.01 significance: 11.0 

Because the ratio of the Group C variance to the Group A variance is 
12.8/2 = 6.4, the probability of being wrong if we assume that the two groups 
come from populations with different variances is less than 5% (which is 
often referred to as a 95% confidence level that the variances are indeed 
different). However, because the ratio is less than 11, the probability of the 
groups coming from the same population is still greater than 1%. 

The ratio of 11 may seem high, but two facts must be kept in mind; first, 
variances of subgroups cover a wider relative range than do their averages, 
and second, thesearenot large subgroups, thus the need for a large difference 
between the variances before the 0.01 significance level is reached. If each 
subgroup had 15 df, the required ratio for 99% confidence in a real difference 
between them would drop to the 3.52 level. 

U
nd

er
st

an
di

ng
 D

es
ig

n 
of

 E
xp

er
im

en
ts

 d
ow

nl
oa

de
d 

fr
om

 w
w

w
.h

an
se

r-
el

ib
ra

ry
.c

om
 b

y 
U

B
 D

ui
sb

ur
g-

E
ss

en
 o

n 
Ja

nu
ar

y 
25

, 2
02

1
Fo

r 
pe

rs
on

al
 u

se
 o

nl
y.



118 Basic Analysis of Variance 

If F-tables apply to group variances and the goal of the analysis is to 
determine whether differences exist between group averages, some special 
way of applying the F-table to the data must be used. Again, using Group C 
from Fig. 19.1, the appropriate calculations provide Fig. 19.2 

In Fig. 19 .2, the sum of the simple deviations from the average is, as it has 
tobe, zero, but the Sum of Squares is a positive number, which in itself gives 
a measure of how widely distributed the individual numbers are around their 
mean. 

If two sample groups are to be compared to see whether their means are 
different using ANOV A, the first step is to consider them as one combined 
group and determine their overall average and Sum of Squares. U sing Groups 
A and B from Fig. 19.1, this results in the calculations in Fig. 19.3. 

Thus the Total Sum of Squares from the grand average (SST) is 32 and 
measures all the variability in the full collection of individual numbers. In this 
case, each Sum of Squares for the subgroups (A and B) happenstobe equal 
(16), but even ifthey were not, they would have to add up togetherto the SST. 

However, each subgroup can be examined separately for deviations 
within itself from the subgroup average. If this is done for A and B, the 
calculations in Fig. 19.4 result. 

The Sums of Squares in Fig. 19.4 represent the amount of variability 
within each subgroup. Adding them together results in the Sum of Squares 
Within (SSW), which is a measure of the level of variability in the overall 
group which is attributable to dispersion within the subgroups. In this case, 
each subgroup total is the same (10) and the SSW is 20. 

Because the SST measures total variability (32) and SSW measures 
within-subgroup variability (20), their difference (32 - 20 = 12) must be 
caused by some other sources of variation. One major other source is called 

Group C X;-X Squares 
7 2 4 
1 -4 16 
3 -2 4 
5 0 0 
3 -2 4 
11 6 36 

Total 30 0 64 (Sum of squares) 
Average (X) 5 
Variance = Sum of Squares/(n- 1) = 64/5 = 12.8 

Figure 19.2 Example of variance calculation 
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Group A Xi-X Squares 
6 0 0 
4 -2 4 
7 
5 -1 1 
3 -3 9 
5 -1 

Group B 
9 3 9 
7 
7 1 1 
6 0 0 
8 2 4 
5 -1 

Total 72 0 32 

Figure 19.3 Calculation of SST 

Group A Xi-X Squares Group B Xi-X Squares 
6 1 1 9 2 4 
4 -1 7 0 0 
7 2 4 7 0 0 
5 0 0 6 -1 
3 -2 4 8 1 1 
5 0 0 5 -2 4 

Totals 30 0 10 42 0 10 

Figure 19.4 Calculation of group SSW total 

the between-subgroup variability, and its term is Sum of Squares Between 
(SSB). The SSW and SSB always add up to the SST when only a single set of 
comparisons are being made between subgroups. (This is referred to as a one-
way ANOVA.) 

If two groups were so similar as to really be identical, their averages 
would be equal to each other and therefore also equal to the grand average, 
and the SSW would become equal to the SST. All the combined group 
variation would be attributable to within-subgroup variation and none to the 
between-subgroup variation, and SSB would be zero. 

In the case in Fig. 19.4, SSB is not zero; in fact, it appears to be of 
significant size compared with the SSW. This indicates that a noticeable 
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120 BasicAnalysis of Variance 

degree of the averaU variation in the combined group is caused by differences 
between subgroups. The next question is whether the subgroup contribution 
to averaU variation is large enough to demonstrate that the subgroups are not 
likely tobe from the same parent population. To determine this, each of the 
Sums of Squares is converted into an average, called the Mean Sum of 
Squares (MSS). 

The SSW and SSB become the MSW and MSB (Mean Squares Within and 
Mean Squares Between) when each is divided by the df available in the 
calculation of each. For the SSW there were n -1 df in each subgroup, which 
in the example was (6 - 1 = 5), and there were two subgroups, so the 
calculations become 

MSW = SSW/total subgroup df = 20/10 = 2. 

For SSB there were only the two subgroups involved, so n - 1 becomes 
1 and the equation is 

MSB = SSB/(n- 1) = 1211 = 12. 

Notice that the df for MSW and MSB add up to 11; which is the same df 
used in calculating the SST. These tatals must always match up. 

N ow two numbers are available for comparison, the MSW and MSB, each 
of which is composed of Sums of Squares divided by df. However, the basic 
equation for variance shown earlier appears to be in essentially the same 
format, and in fact the MSW and MSB are two different ways of estimating 
the variance of the hypothetical parent population of the groups. Also, if they 
are from the same population, then their ratio will fall within the allowable 
range in the appropriate F-table. 

Therefore, the ratio MSB/MSW is calculated, and in this example it is 
seentobe 

MSB/MSW = 12/2 = 6. 

Examining an F-table for 1110 df yields terms of 4.96 (0.05 Ievel) and 
10.04 (0.01 Ievel). This justifies a confidence Ievel of 95+% that the two 
subgroups do not really come from the same parent population. 

What has happened here is that the separate contributions to averaU 
combined variation made by within- and between-subgroup variation were 
different enough to not be explainable by random error. Therefore, the 
between-subgroup variation had to be caused by real subgroup differences. 

This succession of steps has taken the examination of the data to the point 
where use of the F-table, originally meant to compare variances of different 
groups, can be applied to MSS to reach conclusions about a comparison of 
subgroup averages. 
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The particular example is extremely basic; in fact, for two subgroups the 
comparison would be done just as validly and perhaps more easily by using 
the t-test. However, that test only applies to camparisans of two groups, 
whereas ANOV A can be applied to multiple groups and with regard to more 
than one type of comparison at the same time. The more advanced uses of 
ANOVA will be dealt with in Chapter 20. 

Some cautions have to be registered concerning use of ANOV A in 
designed experiments. One underlying assumption of ANOV A is a uniform 
level of variability throughout the explored experimental volume, i.e., the 
standard deviation of the response is the same for allexperimental conditions. 
This is certainly not true all the time and can affect interpretation of the data. 

Also, depending on the signal-to-noise ratio for a given response and the 
level of replication used in an experiment, it is possible using ANOV A to rate 
a real factor in some process as statistically insignificant or to locate a sta-
tistically significant factor with a contribution too small tobe of real concern. 
This is why the proper sizing of experiments is so important and also why 
simplistic methods such as the scree plot can be both convenient and useful. 

Nonetheless, ANOVA tables are built into all DOX software and arestill 
a key tool. Experimenters can employ the software without reference to the 
tables, but some will wish to learn more about how the tables are typically 
drawn up and what the various terms used signify. 
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20 Full Use of Analysis of Variance 

Analysis of Variance (ANOV A) techniques are used in general to examine a 
collection of subgroups to determine whether they all belang to one homoge-
neaus population. The subgroups are often clearly different from each other, 
made up of completely separate sets of individual numbers, such as groups of 
plastic test batches that have all been made with different additives to 
determine whether the substances have significant effects on flex life or tear 
strength. 

In a typical designed experiment, e.g., an eight-run pattern on three 
factors, the subgroups that will be analyzed using ANOV Aareallmade up of 
the same individuals, which are the eight responses from the different 
experimental runs. The subgroups all consist of different ways of splitting up 
the eight responses into two groups of four. Recall that in an eight -run pattern 
the actual treatments are as shown in Fig. 20.1. (Results in Fig. 20.1 aretobe 
used in an example of how analysis is done.) 

The first subgroup from fig. 20.1 would relate to the effect of Factor A, 
which is seen in the cantrast of the results of runs 1-4 ( all minus settings) 
versus the results of runs5-8 (all plus settings). The second subgroup would, 
in turn, contrast results from runs 1, 2, 5, and 6 (all minus settings for Factor 
B) with those of 3, 4, 7, and 8 (all plus settings). Five other contrasts can be 

Factor A Factor 8 Factor C Results 
Run 1 3.2 

2 + 3.5 
3 + 1.6 
4 + + 1.3 
5 + 0.7 
6 + + 0.8 
7 + + 0.6 
8 + + + 0.3 

Figure 20.1 Classic 3 x 2 full-factorial design with one response 
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124 Full Use of Analysis of Variance 

examined, relating to Factor C and to the AB, AC, BC, and ABC interactions, 
using exactly the same pattern of pluses and minuses derived for their effects. 

The normal analysis of effects, using addition and/or subtraction, etc., as 
shown in Chapter 8, would result in the numbers shown in Fig. 20.2, but 
ANOV Ais a different procedure. The first step would be to calculate the total 
Sum of Squares (SST), which was demonstrated in Chapter 19. In this case, 
the grand average is 1.5, so the SST is calculated as shown in Fig. 20.3. 

The SST is a measure of all the variation in the data set. If the amount of 
variation within any subgroup is close to the SST, the subgroup is not 
significantly different from the overall date set. 

In examining any of the individual factors, a set of steps would be taken. 
Factars B and C will be used to demonstrate. 

First, the data would be split up into groups according to the sign given 
to them in connection with the individual factor. In the case of B, the -
numbers were 3.2, 3.5, 0.7, and 0.8 (average = 2.05), whereas the + numbers 
were 1.6, 1.3, 0.6, and 0.3 (average = 0.95). The actual calculations are shown 
in Fig. 20.4. 

From Fig. 20.4, the sum of 6.80 and 1.10 gives a total of 7.90 for the 
subgroup called the Sum of Squares Within (SSW), which is much less than 
the full SST of 10.32, so the amount of variation in the Factor B subgroup is 
less than that of the whole data set. The difference, in the amount of 2.42, is 

Factor A B c AB AC BC ABC 
Effect -1.8 -1.1 -0.05 0.8 -0.05 -0.25 0.05 

Figure 20.2 Summaryanalysis of effects in Fig. 20.1 

Results X-X Squares 
3.2 1.7 2.89 
3.5 2 4 
1.6 0.1 0.01 
1.3 -0.2 0.04 
0.7 -0.8 0.64 
0.8 -0.7 0.49 
0.6 -0.9 0.81 
0.3 -1.2 1.44 

Average = 1.5 Total= 0 Total = 10.32 (SST) 

Figure 20.3 Calculation of SST for all results from Fig. 20.1 

U
nd

er
st

an
di

ng
 D

es
ig

n 
of

 E
xp

er
im

en
ts

 d
ow

nl
oa

de
d 

fr
om

 w
w

w
.h

an
se

r-
el

ib
ra

ry
.c

om
 b

y 
U

B
 D

ui
sb

ur
g-

E
ss

en
 o

n 
Ja

nu
ar

y 
25

, 2
02

1
Fo

r 
pe

rs
on

al
 u

se
 o

nl
y.



Full Use of Analysis of Variance 125 

- Group X-X Squares + Group X-X Squares 
3.2 1.15 1.32 1.6 0.65 0.425 
3.5 1.45 2.10 1.3 0.35 0.125 
0.7 -1.35 1.82 0.6 -0.35 0.125 
0.8 -1.25 1.56 0.3 -0.65 0.425 

Partial SS = 6.80 Partial SS = 1 .1 0 

Figure 20.4 Calculation of partial SS for Factor B 

- Group X-X Squares + Group X-X Squares 
3.2 1.675 2.81 0.7 -0.825 0.681 
3.5 2.025 4.10 0.8 -0.675 0.456 
1.6 -0.075 0.005 0.6 -0.925 0.856 
1.3 -0.175 0.030 0.3 -1.175 1.381 

Partial SS = 6.94 Partial SS = 3.37 

Figure 20.5 Calculation of partial SS for Factor C 

a measure ofhow much the Factor B subgroup varies from the grand average 
and is called the Sum of Squares (SS) for B. 

When the same procedure is used for Factor C, the corresponding analysis 
looks like Fig. 20.5. 

When carried out to three places, the subgroup SSW total is 10.315, which 
is very close to the SST of 10.32, demonstrating that Factor C has associated 
with it the same overall amount of variation as was found for the entire data 
set. Therefore, Factor C has no real effect on the process result and the SS of 
only 0.005 for C shows the lack of significance of this factor. 

If this procedure is followed for all three factors and every interaction, the 
seven individual SS values calculated will add up to the sametotal as the SST. 
However, each calculation of an individual SS uses one degree of freedom 
(df), so all seven df available in an eight-run experimentwill be used up. This 
means there is no information remaining to be used in calculating any sort of 
error term for the equation describing the relationship of the response to the 
control factors and their interactions. In that case, the use of the full 
interaction model, which for three factors requires seven terms, has resulted 
in exhausting all the df available. 

The ANOV A table for the full model in this example would usually be 
displayed in the sort of form given in Fig. 20.6. 
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126 Full Use of Analysis of Variance 

Sum of Squares df Mean square F# Prob.> F 
Model 10.320 7 1.474 
Residual 0 0 
Total 10.320 7 

Root MSE R-Squared 1.00 
Dependent mean 1.50 

Figure 20.6 ANOVA table for experiment in Fig. 20.1 (MSE, Mean Square Error. 
Dependent mean is the simple average of all the data.) 

Because the full model describes all the data perfectly, R-squared is equal 
to 1, but there is no residual SS, and no F-ratio or error term (MSE) can be 
calculated. (Note: this does not mean the model is perfect!) 

Replicates of some experimental runs or even runs made at some interme-
diate factor settings (such as a center point) can be made, which then supply 
extra information useful to calculating various kinds of error terms. 

Alternately, something less than the full interaction model might be used, 
which would free up some information for error analysis. The justification of 
dropping terms from the model is usually made by considering which factors 
or interactions have comparatively small SS contributions. In the case of the 
example, A, B, and the AB interaction have the clearly larger SS contribu-
tions, and a model using those terms only can be used. How well the reduced 
modelstill describes the process is shown by the calculated R-squared term 
(see Chapter 16). When R-squared remains high, the decision to go to the 
reduced model is supported. 

The terms that are freed up by use of a reduced model can then be used to 
calculate a combined SS, which is known as the residual SS (RSS). The ratio 
of any other MSS being used in the model to the mean RSS is another ratio 
of variances and can be examined by using an F-table to calculate the 
probability of two such variances occurring together by chance. When the 
ratio is high, the probability becomes low; this indicates that the particular 
comparison of an MSS to the RSS demonstrates that the MSS is describing a 
significant term in the equation, which translates to a real effect on the process 
described by the equation. The ANOV A table for the reduced model then 
appears as shown in Fig. 20.7. 

Note how the df have been reallocated and that R-squared has been 
reduced only slightly. The F-ratio shows that the model has a very high 
probability of being a valid description of the process, because the assump-
tion that the mathematical fit achieved by it was only a result of random 

U
nd

er
st

an
di

ng
 D

es
ig

n 
of

 E
xp

er
im

en
ts

 d
ow

nl
oa

de
d 

fr
om

 w
w

w
.h

an
se

r-
el

ib
ra

ry
.c

om
 b

y 
U

B
 D

ui
sb

ur
g-

E
ss

en
 o

n 
Ja

nu
ar

y 
25

, 2
02

1
Fo

r 
pe

rs
on

al
 u

se
 o

nl
y.



Full Use of Analysis of Variance 127 

Sum of Squares df Mean square F# Prob.> F 
Model 10.18 3 3.393 96.95 0.0003 
Residual 0.140 4 0.035 

Root MSE 0.1871 R-Squared 0.9864 
Dependent mean 1.50 

Figure 20.7 ANOVA table for reduced model from Fig. 20.6 

chance has a very low probability ofbeing correct (-0.03%). Therefore, the 
model 

Result = 1.5 - 1.8A- 1.1B + 0.8AB 

is a very good one for the process being examined. 
In the reasonably simple example used, the original calculations offactor 

and interaction effects showed right away that A, B, and the AB interaction 
were the main contributors. A scree plot of the effects would also quickly 
demonstrate which three are significantly higher than the other four. Also, 
there are mathematical short cuts that use the effect levels to calculate the 
individual SS terms conveniently, without going through the more laborious 
steps shown above. 

The typical use of ANOV A in response surface method analysis includes 
the generation of more data points than are needed to develop a particular 
model of the process. This can be done in two ways. The first is simple 
replicates of one or more sets of experimental conditions, as described in 
Chapter 15, which makes possible estimation of the normal scatter of results 
in the process. This is referred to as "pure error." 

Other unreplicated sets of experimental conditions are also available as 
information (df) for use in calculations. For instance, the number of coeffi-
cients that have to be calculated in a full quadratic model of a three-factor 
process is nine. They are shown in the equation below as all the C; terms. 

Quadratic model 
Y = Intercept + C1X1 + C2X2 + C3X3 + C 12X1X2 + C13X1X3 + C23X2X3 + 

c11x12 + c22X22 + C33X32 
Thus at least 9 df, from 10 different experimental runs, are necessary for a 
good analysis and development of this equation. 

However, a central composite design for three factors contains 15 experi-
mental runs, even aside from the usual replicates of the center point. This 
means that five extra df are available. 
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128 Full Use of Analysis of Variance 

Calculations can be made based on these extra df to see how well the 
results calculated by the model fit with the actual recorded data from the 
experiment. The resulting number is the lack-of-fit term, and if the model is 
really a good one, this number will be low. 

Also, if the model is really good, the terms for lack of fit and pure error 
may be measuring the same general scatter in the experimental data. The ratio 
of their mean squares then will not be very high. 

However, if the pure error term is small and the lack of fit term is large, 
the data are showing that the overall differences in the results predicted by the 
model from the actual data are difficult to explain by normal scatter in the test 
results. This teils the experimenter that there are other sources of scatter in the 
process which the derived model does not explain very well. 

Figure 20.8 is an example of a full ANOVA for a complicated process. 
In the case in Fig. 20.8, the high RSS (2042.5) compared with the model 

results in a low F-ratio, which implies about one chance in four that this model 
is inappropriate. This would immediately concern the investigator, as would 
the low R-squared term. 

However, when the RSS is broken up into the terms for lack of fit and pure 
error, it is immediately obvious that the scatter detected in the replicates is 
actually quite small. The great bulk of the RSS comes from the term for lack 
of fit, and the ratio of lack of fit to pure error is a large number. This leads to 
a very high F-ratio, which implies a very low probability that the overall 
difference between the real data and the predictions of the model is related to 
simple experimental error. This strongly reinforces the investigator' s drive to 
go back and develop a better model. 

In other cases, there might be a good overall model fit to the data and 
a high R-squared, but the term for pure error might actually belarger than that 
for the lack of fit. If their ratio is far enough from 1, the data are telling the 
experimenter that, even though the model fits the data nicely, there was a 
possibly atypical amount of simple scatter among the replicates. This may 

Sum of Squares df Mean Square F# Prob.> F 
Model 6750.2 9 750.03 1.836 0.2607 
Residual 2042.5 5 408.49 

Lack of Fit 2040.3 3 680.10 627.8 0.0016 
Pure Error 2.2 2 1.08 
Root MSE 20.21 R-Squared 0.7677 
Dep. Mean 47.16 Adj. R-Squared 0.3496 

Figure 20.8 ANOV A table for a complex process 
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Full Use of Analysis of Variance 129 

cause some re-examination of the process or the testing to see why so much 
basic experimental error is being detected. 

Even after a model has been selected, an ANOV A table has been 
constructed, and some of the numbers appear to support the model as being 
appropriate, there are ways to check on possible problems with the data. All 
statistically based techniques rely on some assumptions about the data being 
examined, and if any of those assumptions are not met, the validity of the 
analysis comes into question. 

In the case of ANOV A, some of the assumptions are about the random-
ness of experimental errors, lack of bias in the data, etc. Various techniques 
are used, usually in the form of simple graphs, to make sure that there are no 
nonrandom patterns in the data which point to some sort of flaw in how they 
were generated. For instance, if a plot of residual error versus order of 
experimentation showed a clear trend upward or downward, it would raise 
whole new questions about the way the experiments were run. 

Every DOX software package will have a number of routines built in for 
examining how good the models are and how well the data or model 
predictions match up against various criteria. Proper use of some of thesewill 
take more study of the underlying statistical principles than falls within the 
scope of this book. The experimenter is advised to rely first on the simpler 
tools available in the software analytical functions and then, if some concern 
arises about possible problems with the data, to carefully study the manual 
before progressing to the more advanced tools of the program. 
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21 Taguchi's Gontributions 

Dr. Genichi Taguchi has been the major driving force behind the general 
adoption of design of experiment (DOX) methods in Japan, andin the early 
1980s his teachings came into vogue in the United States with FordMotorCo. 
as the principal supporting organization. The overall value of his contribu-
tions is undeniable, but there has been a certain amount of controversy over 
his methods, fueled initially by the strong objections of classical statisticians 
to one of his techniques in particular. Subsequently, other disagreements 
arose as a few Taguchi disciples not only spurned the objections to that 
technique but more or less claimed that Taguchi methods and philosophy in 
some senses superseded much of classical DOX practice altogether. 

Defensive reactions against that thinking became at times intense, and 
some very vigorous debates occurred in the later 1980s. There arestill a few 
people who in general dislike and/or refuse to use any Taguchi methods and, 
also, some Taguchi adherents who feel that the only way to approach any 
experimental design is through use of those methods. 

Authorized U.S. instruction in these methods is provided by the American 
Supplier Institute in Detroit, MI, headed by Dr. Taguchi' s son. Courses start 
at two weeks in length and can be extended to four weeks, which is much 
Ionger than any other form of nonuniversity instruction in DOX commonly 
available. This is because the instruction is heavily focused on philosophy 
and the development of special concepts of process optimization and toler-
ance design as well as on actual experimental patterns and their interpreta-
tion. 

The concept of loss function is a cornerstone of the philosophy. This 
involves two ideas, the first being that less-than-perfect quality in any product 
always imposes a cost of some sort on society as a whole which the 
experimenter is ethically obliged to minimize. The second idea isthat quality 
of a product is not equal as long as the product falls within the limits of some 
specification but actually is better when the product characteristic is narrowly 
distributed around the specification mean. This is illustrated in the character-
istic quadratic loss function diagram originated by Dr. Taguchi, shown in 
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132 Taguchi' s Contributions 

Taguchi quality view 
loss is minimized at 
nominal, increases as 
distance from nominal 
increases 

Low Iimit Nominal High Iimit 
Glassie quality view goalposts 

Figure 21.1 Comparison of Taguchi loss function and classic quality concept 

Fig. 21.1 along with the view of traditional "goal post" quality still used for 
the most part in U.S. industry. 

Thus the experimenter is supposed to carefully examine product perfor-
mance in the much larger context of overall cost to society, and optimize that 
performance with these social considerations in mind. Furthermore, process 
optimization is not to focus exclusively on achieving the average best level 
of response but to focus also on its narrowest distribution. The latter idea is 
generally quite compatible with customary Westernbusiness methods, but in 
today' s highly competitive atmosphere, few companies are actually willing 
to subordinate considerations of producibility and immediate customer satis-
faction or profit to that of how well the total society will benefit over time 
from the product. 

The special concepts of process optimization revolve around a set of 
formulas that Dr. Taguchi developed which evaluate both how closely a 
response approaches its target level and the amount of variability in the 
response. He called these formulas "signal-to-noise ratios" (a term and 
concept that are applied in many other areas but with somewhat different 
meaning), and there are a substantial number of them to be used in various 
situations. However, the three main ones are the smaller-is-better, 
larger-is-better, and nominal-is-best formulas. As the names indicate, they 
are meant tobe used in situations in which the ideal response is zero, goes to 
a maximum, or varies araund some set target level. 

Actual application of the formulas presents no serious difficulties, but a 
certain amount of mathematical analysis is involved. Outside of Japan, the 
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Taguchi' s Contributions 133 

majority of statisticians and users of DOX find it more convenient and at least 
as valid to simply do two separate analyses, one of the average response and 
the other of the variation of the response. 

On some occasions, examination of several process control factors will 
reveal that a few of them (e.g., A, B, and C) have significant direct effect on 
the process output average, whereas others (arbitrarily designated D, E, and 
F) act to broaden or narrow the distribution of the response but have little 
effect on the average response. In this happy circumstance, the experimenter 
can then use A, B, and C to tune the process outputtoward its desired optimum 
while, at the same time, adjusting D, E, and F so that the process output is 
reduced to a minimal overall range. 

This is an idealized situation and cannot be considered as an expected 
norm. Quite frequently, either the same factors that affect the process average 
also affect the spread of the response or the data do not show any dramatic 
trends in the standard deviation of the response. This is particularly common 
when a comparatively limited number of replications of runs or product tests 
are used; because variation in sample standard deviations is generally larger 
than variation of sample averages, either a substantial contrast between sam-
ple standard deviations or a large sample size is required before differentials 
can be detected with confidence. Despite these concerns, the analysis of 
process variation is clearly worth attempting, and, when probable factors for 
controlling that variation are found, the experimenter gains an understanding 
of a very important facet of the process. 

This can be particularly true when a complex process has more than one 
region offavorable process output. Suppose a producthad two differentpeaks 
of desired result, for instance, a formula for a plastic that might have a 
maximum tensile strength of 5,000 pounds per square inch (psi) using one 
combination of ingredients but 4,800 psi at a very different combination. If 
the formula that yields 5,000 psialso leads to a broad variation in results (say 
±5%) but the formula yielding 4,800 psi has much lower variation (±2%), 
then the second formula may actually be preferable for use. 

A combination of control factor levels that not only brings process results 
up toward an optimum but, in particular, an optimum that is relatively insen-
sitive to minor changes in factor levels is a notable goal of Taguchi philoso-
phy. Any process that runs to approximately the samefavorable level of out-
put regardless of slight drift in running conditions is termed a robust process. 
Having a robust process is very advantageaus for any organization, because 
it has benefits for everyone-management, sales, and production personnel. 

As a basic example, consider a chemical process, the yield of which is 
temperature dependent and is also affected by the type of catalyst used. 
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Figure 21.2 Effects of catalysts and temperatures on yield 

Suppose a study was done that examined the effects of catalyst and tempera-
ture on yield, and the resulting cantrast plot looked like Fig. 21.2. 

In the case in Fig. 21.2, it can be seen that, although catalyst A does result 
in the absolute highest yield (90% ), the lower peak yield (85%) resulting from 
catalyst B may be more than made up for by the obviously lower sensitivity 
of the whole process to reaction temperature. If consistent temperature 
control were difficult or expensive to arrange, the overall efficiency of the 
process using catalyst B under actual factory conditions might well be more 
attractive than the higher but more easily lost peak of the process using 
catalyst A. The B process is clearly the more robust of the two. 

Another of the distinctive characteristics of the Taguchi approach is to 
consider factors that affect a process as coming from two possible categories. 
The first group are those factors that are directly operator controllable, which 
are designated as control factors. Other influences on the process which 
cannot be controlled at all, to only a limited extent, or through great expense 
are called "noise factors." Examples might be ambient humidity, slight tool 
wear, and normal variation between a number of similar pieces of production 
or test equipment. 

One way to improve process robustness is to set the control factor levels 
so that they minimize the effect of noise factors on the process output. In a 
sense, this means searching for favorable interactions between the control 
factors and the noise factors so as to lessen the direct effect of the noise. 
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In setting up an experimental design, referred to by Taguchi as an 
orthogonal array, first the array for the control factors is selected and then an 
overlay of additional conditions based on the noise factors is added. For 
instance, if four main factors and three noise factors were being investigated, 
the principal design (the inner array) might be an eight-run half factorial, 
whereas the noise factor overlay (the outer array) could be a four-run half 
factorial. Thus each of the eight conditions in the inner array would be run at 
each of the set of four overlay conditions in the outer array so that a total of 
32 actual experimental runs would be drawn up. 

This setup is illustrated in Fig. 21.3 with control factors A, B, C, and D 
and noise factors Nl, N2, and N3. 

Inner Array Outer Array 
Run A 8 c D N1 N2 N3 

1 + + + + + + + 
2 + + + + + 
3 + + + + + 
4 + + + + + 
5 + + + + + 
6 + + + + + 
7 + + + + + 
8 + + + 
9 + + + + + 

10 + + + 
11 + + + 
12 + + + 
13 + + + 
14 + + + 
15 + + + 
16 + 
17 + + + + + 
18 + + + 
19 + + + 
20 + + + 
21 + + + 
22 + + + 
23 + + + 
24 + 
25 + + + + + 
26 + + + 
27 + + + 
28 + + + 
29 + + + 
30 + + + 
31 + + + 
32 + 

Figure 21.3 Taguchi design with four control factors and three noise factors 
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Analysis could then proceed initially by looking at the effects of noise 
using the simple analysis of a four-run half factorial of the three noise factors. 
(Outer arrays are usually fractional factorials with substantial confounding of 
two-factor interactions, based on the assumption that noise factors seldom 
have substantial interactions with each other and it is their main effects that 
are of primary value and interest.) In that analysis, each subgroup is made up 
of eight data points relating to the eight run conditions of the inner array. 

The inner array can then be examined using the appropriate calculations 
for that design; in this analysis, each subgroup has four data points relating 
to the run conditions of the outer array. Often, in the inner array, more 
consideration is taken of where interactions of the control factors may be 
located so that they can be specifically examined. 

The use of this technique does not normally call for direct evaluation of 
the interactions between control factors and noise factors. If the investigator 
wished to do so, he or she would have to look at the overall32-run design with 
the total of seven factors ( 4 control, 3 noise) in it. A full factorial for seven 
factors requires 128 runs, so the actual experiment would be a 114 fractional 
factorial (in this case, it can also be referred to as a 27- 2 factorial). With seven 
factors involved, there would be twenty-one possible two-factor interactions, 
plus the seven main effects, foratotal of 28 effects tobe found and analyzed. 

This is possible with 32 total runs, because there are 31 df, 28 of which 
are needed to calculate all the effects. However, for this to work, both of the 
two original arrays, inner and outer, would have to be set up so that none of 
all the possible two-factor interactions is aliased. If the settings of any one 
column arenot exactly correct, then the full pattern of two-factor interactions 
becomes complicated and some interactions cannot be evaluated by them-
selves. 

If the inner array had been a reduced fractional factorial, below half-
factorial size, its combination with the outer array would have inescapably 
resulted in aliasing ofvarious two-factor interactions. This facet ofthe inner-
outer array technique needs tobe understood; when both arrays are fractional 
factorials, as is often the case, it may easily happen that some two-factor 
interactions cannot be independently analyzed. If the assumption of nonex-
istence or insignificance of such interactions is correct, there is no problem, 
but that assumption is not always a safe one. 

The division of factors into control and noise categories is as much a 
matter of convenience as anything eise, which is also true for the use of inner 
and outer arrays. Some experimenters prefer to consider all factors thought to 
affect a process and needful of investigation, whether they are directly con-
trollable or environmental, without any particular distinction among them 
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when drawing up a designed experiment. Consideration of which interactions 
are believed to exist or thought to be especially important can then be taken 
into account and worked into the design. 

In a very real sense, there is seldom a single "right way" to explore a 
process with enormously higher efficiency than all other ways; any technique 
or sequence of experiments that allows the investigator to validly cantrast 
factor effects and interactions and gain understanding of the process is 
perfectly legitimate. 

Dr. Taguchi's techniques and philosophy involve a number of different 
points and have been described in some lengthy books, but a capsule summary 
of his ideas on basic experimental design practice would be as follows: 

• Use saturated fractional factorials (L4, L8, L12, L16) for two-
level screening designs as much as possible, and when examining 
factor effects for significance, use the terms from the obviously 
smaller factor evaluations as if they were error measurements; 

• use three-level screening designs (L9, L18, L27) on occasion, 
especially when contrasting discrete factors; 

• if at all possible, use several replicates of all runs or at least 
several tests of product from each run to generate test data that not 
only include the average of the test property but also the standard 
deviation of each sample group; 

• examine the process to see what influences are operator control-
lable and which are environmental, and set up a combination of 
inner array for control factors and outer array for noise factors for 
the overall experiment; 

• use the normal DOX techniques to analyze not only the response 
( or its average) but also the spread of the response, as indicated 
by the standard deviation or its logarithm; and 

• seek know ledge of the full process so that it can be optimized for 
the best overall combination of output, consistency of output, and 
tolerance of variation in factor levels. 
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Experiments 

139 

The development of the basic types of experimental designs other than full 
factorials is reasonably easy for most people to understand. They are, after all, 
various forms ofbalanced subsets ofthe full factorials, and many ofthem can 
be visualized without too much trouble when three factors are involved. 
Naturally, the use of four or more factors makes visualization much more 
difficult, because very few individuals can mentally picture a pattern in more 
than three dimensions, but understanding how a three-factor central compos-
ite or Box-Behnken or even a four-factor simplex design works generally 
makes people feel comfortable with those types of designs, even when they 
are applied to larger sets of control factors. 

However, more recently some new approaches have been taken in designs 
for response surface methodology (RSM), which resulted in what are referred 
to as optimal or algorithmically derived designs. Theseare not completely un-
related to the older design families but were developed tobe even more effi-
cient and effective in exploring an experimental space. Ofthe several families 
of optimal designs, the d-optimal is the best known and most often used. 

A full d-optimal pattern is larger than the conventional RSM pattern for 
the samenurober of control factors, but it is always a reduced version that is 
used, which is smaller than the RSM array. For instance, one way of 
developing the full set of d-optimal candidate runs for three factors and a 
quadratic model adds up to 35 runs, compared to 15 (plus 5 replicates, for a 
total of 20 runs) in the standard central composite design. However, in that 
particular method, only 17 actual runs of the total35 are needed to provide all 
the information ( degrees of freedom) necessary to fit a quadratic model plus 
allow lack of fit and pure error calculations. 

Optimal designs work through an algorithm that starts out by choosing 
one run from a very basic set of experiments and then adds more from the full 
optimal set, recalculating the level of added information each added run 
brings to the design. Once the nurober of runs is sufficient to allow calculation 
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of necessary terms to describe the process and the value of the next additional 
run is significantly greater than that of one of the treatments already in the 
design, the less valuable run is dropped. After enough iterations of adding and 
dropping the various runs from the large candidate set, the final design is 
maximally efficient according to the criteria of the algorithm used. [These 
iterative calculations are mathematically intensive, so optimal designs are 
used almost exclusively through software for design of experiments (DOX).] 

For four factors, the full d-optimal set includes 97 runs, the central 
composite has 30, (25 plus 5 replicates), and the d-optimal subset commonly 
used has only 24 runs. This is still not the smallest design applicable to the 
situation; a variation of the central composite pattern called the Hartley 
design could be used, which could be performed with 20 runs (17 plus 3 
replicates). However, such a minimalist design is marginal in its capacity for 
error estimates and is also quite vulnerable in its analysis to even a single 
outlying data point. 

As noted in prior instances, there is always a trade-off in selecting a 
trimmed-down design pattern versus having a high Ievel of confidence in the 
accuracy and precision of any conclusions reached through digesting the data 
it generates. When the experimenter has reason to believe that the region of 
experimental space tobe explored is either the most practical one in which the 
process can be run or is very likely to contain the optimum process settings, 
the choice of a more detailed design is indicated. That way, much better data 
and the development of a good working model of the process will result, and 
only a small set of confirming experimental runs will be needed afterwards, 
possibly none at all. 

Sometimes the investigation of a process will arrive at a stage that calls 
for an RSM approach while there is still some question as to where the best 
regionlies in a I arge possible experimental space. The use of a Hartley design 
or the factorial section only of a central composite (that is, without all the star 
points and with only one-half the center point replicates) can then serve as a 
sort of exploratory RSM approach. Depending on the results, the design either 
can be filled in by running a second block in the same region or it may show 
that a different area of experimentation should be explored and where that 
area lies. Often at least some of the runs from the first approach can be used 
as a base for the next pattern of runs. 

In mixture designs there are also a variety of designs from which to 
choose, although the differences between them are often less obvious than in 
the case of the different factorial RSM designs. In fact, sometimes even 
selecting different mixture design options will Iead to identical or very 
similar designs in the end. 
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The new practitioner of mixture designs is advised to start with the 
simplest options and then move to more advanced models while comparing 
them to the first set. When the number of runs is more than adequate for fitting 
the anticipated model (most typically quadratic for processes of any potential 
complexity) and the actual experimental treatments make sense to the experi-
menter, the decision can be made to try the particular design. With time and 
experience will come better understanding of what the various options in 
mixture designs entail, and individual preferences for certain designs based 
on the special technical field may arise. 

A major advantage of computer software packages in using mixture 
designs is their ability to make it easy to draw up designs in a restricted 
experimental field. In the example in Chapter 17 in which one ingredient 
(flour) would always be used for at least 50% of the mixture and the other two 
(butter and eggs) would not be used at the same maximum Ievels, drawing up 
the working experimental matrix by hand would be a tiresome exercise. 
However, most softwarewill allow the user to make very simple entries of 
what reallevels aretobe used and then will do all the necessary recalculations 
in a manner both convenient andinvisible to the investigator. This makes use 
of mixture designs much easier, particularly when a higher number of control 
factors ( 4-6) is being examined. 

The choices any individual experimenter will make in choosing designs, 
whether factorial or mixture types, depend most heavily on what is thought 
to be known already about the process, its major control factors and their 
appropriate Ievels, past familiarity with the various available designs, per-
sonal preferences in experimental strategies, and the particular software 
package being used. 

It is possible to actually make up combined designs, that is, ones in which 
some factors make up a mixture tagether but in which others are independent 
and would normally be varied in a factorial design. For example, suppose it 
was a chemical reaction that was of interest, in which a solvent and two reac-
tive chemieals always made up a mixture that was then heated at different 
times, temperatures, and pressures to yield some product. The Ievels of sol-
vent and reagents would be treated as a mixture, whereas the time, tempera-
ture, and pressure would be varied in the pattern of common factorial designs. 

This type of combined design has not been used very often in the past, 
because ofthe degree of difficulty involved in drawing them up and analyzing 
the results, but it is certainly more efficient to use them in special situations 
such as the example above. Now a few of the more advanced DOX software 
packages are set up for making combination designs, and their use is 
increasing. 
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One of the important aspects of any advanced design is the use of replicate 
runs to provide information on what level of scatter in experimental results is 
more or less normal for the process and the test procedure. The majority of the 
standard patterns use the center point of the design for all replicates, with it 
being run typically 4-6 times. The spread of the data from these replicates is 
used to calculate the pure error for the process, which is very helpful in 
understanding how good the model developed from the data is and how 
precise the model predictions are. 

The choice of the center point for all the replications is based on the 
assumption that the center of the experimental space is a reasonable place to 
measure the amount of process variability. (It is also mathematically conve-
nient for the calculation of how the standard error of the determinations 
changes across the whole experimental volume.) However, process variabil-
ity cannot be guaranteed to remain relatively constant over the whole 
experimental region or even to change in just the manner described by some 
commonly accepted equations dealing with standard error as a variable. In 
fact, for many processes, the variability is known to change significantly 
depending on what the settings of the control variables are. (The assumption 
of nonconstant process variability related to control factors is actually a key 
facet of the Taguchi approach.) 

Therefore, some experimenters choose to replicate runs other than the 
center point, usually making one replicate each of several points spread out 
across the pattern of runs. Optimaldesigns use this tactic instead of replicated 
center points. The spread of results in each pair of replicated runs is used in 
a mathematical pooling of all detected variation among the replicates to make 
a slightly different estimate of pure error. The choice to estimate pure error 
from multiple replicates of the one point in the center of the experiments or 
a combination of single replicates of several points distributed throughout the 
experiments is up to each experimenter, but the need for a totallevel of repli-
cated runs sufficient to give a good estimate of pure error applies in any case. 

Another option open to the experimenter is whether to adjust RSM 
models to reduce the number of terms applied in them. One school of thought 
is to begin with the siruplest model available, the linear, and see whether the 
lack-of-fit and R-squared terms are good enough to validate the model and 
account for the bulk of the variability in the data. If that is the case, the 
analysis can stop there, but if either or both termsarenot satisfactory, then the 
next model, the quadratic, is examined, and after that the cubic model can be 
checked if necessary. (It must be noted that the cubic model can only be used 
properly when the experimental design was built to support it, which is 
generallynot the case for the common RSM designs.) 
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If no model has a good fit or a reasonable R-squared term (at least 40-
50% ), then the experimenter can draw the conclusion that either some other 
unknown factor(s) is affecting the process or there may be a serious problern 
with the measurement system used to check the results. Alternately, the 
control factor levels might not be different enough to provide a change in the 
response big enough to stand out clearly from the background scatter of the 
process. Possibly, the distribution of the process output is not normal, and a 
transformation of the data will be necessary before a good regression analysis 
can be accomplished and a valid model found. 

Often, one of the more detailed models such as the full quadratic will 
provide excellent fit and an acceptable R-squared. If the model is examined 
in detail, some of the terms may show up as not being too significant. (See the 
example in Chapter 16.) The model can then be trimmed of clearly extraneous 
terms to produce a customized equation for the particular response which still 
has excellent fit and an R-squared that is only slightly reduced from what it 
was for the more complex model. There is a quantity, called the "adjusted R-
squared", that takes into account the number of terms in the model; this 
number can actually increase as extraneous terms are removed. 

Some statisticians believe that models should only be trimmed when none 
of the entire class of terms of a certain type show any significance; that is, if 
no two-factor interactions are significant, then all of those terms can be 
removed from the model. If no squared terms are important, then they can all 
be eliminated. In a three-factor model, if the AB interaction were large and 
statistically different from zero, the AC and BC interaction terms would be 
retained, even if they were very small and their confidence intervals over-
lapped zero; likewise for the A2 , B2 , etc., terms. 

Other models allow elimination of one of a class of terms, such as the AB 
interaction, but then both the A and B terms have to be retained in the model 
even if either or both of them do not display significance by themselves. 
Likewise, ifthe A2 term is significant but the A term does not appear tobe so, 
the A term should still be kept in the model. (This is referred to as maintaining 
proper hierarchy and is important to the functionality of the overall model.) 

When using simple factorial experiments, the goal is to find the most 
important factors and interactions, so eliminating interaction terms to sim-
plify the model is very appropriate. In RSM designs, the goal is to develop the 
best-fitting model without obviously extraneous terms, so eliminating minor 
interaction terms is not necessarily important. However, ifthe data show that 
a factor does not appear in any significant term in the model, whether linear, 
interaction, or quadratic, then elimination ofthat factor from the model will 
certainly be an improvement. 
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It is true that retention of the apparently insignificant terms in the model 
usually has very little effect on the predicted results calculated by its use, so 
whether to trim the model might be considered a moot point by the layman. 
Most DOX software will permit the customization of models, but some 
programs will flash warnings to users if they trim the model in a way the 
software writer considers inappropriate. Although the individual experi-
menter can always decide what principles to apply in model choice and fine 
tuning, it is oftenjust as easy and certainly mathematically more rigorous to 
allow the program to maintain model hierarchy. 

There is a specialized technique that can be used for running designed 
experiments using a current production process while having minimal impact 
on the process output. It is called evolutionary optimization (EVOP) and 
amounts to laying out minimal experimental patterns, typically four- or eight-
run, that use factors known to affect the process but with only small changes 
in level. This is a major contrast to the normal use of hold limits on factor 
levels, but it largely removes the risk of having the process run into a region 
of nonfunctionality. Because making scrap is not an attractive proposition to 
production managers, EVOP is about the only way that real cooperation can 
be obtained if experiments are to be done on a fully committed production 
line. 

The normal DOX methods involve the making of very few experimental 
runs that generate extremely good data, that is, that are as accurate and precise 
as possible. In EVOP the data will be much more scattered, because they come 
from a relatively uncontrolled factory environment, and because the range of 
levels used is narrow as well, the signal-to-noise ratio of the anticipated or 
desired change in the process to its everyday scatter becomes very unfavor-
able. 

However, in EVOP the extremely good data from a very few experimental 
runs is substituted by scattered data from a large number of production runs 
instead. When the amount of data used in an investigation becomes large 
enough, a poor signal-to-noise ratio can be overcome. 

In a typical case, there might be a factory injection molding process, the 
scrap rate ofwhich is known tobe affected by the temperature, time, injection 
rate, and holding pressure. (In this technology, the existence of interactions 
between the factors would be considered likely.) The process has been tuned 
enough to run the 36-cavity mold at an objectionable but temporarily bearable 
scrap rate of 5%, and it is running constantly to work off a backlog of overdue 
orders. The drive to reduce scrap to 1-2% is high, but allexperimental work 
has tobe done during production runs and any dramatic jump in scrap would 
trigger various kinds of unpleasantness for the experimenters. 
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In this case, an eight-run half factorial could be drawn up for the four 
factors, with each being changed minimally. For instance, if the molding 
temperaturein use was 280 °F, the levels in the experiment might be 275 °F 
and 285 °F, instead of the 260/300 °F contrast more typical of hold factor 
limits. Change levels in the other factors would be similarly small. The 
probability of creating a serious jump in scrap rate with any of the eight 
combinations in the design is then low, but so is the chance of being able to 
detect any factor effects from a single molding cycle at each combination. 

However, the experiment is run on a much larger scale, at least a full shift 
of production for each of the eight treatments if not an entire day, or even a 
full week. When the sample size increases from 36 (one mold load) to 
somewhere in the neighborhood of 3,000 (one shift's output) or more, the 
percentage of scrap observed is almost certain to show whether any change 
in scrap rate has occurred, even if the change is not large. 

When the eight extended runs are completed and the data can be analyzed, 
the significant effects will be detected. After the initial determination of 
which factors and interactions are important is made, planning out another 
run becomes much easier. If there had been no effect of time or holding 
pressure but the higher temperature and slower injection rate lowered scrap 
and also showed an interaction, the next experiment could be a full factorial 
on those two factors, with one level being the more productive of the two used 
in the first experiment and the second level being adjusted slightly in the 
direction that had showed improvement already. (For instance, temperature 
would be varied as 285/295 °F in the second-stage experiment.) 

Use of a series ofEVOP experiments can gradually take the process into 
its optimal region with very little negative impact on production. It does take 
more time than the standard DOX approach, but that may be an acceptable 
condition. Because the variation in the factor levels is not very large in EVOP 
practice, the changes in output will tend to be small. This means that the 
signal-to-noise ratio is not very favorable, and therefore the R-squared ofthe 
derived model is seldom very high, but, as discussed in Chapter 16, this does 
not mean the model is invalid, and the key quantities tobe examined are the 
individual probability levels of the coefficients in the model. When they have 
high confidence levels, then the experiment has led to better understanding of 
the process, even if the total R-squared is not great. 

The major pitfall of EVOP is that too many other things are allowed to 
change nonrandomly during experiments, such as batches of raw materials or 
environmental conditions that can confuse the data badly. This can be con-
trolled with careful planning and the commitment of the production staff, so 
good communications and a team attitudeareessential to an EVOP approach. 
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Finally, there occasionally arise situations that do not readily fit into any 
of the commonly used and programmed designs, such as when some or all of 
the different control factors cannot be used at the same number of levels. 
Designs then have tobe customized for the situation, which is sometimes not 
too difficult and sometimes rather challenging. 

One example was a situation in which one discrete factor had to be 
evaluated at six levels while two other continuous factors only needed to be 
screened at two levels. The full factorial for this would have taken 24 runs 
(6 x 2 x 2), which would certainly have provided plentiful data on the 
process. However, with some thought it was possible to work up a half-
factorial pattern that performed very satisfactorily with 50% of the effort. The 
actual pattern is shown in Fig. 22.1. 

When the test data were available, they were easily interpreted through 
the use ofbasic graphs, such as the combination bar chart in Fig. 22.2 showing 
how the response of material dimensional stability was affected by all the 
factors at every level of each. It is immediately clear that continuous factor 
X has a substantial effect on the response, whereas factor Y has little, if any. 
Among the different discrete levels of factor Z, there is little question that D 
and E merit the most attention in whatever follow-up set of experiments 
would be drawn up next. 

This kind of comparatively simple adaptation of designs is something that 
can be learned with time and experience, and some books are available with 
tables of mixed-level designs for reference. There are also whole families of 
designs that are less well known and used more seldom in industrial applica-

Factor X Factor Y Factor Z (6 types) 
Run 1 + + A 

2 + B 
3 + B 
4 A 
5 + + E 
6 + c 
7 + c 
8 E 
9 + + F 

10 + D 
11 + D 
12 F 

Figure 22.1 Condensed 6 X 2 X 2 design of 12 runs 
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Dim. Stab. % volume 
8.0-............................................................................................................................................................................................................................................................................................................................................................................................................... . 

7.0 

6.0 

5.0 -!················· ., 

4.0 -!··································· 

3.0 

2.0 

1. 0 

0.0 
X+ X- Y+ Y- A 8 c D E F 

Figure 22.2 Combination bar chart displaying responses of material dimensional 
stability to all factors at every level 

tions (such as balanced incomplete block designs); some of these may apply 
very well under particular circumstances, but they are not included in basic 
DOX training or most software programs because of their infrequent use. 

In other, more complicated cases, it will turn out that drawing up the full 
pattern of some RSM designwill call for some combinations of factor settings 
that may be very impractical for use or even impossible to run. This could be 
like trying to fill in the standard cube design only to find out that it is not 
possible to get data from one of the corners of the cube. In such situations, 
different strategies can be tried, such as running whatever point(s) are 
practical which are closest to the desired but unachievable set of factor 
settings. Some of the software packages used for RSM work will have built-
in strategy for dealing with the problem. 

If no apparently viable solution to special problems is readily found in the 
software manual or the literature, then it is time to either review and alter the 
experimental strategy or seek qualified expert help. 
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Design of Experiments 

149 

The use of personal computers in design of experiments (DOX) has been a 
major factor in advancing the everyday use of the methodology, which for 
many years was largely limited tothoseweil qualified in Statistics. Programs 
are available in varying degrees of sophistication and across a wide range of 
costs ($300-2,000). The bulk of the commercial software packages are PC 
based, with a few still running directly on a DOS system, although now the 
majority of current versions run through Windows, and there are at least two 
or three packages written for the Macintosh. 

The very simplest way of using a computertoset up and analyze designed 
experiments is to conduct two-level arrays through a spreadsheet function. 
The patterns of the most frequently used two-level designs, including the 
4-, 8-, 12-, and 16-run models, can be built into spreadsheet templates very 
easily. The template can then be altered to describe the particular experiment 
with the appropriate factor names and levels entered and a space supplied to 
enter results. This can then be printed out as a worksheet, with an assigned 
column for a randomized run order. 

Once the work is done and the results have been recorded on the work-
sheet, they can be entered on the electronic template, which will automati-
cally do the addition, subtraction, and division necessary to yield the effect 
levels for each factor. The templates can be used for full or half factorials or 
saturated fractional designs as weil, as long as the columns are properly 
identified with their factors and interactions. The calculations are normally 
done using the factors at their coded levels, so the effects shown are 
normalized rather than relative to the units and levels of the control factors. 

A scree chart can then be drawn up by hand or sometimes through the 
basic graphing functions built into most spreadsheets. 

Naturally, only the simplest analysis of the data, which is rating the 
relative contributions of various factors and interactions, can be done this 
way. However, some commercial templates even have Taguchi subroutines 
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built in so that not only major effects but also percent contribution and the 
specialized Taguchi signal-to-noise ratios are calculated. The simplest mul-
tilevel designs, namely the Taguchi L9 and L18 arrays, can also be set up in 
templates for a very elementary analysis. 

Further, with the advent of more sophisticated spreadsheet programs, it 
is becoming possible to do analysis of variance (ANOV A) and regression 
analysis on experimental data from RSM designs as well. Very possibly, sets 
ofDOX templates for major commercial spreadsheets will begin to take over 
part of the software market someday. 

Specialized software packages for designed experiments normally con-
tain three principal separate functions. The first is the collection of designs ( or 
the algorithms for drawing up the designs) that the software writer has chosen 
as the ones around which the program will center. These are the patterns that 
can be very easily called up by the software user, like picking a particular 
screwdriver out of an available set ofhand tools. Designs such as full and half 
factorials and Plackett-Burmandesigns are almost invariably included, going 
up to the size of 64-run experiments. Central composite and Box-Behnken 
patterns are also basic to any RSM subset, whereas face-centered cubic, 
Hartley, and d-optimal designs may or may not be included. They are usually 
set up for from three to seven control factors, sometimes for as many as 10. 

Mixturedesigns arenot always built in to the simpler programs, but every 
major RSM package will contain at least one or two forms of the simplex 
designs. Some have several variations available for the experimenter to 
choose from during the setup of the experiment. Combination designs that use 
both mixture and factorial aspects arenot commonly seen but do exist in a few 
programs. It is also possible for an experienced user to adapt a factorial design 
to incorporate facets from a mixture design, even when the software is not set 
up for combination designs. 

Taguchi's orthogonal arrays are most often found in software devoted to 
that methodology alone, but at least one general purpose package has a 
Taguchi module along with conventional factorial and simplex designs. 

Some designs may not be found at all in software, such as the hyper-
Graeco-Latin squares larger than the 3 x 3 (which is always in Taguchi 
systems as an L9). There is also a myriad of mixed-level designs in the 
literature, such as 16-run designs that contain one factor at eight levels and 
eight factors at two levels or two factors at four levels and nine factors at two 
levels, very few ofwhich are everbuilt into software. (The Taguchi L18 is the 
only one regularly seen.) 

The second major part of any DOX program is the analytical functions, 
which include a number of statistical subroutines such as linear regression, 
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multifactor ANOV A, correlation matrices, data transformations, and a wide 
variety of assorted special correlations peculiar to the examination of test data 
and experiment characteristics. Some of these subroutines are quite simple 
and amount to no more than what was described above for a spreadsheet 
analysis of the data from a two-level experiment. Others can be quite com-
plex, such as those that make use of fuzzy logic to hunt through a very large 
number of possible factor settings and their resulting effects on multiple 
response characteristics, each of which is related to the control factors by its 
own unique mathematical model. The goal of this exercise is to locate 
whatever combination of factor settingswill produce the overall collection of 
responses that meet some restricted combination of desired responses. When 
the process is complex, numerous responses are involved, and the desired 
response combination is narrowly defined, this can amount to a level of 
simultaneaus equation solving that would be utterly impractical for even a 
small team of mathematicians with calculators to perform in any reasonable 
time frame. 

The software writer is compelled to build in all the major computing 
routines essential to data analysis from designed experiments, such as linear 
regression and ANOV A. Many of the lesser techniques are more or less 
optional, and no program will contain every subroutine known to statistical 
analysis. Some software packages are very generously equipped with extra 
techniques, far more than the averageuserwill ever learn to utilize, but then 
the users at least have the option of exploring the variety oftools available to 
find those which fit their needs or preferences especially well. However, to 
make the best use of these assorted analytical tools, it usually becomes 
necessary to gain some more detailed knowledge of the statistical principles 
on which they are based. 

This is where some software packages are less complete than they might 
be in that their mannals assume a level of statistical expertise on the part of 
the user that is beyond the majority of scientists and engineers. There is great 
value in having a readable manual, an excellent on-line help function, and 
good examples or a tutorial built into the program. Some programs are very 
usable only to those already very familiar with DOX, whereas others have 
been made so user friendly that not much more is needed than a knowledge 
of the process and of what constitutes good experimental practice in general 
for the user to select, run, and analyze the data of a perfectly valid designed 
experiment. 

It is important to point out that the analytical functions are independent 
of the experimental designs built into the particular piece of DOX software. 
Experiments can be altered in a variety of ways or made into altogether new 
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patterns, and routines such as regression or ANOV A will still work fine on the 
resulting set of test data. This means that if some program contained the 8- and 
16-run Plackett-Burman designs but not the 12- or 20-run designs, with some 
effort the user could alter an existing pattern into one of the missing ones and 
use it accordingly. In most cases, the file from that altered experiment could 
then be used as a template forthat design again if the need arose. Any central 
composite design could be made into the matehing face-centered cubic 
pattern very easily, or into a Hartley design if that were desired. 

This capacity to expand a program is not always recognized or used but 
can be worthwhile under some circumstances. For instance, few programs 
have mixed-level designs built in, but suppose someone needed to evaluate 
six factors, three ofwhich were continuous and tobe evaluated at three levels 
but the other three ofwhich were discrete and only existing at two levels. (For 
instance, two catalyst types and the presence or absence of a final oven drying 
step.) The full-factorial experiment would call for 216 runs, which is 3 x 3 x 
3 X 2 X 2 X 2. 

Software could be used to set up a central composite design for the three 
continuous factors, which the experimenter would reduce to the Hartley 
pattern by editing the design. That would contain 14 different treatments 
(which includes a center point and three replicates ). This pattern would be run 
at each of the four combinations of a half-factorial pattern of the three discrete 
factors, and all the data from the total of 56 runs would be entered into a single 
experiment file. This would contain all information needed to allow evalua-
tion of all the factor contributions, two-factor interactions, and nonlinear 
terms, plus ample information for calculation of lack of fit and pure error, all 
of which the software would calculate validly for the experimenter. 

The third part of most DOX programs is the graphics subsection, which 
makes it possible to plot graphs ofvarying types and complexity, now usually 
in colors, with customization of the axis scales, fonts, symbols, etc., possible 
as weil. Use of these powerful graphing tools can make it easier for the 
experimenter to interpret the data and is especially useful in making profes-
sianal presentations for management, customers, and other technical con-
tributors. Mastery of this part of the software is not strictly necessary to good 
use of DOX (after all, designed experiments were developed and used 
effectively long before color pseudo-three-dimensional graphs of response 
surfaces were available), but it can be a handy tool. 

Although the first and second parts of the program are of much more 
importance to its value as a real working tool, graphics capacity may be of 
significant worth when it comes to making presentations on some work to 
management or nontechnical personnel. An illustration of an intricate re-
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sponse surface will usually go a lot further than tables of data in helping 
people appreciate the complexity of a process and understand the scope of the 
work that has been done. 

One especially helpful extra feature of a few programs is an optimization 
function. This comes into play after the experiment has been run and the data 
have supported the construction of response equations for several different 
characteristics of the process output. (That could mean several physical 
properties such as tensile strength, modulus, yield point, flex life, hardness, 
etc., other properties such as process yield, purity, throughput rate, and so on, 
or a combination of physical and process properties.) 

An optimization routine helps the experimenter balance all the desired 
properties in the overall best combination possible. When there are several 
targeted properties, some of which may work against each other, finding the 
optimal combination can be a major challenge. In such cases, the value of an 
optimization function becomes considerable. 

There are at least two dozen different DOX software programs available 
at this time, some from well-known firms associated with statistical pro-
grams, some from large companies that developed the software originally for 
in-house use but now hold training seminars and sell the package as part of 
the course, and some from various smaller enterprises selling directly or 
through publishers and distributors. DOX software applications vary from 
very minimal packages of templates for use with commercial spreadsheets, to 
larger programs with a good range of designs and diagnostic tools, to very 
extensive general purpose statistical programs with more than enough fea-
tures to please a professional statistician with a concentration in DOX. The 
large statistical programs that have DOX modules or subsections built in tend 
tobe more expensive than the programs that are tailored very specifically to 
DOX, but for those who will make use of the other capabilities of such 
expanded applications, the investment may be weil worthwhile. On the other 
hand, the specific DOX programs tend tobe more user friendly than the full-
service statistical programs, which can be of considerable importance to the 
neophyte user. 

There is not a good correlation between the cost of DOX software and its 
value to the buyer. Depending on who is to use the program and in what 
setting, a $400 investment in a reasonably basic package might be much more 
cost effective than $1,500 for a deluxe pro gram. The features that need tobe 
evaluated in relation to the company doing the purchasing and its people and 
their intended applications of DOX are (roughly in order of importance): 

• Degree of user friendliness; 
• usability and completeness of the manual; 
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• on-line help function and tutorial; 
• types of designs included; 
• types of analysis (especially residuals) and their ease of use; 
• availability of technical support; 
• special features (optimization subroutine, mixed designs, etc.); 
• graphics capability; and 
• cost (including network version if needed). 

A few of the major programs now on the market in the United States are 
described very briefly below: 

• Design Expert (v. 5): DOX only, very user friendly, numerous 
design options, readily customizable for special designs, multiple 
response optimization capability. 

• E-Chip: DOX only, less user friendly, numerous designs includ-
ing mixture/factorial combinations and Taguchi, but not 
customizable, multiple response optimization capability. 

• JMP: statistical program, moderately user friendly, numerous 
design options, optimization capability 

• Minitab: statistical pro gram, very user friendly, numerous design 
options, graphic optimization 

• Statgraphics: statistical program, very user friendly, numerous 
design options, graphic optimization 

• Statistica: statistical program, moderately user friendly, numer-
ous design options, graphic optimization 

How well people will make use of any piece of DOX software depends on 
their need and/or motivation, its ease of use and/or good training in its use, 
and a very clear understanding of the underlying principles that must be 
applied in setting the experimental parameters and performing the actual 
experiments and testing. The best software in the existence is still totally 
subject to the GIGO syndrome (garbage in, garbage out). The use of a flawed 
experimental strategy, an incomplete set of control factors, inappropriate 
factor levels, sloppy experimental technique, or insensitive test methods will 
inevitably impair or destroy the value of any data generated, and no analytical 
subroutine can really make up for low-quality data. 

There is no doubt that use of good DOX software is enormously valuable 
in exploring processes of moderate to high complexity. As with any acquisi-
tion of significant equipment or tools, the buyers are well advised to consider 
first their immediate and future needs and then match those needs up carefully 
to products on the market. 
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Glossary 

Analysis of variance (ANOVA) A statistical technique for comparing a 
number of groups to determine whether they all may be part of a single 
parent population 

Bias error Systematic variation in process output caused by an unintended 
pattern of changes in process conditions 

Blocking Deliberate association of some elements of an experimental de-
sign so that a particular contrast is reinforced in the design (four different 
kinds of horseshoes tested by putting one each on the feet of every test 
horse) or an unavoidable contrast is specifically taken into account and 
quantified (assigning test day as a variable in the design when it is 
necessary to do two days of testing instead of one for some set of 
experimental parts) 

Box-Behnken design An advanced design that uses three levels of each 
factor to generate a full date set suitable for response surface methods 

Centrat composite design An advanced design that uses five levels of each 
factor to generate a full date set suitable for response surface methods 

Centrat Limit Theorem A mathematical principle stating that averages are 
much more reliable indicators of the value of some property than any 
individual measurement, and the larger the sample size used to calculate 
the average, the better the estimate it gives 

Coding U se of special designations for variable levels to make examination 
of the pattern easier, e.g., -1 and +1 instead of 350 op and 400 op in a 
design 

Confidence interval A range of values within which a particular number of 
interest is calculated to fall, at some specific level of probability such as 
90% or 95% 

Confounding A lack of capacity for separately analyzing effects of factors 
and/or interactions caused by the use of an experimental pattern that has 
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those effects located so that the mathematical techniques for evaluating 
one are exactly the same as for the other(s); also known as aliasing 

Continuous factor A control variable that can be changed over many Ievels, 
such as voltage, temperature, or percent of some ingredient 

Degrees of freedom ( df) A measure of the amount of information available 
in some data set; most of the time df is equal to the number of experiments 
minus 1, thus an 8-run design has 7 df, a 16-run has 15 df, etc. 

Designed experiment A single set of actual related experiments drawn up 
from one of the numerous types of designs to be found in the body of 
methods for design of experiments 

Design of experiments (DOX, DOE) A whole set of methods for doing 
experiments in patterns instead of one at a time, with the benefit being that 
much better and much more information can begatten from the resulting 
pattern of test data than from more conventional kinds of experimenting 

Discrete factor A factorthat only comes at clearly separate levels, such as 
different kinds of chemicals, different operators, etc. 

Distribution Pattern in which numbers in a group vary within the overall 
grouping, such as all numbers appearing equally (a block distribution) or 
most of the numbers appearing toward the middle of the group and fewer 
appearing toward each end of the grouping (anormal distribution) 

Experimental error This has nothing to do with making mistakes; it is 
simply the normal amount of variation seen in test results from experi-
ments or measurements all done at the same conditions; also known as 
scatter or experimental noise 

Experimental run A particular set of conditions used in the process being 
investigated for which 2-32 individual different sets of conditions may be 
used to make up the overall experimental pattern; also called the treat-
ment, experimental setup, etc. 

F-test A comparison of two sample group variances to determine whether 
they are close enough in size to have come from the same parent 
population 

Face-centered cubic design An advanced design that uses three Ievels of 
each factor to generate a full data set suitable for response surface 
methods 

Factor A process condition that significantly affects or controls the process 
output, such as temperature, pressure, type of raw material, concentration 
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of acti ve ingredient, etc.; formally called an independent variable, control 
variable, etc. 

Fractional-factorial design A partial set of experiments, still fully bal-
anced in terms of appearance of factors and levels, based on but not as 
large as a full factorial design 

Full-factorial design A set of experiments that includes every level of every 
factor with every other factor and level combination 

Half-factorial design The most basic fractional-factorial design, in which 
the number of experimental runs is one-half that of a full factorial ( only 
simple confounding patterns are found) 

Histogram A vertical bargraphin which the width of the bars represents a 
subinterval of possible values from a larger group and the height of each 
bar is proportional to the number of values in the group which fall into the 
particular subinterval assigned to that bar; the most common method of 
graphically representing a distribution 

Hyper-Graeco-Latin squares A series of multilevel screening designs that 
permit examination of N variables at N- 1 levels, with the most com-
monly known example being the Taguchi L9, which can have upto four 
variables each at three levels; these designs have no capacity at all for 
detecting interactions but can be quite useful for screening a series of 
discrete variables and/or wide ranges in levels of use of variables when 
very little is known of the process 

Interaction The working together of different control factors so that their 
total effect together is not just the sum of their separate effects but is 
instead much larger or smaller than would be expected 

Mean The average of any group of numbers, that is, the sumofall individu-
als in the group divided by the number of individuals in the group 

Median The centerindividual number in a group ofnumbers that have been 
arranged in order of size; if there are an even number of individuals, the 
median becomes the average of the two center individual numbers 

Mixture designs Families of designs for which the levels of the control 
factors arenot independent, so all the various treatments used are directly 
related to each other in the way they combine the factor levels; typically, 
the factors are ingredients in a mixture that contains a total of 100% of the 
ingredients in combination and each factor level is the percentage ofthat 
factor in the particular experimental treatment 
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Mode The number that appears most often in a !arger group of numbers; if 
more than one individual number stands out clearly from the group, the 
distribution can be termed multimodal 

Mu The average of a full population, whether real or hypothetical; seldom 
if ever truly known but usually the object of various methods of estima-
tion such as use of the average of some sample group, termed X, to 
indicate approximately where mu may be 

Normal distribution A pattern of individual numbers within a large group 
suchthat the density of numbers increases rapidly from the smallest ones 
toward the average and then decreases just as rapidly from the average to 
the largest numbers; also called a Gaussian distribution after the math-
ematician who derived the equation that fits the ideal form of this 
distribution (nonnormal distributions include the binomial, Poisson, and 
W eibull types) 

Parent population The real or hypothetical group containing all possible 
members fitting the description of the group; seldom actually known but 
the focus of the bulk of statistical techniques 

Plackett-Burman designs Aseries offractional factorial designs developed 
specifically for screening effects of main control factors; the series 
includes 8-, 12-, 16-,20-,24-, and 32-run patterns, with the 12-,20-, and 
24-run types being termed nongeometric, meaning all interaction effects 
are dispersed broadly throughout the data and therefore are 1ess likely to 
interfere with their analysis 

Random error Differences in process output caused only by the normal 
amount of variation inherent to the basic process 

Reflected design A fractional-factorial design that contains the same fac-
tors, range of Ievels, and number of experimental runs as another design 
but has the Ievels of each factor reversed in every run; if in the original 
design the second run was set up with the factors at their + 1, -1, + 1, and 
-1 Ievels, in the reflected design they would be -1, + 1, -1, and + 1 (The 
two designs are called complementary and are reverse images of each 
other.) 

Replication Duplication of a previously run treatment, usually performed 
to gain some measure of the amount of variation natural to the process 
over time; as contrasted to repetition, which is the testing of more than one 
item of output from a single run of the process, which measures the 
combination of test error and short-term process variation 
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Response A characteristic or property of the process output which is of 
interest and changes in which are used to analyze how the process really 
functions; formally termed adependent variable, the experimental signal, 
a characteristic, a result, etc. 

Response Surface Methodology (RSM) Techniques for mapping the multi-
dimensional pattern of responses to varying levels of several control 
factors; RSM is dependent on the use of regression analysis on data from 
experiments at three or more levels and can be used to find minima or 
maxima in the response patterns so as to allow optimization of the process 

Robust process A term popularized by Dr. Taguchi referring to a process 
that has been made relatively insensitive to minor changes in some factor 
levels by selection of particular levels of other factors that affect process 
variability more than process average output 

Sampling distribution Distribution of all possible samples of a certain size 
that could be taken from some parent population; because there are more 
possible combinations of samples than of individuals in the population, 
the sampling distribution is !arger and more narrowly distributed than the 
parent population (which is the basis for the Central Limit Theorem) 

Saturated design A design in which every column for factor settings has 
been assigned to an individual factor with no columns left open for 
interaction or error terms 

Scree plot A plot of relative factor effect levels graded in decreasing order, 
used to separate out real from minor or scatter effects 

Screeningdesign Any fractional-factorial experimental design being used 
solely or primarily to allow evaluation of the main effects of several 
control factors, with full awareness that effects of any possible interac-
tions between factors are being confounded with main factor effects; 
these are useful in initial evaluations of a relatively unknown process or 
set of control factors (see Plackett-Burman and Taguchi designs) 

Sigma Greek term used to denote the standard deviation of a full population, 
real or theoretical; often used inaccurately to indicated what is really a 
sample standard deviation, which should be referred to as s 

Signal-to-noise ratio The relative size of an effect as compared to back-
ground scatter in the response being measured 

Statistics A subsection of the science of mathematics concerned with the 
collection, organization, analysis, interpretation, and presentation of data 

U
nd

er
st

an
di

ng
 D

es
ig

n 
of

 E
xp

er
im

en
ts

 d
ow

nl
oa

de
d 

fr
om

 w
w

w
.h

an
se

r-
el

ib
ra

ry
.c

om
 b

y 
U

B
 D

ui
sb

ur
g-

E
ss

en
 o

n 
Ja

nu
ar

y 
25

, 2
02

1
Fo

r 
pe

rs
on

al
 u

se
 o

nl
y.



162 Glossary 

Statistic Any number measuring something, such as an animal' s weight, an 
athlete's batting average, a car's gas mileage rating, etc. 

Standard deviation ( Std. Dev., SD) A measure of the width of a normal 
distribution, derived as the square root of the variance ofthat distribution;· 
normal distributions are approximately six standard deviations in width, 
because ideally that overall width contains 99.7% of the numbers in the 
distribution 

Standard error The theoretical standard deviation of a sampling distribu-
tion, usually estimated with the use of a sample standard deviation and the 
square root of the size of the sample group; useful in calculating confi-
dence intervals 

t-test Use of revised estimates of distribution width to generate more 
accurate confidence intervals from limited sample groups; allows better 
comparisons of sample means to determine whether the different samples 
are likely to fall within the same parent population 

Taguchi designs Aseries of designs all related to Plackett-Burman or other 
classic screening designs which uses different conventions and slightly 
different analytical techniques; when used in processes in which interac-
tions are likely to exist, the patterns have to be expanded until they 
become very similar to other classic patterns; other parts of the Taguchi 
techniques (which make up a sizable body of philosophical principles 
along with patterns and analysis) involve more specific examination of 
signal-to-noise considerations and process optimization using concepts 
of robust conditions 

Unsaturated design A fractional-factorial design in which at least some 
columns remain unassigned to individual control factors, which allows 
some estimates to be made on interactions or scatter levels in the 
experiment 

Variance The mathematically preferred estimate of the width of a distribu-
tion, derived by subtracting the average of the distribution from each 
individual member, squaring the resulting numbers, adding up all the 
squares, and then dividing by the number of all the individuals (except 
when any sort of sample group is being examined instead of the entire 
population; for sample groups the number of individuals minus one is 
used for the division) 
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Appendix 

Several standardized tables of experimental designs are included for refer-
ence on the following pages. 
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1 72 Appendix 

Box-Behnken [)esig_n ·················------······-· 

Run# • A B c D E 
-- -- -- --- -- -----------

1 1 1 0 0 ·+ 0 
-.. _-_-_-r_ 

________________ . ______ ,_ _________________ --
2 1 -1 0 0 0 --- ----
3 -1 1 0 0 0 ---:- ----
4 -1 -1 0 0 0 

-- --
5 ---+---- 0 0 1 1 0 ---- -- -------------··+·-·- --
6 0 0 1 -1 0 ------ : _]_ Q_--7 0 0 ----+--- -1 -----+--- 1 
8 0 0 -1 -1 0 
9 0 1 0 0 ----+---- 1 
1 0 0 1 0 0 -1 ----
1 1 0 -1 0 

------'--
0 1 ---- ------- -·-

1 2 0 -1 0 0 -1 .... ---- ~---- ---- ---
J) 1 0 1 0 .. --~ 0 

-----~ .................... 

1 4 1 0 -1 0 Q __ --
15 -1 0 1 LO 0 

-----~ ---- --

1 6 -1 0 -1 0 0 -------------- -,------- .... 

--
1 7 

-- -- 0 0 Q 1 ------:.- 1 
1 8 0 -__ -J 0 0 1 -1 ---------------"···· --- ----
19 0 0 0 -1 1 ---:---- -----
go 0 0 0 -1 -1 ----- ----- ---- ---
2 1 

---~ 
0 ----:- 0 -- 0 .... 0 0 

22 0 0 0 0 _-_-_-_-_.;- 0 
23 LO 0 0 0 Q 
24 0 1 

----~---

1 _-_-.. _.J 0 0 ------------- ' --
25 0 

----~ 
1 -1 0 0 --- -----;. 

26 0 -1 1 0 0 --
27 0 -1 -1 0 Q 
28 1 0 0 1 0 

_?9_ 1 Q 0 -1 0 --:----- --- -- ---- -----: --- ----
30 -1 0 0 1 0 ................ ~--- --
)1 -1 Q 0 -1 Q __ ---- -----
32 0 0 1 0 1 

~::: 'l-
----------------~----

33 0 Q 1 0 -1 
-- c _-__ -_J_-_-_-_---}1 0 0 -1 0 1 --------------

35 0 0 -1 LO -1 
- )6 1 Q 

-----~-

0 0 1 
-- -- --- ----- ---

37 1 0 0 0 -1 
·r_-_--

----~- -- -----~----

31L -1 0 9 0 1 ........... ., ... ~--- --
_)~_ -1 0 0 . ·--~ 0 -1 ..................... 

40 0 1 0 1 0 
41 0 1 0 -1 0 

i 
--·. ~- -- --- ---

42 0 -1 0 1 0 --
43 0 -1 0 ·---·+··· -1 0 ---·-··········----- ... -~---

44 
-- ,'---- 0 Q 0 

--
0 0 

45 0 0 0 0 0 ·- ··················----·--

46 0 0 0 0 0 
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Index 

1, 2 Convention 63 
'1-FAT 1, 3 

Adaptation of designs 51, 146 
Agriculture 105 
Aliased 34, 136 
Analysis of variance (ANOV A) 14, 
68, 90, 115ff 

Bell curve 10 
Bias scatter 19, 20 
Bimodal distribution 13 
Blocking 21,24,35,50,51, 105,107 
Boldness 23, 75, 78, 144, 145 
Box-Behnken design 86, 88, 89, 90, 

139, 150 
Brainstorm 22 

Central composite design 85, 86, 87, 
88, 127, 139, 140, 150, 152 

CentralLimitTheorem(CLT) 14, 15, 
18, 72 

Coded,coding 26,45,46,59,87,92, 
110, 149 

Combined design 141 
Complementary designs 33, 34, 57 
Confidence interval 15, 19, 65, 67, 

68, 73, 143 
Confidence level 13, 14, 67, 92, 94, 

101, 117, 120, 145 
Confounding 34, 35, 37, 44, 45, 48, 
49, 50, 78, 136 

Continuous 25, 37, 47, 146, 152 
Cookbook approach 77 

173 

Cubic model 142 

d-Optimal design 139, 140, 150 
Degrees of freedom 34, 67, 85, 93, 

94, 117, 120, 125, 126, 127, 136, 139 
Dependent variables 25 
Design ofExperiments 2, 14, 95, 153 
Design order 60 
Discrete 25, 37, 47, 49, 81, 82, 137, 

146, 152 
Discrimination 72, 74 
Distribution lüff 
DOE, DOX 2 
Dummy variable 112, 113 

Empty column 32, 67, 68 
Evolutionary optimization (EVOP) 

144 
Experimental error 4, 44, 90, 128, 

129 
Experimental order 60 
Experimentalspace 27, 102, 103, 139, 

140, 142 

F-distribution 116, 117 
Face-centered cubic design 86, 88, 

150 
Factor interaction 30, 31, 35, 37, 41, 

48ff, 84, 136, 143, 152 
Fisher, Ronald 116, 117 
Folded-over design 37, 38, 53ff 
Four-rundesign 45, 80, 135,136, 144, 

149 
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174 Index 

Fractional-factorial design 29, 3 2, 3 3, 
34, 37, 45, 48, 51, 62, 136, 137 

Full-factorial design 25, 29, 32, 33, 
37, 39, 45, 46, 50, 51, 81, 86ff, 107, 
136, 139, 145, 146, 152, 

Fuzzylogic 95,151 

Gauss, Gaussian 11 
Geometriedesign 44, 53, 57, 62, 78 
GIGO 154 
Goal post quality 132 
Gosset, William 116 
Graeco-Latin squares 106 
Guinness 67 
Gunpowder 97 

Hadamard, Jacques 
Half-factorial design 33, 34, 35, 37, 
41, 42, 51, 146, 150, 152 

Hartley design 140, 150, 152 
Hidden replication 12, 27, 28 
Hierarchy 143, 144 
Histogram 10, 12 
Hyper-Graeco-Latin squares 106, 

107, 108, 112, 113, 114, 150 

Incomplete block designs 147 
Independent variables 25, 29, 98, 114 
Inner array 135, 136, 137 
Interaction model 45, 48, 85, 125, 

126 
Interactions 3ff, 30ff 
Intercept 84, 85, 92 
Interval 14 

Ll8 design 48, 49, 50, 51, 81, 82, 
137, 150 

L27 design 137 
L9 design 45, 46, 48, 49, 50, 81, 82, 

113, 137, 150 
Labaratory order 60 
Lack of fit 85, 90, 128, 139, 142, 

152 

Latin squares 105, 117, 104 
Levels of use 25 
Linear model 84, 87, 91, 92 
Loss function 131 

Matrix 1, 2, 25, 26, 39, 40, 46, 60, 61, 
63, 141 

Mean 15, 19 
Mirrarimage 33, 60, 61, 62 
Mixed model 91 
ML 43, 65, 66 
MSB 120 
MSE 126 
MSS 120, 126 
MSW 120 
Murphy's Law 5 

Nine-run design 45 
Noise factors 107, 107, 114, 134ff 
Nongeometriedesign 35, 38, 48, 49, 
50, 53, 78, 82 

Nonlinear effects 3, 4, 5, 37, 38, 45, 
46,47,49, 52, 82, 85, 86, 91, 93, 94, 
152 

Nonlinearity 37, 49, 50, 51, 85, 93, 
94 

Normal distribution 11, 12, 14, 15, 
17, 116 

One-way ANOV A 119 
Orthogonal 29, 46, 60, 107 
Orthogonal arrays 29, 135, 150 
Outer array 135, 136, 137 

Parent distribution 18, 68 
Partial SS 125 
Partially saturated designs 41, 42,44 
Plackett-Burman 35, 36, 38, 48, 49, 

50, 53, 62, 150, 152 
Plastic 22, 74, 123, 133 
Pooled standard deviation 68 
Pooling 68, 142 
Population 11, 12, 14, 15, 18, 19, 

116, 117, 120, 123 
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Probability Statements 1 
Process optimization 37, 80, 86, 94, 

131, 132 
Pure error 127, 128, 139, 142, 152 

Quadratic model 85, 86, 91, 92, 127, 
139 

Quarter-factorial 54 

R-squared 91, 92, 94, 101, 126, 128, 
142, 143 

Random order 60 
Random variation 19, 30, 47, 116 
Randomization 20, 60, 100, 108, 109 
Reflected designs 38, 54, 61, 62, 63, 
Regressionanalysis 14, 91, 143, 150 
Replication 21, 24, 68, 69, 78, 121 
Residual error 129 
Residual SS, RSS 126, 128 
Response Surface Methodology 83ff 
Robust process 81, 133 
Rubber 31,42,43, 53,65 

Sampie group 12, 18, 19, 137 
Sampling distribution 18 
Saturated design 29, 30, 32, 41, 42 
Scatter 4, 6, 19, 21, 22, 24, 31, 32, 44, 
46, 51, 65ff 

Scientific rigor 19, 24, 95 
Scree 31 
Scree chart 30, 31, 32, 41, 43, 65, 66, 

121, 127, 149 
Sigma 18 
Signal-to-noise ratio 21, 73, 74, 75, 

121, 132, 150 
Simplexdesign 98, 102, 139, 150 
Sixteen-run design 6, 48, 50, 57, 78, 

149, 150, 152 
Skewed distribution 12, 13, 14 
Software 59, 63, 69, 82, 85, 91, 92, 
93, 94, 95, 102, 103, 121, 129, 140, 
141, 144, 147, 149ff 

Squarepattern 88, 107 

Index 175 

SSB 119, 120 
SST 118, 119, 120, 124, 125 
ssw 118, 119, 120, 124, 125 
Standarddeviation 11, 12, 14, 15, 17, 

18,65, 72, 73, 74,115,116,121,133, 
137 

Standard error 14, 15, 18, 19, 66, 67, 
68, 72, 73, 142 

Standardorder 108 
Starpoints 87, 88, 140 
Statistic 9 
Statistics 9, 10, 12, 14, 15, 18, 19, 65, 

116, 149 
Strategy I, 42, 51, 53, 71, 74, 77, 81, 

82, 147, 154 
Student's t-test 116, 121 
Sum of Squares 116, 118, 125 
System error 66, 68 

t-distribution 67, 68 
. T2 43,44 
Tactics 77, 81, 82 
Taguchi 37,45,49,59,62,63,68,69, 

81, 113, 131ff, 142, 149, 150, 154 
Template 98, 149, 150, 152, 153 
Tolerance design 131 
Transformation 72, 102, 143, 151 
Treatment 5, 25, 88, 89, 90, 123, 140, 

141, 145, 152 
Triaxialgraph 98, 103 
Truncated distribution 13 
Twelve-run design 36, 48, 49, 50, 53, 

78, 149, 152 
Twenty-rundesign 36,49,53, 78,152, 

Unassigned columns 30 
Unsaturated design 29, 32, 35, 37, 

41 

Vacant column 66 
Variance 68, 72, 
Variation 17, 18, 19, 22, 24, 51, 57, 

65, 91, 105ff 
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